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Abstract

A mathematically rigorous description is given of Berry’s ge-
ometric phase in quantum mechanics for a wave function in
a system described by a finite-dimensional Hilbert space H
together with a Hamiltonian H smoothly dependent on a pa-
rameter.

Under the assumption of the adiabatic approximation, travers-
ing a smooth path in the parameter space results in the accu-
mulation of a geometric phase that can locally be computed as
the line integral of local 1-forms, emerging naturally from the
eigensections on the trivial vector bundle over the parameter
space. By Stokes’ theorem, the integral may be calculated as a
surface integral of Berry’s 2-form, and a global description of
this 2-form is given. When instead of the trivial bundle an eigen-
bundle of H is considered, solutions of Schrédinger’s equation
emerge naturally as horizontal lifts with respect to the canonical
connection on this bundle. It also becomes clear that Berry’s
phase is a geometric quantity.

Finally, a generalization of this geometric phase due to Ahranov
and Anandan is described in terms of the tautological line bun-
dle with base manifold the complex projective space IPH. This
generalization is exactly valid, even if the Hamiltonian varies
non-adiabatically.
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Chapter

Introduction

In our understanding of the physical world, quantum mechanics plays a
crucial role. It allows physicists to describe a particle as a wave function |i)
that, from a mathematical perspective, is a vector in a complex Hilbert space
‘H. In experiments, such a wave function can not be measured directly. In
fact, if |¢y) and |¢’) are two wave functions such that there is a phase angle
0 € R with |¢') = ¢ |p), no direct measurement can differentiate between
the two. When an experimenter brings the two into contact, however, it is
possible to measure their phase difference 6 due to interference.

The equation of motion for wave functions is known as Schrédinger’s
equation,

’ d . — & .
in s t) = () g,

where F(t) at any time is a Hermitian operator on H known as the Hamil-
tonian of the system.

It was first discovered by Berry [3] in 1984 that when a wave function
evolves due to a time-dependent Hamiltonian and after some time returns
to its initial state, in certain cases a phase difference is accumulated that is
purely geometric in nature. Not long thereafter, Simon [18] noted that this
phase change may be described mathematically by a connection in a fiber
bundle. In the subsequent years, multiple generalizations were proposed.
Of these, the geometric phase Ahranov and Anandan [1] described in 1987
is among the more interesting.

Though these results have been confirmed experimentally — an overview
of these experiments may be found in [23] — from the perspective of a
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2 Introduction

mathematician these papers are lacking in rigor. In this thesis, an attempt is
made to give a mathematically compelling description of the mechanisms
behind this geometric phase.

As in the setup described by Berry, the assumption is made that the ¢-
dependence of the Hamiltonian is due to a slowly varying parameter.
We require the parameter dependence to be ‘smooth’, or ‘differentiable’,
though the parameter space is not necessarily Euclidean. A natural choice
is to model it by a smooth manifold M: a topological space that is locally
‘similar’ to Euclidean space and thus inherits a notion of smoothness and
differentiability. It will be convenient not to consider a map from this space
directly into H, but rather to ‘attach” a copy of H to each point R € M and
study the action of H(R) on this copy. The mathematical structure that
allows us to do this, is called the trivial vector bundle with base space M
and typical fiber H. We consider local eigensections of this bundle: smooth
assignments of an eigenvalue of H(R) for each parameter R in an open
subset of M. A connection in a vector bundle is an extra structure that
for any path in the base space tells us how to ‘connect’ the vector spaces
above this path. It will be shown that as a consequence of the adiabatic
approximation, the geometric phase can be calculated locally by a path
integral on M in terms of the trivial connection and eigensection on this
bundle. The geometric phase will also be written in terms of a surface
integral of a globally defined 2-form, called Berry’s 2-from.

Then, like Simon did, we will consider an eigenbundle of H, modeling a
smooth assignment of an eigenspace of F(R) ‘attached’ to each R € M. Tt
will be shown that solutions of Schrodinger’s equation emerge naturally
from the canonical connection on this bundle.

Finally, the generalization due to Ahranov and Anandan will be described
that gives us a way to calculate the geometric phase exactly, without requir-
ing any approximation. For this, we will consider a vector bundle known
as the tautological line bundle. The base manifold of this vector bundle is
the complex projective space IPH, consisting of wave functions except that
the phase is ‘forgotten’, elements of IPH are sometimes referred to as phys-
ical states. In this context, the geometric phase is also described by a line
integral in the base space.

In order make this mathematically rigorous, in Chapter 2 an outline is given
of some mathematical preliminaries in the theory of smooth manifolds. Sec-
tion 2.1 gives the definition of a smooth manifold, and Section 2.2 discusses
tangent vectors and vector fields. Then Section 2.3 defines cotangent vec-
tors and 1-forms before delving into the theory of alternating multilinear
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maps in order to define general k-forms on manifolds.

Chapter 3 develops the theory of vector bundles, with Section 3.1 giving
the definition of a smooth fiber bundle and the special case of a vector
bundle. Section 3.2 explains connections in vector bundles, giving rise to
the covariant derivative on sections of the bundle, and Section 3.3 uses this
concept to define the horizontal lift of a curve in the base space of a vector
bundle. Section 3.4 then discusses the explicitly trivial vector bundle and
the tautological line bundle, two vector bundles of central importance in
this thesis.

This mathematical formalism is put to use in Chapter 4 where in Section 4.1
the adiabatic theorem is introduced, Section 4.2 explores the implications
of this theorem for the geometric phase described by Berry and Simon, and
Section 4.3 describes the geometric phase due to Ahranov and Anandan.
Finally, in Chapter 5 some directions for further research are given.
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Chapter 2

Mathematical preliminaries

This chapter is meant to familiarize the reader with some concepts in
differential geometry that are extensively used in the rest of the text. In that
light, I have decided to exclude the proofs. This section is mainly based
on [14] and I recommend the reader who is interested in the proofs or in
a more exhaustive discussion on smooth manifolds to consult it. For the
discussion on vector-valued forms, [20] was also consulted.

2.1 Smooth manifolds

A smooth manifold M of dimension # is a space that locally resembles the
Euclidean space IR", and admits a cover of coordinate patches. Where two
patches overlap, there is a smoothness criterion for their transition function.
This allows us to generalize many concepts of multivariate calculus to
spaces that only locally resemble Euclidean space.

The definition of a manifold requires a few basic concepts from topology. A
reader who is unfamiliar with these definitions might, for example, consult
[16].

Definition 2.1.1. Let n € Z>(. If M is a topological space that satisfies the
following conditions:

(a) M is Hausdorff and second-countable;

(b) There exists an atlas A of M, consisting of pairs (U, ¢) with U C M
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6 Mathematical preliminaries

an open subset and ¢: U — IR" a continuous, open and injective map
called a chart, such that {U C M : (U, ¢) € A} is an open cover of M;

(c) The atlas A is smooth: for (U, ¢), (V,¥) € A, the transition map
from ¢ to p written as (o ¢~1): ¢[U N V] — w[UN V] is smooth (i.e.
infinitely differentiable);

(d) The atlas A is maximal: if (U, ¢) is a chartand AU {(U, ¢) } is a smooth
atlas of M, then (U, ¢) € A;

then (M, A) is called a smooth manifold of dimension n.

Often a manifold is written as M and the maximal smooth atlas A is
implied.

A chart ¢: U — R" is a homeomorphism of U and the image of ¢ in R". It
gives rise to a local coordinate system (x',...,x"), where the x': U — R
are the coordinate functions defined such that ¢(p) = (x(p),..., x"(p))
for p € U. The condition that {U C M : (U, ¢) € A} is an open cover of
M guarantees that any p € M is contained in a local coordinate system.

In order to see that the transition map from ¢ to ¢ is well-defined, first note
that ¢ is open, and therefore the image ¢[U N V] is open in R". By injectivity,
for each x € ¢[U N V] there is a unique py € U NV with ¢(pyx) = x. With
this notation, (¢ o ~1): x — ¥(py) is a well-defined map between open
subsets of R”. We call a function f: R" — R" smooth if it is infinitely
differentiable: for any k € Z >0 the k' order partial derivatives must exist
and be continuous.

In practice it is unwieldy to provide a maximal smooth atlas. Luckily, any
smooth atlas .4 on a second-countable Hausdorff space M defines a unique
maximal smooth atlas consisting of all charts compatible with A.

Example 2.1.2. Any finite-dimensional real vector space V withdim V = n
is a smooth manifold of dimension n. Let (|¢;)) be a basis of V, and let
¢: V — R" be the chart defined by [v) — (v') for ' € R such that
|0) = |e;)v, written in the Einstein summation convention. The atlas A :=
{(V,¢)} is trivially smooth, and so induces a manifold structure on V.

Example 2.1.3. For any finite-dimensional real vector space V withdim V' =
n > 1, the projective space IPV, defined to be the set of one-dimensional
subspaces of V, is a smooth manifold of dimension n — 1. Let (|¢;)) be a
basis of V, and for ' € R not all zero, we set

(v!:0*:...:0") = span(|e;)v) € PV, (2.1)
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2.1 Smooth manifolds 7

Note that (v! : ... :0") = (Ao : ... : Ao") forany A € R\ {0}. Now define
open sets U; C P for j € {1,...,n} by U; = {span(le;0') : v/ # 0}, and
define ¢;: U; — R"~! by

R I O L e e  CAPPRO - A AL B

With inverse given by (x') — (x! :...: /71 1/t L x"1). This
map is well-defined, and it is easy to check that the transition maps are
smooth.

Note that both examples generalize to the case of complex vector spaces,
since C itself is a smooth 2-dimensional manifold.

Now that we have a structure that is in some sense ‘smooth’, we are able to
define what smooth functions and maps are.

