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Abstract

Heavy Neutral Leptons are well-motivated candidates for ex-
plaining beyond Standard Model phenomena such as dark
matter, baryon asymmetry of the Universe and neutrino os-
cillations. A variety of probes, ranging from collider-based to
cosmological, explore regions of their parameter space in a
complementary way. This work will delve into the possibil-
ity that Big Bang Nucleosynthesis has to offer in constrain-
ing their lifetime based on cosmological measurements of the
Helium-4 abundance. Results are derived for masses up to
100 MeV and a framework is laid for extending the analysis

to higher masses.
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CHAPTER

INTRODUCTION

1.1 Relevance of this work

A variety of cosmological, astrophysical and collider based probes can be used to
put bounds on parameters of HNLs (Figure 1.1). Since the lifetime of an HNL is
inversely proportional to the square of the mixing angle, a smaller mixing angle
will lead to a longer lifetime, which means that such particles could be present at
times relevant for BBN processes. An addition of HNLs to the Universe affects
its cosmological expansion and the particle physics processes within compared to
the standard case. Therefore, BBN provides a suitable probe for HNLs and gives a
lower bound in the aforementioned parameter space.

Previous works [10-14, 17-19, 28] have studied the implications of HNLs on
primordial nucleosynthesis for masses up to a couple hundreds of MeV. These
results are then extrapolated to higher masses by assuming a certain maximum
lifetime of HNLs and using the relation between mass, lifetime and mixing angle.
In this way physical processes that may start to occur at higher masses are not
taken into account, making the current bounds not so reliable. This work will
review and revise the analysis of the effects of HNLs on BBN up to masses ~100

MeV and will provide a framework to extend this analysis to higher masses.
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FIGURE 1.1: Current limits on the mixing between muon neutrino and
a single HNL up to mass of 500 GeV. The brown region labeled ‘Seesaw’
corresponds to a naive estimate of the mixing scale in the canonical seesaw.
The grey region labeled ‘BBN’ corresponds to an HNL lifetime >1 s, which
is disfavored by BBN. Figure from [6].

1.2 Overview

This work will be more of a review that highlights the relevant points in this topic,
rather than an extensive, repetitive study of what has come before. The interested
reader is referred to [9] for a more deep dive into the subject of BBN.

Before jumping right into the new physics part, it is important to understand
BBN within the framework of the Standard Model. Chapter 2 is dedicated to this.
Chapter 3 introduces HNLs to the system and elaborates on some of their relevant
properties. A brief description of the code that is used for simulating BBN together
with some results are given in Chapter 4. The results are discussed in Chapter 5.

Some technicalities will be expanded upon in the appendices.
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THE STANDARD CASE

The origin of primordial elements goes back to the early Universe. When going
backwards in time, the Universe can be considered as a shrinking volume with
increasing temperature. Naively, once this temperature exceeds the binding energy
of a particle, be it element or hadron, it will be destroyed into its constituents. At
some temperature one therefore expects a plasma of elementary particles that is
in thermodynamic equilibrium. Now, going forward from this point in time, the
Universe will be expanding and cooling down. This is the starting point of this

chapter.

2.1 Defining the system

The main system is a plasma in an expanding universe. This system can be divided

into two subsystems, based on the following processes:

* Cosmology & particle physics (denoted as background physics)

* Nuclear physics

Due to the smallness of the baryon-to-photon ratio, ng ~ 10719 [9], the influence of

the second subsystem on the first one can be neglected; but not vice versa.
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2.1.1 The background

At temperatures below QCD-scale, T' < Aqcp ~ 150 MeV [1], the dominant compo-
nents of the background plasma are photons, charged leptons and active neutrinos,
with here and there some traces of neutrons and protons. The expansion is gov-
erned by the energy density of the plasma and is described by the Friedmann
equation

-\ 2
811G
H2 = (g) :n-Tp R (21)

with H the Hubble parameter, a the scale factor and p the energy density.

In the case of radiation domination, this equation can be written as
= Yerp2, (2.2)

with g, the effective number of relativistic degrees of freedom and My, the Planck
mass.
The background is assumed to be homogeneous and isotropic. The energy density

p together with the total pressure P then satisfy the energy conservation law

d
d—’:+3H(p +P)=0. (2.3)

While the Universe is expanding and cooling down, some species can get out of
equilibrium (also known as decoupling). This happens at a temperature defined

when the inequality
I'(T) < H(T) (2.4)

starts to hold. Here I'(T') is the rate of the reaction that keeps the particle in

equilibrium. Relevant events during cooldown are [22]:

v decoupling n decoupling e* annihilation
| | | T
N N N
1.5 MeV 0.8 MeV 0.5 MeV

* Active neutrino thermal decoupling at 7' = 1.5 MeV.
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* Baryon chemical decoupling at T' = 0.8 MeV. This value is estimated by

considering the reactions

n—p+e +v, (2.5)
n+ve—p+e (2.6)
n+e" —p+v, 2.7

¢ Electron-positron annihilation at 7' =~ 0.5 MeV.

Temperatures higher than Aqcp are not considered in the SM, since before neu-
trino decoupling the plasma is in equilibrium and nothing of importance for BBN

happens.

2.1.2 Nuclei

Once neutrons decouple around 7' = 0.8 MeV, they will decay according to Eq. 2.5.

This will go on until production of deuterium starts through the reaction
n+p—D+y (2.8)

Due to the small baryon-to-photon ratio, the production of deuterium will not
start at temperatures close to its binding energy Ap = 2.2 MeV. Indeed, at such
temperatures there are many photons with energies higher than Ap, which will
destroy the deuterium nuclei immediately after they are created. This is also
known as the deuterium bottleneck. Production of deuterium will become effective

at temperatures much lower:
Nparyons = 11BNy = ny(E > Ap) 2.9

Solving this equation gives an estimate for the temperature of start of BBN,
TBBN ~ 70 keV.

Once deuterium is formed, a series of nuclear reactions will lead to production of

mainly *He. Heavier nuclei are produced in much smaller abundances, because

® there are no stable elements with mass number 5 and 8.
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¢ the lack of sufficient densities of lighter nuclei diminishes the rates of nuclear
reactions that produce heavier nuclei. Such processes are on the verge of

decoupling around BBN temperatures.
* the Coulomb barrier causes electrostatic repulsion.

The last point is the main reason for decoupling of reactions involving heavier
nuclei. Therefore, “He will be the most abundant element created during BBN,

with here and there traces of heavier elements [9].

Following the previous discussion, the observables of BBN are abundances of
light elements. In the Standard Model the only free parameter is the baryon-to-
photon ratio np [9]. Thus, measuring this quantity (by abundance measurements

or CMB measurements) leads to predictions of all primordial element abundances.

The most relevant abundance is that of “He, which can be described by the mass

9nin
fraction Y. = M. This quantity is determined by:

1+# |TBBN
* Neutron-to-proton ratio Z—Z at time of neutron decoupling. Using equilibrium
physics:

Ny, B (mnTndec)3/2e_mn/Tndec

~ e_(mn—mP)/Tndec (2.10)

- - T,
Np T'ndec (mandec)3/ze mp/Tndec

T'hdec can be determined by equating the weak reaction rate in Fermi theory,
I~ G%T5, to the Hubble rate in Equation 2.2, which gives

T.dee ~ 0.8 MeV = (T ge0) ~ 0.16
np

* Time At between neutron decoupling and start of deuterium production.

During this period neutrons will decay with mean lifetime 7:

(22T nge)) e 72"

nn N
1+ Z_Z(Tndec) [1 - e_At/T]

(2.11)

"p | Tppx

At can be obtained from Equation 2.2, which gives At = 150 s. Plugging this
in the equation above gives Z—Z(TBBN) ~ 0.13 and therefore Y41, = 0.23.



2.2. REGIMES OF PARTICLES

Important quantities to keep in mind when studying BSM physics are therefore:
* Neutron-to-proton ratio at time of neutron decoupling.
* Hubble parameter H.

Chapter 4 will elaborate a little more on computations involving nuclei.

2.2 Regimes of particles

It is useful to categorize particles in the plasma in the following way:
¢ Massless & in-equilibrium (photons)
* Massive & in-equilibrium (charged leptons)
* Massless & out-of-equilibrium (active neutrinos)
* Massive & out-of-equilibrium (protons, neutrons and nuclei)

The first two groups of particles can be treated using equilibrium expressions.
Using equilibrium physics for particles in the latter two groups gives incorrect
abundances of heavy elements [20]. Instead, distributions of particles in the latter
two groups are prone to distortions due to interactions around decoupling. These
particles must therefore be treated properly within the framework of the Boltzmann

equation.

