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Abstract

Prior research has demonstrated by theory and simulation that the
creation of holes in two-dimensional superconductors by periodic

nanopaterning can increase the critical temperature. To test this theory it
must be implemented experimentally and the resulting critical

temperature must be measured. Preceding the modification of these
superconductors, the cryogenic resistance-temperature measurement
must be tested and optimized. This thesis discusses the steps, and the
problems in them, of the measurement process and provides possible

explanations and solutions.
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Chapter 1
Introduction: Purpose of the
Research

At first glance superconductors would seem to be the solution to all our
energy problems - the applications of zero energy and information loss
are endless. Unsurprisingly, as is always the case in nature, if something
seems too good to be true, that’s most likely because it is. In the case of
superconductors: while their property of zero resistance reflects an ideal,
friction-less world, they are incredibly impractical to use. In the current
state of conventional superconductors liquid helium is generally required
to cool below 30K, where most superconductors enter the superconduct-
ing state. High-temperature superconductors exist but their physical prop-
erties make them very difficult to use: most are very brittle, for example,
making it impossible to turn them into wires. It’s therefore not hard to
imagine that there is abundant interest in getting conventional supercon-
ductors at higher temperatures.

While some researchers are creating new superconducting compounds
by chemical processes, others are altering the conditions of superconduc-
tors, such as putting them under extreme pressure to increase the transi-
tion temperature. Another method for increasing the transition temper-
ature was proposed by Milan Allan and Mark Fischer [1]. They demon-
strated through theory and simulations that creating particular periodic
structures of holes in a two-dimensional superconducting resulted in a
higher transition temperature. This process increases the size of the unit
cells of the lattice. If the holes have the correct size, shape, and configura-
tion they are able to increase the transition temperature.

This effect which raises the transition temperature has only been simu-
lated so the next step is to realize this concept in practice. It is not uncom-
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7

mon for theories to be rejected because they cannot be realized in an ex-
periment: there are limitations to the real world. To apply this in practice
different configurations of holes need to be created in thin-film supercon-
ductors. Subsequently the transition temperature needs to be measured to
determine if the superconductor has improved. Before holes are created,
however, it needs to be verified that this measurement process is reliable.
It would be pointless to spend time on creating different configurations of
holes if the change in transition temperature cannot be measured.

Before creating holes in a thin film superconductor the measurement
process must be analyzed. It is a long process to measure the transition
temperature but these steps will be outlined in this thesis. The results
of each step will be discussed and possible improvements will be pre-
sented. To demonstrate the results of the process, a final measurement
is conducted on a sample and these results are analyzed.
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Chapter 2
Theory

2.1 BCS Theory: A Theory of Superconductors

2.1.1 Basics of BCS Theory

Superconductivity is a thermodynamic phase of certain materials with
characteristic properties such as zero resistance and the expulsion of mag-
netic fields. The theory of conventional superconductors (which does not
include high temperature superconductors) is BCS (Bardeen-Cooper-Schrieffer)
theory whose predictions match up well with the experimental results.
Among others, the theory can accurately predict the following properties:

1. Critical temperature: this is the temperature at which the material
undergoes a phase transition to its superconducting state.

2. Energy gap: superconductors have zero resistance because there is a
large energy gap. This means that a large excitation energy is needed
to break the coupled electrons apart which are the cause of supercon-
ductivity. Once the electrons have gained sufficient energy to jump
the energy gap, i.e. the current is larger than the critical current, su-
perconductivity breaks down and the resistance ceases to be zero.

3. Critical field: superconductors expel magnetic fields with a field
strength lower than the critical field. Passed this point superconduc-
tivity breaks down and it will no longer act as a perfect diamagnet.

It took a long time for a theory of superconductivity to be developed. This
is because it requires three nontrivial insights [2]:

8
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2.1 BCS Theory: A Theory of Superconductors 9

1. The effective force between electrons in a lattice can sometimes be
attractive rather than repulsive. While free electrons repel accord-
ing to the Coulomb force, in a lattice electrons move along with a
surrounding hole, together known as a quasiparticle. Quasiparticles
experience highly reduced repulsion due to screening. In addition
to this there is an attraction between electrons via phonons: the mo-
tion of an electron causes the positive ions in the lattice to respond
by moving towards the electron. Another electron will experience a
force due to the motion of these positive ions, resulting in an indi-
rect/effective force between electrons.

2. Two electrons mutually attracted by an arbitrarily small force out-
side an occupied Fermi surface become a stable pair, resulting in a
bound state. Cooper demonstrated this by showing that the electron
pair has a nonzero binding energy if they can interact with an energy
in the range εF to εF + h̄ωD, i.e. between the Fermi surface and the
Debye energy which is the most likely energy of a phonon.

3. A many-particle wave function can be constructed for the entire
system which pairs up electrons near the Fermi surface. This wave
function becomes a coherent state similar to the state of a quantum
fluid where the entire system can be described as a single entity.

2.1.2 BLF Hamiltonian: A Simple Model

Superconductivity arises from the interaction between electrons and phonons.
The mathematical description of the interaction between these particles
is generally quite complex, so simplifications exist which still give an in-
tuitively insightful result. Some properties of superconductivity can be
derived from these simplified descriptions but doing so is rather difficult
and shall therefore not be demonstrated here. One such simplification is
the BLF Hamiltonian which is based on the tight binding model where the
hopping term t roughly indicates the energy gained by an electron as it
hops between neighboring atoms. Ths BLF Hamiltonian is as follows:

H = ∑
i

p2
i

2m
+ ∑

<ij>

1
2

κ(ui − uj)
2 − ∑

<ij>

(
tij − α · (ui − uj)

)
(c†

i cj + c†
j ci)

(2.1)

The sums over < ij > indicate that the contribution of neighboring atoms i
and j is added up. The first two terms are respectively the kinetic energy of
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10 Theory

the ions and potential energy due to repulsion of the ions in the lattice. The
third term contains the energy of the electrons and the electron-phonon in-
teraction. This term is rather intuitive: the energy gained by an electron as
it hops from one ion to a neighboring one reduces as the distance between
the ions increases. The operators c†

i and cj are given in second quantiza-
tion and respectively indicate the creation of an electron at position i and
the annihilation of an electron at position j, i.e. an electron ”hops” from j
to i.

To make this Hamiltonian more transparent we can diagonalize it by
transforming our coordinates to (reciprocal) k-space. This is demonstrated
for each of the constituent parts of the BLF Hamiltonian in Appendix
6.1. For a one-dimensional monoatomic chain the resulting diagonalized
Hamiltonian is as follows [3]:

H = −2t ∑
k

cos (ka)c†
kck + ∑

k
2h̄

√
κ

m
sin2

(
ka
2

)(
a†

k ak +
1
2

)
(2.2)

− 4iα√
N

∑
k,q

sin
(

qa
2

)
cos (ka)uqc†

k+q/2ck−q/2 (2.3)

Or as written in a more comprehensible manner:

H = ∑
k

[
εkc†

kck + h̄ωk

(
a†

k ak +
1
2

)
−∑

q

g(k, q)√
N

uqc†
k+q/2ck−q/2

]
(2.4)

The first term is the energy of the electrons, the second is the phonon en-
ergy, and the third is the electron-phonon interaction. In this equation new
terms have been defined:

1. εk = −2t cos (ka): the energy of an electron with wavevector k.

2. ωk =
√

κ
m sin

( ka
2

)
: the frequency of a phonon with wavevector k.

This can be seen as the frequency of oscillation of a harmonic oscilla-
tor.

3. g(k, q) = −4iα sin
(

qa
2

)
cos (ka): the electron-phonon coupling am-

plitude.