Definition 2.1.4. Let (M, A) be a smooth manifold. A map f: M — Ris
called a smooth function on M if for every p € M thereisa chart (U, ¢) € A
such that U is an open neighborhood of p and (fo¢~1): ¢[U] — R is
smooth.

We denote the set of all smooth functions on a smooth manifold M by
C*®(M). If V is a finite-dimensional real vector space with basis (e;)), a map
f: M — V is called smooth if there are f/ € C*°(M) such that f = |e;)f".
The set of smooth V-valued functions is denoted by C*°(M, V). Both sets
have a natural real vector space structure with operations pointwise scalar
multiplications and addition.

A type of smooth functions that will prove to be useful later in this thesis
are the so-called bump functions. These are identically zero outside of a
specified open set.

Definition 2.1.5. Let M be a smooth manifold and let f € C®(M) be a
smooth function, the losure of the set {p € M : f(p) = 0} is called the
support of f, written as

supp f :={p € M : f(p) = 0}.

Lemma 2.1.6. If U C M is an open subset of a smooth manifold, and A C U is
closed, there exists a smooth function f € C*®(M) such that supp f C U and
fla =1, called a bump function for A with support in U.
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8 Mathematical preliminaries

Here, ‘=" should be read as ‘is identically” and be taken to mean that
fla(p) = 1 for each p in the domain on f| 4.

A similarly useful construct is the following;:

Lemma 2.1.7. If M is a smooth manifold and U = {Uy,} is an open cover of
M, there exist smooth functions ¢* € C®(M) such that supp ¢* C U, and for
every p € M, 0 < ¢*(p) < 1, and p has an open neighborhood Uy, such that
supp ¢*(p) NU, = @ for all but finitely many «, and

29" (p) =1.
u
The family {$*} is called a smooth partition of unity subordinate to U.

Maps from one manifold to another also have a criterion for smoothness,
derived from their atlases.

Definition 2.1.8. Let (M, A) and (N, B) be smooth manifolds. A map
F: M — N is called a smooth map from M to N if for every p € M there
are charts (U, ¢) € Aand (V,¢) € B such that U is an open neighborhood
of p, F[U] is contained in V,and (¢ o Fo ¢~ 1): ¢[U] — ¥[V] is smooth.

It may be shown that the composition of two smooth maps again smooth.
A smooth map that has a smooth inverse is called a diffeomorphism.

2.2 Tangent vectors

A tangent vector to a point p € M should be thought of as a direction
one can travel starting at p within the manifold M. Since the smoothness
criterion of a manifold is based on infinite differentiability of some maps, it
is natural to define these tangent vectors in terms of differentiation. Tangent
vectors in Euclidean space IR" are correspond to directional derivatives,
and this gives us the idea to think of derivations on M as tangent vectors.

Definition 2.2.1. Let M be a smooth manifold, then X,: C*(M) — R is
called a derivation at p if it is linear and satisfies the product rule: for all
f,g € C®(M) we require

Xp(f8) = f(p)Xp(g) +8(p) Xp(f)-
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2.2 Tangent vectors 9

The real vector space of all derivations at p, denoted T,,M, is called the
tangent space to M at p, and has the same dimension as M. The disjoint
union of these tangent spaces is denoted by

T™™:= | | T,M (2.2)
peM

and has the structure of a smooth manifold of twice the dimension of M.
It comes equipped with a natural projection tr: TM — M that maps a
tangent vector X, € TM to the unique p € M with X, € T, M.

Given a local coordinate system (x') near a point p € M, and write

Co 9| af(,... X"
oy 1= ]+ LX) 23)

then ([0;],) is a basis of the tangent space T, M.

Lemma 2.2.2. If M is a smooth manifold, X, is a derivation at some p € M and
f = cfor some ¢ € R is a constant function on M, we have X, f = 0.

Definition 2.2.3. Let M be a smooth manifold. A smoothmap X: M — TM
such that 7t o X = id), is called a vector field on M, and we often write
Xy for X(p).

The condition 717 o X = id) guarantees that X is a smooth assignment of
a tangent vector at p for each p € M. We write I'(TM) for the set of all
vector fields on M, for reasons that will become apparent below, under
Definition 3.1.2.

Since a vector field X € I'(TM) on a smooth manifold M at each point is
a derivation, we can apply X to a function f € C®(M) and the result is
another smooth function Xf € C*(M), defined by [Xf](p) = X,f € R. By
the product rule, for f, g € C*(M) we have X(fg) = f(Xg) + g(Xf), since

(X(f9)](p) = f(p)Xp(g) +8(p)Xp(f) = [f(Xg) + g(Xf)](p). We call an
X: C®(M) — C*®(M) with this property a derivation.

Differentials

We saw above that if f is a function on a manifold, tangent vectors act on f
in a way reminiscent of differentiation. Using this notion, it makes sense to
define the differential of a function as a smooth function on TM.
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10 Mathematical preliminaries

Definition 2.2.4. Let M be a smooth manifold and f € C*(M) be a smooth
function. We define the differential of f as the function df € C*(TM)
givenby df: X, — X, f € R.

Note that the restriction dfy, := df]|r,u is a linear function T,M — R.

We list a few properties of the differentials of smooth functions:

Proposition 2.2.5. If M is a smooth manifold, f,g: M — R are smooth function,
and a,b € R are numbers, then:

(a) d(af +bg) =adf +bdg;

(b) d(fg) = fdg+gdf;

(c) If I C R is an open interval containing im f, and h: | — IR is smooth, then
d(ho f) = (K o f)df where I is the derivative of h.

If F: M — N is a smooth map between manifolds, then similarly there
is a notion of a differential. In this case, for any point p € M, the map F
induces a map between the tangent spaces TM and TN.

Definition 2.2.6. Let M, N be two smooth manifolds and let F: M — N be
a smooth map between them. We define the differential of F as the map
dF: TM — TN given by

dF: Xy — (f = Xp(f o F)).

Note that for any p € M, the restriction dF, := dF|r,, becomes a linear
map dF,: TyM — Tr(,)N, called the differential of F at p.

It is important to distinguish Definitions 2.2.4 and 2.2.6. Both are called
differentials, but the differential of a function is again a function and the dif-
ferential of a map is again a map. However, these definitions are equivalent
in the sense that there is a canonical identification R ~ T,;R for each a € R,
and with respect to this identification the differential of a function may also
be seen as the differential of a map into the manifold R. The precise details
of this identification may be found in [14, Ch. 3].

We list a few properties of the differentials of smooth maps:

Proposition 2.2.7. If M, N and P are smooth manifolds, F: M — N and
G: N — P are smooth maps, and p € M, then:

(a) de is linear;
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2.3 Differential forms 11

If we consider functions or maps from an open interval, seen as a one-
dimensional manifold with coordinate ¢, the differential gives rise to the
definition of a velocity at each ¢y € I.

Definition 2.2.8. Let M be a smooth manifold, I C IR an open interval with
coordinate t, and f € C®(I) a smooth function. For ty € I, we define the

velocity of f at ty, denoted by f(ty), as
€ R.
fo

Note that f € C®(I) is again a smooth function on I. We also write

Flto) = dfy (%

d .
— = f(tg)- 24
Given a (parametrized) smooth curve 7 into a smooth manifold M, i.e. a

smooth map 7: I — M, the differential also provides us with a notion of
the velocity of this curve.

Definition 2.2.9. Let M be a smooth manifold, I C R an open interval with
coordinate f, and y: I — M a smooth curve. For ty € I, we define the
velocity of 7y at ty, denoted by ¥(to), as

. d
1(to) = d vy () <g‘ > € To(1) M,

to

meaning ¥(p) acts on a smooth function f € C*(M) by

H00)f = 7300 (%\ ) F= Sl (Fom.

to

We see that 7 becomes a smooth map y: I — TM such that rr oy = 7.

2.3 Differential forms

If V is a vector space, the vector space of linear maps V' — R is called
the dual of V, and denoted by V* := L(V;R). Elements of the dual space
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12 Mathematical preliminaries

are called covectors. In the theory of manifolds, cotangent vectors play an
important role.

Definition 2.3.1. Let M be a smooth manifold, then for each p € M we
define the cotangent space at p as TyM = (T,M)".

Like we did for tangent spaces below Definition 2.2.1, we write

T"M:= | | ;M (2.5)
peEM

for the smooth manifold consisting of all cotangent spaces over M, again
of twice the dimension of M. The projection rtr-: T*M — M now is the
one that maps a cotangent vector w € T*M to the unique p € M with
we T,M.

Definition 2.3.2. Let M be a smooth manifold. A smooth map w: M —
T*M such that 7r7+ o w = id)y is called a covector field on M or 1-form on
M, and we often write w,, for w(p).

We denote by Q! (M) the set of all 1-forms on M. As with Definition 2.2.3,
the condition 717+ o w = idy guarantees that w), is a covector at p for each
p € M. Therefore, wp becomes a linear map of TyMinto R, and a 1-form
may be seen as a smooth map w: TM — R such that w|r,u is linear for
each p € M. The converse is also true: any such smooth map w may be
seen as a 1-form.

Example 2.3.3. For f € C®(M) a smooth function, we saw in Defini-
tion 2.2.4 thatdf: TM — R is a smooth map that is linear when restricted
to any tangent space, thus for p € M we have df, € T;M, and df is indeed
a 1-form.

