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Abstract

A mathematically rigorous description is given of Berry’s ge-
ometric phase in quantum mechanics for a wave function in
a system described by a finite-dimensional Hilbert space H
together with a Hamiltonian Ĥ smoothly dependent on a pa-
rameter.
Under the assumption of the adiabatic approximation, travers-
ing a smooth path in the parameter space results in the accu-
mulation of a geometric phase that can locally be computed as
the line integral of local 1-forms, emerging naturally from the
eigensections on the trivial vector bundle over the parameter
space. By Stokes’ theorem, the integral may be calculated as a
surface integral of Berry’s 2-form, and a global description of
this 2-form is given. When instead of the trivial bundle an eigen-
bundle of Ĥ is considered, solutions of Schrödinger’s equation
emerge naturally as horizontal lifts with respect to the canonical
connection on this bundle. It also becomes clear that Berry’s
phase is a geometric quantity.
Finally, a generalization of this geometric phase due to Ahranov
and Anandan is described in terms of the tautological line bun-
dle with base manifold the complex projective space PH. This
generalization is exactly valid, even if the Hamiltonian varies
non-adiabatically.
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Chapter 1
Introduction

In our understanding of the physical world, quantum mechanics plays a
crucial role. It allows physicists to describe a particle as a wave function |ψ〉
that, from a mathematical perspective, is a vector in a complex Hilbert space
H. In experiments, such a wave function can not be measured directly. In
fact, if |ψ〉and |ψ′〉are two wave functions such that there is a phase angle
θ ∈ R with |ψ′〉= eiθ|ψ〉, no direct measurement can differentiate between
the two. When an experimenter brings the two into contact, however, it is
possible to measure their phase difference θ due to interference.

The equation of motion for wave functions is known as Schrödinger’s
equation,

ih̄
d
dt
|ψ; t〉= Ĥ(t)|ψ; t〉,

where Ĥ(t) at any time is a Hermitian operator onH known as the Hamil-
tonian of the system.

It was first discovered by Berry [3] in 1984 that when a wave function
evolves due to a time-dependent Hamiltonian and after some time returns
to its initial state, in certain cases a phase difference is accumulated that is
purely geometric in nature. Not long thereafter, Simon [18] noted that this
phase change may be described mathematically by a connection in a fiber
bundle. In the subsequent years, multiple generalizations were proposed.
Of these, the geometric phase Ahranov and Anandan [1] described in 1987
is among the more interesting.

Though these results have been confirmed experimentally – an overview
of these experiments may be found in [23] – from the perspective of a
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2 Introduction

mathematician these papers are lacking in rigor. In this thesis, an attempt is
made to give a mathematically compelling description of the mechanisms
behind this geometric phase.

As in the setup described by Berry, the assumption is made that the t-
dependence of the Hamiltonian is due to a slowly varying parameter.
We require the parameter dependence to be ‘smooth’, or ‘differentiable’,
though the parameter space is not necessarily Euclidean. A natural choice
is to model it by a smooth manifold M: a topological space that is locally
‘similar’ to Euclidean space and thus inherits a notion of smoothness and
differentiability. It will be convenient not to consider a map from this space
directly intoH, but rather to ‘attach’ a copy ofH to each point R ∈ M and
study the action of Ĥ(R) on this copy. The mathematical structure that
allows us to do this, is called the trivial vector bundle with base space M
and typical fiberH. We consider local eigensections of this bundle: smooth
assignments of an eigenvalue of Ĥ(R) for each parameter R in an open
subset of M. A connection in a vector bundle is an extra structure that
for any path in the base space tells us how to ‘connect’ the vector spaces
above this path. It will be shown that as a consequence of the adiabatic
approximation, the geometric phase can be calculated locally by a path
integral on M in terms of the trivial connection and eigensection on this
bundle. The geometric phase will also be written in terms of a surface
integral of a globally defined 2-form, called Berry’s 2-from.

Then, like Simon did, we will consider an eigenbundle of Ĥ, modeling a
smooth assignment of an eigenspace of Ĥ(R) ‘attached’ to each R ∈ M. It
will be shown that solutions of Schrödinger’s equation emerge naturally
from the canonical connection on this bundle.

Finally, the generalization due to Ahranov and Anandan will be described
that gives us a way to calculate the geometric phase exactly, without requir-
ing any approximation. For this, we will consider a vector bundle known
as the tautological line bundle. The base manifold of this vector bundle is
the complex projective space PH, consisting of wave functions except that
the phase is ‘forgotten’, elements of PH are sometimes referred to as phys-
ical states. In this context, the geometric phase is also described by a line
integral in the base space.

In order make this mathematically rigorous, in Chapter 2 an outline is given
of some mathematical preliminaries in the theory of smooth manifolds. Sec-
tion 2.1 gives the definition of a smooth manifold, and Section 2.2 discusses
tangent vectors and vector fields. Then Section 2.3 defines cotangent vec-
tors and 1-forms before delving into the theory of alternating multilinear
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3

maps in order to define general k-forms on manifolds.
Chapter 3 develops the theory of vector bundles, with Section 3.1 giving
the definition of a smooth fiber bundle and the special case of a vector
bundle. Section 3.2 explains connections in vector bundles, giving rise to
the covariant derivative on sections of the bundle, and Section 3.3 uses this
concept to define the horizontal lift of a curve in the base space of a vector
bundle. Section 3.4 then discusses the explicitly trivial vector bundle and
the tautological line bundle, two vector bundles of central importance in
this thesis.
This mathematical formalism is put to use in Chapter 4 where in Section 4.1
the adiabatic theorem is introduced, Section 4.2 explores the implications
of this theorem for the geometric phase described by Berry and Simon, and
Section 4.3 describes the geometric phase due to Ahranov and Anandan.
Finally, in Chapter 5 some directions for further research are given.
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Chapter 2
Mathematical preliminaries

This chapter is meant to familiarize the reader with some concepts in
differential geometry that are extensively used in the rest of the text. In that
light, I have decided to exclude the proofs. This section is mainly based
on [14] and I recommend the reader who is interested in the proofs or in
a more exhaustive discussion on smooth manifolds to consult it. For the
discussion on vector-valued forms, [20] was also consulted.

2.1 Smooth manifolds

A smooth manifold M of dimension n is a space that locally resembles the
Euclidean space Rn, and admits a cover of coordinate patches. Where two
patches overlap, there is a smoothness criterion for their transition function.
This allows us to generalize many concepts of multivariate calculus to
spaces that only locally resemble Euclidean space.

The definition of a manifold requires a few basic concepts from topology. A
reader who is unfamiliar with these definitions might, for example, consult
[16].

Definition 2.1.1. Let n ∈ Z≥0. If M is a topological space that satisfies the
following conditions:

(a) M is Hausdorff and second-countable;

(b) There exists an atlas A of M, consisting of pairs (U, φ) with U ⊆ M
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6 Mathematical preliminaries

an open subset and φ : U → Rn a continuous, open and injective map
called a chart, such that {U ⊆ M : (U, φ) ∈ A} is an open cover of M;

(c) The atlas A is smooth: for (U, φ), (V, ψ) ∈ A, the transition map
from φ to ψ written as (ψ ◦ φ−1) : φ[U ∩V]→ ψ[U ∩V] is smooth (i.e.
infinitely differentiable);

(d) The atlasA is maximal: if (U, φ) is a chart andA∪{(U, φ)} is a smooth
atlas of M, then (U, φ) ∈ A;

then (M,A) is called a smooth manifold of dimension n.

Often a manifold is written as M and the maximal smooth atlas A is
implied.

A chart φ : U → Rn is a homeomorphism of U and the image of φ in Rn. It
gives rise to a local coordinate system (x1, . . . , xn), where the xi : U → R

are the coordinate functions defined such that φ(p) =
(
x1(p), . . . , xn(p)

)
for p ∈ U. The condition that {U ⊆ M : (U, φ) ∈ A} is an open cover of
M guarantees that any p ∈ M is contained in a local coordinate system.

In order to see that the transition map from φ to ψ is well-defined, first note
that φ is open, and therefore the image φ[U∩V] is open in Rn. By injectivity,
for each x ∈ φ[U ∩V] there is a unique px ∈ U ∩V with φ(px) = x. With
this notation, (ψ ◦ φ−1) : x 7→ ψ(px) is a well-defined map between open
subsets of Rn. We call a function f : Rn → Rm smooth if it is infinitely
differentiable: for any k ∈ Z≥0 the kth order partial derivatives must exist
and be continuous.

In practice it is unwieldy to provide a maximal smooth atlas. Luckily, any
smooth atlas A on a second-countable Hausdorff space M defines a unique
maximal smooth atlas consisting of all charts compatible with A.

Example 2.1.2. Any finite-dimensional real vector space V with dim V = n
is a smooth manifold of dimension n. Let (|ei〉) be a basis of V, and let
φ : V → Rn be the chart defined by |v〉 7→ (vi) for vi ∈ R such that
|v〉= |ei〉vi, written in the Einstein summation convention. The atlas A :=
{(V, φ)} is trivially smooth, and so induces a manifold structure on V.

Example 2.1.3. For any finite-dimensional real vector space V with dim V =
n ≥ 1, the projective space PV, defined to be the set of one-dimensional
subspaces of V, is a smooth manifold of dimension n− 1. Let (|ei〉) be a
basis of V, and for vi ∈ R not all zero, we set

(v1 : v2 : . . . : vn) := span
(
|ei〉vi) ∈ PV. (2.1)
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2.1 Smooth manifolds 7

Note that (v1 : . . . : vn) = (λv1 : . . . : λvn) for any λ ∈ R \ {0}. Now define
open sets Uj ⊆ P for j ∈ {1, . . . , n} by Uj = {span

(
|ei〉vi) : vj 6= 0}, and

define φj : Uj → Rn−1 by

φj : (v1 : . . . : vj : . . . : vn) 7→ 1
vj · (v

1, . . . , vj−1, vj+1, . . . , vn).

With inverse given by (xi) 7→ (x1 : . . . : xj−1 : 1 : xj+1 : . . . : xn−1). This
map is well-defined, and it is easy to check that the transition maps are
smooth.

Note that both examples generalize to the case of complex vector spaces,
since C itself is a smooth 2-dimensional manifold.

Now that we have a structure that is in some sense ‘smooth’, we are able to
define what smooth functions and maps are.

Definition 2.1.4. Let (M,A) be a smooth manifold. A map f : M → R is
called a smooth function on M if for every p ∈ M there is a chart (U, φ) ∈ A
such that U is an open neighborhood of p and ( f ◦ φ−1) : φ[U] → R is
smooth.

We denote the set of all smooth functions on a smooth manifold M by
C∞(M). If V is a finite-dimensional real vector space with basis (|ei〉), a map
f : M → V is called smooth if there are f i ∈ C∞(M) such that f = |ei〉f i.
The set of smooth V-valued functions is denoted by C∞(M, V). Both sets
have a natural real vector space structure with operations pointwise scalar
multiplications and addition.

A type of smooth functions that will prove to be useful later in this thesis
are the so-called bump functions. These are identically zero outside of a
specified open set.

Definition 2.1.5. Let M be a smooth manifold and let f ∈ C∞(M) be a
smooth function, the losure of the set {p ∈ M : f (p) = 0} is called the
support of f , written as

supp f := {p ∈ M : f (p) = 0}.

Lemma 2.1.6. If U ⊆ M is an open subset of a smooth manifold, and A ⊆ U is
closed, there exists a smooth function f ∈ C∞(M) such that supp f ⊆ U and
f |A ≡ 1, called a bump function for A with support in U.
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8 Mathematical preliminaries

Here, ‘≡’ should be read as ‘is identically’ and be taken to mean that
f |A(p) = 1 for each p in the domain on f |A.

