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Chapter

Introduction

In 1967, Roger Penrose introduced twistor theory [25, 28], with the aim of finding a way to unify
general relativity and quantum mechanics. It is a well-known fact that the local, deterministic
force of gravity is incompatible with the stochastic decay of the quantum wave function. Since
both quantum mechanics and general relativity have had great successes in predicting differ-
ent physical phenomena, but are mutually incompatible, it is suggested that both theories are
fundamentally flawed. Penrose’s idea was to construct twistor space as the complex manifold
from which the laws of physics originate, with space-time being a secondary object determined
entirely by twistor space. If one could then find a way of unifying general relativity and quantum
mechanics in twistor space, one has found a way to unify the theories in regular space-time.

The theory of twistors is built upon the spinor formalism introduced by Elie Cartan, where the
symmetry groups SOT (p, q) of a pseudo-Riemannian vector space of signature (p,q) are doubly
covered by their spin groups Spin™ (p, q). Via representations of the Clifford algebra one can then
regard transformations of real coordinates using complex coordinates.

For 1+4-3-dimensional Minkowski space, the spin group Spin™(1,3) acts on two pairs of two-
dimensional complex vectors. The tangent bundle of a general 14-3-dimensional manifold M can
then, under a few assumptions, be seen as consisting of two independent (left- and right-handed)
spinor bundles, taking complex vector values. This structure can be considered as being more
fundamental than the real structure on M.

For spaces that are conformally Minkowski, twistor space T is a 4 complex-dimensional subspace
of the set of spinor fields, where the Klein correspondence can be used to associate lines in
the projectivisation PT with points in complexified compactified Minkowski space CM®. The
philosophy behind twistor theory is to consider twistor space as given, and to see physical space
as a derived object. Quantum effects are then supposed to originate from twistor space and
manifest themselves in physical space. Twistor theory suggests a deep connection between space-
time curvature and the quantum mechanical commutation relations.

In this theses, we will explore some of the powerful tools that twistor theory brings to the table.
In particular, we will see how twistor theory is able to describe conformally flat space-times with
great ease, allowing an elegant way to describe conformal infinities and singularities. We will
also see how the complex-valuedness of twistors is used to encode properties of physical fields
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in cohomology groups. We will, however, also encounter some of the major shortcomings of
twistor theory; we will find that twistor theory can not be obviously adapted to space-times with
arbitrary curvature, something which has thus far precluded the theory from describing quantum
gravity in a satisfying way.

One of the aims of this thesis is to rigorously build up twistor theory from the spinor formal-
ism. Some prior knowledge of quantum mechanics, general relativity, basic abstract algebra and
differential geometry is assumed.

In Chapter 2, some basic notions from differential geometry, which will be used throughout
the thesis, are discussed. In Chapter 3, we will use Clifford algebras to define the spin groups
of pseudo-Riemannian vector spaces, leading to a description of constant spinors. Combining
these notions, we will use Chapter 4 to develop some of the basic tools for using spinor fields.
First we will formalise the abstract index tensor algebra, extensively used in physics, after which
connections on associated vector bundles will be discussed. These concepts will then be combined
to define the spin structure on the tangent bundle.

Chapter 5 will further develop the theory of spinors, now for 1+3-dimensional manifolds. This
will eventually lead to a description of the Einstein equations in spinorial terms.

From Chapter 6 onwards, we will be concerned with twistor space. We will first discuss conformal
rescalings and construct twistor space from the conformally invariant twistor equation. After
this, the Klein correspondence between twistor space and Minkowski space will be discussed.
Chapter 7 will subsequently treat the twistorial description of other spaces which are conformally
Minkowski, in particular focusing on (anti-)de Sitter space and Friedmann-Robertson-Walker
cosmological models.

Finally, in Chapter 8, we will discuss some interesting non-linear features of twistor theory. The
Penrose transform for massless free fields and the non-linear graviton construction for anti-self-
dual space-times are treated. The final paragraph deals with the quantisation of twistors and
the potential role of this in palatial twistor theory, which aims to describe arbitrary solutions to
the Einstein equations in twistorial terms.



Chapter

Preliminaries on manifolds and bundles

This chapter is aimed at providing some standard results in differential geometry which will be
used throughout this work, but which are not typically treated in an undergraduate course. The
discussion here is loosely based on [11, 21]. The claims made in this chapter are generally not
hard to prove, and proofs can be found in these references.

Our main goal in this chapter will be, beyond providing basic definitions of (co)tangent bundles
and derivatives, to introduce the notions of Lie groups and associated vector bundles. The
symmetry groups of pseudo-Riemannian vector spaces and their associated spin groups will turn
out to be examples of such Lie groups. Lie groups allow us, given a vector bundle and a right-
action of a Lie group on the underlying base manifold, to define associated vector bundles. We
will give a construction of the tangent bundle as an associated vector bundle, which in Chapter
4 will be used for defining the notion of the covariant derivative. The spinor bundle, which we
will introduce in that chapter, will also be an example of an associated vector bundle.

Throughout this and all subsequent chapters, when referring to a manifold, we mean a C™
differentiable manifold. Similarly, any smooth function is to mean a C*° function.

2.1 Basic concepts

In this paragraph, we briefly outline some of the basic concepts of differential geometry that will
be used throughout this work, with the goal of fixing the notation used. We take M to be an
arbitrary n-dimensional manifold.

We denote the set of smooth scalar functions on M by C° (M), consisting of all smooth
functions

f:M >R

Given a second manifold N, the set C°°(M, N) similarly denotes the set of all smooth functions
from M to N.

Given a vector bundle 7 : E — M, we denote the set of smooth sections of this bundle by T'(E).

An important bundle structure is that of the tangent bundle of M, denoted by T'M, which we

7
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define by
™ = | | T,M,
peM

where T),M is the n-dimensional vector space of derivations at p. This set has a canonical
projection map and with the usual manifold structure gives a vector bundle over M.

Elements of I'(T'M) are called vector fields on M, which can equivalently be seen as the space
of derivations

X : C®(M) = C=(M),

satisfying the Leibniz rule, i.e., for all f,g € C°°(M) we have that

X(fg) = fX(9) +9X(f),

where the multiplication is point-wise. We write X, for the vector field X evaluated at the point
p € M. The set I'(T'M) is often denoted by X(M).

Similarly, we have the cotangent bundle T"M, given by

"M = | | T;M,
peM

where T, M is the vector space dual of T,,M. The space of sections I'(T"M) can alternatively be
characterized by the set of C°°(M)-linear functions

f:X(M) = C™(M),

and is also denoted by Q'(M), called the set of differential 1-forms on M.

Physical fields will almost always be sections of tensor products of the tangent and cotangent
bundle, collectively called tensor fields. Take the example of a magnetic field; at any point on the
manifold, the strength and direction of the magnetic field is given by a smooth section of TM. We
will develop the theory of such tensor fields in Paragraph 4.1, where we also introduce the abstract
index formalism, which will make computations with these objects much more convenient.

Similar as to how smooth functions can take values in a manifold, differential 1-forms can take
values in an arbitrary vector space V. We define the set of differential 1-forms on M with
values in V, Ql(M, V), as the set of C°°(M)-linear maps

FiX(M) = C®(M, V).

Another important notion is the commutator of two vector fields X, Y € I'(T'M), which is
defined by

(X, Y]f = (X oY)(f) = (Y o X)(f) (2.1)
for all f € C°°(M).

We know, given some function with a real domain and codomain, how to define the derivative of
this function. In a similar vein, we want to define a concept of differentiation of smooth functions
between manifolds and smooth scalar functions on a manifold. For this, we consider the following
two similar, but slightly different, definitions:
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Definition 2.1.1. Let M, N be manifolds and F' : M — N a smooth map. Then for every point
p € M, given X, € T,M and f € C™ (M), we define the derivative of F in p by

(dF), : T,M — Tpp N
(dF),(Xp)(f) = Xp(f o F).
This map is well defined. This induces a map
dF :T(TM) — T(TN)
(dF(X)), = (dF),(X,)
called the differential of F.

Definition 2.1.2. Let M be a manifold and f € C°°(M). Then we define the differential of

[ by
df : X(M) — C™(M)

X — X(f).
Note that df € Q'(M). The operator d satisfies the Leibniz rule
d(fg) = fd(g) + fd(g)-

Since the notation is very similar to that Definition 2.1.1, one must be careful no to confuse the
two, although from context it is often clear which differential operator is meant.

Given a chart (U, ¢) of M, a C*(U)-basis of X(U) is given by the differentials

{aii }g ’ (22)

where the z' denote the coordinate functions of ®.
Similarly, a C*(U)-basis of Q' (U) is given by

{dz;}icn (2.3)

2.2 Lie groups and algebras

This paragraph focuses on Lie groups, manifolds that are endowed with a smooth group structure.
These groups will be used to define associated vector bundles in the next paragraph. We will
also discuss a closely related notion, namely that of Lie algebras, which will be defined as the
tangent space of a Lie group at the unit element. Lie algebras will have a role in the definition
of the covariant derivative on an associated vector bundle.

Definition 2.2.1. A manifold G endowed with a group structure o such that the maps
0:GXxG—G:(g,h)— goh,
G5 Giggt
are smooth is called a Lie group. As usual, we often write gh instead of g o h.
Given two Lie groups G, H we say that a map

¢o:G—H

is a Lie group homomorphism if it is a smooth group homomorphism.
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We also have a notion of Lie subgroups:

Definition 2.2.2. An embedded Lie subgroup of G is defined as the image of a group homo-
morphism
¢:H—>G

that is homeomorphic onto its image, where H is a Lie group and ¢ is an immersion, i.e., d; ¢ is
injective for all h € H. In this case, we say ¢ is a Lie group embedding.

A very important theorem due to Cartan [6, pp. 22—-24] states the following:

Theorem 2.2.3 (Cartan). Let G be a Lie group and H C G a subgroup of G. Then H is an
embedded Lie subgroup of G if and only if H is closed in G.

Since a Lie group is a group, it acts on itself in a smooth way. The following three maps, which
are induced by this action, will be used in the future, so we will briefly define them here:

Definition 2.2.4. Let h € G. We define the left, right, and conjugation actions of h on G
by

l,:G— G: g hg,

r,:G— G:g~— gh,

ch:G%G:thgh_l,
respectively. The conjugation action is a Lie group homomorphisms.
An important family of Lie groups, which we will see frequently in our upcoming discussions, are
matriz groups, which are defined as the closed subgroups of the so-called general linear groups.

In fact, the symmetry groups of pseudo-Riemannian vector space which we will encounter in the
next chapter, and even some of the spin groups, are of this form.

Definition 2.2.5. Let K be a field and n > 1. We define the general linear group of dimension
n over K by
GL(n,K) := {A € Mat(n x n, K) : det A # 0}.

When V' is an n-dimensional K-vector space, we also write

GL(V) := {A € End(V) : det A # 0} = GL(n, K).

Proposition 2.2.6. Forn > 1 and K =R or K = C, we have that GL(n, K) is a Lie group of
dimension n”.

Proof. GL(n, K) has a well-defined group structure, where multiplication and inversion of ma-
trices are given by polynomial maps in the entries. Hence, these maps are smooth. Since
GL(n, K) = det ™" (K \ {0}), where

det : Mat(n x n) = K" S K

is the smooth determinant map, we see that GL(n, K) is an open subset of Mat(n x n) and hence
a smooth manifold of dimension n>. O

Now that we know some basic results about Lie groups, we are in a position to define the Lie
algebra associated to such a Lie group.
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Definition 2.2.7. Let G be a Lie group. We then define its Lie algebra by
g="1T.G,

where e € G is the unit element. The Lie algebra has a natural structure of an algebra, with
multiplication given by the commutator bracket of Equation (2.1) in the unit element.

Note that a Lie algebra is not necessarily associative, since, in general, the commutator bracket
need not be associative.

Given two Lie algebras g, b, with multiplication given by the commutator brackets [, _|g, [, ]y,
we say that a map

Y:rg—bh

is a Lie algebra homomorphism if for all X_,Y, € g the relation

1/}([Xe7 Ye]g) = W)(Xe)v ¢(Ye)]f)
holds.

Since the Lie algebra can be identified with the tangent space at the unit element, a Lie group
homomorphism ¢ : G — H defines a Lie algebra homomorphism induced by the differential de.
For simplicity, we write

¢* = (d¢)e tg— b
This map is called the push-forward of ¢.

Push-forwards of Lie group homomorphisms allow us to define a useful operator:

Definition 2.2.8. Let G be a group and g its Lie algebra. We define the adjoint representa-
tion by
Ad: G — Aut(g)

g (cg)ss
where ¢, is the conjugation action of g on G. Ad defines a representation on g.

We can also let a Lie group G act on a manifold M, giving us a notion of a fundamental vector
field. This definition will turn out to be useful in our definition of a connection in Chapter 4.

Definition 2.2.9. Let G be a Lie group with associated Lie algebra g and M a manifold. Let
X e gand p € M. Suppose G acts smoothly on M via a right action. Consider the smooth orbit
map

¢p:G— M

g — pg-
The fundamental vector field X e [(TM) of X is then defined by

X, = (dep)e(X). (2.4)

The mountain of definitions in this paragraph briefly outline the structure of Lie groups and
algebras. The additional structure provided by these objects will be important for some of the
concepts that we will introduce later in this thesis, including the associated vector bundles of
the next paragraph.
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2.3 Principal and associated vector bundles

In this paragraph, we will discuss some additional bundle structures on manifolds, ultimately
constructing a way of simultaneously having a vector bundle structure, alongside a Lie group
action on a manifold. This will be used in Chapter 4 to define the notion of spin structures and
the concept of a connection.

Definition 2.3.1. Let G be a Lie group, P and M manifolds and «# : P — M a smooth
surjection. Suppose G acts smoothly on P via a right-action. We say that P is a principal
G-bundle when the following properties are satisfied:

1. For all z € M there exists a neighbourhood U, 3 & of M such that =~ (U,) is homeomor-
phic to U, x G in a G-equivariant way. In other words, there exists a homeomorphism

¢:7 " (U,) = U, x G,
satisfying, for all g € G and p € W_I(Ux) that

o(pg) = o(p)y;
where the Lie group action on U, X G is defined by

(y,a)g = (y,a9),
for all y € U, and a, g € G. Such a pair (U, ¢) is called a bundle chart.
2. For all g € G and z € M we have that
9P = Py,
and that the map
G — P,
g—pg

is a homeomorphism for all p € P,. In other words, G preserves the fibres of the bundle
and acts freely and transitively on them.

We also have a notion of maps between principal bundles:

Definition 2.3.2. Let 7 : P — M be a principal G-bundle and 7’ : P’ — M be a principal
G'-bundle. Let ¢ : G — G’ be a Lie group homomorphism. We define a bundle morphism H
to be a map

H:P— P,

satisfying, for all p € P and g € G, the relations

H(pg) = H(p)¢(9),
m(p) = (7' o H)(p).

When ¢ is a Lie group embedding, we say that H is a G-reduction of P', and we say that the
image of H is a sub-bundle of P’.

An important example of a principal bundle is the frame bundle. Given an n-dimensional
manifold M, we consider the Lie group GL(n,R) and the set

Fr(M) := | | Fr(M),,
peEM
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where

Fr(M), = {real bases for T),M}.

This set is provided with the canonical choice of projection map. The group GL(n,R) acts freely
and transitively on the fibres in an obvious way, namely by right-multiplication of a vector with
a matrix, i.e.,

(61,...,€n)'A:(61,...,€n)A,

for some A € GL(n,R). The set Fr(M) can then be given a bundle structure; given a chart (U, ¢)
of M, we consider the map

¢~ U x GL(n,R) — Fr(U)

(p, A) — ((a(j;i P)ignA,p> 7

which is a G-equivariant isomorphism, providing a bundle chart for Fr(M). The induced topology
provides Fr(M) with a smooth manifold structure and defines a bundle over M.

We want to combine the concept of a principal vector bundle with that of a vector bundle. For
this we first need the following result:

Proposition 2.3.3. Let # : P — M be a principal G-bundle and V a K-vector space. Let
p:G— GL(V) be a representation of G. Then the map

¢:PxVxG—PxV
(p,v,9) = (p,v)g == (pg, p(g) ™ 'v)
defines a free right action on P XV and is closed.

In particular, the set
Px,V:=(PxV)/G

can be given a smooth manifold structure such that the quotient map
PXV —-Px,V

is a submersion.
Proof. A proof can be found in [11, p. 239]. O

Theorem 2.3.4. Let w1 : P — M be a principal G-bundle and V a K-vector space. Let
p: G — GL(V) be a representation of G. Then P x,V has the structure of a vector bundle
with well-defined projection map
™ Px,V—>M
[p, v] = 7(p)-

The fibres of this bundle are isomorphic to V. We call this bundle the associated vector
bundle of P to p.

Proof. The projection map is well-defined since G acts on the fibres, hence

7' (pg) = 7 (p)
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forallpe P, g € G.
Let (U,, ¢) be a bundle chart for P, defined by

Then the map
b (fl(Ux)) X, VUxV

[p,v] = (7(p), p(a(p))v)

is a well-defined smooth map, since the quotient map P x V' — P X,V is a submersion, and it
can be verified that it has a smooth inverse. Hence, it provides a vector bundle chart for P x,V/,

with fibres isomorphic to V.

O

Now that we have properly defined the notion of an associated vector bundle, we can see how
we can give the tangent bundle of Paragraph 2.1 such a structure. To achieve this, we return to
the frame bundle of an n-dimensional manifold M. We consider the defining representation

GL(n,R) — Aut(R")
A (z— Azx).

Then the map
H :Fr(M) XPR" —TM

[(ei)ignﬂpa (mz)zﬁn] = <Z ez'l"mP)
=0

gives a well-defined bundle isomorphism. Hence we have

Fr(M) x, R™ = TM,

(2.5)

so we have provided TM with the structure of an associated vector bundle. This will turn out
to be of great use in Paragraph 4.2, where the associated vector bundle structure will give rise

to the definition of a connection.



Chapter

The construction of spinors

This chapter will be dedicated to introducing the spinor formalism for pseudo-Riemannian vector
spaces. Roughly speaking, the idea behind the spinor formalism is to regard transformations of
real vectors as transformations of (pairs of) complex vectors, called spinors. In order to obtain
this correspondence, we will need to go through a number of steps.

First, in Paragraph 3.1, we will introduce the notion of a pseudo-Riemannian vector space, which
is a finite dimensional real vector space endowed with a non-degenerate symmetric bilinear form
of arbitrary signature. We will then construct the symmetry groups of this space, which will be
the groups consisting of linear transformations keeping the symmetric bilinear form invariant.
We will further specialise these symmetry groups, in order for them to also preserve orientation
and time-orientation.

Subsequently, in Paragraph 3.2, we will define the Clifford algebra associated to these spaces.
These Clifford algebras can be seen as encoding the geometry of the pseudo-Riemannian spaces.
In Paragraph 3.3 we will introduce the gamma matrices, which will allow us to characterise the
Clifford algebras. In particular, it turns out that the complex Clifford algebra can be seen as a
matrix algebra acting on complex spaces.

In Paragraph 3.4, we will construct distinguished subsets of the Clifford algebra, called the
spin groups. Under some conditions, these spin groups doubly cover the symmetry groups of a
pseudo-Riemannian vector space, and thus can be seen as giving ‘more fundamental’ transfor-
mations of the pseudo-Riemannian vector space. In Paragraph 3.5, we combine this with the
classifications of the complex Clifford algebras to construct the spinor representation, which will
show that transformations of real coordinates can be covered by the more fundamental spinor
transformations of complex coordinates. These complex coordinates will be called spinors.

We will see, for even-dimensional spaces, that the spinor representation consists of two irreducible
representations, elements of which will be called right- and left-handed spinors. We will further
explore what the spinor representation looks like in 143-dimensional Minkowski space.

We will extend the spinor formalism in Chapter 4, where we will consider spinor fields, which will
allow us to regard the real tensor fields on the tangent bundle as consisting of complex vector-
valued spinor fields. The spinor formalism is one of the most important elements of twistor
theory, as a twistor will be seen in Chapter 6 to be a certain kind of spinor field.

15
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The approach we take in this chapter is a combination of [4, 11, 20] and [30, Appendix]|. Through-
out this chapter, we take K to be the field R or C.

3.1 Pseudo-Riemannian vector spaces

We are used to considering spaces endowed with a positive semi-definite inner product. However,
to describe the structure of space-time, we must also be able to deal with negative distances. A
basic example of this is 4-dimensional Minkowski space M, consisting of one temporal dimension
and three spatial dimensions. This dimensionality is believed to be the same as the one of the
universe we currently reside in.

We set the speed of light ¢ to be equal to 1. In Minkowski space, the ‘distance’ between two
points (t,z,y,2) and (', 2,9, 2') is given by

(t—t) —(@=a") = (y—y)* - (- 2)°

so that the null cone, the points at a distance of 0 from the origin, are precisely the points that
light can reach, given it passes through the origin.

In order for us to describe these types of spaces, we will lay out the basics of so-called pseudo-
Riemannian spaces and describe some of their symmetry groups.

Definition 3.1.1. Let V be a K-vector space. A map q: V xV — K is called a symmetric
bilinear form if q is symmetric and K-bilinear.

The map q is called non-degenerate if for all v € V there exists some w € V such that
q(v,w) # 0.

Henceforth, we will only be considering non-degenerate symmetric bilinear forms.

In the physical case, we will mostly be interested in real vector spaces R”? of dimension n = p+q,
endowed with the symmetric bilinear form 7 defined on a standard basis {e,};>; of R”? by

i i<
nlepe;) =4 00 =P (3.1)
=45, p<i<p+yg,

where d;; is the standard Kronecker delta. Such a space is called a pseudo-Riemannian vector
space.

Note that 7 is non-degenerate. We say that this bilinear form 7 has signature (p, ¢), which we
can also write as

p times q times
—_—— ——
sgm) = (4, ..., +,—, ..., —).

In this notation, the standard 4-dimensional Minkowski space M we considered a moment ago is
the vector space Rl’?’, with corresponding symmetric bilinear form of signature (+ — — —).

For the complex vector space C", we can choose a basis {e;};>; and set
n(es ej) = bij. (3.2)

With these two examples we have in fact described all possibilities of finite dimensional K-vector
spaces endowed with a (non-degenerate) symmetric bilinear form:
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Proposition 3.1.2. A non-degenerate symmetric bilinear form q on a finite dimensional R- or
C-vector space can be obtained from one of the bilinear forms n of Equations (3.1), (3.2) through a
change of basis. Consequently, any non-degenerate symmetric R-bilinear form has a well-defined
signature.

Proof. This follows immediately from applying an adapted Gram-Schmidt algorithm. We can
see that in the case of C we have only one non-degenerate bilinear form, since if g(e;, e;) = —1,

we can set e;- = ie;, yielding Q(E;a 6;) =1 -

A basis of R”? or C" satisfying Equation (3.1) or (3.2), respectively, is called an orthonormal
basis. A basis {e;} only satisfying q(e;,e;) = 0 for i # j is called orthogonal. Note the similarity
with an orthonormal basis in a regular inner product space, only here we do not require the ‘inner
product’ ¢ to satisfy ¢(v,v) >0 for all v € V.

Similar to the regular case of inner products, we can define the symmetry groups preserving
orthogonality or orthonormality.

Definition 3.1.3. Let (V, q) be a K-vector space endowed with a symmetric bilinear form. We
define the orthogonal group of (V,q) by

O(V,q) = {A € GL(V) : ¢(Av, Aw) = q(v,w) for all v,w € V'}.
The special orthogonal group of (V,q) is then defined by
SO(V,q) ={A€0O(V,q) : det A = 1}.
For V = RP? we will only consider the bilinear form 7 of Equation (3.1), and accordingly write
O(p, q) := O(R™",n) and SO(p, q) := SO(R™, ).

Note that with respect to the standard basis we can alternatively write

Olp, q) = {A € GL(p+q) : AT (% _‘}1) A= (IOP _%q) } .

Taking determinants on both sides of the equations defining A € O(p, q), we immediately find
that det A = £1.

Consequently, these groups are closed subgroups of GL(V'), so that by Theorem 2.2.3 they can
be given the structure of embedded Lie subgroups of GL(V).

All A12

Definition 3.1.4. Let A € O(p,q). Writing A = (
Ay Agy

) with respect to the standard

basis, where
A11 € Mat p X p,

( R),
A € Mat(p x ¢, R),
A21 € Mat(q XD, R))

Agy € Mat(g x ¢,R),

we define the time-orientation 7(A) of A to be £1 whenever £det A;; > 0, and the space-
orientation o(A) of A to be £1 whenever +det Ayy > 0.
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Note that by definition of O(p,q) we cannot have that det A;; = 0 or det Ayy = 0, so any
A € O(p, q) has a well-defined time- and space-orientation.

With this notion, we can define the following two groups:

Definition 3.1.5. The orthochronous Lorentz group of signature (p,q) is defined by
0" (p,q) ={A €O(p,q) : 7(4) = 1}.

The special orthochronous Lorentz group of signature (p, q) is defined by

SO™ (p,q) = SO(p,q) N O™ (p, q).

Note that these sets are again embedded Lie subgroups of GL(V).

For Minkowski space, we only had one time coordinate, so requiring time-orientability is to
say that we do not consider transformations which reverse the direction of time. Physically,
this is quite desirable, as in nature there is evidence for time having a canonical direction, as
demonstrated by e.g. the second law of thermodynamics. However, this unfortunately precludes
the possibility of time-travel.

Another desirable property of SO™ (p, q) is that it is a connected component of O(p, q).

