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Abstract
Prior research has compared Bayes factors and p values within Hypothesis testing using ¢
tests (Wetzels et al., 2011). The current research expanded on this comparison to include both
t tests and various forms of Analyses of Variance. Further, we conducted maximal n
sequential analyses, following the design as proposed by Schonbrodt and Wagenmakers
(2018). We conducted two forms of sequential analysis: The fixed order sequential analysis,
in which the order the data was presented in the dataset dictated the order by which it was
added, and the replicated random order sequential analysis in which the order was
randomized, and the procedure repeated 100 times. For both the comparison and Sequential
analyses we used Bayesian alternatives to Classical Significance tests with real-world data
that were reproduced with author’s assistance by Hardwicke et al. (2018). We found that
Bayes factors and p values covary in both 7 tests and Analyses of Variance. However, we
observed Bayes factors that underemphasized the perceived effect by p values, as well as
Bayes factors that overemphasized when compared to p values even after performing a
sensitivity analysis. We also found that most Sequential analyses produced Bayes factors
exceeding a threshold prior to the maximal #n, with most analyses exceeding more. We also
contextualized our fixed order sequential analysis using the percentage of Bayes factors
across the 100 replications of each sequential analysis that exceeded thresholds. We evaluate
these findings and propose measures researcher may take based on our findings to utilize

optional stopping in a way that is efficient, reasonable and accurate.
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Bayesian Hypothesis Testing: Sequentially Analyzing Real-World Data

Conclusions within Psychology are supported via statistical inferences based on data.
The most common form of statistical inference in psychological research are statistical tests
that produce a test statistic such as an F statistic or a ¢ value, which in turn is used to calculate
a p value that represents the probability of encountering a test statistic at least as extreme as
the one calculated given the null hypothesis is true. Devised by Fischer (1890-1962), this is
known as null hypothesis significance testing (abbreviated to NHST or ‘null-hypothesis
testing’ within this research). Because this form of statistical inference relies on results being
compared to an initial hypothesis that there is no effect of interest, a smaller p value implies a
greater likelihood of the alternative hypothesis being true, with a p value below a normative
significance level of .05 being considered significant (Greenland & Poole, 2013).
Null Hypothesis Significance Testing

As discussed by Rouder, Speckman, Sun, and Morey (2009) when referring to p
values derived from ¢ tests, one cannot infer that a p value greater than a significance level
(usually .05) is evidence for the null hypothesis being true. This is due to the relationship
between the p value and the sample size of the data it is produced from. When calculating a ¢
test for example, if the null hypothesis is false, then as the sample size increases, the test
statistic ¢ value becomes larger and the p value converges to 0. Therefore, when the null
hypothesis is false, a larger sample size reduces the likelihood that the null hypothesis will be
incorrectly accepted. When the null hypothesis is true however, a researcher cannot
comparatively increase their sample size to increase the likelihood that the null hypothesis
will be correctly accepted. This is because there is no upper bound for how large a ¢ value can
be, leading to a normal distribution which when transformed leads to uniformly distributed p

values — a format which does not make the likelihood of one p value more likely than another

(Nickerson, 2000).
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Null-hypothesis testing is therefore flawed when used in large-sample research. In this
case, the consistency by which data can be accurately assessed is not identical for both the
null and alternative hypotheses. When the null hypothesis is false, the resulting null-
hypothesis tests with a large sample will consistently (and accurately) reject the null
hypothesis. When the null hypothesis is true however, significance testing results in a less
consistent conclusion (Rouder, Speckman, Sun, & Morey, 2009). It is conceivable to assume
that null-hypothesis testing has and continues to produce biased evidence against the null
hypothesis, particularly if the sample sizes are larger than 30 participants. Coupled with the
greater weight Psychologists place on the conclusions of research with larger sample sizes
(Marszalek et al., 2011) this suggests that we should consider alternative null-hypothesis
testing methods.

Classical significance tests are derived from the underlying logic of probability as the
true and accurate representation of the “long-run relative frequencies [of events occurring]”
(Dienes, 2011, p. 275). This interpretation of probability views outcomes within research as
the same probability of those outcomes occurring within an infinite number of repeated
experiments, this is the Frequentist perspective. An alternative perspective is that probability
should be viewed as a quantified degree of an individual’s belief in a particular outcome or
model being true. In this alternative perspective, probability is not an absolute, it is
conditional, and should be viewed as an abstraction by which we model uncertainty, this is
the Bayesian perspective.

Bayesian Hypothesis Testing

In a paper by Reverend Thomas Bayes published posthumously, he argued that “The
probability of any event is the ratio between the value at which an expectation depending on
the happening of the event ought to be computed, and the value of the thing expected upon

it’s happening” (Bayes., 1763, p. 376). Therefore, the probability of an event can be
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considered as the ratio of the odds of an event occurring. Within the Bayesian framework this
notion of ‘odds ratios’ are considered within three main components when computing
probability: the Prior odds, the Posterior Odds and the Bayes factor.

The odds for the models or hypotheses prior to data collection are referred to as prior
odds. Within this research this is calculated as the probability of the Null Hypothesis (Ho)

over the Alternative Hypothesis (Hi) as shown below:

P(Ho)
P(Hy)

Prior =

(1)

Our prior odds will be set to 1 in this research, which means that prior to data
collection we view both Ho and Hi as equally likely. The degree of belief derived following
the collection of data is referred to as a posterior belief, within this research this is calculated

by:

. _ P(Ho) P(D|Ho)
Posterior = P(H,) X P(D|H,) (2)

As illustrated above, calculating Posterior probability required the probability of the
data given the hypothesis being true, this is known as the likelihood. While classical
significance testing allows one to calculate the likelihood of the hypothesis given the data,
P(H|D). Due to the inability of classical significance testing to calculate the probability of a
hypothesis, as well as classical significance testing’s incorporation of decision procedures
that do not influence likelihood (Dienes, 2011), this cannot be inverted to calculate the
likelihood of the data given the hypothesis, P(D|H). With Bayesian statistics however,
application of probability to hypotheses (or indeed, anything) is acceptable. From this, one
can calculate a ratio representing the probability of the data given the hypothesis by using
subjective prior odds. The resulting calculation of marginal likelihoods produces a factor by
which we may accept or reject our null or alternative hypothesis given the data. This is

known as the Bayes factor, which is calculated in this research as:
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P(D|Ho)