A similarly useful construct is the following:

Lemma 2.1.7. If M is a smooth manifold and U = {Uα} is an open cover of
M, there exist smooth functions φα ∈ C∞(M) such that supp φα ⊆ Uα and for
every p ∈ M, 0 ≤ φα(p) ≤ 1, and p has an open neighborhood Up such that
supp φα(p) ∩Up = ∅ for all but finitely many α, and

∑
α

φα(p) = 1.

The family {φα} is called a smooth partition of unity subordinate to U .

Maps from one manifold to another also have a criterion for smoothness,
derived from their atlases.

Definition 2.1.8. Let (M,A) and (N,B) be smooth manifolds. A map
F : M → N is called a smooth map from M to N if for every p ∈ M there
are charts (U, φ) ∈ A and (V, ψ) ∈ B such that U is an open neighborhood
of p, F[U] is contained in V, and (ψ ◦ F ◦ φ−1) : φ[U]→ ψ[V] is smooth.

It may be shown that the composition of two smooth maps again smooth.
A smooth map that has a smooth inverse is called a diffeomorphism.

2.2 Tangent vectors

A tangent vector to a point p ∈ M should be thought of as a direction
one can travel starting at p within the manifold M. Since the smoothness
criterion of a manifold is based on infinite differentiability of some maps, it
is natural to define these tangent vectors in terms of differentiation. Tangent
vectors in Euclidean space Rn are correspond to directional derivatives,
and this gives us the idea to think of derivations on M as tangent vectors.

Definition 2.2.1. Let M be a smooth manifold, then Xp : C∞(M) → R is
called a derivation at p if it is linear and satisfies the product rule: for all
f , g ∈ C∞(M) we require

Xp( f g) = f (p)Xp(g) + g(p)Xp( f ).
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2.2 Tangent vectors 9

The real vector space of all derivations at p, denoted TpM, is called the
tangent space to M at p, and has the same dimension as M. The disjoint
union of these tangent spaces is denoted by

TM :=
⊔

p∈M
TpM (2.2)

and has the structure of a smooth manifold of twice the dimension of M.
It comes equipped with a natural projection πT : TM → M that maps a
tangent vector Xp ∈ TM to the unique p ∈ M with Xp ∈ TpM.

Given a local coordinate system (xi) near a point p ∈ M, and write

[∂i]p :=
∂

∂xi

∣∣∣∣
p

: f 7−→ ∂ f (xi, . . . , xn)

∂xi (p) (2.3)

then ([∂i]p) is a basis of the tangent space TpM.

Lemma 2.2.2. If M is a smooth manifold, Xp is a derivation at some p ∈ M and
f ≡ c for some c ∈ R is a constant function on M, we have Xp f = 0.

Definition 2.2.3. Let M be a smooth manifold. A smooth map X : M 7→ TM
such that πT ◦ X = idM is called a vector field on M, and we often write
Xp for X(p).

The condition πT ◦ X = idM guarantees that X is a smooth assignment of
a tangent vector at p for each p ∈ M. We write Γ(TM) for the set of all
vector fields on M, for reasons that will become apparent below, under
Definition 3.1.2.

Since a vector field X ∈ Γ(TM) on a smooth manifold M at each point is
a derivation, we can apply X to a function f ∈ C∞(M) and the result is
another smooth function X f ∈ C∞(M), defined by [X f ](p) = Xp f ∈ R. By
the product rule, for f , g ∈ C∞(M) we have X( f g) = f (Xg) + g(X f ), since
[X( f g)](p) = f (p)Xp(g) + g(p)Xp( f ) = [ f (Xg) + g(X f )](p). We call an
X : C∞(M)→ C∞(M) with this property a derivation.

Differentials

We saw above that if f is a function on a manifold, tangent vectors act on f
in a way reminiscent of differentiation. Using this notion, it makes sense to
define the differential of a function as a smooth function on TM.
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10 Mathematical preliminaries

Definition 2.2.4. Let M be a smooth manifold and f ∈ C∞(M) be a smooth
function. We define the differential of f as the function d f ∈ C∞(TM)
given by d f : Xp 7→ Xp f ∈ R.

Note that the restriction d fp := d f |Tp M is a linear function TpM→ R.

We list a few properties of the differentials of smooth functions:

Proposition 2.2.5. If M is a smooth manifold, f , g : M→ R are smooth function,
and a, b ∈ R are numbers, then:

(a) d(a f + bg) = a d f + b dg;

(b) d( f g) = f dg + g d f ;

(c) If I ⊆ R is an open interval containing im f , and h : J → R is smooth, then
d(h ◦ f ) = (h′ ◦ f ) d f where h′ is the derivative of h.

If F : M → N is a smooth map between manifolds, then similarly there
is a notion of a differential. In this case, for any point p ∈ M, the map F
induces a map between the tangent spaces TM and TN.

Definition 2.2.6. Let M, N be two smooth manifolds and let F : M→ N be
a smooth map between them. We define the differential of F as the map
dF : TM→ TN given by

dF : Xp 7−→
(

f 7→ Xp( f ◦ F)
)
.

Note that for any p ∈ M, the restriction dFp := dF|Tp M becomes a linear
map dFp : TpM→ TF(p)N, called the differential of F at p.

It is important to distinguish Definitions 2.2.4 and 2.2.6. Both are called
differentials, but the differential of a function is again a function and the dif-
ferential of a map is again a map. However, these definitions are equivalent
in the sense that there is a canonical identification R ' TaR for each a ∈ R,
and with respect to this identification the differential of a function may also
be seen as the differential of a map into the manifold R. The precise details
of this identification may be found in [14, Ch. 3].

We list a few properties of the differentials of smooth maps:

Proposition 2.2.7. If M, N and P are smooth manifolds, F : M → N and
G : N → P are smooth maps, and p ∈ M, then:

(a) dFp is linear;
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2.3 Differential forms 11

(b) d(G ◦ F)p = dGF(p) ◦ dFp;

If we consider functions or maps from an open interval, seen as a one-
dimensional manifold with coordinate t, the differential gives rise to the
definition of a velocity at each t0 ∈ I.

Definition 2.2.8. Let M be a smooth manifold, I ⊆ R an open interval with
coordinate t, and f ∈ C∞(I) a smooth function. For t0 ∈ I, we define the
velocity of f at t0, denoted by ḟ (t0), as

ḟ (t0) := d ft0

(
∂

∂t

∣∣∣∣
t0

)
∈ R.

Note that ḟ ∈ C∞(I) is again a smooth function on I. We also write

d
dt

∣∣∣∣
t0

f := ḟ (t0). (2.4)

Given a (parametrized) smooth curve γ into a smooth manifold M, i.e. a
smooth map γ : I → M, the differential also provides us with a notion of
the velocity of this curve.

Definition 2.2.9. Let M be a smooth manifold, I ⊆ R an open interval with
coordinate t, and γ : I → M a smooth curve. For t0 ∈ I, we define the
velocity of γ at t0, denoted by γ̇(t0), as

γ̇(t0) := dγγ(t0)

(
∂

∂t

∣∣∣∣
t0

)
∈ Tγ(t0)M,

meaning γ̇(t0) acts on a smooth function f ∈ C∞(M) by

γ̇(t0) f = dγγ(t0)

(
∂

∂t

∣∣∣∣
t0

)
f =

d
dt

∣∣∣∣
t0

( f ◦ γ).

We see that γ̇ becomes a smooth map γ̇ : I → TM such that πT ◦ γ̇ = γ.

2.3 Differential forms

If V is a vector space, the vector space of linear maps V → R is called
the dual of V, and denoted by V∗ := L(V; R). Elements of the dual space
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12 Mathematical preliminaries

are called covectors. In the theory of manifolds, cotangent vectors play an
important role.

Definition 2.3.1. Let M be a smooth manifold, then for each p ∈ M we
define the cotangent space at p as T∗p M = (TpM)∗.

Like we did for tangent spaces below Definition 2.2.1, we write

T∗M :=
⊔

p∈M
T∗p M (2.5)

for the smooth manifold consisting of all cotangent spaces over M, again
of twice the dimension of M. The projection πT∗ : T∗M → M now is the
one that maps a cotangent vector ω ∈ T∗M to the unique p ∈ M with
ω ∈ T∗p M.

Definition 2.3.2. Let M be a smooth manifold. A smooth map ω : M →
T∗M such that πT∗ ◦ω = idM is called a covector field on M or 1-form on
M, and we often write ωp for ω(p).

We denote by Ω1(M) the set of all 1-forms on M. As with Definition 2.2.3,
the condition πT∗ ◦ω = idM guarantees that ωp is a covector at p for each
p ∈ M. Therefore, ωp becomes a linear map of TpM into R, and a 1-form
may be seen as a smooth map ω : TM → R such that ω|Tp M is linear for
each p ∈ M. The converse is also true: any such smooth map ω may be
seen as a 1-form.

Example 2.3.3. For f ∈ C∞(M) a smooth function, we saw in Defini-
tion 2.2.4 that d f : TM→ R is a smooth map that is linear when restricted
to any tangent space, thus for p ∈ M we have d fp ∈ T∗p M, and d f is indeed
a 1-form.

Let (xi) be local coordinates on a open subset U ⊆ M and consider the
local coordinate functions xi : U → R and corresponding differentials dxi.
Then we may write

d f =
∂ f
∂xi dxi. (2.6)

In particular, the basis (dxi|p) of T∗p M is the dual basis of ( ∂
∂xi |p), the stan-

dard basis of TM.
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2.3 Differential forms 13

Integration of 1-forms

Definition 2.3.4. Let M, N be two smooth manifolds, and F : M → N a
smooth map between them. If ω ∈ Ω1(N) is a 1-form on N, we define the
1-form F∗ω ∈ Ω1(M) called the pullback of ω along F pointwise by

[F∗ω]p : Xp 7−→ ω([dF]pXp). (2.7)

If we have some 1-form ω on an open subset I of the real numbers contain-
ing [a, b] ⊆ R, we may write ωt = f (t)dt for some f : ∈ C∞(I). We then
define ∫

[a,b]
ω :=

∫ b

a
f (t)dt (2.8)

where the right-hand side is just the Riemann integral of f .

Definition 2.3.5. Let M be a smooth manifold, γ : I → M a smooth curve,
and let ω be a covector field over M, then we define the line integral of ω
over γ on a closed interval [a, b] ⊆ I to be∫

γ
ω :=

∫
[a,b]

γ∗ω =
∫ b

a

(
ωγ(t)γ

′(t)
)
dt.

The result is independent of the parametrization of γ: if γ′ : [c, d]→ M is
another smooth curve such that there exists an increasing diffeomorphism
φ : [a, b] → [c, d] with γ = γ′ ◦ φ, for any 1-form ω we have

∫
γ ω =

∫
γ′ ω.

Another important result on line integrals is the following:

Theorem 2.3.6 (Fundamental theorem for line integrals). If M is a smooth
manifold, f ∈ C∞(M) is a smooth function and γ : [a, b]→ M is a smooth curve
in M, then ∫

γ
d f = f (γ(b))− f (γ(a)).

This follows from the fundamental theorem of calculus. A reader interested
in more details may find them in [14, Theorem 11.39].

