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1 Introduction

The simplest version of the Gauss-Bonnet theorem probably goes back
to the time of Thales, stating that the sum of the interior angles of
a triangle in the Euclidean plane equals 7. This evolved to the nine-
teenth century version which applies to a compact surface M with Euler
characteristic x(M) given by:

/ K dA=2rx(M)
M

where K is the Gaussian curvature of the surface M.

This thesis will focus on Gaussian curvature, being an intrinsic property
of a surface, and how through the Gauss-Bonnet theorem it bridges the
gap between differential geometry, vector field theory and topology,
especially the Euler characteristic. For this, a short introduction to
surfaces, differential forms and vector analysis is given.

Within the proof of the Gauss-Bonnet theorem, one of the fundamental
theorems is applied: the theorem of Stokes. This theorem will be proved
as well.

Finally, an application to physics of a corollary of the Gauss-Bonnet
theorem is presented involving the behaviour of liquid crystals on a
spherical shell.

2 Introduction to Surfaces

This section presents the basics of the differential geometry of surfaces
through the first and second fundamental forms.

2.1 Swurfaces

Definition 2.1 A non-empty subset M C R3? is called a regular surface
if for every point p € M there exists a neighbourhood V. C R3, an open
subset U C R? and a differentiable map ¢ : U — V N M C R3 with the
following properties:

(1) ¢:U — ¢(U) C M is a homeomorphism.
(ii) For every q € U, the differential D¢(q) : R? — R3 is one-to-one.

The map ¢ is called a local parametrization of the surface M and the
pair (¢, U) is called a local chart for M.



Definition 2.2 Given a regular surface M, a k-differentiable atlas A
is a family of charts {(¢;,U;),i € I} for some index set I, such that:

1.Viel, ¢;(U;)CR3.
2. The U; cover M, meaning

M:U U;.

i€l
3. Fori,5 €1, the map
(850 67 iou(virwy) : GilViN V) = 6;(ViN V)

1s k-differentiable.

M is now called a 2-dimensional manifold with differentiable atlas A.

Definition 2.3 A curve in M through a point p € M is a differentiable
map v : (—e€,€) — M, e € RT and v(0) = p.

It holds that p
¥(0) = —~(0) € R?
1(0) = 57(0)
is a tangent vector to M at the point p = v(0).
Definition 2.4 The set

T,M = {%(0) | v is a curve in M through p € M} C R®

1s called the tangent space to M in p.
Proposition 2.1 Let (¢,U) be a local chart for M and let ¢ € U with
¢(q) =p e M. It holds that

T,M = (D(q))(R?).

This implies that (%(q), %(q)) forms a basis for T, M, with (u,v) co-
ordinates in U.

By restricting the natural inner product (-,-) on R? to each tangent
plane T,,M, we get an inner product on T}, M. We call this inner product
on T, M the first fundamental form and denote it by I,,.



2.2 First Fundamental Form

The first fundamental form tells how the surface inherits the natural
inner product of R3.

Definition 2.5 Let M be a reqular surface in R® and let p € M. The
first fundamental form of M at p is the map:

I,: T,M xT,M — R
(X,Y) — (X,Y).

We will, for convenience, use the notation f, = % for the partial deriva-
tive of a function f with respect to a variable x.

We want to write the first fundamental form in terms of the basis
associated with the local chart (¢,U). Remember that an element of
T,M is a tangent vector at a point p = v(0) € M to a parametrized
curve y(t) = ¢(u(t),v(t)),t € (—¢,e).

It holds that:

d d d d
Ip(fyl’lyl) = <¢ud71:+¢vd7:7¢ud;:+¢vd7:>
d du d d
= (G000 (P 4260 00) 5 T+ (60,005
= dﬁ 2 dﬁ@ @ 2
= E(dt) +2th o +G(dt) ’
where we define
E = <¢ua¢u>7
F = <d)ua¢)v>7
G = (dv,d).

The first fundamental form is often written in the modern notation of
the metric tensor:

N_ (91 g2\ _(E F
(%;)—(gm g22> <F G>

2.3 Orientation and Gauss map

Orientability is a property of surfaces measuring whether is it possible
to make a consistent choice for a normal vector at every point of the
surface.



Definition 2.6 A reqular surface M is orientable if it is possible to
cover it with an atlas A, so that

Vi,j € I,Vp e U;NU; = det(¢; 0 ¢; 1) (di(p)) > 0.