This diagonalized form of the BLF Hamiltonian with these redefined terms
makes the system much more transparent and intuitive. It is now sim-
ply a sum over the energy of electrons and quantum harmonic oscillators

10
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2.2 Modulation of Superconductors by Periodic Nanopatterning 11

(phonons) at each k value and their interaction. The interaction term sums
over q which are the possible phonons that can be exchanged between
electrons, where one of the two loses h̄q from its crystal momentum while
the other one gains it.

2.2 Modulation of Superconductors by Periodic
Nanopatterning

As can derived using BCS theory the calculation of the critical temperature
of a superconductor goes according to the following equation:

kBTc = 1.13h̄ωDe−
1
λ (2.5)

Clearly the critical temperature Tc increases with the parameter λ which is
a material specific parameter as calculated by:

λ = ∑
q

2
ωqN(0) ∑

k
|Mk,k+q|2δ(εk)δ(εk+q) (2.6)

The Fermi energy of the system is defined to be zero. The meaning of the
terms in the equation are now described:

• ωq: the dispersion relation for the exchanged phonons which gives
the frequency of an oscillation at each wavevector.

• N(0): the electron density of states at the Fermi level (where εF = 0).
This is important because it determines the number of Cooper pairs
that can be created.

• Mk,k+q: these are the matrix elements of the electron scattering ma-
trix. It gives the amplitude of an electron scattering from wavevector
k to k + q. When we compare this to the monoatomic chain from the
previous section we see that in one dimension Mk,k+q → g(k, q).

• δ(εk)δ(εk+q): this terms guarantees that electrons can only scatter
between states that are both on the Fermi surface with energy zero,
which is what Cooper demonstrated.

All of these parameters are determined by the structure of the atoms (ions
and electrons) in a superconductor. It was proposed by Milan Allan and
Mark Fischer [1] that holes can periodically be created in a two-dimensional
superconductor to change λ. We consider now how creating holes can
affect the parameters in Equation 2.6 and the effect they have on λ and
therefore on Tc.

Version of July 2, 2018– Created July 2, 2018 - 08:09
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12 Theory

1. Kinematic constraints: this is the terms δ(εk) and N(0) which is the
effect of electrons on the superconducting properties. These are de-
termined by the density of states of the electrons, which determines
the amount of electrons on the Fermi surface. Creating holes in a lat-
tice will cause some ions to be removed resulting in a reduced num-
ber of orbitals being available for electrons, consequently changing
the density of states.

2. Phononic structure: this is the phonon dispersion relation ωq which
determines the frequency of the phonons that can cause scattering
between electrons. It was shown by simulation that the effect of this
on λ is minimal and can therefore be neglected [1].

3. Electron-phonon coupling: this is the amplitude of an electron being
scattered between various states. Section 2.1.2 showed the form of
the term g(k, q) for a one-dimensional monoatomic chain:

g(k, q) = −4iα sin
(

qa
2

)
cos (ka) (2.7)

The possible wavevectors are given by

q, k =
2πm
Na

=
2πm

L
m ∈ Z (2.8)

where a is the size of a unit cell and N is the number of unit cells
in the chain, so L = Na is the size of the chain. From this it is clear
that changing the size of a unit cell by creating holes (because we
increase the periodicity) will change a but will not affect the allowed
wavevectors. g(k, q) does contain the size of the unit cell a explicitly
though, so creating holes will affect the coupling directly.

We have now looked at ways to affect the λ parameter but from mere
inspection we cannot determine if the change will be positive, resulting in
a higher Tc. For this we must consult the simulations [1].

2.3 Impedance and Phasors

The three most common passive electrical components are resistors, ca-
pacitors, and inductors. Consider now what the current is through each of
these components when an alternating voltage is applied, with a form as
given by

V(t) = V0 cos (ωt) (2.9)

12
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2.3 Impedance and Phasors 13

This gives the following currents:

IR(t) =
V0

R
cos (ωt) (2.10)

IC(t) = −ωCV0 sin (ωt) = ωCV0 cos (ωt +
π

2
) (2.11)

IL(t) =
V0

ωL
sin (ωt) =

V0

ωL
cos (ωt− π

2
) (2.12)

We can write these as phasors (complex representations of physical quan-
tities) which becomes:

V(t) = V0eiωt (2.13)

IR(t) =
V0

R
eiωt (2.14)

IC(t) = ωCV0ei(ωt+π
2 ) (2.15)

IL(t) =
V0

ωL
ei(ωt−π

2 ) (2.16)

The impedance of a passive element is defined as the time-independent
ratio of its complex voltage to its complex current, i.e. Z = V(t)

I(t) . For these
components we find the following:

ZR = R (2.17)

ZC =
1

iωC
(2.18)

ZL = iωL (2.19)

This definition of a complex impedance allows us to define a time-independent
value for AC circuits which is analogous to resistance in DC circuits. For
AC circuits we can work in the frequency ω domain and simply add up
series and parallel impedances in the same way as it is done with resistors.
This gives an impedance in the general form Z = |Z|eiφ.

Consider now an arbitrary circuit of capacitors, inductors, and resistors
to which we apply a sinusoidal voltage V(t) and measure the sinusoidal
current I(t) through it. The ratio of their amplitudes gives the absolute
value of the impedance and the phase difference gives the phase angle
of the impedance. Using this information we can construct the complex
impedance phasor, but there is no way to deconstruct this to figure out
how much of this impedance comes from resistors. It would seem logical
that the real part of the phasor is ZR and the complex part to be a com-
bination of ZC and ZL. Unfortunately this is not the case: we can merely
calculate the total contribution due to resistors, capacitors, and inductors.
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14 Theory

Every physically realized measurement system contains an inherent
capacitance and inductance because of wires and other metal components
which can store charge or have current induced in them. This puts a limi-
tation on measurements done with AC currents because we cannot decon-
struct our impedance into components, so we can never measure only the
resistance of a system. An obvious solution to this problem is to measure
using low frequencies or even using DC currents.

2.4 Four-terminal Resistance Measurement

It often occurs that a measurement needs to be done of the resistance of
a resistor which has a very small value. This becomes problematic when
the resistance of the wires or contact pads used for the measurement is
larger than that of the sample, because their impact on the measurement
can no longer be neglected. A simple ohmmeter which measures the resis-
tance between two terminals consists of a voltage source in series with an
ammeter as shown in Figure 2.1 below.

Figure 2.1: The circuit diagram for an ideal two-terminal ohmmeter. In the sim-
plest case this is an analog galvanometer in series with a known DC voltage
source such as a battery.

This is what our circuit would look like for the case of an ideal mea-
surement. A constant voltage Vi is applied and the current I is measured
using an ammeter (such as a simple analog galvanometer). The resistance
can then be determined by Rs = Vi

I . A real measurement has wires (and
sometimes contact pads) with a resistance of their own, leading to a mea-

14
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2.4 Four-terminal Resistance Measurement 15

sured resistance which is the sum of all of these contributions, as shown
below in Figure 2.2.

Figure 2.2: A non-ideal ohmmeter. The resistance of the wires required to per-
form the measurement must now be taken into consideration. For a simple ohm-
meter the contribution of the wires can be removed from the total resistance by
shorting the circuit, i.e. removing the sample resistor and connecting the mea-
surement probes to determine the wire resistance. For the case that contact pads
are attached to the sample this cannot be done.

For a standard resistance measurement the ohmmeter can be shorted
(connecting the two measurement probes) so that the resistance of the
wires is measured and is defined as zero resistance to remove the offset. If
the resistance of a small sample needs to be measured via contacts pads it
is not possible to place the contact pads against one another, so the ohm-
meter resistance cannot be measured.

To solve this problem the four-point measurement was invented. This
method consists of a voltmeter placed over the sample (resistor) while si-
multaneously applying a large current using a current source. This works
because the current through the sample will be much larger than that pass-
ing through the voltmeter due to its large internal resistance. Because of
the large current passing through the sample relative to the voltmeter, the
voltage drop over the wires of the voltmeter can be considered as negligi-
ble compared to the voltage over the sample. The conceptual setup can be
seen below in Figure 2.3:

Version of July 2, 2018– Created July 2, 2018 - 08:09
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16 Theory

Figure 2.3: A conceptual diagram of a four-point resistance measurement. A
large current source is connected to the small resistor and an external voltmeter
measures the voltage over the sample.