Tensor products of multilinear maps

A comprehensive discussion of tensor products is outside the scope of this
thesis. Instead, we focus on the tensor product of covectors. We write
F ∈ {R, C}.
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14 Mathematical preliminaries

Definition 2.3.7. Let V1, . . . , Vk and W be F-vector spaces, then a map
F : V1 × · · · × Vk → W is called multilinear if for each i ∈ {1, . . . , k} and
each v1 ∈ V1, . . . , vk ∈ Vk, v′i ∈ Vi and λ, λ′ ∈ F we have

F(v1, . . . , λvi + λ′v′i, . . . , vk) = λF(v1, . . . , vk) + λ′F(v1, . . . , v′i, . . . , vk).

We denote the vector space of multilinear maps V1 × · · · × Vk → W by
L(V1, . . . , Vk; W).

A multilinear map with two arguments F : V1 × V2 → W is often called
bilinear.

Definition 2.3.8. Let V1, . . . , Vk and W1, . . . , Wl be F-vector spaces, and F ∈
L(V1, . . . , Vk; F), G ∈ L(W1, . . . , Wl; F) be two multilinear functions. We
define their tensor product as the multilinear function F⊗ G, the element
of L(V1, . . . , Vk, W1, . . . , Wl; F) given by

F⊗ G : v1, . . . , vk, w1, . . . , wl 7−→ F(v1, . . . , vk)G(w1, . . . , wl).

This product is obviously associative.

We introduce the shorthand notation Tk(V∗) := L(V, . . . , V; F) where the
right-hand side has k copies of V. This notation emphasizes that Tk(V∗)
may be seen as a generalization of V∗ = L(V; F). Elements of Tk(V∗) are
called covariant k-tensor on V.

Definition 2.3.9. Let V, W be F-vector spaces. A multilinear map F : V ×
· · · ×V → W is called symmetric if its value is invariant under permuting
any pair of argument, so if for indices i < j we have

F(v1, . . . , vi, . . . , vj, . . . , vk) = F(v1, . . . , vj, . . . , vi, . . . , vk),

and is called alternating or antisymmetric if such a permutation introduces
a minus sign, meaning we have

F(v1, . . . , vi, . . . , vj, . . . , vk) = −F(v1, . . . , vj, . . . , vi, . . . , vk).

The vector space Tk(V∗) admits projection maps into a subspace of sym-
metric tensors Σk(V∗) and a subspace of alternating tensors Λk(V∗).

Definition 2.3.10. Let V be a F-vector space. We define the symmetrization
by

Sym: Tk(V∗) −→ Σk(V∗)

α 7−→
(

v1, . . . , vk 7→
1
k! ∑

σ∈Sk

α
(

vσ(1), . . . , vσ(k)

))
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2.3 Differential forms 15

and the alternation by

Alt : Tk(V∗) −→ Λk(V∗)

α 7−→
(

v1, . . . , vk 7→
1
k! ∑

σ∈Sk

(sgn σ)α
(

vσ(1), . . . , vσ(k)

))
.

The symmetrization and alternation maps are clearly linear, and map into
the correct subspaces. If α is symmetric, for any σ ∈ Sk we have

α
(

vσ(1), . . . , vσ(k)

)
= α (v1, . . . , vk) (2.9)

and Sym α = α, thus Sym2 = Sym and im Sym = Σk(V∗). Similarly
Alt2 = Alt and im Alt = Λk(V∗).

Alternating covariant tensors will be used to generalize the concept of
1-forms, and therefore are of special significance to us. Foreshadowing this,
we call them exterior forms.

Note that the tensor product of two exterior forms is not necessarily alter-
nating. However, there is a natural analogue called the wedge product that
does guarantee the result is again an exterior form.

Definition 2.3.11. Let V be a F-vector space, and let ω ∈ Λk(V∗), η ∈
Λl(V∗) be exterior forms. We define their wedge product as the exterior
form ω ∧ η ∈ Λk+l(V) given by

ω ∧ η :=
(k + l)!

k!l!
Alt(ω⊗ η).

The wedge product is bilinear, associative and anticommutative.

Notice that Λ0(V∗) is by definition taken to consist of the real numbers.
Thus, for λ ∈ R a scalar and ω a exterior k-form, we have

λ ∧ω = Alt(λ⊗ω) = Alt(λω) = λ Alt ω = λω. (2.10)

Differential forms on manifolds

For k ∈ Z≥0 and p ∈ M a point on a smooth manifold, we denote

T�k M :=
⊔

p∈M
(TpM)k (2.11)
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16 Mathematical preliminaries

where the right-hand side denotes the Cartesian product of k copies of TpM.
T�k M thus consists of k-tuples of tangent vectors at the same point.

Definition 2.3.12. Let M be a smooth manifold. A smooth map ω : T�k M→
R such that ω|(Tp M)k is an exterior form for all p ∈ M is called a differential
k-form on M, and we often write ωp for ω|(Tp M)k .

The set of all k-forms on M is denoted by Ωk(M). The wedge product of
two differential forms is defined pointwise by (ω ∧ η)p := ωp ∧ ηp.

Note that 0-forms are just smooth functions, and a 1-form in the definition
above is exactly the same as in Definition 2.3.2, as per the remark directly
below. As we have seen earlier, the differential of a smooth function f ∈
C∞(M) is the 1-form d f . It turns out we can generalize this notion and to
each k-form ω assign a (k + 1)-form dω that behaves like a derivative of ω.

Theorem 2.3.13 (Exterior differentiation). Let M be a smooth manifold, then
there are operators d : Ωk(M)→ Ωk+1(M), called exterior derivatives, uniquely
defined by the following properties:

(a) Each d is R-linear.

(b) For each ω ∈ Ωk(M), η ∈ Ωl(M) we have

d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη.

(c) d ◦ d = 0.

(d) For f ∈ Ω0(M) = C∞(M), d f is given by X 7→ X f .

From (d), it is clear that the differential operator in Definition 2.2.4 is an
exterior derivative.

Below, we will extensively use maps that send tangent vectors of a manifold
(multi)linearly and alternatingly into a vector space. This is entirely analo-
gous to Definition 2.3.12, and therefore these maps are called vector-valued
forms.

Definition 2.3.14. Let M be a smooth manifold and V a vector space. A
smooth map ω : T�k M→ V such that ω|(Tp M)k is multilinear and alternat-
ing for all p ∈ M is called a V-valued differential k-form on M, and we
often write ωp for ω|(Tp M)k .
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2.3 Differential forms 17

For M and V as above, we denote the set of all V-valued k-forms on M by
Ωk(M, V).

If ω ∈ Ωk(M, V) for V finite-dimensional, and we choose a basis {|ei〉} of V,
there are unique real k-forms {ωi} such that ω = |ei〉ωi. This decomposition
may be used to make sense of notions like the wedge products and exterior
derivatives for vector-valued forms.

If V, W and Z are finite-dimensional vector spaces, a bilinear map µ : V ×
W → Z gives rise to a wedge product ∧µ of V-valued and W-valued forms,
that results in a Z-valued form.

Definition 2.3.15. Let V, W and Z be finite-dimensional vector spaces such
that V has basis (|vi〉), W has basis (|wj〉), and µ : V ×W → Z is a bilinear
map. Let α = |vi〉αi ∈ Ωk(M, V) and β = |wj〉βj ∈ Ωl(M, W) for certain
αi ∈ Ωk(M), βj ∈ Ωl(M) be two vector-valued forms, then their wedge
product is defined by

α ∧µ β := (αi ∧ βj)µ(vi, wj) ∈ Ωk+l(Z).

Scalar multiplication gives natural bilinear maps V×R→ V and R×V →
V, and the wedge product with respect to these maps is just denoted by ∧. If
∧µ is a wedge product as above, and we have forms α = |vi〉αi ∈ Ωk(M, V),
β = |wj〉βj ∈ Ωl(M, W), and ω ∈ Ωm(M), we have

α ∧ω = (αi ∧ω)vi =
(
(−1)k+mω ∧ αi)vi = (−1)k+mω ∧ α. (2.12)

and

(α ∧ω) ∧µ β = (αi ∧ω ∧ βj)µ(vi, wj) = α ∧µ (ω ∧ β). (2.13)

If α, β are complex-valued forms, the bilinear multiplication map · : C×
C→ C is implied, and we just write α ∧ β for α ∧· β.

Vector-valued k-forms inherit a notion of exterior differentiation from the
k-forms: for α = |vi〉αi ∈ Ωk(M, V) we set dα := |vi〉(dαi) ∈ Ωk+1(M, V).

Proposition 2.3.16. If V, W and Z are finite-dimensional vector spaces and
µ : V ×W → Z is a bilinear map, for α ∈ Ωk(M, V) and β ∈ Ωl(M, W), we
have

d(α ∧µ β) = dα ∧µ β + (−1)kα ∧µ dβ.

A proof may be found in [20, Prop. 21.3].

Version of June 19, 2020 – Created June 19, 2020 - 19:23





Chapter 3
Vector bundles

This chapter contains the central mathematical concepts required in the
study of geometric phases in Chapter 4. The literature on vector bundle
connections in quite scattered, and while the approach in this chapter is
based on [13], some concepts had to be proven in a more general context,
and I also utilized [9, 12, 19, 20].

3.1 Definition

Definition 3.1.1. Let π : E → M be a smooth map between smooth man-
ifolds. If there exists a smooth manifold F, called the model fiber, and
for each p ∈ M the spaces Ep and F are diffeomorphic, and the base
space M admits an open cover {Uα} such that there are diffeomorphisms
φα : π−1(Uα) → Uα × F, each called a local trivialization, such that the
diagram

π−1(Uα) Uα × F

M

φα

π
πUα

commutes, we call (E, M, π) a smooth fiber bundle.
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20 Vector bundles

Definition 3.1.2. Let π : E → M be a smooth fiber bundle, then a map
σ : M→ E is called a smooth section of E if π ◦ σ = idM.

The set of smooth sections is denoted by Γ(E). Not every fiber bundle
admits a global section, thus we may need to consider section only locally.

Definition 3.1.3. Let π : E → M be a smooth fiber bundle and U ⊆ M an
open subset, then a map σ : U → E is called a smooth local section of E on
U if π ◦ σ = idU.

The set of smooth local sections on U is denoted by ΓU(E).

Definition 3.1.4. Let π : E→ M be a smooth fiber bundle with typical fiber
a real (complex) vector space V with k = dim V. The bundle is called a
smooth real (complex) vector bundle of rank k if for each p ∈ M, the fiber
Ep = π−1(p) has the structure of a k-dimensional real (complex) vector
space, and for each local trivialization φα and each p ∈ Uα ⊆ M, the
restriction φα|{p} : Ep → {p} ×V is a linear isomorphism.

In the Dirac bra–ket notation, a section σ ∈ Γ(E) of a vector bundle will be
written |σ〉, and this section evaluated at a point p ∈ M as |σ〉p.

Example 3.1.5. We have already seen two important examples of vector
bundles: the tangent bundle (below Definition 2.2.1) and cotangent bun-
dle (below Definition 2.3.1) of a smooth manifold. Smooth sections of
these bundles are exactly the vector field (Definition 2.2.3) and 1-forms
(Definition 2.3.2).

Note that each vector bundle admits a global section: for example, the
zero-section |0〉: p 7→ (p, 0) is smooth.

For calculations in vector spaces, it is often useful to chose a basis. The
concept of a basis may locally be extended to vector bundles.

Definition 3.1.6. Let π : E→ M be a smooth vector bundle, and let U ⊆ M
be an open set and |ej〉∈ ΓU(E) local sections on U. If for every p ∈ U the
collection (|ej〉p) is a basis for Ep, the collection (|ej〉) is called a local basis
of sections of E.