A choice of an atlas that satisfies this condition is called an orientation
of M, and M is then called oriented. A local chart (¢, U) is then called
a positive local chart. If no such atlas exists, M is called non-orientable.

The differential geometry of surfaces frequently involves moving frames
of reference. Before going any further, we distinguish two frames used:
the Frenet-Serret and the Darboux-Cartan frames of reference. The first
one depends on a regular curve 7y : (—e,e) — R3, that is, |¥(t)] > 0
for every t € (—e,€). Let v be parametrized by arc length ds, then the

frame of reference is constructed by vectors T, N, B where T = Z—Z is a

unit speed vector, N = "%" and B=N xT.

The Darboux-Cartan fra(;;le of reference depends on a regular curve
~ on a regular surface M and is constructed by orthonormal vectors
(e1,e9,e3) = (T,n x T,n) where T' = 4, n is a unit normal vector to
the surface M at p € .

An oriented surface in R? yields a pair (M,n) where M C R3 is a reg-
ular surface and n : M — S? C R3 a differentiable map such that n(p)

is a unit vector orthogonal to T,,M for each p € M as defined below.

Definition 2.7 Let (M,n) be an oriented surface in R3 and (¢,U) a
local chart for M with basis (¢u, ¢y) for T,M, with (u,v) coordinates
in U. The Gauss map is the map:

n:M — S?2cR?
L Du X Py

= Tou x ol P

p — n(p)

The Gauss map is a differentiable map. Its differential induces the
Weingarten-map.



2.4 Second Fundamental Form

The Weingarten map is a linear map related to the Gauss map as
follows:

Definition 2.8 The Weingarten map is the map
L,:T,M — T,M

v o =Dap)(w) =~ (nom)0)

with ¥(0) =p € M and v =+(0) € T,M.

Definition 2.9 The second fundamental form of a regular oriented
surface M at a point p € M is the map:

I, : T,M xT,M — R

Theorem 2.2 L, is self-adjoint, meaning that (L,(X),Y) = (X, L,(Y)).

Proof It holds that L, is linear thus we only have to check the above
claim for the basis vectors ¢y, ¢ .

It holds that:
¢
<n (o] ¢, au> = 0

From this it follows that:

b 0
0= g (no0ndu) = (5(100).6) + (100, 60).

Using the chain rule we get:

0
Lp(d’v) = 7Dn(¢v) = 7%(” © ¢)
Thus it holds that
0
<Lp(¢v)a ¢u> = - <8'I}(n o ¢)7 ¢u> = <n o ¢, ¢uv> .
This is symmetric in v and v. O

This also shows that the differential Dn(p) : T,M — T,M of the Gauss
map is self-adjoint.



As with the first fundamental form, it is useful to write the second
fundamental form in terms of the basis (¢, ¢y) associated with the
local parametrization ¢.

It holds that:

I,(y) = —(Dn(p)()")
_ —<Dn(p)(¢u)% + Dn(p)((ﬁv)%’ %CC% n ¢v%>
_ <nu%+nv%,¢u%+¢v%>
where

and

3 Gaussian Curvature

The fundamental idea behind the Gaussian curvature is the Gauss map,
as defined in definition 2.7. The Gaussian curvature can be defined as
follows:

Definition 3.1 The Gaussian curvature of the regular surface M at a
point p € M 1is
K (p) = det(Dn(p)),

where Dn(p) is the differential of the Gauss map at p.

It holds that for a local parametrization ¢(u,v) and a curve
Y(t) = d(u(t),v(t)) with v(0) = p € M, the tangent vector to the curve
~v at t = 0 equals

du dv

$(0) = ¢u((0), v(0)) - (0) + ¢u(u(0),v(0)) -

o ).

and thus

Do(3(0) = m St (0) +m, 5 (0).

8



Since n,, and n, lie in the tangent plane 7T, M, we can write them in
terms of the basis (¢, ¢y) as

Ny = 0110y + 0210y,

Ny = Q12¢y + @220y,

for some (cj)ij=12 € R, which gives the matrix of the linear map

Dn(p):
( Q11 012 >
Q91 (2
We can now link the coefficients of the first fundamental form to those

of the second fundamental form.
Since (n, ¢y) = (n, ¢») = 0 it holds that

—e = (N, Pu) (10u + @210, du) = a11E + an I,
—f=(nu,d0) = {110y + 2100, dv) = anF + a1 G,
—f = (ny, du) (120 + @220y, du) = c12E + g,
=g =Ny, b)) = (Q12y + @220y, Py) = a12F + anG,

which, written in matrix form, gives
(51) - () )
[y Q12 2 F G )

It holds that EG — F? > 0 since the inner product is positive definite
and that det(A - B) = det(A) - det(B). Thus we get:

eg — f?

