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Abstract

In this master thesis, we study a stochastic model for genetic evolution. In particular,
we add random resampling rates to the standard Moran model. Before the process starts,
we let every individual in the population of size N choose at random a resampling rate from
a finite set of size K of possible rates. We look at the K-vector of fractions of individuals
with a given resampling rate and one of the two possible types. We show that, as N — oo,
the scaled process converges in distribution in the Meyer-Zheng topology, which is a specific
topology on the space of cadlag paths. The limiting process lives on the K-dimensional
simplex and its components are deterministic fractions of the total sum of components. The
total sum performs a Wright-Fisher diffusion, with a diffusion constant that is the weighted
average of the resampling rates. If the resampling rates scale with N and all converge to the
same constant r > 0 as N — 0o, then we obtain a similar result. In that case, the limiting
process has diffusion constant r. If the resampling rates scale with N and converge to 0, then
the random process converges in distribution in the Skorohod topology to a deterministic
process.
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1 Introduction

Humans, plants and animals have been around for a very long time. Over a period of 3.5 billion
years, they all evolved from tiny multicellular organisms [1], [2]. The different species adapted
to the environment through natural selection [3]. Small mutations in the genes of the offspring
may result in traits that yield an advantage over others. When an organism has traits that make
it have an advantage with respect to survival or reproduction, these traits are more likely to be
passed on to future generations [4].

The study of genetic evolution was pioneered by Charles Darwin and Alfred Russel Wallace,
who argued for their hypothesis of natural selection in careful detail [5]. However, how genetics
worked precisely remained unclear until Friedrich Miescher first isolated DNA in 1869 [6]. In
1953, James Watson and Francis Crick, with the help of Rosalind Franklin and Maurice Wilkins,
discovered the structure of DNA [7]. After this, genetic research went into high gear [8].

There is still a lot to learn. Further knowledge on evolution can be valuable for predicting
the development of viruses [9], [10], creating advantageous modified crops [11], and making
advances in the battle against genetic diseases [12]. That is why, in this master thesis, we study
mathematical models that give insight into genetic evolution.

In Subsection 1.1, we present a few basic probabilistic models of genetic evolution and a few
variations on these models. In Subsection 1.2, we explain what changes we make to these models
and we state our main result.

1.1 Existing mathematical models

Reproduction and evolution are decidedly complex. There are so many factors at work that it
would be impossible to take them all into account. However, this complexity can be encoded by
using randomness. The probabilistic models that ensue from this idea are not perfect reflections
of reality, but they do give us insight into the process of evolution.

In this section we discuss a few basic probabilistic models of genetic evolution. In particular, we
look at the Wright-Fisher model and the Moran model. We refer to [13] for more background
information.

The Wright-Fisher model and the Moran model consider a population of size N in which each
of the individuals has one of two types of a trait: for instance, blue feathers or red feathers,
green eyes or blue eyes, blonde hair or brown hair. As time progresses, the individuals in the
population procreate and their children adopt the types of their parents. An interesting question
is: How does the distribution of types evolve as the population size goes to infinity?

1.1.1 The Wright-Fisher model

The earliest versions of the Wright-Fisher model were created in the early 1940’s [14]. To define
this model, take a population of N individuals. Each individual has type © or type #. After
each unit of time, there is a completely new generation. Each of the new individuals chooses
a parent uniformly at random from the previous population and adopts its type. Note that
this is a model for haploid populations, which means that each individual has only one parent
instead of two. When individuals have two parents, the population is called diploid. Under some
constraints, the Wright-Fisher model can be used to represent a diploid population as well, when
the population size is taken to be 2N.

Let X,, be the number of individuals of type © at time n. For finite IV,

lim P(X, =0or X, =N) =1,

n—oo




J.E.P. DRIESSEN Leiden University May 23, 2022

because 0 and N are traps. Namely, if there are no individuals with type © in the population,
no individual of the next generation can adopt type . The reverse holds when no individual
has type .

Now that we have defined the random process X = (X, )nen,, We scale it in time and space to

get

1
v = NX(Nﬂv t>0.

Here, we speeded up time with a factor N, using [-] to get the upper integer part. We shrunk
space by a factor N in order to be able to look at the fraction of individuals with type © in the
population, instead of counting the total number of individuals with type ©. We speeded up
time because significant changes in genetics only happen after a long time. The upper index N
is there as a reminder that the process depends on N. It turns out that, in the limit as N — oo,
the scaled process actually does something interesting. Namely, YV = (V;");>¢ converges to
Y = (Y})>0 in distribution on the space of cadlag paths endowed with the Skorohod topology.
The process Y = (Y;)i>0 is the Wright-Fisher diffusion, defined by the stochastic differential
equation
Y, = VY,(1 - Y;) dWi.

