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Abstract

Cosmic neutrino background (CνB) has long stimulated astronomers’ in-
terest since it contains the information of the universe 1 second after the
Big Bang. Recently, the Ptolemy project was proposed to detect the CνB
directly. It uses graphene to localize the tritium atoms to provide a very
high energy resolution. Still, it pays a price of spectrum broadening due
to the interaction between graphene and tritium atoms. In this paper, we
presented how the X-ray edge influences the Ptolemy project. We found
out that the smeared beta decay spectrum is the convolution between the
spectral density function of graphene and the original beta decay spec-
trum. Using the linked cluster expansion, we obtain the spectral density
function of graphene, precisely the gamma distribution function, and con-
trolled by two parameters, the coupling constant and the cutoff energy.
Moreover, we also investigated factors that influence the coupling con-
stant and the cutoff energy. We found out that dynamic screening effects
change the coupling constant significantly for the freestanding graphene.
Still, we can rule the disorder effects out if the tritium concentration is be-
low 5× 1011/cm2. In the end, we developed the determinant method to
obtain a more rigorous dependence of the coupling constant on the ex-
ternal dielectric constant for the graphene deposited on a low-dielectric-
constant substrate. We suggest that the visibility of the Ptolemy project
can be increased by finding the substrate with a higher dielectric constant
or increasing the height of the helium ion. Moreover, from the X-ray edge,
metallic foil is not a good choice compared to graphene.
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Chapter 1
X ray singularity problem

1.1 Introduction

The well-known cosmic microwave background (CMB) is discovered by
Penzias and Wilson [1], and it supported the Big Bang model. From the
data of WMAP (Wilkinson Microwave Anisotropy Probe), 2001 [2] and
Planck in 2013 [3], it is found that the age of the universe is about 13 bil-
lion years. However, it is tough to probe the universe closer than 300 000
years to the Big Bang from CMB since photons start decoupling at a tem-
perature of about 3000 K. Therefore, Astronomers tend to seek another
messenger that has a weaker interaction with matter than photons do.
Neutrinos have such a weak interaction with matter that they decouple
from the matter 1 second after the Big Bang, making neutrino a perfect
candidate to help people understand what happens in the very early uni-
verse. However, every coin has two sides; it is hard to detect the Cos-
mic Neutrino Background (CνB) directly because of its weak interaction
with matters and its low energy. Nevertheless, many proposals have been
formed based on the tritium beta decay [4, 5].
Beta-decay is a type of radioactive decay in which an atomic nucleus emits
a beta particle [6]. In this process, either a neutrino is absorbed, or an anti-
neutrino is released.

νe +
3 H→ 3He + e−, (1.1)

or
3H→ 3He + e− + ν̄e (1.2)

As depicted in Fig. 1.1, the spectrum consists of the beta decay background
part and the CNB part. The smoking gun signature of a relic neutrino cap-
ture is a peak in the spectrum, shifted about 2mν above the beta decay end-
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2 X ray singularity problem

Figure 1.1: Beta decay spectrum and the sketch of the beta decay process

point. The two narrow peaks in the spectrum come from the contributions
of different mass eigenstates. The energy gap is only about 100 meV, so
the CNB signal can only be directly probed if the energy resolution of the
experiments has the same order of magnitude of the neutrino mass. How-
ever, even for nowadays most advanced CNB detector Katrin, it can only
achieve an energy resolution up to 0.93 eV [5]. Several effects can cause the
spectrum broadening, which decreases the energy resolution significantly.
For gaseous tritium, the most important one is the energy uncertainty due
to the zero-point motion of molecules, which causes a broadening of the
spectrum, leading to an insufficient energy resolution [5, 7].
Besides the requirement of high energy resolution, sufficient number den-

sity is another requirement to detect the CNB signal directly. The capture
of the relic neutrino is so rare that if one wants to see about four events
per year, then one needs to ensure that the effective mass of tritium atoms
is at least 100g [8, 9]. However, the inelastic scattering between the elec-
tron and tritium set a constraint on the effective mass of tritium since only
the electrons escape the source within the mean free path contribute to
the signal; otherwise, they only yield the background [10, 11]. In the fol-
lowing discussion, we will show that due to this constriction, to contain a
sufficient amount of tritium, one needs to build a huge setup, which is not
feasible in engineering.
For a cylindrical container like the one in the Katrin project, the effective

2
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1.1 Introduction 3

mass of tritium molecules depends on the product of number density of
tritium ρ and the mean free path of electrons l,

me f f = mρlS, (1.3)

where m is the mass of a single tritium atom, and S is the cross-sectional
area of the tritium container. Hence, improving the tritium source strength
can increase the tritium’s effective mass. Nevertheless, increasing the num-
ber density of tritium decreases the mean free path of electrons as well.

l = (ρσe−T)
−1, (1.4)

σe−T is the scattering cross-section for the inelastic scattering between elec-
trons and tritium molecules, and σe−T ∼ 10−18cm2 [5]. Combining those
two equations, we can find that the effective mass of tritium molecules is
a constant if the cross-section area of the container is fixed.

me f f = mSσ−1
e−T (1.5)

Also, we can find the length scale to contain tritium with an effective mass
of 100 grams,

l = S1/2 =
√

Ne f f σe−T, (1.6)

where Ne f f is the number of molecules in 100 grams of tritium molecule.
Therefore, the minimum area of the container should be 1000m2, which
seems to be infeasible technically. For the actual setup of Katrin, the cross-
section area of the container is about 50cm2, so the effective mass of tritium
molecules is only about 50µg [5] even if one can provide a tremendous
amount of tritium molecules.
Generally, for a spherical container, the minimum volume to contain tri-
tium molecules is also too large to achieve in engineering. In the following
discussion, we show that the length scale of a spherical container is the
same as the cylindrical one. If the size of the container L is larger than the
mean free path of tritium, then the effective mass of tritium should be

me f f = mρl3. (1.7)

Inserting eq. (1.4) into the above expression, it gives the same result as in
the eq. (1.6) Now, we can do an estimation about the minimum volume
to contain 100g tritium. If we want to ensure that the effective mass of
tritium is 100g, the container’s volume should satisfy that

V = N/ρ = Nσe−t

√
Ne f f σeT ≥ (Ne f f σe−T)

3/2, (1.8)
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4 X ray singularity problem

N is the total number of tritium molecules in the containers. If the con-
tainer’s size is smaller than the mean free path, we can get the following
inequality.

Ne f f = ρV ≤ ρl3 = l2σ−1
e−T (1.9)

Therefore, the volume of the tritium source must meet the following con-
dition.

V = Ne f f /ρ = Ne f f lσe−T ≥ (Ne f f σe−T)
3/2 (1.10)

In conclusion, the minimum volume to contain 100 grams of tritium molecules
should be (Ne f f σe−T)

3/2 ∼ 105m3, which is a substantial technical chal-
lenge to achieve. One may argue that we can condense the tritium gas
into a liquid state or even a solid-state to increase the number density and
decrease the size of the setup. However, it encounters the problem that the
molecule vibration in a solid-state or liquid state is even more robust, lead-
ing to an even lower energy resolution, so one cannot condense the tritium
gas. To get rid of the molecular vibration and to increase the number of
tritium per volume, as well as to provide a very high energy resolution, a
setup is proposed by Ptolemy Collaboration [12, 13].
In the Ptolemy proposal, tritium atoms are localized by graphene sheet,
which can be done by chemisorption or physisorption. The binding en-
ergy in both cases is smaller than the molecular binding energy, so the
energy uncertainty due to the zero-point motion of the molecules can be
reduced. To suppress the background, it uses radio-pure materials. More-
over, the ejected electrons are accelerated by the gate voltage, and they
follow a vacuum trajectory until they exit the layer or bounce into another
Field Effective Transistors(FET). Hence, they follow a FET-FET trajectory
as depicted in Fig. 1.2. The hopping between different FETs is elastic,
so electrons do not lose any energy during this process. Therefore, the
Ptolemy project provides a very high energy resolution. Because so many
graphene sheets can be stacked together, it provides a large enough den-
sity of tritium atoms. We can have a quantitative estimation of the size
of the Ptolemy setup. For a fully tritiated graphene, the tritium atom
density is about 3 × 1015/cm2 [9, 14], so the total effective area for 100
grams of tritium atoms is about 1010cm2. The vertical separation of differ-
ent graphene sheets is ∼ mm in z direction [15], so the entire setup can fit
inside a∼ 103m3 space, which is two orders of magnitude smaller than the
minimum volume in three dimensions. Furthermore, one can even find a
non-planar topology to decrease the total volume of the setup by a factor
of 100 [9]. However, there are still some emergent phenomena that are sig-
nificant to the experiments. One of the phenomena that I am interested in

4
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1.2 Defining the problem 5

Figure 1.2: Stacked planar arrays of graphene FET. [12]. Graphene Field Effect
Transistors (G-FETs) are stacked together to construct an array. When an electron
is emitted from a G-FET, it is deflected by the electrical field, and the electron
follows the FET-FET trajectory.

is the X-ray singularity effect [16], which is an instantaneous effect.

1.2 Defining the problem

In this section, we will define the problem and go into its details. This sec-
tion is structured as follows, firstly, the physical description of the prob-
lem; second, the assumptions; then, it follows the calculation details. As-
sume that a tritium atom is placed right above a graphene sheet, and the
graphene confines it by Van der Waals force or chemical binding. After
capturing an incoming neutrino, the tritium atom converts into a helium
ion, releasing an outgoing electron at the same time due to the induced
β decay as depicted in Fig(1.3). The helium ion is positively charged, so
it will become a scattering center in the graphene system and thus affects
the graphene’s electronic structure. Therefore, the system will respond to
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6 X ray singularity problem

Figure 1.3: Sketch of the beta emitter and graphene sheet. 3He+ is the production
of tritium beta decay, and it introduces a sudden localized perturbation in the
electron system of graphene. This sudden localized perturbation causes an X-ray
edge, which changes the beta decay spectrum.

the sudden perturbation of the helium ion, which is the same as the X-ray
singularity problem. In the X-ray singularity problem, the x-ray absorp-
tion creates a core level hole, and it becomes a scattering center, leading to
Anderson Orthogonality Catastrophe (AOC) [17]. The AOC effect causes
a singularity behavior in the absorption and emission spectrum. In our
case, helium ion is like the core hole in the X-ray singularity problem. Due
to Heisenberg’s uncertainty principle, an energy transfer between the beta
emitters and the graphene system can occur in a very short time. With-
out the interaction between the helium ion and graphene electrons, the
response to this energy uncertainty is a delta function. However, the sud-
den perturbation of the helium ion changes this energy response from the
delta function to a power-law decay function with an X-ray edge. There-
fore, the emission spectrum of the β decay will be changed by this X-ray
edge.
To simplify this problem, we can make the following assumption:

(1) The recoil effect between the outgoing electron and the helium ion on
the X-ray singularity can be neglected. The recoil of the helium ion is about
3.38 eV, which has the same magnitude of order as the Fermi energy. The