K = det(aij)i’jzl’z = m

4 Theorema Egregium

The following theorem represents one of the most important theorems
within the field of differential geometry and the study of surfaces. Gauss
called it Theorema Egregium, meaning ”remarkable theorem”, since it
tells us that the curvature of a surface can be measured without knowing
how the surface is embedded in space.

Theorem 4.1 Theorema Egregium The Gaussian curvature K(p)
of a surface M at a point p € M 1is an intrinsic value of the surface

itself at this point, that is, it only depends on the metric tensor g on
M.



For the purpose of the proof of this theorem, we are going to denote
Guy Gv @8 Gy, and ¢y, In general it will be written as ¢, and ¢,; with
i,j=1,2.

Proof Let (¢,U) be a local chart for M with coordinates (u,v) in U,
q € U and p = ¢(q). It holds that (¢, p,,n) forms a basis for R3,
where n is a unit normal vector to M at p = ¢(q). This means that
every a € R? can be written as:

2
a:Zai¢ui+<a n)n
i=1

for some aq,as € R.
Computing the second derivative of ¢ yields:

2

> o L 0 9%
Ou;0u; (@) = kZF” Ouy, 9D T <8u7;8uj (q),n> s (*)

where Ffj are coeflicients called the Christoffel symbols.

0? o k k
It holds by symmetry that Wg’ﬂj(q) ou; gu (¢) and thus I'j; =T},
We can now compute the derivative of the first fundamental form

(gij)i,j:1,23
%() _ 0 <3¢(Q) 8¢(Q)>
Guk q N 8uk 8’11,@ ’ (9u]'

<82¢(Q) 8¢>(q)>+<3¢(q> 32¢(Q)( )>.

8u18uk’ 8uj 6ul ’8uj6uk 4

The same computation for %( ) and 8gj'“( ) gives:

1 (Ogki, ., 99k, . g _ [ 9% 9
2 <8uj () + ou; (a) ouy, (9) - auiﬁuj’ ou, /|~ ()

The inner product of () with % gives via (#:):

1 (Ogi 9g;i 09ij B %
s (0 + G0~ (@) = X rhaw

and thus

3gm 59jk ~ 0Ogij ki
; (8% 811,1 (Q) 8uk (q) g

10



where g* is the inverse of Gij-

We can now compute the third derivative of ¢:

83 0 E 82(]5 8gij on
Ou;0uj0uy Z ntyg

Pk
ouy ‘auk - 9 Qupdu; | Ouy 9wy

It is obvious that
(¢uu)v - ((buv)u =0.
Furthermore, combining this with (x) we deduce:
T3 ¢uw + TFdue + €y 4+ (T]1)odu + (FF))udo + €0
= F%Qﬁbuu + F%2¢vu + fn, + (Fb)uqbu + (F%Q)vd)v + fon,

with e, f the coefficients we defined for the second fundamental form. If
we substitute all second-order derivatives using (x) again and equating
the coefficients of ¢, we get

T, + T3 05 4 e ag + (TF)y = Tl + THIT, + f a1z + (T,

with aw1, agy the coefficients given in the matrix of Dn(p) introduced
earlier. Solving the Dn(p) matrix for these coefficients gives:

eF — fE fF —gE
9] = ——— g9 = —— .
AT EG-F? " EG-F?
Replacing these coefficients we obtain
(T7)u — (CT1)w + Dalgy + Tl =TT, —THT%, = eam—fan
_ g
EG — F?
— —FK,

which gives the desired formula for the Gaussian curvature in terms of
the first fundamental form and its first and second derivatives. (]

This shows that the Gaussian curvature is independent of the embed-

ding of the surface in R3. Thus, it is an intrinsic value of the surface
itself since it depends only on the metric tensor g.

5 Gauss-Bonnet Theorem

In this section, the Gauss-Bonnet theorem is proved, through the Gauss-
Bonnet formula. To do this, some elementary tools from differential
geometry are needed: differential forms.

