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Abstract

We compute the quantum back reaction of Schwinger pair production
in the context of spinor QED. Using path integral and Schwinger’s proper
time methods, we employ a WKB approximation to find the current-current
correlation function and relate it to the current expectation value in a man-
ner analogous to fluctuation-dissipation theory. The same expression for
the current expectation value in terms of the electric field is derived using
point-splitting to cure UV divergences. We use this current value to com-
pute the back reaction on the electric field via Maxwell’s equation, obtaining
a non-linear complex differential equation. A stable numerical solution is
found, whose real part is the electric field. The field, initially just below the
Schwinger limit, undergoes a sharp drop followed by exponential-like decay.
Further analysis on the behavior of the current, production rate, and the
energy density is performed using numerical integration.
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Chapter 1
Introduction

One of the remarkable quantitative QFT predictions is the Schwinger produc-
tion of charged particle-antiparticle fermionic pairs in a strong electric field.
Schwinger calculated the production rate [1] by using what is now called the
Schwinger proper time method. He used this method in the context of QED
to find the imaginary part of the effective interaction Lagrangian L, which
translates directly to the production rate Γ: the probability per unit time and
unit volume that an electron-positron pair is created by a constant electric
field E. He found:

Γ =
αE2

π2

∞∑
n=1

1
n2 e

−nπm
2

eE (1.1)

where α ≈ 1
137 is the fine structure constant, m is the electron mass, and

e is the electron charge. To first order, the production is suppressed by
a factor of exp

(
−πm2/eE

)
. This means that pair production begins to

be physically relevant when the field is close to the Schwinger limit value
eE ∼ πm2. Thinking about this in terms of quantum tunneling is useful to
get a qualitative picture. An electron can be modeled to inhabit a potential
well that binds it to the positron. This binding potential is deformed by
the electric potential eEx, as seen by the solid line in figure 1.1 taken from
[2]. One can estimate the tunneling probability Γtunnel by considering the
binding energy to be V0 ∼ 2m. Then one finds:

Γtunnel = e−
4
√

2mV0V0
3eE ∼ e−c

m2
eE (1.2)
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2 Introduction

Figure 1.1: Potential energy of an electron bound to a positron via a binding
potential V (x) (dashed line) in the presence of an electric potential eEx. [2]

where c is some constant.∗ The tunneling picture shows a good qualitative
picture for pair production and predicts the Schwinger limit.

Schwinger’s production rate was obtained in a constant field approximation,
but we know that the electron-positron pair will back-react on the field,
causing it to decay. This is because creating massive particles will absorb
energy from the field, and because the charged pairs will screen the field.
Calculating the production rate while taking into account back-reaction, and
predicting a self-consistent behavior of the field as a function of time, is a
well known problem in theoretical physics that I address in this thesis.

Previous studies use WKB approximations in order to take back-reaction
into account. Notably, the study by Mottola et.al [3] uses a WKB approxi-
mation that allows the study of the large momentum behavior when eE/ω2

is small, where E is the electric field and ω is the energy of the produced
fermions. Curiously, their study predicts oscillations of the field and current,
with energy being transferred periodically between the two. On first glance,
we expect their results to hold up for the initial conditions when E is near
the critical value of eE ≈ πm2, but below the critical regime, and especially
when E ∼ 0, the energy of any produced particles will be small, and their
approximation is no longer adequate. Moreover, after half a period of oscil-

∗In this text, the speed of light and Plank’s constant c = h̄ = 1.
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3

Figure 1.2: System dynamics can be intuitively understood as a capacitor dis-
charging by polarizing the vacuum.

lation, when most of the energy of the system again resides in the electric
field, the energy of fermions is small and indeed goes to zero while E remains
finite.

Another reason we expect this to be the wrong description is that the pro-
duced fermions are only on-shell at spatial infinity. This can be understood
in the tunneling picture presented earlier, where electrons can only tunnel
to infinity when the field is small. Therefore, if and when the electric field
goes to zero, giving all of its energy to the fermions, fermions of opposite
charges are infinitely far apart and will not be attracted back to the origin
to produce an oscillating field. A good way to gain more intuition is to think
of a capacitor with its plates infinitely far apart. The electric field between
the plates produces fermionic pairs that form a current. This current dis-
charges the capacitor, with produced fermions annihilating opposing charges
on the plates. The pair production rate falls exponentially as the electric field
decays, and if we wait a very long time, the capacitor will discharge com-
pletely, leaving a vanishing electric field and zero current. For this reason,
we expect the oscillation of the system to be overdamped. A visualization
of this process can be seen in figure 1.2†. In this study, we use the WKB
approximation to calculate the back-reaction on the electric field and probe
the dynamics of the system. We compare our results to the intuition we have

†This figure and cover page figure from [4]
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4 Introduction

established, especially for the late time behavior, and assess the consistency
of our approximations with the results.

4
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Chapter 2
Theoretical Framework

Schwinger’s original treatment of the pair production problem involved the
theory of Quantum Electrodynamics (QED), where we have Dirac electrons
and positrons of mass m and charge ±e, represented by the spinor ψ, in-
teracting with a quantized electromagnetic field Aµ. We will use the same
theory here.

2.1 QED
Greek indices count spacetime coordinates: µ ∈ {0, 1, 2, 3}, while Latin in-
dices run over spatial coordinates: i ∈ {1, 2, 3}. We can write the Dirac
Lagrangian density: LDirac = ψ̄(i/∂ −m)ψ, Maxwell’s Lagrangian density:
LMaxwell = −1

4FµνF
µν , where Fµν = ∂µAν − ∂νAµ is the electromagnetic

tensor, and combine them with an interaction term −jνAν = −eψ̄/Aψ to get
the QED Lagrangian and action:

L = ψ̄(i/∂ − e/A−m)ψ− 1
4FµνF

µν = LDirac +LMaxwell − jνAν (2.1)

S =
∫
d4x[LDirac +LMaxwell − jνAν ] = SDirac + SMaxwell + SI (2.2)

where SI = −
∫
d4xjνAν is the interaction action. The equations of motion

read:

(i/∂ − e/A−m)ψ(x) = 0 (2.3)
∂µF

µν = jν = eψ̄γνψ (2.4)

Version of July 15, 2021– Created July 15, 2021 - 16:25
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6 Theoretical Framework

The problem as originally formulated by Schwinger [1] considers a non-
dynamic external field Aµ which generates an electric current whose expec-
tation value can be obtained by the path integral:

〈ψ(A)| jµ(x) |ψ(A)〉 =
iδ

δAµ(x)
ln
∫
D[ψ̄,ψ]eiSDirac+iSI (2.5)

〈jµ(x)〉 =
iδ

δAµ(x)
lnZI [A] (2.6)

As a first step we will do the same, but then substitute the current expec-
tation value into the classical Maxwell’s equation, restoring the dynamics of
the field to compute the back-reaction. We will later discuss the validity of
this approach within our approximation limits and check for self consistency.

2.2 Effective Lagrangian and proper time
Our aim is to compute (2.6). Note that this is not what Schwinger computed.
If we define the Dirac operator: /D = /∂ + ieA(x), we know [5] that the path
integral can be evaluated as:

ZI [A] =
∫
D[ψ̄,ψ]ei

∫
dx4ψ̄(i /D−m)ψ = N det[i /D−m] (2.7)

where N is a normalization factor I will drop later.

lnZI [A] = ln det[i /D−m] + lnN (2.8)

We can then use the property: ln det[i /D−m] = Tr tr ln[i /D −m] where Tr
specifies tracing over Dirac gamma matrices and tr

[
Ô
]
=
∫
dx4 〈x| Ô |x〉. We

therefore have:

lnZI [A] =
∫
d4xTr 〈x| ln(i /D−m) |x〉+ lnN (2.9)

We can construct an effective interaction Lagrangian defined as ZI [A] =

ei
∫
dx4LI .