6
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1.2 Defining the problem 7

mass of the helium ion is about 6000 times bigger than the mass of an elec-
tron, so we are safe to say the helium ion is localized. Also, whether for
physisorption or chemisorption, the helium ion is confined in a potential
well near the surface. Therefore, we can regard the helium ion as local-
ized.
(2) We neglect the electron interaction in the graphene sheet, but we in-
clude the electron interaction effect in the self-consistent Hamiltonian of
graphene instead.
(3) We assume there are no internal structures that are significant for our
problem in the helium ion. The helium ion can occupy different excited
states other than the ground state, but the lifetime of the excited state is
estimated as h̄/∆E ≈ 1.6× 10−17s, where∆E is the energy level, 40.813eV
[18]. The mean free time of pure graphene is about one ps, and it is about
10 fs in metals. The lifetime is much less than the mean free time of elec-
trons in the materials so that we can regard the helium ion as structureless.
(4) We assume the electrons in the graphene are isotropic before and after
the transition.
(5) We assume the position of the helium ion relative to the graphene sheet
is insignificant.
(6) We assume the helium ion is screened instantaneously.
(7) We assume the lifetime of helium ions is infinitely long. As long as the
lifetime of helium ion is longer than the resolution time, our assumption
is valid.
(8) We assume the kinetic energy of the outgoing electron takes the non-
relativistic form. The assumption is valid since the kinetic energy of the
incoming neutrino is about 18.6 KeV, which is one order of magnitude
smaller than the rest mass of energy of an electron.
(9) In the physisorption case, the tritium only has Van der Waals interac-
tion with the graphene sheet before the transition, and it is insignificant to
our problem. The Van der Waals energy is about 100 meV [19, 20], but the
electrostatic energy between helium ion is about 1 eV. Therefore, we can
ignore the interaction between the tritium atom and the graphene sheet.
Thus, the argument validates the assumption.
From the assumptions, it follows that the Hamiltonian takes the form as:

H = H0 + HI + Hh−g (1.11)

which comprises the kinetic part, interaction part and the coupling be-
tween the helium ion and graphene. The kinetic part is trivial, and it is the
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8 X ray singularity problem

summation of the kinetic energy of each particle.

H0 =mνc2
∫

ν†νd3x + mhc2
∫

h†hd3x + mtc2
∫

t†td3x + ∑
k

e†
k ek

(
h̄2k2

2me
+ mec2

)
+ ∑

s

∫
d2xψ†

s (x)(−ih̄vF~∇ ·~σ)ψs(x)

(1.12)

mν is the mass of a neutrino, mh is the mass of helium ion, and mt is the
mass of the tritium atom. The ionization energy of the helium atom is in-
significant compared to the emission energy of beta decay so that we can
ignore the energy difference between the helium ion and helium atom. ν†

is the creation operator for the neutrino, h† is the creation operator for he-
lium ion, t† is the creation operator for the tritium ion, e†

k is the creation for
the outgoing electron, vF is the Fermi velocity, and s denotes the sublattice
pseudospin sets, ψ†

s (r) and ψs(r) are the filed operators for the electrons
in the graphene.

HI =
∫

GFνth†e†d3x (1.13)

where GF is the Fermi coupling constant [6, 21].
Because the potential well near the graphene surface extremely localizes
the helium ion, only the ground state is significant for our purpose. Thus,
the density operator of helium ion can be written as h†(x)h(x) = h†

0h0δ(x).
We can construct the coupling Hamiltonian between the Helium ion and
the electrons in the graphene as follow:

Hh−g = −
∫ ∫

ρ(x)V(x− y)h†(y)h(y)d2xd3y

= −
∫

ρ(x)
∫

V(x− y)δ(y)h†
0h0d3yd2x

= −
∫

ρ(x)V(x)h†
0h0d2x

(1.14)

V(x) =
e2

4πεε0
√

d2 + x2
(1.15)

where ε is the dielectric constant of the graphene, and ε0 is the permittiv-
ity of vacuum. Under random phase approximation, we can obtain the
effective dielectric constant of graphene.

ε =
1 + κ

2
+

2πe2

q
gsgvq
16h̄vF

=
1 + κ

2
+

πe2

2h̄vF

(1.16)

8
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1.2 Defining the problem 9

where κ is the external dielectric constant of the substrate, the degeneracy
factor gs = 2, gv = 2, and vF ≈ 106m/s. If the graphene is suspended in
vacuum, then ε ≈ 4.4. The height d denotes the distance between the he-
lium ion and the graphene, and ρ(x) =: ψ†(x)ψ(x) : denotes the number
density of electrons in the graphene. Using Fermi’s golden rule, we can
immediately get the transition probability.

W =
2π

h̄ ∑
f

∣∣∣∣〈0|t 〈0|ν 〈k|e 〈1|h 〈λ| ∫ GFνdh†e†d3x |1〉t |1〉ν |0〉e |0〉h |FS〉
∣∣∣∣2

× δ(E f − Ei)

(1.17)

where |λ〉 is the final state of the graphene with the energy Eλ and |FS〉
is the Fermi sea of the graphene with energy E0. The total energy of final
state in the process is mec2 + h̄2k2

2me
+Eλ +mhc2, and the energy of initial state

is mvc2 + mtc2 + E0. The final state is the tensor product of the neutrino
state, the outgoing electron state, and the graphene electron state. We can
sum over the normal beta decay part and graphene part independently.
We use index f ′ to denote the final state of beta decay and use index λ to
denote the final state of electrons in graphene. Moreover, we can express
the total transition probability as a convolution of the transition probabil-
ity function of beta decay and graphene spectral density function. Hence,
the expression of the total transition probability can be simplified to

W =
2π

h̄ ∑
f ′

∑
λ

|Vi f ′ |2| 〈λ|FS〉 |2
∫

δ(E + Eλ − E0)δ(Ek −Q− E)dE

=
2π

h̄

∫
∑
f ′

∑
λ

|Vi f′ |
2| 〈λ|FS〉 |2δ(E + Eλ − E0)δ(Ek −Q− E)dE

= (Γ ∗ A)(Ek).

(1.18)

Q = mtc2 + mvc2 − mec2 − mhc2 , and it is the emission energy of tritium
beta decay, specifically, Q=18. 6KeV. Γ(E) is the conventional beta decay
transition rate, and A(E) is the graphene spectral density function. Fol-
lowing the convention, we can regard dW

dEk
as smeared beta decay rate at

given electron kinetic energy.

dΓ
dEk smeared

=
dW
dEk

=
∫ dΓ

dEk
(Ek − E)A(E)dE = (

dΓ
dEk
∗ A)(Ek) (1.19)
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10 X ray singularity problem

The discussion above also valid for the process of background neutron
decay. We have found out that the smeared beta decay spectrum is nothing
but the convolution between the spectral density function of graphene and
the original beta decay spectrum. This result is vital to us since it tells us
the influence of the X-ray edge in the Ptolemy project. Later, we will show
that the spectral density function does have an X-ray edge.

1.3 Linked Cluster Expansion

The spectral density function A(E) is a quantity of physical interest, so we
will investigate its property further in this section. The expression for it is

A(E) = ∑
λ

|〈λ|FS〉|2 δ(E + Eλ − E0)

=
1

2πh̄ ∑
λ

∫
dt 〈FS| e−iHλt |λ〉 〈λ|FS〉 e−i(E−E0)t/h̄

=
1

2πh̄

∫
dt < FS|e−iHλt/h̄|FS > eiE0t/h̄e−iEt/h̄,

(1.20)

where Hλ is the Hamiltonian of the graphene after the beta decay. We can
express it in momentum space,

Hλ ∑
s

∑
k

sh̄vFkC†
ksCk′s −

1
L2 ∑

ss′
∑
kk′

V(k, k′)Fss′(k, k′)C†
ksCk′sh†

0h0 (1.21)

with
Fss′(k, k′) =

1
2
[
ss′ + exp(iθk − iθk′)

]
(1.22)

and

V(k, k′) =
2πe2 exp (−|k′ − k|d)

ε|k− k′| (1.23)

where s is the index for the band index. To simplify this problem, we can
omit the exponential factor in the potential, and then it becomes

V(k, k′) =
2πe2

ε|k− k′| (1.24)

Although this crude simplification is only valid near the edge of the spec-
tral density function, it gives us a physics insight in the first step. Later, we
will recover the effect of the distance d in the next chapter. For the detailed

10
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1.3 Linked Cluster Expansion 11

calculation about the Hamiltonian and the discussion on this simplifica-
tion, please see Appendix A1.
To calculate the spectral density function A(E), we can define a density
function.

ρ(t) =
〈

FS|e−iHλt/h̄|FS
〉

eiE0t/h̄ (1.25)

A(E) is just the Fourier transform of it.
We can recognize −iΘ(t)ρ(t) as the core hole Green function in the con-
ventional X-ray singularity problem [16, 22–25]. The density function ρ(t)
can be expressed in another way.

ρ(t) =
〈

FS|e−iHλt/h̄eiHFSt/h̄|FS
〉

=

〈
T exp

[
−i
∫ t

0
V(t1)dt1

]〉 (1.26)

HFS is the unperturbed Hamiltonian of the graphene sheet, T is the time
ordering operator, and V(t) is the interaction term. Using linked cluster
expansion method [25–27], we can evaluate the expression above.〈

T exp
[
−i
∫ t

0
V(t1)dt1

]〉
= exp

[
∑

l
Fl(t)

]
(1.27)

where

Fl(t) =
(−i)l

l

∫ t

0
dt1 · · ·

∫ t

0
dtl 〈TV(t1) · · ·V(tl)〉connected (1.28)

The first term is just the self-energy term Ei, so it can be absorbed into
the threshold energy. Assuming the interaction is weak, we can restrict
ourselves to the second term [25].

F2(t) = −
∫ ∞

0

du
u2 Re(u)(1− e−iut) (1.29)

where
Re(u) =

1
πL2 ∑

q
|V(q)|2Λ(q, u) (1.30)

and
Λ(q, u) = ImP(1)(q, u). (1.31)

where P(1)(q, u) is the polarizability function. We will prove it in the fol-
lowing steps. According to Wick’s theorem, we can pair the operators in
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12 X ray singularity problem

the expression of F2(t) to evaluate it.

F2(t) =
g′

2V2

∫ t

0
dt1

∫ t

0
dt2 ∑

k1,k2

|V(k1, k2)|2G(k2, t1 − t2)G(k1, t2 − t1)

=
1

2V

∫ t

0
dt1

∫ t

0
dt2 ∑

q
|V(q)|2

∫ ∞

−∞
iχe(q, u)e−iu(t1−t2)

du
2π

=
1

2πV

∫ ∞

0
∑
q
|V(q)|2i [χe(q, u)− χ∗(q, u)]

1− e−iut

u2 du

= − 1
πV

∫ ∞

0
∑
q
|V(q)|2Imχe(q, u)

1− e−iut

u2 du

(1.32)

and

χe(q, u) =
−ig′

V ∑
p

∫ ∞

−∞
|Fss′(p, p + q)|2G(p + q, t)G(p,−t)eiutdt

=
−ig′

L2

∫ ∞

−∞

dE
2π ∑

p,s,s′
|Fss′(p, p + q)|2Gs′s′(p + q, E + u)Gss(p, E),

(1.33)

where Gss(P, E) is the Green function for graphene, and g′ = gsgv. In the
third step of eq. (1.32), we have used the property of χe(q,−u) = χ∗e (q, u).
In the clean limit, χe(q, u) = P(1)(q, u) [25, 28]. we just quote the result
in the references [29–31] and its calculation details can be found in the
Appendix A2. From eq. (5.13), one can obtain that

Λ(q, u) =
q2

4
√

u2 − v2
Fq2

Θ(u− vFq) (1.34)

Substituting it into eq. (1.30), then we have

Re(u) = e4
∫ u/vF

0

qdq

2ε2
√

u2 − v2
Fq2

=
e4u

2ε2v2
F
= gu (1.35)

Using the effective dielectric constant we get in the previous step, we can
find g ≈ 0.125. Substituting it into the expression of F2, thus one can get

F2(t) = −g
∫ ξ0

0

(1− e−iut)du
u

≈ −g
∫ ξ0

1/it

du
u
≈ −g ln(1 + itξ0) (1.36)

12
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1.4 Result 13

The expression in valid only for large t, i. e ξ0t >> 1. The expression for
the density function is obtained from eq. (1.36),

ρ(t) = exp(−iEit− g ln(1 + itξ0)). (1.37)

1.4 Result

In this section, we found out that the spectral density function of graphene,
which is the gamma distribution function. The Fourier transform of eq.
(1.37) gives the spectral density function of graphene at the given energy.