11



5.1 Differential Forms

Definition 5.1 A 1-form on R3 is a map

w:RP — I_IpeRs(Rg)*
p = w(p),

where (Rg)* 1s the dual space of the tangent space
Rf; = {v|v = ¢ — p,q € R3}, that is, the set of linear maps ¢ : Rg — R.
It holds that w can be written as

3

w(p) =Y ai(p)(da’),,

i=1

where a; are real functions in R3 and the set {(dx%),; i = 1,2,3} is the

dual basis of {(e;)p}, that is

: Oz; 0 ifi#j
(@l = 5o ={ 0 427

This map should be compatible with the projection map
Pyt Upeps (R3)* — R3, that is, P} ow = idgs. If the functions a; are
differentiable, w is called a differential 1-form.

Let A%(R3)* be the set of maps ¢ : R} x R> — R that are bilinear
and alternating, meaning ¢(v1,v2) = —p(v2,v1) for (v1,v2) € R3 x Rf’,.
This is a vector space. The set {(dz* A da?),,i < j} forms a basis for
A?(R?)*. It holds that

(dz’ A da?), = —(da! Adat),, i

and ' '
(dz* N dz'), = 0.

Definition 5.2 A 2-form on R3 is a map
w:RP = Ueps A% (RD)".
It can be written as:

R®5p— w(p) = Y aij(p)(da’ Ada?),,  ij=1,2,3
1<j

where a;; are real functions in R3.

12



Here again, the map should be compatible with the projection map
Py i Upeps (R3)* — R3, that is, P, o w = idgs. If the functions a;j are
differentiable then w is called a differential 2-form.

The above definitions are for 1- and 2-forms on R3. From here on we
are going to work with 1- and 2-forms on the regular surface M.

Let (¢,U) be a local chart for M with coordinates (u,v) and let

T= (x,y,Z) = <¢1(U7U)7¢2(u7v)ﬂ ¢3<uvv))

be a moving point through M. Its differential yields

df(p) = <d¢1 (u,v), dp2(u,v),dps (uv U))
0 0 0 0 0 0
= (G G s, G wau+ G o, G2 au+ 52 pao)

ou
0¢ 1J0)

— (Gt ).

It holds that (%, g—f) forms a basis for the tangent space T,M. Thus,
dz(p) € T,M*.

Now let (eq, ez, e3) be a Darboux-Cartan frame for the regular surface
M with e, es tangential and e3 = e; X eg normal to M. It holds that
we can write d¥ as

dZ(p) = wi(p) - e1 +wa(p) - e2

for some wi,wy € T, M* since (e1, e2) forms a basis for T,M as well.
At each point p € M, the basis {(w;),} is the dual of the basis {(e;)p}.
The set of differential 1-forms {w;} is called the coframe associated to

{ei}-

It also holds that each vector field e; is a differentiable map

e; : R — R3. Tts differential at p € U, (de;), : R? — R3, is a linear
map. Thus, for each p and each v € R? we can write

(dei)p(v) = D (wi)p(v) - ;.
J
It holds that (w;;)p(v) depends linearly on v. Thus (w;;), is a linear form

on R? and since e; is a differentiable vector field, w;; is a differential
1-form. For convenience, we abbreviate the above expression to

de,- = E wij . 6]‘.
J

13



We can now work with these expressions. Differentiating (e;, ej) = ;5
gives
0 = (dej, ej) + (e, dej) = wij + wj;

and thus w;; = —wj; and in particular w; = 0.

The three forms (w;;)i<; are called the connection forms of R? in the
moving frame {e; }.

Cartan’s structural equations give an expression for the exterior
differential of these 1-forms.

Theorem 5.1 The structural equations are given by:
o dwi = wis Awr and dws = w1 A wia,
o dwi; = Zzzl Wik A Wij-
Proof To prove the first statement, we use the fact that d(dz) = 0:
0=d(d¥) = d(w-e1+ws-e2)
= dwi-e1 —wi Ader +dws - es —wo A des.

Using the fact that de; = E]‘ wij - €j, this yields:

Ozd(df) = dw1-61—wl/\(w12-62+w13-63)+dw2'62—w2/\(w21-61+w23'63)

= (dwl — W9 /\WQl) -e1 + (dw2 — w1 /\wlg) - €9 — (wl N wis + wo /\wgg) - €3.