Bayes Factor = —————
P(D|H,)

3)

It is important to note that within Bayesian Statistics, the odds ratios are sometimes

inverted, such that the Prior = M, Posterior = Py P(OIH)
P(Ho) P(Ho) P(D|Ho)

P(D|H,)
P(D|Ho)’

and Bayes factor =
This means that a Bayes factor of two indicates that Hi is more likely than Ho given the data
by a factor of two. However, to allow for an easier visual comparison to p values, the Bayes
factors within this research were inverted such that values closer to zero indicated greater
support for Hi and values greater than one indicated support for Ho, a Bayes factor of 1 still
indicates no support for Ho over Hi, or vice versa.

Priors are subjective, researchers however have argued that assigning the values of

priors for parameters should not be arbitrary. As explained by Rouder et al (2009), Bayes

factors are ratios expressing marginal likelihoods that are calculated by:

POIM = [ 5@, (8)d8 @)

0€By

Rouder et al argued that this marginal likelihood should be viewed as a continuous
average in which the priors (py) are weights. As a result, “the prior should not attribute
undue mass to unreasonable parameter values” (Rouder et al., 2009, p. 228). For one sample ¢
tests, setting the mean of Ho (denoted within this paper as po) to 0 was viewed as a reasonable
metric. assigning a particular value to the mean of prior Hi (denoted within this paper as i,
which is a departure from Rouder’s notation) is potentially problematic, as p priors that
increasingly deviate from the data produce a BF that increasingly favors Ho. Instead of
assigning a particular value to the p1 therefore, Rouder proposes applying a distribution to the
1, as shown below:

ul ~ Normal(0,07) (5)

However, as with the p1, applying a singular value to the Standard Deviation of u

(O'MZ) leads to the same pitfalls as with applying a particular value directly to the pi. An
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alternative proposed by Rouder and others is to determine a prior for the effect size, denoted
as 0 and calculated by 8§ = pl/o. They suggested the following:

8 ~ Normal(0, 6%) (6)

The advantage of parameterization of 6 over 1 is that researchers can avoid placing
too much weight on very large effect sizes. Again however, the Standard Deviation of the
effect size, o, must be specified. Researchers have recommended an inverse Chi-squared
distribution (Zellner, & Siow, 1980), allowing for the o5 to be constrained to 1 (Gelman et
al., 2013). This inverse chi-squared distribution is equivalent to a Cauchy distribution, when
paired with a selection of the prior for the variability of the data (62) as p(¢?) = 1/02. This
is referred to as the Jeffreys prior (Jeffreys, 1963). When both the Cauchy distribution for the
& and the Jeffreys prior is applied to the a2 this is known as the Jeffreys-Zellner-Siow, or
JZS, prior. A JZS prior is also useful, as the Cauchy distribution can be adjusted using a scale
parameter 7, this allows researchers to refine their 8, with a larger r being more suited to a
larger expected 6 as denoted below:
0 ~r X Cauchy (7)

While Rouder et al recommended a default » of 1. For ¢ tests, this research instead

used the default » from the BayesFactor package of g (Rouder et al., 2009) as well as a

default » of 0.5 for ANOV As (see Rouder, Morey, Speckman, & Province, 2012 for more
details). The use of this default prior and its potential disadvantages are explored within the
Discussion section.

For clearer interpretability, researchers have categorized Bayes factors relative to their
evidential strength in favor of a hypothesis. For example, Kass and Raftery (1995)
categorized Bayes factors exceeding 1 as anecdotal evidence, 3 and 1/3 as substantial
evidence, 10 and 1/10 as strong evidence. This research will be using these thresholds

proposed by Schonbrodt & Wagenmakers (2018; see Table 1). These thresholds were adapted
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from Wetzels et al (2011), which also labelled p values by similar thresholds to facilitate the
comparison with Bayes factors. This research will include the threshold of 6 and 1/6 to
nuance Bayes factors that do not exceed 10 and 1/10. We will label this additional threshold
as ‘promising’.

Table 1

Thresholds as adapted from Schonbrodt & Wagenmakers (2018)

Evidence for Ho Strength of Evidence Evidence for Hi Evidence against Ho
(BF>..)) (BF<..) (p values)
100 Decisive 1/100 (.001) <.001
30 Very Strong 1/30 (.033)
10 Strong 1/10 (.010) .001 - .01
6 Promising 1/6 (.167)
3 Substantial 1/3 (.333)
1 Anecdotal 1 .01-.05

In 2011, Wetzels and others ran an empirical comparison of p values, effect sizes and
Bayes factors using 855 ¢ tests gathered from contemporary research in Psychology (Bayes
factors were calculated using the prior specification put forth by Rouder et al., 2009,
henceforth default Bayes factors). They found that effect sizes, Bayes factors and p values all
generally covary. However, the largest degree of covariance appears to be between p values
and the default Bayes factors produced by Bayesian hypothesis testing. Wetzels et al.
described the primary difference between p values and default Bayes factors to be “one of
calibration: p values accord more evidence against the null than do Bayes factors” (Wetzels et
al., 2011, p. 295). The current research intends to further investigate the nature of this
relationship by comparing p values and Bayes factors conducted using default Bayesian
alternatives beyond ¢ tests such as Analyses of Variance (ANOVA) and Analysis of
Covariance (ANCOVA). Beyond these modifications, this research will also be using a

procedure simulating optional stopping.
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Optional Stopping and Sequential Testing

As previously stated, classical significance tests calculate the probability of the data
given the hypothesis and decision procedure(s). These decision procedures apply
predetermined conditions to data, such as a and f error rates, as well as predetermining
conditions for data collection. Decision procedures which are not predetermined are often not
useable within the NHST framework. One example is the practice of optional stopping, this is
when data collection is paused and examined periodically and resumed or stopped depending
on the researcher’s desired outcome. This is because of the long-term perspective of classical
significance testing. If one considers the first test conducted on data to have an « error rate of
.05, meaning that 5% of the time a significant finding is found that is due to chance, further
testing will increase this error rate. Increases to the a error rate would eventually indicate that
a significant value is inevitable even if Ho is true. Within an NHST framework this is
considered bad practice and is seen as an example of ‘p hacking’ (Simmons, Nelson, &
Simonsohn, 2011). Alternative null-hypothesis testing using Bayes factors however does not
consider more spontaneous decision procedures to be problematic (Dienes, 2011). Decision
procedures such as optional stopping are therefore perfectly suitable within the Bayesian
framework.