A(Ω) =
∫ ∞

−∞

dt
2π

e−iEtρ(t)

=
∫ ∞

−∞

dt
2π

e−itΩξ0

(1 + itξ0)g

= Θ(−Ω)
sin(πg)

π
Γ(1− g)

exp(Ω)

ξ0(−Ω)(1−g)

(1.38)

with
Ω = (E + Ei)/ξ0 (1.39)

The spectral density function strictly obeys the gamma distribution, and
the result coincides with that for a metal with a local constant interaction
[25–27]. The gamma distribution function has two parameters: one is the
shape parameter, which is the coupling constant in our problem, and an-
other one is the scale parameter, which is the cut-off energy in our case, but
now it remains unknown. We plot it by using Mathematica. As we can see
in Fig. 1.4, the function is divergent when Ω goes to zero. It means there is
no energy transfer between the outgoing electron and the graphene sheet,
so the state of graphene is unperturbed. Hence, the overlap between the
two identical Slater determinants gives a delta function, leading to the di-
vergent behavior in the vicinity of Ω = 0.
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14 X ray singularity problem

Figure 1.4: The spectral density function of graphene at a given energy. A(Ω)
describes the possibility of graphene absorbing the outgoing electron’s energy.
The energy is measured in the unit of cut-off energy ξ0.
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Chapter 2
Further Study

2.1 Influence of Height

In the previous discussion, we have got the spectral density function and
find its shape parameter, i.e., the coupling constant, but the cutoff energy is
still unknown. This section shows that natural cutoff energy can be found
if we consider the effect of the height of helium ions from the graphene
sheet. In this case, the expression of Re(u) should be

Re(u) = e4
∫ u/vF

0

qe−2qddq

2ε2
√

u2 − v2
Fq2

= gu +
πgu

2
[L1(

2du
vF

)− I1(
2du
vF

)] (2.1)

where L1(
2du
vF

) and I1(
2du
vF

) are modified Struve function and modified Bessel
function, respectively.
Substituting Re(u) into the term F2(t), one can find that

F2(t) = −g
∫ ξ0

0

(1− e−iut)du
u

− πg
2

∫ ξ0

0
[L1(

2du
vF

)− I1(
2du
vF

)]
(1− e−iut)du

u
(2.2)

The first integration is the original term, labeled as F0
2 (t) and the second

integration is the correction term, labeled as F′2(t). Directly evaluating the
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16 Further Study

correction term is difficult, but we can express it as a double integral.

F′2(t) = g
∫ 2dξ0/vF

0

∫ 1

0
e−zx

√
1− x2(1− e−izvFt/2d)dxdz

= g
∫ 1

0

√
1− x2

(
1− e−2dxξ0/vF

x

)
dx + g

∫ 1

0

√
1− x2

×
(
−1 + exp(−itξ0 − 2dxξ0/vF)

x + ivFt/2d

)
dx

= P(ξ0) + N(ξ0, t)

(2.3)

where z=2du/vF. From the calculation above, we can find that the correc-
tion term can be split into two terms. The first part is a constant indepen-
dent of time t, and the second part is a time-dependent function. Hence,
only the function N(ξ0, t) is significant to our calculation. Obviously, if
t=0, it cancels with the first term P(ξ0). However, when t approaches in-
finity, the correction term F′2(t) should equal to P(ξ0).
We need to make some approximations to evaluate the function N(ξ0, t).
At a large time limit, roughly, we can use 1 to replace the ugly square root√

1− x2 since most contributions to the integration in P(ξ0) and N(ξ0, t)
come from the vicinity of x=0. Then, we can write the correction term F′2(t)
in a simple way.

F′2(t) = g
∫ 1

0

(
1− e−2dxξ0/vF

x

)
dx + g

∫ 1

0

(
−1 + exp(−itξ0 − 2dxξ0/vF)

x + ivFt/2d

)
dx

= g
∫ 1

0

(
1− e−2dxξ0/vF

x

)
dx− g

∫ 1+ivFt/2d

ivFt/2d

(
1− exp(−2dyξ0/vF)

y

)
dy

= g
∫ 1

0

(
1− e−2dxξ0/vF

x

)
dx + g

∫ ivFt/2d

0

(
1− exp(−2dyξ0/vF)

y

)
dy

− g
∫ 1+ivFt/2d

0

(
1− exp(−2dyξ0/vF)

y

)
dy

(2.4)

The factor 1 − exp(−2dyξ0/vF) behaves as 2dyξ0/vF in the limit where
u → 0. We can use vF

2dξ0
to replace the lower limit of the integration, since

vF
2dξ0
� 1. At very large time t, we can omit the factor exp(−2dyξ0/vF).

Hence, the correction term F′2(t) can be approximately expressed as a very

16

Version of July 12, 2021– Created July 12, 2021 - 12:37



2.2 Results for metal 17

neat form.

F′2(t) ≈ g
∫ 1

vF/(2dξ0)

dx
x

+ g
∫ ivFt/2d

vF/(2dξ0)

dy
y
− g

∫ 1+ivFt/2d

vF/(2dξ0)

dy
y

≈ g ln(1 +
2dξ0

vF
) + g ln(iξ0t + 1)− g ln(iξ0t +

2dξ0

vF
+ 1)

(2.5)

Substituting this result into equation (2.2), and using equation (1.27) and
equation (1.38), one can obtain the expression of spectral density function
of graphene.

A(Ω′) =
∫ ∞

−∞

dt
2π

e−iEt exp(F0
2 (t) + F′2(t)

=
∫ ∞

−∞

dt
2π

exp
(
−itΩ′ ξ0

1+2dξ0/vF

)
(1 + itξ0)g

(1 + 2dξ0/vF)
g (1 + iξ0t)g

(1 + 2dξ0/vF + iξ0t)g

=
∫ ∞

−∞

dz
2π

1 + 2dξ0/vF

ξ0

exp (−iΩ′z)
(1 + iz)g

= Θ(−Ω′)
sin(πg)

π
Γ(1− g)

exp(Ω′)
ξ ′(−Ω′)(1−g)

= Θ(−Ω′)
exp(Ω′)

Γ(g)ξ ′(−Ω′)(1−g)

(2.6)

where ξ ′ = ξ0
1+2dξ0/vF

, and Ω′ = (E + Ei)/ξ ′.
The cut-off energy ξ0 is entirely arbitrary, but we can get a natural cut-off
energy ξ when we extend ξ0 to infinity.

ξ = lim
ξ0→∞

ξ0

1 + 2dξ0/vF
=

vF

2d
(2.7)

We get nearly the same result as the previous one, eq. (1.38), only with dif-
ferent cutoff energy ξ. This result can be explained quite straightforward.
From eq. (2.1), one can see that the Yukawa type potential recovers to a
normal Coulomb potential if q << 1/(2d), so the natural cutoff energy is
ξ = h̄ vF

2d . Now, we have found the scale parameter of the gamma distribu-
tion. From the eq. (2.7), one can see that the cutoff energy depends on the
height d, so one can manipulate the cutoff energy by adjusting the height
of the helium ion.

2.2 Results for metal

As suggested in reference [32], the zero-point motion of the tritium atom
due to the chemical bonding causes the Ptolemy project to have very in-
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18 Further Study

significant visibility. One way to fix this problem is to find a target mate-
rial with substantially weaker lateral potential than graphene, so simple
metal such as gold foil may be a good candidate. If we consider gold foil
rather than graphene, the calculation is very similar. Assuming the area
of the gold foil is very large, say 1m2, and the thickness of it is about 1
micrometer, we can regard the gold foil as a bulk material. Equation (1.19)
still holds, but with a different spectral function. To calculate the spectral
function of gold foil, we need to construct the effective Hamiltonian first.

HG = ∑
kσ

h̄2k2

2m
C†

kσCkσ −
1
V ∑

k,q

V(q)
ε(q)

C†
k+q,σCk, σ (2.8)

where V(q) is the unscreened Coulomb potential, and it has the following
form in three dimension.

V(q) =
4πe2

q2 (2.9)

ε(q) is the static dielectric function. Under RPA [25, 33], it takes the form
as

ε(q) = 1 +
q2

TF
2q2

[
1 +

1
2x

(1− x2) ln
(

1 + x
1− x

)]
. (2.10)

qTF is the Thomas-Fermi wave vector, and x = q
2kF

. The equations (1.29)
and (1.33) still hold but with a different polarization operator [25, 33].

Λ′(q, u) = u
(

m2

2πq

)
Θ(2kF − q) (2.11)

Substituting it into equation (1.30), one can obtain

Re(u) =

{
gu u < ξ0

0 u > ξ0
(2.12)

g =
m2

2π2

∫ d3q
(2π)3

V2(q)
ε2(q)q

Θ(2kF − q) (2.13)

The upper limit of u is the cutoff energy x0, which is determined by the
range that the polarization operator is linear in u. The range is approx-
imately ξ0 ∼ EF. We can evaluate the coupling constant g numerically.
Given at room temperature, the Fermi energy of gold is 5.51 eV, the Fermi
wave vector of gold is 1.20× 1010m−1, and the Thomas-Fermi wave vector
of gold is 1.70× 1010m−1 [34]. It thus follows that the coupling constant
g ≈ 0.20. The spectral density function is still the same as eq. (1.38), but

18
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2.3 Influence of disorder 19

with different cutoff energy and a different coupling constant.
If the thickness of the gold foil is thin enough, we can consider it as a two-
dimensional material. In this case, the polarization operator is [33, 35, 36]

Λ(q, u) =
m2u

πkFq

√
1−

(
q

2kF

)2
Θ(2kF − q). (2.14)

The Coulomb potential in the two dimension takes the form as

V(q) =
2πe2

q
, (2.15)

and the dielectric function ε(q) is obtained under RPA [33, 35, 36].

ε(q) = 1 +
2me2

q
(2.16)

Therefore, repeating the same procedure in the three-dimensional case,
one can obtain that

Re(u) =

{
gu u < ξ0

0 u > ξ0
(2.17)

g =
m2

π2kF

∫ d2q
(2π)2

4π2e4

q(q + 2me2)2

√
(1−

(
q

2kF

)2
Θ(2kF − q) (2.18)

The upper limit ξ0 is approximately equal to the Fermi energy EF. The
coupling constant is about 0.27.
In conclusion, whether in two dimensions or three dimensions, the spec-
tral function of the simple metal is the same as the graphene’s, but with a
different coupling constant and different cutoff energy. For metal, the cut-
off energy is entirely arbitrary and is not controllable compared to graphene.
Additionally, the coupling constant is also fixed in metals, so we cannot
tune it to increase visibility. In contrast, we can adjust the substrate’s di-
electric constant to make the coupling constant less than 0.1.