Let (x') be local coordinates on a open subset U C M and consider the
local coordinate functions x*: U — R and corresponding differentials dx'.
Then we may write

df = %dxi. (2.6)

In particular, the basis (dx'|,) of T; M is the dual basis of (% |p), the stan-
dard basis of TM.
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2.3 Differential forms 13

Integration of 1-forms

Definition 2.3.4. Let M, N be two smooth manifolds, and F: M — N a
smooth map between them. If w € Q!(N) is a 1-form on N, we define the
1-form F*w € QY(M) called the pullback of w along F pointwise by

[F*w]p: X, — w([dF],X,). 2.7)

If we have some 1-form w on an open subset I of the real numbers contain-
ing [a,b] C R, we may write w; = f(t)dt for some f: € C®(I). We then
define

b
g /a F(1)dt 2.8)

where the right-hand side is just the Riemann integral of f.

Definition 2.3.5. Let M be a smooth manifold, y: I — M a smooth curve,
and let w be a covector field over M, then we define the line integral of w
over 7y on a closed interval [a, b] C I to be

[rw = /[a,b] T = /ab (wy(t)’y’(t))dt.

The result is independent of the parametrization of 7: if 9': [c,d] — M is
another smooth curve such that there exists an increasing diffeomorphism
¢: [a,b] — [c,d] with v = 9/ o ¢, for any 1-form w we have fyw = fv’ w.
Another important result on line integrals is the following;:

Theorem 2.3.6 (Fundamental theorem for line integrals). If M is a smooth

manifold, f € C®(M) is a smooth function and vy : [a,b] — M is a smooth curve
in M, then

/7 df = f(4(b)) - f(x(a)).

This follows from the fundamental theorem of calculus. A reader interested
in more details may find them in [14, Theorem 11.39].

Tensor products of multilinear maps

A comprehensive discussion of tensor products is outside the scope of this

thesis. Instead, we focus on the tensor product of covectors. We write
F € {R,C}.
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14 Mathematical preliminaries

Definition 2.3.7. Let Vj,...,V, and W be F-vector spaces, then a map
F: Vi x -+- x Vy — W is called multilinear if for each i € {1,...,k} and
eachv; € Vi, ..., v € Vi, v} € Viand A, A’ € F we have

F(vy,...,Av;+ A0, ..., o) = AF(vy,...,0r) + AF(vy,...,0%,...,0).
We denote the vector space of multilinear maps V; x --- x Vx — W by
L(Vl, ey Vk; W)

A multilinear map with two arguments F: V; x V, — W is often called
bilinear.

Definition 2.3.8. Let V,..., Vi and Wy, ..., W, be F-vector spaces, and F €
L(V4,...,ViuFF), G € L(Wy,...,W;;F) be two multilinear functions. We
define their tensor product as the multilinear function F ® G, the element
of L(Vl, ceay Vk, Wl/ .. .,Wl,']F) givenby

FRG:v,...,0,W1,..., W —> F(vl,...,vk)G(wl,...,wl).

This product is obviously associative.

We introduce the shorthand notation T%(V*) := L(V,..., V;F) where the
right-hand side has k copies of V. This notation emphasizes that T¥(V*)
may be seen as a generalization of V* = L(V;F). Elements of T(V*) are
called covariant k-tensor on V.

Definition 2.3.9. Let V, W be F-vector spaces. A multilinear map F: V x
- x V — W is called symmetric if its value is invariant under permuting
any pair of argument, so if for indices i < j we have

F(Ul,...,vi,...,v]-,...,vk) = F(vl,...,vj,...,vi,...,vk),

and is called alternating or antisymmetric if such a permutation introduces
a minus sign, meaning we have

F(’(’Jl,...,Z)l’,...,Z)]',...,’Uk) = —P(Ul,...,’(')]',...,Ui,...,vk).

The vector space T¥(V*) admits projection maps into a subspace of sym-
metric tensors ©¥(V*) and a subspace of alternating tensors A*(V*).

Definition 2.3.10. Let V be a [F-vector space. We define the symmetrization
by
Sym: TH(V*) — Zk(V*)

n— (Ulf---/vk = 1 Z x <U(7(1)/---/Ua(k))>
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2.3 Differential forms 15

and the alternation by

Alt: TH(V*) — AR(V¥)

1
g — (vl,...,vk ad Y (sgno)a <UU(1)/---/UU(k))> :

: aeSk

The symmetrization and alternation maps are clearly linear, and map into
the correct subspaces. If « is symmetric, for any o € Sy we have

14 (va(l),...,va(k)) = lX(Ul,...,TJk) (2.9)

and Syma = &, thus Sym? = Sym and imSym = ¥X(V*). Similarly
Alt? = Altand im Alt = AF(V*).

Alternating covariant tensors will be used to generalize the concept of
1-forms, and therefore are of special significance to us. Foreshadowing this,
we call them exterior forms.

Note that the tensor product of two exterior forms is not necessarily alter-
nating. However, there is a natural analogue called the wedge product that
does guarantee the result is again an exterior form.

Definition 2.3.11. Let V be a F-vector space, and let w € A¥(V*), yy €
A'(V*) be exterior forms. We define their wedge product as the exterior
form w A7y € A*H(V) given by

(k+1)!
kil

wAY = Alt(w ® 7).

The wedge product is bilinear, associative and anticommutative.

Notice that A°(V*) is by definition taken to consist of the real numbers.
Thus, for A € R a scalar and w a exterior k-form, we have

AN w=Alt(A @ w) = Alt(Aw) = A Altw = Aw. (2.10)

Differential forms on manifolds

For k € Z>pand p € M a point on a smooth manifold, we denote

T*M:= | | (T,M)" (2.11)
peEM
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16 Mathematical preliminaries

where the right-hand side denotes the Cartesian product of k copies of T, M.
T°FM thus consists of k-tuples of tangent vectors at the same point.

Definition 2.3.12. Let M be a smooth manifold. A smooth map w: T%M —
R such that w| (T, M)k is an exterior form for all p € M is called a differential

k-form on M, and we often write w), for w| (T, M)k+

The set of all k-forms on M is denoted by Qf(M). The wedge product of
two differential forms is defined pointwise by (w A7), := wp A 1.

Note that 0-forms are just smooth functions, and a 1-form in the definition
above is exactly the same as in Definition 2.3.2, as per the remark directly
below. As we have seen earlier, the differential of a smooth function f €
C*®(M) is the 1-form df. It turns out we can generalize this notion and to
each k-form w assign a (k + 1)-form dw that behaves like a derivative of w.

Theorem 2.3.13 (Exterior differentiation). Let M be a smooth manifold, then
there are operators d: QX (M) — QFF1(M), called exterior derivatives, uniquely
defined by the following properties:

(a) Each d is R-linear.
(b) Foreach w € QFK(M), n € Q' (M) we have

d(wAny) =dwAg+ (=1)5w Ady.

(c) dod = 0.
(d) For f € Q%(M) = C®(M), df is given by X — Xf.

From (d), it is clear that the differential operator in Definition 2.2.4 is an
exterior derivative.

Below, we will extensively use maps that send tangent vectors of a manifold
(multi)linearly and alternatingly into a vector space. This is entirely analo-
gous to Definition 2.3.12, and therefore these maps are called vector-valued
forms.

Definition 2.3.14. Let M be a smooth manifold and V a vector space. A
smooth map w: T*M — V such that w| (T, M)k is multilinear and alternat-
ing for all p € M is called a V-valued differential k-form on M, and we
often write w), for w](Tp M)k-
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2.3 Differential forms 17

For M and V as above, we denote the set of all V-valued k-forms on M by
Ok (M, V).

If w € OF(M, V) for V finite-dimensional, and we choose a basis {|¢;)} of V/,
there are unique real k-forms {w'} such that w = |e;}w. This decomposition
may be used to make sense of notions like the wedge products and exterior
derivatives for vector-valued forms.

If V, W and Z are finite-dimensional vector spaces, a bilinear map p: V x
W — Z gives rise to a wedge product A, of V-valued and W-valued forms,
that results in a Z-valued form.

Definition 2.3.15. Let V, W and Z be finite-dimensional vector spaces such
that V has basis (|v;)), W has basis (|w;)), and pu: V x W — Z is a bilinear

map. Leta = |v;)a’ € QF(M, V) and B = |w;)Bl € OF(M, W) for certain
al € OF(M), B € OY(M) be two vector-valued forms, then their wedge
product is defined by

aAyBi= (o A ,Bj)y(vi,w]-) e OF(7).

Scalar multiplication gives natural bilinear maps V xR = Vand R x V —
V, and the wedge product with respect to these maps is just denoted by A. If
Ay is a wedge product as above, and we have forms & = |v;)a’ € QX(M, V),

B=|wj)p/ € O(M,W),and w € Q" (M), we have
aAw= (' Aw)y; = (1) "w Add)o; = (1) wAx. (212)
and

(aANw) Ny B = (oci/\w/\,Bj)y(vi,wj) =a Ay (wAPB). (2.13)

If a, B are complex-valued forms, the bilinear multiplication map -: C x
C — Cis implied, and we just write & A B for a A. B.

Vector-valued k-forms inherit a notion of exterior differentiation from the
k-forms: for a = |v;)’ € QOF(M, V) we set da := |v;)(da’) € QFF1(M, V).

Proposition 2.3.16. If V, W and Z are finite-dimensional vector spaces and
u:V x W — Z is a bilinear map, for « € QF(M, V) and B € Q! (M, W), we
have

d(a Ay B) = da Ay B+ (—1)Fa Ay dB.

A proof may be found in [20, Prop. 21.3].
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Chapter 3

Vector bundles

This chapter contains the central mathematical concepts required in the
study of geometric phases in Chapter 4. The literature on vector bundle
connections in quite scattered, and while the approach in this chapter is
based on [13], some concepts had to be proven in a more general context,
and I also utilized [9, 12, 19, 20].

