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Abstract

Cuprates are mysterious materials with many not yet understood
properties. One of these properties is the Van Hove singularity, which
enhances the electron-electron interactions where it occurs. This Van

Hove singularity would be expected to appear in all cuprates, but has
only been shown to appear in a single cuprate: Bi-2201.[2]

The Van Hove singularity presents as a peak in the graph of the density
of states. To identify the locations in the material featuring the Van Hove

singularity the dimension was reduced by using principal component
analysis and calculating the mean squared distance to the mean of
intervals to reduce the dimension of the data. After this dimension

reduction a k-means clustering algorithm was used to find relations in
the data. When analysing the clusters found by the algorithm it was

found that the Van Hove singularities are localised a striped pattern on
the sample and that the singularity varies a lot in the energy spectra. This
variation in the energy spectra can be explained by putting the Van Hove

singularity on the Fermi level and then displacing it because of a
combination of inhomogeneity of doping and the formation of a

superconducting gap.





Chapter 1
Introduction

A lot of current advanced technologies use the phenomenon of super-
conductors: currently powerful magnets for MRI scans[7] are powered
by superconductors, quantum computers can use super conductors for
qubits[8] and it is even used to make maglev trains[9] work. Crucial to
each of these applications is the fact that superconductors have an elec-
trical resistance of 0 Ohm. Traditionally superconductivity occurs when
a material is cooled to very low temperatures. Currently one of the best
explanations we have of this traditional superconductivity the Bardeen
Cooper Schrieffer theory or BCS theory[10]. This will be discussed further
in the theory section. This theory however does not hold up in a specific
class of superconductors: the high-temperature superconductors. These
superconductors can hold superconductivity for higher temperatures than
is predicted by BCS theory. In this thesis we will look at a specific sub-
class of high-temperature superconductors: the cuprates. These cuprates
are copper oxides which hold superconductivity up to high temperatures
and exhibit unusual properties at high temperatures.[5]

A property we are interested in is the Van Hove singularity. This is a peak
in the density of states at points where the tight-binding model has a local
maximum or minimum. This peak in the density of states increases the
electron interactions in this specific point. Understanding this Van Hove
singularity could lead to a better understanding of how cuprates actually
exhibit superconductivity.

This project will try to find the Van Hove singularity using data mining
methods. It will do so following the master thesis written by Stolte[1].
This thesis used fitting, PCA and UMAP to reduce the dimensions of the
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6 Introduction

data and then analysed it by hand. This project will use PCA and a new
method to reduce the dimension of the data, but will use k-means cluster-
ing to analyse the resulting data.

6
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Chapter 2
Theory

2.1 BCS theory

The currently used theory to explain superconductivity is the Bardeen-
Cooper-Schrieffer theory[10]. This theory states that the main mechanism
behind superconductivity is the forming of Cooper pairs. Cooper pairs
form as pairs of electrons after electron-phonon interactions, phonons are
vibrations in a crystal lattice which behave as particles[4]. Because these
cooper pairs are a bond between two electrons, which are fermions, these
pairs themselves behave as bosons. This is important because normally
only two fermions are allowed to occupy the same energy level due to the
Pauli exclusion principle. When the pairs bond and behave as bosons they
can, at low temperatures, condense into a Bose-Einstein condensate. This
condensation means all the bosons can occupy the same energy level. The
second, and more important, thing this condensation achieves is the effect
that the energy of the entire condensate is changed when a single pair is
broken. This means that the energy to break a single pair is related to the
energy to break all pairs. So when the temperature is low enough the ther-
mal energy in the material is not high enough to break all of the pairs and
as such it is not high enough to break any of the pairs. This means that
the electrons can move through the material without interacting with the
lattice in the material and as such will have a resistance of 0. This tem-
perature where the condensate is formed is called the critical temperature.
The classically predicted highest temperature the Tc could reach was 30K,
this was later edited up to 39K with the discovery of MgB2.[5]
when the temperature of the system goes up the strength of the supercon-
ductivity reduces. This effect is best seen in the graph of the density of
states of a superconductor. As certain energies are not able to break the
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8 Theory

Figure 2.1: The graph of a superconducting gap. When the temperature increases
the gap grows more narrow until it vanishes. If the temperature is decreased the
gap grows wider. Image adapted from:https://physics.stackexchange.com/
questions/348501/physical-interpretation-of-density-of-states

pairs in the condensate the states below the required energy to break a
pair will not be occupied. The stronger the bonds in the condensate are,
the greater the superconducting gap.

This superconducting gap does not just remove the existing density of
states in the location it is formed. Instead it pushes the states to the side of
the gap, forming a coherence peak on either or both sides of the gap. The
amount of states represented by the graph should be the same as before
the gap was formed.

2.2 High-Temperature Superconductors

While most superconductors behave as explained above, not all supercon-
ductors work like this. There is a class of superconductors called the high-
temperature superconductors which function as superconductors well above
the critical temperatures predicted by BCS theory. Currently it is not known
what makes these superconductors function above the predicted temper-
atures.

2.2.1 Cuprates

A specific instance of these high-temperature superconductors is the group
of superconductors known as the cuprates. Cuprates function like other
high-temperature superconductors with some properties setting them apart

8
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2.2 High-Temperature Superconductors 9

from the others. The following properties are discussed by Keimer et al[5]
in their paper. When at no to very low doping the cuprates behave as
a Mott insulator, creating an insulator rather than the expected metal.
While within certain ranges of doping and sufficiently low temperature
the cuprates exhibit superconductivity. When at lower doping the cuprate
shows a pseudogap, which is a gap in which states are allowed but still
heavily suppressed. When at higher doping the material enters the strange
metal phase, where the cuprates resistivity scales linearly with tempera-
ture. When at high doping the cuprate behaves as a Fermi liquid, which is
like normal metal.

