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Introduction

One can construct the field R of real numbers directly from the group Z of
integers without using Cauchy sequences or Dedekind cuts. The construction
is due to Schanuel and amongst others A’Campo [1] and Arthan [2] describe
it. Grundhöfer [3] describes the construction in a more algebraic way. The
construction uses certain maps that Arthan calls almost-homomorphisms. A
map f : Z→ Z is called an almost-homomorphism if |f(x+ y)− f(x)− f(y)| is
bounded. Furthermore, a map with bounded image f(Z) is called an almost-zero
map. It turns out that the set of all almost-homomorphisms is an abelian group
and that the set of all almost-zero maps is a subgroup of it. When considering
the quotient group, one finds quasi-homomorphisms. The quasi-homomorphisms
of Z to Z, denoted by QHom(Z,Z), actually form a ring, which turns out to be
isomorphic to the field of real numbers. Grundhöfer shows this by proving that
the map

QHom(Z,Z) −→ R,

f 7−→ lim
n→∞

f(n)

n

is a ring isomorphism.

The construction of R using quasi-homomorphisms is very elementary and
only uses relatively simple algebraic properties. Thus the question arises: can we
use a similar construction to describe other complex objects in a simpler way?
In this thesis, we will give an algebraic generalization of the definitions above.
Given arbitrary abelian groups A and B, we call a map f : A → B an almost-
homomorphism if the set {f(x+ y)− f(x)− f(y) : x, y ∈ A} ⊆ B is finite and
we call it an almost-zero map if the image f(A) ⊆ B is finite. Again, the set of
almost-homomorphisms AHom(A,B) turns out to be an abelian group and the
set of almost-zero maps Az(A,B) forms a subgroup. By a quasi-homomorphism
A→ B we mean an element of the quotient group

QHom(A,B) = AHom(A,B)/Az(A,B).

We will give more details on these definitions in the first chapter of this thesis.

We can compose almost-homomorphisms in the natural way. One should
note that although the right-distributive law holds for almost-homomorphisms,
the left-distributive law does not. However, we will show that both laws hold
for quasi-homomorphisms, which means that the natural composition of quasi-
homomorphisms is bilinear. We will prove the following theorem, which is based
on this observation:

Theorem. The class of abelian groups together with the class of quasi-
homomorphisms between them and the composition law given by

QHom(B,C)×QHom(A,B)→ QHom(A,C),

([g], [f ]) 7→ [g ◦ f ]

define an additive category.
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We thus find that for every abelian group A the group QEnd(A) := QHom(A,A)
of quasi-endomorphisms is a ring. Moreover, we can use the categorical proper-
ties of quasi-endomorphisms to investigate QEnd(A) in more detail for certain
fixed groups A.

In the third chapter of this thesis, we will consider the quasi-endomorphism
ring of the field Q of rational numbers. We will prove the following theorem:

Theorem. The quasi-endomorphism ring of Q is ring isomorphic to the rational
adele ring AQ.

In the construction used to prove this, we will also find that for any prime p the
ring QEnd(Z[1/p]/Z) is ring isomorphic to Qp, the field of p-adic numbers.

One might notice that R as well as Qp and the rational adele ring AQ have
a natural topology. This leads to the thought that we might be able to define
a general topology on QEnd(A) for each abelian group A. In chapter 4 we give
a suitable definition for convergence of sequences of quasi-homomorphisms and
we use this to define a topology on QEnd(A). Moreover, we show that this
topology coincides with the topologies on the rings mentioned above.
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1 Definitions and categorical properties

We will first generalize the notion of quasi-homomorphisms on Z to quasi-
homomorphisms on arbitrary abelian groups. From now on, we shall write
all groups additively. To make a sensible definition of a quasi-homomorphism,
we first need some other definitions. Let A and B be two abelian groups.

1.1 Definition. Let f : A→ B be a map. We write

Nf := {f(x+ y)− f(x)− f(y) : x, y ∈ A} ⊆ B.

Note that the set Nf can be seen as a tool to measure how “close” a map
is to being a homomorphism. If Nf is finite, it means that the map f behaves
like a homomorphism except for finitely many “mistakes”. This justifies the
following definition of an almost-homomorphism.

1.2 Definition. An almost-homomorphism is a map f : A→ B such that the
set Nf is finite. We denote the set of almost-homomorphisms from A to B by
AHom(A,B).
An almost-endomorphism of A is an almost-homomorphism A→ A. The set of
almost-endomorphisms on A is denoted by AEnd(A).

1.3 Example. A homomorphism f : A→ B has the property that Nf = {0}.
It is thus an almost-homomorphism.

1.4 Example. Consider the map f : R→ Z given by x 7→ bxc, where bxc is the
greatest integer m ∈ Z such that m ≤ x. It is easy to verify that Nf = {0, 1}.
We conclude that f ∈ AHom(R,Z).

It is clear that the set AHom(A,B) is an abelian group under pointwise
addition. The identity element is the zero homomorphism, denoted by 0, and
the opposite of an almost-homomorphism f is given by −f . Using the idea that
is used to define an almost-zero map on Z, we can define an almost-zero map
A→ B for arbitrary abelian groups.

1.5 Definition. An almost-zero map is a map f : A→ B such that the image
f(A) is finite. We denote the set of all almost-zero maps from A to B by
Az(A,B).

1.6 Example. Any constant map f : A→ B is an almost-zero map.

The reader should note that an almost-zero map f : A→ B is automatically
also an almost-homomorphism. We thus find that Az(A,B) ⊆ AHom(A,B). In
fact, the set Az(A,B) is a subgroup of AHom(A,B).

With the definitions above, we finally have enough information to define a
quasi-homomorphism from A to B.

1.7 Definition. A quasi-homomorphism A→ B is an element of the quotient
group

QHom(A,B) := AHom(A,B)/Az(A,B).

For f ∈ AHom(A,B), we shall denote the coset f + Az(A,B) by [f ]. The group
QHom(A,A) of quasi-endomorphisms is denoted by QEnd(A).
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By definition, for two elements [f ], [g] ∈ QHom(A,B) we have [f ] = [g] if and
only if [f−g] = [0], so if and only if the set (f−g)(A) is finite. When considering
quasi-endomorphisms on A, we find that QEnd(A) is not only an abelian group
but also a ring. Its multiplication is given by [f ] · [g] = [f ◦ g] and the unit
element is [idA]. The reader should be aware that distributivity is a bit tricky
here. Although the right-distributive law holds for almost-homomorphisms, the
left-distributive law does not. However, for quasi-homomorphisms both laws
hold.

1.8 Lemma. Let C be an abelian group and let f, g ∈ AHom(A,B) and h ∈
AHom(B,C) be three almost-homomorphisms. Then

[h(f + g)] = [hf + hg].

Proof. Let a ∈ A. Then

(h(f + g)− hf − hg)(a) = h(f + g)(a)− hf(a)− hg(a) ∈ Nh,

so the image of the map h(f + g) − hf − hg is contained in a finite set and is
thus finite. We conclude that h(f + g) − (hf + hg) ∈ Az(A,C), which proves
the Lemma.

Note that this Lemma implies that QEnd(A) is a ring for any abelian group
A.

Throughout this thesis, we will often consider the ”sum” and ”difference” of
multiple sets, for which we will use the following notation.

1.9 Definition. Let X and Y be two subsets of an abelian group. We define
the sum of X and Y to be

X + Y := {x+ y : x ∈ X, y ∈ Y }

and we define the difference of X and Y to be

X − Y := {x− y : x ∈ X, y ∈ Y }.

Of course, these definitions extend to the sum or difference of more than two
sets in a natural way.