2.3 Influence of disorder

Until now, we only consider the intrinsic graphene, which is undoped and
ungated. However, tritium atoms in graphene play the role of disorders,
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20 Further Study

which changes the mean free path and the density-density response func-
tion of electrons, so we need to take their effects seriously. If the resolu-
tion time is greater than the mean free time, i. e., τres >> τ, one needs
to consider the diffusive effects, which change the polarizability function
and thus the coupling constant. From eq. (1.20) and eq. (1.26), we learn
that the only effect of the impurities on the spectral density function or
density-density function is to drive the system into a different initial state
rather than the Fermi sea. In the presence of many random impurities, we
do not care about the effect of a specific impurity, so we only consider the
impurity-average effect. The impurity-average density-density response
function is [28, 33, 37]

χ
imp
0 (q, ω) =

χ0(q, ω + i
τ )

1 + (1− iωτ)−1
[

χ0(q,ω+ i
τ )

χ0(q,0) − 1
] (2.19)

where τ is interpreted as momentum relaxation time or the quasiparti-
cle lifetime. Apart from the electron-electron interactions, there are two
scattering mechanisms in the normal metal. One is electron-phonon inter-
action, and the other is impurities or defects scattering. For simple metals
with high electron density, the lifetime of quasiparticles near the Fermi
level is infinitely large [38], so we do not need to consider the electron-
electron interaction for a normal metal. The lifetime τ0 due to the electron-
phonon scattering can be obtained by measuring the conductivity of pure
metal, and it is temperature-dependent. As for the impurity scattering, the
expression of the lifetime τimp near the Fermi level take the form as [28, 33]

1
τimp

≡ 2πnimp|U(0)|2N(0) (2.20)

nimp ∼ 1025m−3 represents the density of the impurities, N(0) is the density
of state at Fermi level, and U(0) is the external potential of the electrons at
Fermi level. From eq. (2.20), one can obtain that the so-called momentum
relaxation time or mean free time τimp is about 10−12s.
We can estimate the total momentum relaxation time using Matthiessen’s
rule.

1
τ
=

1
τimp

+
1
τ0

(2.21)

Under Room temperature, the mean free time τ0 for pure gold is about
27.3 fs [34]. Hence, the magnitude order of the total mean free time is
about 10−14 s at room temperature. The resolution energy h̄ωres is about

20
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2.3 Influence of disorder 21

10 meV, and the resolution time satisfies τres = 1/ωres ∼ 10−13 s, so the en-
ergy window of 10 meV near the edge is most interesting for our problem.
If ωres � 1/τ, we can neglect the effect of impurities, and the density-
density response function recovers to the Lindhard function. If ωresτ � 1,
we need to consider both diffusive and ballistic regimes, and the diffusive
response function is

χimp(q, ω) =
N(0)Dq2

Dq2 + iω
(2.22)

Then, F2(t) is given by [39]

F2(t) =
|U(0)|2

π2g0
ln(1 + it/τ) + 2U(0)|2

[
1−

(
1

kFvFτ

)2
]

ln(1 + iξt)

(2.23)
U(0) = U(0)N(0), and g0 = 2N(0)DdvFτ.
For metals, we estimate kFvFτ ≈ 102 � 1 and g0 ≈ 103 � 1 when
τ ≈ 10−14 s, so the first term in eq. (2.23) is negligible compared to the
second term. The result of eq. (2.23) recovers to the previous result in the
clean limit.
Moreover, we can reduce the diffusive effect by decreasing the tempera-
ture. The excited modes of phonons are frozen under very low tempera-
ture, and the electron-phonon interaction thus is negligible. In that case,
only impurity scattering contributes to scattering, and the mean free time
satisfies τ ∼ 10−12 s� 1/ω, so that we can neglect the impurity effect.
For pure graphene, the momentum relaxation time is about one ps [40, 41],
and it is one order greater than the resolution time so that we can treat the
electrons of graphene ballistically in the resolution time. However, the ph-
ysisorption or chemisorption of tritium atoms on the graphene changes
the mean free time of electrons. Electrons in graphene are not so dense
as them in metals, so that impurities may have significant effects on the
transport properties of graphene. For physisorption, the binding energy
of the tritium atom is about 0.2 eV, so the potential difference between the
tritium atom and carbon sheet is about 0.2 eV [19, 20, 42]. Since the order
of electron energy is about 1 eV, most electrons change their momentum
slightly. Therefore, we do not need to consider the impurity effects in the
physisorption case.
However, it is very tricky in the chemisorption case since the binding en-
ergy has the same order of magnitude of the electrons’ energy [42, 43]. For
pure graphene, the hybridization of its electronic orbital is sp2, contribut-
ing a π electron. For tritiated graphene, the chemical bonding between a
tritium atom and a carbon atom changes the hybridization from sp2 to sp3.
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The π orbital is tightly bounded for the sp3 hybridization, so the tritium
atom effectively acts as a vacancy. Thus, we can use the midgap model to
characterize the potential induced by the tritium atoms [19, 44, 45]. The
potential is profiled as

U(r) =


∞, if 0 < r ≤ R′

U0, if R′ < r ≤ R
0, if r > R.

(2.24)

The mean free time is defined from the following expression

h̄
τk

=
8ni

πρ(Ek)
sin2 δ(k), (2.25)

where ρ(Ek) is the density of state of Ek, which has the explicit form as

ρ(Ek) =
2Ek

πh̄2v2
F

(2.26)

and δ(k) is the phase shift of electrons with momentum k. Using the
method in the paper [45], we can obtain the phase shift at k ≈ 0.

δ(k) = −π

2
1

ln(2kR′)
(2.27)

. We expand the sine function in eq. (2.25) for kR′ � 1. Thus it gives the
mean free time

τk =
h̄ρ(Ek)

2πni
(ln kR′)2

=
k

π2vFni
(ln kR′)2

(2.28)

This expression depends on the energy. While, this function has a minimal
value at kR′ = e−2. The minimum value is

τmin =
4e−2

π2vFniR′
(2.29)

If τmin is much greater than the resolution time, we can neglect the impu-
rity effect. It means that

4e−2

π2vFniR′
� 1/ω ∼ 10−13 s (2.30)

22
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2.4 Dynamic Screening 23

R′ is about 1 Å, so we find the condition for a maximum impurity concen-
tration.

ni �
4e−2ω

π2vFR′
= 5× 1011/cm2 (2.31)

We can also use another method to estimate the mean free time by using
the scattering cross-section.

1
τ
= nivFσsca. (2.32)

σsca is the scattering cross-section, which has the dimensionality of length.
Some researchers reported that the scattering cross-section for hydrogenated
graphene is about 5 Å [46]. Then, the maximum impurity concentration
is about 2 × 1012/cm2, which has the same order of magnitude as the
previous result. In conclusion, the safe concentration range is less than
5× 1011/cm2.

2.4 Dynamic Screening

The instantaneous screening assumption is not valid in the tail of the spec-
tral function of graphene. While, if the weight of the tail is too high, it will
cause the beta decay spectrum to broaden widely, and it may take many
years to observe a single event. To get a more rigorous result, we need to
consider the dynamic screening effect. The dynamic screening potential is

V(q, ω) =
Vi(q, ω)

ε(q, ω)
(2.33)

For a sudden external potential [47],

Vi(q, ω) =
V(q)i
ω + iδ

. (2.34)

δ is an infinitesimal quantity, and V(q) = 2πe2

κq is the bare Coulomb poten-

tial. One can recognize that 1
ε(q,ω)

− 1 is the susceptibility function so that
we can use the Kramers-Kronig relations.

1
ε(q, ω)

− 1 = − 1
π

∫ ∞

−∞
dω′Im

(
1

ε(q, ω′)
− 1
)

1
ω−ω′ + iδ

(2.35)
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Substituting it into the expression of dynamic screening potential and per-
forming the Fourier transform, one can find the time-dependent screening
potential.

V(q, t) =
∫ ∞

−∞
V(q, ω)e−iωtdω

= V(q)
∫ ∞

−∞
dω′Im

(
1

ε(q, ω′)
− 1
) [

i
−π

∫ ∞

−∞
dω

e−i!t

(ω + iδ)(ω−ω′ + iδ)

]
+ V(q)θ(t)

=
V(q)θ(t)

π

∫ ∞

−∞

1− e−i!′t

ω′
Im
(

1
ε(q, ω′)

− 1
)

dω′ + V(q)θ(t)

(2.36)

In the large time limit, the oscillating term disappears, so the potential
becomes

V(q, ∞) =
V(q)

ε(q, 0)
(2.37)

For graphene, ε(q, 0) does not depend on q, so that we can denote ε(q, 0)
as ε. The first term in the last line vanishes in the short time limit, so the
potential turns into the bare potential.

V(q, 0) = V(q) (2.38)

For an arbitrary time, we can express V(q, t) as

V(q, t) =
V(q)θ(t)

ε(q, 0)
− V(q)θ(t)

π

∫ ∞

−∞

e−i!′t

ω′
Im
(

1
ε(q, ω′)

− 1
)

dω′ (2.39)

For intrinsic graphene, the time-dependent potential is

V(q, t) =
V(q)θ(t)

ε(q, 0)
+ V(q)θ(t)T(vFqt)

=
V(q)θ(t)

ε(q, 0)
− V(q)θ(t)

π

∫ ∞

−∞

e−i!t

ω

aq√
ω2

v2
F
− q2

θ(|ω| − vFq)dω

1 +

 aq√
ω2

v2
F
−q2

2

=
V(q)θ(t)

ε(q, 0)
− 2V(q)θ(t)

π

∫ ∞

1

a cos(ωvFqt)
√

ω2 − 1
ω (ω2 − 1 + a2)

dω,

(2.40)

24
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2.4 Dynamic Screening 25

where a = (ε(q, 0)− 1) = πe2

2h̄κvF
, and T(vFqt) is a one-variable fast-decay

function that only depends vFqt. When t << 1, T(vFqt) ≈ 1
ε(q,0) − 1, and

when t >> 1, T(vFqt) ≈ 0
From the general expression of the F2(t), eq. (1.29), we can find that

F2(t) =
1
2

∫ t

0
dt1

∫ t

0
dt2

∫ ∞

0
e−iu(t1−t2)

du
πV ∑

q
V(q, t1)V(q, t2)Λ(q, u)

=
1
2

∫ t

0
dt1

∫ t

0
dt2

∫ ∞

0
e−iu(t1−t2)

du
πV ∑

q
|V(q)|2Λ(q, u)

×
[

1
ε2(q, 0)

+
T(vFqt1)

ε(q, 0)
+

T(vFqt2)

ε(q, 0)
+ T(vFqt1)T(VFqt2)

]
(2.41)

When t << 1, then we can find F2(t) ≈ 0. It is trivial and has no contribu-
tion to the spectral density function. Therefore, the most significant part
of the X-ray edge is in the long-time domain. Since the function T(vFqt)
decays very fast, T(vFqt1)T(vFqt2) is negligible compared to other terms
in the bracket, and it implies that