LI = −iTr 〈x| ln(i /D−m) |x〉 (2.10)

where we dropped the normalization factor because we can shift the La-
grangian by any number without affecting the physics. We can use the charge
conjugation matrix: CγµC−1 = −γTµ and the fact that the Tr ln Ô is invari-
ant under transposition of Ô and under charge conjugation to write:

LI = −iTr 〈x| ln(i /D−m) |x〉 = −iTr 〈x| ln(−i /D−m) |x〉 (2.11)

LI = −
i

2 Tr 〈x| ln
(

/D2 +m2
)
|x〉 (2.12)

6
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2.3 Current expectation value 7

where in the last step we averaged the two expressions above. The logarithm
is difficult to evaluate, but we can take a derivative with respect to m2 to
reach an easier expression:

d

dm2LI = −
i

2 Tr 〈x| 1
/D2 +m2

|x〉 = i

2 Tr 〈x| 1
− /D2 −m2 + iε

|x〉 (2.13)

where in the last step we use the Feynman prescription. We can now invoke
the mathematical identity which allows Schwinger’s proper time method:

1
− /D2 −m2 + iε

= −i
∫ ∞

0
dseis(− /D2−m2+iε) (2.14)

where s has dimensions of energy−2, and is called the Schwinger proper time.
Integrating back we have:

LI =
i

2 Tr 〈x| − i
∫
dm2

∫ ∞
0

dseis(− /D2−m2+iε) |x〉 (2.15)

=
i

2 Tr 〈x|
∫ ∞

0

ds

s
eis(− /D2−m2+iε) |x〉 (2.16)

and therefore, with p̂µ = i∂µ we can write:

LI =
i

2

∫ ∞
0

ds

s
e−ism

2
Tr 〈x| e−iĤs |x〉 (2.17)

Ĥ = − /D2 = −Π2 +
e

2Fµνσ
µν (2.18)

Πµ(x̂) = p̂µ − eAµ(x̂) (2.19)
The Feynman prescription m2 → m2 + iε will be restored when needed.

2.3 Current expectation value
We can now write the current expectation value from (2.6) in terms of LI :

jν(y) =
iδ

δAν(y)
lnZI [A] =

−δ
δAν(y)

∫
dx4LI (2.20)

=
−i
2

∫ ∞
0

ds

s
e−ism

2
∫
dx4 Tr 〈x| δ

δAν(y)
e−iĤs |x〉 (2.21)

The derivative is elaborated upon in appendix A and can be calculated as
follows:

δ

δAν(y)
e−iĤs = i

∫ s

0
dαei/Π

2α(
δ

δAν(y)
/Π2)ei/Π

2(s−α) (2.22)

δ /̂Π
2

δAν(y)
= −e(/Πγνδ(x̂− y) + δ(x̂− y)γν /Π) (2.23)
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8 Theoretical Framework

Note that the operator trace (
∫
x 〈x| Ô |x〉) does not allow us to cycle oper-

ators in this case: p̂ is not a bounded operator and so trace cyclicity isn’t
a well-defined operation. As an example, think about the trace of the [x̂, p̂]
commutator: cyclicity makes it zero whereas we know that the commutator
is −i h̄. To simplify the expressions we turn the delta operator into a ketbra
by inserting the identity δ(x̂− y′) =

∫
x |x〉〈x| δ(x̂− y′) = |y′〉〈y′|. For the

current we then find:

jν(y) =
−e
2

∫ ∞
0

ds

s
e−ism

2
∫
dx4 Tr

〈x|
∫ s

0
dαe−iĤα[/Πγν |y〉〈y|+ |y〉〈y| γν /Π]e−iĤ(s−α) |x〉

(2.24)

=
−e
2

∫ ∞
0

ds

s
e−ism

2
∫ s

0
dαTr 〈y| e−iĤs/Πγν + γν /Πe−iĤs |y〉 (2.25)

= −e
∫ ∞

0
dse−ism

2
Tr 〈y| γν /Πe−iĤs |y〉 (2.26)

where in the last step we use the cyclicity of the trace over Dirac γ matrices
and the fact that /Π commutes with the Hamiltonian.

2.4 WKB and evolving operators
We will need to know how to evolve the operator Π(s) in Schwinger’s proper
time s with the Hamiltonian Ĥ(s). This we can find from the Heisenberg
equation of motion:

dΠ̂µ

ds
= i[Ĥ, Π̂µ] = 2eFµνΠ̂ν +

e

2∂µσαβF
αβ − ie∂νF νµ (2.27)

To move forward, we use a WKB approximation to neglect the last two terms.
We consider the change of the electromagnetic field with time to be much less
than the evolution of the fermionic state, this implies Ė/(Eω)� 1. We can
thus consider Fαβ to be time-independent and approximate its commutator
with p̂ to vanish. With these simplifications we have:

dΠ̂µ

ds
= i[Ĥ, Π̂µ] = 2eFµνΠ̂ν (2.28)

Π̂µ(s) = eiHsΠ̂µ(0)e−iHs = [e2esF]µνΠ̂ν(0) (2.29)

We can also find (using matrix notation):

dx
ds

= i[Ĥ, x] = 2Π (2.30)

8
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2.4 WKB and evolving operators 9

This gives:

x(s) = x(0) + 2eesF sinh(esF)
eF

.Π(0) = x(0) +N−1.Π(0) (2.31)

Π(0) = e−esF
eF

2 sinh(esF) .[x(s)− x(0)] = N.[x(s)− x(0)] (2.32)

Π(s) = eesF
eF

2 sinh(esF) .[x(s)− x(0)] = M.[x(s)− x(0)] (2.33)

Notice that one should be careful taking the limit s→ 0 in the above expres-
sions. Equations (2.31) and (2.33) are sufficient to show that in the case of
a constant field Fαβ (see Schwinger’s paper [1] or section 2-5-4 of Itzykson
and Zuber [2]):

〈y| e−iĤs |x〉 = −i
16π2s2 exp

[
ie
∫ y

x
dzα

(
Aα(z) +

1
2Fαβ(z

β − yβ)
)]

× exp
[
i(y− x)

eF
4 coth esF(y− x)− ies2 σαβF

αβ − 1
2 tr ln[sinh(esF)

esF
]

]
(2.34)

and therefore

〈x| e−iĤs |x〉 = −i
16π2s2 exp

[
−ies2 σαβF

αβ − 1
2 tr ln[sinh(esF)

esF
]

]
(2.35)

where σαβ = i
2 [γα, γβ ]. Since we wish to describe a uniform electric field in

the z direction, we can take F03 = E. Then:

exp
[
−1

2 tr ln[sinh(esF)
esF

]

]
= exp

[
1
2 ln det

[
esF

sinh(esF)

]]
(2.36)

= exp
[

1
2 ln[ esF03

sinh(esF03)

esF30
sinh(esF30)

]

]
=

esE

sinh esE (2.37)

A more elaborate calculation of matrix elements is presented in appendix
B.1. Noting that (γ0γ3)2 = 1, Taylor expanding the exponent we find:

e−i
es
2 σαβF

αβ

= γ0γ3 sinh(esE) + cosh(esE) (2.38)

Combining the above we find:

〈x| e−iĤs |x〉 = −ieE16π2s
[γ0γ3 + coth(esE)] (2.39)

Version of July 15, 2021– Created July 15, 2021 - 16:25
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10 Theoretical Framework

Using this, the effective interaction Lagrangian in the WKB approximation
reads:

LI =
i

2

∫ ∞
0

ds

s
e−ism

2
Tr 〈x| e−iĤs |x〉 (2.40)

=
eE

8π2

∫ ∞
0

ds

s2 e
−ism2

coth esE (2.41)

This expression is divergent for s → 0. The pole at s = 0 can be removed
by minimal subtraction, a common treatment found in Schwinger’s paper [1]
whereby the minimal number of terms in a Taylor expansion are subtracted
to do away with singular terms.