3.1 Definition

Definition 3.1.1. Let r: E — M be a smooth map between smooth man-
ifolds. If there exists a smooth manifold F, called the model fiber, and
for each p € M the spaces E, and F are diffeomorphic, and the base
space M admits an open cover {U, } such that there are diffeomorphisms
¢*: 71 (U,) — U, x F, each called a local trivialization, such that the
diagram

commutes, we call (E, M, 7t) a smooth fiber bundle.
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20 Vector bundles

Definition 3.1.2. Let 7: E — M be a smooth fiber bundle, then a map
c: M — Eis called a smooth section of E if 7t o 0 = id .

The set of smooth sections is denoted by I'(E). Not every fiber bundle
admits a global section, thus we may need to consider section only locally.

Definition 3.1.3. Let 1: E — M be a smooth fiber bundle and U C M an
open subset, then a map o: U — E is called a smooth local section of E on
Uif moo =idy.

The set of smooth local sections on U is denoted by I'y;(E).

Definition 3.1.4. Let r: E — M be a smooth fiber bundle with typical fiber
a real (complex) vector space V with k = dim V. The bundle is called a
smooth real (complex) vector bundle of rank k if for each p € M, the fiber
E, = 71 !(p) has the structure of a k-dimensional real (complex) vector
space, and for each local trivialization ¢* and each p € U, C M, the
restriction ¢*|(,1: Ep — {p} x V is a linear isomorphism.

In the Dirac bra—ket notation, a section ¢ € T'(E) of a vector bundle will be
written |¢), and this section evaluated at a point p € M as |7)y.

Example 3.1.5. We have already seen two important examples of vector
bundles: the tangent bundle (below Definition 2.2.1) and cotangent bun-
dle (below Definition 2.3.1) of a smooth manifold. Smooth sections of
these bundles are exactly the vector field (Definition 2.2.3) and 1-forms
(Definition 2.3.2).

Note that each vector bundle admits a global section: for example, the
zero-section |0): p — (p,0) is smooth.

For calculations in vector spaces, it is often useful to chose a basis. The
concept of a basis may locally be extended to vector bundles.

Definition 3.1.6. Let 7t: E — M be a smooth vector bundle, and let U C M
be an open set and |e;) € I'yy(E) local sections on U. If for every p € U the
collection (|e;)y) is a basis for E, the collection (|e;)) is called a local basis
of sections of E.

Since any vector bundle is locally trivial, it is always possible to find a local
basis of sections near a point p € M. This is clear from the observation that
for local trivialization ¢*, a choice of basis on the typical fiber V gives rise
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3.1 Definition 21

to a local basis of sections on U,. If a vector bundle admits a global basis of
sections, it is called trivial.

An interesting fact on local trivializations on a compact manifold is the
following:

Lemma 3.1.7. If M is a compact smooth manifold and 7t: E — M is a smooth
vector bundle, M admits a finite cover U such that each U € U is connected and
admits a local basis of sections of E.

Proof. This follows directly from the fact that any open cover of a compact
space admits a finite subcover. Let {U,} be a cover of M like in Defini-
tion 3.1.1. Write C, for the set of connected components of U, and take
U = |J, C,. It is obvious that this set still covers M. If we take U to be a
finite subcover of U, clearly each element admits a local trivialization and
is connected. O

Given a smooth map F: M — N of a manifold into the base space of a
vector bundle, we may pull back the vector bundle structure along F. This
results in a vector bundle with base space M where the fiber above a point
p € M is taken to be the fiber above F(p).

Definition 3.1.8. Let M, N be smooth manifolds and let 7t: E — N be a
vector bundle. For a smooth map F: M — N, the bundle

F'rt: F'FE - M

with F*E := {(p,v) € M X E : m(v) = F(p)} and F*r the obvious projec-
tion on the first coordinate is called the pullback bundle of 7t along F.

Definition 3.1.9. Let M, N be smooth manifolds, let 71: E — N be a vector
bundle and ¢ € T'(E) a smooth section. For a smooth map F: M — N, the
section
F*c: N — F*E
p— (p,o(E(p)))

is called the pullback section of v along F.
An important additional structure on a vector space is a choice of inner

product. We want to generalize this to vector bundles, making a smooth
choice of inner products on the fibers.
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22 Vector bundles

Definition 3.1.10. Let 7: E — M be a real (complex) vector bundle. A
Riemannian (Hermitian) metric on E is an assignment of inner products
(_|_)p: Ep x E; — TF to each vector space E, such that for smooth sec-
tions |o7), |0p) the inner product (oq|op): M — TF defined pointwise by

(o1]e2)(p) == (@1 (p)|oa(p))p is smooth.

Here we follow the convention from quantum mechanics that the inner
product on a complex vector space is linear in the second coordinate.

We will simply refer to a real vector bundle endowed with a Riemannian
metric as a Riemannian vector bundle, and to a complex vector bundle
endowed with a Hermitian metric as a Hermitian vector bundle.

3.2 Connections

Definition 3.2.1. Let r: E — M be a vector bundle. A map
V:T(TM) x T(E) — T'(E),

denoted by Vx|o):= V(X, |0)) is called a connection in E if it satisfies the
following properties:

(a) V is linear over C*(M) in the first coordinate, i.e. for all X1, X, €
I['(TM), |o) € T(E), f,g € C*°(M) we have

va1+gX2|(T> = fVx o)+ 8V x, o)

(b) V is linear over R in the second coordinate, i.e. for all X € T'(TM),
|o1), |02) € T(E), a,b € R we have

Vx(a|lo1)+b|on)) = aVx|oy)+ bVx|om);

(c) V satisfies the following product rule: for all X € T(TM), |o) € T(E),
f € C®°(M) we have

Vx(flo)) = fVx|o)+ (Xf)|o).

A connection on the tangent bundle TM — M is an important object in the
tield of differential geometry, and is called a linear connection on M.
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3.2 Connections 23

For fixed X and |o), the section Vx|0)is referred to as the covariant deriva-
tive of |o)in the direction of X and is sometimes denoted by |V x0).

Keeping the section |0) fixed, we may view a connection V as a linear
map from I'(TM) to T'(E), denoted by V|c): X — Vx|c). Since I'(E) is a
vector space, and by the C*(M)-linearity of the connection, V|o)is just a
I'(E)-valued 1-form.

Lemma 3.2.2. If V is a connection in a vector bundle 7t: E — M, for any
X € I'(TM), |¢) € T(E) and p € M, the value of |Vx0), depends only on
the value of X at p and the value of |o) near p, in the sense that if there are
X' € T(TM) and |0’) € T(E), and U C M is an open neighborhood of p
satisfying X, = Xj, and |o)|u = |0")|u, then |Vxo)y = |Vxi0').

For a proof, the reader might consult [13, Lemma 4.1 and 4.2]. As a result of
this lemma, we may unambiguously write Vx, [o) for [Vx0o),, and it makes
sense to write | Vo) even if |0) and X are only local sections defined the
same domain in M.

Lemma 3.2.3. If m: E — M is a vector bundle with dim M = m, dimE =
m+n, and U C M is an open neighborhood that admits local coordinates (x')
and a local basis of sections (|e;j)) of E, there exist functions l"i-‘]- € C*®(U) for
1<i<mand1 < j,k < ncalled the Christoffel symbols of VV with respect to
the local coordinates and the basis of sections, such that

k
[Vaej) = Tijlex):

For any local vector field X € Ty(TM) and section |o) € Ty (E) expressed in
local coordinates by X = X'0; and |c) = o7 |e;), we have

Vxo)= (Xo* + Xicrjl"if]-) e ).
Proof. By Lemma 3.2.2 V acts unambiguously on local sections. Since at

any point p € U, (|e)y) is a basis of E,, we may select FZ(P) to be the
unique scalars that satisfy

Vaejly = F@(P)\eﬁp
For the second part, by the properties of V we have
|VX0’> = Uf]VXej>+ (XO'j)|€]'> = Xi0'j|v;)i€]'>+ (X(Tj)\e]->.

Substituting the definition of Fi-‘j and changing the summation index j in

(Xo)) lej) to k gives the proposed equation. O
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Lemma 3.2.4. If M, N are smooth manifolds, V is a connection in a vector bundle
m: E— N,and F: M — N is a smooth map, there is a unique connection F*V
on the pullback bundle F*rt: F*E — M satisfying

[F*V]x(F'o) = F*(V(ar)x0), (3.1)

forall X € T(TM) and o € T(E). This connection is called the pullback
connection of V along F.

Proof. Suppose F*V is such a connection. For each p € M, let U C M be
an open neighborhood of p such that U admits local coordinates (x') and
F[U] is contained in a coordinate patch (y') that also admits a local basis of
sections (|e;)) of E. Clearly, (F*|e;)) forms a local basis of sections of F*E on
U, and we calculate the Christoffel symbols of F*V with respect to this at
p. Let Y/ (p) € R such that dF,0; = Y}al € TyN, then

[[F*V]5,(F*lej)] (p) = [F*(Vara,lei)] (p)
= (p, [VdFa |€]}(F(P )
= (p, Y/ (P)TH(F(p)) lex))
YZ(P) ( ( ) (F*lex).

Thus F*V has Christoffel symbols [F*F]i.‘j(p) = Yil(p)l";‘j(l-" (p)), and the
second part of Lemma 3.2.3 gives the existence and uniqueness of F*V. []

If a vector bundle has extra structure, like a metric as in Definition 3.1.10,
we are interested in connections that respect this structure.

Definition 3.2.5. Let 7t: E — M be a Riemannian (Hermitian) vector bun-
dle. A connection V is called a Riemannian (Hermitian) connection if for
any |01),|02) € T(E) and X € T'(TM) we have

X<0'1 ‘0’2> = <VX(71 ’0’2>—|—<0’1|Vx0’2>.