2.3 Boltzmann equations in the SM

For the time being, only active neutrinos will be considered here. The baryons and
nuclei will be dealt with in Chapter 4. Throughout this work no lepton asymmetry
is assumed. At temperatures higher than the neutrino decoupling temperature,
neutrinos will have a Fermi-Dirac distribution. At lower temperatures, a set of

three Boltzmann equations must be solved [25]:

dfy dfy
a :H a —
dz dlna

Y IoPpq, (2.12)
p
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with a, § € {e, u, 7}, Py, time averaged transition probabilities and I, the collision
term, which encodes the details of interactions. The terms Pg, account for neutrino
oscillations; more details and expressions are given in Appendix D. The collision

term I, for particle v, in the reaction
Va+2+3+.. . +tK—=K+1)+EK+2)+..+Q

has the general form [20]

(X

S|4 PFI£12n)*6*(Pin — Pou 2.13
52, amzout H(2 )32E M PFLFI0) 64 Py — Pout) | 213

with g, the degrees of freedom of v,, ‘in’ the initial states {v,,2,...,K}, ‘out’ the
final states {(K +1),(K +2),...,Q}, S the symmetry factor, |.#|? the unaveraged,
squared matrix element summed over helicities of initial and final states and F[f]

the functional describing the particle population of the medium, given by

Flfl=Q£f)..(A £ fR)fk+1--fQ — fro-- R £ fK41)..(1 £ fg) . (2.14)

Here (1 —f) is the Pauli blocking factor used for fermions and (1 + f) the Bose
enhancement factor used for bosons. The sum in Eq. 2.13 runs over all possible

initial and final states involving v,.

2.4 Relevant interactions in the SM

All relevant reactions with active neutrinos should be considered:

* Neutrino pair annihilation into neutrino pair and neutrino-neutrino scatter-

ing:v+vev+vandv+vev+y
e Neutrino-charged lepton scattering: v + /* & v + ¢+

* Neutrino pair annihilation into charged lepton pair and vice versa:

v+ve T+ o7

All these reactions happen through charged current and neutral current weak

interactions. Leading order diagrams at tree-level are given in Figure 2.1.
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Z/W
zZ/W

Py P P4

FIGURE 2.1: Leading order diagrams contributing to the collision integral
in the Boltzmann equation for active neutrinos.

The squared matrix element in Fermi theory is of the following form for all reactions

considered:

1P = Y [Kipi-p)pr-p)+Kemimj(pr-p))] , (2.15)
i#j2hAl

with K, Ko constants. Expressions for |.#|? of all relevant SM interactions involv-
ing active neutrinos are given in Table A.1. Since the baryon-to-photon ratio is very
small, the assumption is made that Eqs. 2.5 - 2.7 do not alter the electron-neutrino

distribution and are therefore neglected in the collision integral.

2.4.1 Four-particle collision integral

In the case of four-particle interactions, like
Vo+23+4

and similar crossing processes, the nine-dimensional collision integral can be
reduced to a two-dimensional one. Using Eq. 2.15 in 2.13, the collision integral for

a single reaction will be of the form

p2p3

Ia,single fdp2dp3 SF[f]D(Pva,Pz,p3,p4)9(E4 my), (2.16)

64ﬂ3ga aPa

where the D-function is a conditional polynomial function of the four momenta
DPv,,P2,p3 and p4. The total collision term is then given by the sum of I, gingie for

each reaction. The derivation of this equation is given in Appendix B.
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2.5 Temperature evolution

The conservation of energy equation 2.3 can be used to derive an equation for the
temperature evolution of the plasma. Using p = peq + Pnoneq (energy densities of par-
ticles in (non-)equilibrium) in Eq. 2.3 together with the fact that the temperature

of the plasma is only defined for particles in equilibrium gives

dpeq dT dpnoneq
il — _3H(p+P

aT dar | dt (0+P)
AT 3H(p+P)+ L

E B dpeq
dT

(2.17)

Expressions for peq and pnoneq can be substituted in this equation to obtain an

explicit formula for the temperature evolution. This is done in Appendix C.

2.6 System of equations

There are five equations that describe the primordial plasma and which have to be

solved:
¢ Three Boltzmann equations for active neutrinos
* Friedmann equation
* Temperature evolution equation

These equations contain five unknowns - three active neutrino distribution func-
tions £, (¢, p), scale factor a(¢) and temperature T'(¢). Neutrinos and anti-neutrinos
participate in similar reactions (charge conjugated channels for anti-neutrinos)
and, since no lepton asymmetry is assumed, distribution functions of both are the
same. Same principle holds for all other leptons. Initial distributions are taken
as equilibrium distributions at time of decoupling. This system of equations is

therefore closed and can be solved numerically.

10
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INTRODUCING HEAVY NEUTRAL LEPTONS

Over the last few years a plethora of extensions to the SM have been proposed
to solve the yet unexplained observations of dark matter, baryon asymmetry of
the Universe and neutrino masses. One of those ambitious extensions that aims
to take down all of these problems at once is the vMSM. Introduced in [2, 3],
this model adds three Heavy Neutral Leptons (HNLs) to the SM, making them
the right-handed counterparts of active neutrinos. This chapter will explore the

possibilities that BBN offers in constraining some of the parameters in this model.

3.1 The type I seesaw Lagrangian

The most general renormalizable Lagrangian that includes three right-handed

neutrinos to the SM Lagrangian has the form [7]
_ - - M;—
L = Lsm+iN10,7" N — |ForLoNy + 7IN° (Nr+he.|, 3.1)

with I ={1,2,3}, a = {e,u, 7}, N1 right-handed neutrinos (also known as HNLs
or sterile neutrinos), F,; Yukawa couplings, M; HNL Majorana masses, L, the
SM lepton doublet and ¢ = ioa¢p* the conjugated Higgs doublet. Without loss of
generality, the Majorana mass matrix can be chosen diagonal.

After electroweak symmetry breaking, the Dirac mass matrix can be defined as
(Mp)ar = {(Pp)Far = %Ful, with v =246 GeV.

11
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The mass terms can then be rewritten as

1 — 0 Mp)|[v°
ffmass——§(v N )(Mg MI)(N)-’_h'C' , (3.2)

where N = (N1 Ny N3)T, v = (ve Vu VT)T and c indicates charge conjugation. Block-

diagonalizing the mass matrix and assuming Mp << M7 yields the type 1 seesaw

formula
(M)ap=—Y (Mp)ar M7 (MD)1p, (3.3)
I

where M, is the 3 x 3 active neutrino mass matrix, which can be diagonalized by a
unitary transformation with the PMNS-matrix Vpyng. Defining the mixing angle

matrix as
a1 = (Mp)arM;?t, (3.4)

the charge eigenstates v and N in Eq. 3.2 can be written in terms of the mass
eigenstates vy, and Ny, of the matrix diag(V, MNSM Vpyvns, M) up to leading order

in 6:
v = VPMNSVm + 0Ny, (3.5)
N =Ny —0"Vpynsve, . (3.6)
The light mass eigenstates v, almost correspond to active neutrinos, while the
heavy mass eigenstates N, almost correspond to sterile neutrinos. The expression

for v can then be substituted in the weak interaction part of the SM Lagrangian,

which gives the interaction of HNLs with SM particles:

8 ~c
LiNLint = — —>—7Z § Y (No)07,y+ (1~
HNLint = = 0 o 2H (Np)i107,y" (1 =y5)ve
——2\/_WJE E(N&)IQMY”(l y5)¢, +h.c. (3.7

Therefore, HNLs couple to SM fields in a similar way as active neutrinos, but with

an additional mixing angle that suppresses the interaction.

3.2 Properties of HNLs

For notational clarity, (Ny,); is written as Ny, while keeping in mind that the latter

is almost a charge eigenstate.

12



3.2. PROPERTIES OF HNLS

3.2.1 Roles of the individual HNLs

Among the three HNLs, N7 serves as a dark matter candidate, which means it
must be light, stable and very weakly interacting. In this scenario, the Yukawa
coupling constants Fy1 in Eq. 3.1 are required to be very small. As a result, this
particle gives a negligible contribution to the active neutrino mass matrix (Eq. 3.3)
as well as the baryon asymmetry of the Universe [7]. Therefore, only N9 and N3
are responsible for these two phenomena and N; will be neglected from this point
forward. In order to achieve successful baryogenesis, the masses of No and N3 are

required to be close to degenerate.