Proposition 3.1.6. Letp,q > 0. The group SO+(p, q) is the connected component of the identity
in O(p, q).

Proof. First we must show that there is no connected component of O(p,q) strictly containing
SO's'(p7 q). Suppose there exists some A € O(p,q) \ SO*(p,¢) sharing a connected subset X
with SO+(p, g). Then either det A = —1 or det A;; < 0. However, since there are no elements
B € O(p, q) with det B = 0 or det B;; = 0, one of the sets

X|_:={BeX:detB=—-1},
X|<O = {B € X: detBll < O},
is non-empty and open by the continuity of the determinant and disjoint with SO™ (p, ¢). Hence

X is not connected, giving a contradiction.

Note we have that I € SOT(p,q). Now we must show that SO (p,¢) is connected. Suppose
A, Be SO+(p, q). Consider the path

7:10,1] = SO™(p, q)
ts At + B(t —1).
Let t € [0,1]. By R-linearity of ¢ we see that, for all v,w € R"?
q((At+ B(t — 1))v, (At + B(t — 1))w) = q(v, w).
Additionally, by linearity of the determinant, we find
det(At + B(t — 1)) =tdet A+ (1 —t)det B=1,
det(At+ B(t—1)),; =tdet Aj; + (1 —t)det By; > 0.

We can hence conclude by that ~ is well defined, so + is a path connecting A and B, so we find
that SO+(p7 q) is connected. O

The symmetry groups defined here will be essential for defining the notion of spinors, as we will
see in the next few paragraphs. Especially the connectedness properties of SO* (p, q) will prove
to be very important.
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3.2 The Clifford algebra

In order to define the concept of spinors, we need to generalise the geometry of the pseudo-
Riemannian spaces. We will see that, provided a vector space V and a symmetric bilinear form
q, we can construct the Clifford algebra, C1(V, q), which will serve this purpose. The spin groups
we will define in Paragraph 3.4 will turn out to be subsets of the Clifford algebra.

Ultimately, the Clifford algebra will serve as the mediator between the real symmetry groups of
pseudo-Riemannian spaces and the complex spin representations. In this way, the definition and
classification of the Clifford algebra will be a big step in the construction of the spinor formalism,
one of the major work horses of twistor theory.

Definition 3.2.1. Let (V,q) be a K-vector space endowed with a symmetric bilinear form. The
Clifford algebra of (V,q) is an associative algebra Cl(V, ¢) with a linear map v : V — CI(V, q)
satisfying

1. The Clifford relation; for all v,w € V, we have that
V(W) (w) +y(w)y(v) = —2q(v, w).

2. The universal property; if A is an associative algebra with a linear map § : V — A
satisfying
6(v)d(w) + 6(w)d(v) = —2q(v, w)
for all v,w € V, then there exists a unique homomorphism

¢:Cl(V,q) = A
such that
poy =19,
i.e., the following diagram commutes:
V —— CI(V,q)
ia! é

A

)

Note we have that v(v)® = —q(v,v) for all v € V, so if we see q(v,v) as representing the ‘length’
of v, we can see  as the ‘square root’ of —g. For this reason, the Clifford algebra is seen as
representing the ‘square root’ of the underlying geometry.

We refer to the Clifford algebra in Definition 3.2.1, even though it is not yet clear that the Clifford
algebra is in any sense unique, or even exists. We shall justify this language now.

Theorem 3.2.2 (Existence of Clifford algebras). Let V' be a finite dimensional K-vector
space with associated symmetric bilinear form q. Let

(V) =PV
k>0
denote the tensor algebra of V', and let I(V') be the ideal generated by
{v@v+q(v,v) :veV}.

Then T(V)/I(V), endowed with the multiplication a - b = a ® b and the canonical inclusion
v:V = T(V)/I(V) defines a Clifford algebra of (V,q).
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Proof. Note that T'(V)/I(V) is clearly a K-vector space. Suppose a,b € T(V)/I(V) and v € V.
Then
(a+v@v+qv,v)l)-b=(a+v@v+qv,0)1)®b

=a®b+vRvRb+q(v,v)IR®b
=a®b—qv,v)1@b+q(v,v)1®b
=a®b=a-b.

A similar manipulation can be done with b, showing that the multiplication on T'(V)/I(V) is
well defined.

Further note that for all x € V' we have that
V(@) =z ®w = —q(z,2),
hence for all v,w € V we get
—2q(v,w) = —q(v 4+ w,v + w) + q(v,v) + Q(w,w)
=77 (v +w) =7 (v) = 7*(w)
=7 (v) + (V)W) + A(w)y(v) + 7" (w) = 7" (V) = 7*(w)
= (W) (w) +v(w)y(v),

so the Clifford relation is satisfied. Furthermore, since V' generates T'(V'), we have that (V)
generates T'(V)/I(V) multiplicatively.

Finally, suppose A is an associative algebra and § : V' — A is a linear map satisfying the Clifford
relation. This map canonically extends to the tensor algebra by applying ¢ to each component
and mapping &(a ® b) to &(a) - §(b) in A. Call this extended map 6. Note by construction, we
have ~

I(V) C kerd

so the quotient induces a map ¢ : T(V)/I(V) — A as required. Uniqueness follows from the
fact that 6 = ¢ oy and the fact that T(V)/I(V) is generated by v(V'), with ¢ being determined
entirely by § on v(V) 2 V. O

Now that we have shown the Clifford algebra exists, we still need to determine in which way it
is unique.

Proposition 3.2.3 (Uniqueness of Clifford algebras). If (C1(V,q),7), (Cl'(V,q),7") are two
Clifford algebras of (V,q), there exists a unique algebra isomorphism between them.

Proof. Consider the following commutative diagrams obtained from the universal property

vV —1— CI(V,q) vV — 5 CI(V,q) V —— CI(V,q)
b T b R k /ya
Cl(V, q) CI'(V,q) Cl(V,q)

By the first diagram, there exists a unique homomorphism 1 such that

y=vo7,

and since idgy(y,q) satisfies this, we must have ¢ = idcy(y,q). From the second diagram, we find
that there is a unique homomorphism ¢ such that

v =¢or,
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and from the third we find
v=¢"0o7"
Combining these two, we get
v=¢o0¢on,
so the first diagram yields ¢’ o ¢ = idcy(v,q) and by symmetry ¢ o ¢ = idCI’(V,q)'
Hence C1(V, q) = CI'(V, q) via ¢, and the uniqueness of the isomorphism follows from the unique-

ness requirement of the universal property. O

We now see that the Clifford algebra of (V, ¢) is given by T'(V')/I(V'), which we saw was generated
multiplicatively by (V). In what follows, we shall often leave ~ implicit, and write elements of
CI(V, q) as

ab-di=(a)y(b) -+ (d)
for some a,b,...,d e V.
We can subdivide the Clifford algebra even further:
Definition 3.2.4. Let
(V) = @ Yo% V) = @ @ (2k+1)
k>0 k>0

denote the even and odd part of the tensor algebra of V', respectively. Define

Cl(V,q) := T*(V)/(L(V) N T (V)),

Cl'(V,q) := T'(V)/I(V) N T (V)),
to be the even and odd part of the Clifford algebra, respectively.

One can easily verify that

Cl(V,q) = CI'(V,q) @ CI'(V, )

and that ClO(V, q) is a sub-algebra of C1(V, q), generated by products a; - - - ay,, for a; € V and
n € Zsq. Using the unique identification of Cl(V,q) with T'(V)/I(V'), we further obtain the
following results:

Theorem 3.2.5. For any K -vector space V' and associated symmetric bilinear form q, C1(V, q)
is naturally isomorphic as a vector space to the exterior algebra A*V of V

Proof. Tt can easily be shown that the map

¢ AV — CL(V,q)

’Ul/\"'/\’U,L'Hvl"'UZ‘
is a K-isomorphism of vector spaces (see [20, pp. 10-11]). O

Corollary 3.2.6. Suppose dim, V = n. As vector spaces, we have

dim, C1°(V, ¢) = dim,, C1'(V,¢) = 2" ".
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Proof. The first part follows from Theorem 3.2.5. The second part follows from realising that
CY (V,q) is the (—1)’ eigenspace of the algebra endomorphism Cl(V,q) — Cl(V,q) : v —~ —v. O

Returning to the standard R- and C-vector spaces from Paragraph 3.1, we can consider the
following ‘standard’ Clifford algebras in which we will be most interested moving forward.

Definition 3.2.7. The standard Clifford algebras are defined as follows:
1. For V = RP? and ¢ = n as in Equation (3.1), we define Cl(p, q) := C1(V, q).
2. For V =C" and q = n as in Equation (3.2), we define Cl(n) := CI(V, q).

Even when working with the real pseudo-Riemannian spaces, we will want to consider the clas-
sification of the complex Clifford algebra. Thankfully, we can consider the real Clifford algebras
as subalgebras of the complex Clifford algebras in the following sense:

Lemma 3.2.8. For all p,q > 0 there exists an algebra isomorphism such that

Cl(p,q) ®x C = Cl(p + q).

Proof. By considering CPT¢ as RPT? @ C, we can consider the map

§:CP" — Cl(p,q) ®g C
r® 2z y(2)® z,

where 2 € R’ z € C, and v is the embedding R”? < Cl(p, q). By considering the multiplica-
tion on Cl(p, ¢) ®g C induced by multiplication on Cl(p, q) we get that for all z ® z € CP*?

(@22 =z-2®2° = —nz,z)’
=—qz®2z182),

where 7 is the standard bilinear product on R”? and ¢ the standard bilinear product on C**9.
Since the image of ¢ multiplicatively spans Cl(p, ¢) ®g C and the 0 satisfies the Clifford relation,
we find, by virtue of Cl(p 4 ¢) and Cl(p, ¢) ®g C having the same C-dimension, that

Cl(p, q) ®r C 2 Cl(p + q) by the uniqueness of the Clifford algebra. O

In the next paragraphs, we will classify the Clifford algebras in a more practical way, without
involving the somewhat abstract tensor algebra T'(V'). We will then use the result obtained above
to regard the real Clifford algebras as subalgebras of the corresponding complex Clifford algebras
in a concrete way.

3.3 Gamma matrices

In the previous paragraph, we constructed the Clifford algebra in the general case using a rather
abstract construction. However, a more appropriate way is to regard the Clifford algebras as
matrix algebras, by considering representations on vector spaces. To this end, we will introduce
the gamma matrices. These will hint at how we can classify the Clifford algebra in terms of
matrix algebras, which will turn out to be more functional than the abstract definition given in
the previous paragraph. From this classification, it will also be clear why the spinor formalism
is most useful when dealing with spaces of even dimension.
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Definition 3.3.1. Let V = R”? be an n-dimensional R-vector space with standard bilinear form
n with basis {e;};<,. Let W be an m-dimensional K-vector space. Consider a representation

p: Cl(p,q) = End(W). For i < n, we define the gamma-matrices by
Yi = ples)-
Note that by the Clifford relation we have that v;v; +7;7 = —2n(e;, e;)1,, for all i, j < n, where

I,,, is the m x m identity matrix.

For even-dimensional spaces, we can define a special operator, whose eigenspaces will correspond
with left-handed and right-handed spinors.

Definition 3.3.2. For p 4+ ¢ = n = 2k, where k € Z-, we define the chirality operator by

3k
I'=—: +t71 Y.

Note that we only defined chirality operators corresponding to pseudo-Riemannian vector spaces
of even dimension, and not for odd dimensions. As it will turn out, this is because only in the
even-dimensional case, the spinors, which we will define shortly, can be split up into two disjoint
classes of right-handed and left-handed spinors, whereas such a distinction is not possible for
odd dimensional spaces.

For this reason, some of our upcoming definitions and results will only consider the even-
dimensional situation. Thankfully, this obstruction is no big hurdle for our discussion of twistor
theory, since our universe has four dimensions.

We can use y-matrices to explicitly compute Clifford algebras. We will illustrate this procedure
for CI(1, 3). The Pauli matrices o;, are defined by

w00 () w50, 09

For the standard Minkowski space M = R"?® with standard bilinear form 1 we can consider the
chiral representation p: Cl(1,3) — End(C") given by the gamma-matrices

. 0 'LIQ o 0 iO’k,1
"= <i12 0 ) . Ve = <—iak1 0 for k € {2,3,4}.

We can verify that
Vv + % = —2n(e;s €)1y

for all 7,5 <4, and that these gamma-matrices induce a faithful representation on C*. As such,
we can see Cl(1,3) as the 16 real-dimensional vector space generated by products of the ~;’s.

Using Definition 3.3.2, we can calculate the chirality operator to be given by

_ (I 0
e= (5 ).

We end this paragraph by giving two particularly important results concerning the classification
of the standard Clifford algebras. Proofs can be found in [4, Chs. 6-7], following a similar
approach to the one illustrated above.
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n/2

Theorem 3.3.3. For even n, let N =2"'“. Then the complex Clifford algebras satisfy

IR

Cl(n) = End(C"),
C1°(n) = End(C"Y?) & End(CN/?).

For odd n, let N = 2 =V/2 Then the complex Clifford algebras satisfy

Cl(n) = End(C") @ End(C"),
C1°(n) = End(CM).

Theorem 3.3.4. For the real Clifford algebras Cl(p,q) and C1°(p,q), we set p = p — q and
n =p+q. Then the structure of the real Clifford algebras is given in Table 3.3.5.

pmod8 | N N’ Cl(p, q) Cl(p, q)

0 9™/2 2(=2/2 | Erq(RN) End(RY) & End(RY )
) 2072 | =072 | Ena(ch) End(RY)

5 20=D72 | 9D/2 | ga’™) End(C")

. 20372 | 903/ | Brq(HY) @ End(HY) | End(H )

4 o=3/2 | on=/2 | prqm™) End(]HIN/) ® End(H N’)
. 2072 | =972 | Ena(ch) End(HY)

6 on/? 9=2/2 | End(RY) End(CY)

7 om=1/2 | o(n=D/2 | gngRY) @ End(RY) | End®Y)

Table 3.3.5: Classification of the real Clifford algebras.

Here H denotes the algebra of quaternions.

In practice, we will only use the classification of the complex Clifford algebras. Spinors will then
be the complex vectors on which the Clifford algebra acts, in the sense of Theorem 3.3.3.

3.4 Spin groups

Now that we have defined and classified the Clifford algebras, we can consider specific subgroups
of the Clifford algebras which we can study in conjunction with the symmetry groups defined
in Paragraph 3.1. These groups will be called the spin groups. These groups will, under special
circumstances, be the double covers of the symmetry groups discussed in Paragraph 3.1, in the
sense that they are Lie groups that via a 2-to-1 covering map provide a universal cover, preserving
the group structure. The spin groups can then be regarded as providing ‘deeper’ symmetries of
the underlying pseudo-Riemannian spaces.

Definition 3.4.1. Let (R”? n) be the standard pseudo-Riemannian vector space and bilinear
form of Equation (3.1). We then define the following subsets:

St ={v e R" :p(v,v) =1},
SP1 = {v e R : p(v,v) = -1},
SHY = {v e R"?: p(v,v) = +1}.
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We further define the pin group Pin(p, q), the spin group Spin(p, q) and the orthochronous
spin group Spin™ (p,q) by

Pin(p7 Q) = {1)11)2 Vg 1 U; € Si,qas > 0}7
Spin(p, q) = {vyvy -9, 1 v; € ST, 5 > 0},

Spin™ (p, q) = {v1va -+ - Vogwywy -+ wyy 1 v; € STt w; € 8P st > 0}
Proposition 3.4.2. The sets Pin(p, q), Spin(p, q) and Spin + (p, q) are subgroups of C1*(p, q).

Proof. We will only show this for the group Pin(p, q), the other cases follow analogously. Note
that Pin(p, q) is endowed with an associative multiplication from the Clifford algebra, and is
clearly closed under this multiplication. It remains to be shown that Pin(p, ¢) is closed under
taking inverses.

Note, given some v € ST, we have that

nw,v) =41 = v = T,

so given
u=wv;---v, € Pin(p,q),
for vy,...,v, € ST?, we find that
1 k .
u :(_1) Up -1 ePln(paq)7
where k = 0 if an even number of the v; are in S7'? and k = 1 otherwise. O

It is not a priori clear why we are interested in these groups. However, we can embed these
groups in the complex Clifford algebras, which via the classification Theorem 3.3.3 provides us
with canonical complex representations of these groups. First though, we will want to see how
the pin and (orthochronous) spin groups relate to the symmetry groups of pseudo-Riemannian
spaces.

To make this more precise, we first need to consider the following well-known algebraic theorem:

Theorem 3.4.3 (Cartan-Dieudonné). For all p,q > 0, consider the standard bilinear form
n on R”?. Suppose n = p+ q. We define a reflection through the hyperplane orthogonal to
v e RP? as a map

Py RPT — RPY

n(v,w)

w = w— 2
n(v,v)

provided that v is not null, i.e., n(v,v) # 0.

We have that p, € O(p,q). Conversely, every element of O(p,q) can be written as a product of
at most 2n such reflections through planes orthogonal to elements in SY9.

Proof. For a proof in a more general case, see [7, pp. 10-12]. O

We can use this theorem to associate elements in the pin group with rotations of the orthogonal
group.
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Definition 3.4.4. For all p,q > 0 we define the map

R : Pin(p, q) x RP? — R
1

(v,2) = sgn(v) -v-x-v .

where for u = v, - - - v, with v; € ST'7 we have that

san(u) = { " u € Spin(p, q),
—1, otherwise,

)

and - denotes the multiplication in Cl(p, q).
Theorem 3.4.5. For all p,q > 0 we have the following:
1. The map R of Definition 3.4.4 is well-defined.

2. For all v € S, we have that the map R, := R(v,.) : RP"? — RP? is a reflection through
the hyperplane orthogonal to v.

3. The map
A Pin(p,q) = O(p,q)
v R,

s a well-defined surjective continuous group homomorphism.
4. We have that A(v) € SO(p, q) if and only if v € Spin(p, q).
5. We have that A\(v) € SOT (p, q) if and only if v € Spin's'(p7 q).
Proof. For any v € S we have n(v,v) = £1, so v =71 by the Clifford relation. As such, we
obtain for all z € R that R(v,z) = +v -z -v.

If x is orthogonal to v, we get that n(z,v) = 0, so that - v = —v -« by the Clifford relation, so
R(v,z) = £n(v,v)z = .

For = parallel to v, we write x = z, v, for x, € R so that

tv-x-v=2dv-z,0 -v="2x,0—n(v,v) = —zx.

By linearity of R(v,_) we then find that R(v,_) is a reflection to the hyperplane vt

For arbitrary w = v; - --v; € Pin(p, q) we find that
R, = R(w,-) = R(vy,-)o---0 R(Uj»*)v

so R(w, ) is well-defined and a combination of reflections through planes. Combining this with
Cartan-Dieudonné, we find that the map A is well-defined and surjective. This proves points 1,
2 and 3.

For points 4 and 5, we can write the matrices associated to R,. Then simply taking determinants
gives the desired result. O

We can now show that the induced map A has kernel {+1}.
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Lemma 3.4.6. Let A be the map of Theorem 3.4.5(3). Then X, along with the restricted homo-
morphisms

Alspin(p,q) * SPIn(p, ¢) = SO(p, q),
Mspin® (p.g) * P (@) = SO™ (p, q),
have kernel Z/27.

Proof. We clearly have A(£1) = I. Now suppose v € Pin(p, ¢) such that A(v) = I. Then clearly
v € Spin™ (s,t) since I € SO (s,t), using Theorem 3.4.5(5).

We hence find for all u € R”? that A(v)(u) = v-u-v~ " = u. Multiplying both sides with u on
the right and v on the left, we obtain

w-v-u=—n(u,u)v.

Suppose v ¢ R. We then write v = ae; ---e;, where the e; are distinct basis elements of R*Y,
k> 1 and a € R. Note we used that v € Spin(p, ¢). Substituting this in the expression obtained
above, substituting u for e;  , we find

- ae

Cin " 05, ~Cipy ~ € = (€4, €4, ) - A€, -y,

= _n(eizk’ei%)eizk TG Gy = _n(eizk’eizk) TG, Gy

Using the cyclical identity e;e; = —e;e; for i # j following from the Clifford relation on the left
hand site of this expression 2k — 1 times to get the ¢;, all the way on the right, we obtain

n(ei%,ei%)aeil T Chy g Gy = —n(ei%,eizk) TA€;, €y

so, comparing the two sides, we find a = 0, giving a contradiction. Hence u € R, and since
Aa)(v) = |a*v for a € R and v € R*", we find u = £1 as required. O

One can give the groups Spin(p, ¢) and Spin™ (p, ¢) the structure of embedded Lie subgroups of
Cl*(p,q), so that the maps of Lemma 3.4.6 are double covers of Lie groups. The most natural
way of showing this is by giving an equivalent construction of these groups. This construction
can be found in [1].

Finally, we complete this line of reasoning by showing that Spin™ (p, ¢) is indeed the double cover
of SO+(p, q) in the sense that it is in fact the topological universal cover of this group, assuming
some conditions on the dimension.

Proposition 3.4.7. For n > 3 the homomorphisms from Lemma 3.4.6 given by
A : SpinT(0,n7) = SOT(0,n),
X :Spint(1,n) = SOT(1,n),

are universal covers.

Proof. This follows from the fact that the mentioned spin groups are connected, and that the

fundamental groups of the mentioned symmetry groups are Z/2Z, in combination with Lemma
3.4.6. For a detailed computation of the fundamental group, refer to [3, pp. 58-59]. O
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In particular, the second map of Proposition 3.4.7 will be of great use to us moving forward.
Summarising the results of this paragraph, we found that the group Spin™ (p, q), under special
circumstances, doubly covers the group SO+(p, q) and that the covering map is in fact a Lie
group homomorphism. As such, we have a very natural way to regard transformations of the real
coordinates of pseudo-Riemannian space as coming from the ‘more fundamental’ transformations
of Spin™ (p,q). Tt is interesting to note that M is the space of smallest non-Riemannian dimension
satisfying Proposition 3.4.7.

3.5 The spinor representation

We can now finally combine the discussions of the previous paragraphs to define spinors at a
point. We will only be looking at pseudo-Riemannian vector spaces R”'? of even dimension

n = p + g, since only in this case the even complexified Clifford algebra (Clo(p + ¢q) is a direct

sum of two matrix algebras over the complex numbers. As in Theorem 3.3.3, we take N = /2,

We will combine the classification of the complex Clifford algebra of Paragraph 3.3 and the
double covering of SO+(p7 q) by Spin™ (p, ¢) of Paragraph 3.4 to see what we mean by complex
spin transformations.

Definition 3.5.1. Let p,q > 0, and n = p + q even. We consider the map
k:Cl(p+q) = End(4,)

induced from the unique isomorphism of Theorem 3.3.3, where A,, = C" as in Theorem 3.3.3.
By considering Cl(p, q) as a subset of Cl(p + ¢) via Lemma 3.2.8 and the orthochronous spin
group Spin+ (p, q) as a subset of C1*(p, q), we obtain, by restricting x, the spin representation

k1 : SpinT (p,q) — GL(A,,). (3.7)

The set A,, will be referred to as the set of constant Dirac spinors. Since k is an isomorphism,
we have that kT is injective.

We now see that transformations of SO™ (p,q) correspond with particular transformations of
complex numbers obtained from the spin representation. These transformations will be called
spin transformations.

The main advantage of the spinor representation for even dimensions is that it is reducible; by
the classification of complex Clifford algebras, we have that

Cl’(p,q) = End(A;}) @ End(Ay),

where Aff ~ CN/2? a5 in Theorem 3.3.3. As such, the spin representation is reducible, in the
following sense:

Proposition 3.5.2. Let T be the chirality operator for the spin representation (cf. Definition
3.8.2). Then the spaces Af correspond with the £1 eigenspaces of T.

Proof. Note ‘=1 by definition, so the eigenvalues of I' are 1. It is then easy to show that
the eigenspaces of I' are invariant under the y-matrices of the spin representation. O

As a result, we can regard the map ' as a map

xT:SpinT(p,q) — GL(AY) @ GL(A,).
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We will now specialise to the specific case of Ml = R"3. In this case, we call the elements of A
the left-handed Weyl spinors, which we will denote by 'yA € A}, and the elements of A, the
right-handed Weyl spinors, denoted by wA € A, . Alternatively, we will write Af = s*.
Note that both ST and S are two-dimensional complex vector spaces.

Any Dirac spinor x* € A,, can then be written as a combination of a left- and a right-handed
Weyl spinor. We will write this as
A A
X' =9y
The motivation for this notation, along with the significance of the indices A, A" and a will be

discussed in Paragraph 4.1, where we will not only consider constant spinors, but also the notion
of spinor fields.

In the case of 4-dimensional Minkowski space, we have the following identification of the spin
group:

Theorem 3.5.3. Let 2% = (xo,xl,x27:ﬂ3) € R, We consider the correspondence

RY Herm(2,C)
1 2 +2° 2t 4id? AA’
Y ato, = — = ,
v v ou V2 (xl A v

where o,, are the Pauli matrices of Equation (3.3) and oq = I.

n

We also consider the map
¢ :SL(2,C) x R - R"?

(M, z) — Mz M.

The induced map M — ¢(M, _) induces a transformation of SO+(173). The hence obtained map
¥ : SL(2,C) — SOT(1,3) is surjective, with kernel Z/27.

Then, since SL(2,C) is simply connected, we have that Spin™(1,3) = SL(2,C).