Since any vector bundle is locally trivial, it is always possible to find a local
basis of sections near a point p ∈ M. This is clear from the observation that
for local trivialization φα, a choice of basis on the typical fiber V gives rise
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3.1 Definition 21

to a local basis of sections on Uα. If a vector bundle admits a global basis of
sections, it is called trivial.

An interesting fact on local trivializations on a compact manifold is the
following:

Lemma 3.1.7. If M is a compact smooth manifold and π : E → M is a smooth
vector bundle, M admits a finite cover U such that each U ∈ U is connected and
admits a local basis of sections of E.

Proof. This follows directly from the fact that any open cover of a compact
space admits a finite subcover. Let {Uα} be a cover of M like in Defini-
tion 3.1.1. Write Cα for the set of connected components of Uα and take
Ũ :=

⋃
α Cα. It is obvious that this set still covers M. If we take U to be a

finite subcover of Ũ , clearly each element admits a local trivialization and
is connected.

Given a smooth map F : M → N of a manifold into the base space of a
vector bundle, we may pull back the vector bundle structure along F. This
results in a vector bundle with base space M where the fiber above a point
p ∈ M is taken to be the fiber above F(p).

Definition 3.1.8. Let M, N be smooth manifolds and let π : E → N be a
vector bundle. For a smooth map F : M→ N, the bundle

F∗π : F∗E→ M

with F∗E := {(p, v) ∈ M× E : π(v) = F(p)} and F∗π the obvious projec-
tion on the first coordinate is called the pullback bundle of π along F.

Definition 3.1.9. Let M, N be smooth manifolds, let π : E→ N be a vector
bundle and σ ∈ Γ(E) a smooth section. For a smooth map F : M→ N, the
section

F∗σ : N −→ F∗E

p 7−→
(

p, σ(F(p))
)

is called the pullback section of σ along F.

An important additional structure on a vector space is a choice of inner
product. We want to generalize this to vector bundles, making a smooth
choice of inner products on the fibers.
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22 Vector bundles

Definition 3.1.10. Let π : E → M be a real (complex) vector bundle. A
Riemannian (Hermitian) metric on E is an assignment of inner products
〈 | 〉p : Ep × Ep → F to each vector space Ep such that for smooth sec-
tions |σ1〉, |σ2〉 the inner product 〈σ1|σ2〉: M → F defined pointwise by
〈σ1|σ2〉(p) := 〈σ1(p)|σ2(p)〉p is smooth.

Here we follow the convention from quantum mechanics that the inner
product on a complex vector space is linear in the second coordinate.

We will simply refer to a real vector bundle endowed with a Riemannian
metric as a Riemannian vector bundle, and to a complex vector bundle
endowed with a Hermitian metric as a Hermitian vector bundle.

3.2 Connections

Definition 3.2.1. Let π : E→ M be a vector bundle. A map

∇ : Γ(TM)× Γ(E)→ Γ(E),

denoted by ∇X|σ〉 := ∇(X, |σ〉) is called a connection in E if it satisfies the
following properties:

(a) ∇ is linear over C∞(M) in the first coordinate, i.e. for all X1, X2 ∈
Γ(TM), |σ〉∈ Γ(E), f , g ∈ C∞(M) we have

∇ f X1+gX2 |σ〉= f∇X1 |σ〉+ g∇X2 |σ〉;

(b) ∇ is linear over R in the second coordinate, i.e. for all X ∈ Γ(TM),
|σ1〉, |σ2〉∈ Γ(E), a, b ∈ R we have

∇X(a|σ1〉+ b|σ2〉) = a∇X|σ1〉+ b∇X|σ2〉;

(c) ∇ satisfies the following product rule: for all X ∈ Γ(TM), |σ〉∈ Γ(E),
f ∈ C∞(M) we have

∇X( f |σ〉) = f∇X|σ〉+ (X f )|σ〉.

A connection on the tangent bundle TM→ M is an important object in the
field of differential geometry, and is called a linear connection on M.
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3.2 Connections 23

For fixed X and |σ〉, the section∇X|σ〉is referred to as the covariant deriva-
tive of |σ〉in the direction of X and is sometimes denoted by |∇Xσ〉.

Keeping the section |σ〉 fixed, we may view a connection ∇ as a linear
map from Γ(TM) to Γ(E), denoted by ∇|σ〉: X 7→ ∇X|σ〉. Since Γ(E) is a
vector space, and by the C∞(M)-linearity of the connection, ∇|σ〉 is just a
Γ(E)-valued 1-form.

Lemma 3.2.2. If ∇ is a connection in a vector bundle π : E → M, for any
X ∈ Γ(TM), |σ〉 ∈ Γ(E) and p ∈ M, the value of |∇Xσ〉p depends only on
the value of X at p and the value of |σ〉 near p, in the sense that if there are
X′ ∈ Γ(TM) and |σ′〉 ∈ Γ(E), and U ⊆ M is an open neighborhood of p
satisfying Xp = X′p and |σ〉|U = |σ′〉|U, then |∇Xσ〉p = |∇X′σ

′〉p.

For a proof, the reader might consult [13, Lemma 4.1 and 4.2]. As a result of
this lemma, we may unambiguously write∇Xp |σ〉for |∇Xσ〉p, and it makes
sense to write |∇Xσ〉even if |σ〉and X are only local sections defined the
same domain in M.

Lemma 3.2.3. If π : E → M is a vector bundle with dim M = m, dim E =
m + n, and U ⊆ M is an open neighborhood that admits local coordinates (xi)
and a local basis of sections (|ej〉) of E, there exist functions Γk

ij ∈ C∞(U) for
1 ≤ i ≤ m and 1 ≤ j, k ≤ n called the Christoffel symbols of∇ with respect to
the local coordinates and the basis of sections, such that

|∇∂i ej〉= Γk
ij|ek〉.

For any local vector field X ∈ ΓU(TM) and section |σ〉 ∈ ΓU(E) expressed in
local coordinates by X = Xi∂i and |σ〉= σj|ej〉, we have

|∇Xσ〉= (Xσk + XiσjΓk
ij)|ek〉.

Proof. By Lemma 3.2.2 ∇ acts unambiguously on local sections. Since at
any point p ∈ U, (|ek〉p) is a basis of Ep, we may select Γk

ij(p) to be the
unique scalars that satisfy

|∇∂i ej〉p = Γk
ij(p)|ek〉p.

For the second part, by the properties of ∇ we have

|∇Xσ〉= σj|∇Xej〉+ (Xσj)|ej〉= Xiσj|∇∂i ej〉+ (Xσj)|ej〉.

Substituting the definition of Γk
ij and changing the summation index j in

(Xσj)|ej〉to k gives the proposed equation.
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24 Vector bundles

Lemma 3.2.4. If M, N are smooth manifolds,∇ is a connection in a vector bundle
π : E→ N, and F : M→ N is a smooth map, there is a unique connection F∗∇
on the pullback bundle F∗π : F∗E→ M satisfying

[F∗∇]X(F∗σ) = F∗(∇(dF)Xσ), (3.1)

for all X ∈ Γ(TM) and σ ∈ Γ(E). This connection is called the pullback
connection of ∇ along F.

Proof. Suppose F∗∇ is such a connection. For each p ∈ M, let U ⊆ M be
an open neighborhood of p such that U admits local coordinates (xi) and
F[U] is contained in a coordinate patch (yl) that also admits a local basis of
sections (|ej〉) of E. Clearly, (F∗|ej〉) forms a local basis of sections of F∗E on
U, and we calculate the Christoffel symbols of F∗∇ with respect to this at
p. Let Yl

i (p) ∈ R such that dFp∂i = Yl
i ∂l ∈ TpN, then[

[F∗∇]∂i(F∗|ej〉)
]
(p) =

[
F∗(∇dF∂i |ej〉)

]
(p)

=
(

p,
[
∇dF∂i |ej〉

]
(F(p))

)
=
(

p, Yl
i (p)Γk

lj(F(p))|ek〉
)

= Yl
i (p)Γk

lj(F(p))(F∗|ek〉).

Thus F∗∇ has Christoffel symbols [F∗Γ]kij(p) = Yl
i (p)Γk

lj(F(p)), and the
second part of Lemma 3.2.3 gives the existence and uniqueness of F∗∇.

If a vector bundle has extra structure, like a metric as in Definition 3.1.10,
we are interested in connections that respect this structure.

Definition 3.2.5. Let π : E→ M be a Riemannian (Hermitian) vector bun-
dle. A connection ∇ is called a Riemannian (Hermitian) connection if for
any |σ1〉, |σ2〉∈ Γ(E) and X ∈ Γ(TM) we have

X〈σ1|σ2〉= 〈∇Xσ1|σ2〉+〈σ1|∇Xσ2〉.

3.3 Horizontal lifts

Now that we have developed the methods of covariant derivatives, we
apply them to lift a curve γ : I → M horizontally into γ̃ : I → E: requiring
that γ̃ projects down to γ, and is locally ‘flat’ with respect to the connection
on E.
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Definition 3.3.1. Let π : E→ M be a vector bundle, and let γ : I → M be a
smooth curve. A smooth map ζ : I → E is called a section of E along γ or
a lift of γ into E if we have π ◦ ζ = γ.

We denote the space of section of E along γ by Γγ(E).

Example 3.3.2. If M is a manifold and γ : I → M is a smooth curve, the
velocity γ̇ we saw in Definition 2.2.9 defines a section of TM along γ.

Note that if γ is self-intersecting, i.e. there are distinct t, t′ ∈ I with γ(t) =
γ(t′), we allow ζ(t) 6= ζ(t′), and in such cases it is not possible to extend ζ
to a (local) section of E.

Definition 3.3.3. Let π : E → M be a vector bundle, and let γ : I → M be
a smooth curve. A section ζ ∈ Γγ(E) along γ is called extendible if there
exists an open neighborhood U of im γ and a local section |σ〉 ∈ ΓU(E),
such that ζ = σ ◦ γ, and |σ〉 is called an extension of ζ.

Lemma 3.3.4. If π : E→ M is a vector bundle with connection ∇, then for each
curve γ : I → M the connection defines a unique operator Dt : Γγ(E)→ Γγ(E)
called the covariant time derivative satisfying the following properties:

(a) Dt is linear over R, i.e. for all ζ1, ζ2 ∈ Γγ(E), a, b ∈ R we have

Dt(aζ1 + bζ2) = aDtζ1 + bDtζ2;

(b) Dt satisfies the following product rule: for all ζ ∈ Γγ(E), f ∈ C∞(I) we have

Dt( f ζ) = ḟ ζ + f Dtζ;

(c) Dt is compatible with ∇ in the sense that for all ζ ∈ Γγ(E), if ζ has an
extension |σ〉, at every t0 ∈ I we have

[Dtζ](t0) = ∇γ̇(t0)|σ〉.

The proof is adapted from that of [13, Lem. 4.9].

Proof. Suppose Dt is such an operator. For any t0 ∈ I, consider an open
neighborhood J ⊆ I of t0 such that an open subset U ⊆ M containing γ[J]
exists that admits a local basis of sections (|ej〉).

First we show that if ζ, ζ ′ ∈ Γγ(E) suffice ζ|J = ζ ′|J we have [Dtζ](t0) =
[Dtζ

′](t0). By linearity, it suffices to proof that [Dt(ζ − ζ ′)](t0) = 0. By
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26 Vector bundles

Lemma 2.1.6, there exists a bump function with support in J such that
f (t0) = 1. Then

0 ≡ Dt0 = Dt f (ζ − ζ ′) = ḟ (ζ − ζ ′) + f Dt(ζ − ζ ′) = f Dt(ζ − ζ ′)

which proofs our claim. [Dtζ](t0) thus only depends on the behavior of ζ
near t0.