3.2.2 Dirac spinor from two Majorana spinors

For the sake of convenience, both Ny and N3 are assumed to have the same mass
M and same set of mixing angles {0,,0,,,0;}. Since both spinors are two-component
Majorana spinors, it is possible to combine them into one Dirac spinor with four

degrees of freedom. The HNL mass terms are approximately given by

LHNL mass & —%MN (V5N + N5N3 +h.c.) . 3.8)
Constructing two Majorana spinors y and ¢ out of N2 and N3,
x=Ng+Ny (3.9)
{=N3+N3, (3.10)
and substituting this in Eq. 3.8 gives
ZLHNL,mass = _%MN ()_(X + Ef) . (3.11)
Define the Dirac spinor as
Np = % (x +i¢) (3.12)
N{ = % (x —i¢) (3.13)
and Eq. 3.11 becomes
ZHNL,mass = _%MN (N_DND +171‘3N§) =-MyNpNp . (3.14)

Therefore, from this point on, a Dirac particle (and its charge conjugate) with two

degrees of freedom, mass My and three mixing angles 6, will be considered.

13
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3.2.3 Shortcut for calculation matrix elements of HNLs

Expressions for Ny in terms of Np and Ny,

Ny +Nj§ = %(ND +N§) (3.15)
N3+ Nj§ = 7 (Np-N§) , (3.16)
together with 69, = 03, = 0, can be substituted in Eq. 3.7 to give
ZHNL,int = 4cos6w p; (Np +N{, —iNp +iN{)0, 7" (1 - y5)va
Zf}Wﬂ T(ND TNS —iNp +iN9)0:y"(1-ys)l5 +h.c.

g iz z x
=- 4c0sQWZ,J ;(e " Np+e'tNEOL Y (1 - y5)Va

2\f #Z(e “ENp +e' TNE) 05y (1 - y5)05 +h.c.

8 NI N
=- Z Np+NSOyH(1 -
LcosOy pz( Dt D) oV (1 =75)Vq
——\/_W;Z(ND +Nc)]9 Yu(l Y5)£ +hC (3.17)

where the e are absorbed in the N p fields. It can be seen now that the charac-
teristics of the Majorana particles have not disappeared: particle and its charge
conjugate still interact in the same way. Since no lepton asymmetry is assumed,
both particle and its charge conjugate can be treated on an equal footing. Therefore,

it is enough to compute only one matrix element, which can be obtained by
M2 = 100?112 (3.18)

The effect of the charge conjugated particle is then taken into account through the
degrees of freedom. As long as the Dirac particle has the same lifetime, mixing

pattern and spectrum as the Majorana particle, the two cases are equivalent.

3.2.4 Decoupling temperature

An initial condition must be provided when solving the Boltzmann equation. This
is chosen as the Fermi-Dirac distribution at a temperature little higher than HNL

decoupling temperature.

14



3.2. PROPERTIES OF HNLS

A naive approach for determining the decoupling temperature is to equate the
weak interaction rate in Fermi theory in the ultra-relativistic limit to the Hubble

rate for a radiation dominated universe:

1.66,/27
M,

where 0y(T) is the effective mixing angle in a medium, which arises from a self-

2 2 2 mb
T2 = 02(T)G2T® , (3.19)

energy term induced by interactions of active neutrinos with particles in the
medium. An explicit expression is given by [5, 7, 23]

02(T) = 6° (3.20)
M - 5 .

2p [16G% 9 il 2
(1+M_12V( aw p(2+COS QW) 360 )) +6

with 0 the mixing angle in vacuum and aw the weak coupling constant. Plugging

02 =10"% g, =20 and p ~ 7T in Eq. 3.19 yields a decoupling temperature of
T4ec ~ 160 MeV for M ~ 100 MeV. For higher masses or larger mixing angles this
approach becomes less credible, because at some point the HNLs will decouple

non-relativistically.

More sophisticated approaches have been developed in [15, 16, 27] and found
decoupling temperatures of G(1) GeV for masses 0.5 < My <1 GeV. It has been
shown in [15] that HNLs with such masses will always enter equilibrium at
temperatures above T ~ 5 GeV.

This work will use these results as a guide by looking at what temperatures the
distribution function will start to differ from the equilibrium one. This transition

point should give an estimation for the decoupling temperature.

3.2.5 Dependence of mixing angle on temperature

As can be seen in the previous subsection, the mixing angle 6y depends on the
temperature of the medium. However, it can be shown that 6y differs from 6 as
[25]

Om—-0  GgT® T 610 MeV )2
M F ~10‘11( )( eV) , (3.21)

0 MZMZ 100 MeV) | My
which means that for temperatures relevant for BBN, T' ~ 1 MeV, and masses of
interest, up to My ~ 1 GeV, the mixing angle is not altered significantly in the

plasma and medium effects are negligible.

15
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3.2.6 Contribution to energy density of the Universe

The inclusion of an HNL to the background described in subsection 2.1.1 has
consequences for its expansion. Assuming the HNL decouples non-relativistically,

its energy density at temperatures T < Tqec < T'NR ~ M is given by

Qe g+(DT?
pN(T)NMNnN(Tdec)( aec) NMNnN(Tdec)W
* €c’" dec

3 3
» (MNTdec) ? o MyiTae 8T (3.22)

27 g*(Tdec)T3

dec

where entropy conservation, g*(Tl)a?T% = g*(Tz)ang, is used. Equating this

density to the energy density of radiation gives

3
e s g ()T

2
— =g ()2 T* = T ~30 keV (3.23)
27 8+(Tae)TS 30

for My ~ 50 MeV, 62 ~ 1074, Tgec ~ 30 MeV and g, (Tgec) ~ 10.

This means that the Universe will become matter dominated at the time nu-
clear reactions are taking place. Therefore, if the HNL has not decayed yet long
before this time, it could have a direct impact on the abundances of primordial

elements.

3.2.7 Contribution to temperature evolution

The HNL here belongs in the category ‘massive and out-of-equilibrium’ and will
only add a term to the numerator in Eq. 2.17. An interpretation of this term is
that interactions involving HNLs will lead to final particle states that have higher
energies than those in the plasma. Only final particle states that equilibrate with
the plasma will heat up the background. This means that, e.g., active neutrinos
coming from decay of HNLs will not contribute to the temperature evolution after

neutrino decoupling.

16
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3.3 Relevant interactions of HNLs

All interactions of HNLs with SM particles are mediated by charged and neutral
currents. The higher the mass, the more channels will be available. All relevant
interactions together with the corresponding matrix elements for HNL masses up

to ~1 GeV are summarized in A.2 and A.3.

Since HNLs can decouple at temperatures higher than Aqcp ~ 150 MeV, interac-

tions above and below this border must be distinguished.

3.3.1 Interactions above QCD-scale

At temperatures T'> Aqcp no bound states of quarks exist and only two types of

reactions should be considered:
¢ Interactions with active neutrinos and charged leptons.

* Interactions with free quarks. Here, only interactions with two quarks are
considered, since multiquark final states are suppressed by higher orders of

the coupling a; in perturbative QCD [8].

Contributing diagrams are of the following form:

N PL N Pr

Z/W
Z/W

Py

Pj P Pj

FIGURE 3.1: Leading order diagrams contributing to the collision integral
in the Boltzmann equation for an HNL at temperatures T > Aqcp.

3.3.2 Interactions below QCD-scale

At temperatures T' < Aqcp quarks are confined within bounds states. All reactions

in the previous section are four-particle interactions. In this case three- and four-
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CHAPTER 3. INTRODUCING HEAVY NEUTRAL LEPTONS

particle interactions are considered:

* Interactions with active neutrinos and charged leptons like before.

* Interactions with a single meson in the final state. Only HNL decays are
considered here, since the creation of a meson A in the reaction N +v/¢ — h
is only possible when My < M},. Moreover, at temperatures of G(1) MeV the
rate of this reaction is much smaller than the decay rate of HNLs. The only

contributing diagram is therefore:
v/l +

Z/W

FIGURE 3.2: Leading order diagram for three-particle reactions con-
tributing to the collision integral in the Boltzmann equation for an

HNL at temperatures T' < Aqcp.

The branching ratios of the relevant HNL decay channels are plotted in Figure 3.3.

1

o500[ T : r TN
O et v (R
: \ et >
e 0.050f— — Iept \ _ - - R
) —_— ~ - 1

0.010} ====- 1 £ i
0.005} - -= K ';,’ 1

/

0 I

0.001 | i
0.05 0.10 0.50 1

My [GeV]

FIGURE 3.3: The branching ratios of relevant HNL decay channels. Figure
from [6].
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3.3. RELEVANT INTERACTIONS OF HNLS

Interactions with more than two mesons in the final state are not considered, except
for reactions with two pions in the final states, such as N — v+7a* + 7. These reac-
tions are taken into account by resonance of p meson, ie., N —»v+p® - v+gt+7".
It has been shown in [6] that the decay width of both two reactions coincide and,
therefore, decay into two pions happens predominantly via decay into p meson. The
decay channel to two pions is also open for 2m,; < My < m,, but this contribution

is negligible.