A calculation will now be done to clarify this concept. First consider
the circuit diagram of the four-point measurement in Figure 2.4. The volt-
meter consists of an ammeter indicated by the letter “A” and a large inter-
nal resistor R0. The voltmeter is connected by wires with resistance R2 to
the sample which has resistance Rs.

16
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2.4 Four-terminal Resistance Measurement 17

Figure 2.4: The schematic of the four-point measurement circuit. The top part
is the voltmeter while the bottom part is the current source, both of which have
wires with a resistance that connect to the sample.

The current source consists of a voltage source V and an internal resis-
tance Ri connected by wires with resistance R1 to the sample. The internal
resistance of the current source is much larger than the resistance of the
wires and the sample, and because the voltmeter contains a large resistor
which is in parallel with the sample, its resistance as seen by the current
source is negligible. In other words, the total load resistance as seen by the
current source is

R1 +
Rs(R2 + R0)

Rs + R2 + R0
≈ R1 +

RsR0

R0
= R1 + Rs << Ri (2.20)

Here we used the fact that R0 >> R2, Rs. Using the relation in Equation
2.20 the supplied current becomes:

I =
V

Rtotal
≈ V

Ri + R1 + Rs
≈ V

Ri
(2.21)

This shows that the supplied current is largely independent of the applied
resistor as long as its resistance is much smaller. For this circuit we know
the values of the variables V, Ri, R0, I, I2 (because we either apply them or
measure them) and we have the following equations:
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18 Theory

V = I(Ri + R1) + I1Rs (2.22)
I1Rs = I2(R2 + R0) (2.23)

I = I1 + I2 (2.24)

Because the internal resistance of the voltmeter is much larger than the
resistance of the wires we find the following result:

R2 + R0 ≈ R0 for R0 >> R2 (2.25)

Therefore we can rewrite Equation 2.23 as:

I1Rs ≈ I2R0 (2.26)

Using this we also find the following relation:

I = I1 + I2 =
(R0

R2
+ 1
)

I2 >> I2 (2.27)

By applying this together with Equation 2.23 and 2.24 this becomes:

Rs =
I2

I − I2
R0 ≈

I2

I
R0 = I2

RiR0

V
= Ri

Vmeter

V
=

Vmeter

I
(2.28)

Vmeter is the voltage I2R0 as measured by the voltmeter. The sample resis-
tance is therefore simply the voltage measured by the voltmeter divided
by the current supplied by the current source. Because of the large current
source the resistance of the wire R2 has become negligible compared to the
load resistance, allowing us to measure small resistances.

18
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Chapter 3
Experimental Procedure

Preparing a superconducting material to measure the temperature depen-
dence of the resistance is a long process. There are many complicated
steps involved, so before going into depth into each of the production tech-
niques, a broad overview of the entire process is given here.

3.1 Outline of the Production Process

The superconductors (SC) used in this process are tiny flakes of the order
of a single millimeter. This makes it difficult to work with: we can neither
store it like this because it can get damaged if we pick it up nor can we
mount it on a sample holder in the e-beam. Additionally, we need suffi-
cient room around the flake to attach contact pads to the flake, allowing
us to connect wires for the measurement. We therefore require a substrate
on which the SC can be placed so that we can easily move it and there is
enough room to create contacts. The substrate used for this is crystalline
silicon. Small squares are cut from these large silicon wafers and are sub-
sequently chemically cleaned. From now one we refer to these squares as
our wafer or sample.

The next step is extracting flakes of SC of several layers thickness from
the bulk material that we start with, and to get these flakes onto a sili-
con wafer. This process is called exfoliation. As will be explained later,
to get these flakes onto the wafer we first need to clean the wafer more
thoroughly and rid it of all organic material. This deep cleaning is done
using an oxygen plasma, known as Reactive Ion Etching (RIE). Now sev-
eral layers of SC can be removed from the bulk material and placed on
the wafer. This process of exfoliation requires the use of scotch tape, so
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20 Experimental Procedure

the wafer will now be covered in glue from the tape. To remove this the
sample is cleaned again with RIE.

Following this we want to create large contact pads on the wafer which
are connected to the flake. These large pads are necessary because the flake
is too small to attach wires to, so we attach the wires used for our measure-
ment to these contact pads. The first step in creating these pads is to use
the spin coater to distribute a layer of PMMA 950k over the wafer with
the flake on it. PMMA is a plastic polymer with large chains of molecules.
The 950k in the name indicates the size of the polymer chains.

The next step is to use e-beam lithography on our sample which writes
a design into the PMMA using a beam of electrons. These electrons break
the polymer chains so that, when placed in a chemical solution of MIBK,
the broken chains dissolve, and we are left with a layer of PMMA on our
sample with a pattern written into it. The first pattern that we write is
a markerfield, which we write in the vicinity of a flake on our sample.
In this way, we know the position of the flake on the wafer with respect
to the markerfield. Next we use the e-beam again to write a design which
places 4 contact pads around our flake and attaches these to the flake. This
is again done by simply drawing a design in the PMMA, and then we
dissolve the broken chains in MIBK again.

The contact pads design that is attached to the flake is now simply
drawn in the PMMA, so we cannot attach wires yet. We now need to sput-
ter our sample with gold. This distributes a uniform layer of gold over
our entire wafer. After we do this we place our sample in a chemical bath
of acetone, which breaks and dissolves all of the remaining PMMA. Be-
cause we had drawn a contact design into the PMMA earlier, these points
have no PMMA remaining which could dissolve, so the gold that is there
stays in its place. At the places where we did not write into the PMMA,
dissolving this will cause the PMMA, which lies under the gold, to lift off,
causing the gold on top of it to break off as well. The final product is a
clean silicon wafer with a SC flake on it which has gold contacts attached
to it.

We now attach our sample to a puck by wire bonding, which is a
sample holder used by the PPMS, which is what we use to measure the
resistance-temperature behavior. The puck has contact pads on it as well,
which connects to the PPMS system so that currents can be passed through.
We need to connect the contact pads attached to our flake to those on the
puck, enabling the PPMS to measure the resistance of our superconduct-
ing material as it lowers the temperature.

20
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3.2 Production Techniques 21

3.2 Production Techniques

3.2.1 Preparing a Substrate

We start our process by preparing a substrate on which our SC can be
placed. This substrate is crystalline silicon. It comes in large, thin, circu-
lar wafers which can be cut into pieces using a diamond tip pencil, called
cleaving. They are cut approximately into squares of 1x1cm, but they can
be no larger than that because the PPMS puck allows for up to 1x1cm sam-
ples. Cleaving becomes easier with practice, but there is a factor of luck
involved that determines the quality of a wafer. Namely, a thin line is cut
into the large wafer and is then broken along this line. However, crys-
talline silicon has a parallelogram-shaped crystal structure, so the sides
often break off at an angle. A wafer with slanted sides is very difficult
to pick up with tweezers and will most likely result in the sample being
dropped several times. At later stages of the production process the cost
of dropping a sample becomes too great, because many hours have been
put into the production. We therefore want to minimize risk as much as
possible, so in this beginning stage it is important to create good substrates
with sides that are perpendicular to the top surface.

In order for the later stages of production to go smoothly we need to
keep our sample as clean as possible throughout the process. Cutting the
silicon results in a large amount of silicon particles to accumulate on the
wafer as well as organic material from the surroundings. We want to re-
move this as much as possible. To remove the dust we blow it off with a
pressurized nitrogen gun. This blows out N2 gas which is more inert than
O2, so the gas will not react with anything on our sample. To remove or-
ganic material we place our wafer in an acetone bath for several minutes.
For a deeper cleaning the beaker containing acetone and our sample can
be placed in an ultrasound bath at a temperature < 50◦ because acetone
boils above this temperature.