Optional stopping is useful for maximizing a researcher’s efficiency during data
collection. Using Bayes factor design analysis, Schonbrodt and Wagenmakers conducted
Bayesian alternatives to power analyses, in which they compared three experimental designs
in which Bayes factors were produced in order to determine which design was the most
informationally rich and maximally efficient. These were a fixed-n design, where a sample
size was pre-defined, and the analysis conducted once all the data was gathered — this did not
include any sequential testing. Another was an open-ended sequential testing design, where

Bayes factors were calculated as participants were added, until a desired level of evidence is
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reached. Finally, they also considered a sequential design with a maximal n, where
participants were added until either a sufficient level of evidence is reached, or the pre-
defined maximum number of participants was added. They recommended that researchers use
a sequential design with a maximal n, as it can allow researchers to stop data collection if
sufficient thresholds are crossed while acknowledging the reality that researchers have
limited resources (Schonbrodt & Wagenmakers, 2018).

Some researchers have suggested that optional stopping is a potential problem within
Bayesian analysis, producing “substantial irregularities” and that Bayesian hypothesis testing
if used to reanalyze previously collected data is susceptible to an optional-stopping-rule
artifact (Yu, Sprenger, Thomas, & Dougherty, 2014, p. 280). Others have argued counter to
this, pointing out that Bayes factors are impervious to a modified data-collection technique
due to the differences in interpretation between Bayesian and Frequentists perspectives on
probability (Rouder, 2014). Within the Frequentist perspective, a significant p value is an
immutable declaration of significant findings, as significant results reflect the conditions of a
larger population. Because of this immutability, worries as to a more subjective method of
data-collection are naturally problematic. A Bayes factor however makes a far more
subjective claim. The conditions by which the data is collected is therefore far less important.
Rouder (2014) examined the interpretability of Bayes factors. By simulating 20,000
replications of 10 observations created under one of two hypotheses — one in which the effect
size 1s 0 (a typical prior for Ho) and the other where the data created had an effect size of 0.4,

this was Hi. These 10 observations were created under one of these hypotheses as though
under a fair coin-toss, meaning that the prior odds for data generation were set at % Once the

data was gathered, Rouder examined the posterior odds that were produced (which were
equal to the Bayes factor as the prior odds were 1). Rouder observed that within this

simulation, the replicated experiments yielded observed posterior odds based on the ratio of
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Ho and Hi observations that were generated which agreed closely with what was predicted.
This effect even held when the conditions of the simulation were changed such that sampling
continued until a pre-determined Bayes factor was reached or sampling reached its
maximum. This produced a distribution of nominal and posterior odds that deviated from a
normal shape, as shown below in Figure 1.

Figure 1
Distribution of Posterior and Nominal Odds from Rouder (2014).
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Note. Adapted from Optional stopping: No problem for Bayesians, by J. Rouder, 2014, p. 304.

While some researchers concluded that this meant optional stopping was problematic

(Sanborn & Hills, 2014), Rouder argued that that the posterior odds remained interpretable,
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as the “critical question is whether the posterior odds accurately reflect the probability that a
given value came from a given hypothesis” (Rouder, 2014, p. 305). Other researchers
however have taken issue with this conclusion (De Heide & Grunwald, 2021), these
contrasting views will be expanded on in the discussion section.

The conclusions of Schonbrodt and Wagenmakers’ research and Rouder’s however
are potentially limited by their use of simulated data. It is unclear if such Bayesian design
analyses were applied to real data, in what instances sample sizes below their maximal »
would exceed informative thresholds, or indeed how often these Bayes factors would exceed
thresholds matching that of the maximal n or even indicate support for the same hypothesis.

Our aims within this research aimed to investigate the accuracy of Bayesian
hypothesis testing. We aimed to do this by expanding on research comparing p values and
Bayes factors, by using both real-world data and expanding the analyses that were compared
to include both 7 tests and Analyses of Variance. We also wished to assess Bayesian
hypothesis testing within an optional stopping framework. This was done by employing
Schonbrodt and Wagenmakers’ (2018) maximal n sequential design. For this research we
employed two types of maximal n sequential designs. For the first type of design, we
mimicked the conditions the researchers themselves would have experienced during the data
collection by conducting a sequential analysis in the way in which the researchers collected
their data. We referred to this as the fixed order sequential analysis. We also conducted a type
of sequential analysis to both contextualize our findings in the fixed order design, as well as
assess whether our findings remained consistent if the data was collected in a different order,
we referred to this as a replicated random order sequential design. Using these sequential
analysis designs, we aimed to calculate the retroactive efficiency gain by simulating the

impact of optional stopping on real world data using the fixed order sequential analysis and
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evaluate the consistency of these findings using the replicated random order sequential
design.
Method

Materials

This research was conducted using secondary, real-world data from Hardwicke et al.’s
paper (2018) “Data availability, reusability, and analytic reproducibility: evaluating the
impact of a mandatory open data policy at the journal Cognition”. Datasets for which the
initial author’s results were successfully reproduced with assistance from the original author
were selected for this study. Of these 11 datasets, two were excluded from this research, one
because its analysis already included a Bayesian test and the other used statistical testing
which specified a Greenhouse-Geisser correction. We computed Bayes factors using
Bayesian analyses from the R package BayesFactor (Morey & Rouder., 2021). Key statistical
analyses were determined for each dataset and Bayesian alternatives were computed. Table 2
shows the Bayesian alternative analyses that were employed, as well as providing a citation
as to which article each dataset was taken from.
Table 2