Now that we have defined quasi-homomorphisms, one can consider them as
morphisms between abelian groups and wonder if this gives a category. The
following theorem states that the answer to that question is yes.

1.10 Theorem. The class of abelian groups together with the class of quasi-
homomorphisms between them and the composition law given by

QHom(B,C)×QHom(A,B)→ QHom(A,C),

([g], [f ]) 7→ [g ◦ f ]

define a category.

Proof. We should first check that the given composition law is well-defined. For
two almost-homomorphisms f ∈ AHom(A,B) and g ∈ AHom(B,C) the sets
Nf and Ng are finite. The following Lemma shows that then Ngf is also finite.
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1.11 Lemma. Ngf ⊆ g(Nf ) +Ng +Ng.

Proof. Let z := (gf)(x+ y)− (gf)(x)− (gf)(y) be an element of Ngf . Then we
have:

z = g(f(x+ y))− g(f(x))− g(f(y))

= g(f(x+ y))− g(f(x) + f(y)) + g(f(x) + f(y))− g(f(x))− g(f(y)).

Note that g(f(x) + f(y))− g(f(x))− g(f(y)) ∈ Ng. Furthermore, we know that
f(x+ y) = f(x) + f(y) + n for some n ∈ Nf , so we find

g(f(x+ y))− g(f(x) + f(y)) = g(f(x) + f(y) + n)− g(f(x) + f(y)),

and in the same way as before we find that this equals

g(f(x) + f(y)) + g(n) +m− g(f(x) + f(y)) = g(n) +m

for some m ∈ Ng. Note that g(n) ∈ g(Nf ). We conclude that

z = (gf)(x+ y)− (gf)(x)− (gf)(y) ∈ g(Nf ) +Ng +Ng,

which proves the Lemma.

Since Nf is finite, we conclude that g(Nf ) is finite as well. It now follows
directly from the Lemma that Ngf is finite as the sum of three finite sets. We
conclude that gf ∈ AHom(A,C).

We must also prove that the given composition law is independent of the
choice of representatives f and g. To show this, let f, f ′ ∈ AHom(A,B) and
g, g′ ∈ AHom(B,C) be such that [f ] = [f ′] and [g] = [g′]. Then we have:

gf − g′f ′ = gf − g′f + g′f − g′f ′

= (g − g′)f + g′f − g′f ′.

Since [g] = [g′], we know that (g − g′)f ∈ Az(A,C) and by Lemma 1.8 we
know that g′f − g′f ′ ∈ Az(A,C). We conclude that gf − g′f ′ ∈ Az(A,C), thus
[gf ] = [g′f ′]. We have now proved that the composition is well-defined.

It is clear that the composition of quasi-homomorphisms as defined above
is associative. Furthermore, for every object A there is an identity morphism
[idA] ∈ QEnd(A), which is nothing more then the class of the identity map
id : A→ A. Indeed, for [f ] ∈ QHom(A,B) we have

[idB ][f ] = [idBf ] = [f ] = [f idA] = [f ][idA].

=

The category discussed above is denoted by Qab. Now that we know that
Qab is a category, we are interested in some categorical properties.
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1.1 Products and coproducts

When working with quasi-homomorphisms it is very useful to know what the
product and coproduct of any set of objects are. The following Proposition
states that every two objects in Qab have a product. Moreover, it tells us that
this product is the direct product of groups.

1.12 Proposition. The product of two abelian groups A,B ∈ Ob Qab is the
triple (A×B, [πA], [πB ]), where A × B is the usual direct product of A and B
and πA : A × B → A and πB : A × B → B are the natural projection maps
given by πA(a, b) = a and πB(a, b) = b.

Proof. The group A×B is abelian, so it is indeed an object in Qab. Note that
πA and πB are homomorphisms, so they are also almost-homomorphisms. This
shows that [πA] ∈ QHom(A×B,A) and [πB ] ∈ QHom(A×B,B).

We need to show the universal property. Let (C, [fA], [fB ]) be any triple
with C an abelian group, [fA] ∈ QHom(C,A) and [fB ] ∈ QHom(C,B). We
must show that there exists a unique [g] ∈ QHom(C,A × B) such that the
following diagram commutes:

A

C A×B

B

[fA]

[fB ]

[g]
[πA]

[πB ]

Choose representatives fA and fB of [fA] respectively [fB ]. Consider the map
g : C → A×B given by c 7→ (fA(c), fB(c)). Then g is an almost-homomorphism:

Ng = {g(x+ y)− g(x)− g(y) : x, y ∈ C}
= {(fA(x+ y), fB(x+ y))− (fA(x), fB(x))− (fA(y), fB(y)) : x, y ∈ C}
= {(fA(x+ y)− fA(x)− fA(y), fB(x+ y)− fB(x)− fB(y)) : x, y ∈ C},

so Ng is contained in the set NfA ×NfB . We know that NfA and NfB are finite,
so it follows that Ng is as well. We conclude that [g] is a quasi-homomorphism.
It is very clear that [πBg] = [fB ] and that [πAg] = [fA].

We will now show that the quasi-homomorphism [g] does not depend on the
choice of representatives fA and fB . Suppose that f̃A and f̃B are two other
representatives of [fA] respectively [fB ] and define g̃ by c 7→ (f̃A(c), f̃B(c)).
Then we have

(g − g̃)(C) ⊆ (fA − f̃A)(A)× (fB − f̃B)(B).

Since (fA− f̃A)(A) and (fB− f̃B)(B) are both finite we conclude that (g− g̃)(C)
is too, so indeed we find [g] = [g̃].

It is left to show that [g] is unique. Suppose that there is another quasi-
homomorphism [h] ∈ QHom(C,A×B) such that [πAh] = [fA] and [πBh] = [fB ].
Then we have [πAh] = [πAg] and [πBh] = [πBg], so πAh− πAg ∈ Az(C,A) and
πBh− πBg ∈ Az(C,B). With Lemma 1.8 we now find

πA(h− g) ∈ Az(C,A) and πB(h− g) ∈ Az(C,B).
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We conclude that the set

(h− g)(C) ⊆ πA(h− g)(C)× πB(h− g)(C)

must be finite, or in other words that [h] = [g].

We have a similar result for the coproduct. The Proposition below states
that the coproduct of any two abelian groups always exists and that it equals
their direct sum.

1.13 Proposition. The coproduct of two abelian groups A,B ∈ Ob Qab is
the triple (A⊕B, [iA], [iB ]), where A ⊕ B is the usual direct sum of A and B
and iA : A→ A⊕B and iB : B → A⊕B are the natural inclusion maps given
by iA(a) = (a, 0) and iB(b) = (0, b).

Proof. For two abelian groups A and B, the direct sum A⊕B equals the direct
product A × B. We have noted before that is indeed an abelian group. Note
that iA and iB are homomorphisms, so they are also almost-homomorphisms,
so [iA] ∈ QHom(A,A⊕B) and [iB ] ∈ QHom(B,A⊕B).

We now need to show the universal property. Let (C,
[
fA
]
,
[
fB
]
) be any

triple where C ∈ Ob Qab,
[
fA
]
∈ QHom(A,C) and

[
fB
]
∈ QHom(B,C).

We must show that there exists a unique [g] ∈ QHom(A⊕ B,C) such that the
following diagram commutes:

A

A⊕B C

B

[iA]

[fA]

[g]

[iB ]

[fB ]

Choose representatives fA and fB of [fA] respectively [fB ]. Consider the map
g : A ⊕ B → C given by (a, b) 7→ fA(a) + fB(b). Then g is an almost-
homomorphism:

Ng = {g(a+ a′, b+ b′)− g(a, b)− g(a′, b′) : (a, b), (a′, b′) ∈ A⊕B}
⊆ NfA +NfB .