3.3 Horizontal lifts

Now that we have developed the methods of covariant derivatives, we
apply them to lift a curve y: I — M horizontally into 4: I — E: requiring
that 4 projects down to 7, and is locally ‘flat” with respect to the connection
on E.
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Definition 3.3.1. Let 7t: E — M be a vector bundle, and let y: I -+ M be a
smooth curve. A smooth map (: I — E is called a section of E along y or
a lift of vy into E if we have mo { = 7.

We denote the space of section of E along 7y by I' (E).

Example 3.3.2. If M is a manifold and y: I — M is a smooth curve, the
velocity 7 we saw in Definition 2.2.9 defines a section of TM along +.

Note that if v is self-intersecting, i.e. there are distinct ¢,t' € [ with y(t) =
('), we allow {(t) # {(t'), and in such cases it is not possible to extend
to a (local) section of E.

Definition 3.3.3. Let 71: E — M be a vector bundle, and let y: [ — M be
a smooth curve. A section { € I'y(E) along 7 is called extendible if there
exists an open neighborhood U of imy and a local section |o) € T';(E),
such that { = 0 o 7, and |0)is called an extension of {.

Lemma 3.3.4. If t: E — M is a vector bundle with connection V, then for each
curve y: I — M the connection defines a unique operator Dy: I',,(E) — I',(E)
called the covariant time derivative satisfying the following properties:

(a) Dy is linear over R, i.e. forall {1,(, € T (E), a,b € R we have

D¢(al1 + b2) = aDi1 + bDi;

(b) Dy satisfies the following product rule: for all { € T, (E), f € C*(I) we have

Di(f8) = fC+ fDi;

(c) Dy is compatible with ¥V in the sense that for all { € T, (E), if { has an
extension |o), at every ty € I we have

[Deg](to) = Vi) l0)
The proof is adapted from that of [13, Lem. 4.9].

Proof. Suppose Dy is such an operator. For any ty € I, consider an open
neighborhood ] C I of ¢y such that an open subset U C M containing 7[]]
exists that admits a local basis of sections (|e;)).

First we show that if {,{’ € I',(E) sulffice {|; = {’|; we have [D{](ty) =
[D¢l'](to). By linearity, it suffices to proof that [D¢({ — ¢')](to) = 0. By
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Lemma 2.1.6, there exists a bump function with support in | such that
f(tp) = 1. Then

0=D0=Dif({—)=Ff({—)+fD(¢—C)=fD(C—T)

which proofs our claim. [D;(] (o) thus only depends on the behavior of {
near fg.

Now for t € | we can write {(t) = |ej>,y(t)§j(t) and {(t) = |ej)7(t)€j(t), and
we have

[DiZ](to) = & (to)lej)y(z,) + & (to) [Delej)y(r)] (to)
=T (to)lehy(ty) + T (t0) Vg lej)

This shows the value of D;( at t is uniquely determined by the choice of {
and the connection V.

We can use the expression above as a definition to construct the value of
D;{ at any point in I. We need to proof this is indeed a covariant time
derivative by checking the properties.

(@) If {1,0» € Ty(E) and a,b € R, for any fy € I construct a local frame as
above, then aZy (t) 4+ ba(t) = (ali(t) 4+ bTh(t)) |ej)y (1), and the required
linearity follows from the construction and the linearity of the velocity.

(b) If § € T'y(E), f € C*(I) and again we construct a local frame, we have
[FZ)(£) = lejh o f()(£). Now we have

[DefZ1(t0) = [FT + FU1(t0)lejhy(so) + LFT'](t0) Vi) le)

= [£T](to) e ag) + £ (£0) (& (to)l€j)y(a) + T (0) Vy(20)l€))
= [f¢ + fDig](to)-

(c) If € T'(E) has an extension o € I'y(E) and we construct a local frame
on an open U C V,and ¢/ € C*(U) are such that o = |e]->(7f, we have
Vi) = [7(f0)0j]|€j>fy(to) ﬂ-ffj(’Y(to))Vy-(to)Wj)
= (to)lejy 1) + & (F0) Vit lef)
= [Dig](to)

since {/ = o7 oy, and ¥(tg)o? = {/(tg) per Definition 2.2.9.
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]

Definition 3.3.5. Let t: E — M be a vector bundle with connection V, and
let v: I — M be a smooth curve. A section { € I',(E) along v is called
horizontal with respect to V if we have D;y = 0.

The central theorem for parallel transport in vector bundles is the following:

Theorem 3.3.6. If r: E — M is a vector bundle with connection V and y: I —
M is a smooth curve, for tg € I and |v), € E, with p = y(ty) € M there
exists a unique horizontal section of E along vy with value |v), at ty, denoted by
Yoy, € I, (E) and called the horizontal lift of v with value |v), at t.

The proof is adapted from that of [13, Thm. 4.11].

Proof. Suppose 7, is such a lift and take m := dim M, n := dim E — m.
Let ] C I be an open interval containing ¢y such that an open neighborhood
U C M of []] exists that admits local coordinates (x') and a local basis of
sections (|e;)) of E. Ease notation by setting { := ¥y, [; and by an abuse of

notation 1y := <|j, then from Lemma 3.2.3 we have
Vo le)) = (465 + +16/TK) e ) = Tk
yler) = (¥o] + 76 T5) lex) = ¥'Tijlex)

since we can write |e;) = (5{ |ej) for 5{ € C*®(U) the constant function (5{ =0
for ] # jand 5{ = 1 for [ = j. Because 7 is a derivation, the term "yé{ at each

time is a derivation acting on a constant function and thus vanishes. From
the proof of Lemma 3.3.4 it follows that we can write

0= &ley)+TIVsles) = Tlep)+ 7Thle) = (& + /4T ) lew)

and this results in the system of n ordinary differential equations (ODE’s)
on I given by

(1) = =7 (OTH(v (D) - T (8).
The existence and uniqueness of a solution to such a system of linear first-

order ODE’s is well known. The interested reader might consult [7, Theorem
3.4].

Now that we know how to construct local solutions, we ‘glue’ these together
into a global solution. Since by an argument similar to that of Lemma 3.1.7
we may cover M in a finite number of coordinate patches, we may take
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(Jz)zez to be a collection of connected open subsets of I satisfying the
conditions above, indexed by Z = {z € Z : z= < z < z"} for some
boundaries z7,z" € Z, such that [ = (J,c, J; and forz~ < z < z7 there
exists an element t, € J; N J,1. A global solution is constructed inductively:
if alocal solution {,: I, — E is found, the values , () and {;(t,41) may be
used as initial values to find a solution in I, 1 and I, as described above,
and the uniqueness guarantees the solutions agree on the overlap. O
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3.4 Examples

3.4.1 Explicitly trivial vector bundle
Definition

For M a manifold and V a real vector space, the explicitly trivial vector
bundle over M with typical fiber V has total space E = M x V and projec-
tion r: E — M given by projection on the first coordinate. Note that this
bundle is trivial in the sense that it has a global basis of sections: for any
basis {|¢;)} of V the sections |e;): p — (p, |¢})) clearly suffice.

Connection

Firstly we construct a connection on E. Note that there is a canonical bijec-
tion between I'(E), the smooth sections of E, and C®(M, V), the smooth
functions of M into V. This identification is given by

o) = (fo: p = v (e (p)), (32)

where 71y : E — V is the projection on the second coordinate. That this is
indeed a bijection is seen by constructing the inverse identification

f=(log):pe= (p f(p))- (3.3)

Now the exterior derivative of the vector valued function f, gives rise to
the trivial connection on E. For each vector field X € I'(TM) and smooth
section |o) € T'(E), this connection is given by

(Vxo): p—= (p, [dfe]pXp). (3.4)

Since [df;],: T,M — V this is indeed a section of E.

This indeed satisfies the conditions in Definition 3.2.1: the linearity condi-
tions are obvious, and the product rule follows from Proposition 2.2.5.

Covariant time derivative

We now construct the covariant time derivative associated with this con-
nection. For a smooth curve v: I — M with lift { € T',(E), the proof of
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Lemma 3.3.4 gave a way to calculate [D;(](to) for any ¢y € I:
[Dig](to) = T (to)lej)y(zy) + T (t0) Vit l€)
= [ £ (t0)le)+ T (ko) e (10)3))]
= [ wle)]
= (7(to), f¢(t0)). (3.5)

The horizontal lifts must satisfty D;{ = 0, thus fg = 0 along the curve
and are therefore given by t — (y(t), |v)) for some constant |v) € V. This
justifies calling the connection trivial: it just ‘connects” elements in different
fibers if they represent the same vector in V.

v(to)

Riemannian or Hermitian connection

Now consider the special case that V is a real or complex inner product
space. Let |07), |02) € T(E) be sections of E, and define fglz M — V* by
fgl(p): |0) — (fo(p)|v). Now fgl and f,, are respectively V*-valued and

V-valued 0-forms, and since there is a natural bilinear inner product map
ip: V* x V. — F given by ip((v|], |w)) = (v|w), we may write

(01]02) = f2. Nip for- (3.6)
For any vector field X € I'(TM), this leads to the equality

X<Ul|02> = d(fgl /\ip foz)X = ([dfgl] /\ip fffz +fgl /\ip [dez])X' (3.7)

On the other hand, we have

(01|Vxoa)y = ip (f2,(p), [dfe)pX) = (fo, Nip [dfenl) X (3.8)

and

(Vxorloay = ip (f3,(p), [dfn]pX) = ([Af3] Nip for) X, (39)
since we have X, (fgl) = (Xpfe,)’

This shows that the trivial connection of the trivial bundle E = M x V with
V a real or complex inner product space is Riemannian in the former case
and Hermitian in the latter.
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3.4.2 Tautological line bundle
Definition
Let V be a real (complex) inner product space and

PV = {W C V | W is a 1-dimensional subspace of V' }

be the projective vector space. The tautological line bundle Oy may be
thought of as the vector bundle over PV where the fiber of an element
W € PV is W C V: the bundle is tautological. Specifically, we have

Oy ={(W,|w)) e PV x V | |w)e W}

together with the obvious projection 77y : Oy — PV defined by (W, |w)) +—
W.