The contribution of decays into multi-meson final states to the full hadronic decay
width can be estimated by comparing the combined decay width of single-meson
final states with the full hadronic decay width. The full hadronic decay width can
be estimated by considering the total decay width into quarks. The result can be
seen in Figure 3.4. Multi-meson final states become important for masses My > 1
GeV, while for masses smaller it is enough to consider only single-meson channels

as the hadronic decay modes.

1 — Al
% 050pF-.. T, e All w/o cor.
R e n
- N n
£ 0.10} P
2 0.05) o A e | w+¢
. L 2 O DS

0.01
1

mynL [GeV]

FIGURE 3.4: HNL decay widths of channels with single meson final states
divided by the total decay width into quarks with QCD corrections (dashed
lines). The two blue lines are the sum of these ratios, where QCD correc-
tions were (solid line) and were not (dotted line) applied to the total decay
width into quarks when computing the ratios. Figure from [6].
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CHAPTER 3. INTRODUCING HEAVY NEUTRAL LEPTONS

3.3.3 Interactions of unstable decay products with plasma

HNLs with masses My < 105 MeV will decay into stable particles. HNLs with
higher masses will have decay products that are unstable. Some of these unstable
decay products will interact with the plasma before they decay. The analysis here
will be done for muons, but can be applied to all other particles as well.

There are three important events to consider:

1. p* is created from HNL decay

The distribution function of these muons is a non-thermal distribution froneq-

2. u* thermalizes
The muon-photon scattering rate is higher than the muon decay rate:
Lyp ~ mﬁ“y T}‘r’: ~1072 MeV vs. T 1,decay ~ 10716 MeV. This means that the

muons will release their energy into the plasma and equilibrate before they

decay. This process increases the temperature of the plasma and makes the
muons non-relativistic. After thermalization the muons will share the same

temperature as the plasma and will have a thermal distribution
my—u b

fihermal = €~ T e 2T where u is determined by the condition that the
number density before and after thermalization must be equal. The collision
term corresponding to this process is then estimated as

f thermal — f noneq
Ithermalization = At ’

with At the timestep of the simulation. The same procedure is followed for

charged pions and charged kaons.

3. u* decays
The main decay channel of muons is u~ — e~ +v,+v,. The muon has a lifetime,
Ty~ 1079 sec., that is much smaller than the timestep of the simulation. This
poses a problem right away: when the evolution of the distribution function
for the muon and active neutrinos is computed as Af = I.,1At, the behaviour
of I.o11 is not resolved. It is assumed to be constant during the whole timestep
At, which is not true; the created muons have already decayed well within
this timestep. What therefore happens is that the amount of muons that have

decayed and the amount of neutrinos that are created, are overestimated.
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3.4. BOLTZMANN EQUATION FOR HNLS

This issue can be solved by using dynamical equilibrium. Consider the chain

ENo=0

The timestep At is much smaller than the lifetime of the HNL, which means
that there is approximately a constant inflow of muons during each timestep.
Since the amount of muons created AN decays almost instantaneously, the
same number of active neutrinos is created: for each muon that decays, one
electron neutrino and one muon neutrino is created. Now a scaling a can be
introduced in Af = I nAta such that [d3pAf/2m)3 =

3.4 Boltzmann equation for HNLs

In this model, one more equation must be added to the system of equations in
Section 2.6. At temperatures below the HNL decoupling temperature, the HNL

distribution function fn can be obtained by solving the Boltzmann equation
dfn

d¢
with Iy the collision term. Besides the four-particle collision integral in Eq. 2.16

=1y, (3.24)

there is also a three-particle collision integral.

3.4.1 Three-particle collision integral

In the case of a two-body decay
N—-2+3, (3.25)

the six-dimensional collision integral in Eq. 2.13 can be reduced to a one-dimensional
integral. Since the matrix element for three-particle interactions does not depend
on the four-momenta of the particles, it has the simple form

S| )?

4gNENpPN
for each reaction taken into account. Here, Z is given by

2

— x
Insingto = 1o [ ap PR ()20 (Ey B - o] G20

T
X = g(—Sgn[pl—p2—P3]+Sgn[p1 +p2—p3l+Sgnlp1—p2+p3l-1), (3.27)

with Sgn the Signum function.

21



CHAPTER 3. INTRODUCING HEAVY NEUTRAL LEPTONS

3.5 Influence of HNLs on BBN

Subsection 2.1.2 listed the two main points that determine the course of BBN. If
HNLs decay before neutrino decoupling, the plasma will just re-equilibrate and
nothing will change. But if decay happens after neutrino decoupling, then HNLs
can influence BBN by

* their contribution to the cosmological energy density.
An increase in the energy density leads to a higher expansion rate according
to the Friedmann equation 2.1. The decoupling temperature of weak inter-

actions, determined by H =T ~ 7%, will then be higher compared to the

dec’
standard case. Therefore, the Z—;‘—ratio at time of neutron decoupling, Eq.

2.10, will be larger. This will lead to a larger helium mass fraction Yyge.

* their decay products.
HNL decay injects active neutrinos and electrons/positrons into the plasma

with energies that may be different from typical energies of plasma particles.

- Decay into v, and v; will increase the expansion rate with respect to the
standard case and this will therefore increase the Z—‘;—ratio at neutron

decoupling and thus increase Y4pe.

- Decay into v, has two effects: (I) it will increase the expansion rate
similarly to above and (II) it will preserve equilibrium between neutrons
and protons for a longer time, since they participate in the reactions
in Eqgs. 2.5 - 2.7. The latter effect would make the Z—E—ratio at neutron
decoupling smaller. Effect (II) is stronger than (I) [10] and the net effect

will be a decrease of Ype.
- Decay into e* will inject more energy into electromagnetic part of the
plasma and heat it up, which increases the expansion rate and increases

Y4He .

The net effect is of course an interplay between all above mentioned effects, each
of which is influenced by the HNL mass and mixing pattern. BBN will therefore
provide a lower bound on the mixing angles or, equivalently, an upper bound on
the lifetime.
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CHAPTER

RESULTS

This chapter will present results for neutrino decoupling spectra in the SM and
bounds on HNL lifetime as a function of its mass. The latter is done for HNL
masses up to My = 100 MeV where mixing with only electron neutrino is turned
on. The bounds are obtained by comparing the *He mass fraction obtained from

simulations with measurements done in [4].

4.1 Simulating BBN with PYBBN

The computational scheme of the code (PYBBN) used to do the simulations will be
briefly summarized here. An extensive user guide with schemes, approximations,
results and comparisons with literature will be available soon on the homepage' of
the code.

Simulations are done in two steps: (I) The background physics and the rates
of the reactions in Eqgs. 2.5 - 2.7 are computed in PYBBN. This involves solving the
system of equations in Section 2.6 for the evolution of temperature, scale factor

and distribution functions of decoupled species. (II) The cosmological quantities

Ihttps://github.com/ckald/pyBBN
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CHAPTER 4. RESULTS

together with the aforementioned rates are tabulated and passed to an external
code, the modified KAWANO code [25], that takes care of the nuclear part of the
simulation and outputs the light element abundances.

The “He abundance can then be compared with what is determined by [4] as

Yire =0.2452-0.2696 (20 interval) (4.1)

4.2 Results for Standard Model BBN

The temperature evolution is the first interesting point to consider, since it will
show the heat up of the plasma due to electron-positron annihilation. The result is

shown in Figure 4.1.

G R R

1.35 ~

1.30 ~

1.25 A

1.20 A

Ty /Ty

1.15 ~

1.10 ~

1.05 A PYBBN =
Ruchayskiy & lvashko ==
1.00 4 Theory ===«

100 10!
Scale factor a

FIGURE 4.1: The photon temperature divided by active neutrino tem-
perature. The increase here is due to electron-positron annihilation into
photons. Dashed curve is from [25].

The theoretical value is obtained by using entropy conservation:

1
T T (T 3 (L-4+2)3
y aly (g ( before))3 _|8 ~1.401 4.2)
g*(Tafter) 2

T, aT,
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4.2. RESULTS FOR STANDARD MODEL BBN

The next step is to compare the active neutrino spectra at the end of electron-
positron annihilation with their equilibrium distribution at high temperature. The

result is shown in Figure 4.2.