When acetone dries it creates stains that are very difficult to remove.
For that reason we don’t allow the acetone to dry on our sample. Instead
we place our sample in a bath of isopropanol for a while to clean the ace-
tone off. After this we can dry the sample using the nitrogen gun again.

3.2.2 Exfoliation and Reactive Ion Etching

Now that we have a clean wafer, we want to get flakes on it by exfolia-
tion. The superconducting material comes in bulk pieces of approximately
1mm. We place this on a line of scotch tape and then fold the tape over on
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22 Experimental Procedure

itself. Gently rub on the bulk through the tape to improve the contact be-
tween the bulk and the tape. Now rapidly pull the tape apart, resulting
in a half of the bulk on both pieces of tape. Repeat this process so that
you have two pieces of tape each with around 10 sites with flakes within
a region of 1x1cm.

We cannot simply pick these flakes up from the tape and place them on
the wafer. Instead we place the wafer upside down on top of the flakes on
the tape. Place this on a microscope slide as a stage, and heat the system
at 100◦ for 2 minutes. The idea here is that the air in the pockets between
the flakes and the wafer decreases in density because of heating. When
we cool the system, the reduction in temperature causes a kind of suction
which, in addition to the usual van der Waals attraction, causes the flakes
to stick to the wafer.

The efficiency of this process, however, is extremely dependent on how
clean our sample is. A cleaner sample results in better contact between
flake and wafer, and thus stronger attraction. To achieve this higher level
of cleanliness we use the Reactive Ion Etcher (RIE). This process uses an
oxygen plasma to clean the wafer by reacting with organic material on the
surface. Therefore we need to clean the wafer with RIE before exfoliation.
The number of flakes that attach to the wafer by exfoliation is noticeably
much greater after doing RIE for 10 minutes.

The process of getting flakes on the wafer by use of scotch tape results
in a large amount of glue sticking to the surface of the wafer, as can be seen
in Figure 3.1 below. This makes it hard to see the flakes under the optical
microscope and will make it difficult to perform e-beam lithography. To
remove this glue we can do RIE again for 20 minutes.

22
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Figure 3.1: The shape of the NbSe2 bulk material can be seen in the surround-
ing glue residue remaining after exfoliation. Only a small flake has stuck to the
substrate. The number of flakes can be increased by cleaning the substrate more
thoroughly using RIE.

3.2.3 Electron Beam Lithography (EBL)

The process of electron beam lithography (EBL) is used to write a design
into a layer of PMMA which lies on our sample. The purpose of this is to
either etch or sputter our sample in the shape written into the PMMA. The
steps involved in the fabrication process of EBL are listed below:

1. Design: create a design (e.g. contact pads) in the EBL program

2. Expose: the design is written into the PMMA using an electron beam

3. Develop: the sample is placed in MIBK so that the broken polymer
chains in the PMMA dissolve

4. Etch or sputter

5. Lift-off: remove the sputtered material everywhere except at the places
where the e-beam wrote into the PMMA

To be able to write a design on our sample we first need to cover it
in a layer of PMMA, a substance consisting of long polymer chains. The
sample needs to be covered in PMMA 950k using the spin coater. The spin
coater spins the sample at 4000rpm resulting in a single drop of PMMA to
be spread out almost uniformly over the sample. Following this the resist
needs to be baked at 180◦C for 2 minutes by placing the sample on a hot
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plate. Under the optical microscope it can be seen that the color of the
PMMA is slightly different on the edges because it is a bit thicker there.
The color change arises due to thin film interference of the light passing
through the transparent PMMA which depends on the thickness of the
PMMA.

Now we need to find a good flake on our sample that we want to mea-
sure. The layer of PMMA should make it easier to see the flakes, which
are transparent with a slightly green tint, also due to thin film interference.
The thickness of the flake could in practice be determined from the color
of the interference, seen below in Figure 3.2. The color-thickness relation
is material specific, but for NbSe2 this information was not available.

Figure 3.2: The thickness of a flake of NbSe2 is indicated by the interference of
light as it passes through a flake covered in a layer of PMMA resist. Looking
through the eye piece of the microscope gives a colored image but the camera
used to make images like this one is only black and white.

We are not yet going to select a specific flake. Instead it can be seen
that there are regions on the wafer of about 1mm which contain many
small flakes, seen below in Figure 3.3. This is because our bulk material is
about 1mm in size but the exfoliation process breaks the flakes into smaller
pieces within this 1mm region.
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Figure 3.3: The substrate contains regions with a high density of superconducting
flakes at places where the bulk material was broken into smaller pieces.

When a region with a high density of flakes has been selected we want
to use the electron beam lithography system to write a markerfield over
these flakes. To do this we first need to look at the sample under the optical
microscope and find the coordinates of this region with respect to a corner
of the wafer. We then use the e-beam to write a markerfield there. This
will break the polymer chains in the PMMA so that they can dissolve in
a solution of MIBK. After this process we can view our sample under the
optical microscope again and see that our flakes have been divided up into
spaces of a coordinate grid. If the thickness of the flakes is relevant for the
process, the sample can now be looked at using Atomic Force Microscopy
(AFM), which can be used to measure the thickness of the flakes. With a
markerfield in place it becomes easy to know the position of each flake.
This is convenient so that, when a flake has been found to be sufficiently
thin by AFM, we can record its coordinates in the markerfield.

We want to select a flake of high quality. The quality of a flake is de-
termined by several factors. Firstly the thickness needs to be considered:
to investigate the two-dimensional superconducting properties of a mate-
rial, the thickness must be less than the coherence length. This means that
we do not have superconducting currents in the third dimension, so we
can consider this system to be two-dimensional. For NbSe2 the coherence
length is somewhere between 90nm and 110nm [4]. Secondly the flake
must be large enough to attach contacts to it, which means that it should
be larger than 10µm. In addition to this we want our flake to have a near-
uniform thickness. This is important because the transition temperature
is dependent on the number of molecular layers in our sample. This is
relevant for samples with a small number of layers [4].
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3.2.4 EBL Overlay

Once a flake has been selected in the markerfield we want to attach con-
tact pads to it. To do this we first need to write the contact design in the
PMMA again using e-beam lithography. Because we are putting this con-
tact design over the markerfield design we call this process an overlay.

Firstly we need take a picture of the flake we want to use under the
optical microscope. This picture should clearly show the flake and its co-
ordinates in the markerfield. This image will most likely not be perfectly
straight, so to fix this we use the straighten tool in the program IrfanView.
This now allows us to crop the image as a perfect rectangle with local
alignment marks at the corner points of the image and the flake inside.
We now need to find the XY-coordinates of the corners of this image so
that it can be imported into the e-beam program. These coordinates need
to be placed in an .scc file containing the name of the cropped image of the
flake. The .scc file can now be opened in the e-beam program making the
image appear at the correct place in the markerfield, as seen in Figure 3.4
below.

26
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Figure 3.4: Example design for contact pads attached to a flake in a markerfield.

The next thing to do is to draw the contact pad design onto the flakes.
This is done using two layers: the first layer contains the large square
contact pads of size 250x250µm and the second layer contains the small
contacts going from the large pads to the flake. The reason for having two
different layers is that these will be written using different resolutions,
known as the PC value of the e-beam. The large pads are written using PC
1 which is of low resolution but can be done quickly. The small contacts are
written using PC 10, which takes longer but is more accurate. Separating
these two layers also allows us to define different working areas for each
layer, which gives the region over which the e-beam moves. Because the
small contacts need to be precisely written we need to be careful not to
make the e-beam move over a large area, because that can cause the beam
to become decalibrated with respect to the sample, resulting in the contacts
appearing next to the flake rather than on it. The design of these two layers
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on the flake can be seen in Figure 3.4 above.
Experience teaches us that several things can ruin the design if we are

not careful. Firstly we need to take the global marks into consideration
that were written with the markerfield and to take care that these do not
connect two contacts pads, as seen in Figure 3.5 below. If a voltage is
applied to these pads a current can pass directly between the pads via a
global mark - this would ruin our resistivity measurement of the flake.