Proof. One can show that the induced map ¢ is given by

a b
w.(c d)'_)
ag+bb+cc+dd  ab+ba+cd+de i(ab—ba+cd—de) aa—bb+cc—dd
1 ac+catbd+db  ad+da+bc+chb i(ad—da+bc—cb) ac+ca—bd—db
2 |i(ca—ac+db—bd) i(da—ad+cb—bc) ad+da—bc—cb i(ca— ac+bd—db)
aa + bb —cc — dd ab+ba—cd—dé i(ab—ba+dc—cd) aa—bb—cc+dd

We can readily verify that (M) = I, <= M = +I, and that ¢ is surjective. O

We will call 244 the spin-vector or spinor of £®. The association of real coordinates with
complex spinors gives us direct way to translate a real vector into a (sum of) tensor products of
left-handed and right-handed constant spinors. Further note that the length of the vector z%,

’

corresponds with taking the determinant of the spin-vector 2% as a matrix. More precisely,

we have that ,
n(z® a®) = 2det(z**). (3.8)
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We can define some simple operations on the space of spinors:

Definition 3.5.4. Let x, u,v € ST, and A € C. Let {0,1} denote a complex basis for ST. We
define the following operations on S

1. Scalar multiplication is a map C x ST — S™ given by

Mk, &) = (A6, A61).

2. Addition is a map ST x ST — S given by

(6", 51 + (1) = (67 4 1% k" ).
3. The symplectic product is a map (-,-) : ST x ST — ST satisfying

<K7M> = _</’La ’Q>7
Ak, ) = (Ak, ),
(& + v, 1) = (K, 1) + (v, 1),

i.e., the symplectic product is a skew C-bilinear map. Note that this does not correspond
with the regular definition of an inner product.

In the same way, we can define scalar multiplication, addition and the inner product on S .

The anti-symmetry of the symplectic product is a logical consequence of Equation (3.8), since,
whereas the bilinear form 7 is symmetric, the determinant is skew under interchange of rows or
columns. This skewness will also be a result of the anti-symmetry of the epsilon spinors, which
we will encounter in Theorem 3.5.6, which will be used later for raising and lowering spinor
indices.

In the Minkowski spinor characterisation, we get the spinor representation
kT :SL(2,C) —» GL(ST) @ GL(S7),

which, under the isomorphism of Theorem 3.5.3 and the identification of the even complex
Clifford algebra of Theorem 3.3.3 can be verified to act on the reduced spaces S* via

k1 2 SL(2,C) — GL(ST)
M s (= My?)
and
kT :SL(2,C) — GL(S™)
o _ (3.9)
M= (v — My™).
As such, we can regard elements of S™ as complex conjugates of elements of ST and vice versa.

Additionally, we can consider the dual representations associated to the spin representation:

Definition 3.5.5. We define the dual spaces of ST and S~ to be S, and S_, respectively. We
denote elements of S, by ¢4 and elements of S_ by ¢ ,/
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The same notational conventions apply for the indices of dual spinors as for regular spinors.
We can now consider the dual representations induced by the spinor representation % :
w57 SL(2,C) — GL(S,)
M= (> YaM )

and

kT SL(2,C) — GL(S_)
M = (> M),

We obtain the following association between the regular and dual Weyl spinors:

Theorem 3.5.6. We define € to be the linear map corresponding to the matrix (_01 é) in the

standard basis. The maps

€AB 1/1A =Yg = (1/JA)T€,
Exp :wA/ =Yg = (wA/>TE,

define isomorphisms of the representations /@i and /Qf, and k7 and KT, respectively. These
maps will be called the epsilon spinors.

Proof. SL(2,C)-equivariance of the map € 4 g follows from the fact that for all M € SL(2,C) the
identity
MTeM =¢

holds. Hence for all ¢ € ST, M € SL(2, C) we have that

can (R100) (v7)) = can(My?)
— (wA)TMTE
= (") TeM™
=eap(W™)M ™" = k5T (M) (EAB (¢ ))

We can then define an inverse

P gyt = (vp) e,

which can similarly be shown to be SL(2,C)-equivariant. Hence e,p is an isomorphism of
representations.

Similar reasoning shows that € 4/ 5/ is also an isomorphism of representations. O

We will take the e-spinors defined in the previous theorem as the operators which will lower
indices. Furthermore, it can be seen that the map {-,-} : ST x ST — C defined by

(W7, 6") o eap (87) 0" = va0”

defines a symplectic product consistent with Definition 3.5.4 on ST. We will discuss this further
in Paragraph 5.1.
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To briefly summarise some of the results given in this paragraph, we give the following commu-
tative diagram

ST sy

—
A N
v v
ST /= S_

where the horizontal arrows correspond with the epsilon spinors given in Theorem 3.5.6, and the
dotted vertical lines correspond with complex conjugation.



Chapter

Spin structures

This chapter is dedicated to three seemingly unrelated topics, which will turn out be essential
in the forthcoming discussion of spinor fields, which will be the building blocks of the theory of
twistors developed in later chapters.

In Paragraph 4.1, we will introduce the so-called abstract index tensor algebra, which is able to
describe both tensor and spinor fields with great efficiency, using indices describing global objects.
This description of fields will turn out to be invaluable for our computational purposes.

Paragraph 4.2 introduces connections on associated vector bundles. The notion of a connection
allows us to talk about differentiation of vector fields in the direction of another vector field. The
associated differential operator will be called a covariant derivative. We will define and construct
a particular type of covariant derivative, called the Levi-Civita derivative, which we will take as
defining a canonical connection on a manifold. This concept will prove to be very important, as
the defining twistor equation of Chapter 6 will be a differential equation using this Levi-Civita
derivative.

In the final paragraph of this section, we can finally discuss the notion of the spinor bundle.
This bundle structure can be regarded as giving, at a point, a tangent structure of Weyl spinors,
instead of real vectors. We do this by considering the local vector space structure of the tangent
space as that of a pseudo-Riemannian vector space, which, using the double covering of the
orthochronous symmetry group by the spin group, allows us to regard the real coordinates of the
tangent space as complex coordinates. We can also use this spin structure to uniquely lift the
Levi-Civita connection to define differentiation of spinor fields, which are in themselves sections
of the spinor bundle.

4.1 Abstract index tensor algebra

In this paragraph, we will discuss and construct a useful formalism that will be used extensively
in the discussion of tensor and spinor fields, called the abstract index formalism. This formalism
gives a very functional way of doing computations with tensor fields without explicit reference
to the underlying charts or bases. Throughout this paragraph, we take M to be some fixed
manifold of dimension n. We will follow the conventions of [29].

33
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Definition 4.1.1. Let M be a manifold. By ¥ (Fraktur T), we will denote the commutative
ring C°° (M), the ring of smooth real scalar functions on M.

Similarly, the commutative ring C°° (M, C) of smooth complex scalar functions on M is denoted
by & (Fraktur S).

Additionally, we define the T-module
T =x(M)

of vector fields. By &° we will denote the G-module of spinor fields, which will be defined in
Paragraph 4.3.

Furthermore, we define a countably infinite labelling set

L =A{a,B,...,00,...,01,...}
of abstract labels.
Finally, for some «a € ., we define
T* =%* x {a},
&% =6"x {a}.

These can then be canonically identified as T- and G-modules isomorphic to T°* and &°, respec-
tively.

In the forthcoming discussion, the behaviour of T° and &° will be very similar, so for simplicity,
we will only discuss ¥, with results for & following analogously. Although our choice of notation
might seem confusing at first, it will be useful for distinguishing between vector fields and spinor
fields, which will be very important in the next chapter.

Definition 4.1.2. Let o € .. Elements of ¢ are called contravariant tensors or tensors
of valence [}].

We define the dual of T by
ia = HomT (sav i)a
where Hom(T%, %) is the module of T-linear maps from T to T. Elements of T, are called

covariant tensors or tensors of valence [{].

Note that T, is canonically isomorphic to the dual T, of T°. For notational simplicity, we will
henceforth write Q, A% := Q,(A%) for an element Q, € T, acting on an element A” € T*. Note
that T, = Q' (M), as defined in Paragraph 2.1.

The abstract indices of .Z mostly serve an administrative purpose. The goal of these indices is
to denote different copies of the same modules. We want to be able to add together elements
within T and T° separately, but we cannot add together elements of €% with elements of Th.
In a sense, this labelling is arbitrary; if we have some equation

Qa(A% + B%) =W,C",

we can equally well write
Qs(A” + B%) = w07,
for some B € &, without changing the veracity of the expression.

We are now in a position to define multi-valence tensor fields.
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Definition 4.1.3. Let {«,...,v} and {),..., v} be two disjoint subsets of .Z of cardinality p
and ¢, respectively.

A tensor field A5 of valence [§] is an element of an abstract tensor product of T-modules,

called €Y7, which is given by

=38 T8 0%,

p occurrences g occurrences

As a result, the tensor field A ") can be canonically identified with an element in

D(TM®P @ T*M®9).

Note that Y7 is again a T-module. In particular, we can regard ¥ as the space of valence [§]
tensors.

In general, we will denote an element of T ) using the same indices as those of the module.
For example, the tensor field X5 will be an element of Tj3.

For some, a more familiar way to regard the tensor field A§ ) of Definition 4.1.3 is as a T-
multilinear map
Ai"'z:Tax---x‘va‘I)‘x---xT’%T, (4.1)

p occurrences g occurrences

with the space of all such maps denoted by Y7, It turns out that these two identifications of
tensor fields are equivalent in our case, a property called total reflexivity. When we are dealing
with finite-dimensional vector fields, this correspondence is immediate, since we can identify the
dual of the vector space with the vector space itself.

However, in our case, this equivalence is not at all obvious, since it relies on the module €°* being
sufficiently ‘nice’. It turns out that the existence of a partition of unity on the manifold M is
the ‘niceness’ property we are looking for. For a proof that this implies total reflexivity, refer to
[29, pp. 98-102].

Since the tensor (and spinor) fields we will be dealing with in this thesis will always come from
sections of bundles, we will use the interpretation of tensor fields in the sense of Definition 4.1.3
and Equation (4.1) interchangeably.

In Definition 4.1.3, we use the tensor product of the T-modules. However, when we are tensoring
elements of modules T* and T° with different labelling indices, we can, without ambiguity, write

A*BP .= A" @ B”. (4.2)

This allows us to multiply together tensors of arbitrary valence [4] and [{], giving us a tensor
of valence [Ziz} However, we do need to ensure that the labelling sets of the corresponding
tensors are disjoint; if they are not, we can make them disjoint by choosing a new labelling set

for one of the tensors.

Using the correspondence between Definition 4.1.3 and Equation (4.1), we can now unambigu-
ously define the following operations:

Definition 4.1.4. Suppose T and T2 are tensor spaces of valence [#] and [ 7], respectively.
Suppose their labelling sets are disjoint.
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1. Addition is a map 57 x T — T mapping two tensors to their sum as a tensor
product. Addition is associative.

2. Outer multiplication is a map TS_’_’_‘ X ‘If,jj_’ — Sff_‘jj;\ ______ mapping two tensors to their tensor
product in the sense of Equation (4.2).

Since the modules if’::_‘,‘ and Si‘_‘_‘j have disjoint labelling sets, we can regard this form of
multiplication to be commutative, by presupposing some fixed order in which the tensor
product is taken. Multiplication is associative.

3. (¢,1)-contraction is a T-multilinear map ‘If;:::?lf — ‘I?’::f defined on tensors by
D*---G’H®J,---KsL,— (H"L,) D*---G" I, - Kj,

where we consider the tensors to be multilinear maps in the sense of Equation (4.1).

Evaluation of a tensor AY " in a tensor B, may then be regarded as first doing outer multipli-
cation, resulting in the tensor A} ) Bs, and subsequently performing (v, §)-contraction. Outer
multiplication followed with contraction is often called transvection.

We do need to ensure that when we are doing outer multiplication of tensors, no two labels may
appear more than once as either a subscript or a superscript. For example, the expression

a3 «
AT Bs + C5

is perfectly well defined, since we can first do outer multiplication of the two tensors on the left
with disjoint labelling sets, perform two contractions, after which we perform addition. However,

the expression
A“B,C”

is not well defined, since in general

A%(B,C") # (A“B,)C".

We will now briefly discuss how we can describe a tensor field if we have some (local) basis of T“.
Suppose that (U, ¢) is a chart for M. Let f € T be some map, satisfying U = {p € M : f(p) # 0}.
Then we define an equivalence relation ~ on Y7 by

AR ~ B == fAST) =[BT

We denote

TN =T 00) =T 0/~
Note in particular that T*(f) = I'(TU) and T,(f) = I'(T"U). Note these are free T-modules,
with a basis given by Equations (2.2) and (2.3), respectively.
We can now let the bold index o denote the basis corresponding to U, and write

0 0
0 =(01,...,0,)=—,....—= 4.5
a ( 1 ) n) (81'1, 781,71) ( )

and
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The elements associated with d, and 6% in T*(f) and T, (f), respectively, will be denoted by
Jo and d5. These are both arrays of length n, corresponding with the n-valuedness of the bold
index, and are defined, respectively, as the basis and dual basis of T“(f).

So, the difference between bold indices and regular indices is that bold indices have a relation
to some concrete basis, but regular indices have no particular relation to a basis. Consequently,
V® is an array of elements of T, which in combination with a basis gives a tensor, whereas the
element V' gives the entirety of the tensor.

In particular, on the open set U, we have that
V=V,
where the Einstein summation convention is used over the repeated bold index.

To make some of the forthcoming notation more tractable, we can consider compound indices
of the labelling sets. When we have two disjoint index sets {a,...,v} and {\,...,v}, we can
introduce the compound index A = a...yA"...v", and denote T = TA, where the stars
denote which indices occur in the bottom.

So, if we have, for example, two compound indices A = a3\* and B = 0¢™x”, we have that

AB af 6
A = A0P 0 (4.6)

where staggering of indices is now necessary to allow for consistent composition of composite in-
dices. We will tacitly assume that when two different composite indices are used, their underlying
index sets are disjoint.

We will see later, in Paragraph 4.3, that the index a of a real tensors in T can be seen as a
composite index of the two spinor indices A and A’.

Consequently, just as we had the equivalence between the notions of Definition 4.1.3 and Equation
(4.1), we obtain the following, more general, result:

Theorem 4.1.5. Let A,...C,D be disjoint composite indices. Then the set of T-linear maps
TAx .o x3¢ 5 3P

s canonically isomorphic to SDA_”C.

A useful example of tensors we now obtain is the Kronecker delta, defined by
85+ (A%, Bg) v AgB” = A, B, (4.7)
which is an element of ‘Ig, alternatively defined by (55140‘ = A , so this map is given by the

canonical isomorphism between T% and S

Another important example is the epsilon spinor € 45 of Paragraph 3.5, which turns out to be
an element of G 4p, justifying our use of indices in its definition.

We finish this paragraph by discussing symmetry and anti-symmetry of tensors.

Definition 4.1.6. Let A*P+P¢ ¢ gAB-DE gy tensor, where B ... D denote m distinct indices.
Denote by S,, the symmetry group of order m! acting on the index set {B,..., D}, and let
e : S, — {£1} be the sign map on S,,.
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1. We define the symmetrisation of AAB+DE i the indices B...D to be

QABDE _ 1 Z QAT(B).o(D)E
m'

" oeS,,

2. We define the anti-symmetrisation of AAB-DE i the indices B...D to be

QAB..DIE _ 1 Z c(0) AAT (B (DIE
m'

T oes,,

Similarly we can define (anti-)symmetrisation operations on sets of dual indices.

Note, since regular and dual indices do not mix, we can first perform (anti-)symmetrisation oper-
ations on regular indices and then on dual indices; or vice versa. Note that (anti-)symmetrisation
on disjoint sets of indices commutes.

We can use these operations to define a notion of (anti-)symmetric tensors.

Definition 4.1.7. Let A% € T be a tensor. We say that A% is

1. symmetric if A%+C = A4+,

2. anti-symmetric or skew if AAC = gl

We similarly define (anti-)symmetric dual tensors.
We list, without proof, the following properties of (anti-)symmetrisation:

Proposition 4.1.8. Let A" and B’ be arbitrary tensors. Then the following expressions hold:

A...ab... = A...(ab)“. + A[ab]
A (a(boc)d). = A (abc.d)...r
A japodend.. = A o becd).

A (afpodod). = Al e (boc).d)... = 0

(ab) _ [ad] _
A.A[ab] =A

These properties hold equally well when applied to upper indices.

The notation introduced in this paragraph may seem confusing and obtuse at first, but it turns
out to be a necessary evil to cover the abstract index formalism here. The notion of a ‘tensor’
looks very different when employed by a mathematician or by a physicist. Physicists like to see
tensors as linear maps or arrays, simply summing over repeated indices to perform computations,
whereas a mathematician views a tensor as an element of a tensor product. However, these two
viewpoints are in fact equivalent, using the formalism introduced here.

We would like to preserve the computational power of the physicists’ concept of tensors, as we will
have to do many calculations involving indices, while also keeping the mathematician’s definition
of tensors in mind. This will be especially important in Paragraph 4.3, where we would like to
see real tensor fields as tensor products of complex spinor fields.
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4.2 Connections

In this paragraph, our aim will be to define connections on associated vector bundles. A connec-
tion will serve to define extra structure on the bundle, so we can speak of derivatives of smooth
sections of this associated vector bundle. As usual, we let M be an n-dimensional manifold and
p, ¢ > 0 be such that n =p+gq.

Along the way, we will also define the notion of pseudo- Riemannian metrics, and we will introduce
another way of considering the tangent bundle as an associated vector bundle, by using the Lie
group SO™ (p, q) instead of GL(n,R). Ultimately, we will combine all these concepts to define the
Levi-Civita covariant derivative, which will satisfy some desirable properties. This derivative will
turn out to be unique. Moving forward, this derivative will be the canonical choice of derivative
on the tangent bundle.

Definition 4.2.1. Let G — P — M be a principal G-bundle, with projection map 7 : P — M.
For any x € M and P, = 71'_1(37) with p € P,, we define the vertical tangent space at p to be

V, = ker(dm),,.

The space

V:|_|Vp

peP
is called the vertical tangent bundle of P.

A horizontal tangent space at p € P is a space H, C T,P such that T,P =V, ® H,. We
similarly define the horizontal vector bundle H.

We can interpret the horizontal tangent spaces as the ‘level sets’ of the bundle.

A simple example is the trivial principal bundle G — M x G — M. Here, the vertical tangent
spaces are given by Vi, .y = TyG. We can then choose horizontal tangent spaces to be given by
Hg,g) =T M.

This choice for horizontal tangent spaces is known as the flat connection.

Definition 4.2.2. Let G — P — M be a principal G-bundle. A connection on this bundle is
a map A € Q'(P, g) satisfying the following properties:

1. Ao(dry) =Ad 1oAforallgeG
2. A(X) = X for all X € g, where X is defined as in Equation (2.4).

Note for every p € P we hence obtain a map A, : T,P — g.

There is a correspondence between the notion of a connection and the notion of horizontal
bundles, as given in the theorem below:

Theorem 4.2.3. Let m: P — M be a principal G-bundle. Then the following hold:
1. Let H be a horizontal vector bundle on P. Then the map A defined by

Ap()?; +Y) =X

forall X € g,Y, € H,, defines a connection on P.
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2. Let A be a connection on P. Then
H, =ker A,

defines a horizontal vector bundle on P.
Proof. Refer to [11, pp. 262-263]. O

It turns out that, having defined a connection on our bundle, this will give rise to our desired
notion of differentiation. To construct a derivative, we will first have to define parallel transport
of a curve.

Definition 4.2.4. Let m : P — M be a principal G-bundle, with a connection defined by the
horizontal bundle H.

Consider a smooth curve 7 : [0,1] — M. A smooth curve v* : [0,1] — P is called a lift of v if
the following properties are satisfied.

1. The equality mo~™ =~ holds.

2. For all t € (0,1) we have that
d *
% t:O’y (t) € H,Y*(t).

Theorem 4.2.5. Let v : [0,1] — M be a smooth curve and p € = *((0)). Given a connection,
there exists a unique lift 'y; of v in the sense of Definition 4.2.4, such that v*(0) = p.

Proof. From the local triviality of P, there exists some § that locally satisfies Property 1 of
Definition 4.2.4. We can then find a function g such that v*(t) = §(¢)g(t) by solving a differential
equation. This solution turns out to be unique. For further details, refer to [11, p. 287]. O

Using these tools, we can straightforwardly define parallel transport:

Definition 4.2.6. Suppose 7 : P — M is a principal G-bundle. Let « : [0,1] — M be a smooth
curve in M. We define parallel transport in P with respect to the connection A as a map

A
I Pyo) = Py
p (1),

where 'y; is the lifted curve of Theorem 4.2.5.

Parallel transport can be seen as taking a curve on M, lifting it to a point p € P, and seeing
where this new curve ends, provided that the curve ‘travels’ along the horizontal tangent bundle.

We will need slightly more structure on our bundle to connect the notion of parallel transport to
the concept of a covariant derivative. This structure will turn out to that of an associated vector
bundle, which we covered in Paragraph 2.3. From here on out, we will consider a principal bundle
G — P — M and a representation p : G — GL(V), where V is a finite dimensional K-vector
space (with K = R or C). We will then consider the associated vector bundle E =V x, P (cf.
Thm. 2.3.4). We then obtain the following;:
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Theorem 4.2.7. We can define parallel transport on the associated vector bundle E as the map

EA .

v Eyo) = By

A
[p, v] = [I15(p), v].
This is a well-defined linear isomorphism.

Using this concept of parallel transport, we can finally define the covariant derivative on an
associated vector bundle. From here on out, we assume ® € I'(E) to be some section of the
associated bundle, and p € M a point. Let X,, € T, M be an element of the tangent space at p.

We consider a curve 7 : (—¢,e) — M, with ¢ sufficiently small, satisfying
7(0) = p,

/!
t) = X,
) B =X,

a
dt
Then for all t € (—¢,¢), we can parallel transport ®(y(t)) € E, ;) back to E,, along the lift 75,
giving us an element of E, given by

020 = (1) @) € B,

where +, is the curve obtained by restricting v to [¢,0] for ¢ < 0 or [0,¢] for ¢t > 0. Note that the
map 1/1$ is smooth.

Definition 4.2.8. Let ®,p, vy and w;b be as above and A a connection on E. Then we define the
covariant derivative by

d ®
D(P A)=— t).
@prA) = 2| e
Note that D(®,x,7, A) € Tg,) E,.

An interpretation of the covariant derivative is to which extent the section ® varies from a
‘constant’ section along a path v, where a ‘constant’ section has tangents which lie entirely in a
horizontal vector space. This procedure is visualised in Figure 4.1.

—_—

&(v)

D(®,p,v,A)

®(p)

Figure 4.1: On the left, an associated bundle 7w : E — M is shown, where m projects on the manifold
M, shown in red. Copies of M lie horizontally above M, whereas the fibres E, protrude vertically. A
curve v with «(0) = p is lifted to E, after which the curve is parallel transported back to E,,.

On the left, one more dimension of E, is shown, where D(®,~,p, A) is now given by the tangent vector
of the parallelly transported curve in ®(p).

It is now not difficult to prove the following result:
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Proposition 4.2.9. The covariant derivate D(®,p,~y, A) does not depend on the parametrization

of v, but only on % O'y(t) =X,
t=

As such, we can regard the covariant derivative as a map that, given a section ® € I'(E) and
a vector field X € X(M), returns a section, which at every point p € M gives a value of the
derivative of the section ® along the direction of X. To make this more concrete, we can consider
the following definition:

Definition 4.2.10. Let ® € T'(E) be a smooth section, and X € I'(T'M). Let p € M and ~ be
a curve with v(0) = p and 7/(0) = X, as above. Let A be a connection on E. The covariant
derivative can alternatively be defined as a smooth map

VA T(E) x I(TM) - T'(E)

7 (4.8)
V@, X)(p) = D(®,p,7, A).
Equivalently, we can describe v as a map
VA T(E) > T(T"MQE
(B) = I( ) wo)

®— VA(D,.).
Often the connection A is implicit, and we simply write vA=v.
The covariant derivative has some useful, and desirable, properties:

Proposition 4.2.11. The map V as in (4.8) is R-linear in both entries. For all X € T'(T'M)
and f € ¥ we have that
V(®, fX) = fV(®,X).

Furthermore, the map V as in (4.9) satisfies the Leibniz rule, i.e.,
V(f®)=fVP+df ® .

Proof. The proof of K-linearity and linearity in ¥ with respect to the second coordinate follow
immediately from the definition of the covariant derivative. The final point is not so easy to
show with our definition of a covariant derivative. An equivalent, but slightly different definition
of the covariant derivative is stated in [19, p. 114], from which the Leibniz rule immediately
follows. O

Conversely, it can be shown that any operator V with the properties of Proposition 4.2.11 defines
a unique connection (cf. [17, p. 36]).

We will now look specifically at the tangent bundle as an associated vector bundle, as discussed
in Paragraph 2.3. In this case, using the notation of Paragraph 4.1, the covariant derivative is a
map

vz -3,
or, if we also give an index to the covariant derivative, ensuring that the indices at the bottom
and at the top correspond within expressions containing the covariant derivative, we write

v, T3

Note however, that the covariant derivative is not a ¥-linear map, so in particular, it is not an
element of ¥, as this notation may suggest.
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We would like to extend the covariant derivative to a map that takes on values in arbitrary
valence [} ] tensors, subject to a Leibniz rule as in Proposition 4.2.11. For a valence [§] tensor,
the construction is obvious; we simply let
Vo : T—= %,
[ (df)as

where (df), is the element in T, associated with df in T, = T'(T"M) (cf. Defs. 2.1.2, 4.1.2). The
Leibniz rule of Proposition 4.2.11 can then be rewritten as

Vai(fA") = A"V, f + fV, A"

For elements of T, the Leibniz rule suggests the following form for the covariant derivative:

va(AbBb) = AbvaBb + (vaAb>Bb
= (V,4y)B" =V, (4,B") — 4,V,B’,

which uniquely defines the covariant derivative V,A,.