Now for t ∈ J we can write ζ(t) = |ej〉γ(t)ζ j(t) and ζ̇(t) = |ej〉γ(t)ζ̇ j(t), and
we have

[Dtζ](t0) = ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)[Dt|ej〉γ(t)](t0)

= ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)∇γ̇(t0)|ej〉.

This shows the value of Dtζ at t0 is uniquely determined by the choice of ζ
and the connection ∇.

We can use the expression above as a definition to construct the value of
Dtζ at any point in I. We need to proof this is indeed a covariant time
derivative by checking the properties.

(a) If ζ1, ζ2 ∈ Γγ(E) and a, b ∈ R, for any t0 ∈ I construct a local frame as
above, then aζ1(t)+ bζ2(t) =

(
aζ i

1(t) + bζ i
2(t)

)
|ej〉γ(t), and the required

linearity follows from the construction and the linearity of the velocity.

(b) If ζ ∈ Γγ(E), f ∈ C∞(I) and again we construct a local frame, we have
[ f ζ](t) = |ej〉γ(t) f (t)ζ j(t). Now we have

[Dt f ζ](t0) = [ ḟ ζ j + f ζ̇ j](t0)|ej〉γ(t0) + [ f ζ j](t0)∇γ̇(t0)|ej〉
= [ ḟ ζ j](t0)|ej〉γ(t0) + f (t0)

(
ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)∇γ̇(t0)|ej〉

)
= [ ḟ ζ + f Dtζ](t0).

(c) If ζ ∈ Γγ(E) has an extension σ ∈ ΓV(E) and we construct a local frame
on an open U ⊆ V, and σj ∈ C∞(U) are such that σ = |ej〉σj, we have

∇γ̇(t0)|σ〉= [γ̇(t0)σ
j]|ej〉γ(t0) + σj(γ(t0))∇γ̇(t0)|ej〉

= ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)∇γ̇(t0)|ej〉
= [Dtζ](t0)

since ζ j = σj ◦ γ, and γ̇(t0)σ
j = ζ̇ j(t0) per Definition 2.2.9.
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3.3 Horizontal lifts 27

Definition 3.3.5. Let π : E→ M be a vector bundle with connection∇, and
let γ : I → M be a smooth curve. A section ζ ∈ Γγ(E) along γ is called
horizontal with respect to ∇ if we have Dtγ ≡ 0.

The central theorem for parallel transport in vector bundles is the following:

Theorem 3.3.6. If π : E→ M is a vector bundle with connection∇ and γ : I →
M is a smooth curve, for t0 ∈ I and |v〉p ∈ Ep with p = γ(t0) ∈ M there
exists a unique horizontal section of E along γ with value |v〉p at t0, denoted by
γ̃|v〉p ∈ Γγ(E) and called the horizontal lift of γ with value |v〉p at t0.

The proof is adapted from that of [13, Thm. 4.11].

Proof. Suppose γ̃|v〉p is such a lift and take m := dim M, n := dim E− m.
Let J ⊆ I be an open interval containing t0 such that an open neighborhood
U ⊆ M of γ[J] exists that admits local coordinates (xi) and a local basis of
sections (|ej〉) of E. Ease notation by setting ζ := γ̃|v〉p |J and by an abuse of
notation γ := γ|J , then from Lemma 3.2.3 we have

∇γ̇|el〉= (γ̇δk
l + γ̇iδ

j
l Γ

k
ij)|ek〉= γ̇iΓk

il|ek〉

since we can write |el〉= δ
j
l |ej〉for δ

j
l ∈ C∞(U) the constant function δ

j
l ≡ 0

for l 6= j and δ
j
l ≡ 1 for l = j. Because γ̇ is a derivation, the term γ̇δ

j
l at each

time is a derivation acting on a constant function and thus vanishes. From
the proof of Lemma 3.3.4 it follows that we can write

0 = ζ̇ j|ej〉+ ζ j∇γ̇|ej〉= ζ̇ j|ej〉+ γ̇iΓk
ij|ek〉=

(
ζ̇k + ζ jγ̇iΓk

ij

)
|ek〉,

and this results in the system of n ordinary differential equations (ODE’s)
on I given by

ζ̇k(t) = −γ̇i(t)Γk
ij(γ(t)) · ζ j(t).

The existence and uniqueness of a solution to such a system of linear first-
order ODE’s is well known. The interested reader might consult [7, Theorem
3.4].

Now that we know how to construct local solutions, we ‘glue’ these together
into a global solution. Since by an argument similar to that of Lemma 3.1.7
we may cover M in a finite number of coordinate patches, we may take
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(Jz)z∈Z to be a collection of connected open subsets of I satisfying the
conditions above, indexed by Z = {z ∈ Z : z− ≤ z ≤ z+} for some
boundaries z−, z+ ∈ Z, such that I =

⋃
z∈Z Jz and for z− ≤ z < z+ there

exists an element tz ∈ Jz ∩ Jz+1. A global solution is constructed inductively:
if a local solution ζz : Iz → E is found, the values ζz(tz) and ζz(tz+1) may be
used as initial values to find a solution in Iz−1 and Iz+1 as described above,
and the uniqueness guarantees the solutions agree on the overlap.
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3.4 Examples

3.4.1 Explicitly trivial vector bundle

Definition

For M a manifold and V a real vector space, the explicitly trivial vector
bundle over M with typical fiber V has total space E = M×V and projec-
tion π : E→ M given by projection on the first coordinate. Note that this
bundle is trivial in the sense that it has a global basis of sections: for any
basis {|ẽj〉} of V the sections |ej〉: p 7→ (p, |ẽj〉) clearly suffice.

Connection

Firstly we construct a connection on E. Note that there is a canonical bijec-
tion between Γ(E), the smooth sections of E, and C∞(M, V), the smooth
functions of M into V. This identification is given by

|σ〉 7→
(

fσ : p 7→ πV(σ(p))
)
, (3.2)

where πV : E→ V is the projection on the second coordinate. That this is
indeed a bijection is seen by constructing the inverse identification

f 7→
(
|σf 〉: p 7→ (p, f (p))

)
. (3.3)

Now the exterior derivative of the vector valued function fσ gives rise to
the trivial connection on E. For each vector field X ∈ Γ(TM) and smooth
section |σ〉∈ Γ(E), this connection is given by

|∇Xσ〉: p 7→
(

p, [d fσ]pXp
)
. (3.4)

Since [d fσ]p : TpM→ V this is indeed a section of E.

This indeed satisfies the conditions in Definition 3.2.1: the linearity condi-
tions are obvious, and the product rule follows from Proposition 2.2.5.

Covariant time derivative

We now construct the covariant time derivative associated with this con-
nection. For a smooth curve γ : I → M with lift ζ ∈ Γγ(E), the proof of
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Lemma 3.3.4 gave a way to calculate [Dtζ](t0) for any t0 ∈ I:

[Dtζ](t0) = ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)∇γ̇(t0)|ej〉

=
[

ḟζ
j
(t0)|ej〉+ ζ j(t0)|ei〉(γ̇(t0)δ

i
j)
]

γ(t0)

=
[

ḟζ
j
(t0)|ej〉

]
γ(t0)

=
(
γ(t0), ḟζ(t0)

)
. (3.5)

The horizontal lifts must satisfy Dtζ ≡ 0, thus ḟζ = 0 along the curve
and are therefore given by t 7→ (γ(t), |v〉) for some constant |v〉∈ V. This
justifies calling the connection trivial: it just ‘connects’ elements in different
fibers if they represent the same vector in V.

Riemannian or Hermitian connection

Now consider the special case that V is a real or complex inner product
space. Let |σ1〉, |σ2〉 ∈ Γ(E) be sections of E, and define f [σ1

: M → V∗ by
f [σ1

(p) : |v〉 7→ 〈 fσ(p)|v〉. Now f [σ1
and fσ2 are respectively V∗-valued and

V-valued 0-forms, and since there is a natural bilinear inner product map
ip : V∗ ×V → F given by ip(〈v|, |w〉) = 〈v|w〉, we may write

〈σ1|σ2〉= f [σ1
∧ip fσ2 . (3.6)

For any vector field X ∈ Γ(TM), this leads to the equality

X〈σ1|σ2〉= d( f [σ1
∧ip fσ2)X =

(
[d f [σ1

] ∧ip fσ2 + f [σ1
∧ip [d fσ2 ]

)
X. (3.7)

On the other hand, we have

〈σ1|∇Xσ2〉p = ip
(

f [σ1
(p), [d fσ2 ]pX

)
=
(

f [σ1
∧ip [d fσ2 ]

)
pX (3.8)

and
〈∇Xσ1|σ2〉p = ip

(
f [σ2

(p), [d fσ1 ]pX
)
=
(
[d f [σ1

] ∧ip fσ2

)
pX, (3.9)

since we have Xp( f [σ1
) = (Xp fσ1)

[.

This shows that the trivial connection of the trivial bundle E = M×V with
V a real or complex inner product space is Riemannian in the former case
and Hermitian in the latter.
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3.4.2 Tautological line bundle

Definition

Let V be a real (complex) inner product space and

PV =
{

W ⊆ V
∣∣W is a 1-dimensional subspace of V

}
be the projective vector space. The tautological line bundle OV may be
thought of as the vector bundle over PV where the fiber of an element
W ∈ PV is W ⊆ V: the bundle is tautological. Specifically, we have

OV =
{
(W, |w〉) ∈ PV ×V

∣∣ |w〉∈W
}

together with the obvious projection πO : OV → PV defined by (W, |w〉) 7→
W.

Connection

The tautological line bundle has a canonical connection it inherits from
the explicitly trivial vector bundle PV × V. In order to construct it, we
define the projection operator pO : PV × V → PV × V by pO(W, |v〉) =(
W, pW(|v〉)

)
where pW is just projection onto the subspace W. We clearly

have im pW = OV ⊆ PV ×V

Now, if |σ〉 is a smooth section of PV ×V, then pO ◦ |σ〉 is a smooth section
ofOV , and since each section ofOV can be seen as a section of PV ×V, this
leads to the definition for a connection ∇O on the tautological line bundle:

∇OX |σ〉 := pO ◦ |∇Xσ〉. (3.10)

This satisfies the conditions in Definition 3.2.1: since ∇ is a connection the
linearity conditions follow directly from the linearity of PO on each fiber,
and the product rule follows from linearity and the fact that PO ◦ |σ〉= |σ〉
for |σ〉∈ Γ(OV).

Covariant time derivative

We again consider a smooth curve γ : I → PV with lift ζ ∈ Γγ(OV). Let
t0 ∈ I and let U ⊆ PV be an open neighborhood of γ(t0) that admits a
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local basis of sections (|ej〉), and extend this basis to a basis of sections of
PV ×V, by an abuse of notation also denoted by (|ej〉). We use the proof of
Lemma 3.3.4 to calculate

[DOt ζ](t0) = ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)∇Oγ̇(t0)
|ej〉

= ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)pO
(
∇γ̇(t0)|ej〉

)
= pO

(
ζ̇ j(t0)|ej〉γ(t0) + ζ j(t0)∇γ̇(t0)|ej〉

)
= pO

(
[Dtζ](t0)

)
=
(

γ(t0), pγ(t0)

(
ḟζ(t0)

))
. (3.11)
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Chapter 4
Geometric phases

After quantum mechanics was first developed, it lasted until 1984 before
it was realized that the phase transition of a system described by a time-
dependent Hamiltonian is a meaningful quantity. Berry [3] found this
phase difference to be a measurable effect. His paper sparked interest in
the research of geometric phases, and in the subsequent years many interpre-
tations and generalizations were published of which we will discuss the
most important.
This chapter constitutes the main result of the thesis: the mathematical
machinery developed above is put to use to formalize the concepts in [3],
[18] and [1]. Zwanzinger et al. [23] provide an overview of Berry’s phase
and some generalizations, and I would recommend the interested reader to
consult it. Apart from the aforementioned original papers for Section 4.2,
[10, 17] were also consulted, and for Section 4.3 [4, 6, 15].