LI →
eE

8π2

∫ ∞
0

ds

s2 e
−ism2

[coth esE − 1
esE
− esE

3 ] (2.42)

This Lagrangian can be shown to have an imaginary part, first computed
by Schwinger, that translates to the production rate. To find it, note that
the integrand of Im[LI ] is even in s since Im[e−ism

2
] is odd. We can extend

the integration from [0,∞) to (−∞,∞) and divide by 2, then analytically
continue s to the complex plane, and close the line integral from below so that
the contribution of the half-circle is zero since e−ism2 → 0 when s → −∞.
The contour is shown in figure 2.1 and picks up poles of coth esE along the
negative imaginary axis. The poles are at esE = −inπ for n ∈ {1, 2, 3, ...},
and the residue of coth esE is 1/eE. We find:

Im[LI ] =
eE

8π2

∫ ∞
0

ds

s2 Im[e−ism
2
](coth esE − 1

esE
− esE

3 ) (2.43)

=
eE

16π2 Im[
∫ ∞
−∞

ds

s2 e
−ism2

(coth esE − 1
esE
− esE

3 )] (2.44)

= Im[
eE

16π2 (−2πi)
∞∑
n=1

eE

−π2n2 e
−nπm2
eE ] (2.45)

=
e2E2

8π3

∞∑
n=1

1
n2 e

nπm2
eE (2.46)

We can also find the production rate Γ, which is equal to twice the imaginary
part of the Lagrangian [1]∗. Using the fine structure constant α = e2

4π ≈
1/137 we can write:

Γ = 2 Im[LI ] =
αE2

π2

∞∑
n=1

1
n2 e

−nπm
2

eE =
αE2

π2 Li2[e−
πm2
eE ] (2.47)

where Li2 is the second-order polylogarithm function. As for the real part of
LI , we show in appendix C that it is zero.

∗Unlike Schwinger’s paper, Itzykson and Zuber [2] give the correct factor of α
π2 .

10
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2.5 A naively vanishing current 11

Figure 2.1: Contour integration for the imaginary part of the Lagrangian and
the current

2.5 A naively vanishing current

As explained in the introduction, the production of electron-positron pairs
generate an electric current. Formally, we can find the expectation value of
this current from (2.20) and (2.26). We can use (2.33) to obtain:

〈y| Π̂νe
−iĤs |y〉 = 〈y| e−iĤsΠ̂ν(s) |y〉 = 〈y| e−iĤsMνσ[x̂

σ(s)− x̂σ(0)] |y〉

=Mνσ[〈y| x̂σ(0)e−iĤs |y〉 − 〈y| e−iĤsx̂σ(0) |y〉]

=Mνσ(y− y)σ 〈y| e−iĤs |y〉 = 0
(2.48)

and so the current as written in (2.26) vanishes if we use the WKB approxi-
mation this naive way. This is not a surprise since Maxwell’s equation in the
gauge A3 ≈ Et reads:

j3 = Ä3 (2.49)

and since our WKB approximation used Ė = 0, the current vanishes. We
know that the current should not vanish, but this tells us that it is very small.
A simple way to show what we expect the current to look like is the following:

Version of July 15, 2021– Created July 15, 2021 - 16:25
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12 Theoretical Framework

If we go back to expression (2.20) for the current, we can heuristically write:

jν(y) = −
δ

δAν(y)

∫
d4xLI ∼ −

d

dAν(y)
LI (2.50)

j3 ∼
−d
tdE
LI (2.51)

This shows that we can expect the current to be imaginary like the effective
interaction Lagrangian. In the next sections, we try to improve upon the
WKB approximation to reach the non-vanishing expression for the current.

12
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Chapter 3
Current from the response tensor

3.1 Current as path integral over the gauge
field

We know the current must not vanish and we would like to reach an expres-
sion of the current in terms of the electric field, then use Maxwell’s equation
to connect the electric field via the current to its derivative at each time.
Much like we did in the previous section, this method we call ”bootstrap-
ping”, since we are relating the current at each time instance to the field
dynamics, and in a way, tying the field to itself. However, we saw that the
way we used the WKB approximation resulted in a vanishing current. We
can think in terms of Ohm’s law, where the current is the conductivity times
the electric field (not its derivative). We see that somehow, our approxi-
mation killed the conductivity. This motivates us to try and calculate the
conductivity directly. Formally, we can write a path integral equation that
resembles Ohm’s law:

jµ(x) =
∫
DAν(x′)

δjµ(x)

δAν(x′)
=
∫
DAν(x′)Kµν(x,x′) (3.1)

where Kµν(x,x′) ≡ δjµ(x)
δAν(x′)

is what is known in response theory literature as
the response tensor. To get a better intuition for this quantity, we can recall

Version of July 15, 2021– Created July 15, 2021 - 16:25
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14 Current from the response tensor

expression (2.6) for the current and write:

Kµν(x,x′) = iδ2 lnZI
δAµ(x)δAν(x′)

= Z−1
I

iδ2

δ2Aµ(x)δAν(x′)
ZI [A]− i

(
Z−1
I

δ

δAν(x′)
ZI
)(
Z−1
I

δ

δAµ(x)
ZI
)

=− i〈jµ(x)jν(x′)〉+ i〈jµ(x)〉〈jν(x′)〉
(3.2)

Equation (3.2) expresses the fluctuation-dissipation theorem; in the last line
of (3.2), we see the structure of quantum thermal fluctuations of j. On the
other hand, Kµν expresses conductance, the dissipation of energy among in-
trinsic excitations of the system [6]. Our aim now is to evaluate Kµν , which
encompasses various aspects of electromagnetic linear response: Off-diagonal
spatial elements Ki 6=j measure Hall conductivity, K00 measure density re-
sponse, and Kii measure linear conductivity. Our gauge means that we are
interested in K33, the conductivity relating j3 to A3. It is crucial here to note
that we are computing Kµν out of equilibrium in a non-linear setting where
E 6= 0 and A3 6= 0. In contrast to linear response, we will get an expression
for K33 containing E.

3.2 The response tensor
The functional derivatives can be calculated as:

Kµν(y
′, y) = δ

δAµ(y′)
jν(y)

=
−i
2

∫ ∞
0

ds

s
e−ism

2
∫
d4xTr 〈x| δ

δAµ(y′)

δ

δAν(y)
e−iĤs |x〉

(3.3)

Notice the symmetry of exchanging (µ, y′) and (ν, y). The derivative is cal-
culated as in (2.22) and we find:

δ

δAµ(y′)

δ

δAν(y)
e−iĤs = 2ie2gµνδ(x̂− y)δ(x̂− y′)se−iĤs

−
∫ s

0
dα
∫ α

0
dβe−iĤβ

δ /̂Π
2

δAµ(y′)
e−iĤ(α−β) δ /̂Π

2

δAν(y)
e−iĤ(s−α)

−
∫ s

0
dα
∫ α

0
dβe−iĤβ

δ /̂Π
2

δAν(y)
e−iĤ(α−β) δ /̂Π

2

δAµ(y′)
e−iĤ(s−α)

(3.4)

14
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3.2 The response tensor 15

We have:

δ /̂Π
2

δAν(y)
= −e(/Πγνδ(x̂− y) + δ(x̂− y)γν /Π) (3.5)

As before, we can turn deltas into ketbras. For last term in (3.4) we get:

∫
d4xTr 〈x| e−iĤβ δ /̂Π

2

δAν(y)
e−iĤ(α−β) δ /̂Π

2

δAµ(y′)
e−iĤ(s−α) |x〉 =

e2 Tr{ 〈y| eiĤ(α−β−s) /Πγν
∣∣∣y′〉〈y′∣∣∣ eiĤ(β−α) /Πγµ |y〉

+ 〈y| /ΠγµeiĤ(α−β−s)
∣∣∣y′〉〈y′∣∣∣ /ΠγνeiĤ(β−α) |y〉

+ 〈y| /ΠγµeiĤ(α−β−s) /Πγν
∣∣∣y′〉〈y′∣∣∣ eiĤ(β−α) |y〉

+ 〈y| eiĤ(α−β−s)
∣∣∣y′〉〈y′∣∣∣ /ΠγνeiĤ(β−α) /Πγµ |y〉}

(3.6)

We still have to integrate over α and β. We notice that the integrand is
a function of α − β and use this fact to change the variables of the area
integration. Using u = α− β, v = α+ β, and performing the integral over
v, we finally get after one last change of variable (θ = s− u):

∫ s

0
dα
∫ α

0
dβ
∫
x

Tr 〈x| e−iĤβ ∂ /̂Π
2

∂Aν(y)
e−iĤ(α−β) ∂ /̂Π

2

∂Aµ(y′)
e−iĤ(s−α) |x〉

= e2
∫ s

0
dθθTr{ 〈y| e−iĤθ /Πγν

∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) /Πγµ |y〉

+ 〈y| /Πγµe−iĤθ
∣∣∣y′〉〈y′∣∣∣ /Πγνe−iĤ(s−θ) |y〉

+ 〈y| /Πγµe−iĤθ /Πγν
∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) |y〉

+ 〈y| e−iĤθ
∣∣∣y′〉〈y′∣∣∣ /Πγνe−iĤ(s−θ) /Πγµ |y〉}

(3.7)