Here, W = (W});>0 is the standard Brownian motion. This statement is proven by showing that
the infinitesimal generator Ly of Y = (Y (¢));>0 converges to the infinitesimal generator L of
Y = (Y%)t>0, which is given by

(D) = 3yl 4)f"(w), ye.1]

for smooth test-functions f.

1.1.2 The Moran model

The Moran model is a continuous-time version of the Wright-Fisher model. It was first proposed
by Moran in 1958 [15]. The process XV = (X{V)i>0 is the same, except that each individual
resamples and chooses a new parent at rate 1. Thus, the resampling is done sequentially instead
of in parallel.

We again scale in time and space to get
N_ LN
Y; == NXN“ t 2 O

In the limit as N — oo, the scaled Moran model also converges to the Wright-Fisher diffusion.
The only difference is that it runs twice as fast: the infinitesimal generator Ly of YV = (Y}V);>o
converges to 2L instead of L.

1.1.3 Variations of the standard Moran model

The standard Moran model can be adapted to give a more accurate reflection of reality by adding
mutation, selection, or migration.

Mutation is added to the model by letting each individual suffer a type mutation directly after
resampling. With probability u € (0, 1) it changes into type © and with probability v € (0, 1)
it changes into type #. With probability (1 — u)(1 — v), it does not mutate. Note that the
mutations happen irrespective of the current type of the individual. When a mutation & — &
or © — Q occurs, we treat it as if the individual did not mutate.

In reality, when a gene mutates, the probability that it mutates into a type that was seen before
is small. That is why Kimura introduced the infinite alleles model in 1968 [16]. In this model,
any time an individual mutates, a new type is created.
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With selection, one type resamples faster than the other. This means that the slower type has an
advantage, as individuals with that type stay the same for a longer period of time. To implement
this, we decree that each individual of type # resamples at rate 1, while each individual of type
Q resamples at rate s # 1.

Migration is added to the Moran model by creating different colonies. When an individual in a
colony resamples, it chooses with probability v € (0,1] a different colony, and with probability
1—wv its own colony. After that it chooses its parent uniformly at random from the chosen colony.

1.2 The Moran model with random resampling rates

In the models described above, all the parameters are deterministic. In particular, each indi-
vidual has the same deterministic resampling rate. We wondered what would happen when the
resampling rate of each individual is chosen at random. More specifically, what if individuals
choose their resampling rate randomly, according to some law on a finite set of possible rates?
In what follows, we study the quenched process in which the resampling rates are chosen first
and do not change while the process runs.

It turns out, as we will see in Theorem 2.1, that the process converges to a process whose
components are deterministic fractions of the total sum of the components. This sum performs a
Wright-Fisher diffusion, with a diffusion constant that is determined by the relative significance of
the different resampling rates. More formally, let K be the number of possible resampling rates,
let 7 be the possible resampling rates for k € [K] = {1,..., K}, and let u; be the probability
that an individual has resampling rate r,. Let Y,V (¢) denote the fraction of individuals at
time Nt that have type O and resampling rate ry. Then the process YV = (Y (t))i>0 with
YN (t) = (VN (¢)re[x) converges in distribution on the space of cadlag paths endowed with the
Meyer-Zheng topology. The Meyer-Zheng topology is a specific topology that is weaker than the
Skorohod topology, as we explain in Subsection 2.4.

The limiting process Y = (Y (t))s>0 lives on [0,1]% and is given by
Yi(t) = S (t)

for all k € [K], with S(t) = )¢k Yk(t). Note that each Yj(?) is a deterministic function of
S(t). It turns out that the process S = (S(¢))¢>0 is the scaled Wright-Fisher diffusion, defined

by
dS(t) = vDS(t)(1 — S(t)) dW (¢)
with D =37, ¢k i The state space of S is [0, 1].

The above statement is intuitive, because the only difference between the total fraction of in-
dividuals with type © in this model and the standard Moran model is that some individuals
may resample faster than others. The term D = Zke[ K] PETR precisely accounts for this, as it
matches the resampling rates with their relative weight in the population.