We know that both NfA and NfB are finite, so their sum is, so Ng is as well.
We thus find that [g] ∈ QHom(A ⊕ B,C). It is clear that [giB ] =

[
fB
]

and

[giA] =
[
fA
]
.

We will show that the quasi-homomorphism [g] is independent of the choice
of representatives fA and fB . Suppose that f̃A and f̃B are two other represen-
tatives of [fA] respectively [fB ] and define g̃ by (a, b) 7→ f̃A(a) + f̃B(b). Then
we have

(g − g̃)(A⊕B) ⊆ (fA − f̃A)(A) + (fB − f̃B)(B),

so (g − g̃)(A⊕B) is finite. We conclude that [g] = [g̃].
It is left to show that [g] is unique. Suppose that there is another quasi-

homomorphism [h] ∈ QHom(A⊕B,C) such that [hiA] = [fA] and [hiB ] = [fB ].
Then [hiA] = [giA] and [hiB ] = [giB ], so we find that

(g − h)iA ∈ Az(A,C) and (g − h)iB ∈ Az(B,C).
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Moreover, for an element (a, b) ∈ A⊕B we have the following:

(h− g)(a, b) = h(a, b)− fA(a)− fB(b)

= h(a, 0) + h(0, b) +m− fA(a)− fB(b)

for some m ∈ Nh. Also, note that giA(a) = g(a, 0) = fA(a) + fB(0) and
giB(b) = g(0, b) = fA(0) + fB(b). We thus find that

(h− g)(a, b) = h(a, 0)− fA(a) + h(0, b)− fB(b) +m

= h(a, 0)− fA(a)− fB(0) + h(0, b)− fB(b)− fA(0) +m

+ fB(0) + fA(0)

= ((h− g)iA)(a) + ((h− g)iB)(b) +m+ fA(0) + fB(0).

Now since the sets ((h−g)iA)(A), ((h−g)iB)(B) and Nh are finite, we conclude
that (h− g)(A⊕B) must be finite too, so [h] = [g].

1.2 Additivity

There are some more observations on the category Qab to be made. First of
all, one should note that any two finite groups A,B ∈ Ob Qab are isomorphic
in Qab. This can be easily seen: since A and B are finite, we find that both
QHom(A,B) and QHom(B,A) consist of only the zero quasi-homomorphism.
It is clear that this quasi-homomorphism is a Qab-isomorphism A → B. In
light of this observation, it is also clear that any finite group is a zero object of
Qab.

Recall that a category is preadditive if the set of morphisms Hom(A,B) is
an abelian group for all objects A and B and the composition of morphisms is
bilinear. An additive category is a preadditive category with a zero object and
binary biproducts. The following result now comes very naturally:

1.14 Proposition. Qab is an additive category.

Proof. We already know that QHom(A,B) is an abelian group for all abelian
groups A and B, that finite products in Qab exist and that there is a zero object.
It follows from Lemma 1.8 that the composition of quasi-homomorphisms is
bilinear.

The following trivial Lemma states a more general result about additive
categories, which will later be very useful.

1.15 Lemma. Let A and B be two objects in an additive category C. If

Hom(A,B) = Hom(B,A) = 0,

then the map

End(A)× End(B)→ End(A⊕B)

(f, g) 7→ f ⊕ g

is a ring isomorphism.

�
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1.3 The splitting criterion

One of the main goals of this thesis is to consider the ring QEnd(G) in more
detail for abelian groups G. To this purpose, we can consider a subgroup H ⊆ G
and the corresponding quotient group G/H. If G is isomorphic to (G/H)×H in
Qab, we can simplify the task of finding QEnd(G) by first finding QEnd(H) and
QEnd(G/H). In Theorem 1.18 we will formulate a criterion for when (G/H)×H
and G are isomorphic, which we will call the splitting criterion. We will first
prove the following two Lemmas.

1.16 Lemma. Let A and B be two abelian groups and let f : A → B be an
almost-homomorphism. Then the set Mf := {f(a) + f(−a) : a ∈ A} is finite.

Proof. Let a ∈ A and consider f(0)− f(a)− f(−a) ∈ Nf . Since

f(a) + f(−a) = f(0)− (f(0)− f(a)− f(−a)) ,

we find that Mf ⊆ {f(0)} −Nf , which is of course finite.

1.17 Lemma. Let A,B ∈ Ob Qab and let f : A → B be a bijective almost-
homomorphism. If g : B → A is the inverse map of f , then g is also an
almost-homomorphism.

Proof. Let x, y ∈ B and consider g(x+y)−g(x)−g(y). We observe the following:

f(g(x+ y)− g(x)− g(y)) = f(g(x+ y)) + f(−g(x)− g(y)) + n1 (1)

for some n1 ∈ Nf . We know that f(g(x+ y)) = x+ y. Let us now consider the
part f(−g(x)− g(y)). We have:

f(−g(x)− g(y)) = f(−g(x)) + f(−g(y)) + n2

for some n2 ∈ Nf . Also, since Mf = {f(a) + f(−a) : a ∈ A} is finite (Lemma
1.16), we find that

f(−g(x)) + f(−g(y)) + n2 = −f(g(x))− f(g(y)) + n2 +m1 +m2

= −x− y + n2 +m1 +m2

for some m1,m2 ∈Mf . With equation 1 we now find that

f(g(x+ y)− g(x)− g(y)) = x+ y + n1 − x− y + n2 +m1 +m2

= n1 + n2 +m1 +m2.

Thus f(Ng) ⊆ Nf + Nf + Mf + Mf and this is finite. Since f is injective, we
conclude that Ng must be finite.

1.18 Splitting Criterion. Let G ∈ Ob Qab and let H ⊂ G be a subgroup.
Let S ⊂ G be a set of representatives of the quotient group G/H and write sg
for the unique representative of g ∈ G. Consider the map

φ : (G/H)×H → G

(g +H,h) 7→ sg + h.

Then [φ] is a Qab-isomorphism if and only if the set (S − S − S) ∩H is finite.
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Proof. The map φ is injective: suppose φ (g +H,h) = φ(g′ + H,h′). Then
sg +h ∈ g+H and sg′ +h′ = sg +h ∈ g′+H, so g and g′ are in the same class.
We conclude that sg = sg′ and from sg + h = sg′ + h′ we then conclude that
h = h′.

The map φ is also surjective: let g ∈ G. Then g − sg ∈ H, so we have

(g +H, g − sg) ∈ (G/H)×H

and this element maps precisely to g, since:

φ(g +H, g − sg) = sg + g − sg = g.

We conclude that φ is a bijection. Note that by Lemma 1.17 we know that if
φ is an almost-homomorphism, then φ has an inverse that is also an almost-
homomorphism. The statement that [φ] is an isomorphism is now equiva-
lent with the statement that φ is an almost-homomorphism. Observe that
φ is an almost-homomorphism if and only if Nφ is finite. We claim that
Nφ = (S − S − S) ∩H. To see this, let (g + H,h) and (g′ + H,h′) be two
elements of (G/H)×H. Then we have:

φ(g + g′ +H,h+ h′)−φ(g +H,h)− φ(g′ +H,h′)

= sg+g′ + h+ h′ − sg − h− sg′ − h′

= sg+g′ − sg − sg′ ∈ S − S − S.

There are certain hg+g′ , hg, hg′ ∈ H such that sg+g′ = g+g′+hg+g′ , sg = g+hg
and sg′ = g′ + hg′ . We now find that

sg+g′ − sg − sg′ = g + g′ + hg+g′ − g − hg − g′ − hg′
= hg+g′ − hg − hg′ ∈ H.

We thus conclude that Nφ ⊆ (S − S − S) ∩H.
For the other inclusion, let sa− sb− sc ∈ (S−S−S)∩H, where a, b, c ∈ G.