F2(t) ≈
1
2

∫ t

0
dt1

∫ t

0
dt2

∫ ∞

0
e−iu(t1−t2)

du
πV ∑

q

[
1

ε2(q, 0)
+

T(vFqt1)

ε(q, 0)
+

T(vFqt2)

ε(q, 0)

]
× |V(q)|2Λ(q, u)

= F0
2 (t)−

guε

2

∫ t

0
dt1

∫ t

0
dt2

∫ ∞

0
e−iu(t1−t2)du

∫ ∞

1

aH−1(uωt1)
√

ω2 − 1
ω (ω2 − 1 + a2)

dω

− guε

2

∫ t

0
dt1

∫ t

0
dt2

∫ ∞

0
e−iu(t1−t2)du

∫ ∞

1

aH−1(uωt2)
√

ω2 − 1
ω (ω2 − 1 + a2)

dω

(2.42)

In the long time limit, we can extend t into infinity, and then one can get

F2(t) ≈ F0
2 (t) +

∫ ξ0

i/t

2gε

πu
du
∫ ∞

1

a log(ω +
√

ω2 − 1)
ω2 (ω2 − 1 + a2)

dω

≈ log(1 + g1iξ0t)
(2.43)

with

g1 = g +
∫ ∞

1

2gε

π

a log(ω +
√

ω2 − 1)
ω2 (ω2 − 1 + a2)

dω, (2.44)

and ξ0 = h̄vF
2d , which is obtained from the previous steps. If graphene is

suspended in vacuum, then g=0.25, and g1 ≈ 0.40. For graphene suspend
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on SiO2, the coupling constant g is about 0.13, and g1 ≈ 0.18. As de-
picted in Fig 2.1, one can see that the dynamic screening effects of intrinsic
graphene significantly change the coupling constant at a small dielectric
constant, and this can be understood intuitively. For intrinsic graphene,
the Fermi energy is zero, so there is no intrinsic time scale. For long wave-
length scattering, the screening time is about 1/(vFq), comparable to the
time scale near the edge, so we cannot regard the electrons as completed
screened near the edge. Hence, the dynamical screening effects have a
considerable influence on the coupling constant. Nevertheless, the Fermi
energy is non-zero for normal metals and gated or doped graphene, so the
static screening is a good approximation near the edge in those cases. In
the large dielectric constant limit, one can see from Fig. 2.1(b), the ratio
of the dynamic coupling constant and static coupling constant approaches
1. It can be understood from eq. (1.16) and eq. (2.44), when the external
dielectric constant is big enough, it makes the dominant contribution to
the total dielectric constant.
In conclusion, one may apply gate voltage on the graphene or increase the
external dielectric constant to eliminate the dynamic screening effects.

26
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2.4 Dynamic Screening 27

(a)

(b)

Figure 2.1: Fig. 2.1(a) depicts the coupling constant with different external di-
electric constants. κ describes the dielectric constant of the substrate, and g is the
graphene’s coupling constant. The blue curve represents the coupling constant
considering the dynamic screening effect, and the orange curve representing the
coupling constant in the static screening approximation. Fig. 2.1(b) describes the
ratio of the dynamic coupling constant and the static coupling constant. In the
large dielectric constant limit, the ratio approaches 1.
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Chapter 3
Determinant Method

The previous result is based on the perturbative theory, which neglects the
higher-order terms. Usually, it works if the coupling constant of the the-
ory is smaller than 1. However, for freestanding intrinsic graphene, the
perturbation theory breaks down if one summarizes all the terms. In the
following discussion, we will develop a non-perturbative method, the de-
terminant method, to get a more rigorous result. The result shows that if
the dielectric constant of the graphene is big enough, then the perturba-
tive method can give a similar result as in the rigorous non-perturbative
method.
The ground state of the Fermi sea can be expressed as

|FS〉 = 1√
N!

Det||ψi(rj, φj)|| (3.1)

While, the many-body state of the Coulomb problem is

|λ〉 = 1√
N!

Det||Ψi(rj, φj)|| (3.2)

If we use the result in the last line of eq. (1.18), we only need to calculate

〈
FS
∣∣∣e−iHλt/h̄

∣∣∣ FS
〉

eiE0t/h̄ (3.3)

with E0 = ∑i,ki<kF
εi.

The Hamiltonian Hλ can be expressed as a summation of one-electron
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Hamiltonian H̄i. Therefore, expression (3.3) can be expanded as〈
FS
∣∣∣e−iHλt/h̄

∣∣∣ FS
〉

eiE0t/h̄ =
〈

FS
∣∣∣e−i ∑i(Hi−εi)t/h̄

∣∣∣ FS
〉

=
1

N! ∑
p,p′

(−1)p+p′
N

∏
i

∫
ψ†

i (rp(i), φp(i))e
−i(Hi−εi)t/h̄

× ψi(rp′(i), φp′(i))dτi ,
(3.4)

where p and p′ are any permutations of the N wave vectors. For two dif-
ferent sets of permutations

p1 = {· · · i · · · j · · · }
p′1 = {· · · j · · · i · · · }

(3.5)

and

p2 = {· · · j · · · i · · · }
p′2 = {· · · i · · · j · · · }

(3.6)

we find that

(−1)p1+p′1ψ†
1

(
rp1(1), φp1(1)

)
e−i(H1−ε1)t/h̄ψ1

(
rp′1(1)

, φp′1(1)

)
dτ1 × · · · ×

ψ†
i (ri, φi) e−i(Hi−εi)t/h̄ψi

(
rj, φj

)
dτi × · · · × ψ†

j
(
rj, φj

)
e−i(H j−εj)t/h̄×

ψj (ri, φi) dτj × · · ·

= (−1)p1+p′1ψ†
1

(
rp1(1), φp1(1)

)
e−i(H1−ε1)t/h̄ψ1

(
rp′1(1)

, φp′1(1)

)
dτ1 × · · · ×

ψ†
i (ri, φi) e−i(Hi−εi)t/h̄ψj (ri, φi) dτi × · · · × ψ†

j
(
rj, φj

)
e−i(H j−εj)t/h̄

ψi
(
rj, φj

)
dτj × · · ·

= (−1)p2+p′2ψ†
1

(
rp2(1), φp2(1)

)
e−i(H1−ε1)t/h̄ψ1

(
rp′2(1)

, φp′2(1)

)
dτ1 × · · · ×

ψ†
i
(
rj, φj

)
e−i(Hi−εi)t/h̄ψj

(
rj, φj

)
dτj × · · · × ψ†

j (ri, φi) e−i(H j−εj)t/h̄

ψi (ri, φi) dτi × · · ·

= (−1)p2+p′2ψ†
1

(
rp2(1), φp2(1)

)
e−i(H1−ε1)t/h̄ψ1

(
rp′2(1)

, φp′2(1)

)
dτ1 × · · · ×

ψ†
i
(
rj, φj

)
e−i(Hi−εi)t/h̄ψi (ri, φi) dτi × · · · × ψ†

j (ri, φi) e−i(H j−εj)t/h̄

ψj
(
rj, φj

)
dτj × · · ·

(3.7)

30
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The result suggests that for any permutations p and p′, the summation in
the eq. (3.4) only depends on p + p′. Hence, they have the same value for
the terms with an equal value of (−1)p+p′ . Therefore, we get N! duplicated
terms in the summation, and they cancel the N! in the denominator of eq.
(3.4). Thus, eq. (3.4) can be cast in a straightforward form.〈

FS
∣∣∣e−iHλt/h̄

∣∣∣ FS
〉

eiE0t/h̄ = Det||Πij|| (3.8)

where
Πij =

∫
ψ†

i (r, φ)e−i(H−εi)t/h̄ψj(r, φ)dτ (3.9)

If we insert the eigenstate of H̄, then we can express the matrix element
Πij in terms of the overlap between the initial one-electron state and the
final state. Let χk

p be the overlap of ψp and Ψk. The eq. (3.9) thus becomes

Πkk′ = ∑
p

χ
p
k χ

p∗
k′ e−i(εp−εk)t/h̄ (3.10)

where
χ

p
k =

∫
ψ∗k Ψpdτ (3.11)

and ε̄k is the eigen energy of the single Hamiltonian H̄, εpis the eigen en-
ergy of the single Hamiltonian H. The overlap satisfies the normalization
condition,

∑
k
|χp

k |
2 = 1. (3.12)

From eq. (3.10), we can immediately find that Πpp′ = δpp′ when t = 0.
Therefore, we can separate the matrix into a singular part and a smooth
part.

Π = I− X (3.13)

where
Xkk′ = ∑

p
χ

p
k χ

p∗
k′ (1− e−i(εp−εk)t/h̄) (3.14)

eq. (3.14) is the most important result for our calculation.
Then, our next step is to calculate the value of Det|I− X|. Using Fredholm
determinant method [48, 49], we can find that

Det|I− X| = exp(log(Det|I− X|) = exp(Tr log(I− X))

= exp(− ∑
k=1

TrXk

k
).

(3.15)
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32 Determinant Method

3.1 Result for metal

For metal, we obtain the X matrix element in eq. (5.30),

Xkk′ =
sin δke−iδk

πνk

1− e−i(εk′−εk)t/h̄

εk − εk′
(3.16)

and the details are in Appendix A3. Using the method in reference [24, 50],
one can get the asymptotic result of the determinant.

Det|I− X| = exp
[
−it

∫ µ

0

δ(ε)

π
dε− δ2(µ)

π2 log(1 + iξ0t)
]

(3.17)

The first term in the exponent is the self-energy term according to Fumi’s
theorem [25]. The logarithm part is the origin of infrared catastrophe, and
it has the same form as the previous result eq. (1.36). Taking into account
the spin degeneracy, the coupling constant is

g = 2
δ2(µ)

π2 . (3.18)

One can get the phase shift using eq. (2.25). For metals, based on the
equation

1/τ = nivσ (3.19)

and the expression of electron’s scattering cross section in three and two
dimensions [25, 51, 52], we express eq. (2.25) in the form,

h̄
τk

=
2ni

ρ(k)π
sin2 δ(k) (3.20)

where ρ(k) is the density of state per spin channel, and it has the explicit
form as

ρ(k) =

{
mk

2π2h̄2 , three dimension
m

2πh̄2 , two dimension.
(3.21)

Under relaxation time approximation [33, 53], we have

h̄
τk

= 2π
ni

Ld ∑
k′
|VkK′ |2δ(εk′ − εk)(1− cos θ) (3.22)

Because δ−(µ)� 1, the difference between sin δ−(µ) and δ−(µ) is negligi-
ble, i. e. δ−(µ) ≈ sin δ−(µ). Substituting eq. (3.20) and eq. (3.22) into eq.
(3.18), one can thus obtain the coupling constant

g = 2ρ(EF)∑
k
|VkkF |

2δ(EF − εk)(1− cos θ), (3.23)

32

Version of July 12, 2021– Created July 12, 2021 - 12:37



3.2 Result for graphene 33

where θ is the angle between ~kF and~k. In three dimensions, the coupling
constant is

g = ρ2(EF)
∫ π

0
dθ|V(q)|2 sin θ(1− cos θ)

≈ 2ρ2(EF)V2(0),
(3.24)

and in two dimensional

g = 2
ρ2(EF)

2π

∫ 2π

0
dθ|V(q)|2(1− cos θ)

≈ 2ρ2(EF)V2(0)
(3.25)

where V(0) is the screened potential at Fermi level and q = 2kF sin θ
2 . It

has the same result as in the previous papers. [26, 50]

3.2 Result for graphene

For graphene, the X matrix element is found in eq. (5.43) and eq. (5.72).
For details, see Appendix A4 and A5. Following the same procedure as
before, we get a similar result.