After proving the main theorem, we analyse what happens when the random resampling rates
scale with the population size. We elaborate on this in Section 3. If the resampling rates scale
with N such that limy_,o rp = r for all k& € [K] and for a certain r > 0, then we again obtain
the Wright-Fisher diffusion, but with diffusion constant r instead of D. If the resampling rates
scale such that limy_, o 7 = 0 for all k& € [K], then the process converges in distribution in the
Skorohod topology to a deterministic process.

We do not consider the process in which there are countably infinite or uncountably infinite
possible resampling rates. These and other possible future questions are discussed in Subsection
4.
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2 Finitely many resampling rates

We introduce the random resampling rates in Subsection 2.1 and the random process in Subsec-
tion 2.2. After that, we scale the process and state the main result in Subsection 2.3. The proof
of this result requires several steps of reasoning, which we split up into a main argument and
several technical lemmas. The main argument is explained in Subsection 2.4. The lemmas are
proven in Subsection 2.5 and 2.6.

2.1 The random resampling rates

Consider the Moran model, but with random resampling rates instead of fixed rates. We study the
case in which there are finitely many resampling rates. Thus, each individual in the population
has a random resampling rate that is drawn from a set ¥ C Rsq such that |[¥| = K € N. We
write U = {r,...,rx}.

In order to assign the resampling rates, we need a probability space and a random variable.
So, define the sample space ) = ¥ and add the c-algebra F = P(2) to get the measurable
space (€, F). Define the probability measure P by putting P(ry) = puy for k& € [K], such that
Zke[K] pr = 1. We require that uy > 0 for all k& € [K]. This gives us the probability space
(Q, F,P). Now define the random variable Z : Q@ — R, that maps an element onto itself. Finally,
define the law v such that v(B) = P(Z € B) for every B € B(R).

To make the model as simple as possible, we assign the resampling rates to the individuals
independently and before the process starts. To do this, define R = (7;);en in which the 7; are
independent and identically distributed with law v. Individual ¢ of the population resamples at
rate 7;.

2.2 The random process

In this subsection, we formally establish our random process and introduce the necessary nota-
tion.

Let N € N be the size of the population. Individuals are labelled {1,..., N} and carry either

type © or type #. The type of individual ¢ at time ¢ is denoted by 7;(¢). Define X },ff,’R) (t) as
the number of individuals of type n with resampling rate p at time ¢. To monitor the process,
we define

X(8) = (X" ()kerxy-

Note that we sort all the individuals with type © by their resampling rates. We drop the
upper index (N, R) for now, but we remember that the population has size N and the assigned
resampling rates are given by R. Further note that we may just look at type © instead of both
Q and #, because

Xro(t) + Xra(t) = Xr0(0) + Xr.a(0)

for all » € R and all ¢t > 0, because the total number of individuals with a specific resampling
rate does not change. Therefore, it is useful to define 7, € Ny for k € [K], where

g = Xr,,0(0) + X, a(0).
In other words, 7y, is the total number of individuals with rate 7. It is clear that ), €[K] nE = N.
The state space of X = (X (t)):>0 is given by

Q={z= ()ker) |2k € Ng and 0 <z <7 V k€ [K]}.
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To analyse X, we define the operator THA . Q — @ as follows: for A € {—1,+1}, k € [K], ex
the unit vector, and = € @Q, put R
TFAz = z + Aey,.

This operator encodes the event that an individual with resampling rate r; changes its type.
Namely, when A = —1, an individual with rate r, and type © chooses a parent with type &
and adopts its type. When A = +1, an individual with rate r; and type # chooses a parent
with type © and adopts its type. The rate at which the process does this is given by R¥A | with
RkA Q — R defined as

- . 1
RPN (z) = ray, Z (fu — 1) N
l€[K]

) ) 1
RFY(2) = ryp (g — o) Z 2| &
l1€[K]

It is easy to see that the change 7%~!(z) happens at rate R¥~!(z), because there are xy
individuals with type © that can choose a new parent from the population at rate r;. In order
for such an individual to change to #, it needs to choose a parent with type #. There are
>1e(r) (fu — 1) individuals of type & in total, and the individual chooses one of them uniformly,

which explains the factor . The explanation for R¥: +1(z) goes analogously.

Note that the transition rates R¥2 and the transition operators 7% only depend on the current
state of the process. Therefore, we conclude that X = (X (¢))¢>0 is a Markov chain.