Figure 3.5: The two left contact pads are connected by a global mark causing a
short circuit.

Secondly, when drawing the small contacts it is simplest to use the
polygon tool as was done in Figure 3.5. Polygons, however, are arbitrarily
shaped and therefore difficult for the pattern generator in the e-beam to
process. It tries to break these arbitrary shapes down into fundamental
triangles which requires a lot of processing power. The writing of such a
complicated design could cause the system to crash resulting in a sample
that looks like Figure 3.6 below, where the program crash ruined the small
contacts. Instead of using polygons we need to use only rectangles, so that
our design looks like Figure 3.4.

28
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Figure 3.6: Pattern generator crash due to over-processing of polygon shapes in
the design of the small contacts.

Again, when using only overlapping rectangles, care needs to be taken
because it can result in Figure 3.7 where the large contact pad on the bot-
tom left doesn’t connect with the small contacts. This results from the fact
that the alignment is never perfect, so enough room needs to be left for
error.
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Figure 3.7: A bad alignment of the e-beam can cause gaps between contacts as
can be seen on the bottom left.

As seen in Figure 3.8 below there should be a large area of overlap
between the two layers so that a shift in the alignment will not cause a gap
in our design. There is a large square added to the small contact layers to
ensure an overlap between the large and small contact layers.

30
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Figure 3.8: Contact pad design using only rectangles. A large square has been
used to increase the area of overlap between the large pads and the small contact
lines.

As has already been mentioned, to do the overlay we need to do an
alignment. This entails using the crosses that are written with the mark-
erfield (see Figure 3.4) to align our contact pads with the flake. The large
crosses are called global marks which are used to compensate for a shift
in our sample in the e-beam relative to its position when the markerfield
was written. This change in position occurs because we put our sample
in the e-beam in a slightly different position every time, and each time
it could be slightly rotated. The global mark alignment compensates for
this. The smaller marks, called local marks, are used to calibrate the elec-
tron beam. This calibration is called a writefield alignment which ensures
that the electron beam can accurately write each piece of our design which
lies in each writefield. A writefield is the region over which the electron
beam can tilt. Therefore the total design is written by shifting the stage
on which our sample lies by one writefield, and then writing the part of
the design inside this writefield, and then moving the stage to the next
writefield.
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3.2.5 Sputtering and Lift-off

Now that we have written a design for our contacts into the layer of resist
using EBL, we want to turn these shapes into gold contacts. This goes ac-
cording to the process shown in Figure 3.9 below. We see that after lithog-
raphy we need to sputter our material. To do this the sample needs to be
placed in a sputtering chamber which is subsequently pumped down to
near-vacuum. At the top of the chamber is the target which is a plate con-
taining the material that we would like to cover our sample with, such as
gold. Argon gas is injected into the system and it is turned into a plasma
by an oscillating electric field. A potential difference is applied to the tar-
get so that the particles in the argon plasma are accelerated towards the
target, colliding with the material, resulting in particles of the target being
sprayed isotropically in the chamber. This results in a uniform layer of
sputtered material on our sample.

Figure 3.9: The sputtering process.
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At the places where the design was written with the e-beam, the resist
has been removed. At those points the sputtered gold is directly touching
the substrate. At the points where there is still resist, the gold lies on top
of the resist. If the sample is placed in an acetone bath the resist will com-
pletely dissolve resulting in the gold that lies on top of this resist to break
off. This removal of resist and the attached gold is called a lift-off. The
lift-off may not work completely by only dissolving in acetone because
the sputtered gold may be difficult to remove: it has also filled all the val-
leys in the resist created by the markerfield. To initiate the lift-off process
it may be necessary to gently rub along the edge of the substrate with a
cotton swab to break off the gold. This creates an opening through which
the acetone can enter beneath the layer of gold.

Another way to accelerate the lift-off is to place the acetone containing
the sample in an ultrasound bath. The ultrasound should be set to a low
setting of 50% to prevent the flake from being shaken loose. In most cases
placing the sample in the ultrasound at 50% for about 30 seconds should
be sufficient. Occasionally some stubborn pieces of gold may remain, in
which case the intensity can be turned up to 75% for a few seconds. The
difficulty of the lift-off can be seen in Figure 3.10 below where a lot of gold
remains.
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Figure 3.10: An incomplete lift-off of sputtered Au with MoGe used as a binding
layer.

Sputtering gold directly onto silicon will not work well, however, be-
cause gold does not adhere to silicon. A binding layer between these two
is required. For gold and silicon we can use MoGe as a binding agent.
This means that we need to sputter twice: first we sputter about 5.2nm of
MoGe and following this about 96nm of Au on top for a total thickness of
101.2nm.

3.2.6 Wire Bonding

In order to conduct a resistance measurement of a microscopic sample,
wires need to be connected to it. Due to the small size of the sample the ef-
fective area is increased by attaching contact pads by electron beam lithog-
raphy, making it easier to connect wires to this larger area. The resistance
measurement is done in a Physical Property Measurement System (PPMS)
into which the sample is loaded by mounting it onto a puck - a device
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containing terminals which directly connect the sample to the PPMS. The
sample is stuck to the puck using a small amount of silver paint. An im-
age of the sample connected by aluminum wires from its contact pads to a
puck is shown below in Figure 3.11.

Figure 3.11: Contact pads attached to NbSe2 flakes wirebonded to a PPMS puck.

The contact pads are 250x250µm, making them only just visible to the
naked eye. To accurately connect wires a microscope is required. The wire
bonder has a built in microscope and is capable of connecting different
materials by an aluminum wire. This is done by a process called wedge
bonding which makes use of ultrasonic power to create bonds on different
materials. The power, force and bonding time need to be adjusted for each
material - smooth surfaces require larger values because it is harder to
bond.

The following parameters are to be chosen to get the most secure bond
as possible. The first four need to be chosen for both materials between
which to bond; the remaining are for the overall bond:

1. Search: this determines the height from the surface to which the
wedge (tip of the bonding needle) goes as you search for the correct
location to create the bond. This height should be about 3 times the
thickness of the wire to be bonded. When the bond is being made the
tip goes from the search height down to the surface of the material
to create contact.

2. Power: this sets the ultrasonic power which corresponds to the vi-
bration frequency of the wedge.

3. Force: this is the amplitude of vibration of the wedge.

4. Time: the amount of time during which the wedge pushes the wire
onto the sample during the ultrasonic vibration.
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5. Loop: the length of the bonded loop. This determines the size of the
arc (height) that the wire makes.

6. Tail: the amount of residual wire that is left hanging on the side of
the bond.

The loop and tail should be chosen in such a way that the wire from one
bond doesn’t lie on another contact pad since this will create a short cir-
cuit. It is not trivial to determine whether a bond is done correctly. The
connection may appear secure but a measurement of the current could
imply otherwise. To improve the probability of attaining a successful con-
nection a double bond can be made so that there are two parallel wires.
This can be seen in Figure 3.12 below.

Figure 3.12: Double wires bonded between the contact pads and the PPMS puck
to increase the probability of having a good connection. A bond broke off the
top right pad and it can be seen that pieces of gold have broken off with it. The
contact pads must therefore be made large enough so that multiple attempts or
bonds can be made.

To determine the right parameters many practice bonds must be made.
If the parameters are far off from their optimal value it is very common
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that the wire will simply not bond to the surface. If the parameters are set
too high the wire could be bonded to the surface but consequently break
off, causing some of the sputtered gold on the surface to come off as well.
This makes it impossible to bond on that same position again. For this
reason the contact pads need to be made large enough for approximately
4 bonds. In Figure 3.12 above it can be seen on the upper right pad that
pieces of gold have broken off the contact pad.