It should however be noted that the cuprates studied in this project do
not possess the incredibly high Tc seen in other cuprates. The feature we
are looking for in this project should however still be present as it is not a
feature which is restricted to high-temperature superconductors.
The doping used for the samples studied in this project was high enough
that it should be in the superconducting phase with a transistion to a Fermi
liquid. This high level of doping means the pseudogap and strange metal
phases are not present in the studied samples.

Van Hove Singularity

This feature we are looking for is the Van Hove singularity. The Van Hove
singularity occurs when the band structure of the material has a local max-
imum, minimum or saddle point. The local density of states goes as one
over the band structure so to identify the Van Hove singularity it can be
found by finding a peak in the density of states. The Van Hove singularity
has many interesting properties because it enhances the electron-electron
interaction where it occurs. One can use the tight binding model to make
a plot of the dispersion relation of material. The tight binding model is a
tool used to easier represent the orbits around the atoms combined with a
term to represent the chance for an electron to jump to another atom (the
hopping term)[4]. The dispersion relation of the tight binding model of
Bi2Sr2CuO6+δ (Bi-2201) can be seen in figure 2.2 as calculated by He et
al.[3]. Here the four saddle points can be seen at the boundaries of the plot
signifying four expected Van Hove singularities.. These expected singular-
ities are however very hard to detect and have only been directly detected
in a single cuprate: Bi-2201 (the one used for this project).[2]

The Van Hove singularity is a material property, this can be seen because
the temperature does not play a direct role in the tight binding model. The
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10 Theory

(a) A plot of the tight binding
model as of Bi-2201 for a sam-
ple with Tc = 15K.[3] The saddle
points causing the Van Hove singu-
larities are clear.

(b) The cross-section of the tight
binding model at the fermi level.

Figure 2.2: Plots of the tight binding model of Bi-2201 with a Tc = 15K. The code
used to make the plots was made by W. Tromp.

tight binding model is a result of the lattice it is calculated for, so the effects
would be expected to be uniform across the lattice.
Because it is a property of the material the singularity should be present
regardless of the temperature. When a superconducting gap opens on a
spot where a Van Hove singularity is present we would expect the states
to be pushed into the formed coherence peaks. If the singularity is on the
left or right side of the superconducting gap it would be expected to be
pushed into the corresponding coherence peak.

Unstable Fermi Surface

The Fermi surface of the cuprates has been shown to be unstable. This
instability is because of local differences in the level of doping of the mate-
rial. This inhomogeneity in doping affects the local electronic structure of
the cuprates. As was shown by Wise et al[6] this inhomogeneity can have
many effects on the material, including the shifting of the band structure
by up to 20mV for the pseudogap state. While the superconducting state
is less affected by this inhomogeneity of the doping, it is still affected.

10
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Chapter 3
Methods

3.1 Goal

The aim of this research was to find structures in the measurements of Bi-
2201. The main properties of interest are the peaks in the spectra which
could be caused by multiple sources, the most relevant for this project are
the Van Hove singularity and the peaks around the superconducting gap.
Normally to classify spectra one would use supervised data mining al-
gorithms, but these algorithms need to be trained on data. This training
process requires (labeled) data to work. This constraint raises two prob-
lems for this project: the first is that the data is not labeled and quite a few
spectra are ambiguous in how many peaks they have and what causes the
peak. The second constraint is the amount of available data. To train a
supervised learning algorithm one needs to feed it as much data as possi-
ble. When starting with the project there was concern about the amount
of data available to train.

Because of these constraints the decision was reached to make use of unsu-
pervised learning. Where supervised learning uses labeled data to predict
the label of new data fed into the algorithm, unsupervised learning looks
for correlations in the data to predict which instances belong together, but
it will not explain these correlations.

The chosen unsupervised learning algorithm was k-means clustering. K-
mean was chosen as it is a relatively easy algorithm and it makes the inter-
pretation of the results much easier. the data for this experiment was made
by measuring the energy at a point for different bias values, resulting in a
”data cube” where the x- and y-coordinates correspond to the spatial com-
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12 Methods

ponents on the surface and the z-axis corresponds to the measured values
for the measured energies. These measured values will be in dI/dV which
corresponds to the density of states. The k-means algorithm requires a 2
dimensional matrix. This means that first the data needs to be put in the
proper shape, this is done by creating a 2 dimensional matrix using the
rows as being the separate measurements and the columns being the pa-
rameters. The first two columns are the spatial coordinates and the rest of
the columns are the measured dI/dV.

For this thesis two data sets will be considered. One is a cuprate with a
critical temperature of 12K or OD12K and the other is OD3K. The OD in
the shorthand names stands for the fact that the cuprate has been over-
doped before performing the measurements on it. The samples used to
make the data sets supplied for this project were part of a larger series of
measurement which also contained underdoped cuprates.