Using what we found so far, we can now write down the infinitesimal generator Ly of X. Let
f:@Q — R be a bounded and continuous function, and let x € (). Then

InhH@) =3 3 RMA@UE) - f(2).

ke[K] Ae{—-1,+1}

This generator gives us both an intuitive idea and further knowledge of the random process X.
The next step is to scale X, which we do in the next subsection. Later, the generator of the
scaled process will be used in Subsection 2.5 in the proof of one of the lemmas.

2.3 The scaled process and its limit

Just like in Subsection 1.1, we scale the process in time and in space. We scale in space by
a factor %, because if we take the limit N — oo, then the total number of individuals with
type © diverges, while the fraction of individuals with type © might converge. We scale in time
with a factor NV to speed up the process. This is again intuitive, because genetic change is only

significant after many generations.

Therefore, define

XN(Nt)
VN (t) = = —
() = T
as the fraction of individuals of type © with resampling rate r at time ¢. Also define the variable
~ N
ny = %, which is the fraction of individuals with resampling rate ;. Note that ny € [0,1] and

ZkE[K] ny =1.
The random process Y = (YN (t));>0 with YN () = (V¥ (t))ke(x) lives on the state space

Q={y=Wr)ker) |0<wye <np VEke[K]}cC[o,1]"
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In fact, yx is a multiple of & for all k € [K].

Similarly as before, we get the transition operators 752 : Q — Q with

TkA —‘rA

and the transition rates

REH(y) = re(n) —yi) | D we

l€[K]

Finally, we substitute the operators and the transition rates into the infinitesimal generator for
X, to find the infinitesimal generator for Y'V:

(InHy)= > > RFA) [F(TH%y) - fy)] N*.

ke[K] Ae{—-1,+1}

The term N? comes from the time scaling by N and the fact that RF4 = L RFA,

Now that we have established the necessary definitions and notations, we can state our main
theorem. To do this, we note that nf;’ = ¥ converges to uy in probability as N — oo for all

k € [K], by the law of large numbers. Furthermore, define the constant D = Zke[K] LTk

Theorem 2.1. Given the assigned resampling rates R = (7;);en, where the 7; are iid with law
v, the process YN = (YN(t));>0 converges in distribution on the space of cadldg trajectories
endowed with the Meyer-Zheng topology to the process Y = (Y (t))i>o that lives on [0,1]% and is
defined by Y (t) = (Yi(t))ke[x) with Yi(t) = uxS(t), k € [K]. The process S = (S(t))t>0 lives on
[0,1] and solves the stochastic differential equation

= /DS(t)(1 - 5(t)) dW (t)

where W = (W (t))i>0 is the standard Brownian motion.

As mentioned before, this theorem is quite intuitive. The standard Moran model converges to
the Wright-Fisher diffusion, and the only difference here is that individuals may resample faster
or slower than others. Thus, we need to account for the relative influence of the resampling rates.
This is precisely what is encoded in the factor D = Zke[K} LETE-

We remark that, for all k € [K], Y (¢) is a deterministic function of S(t). In fact, for i,j € [K],
the ratio between Y;(t) and Yj(t) is /‘j—] for all t > 0. The total fraction S(t) of type © performs

a Wright-Fisher diffusion, and Yy (t) is precisely the corresponding g fraction of S(¢).

2.4 Proof of the main theorem

Convergence of Markov processes is usually proven by showing that the infinitesimal generators
converge, as explained in [17]. However, we will see that the infinitesimal generator of the
process YV contains a factor IV, and therefore diverges as N — oco. Instead, we will prove that
the process converges in the Meyer-Zheng topology.

A natural topology on the space of cadlag trajectories is induced by the supremum norm. How-
ever, this is inapplicable in the presence of jumps, which we do encounter in our process. Another
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topology on this space is the Skorohod topology, that gives flexibility in time and space. If two
paths are mostly the same, but there is a small amount of time between their respective changes,
then the Skorohod topology states that the paths are close. This topology is coarser than the
topology induced by the supremum norm. Even weaker is the Meyer-Zheng topology, which was
introduced by Meyer and Zheng in 1984 [18]. In addition to giving flexibility in time and space,
this topology also gives flexibility in terms of local times. If for most of the time the process
converges in space, the process converges in the Meyer-Zheng topology. For more background,
we refer to [18], [19], [20].

2.4.1 The Meyer-Zheng topology

Let vy : [0,00) — @ denote the path of YV and let v : [0, 00) — @ denote the path of Y. Define
the corresponding pseudopaths v, and 1, like in [18]. Let f € Cy(E), where Z is the space of
all pseudopaths. Then, according to [19],

%N(f)z/[0 )f(t,vN(t)) e tdt.