A way to work around the issue of failed or broken bonds is to add a
practice pad in the overlay lithography process on which to test the wire
bond parameters. As seen in Figure 3.13 below this pad can be made large
and be written near the sample.

Figure 3.13: A large practice pad can be added to the e-beam design on which the
wire bond parameters can be tested without ruining the valuable contact pads.

3.2.7 PPMS

To do a cryogenic resistance measurement of a sample we need to use a
Physical Properties Measurement System (PPMS). This system consists of
a large cryogenic tank containing an inner lining of liquid helium and an
outer lining of liquid nitrogen. With these two substances the chamber can
be cooled down to 2K. To place a sample in the chamber it must first be
wire bonded to a PPMS puck as shown in Figure 3.11. The puck is then
mounted on a rotating stage: a long rod which is subsequently placed
inside the cryogenic tank.

The resistance is determined by a four-point measurement, a method
that is explained in the theory section. This measurement allows for ac-
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curate measurements of small resistances independent of the size of the
connected wires or contact pad resistances, as long as they are all much
less than the internal resistance of the voltmeter. The four-point measure-
ment also ensures that the properties of the contact pads can be ignored.
For example, the fact that there are flakes of NbSe2 under some of the pads
or that our pads are made of Au and MoGe (which is a superconducting
substance) doesn’t matter, because only the sample resistance is measured.

The measurement is done using a lock-in amplifier which can mea-
sure AC currents accurately even if they contain a large amount of noise.
The system uses an amplifier to increase the signal size and subsequently
passes the signal through several filters to retrieve a clearer signal.

To ensure that superconductivity does not break down, the value of
the current source in the four-point measurement must be chosen to be
less than the critical current of the sample. The critical current density is
a material-specific property, which for NbSe2 is on the order of 104 A/m2

[5]. To get the critical current this value must be multiplied by the cross-
sectional area, i.e. width times thickness. As can be seen in the results
section of this thesis, the thickness was determined to be on the order of
100nm while the flake width is approximately 10µm, which gives a critical
current of the order of 10−8A. To be safe the current should therefore be
set around 1nA.

Because a measurement has many charged components, such as cur-
rent carrying wires, charge can build up between various components re-
sulting in a capacitance. This is an undesired effect in a resistance mea-
surement because we get the total impedance of the system rather than
solely the resistance of our sample. A resistor has a phase shift of zero by
definition. This means that if a non-zero phase is measured in our circuit
it will imply that other passive components are present, such as capacitors
or inductors. These are naturally present in every real world non-ideal cir-
cuit because of the presence of wires which can act as capacitors and have
an inductance. The problem with this is that the measured impedance will
be the total impedance of the circuit, including that of the capacitance of
the wires for example. The four-point measurement will not remove this
contribution because the capacitance of a wire gives an impedance which
is in parallel with the sample resistance rather than in series.

A possible solution to this is to perform the measurement using DC
currents only so that the frequency is zero which removes all non-resistive
impedances. It is recommended to avoid this, however, because the inter-
nal hardware of the PPMS is the AC lock-in. This is easy to use and the
lock-in can remove signal noise very well so it is preferable to simply do an
AC measurement at low frequencies. A measurement is only considered
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reliable if the phase is less than 10◦ which implies that the capacitance in
the circuit is small: this is the case for most systems.

Version of July 2, 2018– Created July 2, 2018 - 08:09

39



Chapter 4
Results

4.1 PPMS Measurement of NbSe2

4.1.1 Resistance-Temperature Measurement

Once the production process has been carried out a measurement can be
conducted. This is a measurement of the resistance of the superconductor
as the temperature is lowered. To measure the resistance of a sample we
do a four-point measurement using the AC lock-in in the PPMS, where
we measure the voltage as a function of the applied current. However,
as explained in Section 2.3, any AC measurement leads to contributions
to the impedance due to non-resistive passive components. We therefore
measure the impedance of the system including any capacitors that are in
parallel with the sample resistor because these are not filtered out by the
four-point measurement.

The measured results for the amplitude of the impedance of the NbSe2
flake are shown below in Figure 4.1. The measured impedance only goes
up to 1100Ω because of the sensitivity of PPMS. Therefore there is no in-
formation for the value of the impedance below about 150K, but we can
be sure that it is definitely above the maximum value of 1100Ω. The plot
also shows the resistance of NbSe2 we would expect to measure at each
temperature as it has been done in the past [6].
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Figure 4.1: Plot of the amplitude of the impedance of NbSe2 measured as the tem-
perature is reduced from 300K to 2K. This is compared with the R-T curves that
would be expected for the case that NbSe2 is superconducting as compared with
past measurements [6]. Due to the sensitivity setting of the PPMS the impedance
peaks at 1100Ω which means that the impedance at those points is larger than
1100Ω.

The source of the expected data [6] gave measurements of the resistiv-
ity at several temperatures for a sample of NbSe2. To go from resistivity to
resistance we apply the following formula:

R = ρ
l
A

(4.1)

If we assume that our flake has equal width and length of size L and thick-
ness d we find that A = Ld and therefore

R = ρ
L

Ld
=

ρ

d
(4.2)

The resistance is therefore determined by the resistivity and the thickness
alone. As can be seen in the next section, a flake thickness measurement
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was conducted which gave a value of approximately 92nm. Using this
thickness and the resistivity as given by [6] we attain the plot as seen in
Figure 4.1.

The behaviour shown in this plot is completely unexpected and can-
not correctly be explained. Firstly the impedance at 300K is larger than
expected by about two orders of magnitude: the measured value is 320Ω
and the expected value is 15Ω. This could possibly be explained if the
expected data from our source [6] is incorrect; a second source of NbSe2
resistivity values could not be found to verify this. It seems more likely,
however, that our measurement was done incorrectly when we consider
the second problem: the impedance appears to increase with decreasing
temperature. This R-T behaviour cannot be related to any known material
in nature. Generally the resistance decreases with temperature because the
amount of thermal noise decreases due to a reduction in fluctuations of the
current. Also for such a small sample it seems likely that the resistance at
300K would be nearer to 10Ω than 300Ω.

A possible explanation for this peculiar data is that the increasing resis-
tance arises because the NbSe2 flakes decrease in size as the temperature is
lowered resulting in a gap between the flake and the contacts. There could
still be a tunnel current when the gap is small, but this decays exponen-
tially with gap size. As seen below in Figure 4.2 when we consider only
the data below the resistance limit at 1100Ω, it appears as though the data
could have a very weak exponential decay. Although the large R-squared
value indicates that this is a good fit, this idea is quite far-fetched because
the exponential is quite small and a linear fit also gives a relatively large
R-squared value. The idea behind the exponential fit is that we assume
the NbSe2 flake reduces in size linearly with the temperature so that the
resistance decreases exponentially with temperature.
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Figure 4.2: A closer look at the portion of the measured data from Figure 4.1
which decays. The data has been fitted with an exponential decay. Although the
R-squared value is large, a linear fit also gives a good fit which indicates that this
data is not sufficient to determine a proper relation.

This explanation could be fallible, however, because it is also possible
that the contact pads adhere to the flake and therefore bend in the direc-
tion of the flake as it decreases in size. In that case there would not be
gap between the flake and the contacts. There are many other possible
explanations for this behaviour but until we test the limits of the measure-
ment further by measuring more samples these statements are all merely
conjecture.

4.1.2 Phase Measurement

The impedance behaviour doesn’t appear to be the behaviour of a resistor
so we take a look at the contribution due to capacitors and inductors. To
further investigate this we take a look at the phase as a function of tem-
perature. Because the measurement gives the total impedance of the sys-
tem it is possible that the strange observed behavior is due to the change
in capacitance or inductance as a function of temperature rather than the
resistance. For example, it may be that the resistance of the NbSe2 sam-
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ple does decrease with temperature but the capacitor impedance increases
more significantly, so we observe the dominating behaviour of the capac-
itor. The dependence of phase on temperature is shown below in Figure
4.3.