Bayesian Alternatives and Dataset Citation

Dataset Bayesian Alternatives Research Citation

AgnZl One-Way ANOVA Meristo, Strid and Hjelmquist,
2016

DFDwT Two-Way Repeated Measures ANOVA Howard, 2016

JcuWB ANCOVA Hood et al., 2016

NoMcC Two-Way Repeated Measures ANOVA Maister and Tsakiris, 2016

Tbkij One-Way Repeated Measures ANOVA  Yabe, Dale and Goodale, et al.,
2017

UAIUi One-Way ANOVA, Two-Way ANOVA Ward, Bear and Scholl,, 2016

UlhiU One-Sample 7 test, One-Sample ¢ test Wang and Busemeyer, 2016

Wzqlp Two-Tailed ¢ test Perszyk and Waxman, 2016

Xvipm Mixed ANCOVA Meilinger, Strickrodt and

Biilthoff, 2016

Because Bayesian Analyses of Variance introduce proportional error as there is no

analytic solution, the ‘recompute’ function was employed at a default of 1000 iterations for
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each ANOVA. If after an initial recomputation the proportional error of any model
comparison continued to exceed 5%, this was increased to 5000 iterations, as was the case for
five comparisons involving dataset JcaWB. Because Bayesian statistics require the
specification of a prior for the parameters of interest, this research defined Ho for these
parameters (a) as equal to 0 (Ho: a = 0). For Hi, we used the default prior of JZS, with a

default scale parameter » denoted within the BayesFactor package as medium, this means the

value of the scale parameter 7 is set at 0.5 for the Type 3 ANOVAs, and g for the ¢ tests. This

was done as we did not have the necessary domain knowledge to specify informed priors for
each analysis. This choice of using a default prior is contentious however and is later
considered within the context of the wider literature in the discussion section. Within each
ANOVA, we used the top setting for the argument whichmodels to ensure that the resulting
Bayes factors are comparable to the p values of a typical type 3 ANOVA. As previously
discussed, the evidence thresholds were adapted from Wetzels and other author’s 2011 paper.
As we found only 15% of the Bayes factors from the Bayesian hypothesis alternative testing
exceeded 10 or 1/10 (Strong), we excluded thresholds 30 & 1/30 (Very Strong) and 100 &
1/100 (Decisive) from both sequential analysis types.
Procedure

The following steps were conducted in this study; Firstly, the key analyses of each
reproduced study were determined, and a Bayes factor was calculated based on the whole
dataset using the Bayesian alternatives to these key classical significance tests. To allow for
an explicit comparison to Wetzels and other author’s 2011 paper, the p values and Bayes
factors produced from these full datasets was reported and compared. Then, both the fixed
order sequential analysis and the replicated random order sequential analysis were conducted
for each dataset. For both types of sequential analysis, each dataset was reduced to a pool of

participants of the smallest sample size to successfully conduct said Bayesian analysis and a
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Bayes factor was then computed. Then subsequent units of participants the size of the
smallest unit by which the statistical test was conducted, were added to the pool of
participants and another Bayes factor was calculated. This continued until all participants
were added to the Sequential analysis, resulting in a sequence of Bayes factors that indicated
the trajectory of the Bayes factors throughout the data collection process. For the Fixed order
sequential analyses, the order participants were added was the order they were presented in
each dataset. In the replicated random order sequential analyses, participants were added in a
random order and this Sequential analysis was replicated 100 times, producing 100
trajectories of the Bayes factors. For the fixed order sequential analysis, each sample size at
which the Bayes factor exceeded a threshold of interest was reported. For the random order
sequential analysis, the Averaged Minimum Sample Size (AMSS) that each threshold was
exceeded was reported, alongside the percentage of sequences which produced a Bayes factor
that exceeded threshold(s) across all 100 replications of each analysis.
Results

Table 3 shows our findings when comparing the p values and Bayes factors produced

using both classical and Bayesian hypothesis testing.

Bayes Factors and p values Comparison
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Table 3

P values and Bayes factor Comparison

Dataset Effect p value Bayes factor
AgnZl Group 222 1.599
Agency:Effort 154 3.485
DFDwT  Effort 5.750 x 107 1.598

Agency 1.463 x 1078 1.455 x 10°®
Gender:Object: Prime .863 4.181
Age:Object 764 3.579
Gender:Object 107 1.041
Object:Prime 012 0.101
JcuWB Gender:Prime 129 1.394
Object 461 4.126
Age .008 0.181
Gender 501 3.300
Prime 547 5.618
Congruency:Relationship .001 0.123

NoMcC  Congruency 1.724 x 1078 4.883 x 10712
Relationship 988 4.347

Tbkij MeanDifference: Condition 1.08 x 106 3.142 x 10°°
Cuel 174 1.354
. Cue?2:Diversity .862 2.780
UALUI Diversity 17 3.536
Cue?2 .673 3.342
. BadFaces .027 1.026
UlhiU GoodFaces 544 9.721
Wzqlp PreferenceScore .008 0.149
Xvipm CorridorDistance: ECond .006 0.002
CorridorDistance .002 0.022
ECond .834 3.812

Note. Some object names in the effect column have been changed for readability.

Of the 27 classical significance tests conducted, 11 produced p values that indicated
evidence against Ho below that of a significance level of .05 (41%). Of these 11 p values, four
of them produced Decisive evidence against Ho. Three of the Bayes factors for these tests
also indicated Decisive evidence for Hi and one produced Anecdotal evidence for Ho. Five
significant p values indicated Strong evidence against Ho. For the Bayesian hypothesis testing
of these five classical significance tests, one Bayes factor indicated Strong evidence for Hi,
two indicated Promising evidence for Hi and two indicated Substantial evidence for Hi. Two

of the 11 significant p values indicated Anecdotal evidence against Ho, Bayesian hypothesis
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testing produced one Bayes factor that indicated Promising evidence for Hi and the other
indicated Anecdotal evidence for Ho. 16 of the 27 Classical Significance tests produced p
values that did not indicate notable evidence against Ho (59%). Of these 16, all Bayesian
hypothesis tests produced Bayes factors that indicated support for Ho. One indicated
Promising evidence for Ho, 10 indicated Substantial evidence for Ho and five indicated
Anecdotal evidence for Ho.