Suppose that f(t,z) = Lic[q,) f(z), with f : @ — R bounded and continuous and 0 < a < b < oo.
The set of functions defined in this way generates Cp(Z). Results can thus be extended to all
bounded and continuous functions by using the standard machinery of measure theory.

We can write

b
ox (f) = / Flon(t)) e~ dt.

To prove convergence in the Meyer-Zheng topology, we need to show that

By using [20] and doing some rearranging, we get that the latter is equivalent to

lim E

N—o00

b
/ YN @) - F(Y (1)) e_tdt] —0.

Suppose that f is Lipschitz continuous with Lipschitz constant C' € R. By the Stone-Weierstrass
theorem, the space of polynomial functions defined on the set of closed intervals in [0, 1] is
dense in the space of continuous functions defined on [0, 1]¥. Furthermore, the space of Lipschitz
functions contains the space of polynomial functions. This means that any result for Lipschitz
functions can be generalised to continuous f. We find that

E

b
/ [FOYY(B) = F(Y (1)) e dt]

<CE /b Y@ - V()] etdt| = C/b]EHYN(t) CY ()] et dt.

By Fubini’s theorem we may indeed interchange the integrals, because both integrals are obvi-
ously finite: ¢ +— e~* is integrable and Y and Y are contained in the set [0,1]". Note that we
write | - | instead of || - ||1, for ease of notation.

In summary, if we can prove that, for all ¢ > 0,

lim E[Y™(t) - Y(®)]] =0,

N—o00

then we have proven that Y~ = (Y (¢));>0 converges to Y = (Y (t));>0 in the Meyer-Zheng
topology.

10
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2.4.2 Proof
Define the sum S™(t) = 3,5 Vi (t). Furthermore, define the random processes YN(@t) =
(YkN(t))ke[K] and YN (t) = (YkN(t))ke[K] by putting, for k € [K],

?kN (t) = néVSN(t)v

V() = SN (2).
Note that both Y~ and YV take values in [0,1)%. By the triangle inequality,
E[YN(t) =Y ()] <E[YN (@) =YY@+ E[YN (@) = YN0 +E[[YN () - Y(©)])-

Therefore, the proof is complete when we show that all three terms converge to zero.

The middle term is straightforward, because

YN@) = YN0 <Y | — | SV ()]
ke[K]

which converges to zero, because |S™ (¢)] < 1 and nl — py, almost surely as N — co by the law
of large numbers. For the other two terms, we need the following lemmas.

Lemma 2.2. E[|[YN(t) — YN (t)|] converges to zero as N — co uniformly in t.

Lemma 2.3. The sequence of processes SN = (SN (t));>0 converges in distribution to the process
S = (S(t))i>0 in the Meyer-Zheng topology as N — oo.

Note that, because } () e =1,
E[VY (1) = Y ()] = E [| (15~ () = mS(0) yeirq| | =B IS¥ (1) = 5]
Thus, given Lemma 2.2 and 2.3, we conclude that E[|[Y N () — Y (¢)]] — 0, so we indeed find that

YN = (YN(t))i>0 converges to Y = (Y (t));>0 in the Meyer-Zheng topology. O

We prove Lemma 2.2 and Lemma 2.3 in Subsection 2.5 and Subsection 2.6, respectively.

2.5 Proof of the first key lemma
The idea of the proof is to find a Lyapunov function that rapidly decays to zero. Background

information on Lyapunov functions can be found in [21]. In order to be able to work with the
infinitesimal generator, we first write down a Taylor expansion.

2.5.1 Lyapunov function

Let f be a continuous and bounded function. The Taylor expansion of f(T*%y) — f(y) around
y is given by

A D 1 [0\ A [0
:N(?T/k (y)+2NQ(8yk> f(y)+6]\73<8yk> fly) +...

-5 (3) 7 () o>

F(TR2y) — fy)

11
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Substituting this into (L f)(y), we get

G =Y X mew | (SL) 10 e
kE[K] Ac{—1,4+1} = Ye/ I
ad - o\’ ,
=> > N? ]Tk(6> L‘?) Dy (1= D> w |+ —w) | D w
=1 ke[K] Ye/j IE[K] 1K)

Note that for j > 3 the term in the sum is O(%), which converges to zero. For j = 2, we get

Z - i 2 f() _9 N
F\\aw) 2 Yk — 2Yk Z Y| +ny Z Y )
lE[K]

ke[K] le[K]

which has no factor N or % However, for j = 1, we have

N> (;f(@) —yk 0y Y w

Yk le[K]

As N — o0, this term diverges and so we need to find out how to properly control the limiting
process. Assume that f is a non-decreasing function. We see that if

yr > ny Z Yis

l€[K]

then the term is very negative because of the factor N, while if

yk < njy Z i,

l€[K]
then the term is very positive. This shows that the system wants to move close the manifold
where y, = nlY > iepr) i for all k € [K].