Now recall that to this term we are adding another with (µ, y′) → (ν, y)
exchanged. This, combined with the possibility of changing the integration
variable θ → s− θ for some terms, shows that the 8 terms cancel in pairs,
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16 Current from the response tensor

leaving only 4 terms and a factor of s, so we have:

∫ s

0
dα
∫ α

0
dβ
∫
x

Tr 〈x| e−iĤβ ∂ /̂Π
2

∂Aν(y)
e−iĤ(α−β) ∂ /̂Π

2

∂Aµ(y′)
e−iĤ(s−α) |x〉+

∫ s

0
dα
∫ α

0
dβ
∫
x

Tr 〈x| e−iĤβ ∂ /̂Π
2

∂Aµ(y′)
e−iĤ(α−β) ∂ /̂Π

2

∂Aν(y)
e−iĤ(s−α) |x〉

= e2s
∫ s

0
dθTr{ 〈y| e−iĤθ /Πγν

∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) /Πγµ |y〉

+ 〈y| /Πγµe−iĤθ
∣∣∣y′〉〈y′∣∣∣ /Πγνe−iĤ(s−θ) |y〉

+ 〈y| /Πγµe−iĤθ /Πγν
∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) |y〉

+
〈
y′
∣∣∣ /Πγνe−iĤθ /Πγµ |y〉〈y| e−iĤ(s−θ)

∣∣∣y′〉}
(3.8)

We can see (µ, y′)→ (ν, y) symmetry in the first two terms on the right-hand
side accompanied by changing the integration variable θ → s− θ. In the last
two terms, this symmetry is manifest. Combining it all we obtain:

Kµν(y
′, y) = e2gµνδ(y− y′)

∫ ∞
0

dse−ism
2

Tr 〈y| e−iĤs |y〉

+
ie2

2

∫ ∞
0

dse−ism
2
Hµν(y

′, y; s)
(3.9)

where we define the key quantity:

Hµν(y
′, y; s) ≡

∫ s

0
dθTr{ 〈y| e−iĤθ /Πγν

∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) /Πγµ |y〉

+ 〈y| /Πγµe−iĤθ
∣∣∣y′〉〈y′∣∣∣ /Πγνe−iĤ(s−θ) |y〉

+ 〈y| /Πγµe−iĤθ /Πγν
∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) |y〉

+
〈
y′
∣∣∣ /Πγνe−iĤθ /Πγµ |y〉〈y| e−iĤ(s−θ)

∣∣∣y′〉}
(3.10)

We can gain some intuition for the response tensor by relating it to the
current-current correlation function 〈jµ(x)jν(x′)〉 as seen in equation (3.2).
Using Maxwell’s equation, one can relate the current-current correlation to
〈Aµ(x)Aν(x′)〉 (see section 67 in [7]). The correlation, to first order in per-
turbation, has the two Feynman diagrams seen in figure 3.1. The first term
in (3.9), which has a spacetime delta function, is an ultra-local term that cor-
responds to the first diagram with one-point interaction. The second term
corresponds to the second diagram with two vertices.

16
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3.2 The response tensor 17

Figure 3.1: Two Feynman diagrams for current-current correlation. The two
photons connect to two currents at different spacetime points.

Computing the second term is not an easy task as it involves long expressions
with large matrices, traces of up to 8 γ matrices, renormalization of UV
divergences, and contour integration of a lengthy integrand. A big part of
this project was spent on these calculations and they are found in appendix
B. Using the WKB approximation we show that the second term becomes
negligibly small. As for the first term, we can use (2.39) to simplify it and
obtain:

Kµν(y
′, y) = −ie

3E

4π2 gµνδ(y
′ − y)

∫ ∞
0

ds

s
e−ism

2
coth(esE) (3.11)

To perform this integral, we need to cure the UV divergence at s = 0. We
do so by employing minimal subtraction:

Kµν(y
′, y) = −ie

3E

4π2 gµνδ(y
′ − y)

∫ ∞
0

ds

s
e−ism

2
(coth(esE)− 1

esE
) (3.12)

For the imaginary part of Kµν(y′, y), we can find:

Im[Kµν(y
′, y)] = gµνδ(y

′ − y) Im[
−ie3E

8π2

∫ ∞
−∞

ds

s
e−ism

2
(coth(esE)− 1

esE
)]

(3.13)

= gµνδ(y
′ − y) Im[

−ie3E

8π2 (−2πi)
∞∑
n=1

1
−inπ

e−nπm
2/eE ] (3.14)

= gµνδ(y
′ − y)e

3E

4π2 ln[1− e−πm
2/eE ] (3.15)
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18 Current from the response tensor

where the contour integral is performed in a manner analogous to the previ-
ous one for the imaginary part of the effective interaction Lagrangian. The
contour is shown in figure 2.1. In the last step we use: ln[1− e−πm2/eE ] =

−∑∞n=1
1
ne
−nπm2/eE . Finding the real part of Kµν is not an easy task, espe-

cially since the integrand becomes odd in s, and the integration limits cannot
be extended to cover the real axis. In appendix C, we take the derivative
with respect to m2 to get an even integrand. We then perform a contour
integration and show that the real part vanishes.

We can take the expression we found for the response tensor and substitute
it back in (3.1) to try and find the current:

jµ(x) =
∫
DAν(x′)

δjµ(x)

δAν(x′)
=
∫
DA3(x

′)
δjµ(x)

δA3(x′)
(3.16)

j3(x) ≈Mt′
∫
dEK33(x

′ − x) (3.17)

Im[j3] ∼Mt′δ(x− x′)
∫
dE

e3E

4π2 ln[1− e−πm
2/eE ] (3.18)

where M is some appropriate measure for the path integral. We also use
the approximation that we are only interested in gauge field configurations
where A3(t) = Et as a first approximation. The expression we end up with
has a delta function and an undefined measure, which makes it ambiguous
and difficult to use.

18
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Chapter 4
Response current as a linear
approximation

Since using (3.1) is difficult, we can think of brutally replacing
∫
DAµ with a

multiplication by Aµ. This could hold for a constant integrand. Looking at
our integrand we see that it is a function of E, which our WKB approximation
deems constant, so replacing an integral with multiplication is not unrealistic,
and should give us some physical intuition. Along the same line of thought,
we can get inspiration from linear response theory to draft an approximation
when the electric field is below the Schwinger limit eE . πm2. Formally,
we can think of the current jµ(x) as a functional of Aν(x′); the current is
a response to a gauge field taking the role of a generalized force. For small
fields, the response current should be small and can be approximated linearly.
Therefore, we assume that a linear approximation in Aν(x′) is satisfactory to
describe the value of jµ. We therefore take the first order term of the usual
Taylor expansion∗ for the functional jµ[A(x)]:

jµ[A(x)] ≈ jµ[A(x)− ∆A(x)] +
∫
dx′

δjµ(x)

δAν(x′)
Aν(x′) (4.1)

This equation gives us the current at spacetime point x, when the field is
A(x) in terms of the current when the field was A(x)− ∆A(x). We define
∆A(x) to identify A(x) − ∆A(x) with the field’s initial value, A(0). In
our problem, the initial value of the current when A(0) = 0 vanishes, and

∗The form of linear approximation we use is given a brief explanation in appendix D
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20 Response current as a linear approximation

therefore jµ[A(x)− ∆A(x)] = jµ[A(0)] = 0, so we can write:

jµ(x) ≈
∫
dx′

δjµ(x)

δAν(x′)
Aν(x′) =

∫
dx′Kµν(x,x′)Aν(x′) (4.2)

Unlike mainstream linear response theory [6], Kµν(x,x′) here is evaluated for
Aµ 6= 0, which will allow us to bootstrap the fields at t via the current and
Maxwell’s equation to Ä(t). This linear approximation may not work when
eE & πm2, so we make sure that initially E is below the Schwinger limit.
The approximation should work better as E → 0, which is an interesting
regime for us since we wish to know whether the field oscillates or decays
exponentially. In any case, this is the leading term of the Taylor expansion
and the assumption is that it dominates the dynamics below the Schwinger
limit. A further study can inspect higher terms in the expansion and analyse
their effect on the dynamics even above the Schwinger limit.