4.1 The adiabatic theorem

An important result in quantum mechanics is the adiabatic theorem, proposed
in the early days of quantum mechanics by Ehrenfest [8] in 1917 and first
proven by Born and Fock [5] in 1928 and in a more general context by Kato
[11] in 1950.

Consider a system in quantum mechanics that is described during time
[0, T] by a time-dependent Hamiltonian operator Ĥ(t) on a complex Hilbert
space H, for a smooth assignment t 7→ Ĥ(t). Suppose that at any time
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34 Geometric phases

t ∈ [0, T], Ĥ(t) has an eigenvalue En(t) such that t 7→ En(t) is smooth.
Further assume an ε > 0 exists such that the spectrum of Ĥ(t) is discrete
within a distance ε from En(t) at any time t ∈ [0, T]. For τ ∈ R>0, let |ψτ; 〉
be a solution to the slowed-down Schrödinger equation

ih̄ · t
τ

d
dt

∣∣∣∣
t
|ψτ; t〉=

(
Ĥ(t)− En(t)

)
|ψτ; t〉 (4.1)

with initial condition Ĥ(0)|ψτ; 0〉= En(0)|ψτ; 0〉.

Theorem 4.1.1 (Adiabatic theorem). If we have a system as described above, the
limit

|ψ; t〉 := lim
τ→∞
|ψτ; t〉 (4.2)

exists and for any time t ∈ [0, T] we have Ĥ(t)|ψ; t〉= En(t)|ψ; t〉.

Working with this theorem is awkward, and physicists tend to use it to jus-
tify the adiabatic approximation: if the time-dependence of the Hamiltonian
is slow enough, we may assume up to a very small error that a solution of
Schrödinger’s equation is an instantaneous eigenvector of the Hamiltonian
operator at some time, stays an eigenvector of the operator.

4.2 Berry–Simon phase

The basic setup described by Berry [3] is a finite-dimensional Hilbert space
H with dimH ≥ 1 together with a Hermitian operator Ĥ(R) : H → H
called the Hamiltonian that smoothly depends on a parameter R ∈ M
with M a compact smooth manifold called the parameter space. Here it is
assumed that the Hamiltonian for any parameter has discrete and distinct
eigenvalues. We will vary the parameters as represented by a smooth curve
ρ : I → M with I an open interval containing [0, T], and for each time t ∈ I
consider the Hamiltonian Ĥ(ρ(t)). In this setup, a wave function

|ψ; 〉: I −→ H
t 7→ |ψ; t〉 (4.3)

is said to solve the Schrödinger equation if at any t0 ∈ I we have

ih̄
d
dt

∣∣∣∣
t0

|ψ; 〉= Ĥ(ρ(t0))|ψ; t0〉. (4.4)
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4.2.1 Berry’s phase

Formalism of vector bundles

A natural way to describe this system is as a trivial vector bundle over
M with typical vector the Hilbert space H, and considering Ĥ(R) to be a
Hermitian operator on the Hilbert space above R for each R ∈ M. This vec-
tor bundle is defined by E = M×H together with the obvious projection
π : E→ M. We endow this bundle with the trivial connection ∇ defined in
Section 3.4.1.

For any parameter R, there exists an open neighborhood of U ⊆ M of R on
which smooth sections |nU〉∈ ΓU(E) may be defined that have unit norm
everywhere and suffice

Ĥ|nU〉= En|nU〉, (4.5)

for a function En ∈ C∞(U) called an eigenfunction. These sections are
called local eigensections, since at any parameter R ∈ U this is just the
eigenvalue equation well-known in quantum mechanics. Since the eigen-
values of Ĥ are discrete and non-degenerate, it is never ambiguous which
eigenvalue is the nth and En is globally well-defined.

Instead of studying solutions of Equation (4.4) directly, we consider the
induced section ψ ∈ Γρ(E) of E along ρ, defined by

ψ : t 7−→
(
ρ(t), |ψ; t〉

)
. (4.6)

In this context, Schrödinger’s equation becomes

ih̄ Dtψ = Ĥψ. (4.7)

We assume the curve ρ in parameter space is traversed adiabatically, i.e.
slowly enough that the adiabatic approximation is valid. Thus a wave
function that is at some time t0 ∈ [0, T] an eigenvalue of Ĥ(t0), say the
nth, stays an eigenvalue. We claim that without loss of generality, we
may assume En ≡ 0. This may look like a restriction, but it is not. For
a general Hamiltonian Ĥ(R), we may instead consider the Hamiltonian
Ĥ′(R) = Ĥ(R)− En(R) for which the nth eigenvalue is indeed identically
zero, moreover the solutions of Ĥ′(R) and Ĥ(R) will only differ by an
easily computable dynamic phase: if |ψ, 〉solves Equation (4.4), then

|ψ′, t〉 := e−ih̄−1 ∫ t
0 En(ρ(t))dt|ψ, t〉 (4.8)
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solves

ih̄
d
dt

∣∣∣∣
t0

|ψ′; 〉=
(

Ĥ(ρ(t0))− En(ρ(t))
)
|ψ′; t0〉= Ĥ′(ρ(t0))|ψ′; t0〉. (4.9)

In the language of local eigensections, let U be an open neighborhood of
ρ(t0) that admits local eigensections and let J ⊆ I be an open interval
such that ρ[J] ⊆ U. Set ν ∈ Γρ|J (E) to be the restriction of |nU〉 to ρ,
i.e. the section along ρ|J defined by ν(t) = |nU〉ρ(t) for t ∈ J. If ψ is
a solution of Equation (4.7) that at time t0 is in the nth eigenspace, so
Ĥ(ρ(t0))ψ(t0) = 0, then due to the adiabatic approximation there is a
smooth function γ ∈ C∞(J) such that

ψ(t) = eiγ(t)ν(t), (4.10)

for t ∈ J. Substituting this into Equation (4.7) gives

ih̄ Dtψ = Ĥψ

Dt(eiγν) = Ĥ(eiγν)

iγ̇eiγν + eiγ Dtν = 0
γ̇ν = i Dtν

γ̇ = i ν[ Dtν, (4.11)

where we denote by ν[ ∈ Γρ|J(E∗) the section of the dual bundle E∗ :=
M × H∗ defined by ν[ := 〈ν| 〉. We similarly define 〈nU| ∈ ΓU(E∗) by
〈nU| := 〈nU| 〉. Since ν is by definition extendible on U, we get

γ̇(t0) = i〈nU|∇ρ̇(t0)|nU〉. (4.12)

We saw in Section 3.4.1 that ∇ is a Hermitian connection, and hence we
have for any X ∈ ΓU(TM)

〈mU|∇XnU〉+〈∇XmU|nU〉= X〈mU|nU〉≡ 0, (4.13)

since〈mU|nU〉 is constant by the orthonormality of the basis. In particular,
we have

〈nU|∇XnU〉= −〈∇XnU|nU〉= −〈nU|∇XnU〉 (4.14)

which is true only if〈nU|∇XnU〉 is purely imaginary. We may conclude that
the complex number〈nU|∇ρ̇(t0)|nU〉 is purely imaginary, and multiplying
by i guarantees the result of Equation (4.12) is real.
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The calculation of the total geometric phase is more complicated than
simply using Equation (4.11) and integrating, since that equation is only
locally valid. Instead, by an argument similar to Lemma 3.1.7 – this will be
made precise below – we may select a partition

0 = T0 < T1 < · · · < Tk = T (4.15)

such that for 0 ≤ i < n the closed interval [Ti, Ti+1] is contained in an
interval Ji ⊆ I such that Ui ⊆ M is an open subset with ρ[Ji] ⊆ Ui that
admits a local eigensection |nUi〉 ∈ ΓUi(E) and associated local section
νi ∈ Γρi(E) where ρi := ρ|Ji . We may than integrate Equation (4.11) locally,
and add the results together. Still, there is a problem left: we selected the
|nUi〉arbitrarily. For any other choice |n′Ui

〉 ∈ ΓUi(E), since they differ by
a unit phase, we may construct smooth functions αi ∈ C∞(Ji) such that
ν′i = eiανi, and calculate

i(ν′i )
[Dtν

′
i = i(eiανi)

[Dt(eiανi)

= ie−iαν[i
(
iα̇ eiανi + eiαDtνi

)
= −α̇ν[i νi + iν[i Dtνi

= iν[i Dtνi − α̇. (4.16)

Integrating this gives∫ Ti+1

Ti

i(ν′i )
[Dtν

′
i dt = i

(
αi(Ti+1)− αi(Ti)

)
+
∫ Ti+1

Ti

iν[i Dtνidt, (4.17)

and the first term on the right-hand side is in general non-zero. This means
the geometric phase of a general path ρ is ill-defined, but if ρ(0) = ρ(T)
this problem can be overcome. We may without loss of generality impose
that for 0 ≤ i < k we have νi(Ti+1) = νi+1(Ti+1) and ν0(T0) = νk−1(Tk).
Now we define the total phase to be

γ(T) = i
k−1

∑
i=0

∫ Ti+1

Ti

ν[i Dtνi dt (4.18)

To check that this is gauge invariant, let (ν′i ) be another choice of local
sections, then repeatedly applying Equation (4.17) gives

γ′(T) = γ(T) + i
(
α0(pT0)− α0(pT1) + α1(pT1)− · · · − αn−1(pTk)

)
(4.19)

and since it must be so that all differences αi(Ti+1)− αi+1(Ti+1) and α0(T0)−
αn−1(Tk) are a multiple of 2π in order to satisfy the boundary conditions
imposed on the νi and ν′i , we see γ(T) is well-defined up to addition of a
multiple of 2π.
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Berry’s 2-form

We will show that Berry’s phase is conveniently described as the surface
integral of a 2-form on M. Let U = {Uα} be an open cover of M such that
on each Uα a local basis of eigensections (|mα〉) for 1 ≤ m ≤ dimH exists
on Uα. Then Equation (4.12) suggests we may define 1-forms on Uα by

Aα := i〈nα|∇|nα〉. (4.20)

We saw in Section 3.2 that ∇|nα〉 is a ΓUα(E)-valued 1-form, and letting〈nα|
act on such a section results in a complex functions. Due to Equation (4.14)
this is in fact a real function on Uα. Restricting Equation (4.20) to a single
tangent space is clearly linear, hence Aα is indeed a real 1-form as we
claimed. Moreover, if ρ is a circuit entirely contained in one open set Uα,
we clearly have

γn(T) =
∮

ρ
Aα. (4.21)

If ρ is contractible to a point within Uα, the generalization of Stokes’ theorem
[14, Theorem 16.11] allows us to write γn(T) in terms the local 2-form
Vα := dAα, called a local Berry’s 2-form. If C is an oriented smooth surface
in M with boundary ∂C = ρ, then∮

ρ
Aα =

∫
C

Vα, (4.22)

which allows us to describe γn(T) in terms of gauge-invariant quantities.
To see this, first note that the 1-form Aα depends on a choice of gauge: if
we consider another basis of sections (|m′α〉) with |n′α〉= eiθ|nα〉 for some
θ ∈ C∞(Uα), we get

A′α(XR) = i〈n′α|∇XR |n
′
α〉

= ie−iθ〈nα|∇XR

[
eiθ|nα〉

]
= ie−iθ〈nα|

[
eiθ(R)∇XR |nα〉+

(
XReiθ)|nα〉

]
= i〈nα|∇XR |nα〉+ ie−iθ〈nα|nα〉d

(
eiθ)XR

=
[
i〈nα|∇|nα〉+ ie−iθd

(
eiθ)]XR

=
[
Aα − dθ

]
XR, (4.23)

where d
(
eiθ) = ieiθdθ follows from Proposition 2.2.5. However, we have

V′α = dA′α = dAα − d(dθ) = dAα = Vα, (4.24)
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since d ◦ d = 0 by Theorem 2.3.13, and Vα is indeed independent of this
choice of gauge.