To prove the second statement we use the fact that d(de;) = 0:

3
0=d(de;) = d(z wij - €5)
j=1

w

= > d(wij - ¢j)

j=1
= Z(dwij cej — wij A dej)

j=1

3 3
= Z (dwij e —wij/\ijk -ek) .

j=1 k=1

w |l

From here we see that in front of a basis vector ¢; we have the coefficient:

3
dwy — szj A Wit
Jj=1

which gives the desired result. O

14



It holds that the differential of the normal vector n = e3 = e1 X eg is
contained in the plane spanned by (ej, e2) and given by:

dn = deg = w31 - €1 + w39 - €9.
Since wy and wy form a basis for 1-forms, we can write

w1z = hjw + higwe,
wog = hgiwy + haowo.

Thus the matrix of the Weingarten map with respect to the orthonormal
basis (e1, e2) is given by:

hi1  hiz
L = .
( ho1  haa )

dn(el) = —(wlg -e1 + wa3 - 62)(61)
—(wis(e1) - e1 + was(er) - e2)
—(hi1€1 + hige2)

Indeed we have

and
dn(eg) = —(w13 -e1 + wa3 - 62)<62)
= —(wiz(e2) - e1 +was(e2) - e2)
= —(haier + hagez)
and since L = —dn, we get the wanted entries for the matrix form.

From the proof of the first statement of the previous theorem we know
that 0 = w1 A wig + wo A weg. This means that his = ho1; and shows
again the symmetry of the Weingarten map.

This also gives the Gaussian curvature, that is:

K =detL = h11h22 — h12h21 = h11h22 — h%Q.

We now use Cartan’s structural equations. It holds that:
dwiz = w13 A waz = —wiz A was.
We have:
w13 Awag = (h1iwi + hiaws) A (horw + haows) = (h11hos — hip)wi Aws.
This can be written as:

dLU12 = —-K dA.

15



Remark It can be easily shown that dA = wy Aws, even if the notation
dA is a bad notation for the surface element. It holds that wi A wg can
never be an exact form, that is, the differential of a 1-form. But the
notation above is tolerated and widely used.

For the orthonormal basis (e, e2), it holds that

(w1 A WQ)(el, 62) = wl(el)wg(eg) — wl(eg)wg(el)
1-1-0-0=1.

Hence, wi A wy is the volume element.

5.2 Gauss-Bonnet Formula

The Gauss-Bonnet formula (also called local Gauss-Bonnet theorem)
relates the Gaussian curvature of a surface to the geodesic curvature of
a curve and leads to the Gauss-Bonnet theorem. The geodesic curvature
measures how far a curve on a surface is away from being a geodesic,
that is, a curve on the surface for which its acceleration is either zero
or parallel to its unit normal vector for each point on that curve.

Definition 5.3 Let v be a reqular curve on the regular surface M. The
geodesic curvature of v at a given point p € v is defined as

Fny(P) i= (5, N X 7).

Proposition 5.2 Let M be a reqular surface. For each p € M, it holds
that the Gaussian curvature K(p), by choosing a moving orthonormal
frame (e1,ea,n = €1 X e2) around p, satisfies

dwia(p) = —K(p) dA(p) = —K(p)(w1 A w2)(p).

Since dwio and dA do not depend on e3 = n = e X ez, we see that K
is an intrinsic value, as proven in Theorema Egregium earlier.

We can now state the Gauss-Bonnet formula.

Lemma 5.3 Gauss-Bonnet Formula: Let (M,n) be an oriented
surface with M C R® and let (¢,U) be a coordinate patch with ¢ :
U — R3,¢(U) C M. Let~ be a piecewise reqular curve on M enclosing
a region R C M. Let {v;}}_, be the regular curves that form ~ and
denote by {a;}7_, the jump angles at the junction points (exterior an-
gles).

It holds that:

/K dA—F/FL7 d3:27r—Za,~,
R gl i=1

16



where K is the Gaussian curvature of M and dA is its Riemannian
volume element.