1.05
— pyBBN
= = Ruchayskiy & Ivashko
1.04 4 » Mangano et al.
1.03 A
o
W
S—
=
w2 1.02 A
1.01 ~
1.00 A

Comoving momentum y = pa [MeV]

FIGURE 4.2: Ratio of active neutrino decoupled spectra to their equilibrium
distribution before the onset of BBN. The upper curves show the distortion
of the electron neutrino spectrum and the lower of muon and tau neutrinos.
Neutrino flavour oscillations are not taken into account here. Dashed
curves are from [25], dotted from [21].

In Fermi theory the cross section increases with momentum as o G%, p2, which
means that neutrinos with higher momenta stay longer in equilibrium. Since these
neutrinos decouple later, they will briefly experience the heat-up of the plasma
due to electron-positron annihilation, shown in Figure 4.1, and the corresponding

increase in aT'. Their equilibrium distribution function, given by

1 1
fV: = ’

P Y
eT+1 eaT +1

increases then accordingly.
At temperatures of (1) MeV electron neutrinos interact through both charged
and neutral current, while muon and tau neutrinos only interact through neutral

current. The temperature is too low for muons and tau leptons to be present in the
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CHAPTER 4. RESULTS

plasma or to be created from muon and tau neutrinos. The cross section of electron

neutrinos is therefore larger and they stay longer in equilibrium.
When the relevant cosmological quantities are passed to the modified KAWANO
code, a value of Y 5. = 0.24793 is obtained; in agreement with the result in Eq. 4.1.

4.3 Results for vMISM

Results are shown here for HNLs with masses up to 100 MeV that mix with

electron neutrino only. There are four channels through which the HNL can decay,

N-v,+v,+v, N —ve+v,+v,

N—-v,+v+v; N—-v,+et+e™,

and from which the lifetime can be computed as
19273

TN =

This equation is used to obtain the plot in Figure 4.3.

Iy =
N G% |08|2M§, (% (1 +4sin® Oy + 8sin* HW) + 1)

(4.3)

=

[=]
=
1
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FIGURE 4.3: Bounds on the lifetime of HNLs that mix only with electron
neutrino. The *He abundance in Eq. 4.1 is used to obtain a bound on the
mixing angle, which is then converted to a lifetime constraint by Eq. 4.3.

Dashed curve is from [25], dotted from [11].
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CHAPTER

DISCUSSION AND PROSPECTS

The results in Figures 4.1, 4.2 and 4.3 are all consistent with the literature. A
number of deviations have been found between the code used in this work and the
code of [25], but these do not affect the bounds significantly. All these deviations
will be included in the user guide of pyBBN.

The bounds obtained in this work are for HNLs that mix only with electron
neutrinos. In general, the mixing pattern can be random. However, it turns out that
for masses My up to ~ 105 MeV the mixing pattern is not very important, as can
be seen in Figures 4, 5 and 6 of [25]. Mixing with muon neutrino only changes the
lifetime bound subtly. Once neutrino oscillations are included, the mixing pattern
becomes even less important. Therefore, it is the amount of energy injected in the
plasma that is more relevant, which depends on the lifetime and mass of the HNL.
For higher masses the contribution of HNLSs to the expansion rate will probably
be an increasingly important factor, since they will dominate the energy density
at some point if they have not decayed yet. It is unknown at the moment what
holds for masses exceeding 105 MeV, because the decay products themselves will
be unstable. For high masses one can therefore expect a shower of decay products,
each of which will influence the course of BBN in its own way.

The next step is therefore to apply the machinery discussed in Chapter 3 to HNLs
with masses exceeding the muon mass. For masses higher than 1 GeV, the process
of hadronization and its inclusion in pyBBN will be the most important procedures

to deal with, both of which are as of yet unexplored.
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APPENDIX

RELEVANT MATRIX ELEMENTS

The matrix elements listed here are not averaged over any helicities. Subsection
A.1 contains the reactions involving SM particles only, Subsection A.2 the reactions
involving HNLs above QCD-scale and Subsection A.3 the reactions involving HNLs
below QCD-scale. HNL decay channels with a branching ratio of at least 1% for
some mass below ~1 GeV are considered in this work (see Figure A.1). The results
for HNLs do not take into account charge conjugated channels, which are possible

if they are Majorana particles.

The explicit determination of matrix elements involving multiple mesons can
be extremely challenging. Therefore, an approximation has been used by assuming
the matrix element to be constant and using the definition of decay width,

3

4c4
ng ( (@n )32E)'“”' @m'o"P -2 P,

together with its measured value (from e.g. [24]) to solve for |.#|?. For three-particle

reactions this method gives the exact matrix element.

The values of the meson decay constants used in Subsection A.3 are from [6]
and summarized below.

f][o fn’—’ fn pr fpi fw fTII f¢
130.2 130.2 81.7 208.9 208.9 1955 -94.7 229.5 MeV
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FI1GURE A.1: List of HNL decay channels with branching ratios more than
1% for some HNL mass below ~ 1 GeV. The left border indicates the HNL
mass where the branching ratio exceeds 1%, the right border when it falls
below the 1 % threshold. In this plot a model was assumed where all three
mixing angles are equal to each other.
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A.1. MATRIX ELEMENTS IN THE SM

A.1 Matrix elements in the SM

A.1.1 Four-particle processes with leptons

Process (1+2—3+4) S SGia™*|.u|?
Va+Vg—Vg+vp 1 32(Y1-Y9)(Y3-Yy)
et T —ver s 1 M Y)Yy
 vetve—verva L awvoevo
 vetTe—vervE 1 18 YoeYy
et TavpeT; 1 MYty
VetV —ette 1 12882 (V1Y) (Y2 Yo) + 8% (V1Y) (Y2 V)
,,,,,,,,,,,,,,,,,,,,,,,, regralmi(viYy)
Vete —ve+e 1 128[g3 (V1 Ya) (Vs Ya) + 85 (V1Y) (Vs V2)
,,,,,,,,,,,,,,,,,,,,,,,, —ggrd’miiYe)
Vetet —vetet 1 128[g§(Y1-Y4)(Y3-Y2)+g§,(Y1-Y2)(Y3-Y4)
,,,,,,,,,,,,,,,,,,,,,,,, —ggr’miviYol
Vs + Vs — e* e 1 128[20% (V1 Ya) (Ve Vo) + % (V1Y) (Vs Yy)
,,,,,,,,,,,,,,,,,,,,,,,, tgigratmi Y|
Vyrt+e —vyrte” 1 128[57:2(1’1 Y9)(Y3-Yy) + g5 (Y1-Yu) (Y- Yo)
,,,,,,,,,,,,,,,,,,,,,,,, “ggrlmiiYe)
Vi et = vy te 1 128]812(V1-Yo) (Vs Vo) + % (Y1 Vo) (V3 - Ya)

~gLgra’m? (Y, 'Y3)]

TABLE A.1: Squared matrix elements for weak processes involving active
neutrinos and electrons/positrons. S is the symmetry factor and a,f €
{e,u, 1}, where a # (. Here: g = sin? Oy, gL = 1/2+sin? Oy and gL =-12+
sin® Oy, with Oy the Weinberg angle.
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A.1.2 Three-particle and four-particle meson decays

Process (1 - 2+3) S | |2
a0 —y+y 1 aZmi[2n? 2]
e e S S
nt—put+vy, 1 2G| Vual® frmy, m—’z’—l]
u

TABLE A.2: Squared matrix elements for pion decays.

Process (1—2+3+4) | |2 Process (1 -2+ 3) |#)? [MeV?]
Kt —>n%+et +v, 1.42906-10713 Kt —at+a° 3.28177-10710
K —rtement 185537-10712 Kt —ptev, 8.78918-1010
K —rtectev, 2.80345-107% KO —ntin 153713-107
RV —mtepev, 3.03627-10% Kl —nlex® 6.71800-10°
R —alin0en® LO5573-1072  g—yey 142174-101
B I 8260891073  pd—mtim 1.86839-107
B R 8.70984-102 ot an® 1.86390-107
B 690620-102 w—rry 8.55086-10¢
 p—wterey 466530-10° W—pry 8.04463-10°
e 114569-10° oK +K- 1.28798-105
C p—mteran 438880100 p—KO+KY 1.03471.105
n—-n+7%+n 2.00986 - 10! ¢—p®+n° 2.86706-10°

TABLE A.3: Squared matrix elements for meson decays, where the constant
matrix element approximation is used. For Majorana particles that can
also decay through the charge conjugated channel, the factor of 2 in the
decay width is already taken into account here.
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A.2 Matrix elements for HNLs above Aqcp

A.2.1 Four-particle processes with leptons only

Process (1+2—3+4) S SGp%a™*|.4?