Figure 4.3: Plot of the phase angle of the impedance of NbSe2 measured as the
temperature is reduced from 300K to 2K. The phase goes further away from zero
as the temperature is lowered which implies that the capacitance or inductance is
increasing.

This plot shows us that the phase angle of the impedance increases (the
value goes further away from zero phase) as the temperature is lowered.
Unfortunately we cannot conclude that the capacitor impedance is increas-
ing because the phase angle gives the relative phase of the signals in the
circuit. We do know, however, that the four-point measurement removes
impedance that is in series with our sample. Generally the impedance
of wires can be modelled as an inductor in series with our sample and
the capacitance of the wires will be parallel to the sample. Therefore the
impedance of the inductor will be removed by the measurement and the
total impedance will be a capacitor in parallel with the sample. For a par-
allel system the phase shift is tan φ = ωRC so the increasing phase can
be due to either an increasing resistance or capacitance. In most systems
the capacitance doesn’t depend heavily on temperature, so the most likely
explanation is that the resistance is increasing (assuming our grossly over-
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simplified model). The cause of this is still unclear, however.

4.2 Flake Thickness Measurement

To consider all possible causes of the unexpected measurement results,
aside from the measurement process, we must also take the sample into
consideration. Some materials degrade over time, for example by oxida-
tion, resulting in a change in its characteristic properties. The NbSe2 bulk
material used in this project, however, was relatively new. It is highly un-
likely that it has degraded in such a short time.

Another problem to consider is that the NbSe2 flakes are simply too
thin. This could cause them to be damaged either by the exfoliation pro-
cess itself or by another process, such as RIE or sputtering, both of which
accelerate particles towards the sample. If the flakes are only a few layers
thick they could get damaged by these processes, causing them to break or
contain holes. Alternatively it is possible that, if the flakes are less than 5
molecular layers thick, their critical temperature will be below 2K [7]. This
is outside of the range of the PPMS and therefore a superconducting phase
transition cannot be detected. This would explain why the resistance does
not go to zero, but it would not clarify the increase in resistance as the
temperature goes down.

To investigate this problem the thickness of the flake was measured
using the profilometer. The profilometer is not very accurate but it gives a
rough idea of the thickness as seen below in Figure 4.4. There is an initial
bump of approximate thickness of 95nm (because 1Å= 0.1nm) which is
the thickness of the contact pad which is about 100nm. After this there is
another bump which is a small contact wire and then another bump on
top of that which indicates the contact wire that lies on top of the flake.
Using the difference calculator in the profilometer program to subtract the
thickness of the contacts from this total value the thickness was found to
be 92nm.
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Figure 4.4: Measurement of the thickness of an NbSe2 flake using a profilometer.
The first and second bumps are contact pads. The largest bump is the thickness
of a contact wire on top of the flake, so the difference between this and the first
bump gives the flake thickness.

From this we can conclude that the sample is not the problem. It is
not old enough to be degraded and it is too thick to be damaged by the
production process. The thickness of a single layer of NbSe2 is 0.4nm [5]
so 92nm corresponds to about 230 layers. In addition to this we note that
we might not be able to consider this flake to be two-dimensional. It was
found that the coherence length of NbSe2 is somewhere between 90nm and
110nm [4] while this flake lies in that range. Therefore there is a possibility
that there are superconducting currents in the third dimension. To prevent
this in the future Atomic Force Microscopy can be used to determine the
thickness of the flakes before attaching contact pads.
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Chapter 5
Conclusion: Outlook and Further
Research

Initially the purpose of this project was to explore the effect of periodic
nanopatterning on the critical temperature of superconductors. In the end
this turned out to be too ambitious: the time required to learn all of the
steps in the measurement process was underestimated. This is firstly due
to the fact that there are many steps that need to be mastered and time
needs to be put in to gain experience. To make these steps easier for a suc-
cessor most of the problems to watch out for have been mentioned in this
thesis and possible alternatives are given. Secondly there was a maximum
speed of the project which was determined by how frequently the lab tech-
nicians were available to give instructions for the different machines that
need to be learned, as well as a limit on the availability of resources. The
e-beam, for example, was regularly reserved, so time in the clean room
needed to be planned ahead of time.

In the end holes were never made in a superconductor. This was be-
cause the measurement process was not successful. These problems can
depend on numerous factors but it can be narrowed down if more mea-
surements are done. It is possible, however, as is often the case in practical
work, that we will never know what the problem was and that it was sim-
ply due to a bad connection between two components or conversely that
there is a short circuit somewhere in the measurement. These can be ran-
dom errors that generally cannot be avoided or the likelihood could be
reduced by optimizing the measurement process. But once again, we can-
not optimize until we have diagnosed what the problem is by repeated
measurement.
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Chapter 6
Appendix

6.1 Diagonalization of the BLF Hamiltonian

The calculation for diagonalizing the BLF Hamiltonian is rather extensive
and is demonstrated here. The calculation has insightful results and is
therefore included. For the electron part the calculation is done in three
dimensions while the phonon and coupling parts are more complex and
so are demonstrated in one dimension only.

Electron part

Consider a three-dimensional lattice of size NxNyNz with lattice constants
ax, ay, az. If we assume the hopping term to be equal between all adjacent
atoms, the electron part expressed in three dimensional real-space coordi-
nates is as follows:

Hel = −t ∑
<r,r′>

(
c†

r′cr + c†
r cr′

)
(6.1)

The sum is over adjacent lattice points which are separated by a lattice
vector, so r′ = r + R where r are the lattice points and R are adjacent
lattice vectors, resulting in the following:

Hel = −t ∑
r

∑
R

c†
r+Rcr (6.2)
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6.1 Diagonalization of the BLF Hamiltonian 49

Define a coordinate transformation to k-space:

cr =
1√

NxNyNz
∑
k

ckeik·r (6.3)

c†
r =

1√
NxNyNz

∑
k

c†
ke−ik·r (6.4)

Plugging this into Equation 6.1 we get:

Hel = −
t

NxNyNz
∑
R

∑
k,k′

c†
k′cke−ik′·R

(
∑

r
e−i(k′−k)·r

)
(6.5)

Because we have a finite lattice of size NxNyNz the allowed wavevectors k
will be determined by setting Born-von Karman boundary conditions, i.e.
periodic boundaries. The lattice vectors and wavevectors for our lattice
are

r = (nxax, nyay, nzaz) (6.6)

k = 2π

(
mx

Nxax
,

my

Nyay
,

mz

Nzaz

)
(6.7)

For the values

nx, mx = 0, 1, ..., Nx − 1 (6.8)
ny, my = 0, 1, ..., Ny − 1 (6.9)
nz, mz = 0, 1, ..., Nz − 1 (6.10)

Using this we can rewrite the last part of Equation 6.5:

∑
r

e−i(k′−k)·r =

(
∑
nx

e−2πi m′x−mx
Nxax nxax

)(
∑
ny

...
)(

∑
nz

...
)

(6.11)

The dots indicate that the argument of the nx sum is repeated for y and z
analogously. Consider now the geometric series:

N−1

∑
i=0

ri =
1− rN

1− r
(6.12)

Writing Equation 6.11 in a similar form we find

Nx−1

∑
nx=0

(
e−2πi m′x−mx

Nx

)nx

=
1− e−2πi(m′x−mx)

1− e−2πi m′x−mx
Nx

(6.13)
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If m′x −mx 6= 0 then the numerator is equal to zero because the difference
will be an integer. The denominator is not zero because (m′x−mx)/Nx can
never be an integer since m′x and mx are less than Nx. In this case the sum
will be zero. If m′x −mx = 0 we get an indeterminate form of type 0