For general valence [4] tensors, we can apply a similar algorithm, giving the following expression:

(VoI By -+ DgLt - N™ =V (T} By - - DyL' - - N™)
— TP (VoBy) -+ DyL' - N" — .. (4.10)
— T By DgL' - (Vo N").

Then, by construction, these covariant derivatives all satisfy the properties of Proposition 4.2.11,
and commute with index substitutes and contractions not involving the index a of V,. We can
now regard the covariant derivative as a collection of maps 5 TaB , and which particular one
we are using follows from context.

As it turns out, there will always be a canonical choice of covariant derivative on the tangent
bundle, namely the Levi-Civita derivative, which will turn out to be torsion-free and metric
invariant. For this, we first need to introduce the notion of directional derivatives.

Definition 4.2.12. Let X, € . We define the directional covariant derivative in the
direction X“ to be the map given by

X'V, :=Y: g5 P
AB s xov AP
The second concept that we will need is that of a pseudo-Riemannian metric. This concept is

not just important for constructing the Levi-Civita derivative, but will be of vital importance
for much of our discussions in the upcoming chapters.

Definition 4.2.13. A pseudo-Riemannian metric on a manifold M is a valence [9] tensor
Jab € Tap such that at every point of M, g,;, induces a non-degenerate symmetric bilinear form.
We say the signature (p,q) of g, is the signature (p, q) of the induced bilinear form
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Note, by continuity, that any pseudo-Riemannian metric has a well-defined signature. Fur-
thermore, since up to local basis transformations on the tangent bundle, any non-degenerate
symmetric bilinear form is of the standard form 7 as in Equation (3.1), we can identify T, M
with RP? for all z € M.

Using this metric, we can define a notion of an ‘inner product’ between tensor fields X, Y* € T°,
by setting
X, Y% =g, XY" =X, Y’ = XY, €%.

More particularly, we see that in general
b
Xa = gabX )

so that g,;, can be regarded as the canonical isomorphism between 7 and T, By gab 1%, = Tt

we denote the inverse of g,;, which we use to get that
Xb = nggachv
so that
b b
00 = 9" Jac,
where 52 is the Kronecker delta of Equation (4.7). In particular,

ab ab
9 Gab = Gabd =n,
where n is the dimension of the manifold M.

For Minkowski space M, we have an obvious flat choice for the metric. Given the coordinate
functions (¢, z, y, z), we can set

Gap = dt,dty — dz,dxy, — dy,dy, — dz,dz, (4.11)

where dt, is the element in T, associated with dt in Q' (M), following the notation of Equation
(2.3) (cf. Eq. (A.1)).

As the final puzzle piece, we will consider another construction of the tangent bundle as an asso-
ciated vector bundle, using the more prohibitive orthochronous symmetry Lie group SO (p, q),
which we discussed extensively in Chapter 3.

Definition 4.2.14. Let z € M, with associated bilinear form 1 on T, M of signature (p,q). Let
{ei(x)};<,, be an orthonormal basis of T,, M with respect to . Then the orthochronous frame
bundle is the set

SO (M) i= || {(es(@))iznA : A €80T (n,0)]} (4.12)

zeM

sot ¢ SOt (M) — M. If Pgo+ is the defining representation
of SO+(p, q) on R”"?  then, similar as to in Equation (2.5), we have that

We have a canonical projection map 7

TM = S0* (M) x, . SO (p,q)

if and only if there exists a SO (p, g)-reduction of the principal tangent bundle (cf. Def. 2.3.2).
If this is the case, M is called orthochronous. From here on out, all manifolds M we will
investigate will be assumed to be orthochronous, as a ‘reasonable’ physical condition.
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When we are talking about a covariant derivative on the manifold M with metric g,,, we dis-
tinctly mean a covariant derivative on the associated vector bundle induced by the orthochronous
Symimetry group.

We are now in a position to define, and prove the existence of, the type of covariant derivative
on this bundle that we are interested in:

Theorem 4.2.15 (Fundamental theorem of Riemannian Geometry). Let M be a manifold
and g,p, a pseudo-Riemannian metric. Then there exists a unique covariant deriwative V. on T M
called the Levi-Civita derivative, such that

1. V. is torsion-free, i.e., for all tensor fields X, Y € °, we have that
gY“ — yXa - [X,Y]* =0, (4.13)
where [X,Y]" is the commutator of Equation (2.1).
2. V. is metric-invariant, the metric tensor g, satisfies

vcgab =0.
Proof. Let XY, Z* be arbitrary valence [}] tensors. Note we can rewrite Equation (4.10) as
VelgaY " 2") = (Vegan) V2" + 9u(VY ) 2" + oY (V2").
Since V_g,, = 0, and transvecting with X“, we obtain the following expression:
Xd(gaY *2")e = gup (YY) 2"+ 9V (Y2").

This computation can be repeated, permuting X, Y and Z, giving us the following expression:

Xcd(gabyazb)c + ch(gabXaZb)c - ch(gabXaYb)c

_ a b a b a b a b

= (o (§7°) 2"+ 007 (§2°)) + (50 (yX°) 2 + 9" (y2"))

a b a b
= (o0 (3X°) Y+ 0" (97))
a a b avy b a b

= g 27V + [V Z0") 2" + gl X, Z1°Y" + o[V, 2] X,

where the final equality from the torsion-free property. Using the %-linearity of g,;, we then find

20 (YY) 2" =X d(guY " 2")c + Y (g X" 2") = Z°A(gu X“Y") )
— 9a[X. Z"Y" — g V. 21 X" = g V. X1 2",

so since g,; is non-degenerate and X“ and Z“ are arbitrary, this uniquely defines V,Y* if it
exists. By further calculation it can be shown that the covariant derivative induced by (4.14) is
metric-invariant and torsion-free, completing the proof. O

The Levi-Civita derivative we have defined in this paragraph will be our go-to choice for a
differential operator moving forward. This operator will allow us to define the curvature tensor
in Paragraph 5.4, which will tell us something about the flatness of the spaces we are dealing
with. The twistor equation, which will define twistor space for conformally flat spaces, will be
a differential equation involving the Levi-Civita derivative. In short, this derivative will be of
much utility for us in the future.
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4.3 The spinor bundle

We will now combine the theory of Chapters 2 and 3 and the previous two paragraphs to define a
spin structure on an orthochronous manifold M with pseudo-Riemannian metric g,;, of signature
(p,q). The spin structure will allow us to extend the spinor formalism of Chapter 3 to tensor
fields, allowing us to regard real tensor fields on M as consisting of complex spinor fields, which
will be defined as sections of the spinor bundle.

We will also encounter the highly-consequential Geroch’s theorem, which will give us a necessary
and sufficient condition for a non-compact signature (1,3) manifold to be spin.

Definition 4.3.1. Let M be an orthochronous manifold with a pseudo-Riemannian metric
gy Of signature (p,q). A spin structure on M is defined as a principal Spin™ (p, ¢)-bundle
Tgpt - Spin® (M) — M, alongside a double cover

AY: Spint (M) — SOT (M),
such that the following diagram commutes:

Spin™ (p, q) x Spin™ (M) —— Spin™ (M)

AT xA*l A+l

SO™ (p,q) x SOT (M) ——— SO (M) |™sp*

ﬁso*J{
M

where A1 is the map of Equation (3.6) (also see Eq. (4.12)), and the horizontal arrows denote
the projection maps.

We define Spin™ (M) to be the spinor manifold of M. We call the manifold M spin if there
exists a spin structure on M.

It turns out that a spin structure exists on a manifold if and only if its second Stiefel- Whitney
class vanishes, denoted by wy(M) = 0. For details about the Stiefel-Whitney class, refer to [23,
p. 50]. A proof of this statement can be found in [3, pp. 70-81]. We will not use this result in
detail, instead simply assuming that the manifolds we are dealing with are spin.

A very particular case of spin manifolds, which will be of great interest to us moving forward,
comes from the following result by Robert Geroch [10]:

Theorem 4.3.2 (Geroch). Let M be an orthochronous non-compact 4-dimensional manifold
with metric gq, of signature (1,3).

Then M is spin if and only if there exist four global vector fields (T, X, Y, Z) of the or-
thochronous tangent bundle of M, such that at every point in M, (T*, X*Y* Z*) forms an
orthonormal basis for the induced symmetric bilinear form of g,p.

Such a set of vector fields is called a Minkowski tetrad.

This is quite a remarkable result, since if we assume that M is non-compact and spin, this
means that the vector bundle admits a trivial structure. Instead of having to deal with local
bases of the module T°, we can now consider a global basis, which will make many computa-
tions much more straightforward. Another interesting detail is that this theorem only holds for
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this particular choice of dimension and signature, since its proof relies heavily on the fact that
Spin™(1,3) = SL(2,C), which we showed in Theorem 3.5.3.

If we take the existence of a Minkowski tetrad to be a reasonable physical assumption, this is
equivalent to requiring a spin structure as a reasonable physical assumption. When dealing with
manifolds of this metric, we will henceforth assume that the conditions of Geroch’s theorem hold.

Civen a spin manifold Spin™ (M) on a manifold M, we can define a spinor bundle on M. Just
as the spin manifold is the equivalent of the frame bundle in spinor terms, the spinor bundle will
be the spinor analogue of the tangent bundle.

Definition 4.3.3. Let Spin™ (p, q¢) — Spin™ (M) — M be a spin structure on M. Let
k1 : SpinT(p, q) — GL(A,,)

denote the spinor representation (cf. Eq. (3.7)).

The associated vector bundle
S(M) := Spin™* (M) X, + Ay

is called the spinor bundle.

Similar to in Proposition 3.5.2, when p + ¢ = n is even, the spinor bundle is a direct sum of a
left-handed and right-handed spinor bundle, each defined by

So(M) = Spin™ (M) x _+ A}

We have now finally reached one of our first major goals; defining the spinor bundle. Sections
of the spinor bundle will be the spinor fields, which we have been talking about so much. These
spinor fields will have the structure of G-modules, recalling that we defined that

& = C>(M,C).

Just as we discussed for tensor fields in Paragraph 4.1, the modules of spinor fields are also totally
reflexive. We will employ similar labelling conventions as in Paragraph 4.1 for spinor fields.

We denote sections of the spinor bundle with lowercase Latin indices, i.e.,
r'(S(M)) = &“.

These indices are also called world-tensor indices. Elements of G are called spinor fields,
or just spinors. We can define multi-valence spinors in the obvious way, following Definition
4.1.3.

When p + ¢ = n is even, we denote sections of the left- and right-handed spinor bundle with
unprimed uppercase Latin and primed uppercase Latin indices, respectively, i.e.,

T(S, (M) =&

T(S_ (M) =&™. (419)

These indices are also called spinor indices. Elements of these sets are called left- and right-
handed spinor fields, respectively, or just spinors.

Note we have that 6 =~ & @ & , so we can regard a as the composite index a = AA’.
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As such, we can regard a left-handed spinor 1/} € 6" as a smooth function, glvmg at every point

of the manifold a left-handed Weyl-spinor, whereas a right-handed spinor ¢ € &% returns a
right-handed Weyl-spinor at every point. Using the identification of real vectors with complex

spinors, any real tensor field X“ can be regarded as an element of & = 64 v &t

The general space of valence [;, ;] spinor fields is the space

ACA D' D’
SN M"_GL N®6L M

where we have r upper unprimed indices, v lower unprimed indices, s upper primed indices and
t lower primed indices. Ultimately, this construction allows us to identify any tensor field of
arbitrary valence [7] as consisting of spinor fields of valence [7 7].

We conclude this paragraph by defining a specific covariant derivative on the spinor bundles
induced by the Levi-Civita covariant derivative, called the spin covariant derivative.

Proposition 4.3.4. Suppose M is spin, with spin structure given by A™ : Spin™ (M) — SO+(M)
Let A; o denote the connection corresponding to the Levi-Civita derivative on the orthochronous
tangent bundle. Then the map

Agpin = (A1) o (Apc 0 dAT) (4.16)

defines a connection on Spin™ (M).

Proof. We need to check the conditions of Definition 4.2.2. In order to check the first property,
let g € Spin™ (p, ¢) and X an element of the tangent space of Spin™ (M). We then have that

Agpin(rge X) = (A1) 7! o (A (dAFdr, X))

= (dX") 7" o (AL (dry+ , dAT X))

= (Ao Ad Mgt © dAT 0 Agpin(X)
=Ad *1 © ASpm (X)

where we used Equation (4.16), Definitions 2.2.8, 4.2.2(1) and the properties of the spin structure
(cf. Def. 4.3.1).

The second property follows immediately from Definition 4.2.2(2). O

Definition 4.3.5. The covariant derivative associated with the connection Ag;, on the spinor
bundle is called the spin covariant derivative. Provided that our underlying manifold M is
even-dimensional, we denote the spin covariant derivative by V , ,». Adjusting the discussion of
Paragraph 4.2, this map can be uniquely extended to a collection of maps

C~B B
Vi 6° =65,

where B is a composite index consisting of uppercase Latin spinor indices (cf. Eq. (4.15)) not
involving A or A’

All these maps then satisfy, with needed adjustments, the G-linearity and Leibniz rule of Propo-
sition 4.2.11.
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In this paragraph, we have obtained one of this thesis’ most important results: the identification
of tensor fields with spinor fields, provided that our underlying manifold is spin. Not only have
we given a way in which we can regard a tensor field as being ‘covered’ by a complex spinor
field, we also saw how, for even-dimensional manifolds, these spinor fields split up in left- and
right-handed spinor fields, just as how Dirac spinors split in left- and right-handed Weyl spinors.
We also lifted the Levi-Civita covariant derivative of Theorem 4.2.15 to the spinor bundle, so we
got a notion of derivatives of spinors.

In the next chapter, we will look at special properties of these spinors for 4-dimensional spaces
of signature (1, 3), assuming that the conditions of Geroch’s theorem hold. It will turn out that
spinors have far more structure than tensors, which make them very attractive to work with.
Ultimately, in Chapter 6, we can then define twistors as the right-handed spinor fields satisfying
the twistor equation.






Chapter

T'wo-spinor calculus

In the previous chapter, we defined a deeper structure on the tangent space of M; the spin
structure. From our construction, it was clear that any real tensor in ¥;"";. corresponds to some

spinor in &7 7. In particular, when the dimension of the underlying manifold M is even, such
AA'.cc’

a tensor should correspond to some spinor in &7,/ "y

In the subsequent discussion, we will only consider non-compact 4-dimensional manifolds M with
a pseudo-Riemannian metric g,; of signature (+— — —), which we will further assume to be spin.
In other words, we assume that the conditions of Geroch’s theorem hold. Although some of our
results will also hold for general spin manifolds of even dimension, most will be particular to
these specific conditions.

When we are talking about such manifolds, any spinor splits into a left-handed and right-handed
spinor part, whose values will be 2-complex dimensional. As such, these spinors are collectively
called two-spinors.

In Paragraph 5.1, we will discuss some important basic properties of two-spinors, in particular
touching upon spinor dyads, which will be bases for the module of spinor fields, and the epsilon
spinors, which serve the role of the metric g,; in raising and lowering spinor indices. A remarkable
property of these epsilon spinors is that they are unique in this signature. We will use these
properties in Paragraph 5.2 to give an algorithm for translating any 1-valent and 2-valent tensor
field into its spinor components.

In Paragraph 5.3, we will treat a geometrical interpretation of constant 1-valent spinor fields on
Minkowski space, which we will use extensively when discussing the twistor Klein correspondence
in Chapter 6. Finally, in Paragraph 5.4, we will use our definition of the Levi-Civita derivative
and the theory developed in the rest of this chapter to derive the Riemann curvature tensor,
which will allow us to state the Einstein equations and describe them using spinor fields.

5.1 Basic properties

As we saw in Equation (3.9), elements of ST could be regarded as complex conjugates of elements
of S7, and vice versa. We can take this reasoning further to apply general to spinor fields, i.e.,

51
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we have that @ = GA/ and GAl = &4

As such, for any arbitrary ke GA, we have that

and for w? € &% , we have that

Complex conjugation must also match the other properties of complex conjugation on (C4, so for
A _A A
any A\, p € G, k", x° € & we have

’

+ (5.1)

PV uXA = AR

P

and of course, these rules need to hold for arbitrary valence [q ‘Z] spinors, i.e.,

“A.BC..D =A..B'C..D
E..FG'..H — §E' . FG.H

Similar to how we had a metric g,;, on M to lower tensor indices, we have a similar concept
called epsilon spinors, for lowering spinor indices, as we already saw in Theorem 3.5.6.

Definition 5.1.1. The epsilon spinor is a skew-symmetric tensor ey, € S 45.
We define the dual of ™ to be
kp = HA{':ABa

. L . A o AB
S0 € 4 is the canonical isomorphism between G and G . We call its inverse €, such that

Furthermore, we define the normalisation of € 45 to be such that
614B€AB = 23

which uniquely defines € 4 5. Similarly, we can define € 4/ 5 and B
This definition matches with the one encountered in Paragraph 3.5; to make this more precise,
we first need to introduce the concept of a spinor dyad:

Definition 5.1.2. A set {oA, LA} c &% is called a spinor dyad if any spinor k' can be written
as
kA= k%% + kN4, (5.2)
with HO, k' € & and
ot =1. (5.3)

A dual dyad is defined similarly.

In other words, a spinor dyad is a basis for the module of spinor fields, satisfying a sort of
‘orthogonality condition’; provided by Equation (5.3). It turns out that in the specific case of
a non-compact 4-dimensional space-time M of signature (1,3), the existence of a global spinor
dyad is equivalent with M being spin, similar to the result of Theorem 4.3.2 [10]. Since we
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assumed the conditions of Geroch’s theorem to hold, we will henceforth assume that we can
always construct such a global spinor dyad.

By the skewness of € 45, it immediately follows that

A A
040 =14t =0.

As such, we find that
0_ A 0 A
K =1"Ky, K =o,k".
Note that the description in a spinor dyad yields that

A 01 1.0
WAKT =W K —W K .

We can set the ‘Kronecker delta’ symbols with respect to this spinor dyad to be (cf. Eq. (4.5))

A A A A A A A
eo. =07, e =", ea =(e0,e"),
so with respect to the spinor basis {o,¢} we get that
A B 0 1
EAB —€ABEA €B = (_1 O) ) (5.4)

which, unsurprisingly, is exactly the same matrix & describing the isomorphism between ST and
S, in Theorem 3.5.6. This justifies our use of the term ‘dual’ that we used in the definition of
the e-spinor.

Similarly, we can write the ‘Kronecker delta’ for the isomorphism between &* and &% as

B B CB BC B
04 =E4 =EAcE T = —€caE = —€ 4.

Note that we need to be careful regarding the position of indices (cf. Eq. (4.6)) due to the
skewness of € 4g; in general we have that

AB A B
X ce=—"X cC &

a property sometimes referred to as the spinor see-saw. (B and C are regular spinor indices, A
and & are composite indices).

As the spinor system &4 is two dimensional, the epsilon spinor ¢ 4 is, up to scaling, unique, by
virtue of its being skew. So, since we require EABEAB = 2, we see that € 45 is actually unique; a
result that only holds in a 4-dimensional space-time of signature (1, 3).

Of particular interest are the following two simple results, which follow directly from the prop-
erties described above:

Proposition 5.1.3. For any ¢rap € Sap we have that

C
OraB — PrBa = QFrc €aB-
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Proof. Note for all TA, wA, k" € & we have that

TAwA/-eB + wAIiATB + IiATAwB =3 €CAT(AI£BWC)
=3 E[CA]T(AFLBWC) =0,
by skewness of €. 4 and Proposition 4.1.8(5).
We can rewrite the left-hand side of this equation as
(eaped” +epced + ECAé‘BD)TAwBHC =0,
so since this holds for all TA, wA, ke GA, we get
eaped +epced +ecacn = 0. (5.5)

Now transvecting with ¢ and using the spinor see-saw, we obtain

E_D E_D _ ED 56
EBEA —E€AEB —=EaBE (5.6)

which, when transvected with ¢ zgp, yields the wanted expression. O

Proposition 5.1.4. Let qZ)A, XA € &*. Then the following are equivalent:
A
2. qu = )\XA for some A\ € G.

Proof. This follows immediately by writing cZ)A and XA in terms of a spinor dyad. O

These two results will be used a lot when analysing tensorial equations in spinorial terms. They
are again particular to our choice of dimension and signature, and they give a lot more structure
to spinors than we would have with ordinary tensor fields. Ultimately, this is one of the great
powers of the spinor formalism, many expressions become much nicer to deal with.

5.2 Association between spinors and tensors

In this paragraph, our aim will be to explicitly describe the relationship between real tensors,

A..BC'...E’

: a...C . .
i.e. elements of T; "%, and complex spinors; i.e. elements of &5 " .

In the previous paragraph, we saw that complex conjugation carries a spinor of & into & .

Since complex conjugation must leave real tensors invariant, we must have that T¢ C & := e
(The C only means an injection of modules here).
So, we require that for all i~ € T;" that

Xb. =X (5.7)

From this observation follows the following important theorem:

Theorem 5.2.1. Suppose M satisfies the conditions of Geroch’s theorem (see 4.3.2); i.e., M
is mon-compact and spin, such that there exists a globally defined Minkowski tetrad and spinor
dyad. Then the set of all xp - € &y satisfying Equation (5.7) can be canonically identified with
T
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Proof. We will show that this holds for ¢, the general case then follows. Define

Re(Ga) — {XAA’ c Ga . XAA’ _ XAA/}.
Note that Equation (5.1) gives us that
G“ = Re(6") @ iRe(6"). (5.8)

Note that both Re(&“) and i Re(&) have the structure of a T-module.

By the existence of the spin structure, and the reasoning above, there exists some (canonical)
T-injection

¢: T — Re(6"),
stemming from the commutative diagram of Definition 4.3.1.
We have that &” is a free G-module of dimension 4, since it is of the form 64 ® et , each
component being generated by a spinor dyad. Hence, since a free & module of rank m is a free

¥ module of rank 2m, by
6 =TPi%,

we have that Re(&“) is a T-module of rank 4 by Equation (5.8), but since T% is a free 4-
dimensional ¥-module generated by a Minkowski tetrad, we find that by existence of the injection
¢ that

as required. O

From here on out, we will simply write that To" = Re(&: 7). We can make the isomorphism be-
tween these two modules more explicit, so we can transfer between tensor and spinor descriptions
at will.

For this, we first ‘define’ the real tensors

9ab = €EABEA' B

gab — EABEA B , (59)
b cb
9a = Yacld -
Note that the following equations hold:
b b b
gabga = 47 9a = 5(13 Yab = YGba>
SO g, has the same properties as the metric defined in Paragraph 4.2.
Furthermore, following [29, p. 119], we can define a tetrad of spinors by
I“= OAEA/7 n® = LAZA/7 m® = OAZA,7 m* =m". (5.10)

It can easily be verified that these form a basis for &%, so this tetrad can be taken as the basis
in the proof of Theorem 5.2.1.
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We can then define the real tensor fields

1
ta — 7([(1 +na)’ xa —

V2

(m* +m")

S-Sl

Now using g, as in (5.9) to raise and lower indices, we find that (t“, 2%, y*, 2*) forms a Minkowski
tetrad relative to the metric g,;,. As such, we see that, given a spinor dyad, we can reconstruct
a Minkowski tetrad and the metric g,;, using the uniqueness of the epsilon spinors.

Taking the inverse of the relations of Equation (5.10), we can write any real tensor
Ba — BOta +lea +B2ya + B3za
in spinor coordinates with respect to the dyad {oA, LA} as
A _ B B\ 1 (B"+B® B'+iB -
- Blo’ Bll/ - ﬁ Bl _ ZBQ BO _ B3 ) ( . )

which, unsurprisingly, is the same identification as for spinors at a point described in Theorem
3.5.3.

Now, using the correspondence between g,, and €45 and Proposition 5.1.4, we obtain the fol-
lowing result:

Proposition 5.2.2. A real tensor field B® is null if and only if
B — qHAEA'

for some ke &® and qe<.

Proof. Let B* € T% be a real tensor field. Decomposing B® in spinors, we obtain

where 4 is not a spinor index, but the index over which we are summing. Using the reality of
B*®, this reduces to

Note that B* is null if and only if

apb A _A
9B B’ =0 <= > pai iy 5, =0.
i,J

A2
E i |” =0,
%,

where | - |* denotes the complex norm map. By Proposition 5.1.4, this equation holds if and only
if ,ufl = )\ijuj‘ for all 4,j < n and some \;; € &. Combining this with the reality of B“, the
claim immediately follows. O

This reduces to
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We now know how to convert valence [}] tensors to valence [ {] spinors, and vice versa. By

simply lowering indices, we also get a construction for dual tensors of valence [{]. We will now
illustrate an algorithm to convert general tensors with two indices to spinors of a more tractable
form.

Consider a symmetric tensor Cy, = Cy, € T,;,. Note we can write, using spinor indices, that

1 1

Can'ps = §<CABA’B’ +Cuppra) + Q(CBAB/A/ —Capp'a’)
so twice applying Proposition 5.1.3 to the second pair of parentheses, we obtain

P~ DD’
Cua'pp =Cuapa'p + ZaABaA’B'CDD' )

where

— 1 1 a
Cap = i(CABA'B' +Cupp'a’) = Crapya'py = Cab — ZCG Gab
is called the trace-free part of C,;, (note we have C;* = 0 by Prop. 5.1.3).