Both the p values and Bayes factors seem to largely covary. All non-significant p
values had corresponding Bayes factors that indicate support for Ho, and 10 of the 11 p values
that indicated significant evidence against Ho produced Bayes factors that indicated support
for Hi (91%). Of the 11 classical significance tests that produced significant p values, five of
their Bayesian alternative hypothesis tests produced Bayes factors that indicated weaker
evidence for Hi than the p values. Three of the 11 Bayesian alternative hypothesis tests
indicated a greater degree of support for Hi than the p values (27%). The latter is
contradictory to Wetzels et al.’s (2011) research, which found that Bayes factors were more
conservative than p values, finding that “70% of these experimental effects [p values] convey
evidence in favor of the alternative hypothesis that is only ‘anecdotal’ ” (Wetzels et al., p.
295).

As these findings were contradictory to existing literature, we investigated these three
Bayesian analyses further. We suspected that this might be due to an overfit of their priors
leading to an overemphasis on the strength of the evidence for Hi. To test this, we adjusted
the scale parameter » from the default medium to wide using the rscaleFixed argument within
the BayesFactor package in R and reported these findings below. As per our other Bayesian
analyses, we recomputed each analysis by a default of 1000 iterations, or 5000 if the

proportional error of items remained above 5%.
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Table 4

P values and Rescaled Bayes factors

20

Original BF

Rescaled BF

Effect p value
Object: Prime 012
CorridorDistance: ECond .006
CorridorDistance .002

0.101 (1.011 x 107
0.002 (1.937 x 10?)

0.022 (2.152 x 10?)

0.114 (1.148 x 107
0.004 (3.923 x 10?)

0.048 (4.792 x 10?)

When rescaled the Bayes factors become more in line with the p values, however this

was not to any notable degree. It is therefore unlikely that overfit is the primary reason for

these novel findings.

Fixed Order Sequential Analysis with Maximal »

After comparing the Bayes factors and p values produced from each complete dataset,

we then conducted the fixed order sequential analysis, the results of which are described

below.
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Table 5

Fixed order sequential analysis with Maximal n

Dataset Effect N BF o Smallest Sample Threshold exceeded
1/10 /6 1/3 3 6 10
AgnZl Group* 30 1.599 18
Agency: Effort* 35 3.485 16
DFDwT Effort* 1.598 8
Agency* 1.455 x 1073 4 2 2
Gender:Object: Prime 60 4.181 6 6 6 30
Age:Object* 3.579 48
Gender:Object 1.041 36
Object: Prime* 101 48 48 42
JcuWB Gender:Prime 1.394
Object 4.126 6 42
Age* 181 54 48
Gender* 33 42
Prime* 5.618 42
Congruency:Relationship* 19 123 16 10 8
NoMcC Congruency* 4.883 x 10712 2 2 2
Relationship* 4.347 10
Thkij MeanDiﬁ”ererice: Condition 19  3.142 x 10 6 6 6
Cuel 12 1.354 8
. Cue2:Diversity 12 2.780
UAIUI Diversity* 3.536 10
Cue2* 3.342 10
) BadFaces* 169 1.026 22 98
UlhiU GoodFaces* 9.721 2 78 160
Wzqlp PreferenceScore* 14 149 14 10
Xvipm CorridorDistance:ECond* 24 .002 2 2 2
CorridorDistance .022 24 24 22 6 10 10
ECond* 3.812 18

Note. While contrary to APA guidelines. the font size has been adjusted to size 10 for readability. Asterisks
indicate analyses whose initial Bayes factors exceed a threshold indicating support for the same hypothesis as
the maximal n.

As shown by Table 5, from the 27 fixed order sequential analyses, 25 produced Bayes
factors that exceeded at least one threshold prior to reaching the maximal n. Of these 25
sequential analyses, 12 exceeded only a single threshold and one exceeded all six thresholds.
On average, each analysis produced Bayes factors that exceeded 1.89 thresholds (SD = 1.31).
In total, the fixed order sequential analyses produced Bayes factors that exceeded 51
thresholds.

One consideration a researcher may have is the effect of predetermined thresholds in

optional stopping on efficiency gain. To examine this, we calculated the average efficiency
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gain for each fixed order sequential analysis at each threshold band by selecting the smallest
initial Bayes factors that exceeded each band. At the Substantial threshold band (3 & 1/3), 25
thresholds were exceeded across all analyses and the average efficiency gain was 49.62%. At
the Promising threshold band (6 & 1/6), 12 thresholds were exceeded across all sequential
analyses and the average efficiency gain was 24.64%. At the Strong threshold band (10 &
1/10), 9 thresholds were exceeded across all sequential analyses and the average efficiency
gain was 19.61%. This indicates that even with at our most stringent thresholds, we could
have reduced our sample size on average by ~20% and still identified informative Bayes
factors. To maximize efficiency gain, one could pause data collection at the most liberal
threshold of Substantial. In practice however, such efficiency gains are not always possible,
as one study can produce Bayes factors for multiple effects. This problem is shown below in
Figure 2.

Figure 2

Sample Sizes and Bayes factors from JcuWB Dataset, Fixed Order Sequential Analysis
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Note. The Log of the Bayes factors was used in this plot

Figure 2 illustrates the nine different factor trajectories derived from the fixed order

sequential analysis of the JcaWB Dataset. Each trajectory of Bayes factors varied during the
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Sequential analysis, with every effect producing a Bayes factor which exceeded at least two
thresholds at some point. This highlights a practical consideration researchers will encounter
— sample size considerations regarding one effect cannot be disentangled from another within
the same analysis or dataset. Selection of solely the minimum sample size that produces a
Bayes factor that exceeds a threshold is therefore not as simple as presented here. This
limitation will be explored further within the discussion section.