Again, there are certain ha, hb, hc ∈ H such that sa = a + ha, sb = b + hb and
sc = c+ hc. Since sa − sb − sc ∈ H, we find that a+ ha − b− hb − c− hc ∈ H.
We conclude that a− b− c ∈ H and thus that a + H = b + c + H, or in other
words that sa = sb+c. Now consider the element

(b+ c+H,hb + hc) ∈ (G/H)×H.

Then

φ((b+ c+H,hb + hc))− φ((b+H,hb))− φ((c+H,hc))

= sb+c + hb + hc − sb − hb − sc − hc
= sb+c − sb − sc
= sa − sb − sc.

We conclude that sa− sb− sc ∈ Nφ, so Nφ ⊇ (S−S−S)∩H. Thus the earlier
claim holds.

Since φ is an almost-homomorphism precisely when Nφ is finite, we conclude
that [φ] is an isomorphism in Qab if and only if (S − S − S) ∩H is finite.

1.19 Corollary. The groups (R/Z)× Z and R are isomorphic in Qab.

12



Proof. Apply the Splitting Criterion with G = R, H = Z and S is the interval
[0, 1). Indeed, this is a set of representatives where every x ∈ R is represented
exactly once. Furthermore, we find that S−S−S = (−2, 1). We conclude that

(S − S − S) ∩H = (−2, 1) ∩ Z = {−1, 0}

and this set is most certainly finite. We have thus found an isomorphism [φ(R,Z)].

1.20 Corollary. Q is isomorphic to (Q/Z)× Z in Qab.

Proof. This follows directly from Corollary 1.19, after restricting the almost-
homomorphism φ(R,Z) to Q. One can of course also obtain this result by directly
applying the Splitting Criterion, using G = Q, H = Z and S = [0, 1) ∩Q.

2 The quasi-endomorphisms of Q
We know that for any abelian group A the set of quasi-endomorphisms QEnd(A)
is a ring. Furthermore, we know that QEnd(Z) is ring isomorphic to R via the
isomorphism [3]

QEnd(Z)→ R,

f 7→ lim
n→∞

f(n)

n
.

This leads to the following question: what does the ring QEnd(Q) look like?
Corollary 1.20 states that Q ∼= Q/Z × Z in Qab. We are thus interested in
finding QEnd(Q/Z). To do this, we will first consider the quasi-endomorphism
ring of a simpler group.

2.1 The ring QEnd(Z[1/p]/Z)
It is known that Q/Z ∼=

⊕
p Z[1/p]/Z.[4] It is thus useful to consider the ring

QEnd(Z[1/p]/Z) before we look into QEnd(Q/Z). In this chapter we will use
the ring Zp of p-adic integers and its fraction field Qp of p-adic numbers. For
anyone unfamiliar with these two objects, their definitions can be found in
Caruso’s Computations with p-adic numbers.[5]

2.1 Proposition. Let p be a fixed prime. We have

Az(Z[1/p]/Z,Z[1/p]/Z) ∩ End(Z[1/p]/Z) = 0.

Proof. Let f ∈ End(Z[1/p]/Z) such that the set f(Z[1/p]/Z) is finite. Then
there is some integer n such that pnf(Z[1/p]/Z) = {0}. Let λpn ∈ End(Z[1/p]/Z)
be the map given by x 7→ pnx. Then λpnf = 0. Let x ∈ Z[1/p]/Z be given.
There exists some y ∈ Z[1/p]/Z such that x = pny, so we have

f(x) = f(pny) = pnf(y) = (λpnf)(y) = 0.

We conclude that f = 0.

13



Note that Proposition 2.1 is equivalent with stating that the ring homomor-
phism

j : End(Z[1/p]/Z) −→ QEnd(Z[1/p]/Z),

f 7−→ [f ].

is injective.

When given a quasi-homomorphism [f ] ∈ QEnd(Z[1/p]/Z) we know that
the set Nf ⊆ Z[1/p]/Z is finite for all representatives f ∈ AEnd(Z[1/p]/Z).
This implies that there exists some integer m ∈ Z such that pmNf = {0}. By
composing f with multiplication by pm we can construct an endomorphism.
This is shown in more detail in the proof of Proposition 2.4. Intuitively, we can
thus find all quasi-endomorphisms by extending End(Z[1/p]/Z) with some map
that is ”dividing by p”. We will introduce some notation. Let x ∈ Z[1/p]/Z,
then x is of the form x = a

pk
for some a ∈ Z and k ∈ Z≥0. We write ra,pk for the

remainder of division of a by pk. Then 0 ≤ ra,pk ≤ pk − 1 and ra,pk is unique.

2.2 Lemma. Let p be a prime number. Then there is a unique map
λ1/p ∈ AEnd(Z[1/p]/Z) such that for all a ∈ Z and for all k ∈ Z≥0 we have

λ1/p

(
a

pk

)
=
ra,pk

pk+1
.

Proof. First of all, we must show that the map λ1/p as above is well-defined.

For k ∈ Z≥1 and a ∈ Z6=0 it is clear that λ1/p

(
a
pk

)
is well-defined. We will now

show that λ1/p(0) is well-defined too: for any element apk

pk
with a ∈ Z, k ∈ Z≥0

we have

λ1/p(a) = λ1/p

(
a · pk

pk

)
=
rapk,pk

pk+1
=

0

pk+1
= 0.

We conclude that λ1/p(0) = 0 in Z[1/p]/Z, so ”dividing by p” as defined above
is a well-defined map.

We will now show that the map λ1/p is an almost-homomorphism. Let
x, y ∈ Z[1/p]/Z. Without loss of generality we can assume that x and y are of
the form x = a

pk
, y = b

pk
for some a, b ∈ {0, . . . , pk − 1} and k ∈ N. We have

λ1/p

(
a

pk
+

b

pk

)
− λ1/p

(
a

pk

)
− λ1/p

(
b

pk

)
=
ra+b,pk

pk+1
− a

pk+1
− b

pk+1
. (2)

Since a, b ≤ pk − 1, we find that a + b ≤ 2pk − 2 < 2pk. Equation 2 thus has
two possible outcomes:

ra+b,pk

pk+1
− a

pk+1
− b

pk+1
=

{
0, if a+ b < pk,

− 1
p , else.

We conclude that

Nλ1/p
=

{
−1

p
, 0

}
.
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Write λp for the endomorphism on Z[1/p]/Z that is given by x 7→ px. We
will confirm that the quasi-endomorphism

[
λ1/p

]
is indeed the inverse of [λp].

2.3 Lemma. Let p be a prime number. Then[
λ1/pλp

]
= [id] and

[
λpλ1/p

]
= [id].

Proof. Let x ∈ Z[1/p]/Z. Without loss of generality we may assume that x is of
the form x = a

pk
with k ∈ N, a ∈ {0, . . . , pk − 1}. It is clear that λpλ1/p(x) = x,

so λpλ1/p = id.
For the other composition we will use the one above. Since λpλ1/p = id, we

have λpλ1/pλp = λp, so
λpλ1/pλp − λp = 0.

Since
[λpλ1/pλp − λp] = [λp(λ1/pλp − 1)],

we now find that λp(λ1/pλp − 1)(Z[1/p]/Z) is finite, which implies that the set
(λ1/pλp − 1)(Z[1/p]/Z) is finite too.

Recall that End(Z[1/p]/Z) ∼= Zp. Write h for the canonical isomorphism
h : End(Z[1/p]/Z)→ Zp. Then

jh : Zp ↪→ QEnd(Z[1/p]/Z)

is an injective ring homomorphism. We will now construct a ring isomorphism
Qp → QEnd(Z[1/p]/Z). It is known that Qp ∼= Zp[1/p]. Consider the unique
ring homomorphism γ : Zp[1/p]→ QHom(Z[1/p]/Z) that is given by

γ|Zp
= jh and γ

(
1

p

)
=
[
λ1/p

]
.