Proof Let (e1,ea,n = €1 X e2) be an oriented orthonormal moving
frame on a regular curve 7; on M. Let (w1,w2) be the associated
coframe with connection forms wj,j,k = 1,2. Choose another ori-
ented orthonormal frame (€1 = 7;,€3) on M with associated coframe
(@W1,w2) and connection forms Wjy, j,k = 1,2. Changing from the first
frame to the second is done by a rotation of angle 6. It holds that
(€1, €2) is written in the (ej, e2) basis as:

€1 = cosf-e1+sinb - eo,
€ = —sinf-e1 +cosb-es.
Furthermore
der = wi2-€2+ w3z - €3,
W12 = (dé,éq)

= (dé1, —sinf - e + cosb - e3)
= (—sinfdf -e; + cosf - de; + cosfdf - ea +sinf - dey, —sinf - ey + cos b - ea)
= wyg + db.

It holds that

Ky ds = (§i,n X ;) ds
= (dT,n x T)ds,
dl’ = déy1 = &9 ea+ W3- €3

= wio-n xT + w3 - e3.

Thus taking the inner product of d1" with n x T' to get k., gives:

(:)12 = H% ds.

Going back to proposition 5.2, we get:

/KdA = —/dwlg
R R
® —/om
Y
_ /(@12—d9)
- /((Z)lgdG)
Y
- —/mds+/d9.
Y Y

17
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In (%) we used the theorem of Stokes, which we will prove later. It
holds that df is the change of angle. Integrated over a closed curve this
gives the total rotational angle of the tangent vector starting in a point
p € M (and ending there again). If the curve is simple, according to the
Turning Tangent Theorem, this is equal to 27. If there are singularities,
thus kinks, in the curve «, we can decompose « into {7; }i=1,... » simple
curves. The exterior angle «; can be defined as the jump angle between
the tangent vector at the curve v; and the curve ;4. It holds that the
total rotational angle is (according to the Turning Tangent Theorem)
27 minus the sum over the ‘added angles’, namely the exterior angles.
This gives [ df =2 — 3, o; and thus

/KdA+//<;gds = QW—Zai.
R ¥ i

O

The Gauss-Bonnet formula leads to the Gauss-Bonnet Theorem with
the aid of triangulations. This is a construction borrowed from algebraic
topology.

Definition 5.4 A triangulation of a compact regular surface M con-
sists of a finite family of closed subsets {T1,...,T,} and homeomor-
phisms {¢; : T' — T; € R?} where T is a triangle in R? such that:

1. U, Ty = M.

2. Fori# j,T;NT; # 0 implies T; N'T; is either a single vertex or
a single edge.

Every compact regular surface possesses a triangulation. In fact, it
was proved by Tibor Radé in 1925 that every compact topological 2-
manifold possesses a triangulation.

Theorem 5.4 (Radd) Every compact surface M admits a triangula-
tion. FEquivalently, M can be constructed, up to homeomorphism, by
taking finitely many copies of the standard 2-simplex A, that is, trian-
gles, and gluing them together appropriately along edges.

5.3 FEuler Characteristic

The Euler characteristic is a topological invariant of a 2-manifold which
describes its shape regardless of the way it is bent. It moreover gives
a simple way to determine topologically equivalent manifolds. It is
defined as follows:
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Definition 5.5 If M is a triangulated 2-manifold, the Euler charac-
teristic of M with respect to the given triangulation is defined as

x(M)=V —E+F,

with V, E and F' the number of vertices, edges and faces of the given
triangulation.

It holds that the Euler characteristic is independent of the chosen tri-
angulation.

We can examine what happens to the Euler characteristic if we add a
hole to the surface, by attaching a handle. This can be done by remov-
ing two ‘triangles’ of the triangulation and gluing the handle. Then the
original triangulation will be reduced by two faces and the new triangu-
lation gains the triangulation of the handle, which can be triangulated
into 6 triangles, thus having 6 new edges, and 6 faces, with the vertices
coinciding with the vertices of the removed triangles.

Computing the Euler characteristic we get

X(M)=V'-E'+F =V—-(E—6+12)+(F-2+6)=V-E+F—2.

We see that x(M) has been lowered by 2.

It holds that the Euler characteristic is related to the genus of the
surface. The genus of a connected, orientable regular surface M is
the maximum number of cuttings along non-intersecting closed simple
curves without rendering the resultant manifold disconnected. It is
equal to the number of holes in it. Alternatively, it can be defined
for closed surfaces in terms of the Euler characteristic x, through the
relationship
X(M) =2 —2g,

where g is the genus.

This is consistent with the fact that x(M) has been lowered by 2 by
adding a hole.

To further illustrate the Euler characteristic, choose the following tri-
angulation for the torus:
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This triangulation is composed of 2 triangles with 1 vertex, 3 edges and
2 faces which gives an Euler characteristic of x(torus) =1—3+2 =0,
which correponds to a genus g = 1.