N+vg—ve+vg 1 382(0412(Y1-Y2)(Ys-Ys)

N+Vp—et+e” 1 12810, (g} (V1-Y5)(Yz-Yo)+ 8% (V1-Ya) (VoY)

+grgra’m?(Y; -Yz)]

N+e —vere” 1 1281012 g2 (V1-Ya)(Ys-Ya) + g% (V1Y) (Y3 - Ya)

~gLgra’mi (Y1 Ys)|

N+e' —voret 1 128102 g2 (Y1-Ya)(Ys-Ya)+ g2 (YV1-Y2) (V- Ya)

—grgra’m?(Y1-Ys)

TABLE A.4: Squared matrix elements for weak processes involving HNLs
and leptons. S is the symmetry factor and «a,f € {e,u,7}, where a # B.
Here: gg = sin® Oy, gr=12+ sin? Oy and gr=-12+ sin? By, with Oy the
Weinberg angle.
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Process (1+2—3+4) S SG1;2a_4IJ%|2

N+vy—e +u* 1 128160,12(Y1-Ys) (Yo -Y3)

N+vp—pt+p 1 128(0,[ [gi (Y1-Y3)(Ya-Yq)+ g% (Y1-Yy) (Yo - Y3)

+gLgra’*m? (Y -Yz)]

N+Vgp =t +p” 1 1281002 |§1%(V1-Ya) (Ve Ya) + g5 (V1Y) (V- V)

+818ra’m? (Y 'Yz)]

Process(1—-2+3+4) S SG};za_4 | )2

N —va+vp+vg 1 382|0412(Y1-Ys)(Ya-Ys)

N—vetet+e™ 1 12810, (g} (V1-Y5)(Yz-Yo)+ 8% (V1-Ya) (Y2 V)

+grgra’m?(Yy -Yz)]

N—vyr+e +e” 1 12804 [GL2(V1-Yo) (Vo Yo + g2 (V1 Ya) (V- V)

+grLgra’m?(Yy 'Yz)]

N—vy+pt+p~ 1 128|0y|2[gi(Yl-Y3><Y2-Y4)+g§<Y1-Y4><Y2-Y3)

+gLgra’my (Y1 -Yz)]

N—vVer+i"+p~ 1 12810, |82 (V1-Ya) (Va- Yo + g5 (Y1 Yo) (Y2 - Y3)

+EL8ra’m (Y1 -Yy)

TABLE A.5: Squared matrix elements for weak processes involving HNLs
and leptons. Note: low temperatures are assumed here. At high tempera-
tures, reactions such as N +u~ — e + v, are possible. The corresponding
matrix elements can be trivially deduced from the ones given above.
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A.2.2 Four-particle processes with leptons and quarks

Process (1+2—3+4) S SGP:ZG_4|./%|2
N+¢;—-U+D 1 12810412 1V,ql? (Y1-Yy) (Y2 - Y3)
7 N+D—¢,+U 1 12816041% Vg (Y1 Y2) (Y3 - Yy)
7 N+U—¢,+D 1 12810412 [V,ql? (Y1 - Y4) (Y3 - Y3)
 NiT—T+U | 8219,2 [16g2 (Y1 - Y;)(Yy - Y3)

+(3-4gR)*(Y1-Y3) (Yo Yy)

+4gR0w (4gr —3)a’m?, (V1-Yy) |

N+U—va+U 1 210,1% | 16g% (Y1-Y4)(Ys - Y3)

+(3-4gR)?(Y1-Ys)(Y3-Yy)

~4gR (48R —3)a®m¥, (Y1 'Y3)]

N+U—v,+U 1 21041% | 1682 (Y1-Y2)(Y3-Ys)

+(3—4gr)? (Y1 Y4 (Y3-Y2)

~4gR (4R ~3)a?m¥ (Y1 Ys) |

N+vg—D+D 1 2104l |48% (Y1-Y4) (Yo Y3)

+(3-2gR)2(Y1-Y3)(Ya-Yy)

N+D —va+D 1 210,1% |4g% (Y1-Y4) (Y2 Y3)

+(3-2gR)2(Y1-Ys)(Y3-Yy)

~2gR (28R ~3)a?m? (V1Y) |

N+D—vy+D 1 21041% |4g% (Y1-Yo)(Y3-Yy)

+(83-2gr)2(Y1-Y4)(Y3-Y3)

~2gR (2¢r - 8)a’m (V1-Ys)

TABLE A.6: Squared matrix elements for weak processes involving HNLs,
leptons and quarks. Here: U are up-type quarks, D down-type quarks and
gR = Sil’l2 Qw.
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Process (1 —2+3+4) S SGp2a™|.u?
N—(¢,+U+D 1 12810412 [Vyq|? (Y1 -Y4) (Yo - Y3)
N—v +U+U 1 £1041* |16g% (Y1 Y4) (Y2 Y3)

+(3—4gp)%(Y1-Y3)(Ys-Yy)

N—va+D+D 1 21041 |48% (Y1-Y4) (Y2 - Y3)

+(3-2gR)?(Y1-Y3)(Y2-Yy)

+2gR (2R ~3)a?m} (V1 Yy) |

A.3 Matrix elements for HNLs below Aqcp

In addition to interactions with leptons, HNLs will also decay into mesons.

A.3.1 Three-particle processes with single mesons

Process (1—2+30or1+2—3) S SG2My*|.u?

2
N —ve+n° 1 10,12 f2 1—%]
7777777777777777777777777777777777 N e e e e e e o — — -
F + 2 2 r2 m%a 2 mizr m%a
N—’€a+7l’_ 1 2|9a| |Vud| fn 1—M—2 —M—2 1+M—2
L ___o______4\__"Z N]__TNAN__TNJ]
N—vg+ 1 16412 f2 _my
a 77 a n M]2v
2 2
N —vg+p° 1 |0a|2(1—2sin29W)2f3 1+2%H -
N N
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ;oL Ml
N — (%4 p* 1 200,12(V,q2 F2 1= ")y 70 (14 e
a™P al Wudl™Tp Mz | "M M2,
mp
,,,,,,,,,,,,,,,,,,,,,,,, I
N—ve+to 1 1042 (sinow)?f2 |1+22% | [1- e
a al 3 W w M}zv M12v
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ) R 13 § W12 E
N—vg+1 1 164272 |1- 22
a1 al” Ty Mzzv
. 2 m2 m?
N—vy+¢ 1 104 (5sin®Ow—1) f§[1+2M—£H —M—I;;

TABLE A.7: Squared matrix elements for HNL decays into mesons.
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COLLISION INTEGRALS

Consider the Boltzmann equation in comoving coordinates:

dfi _ dfi dlna _ dfy
dt dlna d¢t dlna

H= ) Icn, (B.1)

reactions
with

a

e & dy; 2 454
Ieon = Z f l_[ ———— | SILI"FIf1(27)" 6" (Yin — Yout) (B.2)

28E1 inout! \iz2 (27)32E;

The delta function can be rewritten as
8*(Yin — Your) = 6*(s1Y1 +52Ya +... +59Y0) , (B.3)

with s; = {—1,1} if particle i is on the {left, right}-hand side of the reaction. The

Y; = aP; here are the comoving four-momenta.

B.1 Three-particle collision integral

— 2% S|.UPF[f1(2m) 6% (s1Y1 + s9Yo +53Y3) (B.4)
(0gn)$28425, f 1Y1+s2Y2 +53Y3

coll =

a f d3yed3ys
2E
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APPENDIX B. COLLISION INTEGRALS

B.1.1 Case y; #0

Since a homogeneous and isotropic universe is assumed, only absolute values of
momenta are relevant. Moreover, the matrix element in three particle interactions

is independent of the four-momenta.