3.2 K-means clustering

For this project k-means clustering was used to find the correlations in
the data. The motivation for using k-means will be explained more in the
methods section, but here the method itself will be explained.
K-means clustering is a clustering algorithm which means it will classify
the data into clusters, the algorithm will not attempt to give any informa-
tion about the clusters other than them being the best fits for the cluster.
The k-means clustering algorithm works through starting by designating
the number k to be the number of clusters, then k random points within
the boundaries of the data are randomly chosen. The data is then assigned
to a cluster corresponding to the closest point. The averages of these clus-
ters are taken and then the partition is repeated with the averages as the
new points (”centroids”). This process is repeated until the centroids re-
main stable between iterations or if the algorithm reaches a threshold of
acceptable change.

3.2.1 Silhouette Score

A way to analyze the result of the clustering algorithm is to look at the
silhouette scores. A silhouette score is calculated by

s(i) =
b(i)− a(i)

max(a(i), b(i))
(3.1)

12
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3.3 Dimensionality Reduction 13

Figure 3.1: result of a k-means clustering algorithm on a sample set of data. The
clusters are denoted by different colors and the centroids are the bolded points.
Image adapted from: https://rpubs.com/cyobero/k-means

where a is the average distance from the point to all other points in the
same cluster and b(i) is the average distance to points to another cluster
for the cluster with lowest average distance to the point.
this score is between -1 and 1 with lower silhouette scores corresponding
to poorly clustered points. When clustering the spatial coordinates are dis-
regarded as the aim of the project is to find peaks in the spectra.

3.3 Dimensionality Reduction

Clustering on the 2 dimensional matrix would still do very little, as the
euclidean distance loses most of its meaning at higher dimensions. Be-
cause the algorithm uses distance as the metric to analyze the data this is
a problem. To deal with this problem two methods were applied. The first
is PCA.

3.3.1 PCA

Principal component analysis(PCA) is a way to change the axes of the data
along the lines of most variation. Principal component analysis requires
a N x D matrix, where the N rows represent the repetitions of the experi-
ment, or in the case of this experiment the different points on the surface.
The D columns represent the different parameters of the experiment, or
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14 Methods

the different measured energy values. From this matrix the principal com-
ponents can be found using the following steps:

1. shift the mean of each column to 0.

2. make the D x D covariance matrix, consisting of the covariances of
the parameters.

3. find the eigenvalues and corresponding eigenvectors of the covari-
ance matrix

4. order the eigenvectors from highest to lowest eigenvalues. These
are the new axes of the coordinate system. This order is important
because the first eigenvector, which is also the first principal compo-
nent, is the axis with the most variance.

5. make the projection from the old coordinate system to the new one.
This transformation is 1:1 as it can be reversed if one has all the prin-
cipal components.

While PCA space has as many dimensions as the original space, most of
the variance (and thus information) is stored in the first few components.
After calculating the principal components the lower principal compo-
nents can be discarded to reduce the dimensions in the system. It should
be noted that this means that an amount of information is lost and the
transformation back stops being 1:1. This is not a problem if the matrix
with the data is never reordered as the calculated labels can be applied to
the original matrix. The centroids found did not lose information as they
are calculated in the PCA space and can be transformed into the original
space via the components.

3.3.2 Intervals

The second method of dimensionality reduction applied was splitting the
measurement energies into intervals. For each interval the mean squared
distance is calculated for the points to the average spectrum for the dataset.
This mean squared distance is then used as the parameters for clustering.
This means that if the number of intervals is set to 4 the dimensions of the
output is 4.

14
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3.4 Performing The Experiment 15

3.4 Performing The Experiment

The code used to run the above operations can be found via the following
link: https://drive.google.com/drive/folders/1t7jaDhOuLkvFrRpmm4Hu1PMOF-s_
f09Y?usp=sharing. It also needs code from the Allen Lab shared Github,
most notably read Nanonis and the data sets themselves. Read Nanonis
turns the .3ds files containing the data into a usable matlab struct.

To check the results of the clusters multiple methods were used. The first
among these is constant in both the PCA and interval models. This is the
silhouette score, which can be calculated using an inbuilt function in MAT-
LAB.

For the PCA model another way to check the results is by plotting the
cluster centroids, which yield the middle for each cluster and see what
is identifiable in those spectra. An important way of checking whether
cluster is applicable after the transformation of the data is by plotting the
points for the first few principal components.

For the interval method it is impossible to transform the found values back
to the original dimensions so the chosen way to present the findings is by
plotting the average of each cluster. By doing this we can get some insight
into what spectra make up each cluster.
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Chapter 4
Results

In this chapter I will present the varying results of the methods on different
datasets.

4.1 OD12K

In this section the results of the PCA method and the interval method on
the OD12K sample are presented. After turning it into a 2D-array and
labeling it the array is a 29929x86 matrix. This corresponds to 83 mea-
surements being performed on a grid of 173x173 points. The 29929 is 173
times 173. The 86 represents the two coordinates, the measurements and
the labels.

4.1.1 Interval Method

In figure 4.1a-c the cluster averages are plotted for the data set of OD12K.
In 4.1d-f the silhouette values for the same clusters of the same data set are
plotted. In 4.1g-i the spatial distributions of the data are plotted.
In figure 4.1 three spectra can be seen. One has two clear symmetrical co-
herence peaks around a (superconducting) gap. Another is a smaller gap
with asymmetrical peaks, as it has only one peak. The last spectrum shows
a gap but does not have any evident peaks.
In figure 4.1b two of the same spectra remain unchanged: the gap with no
peaks and the two sharp coherence peaks. The single peak with a gap has
been split into two spectra, each with a gap on the other side of the gap.
When looking at figure 4.1c the two asymmetrical peaks remain but an-
other spectrum appears which behaves similarly to the no peak spectrum
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18 Results

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.1: The results of the interval method on the OD12K sample with k-means
clustering for k=3,4,5 presented in a-c are the averaged spectra of the clusters
with 3,4 and 5 centroids respectively. a shows spectra with 0,1 and 2 peaks. b
shows spectra with 0,1 and 2 peaks. There are two spectra with one peak, each
on the other side of the Fermi level. c shows spectra with 0,1 and 2 peaks. There
are now two spectra with 0 peaks, showing no clear difference. d-f show the
silhouette scores of the clusters for 3,4 and 5 means respectively. g-i show the
spatial distributions of the clusters with 3,4 and 5 means respectively.