4.1 Complex differential equation, real elec-
tric field

If we indeed use equation (4.2), knowing (3.15), we will have an imaginary
current. This is not a surprise as explained after we derived an imaginary
effective interaction Lagrangian. The imaginary current reads:

j0 = j1 = j2 = 0 (4.3)

j3 =
−ie3E

4π2 A3
∫ ∞

0

ds

s
e−ism

2
(coth(esE)− 1

esE
) (4.4)

j3 = i
e3E

4π2 A3 ln
(

1− e−πm
2/eE

)
(4.5)

We can now use Maxwell’s equation to reach an ordinary differential equation
for A. Keeping in mind that in the end we are looking for a real electric field,
we will interpret the real part of the solution to be the physical field.

Ä3 = i
e3E

4π2 A3 ln
(

1− e−πm
2/eE

)
(4.6)

This differential equation is non-linear and finding an analytic solution is too
difficult. What we can do instead, is to use numerical methods to obtain an
intuition for the system dynamics. If we solve (4.6) numerically with initial
conditions A3(0) = 0, eE(0) = m2, then take the real part of A3, E, and
Ä3 = j3, we obtain the physical fields and the current.

20
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4.2 Numerical results 21
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m

Figure 4.1: Normalized real gauge field eA/m vs mt for initial conditions
A3(0) = 0, eE(0) = m2.

4.2 Numerical results
We take real quantities A ≡ Re[A3], E ≡ Re[Ȧ3], j ≡ Re[j3] to be the
physical quantities. To plot them we normalize using m: time is measured
in units of 1/m, so we plot mt on the horizontal axis. On the vertical axis
we plot eA/m, eE/m2, −ej/m3, and Γ/m4, where Γ is the production rate
found in equation (2.47). Plots are shown in figures 4.1, 4.2, 4.3, 4.4, and
4.5.

The plots tell a story consistent with the intuition we established in the
introduction: the slope of E initially is zero, which is consistent with the
initial conditions we wish to impose; no current and a large electric field. At
first, the field is at 1

π of the Schwinger limit, so it creates pairs of low particle
number density and generates a small current.

There is a short period when the electric field is almost constant. We will
discuss this initial plateau in a bit. Soon after, as charged particles emerge
they absorb energy from the field and screen it, which amounts to a back-
reaction that sharply decreases the electric field. This happens during the
first 100 time units. By then, the current peaks, and starts to drop as the
production rate (plotted in 4.5) undergoes a sharp decline to ∼ 1/10 of its
original value. This means that the back-reaction starts to decrease, halting
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22 Response current as a linear approximation
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Figure 4.2: Normalized real electric field eE/m2 vs mt for initial conditions
A3(0) = 0, eE(0) = m2.
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Figure 4.3: Normalized real electric field eE/m2 vs mt for initial conditions
A3(0) = 0, eE(0) = m2, showing E after a long time.
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4.2 Numerical results 23
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Figure 4.4: Normalized real current −ej/m3 vs mt for initial conditions A3(0) =
0, eE(0) = m2.
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Figure 4.5: Normalized production rate Γ/m4 vs time in units of mass (mt).
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24 Response current as a linear approximation
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mt

0.5

1.0
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-102 ej/m3 

104 Γ/m4

Figure 4.6: 10−2eA/m in grey, eE/m2 in blue, −102ej/m3 in red, 104Γ/m4 in
green, all vs mt.

the sharp drop of the electric field. At 200 time units, the field is about
half its initial value and starts a slow exponential-like decay to 0, reaching
eE ≈ 0.1m2 after a very long time when mt = 107. The current also starts
an exponential-like decay to 0.

We see in figure 4.5 that the production rate starts already at a very small
value, producing particles at low density. The rate quickly drops to infinites-
imal values and becomes approximately zero around 400 time units. After
this time, the electric field decreases very slowly due to the little pair pro-
duction and the back-reaction of the existing pairs as they further absorb
energy from the field.

In figure 4.6 we compare previous plots for the gauge field, electric field,
electric current, and production rate. In order to fit them all into one figure
with clarity, we rescale and plot: 10−2eA/m, eE/m2, −102ej/m3, 104Γ/m4.

4.3 Sensitivity to initial conditions
What is the reason for the initial plateau we see in the plot for the real part of
E? We expect the very early behavior to be sensitive to the initial conditions

24
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4.4 Energy of the system 25
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Figure 4.7: Normalized real electric field eE/m2 vs mt showing sensitivity to
initial conditions in early behavior. In red: eA3(0) = 10im2. In blue: A3(0) = 0.

we impose on the system. In equation (4.6), we have a complex gauge field,
A3. Since Im[A3] it is not a physical field, insisting that Im[A3(0)] = 0
is an auxiliary initial condition. One sees from equation (4.6) that Im[A3]
on the right-hand side feeds Re[Ä3] on the left-hand side. This means that
the initial behavior of Re[Ȧ3] should be sensitive to Im[A3(0)]. Indeed, the
condition eA3(0)/m2 = 10i results in an initial spike in E = Re[Ȧ3] at first,
as seen in the red line in figure 4.7. This sensitivity of early behavior to
initial conditions persists until mt ≈ 100. In 4.7 we see a peak in E very
early, and then the predicted late time behavior is the same as we saw earlier
in figure 4.2 for A3(0) = 0, plotted here in blue. For physical analysis we
can focus on times after mt ∼ 100 and know that our system has settled into
dynamics unaffected by A3(0).

4.4 Energy of the system
Initially, all energy is stored in the electric field. The energy density E when
eE = m2 amounts to:

EE =
1
2E

2 =
1
2
m4

e2 =
m4

8πα (4.7)
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26 Response current as a linear approximation

The field then loses energy and decreases. After a long time, say mt =
100000, the field is E ≈ 0.18m2/e. This means that the field lost 0.96 of
its energy, almost all of it. Energy is then stored in the mass of particles
and their kinetic energy, and some energy is radiated away. We can find out
how much energy density ends up stored in the form of particle mass, Em,
by calculating the number density of pairs n as an integral of the production
rate over a very long time. Each pair has mass 2m, therefore:

Em = 2mn = 2m
∫ ∞

0
Γdt = 2m4

∫
d(mt)

Γ
m4 (4.8)

where the last expression is convenient for numerical integration. We in-
tegrate Γ/m4 from t = 0 until mt = 100000, and check that the answer,
∼ 2.7×10−3, does not change much if we go to higher times. This means that
the energy density stored in the form of fermion mass is Em ∼ 5× 10−3m4.
This is much less than the initial energy stored in the electric field EE ∼ 5m4,
which means that almost all energy is transferred to the first produced pair
and stored as kinetic energy, or lost in the form of radiation.

This trend remains for a smaller initial field. Production rate becomes ex-
ponentially small and a much smaller number of pairs is available to absorb
the field’s energy. For example, if we start with eE(0) = 0.2m2, when
mt = 100000 the field becomes eE ≈ 0.18m2. This means

∆EE =
m4

8πα [(0.18)2 − (0.2)2] ≈ −0.04m4 (4.9)

On the other hand, pair production is very low and

Em = 2m4
∫
d(mt)

Γ
m4 = 6× 10−7m4 (4.10)

much less than the available energy lost by the electric field. This means
that a larger percentage of energy is stored as kinetic energy or radiation.