Connection

The tautological line bundle has a canonical connection it inherits from
the explicitly trivial vector bundle PV x V. In order to construct it, we
define the projection operator pp: PV x V. — PV x V by pp(W, |v)) =
(W, pw(|v))) where pyy is just projection onto the subspace W. We clearly
haveimpyw = Oy CPV xV

Now, if |0) is a smooth section of PV x V, then p o |0)is a smooth section
of Oy, and since each section of Oy can be seen as a section of PV x V, this
leads to the definition for a connection V© on the tautological line bundle:

VQ|o):= po o |Vxo). (3.10)

This satisfies the conditions in Definition 3.2.1: since V is a connection the
linearity conditions follow directly from the linearity of Pp on each fiber,
and the product rule follows from linearity and the fact that Py o |0) = |o)
for |o) e T(Oy).

Covariant time derivative

We again consider a smooth curve y: I — PV with lift € T,,(Oy). Let
to € I and let U C PV be an open neighborhood of y(fy) that admits a
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local basis of sections (|e;)), and extend this basis to a basis of sections of
PV x V, by an abuse of notation also denoted by (|e;)). We use the proof of
Lemma 3.3.4 to calculate

[DPZ](to) = & (o) lejyry) + & (t0) Vi le7)
)eidyt, +§’( 0)p (V w)1ei)

ZPo(éf(to)lem + (k) Vg1 le)
= po([Di](t0))
B (ry(to)’p'Y(to) (fg(fo)))- (3.11)
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Chapter I

Geometric phases

After quantum mechanics was first developed, it lasted until 1984 before
it was realized that the phase transition of a system described by a time-
dependent Hamiltonian is a meaningful quantity. Berry [3] found this
phase difference to be a measurable effect. His paper sparked interest in
the research of geometric phases, and in the subsequent years many interpre-
tations and generalizations were published of which we will discuss the
most important.

This chapter constitutes the main result of the thesis: the mathematical
machinery developed above is put to use to formalize the concepts in [3],
[18] and [1]. Zwanzinger et al. [23] provide an overview of Berry’s phase
and some generalizations, and I would recommend the interested reader to
consult it. Apart from the aforementioned original papers for Section 4.2,
[10, 17] were also consulted, and for Section 4.3 [4, 6, 15].

4,1 The adiabatic theorem

An important result in quantum mechanics is the adiabatic theorem, proposed
in the early days of quantum mechanics by Ehrenfest [8] in 1917 and first
proven by Born and Fock [5] in 1928 and in a more general context by Kato
[11] in 1950.

Consider a system in quantum mechanics that is described during time
[0, T] by a time-dependent Hamiltonian operator H(t) on a complex Hilbert
space H, for a smooth assignment ¢ — H(t). Suppose that at any time
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34 Geometric phases

t € [0,T], H(t) has an eigenvalue E,(t) such that t + E,(t) is smooth.
Further assume an ¢ > 0 exists such that the spectrum of H(t) is discrete
within a distance ¢ from E,(t) at any time t € [0, T]. For T € R+, let [h; _)
be a solution to the slowed-down Schrodinger equation

L td A
i - - dt , |’7L7T} t)= (H(t) - En(t)) |¢T;t> (4.1)

with initial condition H(0)|¢+;0) = E,(0)|¢p<; 0).

Theorem 4.1.1 (Adiabatic theorem). If we have a system as described above, the
limit

|p; ) := lm | f) 4.2)

T—00

exists and for any time t € [0, T] we have H(t)|y;t) = E,(t)|;t)

Working with this theorem is awkward, and physicists tend to use it to jus-
tify the adiabatic approximation: if the time-dependence of the Hamiltonian
is slow enough, we may assume up to a very small error that a solution of
Schrodinger’s equation is an instantaneous eigenvector of the Hamiltonian
operator at some time, stays an eigenvector of the operator.

4.2 Berry-Simon phase

The basic setup described by Berry [3] is a finite-dimensional Hilbert space
H with dim#H > 1 together with a Hermitian operator H(R): H — H
called the Hamiltonian that smoothly depends on a parameter R € M
with M a compact smooth manifold called the parameter space. Here it is
assumed that the Hamiltonian for any parameter has discrete and distinct
eigenvalues. We will vary the parameters as represented by a smooth curve
p: I — M with I an open interval containing [0, T|, and for each time ¢ € I
consider the Hamiltonian H(p(t)). In this setup, a wave function

l; 1 —H
te [P;t) (4.3)

is said to solve the Schrodinger equation if at any ¢y € I we have

ih | T )= Ho(to) |3 to) (44)
fo
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4.2 Berry-Simon phase 35

4.2.1 Berry’s phase
Formalism of vector bundles

A natural way to describe this system is as a trivial vector bundle over
M with typical vector the Hilbert space H, and considering H(R) to be a
Hermitian operator on the Hilbert space above R for each R € M. This vec-
tor bundle is defined by E = M x H together with the obvious projection
t: E — M. We endow this bundle with the trivial connection V defined in
Section 3.4.1.

For any parameter R, there exists an open neighborhood of U C M of R on
which smooth sections |n;) € I'ij(E) may be defined that have unit norm
everywhere and suffice

H!nu> = Enl|nu), (4.5)

for a function E, € C®(U) called an eigenfunction. These sections are
called local eigensections, since at any parameter R € U this is just the
eigenvalue equation well-known in quantum mechanics. Since the eigen-
values of H are discrete and non-degenerate, it is never ambiguous which
eigenvalue is the n" and E, is globally well-defined.

Instead of studying solutions of Equation (4.4) directly, we consider the
induced section ¢ € I'y(E) of E along p, defined by

g: b (p(0), ly;1). (4.6)
In this context, Schrodinger’s equation becomes

ih Dy = Hap. (4.7)

We assume the curve p in parameter space is traversed adiabatically, i.e.
slowly enough that the adiabatic approximation is valid. Thus a wave
function that is at some time ty € [0, T] an eigenvalue of H(t), say the
nth, stays an eigenvalue. We claim that without loss of generality, we
may assume E, = 0. This may look like a restriction, but it is not. For
a general Hamiltonian H(R), we may instead consider the Hamiltonian
A'(R) = H(R) — E,;(R) for which the n'h eigenvalue is indeed identically
zero, moreover the solutions of H’(R) and H(R) will only differ by an
easily computable dynamic phase: if |, _)solves Equation (4.4), then

.2 —1 pt
|/, 1) = e~ Jo Enle()dt |y, ) (4.8)
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solves

55| W)= (Ble) =~ Exlp(0)¢3t0) = H (pl0) /s t0) (49)

In the language of local eigensections, let U be an open neighborhood of
p(to) that admits local eigensections and let ] C I be an open interval
such that p[J]] € U. Setv € I, (E) to be the restriction of |ny) to p,

ie. the section along p|; defined by v(t) = |nu)y) fort € J. If p is

a solution of Equation (4.7) that at time tq is in the n'" eigenspace, so
HA(p(ty))¥(tg) = 0, then due to the adiabatic approximation there is a
smooth function v € C*(J) such that

p(t) =" Dy(p), (4.10)
for t € J. Substituting this into Equation (4.7) gives
ih Dy = Hyp
Dy (e"v) = A (M)
ive v + e Dy =0
’5/1/ = iDtl/
5 =iv’ Dy, (4.11)

where we denote by 1° € T, 7(E*) the section of the dual bundle E* :=
M x H* defined by " := (v|_). We similarly define (n;| € T'y(E*) by
(ny| := (ny|_). Since v is by definition extendible on U, we get

T(to) = i(nulVy) Inu)- (4.12)

We saw in Section 3.4.1 that V is a Hermitian connection, and hence we
have for any X € I'yy(TM)

(mu|Vxnu)+(Vxmylnu) = X(my|ny) =0, (4.13)

since (my|ny;) is constant by the orthonormality of the basis. In particular,
we have
<nu’vXVlu>: —<Vxl’lu|1’lu>: —<1’lu|VX1’lu> (4.14)

which is true only if (ny;|V xny;) is purely imaginary. We may conclude that
the complex number (ny |V ;1) |nu) is purely imaginary, and multiplying
by i guarantees the result of Equation (4.12) is real.
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4.2 Berry-Simon phase 37

The calculation of the total geometric phase is more complicated than
simply using Equation (4.11) and integrating, since that equation is only
locally valid. Instead, by an argument similar to Lemma 3.1.7 — this will be
made precise below — we may select a partition

O0=To<T1 < - <Tx=T (4.15)

such that for 0 < i < n the closed interval [T;, Tj;1] is contained in an
interval J; C I such that U; C M is an open subset with p[];] C U; that
admits a local eigensection |ny;) € T'y,(E) and associated local section
v; € Tp,(E) where p; := p|;,. We may than integrate Equation (4.11) locally,
and add the results together. Still, there is a problem left: we selected the
[ny,) arbitrarily. For any other choice |ny; ) € I'y;(E), since they differ by
a unit phase, we may construct smooth functions a; € C%(J;) such that
v/ = e"v;, and calculate
i(V))’ Dyl = i(e™v;)’ Di(e™vy)

— eIy (i e™v; + ™ Dyvy)

= —éa/ibvi + ivithvi

= iV’ Dy — d. (4.16)