Det|I− X| = exp

[
−it

∫ µ

0

δ−(ε)

π
dε− δ2

−(µ)

π2 log(1 + iξ0t)

]
(3.26)

If we consider the spin and valley degeneracy, we should add a factor of
four before the logarithm term. Therefore, the coupling constant is

g =
4δ2
−(µ)

π2 (3.27)

The phase shift can be obtained from eq. (2.25). For Coulomb potential,
we can evaluate the mean free time under relaxation time approximation
[54–56].

h̄
τ
= ni

ρ(EF)

8

∫ 2π

0
dθ|V(q)|2(1− cos2 θ) (3.28)

q = 2kF sin
θ

2
(3.29)

Under RPA approximation, the Coulomb potential becomes

V(q) =
2πe2e−qd

εq
(3.30)
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Substituting it into the eq. (3.28), we have

h̄
τ
=

(
2πe2

ε

)2
ρ(EF)

8k2
F

π (I1(4dkF)− L1(4dkF))

2dkF
(3.31)

Comparing the result with eq. (2.25), it gives

sin2 δ−(µ) =
e4π2

4ε2h̄2v2
F

I1(4dkF)− L1(4dkF)

2dkF
(3.32)

Because δ−(µ) � 1, the difference between sin δ−(µ) and δ−(µ) is negli-
gible, i. e. δ−(µ) ≈ sin δ−(µ). Taking into account the spin and valley
degeneracy, we find the coupling constant g is

g =
e4

ε2h̄2v2
F

I1(4dkF)− L1(4dkF)

2dkF
(3.33)

In the clean limit, kF = 0 for intrinsic graphene, so we have

lim
kF→0

g = g =
e4

ε2h̄2v2
F

, (3.34)

where we use the following equality

lim
kF→0

I1(4dkF)− L1(4dkF)

2dkF
= 1 (3.35)

The result in eq. (3.34) is the same as in the eq. (1.35). So one can con-
clude that the coupling constant obtained in the linked cluster expansion
coincides with the result in the determinant method if one only keeps the
first-order term of the phase shift under the born approximation. The cut-
off energy can be got from the approximation that the exponent in the
integral of eq. (3.28) can be neglected, i. e., exp(−2qd) ≈ 1. Hence, we can
get a rough estimation of it.

ξ0 =
h̄vF

2d
. (3.36)

From rigorous derivation [57–59], one can find the expression of the phase
shifts due to the Coulomb scattering.

e2iδjs =
j

γ + isα

Γ(1 + γ + isα)

Γ(1 + γ− isα)
eiπ(j−γ) (3.37)

34
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3.2 Result for graphene 35

s is the sign for the band index, j is the total angular momentum num-
ber, and it is 1/2 for s wave. α is the effective fine structure constant of
graphene,

α =
e2

4πε0εh̄vF
. (3.38)

The definition of γ is

γ =
√

j2 − α2 (3.39)

If graphene is suspended in a vacuum, we can calculate the phase shift
numerically. In that case, α ≈ 1/2, thus phase shift for s wave scattering is
δ ≈ π/2, and one can also obtain that the coupling constant g ≈ 1, which
invalidate the perturbative theory. Also, if graphene is suspended on SiO2,
then the coupling constant is about 0.20. As depicted in Fig. 3.1(a) and Fig.
3.1(b), perturbative method does not work well if the external dielectric
constant κ is not big enough. This phenomenon can be understood from
the following aspects. As we mentioned before, the linked cluster expan-
sion results can be recovered under the Born approximation. However,
the Born approximation is only valid for short-range potential, breaking
down for the long-range Coulomb potential. Although we cannot con-
sider the dynamical screening effects in this method, we can rule them out
if we apply the substrate of a very high dielectric constant from the previ-
ous discussion. One may include the disorder effects in this method, but
the calculation would be more complicated than the linked cluster expan-
sion. However, from the previous result, we know that we can neglect the
disorder effects if the disorder concentration is not big enough.
Overall, the determinant method gives a more rigorous result than the
linked cluster expansion does. The result is valuable for the experimen-
tal physicists since the determinant method gives a more accurate relation
between the coupling constant and the external dielectric constant.
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36 Determinant Method

(a)

(b)

Figure 3.1: Fig. 3.1(a) depicts the coupling constant at different external dielectric
constants. For freestanding graphene, the dielectric constant is 1. Fig. 3.1(b)
depicts the ratio of coupling constants obtained in two different methods. Even
in the large external dielectric constant limit, the results obtained in two different
methods are not the same.

36
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Chapter 4
Conclusion and Outlook

4.1 Conclusion

4.1.1 Relevance to the Ptolemy Project

In this section, we will show the results directly related to the Ptolemy
project. From eq. (1.19), we know that we can get the smeared beta de-
cay spectrum by performing a convolution between the spectral density
function and the beta decay spectrum. Using Mathematica, we plotted the
zero lightest neutrino mass figures, namely mlightest = 0. As indicated in
Fig. 4.1(a) and Fig. 4.1(b), the cosmic neutrino background spectrum will
be broadened by the power-law decay behavior of the spectral density
function. From the smeared spectrum, we can obtain the visibility of the
Ptolemy project, namely, the non-overlap region in the spectrum. One can
draw a contour plot of the visibility. As shown in Fig. 4.2, the smaller the
coupling constant is and the larger the lightest mass of the neutrino is, the
higher visibility that the Ptolemy project has. This result can be explained
by the fact that a large coupling constant leads to a sharper distribution,
which causes the beta decay spectrum less broadening.
Apart from the coupling constant, the cutoff energy also influences the
visibility of the Ptolemy project. Fig. 4.3 describes the dependence of
the Ptolemy project’s visibility on the distance d, i. e., the cutoff energy.
Smaller scale parameter, i. e. more oversized height d means less weighted
in the long tail of the gamma distribution, which leads to a less broadening
spectrum. Therefore, as depicted in Fig. 4.3 at a specific coupling constant
and the lightest mass of the neutrino, the visibility increases with the he-
lium ion’s height.
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(a) original beta decay spectrum when the
lightest neutrino mass equals zero.

(b) smeared beta decay spectrum

Figure 4.1: Fig. 4.1(a) is the original beta decay spectrum when the lightest neu-
trino mass equals zero. The solid red curve represents the background beta de-
cay. The dashed red line represents the background beta decay spectrum with the
smearing of Gaussian distribution caused by the finite experimental resolution,
namely ∆ = 10meV. The solid blue curve represents the cosmic neutrino back-
ground that is the signal we want to detect. dΓ/dE describes the possibility that
the events happen at a given energy per year. The area under the curve represents
the number of events per year. The area under the blue curve is only four, which
means we can only detect at most four cosmic neutrinos per year. The noise of
background beta decay covers the overlap between the red curve and blue curve,
and it means we cannot distinguish whether the source of the signals comes from
the cosmic neutrino or background beta decay. Fig. 4.1(b) describes the smeared
beta decay spectrum. We choose the coupling constant g=0.25.

38
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4.1 Conclusion 39

Figure 4.2: Contour plot of visibility with the different lightest mass of the neu-
trino and coupling constant when the cut-off energy is 1 eV. The total area under
the CNB curve is 4.

Figure 4.3: Visibility at different heights with coupling constant g= 0.2, and
mlightest = 50meV. The curves with different coupling constants and the neu-
trinos’ lightest mass share a similar feature.
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4.1.2 Overview of this work

In this work, we discussed how the X-ray edge in the graphene influences
the visibility of the Ptolemy project. In the first chapter, we used Fermi’s
golden rule to find the smeared beta decay spectrum. We found out that it
is the convolution between the spectral density function of graphene and
the original beta decay spectrum function. Moreover, we apply the pertur-
bation theory, linked cluster expansion, to obtain the spectral density func-
tion, which is precisely the gamma distribution function and controlled by
the cutoff energy and coupling constant
In the second chapter, we examined factors that influence the coupling
constant and the cutoff energy. We found natural distance-dependent cut-
off energy by considering the height of the helium ion. Also, the disor-
der effects can be ruled out if the concentration of the tritium atom is less
than 5× 1011/cm2. However, the dynamic screening effects of the intrinsic
graphene significantly enlarge the coupling constant, which decreases the
visibility of the Ptolemy project. Fortunately, if the external dielectric con-
stant of the substrate is big enough, the dynamic screening effects can be
eliminated. Moreover, we also found the spectral density function of the
simple metal such as gold foil, and it has the same form as in the graphene
but with a fixed coupling constant and cutoff energy. We can neglect the
disorder effect for simple metals because of the enormous amount of elec-
trons in metals.
In the next chapter, we developed the determinant method to obtain a
more rigorous dependence of the coupling constant on the external dielec-
tric constant for the graphene deposited on a low-dielectric-constant sub-
strate. This result can help the experimental physicists to find the proper
substrate to increase the Ptolemy project’s visibility.

4.1.3 Suggestions to Ptolemy Collaboration

In conclusion, we suggest that there are two options to improve the visi-
bility of the Ptolemy project:
(1) find a substrate with a high dielectric constant;
(2) increase the height of tritium atoms from the graphene sheet.
Besides, metal is not a good choice for tritium target substrate.

40
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4.2 Outlook

Although we have considered several effects that can affect the spectral
density function, several effects still require further study. For instance,
the finite lifetime of the helium ion may cause a Lorentz broadening in the
spectrum, which may eliminate the X-ray edge. We only explore the X-ray
edge problem in the ungated graphene, but the emergent phenomena in
the gated graphene may influence the X-ray edge problem. Gating can
eliminate the dynamic screening effect near the edge, so it can decrease
the coupling constant. However, there is no free lunch. Gating may cause
some annoying effects, such as inhomogeneous broadening [60].
Moreover, in section 2.3, we discussed the disorder effects in the metallic
regime. However, tritium’s coverage is too small in the metallic regime
to provide a high number density. If the coverage of tritium increases, the
graphene undergoes a metal-insulator transition. In the insulating regime,
tritium atoms can open a small bandgap for the tritiated graphene. The
bandgap can change the dispersion relationship of the electrons and the
density response function of electrons in graphene. Therefore, the X-ray
edge in the insulating regime is more complicated, and we will leave the
related problems in further study.
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Chapter 5
Appendix

5.1 A1

If we consider the helium ion is static, then the Hamiltonian of the graphene
can be expressed as

Hλ = ∑
s

∫
d2xψ†

s (x) · (−ih̄vF~∇ ·~σ) · ψs(x) + Hh−g

= ∑
s

∫
d2xψ†

s (x) · (−ih̄vF~∇ ·~σ) · ψs(x)−
∫ e2

4πεε0

ρ(x)h†
0h0√

d2 + x2
d2x

(5.1)

The state |λ〉 is the eigenstate of it. The eigenstate should be a tensor prod-
uct of the electron state of graphene and helium ion state. However, only
the graphene part of the eigenstate is important to our calculation so that
we can neglect the ladder operators of Helium ion in the Hamiltonian Hλ.
Thus, the Hamiltonian Hλ can be expressed as

Hλ = ∑
s

∫
d2xψ†

s (x) · (−ih̄vF~∇ ·~σ) · ψs(x)−
∫ e2

4πεε0

ρ(x)√
d2 + x2

d2x (5.2)
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We can express the Hamiltonian Hλ in the momentum space.