To prove this more formally, we define a Lyapunov function and apply the infinitesimal generator
to it. For ease of writing, we introduce the notation Ay = y; — n]kv >, yi- Using this notation,
we define the function & : [0, 1]5] — R given by

)= 3 AL

ke[K]

Let m € [K] and note that

OA
Wnﬁ = 5mk' - nkN7
where ¢ is the Kronecker delta.

The first-order partial derivative of h is given by

Oh{y)

ol = > sign(Aw) O —nd) = sign(Am) — Y sign(Ag)nl

ke[K] ke(K]

We recognise that the derivative of the absolute value does not exist in 0, but a continuous-time
process spends no time in a singleton. Thus, the above formula suffices as the partial derivative
of h(y).

12
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The higher-order partial derivatives of h are all equal to 0. Indeed, the second-order derivative
of h is equal to

(a) h(y) = 81/% sign(Ay) — Y sign(Ag)ngY

ke[K]

Again, we recognise that this is not entirely true. In fact, the derivative of the sign is twice the
Dirac distribution. However, a continuous-time process does not spend time in a singleton, so in
practice, we can use 0 as the second- and higher-order derivative of h(y).

Recall that
oh
(Lxh) () =N > mm [(y)} ~tm A0 [ D w ]|,
lE[K]

and recall that

Furthermore,
Do Ae= D m— | o || 2w =0
ke[K] ke[K] ke[K] le[K]

and, for each k € [K],
sign(Ay) € {-1,0,1}.

Therefore, if there exists a k € [K] for which Ay # 0, then there exists at least one k € [K] such
that sign(Ay) = —1 and at least one k € [K] such that sign(Ay) = +1. So,

> npsign(Ag) € (=1,1).

ke[K]

Consequently,

(Lyh)(y) =-N > rm m{ ()}

me[K]| 8ym
=—-N Z A | sign(A,, Z ny, &gn(Ak)
me[K] ke[K]

=-N Z rm|Am‘ 1_Sign(Am) Z nIICVSign(Ak)
me[K] ke[K]

>0

Thus we see that Lyh is very negative, unless |A,| is of order O(%;) for all m € [K]. In that
case the term is still negative, but of order 1. Intuitively, this means that the process makes sure
that h(YNV(t)) quickly decays to zero, which means that the Y,V () — nlY SN (t) quickly decay
to zero as well. Thus, we indeed see that the system wants to live close to the manifold where
yr =npy >,y for all k € [K].

13
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2.5.2 The process spends minimal time away from the manifold

For both the proof of Lemma 2.2 and the proof of Lemma 2.3, we need to know how quickly the
process gets close to the manifold where y, = nfy >, y; for all k € [K].

By the law of large numbers, we can write n{c\[ = ug + o(1). By using this and taking N large
enough, we can find an € = €((pr)re[k], R) > 0 such that, uniformly in y = (y&)re[x]

rm |1 —sign(A,) Z ny sign(Ag)
ke[K)

=1 | 1= sign(Am) Y (i + o(1)) sign(Ay)
ke[K]

=1 [1—sign(Am) > pesign(Ag) | — 1 |sign(An) Y o(1) sign(Ag)
ke[K] ke[K]

The inequalities are true, because r,, is fixed,

1—sign(Ay,) Y usign(Ag) € (0,2)
ke[K]

for all m € [K] uniformly in y = (yr)re[x], and we have chosen N large enough in order for the
term with o(1) to be negligible. Note that e does not depend on N. Thus, we find

(Lah)(y) =N > |Aplrm |1 —sign(An) > nisign(Ax)
me[K] ke(K]

<=N Y (Al

me[K]
= —Neh(y).

To see how the process behaves in expectation, define
g(t) = E[p(YN (1))]-

Then
g'(t) = E[(Lnh) (YN (1)) < E[-Neh(YN(t))] = —Neg(t).

Furthermore,

for some constant C; € R. Hence,
t
logg(t) + C1 < —/ ds Ne = —Net 4 Cs,

for some constant Cy € R. From this we get that

g(t) < 60270167N6t.