Furthermore, comparing these initial Bayes factors to the Bayes factor produced by
the maximal # led to instances of different research conclusions, the degree of the difference
in these conclusions based on these fixed order sequential analyses are discussed below. For
clarity, the factor produced from the smallest sample size in each sequential analysis that
exceeded the Substantial threshold of 3 or 1/3 is referred to as an initial Bayes factor.

Of the 25 Bayes factors that exceeded at least one threshold, 20 sequential analyses
produced initial Bayes factors indicating evidence for the same hypothesis as the Bayes factor
from the maximal »n: These are marked by an asterisk in Table 5. Eight of these 20 analyses
produced initial Bayes factors that exceeded the same threshold as the Bayes factor of the
maximal n. Therefore, in 40% of all sequential analyses, pausing data collection at the initial
Bayes factor that exceeded the threshold of Substantial evidence would have produced the
same degree of support for the same hypothesis as the maximal n. However, 12 analyses
produced initial Bayes factors that did not exceed the same threshold as the maximal #. One
example of this is shown in the analysis of the effect of Congruency.Relationship in the
NoMcC dataset. The initial Bayes factor exceeded a threshold of 3 with 8 participants,
whereas the Bayes factor of the maximal » exceeded the threshold of 6.

Four of the 12 analyses produced an initial Bayes factor that indicated a stronger degree of
evidence for the hypothesis than the Bayes factor of the maximal n. An example of this is

illustrated by the sequence of Bayes factors for the effect of Group in the AgnZI dataset in
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Figure 3 below. The Bayes factors initially indicates Anecdotal evidence for Ho, then reached
a global minimum indicating support for Hi before increasing to indicate Substantial support
for Ho at a sample size of 18 participants. Subsequent Bayes factors indicated weaker
evidence for Ho, with the maximal » indicating Anecdotal evidence for Ho. If these initial
Bayes factors were found during optional stopping, this would lead researchers to conclude
that the research overemphasized the support for the hypothesis in question. This is a
demonstration of how optional stopping can be overly sensitive to detecting effects. Another
example of this is in Figure 1, panel E, where the values peak at the thresholds of 1/10 & 10
which were used in Rouder’s (2014) simulation.

Figure 3

Sample Sizes and Bayes factors of Group, AgnZI Dataset, Fixed Order Sequential Analysis
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Note. The log of the Bayes factor was used in this plot.

Eight of the 12 analyses produced initial Bayes factors that did not indicate the same
degree of support as the Bayes factor of the maximal #, indicated a weaker degree of
evidence for the same hypothesis than the Bayes factor of the maximal n. An example of this

is in Figure 4 which shows the sequence of the Bayes factors derived from the effect of
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GoodFaces from the dataset UlhiU. Figure 4 shows that the sequence of Bayes factors for the
GoodFaces initially indicated Anecdotal evidence for Hi. Further participants reversed this
trend, with the maximal # indicating Strong evidence for Ho. Under optional stopping with
the substantive thresholds, researchers would conclude that the evidence for the hypothesis in
question is less than it could have been with more participants. These results illustrate a
potential drawback with optional stopping, where the aim to reduce the resources invested by
the researcher means they fail to detect more convincing evidence for their conclusions.

Figure 4

Sample Sizes and Bayes factors of GoodFaces, UlhiU Dataset, Fixed Order

Sequential Analysis
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Note. The log of the Bayes factor was used in this plot.

Replicated Random Order Sequential Analysis

To assess our findings from the fixed order sequential analyses, we conducted 27
replicated random order sequential analyses, allowing us to consider our initial findings when
compared to hypothetical replications that randomized the order participants were collected.

We summarize the results from this below.
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Table 6

Replicated random order sequential analysis

Dataset Effect BFot N Average Minimum Sample Size, Percentage of Total Sequences
BF <... BF > ...
1/10 1/6 1/3 3 6 10
AgnZI Group* 1.599 30 18,38
Agency:Effort 3.485 35 12,1 20, 100
DEDwT Effort 1.598 6,2 12, 54
Agency* 1.455 x 10718 4,100 4,100 2, 100
Gender:Object: Prime 4.181 60 6,13 6, 14 6,24 42,100
Age:Object 3.579 12,6 6,21 48, 100
Gender:Object 1.041 18, 20 18,27 24, 46 36, 17
Object:Prime 101 30, 49 36, 100 24, 100 36,4
JcuWB Gender:Prime 1.394 36, 13 36, 14
Object 4.126 12,3 12.3 6,30 30, 100
Age* 181 36, 28 36, 50 42,100
Gender 33 12,2 48, 100
Prime* 5.618 30, 100 48, 36
Congruency:Relationship* 123 19 16, 32 16, 100 12,100
NoMcC Congruency* 4.883 x 10712 4,100 4,100 2,100
Relationship* 4.347 12, 100
Tbkij MeanDifference: Condition* 3.142 x 107 19 6, 100 6, 100 4,100
Cuel 1.354 12 8, 11
) Cue2:Diversity 2.780 2,2 2,2 4,4
UAIUI Diversity 3.536 2,1 4,2 2,8 10, 100
Cue2 3.342 2,1 4,3 10, 100
L BadFaces* 1.026 169 56,16 54,33 58, 49 20, 90 56,43
Ulhit GoodFaces* 9.721 22,2 28,4 22,7 18, 100 68, 100 142,71
Wzglp PreferenceScore* .149 14 10, 11 14, 100 12, 100
Xvipm CorridorDistance:ECond .002 24 18, 100 12, 100 10, 100 2,79 4,37 4,17
CorridorDistance .022 18, 100 18, 100 16, 100 4,89 4,79 4,58
ECond* 3.812% 18, 100

Notes. Though this is contradictory to APA guidelines, the font size of this table has been reduced to size 10 for readability.
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As illustrated by Table 6, 27 replicated random order sequential analyses were
conducted. We calculated the Averaged Minimum Sample Size (AMSS) by averaging the
smallest sample size that exceeded a threshold across each of the 100 random orders. We also
determined how often the 100 replications contained a Bayes factor that exceeded a particular
threshold.