5.4 Gauss-Bonnet Theorem

Theorem 5.5 Gauss-Bonnet Theorem: Let M € R? be an oriented
compact reqular surface, K its Gaussian curvature and x its Euler char-
acteristic. Then

/ K dA =2mx(M).
M

Proof Let {R;,i = 1,..., F'} denote the triangles of the triangulation
of M, and for each i let {v;; : j = 1,2,3} be the edges of R;.

Let {0;; : j = 1,2, 3} denote its interior angles. Since each exterior angle
is 7 minus the corresponding interior angle, applying the Gauss-Bonnet
formula to each triangle and summing over the amount of triangles F’
gives:

F 3

F F 3 F
Z/ K dA+ZZ/ Ky ds+ > > (m—05)=> 2r. (1)
i=1 7 i i=1

i=1 j=1""ij =1 j=1

It holds that each edge appears twice in the above sum, with opposite
directions, therefore the integrals of . cancel out. Thus (1) becomes;

F 3
/ K dA+3nF =Y 6 =27F. (2)
M i=1 j=1

At each vertex, the sum of the interior angles of the surrounding trian-
gles is equal to 27 and thus

/ K dA =27V —nF. (3)
M

Since each edge appears in exactly two triangles, and each triangle has
exactly three edges, the total number of edges counted with multiplicity
is 2F = 3F where we count each edge once for each triangle in which
it appears. This means that F' = 2F — 2F, and thus (3) becomes:

/ K dA =27V —271E + 2rF = 2nx(M).
M
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6 Gaussian Curvature and the Index of a Vec-
tor Field

6.1 Change of frames

Equip the tangent space of the regular surface M with the standard
inner product of R? and let X be a vector field on M with isolated
singularity p € M, that is X (p) = 0, and let U, be a neighbourhood of
p containing no other singularities than p. Define e; = X/|X| on

Up \ {p} and complete e; to an oriented orthonormal moving frame
(e1,e2) on U,. Let (w1,wz) be the associated coframe with connec-
tion forms wjj;,%,j = 1,2. Choose another oriented orthonormal frame
(€1,€2) on U,. This arbitrary frame has to be different from (e, e2)
since ej is not defined at p. Let’s investigate what happens to the con-
nection form wio if we change the local orthonormal frame. For each
q € Uy, denote by A the change of basis matrix from (e, e2) to (€1, €2).
Since the transformation is a rotation of angle 6 (between e; and é;),
it is clear that the matrix A is orthogonal and equals:

A f g _ cosf sinf
\ —g f - —sinf cosf )’
Thus the angle of rotation between the two orthonormal frames 6 equals

arctan £. This is not well-defined since it is multi-valued. But it turns
out that its 1-form

df =d <arctan ?) = W = fdg —gdf =71

is well-defined.
Now let (w1, @2) be the coframe associated with (€1, €2) and let w;o, Wy

be its corresponding connection forms.
It holds that:

Wi2 —Wwi2 =T,

where 7 = fdg — gdf is called the (e1,es) — (€1, €2) change of frame.
Thus, if (€1, €2) is another orthonormal frame we have

€1 = cosf ey +sinf eq,

ég = —sinfeq + cosb es.

Therefore @1 A &y = w1 A wg and Q12 = wig + db.
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6.2 The Index of a Vector Field

Let C be a simple closed curve that bounds a region D in U,, where
D is homeomorphic to a unit disk in R? and contains p in its interior
and think of (€1, é2) as the reference frame, then 7 = wja — @19 is the
(é1,62) — (e1,e2) change of frame (which is the opposite change of
frame of what we defined earlier). The index of a vector field at an
isolated singularity p is defined as follows:

Definition 6.1 Let M be a reqular surface and X a smooth vector field
on M with an isolated singularity p € M, that is X(p) = 0, and let C
be a simple closed curve in M. The number

1
Indx(p) = 27(/07

1s called the index of X at p.

The index of X at the singularity p is an integer representing how many
full turns the vector field makes around p, when moving along the curve
C. We can illustrate that with the following example:

Example Consider the smooth vector field

0 0
X(z,y) = 5 Yoy

The only singularity X has is the origin (0,0). Let (%, a%) be the
reference frame and let C' be the unit circle. We obtain

—y —zdy + ydx
7=d|[arctan — | = ————,
x x? 4+ y?