0 so we
use L’Hopital’s rule to determine the limit:

lim
(m′x−mx)→0

1− e−2πi(m′x−mx)

1− e−2πi m′x−mx
Nx

= lim
(m′x−mx)→0

e−2πi(m′x−mx)

1
Nx

e−2πi m′x−mx
Nx

= Nx (6.14)

Therefore we find
Nx−1

∑
nx=0

(
e−2πi m′x−mx

Nx

)nx

= Nxδm′x,mx
(6.15)

And so Equation 6.11 becomes

∑
r

e−i(k′−k)·r = NxNyNz δk,k′ (6.16)

This simplifies Equation 6.5 to:

Hel = −t ∑
k

c†
kck ∑

R
e−ik·R (6.17)

The lattice vector R can assume the following values:

R = ±ax x̂± ayŷ± azẑ (6.18)

Using this we get

∑
R

e−ik·R = 2
(

cos kxax + cos kyay + cos kzaz
)

(6.19)

The electron Hamiltonian has now be diagonalized and is given as a sum
over k-space:

Hel = −2t ∑
k

(
cos kxax + cos kyay + cos kzaz

)
c†

kck (6.20)

Which can also be written as

Hel = ∑
k

εkc†
kck (6.21)

From which we see that the energy of an electron with wavevector k is
given by

εk = −2t
(

cos kxax + cos kyay + cos kzaz
)

(6.22)
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6.1 Diagonalization of the BLF Hamiltonian 51

Phonon part

We consider now a one-dimensional chain of N atoms with lattice constant
a because this significantly simplifies the calculation. The same diagonal-
ization will be done for the Hamiltonian of the phonons, given by

Hph = ∑
n

[
p2

n
2m

+
κ

2
(un − un+1)

2
]

(6.23)

To transform to k-space we use the discrete Fourier transforms

un =
1√
N

∑
k

ukeikxn (6.24)

pn =
1√
N

∑
k

pkeikxn (6.25)

where the real and reciprocal space coordinates are given by

xn = na (6.26)

k =
2πm

a
(6.27)

For the values

n, m = 0, 1, ...N − 1 (6.28)

Now apply the Fourier transform to diagonalize the individual phonon
components. Using Equation 6.25 we attain the following:

N−1

∑
n=0

p2
n

2m
=

1
2mN ∑

k,q
pk pq

N−1

∑
n=0

ei(k+q)na =
1

2m ∑
k

pk p−k (6.29)

Here we used the discreet nature of the lattice as given in Equation 6.26
and Equation 6.15 again. Now using Equation 6.24 we get:

κ

2

N−1

∑
n=0

(un − un+1)
2 =

κ

2N

N−1

∑
n=0

∑
k
(uk − ukeika)eikna ∑

q
(uq − uqeiqa)eiqna

(6.30)

=
κ

2N ∑
k,q
(1− eika)(1− eiqa)ukuq

N−1

∑
n=0

ei(k+q)na (6.31)

= 2κ ∑
k

uku−k sin2 ka
2

(6.32)
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Here we used the cosine double-angle formula. Now we combine the two
parts for the total phonon hamiltonian:

Hph = ∑
k

( 1
2m

pk p−k + 2κ sin2 ka
2

uku−k
)

(6.33)

Define the k-dependent frequency as

ωk =

√
κ

m
sin

ka
2

(6.34)

This gives the following simplified equation

Hph =
1

2m ∑
k

(
pk p−k + m2ω2

k uku−k
)

(6.35)

Define the following operators

ak =
1

2mωh̄
(mωkuk + ipk) (6.36)

a†
k =

1
2mωh̄

(mωku−k − ip−k) (6.37)

The second equation is simply the Hermitian conjugate of the first. This
can be seen by realizing that, because un and pn are observables they must
be Hermitian operators. Consider the displacement operator:

un = ∑
k

ukeikxn = ∑
−k

u−ke−ikxn = ∑
k

u−ke−ikxn (6.38)

And its Hermitian conjugate:

u†
n = ∑

k
u†

ke−ikxn (6.39)

Because it is Hermitian un = u†
n which implies

u†
k = u−k (6.40)

A similar treatment applies to the momentum operator pn which is also
Hermitian. From this it is clear that Equations 6.36 and 6.37 are simply
Hermitian conjugates of one another. As a result of these equations we
come to the following:

uk =

√
h̄

2mωk
(ak + a†

−k) (6.41)

pk =

√
2mωkh̄

2i
(ak − a†

−k) (6.42)
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6.1 Diagonalization of the BLF Hamiltonian 53

Using these we find:

pk p−k = −
mωkh̄

2
(aka−k + a†

−ka†
k − aka†

k − a†
−ka−k) (6.43)

uku−k =
mωkh̄

2
(aka−k + a†

−ka†
k + aka†

k + a†
−ka−k) (6.44)

And therefore

Hph = ∑
k

1
2

h̄ωk(aka†
k + a†

−ka−k) (6.45)

It is easy to verify that the following commmutation relation is satisfied:

[ak, a†
k ] = 1 (6.46)

From which it follows that

aka†
k = 1 + a†

k ak (6.47)

This allows us to rewrite the Hamiltonian as

Hph = ∑
k

1
2

h̄ωk(1 + a†
k ak + a†

−ka−k) (6.48)

But due to the periodicity of k-space we note that

∑
k
(aka†

k + a†
−ka−k) = 2 ∑

k
aka†

k (6.49)

So therefore the Hamiltonian is

Hph = ∑
k

1
2

h̄ωk(1 + 2a†
k ak) = ∑

k
h̄ωk(a†

k ak +
1
2
) (6.50)

Electron-phonon interaction

The part of the BLF Hamiltonian which describes the electron-phonon in-
teraction is given by:

Hel−ph = ∑
n

α(un − un+1)(c†
n+1cn + c†

ncn+1) (6.51)

Using the same Fourier transformations from Equations 6.24 and 6.25 we
get the following equation

Hel−ph =
α

N
3
2

∑
n,k,q,p

ukeikna(1− eika)

(
c†

qe−iqnae−iqacpeipna + c†
qe−iqnacpeipnaeipa

)
(6.52)
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Then by rewriting we get

Hel−ph =
α

N
3
2

∑
k,q,p

uk(1− eika)

(
c†

qcpe−iqa + c†
qcpeipa

)
∑
n

ei(k−q+p)na (6.53)

By again applying the result from Equation 6.15 we find that the last sum
is equal to Nδk−q+p,0 which gives:

Hel−ph =
α√
N

∑
q,p

uq−p(1− ei(q−p)a)

(
c†

qcpe−iqa + c†
qcpeipa

)
(6.54)

=
α√
N

∑
q,p

uq−pc†
qcp(1− ei(q−p)a)

(
e−iqa + eipa

)
(6.55)

=
α√
N

∑
q,p

uq−pc†
qcp(eipa − e−ipa + e−iqa − eiqa) (6.56)

= − 2i√
N

∑
q,p

uq−pc†
qcp(sin qa− sin pa) (6.57)

We now make the substitutions p = k− q̃/2 and q = k + q̃/2 which gives

Hel−ph = − 2iα√
N

∑
k,q̃

uq̃c†
k+q̃/2ck−q̃/2

(
sin
(
(k + q̃/2)a

)
− sin

(
(k− q̃/2)a

))
(6.58)

= − 4iα√
N

∑
k,q̃

sin
(

q̃a
2

)
cos (ka)uq̃c†

k+q̃/2ck−q̃/2 (6.59)

(6.60)

Where the sine addition formula was used to get to the second line. By
redefining our phonon wavevector as q = q̃ we get the electron phonon
coupling of a one-dimensional monoatomic chain to be:

Hel−ph = − 4iα√
N

∑
k,q

sin
(

qa
2

)
cos (ka)uqc†

k+q/2ck−q/2 (6.61)
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