Going one step further, we also have the trace-reversal of C,,, given by

—

1
Cab = Cab - §Cccgaba (513)

which satisfies C," = —C,“.
Similarly, we can factor skew 2-index tensors. For this, we first need to define a specific tensor:

Definition 5.2.3. The completely skew e-tensor is given by

€abed = 1€ACEBDEA' D'ER'c’ ~ 1EADEBCE N C'ER/ D'
and satisfies
abed
€abed = e[abcd]a €abed®€ = —24. (514)
Similar to how e4p is unique, since a spinor basis has 2 elements, Equation (5.14) uniquely

defines e,p.4, since a Minkowski tetrad has 4 elements.

Now let D,, = —Dy, € &, be an arbitrary skew valence [J] spinor. Similar to above, we can

write
1 1

Dyyps = §(DABA’B/ —Dyppa)+ Q(DABB'A' ~Dpapa)
which, using Proposition 5.1.3 on each of the parentheses yields
DAA’BB’ = ¢AB‘€A/B’ + wA’B'ﬁAB, (5.15)
where
1 c’ 1 C
PaB = §DABC’ v Yarp = §Dc A'B
are both symmetric.

If we further require that D,, € T, we get ¢4p = 9,/ 5. As such, we see that any symmetric
spinor in G 4 uniquely determines a skew tensor in ¥, and vice-versa.

We now define the notion of dualisation of real tensors of valence [J]:
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Definition 5.2.4. The dual of G, € T, is defined by

* 1 d
Gab = ieabchc .

We say that G is

1. anti-self-dual if
*Gab = _iGab'

2. self-dual if
*Gab = iGab'

(The terminology dual is different from the dual we have encountered thus far, namely (G,;)" =
G, Unfortunately, both terms share the same name, but from context it will clear which one
we mean.) Note, in general, we have that **G,, = —Gy,.

When we are dealing with 4-valent tensors, we also write

1
Seeqer Hyl (5.16)

1
“Hopod = =
abed 2

2eabefHede7 H:bcd =

This notation is slightly non-standard, but we will need to use it in the Paragraph 5.4.
Returning to the decomposition of (5.15), we find that

* . .
Gap = —idaBey g + Wy pEaB-

So, we have that
- ._ + —
Gop = ¢AB‘5A’B/7 Gy = wA/BfAB

are anti-self-dual and self-dual, respectively, so the decomposition of (5.15) gives us a decompo-
sition of G, in a anti-self-dual and self-dual part, i.e.,

Gab = _Gab + +Gab'

Now, since by Proposition 4.1.8(1), any tensor A, € ¥, can be decomposed in a symmetric and
skew part, we can use the procedures outlined above to decompose any real tensor of valence [J]
in a sum of products of epsilon-spinors and symmetric spinors. By raising indices, we can extend

this programme to arbitrary tensors with 2 indices.

In fact, we can use these steps to translate any arbitrary valence tensor into sums of products
of epsilon spinors and symmetric spinors, but for the purposes we have in mind, the procedure
outlined above is sufficient. See [29, p. 153] for the algorithm in full.

5.3 The geometry of spinors

In this paragraph, we will briefly shift our focus from an arbitrary manifold M, satisfying Geroch’s
theorem, to the specific case of flat Minkowski space. We will discuss a geometrical interpretation
of Equation (5.11) and Proposition 5.2.2, by giving an association between constant spinors and
so-called null flags in Minkowski space. We will use this description extensively when discussing
twistor theory in Chapter 6.
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This construction presented here can be seen as the first little step in giving the twistor Klein
correspondence, to which much of the latter part of Chapter 6 will be dedicated. Since the
construction presented here does not yet require the definition of a twistor, this is a natural
point to treat this geometry of spinors.

When we have a Minkowski tetrad (£*, 2, y*, z%), we can associate the point r = (%, r' 72 %)
of Minkowski space with the (constant) field

Ra — TOta + ’I"lllia + T2ya + TSZa.
Supposing that R® is future-null, i.e., that gabRaRb =0 and 7’ > 0, we have by Proposition
5.2.2 and the constancy of R® that there exists some constant spinor k” such that
RY — HAEA'
We can take ¢ = 1 in Proposition 5.2.2 since R is constant and future-pointing. Thus, any

constant spinor determines a unique future pointing null vector. We call the vector R® the
flagpole of KA.

Note, however, that different spinors may have the same flagpole; we have the gauge freedom of
multiplying %" with an arbitrary phase factor, keeping the flagpole constant.

To sidestep this issue, we define a (constant) symmetric tensor

Now if ¢A is some constant spinor such that ¢A7 k™ constitute a spinor dyad, i.e. (cf. Def. 5.1.2),
Kaod™ =1, (5.17)
we find, using Equation (5.4), that
Pab — RaSb o SaRb,
where )
a —A _A'
ga _ A &+ ¢AHA
is a real constant tensor, which is orthogonal to R* and has length S“S, = —2.

Note we now have the freedom to add complex multiples of K to qu without changing the
validity of Equation (5.17), and we have the following relation for some A € C:

ot 0% + At = 5" 5" + 2Re(M\) R,

so the set of all possible S“’s forms a line parallel to R® in the Minkowski vector space. The
plane spanned by this line and R” is called the flag plane of k. The flag of k™ is defined to
be the set containing both the flag plane and the flagpole.

Note that the map k= "k rotates the flag plane through an angle of 26 about R”, so we now
have a 2-to-1 correspondence between spinors and flags, since a rotation through 7 in spin space
leaves the flag invariant, also in accordance with Proposition 3.4.7.

In Figure 5.1, the results of this paragraph are briefly summarised, showing what a null flag
corresponding to a spinor looks like in 142 dimensional Minkowski space.
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flag pole \

null cone

Figure 5.1: Geometric representation of a constant spinor k* with flagpole R® and flag plane spanned
by S®. The flagpole lies on the null cone at the origin, the flag plane rotates about R* with an angle 20
as the phase of k? s changed by an angle 0.

5.4 Curvature and the Einstein equations

In this paragraph, we will further examine the spin covariant derivative of Paragraph 4.3. In
particular, one of our goals will be to define the Riemann curvature tensor, which will tell us
something about the flatness of the manifold M. Using this notion, we can formulate the Finstein
equations, and describe them in spinor form. For the translation of the Einstein equations in
spinor form, we follow [29, Chapter 4].

Our description of the Einstein equations will turn out to give conditions for when we can apply
twistor theory to a space-time manifold, either using the procedures of Chapter 7 for conformally
Minkowski spaces, or using the non-linear graviton construction of Paragraph 8.2 for patch-wise
conformally flat spaces.

Recall that for the Levi-Civita derivative, we had the condition of metricity; i.e., we have that
(following Thm. 4.2.15)

vagbc =0.

As such, we see that index raising or lowering commutes with taking the derivative, in other
words,

vu,)(c = vagch‘b...“ = gbcvaX.b.‘.“ =+ X.b...“vagbc = gbcvaX.b...“v (518)
so we can unambiguously define

Ve = gy,

We can show that a similar property holds for the epsilon spinors:

Proposition 5.4.1. Let V , .+ denote the spinor covariant derwative. We then have

VAA’EBC =0.

Proof. For all ngB, ¢C we have that

(Vanepe)d v =V 40 (epcd” ) — epcd”V 0 — epctb“V 4 40"
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by the Leibniz rule (cf. Eq. (4.10)). We now transvect this equation with 2£B/C/XB,§C, for some

XB ,§C and substitute the following three identities coming from the Leibniz rule

B'.C' B’ c ' c’ c._ B
26X & Vg =epgoX” Vau (W & ) teg ol VW' x™)

C B' .’
-y VAA'(‘EB’c“X ),

VOV i (6PX ) + PXE V0 (0CET)
= Vo (@P9OXT ) = XDV 1 (676C) + 6PC Y 0 (),

VAA’(QbBwCXB §C 53053’0’) - 8BCé‘B’c’vAA’ (¢B¢CXB fc )
= (ZSBwCXB §C V,4,4’(5136'513’0’)
= "X €TV 4 (g0e) = 0,

where the second to last equality follows from g, = €gce g/ and the final equality follows from
metricity of the derivative.

We hence obtain ) o c
B B
2eperX & (Vanepe)e ¢ =0,
whence, since gi)B,wc, XB ,§C are arbitrary, we get
VAA’EBC = 0,
as required. O
A very desirable property of the ‘metricity’ of the spin covariant derivative is that raising and

lowering spinor indices, similar to Equation (5.18), commutes with taking the spin covariant
derivative. Consequently, we can again, unambiguously, define

AA AB _A'B’ A AB
\Y% =" e AV : AV

A'B’
= > Vp =€ v

A/
Bp's VB =€ BB’
We will use these identities at length when discussing twistors in the next chapter.

Next, we will derive the curvature tensor, using which we can state the Einstein equations in
spinorial terms. We first need to define the commutator of a covariant derivative:

Definition 5.4.2. Let V, be a covariant derivative on the orthochronous tangent bundle. Then
the commutator is defined as the map

DNgp = VoV =V V, T4 = T4
Note that when we are dealing with the Levi-Civita derivative, which is torsion-free (see Eq.
(4.13)), we have that X®A,,f = 0 for all X** € T% and f € T, so in particular
Ay f=0.
We can then easily see that the map
Rap' +5° = T

5.20
AC s A, A (5:20)
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is a T-linear map, and hence, by Theorem 4.1.5, we have that Rabcd € ‘Iabcd. We call the tensor
Rabcd = gedRabc ¢ (521)

the Riemann curvature tensor. For Minkowski space M with the Levi-Civita covariant
derivative, where we provide Minkowski space with the flat metric g, of Equation (4.11), we
find by Schwarz’s theorem that

Rupeqa = 0. (5.22)

Many of the other tensors and spinors we will derive in the following will also be identically zero
for flat space.

Some tedious computations (see [29, pp. 194, 209]) yield the following (Bianchi-)identities:

Proposition 5.4.3. Let R,.; be the Riemann curvature tensor. Then the following four iden-
tities hold:

1. The first Bianchi identity:

Rabcd + Rbcad + Rcabd =0.

2. The second Bianchi identity:
V[aRbc]de =0.

3. Interchange symmetry:
Rabcd = Rcdab'

4. Skew-symmetry:
Rabcd = R[ab][cd] .

We will now use the machinery introduced at the end of Paragraph 5.2 to give a twistor description
of the Riemann curvature tensor.

From the anti-symmetry in ab and cd we obtain, using the decomposition of Equation (5.15) and
the reality of R4 that

Ropea = Ryp'pp'cc'pp’ = Xapopea'p'€c'p’ + ®apc' p'€a'p'€cp

< 3 (5.23)
+ X ap'c'p'€aBEcD T Py p'opEABEC b
where 1 ]
_ E' F' _ E' F
Xapep = ZRAE’B cr'p » Papcp = ZRAE/B Fc' D

are called the curvature spinors. Note that these two spinors are symmetric in AB and CD
or AB and C'D’, respectively. We call the spinor ® apc'p' the Ricet spinor.

By the interchange symmetry (Prop. 5.4.3(3)), we find

Xapep = Xcpap:  Papc'p’ = Papc'p’s (5.24)

so in particular, we have that @, is real, whereas the symmetry of ® 4./, in AB and c'D,
combined with Proposition 5.1.3 gives that

(I)ab = (I)(ab)7 (I)aa =0,
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and the symmetry of X 4o p implies that

Xamey =0.

We can now observe that Proposition 5.4.3(1) is equivalent to
R*abbc — 07

where the star is to mean dualisation on the last two indices in the sense of Equation (5.16).
Writing this out in full, one can verify that we hence obtain

’

B == B
Xap CEA ! = Xa'B c'€acs
which, after raising C' and C’ and performing (C, A) and (C”, A’)-contraction, yields

1 7

AB A'B
XAB = XA/B/ .
We can now introduce a very important real quantity, given by

1 _
A= 6XABAB =A. (5.25)

We further introduce the Ricci tensor, given by
Rab = Racbca
so that Equation (5.23) can be rewritten as

Rab = 6A5ABEA/B/ — 2(I)ABA/B, = 6Agab — Qq)ab'

We also have a notion of scalar curvature, also called the Ricei scalar, given by

R:= R, = 24A.

Finally, we define the Einstein tensor, given by (cf. Eq. (5.13))

—

1
Gap = Ry = Ryp — §R9ab = —6Aeape g — 2P pap

or, equivalently,

Gae ="Rape'»
where the star operators, coming from Equation (5.16), denote that we first dualize over the
first two components and then over the second two components of R,;.q4, after which raise the d

index and perform (b, d)-contraction. We are now in a position to define the Einstein equations,
which are some of the most important objects of study in general relativity.

Definition 5.4.4. The Einstein equation is defined by
Gub + )‘gab = _87TGTaba (526)

where A € R is the cosmological constant, T, is the energy-momentum tensor and G € R
is the gravitational constant.

We say the underlying manifold M is an Einstein manifold when T,;, = 0, so that the Einstein
equation becomes
Rab = )‘gab'
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We can rewrite the Einstein equation for Einstein manifolds in spinor terms as

1
Dapap =0, A=A

and the general Einstein equation as

1 . 1 1
@ABA/B/ = 47TG(Tab - ZTC gab)7 A = gﬂ'qu + 6)\
We can also further decompose X 4pcp, namely as follows:
1 1 1
Xapep = g(XABCD + Xacpp + Xappe) + g(XABOD — XacpB) + g(XABCD — Xapcs)

1 g 1 E
= X(aBcp) + §5BCXAE Dt §€BDXAEC )

where for the second equality, we used the symmetry of X 4gop and Equation (5.24) on the first
pair of parentheses, and we used Proposition 5.1.3 on the other pairs of parentheses. Comparing
this expression with Equation (5.25), we obtain

Xapep = VYapep +AMeacepp +€apene),

where
Vapep = XaBep) (5.27)
is called the gravitational spinor or Weyl conformal spinor. This spinor will turn out to

be of great importance in twistor theory.

We want to substitute this expression into the decomposition of R4 of Equation (5.23). Note
this entails replacing X sgop with ¥ pep + Aleacepp +€apeBc), 50, additionally making use
of Equation (5.6), which we derived in the proof of Proposition 5.1.3, and lowering the D and E
components in this expression, we finally obtain the following expression:

Rupea = Rppn'pp'co'pp’ = Yasepea pec'p’ T Papc'p'€a’p'€cp
+\IJA/B/C/D/8AB<€CD +(I)A'B'CD€ABEC'D/ (528)

+ ZA(EAchDEA/CIEB/D/ — EADEBch/D/EB/C/).

We can further simplify this by defining the following tensors:

Cabed =Y aBCDEA B'EC' D'
+Oabcd = @A’B’c’p’aABacDa (5'29)
Cabcd = 7Cabcd + JrC’u,bcda
Eabed = P gpo' p'€a'm€cp + @ 4/ p'op€aBEC! b
Yabed = EACEBDEA'C'EB' D’ ~ EADEBCEA' D'ER ¢
where ~Clp.q and T Clpeq are anti-self-dual and self-dual, respectively. The tensor Cyp.q is also

called the Weyl conformal tensor. This tensor is exactly the part of the curvature tensor
that stays invariant under conformal rescaling (also see Prop. 6.1.3).
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As such, the equation for R,;,.; becomes

Rabcd = Cabcd + Eabcd + 2Agabcd = 7Cabcd + JrC’abcd + Eabcd + 2Agabcd'

This relatively simple expressions in spinor terms governing curvature are a result of the fact
that our manifold M has a metric of signature (+ — — —). If, for example, we were dealing with
a space of signature (+ + ——), this expression would be far more complicated.

However, this simplicity also has a major disadvantage. The twistor theory we will develop in
the next chapters will only give a meaningful description for spaces where the Weyl tensor is
anti-self-dual, which due to Equation (5.29) is the case only if ¥ 4g-p = 0, which we will see to
mean that the space is conformally flat. We will see why this is the case in Paragraph 8.2.

Since one would like to be able to describe any arbitrary solution to the Einstein equations in
twistorial terms, this obstruction is very undesirable. In fact, in the presence of any mass, or
any other form of energy, the Weyl spinor will almost always be non-zero. This is one of the
major shortcomings of twistor theory, which as of yet remains unresolved. We will look at this
in a little more detail in Paragraph 8.3.






Chapter

T'wistor space

In the previous few chapters, we have had to introduce a lot of different concepts. In this chapter,
this will finally pay its dividends; we will be able to define twistors, which are the objects we are
most interested in in this thesis.

In Paragraph 6.1, we will first discuss the idea behind conformal rescalings, which alter the
pseudo-Riemannian metric on a manifold M in a specific way. Twistor theory is in its core a
conformal theory; the twistor space related to a Riemannian manifold will remain unchanged
under such a conformal rescaling. We will see this in Paragraph 6.2, where we construct twistor
space for 4-dimensional Minkowski space using the twistor equation, which will turn out to be
conformally invariant. We will show that the solution space of the twistor equation is a 4-complex
dimensional vector space, and we will describe the elements of this space in terms of spinors.

In Paragraph 6.3, we will use the description of the solutions to the twistor equation that we
obtained in the previous paragraph to define some important manipulations of twistors. In
particular, we will define duals and complex conjugates of twistors. We will also define multi-
valent twistors and consider a type of norm on twistor space, called the helicity.

All these notions will then be combined to describe the twistor Klein correspondence. This
correspondence tells us something about how we can reconstruct Minkowski space, given the
structure of twistor space. As such, we can see twistor space as the more fundamental object, with
Minkowski space being derived from it. In Paragraph 6.4, we will first discuss a correspondence
between null twistors and lines in Minkowski space, which we will extend in Paragraph 6.5 to
derive a full correspondence between projective twistor space PT and complexified compactified
Minkowski space CM®.

6.1 Conformal transformations

Before we can discuss the twistor equation and twistor space proper, we must first consider the
concept of conformal rescalings. As usual, we consider a 4-dimensional manifold M satisfying
the conditions of Geroch’s theorem.

Definition 6.1.1. Let M be a manifold with a metric g,; of signature (+ — — —) satisfying

67
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Geroch’s theorem. A conformal rescaling of the metric is a map

~ 2
Gab = Gab ‘= Q Yab>

where 2 € ¥ is a strictly positive real scalar function. We call the 2 the conformal transfor-
mation or conformal map associated to the rescaling.

We say that a space M with metric g, is (patch-wise) conformally flat if at every point
p € M, there exists an open neighbourhood U,, > p and a conformal map (2 such that Qanb
constrained to U, is the metric of flat Minkowski space, as defined in Equation (4.11).

We say a space M with metric g,;, is conformally Minkowski if the neighbourhood U,, defined
above can be taken to be the whole of M.

After conformal rescaling of the metric, index raising and lowering will be achieved through
the new metric g,;. We also want to know what happens when raising and lowering indices of
spinors. Note that by the equation g,, = €4p5€ 4/ 5/, the only logical choice is to choose the map

‘SABHgAB = Q&AB, (61)
whence complex conjugation immediately yields

EA/B/ I—}é\A/B/ = Q(\’:‘A/B/,

Additionally, when we have a spinor dyad {oA7 LA}, we want to convert this into another spinor

dyad {BA,?A}. Since we need to preserve Equation (5.4), we cannot just take o = 5% and
v =7%. We can however make the following (somewhat arbitrary) choice
=t =M (6.2)

Definition 6.1.2. We say a spinor x° € & is of conformal weight k if under conformal
rescaling the relation

holds.

Note that by our choice of spinor dyad, some spinor k€ & can have have conformal weight
0 or —1, but need not have a well-defined conformal weight by the asymmetry in the choice of
spinor dyad. However, any one-index spinor is the sum of two spinors of well-defined conformal
weight. The asymmetry in the scaling of Equation (6.2) is very useful, since if we have some
spinor HA7 we can always choose a dyad such that x“ has conformal weight 0.

Further note, by Equation (6.1), and supposing k™ is of conformal weight 0, we have that
I/ﬂ}\B = gABEA = QK,B,

so lowering of spinor indices raises the conformal weight by 1. Conversely, raising of spinor
indices lowers the conformal weight by 1. Similarly, lowering and raising real indices, raises and
lowers the conformal weight by 2, respectively.

We now want to construct a new covariant derivative V , ,» on the conformally rescaled manifold
that is torsion free and satisfies our stronger version of metricity, i.e.,

~

Vaa€ap =0,



6.1 Conformal transformations 69

as stated in Proposition 5.4.1. Such a covariant must exist by Theorem 4.2.15, but we are
interested in how this new covariant derivative relates to the old covariant derivative V , ,
under conformal rescaling.

Following our reasoning in Paragraph 5.4, were we defined the curvature tensor, the map given
by
- C . aB c
Eaap 16 Gy
B S c
X7 = (Vaa = Vigu)x
is G-linear, so EAA/BC € GAA/BC (cf. Eq. (5.20), Thm. 4.1.5).

Note by metricity and the Leibniz rule, we have that

~

= D - D - -
0=(Van =Vanlesc = —Eaup €pc+Eua'p €80 = —Eaa'pc T Eancn
= SaA'BC T =aAcB
Vanishing of torsion can be shown to imply, in combination with the previous result, that
=A'(ABC) = 0,

so that, using the procedures of Paragraph 5.2, we can write = as a sum of symmetric spinors
multiplied with epsilon spinors:

EAABC = Faa'€BC T Xa'pEac + Y acfaB-
Then applying Equation (5.5) to the final term, giving

1/’A’05AB =Y 4€cB T 7//A’BEABa

we obtain
Eaape =l pepe+ Ty geacs

where IT, ,/, T ,+, can be verified to be real, following [29, p. 217].

However, by metricity of the covariant derivative, we find

0=V 2Esc=Vu(Qepc) =epc(VoQ— Q2,0 50)
= EBC(VAA’Q - 2iQHAA’ - QTAA’)v

which, by reality of €2, yields

HAA/:O’ VAAllogQ:TAA"

As such, we find that by the Leibniz rule, we have in general that
- B..C'... B...C'... B...C'... B..C ...
Vaa¥p g = Vaa¥p g = Ypaalp = = Yag¥pall — (6.4)
B F..C .. c’ B..F'... '
tea Ypydp gt tey Yypdbp g+
Using the machinery introduced here, it is straightforward, although very tedious, to show that

the Weyl conformal spinor ¥ 4pcp, as defined in Equation (5.27), is conformally invariant (see
[30, pp. 120-121)). In fact, we get the following result:
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Proposition 6.1.3. Let (M, g,;) be a space-time of signature (+— — —). Then M is patch-wise
conformally flat if and only if

Yagep =0.

Proof. Since ¥ 4gcp is conformally invariant, it immediately follows that any patch-wise confor-
mally flat space-time satisfies ¥ 4 gop = 0. The proof of the converse uses some of the techniques
of local twistors introduced at the start of Chapter 8. A full proof of this can be found in [30,
pp. 137-139]. O

6.2 The twistor equation

In this paragraph, we are finally in the position to define twistors. For conformally flat spaces,
twistor space is defined as the solution space to the twistor equation, which will be introduced
here. We will see that the twistor equation is conformally invariant, so if we have some space
that is conformally Minkowski, its twistor space will be the same as that of Minkowski space.
As such, in this paragraph, we will describe the solutions to the twistor equation in Minkowski
space, so that we know what twistor space looks like for all conformally Minkowski spaces. For
conformally flat spaces that are not conformally Minkowski, one must use the non-linear graviton
construction, outlined in Paragraph 8.2.

Definition 6.2.1. The twistor equation is given by
vAwP) =o. (6.5)

Spinors w® satisfying the twistor equation are called twistors.

The form of the twistor equation might seem arbitrary, but it has some very appealing properties
that we will explore in this chapter. One of its advantages, as previously mentioned, is that the
twistor equation is conformally invariant.

Lemma 6.2.2. The twistor equation is conformally invariant.

Proof. Let w® be a twistor and  a conformal map. In accordance with Equation (6.2), we can
choose a spinor dyad such that w? is of conformal weight 0. Then, by Equation (6.4), we obtain

~ /

~ A
VAA/wB = VAA/wB + sABTCA/w . (6.6)

Raising the A index and symmetrising over A and B yields

(A _ 1 Co1 / _
vie? =a! (v(ij) + 5" g™ 5P ) =0 'V,

using the asymmetry of e 45. The Q! term comes from noting that raising of spinor indices
lowers the conformal weight by 1.

As such, we see that
Ve =0 = vuw? =0,

establishing conformal invariance. O
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We will henceforth look at solutions to the twistor equation in flat Minkowski space M = R1’3,
noting that the solution space of the twistor equation will remain the same in all conformally
Minkowski space-times.

As in Paragraph 5.3, we can label points of Minkowski space with constant vector fields. Alter-
natively, we can construct a vector field z* € €%, which at a point y € M is assigned the vector
y in the tangent space at y. This can be done canonically, since M is a vector space; the tangent
space at any point can be identified with M itself.

Note that this vector field satisfies the equation
b b
Voaax =gq - (6.7)

To solve the twistor equation in flat space, we consider a twistor w®. We will look at the equation
B oA C AwB C
Ve Viyw =V,Vpw?,

resulting from the vanishing of the Riemann curvature tensor (cf. Eq. (5.21), Eq. (5.22)). Com-
bining this with the fact that w% is a twistor, we obtain by Equation (6.5) that

BwA C B wC A
Ve Viyw ==V Viw
so that Vg/Vﬁ/wC is skew in AC and BC. Consequently, Vg/Vﬁ/wC is skew in ABC, so it
must vanish, by the two-valuedness of spinor indices.
As a result, we see that Vﬁ/wc must be constant, so by skewness in AC must be a constant
multiple of Y. We hence write
Vo = —ie Cm (6.9)

for some constant spinor 7, € S_. The choice for the factor —i is arbitrary, but will turn out
to be convenient later.