2.4 Proposition. Let p be a prime number. The map γ : Qp → QEnd(Z[1/p]/Z)
as given above is a ring isomorphism.

Proof. We must show that γ is bijective. Note that the kernel of γ must be an
ideal of Qp. Since Qp is a field, we find that either ker γ = Qp or ker γ = (0).
Since γ|Zp = jh 6= 0, we find that ker γ 6= Qp. We conclude that the kernel of γ
must be trivial and thus that γ is injective.

It is left to show that γ is surjective. Let [f ] ∈ QEnd(Z[1/p]/Z) be given
and let f ∈ AEnd(Z[1/p]/Z) be a representative of [f ]. The set Nf ⊆ Z[1/p]/Z
is finite, so Nf = { n1

pk1
, . . . , nN

pkN
} for some integers N ∈ N, n1, . . . , nN ∈ Z and

k1, . . . , kN ∈ N. Choose m := max{k1, . . . , kN}. Since

pm
ni
pki

= nip
m−ki ∈ Z

for all i ∈ {1, . . . , N}, we now find thatNf∗ = {0}. We conclude that f∗ := λpmf
is an endomorphism on Z[1/p]/Z. Now since f∗ ∈ End(Z[1/p]/Z), we conclude
that f = λ1/pmf

∗ ∈ End(Z[1/p]/Z)[λ1/p]. Since

End(Z[1/p]/Z)[λ1/p] ∼= Zp[1/p] ∼= Qp

we conclude that γ is surjective.
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2.2 The ring QEnd(Q/Z)
For abelian groups A that are of the form A =

⊕
i∈I Ai for some infinite index

set I and abelian groups Ai, there is a relation between QEnd(A) and QEnd(Ai).
This relation uses the concept of restricted products. For the reader that is less
familiar with restricted products, we will first give a definition of a restricted
product.

2.5 Definition. Let I be an index set. Given a collection of rings Ri and a
collection of subrings Si ⊆ Ri, we define the restricted product over i ∈ I of Ri
with respect to (Si)i∈I , denoted by

∏′
i∈IRi w.r.t. (Si)i∈I , to be the ring{

(xi)i∈I ∈
∏
i∈I

Ri : xi ∈ Si for all but finitely many i ∈ I

}
.

Whenever it is clear from the context which subrings Si we mean, we will just
denote the restricted product with

∏′
i∈IRi for the purpose of readability.

In the situation that A =
⊕

i∈I Ai, we want to use the quasi-endomorphisms
of each Ai to construct a quasi-endomorphism [f ] ∈ QEnd(A).

2.6 Proposition. If Az(Ai, Ai) ∩ End(Ai) = 0 for all i ∈ I, then there is a
natural ring homomorphism

ω :
∏′

i∈I
QEnd(Ai) w.r.t (End(Ai))i∈I −→ QEnd(A),

([fi])i∈I 7−→ [f ] := [⊕i∈Ifi] ,

where by fi we mean some chosen representative of the quasi-homomorphism
[fi].

Proof. Once it is verified that the map given above is well-defined, it can actually
easily be seen that ω is a ring homomorphism. We will thus only show that ω
is well-defined. Note that Nfi is finite for all i ∈ I. We have

Nf ⊆
∏
i∈I

Nfi .

Since fi ∈ End(Ai) for all but finitely many i ∈ I , we find that Nfi = {0} for
almost all i ∈ I. Let J be the finite index set such that for all j ∈ J we have
fj /∈ End(Aj) and for all i ∈ I\J we have fi ∈ End(Ai). We conclude that

Nf ⊆
∏
j∈J

Nfj ×
∏
i∈I\J

{0},

so Nf is finite. It follows that f ∈ AHom(A).
Now we will show that the image of an element ([fi])i∈I under ω is indepen-

dent of the choice of representatives. To this end, let ([fi])i∈I ∈
∏′
i∈IQEnd(Ai)

and let (fi)i∈I and (gi)i∈I be two sets of representatives and define

f := [⊕i∈Ifi] and g := [⊕i∈Igi] .

We will show that [f ] = [g]. Note that

(f − g)(A) ⊆
∏
i∈I

(fi − gi)(Ai).

16



Since fi is an endomorphism for almost all i ∈ I and gj is an endomorphism for
almost all j ∈ I, we find that fi − gi is an endomorphism for almost all i ∈ I.
Since [fi] = [gi] for all i ∈ I, we know that (fi − gi)(Ai) is finite for all i ∈ I.
The assumption that Az(Ai, Ai) ∩ End(Ai) = 0 for all i ∈ I now implies that
fi − gi = 0 for all but finitely many i ∈ I. We conclude that (f − g)(A) must
be finite, so [f ] = [g], which proves that ω is well-defined.

We can see Proposition 2.6 as a recipe to “cook up” a quasi-endomorphism
A→ A. We will use this to understand QEnd(Q/Z). Write P for the set of all
primes. Recall that Q/Z ∼=

⊕
p∈P Z[1/p]/Z. Note that in Proposition 2.1 we

have already seen that for any prime p we have

Az(Z[1/p]/Z,Z[1/p]/Z) ∩ End(Z[1/p]/Z) = 0.

2.7 Theorem. The ring homomorphism

ω :
∏′

p∈P
QEnd(Z[1/p]/Z) w.r.t. (End(Z[1/p]/Z))p∈P −→ QEnd(Q/Z),

([fp])p∈P 7−→ [f ] := [⊕p∈Pfp]

is an isomorphism.

Proof. We will prove this Theorem by giving an inverse map of ω. Note that
for each p ∈ P there is a natural embedding

ip : Z[1/p]/Z ↪−→ Q/Z =
⊕
p∈P

Z[1/p]/Z

which just sends an element x ∈ Z[1/p]/Z to the element in
⊕

p∈P Z[1/p]/Z with
zeros on all coordinates and x on the coordinate that coincides with Z[1/p]/Z.
There is also a natural projection

πp : Q/Z −� Z[1/p]/Z

that sends an element in
⊕

p∈P Z[1/p]/Z to the coordinate corresponding to
Z[1/p]/Z. Given a quasi-homomorphism [f ] ∈ QEnd(Q/Z), we can choose any
representative f of [f ] and compose it with ip and πp. We then get a map

πpfip : Z[1/p]/Z Q/Z Q/Z Z[1/p]/Z,
ip f πp

that we from now on will denote by fp. We will now define the map

π : QEnd(Q/Z) −→
∏′

p prime
QEnd(Z[1/p]/Z)

by
π([f ]) = ([fp])p∈P ,

where [fp] ∈ QEnd(Z[1/p]/Z) is the class of fp = πpfip for some chosen repre-
sentative f of [f ].

2.8 Lemma. The map

π : QEnd(Q/Z) −→
∏′

p prime
QEnd(Z[1/p]/Z)

as given above is well-defined.
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Proof. We need to show that fp ∈ AEnd(Z[1/p]/Z) for all p ∈ P, that fp is an
endomorphism for all but finitely many p ∈ P and that the image of [f ] under
π is independent of the chosen representative f .

To show that fp ∈ QEnd(Z[1/p]/Z) for all p, let p ∈ P be given and consider
Nfp . Since f ∈ AEnd(Q/Z), we know that Nf is finite. We can find an injection
Nfp ↪→ Nf by sending an element fp(x+ y)− fp(x)− fp(y), x, y ∈ Z[1/p]/Z, to
f(ip(x+ y))− f(ip(x))− f(ip(y)) ∈ Nf . We now find that Nfp has at most as
many elements as Nf , so Nfp is finite.