4.5 Error analysis
So far, we have used two approximations: The first is eE < πm2, used to
justify our linear approximation. As seen in figure 4.8, this approximation
is self-consistent and gets better with time as we approach small E. This
is fortunate because the regime we wish to inspect and compare to previous
studies [3] is in fact the small field regime. We see that our results disagree
with the oscillation behaviour predicted by Mottola et. al. The second

26
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4.5 Error analysis 27

approximation we did is a WKB approximation, where we take the small
parameter to be Ė/Eω. The physical meaning of this approximation is that
the electric field changes much slower than the evolution of the fermionic
state, so the fermions do not ”feel” the change of the field. The fermion
energy ω =

√
k2 +m2 is at least equal to m. With this in mind, our small

parameter for the WKB approximation is at most Ė/Em. We see in figure
4.8 that the absolute value of this parameter is never more than 5× 10−3,
and gets smaller at later times, so our results are consistent with the WKB
approximation.
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0.001

0.002

0.003

0.004

0.005

-
E'

E m

Figure 4.8: WKB error (−Ė/Em) vs mt with initial conditions eE = m2 and
A(0) = 0.
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Chapter 5
Current from point splitting and
beyond WKB

5.1 Point splitting at small proper time
As we saw, the problem with calculating the current expectation value is
that it gives zero in the WKB approximation. It does so because the current
becomes proportional to y − y as seen in eq. (2.26). From eq. (2.33), it
is clear that this amounts to taking the limit x(s) → x(0), zooming in on
the UV behavior, and taking the limit s → 0. One can see throughout
expressions (2.33), (2.39), leading to (2.48) that there is a subtlety in the
limit x(s) = x(0) since for s = 0 the expressions diverge. This divergence
requires a proper regularization. However, we can gain some intuition for
what happens near s = 0 if we simplify the mathematics by approximating
Mµν , which is calculated in appendix B.1, about s = 0:

Π(s) = eesF
eF

2 sinh(esF) .[x(s)− x(0)] = M.[x(s)− x(0)] (5.1)

M ν
µ (F) =

1
2s


esE coth esE 0 0 −esE

0 1 0 0
0 0 1 0
−esE 0 0 esE coth esE

 (5.2)

≈ 1
2s


1 0 0 −esE
0 1 0 0
0 0 1 0
−esE 0 0 1

 (5.3)
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30 Current from point splitting and beyond WKB

where in the last step, esE � 1. Note that s is the proper time because it
parameterizes the fermion path. The use of a small s approximation can be
interpreted, after Fourier transformation, to corresponds to an approximation
for large fermion momentum. This approximation is found in the work of
Mottola et. al [3] and is justified within the WKB approximation we did, in
which the small quantity is Ė/(Eω).

As for the current, we can write starting from (2.26) and using (2.48):

jν(y) = −e
∫ ∞

0
dse−ism

2
Tr 〈y| γν /Πe−iĤs |y〉 (5.4)

= −e
∫ ∞

0
dse−ism

2
Tr{γνγµMµσ(y− y)σ 〈y| e−iĤs |y〉} (5.5)

The current is still proportional to y− y, but we can introduce point splitting
in the time direction:

j(y) ∼ (y− y)→ t− t′ (5.6)
j(y′)− j(y) ∼ (t′ − t)− (t− t′) = 2(t′ − t) (5.7)

dj ∼ 2dt (5.8)

So in the current expression, we will replace y− y with 2dt and j with dj:

djν(y) ≈ −e
∫ ∞

0
dse−ism

2
Tr{γνγµ 〈y| e−iĤs |y〉}Mµ02dt (5.9)

dj3
dt

= −2e
∫ ∞

0
dse−ism

2
Tr{γ3γµ

−ieE
16π2s

[−γ0γ3 + coth esE]}Mµ0 (5.10)

=
ie2E

2π2

∫ ∞
0

ds

s
e−ism

2
[M00 −M30 coth esE] (5.11)

dj3
dt
≈ −ie

3E2

4π2

∫ ∞
0

ds

s
e−ism

2
(coth esE − 1

eEs
) (5.12)

where in the last step, we substitute the matrix elements of M from the
s → 0 expression in (5.3): M00 = 1/2s and M30 = eE/2. The result is
the current we got by using response and the formally loose and unrigorous
linear approximation, and we even get minimal subtraction for free! This
becomes clear if we keep in mind that A3 ≈ Et and write from (4.4):

j3 =
−ie3E

4π2 A3
∫ ∞

0

ds

s
e−ism

2
(coth(esE)− 1

esE
) (5.13)

dj3 ≈
−ie3E

4π2 dA3
∫ ∞

0

ds

s
e−ism

2
(coth(esE)− 1

esE
) (5.14)

=
−ie3E2

4π2 dt
∫ ∞

0

ds

s
e−ism

2
(coth(esE)− 1

esE
) (5.15)
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5.2 The current beyond WKB 31

so we expect the dynamics to be the same. The method presented in this
section forms another educated guess that supports the results we obtained
earlier, but must be taken with a grain of salt until matched with experi-
mental data that exhibit our predicted system dynamics.

5.2 The current beyond WKB
Since the current expectation value was calculated to be zero in the naive
usage of WKB, we try to find the current without making the approximation.
If we go back to computing commutators of operators with the Hamiltonian,
we have:

dΠ̂µ

ds
= i[Ĥ, Π̂µ] = 2eFµνΠ̂ν + ∆µ (5.16)

∆µ ≡
e

2∂µσαβF
αβ − ie∂νF νµ (5.17)

Instead of neglecting ∆µ, we now keep it in our equations. We can solve the
differential equation (5.16) for Π(s) to obtain:

Π(s) = e2esF.Π0 −
∆

2eF (5.18)

where Π0 is some s-independent operator. One can check that this is in-
deed the solution by substituting it into (5.16). We can use this solution to
integrate the differential equation for the position operator:

dx
ds

= i[Ĥ, x] = 2Π (5.19)

x(s)− x(0) = −∆s

eF
+ 2eesF sinh esF

eF
Π0 (5.20)

we can use these two solutions to write Π(s) in terms of x(s)− x(0):

Π(s) = − ∆
2eF + eesF

eF
2 sinh esF [x(s)− x(0) + ∆s

eF
] (5.21)

= M.[x(s)− x(0)]− (1− 2sM)
∆

2eF (5.22)

= M.[x(s)− x(0)]−P.∆ (5.23)
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32 Current from point splitting and beyond WKB

The difference is a new term proportional to ∆, with

P = (1− eesF esF
sinh(esF) )/2eF (5.24)

P ν
µ =

−s
2


1 0 0 1−esE coth esE

esE
0 1 0 0
0 0 1 0

1−esE coth esE
esE 0 0 1

 (5.25)

where the last expression is in our chosen gauge F03 = E. We can also find:

∆µ = ie(−γ0γ3gµ0 + gµ3)Ė (5.26)

As for equation (2.39), it gets modified as:

〈x| e−iĤs |x〉 = −ieE16π2s
[γ0γ3 + coth(esE)]e−

∫
ds(P.∆)2

(5.27)

and does not change to first order in ∆µ. Recalling our original equation for
the current:

〈jν(y)〉 = −e
∫ ∞

0
dse−ism

2
Tr 〈y| γν /Πe−iĤs |y〉 (5.28)

Substituting Π from (5.23) and knowing that the first term vanishes, we can
use equation (5.27) to compute:

〈j3(y)〉 = e
∫ ∞

0
dse−ism

2
Tr γ3γµ 〈y| e−iĤsPµν∆ν |y〉 (5.29)

=
e3EĖ

4π2

∫ ∞
0

ds

s
e−ism

2
[(P 00 + P 33) coth(esE)− P 03 − P 30]e−

∫
ds(P.∆)2

(5.30)
〈j3(y)〉 = 0 (5.31)

where in the last step we simply substituted the matrix elements of P. We
conclude that there is not much to be gained by going beyond the WKB
approximation in this manner, and that a WKB approximation should be
sufficient for a good qualitative description of the system.
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Chapter 6
Conclusion

We sat out to solve the problem of back reaction on a large electric field due
to fermionic Schwinger pair production in the context of spinor QED. Our
strategy involved a WKB approximation where we first consider the electric
field E to be an external constant field. We then seek an expression for
the current at time t in terms of E(t), then restore field dynamics, using
Maxwell’s equation which in our chosen gauge reads: j = Ė. This relates
the electric field to Ė and produces a differential equation which should give
a good qualitative description for the dynamics of the system.

Although we know the current must not vanish, the most formal usage of the
WKB approximation resulted in a vanishing current, which forced us to resort
to less rigorous methods. We presented two ways to find a non-vanishing
electric current; one employs the fluctuation-dissipation theorem, computing
the response tensor in combination with a linear approximation of the electric
current functional jν [Aµ], and the other uses point splitting combined with
the approximation of small Schwinger proper time. The two methods result in
essentially identical expressions for the current, which gives some confidence
in our approach as an educated guess. However, the crudeness of these
methods leaves room for suspicion in the results that follow. The hope is
that experimental data can soon falsify or confirm our results.