Hλ = ∑
s

∫
d2x ∑

k
ψ†

ks
e−i~k~x

L
C†

ks(−ih̄vF) ·
(

0 ∂x − i∂y
∂x + i∂y 0

)
∑
k′

ψk′s
e−i~k~x

L

× Ck′s −
∫ e2d2x

4πεε0
√

d2 + x2
: ∑

ks
ψ†

ks
e−i~k~x

L
C†

ks ∑
k′s′

ψk′s′
e−i~k~x

L
Ck′s′ : h†

0h0

= ∑
s,k,k′

δk,k′sh̄vFkC†
ksCk′s − ∑

s,s′,k,k′

e2ψ†
kδψk′s′ ∑l il Jl[(~k′ −~k)~x]eilϕxdxdϕ

4πεε0L2
√

d2 + x2

× C†
ksCk′s′h†

0h0

= ∑
k,s

sh̄vFkC†
ksCks −∑

s,s′
∑
kk′

Fss′(k, k′)
e2 exp (−|k′ − k|d)

2εε0L2|k− k′| C†
ksCk′s′h†

0h0

(5.3)

where L2 is the area of graphene. The spinor takes the form as [61]

ψks =
1√
2

(
e−iθk

s

)
(5.4)

with θk = arctan(ky/kx).
Fss′(k, k′) is regarded as the overlap between the two spinors, and it is ex-
pressed as

Fss′(k, k′) =
1
2
[
ss′ + exp(iθk − iθk′)

]
(5.5)

The Coulomb-type potential is only valid in the long range, and the po-
tential behaves smoothly in the short range. Therefore, the Coulomb-type
potential can only be valid up to cutoff energy, say, ξ0. This assumption
will help us to reduce the complexity of the problem. To simplify the prob-
lem, naively, we can get rid of the factor exp (−|k− k′|d). It is quite crude
to make such an approximation, but it is valid near the x-ray singularity
edge, i. e., a tiny wave vector. For our problem, the dominant contribution
comes from the X-ray singularity edge since the initial state and final state
have considerable overlap in this region. Then, we reduce the potential to
a familiar 2D Coulomb potential.

Hλ = ∑
s

∑
k

sh̄vFkC†
ksCk′s −∑

ss′
∑
kk′

e2Fss′(k, k′)
2εε0L2|k− k′|C

†
ksCk′s′h†

0h0

= ∑
s

∑
k

sh̄vFkC†
ksCk′s −

1
L2 ∑

ss′
∑
kk′

V(k, k′)Fss′(k, k′)C†
ksCk′sh†

0h0

(5.6)
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5.2 A2

To find Λ(q, u), we need to obtain the explicit form of the polarizability
function P(1)(q, u) first. For intrinsic graphene, the Green’s function is

Gss(p, E) =
1

E− ξsp + iηp
(5.7)

ηp is an infinitesimal quantity whose sign depends on the sign of ξsp. The
negative sign is for ξsp < 0, and the positive sign is for ξsp > 0. Inserting
the Green function into the eq. (1.33), one can obtain that

P(1)(q, u) =
−ig′

L2 ∑
p,s,s′

∫ ∞

−∞

dE
2π

Fss′(p, p + q)
E + u− ξs′(p+q) + iηp+q

1
E− ξsp + iηp

=
−ig′

L2 ∑
p,s,s′

Fss′(p, p + q)
u + ξsp − ξs′(p+q) + iη

∫ ∞

−∞

dE
2π

×
[

1
E− ξsp + iηp

− 1
E + u− ξsprime(p+q) + iηp+q

]

=
g′

L2 ∑
p,s,s′

Fss′(p, p + q)
fsp − fs′(p+q)

u + ξsp − ξs′(p+q) + iη

(5.8)

The imaginary part of the polarizability function, P(1)(q, u), gives Λ(q, u).

Λ(q, u) =
πgsgν

L2 ∑
pss′
|Fss′(p, p + q)|2 ( fsp − fs′(p+q))δ(u + ξsp − ξs′(k+q))

(5.9)

|Fss′(p, p + q)|2 =
1− cos(θp,p+q)

2
. (5.10)

At zero temperature, the non-zero term is

Λ(q, u) =
πgsgν

2L2 ∑
k

(
1− cos(θp,p+q)

)
δ(u− ξp − ξp+q) (5.11)

We can express the θk,k+q in terms of the angle between~k and~q.

Λ(q, u) =
πgsgν

2L2 ∑
p

(
1− p + q cos ϕ

|~p +~q|

)
δ(u− ξp − ξp+q) (5.12)
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Changing the sum into integral, we can then evaluate it.

Λ(q, u) = 2
πgsgν

2(2π)2

∫ ∞

0
pdp

∫ π

0
dϕ(1− p + q cos ϕ

|~p +~q| )
δ(ϕ− ϕ0)

vF| pq sin ϕ0
|~p+~q| |

=
gsgν

4π

∫ ∞

0
pdp

u− vF p− vF p− (u2 − v2
Fq2 − 2uvFk)/(2vF p)√

4v4
F p2q2 − (u2 − v2

Fq2 − 2uvF p)2/2

=
gsgν

4π

∫ ∞

0
dp

4uvF p− 4v2
F p2 − (u2 − v2

Fq2)

vF

√
(u2 − v2

Fq2)(−4v2
F p2 + 4uvF p− (u2 − v2

Fq2))

=
gsgν

4π

∫ ∞

0
dp

√
4uvF p− 4v2

F p2 − (u2 − v2
Fq2)

vF

√
u2 − v2

Fq2

=
gsgν

8π

∫ q

−q
dp

√
q2 − p2√

u2 − v2
Fq2

Θ(u− vFq)

=
gsgv

16
q2√

u2 − v2
Fq2

Θ(u− vFq)

(5.13)

It matches the results in the references [29]

5.3 A3

To find the overlap between scattering state and incident state, we use the
following model to characterize the one-body Hamiltonian.

H = ∑
k

εkC†
k Ck +

1
V ∑

kk′
Vkk′C†

k Ck′ (5.14)

Creation operators characterize the scattering states.

C†
p = ∑

k′
χ

p
k′C

†
k′ (5.15)

The new set of operators obey the equation of motion.

[H, C†
p] = εp C†

p (5.16)

46
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Inserting eq. (5.14) into the equation of motion, it gives

εk′χ
p
k′ +

1
V ∑

k′′
Vk′k′′χ

p
k′′ = εpχ

p
k′ (5.17)

The second term is a function about p and k′, so we set it as ηk′p. Thus, we
can get the expression of the overlap in terms of ηk′p.

χ
p
k′ =

ηk′p

V(εp − εk′)
(5.18)

We can recognize that the coefficient ηk′p is the T matrix.

ηk′p = ∑
k′′

Vk′k′′χ
p
k′′ = ∑

k′′
〈ψk′ |V(~r)|ψk′′〉

〈
ψk′′ |Ψp

〉
=
〈
ψk′ |V(~r)|Ψp

〉
= Tk′p

(5.19)
The unitary condition of the overlap (eq. (3.12)) gives the equations about
ηpk′ .

∑
k′

|ηk′p|2

V2(εp − εk′)2 = 1 (5.20)

The region of p ≈ k′ controls this equation. We can use the following
approximation to get the result.

ηk′p ≈ ηpp, (5.21)

V(εp − εk′) ≈
p− k′

νp
−

δp

πνp
, (5.22)

where νp is the density of state at p state, and δp is the phase shift at p state.
Under those approximations, using the Poisson summation formula, we
have

∑
k′

ν2
p|ηpp|2

(p− k′ − δp)2 = ∑
Res
−

ν2
p|ηpp|2π cot πk′

(p− k′ − δp)2 =
π2ν2

p|ηpp|2

sin2 δp
= 1, (5.23)

which gives

ηk′p ≈ ηpp =
sin δp

πνp
(5.24)

One can also derive this result from the property of T matrix.

Tk′p = 4π ∑
l
(2l + 1)Pl(cos θk′p)Tl(k′, p) (5.25)
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where θk′p is the angle between ~k′ and ~p. If we only consider elastic s wave
scattering, then the T matrix can be cast into a simple expression [25]

Tk′p = 4πTl(k′, p) = −
eiδl sin δp

πνp
. (5.26)

Since the T matrix always shows up in pairs in the Π matrix, those two re-
sults are the same for our calculation. Therefore, the overlap can be written
as

χ
p
k′ =

sin δp

Vπνp(εp − εk′)
(5.27)

Instituting it into the expression of matrix element Xkk′ , eq. (3.14), it gives

Xkk′ = ∑
p

sin2 δp(1− e−i(εp−εk)t/h̄)

V2π2ν2
p(εp − εk)(εp − εk′)

(5.28)

Using Pioncaré-Bertrand theorem [62]

P
1

(εp − εk)(εp − εk′)
= P

1
εk − εk′

(
1

εp − εk
− 1

εp − εk′

)
+ π2δ(εp − εk)δ(εp − εk′)

(5.29)

one can evaluate this expression.

Xkk′ = ∑
p

[
P

1
εk − εk′

(
1

εp − εk
− 1

εp − εk′

)
+ π2δ(εp − εk)δ(εp − εk′)

]

×
sin2 δp

(
1− e−i(εp−εk)t/h̄

)
V2π2ν2

p

= −∑
Res

sin2 δp

(
1− e−i(εp−εk)t/h̄

)
V2π2ν2

p(εk − εk′)

(
1

εp − εk
− 1

εp − εk′

)
π cot πp

+ π2δ(εk − εk′)
sin2 δk

(
1− e−i(εk′−εk)t/h̄

)
V2π2ν2

k

=
sin δk cos(δk)

πνk

1− e−i(εk′−εk)t/h̄

εk − εk′
− i sin δk sin δk

πνk

1− e−i(εk′−εk)t/h̄

εk − εk′

=
sin δke−iδk

πνk

1− e−i(εk′−εk)t/h̄

εk − εk′
(5.30)

48
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In the third step, we use the identity,

lim
η→0

1
εk − εk′ − iη

= iπδ(εk − εk′) (5.31)

5.4 A4

Assuming the ground state of graphene is in a half-filled state, we only
need to consider the valence band. Therefore, the element of the matrix X
becomes

Xkk′ = ∑
ps

χ
ps
k−χ

ps∗
k′−(1− e−i(εps+εk)t/h̄) (5.32)

The spinor-included one-body Hamiltonian of graphene is

H = ∑
ks

εksC†
ksCks +

1
V ∑

kk′
∑
ss′

Vkk′Fss′(k, k′)C†
ksCk′s′ . (5.33)

The new set of ladder operators is

C†
ps = ∑

k′s′
χ

ps
k′s′C

†
k′s′ ; Cps = ∑

k′s′
χ

ps∗
k′s′Ck′s′ . (5.34)

The new equation of motion is

[H, C†
ps] = εps C†

ps. (5.35)

Inserting eq. (5.33) into the equation of motion, it gives

εk′s′χ
ps
k′s′ +

1
V ∑

k′′s′′
Vk′k′′χ

ps
k′′s′′Fs′s′′(k′, k′′) = εpsχ

ps
k′s′ (5.36)

Solving the equation of motion, we get

χ
ps
k′s′(k

′, p) =
ηss′

k′p

V(εps − εk′s′)
(5.37)

where
ηss′

k′p = ∑
k′′s′′

Vk′k′′χ
ps
k′′s′′Fs′s′′(k′, k′′). (5.38)

This complicated tensor η is also the T matrix but depends on the band
index. For graphene, the T matrix is expanded in two dimensions.