S|4 |2a [ dy2dysdQedQsy2y?
0011:8(2 2 ff T h 273 FI£16%(s1Y1 + 5o Y5 + s3Y3) (B.5)
) 8L 243
Using the identity
63(sly1+32y2+33y3)— 2n )3fd/1dQ A2ei(s1y1+52y2+s53y3)-A (B.6)

gives

S| %a dysdysy2y2
Togl = 4] ~f 23 F[£16(s1E1 +s9E3+s3E3) -
8(2n)5gE1 E2E3

'fdﬂﬂzfdQAelslyIACOSGAfszelSlﬂACOSQQfdQ3elsly3llcose3

S| |2 dyod
__SlHla f L y3y2y3F[f]5(le1+32E2+33E3)

8(27)5gE, E.E;
fd)l)lz( sm(yl/l)) (4n sin(yg/l)) (4n sin(yg/l))
yl/1 yz/l y3/1
S| |? dyad
__Sl4la f 20987235 bt £16(s1 B + 2B + s3E3) -
(2n)?gE1y1 EsE3
dA
-fTsin(yl/l)sin(yg/l)sin(y3/1) B.7)

Rewrite the delta function of energies as

d 30 ys—y — —
f §y35(81E1+82E2+83E3) fdyg % (((81E1+82E2)) —azmg)
3 %

3

- *)9((§§) —azm:z))) , (B.8)

Y3
dyg:
E;3 ys3

_\2 __ __ — —
where (E;) = (yg‘)2 + %m% =(s1E1 +32E2)2 and yj = \/(lel +59E9)? —a’m?.

Plugging Eq. (B.8) in Eq. (B.7) above:

40



B.1. THREE-PARTICLE COLLISION INTEGRAL

S| *a fdyzyz f ( 2 2)
— FIf]1| —sin(y1A)sin(yeA)sin(ys A)O [ |[E%| —
enPgE oy z f sin(y1A)sin(y2A)sin(ys ( ) a“mjg

coll =
Now, the integral over A is equal to
b/ * * k
X = 3 (-Sgnly1 —y2—y31+Sgnly1 + y2—y31+Sgnly1 —y2 +y31-1) ,  (B9)

with Sgn the signum function and where y; =y = y3 is assumed.

The final form is then

S|4 \?a fdyzyz
@n)Y2gE1y1) Es

(B.10)

20 ((s1E1 + 52E5)” - a*m3) (FIFD

coll = )
Y3=Y3

B.1.2 Case y; =0

FIf15 (s1am1+s2E3 +s3E3) 5% (soys + s3y3)

coll =

NRARY f d3yad3ys

8(2ﬂ)2gam1 E2E3
S|.u)?
= Stomtgy | P18 (s1am a0/ ama sy - amo?)

1

: (\/y§ +amo)\/y3+ (am3)2)

-1
S2Y4 N $3Y4

\/(y2)2+a \/(3/;)2+0L2m2

1
: (\/yS + (am2)2\/y§ + (am3)2) 6 ((S1am1 + 8252)2 —a2m§)

S| |2
- ye— f dy2ysFIf18 (y2 -y
ngmi

-1

S|..u)? 2 9 2 9 — 9.2
= Sngm;? 32\/(y2) +(ams) +S3\/(y2) +(amg) 9((E3) -a m3) :
- (FIfD
¥1=0, y2=y5, y3=—Y5
Sl.u® 1| (7
= Y |s1s2s3am| 9( Ei| -a*m )(F[f])
8mgm 2 ( 3) 3 ¥1=0, y2=y5, ¥3=—Y;
SI./%I2 Yo (o=
2 ((Es) -a mg)(F[f]) , (B.11)
87tgm1 a ¥1=0, y2=y5, ¥y3=—y,
—~\2 — 2 2 2
with (E;) = (slam1+32E2)2 and y, :a\/(m1 T2 Z:ji —4mims )
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B.2 Four-particle collision integral

1 1 d®yed’ysdy] 5
I.on= ~—f ——— S|.4|°F[ ](27!)464(8 Y1 +s9Yo+53Y3+54Yy)
coll 2gf.a) @nSELELE, f 1Y1+52Y5 4

(B.12)

As can be seen in Appendix A, .4 |2 can be written as

1

P =— Y (K- Y)Y Y) +Kea®mim j(Yy - Y))] (B.13)

@ izj#h#l
A similar procedure as with the three-particle case is followed here.

B.2.1 Case y; #0
S dysdysdysyzy2y2
— f 23 Ff16 (s1E1 +soEg + s3Ez+s4Ey) -
16(2n)5gE1a E2E3E4
'[d92d93d94|%| 163 (s1y1 + 52y2 + 53¥3 + 54Y4)

_ S f dy2dysdysy2y3ya
64n3gE1y1a®

coll =

F[f]5 SlEl +82E2 +S3E384E4 .
E.E3E4 ( )

-2(Y1,Y9,Y3,Y4), (B.14)
with
2(Y1,Y2,Y3,Y4) = fdﬂzdﬂsdﬂleaﬂl 6% (s1y1 + S2¥2 + S3Y3 + S4¥4)
:y1y2y3y4fd/l/12fdQAezslyl-A‘[dQ2elszy2'/1fdQ3eL83y3«/l'

- [aQuet S (K00 Y0 + KaaPmim (Y0
i£j 2kl

:y1y2y?;y4 fdﬂﬂZfdQ ezs,y,/lcose fdQ eszijlcosﬁ
647° i 4iZkr

y1y2y3y4

- f dQy e skorAeosOh f dQ e’ 1A eSO (K (Y, - Y)Yy, - Y) +
+ Koa?m;m j(Y; - Y7)) (B.15)
Working out the inner products
Y;-Y;=E.E;~-yi-y;=EE; - yiyjcos0;;
=EE;—y;y;(cos8;cosf; +cos(p; — p;)sinb; sinb);) , (B.16)
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B.2. FOUR-PARTICLE COLLISION INTEGRAL

where 0;; is the angle between vectors y; and y;, and using that

T r2m .
f d6;d¢p;e'iir0s6i 5in? 9, cos(¢p; — ;) =0 (B.17)
0 Jo

gives

DY, Yo, Y3, Vy) =22223M 5 f dAA2 f d6;dep; sin ;e iAcos0i . (B.18)
6475 LT

. fdejdqﬁjsinejeisfyflcosgffd@kd<,bk sin e srYeteosti .
. fd@ld(,bl Sil’l@leislyl/lcosgl [Kl (E';Evj—yiyjcoseicos@) .
- (ERE] - yryi cos Oy, cos8;) + Kaa’mim ; (ELE] — yiy; cos6y cos))]

The integrals over the angles are given by

T r2n . ; A
f d0d¢sinfesyAeosf = 471% (B.19)
o Jo yA
T 27 . 4 i A
f de(/)sinGcosBe‘sMc"sg =- 7 cos(yA) — sin(y}) (B.20)
0 Jo isyA yA
(B.21)

and working out all the brackets gives

PD(Y1,Y9,Y3,Yg)= ) [Kl{EEE?;EDl(yl,yz,y3,y4)+E;ED2(yi,yj,yk,yl)+
i#] 7kl

+ ELE;Dy (yk>31,5i,¥5) + D3 (31, ¥2,¥3, y4)} +
+ Koa?m;m i {E4E1D1(y1,v2,y3,Y4) + D2 (¥, v, v, %1)}], (B.22)

with
4 rda . . ) .
D1 (yi,9j, %> 31) = f —z sin(yiD)sin(y;Dsin(y Vsiny ) (B.23)
4 dA . . sin(ygA)
Do (yi, ¥, Yk, 1) =SkSi k1 ﬁsm(yiﬂ)sm(yj?t) COS(ykft)—y—yj] :
%
i A
cos(y;A) — %] (B.24)
yiA
4y ¥ YRy fdﬂt sin(y; 1) [ sin(yj)t)]
Ds (vi,y; =s;88p8 L | =2 A)— A) - — |
3 (¥i, 3> ye, 31) =sis sk 72 | cosi) = === || cos(y;A) A
i A i A
cos(ykA)—M cos(yM)—Sln(yl ) (B.25)
YeA v
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All these three functions are symmetric under the exchange y; < y; and y, < yi,
which then allows to take y; > y; and y; > y;. Integrating out A gives the functions

in terms of polynomials for all possible cases (factors s;s; and s;s;sps; omitted):

® Vi>Y;tYrtyIOY Y >y + Y+ Y

Di=D3y=D3=0

* yity;j>yp+y and y; +y; <yj+yp:

D1 =y
1 3
Dy :gyl

D3 =3i0yl3 [5(yi2+y,2-+y;f) —y?]
* yi+yj>yp+yrand yi+y1>y;+ yp:
D1=%Qﬁ+yk+yr—w)
Dy =1—12 [(yi—yj){(yi—yj)2—3(y;%+y12)}+2(y2+y13)]
1%=%b@wﬁw}w%ﬁﬁﬁﬁ+ﬁﬁ—ﬁﬁ+ﬁﬁ
R R Rt R R R AR R |
* yity;j<yrt+yrandy;+y;>y;+yi:
Dq =y,
Dy =%yj (38037 +57-98)-47]
D3=§%ﬁ[5bf+y§+yﬂ—yﬂ
* yityi<yr+yrand yi+yi <yj+yp:
D12%0@+yfﬂw—yw
D2=—{%K%+AUHOH+yﬂ2—3b§+yﬂ}+2b§—yﬂ]
&Féﬂﬁ—ﬁ—ﬁ—ﬁ+ﬂﬂ®ﬁwﬁﬂw%%wb?