18
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4.1 OD12K 19

Figure 4.2: The raw data as measured at the fermi level. The striped pattern is
really clear here.

from before.
This fifth cluster being almost the same to one already present in the orig-
inal data points to 4 clusters being the correct amount of clusters, as no
new information was gained with the new cluster.
This idea is supported by the silhouette scores shown in figures 4.1d-f. For
the 3 clusters cluster 3 is quite poorly defined, as it consists of more poorly
assigned points than properly assigned points. When moving to 4 clus-
ters all clusters are more properly defined than they are poorly defined,
although some points are still not assigned entirely properly. This ratio of
properly assigned points goes down, however, when looking at 5 clusters.
This also seems to support the idea of 4 clusters being optimal.
When looking at the spatial distributions both figures 4.1g and h seem
to support the same striped structure, which is muddled quite a bit by
adding a fifth cluster as is seen in figure 4.1i. When looking at the raw
data using the aw(g) function available in the Allan lab Github the pres-
ence of these stripes in the data is evident, so all three ways of looking at
the resulting clusters point to 4 clusters being applicable here. This raw
data is pictured in figure 4.2.

When looking for a possible Van Hove singularity in the four cluster as-
signment three spectra stand out as the spectrum with no peaks does not
have a clear enough peak to be called a Van Hove singularity. When look-
ing at the symmetrical peaks we see the spectrum peaks far above the
other spectra. This can be explained through a Van Hove singularity right
in the middle of the superconducting gap, pushing the states equally to
both sides. The two asymmetrical gaps show the superconducting gap as
well, but also show a clear asymmetry in the peaks with either side being
pushed up by a phenomenon other than the superconducting gap.
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20 Results

Figure 4.3: The rarely occuring result of the clustering. For this run of the code it
was run for 5 means, but it can also occur for 4 means. I have not yet observed
it in 3 means, but that is likely due to the fact that 3 means has been tried the
least. When found in 4 means it absorbs the coherence peaks, but in 5 means it
apparently is found as a separate cluster.

Drawbacks

The interval method will usually give the results as given above. Some-
times however the code will run and find a different structure, usually
resulting in the two clear coherence going up and down in small steps,
resulting in a graph resembling stairs. This outcome of the experiment is
quite uncommon, but when it occurs the silhouette value is worse. It can
be seen in figure 4.3.
I believe this occurs due to the random starting conditions of the k-means
algorithm. When starting in random spots the algorithm will usually con-
verge to the same stable result, however rarely it will find another stable
solution leading to the structure discussed above.

20
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4.1 OD12K 21

4.1.2 PCA

To run the PCA clustering, I first wrote a code which also set the standard
deviation to 1. This resulted in unusable plots as the clusters were all
almost equal. While setting the deviation to 1 is useful when comparing

Figure 4.4: The cluster centroids of of the clustering ran with self made code
which set the standard deviation to 1, as is visible the spectra are indiscernible

unrelated quantities to make sure one does not have the higher weight just
because their values are measured in larger units, this is not applicable in
this situation as all values are energy measured by the same device. This
self made code is thus not useful for this experiment and the rest of this
segment was done using the inbuilt pca() function in MATLAB.

All components

First the experiment was performed using all of the principal components
and k=3,4,5 for k-means.
As can be seen in figures 4.5a-c the spectra are more two-peaked or zero-
peaked spectra. Some spectra can be seen as either one-peaked or two
peaked. This analysis of the number of peaks is further complicated by
the implication in all of the spectra that there is a linearly declining back-
ground present. Some of the spectra curve down immediately after the
gap, but it is unclear if this is due to a present peak or due to the appar-
ently present background.
The present two-peaked spectra, especially in k=4 and k=5 example show
a clear asymmetry, even larger than what seems to be the trend as given
by the apparently present background. These spectra seem to be the most
likely to have a Van Hove singularity as the zero-peaked spectra have no
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22 Results

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.5: Results of the k-means clustering on the OD12K data set using the
PCA method with k=3,4,5. a-c show the centroids of the clusters. a shows spectra
with 0 and 2 peaks, with two of the spectra having 2 peaks. b shows spectra with
0 and 2 peaks, with two of the spectra having 2 peaks. These spectra have highly
asymmetrical peaks. c shows spectra with 0,2 and an unclear number of peaks.
One of the spectra with two peaks has symmetrical peaks. d-f are the silhouette
scores for 3,4 and 5 clusters respectively. g-i are the spatial distributions of the
clusters for 3,4 and 5 clusters respectively.

22
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4.1 OD12K 23

apparent peaks and the symmetrical spectra seem to be a direct conse-
quence of the presence of the superconducting gap.