14
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By picking t = 0, we see that we need to take the constants C; and Cy such that
¢ = g(0) = E[n(Yy"))-
Thus,
g(t) < 9(0) e < [[A]|oce™ .

Note that this means that, as N — oo, the probability to be away from the manifold at time
t > 0 converges to zero.

We want to know how much time the process spends far away from the manifold. To that end,
we define the neighbourhood

Uwz{yteh(y)<;2}~

Pick a > 0. Use Markov’s inequality to estimate

(o) o0
EU dt]l{YN(t)szUN}]:E[/ dtl{h(YN(t»a;Q}}

= /:o dtP <h(YN(t)) > A;)

< /OO dt N2 E(h(YN (1))

= N? /:o dt g(t)

< ||hfloeN? / dt ¢~ Net

N
= [|hlloo— e~
€

The right-hand side converges to zero as N — oo. In other words, when the population gets
larger, the process spends less time outside the neighbourhood Uy after time a. However, « is
arbitrary, so we can take the limit « | 0 after taking the limit N — oo, to see that the process
spends no time outside the vanishing neighbourhood Uy .

Therefore, we see that Ay is O(5) for all k € [K], so we have indeed proven that, for all ¢ > 0,

1; N VN _ 1 N _ N N =0.
Jm E[YE(@) YR @) = lim E Y -0 IR0 0
lelk] ke[K]

2.6 Proof of the second key lemma

The process S7 is not Markov, so it has no infinitesimal generator. Nonetheless, the set of
functions that act on the sum of the components is a subset of the set of functions that act on
the full process. Thereby, we can investigate how the infinitesimal generator of YV acts on S¥.

Recall that yx, = nlYs + Ay for all k € [K], by the definition of Ay, with s = Zle[K] yi- Note
that 5 5

@ (s) = s (s)

15
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for any k € [K] and any bounded and continuous f. Hence,

Iahe =Y 3 N ((i)”ﬁ)

Jj=1ke[K]

) (= s+ A [T=s— [ D A | |+ s+ D Ac] | md(1—s)—Ax
ke[K]

—Z Z N2y ((;i) fﬁ?) [(=1)7 (np s + Ap) (1 — 8) + s(ng (1 — 5) — Ap)] -

J=1k€[K]

The last equality is true because

DoA=D | > Y ym| =0

ke[K] ke[K] ke[K] me[K]
N———’

=1

From the expression for (L f)(s), we find that all third- and higher-order terms are O(%;) and
thus converge to zero as N — co.

The first-order term is
Nf(s) | D el
kE[K]

We know from Subsection 2.5 that YV spends most of its time in the neighbourhood Uy, on
which Ay is O(%) for all k € [K]. Specifically, when N becomes larger, Y~ spends exponentially
less time outside Upy. But on Uy, the first-order term disappears as N — oo.

The second-order term is

Frs) || D0 memd | s@=s)+ | D mdg (; _5>

ke[K] ke(K]

So we can conclude that

Jim (Lnf)(s) = Ds(1 = 5)f"(s),

because the sum Zke[K] r A is of order O(5z) on Uy. Thus, SV = (SN(t))i>0 converges
in distribution to S = (S(t))¢>0 in the Meyer-Zheng topology. S performs the Wright-Fisher
diffusion with diffusion constant D = 3", (K] HkTk- This concludes our proof of Lemma 2.3, and
with it the proof of the main theorem. O
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3 Scaled resampling rates

So far, we have only studied resampling rates that are constant in N. In this section, we look at
random resampling rates that scale with N.

3.1 Strong resampling rates

Let r € R and take ¢ = (cx)rex) With ¢, € Rsq. Define 7, = 74 % for all k € [K]. Analogously
to before, we can construct the random process YV = (Y (#));>0 and we obtain a similar result.

Corollary 3.1. When limy_,o0 1, = 1 for all k € [K], the process YN = (YN (t));>0 converges
in distrubution to Y = (Y (t))i>0 in the space of cadlag paths endowed with the Meyer-Zheng
topology, where Y (t) = (Yi(t))reix) and Yi(t) = ppS(t). S = (S(t))i>0 performs the Wright-
Fisher diffusion with diffusion constant r.