To determine how consistent our fixed order sequential analysis findings were, we
calculated the average percentage of total sequences for each of the 25 initial Bayes factor in
the fixed order sequential analysis that exceeded the Substantial threshold. We found that on
average, the same thresholds exceeded in the fixed order sequential analysis by the initial
Bayes factor were exceeded in 83.72% of the replicated random order sequential analyses.
This indicated that when reshuffled and replicated, our fixed order sequential analysis
findings remained consistent.

Furthermore, 17 replicated random order sequential analyses indicated different
sample sizes when comparing the AMSS, to the minimum sample sizes of their fixed order
counterparts, the largest difference found was 36 participants and the smallest being 2
participants (M = 8.71, SD = 9.13).

Discussion
Research Outcomes

Our research aimed to answer two main questions: How do Bayes factors and p values
from statistical tests other than 7 tests covary (Wetzels et al., 2011), and is Bayesian
hypothesis testing suitable within an optional stopping framework, simulated by a maximal n
Sequential Bayes factor design as per Schonbrodt and Wagenmaker’s 2018 paper using real-
world data.

After conducting both classical and Bayesian alternatives to ¢ tests and Analyses of

Variance, our results indicated that p values and Bayes factors largely covary when
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evaluating the strength of the evidence for a null versus alternative hypothesis as per Wetzels
et al.’s (2011) findings. Our findings therefore support the conclusion that Bayes factors are a
useful metric by which to conduct hypothesis testing. Further, we found Bayes factors that
were more conservative in estimating the strength of evidence in favor of the alternative
hypothesis (compared to the null) than p values, a solution to what researchers posit is the p
values tendency to overestimate the evidence against the null hypothesis (Benjamin &
Berger, 2019; Jeffreys 1963; Goodman, 1999). However, Wetzels et al.’s observations that
Bayes factor were more conservative than p values was less consistent when it comes to
Bayesian Analyses of Variance, even when ad-hoc testing in which we rescaled the »
parameter confirmed this was unlikely due to overfit. These notable findings suggest that if
Bayes factors are used in Hypothesis testing with Analyses of Variance, the Bayes factors
produced might not be more conservative when it comes to supporting the alternative
hypothesis stating that there is a main effect/interaction effect. This consideration suggests
caution in instances where other measures such as p values are not able to assess the strength
of the evidence for a hypothesis, as is the case with Ho. While these comparisons partially
reaffirmed findings from other researchers, they also produced novel avenues for further
exploration, the disproportionate and comparatively small sample when considering other
research like this (comparing 25 Analyses of Variance and two ¢ tests to the 885 ¢ tests
compared by Wetzels et al. 2011 most notably) potentially limits the generalizability of these
findings. Future research with a greater inventory of research findings would allow for a
richer and more nuanced investigation as to the relationship between Bayes factors and p
values.

We considered whether a maximal » sequential analysis using real-world data was a
suitable design. We first began by conducting a fixed order sequential analysis to investigate

whether, when applied retrospectively, smaller samples than the maximal » of each analysis
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would have produced compelling evidence, as well as to investigate whether the resulting
Bayes factors differed significantly from those at the maximal n. Our fixed order sequential
analysis found that almost every model comparison produced significant Bayes factors at
sequential steps prior to its maximal n (93%). As referenced by Schonbrodt and
Wagenmakers, “the purpose of a prospective design analysis is to facilitate the design of a
study that ensures a sufficiently high probability of detecting if an effect exists” (Schonbrodt
& Wagenmakers, 2018, p.130). Applying a strict definition, our maximal »n sequential
analyses were successful in detecting an effect prior to the maximal n, meaning that if this
condition was applied prior to the collection of these datasets, it would have saved
researchers resources and time. However, since this is real data, we do not know the
underlying truth, so success can only be defined regarding the conclusion drawn at the
maximal n. Also, it is important to note that a researcher who blindly pauses data collection at
the first informative Bayes factor is likely to end up with a very small sample. In most Fixed
order sequential analyses, the smallest sample which produced an informative Bayes factor
was less than half the size of the maximal n. While Schonbrodt and Wagenmakers assert that
researcher may set a minimal sample size to be collected, no firm guidelines are proposed.
While research in other fields has been conducted to calculate appropriate minimum sample
sizes to reach predefined targets in clinical trials (Tan & Machin, 2002; Mayo & Gajewski,
2004) such a topic is less explored within Psychology. Contemporary research into
determining sample sizes for Bayesian ¢ tests and Welch’s test with simulations have been
published (Fu, Hoijtink, & Moerbeek, 2021). However, such research is yet to extend to
either Analyses of Variance or real-world data. We believe that this is a fertile ground for
future research in which Bayesian sample size calculation is coupled with Bayesian
sequential analysis, illustrating to researchers in Psychology with real-world examples, the

steps they may take to increase their efficiency during data collection, while still producing
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results that are “real, reliable, replicable, and hence worthy of academic attention” (Wetzels
etal., 2011, p. 291).

While our fixed order sequential analysis produced Bayes factors that exceeded 51
thresholds across all 27 analyses, our replicated random order sequential analysis increased
this to 84. The replicated random order analysis allowed us to consider how biased our fixed
order sequential analysis was to participant order by hypothetically repeating our sequential
analysis 100 times with a random order. We found that our fixed order sequential analyses
findings were consistent, as a large percentage of the sequences in the replicated random
order sequential analyses also found Bayes factors that exceeded the same thresholds as the
initial Bayes factors on average 83.72% of the 100 replications of each analysis. Therefore,
our replicated random order sequential analysis supports our fixed order sequential analysis
findings.

Practical Limitations and Conclusion

While our results are interesting, certain methodological decisions might have
negatively impacted various components of our research. Within this Discussion section we
begin by considering the relatively minor decisions (choices on key reproducible analyses,
differences in threshold size between p values and Bayes factors, mostly statistical tests
producing non-significant p values). We then discuss the methodological decisions that may
have a more serious impact on the generalizability of our findings (our choice of priors and
the utility of optional stopping with Bayesian Hypothesis Testing).