It is possible to give an explicit formula to calculate Vα from Ĥ. In order to
do this, we remember that (local) sections of E give rise to (local) functions
from the base space toH. Let fmα ∈ C∞(Uα,H) and f [mα

∈ C∞(Uα,H∗) be
the functions associated with the local sections |mα〉and〈mα|, respectively.
The parameter-dependent Hamiltonian, restricted to Uα, may be seen as
a smooth function Ĥα := Ĥ|Uα ∈ C∞(Uα, Herm(H)

)
into the vector space

of Hermitian operators onH. Remembering that these smooth functions
may be seen as vector-valued 0-forms on Uα, the obvious bilinear maps
ip : H∗ ×H → C, ev : Herm(H)×H → H and ev∗ : H∗ ×Herm(H) →
H∗ give rise to wedge products, by Definition 2.3.15.

In terms of these vector-valued forms, we may write Equation (4.20) as

Aα = i( f [nα
∧ip d fnα). (4.25)

This leads to the following expression for Vα:

Vα = dAα = d
(
i( f [nα

∧ip d fnα)
)
= i(d f [nα

∧ip d fnα). (4.26)

Since we assumed the eigensections (|mα〉) form a basis, we get the com-
pleteness condition

∑
m
|mα〉〈mα| ≡ idH . (4.27)

This suggests we may write

Vα = ∑
m 6=n

i
(
(d f [nα

∧ip fmα) ∧ ( f [mα
∧ip d fnα)

)
, (4.28)

where the exclusion of n in the sum is justified by the anticommutativity
of the wedge product and fact that (d f [nα

∧ip fnα) = −( f [nα
∧ip d fnα) due to

Equation (4.14).

In terms of vector-valued forms, Equation (4.5) has the form

Ĥα ∧ev fnα ≡ 0. (4.29)

Taking the exterior derivative, we get the result

dĤα ∧ev fnα + Ĥ ∧ev d fnα ≡ 0, (4.30)
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which allows us to calculate

f [mα
∧ip (dĤα ∧ev fnα) = − f [mα

∧ip (Ĥα ∧ev d fnα)

= −( f [mα
∧ev∗ Ĥα) ∧ip d fnα

= −( f [mα
∧ Emα) ∧ip d fnα

= −Emα( f [mα
∧ip d fnα). (4.31)

Since the eigenvalues of Ĥ are everywhere non-degenerate and En ≡ 0, we
have Emα everywhere non-zero, hence we may write

f [mα
∧ip d fnα = −

f [mα
∧ip (dĤα ∧ev fnα)

Emα

. (4.32)

By Equation (4.13), we get

d f [nα
∧ip fmα = −

f [nα
∧ip (dĤα ∧ev fmα)

Emα

. (4.33)

Substituting these results into Equation (4.26), the formula for the local
Berry’s 2-form becomes

Vα = i ∑
m 6=n

((
f [nα
∧ip (dĤα ∧ev fmα)

)
∧
(

f [mα
∧ip (dĤα ∧ev fnα)

)
E2

mα

)
, (4.34)

which pointwise may be written as

[Vα]R = i ∑
m 6=n

(
〈n; R|dĤR|m; R〉∧〈m; R|dĤR|n; R〉

Em(R)2

)
(4.35)

in the more familiar language of quantum mechanics, where we take
|m; R〉 := fmα(R) ∈ H. Though this equation appears to depend pro-
foundly on the details of Ĥ, it will become clear below that Berry’s phase
actually is an effect only of the geometry of the eigensections of π : E→ M.

Now that we have a description of the local Berry’s 2-form on each Uα

in the cover U , we will give a description of the globally defined Berry’s
2-form. Note that for Uα, Uβ ∈ U , if we write Uαβ := Uα ∩Uβ, the sections
|nα〉|Uαβ

and |nβ〉|Uαβ
span the same eigenspace for each parameter, and thus

differ only by a gauge transform. However, we know from Equation (4.24)
that the local Berry’s 2-forms are gauge invariant, and so [Vα]R = [Vβ]R
must hold for R ∈ M.
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In order to ‘glue’ the local 2-forms together, let {φα} be a smooth partition
of unity subordinate to U as in Lemma 2.1.7. Since φα is a function on M
with support in Uα, we may consider φαVα to be a 2-form on M that is
identically zero on M \Uα. We define Berry’s 2-form on M as the 2-form
V ∈ Ω2(M) given by

V := φαVα. (4.36)

Any R ∈ M has an open neighborhood which intersects the support of
only finitely many φα, say φ1, . . . , φk. Then by gauge invariance, we have
[V1]R = · · · = [Vk]R and

VR = φi(R)[Vi]R = (φ1(R) + · · ·+ φk(R))[V1]R = [V1]R. (4.37)

This definition thus makes sense and is independent of our choice of a
partition of unity, and it is easy to see that for any contractible circuit
ρ : [0, T] → M, if C is an oriented smooth surface in M with boundary
∂C = ρ, we have

γn(T) =
∫

C
V, (4.38)

and this is in agreement with Equation (4.18) up to addition of a multiple
of 2π.

4.2.2 Simon connection

Eigenbundle

It was first noted by Simon [18] that the natural language of Berry’s phase
is the mathematics of fiber bundles. He did not describe a trivial vector
bundle, like we did in Section 4.2.1, but rather the eigenbundle which we
will define below.

We again assume ρ is traversed slowly enough to justify the adiabatic
approximation. If |ψ; t0〉 at some time t0 ∈ [0, T] is an eigenvector with
eigenvalue 0, |ψ; t〉will cling to the nth eigenspace, and we actually only
need to consider the complex line bundle πE : EEn → M, called the nth

eigenbundle, Such that π−1
E (R) is the eigenspace of Ĥ(R) with eigenvalue

0 over each parameter R ∈ M. Since we assumed the eigenvalues of the
Hamiltonian are non-degenerate, the typical fiber is isomorphic to the
complex line C.
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A way to construct this bundle is as the pullback of the tautological line
bundle seen in Section 3.4.2. Recall this is the subbundle OH ⊆ PH ×
H over PH defined such that π−1

O (W) = W for each one-dimensional
subspace W ⊆ H. Let En : M → PH be the map that for each parameter
R ∈ M selects the eigenspace En(R) of Ĥ(R) of the eigenvalue 0, which is
sooth per assumption. This is per assumption a one-dimensional subspace
of H and so an element of PH. Taking the pullback of the tautological
bundle then guarantees that the fiber over each point in parameter space is
indeed the corresponding eigenspace.

Now the identification with the pullback bundle of OH along En is made
by setting EEn := E∗nOH and πE := E∗n πO. This bundle inherits a pullback
connection from OH, defined by

[E∗n∇O]X(E∗n σ) = E∗n (∇O(dEn)Xσ), (4.39)

for σ ∈ Γ(OH). This connection is denoted by ∇S := E∗n∇O and called the
Simon connection.

The nth eigenbundle is in general not trivial, and does not admit a global
basis of sections. Lemma 3.1.7 does guarantee we can cover M with a finite
number of open sets Uα that each admit a local basis of sections, and since
EEn is a vector bundle of rank 1, this means that a non-zero local section
exists on each Uα. In the bundle E, this gives rise to a normalized nth

eigensection on Uα, and therefore justifies the existence of the partition in
Equation (4.15).

Claim. Define the map pEn : E→ EEn by

pEn(R, |v〉) =
(

R, (En(R), pEn(R)|v〉)
)
.

The Simon connection is given by

∇S = pEn ◦ ∇.

Proof. By the uniqueness of the pullback connection, we only need to show
that for any σ ∈ Γ(OH), X ∈ Γ(TM) and R ∈ M we have

pEn

(
[∇X(E∗n σ)](R)

)
=
(
E∗n
[
∇O(dEn)Xσ

])
(R).
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The right-hand side may be written as[
E∗n
(
∇O(dEn)Xσ

)]
(R) =

[
E∗n
(

pO ◦ ∇(dEn)Xσ
)]
(R)

=
(

R,
[
pO ◦ ∇(dEn)Xσ

](
En(R)

))
=
(

R, pO
([
∇(dEn)Xσ

](
En(R)

)))
=
(

R, pO
(
En(R), [d fσ]En(R)(dEn)XR

))
=
(

R, pO
(
En(R), d( fσ ◦ En)RXR

))
=
(

R,
(
En(R), pEn(R)

(
d( fσ ◦ En)RXR

)))
.

Meanwhile, the left-hand side gives

pEn

(
[∇X(E∗n σ)](R)

)
= pEn

(
R, [d fE∗n σ]RXR

)
=
(

R,
(
En(R), pEn(R)([d fE∗n σ]RXR)

))
.

Since from Definition 3.1.9 it is clear we have fE∗n σ = fσ ◦ En these are
indeed the same.

Above, we identify a section σ ∈ Γ(EEn) with the section (i ◦ σ) ∈ Γ(E)
where i : EEn ↪→ E is the obvious inclusion map, and by a slight abuse of
notation we denote both by σ.

Claim. The covariant time derivative with respect to the Simon connection is
given by

DS
t = pEn ◦ Dt.

Proof. Consider any smooth curve ρ : I → M, ζ ∈ Γρ(EEn), and t0 ∈ I. Find
an open neighborhood U ⊆ M that admits a local basis of sections (|ej〉) of
EEn , and by an abuse of notation extend this to a basis of sections of E, then
like in the proof of Lemma 3.3.4:

[DS
t ζ](t0) = ζ̇ j(t0)|ej〉ρ(t0) + ζ j(t0)∇S

ρ̇(t0)
|ej〉

= ζ̇ j(t0)|ej〉ρ(t0) + ζ j(t0)pEn

(
∇ρ̇(t0)|ej〉

)
= pEn

(
ζ̇ j(t0)|ej〉ρ(t0) + ζ j(t0)∇ρ̇(t0)|ej〉

)
= pEn

(
[Dtζ](t0)

)
.
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Berry’s phase and the Simon connection

If ρ is a smooth curve in parameter space M, and |ψ; t〉 is a solution of
Equation (4.4), consider the lift ψ ∈ Γρ(EEn) of ρ given by

ψ : t 7→
(
ρ(t), |ψ; t〉

)
, (4.40)

then we have

DS
t ψ : t 7−→

(
ρ(t), |ψ; t〉〈ψ; t| d

dt

∣∣∣∣
t
|ψ; t〉

)
. (4.41)

We see that the condition DS
t ψ ≡ 0 corresponds to Schrödinger’s equa-

tion (4.7), since Ĥφ ≡ 0. The solutions of Schrödinger’s equation for a
path ρ in parameter space are thus exactly the lifts of ρ into EEn that are
horizontal with respect to the Simon connection.

We may also use this connection to calculate Berry’s phase. This should
convince the reader that this phase may be seen as an effect of the geometry
of the line bundle, since Simon’s connection is canonical in EEn .