Now considering Equation (6.7), we obtain the general solution to the twistor equation in flat

space

w? = —ixAA/WA/ + o, (6.10)

where & € ST is the constant spinor field satisfying

w?(0) =™ (0). (6.11)

This yields the following result:
Theorem 6.2.3. The solution space of the twistor equation in flat space is called the twistor

space, denoted by T. Twistor space is a 4-dimensional C-vector space.

Proof. From the reasoning above, we see that any solution w® to the twistor equation is uniquely
determined by two constant spinors &P and 7 B

Conversely, by direct verification, any spinor P satisfying

-B _ . BB - 2B
W = =T Tg +Ww

for some 75 € S_, w” € ST is a solution to the twistor equation. Since both S_ and ST are
two-dimensional complex vector spaces, the result follows. O
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We write T for the space of spinors in c” satisfying the twistor equation, which is canonically
isomorphic to T. Elements of T are denoted by

% = (wAa ’/TA/)v
where w” and 7  satisfy Equation (6.10). Note that we write twistors using sans-serif uppercase
Latin characters with lowercase Greek indices.
We can then also define
A A

7" =w", Ly =my. (6.12)

Given a spinor dyad {oA, LA}, we can now define the twistor basis given by
63 = OAv 6? = LA? 52a =0y, 6? =Lly,
such that
7% =7%63,

where we have

2’ =n,=12,. (6.13)

(The components of w” and 74 are defined as in Eq. (5.2)).

6.3 Dual twistors

We start the extension of twistor space by considering dual and multi-valent twistors, similar to
how we defined multi-valent tensors in Paragraph 4.1. However, since twistor space is not the
set of sections of some bundle, we need a slightly different approach, which will be outlined here.

In particular, it will turn out that 2-valent twistors are of great importance, with the infinity
twistor being one example of such a twistor, which we will encounter in Paragraph 7.2.

Definition 6.3.1. The dual twistor space T, consists of elements uB c&? satisfying the
dual twistor equation, given by

VE4A uB ) =0.
Following similar reasoning as in the previous paragraph, we can alternatively write elements of

T, as

’

A
Wa = (AAa 1% )7
where uA is a solution to the dual twistor equation, and A4 € S, is such that

e SV (6.14)

where ﬁA is defined similarly as in Equation (6.11).

We define a twistor inner product between W, = ()\A,,uA ) and Z% = (wA,wA/) by

’

W, Z% = 24(0)w™(0) + 1™ (0)7 4/(0), (6.15)

where O denotes the origin of M.
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We want this notion of twistor inner product to be Poincaré invariant, i.e., independent of the
choice of arbitrary origin. This is indeed the case:
Lemma 6.3.2. The twistor inner product between W,, = (Aa, ) and 7% = (wA,ﬂ'Ar) satisfies

’

W, Z% = A (p)w™ (p) + 1™ (p)7 4 (p),

for allp e M
Proof. Note that this is equivalent to showing that at any point of M, we have that
)\AwA +/JA 7TA/ = )\A(jJA +/DLA 7TA/.

since A4, 7, are constant. Substituting Equations (6.10), (6.14) on the left-hand-side indeed
gives the right-hand-side when written out. O

Note that complex conjugation of a solution to the twistor equation yields a solution to the dual
twistor equation and vice versa. We hence get a notion of complex conjugates of twistors defined
as follows:
Definition 6.3.3. The complex conjugate of a twistor Z¢ = (wA,ﬂ'Af) and of a dual twistor
W, = ()\A,uA ) are defined by

Zia = 704 = (ﬁA7wA )7

respectively.

Inspired by Equation (6.12), we see a very simple way to define multi-valence twistors. We will
only look at bitwistors here, twistors with two twistor indices, but generalisations to more twistor
indices is straightforward.

Given two twistors N M
xa:(d) 711),4/)7 Za:(w 77TA')3
we can define
s = x7°, (6.16)

by observing that Equation (6.12) should yield
SAP = 2P, S =My, S = w” Sy =Ty,

which we can write more concisely as

AB A A B A
saﬂ:<s 5 SB);( “ o ¢”TB’)_ (6.17)

SA/ SA/B/ ’l/)Alw d)A/TrB/

Similarly, we can define valence [}] and valence [9] twistors. This construction also works for
twistors of general valence [4], in which case the array of Equation (6.17) would need to be
(p + ¢)-dimensional, with 2P spinor parts. We also allow finite sums of terms of the form of
Equation (6.16).

...

Similarly to tensors and spinors, the space of general valence [§] twistors is denoted by T, 5

following the notation of Definition 4.1.3.
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Using the twistor inner product of Equation (6.15), we can define contraction of multi-valence
tensor in the sense of Definition 4.1.4(3). For example, if we want to contract some twistor R,
with the twistor S** of Equation (6.16), we can simply set

S*PR, = X°R,Z”
where X”*R,, is given by Equation (6.15). The hence obtained twistor will thus be an element of
T,

To find the complex conjugate of a multi-valent twistor, we first write the twistor as a sum of
outer products of valence 1 twistors and dual twistors, and perform complex conjugation on all
these twistors separately.

It turns that, if we require some extra structure, some bitwistors will be uniquely defined by
only one of their spinor parts. We will consider the example of a symmetric twistor. Other
twistors can similarly be shown to be uniquely determined by some of their properties, such as
the infinity twistors of Paragraph 7.2. To show this, Equations (6.18) and (6.19) will turn out
to be essential.

Definition 6.3.4. Given a twistor Ra € T,y ‘s, the primary part of Ra is defined to be
the spinor part with all indices uprlght Usmg the notation of Equation (6. 17) the primary part
of Ra___? js RA-B D"

We say that a 2-valent twistor 58 ig symmelric if it satisfies

SOLB — Sﬂa

)

and skew if it satisfies
s = s
These definitions give rise to the following result:
Proposition 6.3.5. The following properties hold:
1. A twistor S*° is symmetric if and only if its primary part is symmetric.
2. 1If 5P s symmetric, it is uniquely determined by its primary part.

Proof. Note that if 5% ig symmetric, we immediately get from Equation (6.17) that its primary
part is symmetric. Conversely, suppose

AB A
Saﬁ _ (¢ 5 X B/)
’Z/JA/ wA/B/
and let V,, W, be two dual twistors. By Lemma 6.3.2, we have that
S“PV,W; € C.

We hence obtain a system of 4 equations, which by substituting the twistor equations associated
with V,, W, gives the general solution

o ) ’
$AB = GAB _ jpAA wA,B_ixBB A BB’ AA

B—Z x UJAB,
XA /*)QCA /7Z.xAA,(:_) ’ !
por e s (6.18)
bt =y i Wy
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which can be re-expressed in differential form by comparison with the twistor equation (6.5). In
particular, the first three equations can be rewritten as

AB . B_A . A B
Ve d™m = —iec’ X" o —iec Yo s
A . B
VCC/X B/ = —’L&‘C (,UA/C/, (619)
B . A
Vooba” = —iecwerp-

All these equations hold generally, but if ¢*7 is symmetric, the symmetry of (6.19)(1) requires
that ’Q/JA/B = XBA/, from which (6.19)(2-3) establish symmetry of w s 5/, proving part 1.

Further note that (6.19)(1) then gives

CB . B . B
Vo @~ = =2 —ix" o,

BC . B . B
Voo @~ = —wbeim —2iX" o,

whence we can uniquely determine XAB,7 wA/B, and obtain w s 5 from (6.19)(3), so (bAB uniquely
determines S*? , proving part 2. O

We finish this paragraph by defining a type of norm on twistor space, called the helicity of a
twistor.

Definition 6.3.6. The helicity of a twistor Z* = (w*”, 7 4) is defined by

loae 1 /
s:= 527, = 5(of“m + 7wt (6.20)

We say that Z% is null if s = 0, right-handed if s > 0 and left-handed if s < 0.

We denote by ’H‘O, T" and T~ the spaces of null, right-handed and left-handed twistors, respec-
tively.

Lemma 6.3.7. Let Z° be a twistor. Then its helicity is conformally invariant.

Proof. Let Z% = (wA,ﬂ' ) and Q be a conformal transformation. Suppose without loss of
generality that w? is of conformal weight 0. By Equations (6.6), (6.9) we obtain

Ty =m0 +iT, pw™ (6.21)
‘We hence obtain
~ 1 ~A=X ~ XA,
s = B} W Tg+ Ty yw
1/ 4, = A . Ay—A
=3 (w (Ta—iY 00" )+ (my +iT )W )
1 /
= i(wAﬁA —|—7TA/wA ) =S

using the reality of T, ,/. So, since s =5, we find that the helicity is conformally invariant. [

In conclusion, just as twistor space T is unchanged under conformal rescalings, so are the spaces
T, T* and T™.
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6.4 Null twistors and space-time points

In this paragraph, we will make the first steps towards making an association between twistors
and Minkowski space. In the previous chapters, we have taken the manifold M to be given, and
derived the spin structure and twistor space associated with it from the geometric description of
M. However, we can also take a different approach. If we see spinor space, or more specifically
twistor space, as given, and more fundamental than space-time points, we should be able to
derive the properties of the underlying space-time from its twistor description.

We will make a first step in this direction, which we shall expand upon in Paragraph 6.5. The
construction here will only apply when we take M = M. We will see some procedures for
describing other space-times in terms of their twistor spaces in Chapter 7.

We consider twistor space T := T® as in the previous paragraph. We suppose Z“ = (oJA, ) €T

is a null twistor, i.e., a twistor satisfying Z“Z,, = 0, following Definition 6.3.6.

In order to make the description in this paragraph work, we must impose some additional con-
ditions on Z%, which will be lifted in the next paragraph. As such, we suppose for now that
o 7 0, and, without loss of generality, that ot and 7 = 5ABﬁB are not proportional at the
origin. If they are proportional, we can simply choose another point as origin, since Equation
(6.10) yields

UJAWA = CfJAfA — Z.ZEAA/WATI'A/,
so, using Proposition 5.1.4, we see that ©? and 7 are not proportional when we choose the

origin to be a point satisfying 24 T, 7 0 with respect to O, which must exist since 7, # 0.

We wish to look for the locus of points in M where w” = 0. Note from Equation (6.10) we are

hence looking for the points 2 satisfying

o A . AA
Wt =axt T Ty, (6.22)
so we get one solution given by
a_ (-=2B —1oAcA
' = (iw” my) ww” .

Note this is well-defined, since Proposition 5.1.4 yields that WP 5’ 7 0 using our assumption of
non-parallelity. In fact, we get that 2 is real, since Z% being null yields, using Equation (6.20),
that

’

B B—
W Mg =-—w Tg,
from which it follows that iw” Ty is real. We call Equation (6.22) the incidence relation.

To find all the other real solutions to w” = 0, we note that when £ and = are both solutions
to (6.22), that

a

(2" —&")m 4 =0,

’

so by, Proposition 5.1.4, we must have 2 — 2% oc 7 , so, by reality, we get
2 — 3 = xwltrt
for some A € R. As a result, we find the general solution in M for w? =0 to be

2% = (i 1) ot 4t (6.23)
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Recalling the relation between spinors and points in Minkowski space of Paragraph 5.3, we see
that the locus of points in Ml where w? = 0 describes a null line in M, whose direction is along
the flagpole of 7" and which goes through a point on the flagpole of &*. We denote the null line
in M defined by Z% by Z.

Conversely, any point in Minkowski space P satisfying w? (P) I 7 lies in the null cone of some
point on the null line described by Z%. So, at an arbitrary point outside of the null line, the
direction of the flagpole of w? is exactly such that it intersects the null line.

These results are graphically summarised in the Figure 6.1.

null line Z
M A
null co/r—les\ﬂ

Figure 6.1: Construction of the null line Z in M associated with the twistor Z% = (OJA,TI’A/). The
line intersects the point of the flagpole of Ao protruding from the origin, and is in the direction of

7 At any point Q where w? HFA, this construction yields the same line. Here A = (iﬁB 7rB/)_1 and
. B’ -1

n= (@ Q).

It turns out that our description of null lines in terms of twistors only depends on the twistor

Z% up to proportionality. This leads us to the following result:

Lemma 6.4.1. Suppose X%, Z% are twistors with associated null lines X and Z in M. Then the
following are equivalent:

1. X =27.
2. 7% = MX* for some A € C*.

Proof. This follows immediately from Equation (6.23). O

As a result, we only need to look at the one-dimensional linear subspace generated by Z% to
construct the null line associated with Z“. Since the projectivisation of a vector space is defined
as the set of one-dimensional linear subspaces, we can alternatively look at the projectivisation
P(T) of twistor space. We can alternatively define P(T) as the set (T \ {0})/ ~, where the
equivalence relation ~ is defined by

Z% ~ XY = Z% = XX" for some ) € C*. (6.24)
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We will denote the equivalence class of Z* by [2%] = [(w™, 7 )], or, given a spinor dyad, as the
ratio [2%] = [2° : Z' : Z* : Z7], in accordance with Equation (6.13).

We will further consider the notion of projective twistor space, alongside the situation where
7, =0 or Z% is not null in the next paragraph.

We see from our construction that when two null lines in Minkowski space intersect, they define
a unique point in M. When two twistors define intersecting null lines, we say they are incident.
By intersect, we mean intersections in the projective sense, which is to say that two parallel lines
can intersect at infinity.

Proposition 6.4.2. Two twistors X® = (¢A,1/1A1), 7" = (wA,ﬂ'A/) with different associated null
lines X and Z are incident if and only if

X*Z, =72%X, = 0.
Proof. We label the intersection point of X and Z by the constant field y*. By Equation (6.22),
we then have

. AA A
Wy =W,

. AA cA
Y 'l/]A' = d) 3

where, again, ¢ is defined as in Equation (6.11). Choosing a spinor dyad {OA, LA}, we find that
this equation translates to
0 0
A [Ty Yy [w @
vy = 1 1)
Ty by w ¢

which has a unique solution if and only if

Ty Py
(W?/ 1/’(1)’) (6.26)

is invertible, i.e., if the directions of X and Z are not parallel.

(6.25)

We first assume that the matrix of (6.26) is not invertible. In this case we have 7,/ || ¥4/, so
that X and Z intersect at infinity. We rescale Z such that 7, = 1 ,/, leaving Z unchanged.
Note we then get

[s%v2 - —A
Z°X, = w100

’

A _
=W T4+ 7/)A’¢
A AT
= —Tyw - 0] 1#,4
= _wA’wA - ¢AﬁA = _Xaiou

where the third equality uses Equation (6.20) and the nullity of X* and Z%. We hence find

Re(Z*X,) = 0. But since

Z°X., = X°Z.,,

this means that Z*X, = 0.

We now assume the matrix of Equation (6.26) is invertible, so that v,/ }f m,,. In this case,
solving Equation (6.25) in the given spinor dyad and converting back to abstract indices we
obtain

a 2

Y= — ) (6.27)

B
T



6.5 The twistor Klein correspondence 79

which, using (6.20), is verified to be real if and only if Z*X, = 0. This completes the proof. []

In this paragraph, we have derived a correspondence between null lines in Minkowski space and
null twistors satisfying certain properties. We have also found conditions for when two such null
lines intersect in twistorial terms, so we can associate a point of M with a pair of incident null
twistors. The correspondence between M and T can be extended to be much more general, as
we will explore in the next paragraph.

6.5 The twistor Klein correspondence

In projective geometry, there exists a well known correspondence between lines in a 3-dimensional
projective space and points in an associated 5-dimensional projective space, called the Klein cor-
respondence [18]. In this paragraph, we will look at a similar correspondence between projective
twistor space PT and an extension of Minkowski space, called compactified complezified Minkowski
space, denoted by CM®. We can canonically extend the construction of the previous paragraph
to twistors that are not necessarily null.

Throughout this paragraph, we will consider compactified Minkowski space M#7 which is topo-
logically of the form S' x §°. The construction of compactified Minkowski space can be found
in Appendix A.

The basic idea of the twistor Klein correspondence is that we can associate points in projective
twistor space PT with complex null lines in complexified compactified Minkowski CM*, a limited
case of which we have already seen in the previous paragraph. Conversely, points in CM*® can
be associated with lines in PT. This correspondence is not necessarily straightforward and uses
much of the setup of the last few paragraphs. However, this is one of the most profound and
beautiful results in twistor theory, connecting the theory of spinor fields with the inherently
abstract world of projective geometry.

Definition 6.5.1. Let V be a C-vector space and D = {d, ...,d,} C Z be a finite set satisfying
1<dy <+ <dp <dimV.

We define the flag manifold of type D with respect to V' to be the complex manifold given by
Fay oo a, (V) :={(So,---,5k) : Sg C -+ C Sk, S; is a d;-dimensional linear subspace of V'}.
We will mostly be concerned with the flag manifolds of twistor space, which we will define thusly:

Definition 6.5.2. We define the following flag manifolds of twistor space:

1. Projective twistor space is defined by

PT := F,(T).

2. Complexified compactified Minkowski space is defined by

CM"® :=Fy(T).

3. The correspondence space is defined by

Fig = Fl,z(T)~
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There then exists a so-called double fibration given by

(6.28)
where p and v are the canonical projection maps.

Note that the definition of PT corresponds with the usual definition of the projectivisation of a
vector space, i.e., PT = P(T), which we discussed in the previous paragraph. As such, we can
label coordinates of PT by the ratio [Z%] = [2° : Z" : Z* : Z%], where Z® is a twistor.

We can further define the spaces IP’TO, PT and PT™ as the spaces of projective twistors that are
null, right-handed, and left-handed, by requiring

[2*] e PT® «— Z* € T°,
which is well defined, since for some A € C* we have that
2°72,=0 < X°),=0
A similar construction yields PT" and PT ™.

In this definition, CM"® is the set of 2-planes in T, which in projective geometry is also defined
as the Grassmanmnian Gry(T). Note that elements of CM*® are hence determined by two non-
proportional twistors Z%, X%, with the plane being spanned by these two twistors giving an
element in CM®. We would like to somehow get a connection between CM®, and the more
familiar compactification of Minkowski space, which has been constructed in Appendix A.

Note that M is canonically contained in CM?®; if we consider two non-proportional incident null
twistors X® and Z“ whose associated null lines X and Z are non-parallel, we can identify the
2-plane

Y = {BX* +~Z2%: 8,y € C} e CM*

with the point y* € M given by Equation (6.27).

If we do allow parallelity of null lines and drop the condition that 7, # 0 or ¢, # 0 for

7% = (W™, m,) and X = (o™, ¥ 4/), the null planes defined through two null twistors in CM*
correspond to either points in M, or points ‘at infinity’, so we get a correspondence between
compactified Minkowski space M7 and the subset of CM® defined by

M®:={Y e CM®: Y = {8X* +~Z°: 8,7 € C}, X%, Z% € T°}.

For the construction of compactified Minkowski space M#, see Appendix A.

If we now further drop the nullity of Z* and X“, we see, comparing with Equation (6.23), that an
arbitrary twistor Z¢ = (wA, 7 ) satisfying 7 ,» # 0 defines a null line in complexified Minkowski
space CM, which is the regular Minkowski space, where we allow the coordinates to be complex
in addition to real. This line is given by

7= {(iiBle/)_ldzAiA, it e c} , (6.29)
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which hence also describes a line in CM®, namely the line in CM® consisting of the planes in
T containing Z%. This description might be a little confusing, it is important to note here that
planes in T correspond with points in CM®, so lines in T, defined by a single point in PT,
correspond with lines in CM®.

Such a line is called an a-plane (The name plane is a little confusing, since we are talking about
a complex line, but this line is isomorphic to a real plane). One can refer to Figure 6.2 for a
visualisation of the correspondence between PT and CM® in terms of a-planes.

When 7, = 0, Z% defines a line at infinity in the compactification of complexified Minkowski
(CM#, which are also called a-planes. So, given two arbitrary non-proportional twistors Z%, X%,
these have a unique point of intersection in (CM#7 which when their a-planes are non-parallel,
is given by the finite point

y M = -t - gty ecM (6.30)
Tp

’

or defines a point at infinity when the a-planes are parallel, or when at least one of the a-planes
is at infinity.

Combining all these results, we see that there exists an identification between CM* and CM®
given by

{BX* +4Z%} € CM® + (Intersection of the associated a-planes X and Z) € CM*

so that the definition of CM® indeed warrants its name of complezified compactified Minkowski
space.

Similarly, we can regard incidence of dual twistors in CM®. As it turns out, through a very
similar calculation, a dual twistor W,, defines a complex line W in CM°®, called a 3-plane. We
can alternatively regard W, as the complex 2-plane W in PT defined by the points [Z%] satisfying

W, Z% = 0.

Combining all these results and referring back to the fibration of Diagram (6.28), we get the full
correspondence:

Theorem 6.5.3 (The twistor Klein correspondence). Let u, v be the projection maps of
Diagram (6.28). Then the following statements hold:

1. The space CM*® can be naturally identified with CM*.
2. For all [Z°] € PT we have that

vou '([2%]) c CM®
defines an a-plane in CM*®
3. For all yAA, € CM®, we have that
pov ' (y*) c PT

defines a line in PT.
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4. For all 2-planes W C PT, we have that
vou (W) c CM®

defines a B-plane in CM".

Figure 6.2 now paints the full picture of the correspondence between PT and CM® (cf. [30,
p. 312]).

null line L ﬁ-plane—w

U

VA
PT cMm’®

Figure 6.2: Visualisation of the twistor Klein correspondence between PT and CM®. Twistors corre-
spond to a-planes, dual twistors correspond to B-planes, intersections of dual twistor planes and lines
through PT correspond with points in CM®. Additionally, a pencil of lines L on a dual twistor corresponds
with a null line L, which we have not discussed here.

We complete this chapter by using the findings above to define a new notion of coordinates on
CM?® in twistorial terms, which will prove to be very convenient in the next chapter.

Definition 6.5.4. A non-zero skew valence [3] twistor R* is called simple skew if it is of the

form
R — x2z8 — 7o%”?

where X%, Z” are non-proportional.

We define the totally skew twistor €,5.5 to be the unique skew twistor satisfying

Eapys = 6[aﬁ'y6]a €0123 = 1.

We can then define the dual of R*” to be given by

1 s
RO‘B = EEQB,YaR’Y 5 (631)
noting that this yields
1
RY = 2R .

From our discussion of the Klein correspondence, it follows that a simple skew twistor, up to
a non-zero complex scalar, uniquely defines a point in CM®. We will see in the next chapter
that this freedom in choosing a scaling will be very useful, and that the choice of scaling of the
simple skew twistors representing points will serve an equivalent role to choosing a metric on a
(conformally Minkowski) space-time.



Chapter

T'wistor cosmology

In the previous chapter, we looked at the twistor Klein correspondence for Minkowski space. In
this chapter, we will extend this construction to look at twistorial description of other conformally
Minkowski space-times.

In Paragraph 7.1, we will extend the reasoning of Appendix A by considering a second way of
constructing compactified Minkowski space, by embedding it into the light-cone of 6-dimensional
flat space. Via a similar construction we obtain (anti)-de Sitter space, giving us all maximally
symmetric solutions to the Einstein equations. We will connect this construction with the notion
of twistors in Paragraph 7.2, where we define infinity twistors, which can be used for giving the
structure of conformal infinity for these spaces, while also acting as the equivalent of a metric in
the twistor formalism.

Finally, in Paragraph 7.3, we will look at some slightly less neat space-times, namely the
Friedmann-Robertson- Walker space-times, which give simple cosmological solutions to the Ein-
stein equations. We will explore how we can describe these models in twistorial terms, which at
the same time shows how we can extend this to any conformally Minkowski space-time. Along
the way, we will encounter the notion of Bang and Crunch twistors. In particular, we will look at
a matter-dominated universe, and derive the relationship between twistor space and the metric
in this case.

7.1 The Pliicker embedding and (anti-)de Sitter space

In Appendix A, the standard construction for compactified Minkowski space M through con-
formal maps is given. Although the embedding of Minkowski space M in the Einstein cylinder £
gives a direct way of constructing M*, we can consider an alternative construction, which also
yields all the other maximally symmetric 4-dimensional signature (+ — — —) spaces. One can
refer to Appendix A for the description of the conformal infinities adjoined to M.

We will consider the 6-dimensional flat pseudo-Riemannian space R** endowed with a constant
orthonormal hexad (T,V,W, X,Y, Z) of signature (2,4). Hence, we have a metric of the form

ds® = dT? +dV? —dW? —dXx? —dy? — dZ°. (7.1)
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The null cone of R** is given by the solution space of the homogeneous equation
T+ V-W?-X*-Y> - 27> =0. (7.2)

Since this is a homogeneous expression, it defines a 4-dimensional projective algebraic subvariety
P* of P° := IP’(R2’4). We can choose various conic sections of the null cone, which will give us an
embedding of real 4-dimensional spaces into the 5-dimensional projective space P°.