The silhouette scores for the assigned cluster are given in figure 4.5d-f.
The silhouette scores seem to be overall very positive although for a lot of
clusters the silhouette scores decline very quickly from the highest score to
around 0. This implies that the clusters are overall assigned to the correct
cluster, but the clusters are not particularly well defined.
The spatial distribution is presented in 4.5g-i. The spatial distribution is
intricate and follows the striped pattern seen in the raw data as seen in
figure 4.2. This implies the stripes have the same peaks within the same
stripe.

The outcomes for this form of clustering were also noticeably less stable
than the outcomes of the interval method. In the interval method the only
spectra I noticed were the presented ones and the one talked about in the
drawbacks section. In the PCA method the spectra changed more between
different runs, and I have tried to present the ones which were the most
common results.

Reduced Dimension

The above discussed result is quite promising so the amount of dimen-
sions was reduced to 5 before clustering. The results are presented in fig-
ure 4.6. 4.6a-c are the centroids of the clusters as found by the algorithm.
4.6d-f are the silhouette scores for each of the clusters and figures 4.6g-i
are the spatial distributions of the clusters on the actual sample.

When comparing the spectra in figure 4.5a-c with figure 4.6a-c the found
centroids look much different to the average spectra found using cluster-
ing over all of the principal components, the reason for this is discussed
later in this paragraph. Because the interval method also does not em-
ploy the centroids to visualise the spectra, but rather the average spectra
I decided to plot these as well. The results for this are presented in figure
4.7a-c.

These spectra are much closer to what was presented in the previous fig-
ures outside of the dimension reduced centroids. When looking at the
centroids presented in figure 4.6a-c the general trend of all the data seems
to be followed somewhat while the details are not there or much less pro-
nounced. The most likely explanation for this is that the first principal
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24 Results

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.6: Results of the k-means clustering on the OD12K data set using the
PCA method, leaving out all principal components except for the first five. a-c
show the centroids of the clusters for 3,4 and 5 clusters respectively. d-f show the
silhouette score for 3,4 and 5 clusters respectively. g-i show the spatial distribu-
tions for 3,4 and 5 clusters respectively

24
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4.1 OD12K 25

(a) Average spectra of 3-
means clustering of the
OD12K sample using the
PCA method using only
the first five components

(b) Average spectra of 4-
means clustering of the
OD12K sample using the
PCA method using only
the first five components

(c) Average spectra of 5-
means clustering of the
OD12K sample using the
PCA method using only
the first five components

Figure 4.7: The average spectrum for each cluster presented in figure 4.6

components have the most variance in them and thus the most informa-
tion. This means that the first principal components are chosen in such a
way that they carry the general information but not the specific trends for
each spectrum. I would therefore expect that the centroids move closer to
the ones presented in figure 4.5a-c with each principal component added.

While the centroids are presented in the full 83 dimensions this is not
how they are found. They are found using the first five principal com-
ponents but then transformed back using the definition of the principal
components. The resulting transformation will not add any new informa-
tion. Because the original five components did not hold the information
needed to identify the principal components, the centroids will not hold it
either.
This theory was tested by increasing the dimensions and plotting the cen-
troid spectra for each amount of dimension. The result of this can be seen
in figure 4.8a-d. As can be seen in figure 4.8a-d the structures first become
more pronounced, from first being almost the same spectrum to having
more distinct features and finally the curves become smoother.
This shows that the centroids are not the correct way to represent the re-
sults for the PCA method and instead for this one the average spectrum
should be used as well.
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(a) Average spectra of 4-
means clustering of the
OD12K sample using the
PCA method using only
the first ten components,
this still looks quite a bit
like the spectrum for the 5
dimensions

(b) Average spectra of 4-
means clustering of the
OD12K sample using the
PCA method using only
the first twenty compo-
nents. General structures
of the spectra start to arise.

(c) Average spectra of 4-
means clustering of the
OD12K sample using the
PCA method using only
the first fourty compo-
nents. The structures from
the previous example are
more nuanced.

(d) Average spectra of 4-
means clustering of the
OD12K sample using the
PCA method using only
the first sixty components.
The structures become a
little smoother.

Figure 4.8: Centroid spectra plotted for a 4-means clustering using the PCA
method, varying the amount of dimensions. Dimensions used are 10,20,40 and
60.

26
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Figure 4.9: The raw data of the measurements of dI/dV at an energy level close
to the fermi level (-8.2mV) of the OD3K sample

4.2 OD3K

In this section the results of the interval method and the PCA method on
the OD3K sample are presented. After turning it into a 2D-array and la-
beling it the array is a 18225x122 matrix. This corresponds to 119 mea-
surements being performed on a grid of 135x135 points. The 29929 is 135
times 135. The 122 represents the two coordinates, the measurements and
the labels.
The raw data of the measurements at an energy close to the Fermi level is
presented in figure 4.9. Once again a striped pattern is visible.

4.2.1 Interval Method

The results of the clustering using the interval method on the OD3K sam-
ple have been presented in figure 4.10. Figure 4.10a-c show the average
spectra of each cluster, figure 4.10d-f show the silhouette score of each
cluster and figure 4.10g-i show the spatial distribution of the clusters on
the sample.

In figure 4.10a the average spectra for the clusters of the k=3 clustering
have been presented. It can be observed that there is a spectrum with two
asymmetrical peaks, a spectrum with one peak and a spectrum without
clear peaks.
Figure 4.10b shows the average spectra for k=4. A new spectrum has ap-
peared which is almost identical to the spectrum with no clear peaks from
4.10a. This implies that no new information was gained with the new
spectrum.
Figure 4.10c shows the spectra for k=5. The previous spectra remain, but
the two-peaked spectrum is more asymmetrical than before and a new,
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symmetrical spectrum has been added.