Integrating this gives
Tiy1 -, b , , Tiv1 b
/T i(v))’Dyvjdt = i(a;(Tiv1) — ai(T;)) + /T iv; Dyv;dt, (4.17)

and the first term on the right-hand side is in general non-zero. This means
the geometric phase of a general path p is ill-defined, but if p(0) = p(T)
this problem can be overcome. We may without loss of generality impose
that for 0 < i < k we have v;(Tiy1) = viy1(Tiv1) and vo(Tp) = vg_1(T).
Now we define the total phase to be

k=1 T
WD) =iy [ vDwidr (4.18)
i=0 7 Ti

To check that this is gauge invariant, let (v/) be another choice of local
sections, then repeatedly applying Equation (4.17) gives

Y(T) = ¥(T) +i(ao(pr,) —@o(pr) +a1(pry) — - —an1(pr)) (419)

and since it must be so that all differences a;(Ti11) — a1 (Ti+1) and ag(Tp) —
a,—1(Ty) are a multiple of 277 in order to satisfy the boundary conditions
imposed on the v; and v/, we see (T) is well-defined up to addition of a
multiple of 27t.
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Berry’s 2-form

We will show that Berry’s phase is conveniently described as the surface
integral of a 2-form on M. Let i = {U,} be an open cover of M such that
on each U, a local basis of eigensections (|m,)) for 1 < m < dim H exists
on U,. Then Equation (4.12) suggests we may define 1-forms on U, by

Ay = 1(ny|V|ng). (4.20)

We saw in Section 3.2 that V|n,)is a I'yy, (E)-valued 1-form, and letting (1, |
act on such a section results in a complex functions. Due to Equation (4.14)
this is in fact a real function on U,. Restricting Equation (4.20) to a single
tangent space is clearly linear, hence A, is indeed a real 1-form as we
claimed. Moreover, if p is a circuit entirely contained in one open set Uy,
we clearly have

n(T) = ji Aq. (4.21)

If p is contractible to a point within U, the generalization of Stokes’ theorem
[14, Theorem 16.11] allows us to write 7, (T) in terms the local 2-form
Vi := dA,, called a local Berry’s 2-form. If C is an oriented smooth surface
in M with boundary dC = p, then

ﬁ Ay = /C Vi, (4.22)

which allows us to describe 7, (T) in terms of gauge-invariant quantities.
To see this, first note that the 1-form A, depends on a choice of gauge: if
we consider another basis of sections (|n},)) with |n,) = ¢|n,) for some
6 € C®(Uy), we get

AL (XR) = i(ng |V xg 1)
= ie " (ny| Vx, [€%|1a)]
= e~ %nq] [PV x|+ (Xre™) )|
= (10| Vxg |10} + ie ™% nq |10 )d () Xg
= [(ns|V|ng)+ie"?d ()] Xg
= [Ax —dO] Xg, (4.23)

where d(e%) = ie’?d6 follows from Proposition 2.2.5. However, we have
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4.2 Berry-Simon phase 39

since d od = 0 by Theorem 2.3.13, and V, is indeed independent of this
choice of gauge.

It is possible to give an explicit formula to calculate V, from H. In order to
do this, we remember that (local) sections of E give rise to (local) functions
from the base space to H. Let f,,, € C®°(Uy, H) and f), € C*(Uy, H*) be
the functions associated with the local sections |m,)and (m,|, respectively.
The parameter-dependent Hamiltonian, restricted to U,, may be seen as
a smooth function H, := H|y, € C®(U,, Herm(#)) into the vector space
of Hermitian operators on H. Remembering that these smooth functions

may be seen as vector-valued 0-forms on U,, the obvious bilinear maps
ip: H* x H — C, ev: Herm(H) x H — H and ev*: H* x Herm(H) —
H* give rise to wedge products, by Definition 2.3.15.

In terms of these vector-valued forms, we may write Equation (4.20) as

A = i(fn, Nip dfu,)- (4.25)

This leads to the following expression for Vj:

Vo = dAg = d(i(f;, Nip dfa,)) = i(dfy, Aip dfa,)- (4.26)

Since we assumed the eigensections (|m,)) form a basis, we get the com-
pleteness condition

Y Imgmy| = idy, . (4.27)

m

This suggests we may write

V= Y i((dfn, Nip fun) A (Fg ANip i), (4.28)
m#n

where the exclusion of 7 in the sum is justified by the anticommutativity
of the wedge product and fact that (df;_ Nip fy) = —( fo Nip dfu,) due to
Equation (4.14).

In terms of vector-valued forms, Equation (4.5) has the form
Ay Ney fu, = 0. (4.29)
Taking the exterior derivative, we get the result

Ay Ney fu, + H Nevdfn, =0, (4.30)
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which allows us to calculate

Fone Nip (dFle Ney fu) = —fin, Nip (Ho Aew dfin,)
= —(fo, Nev Hi) Nip dfu,
- _(fg%c A Emy) Nip 4 fn,
= —Em, (fo, Nip Afn,)- 4.31)

Since the eigenvalues of H are everywhere non-degenerate and E,, = 0, we
have E;;, everywhere non-zero, hence we may write

b A
Nip (AHy Ney
fgi“ Nip dfn, = _fm“ £ (E e fna) (4.32)
m

o

By Equation (4.13), we get

b A
Nip (AHy Nev
dfy. Np fu, = ns i Em“ ev fin) (4.33)

o

Substituting these results into Equation (4.26), the formula for the local
Berry’s 2-form becomes

V, =i Z ((fZ,x Nip (dex /\erma)) N (figm Nip (der /\er”zx))> . (4.34)

2
m#n Ema

which pointwise may be written as

(4.35)

(n; R|dHg|m; R) A (m; R|dHg|n; R)
En(R)?

Valg =1 )
m#n

in the more familiar language of quantum mechanics, where we take
|m;R) := fu,(R) € H. Though this equation appears to depend pro-
foundly on the details of H, it will become clear below that Berry’s phase
actually is an effect only of the geometry of the eigensections of 7t: E — M.

Now that we have a description of the local Berry’s 2-form on each U,
in the cover U, we will give a description of the globally defined Berry’s
2-form. Note that for U,, Up € U, it we write U, g := U, N Up, the sections
|1a)|u,, and |ng)|u,, span the same eigenspace for each parameter, and thus
differ only by a gauge transform. However, we know from Equation (4.24)
that the local Berry’s 2-forms are gauge invariant, and so [Vi|r = [Vp]r
must hold for R € M.
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In order to ‘glue’ the local 2-forms together, let {¢* } be a smooth partition
of unity subordinate to ¢/ as in Lemma 2.1.7. Since ¢* is a function on M
with support in U,, we may consider ¢*V, to be a 2-form on M that is
identically zero on M \ U,. We define Berry’s 2-form on M as the 2-form
V € O?(M) given by

V = ¢*V,. (4.36)

Any R € M has an open neighborhood which intersects the support of
only finitely many ¢*, say ¢!, ..., #*. Then by gauge invariance, we have
[Vl]R == [Vk]R and

Vk = ¢'(R)[Vilg = (¢" (R) + - - - + ¢"(R)) [Vi]r = [Vi]- (4.37)

This definition thus makes sense and is independent of our choice of a
partition of unity, and it is easy to see that for any contractible circuit
p:[0,T] — M, if C is an oriented smooth surface in M with boundary
dC = p, we have

Tn(T) = /C v, (4.38)

and this is in agreement with Equation (4.18) up to addition of a multiple
of 27t.

4.2.2 Simon connection
Eigenbundle

It was first noted by Simon [18] that the natural language of Berry’s phase
is the mathematics of fiber bundles. He did not describe a trivial vector
bundle, like we did in Section 4.2.1, but rather the eigenbundle which we
will define below.

We again assume p is traversed slowly enough to justify the adiabatic
approximation. If |¢; fp) at some time ¢y € [0, T] is an eigenvector with
eigenvalue 0, |; t) will cling to the n'" eigenspace, and we actually only
need to consider the complex line bundle 7rg: Eg, — M, called the nth
eigenbundle, Such that 77 (R) is the eigenspace of H(R) with eigenvalue
0 over each parameter R € M. Since we assumed the eigenvalues of the
Hamiltonian are non-degenerate, the typical fiber is isomorphic to the
complex line C.
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A way to construct this bundle is as the pullback of the tautological line
bundle seen in Section 3.4.2. Recall this is the subbundle Oy C PH x
H over PH defined such that 7,'(W) = W for each one-dimensional
subspace W C H. Let £,: M — IPH be the map that for each parameter
R € M selects the eigenspace &, (R) of H(R) of the eigenvalue 0, which is
sooth per assumption. This is per assumption a one-dimensional subspace
of H and so an element of IPH. Taking the pullback of the tautological
bundle then guarantees that the fiber over each point in parameter space is
indeed the corresponding eigenspace.

Now the identification with the pullback bundle of Oy, along &, is made
by setting E¢, := £,;Oy and 7t¢ := &£ 1p. This bundle inherits a pullback
connection from Oy, defined by

[E:VOIx(E50) = E3(Vagx0), (4.39)

for ¢ € T(Oy). This connection is denoted by V5 := £V and called the
Simon connection.

The n'" eigenbundle is in general not trivial, and does not admit a global
basis of sections. Lemma 3.1.7 does guarantee we can cover M with a finite
number of open sets U, that each admit a local basis of sections, and since
Eg, is a vector bundle of rank 1, this means that a non-zero local section
exists on each U,. In the bundle E, this gives rise to a normalized n'h
eigensection on U,, and therefore justifies the existence of the partition in
Equation (4.15).

Claim. Define the map pg, : E — Eg by
pe.(R, [0) = (R, (Ex(R), pe,r)[0))-
The Simon connection is given by

VS = peg, oV.