We first consider the intersection of the null cone with the hyperplane defined by
V-W=1, (7.3)
in which case the induced metric on the intersection is of the form
ds? =d7T? —dX? —dy? — dz?,

which is the metric of Minkowski space. By identifying the Minkowski tetrad (¢, z,y, z) with the
coordinates (T, X,Y, Z) of R** on the intersection, we get an identification between M and the
intersection of the hyperspaces defined by Equations (7.2) and (7.3). Noting that the points of
the intersection are defined by

1
2W+2:2V:5(1—T2+X2+Y2+Z2), (7.4)

it can easily be verified that any element [T': V : W : X : Y : Z] € P*® satisfying V # W uniquely
identifies a point of the intersection, and can hence be identified with M. The inclusion of M
into P° hence obtained is called the Pliicker embedding.

The remaining points of P*, where V = W, can be identified with the boundary .# of M#, as
defined in Appendix A. Note that this clearly defines a compactification of M, since P*® is the
projective closure of M. (Refer to [9, Chs. 5 and 12], [16]).

In this description, the point [T:V :W : X :Y : Z]=[0:1:1:0:0:0] € P* can be identified
with the points 1*,1” of Equation (A.3).

In this description, it is somewhat easier to see that M is conformally related to M. On the
null cone, we can rewrite the metric (7.1) as

ds® = W(A(T/W)? + d(V/W)* — d(X/W)? — d(Y/W)? —d(Y/W)?),

where the part inside the bracket is independent of the representative of [T: V : W : X : Y : Z].
Then, using Equation (7.4), we can write this as a metric depending on 4 variables, which is
conformally equivalent to the metric of Minkowski space, and hence conformally equivalent to the
metric of Equation (A.2), which is to be expected, since our two constructions of compactified
Minkowski should give the same result.

We can construct even more spaces using this procedure. First we consider the de Sitter space.
Instead of intersecting the null cone in R?* with the hyperplane defined by V — W =1, we now
consider the intersection with the hyperplane defined by

T = Qa
where ) > 0 is a real constant, so that our space is defined by the equation

VEow o xr_y?_ogto 2
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also called the de Sitter sphere. We will denote the manifold associated with the de Sitter
space by dS. Now any point [T': V : W : X : Y : Z] € P*® such that T # 0 uniquely determines
a point in dS, so the compactification of dS is achieved by adjoining a single time-like point
to dS. Since using similar reasoning as above shows that dS is conformally equivalent to P°,
we find that dS is conformally equivalent to M, so in particular we see that de Sitter space is
conformally flat.

The final canonical choice we can make for intersecting the null cone of R**, results in the anti-
de Sitter space, which we obtain by intersecting the null cone with the hyperplane satisfying

W=Q,
where Q > 0 is again a real constant. The in R?* resulting space is then defined by
T2+ Vi X2_Y?_722=Q°

which is also called the anti-de Sitter sphere. We will denote this space by AdS. Now, similar
to Minkowski and regular de Sitter space, we obtain P* by adjoining the points satisfying W = 0.
Anti-de Sitter space is again conformally flat.

The three choices we made for slicing the null cones, are, up to real linear transformations of
the coordinates, the only three. Hence, the spaces we obtain out of this construction are the
only ones which can be embedded into a four dimensional projective algebraic variety describing
the null cone of a higher-dimensional flat space. We hence say that these spaces are the only
4-dimensional signature (+ — — —) spaces that are mazimally symmetric. The symmetry
group of R** turns out to have a deep connection to twistors, which we will further discuss at
the start of Chapter 8.

The de Sitter space is particularly useful in that it can be used to construct cosmological models
corresponding with arbitrary space-time curvature by choosing appropriate constant-time slic-
ings. The hence obtained Friedmann-Robinson-Walker space-times are then conformally flat.
We will consider these space-times in more detail in Paragraph 7.3.

Finally, note that our description does not change significantly if we allow the coordinates of
R** to take on complex values, instead of only real values. In this case, we have that

P* =~ CM?,

and we can similarly talk about complexified (anti-)de Sitter space. We have now obtained a
description of CM? which is consistent with our previous discussion of Paragraph 6.5.

7.2 Infinity twistors

We are now in a position to discuss the concept of an infinity twistor, which will be the analogue
of the space-time metric in the twistor formulation.

Definition 7.2.1. Given a conformally flat space-time M, we define the infinity twistor as a
simple skew 2-valence twistor |,3, which given a simple skew twistor R™A representing a finite
point satisfies

R 1o # 0,
and when R*? represents an infinite point satisfies

R*ls = 0.
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Furthermore, we define the dual of 1,5 by
12F .= %gawlw. (7.5)
We further require infinity twistors to be real, i.e.,
197 = 1,.

First, we will compute the infinity twistor for flat Minkowski space. If we consider two twistors
7% = (w?, ), X = (¢?, ¥ ,/) and construct the simple skew twistor

R = zox% - x*Z"”, (7.6)

we obtain, recalling Equations (6.30), (6.31), that

. B

_ D' [ €aB o\

Raﬂ = ﬂ-D,w < . A/ 1 A/B/ CC/) . (77)
—tYy B —3¢€ Yo'y

0 0
lag = 0 5A’B’ (7.8)

(this is indeed a twistor, since it is of the form of (7.6)), we find that

If we now consider the twistor

’

Rlos = 2m o0,
which is 0 if and only if the a-planes Z and X are parallel or either of the a-planes are at infinity,
hence 1°? is an infinity twistor for Minkowski space.

We want to give a description of 1 and R*” in the coordinates of R** discussed in the previous
paragraph, so we can extend the discussion of infinity twistors to (anti-)de Sitter space.

We now choose some arbitrary spinor dyad {OA, LA}. Note that by skewness of R4 , a (possibly
complex) space-time point yAA is uniquely determined by the ratio

1 ’
[Rm :R”:R™.R"7:.RY: R23] = {—any“ c—ig?t i iyt sy s e P(CO) (7.9)

(cf. Equations (6.13), (7.7)). Recall that, in accordance with (6.24), this equality holds when the
coordinates of the ratio on the left-hand site are a constant non-zero multiple of the coordinates
of the ratio on the right-hand side. We can pick the standard Minkowski coordinates

1 2 3
y =t y =z Y=y Y =2z

which corresponds to an element in P®, which by Equation (7.4) is given by

1 1
[T:V:W:X:Y:Z]= t:5(1—yaya):5(—1—yaya):w:y:z e P (7.10)

This allows us to express, up to proportionality, elements of the form [T:V : W : X : Y : Z] as
simple skew twistors.
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We need to make an important distinction, so that we can use the infinity twistor as an analogue
for the metric of our space-time. Recall that we defined simple skew twistors in Definition 6.5.4
to represent space-time points. However, these simple skew twistors only represented points in
Minkowski space up to proportionality; if we scale a simple skew twistor a non-zero scalar, the
point it represents is unchanged. Since we want to deduce the distance between two space-time
points by the distance between simple skew twistors, we must distinguish which simple skew
twistors we take to ‘canonically’ represent our space-time points. Our choice will be to take the
simple skew twistors R*® which satisfy

Rl =2 (7.11)

to be these distinguished twistors, since we will see that this choice results in a very simple form
of the metric. As such, |,3 can be seen as the object that defines the notion of distance in
twistorial terms.

To make this more concrete, comparing Equations (7.9) and (7.10), and setting X =z, Y =y,
7Z =z, T = t, we obtain, using the spinor correspondence of (5.11), that in this particular dyad
we have that

1 1 '
R = S(V4+ W), R®=2Sva(y —ix), R”= %\@(T+ 2

) (7.12)
1
R'Z = %\/i(z ~1), R¥=oVA(Y +iX), R =V oW,
which can be verified to satisfy
ap _
R™ g =2
whenever V=W + 1 and
R*lap =0
whenever V = W.
It can then easily be verified that the metric of Minkowski space is given by
1
ds> = ZdR*PdR 7.13
S 2 a3 ( )

where we only consider the skew twistors satisfying the scaling relation (7.11) to represent points
of Minkowski space. Recall how we defined R,z in Definition 6.5.4. As promised, this form of
the metric is very simple, and the information about the distance between two points is not so
much contained in Equation (7.13), but in (7.11).

We now see, as we discussed at the end of Paragraph 6.5, that the infinity twistor |8 plays the
role of the metric in twistor theory, since if we have some (conformally flat) space-time, described
by an infinity twistor | , the corresponding metric will always be of the form of Equation (7.13).
In essence, the metric (7.13) is fixed, but the choice of the infinity twistor corresponding to the
space actually encodes the information of the metric. If we choose not only to look at the
distinguished twistors satisfying Equation (7.11), the metric would become

» 1 [ 2R%P 2R*?
ds” = §d (R"‘ﬁl d RoB] ,
af af

which shows the role of the infinity twistor in the metric more explicitly. From this form, it is also
clear why the distance between a finite point and a point at infinity, which satisfies R log =0,
is infinite.
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We can easily extend this description to (anti-)de Sitter space. Recalling from Paragraph 7.1,
we obtain de Sitter space by considering the points of P* satisfying T = 0 as the conformal
boundary of dS. If we choose the same spinor dyad {OA, LA} as we did for Minkowski space, and
again consider the parametrization (7.12), we find by inversion of the third and fourth equality
in (7.12) that

T %(RH _RY,

If we now set

0 0 0 —1
i 0 0 1 0
'0‘5_@‘/5 0 -1 0 0 |’

1 0 0 0

it follows by direct verification that

R*¥lp=2 <= T=0Q,

R*®lag =0 < T =0,
where we take R to satisfy (7.12). (Note this twistor is not real, contrary to the requirements,
see Eq. (7.15)).

Similarly, for anti-de Sitter space, this procedure leads to the infinity twistor given by

0 1.0 0
,o_1|-1 00 0
*®~@Qglo o0 0 -3

0 0 3 0

These infinity twistors are all given with respect to an arbitrary choice of spinor dyad, even
though we would like the description to be coordinate free, as in all of our previous discussions.
In fact, these infinity twistors can alternatively be uniquely identified by the relations

2
Q”

2

lagl™” =0, 1,51"" = o™ = -5, (7.14)

for Minkowski space M, de Sitter space dS and anti-de Sitter space AdS, respectively. Uniqueness
follows from the simple skewness and reality of the infinity twistors (cf. Def. 7.2.1), where the
proof follows a similar procedure as the one used to prove Proposition 6.3.5.

From this it is clear why these three spaces are the only maximally symmetric flat spaces, since,
by varying @, they are the only three spaces with constant infinity twistors, so these are the only
three spaces of signature (+ — — —) that are entirely isotropic.

As it turns out, the de Sitter space is a solution to the Einstein vacuum equation
Rab = )‘gaba

which we discussed in Paragraph 5.4, where the cosmological constant is given by

Arex

(see [14, p. 124]).
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For a negative cosmological constant, the anti-de Sitter space is the solution to the vacuum
equation where the cosmological constant is given by
3

As such, by Equation (7.14), we can characterise solutions to the Einstein vacuum equations by

the infinity twistor

A
[ |/3’Y:_75’Y
aff 6 a

A
“€AB 0
log = (6 0 Afo> : (7.15)

in an entirely coordinate-free manner. This showcases the great efficiency of the twistor formalism
for providing solutions to this particular form of the Einstein equations.

or, equivalently

7.3 Twistors of Friedmann-Robertson-Walker space-times

In this paragraph, we consider some conformally Minkowski cosmological space-time models,
called Friedmann-Robertson-Walker space-times. These are relatively simple models, describing
the evolution of the universe, provided some information about the energy-densities of matter,
radiation, and vacuum. We will follow and fill some of the holes of the discussion found in [30,
Paragraph 9.5]. Along the way, we will have to do some tedious calculations, but the upshot is
that we obtain a more elegant, twistorial, description of the FRW spaces.

The general form of the Friedmann-Robertson-Walker metric is given by (following [12,
p. 387])

ds® = du® — a®(u) (7.16)

dr? + r*dw?
1+ 1kr?)? |
where

dw?® = d6? + sin” 0d¢?,
and £ = 1, 0, —1 is a parameter denoting whether the underlying manifold M is said to be
closed, flat, or open. The topology of the part of the manifold represented in the brackets in

Equation (7.16) is either a 3-sphere, Euclidean 3-space or Lobachevsky hyperbolic 3-space (see
[8]) in the closed, flat, and open cases, respectively.

Here a € ¥ is called the scale factor, a function only dependent on the u-coordinate of the
manifold, satisfying the Friedmann equations, which follow directly from the Einstein equa-
tions:

a 4G A

S=——g (3 + 3,

4 3 3 7.17
i\ _sG kA (710
o) 3P 273

(for a derivation, see [5, pp. 332-336]), where A is the cosmological constant, G is the gravitational
constant of (5.26), @ = d,a, p € T is the pressure and p € T is the energy density, which is given
by

a

P = Perit <Qv + 3n + a4) )
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where p.,;; is a real constant, and €, €,, and €2,. denote the relative density of vacuum, mass,
and radiation energy, respectively. All three of these are real constants, satisfying

91)+Qm+Qr:Qt

where Q; >1for k=1, Q,=1fork=0and Q, <1 for k = —1.

The FRW metrics are conformally equivalent to the metrics given by

ds® = a(n)? [an — dv? — sin? z/de} , (k=1),
ds? = a(t)’ [dt2 A ﬂdwﬂ , (k = 0), (7.18)
ds® = a(k)? [d,‘i2 — dp? — sinh® udwﬂ ) (k=-1),
effected by the conformal maps

n:/%, v = 2arctan (;r) , (k=1),

a(u

du
t:/@a r=r, (k:())’

1

m:/acgz), W = 2arctan <2p), (k=-1)

Note the metric we hence obtain in the brackets for £ = 1 is in fact the metric for the Einstein
cylinder &, a region of which we showed to be conformally Minkowski in Appendix A, which
is given by the metric corresponding to & = 0. The third metric, corresponding to k = —1, is
sometimes called the anti- Finstein cylinder, denoted by <.

Full conformal equivalence of the three metrics between the brackets of Equation (7.18) is given

by the relations

sinh k

cosh k + cosh 1’
sinh p

. sinm
N COos 1 + cosv
sinv

r =

Cos 1 + cosv

¢ 2t
ann = ———5——
-t 41

i 2r
any = ———p5——
=41

2t
tanh xk = 5 3
tt—r 41

2r
tanhpy = ——5—
|

cosh k + cosh 1’
sinh k

cosh i’

sinth (7.19)

coshk’
sinn

cosv’
sinv

cosn’

where the domains of validity are such that these relations remain well-defined.

We will use this long list of expressions in due course to calculate the analogues of the infinity
twistors for some models corresponding to solutions to the Friedmann equations, but we must
note that, contrary to the flat and (anti-)de Sitter models, we can also have singularities in FRW

space-times.
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If we look at the regions where &/ and M are conformal to £, we see, following similar reasoning
as the one that led to Figure A.2, that M is conformal to the region of £ bounded by

ntv=m, (7.20)
and &7 is conformal to the region bounded by
Nty = g (7.21)

Showcasing this in a similar way as in Figures A.1, A.2, we obtain Figure 7.1.

Figure 7.1: On the left, a section of the Einstein cylinder is shown, with the regions conformal to Ml and
«/ embedded in £. On the right, a diagram similar to Figure A.1 is shown, where the regions conformal
to M and & using the conformal coordinates n, v of £ is illustrated.

So, if we have a universe with a constant scale factor, the infinity twistors will correspond to the
conformal boundaries given by Equations (7.20), (7.21).

Before we can start finding solutions to different universe models, we may first consider how the
coordinates for these FRW models correspond to the coordinates in P° discussed in Paragraph
7.1. By straightforward verification, we find the relations

[T : V] = [sinn: cosn], (k=1),
[T:V-W]=][t:1], (k=0), (7.22)
[T:W]=[sink : —coshk], (k=-1).

Since the FRW metrics of Equation (7.18) are (partially) conformal to Minkowski space, we
consider the ‘unphysical’ Minkowski metric

ds® =d7? — dXx?* - dy® — dZ°, (7.23)
where the metrics of (7.18) are conformally related by

ds? = 0%ds?,

for which Equations (7.18) and (7.19) give the conformal rescalings

((cosn + cosw)a(n) ™", (k=1)
a(t)™, (k=1) (7.24)
= ((cosh k + cosh p)a(k)) ", (k=1)

Q
Q
Q
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which, comparing to (7.22) and choosing the scaling of points in P® corresponding to (7.10),
gives a description of the FRW space-times in terms of sections of P®, although the sections of
P* resulting in the FRW space-times are no longer hyperplanes.

The exact correspondence between the coordinates is then given by

cofne Vo eoty— W
V2 + T2 ’ V2 + T2 ’
v e (7.25)
2 2
cosh” k = W, cosh NZW

Referring back to Equation (7.12), we can give a simple skew twistor description of the FRW
space-times, where the relevant parameters are related by
1

~R®, (7.26)

. , 1
T:E\@(RlszO"), V:R01+5R23, W:ROI—Q

2

When we have a solution to the Friedmann Equations (7.17), the nature of the scale factor a
might restrict the valid values for the time coordinates 7, ¢, k of the FRW models of Equation
(7.18). The locus of points in the space time satisfying

a(u) = oo
correspond to the conformal infinities we already discussed, whereas points where
a(u) =0
correspond with singularities. We accordingly call a past singularity of this type a Big Bang

and a future singularity a Big Crunch.

We set the Hubble constant to be )

alug)

a(ug)’

with u, corresponding to some fixed 7y, t, or kg, representing the present. We consider a
matter-dominated universe, i.e., a universe where

HO =

pP= pcritgigna
a
ie., Q,, = ,. For now, we assume the cosmological constant A to be 0. We assume the mass
to come from a pressure-less cosmological dust, so we set p =0 in (7.17)(1). Solving the second
of the Friedmann Equations (7.17)(2), we obtain, by choosing appropriate integration constants,
the following solutions for the scale factor:

2 — cos =
a(n) = W(l ), (k=1)
2/3
a(t) = <tt) 7 (k =0) (7.27)
0
a(k) L coshk — 1), (k=-1)

C2H,(1 - Qt)2/3(
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where the freedom in the integration was used to ensure that we have Big Bangsat n =k =t = 0.
Note that the open and flat models expand indefinitely, and hence have two future conformal
infinities. For the closed model, we see that there is maximum expansion at n = Z and a Big

2
Crunch for n = .

To specify a twistor to describe these singularities, we consider the concept of a Bang twistor
B? , which is a skew 2-valent twistor which, when R is a twistor representing a point at the
Big Bang, satisfies
af e aB _
B™Bg, =4y, B.gR™ =0.

(The dual is defined in the obvious way, cf. Eq. (7.5)). Choosing a spinor dyad so that in P* the
twistors corresponding to Minkowski coordinates have the form (7.12), we see that the Big Bang
(and the Big Crunch of the closed model) correspond to T' = 0 (cf. Eq. (7.25)), i.e., in this basis,
the Bang twistor is of the form

0 0 0 —1
o o 1 o

Bas =710 _1 0 o
1 0 0 0

In the closed model, we can also define a Crunch twistor coh , satisfying similar relations as

the Bang twistor at the Big Crunch, but from our discussion it is clear that B = ¥,

In order to describe the conformal infinities of the FRW models, we need a slightly different
approach to the one taken for Minkowski and (anti-)de Sitter space in Paragraph 7.2.

For k = 1, this consists of selecting some (not-necessarily real) simple skew 2-valence twistor |,4.

For k = 0, we can select a real simple skew 2-valence twistor 1°% and for k = —1, we select two
real simple skew twistors 1°7, J*7.

For a general FRW solution where A = 0, by comparison to Figure (7.1), we let these twistors
describe the conformal infinities for M and .7, whereas for £, these infinities correspond to
‘virtual’ infinities, which are realised in the matter-dominated solution we have been discussing.
We require the normalisations

1Tos =2, (k=1),

7.28
1PJap =2, (k= -1), (7.28)

where for k = 0 the twistor 1°? acts as a regular infinity twistor.

Comparing to Equations (7.27), (7.25), (7.26), we see that these conformal infinities must have
a correspondence given by

1 1 -
T_¢V:§ﬂ|aﬂR“ﬂ, T+iV:§\/§IaﬂRaﬁ, (k=1)
1 1
T+W=3V21RY, T-W=_V2IRY, (k=0 (7.29)
1 1
T={VEBuR™, V=W = l,R", (k= —1)

where it is worth noting that in presence of a Big Bang, we have that

B =1 417 (k=1), B =1° 4 J*% (k= -1).
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Clearly, for k = 0, the infinity twistor provided in (7.8) suffices. For the readers interest, the
exact forms of the other infinity twistors in this dyad are given by

0 -2 0 =2
i 2 0 V2 0
Iaﬁ - Zﬁ 0 7\/5 0 1 ; (k - 1)7
V2 0 1 0
0 -2 0 =2 0 2 0 —V2
1 2 0 V2 o0 1 -2 0 V2 0
l,g=-V2 =2 k=-—1
of 4‘[ 0 —v2 0 -1’ Jap 4\[ 0 —/2 0 1| ( ),
V2 0 1 0 V20 -1 0

but this form has no particular meaning, since it is based upon our (somewhat arbitrary) choice
of dyad so that the coordinates of the slicing of P* are in terms of the Pliicker embedding of M of
Paragraph 7.1. In fact, all necessary information about these twistors is contained in Equation
(7.28), which alongside the simple-skewness and reality conditions uniquely define these infinity
twistors.

This construction works for arbitrary solutions to the FRW space-times and will describe the
conformal infinities independent of which solution for the Friedmann equations is found. However,
one piece of information is lost, namely the relation between the metric and the infinity twistors.
We conclude this paragraph by briefly discussing how to recover this component of the theory.

Instead of a skew twistor, the scaling is now done by a function I, satisfying
I(R*) =2

for twistors corresponding to ‘physical points’ (cf. Eq. (7.11)), which for Minkowski, de Sitter,
and anti-de Sitter space corresponds to the linear map l,5. Again, we take Minkowski space as
the ‘unphysical’ hatted space, as in (7.23), so that

los = 1.

Recalling Equation (7.15) and the conformal scaling of the epsilon spinors (cf. Eq. (6.1)), we
must get that R
=0T (7.30)

Substituting Equation (7.29) into (7.24) via Equation (7.25) then gives the result. For k = 0,
this is about the most we can do, but for k¥ = +£1, the form of the resulting equation is quite
elegant, so we shall outline their derivations.

We introduce the variables

i o L =1 oo
A= 5V2 lusR 2= —5V21R foo(k=1)

1 1
1= SVZIRY, &= — V2 JRY, (k=1
where 1*?, J*# are now the infinity twistors of (7.29). Note by Equations (7.29), (7.22) we obtain

n=—ilog(e/d),  (k=1)
k = log(c/d), (k=-1)
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which, when substituted in (7.24), gives us, via (7.30) that

2cd
a (i%(3k+3) log(c/d)> 7

I(R*) =

where a is the scale factor. This function now takes the role of the metric; similar as in Paragraph
7.1, the metric of the space-time is now given in twistorial terms by

1
ds® = §dRa5Ra6,

where, as in the previous paragraph, the simple skew twistors RA

representing real points satisfying

are the distinguished twistors
I(R) =2. (7.31)

If we solely consider the matter-dominated universe, as we have done previously, we obtain by
substituting in (7.27) that

N 8kHy(Q, — 1)*2 [ ed \?
I(R*) = — o ét ) (c_d) . (7.32)

where this equality now holds for arbitrary simple skew twistors, contrary to just the twistors
R* satisfying (7.31).

The algorithm for explicitly computing Bang and Crunch twistors for the matter-dominated
model extends to any FRW solution, following similar reasoning as seen here.

Note that the twistorial description of the Friedmann-Robertson-Walker space-times is much
more concise than the regular form; we can describe the entirety of the space using the infinity
twistors, Bang and Crunch twistors and the scaling function, which we derived for the matter
dominated universe as being given by Equation (7.32). All these twistors and functions have
relatively simple coordinate-free forms, which stands in stark contrast with the usual descriptions,
where one always relies on local coordinate systems and transformations are usually given using
hyperbolic or trigonometric expressions.






Chapter

Twistors in curved space

In this chapter, we will discuss some of the more interesting aspects of twistor theory in curved
spaces. In the previous chapter, we saw how to describe a number of spaces that were conformally
equivalent to Minkowski space in twistorial terms. However, for general spaces, the translation
to a twistor description is not so obvious.

A naive way to approach this problem would be to consider local twistors. Orthochronous
transformations of the symmetry group SO™(2,4) of the space R** considered in Paragraph 7.1
keep the linear structures of the light cone invariant and hence induce conformal transformations
of Minkowski space. As it turns out, the group SO (2,4) is isomorphic to the path-connected
component of the conformal group C(1,3) of Minkowski space.

The associated spin group Spin™(2,4) is isomorphic to SU(2,2), which is the group leaving the
twistor inner product of Equation (6.15) invariant. In fact, the spin representation of Definition
3.5.1 acts on an 8-dimensional vector space, and the +1 eigenspaces of the chirality operator
of Proposition 3.5.2 turn out to be isomorphic to the 4-dimensional twistor space T® and dual
twistor space T,,.

Then, on an arbitrary signature (+ — — —) spin manifold, there exists a bundle structure, called
the tractor bundle (see [2]), so that a section of this bundle assigns to any point p € M a
constant twistor Z% = (wA, 7 4/) in a smooth way, which under conformal rescaling effected by a
map §2 € T, in accordance with (6.21), is mapped to

~a
Z = (UJA,’]TA/ + iTAA/wA).
An appropriate form of local twistor transport can be defined on the resulting twistor space,
uniquely determined by the Levi-Civita covariant derivative (see [30, p. 134]).