The silhouette scores are presented in figure 4.10d-f. When going from
k=3 to k=4 a new cluster is added, this cluster shows up as having a poor
performance on the silhouette plot, having worse performance than the
previously present clusters with a large portion of it being assigned poorly
and the properly assigned part of the silhouette plot quickly dropping to
0. When going from k=4 to k=5 this happens again.

Both of the addition of a spectrum with no new information when going
from k=3 to k=4 and the silhouette score for the new clusters performing
poorly signals that the proper choice of clusters for this data set would
be 3 when using the interval method. Each of the spectra in figure 4.10a
could hide a Van Hove singularity, but the two spectra with clearly defined
peaks are more likely to be interesting for this purpose, as they clearly
show a peak.

While more clearly present in the k=4 and k=5 examples, the striped pat-
tern is present in the spatial distribution of the k=3 clusters. As this pattern
is also clearly available in the raw measurements it is good to see this pat-
tern reflected in the spatial distribution of the clusters.

4.2.2 PCA method

As the functionality of the PCA method has been explored in the previous
segment, the same steps will not be taken again. The clustering will again
be performed on all components and on just five components.

all dimensions

In figure 4.11 the results of the PCA method using all components are pre-
sented. 4.11a-c are the average spectra, 4.11d-f are the silhouette scores
and 4.11g-i are the spatial distributions on the real sample.

In figure 4.11a the average spectra of the clusters for 3-means are plot-
ted. The gaps of these spectra are noticeably small. There is a spectrum
with one peak, there is a spectrum which is unclear whether it has a peak
or not and there is a spectrum without peak.
When looking at the next plot in 4.11b, the small gaps make way for a
spectrum with no gap at all. The spectrum with one peak has also gained
an additional peak on the other side of the gap, which has grown.

28
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(a) . (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.10: Results of the k-means clustering on the OD3K data set using the
interval method for k=3,4 and 5. a-c present the averaged spectra of the clusters.
a shows spectra with 0,1 and 2 peaks. b shows spectra with 0,1 and 2 peaks.
Two spectra with 1 peak can be seen but both are very similar. c shows a result
from 5 means clustering, where the number of peaks is quite unclear for a lot of
the spectra. d-f show the silhouette scores for 3,4 and 5 clusters respectively. g-i
show the spatial distributions of 3,4 and 5 clusters respectively.
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Looking at 4.11c it becomes hard to decipher which spectra actually hold
a peak and which do not.

When looking at the silhouette scores presented figure 4.11d shows a large
cluster with reasonably well defined points, when moving to figure 4.11e
this cluster appears to have been broken up into smaller clusters with
worse scores. This happens once again in figure 4.11f.

When looking at the spectra there is no clear better amount of clusters,
but when looking at the silhouette scores the favored amount of clusters is
3. When looking at the spectra presented here, the most interesting spec-
trum to look at is the one with the clearly defined peak, this might be due
to a Van Hove singularity.

When looking at the spatial distributions presented in 4.11g-i the striped
pattern is visible quite clearly indicating that each stripe is a spectrum with
an amount of peaks consistent with the rest of the stripe.

5 Dimensions

The results of the PCA method using only the first five principal compo-
nents are presented in figure 4.12.
Figure 4.12a shows the average spectra for the k=3 clustering on the first
five principal components of the OD3K sample. The spectra in this figure
are identical to ones presented in figure 4.11a. This means that the clusters
found by the first five principal components and all of them are the same.
In figure 4.12b the average spectra are presented for the k=4 clustering.
The spectra are once again identical to the ones presented in figure 4.11b.
Figure 4.12c is once again identical to figure 4.11c.

In figure 4.12d-f the silhouette scores are presented. While the clusters are
identical, the silhouette scores are not. This is due to the fact that the data
set used to find the clusters was different. The same clusters appear, but
they have lower silhouette scores than the ones presented in figure 4.11d-f.

The spatial distributions are once again identical because the clusters are
as well.

The lower silhouette scores mean that the certainty of the algorithm is
higher when using all principal components than when using only the
first five components. This is however also more computationally expen-

30
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.11: Results of the k-means clustering on the OD3K data set using the
PCA method for k=3,4 and 5. a-c show the cluster averages for 3,4 and 5 clusters
respectively. a shows a spectrum with a clear peak, and two spectra with an
unclear number of peaks. b shows a spectrum with 2 peaks, a spectrum without
peak and two spectra without clear peaks. c shows a spectrum with 2 peaks, a
spectrum with no gap and three spectra with 0 peaks. d-f show the silhouette
scores of 3,4 and 5 clusters respectively. g-i show the spatial distributions of 3,4
and 5 clusters respectively
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sive while the shape of the silhouette scores remains the same.

4.2.3 The tails

The spectra presented in this section had more data attached on the tail-
end, but this data has been left out because the research is most interested
in the behaviour around the Fermi level and because the tails are all quite
similar. For completeness the spectra presented above are presented in
figure 4.13 with the tail-end.

32
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(a) (b) (c) .