The electric current expression and Maxwell’s equation lead to a non-linear
complex differential equation for E. After finding a stable numerical solution,
we interpret the real part of E to be the physical electric field. System
dynamics show a predicted behavior; Starting with an electric field E =
m2/e just below the Schwinger limit, the field undergoes a sharp drop due
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34 Conclusion

to the back reaction of pair production, followed by a slow exponential-like
decay soon after as pair production diminishes drastically. Along with the
gauge field A and the electric field E, we also obtain and plot the electric
current and production rate. We then analyse the error and conclude that
our results are consistent with the WKB approximation we used. A basic
examination of the energy of the system indicates that most of the energy
after pair production is not stored in the electric field nor in the mass of
the produced pairs, but either stored as kinetic energy of the fermions or as
radiation (or both). This last point should be taken with skepticism until
further investigation.
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Appendix A
Functional derivative of exponential

We need to find:

δe−iĤs = δ
∞∑
n=0

1
n!
(is/Π2)n =

∞∑
n=0

1
n!

n−1∑
m=0

(is/Π2)mδ(is/Π2)(is/Π2)n−1−m

(A.1)

=
∞∑
m=0

∞∑
n=m+1

1
n!
(is/Π2)mδ(is/Π2)(is/Π2)n−1−m (A.2)

=
∞∑
m=0

∞∑
n=0

1
(n+m+ 1)! (is

/Π2)mδ(is/Π2)(is/Π2)n (A.3)

=
∞∑
m=0

∞∑
n=0

m!n!
(n+m+ 1)!

1
m!

(is/Π2)mδ(is/Π2)
1
n!
(is/Π2)n (A.4)

=
∞∑
m=0

∞∑
n=0

∫ 1

0
dααm(1− α)n 1

m!
(is/Π2)mδ(is/Π2)

1
n!
(is/Π2)n (A.5)

= is
∫ 1

0
dαei/Π

2sα(δ/Π2)ei/Π
2s(1−α) (A.6)

= i
∫ s

0
dαei/Π

2α(δ/Π2)ei/Π
2(s−α) (A.7)
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Appendix B
Calculating the second term of the
response tensor

Recall:

Kµν(y
′, y) =

−ie3E

4π2 gµνδ(y
′ − y)

∫ ∞
0

ds

s
e−ism

2
coth(esE) + ie2

2

∫ ∞
0

dse−ism
2
Hµν(y

′, y; s)
(B.1)

where:

Hµν(y
′, y; s) ≡

∫ s

0
dθTr{〈y| e−iĤθ /Πγν

∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) /Πγµ |y〉

+ 〈y| /Πγµe−iĤθ
∣∣∣y′〉〈y′∣∣∣ /Πγνe−iĤ(s−θ) |y〉

+ 〈y| /Πγµe−iĤθ /Πγν
∣∣∣y′〉〈y′∣∣∣ e−iĤ(s−θ) |y〉

+
〈
y′
∣∣∣ /Πγνe−iĤθ /Πγµ |y〉〈y| e−iĤ(s−θ)

∣∣∣y′〉}
(B.2)

Hµν can be computed using equations (2.33) and (2.34) in the same way as
the term for the current. Simplifying the second two terms involves commut-
ing Π and x, and gives:

〈y| /Πγµe−iĤθ /Π
∣∣∣y′〉 =

γρM
ργ
θ Yγγµ

〈
y
∣∣∣y′; θ〉YδM δσ

θ γσ + iγργµ
〈
y
∣∣∣y′; θ〉Mρσ

θ γσ

(B.3)
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38 Calculating the second term of the response tensor

Where Y = y′ − y, Mθ is M as a function of θ instead of s in (2.33), and
|y; θ〉 = e−iĤθ |y〉. We can put this back to find Hµν , noting that we can use
the cyclicity of the trace in the last term, and changing integration variables
only in the last term to make its trace match that of other terms and factor
it out. We find:

Hµν(Y = y′ − y; s) =∫ s

0
dθ[(−M δρ

s−θM
γσ
θ −M

ργ
θ Mσδ

s−θ +Mργ
θ M δσ

θ +Mγρ
s−θM

σδ
s−θ)YγYδ

+ i(Mρσ
θ +Mσρ

s−θ)]Tr{γργµ
〈
y
∣∣∣y′; θ〉 γσγν 〈y′∣∣∣y; s− θ

〉
}

(B.4)

where we used Mµν = Nνµ to turn all matrices into Mµν , which is defined:

Ms =
1
s
eesF

esF
2 sinh(esF) (B.5)

To make expressions shorter we define:

Dρσ = (−M δρ
s−θM

γσ
θ −M

ργ
θ Mσδ

s−θ +Mργ
θ M δσ

θ +Mγρ
s−θM

σδ
s−θ)YγYδ

+i(Mρσ
θ +Mσρ

s−θ)
(B.6)

Hµν(Y = y′ − y; s) =
∫ s

0
dθDρσ Tr{γργµ

〈
y
∣∣∣y′; θ〉 γσγν 〈y′∣∣∣y; s− θ

〉
} (B.7)

Now we need to find the trace. Recalling (2.34), (2.36), and (2.38), we obtain:

Tr{γργµ
〈
y
∣∣∣y′; θ〉 γσγν 〈y′∣∣∣y; s− θ

〉
} =

e2E2θ(s− θ)
−64π4s4 eiY

eF
4 [coth eθF+coth e(s−θ)F]Y

[Tr{γργµγσγν} coth eθE coth e(s− θ)E
−Tr{γργµγ0γ3γσγν} coth e(s− θ)E
−Tr{γργµγσγνγ0γ3} coth eθE + Tr{γργµγ0γ3γσγνγ0γ3}]

(B.8)

In our chosen gauge, ν = 3, which simplifies the process of finding the
traces. To make the equations even shorter we define φ = s− θ. We find the
functions:

H11 = e2E2
∫ s

0
dθτ (θ){[D11 −D22][coth eθE coth eφE + 1]

+ [D00 −D33][coth eθE coth eφE − 1]− [D30 −D03][coth eφE − coth eθE]}
(B.9)

H12 = e2E2
∫ s

0
dθτ (θ)[D12 +D21][coth eθE coth eφE + 1] (B.10)
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B.1 Calculating the matrices 39

H13 = e2E2
∫ s

0
dθτ (θ){[D13 +D31] coth eθE coth eφE

− [D01 −D10] coth eφE + [D01 +D10] coth eθE + [D13 −D31]}
(B.11)

H33 = e2E2
∫ s

0
dθτ (θ){[D00 −D11 −D22 +D33] coth eθE coth eφE

+[D03 +D30](coth eφE + coth eθE) + tr(D)}
(B.12)

where

τ (θ) = − θφ

16π4s4 exp
{
iY

eF
4 [coth eθF+ coth eφF]Y

}
(B.13)

B.1 Calculating the matrices
In the last expression, we see that we need to find the matrices D. We note
the following: for any function kµν of F we can use a Taylor expansion.
Taking F 30 = −F 03 = E gives:

(eesF) ν
µ =


cosh esE 0 0 − sinh esE

0 1 0 0
0 0 1 0

− sinh esE 0 0 cosh esE

 (B.14)

In order to find M = 1
se
esF esF

2 sinh(esF) , we need to find the matrix T = esF
sinh esF

which is defined by the equation:

T. sinh esF = esF (B.15)

T ν
µ .