When selecting key reproducible analyses, we did not include a linear mixed-effect
analysis from the NoMcC dataset due to it being produced using SPSS Version 24. As a
result, not all the statistical analyses that we categorized as key were considered. Future
research that includes reproducing existing analyses might consider using multiple statistical

programs to avoid such a problem.
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Furthermore, this research used thresholds adapted from Wasserman and other
author’s 2011 research for classifying both the p values and Bayes factors. As a result,
however, p values were placed in fewer threshold bins than Bayes factors, meaning that p
values from .01 and smaller covered one threshold bin, unlike their Bayes factor counterparts
which covered four. The use of threshold in general however is somewhat debatable. While a
Bayes factor threshold of 3, 1/3 was deemed useful due to its rough approximation of the p
value significance level of .05 (Jeffrey, 1963). Recent efforts made by the scientific
community to propose changing the significance level of a p value to .005 (Benjamin et al.,
2019) illustrate the degree to which even this threshold is arbitrary. While thresholds allow
clear classification of Bayes factors, it should be emphasized that exceeding a threshold is not
the only metric by which to assess Bayes factors.

Different statistical tests required different numbers of minimum participants. As a
result, different sequential tests began with a minimum pool of participants of varying sizes.
To mimic real decisions researchers may make during data collection, we added an equal
number of participants to each group during each sequential step, as Analyses of Variance
with unequal group sizes can lead to pronounced Type I error rates (Troncoso Skidmore &
Thompson, 2013). As such however, different datasets of similarly sizes had significantly
more or less sequential steps prior to the maximal »#. This was a limiting factor in capturing
nuance when evaluating and comparing the results of the Sequential analysis across datasets.
While a position we still believe to be valid, it did limit the number of BF we collected within
every Sequential analysis.

As with all maximal » analyses, we are reliant on assuming that the maximal # is
more indicative of the ‘truth’ than the smaller sequential samples. While this is intuitively
likely, as we have demonstrated in Figures 2-4, Bayes factors can shift in not only the

strength of their support for a hypothesis, but as support for either Hi or Ho. It is not
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unthinkable therefore to assume that one or more of these maximal »’s might not be
indicative of the degree of a Bayes factor calculated using more data. Such a consideration
was apparent to us, and while comparisons were made between the BF of the maximal 7 to
those produced from each Sequential step, we avoided considering one BF or another ‘false’.
For utility, we selected default priors used by the BayesFactor package. This was to
minimize the number of assumptions we made prior to analysis, as we did not feel that we
have the required domain knowledge to create more informed priors. Such an argument stems
from a particular view of the philosophical framework by which to consider the relationship
between Bayesian Statistics and probability, so called Objective Bayesianism (Joyce, 2004).
Objective Bayesians assert that there is a way by which to set priors such that they correctly
represent uncertainty. Other Bayesians would disagree with this approach however, arguing
that priors represent the subjective degrees of belief, or credences, by the researcher. This
perspective is referred to as Subjectivist Bayesianism (Joyce, 2011). While Subjectivist
Bayesians would assert that any prior is sufficient, they would also posit that this is due to it
representing the agent’s personal degree of belief (de Finetti, 1937). However, researchers
have argued that by de Finetti’s definition of personal belief as “a willingness to bet at small
stakes, at the odds given by the prior.”, Bayesians would not agree to such a definition in
practice (De Heide & Griinwald, 2021, p. 808). When investigating the impact of default
priors on optional stopping, De Heide and Griinwald (2021) took issue with the use of default
priors within optional stopping, namely that by Rouder’s 2014 definition of how the Bayesian
method can interpret results used by optional stopping, which they referred to as prior
calibration, are of limited relevance or undefined. De Heide and Griinwald (2021) found that
while optional stopping within a Bayesian framework is interpretable as found by Rouder’s
(2014) simulations, they found that sampling from the parameter prior of H1 is not practical,

as this parameter would reflect a single fixed population value. De Heide and Griinwald
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(2021) also conducted two separate replications of Rouder’s (2014) simulations, one where
the ¢° is unknown and treated as a nuisance parameter and again when each of the 40,000
experiments were sampled until the posterior odds were at least 10-to-1. In both conditions,
they found that Rouder’s simulation no longer demonstrated a calibration between the
observed posterior odds and the nominal posterior odds. Such findings they argued, indicated
that by this strong calibration, the accuracy of Bayes factors derived from optional stopping
which employs default parameter priors is questionable. De Heide and Griinwald advised
researchers who employ optional stopping to use robust analyses referred to collectively as
safe tests to reduce the likelihood of Type I errors and to reach the threshold of strong
calibration (Griinwald, De Heide, & Koolen, 2020). As the employment of default parameter
priors seems to be problematic in instances, future research should conduct robust analyses
on the use of default priors would clearly mitigate Type I error which may have impacted the
findings of this research.

In conclusion, while certain methodological decisions were taken which to varying
degrees impacted our experiment and should therefore influence the reader’s evaluation of
our findings, this research produced novel findings which further evaluated the use of
Bayesian hypothesis testing with real-world data across a larger range of statistical tests than
previously investigated. This research also demonstrated the utility of maximal » sequential
analyses with Bayes factors using real-world data and obtained findings that supported
conclusions reached by Schonbrodt and Wagenmaker’s (2018) research, but also produced
results which were contradictory to our expectations and warranted further study. In our mind
Sequential analysis can be efficient as it clearly produces informative Bayes factors that
would reduce the number of participants a researcher would need to gather. Further, when
conducting replicated random order sequential analysis during data collection, this can both

reduce the bias which the participant order can introduce in data collection, by reshuftling
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existing participants and allowing researchers to consider informative Bayes factors in the
aggregate, it can also allow exclusion criteria to be considered and allow a more nuanced
perspective on the data being collected. Further, we believe that with future research that
attempts to calculate appropriate minimum sample sizes for Bayesian hypothesis testing
using Analyses of Variance and evaluated using real world data, we believe that optional

stopping would be an efficient way for researchers to collect data.
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