(d) (e) (f)

(g) (h) (i)

Figure 4.12: Results of the k-means clustering on the OD3K data set using the
PCA method using only the first five components for k=3,4,5. a-c show the aver-
age spectra for each cluster. The found clusters for this method are the same as
with the PCA method with all components. d-f show the silhouette scores for 3,4
and 5 clusters respectively. These are different compared to the previously found
values due to the loss of information in going from all components to 5. g-i show
the spatial distribution which are the same as for the PCA method with all com-
ponents
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.13: The full spectra of the earlier presented results. a-c represent the
results for the interval method, d-f represent the PCA with all dimensions and g-i
represent the PCA method with 5 dimensions

34
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Chapter 5
Discussion

5.1 Methods

5.1.1 PCA Method

The hypothesis at the beginning that the centroids would be a proper way
to look at the resulting clusters for the PCA method with reduced dimen-
sions has been proven wrong. Replacing this with averaging the spectra
proved a good replacement to find meaningful spectra plots of the clusters.

Due to the nature of PCA discussed in the methods section, the cluster-
ing of all principal components holds the same information as clustering
over the entire data set.

5.1.2 Interval Method

The interval method mostly performed as expected. Because of the way
it was defined it was more sensitive to the peaks in spectra than the PCA
method as it functioned as a mean squared deviation from the mean over
which was then clustered rather than raw data.
While this was not done for this project an interesting thing to look at in
the future is the impact of increasing the amount of intervals, which is
already built into the code used for this project but was not done due to
time constraints.
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5.1.3 Comparing The Methods

The first thing which is evident when looking at the results of both meth-
ods is the different cluster sizes. The interval method tends to find a large,
well defined cluster and some smaller ones next to that while the PCA
method finds more evenly divided clusters, which are usually defined
slightly worse than the large, well defined cluster of the interval method.
The smaller clusters found by the interval method usually score worse
than the PCA method clusters, mostly due to a high percentage of poorly
assigned points in each of the clusters.

The choice for which of the two methods to use eventually depends on
the purpose of the research. For this project the interval method provides
easier to interpret answers because of the earlier discussed tendency to
identify peaks.
This tendency is most clear when looking at the OD12K sample. This sam-
ple exhibits a large gap with clear peaks in the interval method, while the
peaks stand out far less in the PCA method. When looking at the spatial
distribution of both of these clusterings one thing stands out: in the inter-
val method there is a small, localised cluster on the lower right at around
(150,35). This cluster is not present in the PCA method. When using the
aw(g) function to look at the data directly, this small area of the data does
indeed show these two clear peaks around a large gap.
This illustrates how the interval method is better at finding small struc-
tures with clear peak.

Comparing the silhouette scores between the different methods is not a
proper way of looking at the data as the data sets are different for each of
the methods. When looking at the silhouette scores they indicate how well
defined the clusters are within the given data set, so the silhouette score
also depends on the data set given. Because the data set used to cluster
is different for each of the methods the comparison cannot be made based
on the silhouette scores.

The spatial distribution is not useable to identify the best clusters as there
is not a direct assumption as to how these are supposed to look or a way
to verify it directly.

Because this project was aimed at finding the Van Hove singularity in the
data which presents as a peak in the spectra, and the silhouette scores
not being 1:1 comparable the best method for it seems to be the interval
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method because of the clarity of the peaks.

5.2 Structure Of The Materials

When looking for the location of the Van Hove singularity in the sample
the location seems to be given by the striped pattern as is shown by the
spatial plots of all the plotted clusters as they all show the clusters at least
loosely follow the striped pattern, with most spectra having a separate
form.

This indicates that when identifying a striped pattern in the Bi-2201 sam-
ples the structure of the spectra follows the stripes, so when looking for a
spectrum the first step would be to identify a point with the desired spec-
trum and then following the striped pattern to find more points with the
desired spectrum.

To compare the results of the clustering the spatial distributions of each
cluster is plotted separately. This can be seen in figure 5.1-5.4. Here we
see the four clusters as found by the interval method and the PCA method
for the OD12K sample as presented in figure 5.1 and figure 5.2. The three
clusters found for the OD3K sample using the interval method and the
PCA method can be seen in figure 5.3 and figure 5.4.

The OD12K sample with the interval method shown in figure 5.1 shows
a large cluster with no peaks, the spectrum which features the two peaks
is highly localised in a spot in the lower left quadrant and the two spectra
with peaks follow the earlier observed striped pattern, with a larger por-
tion of it being the peak on the left side of the Fermi level.

The OD12K sample with the PCA method shown in figure 5.2 shows two
spectra with no clear peaks being clusters 1 and 2, together having a large
portion of the sample between them clusters 3 and 4 show a spectrum
with a peak below the Fermi level and a peak above the Fermi level re-
spectively. The spectra with peaks can once again be seen to travel along
the striped pattern. The spectra without peaks seem to follow the same
pattern, but when taken together this pattern shows much less, this can be
seen in figure 5.5.

The OD3K sample with the interval method shown in figure 5.3 shows
a spectrum with no clear peak in cluster 1 and two spectra with peaks in
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.1: The separate clusters of the OD12K sample with the interval method.
a-d are the spectra of the cluster averages. e-h are the spatial distribution for each
cluster showing the cluster in yellow

clusters 2 and 3. Cluster 3 seems to once again behave in a sort of striped
pattern while the spectrum with no peaks is by far the largest portion of
the sample.

The OD3K sample with the interval method shown in figure 5.4 shows
two spectra with no clear peaks and one spectrum showing a clear peak
in cluster 2. Here the cluster with the peak is once again distributed along
the striped pattern in the sample.

The Van Hove singularity seems to travel along a striped pattern in all
of the examples, but what is also striking is the size of the spectra without
a clear Van Hove singularity. As was discussed before the Van Hove sin-
gularity is expected to be uniform across the surface of the material and is
expected to be present in the spectra due to the extrema in the dispersion
relation.