To prove this corollary, we use the same arguments as for Theorem 2.1. In the limit as N — oo,
ri converges to r for all k € [K], and thus

Z Wil — T Z K =T

ke[K] ke[K]

3.2 Weak resampling rates

If instead we take rp = S and construct the process analogously to before, then we get the
infinitesimal generator

(Lnf)(y ZZNl Tey (6) M Dy (1= D> w |+ —w) | D w

!
J=1 k€[K] O J: le[K] le[K)

To see why, recall the infinitesimal generator from Subsection 2.5 and substitute r, = 3.

However, the second- and higher order terms of Ly f are O(%), 0]

Jim (L)) = LN = Y o (5t w) [-ntim | T

ke[K] ke[K]

Note that the limiting process is deterministic, because L is a first-order partial differential
equation operator.

Corollary 3.2. When limy_,oo 7k = 0 for all k € [K], the process YN = (YN (t));>0 converges
to a deterministic process in distribution on the space of cadlag paths endowed with the Skorohod
topology.

O
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4 Conclusion

In this master thesis, we studied the Moran model with random resampling rates. The set-up
was quenched, because the individuals first select their resampling rates at random, and then the
process runs. We have proven that the scaled version of the process converges in distribution in
the Meyer-Zheng topology as the population size N tends to infinity. The Meyer-Zheng topology
is a topology on on the space of cadlag trajectories which is coarser than the Skorohod topology.

The limiting process Y = (Y (t));>0 lives on [0, 1], where K is the number of possible resampling
rates. For k € [K], pr > 0 is the probability that an individual has resampling rate r;. The
limiting process Y is defined by Y (t) = (Yi(t))re[x) and Yi(t) = ppS(t). Here, S = (S(t))¢>o0
performs the Wright-Fisher diffusion with diffusion constant ke[k] HkTk- I other words, the
scaled Moran model with random resampling rates converges to a deterministic functional of a
Wright-Fisher diffusion with a diffusion constant that is the weighted average of the resampling
rates.

When the resampling rates scale with N such that limy_,., 7 = 7, the same proof applies and
we find that the limiting process is a deterministic functional of a Wright-Fisher diffusion with
diffusion constant . On the other hand, when the resampling rates scale such that limy_, o 7 =
0, the scaled process converges in distribution in the Skorohod topology to a deterministic process.

A natural question to ask is: What happens when there are countably infinite or even uncountably
infinite possible resampling rates? We would expect a similar result, but the proof needs work.
In the former case, we could try to first take the limit K — oo and after that take the limit
N — oo. In the latter case, all processes need to be redefined, because they no longer live on
the simplex [0, 1]%.

Other possible variations of the Moran model are when ¢ and # have different resampling rate
distributions and each individual chooses a new rate every time it resamples, or when each
individual adopts the resampling rate of its parent. Furthermore, we could also add mutation
to the model with random resampling rates, or add random mutation rates as well. To add
selection, an individual could choose a pair of resampling rates and use one when it has type O
and use the other when it has type #. In conlusion, there are a lot of opportunities for further
research on the Moran model with random resampling rates, or variations of it.
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A Notations

N number of individuals in the population
W = (W,)i>0 Brownian motion
v sample set of resampling rates
K cardinality of ¥, number of distinct resampling rates
[K] {1,..., K}
v law that assigns the resampling rates
Lok probability that an individual has resampling rate ry,
R = (7;)ien assigned resampling rates
7:(t) type of individual ¢ at time ¢
X 5%’R)(t) number of individuals with type n and resampling rate p at time ¢
X(t (X 0 (8))kek]
g total number of individuals with resampling rate 7y,
niy = %’“, fraction of individuals with resampling rate ry
Q state space of X
A e {-1,+1}
kA operator that encodes the possible transitions of X given its current state
Rk-A transition rates of X given its current state
Ly infinitesimal generator of X
YN(¢) L X(Nt)
state space of Y
TkA operator that encodes the possible transitions of Y given its current state
Rk-A transition rates of Y given its current state
Ly infinitesimal generator of YV
D 2 kelr] HkTH
S(t) Wright-Fisher diffusion with diffusion constant D
Y(t) limiting process of YV for N — oo, with Y, (t) = usS(t)
UN path of YV
v path of YV
Yy n pseudopath of YV
Uy pseudopath of Y
= space of pseudopaths
SN (t) Dreir) Vi ()
YN () ng S (t)
YN () SN (1)
Ay Yk — Nk D, Yi
h Lyapunov function & : @ — R with h(y) = > (s |k
Omk Kronecker delta
g(t) E[R(Y N (1))
€ lower bound for 7y, {1 — sign(Am) X e x] n{cvsign(Ak)}
o € R-( arbitrary
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