We are again going to use the fact that Nf is finite to show that π actually
maps into the restricted product above, or in other words: that fp is an endo-
morphism for all but finitely many p. Since Nf ⊆ Q/Z is finite, there exists an
integer n ∈ N such that n ·Nf = {0}. Let λnf be the map given by x 7→ nf(x).
Then λnf is an endomorphism. It is known that

Hom(Z[1/p]/Z,Z[1/p′]/Z) = 0

for any two primes p 6= p′, so we conclude that λnf can be written as ⊕p∈Pφp,
where φp : Z[1/p]/Z → Z[1/p]/Z is an endomorphism. Now let p ∈ P be given
and consider (λnf)p = πp(λnf)ip. We find:

πp(λnf)ip = πp(⊕p∈Pφp)ip
= φp

= λn(πpfip)

= λnfp,

so we conclude that λnfp ∈ End(Z[1/p]/Z). The endomorphism λn is a unit
in End(Z[1/p]/Z) whenever p - n. So for all primes p with p - n, we find
that fp ∈ End(Z[1/p]/Z). Since every integer has only finitely many prime
divisors, we conclude that π indeed maps in the restricted product over p of
QEnd(Z[1/p]/Z).

To show that π is independent of the choice of the representative, let
[f ] ∈ QEnd(Q/Z) be given and let f, g ∈ AEnd(Q/Z) be such that f 6= g and
[f ] = [g]. For all p ∈ P, the following holds:

fp − gp = πpfip − πpgip
= πp(f − g)ip,

so we find that

(fp − gp)(Z[1/p]/Z) = (πp(f − g)ip)(Z[1/p]/Z)

= (πp(f − g))(ip(Z[1/p]/Z)) ⊆ πp(f − g)(Q/Z).

Now since [f ] = [g], we know that (f − g)(Q/Z) is finite. We conclude that
(fp − gp)(Z[1/p]/Z) must be finite too. This implies that [fp] = [gp] for all
p ∈ P, so π is indeed independent of the choice of the representative.
We conclude that the map π is well-defined, which proves our Lemma.

To complete the proof of 2.7, it is left to show that π is the inverse map of ω.
It is easy to verify that π is the left inverse of ω: let
([fp])p∈P ∈

∏′
p primeQEnd(Z[1/p]/Z). We have

(πω) (([fp])p∈P) = π ([⊕p∈Pfp]) ,
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and since
πp(⊕p∈Pfp)ip = fp

for all p, we have
π ([⊕p∈Pfp]) = ([fp])p∈P .

To show that π is also the right inverse of ω, let [f ] ∈ QEnd(Q/Z). Choose
a representative f ∈ AEnd(Q/Z). Note that there is an n ∈ Z such that
nNf = {0}. Let λn be multiplication with n, then λnf ∈ End(Q/Z). Since λnf
is an endomorphism, it can be written as the sum of endomorphisms

φp : Z[1/p]/Z→ Z[1/p]/Z,

so we get λnf = ⊕p∈Pφp. Of course we have

(λnf)p = πp(λnf)ip = φp

for all p ∈ P. Also, since λn operates coordinate-wise, it is clear that

πp(λnf)ip = λn(πpfip) = λnfp.

We may thus conclude that

λnf = ⊕p∈P φp
= ⊕p∈P (λnf)p

= ⊕p∈P λnfp
= λn ⊕p∈P fp.

Note that
ωπ([f ]) = [⊕p∈Pfp] =: [f ′],

so to show that ω is the left inverse of π we need to show that [f ] = [f ′]. From
our findings above, we get

n · f(Q/Z) = (λnf)(Q/Z)

= (λn ⊕p∈P fp) (Q/Z)

= n · f ′(Q/Z),

so
n · (f(Q/Z)− f ′(Q/Z)) = {0},

or in other words
n · (f − f ′)(Q/Z) = {0}.

Since the set (f − f ′)(Q/Z) is annihilated by some integer n, we conclude that
it must be finite. This proves that [f ] = [f ′], which concludes the proof that
π = ω−1.

We find that ω is an isomorphism, which proves the theorem.

Using the facts that QEnd(Z[1/p]/Z) ∼= Qp and End(Z[1/p]/Z) = Zp we
can now conclude that QEnd(Q/Z) is isomorphic to the finite adele ring of the
rational numbers:

QEnd(Q/Z) ∼=
∏′

p prime
Qp w.r.t. (Zp)p∈P =: Afin

Q .
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2.3 Rational adele ring

Write AQ := Afin
Q × R for the rational adele ring. We will show that QEnd(Q)

is ring isomorphic to AQ. We first need the two following propositions.

2.9 Proposition. QHom(Q/Z,Z) = {0}.

Proof. Suppose [f ] ∈ QHom(Q/Z,Z). We want to show that [f ] = [0], or in
other words that the image f(Q/Z) is finite. We know that Nf ⊆ Z is finite.
This implies that there is some constant B ∈ N such that |m| ≤ B for all
m ∈ Nf .
Assume that there exists an element y ∈ Q/Z such that f(y) > B. Let x ∈ Q/Z.
Then there is some m1 ∈ Nf such that

f(x+ y) = f(x) + f(y) +m1.

Using the bound on the elements of Nf , we find that

f(x+ y) > f(x) + f(y)−B.

By assumption we have y > B, so we find

f(x+ y) > f(x).

Likewise, we find that there is some element m2 ∈ Nf such that

f(x+ 2y) = f(x+ y) + f(y) +m2,

and we find

f(x+ 2y) > f(x+ y) + f(y)−B
f(x+ 2y) > f(x+ y).

Continuing in this way, we find an infinite sequence of integers

· · · > f(x+ ny) > f(x+ (n− 1)y) > · · · > f(x).

However, since y ∈ Q/Z we know that there exists a k ∈ Z≥1 such that ky = 0.
For this k, we find

f(x) = f(x+ ky) > f(x),

which is a contradiction. We conclude that there does not exist a y ∈ Q/Z such
that f(y) > B.
By replacing the assumption above that there exists a y ∈ Q/Z such that
f(y) > B with the assumption that there exists a y with f(y) < −B, we can
use a similar argument to the one above to find an infinite sequence

· · · < f(x+ ny) < f(x+ (n− 1)y) < · · · < f(x).

Again, considering that y has finite order, we find a contradiction. We conclude
that there do not exist any y ∈ Q/Z such that f(y) < −B. This proves that
f(Q/Z) ⊆ Z is bounded, hence [f ] = [0].

2.10 Proposition. QHom(Z,Q/Z) = {0}.
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Proof. First of all, note that Hom(Z,Q/Z) ∼= Q/Z. Let [f ] ∈ QHom(Z,Q/Z).
We know that Nf is finite, so there is some n ∈ Z such that nNf = {0}. This
implies that λnf ∈ Hom(Z,Q/Z), so (λnf)(1) corresponds with some unique
element x ∈ Q/Z. We know that x has finite order. This implies that the image
(λnf)(Z) is finite. Since f(Z) ⊆ 1

n (λnf)(Z), we conclude that the image f(Z)
of f is finite and thus that [f ] = [0].

2.11 Theorem. The quasi-endomorphism ring of Q is isomorphic to the ratio-
nal adele ring AQ.

Proof. Using Lemma 1.15 and the result of Theorem 2.7, we find that

QEnd(Q) ∼= QEnd(Q/Z)×QEnd(Z)

∼= Afin
Q × R

= AQ.