5.3 The Van Hove Singularity

The result found in the previous section is very intriguing, as the result
does not comply to the general understanding of the Van Hove singular-
ity. This singularity was expected to arise as a result of the band structure
of the crystal lattice but it does not behave as a material property. The fact

38
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.2: The separate clusters of the OD12K sample with the PCA method. a-d
are the spectra of the cluster averages. e-h are the spatial distribution for each
cluster showing the cluster in yellow

(a) (b) (c)

(d) (e) (f)

Figure 5.3: The separate clusters of the OD3K sample with the interval method.
a-c are the spectra of the cluster averages. d-f are the spatial distribution for each
cluster showing the cluster in yellow
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(a) (b) (c)

(d) (e) (f)

Figure 5.4: The separate clusters of the OD3K sample with the PCA method. a-c
are the spectra of the cluster averages. d-f are the spatial distribution for each
cluster showing the cluster in yellow

Figure 5.5: The pattern of the two spectra without peaks from the OD12K with
PCA, to show the absence of a striped pattern in itself
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that the clusters representing the different peaked spectra travel along the
observed striped pattern is quite unexpected as this behaviour means that
it varies very quickly in the direction perpendicular to the stripes.
This uniformity is also not preserved in the other expected property of the
Van Hove singularity. Because it is expected to be a property of the mate-
rial it is expected to be a peak at the same energy level, but the peaks vary
in energy level from below the Fermi level to the Fermi level to above the
Fermi level. This fluctuation could be explained by the earlier theory if
it varied slowly in space, but as was discussed above the locations of the
peak vary quickly in the space when moving in certain directions and stay
the same when moving along the stripes.

To explain this unexpected result the discussed inhomogeneity of the ma-
terial can be used. As was discussed the band structure is shifted because
of the differences in doping. This would mean that the Fermi level as
represented by the graphs in the earlier chapters are incorrect, as the x-
axis is made in terms of the energy minus the Fermi energy. A changing
Fermi energy would change the x-axis for the affected spectra. There is
one problem with this theory compared to the presented data. All super-
conducting gaps as presented in chapter 4 are centered at 0 or close to 0.
This means that the shift in axis cannot be large enough to account for the
large changes in location of the Van Hove singularity, unless it is usually
centered at almost exactly 0 and are pushed to the side by the shifted axis
and then pushed to the side of the formed superconducting gap.
This proposed solution is supported by the fact that there were no identi-
fiable peaks away from the superconducting gaps.

This could also explain the rapid spatial variation as the actual variation
of the Van Hove singularity would not have to be large but just enough to
cross to the other side of the Fermi level. Thus the best explanation for the
Van Hove singularity with the information available is the idea that the
Van Hove singularity is located extremely close to or on the Fermi level.
This solution however does not deal with the absence of the Van Hove
singularity in a large portion of the spectra.

5.4 Moving Forward

For future research on this topic there are three directions to go:

1. Conclusively identifying the Van Hove singularity
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2. Optimizing the currently used methods

3. Using a new form of data mining or machine learning to identify the
peaks

For option 1, the found spectra will need to be analysed against the al-
ready known facts about the Van Hove singularity to prove the presence
of the Van Hove singularity in the found spectra. This is hard to do as
the current reason these peaks are believed to be Van Hove singularities is
because no other theory fits the resulting data. Currently there is no clear
way to prove the peak as a Van Hove singularity.
This means that the peak in the spectra could also be due to a yet unknown
mechanism rather than an actual Van Hove singularity. It is however ex-
ceedingly hard to find the other mechanism used to produce the peak as
currently we do not have a good explanation for it.
For option 2, the currently employed methods have variables not yet var-
ied too much during this project, most notably the amount of dimensions
of the PCA method and the amount of intervals used in the interval meth-
ods. A future project could look into optimizing these parameters to find
better optimized clusters.
For option 3, a possible option would be training a neural network or one-
shot learning algorithm on the data to identify the peaks more conclu-
sively. This could be trained either on the raw data, data with reduced
dimension or it could even be used with the graph using an image learn-
ing algorithm. Using this method would possibly lead to more exact ways
to identify the spectra at the cost of explainability of the algorithm as most
neural networks function as black box algorithms which have hidden lay-
ers and as such their results are not as easy to explain as the ones found
here.

The image based algorithm could be interesting because a peak is some-
times more easily visible in a graph than when looking at data because the
height at the base of the graph can vary and the height of the peak can
also vary quite a bit. This is by no means a certainty that it would work
but it is an interesting avenue of research. It could also grant insight into
the difference between image based recognition algorithms versus the raw
data used to make the images.
The raw data could be better than the image recognition algorithm because
it is the rawer form of the data and computers are less visually oriented
than humans and may be better at finding peaks in the raw data. It could
run into the problem that the different peaks are at a different level to the
point where some peaks are lower than the base of the other peaks. This
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might be able to be overcome by a clever set-up of the network, but that
would have to remain to be seen by a following researcher.

5.5 Conclusion

In conclusion, the variation of the location of the Van Hove singularity
along the energy axis can be explained by the Van Hove singularity ap-
pearing at the Fermi level and being pushed to the side of it because of
the inhomogeneity of the material. This slight variation is then ampli-
fied by the formation of the superconducting gap, pushing the Van Hove
singularity to the side of the superconducting gap. This theory does not
however explain the absence of the Van Hove singularity in the majority
of the spectra but it provides a new starting point for following research.
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