Tk′p = 2π ∑
l

exp(ilθk′p)Tl(k′, p) (5.39)
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where Tl(k′, p) is diagonalized [30].

Tl(P, P) =
eiδp sin δp

2π2νp
(5.40)

For the lowest order scattering, s wave scattering, the T matrix is

T0(p) =
eiδp sin δp

πνp
. (5.41)

Substituting the solution of the equation of motion eq. (5.37)into the X
matrix element eq. (5.32), one can obtain that

Xkk′ = ∑
ps

ηs−
kp ηs−∗

k′p

V2(εps + εk)(εps + εk′)
(1− e−i(εps+εk)t/h̄) (5.42)

Since most of the contribution comes from the vicinity of εps ≈ −εk ≈
−εk′ , we can cast the expression eq. (5.42) into a simple way by performing
the Poisson summation.

Xkk′ =
sin δk−e−iδk−

πνk

1− ei(εk′−εk)t/h̄

εk′ − εk
(5.43)

5.5 A5

We can derive the above result from a more direct way. The one-body
Hamiltonian is

H = H0 + V̂ (5.44)

We can construct the scattering wave by using the superposition of inci-
dent wave and outgoing wave.

|Ψks〉 = |φks〉+ ∑
k′s′

|φk′s′〉 〈φk′s′ | V̂ |Ψks〉
εks − εk′s′ + iη

(5.45)

where |φks〉 is the incident wave, |Ψks〉 is the scattering wave, η is an in-
finitesimal quantity. It is easily to verify that the scattering wave is an
eigenstate of Hamiltonian H with eigen value εks.
Multiplying both sides of eq. (5.45) by 〈φk′s′ |, we can obtain the overlap
between the scattering state and the incident state.

χks
k′s′ = δkk′δss′ +

〈φk′s′ | V̂ |Ψks〉
εks − εk′s′ + iη

= δkk′δss′ +
Tss′

k′k
εks − εk′s′ + iη

(5.46)
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It satisfies the unitary condition,

∑
ps′′

χ
ps′′

ks χ
ps′′∗
k′s′ = δkk′δss′ +

Tss′
kk′

εk′s′ − εks + iη
+

Tss′∗
kk′

εks − εk′s′ + iη

+ ∑
ps′′

Tss′′
kp Ts′s′′

k′p

(εps′′ − εks + iη)(εps′′ − εk′s′ + iη)

= δkk′δss′ .

(5.47)

Substituting the overlap eq. (5.46) into expression of the matrix element
Xkk′ , eq. (5.32), then we can find that

Xkk′ = ∑
ps

(
δpkδs− +

Ts−
kp

εps − εk− + iη

)(
δk′pδs− +

Ts−
k′p

εps − εk′− + iη

)
×
(

1− e−i(εps−εk−)t/h̄
)

=
T−−kk′

εk′− − εk− + iη

(
1− e−i(εk′−−εk−)t/h̄

)
+ ∑

ps

Ts−
kp

εps − εk− + iη

×
Ts−

k′p

εps − εk′− + iη

(
1− e−i(εps−εk−)t/h̄

)
(5.48)

Using the unitary condition of the overlap tensor, we can express it in
another form.

Xkk′ =−
(

T−−∗kk′

εk− − εk′− + iη
+ ∑

ps

Ts−
kp Ts−

k′p

(εps − εk− + iη)(εps − εk′− + iη)

)

×
(

1− e−i(εk′−−εk−)t/h̄
)
+ ∑

ps

Ts−
kp Ts−

k′p

(εps − εk− + iη)(εps − εk′− + iη)

×
(

1− e−i(εps−εk−)t/h̄
)

(5.49)

In the large time limit, the last two terms cancel with each other so that
one can cast the X matrix element into a simple way.

Xkk′ = −
T−−∗kk′

εk− − εk′− + iη

(
1− e−i(εk′−−εk−)t/h̄

)
(5.50)

It is the same as the previous result. For intrinsic graphene, the Hamilto-
nian in the coordinate representation takes the following form.

H0 = −ih̄vF~∇ ·~σ (5.51)
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Its eigenstate is

φks(~r) =
eik̃r̃
√

2A

(
1

seiθk

)
(5.52)

In a polar coordinate system, the Dirac equation of electrons in the graphene
can be written as

− ih̄vF

(
0 e−iϕ(∂r − i

r ∂ϕ)
eiϕ(∂r +

i
r ∂ϕ) 0

)
ψ(r, φ) = Eψ(r, ϕ), (5.53)

where ϕ = arctan(y/x). Thus, We can also express the eigen wave func-
tion in the cylindrical representation.

φks(r, ϕ) = ∑
l

il
√

2A

(
Jl(kr)eilϕe−ilθk

isJl+1(kr)ei(l+1)ϕe−ilθk

)
(5.54)

The Bessel function satisfies the following radial differential equations.

dJl+1(kr)
dr

+
l + 1

r
Jl+1(kr) = kJl(kr) (5.55)

dJl(kr)
dr

− l
r

Jl(kr) = −kJl+1(kr) (5.56)

If we consider a central potential V(r), the Hamiltonian becomes

H = −ih̄vF~∇ ·~σ + V(r) (5.57)

Its eigenstate is the scattering wave function, and it generally takes the
form,

Ψps(r, ϕ) = ∑
l

il exp(iδls)√
2A

(
Fls(pr)eilϕe−ilθp

iGls(pr)ei(l+1)ϕe−ilθp

)
, (5.58)

where θp = arctan(py/px). Fl(pr) and Gl(pr) obey the radial differential
equations [57].

dFls(pr)
dr

− l
r

Fls(pr) +
(εps −V(r))

h̄vF
Gls(pr) = 0 (5.59)

dGls(pr)
dr

+
l + 1

r
Gls(pr)−

(εps −V(r))
h̄vF

Fls(pr) = 0 (5.60)

From eq. (5.54) and eq. (5.58), one can find the T matrix.

Ts−
kp = ∑

l
2π
∫ ∞

0

(rJl(kr)V(r)Fls(pr)− rJl+1(kr)V(r)Gls(pr))dr
2A

eil(θk−θp)eiδls

(5.61)
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Multiplying both sides of the eq. (5.59) and the eq. (5.60) by rJl+1(kr) and
rJl(kr), respectively, we can get

rJl+1(kr)
dFls(pr)

dr
− l

r
rJl+1(kr)Fls(pr) +

(εps −V(r))
h̄vF

rJl+1(kr)Gls(pr)

=
d[rJl+1(kr)Fls(pr)]

dr
− Fls(pr)

[
r

dJl+1(kr)
dr

+ (l + 1)Jl+1(kr)
]
+

(εps −V(r))
h̄vF

× rJl+1(kr)Gls(pr)

=
d[rJl+1(kr)Fls(pr)]

dr
− krJl(kr)Fls(pr) +

(εps −V(r))
h̄vF

rJl+1(kr)Gls(pr) = 0.

(5.62)

rJl(kr)
dGls(pr)

dr
+

l + 1
r

rJl(kr)Gls(pr)−
(εps −V(r))

h̄vF
rJl(kr)Fls(pr)

=
d[rJl(kr)Gls(pr)]

dr
− Gls(pr)

[
r

dJl(kr)
dr

− l Jl(kr)
]
−

(εps −V(r))
h̄vF

rJl(kr)Fls(pr)

=
d[rJl(kr)Gls(pr)]

dr
+ krJl+1(kr)Gls(pr)−

(εps −V(r))
h̄vF

rJl(kr)Fls(pr) = 0

(5.63)

After some algebra calculation, one can find

Ts−
kp = −∑

l

πh̄vF

A

∫ ∞

0
{d[rJl+1(kr)Fls(pr)]

dr
+

d[rJl(kr)Gls(pr)]
dr

+ (sp + k) rJl+1(kr)Gls(pr)− (sp + k) rJl(kr)Fls(pr)}dr
× exp[il(θk − θp)] exp(iδls)

(5.64)

At the large argument, the radial functions have the asymptotic forms as

Jl(kr) '
√

2
πkr

cos
(

kr− l
2

π − π

4

)
(5.65)

Fls(pr) '
√

2
πpr

cos
(

pr− l
2

π − π

4
− αs ln(2pr) + δls

)
(5.66)

Gl(pr) ' s

√
2

πpr
sin
(

pr− l
2

π − π

4
− αs ln(2pr) + δls

)
(5.67)
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The energy level of the helium ion is much greater than the energy of elec-
trons, so elastic scattering dominates our calculation. In that case, s = −,
and p = K, so we can find the T matrix.

T−−kp =−∑
l

2πh̄vF

πkA
[sin

(
kr− l

2
π − π

4

)
× cos

(
kr− l

2
π − π

4
+ δl− + α ln(2kr)

)
− cos

(
kr− l

2
π − π

4

)
× sin

(
kr− l

2
π − π

4
+ δl− + α ln(2kr)

)
]eil(θk−θp)eiδl−

= ∑
l

2πh̄vF

πkA
eil(θk−θp) exp(−iα ln(2kr))

exp(2iδl− + 2iα ln(2kr))− 1
2i

= ∑
l

eil(θk−θp)

πν(k)
exp(−iα ln(2kr))[exp(2iα ln(2kr))

exp(2iδl−)− 1
2i

+
exp(2iα ln(2kr))− 1

2i
]

(5.68)

r is the screened radius of Coulomb potential, which is extended to infinity
for pure Coulomb potential. The last term in the bracket is independent
on l so that one can write the T matrix as,

T−−kp = ∑
l

eil(θk−θp)

πν(k)
exp(iα ln(2kr))

exp(2iδl−)− 1
2i

+
exp(iα ln(2kr))− exp(−iα ln(2kr))

iν(k)
δ(θk − θp),

(5.69)

ν(k) is the density of state. Here we use the formula,

∑
l

eil(θk−θp) = 2πδ(θk − θp). (5.70)

Notice that the second term is only nonzero if θk = θp, so one can neglect
the second term when θk 6= θp. Moreover, the factor exp(iα ln(2kr)) is in-
significant because the T matrix and its conjugate show in pair in our prob-
lem. Therefore, the T matrix recovers to the standard expression when
θk 6= θp,

T−−kp = ∑
l

eil(θk−θp)

πν(k)
exp(iδl−) sin δl−. (5.71)

54
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For the inter-band scattering, s=+, the calculation is the same as in the
eq. (5.68), so we do not repeat it again and only give the result that the
T matrix vanishes at a large distance. Eq. (5.68) gives the same result as
before. For the lowest scattering channel, from eq. (5.50), one can obtain
that the X matrix element.

Xkk′ =
exp(−iδ−) sin δ−

πν(k)(εk − εk′ − iη)

(
1− ei(εk′−εk)t/h̄

)
(5.72)
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