Proof. By the uniqueness of the pullback connection, we only need to show
that for any 0 € I'(Oy), X € I'(TM) and R € M we have

pe, (Vx(E0)](R) = (& [V (e, x0]) (R)-
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The right-hand side may be written as
[5*(V(d5 x0)](R) = [&:(Po © V(4e,)x0) | (R)
( /[P0 © Vag, x0] (€(R)) )
(Rp ( £0x9) (Ea(R)) ) )
(R po(Ex(R), [dfile, ) (4€:2) X))
(R po(Ex(R),d(fo o gn)RXR>>
= (R ,(5n<R>,pgn<R> (@(fr 0 E)r X)) )-

Meanwhile, the left-hand side gives

e, ([Vx(E;0)](R)) = pe, (R, [dfero|RXR)
= (R, (En(R), pe ) ([dfeso 2 X)) )-

Since from Definition 3.1.9 it is clear we have fg¢:, = f; o £, these are
indeed the same. O

Above, we identify a section ¢ € I'(Eg,) with the section (io o) € T'(E)
where i: E¢ < E is the obvious inclusion map, and by a slight abuse of
notation we denote both by ¢.

Claim. The covariant time derivative with respect to the Simon connection is
given by
Dts = pg, © Dt.

Proof. Consider any smooth curve p: I — M, { € Ty(Eg,), and ty € I. Find
an open neighborhood U C M that admits a local basis of sections (|e;)) of
Eg,, and by an abuse of notation extend this to a basis of sections of E, then
like in the proof of Lemma 3.3.4:

[DPC] (o) = & (t)leflp(i) + & (t0) Vs les)
= I (t0)lej)o(ty) + T (t0)Pe, (V10 lef)
= pe, (& (to)lej)o(rg) + T (t0) V(s lef)
= pe, ([Dig](to)). O
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Berry’s phase and the Simon connection

If p is a smooth curve in parameter space M, and |¢;t) is a solution of
Equation (4.4), consider the lift ¢ € T,(Eg,) of p given by

¥t (o(t), |p:t)), (4.40)

then we have

d
Dyt (p(0) sttt | 10s0). (@41

We see that the condition DYy = 0 corresponds to Schrodinger’s equa-
tion (4.7), since ¢ = 0. The solutions of Schrodinger’s equation for a
path p in parameter space are thus exactly the lifts of p into E¢, that are
horizontal with respect to the Simon connection.

We may also use this connection to calculate Berry’s phase. This should
convince the reader that this phase may be seen as an effect of the geometry
of the line bundle, since Simon’s connection is canonical in Eg, .

For any time ¢y € [0, T|, consider a neighborhood U of (ty) that admits
a local section |n;) € T'y(Eg,) everywhere of unit norm. Let ] C I be an
open interval such that p[J] C U, then since (t) and |n),(, at any time

t € J differ only by a complex phase, we may write (t) = ¢/7(*) [1)o(s) for
some function y € C*(J). This is exactly Berry’s geometric phase. We have

D] (to) = |DF ("W )| (t0)
d ‘ :
= () 1+ D 0

= &"110) (i (to) | )y (1) + [DF 11)p(e)] (o)) (4.42)

The parallel transport law [D?4](tg) = 0 then reads

i (t0) [n)o(sg) = —[D? e (to)

Fi(to)lmplta)) = I plto) o plto)| | I p(t)
(ko) = i p(to)] | 1mp(0) @4

and Equation (4.11) is recovered.
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4.3 Aranov-Anandan phase

Aharonov and Anandan [1] realized that the description of the geometric
phase given by Berry is independent of the exact Hamiltonian chosen, but
depends only on the curve t — 7t(|i;t)) of physical states. In fact the
geometric phase is a property of the image of 77(|i; _)) in projective Hilbert
space independent of parametrization. It therefore makes sense to study
Berry’s phase independent of the parameter space for the Hamiltonian,
but rather as a direct feature of IPH. This is not just a reformulation of
the Berry’s phase but a generalization as it allows us to drop the adiabatic
approximation and the assumption that |y; t)is an eigenvector of H(p(t)),
and derive the geometric phase of any cyclic evolution.

Consider a finite-dimensional Hilbert space 7 and let t +— F(t) be a smooth
assignment of Hermitian operators on H for ¢t € I with I an open subset of
R containing a closed interval [0, T]. If t — |4; f) is a normalized solution
of Schrodinger’s equation

. d -

i l¢; )= H({)[g:t) (4.44)
we claim it accumulates both a geometric phase v and a dynamic phase
given by

t
(1) = ¢ [t i (4.45)

To demonstrate this, we consider the tautological line bundle 7o : Oy —
PH already seen in Section 3.4.2. We view the evolution of |; f) as a path
in Oy given by ¢: t — (spang|y;t), ;). For any t € [0, T], we write
pr = 1t(¢(t)) € PH to ease notation.

Now consider a fixed fy € [0, T], an let U C IPH be an open neighborhood
of pt, such that there exists a section |o) € I';(Oy) that everywhere has
norm 1. Since the fiber over each point is a complex line, this is equivalent
with the existence of a basis of sections on U. Now take | C I to be an
open interval containing fy such that p; € U hold for all t € ]J. Write
G: t — |o)y, for the section of Oy along the curve defined by p; in base
space, for t € J. For such t, the unit vectors ¢(¢) and ¢(t) = |7}y, differ only

by a unit scalar. We denote this complex number by ¢/#(*) € C for a smooth
function § € C*(J) such that we have

ePc = . (4.46)
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Now from the fact that |¢; ) solves Equation (4.44), we get

ih[Diy](to) = () (to)

i [Dy (eg)] (to) = H(to)e® g (to)
ih (% t 6”3) 5(to) + iheP[Dig] (o) = H(to)e® g (to)
O—hﬁ(fo)G(fo) +i[Dig](to) = H(to)s(to)

i1Dig] (1) — 2 Allto)s(to) = Blko)s (to)

0, — ol Aty = Blro) (447)

)

The total phase is, as claimed, the sum of a dynamic phase 6 and a geometric
phase . From Equation (4.45) we have

() = plto) ~0lto) =ite] | I (448)

This equation is only locally valid and depends on an arbitrary choice of
phase for the section o, however in exactly the same way we did for Berry’s
phase in deriving Equation (4.18) we can construct a global solution. Since
IPH is compact we may by Lemma 3.1.7 select a partition

0=To<Ty<-<T=T (4.49)

such that there are open intervals J; and open subsets U; C M that admit
a local section |0;) of unit norm, and the inclusions [T;, T;;1] C J; and
plJi] € U; hold. If pg = pr, we may without loss of generality impose that

for O < i < n we have O-i(pTJrl) = Ui+1(pT+1) and Uo(PTO) = Unfl(an).
The total phase than is

_k_l Tita d
W1 =i, [l g o (450)
i=0 7 Ti t

which again is is well-defined up to addition of a multiple of 27r.

So while the dynamic phase # depends on the details of H(t), we see that
the geometric phase depends only on the path ¢ — p; = 71(y(t)) that the
physical state of |i; t) traces out in projective Hilbert space.
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Chapter 5

Outlook

In this thesis, we have seen a mathematically rigorous description of the
result of [1, 3, 18] for finite-dimensional systems. However, we made
extensive use of the adiabatic approximation to justify that a solution of
Schrodinger’s equation stays an eigenvector. An obvious way this could
be formalized is by direct usage of the Adiabatic theorem 4.1.1. Since the
solutions of Equation 4.1 will not in general be instantaneous eigenvalues
of [, a description in terms of the n" eigenbundle is not possible.

Though the scope of this thesis is limited to finite-dimensional vector
bundles, the most interesting quantum systems are described by an infinite-
dimensional Hilbert space. The formalism above should be generalized,
for example by considering Banach manifolds [22] which are defined by
replacing R" in Definition 2.1.1 by any Banach space B. It would be in-
teresting to see under what conditions a notion of horizontal lifting as in
Theorem 3.3.6 exists when considering vector bundles with typical fiber an
infinite-dimensional Hilbert space H.

Another description of the geometric phases can be given in terms of
principal G-bundles, a good description of which can be found in [19].
Specifically, we may consider principal U(1)-bundles instead of complex line
bundles. These consist of a copy of the circle group above each point, and
thus also convey phase information. In these bundles, one may define an
Ehresmann connection which is not an operator like in Definition 3.2.1,
but rather an explicit choice of horizontal tangent vectors on the bundle.
This also leads to a horizontal lifting that turns out to be equivalent with
Theorem 3.3.6. The equivalent of a tautological line bundle in this paradigm
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is the Hopf fibration, and may be described by the obvious map S(#H) —
IPH form the unit vectors to the projective space. This may be easier to
generalize to the infinite-dimensional case then the description in terms of
vector bundles.

Another interesting generalization may be to replace the parameter space
in Section 4.2 by a (Banach) manifold of (bounded) Hermitian operators
with discrete and non-degenerate spectrum. In the k-dimensional case,
the Hermitian matrices form a k>-dimensional real vector space Herm ().
They must all have discrete spectrum, and the requirement that the spec-
trum of a matrix A € Herm(# ) is non-degenerate is equivalent with the
requirement that the discriminant of the characteristic polynomial of A is
non-zero, written as

Herm'(#H) := {A € Herm(H) : A(det(A — AL,)) # 0}.

This setup is discussed by Arnold [2, §6], who states that the set of Hermi-
tian matrices with degenerate eigenvalues is of codimension 3. This means
that Herm'(#) is simply connected, and Berry’s phase for any circuit can
be expressed as the integral of a 2-form over a surface in Herm'(H). It
would be interesting to see an equivalent of this in the infinite-dimensional
case.
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