0 0 0 − sinh esE
0 0 0 0
0 0 0 0

− sinh esE 0 0 0

 =


0 0 0 −esE
0 0 0 0
0 0 0 0
−esE 0 0 0

 (B.16)

It is clear that the elements of indices {1, 2} are ill-defined. We can find them
if we start with an electromagnetic tensor that contains a magnetic field in
the z direction, then after finding T we take the limit of the magnetic field
to zero, we find that the right matrix to fill up the middle square of indices
{1, 2} is the identity matrix. For insight to the problem, we will keep B
explicit in the equations that follow, and take the limit of zero magnetic field
at the end. We find:

F ν
µ =


0 0 0 −E
0 0 B 0
0 −B 0 0
−E 0 0 0

 (B.17)
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40 Calculating the second term of the response tensor

M ν
µ =

1
2s


esE coth esE 0 0 −esE

0 esB cot esB esB 0
0 −esB esB cot esB 0
−esE 0 0 esE coth esE


(B.18)

Taking the limit B → 0, we find that the {1, 2} diagonal elements of T are
1, and M with zero magnetic field becomes:

M ν
µ (F) =

1
2s


esE coth esE 0 0 −esE

0 1 0 0
0 0 1 0
−esE 0 0 esE coth esE

 (B.19)

With the shorthand notation y′ − y = Y , in the same way one finds the
exponent in τ :

τ = − θφ

16π4s4 exp
{
iY

eF
4 [coth eθF+ coth eφF]Y

}
= − θφ

16π4s4

exp
{
i

4

[
eE(Y 2

0 − Y 2
3 )(coth[eEφ] + coth[eEθ])− (Y 2

1 + Y 2
2 )(

1
θ
+

1
φ
)

]}
(B.20)

Recall:

H33 = e2E2
∫ s

0
dθτ (θ){[D00 +D33](coth eθE coth eφE + 1)+

[D03 +D30](coth eφE + coth eθE)− [D11 +D22](coth eθE coth eφE − 1)}
(B.21)

We find:

D00 +D33 =
e2E2

−8 (Y 2
0 + Y 2

3 )
3 + cosh[2eEs]− 2 cosh[2eEφ]− 2 cosh[2eEθ]

sinh2(eEφ) sinh2(eEθ)
(B.22)

D03 +D30 = e2E2Y 0Y 3(−2 + 1
2(coth eEφ− coth eEθ)2) (B.23)

D11 +D22 =
−is
θφ

+
(φ− θ)2

4φ2θ2 (Y 2
1 + Y 2

2 ) (B.24)

The second term of the response, to calculate j3 in our gauge, is:

C33 =
ie2

2

∫ ∞
0

dse−ism
2
H33 (B.25)
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B.2 rescaling and contour integration 41

B.2 rescaling and contour integration
We can simplify this by rescaling the variables θ → sθ and then eEs → s.
We find:

C33 =
−ie5E3

32π4

∫ ∞
0

ds

s
e−ism

2/eE
∫ 1

0
dθθφ

e
i
4eE[(Y 2

0 −Y 2
3 )(coth[sφ]+coth[sθ])−(Y 2

1 +Y 2
2 )/(θφs)]{

D1(coth sθ coth sφ+ 1) +D2(coth sφ+ coth sθ)−D3(coth sθ coth sφ− 1)}
(B.26)

with

D1 = −eE8 (Y 2
0 + Y 2

3 )
3 + cosh(2s)− 2 cosh(2sφ)− 2 cosh(2sθ)

sinh2(sφ) sinh2(sθ)
(B.27)

D2 = eEY 0Y 3(−2 + 1
2(coth sφ− coth sθ)2) (B.28)

D3 =
−i
θφs

+ eE
(φ− θ)2

4φ2θ2s2 (Y
2

1 + Y 2
2 ) (B.29)

We can perform the s integral using a contour. Let us first delay talking
about the pole at s = 0.

Since Re[eis] is even and Re[ieis] is odd, by taking the real part of the expres-
sion the integrand becomes even in s except for the second term involving
D2, which becomes odd. This term is odd in Y3, and when we integrate C33
over y′3 to find the current, it drops. For this reason, we drop it from now,
and the entire integrand becomes even in s, so we can extend the integration
to ±∞. We can then close the contour by taking an infinite loop in the lower
imaginary plane. This picks up poles of the coth function on the negative
imaginary axis, and the contribution from the infinite line integral at infinite
negative imaginary values for s vanishes due to the exponent. If we are only
interested in the real part of C33. We have:

C33 =
−e5E3

64π4 Re[i
∫ ∞
−∞

ds

s
e−ism

2/eE

∫ 1

0
dθθφe

i
4eE[(Y 2

0 −Y 2
3 )(coth[sφ]+coth[sθ])−(Y 2

1 +Y 2
2 )/(θφs)]

[D1(coth sθ coth sφ+ 1)−D3(coth sθ coth sφ− 1)]

(B.30)

There are two types of poles: s = −inπ
θ and s = −inπ

φ . For the second, we can
change variables θ → φ in the integral, and since the integrand is symmetric
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42 Calculating the second term of the response tensor

under this transformation, we end up with a duplication of poles of the first
type, so we use only the first poles. As for the exponent, at the poles we can
use:

lim
ε→0

1√
2πε

e−
x2
2ε = δ(x) (B.31)

to find:

e
i
4eE[(Y 2

0 −Y 2
3 )(coth[sφ]+coth[sθ])−(Y 2

1 +Y 2
2 )/(θφs)] → 4π

eE coth(sθ)δ(Y0)δ(Y3)

(B.32)
and:

C33 =
−e5E3

64π4 Re[i(−2πi)
∞∑
n=1

e−nπm
2/eE

−inπ

∫ 1

0
dθθ2φ

4π
eE

δ(Y0)δ(Y3)

i

θ
cot(nπφ/θ)Res

{
1

coth(sθ) (D1 −D3)

} (B.33)

D1/ coth(sθ) has a finite residue, but the delta functions demand Y0 = Y3 =
0 and so D1 = 0. As for D3, other than the pole at s = 0 it has a finite
residue, but Res

{
1

coth(sθ)

}
= 0, so this makes the whole expression zero

except for when s = 0.

As for when s = 0, the exponent becomes a four-dimensional delta, so the
only term that remains is the one in D3 which is ∼ 1/s. A calculation shows
that the leading term of the integrand becomes ∼ 1/s2 which has a vanishing
residue, so the entire expression is zero. In detail:

C33 →
−e3E

2π2

∫ 1

0
dθφ2θ2 Res D1 −D3

s
δ(4)(Y ) (B.34)

= −ie
3E

12π2 δ
(4)(Y )Res 1

s2 = 0 (B.35)
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Appendix C
Real part of response and effective
interaction Lagrangian

The Integral we wish to evaluate is:

I = Re[−i
∫ ∞

0

ds

s
e−ism

2
(coth(esE)− 1

esE
)] (C.1)

By taking a derivative with respect to m2 we can make the integrand even
in s, then we integrate back.

d

dm2 I = Re[−i
∫ ∞

0

ds

s
(−is)e−ism

2
(coth(esE)− 1

esE
)] (C.2)

= −1
2 Re[

∫ ∞
−∞

dse−ism
2
(coth(esE)− 1

esE
)] (C.3)

We were able to do the last step because Re[e−ism2
] is even in s. Now the

poles are along the imaginary axis. Closing the contour from below as we
did in 2.1, we find:

d

dm2 I = −
1
2 Re[−2πi

∞∑
n=1

1
eE

e−nπm
2/eE ] (C.4)

I = Re[i
∞∑
n=1

π

eE

∫
dm2e−nπm

2/eE ] (C.5)

= −Re[i
∞∑
n=1

1
n
e−nπm

2/eE ] = 0 (C.6)
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As for the effective interaction Lagrangian, we can employ the same method
to show that it vanishes. The integral we need to evaluate is:

I2 = Re[
∫ ∞

0

ds

s2 e
−ism2

[coth esE − 1
esE
− esE

3 ] (C.7)
d

dm2 I2 = Re[−i
∫ ∞

0

ds

s
e−ism

2
(coth(esE)− 1

esE
)] = I (C.8)

d

dm2 I2 = −Re[i
∞∑
n=1

1
n
e−nπm

2/eE ] (C.9)

I2 = Re[i
∞∑
n=1

eE

n2π
e−nπm

2/eE ] = 0 (C.10)

where we remained faithful to minimal subtraction by removing −esE3 since
it is no longer needed to remove the divergence, and in any case, once the
residue is evaluated, it has zero residue.
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Appendix D
A short justification for the form of
linear approximation

To intuitively justify (4.1) we treat the analogy of the usual form of linear
approximation for a function f(x) is:

f(x+ ∆x) ≈ f(x) + ∆xf ′(x) (D.1)

by replacing ∆x→ −∆x we reach the form presented in (4.1):

f(x− ∆x) ≈ f(x)− ∆xf ′(x) (D.2)
f(x) ≈ f(x− ∆x) + ∆xf ′(x) (D.3)

We then choose the point x− ∆x = 0. This form allows us to approximate
f(x) using the slope at x instead of the slope at 0:

f(x) ≈ f(0) + ∆xf ′(x) (D.4)

This is significant since the usual treatment of linear response [6] evaluates
the response tensor Kµν , which plays the role of the slope, at A = 0. Instead,
we evaluate it at x when A(x) 6= 0.
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