3 Convergence of quasi-endomorphisms

Up until now we know the following quasi-endomorphism rings:

• QEnd(Z) ∼= R, via the isomorphism f 7→ limn→∞
f(n)
n with inverse map

x 7→ (f : n 7→ bnxc),

• QEnd(Z[1/p]/Z) ∼= Qp,

• QEnd(Q/Z) ∼= Afin
Q ,

• QEnd(Q) ∼= AQ.

One might notice that on each of the rings above there is a natural topology.
On R, we have the Euclidean topology, on Qp the p-adic topology [6] and on the
rational adele ring we have the restricted product topology [7]. Each of these
four topological spaces is what S. P. Franklin calls a sequential space [8], in fact
their topologies are first-countable. In these cases we can thus describe the open
sets with converging sequences. Since the four spaces above are also topological
groups [9], it suffices to know when a sequence converges to zero.

In this chapter we will define a topology on QEnd(A) by giving a definition
of convergence to zero of quasi-endomorphisms. We will show that a sequence
of quasi-endomorphisms on Z, Z[1/p]/Z, Q/Z and Q converges under this defi-
nition if and only if the corresponding sequence in respectively R, Qp, Afin

Q and
AQ converges.

3.1 Definition. Let A ∈ Ob Qab and let ([fi])i∈N ⊆ QEnd(A) be a sequence
of quasi-endomorphisms. We say that the sequence ([fi])i∈N converges to zero
if there is a sequence of almost-endomorphisms (gi)i∈N with gi a representative
of [fi] for all i ∈ N such that there is a finite subset X ⊆ A with the following
properties:

1. Ngi ⊆ X for all i ∈ N, and

2. for all a ∈ A there is a B ∈ N such that for all i > B we have gi(a) ∈ X.
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Notation: for such a sequence ([fi])i∈N we write [fi]→ 0.

We will first show that this definition of convergence of sequences is invariant
under Qab-isomorphisms.

3.2 Proposition. Let A,B ∈ Qab and let [f ] ∈ QHom(A,B) be an iso-
morphism in Qab and write [g] := [f ]−1. Let ([φi])i∈N ⊆ QEnd(A) be a
sequence such that [φi] → 0 and define [ψi] := [fφig]. Then the sequence
([ψi])i∈N ⊆ QEnd(B) converges to zero as well.

Proof. Write hi for the representatives of [φi] as in definition 3.1 and X for a
finite set that satisfies conditions 1 and 2 of the definition of convergence. There
are representatives of [ψi] given by fhig. We will first show that there is some
finite set Z such that

Nfhig ⊆ Z for all i ∈ N.

Observe that by Lemma 1.11 we have

Nhig ⊆ hi(Ng) +Nhi
+Nhi

.

Note that Nhi ⊆ X for all i ∈ N and that for all x ∈ Ng ⊆ A there is some Bx
such that for all i > Bx we have hi(x) ∈ X. Since Ng is finite, we can define

B := max
x∈Ng

Bx.

Then hi(Ng) ⊆ X for all i > B. Write

Y :=
⋃

1≤i≤B

hi(Ng)

and note that Y is finite. We now conclude that

Nhig ⊆ Y ∪X +X +X,

so again using Lemma 1.11 we find that

Nfhig ⊆ f(Y ∪X +X +X) +Nf +Nf .

Write Z := f(Y ∪X + X + X) + Nf + Nf and note that Z is independent of
the index i, so we indeed find that Nfhig ⊆ Z for all i ∈ N.

We will now show that the second condition of convergence is satisfied. Let
x ∈ B be given and note that g(x) ∈ A, so there is some integer B ∈ N such
that hi(g(x)) ∈ X for all i > B. We conclude that f(hi(g(x))) is an element of
f(X) for all i > B.

Combining the above, we have found representatives fhig of [ψi] and a finite

set X̃ := Z ∪ f(X) that satisfy conditions 3.1(1) and 3.1(2) and conclude that
[ψi]→ 0.

We will show that the given definition of convergence coincides with the
definitions of convergence in R, Qp, Afin

Q and AQ.

3.3 Proposition. Let ([fi])i∈N ⊆ QEnd(Z) be a sequence of quasi-
endomorphisms and let (ai)i∈N ⊆ R be the corresponding sequence in R. Then
[fi]→ 0 if and only if ai → 0.
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Proof. (⇐). Suppose (ai)i∈N ⊆ R is a sequence such that ai → 0 and for each
i ∈ N, write [fi] for the corresponding quasi-homomorphism of ai. We can
choose representatives gi of [fi] given by

gi : x 7→ baixc.

We then have Ngi ⊆ {0, 1} for all i ∈ N.
Let x ∈ Z be given and choose ε = 1

x . Since ai → 0, there is an integer
n0 ∈ N such that |ai| < ε = 1

x for all i > n0. Choose B = n0. Then

gi(x) = baixc =

{
0 if ai ≥ 0,

−1 if ai < 0,

so gi(x) ∈ {0,−1} for all i > B. Choose X := {−1, 0, 1}. We conclude that
[fi]→ 0.

(⇒). Suppose ([fi])i∈N ⊆ QEnd(Z) is a sequence such that [fi] → 0, let
(gi)i∈N be the representatives as mentioned in definition 3.1 and for each i ∈ N
write ai = limn→∞

gi(n)
n for the corresponding real number. We know that every

quasi-homomorphism [fi] has a representative hi that is given by n 7→ bainc,
where b·c denotes rounding down. However, we cannot assume that gi equals
hi for all i ∈ N. We will first prove the following Lemma:

3.4 Lemma. Suppose f : Z → Z is a bounded almost-homomorphism. Then
the image f(Z) is contained in the interval [−max(Nf ),−min(Nf )].

Proof. Suppose n is an integer such that f(x) ≤ f(n) for all x ∈ Z. Then we
have

f(n+ n) = f(n) + f(n) +m

for some element m ∈ Nf . Since f(n) is the maximum element of f(Z), we
conclude that f(n) +m ≤ 0. It follows that f(n) ≤ −min(Nf ).
Now suppose n′ is an integer such that f(x) ≥ f(n′) for all x ∈ Z. Then we
have

f(n′ + n′) = f(n′) + f(n′) +m′

for some element m′ ∈ Nf . Since f(n′) is the minimum element of f(Z), we
conclude that f(n′) +m′ ≥ 0. It follows that f(n′) ≥ −max(Nf ).

Since for all i ∈ N the almost-homomorphisms gi and hi are of the same
equivalence class, we conclude that gi − hi is bounded for all i ∈ N. Moreover,
Nhi = {0, 1} for all positive integers i, so Ngi−hi ⊆ X − {0, 1} =: X̃ for all
i ∈ N. With the lemma above, we now find that

(gi − hi)(Z) ⊂ [−max(Ngi−hi
),−min(Ngi−hi

)] ⊆ [−max(X̃),−min(X̃)]

for all i ∈ N. We thus find that there is some integer C1 ∈ Z≥0 such that for all
i ∈ N and for all n ∈ Z we have

|hi(n)| < |gi(n)|+ C1.

Furthermore, for all n ∈ Z there is an integer Bn ∈ N such that for all i > Bn
we have gi(n) ∈ X. Since X is bounded, this implies that there is some integer
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C2 ∈ Z≥0 such that |hi(n)| < C2 for all i > Bn. Observe that |ain|−1 ≤ |bainc|
for all n ∈ Z. Let ε > 0 be given and choose n := dC+1

ε e, where d·e denotes
rounding up. Then we find that there is an integer Bn such that |hi(n)| < C2

for all i > Bn and we get

|ain| − 1 ≤ |bainc| = |hi(n)| < C2 for all i > Bn,

so

|ai| <
C + 1

|n|
≤ ε for all i > Bn

and we conclude that ai → 0.