For any time t0 ∈ [0, T], consider a neighborhood U of ψ(t0) that admits
a local section |nU〉 ∈ ΓU(EEn) everywhere of unit norm. Let J ⊆ I be an
open interval such that ρ[J] ⊆ U, then since ψ(t) and |n〉ρ(t) at any time
t ∈ J differ only by a complex phase, we may write ψ(t) = eiγ(t)|n〉ρ(t) for
some function γ ∈ C∞(J). This is exactly Berry’s geometric phase. We have

[DS
t ψ](t0) =

[
DS

t

(
eiγ(t)|n〉ρ(t)

)]
(t0)

=

(
d
dt

∣∣∣∣
t0

eiγ(t)

)
|n〉ρ(t0) + eiγ(t0)[DS

t |n〉ρ(t)](t0)

= eiγ(t0)
(
iγ̇(t0)|n〉ρ(t0) + [DS

t |n〉ρ(t)](t0)
)
. (4.42)

The parallel transport law [DS
t ψ](t0) = 0 then reads

iγ̇(t0)|n〉ρ(t0) = −[D
S
t |n〉ρ(t)](t0)

iγ̇(t0)|n; ρ(t0)〉= −|n; ρ(t0)〉〈n; ρ(t0)|
d
dt

∣∣∣∣
t0

|n; ρ(t)〉

γ̇(t0) = i〈n; ρ(t0)|
d
dt

∣∣∣∣
t0

|n; ρ(t)〉, (4.43)

and Equation (4.11) is recovered.
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4.3 Aranov–Anandan phase

Aharonov and Anandan [1] realized that the description of the geometric
phase given by Berry is independent of the exact Hamiltonian chosen, but
depends only on the curve t 7→ π(|ψ; t〉) of physical states. In fact the
geometric phase is a property of the image of π(|ψ; 〉) in projective Hilbert
space independent of parametrization. It therefore makes sense to study
Berry’s phase independent of the parameter space for the Hamiltonian,
but rather as a direct feature of PH. This is not just a reformulation of
the Berry’s phase but a generalization as it allows us to drop the adiabatic
approximation and the assumption that |ψ; t〉 is an eigenvector of Ĥ(ρ(t)),
and derive the geometric phase of any cyclic evolution.

Consider a finite-dimensional Hilbert spaceH and let t 7→ Ĥ(t) be a smooth
assignment of Hermitian operators onH for t ∈ I with I an open subset of
R containing a closed interval [0, T]. If t 7→ |ψ; t〉 is a normalized solution
of Schrödinger’s equation

ih̄
d
dt
|ψ; 〉= Ĥ(t)|ψ; t〉 (4.44)

we claim it accumulates both a geometric phase γ and a dynamic phase
given by

θ(t) = −1
h̄

∫ t

0
〈ψ; t|Ĥ(t)|ψ; t〉dt. (4.45)

To demonstrate this, we consider the tautological line bundle πO : OH →
PH already seen in Section 3.4.2. We view the evolution of |ψ; t〉as a path
in OH given by ψ : t 7→ (spanC|ψ; t〉, |ψ; t〉). For any t ∈ [0, T], we write
pt := π(ψ(t)) ∈ PH to ease notation.

Now consider a fixed t0 ∈ [0, T], an let U ⊆ PH be an open neighborhood
of pt0 such that there exists a section |σ〉 ∈ ΓU(OH) that everywhere has
norm 1. Since the fiber over each point is a complex line, this is equivalent
with the existence of a basis of sections on U. Now take J ⊆ I to be an
open interval containing t0 such that pt ∈ U hold for all t ∈ J. Write
ς : t 7→ |σ〉pt for the section of OH along the curve defined by pt in base
space, for t ∈ J. For such t, the unit vectors ψ(t) and ς(t) = |σ〉pt differ only
by a unit scalar. We denote this complex number by eiβ(t) ∈ C for a smooth
function β ∈ C∞(J) such that we have

eiβς = ψ. (4.46)
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Now from the fact that |ψ; t〉solves Equation (4.44), we get

ih̄[Dtψ](t0) = Ĥ(t0)ψ(t0)

ih̄
[
Dt
(
eiβς

)]
(t0) = Ĥ(t0)eiβ(t0)ς(t0)

ih̄

(
d
dt

∣∣∣∣
t0

eiβ

)
ς(t0) + ih̄eiβ[Dtς](t0) = Ĥ(t0)eiβ(t0)ς(t0)

−h̄β̇(t0)ς(t0) + ih̄[Dtς](t0) = Ĥ(t0)ς(t0)

i[Dtς](t0)−
1
h̄

Ĥ(t0)ς(t0) = β̇(t0)ς(t0)

i〈σ| d
dt

∣∣∣∣
t0

|σ〉pt −
1
h̄
〈σ|Ĥ(t0)|σ〉pt0

= β̇(t0). (4.47)

The total phase is, as claimed, the sum of a dynamic phase θ and a geometric
phase γ. From Equation (4.45) we have

γ̇(t0) = β̇(t0)− θ̇(t0) = i〈σ| d
dt

∣∣∣∣
t0

|σ〉pt . (4.48)

This equation is only locally valid and depends on an arbitrary choice of
phase for the section σ, however in exactly the same way we did for Berry’s
phase in deriving Equation (4.18) we can construct a global solution. Since
PH is compact we may by Lemma 3.1.7 select a partition

0 = T0 < T1 < · · · < Tk = T (4.49)

such that there are open intervals Ji and open subsets Ui ⊆ M that admit
a local section |σi〉 of unit norm, and the inclusions [Ti, Ti+1] ⊆ Jj and
ρ[Ji] ⊆ Ui hold. If p0 = pT, we may without loss of generality impose that
for 0 ≤ i < n we have σi(pT+1) = σi+1(pT+1) and σ0(pT0) = σn−1(pTn).
The total phase than is

γ(T) = i
k−1

∑
i=0

∫ Ti+1

Ti

〈σi|
d
dt

∣∣∣∣
t
|σi〉ptdt (4.50)

which again is is well-defined up to addition of a multiple of 2π.

So while the dynamic phase θ depends on the details of Ĥ(t), we see that
the geometric phase depends only on the path t 7→ pt = π

(
ψ(t)

)
that the

physical state of |ψ; t〉traces out in projective Hilbert space.
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Chapter 5
Outlook

In this thesis, we have seen a mathematically rigorous description of the
result of [1, 3, 18] for finite-dimensional systems. However, we made
extensive use of the adiabatic approximation to justify that a solution of
Schrödinger’s equation stays an eigenvector. An obvious way this could
be formalized is by direct usage of the Adiabatic theorem 4.1.1. Since the
solutions of Equation 4.1 will not in general be instantaneous eigenvalues
of Ĥ, a description in terms of the nth eigenbundle is not possible.

Though the scope of this thesis is limited to finite-dimensional vector
bundles, the most interesting quantum systems are described by an infinite-
dimensional Hilbert space. The formalism above should be generalized,
for example by considering Banach manifolds [22] which are defined by
replacing Rn in Definition 2.1.1 by any Banach space B. It would be in-
teresting to see under what conditions a notion of horizontal lifting as in
Theorem 3.3.6 exists when considering vector bundles with typical fiber an
infinite-dimensional Hilbert spaceH.

Another description of the geometric phases can be given in terms of
principal G-bundles, a good description of which can be found in [19].
Specifically, we may consider principal U(1)-bundles instead of complex line
bundles. These consist of a copy of the circle group above each point, and
thus also convey phase information. In these bundles, one may define an
Ehresmann connection which is not an operator like in Definition 3.2.1,
but rather an explicit choice of horizontal tangent vectors on the bundle.
This also leads to a horizontal lifting that turns out to be equivalent with
Theorem 3.3.6. The equivalent of a tautological line bundle in this paradigm
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is the Hopf fibration, and may be described by the obvious map S(H)→
PH form the unit vectors to the projective space. This may be easier to
generalize to the infinite-dimensional case then the description in terms of
vector bundles.

Another interesting generalization may be to replace the parameter space
in Section 4.2 by a (Banach) manifold of (bounded) Hermitian operators
with discrete and non-degenerate spectrum. In the k-dimensional case,
the Hermitian matrices form a k2-dimensional real vector space Herm(H).
They must all have discrete spectrum, and the requirement that the spec-
trum of a matrix A ∈ Herm(H) is non-degenerate is equivalent with the
requirement that the discriminant of the characteristic polynomial of A is
non-zero, written as

Herm′(H) := {A ∈ Herm(H) : ∆(det(A− λIn)) 6= 0}.

This setup is discussed by Arnold [2, §6], who states that the set of Hermi-
tian matrices with degenerate eigenvalues is of codimension 3. This means
that Herm′(H) is simply connected, and Berry’s phase for any circuit can
be expressed as the integral of a 2-form over a surface in Herm′(H). It
would be interesting to see an equivalent of this in the infinite-dimensional
case.
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[12] I. Kolář, P. W. Michor, and J. Slovák. Natural Operations in Differential
Geometry. Springer Berlin Heidelberg, Berlin, Heidelberg, 1993.

[13] J. M. Lee. Riemannian manifolds : an introduction to curvature. Graduate
texts in mathematics ; 176. 811873013. Springer, New York, N.Y., [etc.],
1997.

[14] J. M. Lee. Introduction to smooth manifolds. Graduate texts in mathemat-
ics ; 218. Springer, New York, N.Y., [etc.], 2003.

[15] R. Montgomery. Quantum phases. In A tour of subriemannian geometries,
their geodesics and applications, Mathematical surveys and monographs
; no. 91, chapter 13, pages 225–244. American Mathematical Society,
Providence, Rhode Island, 2002.

[16] V. Runde. A Taste of Topology. Universitext. Springer New York, New
York, NY, 2005.

[17] J. J. Sakurai and J. Napolitano. Approximation methods. In Modern
Quantum Mechanics, chapter 5, page 303–385. Cambridge University
Press, 2 edition, 2017.

[18] B. Simon. Holonomy, the quantum adiabatic theorem, and berry’s
phase. Phys. Rev. Lett., 51:2167–2170, Dec 1983.

[19] S. Sontz. Principal Bundles: The Classical Case. Universitext. Springer
International Publishing, Cham, 2015.

[20] L. W. Tu. Differential Geometry Connections, Curvature, and Characteristic
Classes. Graduate Texts in Mathematics, 275. Springer, 1st ed. 2017.
edition, 2017.

[21] G. Walschap. Metric Structures in Differential Geometry, volume 224
of Graduate Texts in Mathematics,. Springer New York, New York, NY,
2004.

Version of June 19, 2020 – Created June 19, 2020 - 19:23



BIBLIOGRAPHY 51

[22] E. Zeidler. Banach manifolds. In Nonlinear Functional Analysis and its
Applications: IV: Applications to Mathematical Physics, chapter 73, pages
529–608. Springer New York, New York, NY, 1988.

[23] J. W. Zwanziger, M. Koenig, and A. Pines. Berry’s phase. Annual
review of physical chemistry, 41(1):601–646, 1990.

Version of June 19, 2020 – Created June 19, 2020 - 19:23




	Introduction
	Mathematical preliminaries
	Smooth manifolds
	Tangent vectors
	Differential forms

	Vector bundles
	Definition
	Connections
	Horizontal lifts
	Examples
	Explicitly trivial vector bundle
	Tautological line bundle


	Geometric phases
	The adiabatic theorem
	Berry–Simon phase
	Berry's phase
	Simon connection

	Aranov–Anandan phase

	Outlook
	Bibliography