However, there are a number of problems with this approach. First of all, the resulting twistor
transport is not integrable. Furthermore, this twistorial description assumes we already have
some manifold with certain curvature properties, and tries to derive a twistor space from this.
However, we prefer to take the approach where the twistor description is treated as ‘given’, from
which we can then derive the properties of the underlying space-time. Also, the locality of this
description is a major blockade, the power of the twistor description in Chapters 6 and 7 was
mostly based upon the global nature of twistors.
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In this chapter, we will explore some alternative approaches, some of which turn out to work
quite generally. However, even these descriptions can only deal with fields that are either self-
dual or anti-self-dual, and the resolution to this obstruction is still being investigated as of the
time of writing.

In this chapter, we will take a less rigorous approach and only sketch the ideas behind the
procedures used, since an entirely thorough treatment of these methods would take us too far
astray.

8.1 Sheaf cohomology and the Penrose transform

In this paragraph, we shall explore the Penrose transform, which gives a description of certain
spinor fields in terms of contour integrals of holomorphic functions on twistor space. The ideas
presented here are mainly based on [30, Paragraph 6.10]. The construction here is only for flat
Minkowski space M, but can be generalised to arbitrary conformally Minkowski spaces.

Definition 8.1.1. A spinor ¢4pc.. p € Sapc...p on Minkowski space M is called a massless
free field if it satisfies
®ABC...D = P(ABC...D)s

AA
V™ ¢apc..p =0.

We similarly have massless free fields of the form ¢, ,» € &, .

A massless scalar field ¢ € G satisfies the wave equation
VoV =0

We denote the number of indices of ¢ by the integer n, where we take primed indices to correspond
to positive values of n and unprimed indices to correspond to negative values. We say that n is
the helicity of the massless free field.

Now let r = r® € M be an arbitrary point in M and f a homogeneous holomorphic function that
is analytic on a region of T. We will call such a function a twistor wave function. We then
consider the operator, defined on twistors incident with r* (see Eq. (6.22)), given by

!
py 1 2% s (ir*4 T AT 47)s

i.e., we evaluate Z% at the origin. Since the origin is arbitrary, we can alternatively regard twistor
wave functions as being holomorphic functions from C* to C and regard p, as a function

pr i F(Z%) = flir™ w7 ).

We consider the line R C PT associated to * € M. We take a twistor wave function f, homoge-
neous of degree —n — 2. Then for n > 0, we set

by plr) = fi T Ty pyf ()7 g dn” (8.1)

and for n < 0, we set

ba..p(r) = 74 OO K@) pdnt. (8.2)

ow™ ow?
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Here T' is a closed contour on the projective line R in PT. Note that the integrals are well
defined, since by the homogeneity degree of f, the homogeneity of the integrand is 0, so that the
integrand is well defined on PT, instead of just on T. It can easily be seen that the expression
on the right-hand side of Equations (8.1), (8.2) are symmetric.

The expressions on the right-hand side are indeed massless free fields; for n > 0, we have by

0 o 0 . z7 . 8f
—_— Z = ’ 7 = ’ b
= prf(Z7) o7 [ mgpmy) =imyp, Ou?

that
0

‘ of E
7¢A/.“D/(r) :z]{WA/...WD/wZ/pT—ZWE/dW ,
r r dw

’

which, after raising the Z’ index and performing (A’, C")-contraction yields

A/
VZ ¢A,...D/(T) :O7
so that ¢ is a massless free field. The cases for n < 0 follow similarly.

In fact, it can be shown that any massless free field can be obtained by such an integral over
a contour in twistor space. This transformation between massless free fields and twistor wave
functions is called the Penrose transform.

In order for the integrals of Equations (8.1), (8.2) to give non-zero solutions, the corresponding
twistor wave functions need to have singularities in appropriate regions of the line R. Since this
is a 1-dimensional complex projective line, being diffeomorphic to the Riemann sphere SQ, we
take the contour I' to be over this Riemann sphere in an appropriate sense. We further assume
that the function f(Z) can be extended holomorphically to a region of twistors incident with a
region of complexified Minkowski space, defined by

CM™" := {z* —iy® € CM : 2%, y* € M, y” future time-like},

also called the forward tube. 1t can be shown using Equation (6.27) that these points correspond

to lines lying entirely in the closure of the right-handed projective twistor space PT. Figure
8.1 shows how we can visualise the singular region S of f and how we can see a contour over a
complex line R as a contour over the Riemann sphere.

R

N -\ <
Iy

PT°

PT- s I @

Figure 8.1: On the left, the domain of singularity S of a twistor wave function f is shown in PT.

A line in projective twistor space R through PT" intersects the region of singularity. On the right, R
is portrayed by a Riemann sphere, and we integrate over closed contours I'y, I'y, avoiding the singular
regions. Note that the contour I'y can be continuously deformed to a point, giving a trivial field, whereas
the integral over I'y should yield a non-zero massless free field.

Note there is considerable freedom in I" and f, leaving the resulting massless free field unchanged.
Firstly, I' can be continuously deformed on the sphere R, as long as no singular regions are crossed.
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Secondly, we can add functions h to f whose singular regions are such that the contour I' can
be contracted to a point when integrating over h. To find what the ‘truly’ different twistor wave
functions are, we must invoke the language of Cech cohomology. The definitions used here are
slightly non-standard, but suffice for our present purposes.

We consider the complex manifold PT" and the sheaf O(n) of germs of twisted homogeneous

holomorphic functions of degree n. Let U = {U;};c; be a locally finite cover of PT'. We
consider

F:{flana'"af12af21af13a"'7f1233"'}7

a collection of elements assigned to each of the open sets U; and their non-empty finite intersec-
tions U; N ---NU;. Here f; ; is a holomorphic homogeneous twistor wave function of degree n
defined on U; N --- N U, satisfying

fl] = f[i...j]-
We define the k-cochains associated to this F' to be the sequences of elements of F' having k
lexicographically ordered increasing indices. Hence, we have

O‘COChain a = (flana f37 ... )7
1-cochain f = (fia, fi3: faz,---)s
2-cochain v = (fi23, f124, fi34, - -+ ),

We can index elements of a k-cochain by ¢;; ;, where ij ...l number k indices and i < j <--- <.
In the above, we then have that ¢;; ; = fi; -

We then define a coboundary operator 0 from k-cochains to (k + 1)-cochains defined by
o= (fa— fi.fs = f1, fs — fas- ),

0B = (fi2 — fis + fas, fiz — fia + foa, - 0),
Oy = (f124 — J123 + faza — fi34,---),

(00)ij..1 = Z ()" oy a0

nE{irgsl}

(here m denotes the omission of the index n). One can then easily verify that 9* = 0. Note that
(0a)12 = fo — f1 is holomorphic on U; N U,, since f, and f; are holomorphic when restricted to
U, N U,, respectively. Consequently, since we can restrict holomorphic functions in this way, we
see that the coboundary operator is well-defined.

We say that a k-cochain ( is a cocycle when
o¢ =0,

and we say it is a coboundary when there exists some (k — 1)-cocycle 1 such that
on=C(.

Note that the sets of k-cocycles and k-coboundaries have an abelian group structure. We denote
these groups by Z*(U, O(n)) and B*(U,O(n)), respectively. Note that

B*(U,0(n)) c Z¥(U,0(n)).
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We are now in a position to define the Cech cohomology groups:

Definition 8.1.2. Let U a locally finite cover of PT". We define the kth Cech cohomology
group subject to U to be the group

I (PTY, 0(n)) == 28 (U, O(n))/B* (U, O(n)). (8.3)

Then the general kth Cech cohomology group is defined by taking the direct limit of refine-

ments of covers U of PT™, i.e.,
H*(PTY, O(n)) = librlnI:IZ(M, o(n)).

(For details on the direct limit, refer to [13, p. 224]).

We can now regard elements of H' (PT+, O(n)) as twistor wave functions. To illustrate this,

we consider a covering of PT" with 2 open sets Uy, Us, such that any projective line R through

PT" meets U, NU,, and we consider a twistor wave function f of degree n that is holomorphic
on Ul N UQ.

As a result, f defines a 1-cochain 8 = (f), which satisfies

B=0 = Bez'U,S).

Note that the freedom we described in choosing f to represent a massless free field, is equivalent
to adding a coboundary (h; — hy) to f, where hy, hy are holomorphic homogeneous functions
of degree n defined on U;, U,. But this is exactly the equivalence relation we divided out in
Equation (8.3).

For an arbitrary (locally) finite cover U = {U,};, we can similarly define a twistor wave function
that is homogeneous of degree n and holomorphic on the (non-empty) intersections U; N Uj,
where we take a branched contour through these intersections. The cocycle condition is then
equivalent to allowing us to ‘glue’ together the functions in triple intersections, so we can deform
the contour in these regions. (Recall that the cocycle condition on the intersection Uy N U, N Us
states that

Ji2 = fiz + fas = 0,

which can be seen to mean that the function f can be extended holomorphically to the entire
region where covers intersect one another). This situation is sketched for covers with 2 and 3
sets in Figure 8.2.

The machinery introduced here can be used to prove our previous claim that any massless free
field can be obtained via a Penrose transform.

Theorem 8.1.3. There is an equivalence between the group ' (]P"IF+, O(—n — 2)) and the set

of massless free fields of helicity n holomorphic on a region of CM™.

Proof. For a full proof, see [15, Ch. 10]. O
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U, NU; Uy N Uy

4z

U, NnU,y U NUy;NU;

Figure 8.2: Left: PT is covered by two open sets Uy, U,, such that a twistor wave function f is
holomorphic on the intersection of the open sets. We then integrate over a closed contour I' on the
Riemann sphere R, with I' contained entirely in U; N U,.

Right: For a cover with 3 sets, we integrate over a branched contour integral, where the vertices of the
contour can be freely moved in U; NU, NUs and the contour can be deformed homotopically in the other
intersections.

8.2 The non-linear graviton and the googly problem

In the previous paragraph, we considered how linear fields on Minkowski space can be expressed
in twistorial terms. In this paragraph, we will give a procedure to describe non-linear anti-self-
dual gravitational fields using a non-linear analogue of projective twistor space, denoted by PT.
This construction is called the non-linear graviton construction. We will only give an outline of
the construction, since we have not developed the tools to treat this construction rigorously. We
follow some of the reasoning of [26], [32, Chapter 9] and [15, Chapter 12].

As always, we consider a 4-dimensional manifold M with a metric of signature (1, 3) satisfying
the conditions of Geroch’s theorem. In order to give a twistorial description of this manifold, we
want, as in Chapter 6, to get a collection of a-planes at every point, which will play the role of
PT. Suppose p € M is an arbitrary point. Then two tangents of the same a-plane v*, w® at p
must be of the form ) )

o' =Xt w® =ttt (8.4)

for some (not-necessarily constant) spinor a (see Equation (6.29)). Locally, we want the a-
plane to span the tangent space to a sub-manifold N of M. Frobenius’ theorem (see [21, p. 496]),
then asserts that

vV’ — w'V, 0" = av’ + fu’

for constants «, 5. After substitution of Equation (8.4), we obtain
A/
T Vo = Campy (8.5)

for some (4. After transvecting with AV, AC and using the symmetries of the Riemann
curvature tensor and the decomposition in spinor terms (cf. Prop. 5.4.3, Eq. (5.28)), this can be
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seen to be rewritten as ,
\I/ 1l o~y T 7 7 ¢ T — 0
A'B'C' D )

’ ’ ’

which by symmetry of ¥ A'B'c'p' implies

Yapep =0

i.e., M must have an anti-self-dual Weyl tensor (see Eq. (5.29)), which means that M is patch-
wise conformally flat by Proposition 6.1.3. For real spaces with metrics of signature (+ + ++)
or (++ ——) the condition of anti-self-dual Weyl tensor is less restrictive, so one can encode a
larger family of spaces using twistor theory. However, these signatures have other less appealing
properties, in particular, Geroch’s theorem (see Thm. 4.3.2) no longer holds.

Now we want to construct the non-linear twistor space P7 in the case of an anti-self-dual Weyl
tensor. Considering a point p € M, then given some spinor field £ ,, the equations

7TA (p) = fA (p)7 7TA VAA'FB' =0 (86)

have solutions by virtue of the vanishing of ¥ ,/ 5/, (note the similarity with Equation (8.5)).

The solutions 7 to this equation defines a 2-space
P= {/\Aﬂ'A At e GA}

satisfying Frobenius’ theorem. The tangent vectors at p are then of the form /\A’/TA/. The a-
planes we thus constructed vary smoothly over M. By considering the dimensionality, we hence
obtain a 3-complex dimensional space P7 of a-planes, which we will call the curved projective
twistor space of M.

In general, P7 need not be Hausdorff, so it is not even necessarily a manifold. Since it can
be shown that Equation (8.6) is conformally invariant, the construction of P7 is conformally
invariant, so it is unsurprising that the spaces in Chapter 7 could all be described in terms of the
regular, flat twistor space PT. In general, we would like to impose some extra structure on P7.

Definition 8.2.1. We say a 4-dimensional complex manifold M is civilised if its curved pro-
jective twistor space PT is homeomorphic to PT \ {[(wA, ma)] i [my] =10 O]}
We deliberately exclude the twistors representing a-planes at infinity. Note that any conformally

flat manifold M by definition consists of open sets which are conformally equivalent to M, so
any such manifold can be covered by civilised subsets.

Conversely, we want any space PT sufficiently resembling a curved projective twistor space to
define, up to conformal rescaling, a unique anti-self-dual space-time manifold. The sufficient
condition turns out to be that there exists a 4-parameter family of compact holomorphic curves,
each having normal bundle N = O(1) 4+ O(1). We have not discussed what this entails, one can
refer to [32, pp. 436-439] for further details. This gives rise to the following theorem:

Theorem 8.2.2 (Penrose). There is a one-to-one correspondence between

1. the equivalence classes of civilised manifolds (M, gop) with anti-self-dual Weyl tensor modulo
conformal rescalings.

2. 3-dimensional complex manifolds PT homeomorphic to PT \ {[(wA, )] [yl =100 0}}

such that there exists a 4-parameter family of compact holomorphic curves, each having
normal bundle N = O(1) + O(1).
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Further structure can be given to PT to ensure that the corresponding manifold M is an Einstein
manifold, i.e., that it gives a solution to the Einstein vacuum equation (cf. Def. (5.4.4))

Rab = )‘gab'

The precise nature of these conditions and a proof showing equivalence can be found in [15,
pp. 107-109).

Throughout this paragraph, we could alternatively have taken the approach to consider -planes
in M. This would have turned out to give a description for manifolds with self-dual Weyl tensor,
in a description mirroring that of the dual twistor space. A similar construction exists for de-
scribing (anti-)self-dual solutions to the Yang-Mills field equations, called the Ward construction
[31].

If we are interested in incorporating the entirety of general relativity, we need some way to also
describe solutions to the Einstein equations that do not have anti-self-dual Weyl tensor. Thus
far, there has been no satisfying solution to this problem, which has now stood for over 40 years.
In the literature, this problem is called the googly problem, and it is considered one of the
biggest hurdles for twistor theory. (Googly is a term in cricket, where a ball is thrown in a
left-handed manner, but results in a right-handed spinning ball).

8.3 Quantisation and palatial twistor theory

In this paragraph, we will briefly outline a potential solution to the googly problem. For this,
the twistor space first needs to be quantized in an appropriate way. For our present purposes,
we assume i = ¢ = 1. As in the previous two paragraphs, the reasoning here is far from
complete. The purpose here is giving an idea of how quantisation may be introduced in the
twistor formalism, and how this might lead to a description of general curved spaces in twistorial
terms.

In Chapter 6, we saw that a twistor Z% = (wA7 7 4) satisfying
1.
=-77,=0
5= o

described a null line in M. As such, we can regard Z as representing a photon in Minkowski
space. Contrary to how we constructed a-planes in complexified compactified Minkowski space,
we will now consider a construction where general non-null twistors can be considered as massless
particles possessing spin.

Given Z% = (w™, 7 4), we define the two real tensors

’ ’ ’ ! !
p° = A b = iwAFB) A'B (A B _AB

: (8.7)
satisfying, by Equation (6.10), the identities
p*=p"(0), M —a’p" +ap" = M™(0),

where O € M is the origin. Note these are precisely the transformation properties of momentum
and angular momentum. Massless helicity § particles further satisfy (by [24, p. 11])

*Mabpb = §paa (88)
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which implies (cf. Eq. (8.7))

B_ —B' = _ =
§(w Tp+W Tp)Tamy = Sp,,

which, comparing to Equation (6.20) yields
s=s,
so that Z% describes a helicity s massless particles, with (angular) momentum given by (8.7).

We want to use this description to consider a twistor Z¢ and its complex conjugate Z, as non-
commuting operators acting on twistor wave functions. We know, from quantum mechanics, the
canonical commutation relation
b b b
Pal — X Pg :Z(Sa ’
which, upon substitution of (8.7) and (6.10) suggests the form for the twistor commutation

relation given by . _
2°75 - 752 =5, (8.9)

Furthermore, Equation (8.8) can be rewritten as

1 _
s =272, +2,2%.

We suppose that the twistor wave functions these operators act on must be holomorphic in Z°.
Then the obvious choice for the operator Z“ is given by
2% : f Z%f,

and inspired by the quantum mechanical form for the momentum operator

COf
Dq ¢ f — _Zaxaa

we make the choice o7
7o e =2
wifo =2,

noting that with this choice Equation (8.9) holds. We can see this choice of operators as the
axiom defining the quantisation of twistor theory, just as in quantum mechanics the choice for
momentum operator is an axiom defining the theory.

Since we obtain from Equation (8.9) that
7°7, - 777 =4,

we can alternatively write the helicity operator as

1/_, 0
S__2<Zaz“+2>’

from which we see that the eigenstates of s are given by homogeneous holomorphic functions,
where an eigenvalue ¢ corresponds with a function homogeneous of degree 2q — 2.

In these cases, the eigenstates of the helicity operator are precisely the twistor wave functions
discussed in Paragraph 8.1, so if we are only interested in the massless free fields resulting from
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twistor wave functions, we can regard the operators Z%, Z,, as acting on the representatives of
the group H (PT+,(9(2q — 2)) In this way, elements of H' (PT+,O(2q — 2)) are considered

to be 1-particle wave functions, whereas elements of " (PT+, O(2q — 2)) describe systems of k

particles.

The idea behind palatial twistor theory is now to see the twistor structure of Minkowski space
as being modelled by the non-commutative algebra A, being generated by Z* and Z,,, while also,
in some sense, allowing infinite combinations of these elements. Then just as we got a curved
twistor space PT for anti-self-dual space-times, we should now, in some way, deform the flat
algebra A to some curved algebra A describing a general curved space.

In this way, one could see the quantisation of twistor space as a requirement for describing curved
spaces, potentially leading to a satisfying theory of quantum gravity. These ideas have not yet
been worked out fully, although some progress is being made with regards to how the deformation
of this algebra should work [22, 27].



Chapter

Outlook

In this thesis, we constructed Penrose’s twistor theory from scratch. Along the way, we found
how twistor space is able to encode the physical properties of Minkowski space. This programme
could be extended to give a description of (anti-)de Sitter space using infinity twistors. In Chapter
7, we also saw a procedure to describe Friedmann-Robertson-Walker space-times in twistorial
terms, allowing us to describe asymptotics, such as the Big Bang, in very simple bitwistor forms.
We explicitly calculated the scaling of the metric for a matter dominated cosmological model,
leading to the simple form of Equation (7.32).

In Chapter 8, we discussed some non-linear aspects of twistor theory, such as the powerful
Penrose transform, which is able to describe massless free fields in terms of elements of Cech
cohomology groups. The non-linear graviton construction allowed us to also encode the geometry
of an anti-self-dual solution to the Einstein equations in curved twistor space P7.

Throughout this thesis, we have mostly followed Penrose’s original mission statement of twistor
theory, namely to provide a theory of quantum gravity. We have largely ignored many other
developments in twistor theory, such as the use of the Penrose transform in the analysis of non-
linear differential equations, or the extension to twistor string theory, which is used extensively
for determining scattering amplitudes in particle collision problems.

There is also some mathematical interest in twistor theory for spaces of arbitrary dimension and
signature. Another particularly interesting generalisation is that of ambitwistor theory, which,
contrary to our current twistor formalism, can describe non-anti-self-dual space-times. However,
this theory loses much of the mathematical simplicity of the twistor formalism discussed here.

It is interesting to see whether the twistor quantisation and palatial twistor theory briefly touched
upon in Paragraph 8.3 may lead to a more elegant description of general curved spaces. The
introduction of quantisation is very desirable, since it may hint at a connection between non-
trivial space-time curvature and quantum mechanical effects, suggesting that the introduction of
quantum mechanics in twistor theory is a necessary step to describe arbitrary solutions to the
FEinstein equations. Twistor theory might then imply that the cause of the collapse of the wave
function stems from gravitational effects. Although research is still ongoing, it may be of interest
to see whether twistors may eventually lead to a convincing theory of quantum gravity.
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Appendix

Compactification of flat space

In this appendix, we will consider a way of constructing compactified Minkowski space M#7
which will be used in the twistor Klein correspondence of Chapter 6. The approach taken here
will be to use conformal rescalings of the metric of Minkowski space, after which we adjoin points
representing infinity. In this way, we can consider Minkowski space as being contained in the
Einstein cylinder £. We will follow the construction of [14, Paragraph 5.1].

Given a manifold M with pseudo-Riemannian g,;, a conformal map €2 gives rise to a new metric
tensor

~ 2
Gab = Q2 Yab-

The notions of conformal rescalings are discussed in Paragraph 6.1.

In physics, the metric of Minkowski space is often written

ds® = dt* — da?® — dy® — dz2?, (A1)

where (t%, 2%, y", 2") is a Minkowski tetrad and d¢, dz, ... are the associated basis vectors for
T,- By re-parametrising Minkowski space in spherical coordinates, this metric becomes

ds® = dt* — dr® — r*(d6? + sin® 6d¢?)

at a point parametrised by (¢,7, 6, ¢). Using this form of the metric will be more appropriate for
performing direct computations than the abstract index approach of Paragraph 4.1.

Further introducing Eddington-Finkelstein-coordinates, defined by u =t —r and v =t 4+ r,
we obtain the metric

ds® = dudv — i(v — u)?(d6? + sin® 6d¢?),
where Minkowski space corresponds with the region v —u > 0, 6 € [0,7), ¢ € [0, 27).
We can now introduce the conformal map
Q=2(1+u?) 2(1+0%)72,
which yields the conformally scaled metric

ds® = (14 u*) (1 + %) (ddudv — (v — u)?)(d6? + sin® #d¢?).
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Note this metric can be analytically extended to the region u, v — 00, which can be made more
precise by making the substitutions

p = arctanu, ¢q = arctanw,
with associated metric
ds* = 4dpdq — sin®(p — q)(d6? + sin® 6d¢?), (A.2)
where Minkowski space now corresponds to the region 0 < g—p <, p, q € (—7/2,7/2).

This metric can be extended to the regions where p or ¢ equal +7/2. Hence, we can adjoin
points representing these regions to Minkowski space, thus obtaining a set of points at infinity,
which we will denote by .#. We then define Ml = MU .. The 2-spheres

£ {00 e o) = (~5m5m) |
i+ ={a0.0) € 0) = (5mgm) b, (4.3)

- {<p,q,o,¢> €M: (p.q) = (—3“‘;”>}’

are called spatial infinity, future-temporal infinity and past-temporal infinity, respec-
tively. Furthermore, future and past null infinity .# " and .~ are defined as the portions of

& where ¢ = %w and p = —%71’, respectively.

Figure A.1 shows the structure of M using this construction.

Figure A.1: The region conformal to M using the coordinates p, q. The dotted lines denote regions of
constant p and q.

An alternative way to regard M is as embedded in the Finstein cylinder &, which we obtain by
considering the entire strip 0 < p—¢ < m. When we then consider the coordinate transformations

T=p+q, p=q-—p

giving the metric
ds® = dr?° — [dp® + sin® p(d6” + sin® 0d¢?)],
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so the Einstein cylinder has the structure of a product of an infinite line, representing time, with
a 3-sphere, representing space. We can embed the conformally rescaled Minkowski space in this
cylinder, being a patch of the cylinder wrapping around itself, meeting itself in 1°, as illustrated
in Figure A.2.

Figure A.2: A section of the Einstein cylinder £. Every point on the cylinder shown here corresponds
to a 2-sphere. The region conformal to M is shown in red, wrapping around the cylinder, and meeting
itself in the point 1° at the back.

We see that the topology of the Einstein cylinder is R x 53, The topology of the region of
Minkowski space conformal to the Einstein cylinder, which lies open in M, is R*. However,
when adding the boundaries #1 and .#~ and the points 1i, 1°, which are topologically not 4-
dimensional, we see that we must make some further identification to ensure that M has the
structure of a manifold.

Inspired by the fact that we can take the patches p,q € (0,7) instead of p,q € (—3m, i7), the
natural choice would be to appropriately identify # 1 and .# ~ with each other, and consider 1i7 °
as a single point. This also makes sense physically; any null line with infinite future A € 4~
will go through a future point on B € & + uniquely determined by A, so we get a canonical
identification, which turns M into a 4-dimensional manifold called compactified Minkowski
space, denoted by M#, which topologically is of the form

M# :Sl XS3.

This definition of M* is used in Paragraph 6.5; twistors Z% = (wA, 0) correspond to null lines
lying entirely in the region .#, and two twistors Z% and X with parallel a-planes Z and X now
intersect somewhere in ..

In Paragraph 7.1, another way of obtaining M7 is discussed, by embedding M in the null cone
of a 6-dimensional vector space. The construction discussed there is conformally equivalent to
the construction discussed here, since M can be embedded in the Einstein cylinder, so these
two construction will lead to the same topology for M.
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