3.5 Proposition. Let p be a prime, let ([fi])i∈N ⊆ QEnd(Z[1/p]/Z) be a se-
quence of quasi-endomorphisms and let (αi)i∈N ⊆ Qp be the corresponding
sequence in Qp. Then [fi]→ 0 if and only if αi → 0 under the p-adic norm.

Proof. (⇐). Suppose (αi)i∈N ⊆ Qp is a sequence such that αi → 0 and for each
i ∈ N, write [fi] for the corresponding quasi-endomorphism of αi. Note that a
basis around zero for the p-adic topology on Zp ⊂ Qp is given by {pmZp}m∈Z≥0

.
Since αi → 0, for all m ∈ Z≥0 there is an integer Bm such that for all i > Bm
we have αi ∈ pmZp. Consider m = 0. Then we find that for all i > B0 there
are representatives gi of [fi] such that gi is an endomorphism and such that
gi is given by gi(x) = aix. We find that Ngi = {0} for all i > B0. Choose
representatives gj of [fj ] for 1 ≤ j ≤ B0. Write

Y :=
⋃

1≤j≤B0

Ngj

and note that Y is finite. We find that

Ngi ⊆ Y ∪ {0} = Y for all i ∈ N.

We will now show the second property of convergence. Let x ∈ Z[1/p]/Z be
given, then x is of the form x = a

pb
for certain a ∈ Z, b ∈ Z≥0. There is an

integer B1/pb such that for all i > B1/pb we have that ai ∈ pbZp. We find that

gi(x) = ai
1

pb
= 0 for all i > max{B1/pb , B0},

and we conclude that indeed [fi]→ 0.
(⇒). Suppose ([fi])i∈N ⊆ QEnd(Z[1/p]/Z) is such that [fi] → 0 and write

(αi)i∈N for the corresponding sequence in Qp. Let (gi)i∈N be representatives
and X a finite set as mentioned in definition 3.1. Then there is an integer k
such that pkX = {0}, so hi := λpkgi ∈ End(Z[1/p]/Z) for all i ∈ N and for all
x ∈ Z[1/p]/Z there is a Bx such that for all i > Bx we have hi(x) = 0. Consider
the sequence (βi)i∈N ⊆ Zp corresponding with hi. Let m ∈ Z≥0 and let pmZp
be an open around zero. Choose x := 1

pm , then there is an integer Bx such that
for all i > Bx we have

hi(x) = βi
1

pm
= 0,

so βi ∈ pmZp and we conclude that βi → 0. Furthermore, we have
(βi)i∈N = pk(αi)i∈N, so we conclude that αi → 0.
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3.6 Proposition. Let ([fi])i∈N ⊆ QEnd(Q/Z) be a sequence of quasi-
endomorphisms and let (αi)i∈N ⊆ AQ be the corresponding sequence in Afin

Q .
Then [fi]→ 0 if and only if αi → 0 in the finite adele ring under the restricted
product topology.

Proof. (⇐). Suppose (αi)i∈N ⊆ Afin
Q is a sequence such that αi → 0 under the

restricted product topology. Write ([fi])i∈N for the corresponding sequence of
quasi-endomorphisms on Q/Z. Note that a basis around zero for the restricted
product topology on the finite adele ring is given by

{m ·
∏
p∈P

Zp}m∈Z≥1
,

where P is the set of prime numbers. Since (αi)i∈N converges to zero, for all
m ∈ Z≥1 there is an integerBm such that for all i > Bm we have αi ∈ m

∏
p∈P Zp.

Consider m = 1, then we find that there are representatives gi of [fi] that are
endomorphisms and that are given by gi(x) = αix for all i > B1, so Ngi = 0 for
all i > B1. Choose representatives gj ∈ AEnd(Q/Z) of [fj ] for 1 ≤ j ≤ B1. We
now find:

Ngi ⊆
⋃

1≤j≤B1

Ngj for all i ∈ N.

Write X :=
⋃

1≤i≤B1
Ngi .

To show the second property of convergence, let a
b ∈ Q/Z be given arbitrar-

ily, where a ∈ Z and b ∈ Z≥1. Then there is an integer Bb such that for all
i > Bb we have αi ∈ b

∏
p∈P Zp, so for all i > max{Bb, B1} we have

gi

(a
b

)
= αi

a

b
= 0.

Since 0 ∈ X, we conclude that [fi]→ 0.

(⇒). Suppose ([fi])i∈N ⊆ QEnd(Q/Z) is such that [fi]→ 0 and write (αi)i∈N
for the corresponding sequence in Afin

Q . Write (gi)i∈N for representatives as in
definition 3.1. Let m ∈ Z≥1 be given and consider the open set m

∏
p∈P Zp. Let

X be a finite set as in the definition of convergence. We know that there is an
integer k ∈ Z such that kX = {0}, so kgi ∈ End(Q/Z) for all i ∈ N. By the
second property of convergence, we find that for all x ∈ Q/Z there is an integer
Bx ∈ Z≥1 such that for all i > Bx we have kgi(x) = 0. Choose x := 1

m , then
there is an integer B1/m such that for all i > B1/m we have

kgi

(
1

m

)
= kαi

1

m
= 0,

so we find that kαi ∈ m
∏
p prime Zp for all i > B1/m. We conclude that kαi → 0

in Afin
Q . It follows that αi → 0 in Afin

Q .

We will combine the findings above to prove that the given definition of
convergence also coincides with convergence of sequences in the adele ring.

3.7 Proposition. Let ([fi])i∈N ⊆ QEnd(Q) be a sequence of quasi-
endomorphisms and let (αi)i∈N ⊆ AQ be the corresponding sequence in AQ.
Then [fi]→ 0 if and only if αi → 0 in the adele ring.
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Proof. By Corollary 1.20, we have a Qab-isomorphism φ : Q → Q/Z × Z. It
follows from proposition 3.2 that the sequence ([fi])i∈N ⊆ QEnd(Q) converges
to zero if and only if the associated sequence [φfiφ

−1]i∈N ⊆ QEnd(Q/Z × Z)
converges to zero.

Recall that Lemma 1.15 provides us with a ring isomorphism

QEnd(Q/Z)×QEnd(Z)→ QEnd(Q/Z× Z)

given by
([g], [h]) 7→ [k] := [g ⊕ h].

It is very clear that a sequence ([gi], [hi])i∈N ⊆ QEnd(Q/Z)×QEnd(Z) converges
to zero if and only if the sequence ([gi ⊕ hi])i∈N ⊆ QEnd(Q/Z × Z) converges
to zero. We can thus associate a sequence ([ki])i∈N ⊆ QEnd(Q/Z × Z) with a
sequence ([gi], [hi])i∈N ⊆ QEnd(Q/Z)×QEnd(Z) and with Propositions 3.3 and
3.6 we know that this sequence converges to zero if and only if the associated
sequence (xi, yi)i∈N ⊆ Afin

Q × R converges to zero.
Combining the two observations above, we find that a sequence

([fi])i∈N ⊆ QEnd(Q) converges to zero if and only if the associated sequence

(αi)i∈N = (xi, yi)i∈N ⊆ Afin
Q × R = AQ

converges to zero.

For arbitrary abelian groups A we can define a topology on QEnd(A) by
using the definition of convergence in the following way: we call a set O ⊆ A
open if and only if for all x ∈ O and for all sequences (xi)i∈N ⊆ QEnd(A)
such that xi → x there is an integer B ∈ N such that for all i > B we have
xi ∈ O. Since R, Qp, Afin

Q and AQ are sequential topological groups, it follows
from Propositions 3.3 - 3.7 that the topology as mentioned above coincides with
the topologies on these four spaces in the cases A = Z, A = Z[1/p]/Z, A = Q/Z
and A = Q, respectively.
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