- R i iR Ry iy e Ry 4 o2y |
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B.2. FOUR-PARTICLE COLLISION INTEGRAL

Going back to the collision integral, the same trick as before can be applied to the

delta function of energies, which then gives:

S y2y3
I n=="———"——=-— dyzdygﬁ@(YLY%YS,Yzl) :
CO 64n3gE1y1a® EE;

0 (((slﬁ +32EA'; + 33Ev3) —-a m4)

; (B.26)
:yz

with y; = \/(311771 +s9Eqg+ 3353)2 —-a?m?.

B.2.2 Case y;=0

coll = M%gaml o dy2dg§2§;gjy3y4F[f]5 (s1amq+ soEo+s3Es+ S4E:1) .
- B(Y1,Y5,Y3,Yy) (B.27)
with
BY1, Yo, Y, Vo) =20 5" f dQpdQ3dQy 412 |6% (s2y2 +53y3 + s4y4)
- f dAA2d0, f dBadepy sin Bpei2721e050z .

. deSd(PS Sin93ezs3y3ﬁcos93fd04d¢4sin646w4y4/1c0s64 .

Y [K1(E:E; - yiyjcos8;cos8;) - (ELE] — yiy; cosOy cosb;) +
i# 7R AL

+ Ko a®m;m; (ELE; — yry; cos0y cos0;) ] (B.28)

Consider the case that i = 1 in one of the terms of |.#|2. Then the 8—function can

be written as:

Bi1(Y1,Ys, Vs, Ya) =202t 4 f iz Y f d6,;d¢; sin 6 e sYi1eos0; .
64z J#k#l

. fdekd(/)k Sin@kelskyklcosekfdgldgbl Singlelslylzlcosel .

- [K1am1E; - (ELE] -y v cosBy, cos8;) +
+ Ko a’mym; (ErE; — yryicos8y cos6))] (B.29)
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Bi-1(Y1,Y2,Ys,Yy) = Kiam1 Y. [E;ELE;B1(yj,yk,31) + E B2 (), y0-31)] +
JER#L

+Koam1 Y. amj|ExE;B1(yj,yk,91) + B2 (¥, ye,31)], (B.30)
J#k#L

with B1 (yj,y,y:) given by Eq. (B.9) and

4 dA . sin(yz ) sin(y; A1)
B (yj, ¥k, 51) = sks1 1 — sin(y;A) COS(yk/l)—i] [cos(yle)— L
A yiA
(B.31)

_{%[y,§+ylzy?], YitIRZn &Ytz v & Yty 2y;

0, otherwise

This procedure can be done for all the other terms in |.# 12, If J =1, the result is
the same, but with i < j. Note that if 2 =1 or [ = 1, there is no Ba-term in the part

with Ky. The collision integral then becomes

S Y23
Tl =——— [ dyadys 2222 B(Y1, Y5, Y3, Yy) -
coll 64n3gm1a6f Y2 y3E2E3 (Y1,Y2,Y3,Y4)

, (B.32)

0(((s18m1 + 55B5 + 5383)” - a?m3) FUfD|
Ya=Yy

. — — 2
with yj = \/(slaml +s9E9 +s3E3)” —a?m?.
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TEMPERATURE EVOLUTION

Consider a plasma in an expanding universe consisting of four particle species, one
out of each category in Section 2.2. For example, the four species here are photons,
electrons, active neutrinos and HNLs. The addition of other species (e.g. muons)
will then follow a similar procedure. In what follows: T = aT, E = aE. The total

energy density and total pressure in comoving coordinates are given by

Ptot = Py + Pe + Pv+ PN Pyt =Py+P,+Py,+Py

PY_ngoa14T4 Przépr

pe= 25 [dyy? i": Pe—f;za%fdygé by
T " +1 T " +1

pv=amaa [ dyy’fy P, =3py

pn =554 [dyy?\/y2+a?mi fn Pn=5% 14fdyE fn

The energy conservation law (Eq. 2.3) in the variables considered here is

dptot
dlna

dptot dlna

dlna _dz +3H(pt0t +Pt0t) =0=

+3(ptot + Ptot) =0
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APPENDIX C. TEMPERATURE EVOLUTION

Taking derivatives:

dpy 7'[2 1 4 1 ~3 dT py dT
= —-4—T 4 + T =-4 4—
dina gYso( o dlna) Pro*F dina
E, azmg = %Ee azm2 Eve dT
dp. +1) g, Lee” (TE ‘ﬁdlna)
= — 5
dlna (e?Ee+1)
2 2.2 1E,
_[ 9 lamZ 1 _(ame_(Ee) dT) er”’
=~ 1 = = — 2
e etPe i1 T T2 dlna (e%Ee+l)
dpv gv 1 3 dfy 8v 1f 31
=—4 =—4p,+—=-—— | dyy°=I,
dlna pv o2at ] ©Y dlna Py on2at) V' H
don gn 1 o[ @®m3  —— dfw
=—4poy+=——1]d +
dlna PN onZat) Y En N dlna
2 2
=—4poNy+=>—— — N ENy=I
PN+ S 5 d dyy = NN
Doing the individual species first:
Y py dT
+3 +P,)=4—
dlna (py 7) T dlna
dp. 1[ a®’m? dT
+3(p+P -——“R +— Ry +a’m’R
dlna (oo +Pe) = a* T 1 1R a’m 1}dlna
dp, gv 1 3 1
ng +3(pV+P) 2 onZ i dyy Tl
dpn o— 1
dlna +3(pN+PN) 2 2 4fdyy ENEIN 5
with
B,
R fd 2_ e’
1= 2]_[2 yy 7, 2
(e T +1)
B
T

8e e
(e T +1)

Adding all these terms together and solving for the temperature change gives:

2,2
AT  FERi- g5 [dyy 1, - 5% [dyy’EngIn

= 27-[2 ~
dina 1734 LRy + UIER

(C.1)
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NEUTRINO OSCILLATIONS

The active neutrinos in the flavour basis |v,) are related to the mass basis |v;) via

Ve Vi
vu|=Vemns|ve|
Vr V3

with Vpyns the non-diagonal Pontecorvo-Maki-Nakagawa-Sakata matrix, given by

1 0 0 C13 0 S13 C12 S12 0
VeMns = [0 co3  so3 0 e 0 [|-s12 c12 O
0O —s93 co3/\—-s1i3 0 ci3 0 0 1

Here c;j =cos0;;, s;j =sin0;; and 0;; are the active neutrino mixing angles. Char-
acteristic time scale of oscillations between two flavours consisting of mass eigen-

states |v;) and |v;) for neutrinos with energy E is [29]

4nE E 1073 eV?
.8.10°s 0 eV

Tjim —————
J m2— m?2 MeV |,,2 _ ;.2
i —m; i F

Assuming propagation in vacuum with E =~ 77T and using the measured mass
differences Img - m%l ~7.6-107° eV2 and |m§ - m%| ~2.5-1073 V2 [26], the time

scales are
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T19~3-107%s

MeV

~107°
T13 ® MeV

The Hubble time at temperature of 1 MeV and for g. =11 is given by

M 2
- 14 (MV)
1.66,/g, T? T

The characteristic oscillation time scales 713 and 713 are much smaller than the

TH

Hubble time. At temperatures 7' = 1 MeV, weak reaction rates are of the same
order as the Hubble rate. Therefore, active neutrinos will oscillate many times
between subsequent reactions that involve them. In reality, active neutrinos are
created in wave packets that consist of superposition of states, each of which has
its own definite momentum and own characteristic oscillation time as shown above.
Between two reactions these states will oscillate many times and the phases of
the superpositions of these states will not be correlated. Therefore, it is possible
to describe this oscillation phenomenon by means of time-averaged transition

probabilities P,p, given by [29]

1
Po=1-5 [sin”(2013) + cos* (013)sin? (2012)]
1
Pey=Pye =5 cos?(013)sin? (2012)
1
P = P, =sin®(013)cos” (613) [2 -5 sin’” (2912)]
1.,
Py =1- > sin“(2012)

1. .
P, =P = 5s,mz (613)sin® (2012)

P=1- Sin2 (013)

1
2cos?(013) + 5 sin?(013)sin® (2912)]
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