SO

1 1 2
Indx((0,0)) = o /C —xdy + ydx = ), (—cos®t —sin? t)dt = —1.

Lemma 6.1 The index of a smooth vector field X at a point p is in-
dependent of the choice of the curve C.

Proof Let Cq,Cs be two simple closed curves. First, assume they do
not intersect. Let B be the region bounded by C; and Cj.
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Thus 0B = C U (—C3). Then:

/ T_/ T -
Cq Co

S~
\]

ClU(*C’z)

Il
Qv\
sy

\]

—
*
~

(e}
T W

In (*) we used the theorem of Stokes. If C; and Cy intersect, take a
simple closed curve Cj that does not intersect C7 and Cs and apply the
previous argument to show that [, 7 = fCo T fori=1,2. O

Lemma 6.2 The index of a smooth vector field X at a point p does
not depend on the Riemannnian metric.

Proof Let rg,r1 be two Riemannian metrics on M. Define
re=1—tro+t-rm, 0<t<l1.

Then r¢ is a family of Riemannian metrics connecting rg with 1. Denote
the index of X at p with respect to ry by Ind[t]. From the definition of
the index it holds that Ind[t] is a continuous function of ¢. Since it has
integer values, it follows that Ind[t] is constant, so Ind[0] = Ind[1]. O

6.3 Relationship Between Curvature and Index

Theorem 6.3 For every compact orientable reqular surface M and
every smooth vector field X on M with only isolated zeros pi,...,pn,
we have

/ K dA =21 Indx(p:).
M i=1

Proof Let U = M \ {p1,...,pn}, then X is non-vanishing on U. Thus
we can define e; = X/|X| and complete it to an oriented orthonormal
frame of reference on U by constructing es as a unit vector field or-
thogonal to e;. Let (w1,w2) be the associated coframe with connection
forms (wz‘j)i’jzl?g.

For each 1 < ¢ < n, choose a small open disk B;, with respect to the
Riemannian distance on the regular surface M, centered at p;, in a
way that B; contains no other singularities of X other than p;. Let
V =M\ 3/, Bi). It is clear that V is a 2-manifold with boundary
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the union of 0B;,1 < i < n. The orientation of each 0B; as a boundary
element of V is always the opposite of the orientation of dB; as the
boundary of B;.

We now compute the integral over the Gaussian curvature. This gives:

/KdA = / dw12
%4 \%4
°
= - w12
ov
n
- >/ e
i—1 Y 9Bi
In (%) we used the theorem of Stokes again.

To compute this we need the following lemma:
Lemma 6.4 If B, is the disk of radius r centered at p € M then:

1
lim / w12 = Indx(p)
r—0 27 B,

Proof By the Cauchy criterion it holds that the above limit exists if

and only if
/ w12 — / w12
0B, 0B

If s < r, denote the annulus bounded by 9B, and 0B, by A,s. Then
0A,s = 0B, — 0Bs. We get

[on [ on = [
0B, 0Bs O0Br—0B;
= / w12
A'rs
3
(:) / dwU
A’V‘S

lim = 0.

r,s—0

Q

as r,s — 0 since the area of A,s goes to zero. In (x), Stokes is applied.
This shows that the limit exists. We now have to show that this limit is
the index of the vector field on M. It holds that dwis = d1a = —K dA
and that wio = W12 + 7. This gives:

/ w12—/ w2 = / dwi2.
9B dBs Ars
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Letting s — 0, we see that A,; — B, and thus we get:

/ w12 — 2l = / dwlz
0By B,

= - K dA.
Br

This can be done since dwio = —K dA is globally defined on M.
It holds that faBr Wiy = — fBr K dA. This gives:

/ w2 = / (012 +7)
OB, 0B,

= - KdAJr/ T
By 0B,

= — K dA + 2rIndx (p;).
By

This shows that the limit indeed equals the index of the vector field on
M.
Thus, letting the radii of B; go to zero and using the above lemma we
get:

/ K dA=2r) " Indx(p:).
M i=1

O

From this we can see how vector field theory relates to topology through
differential geometry.

Corollary 6.5 (Poincaré-Hopf) Let M be a reqular orientable surface
and X a smooth vector field on M with only isolated singularities p1, ..., pn.-
Then:

Z Indx(pi) = x(M).
i—1

7 Stokes’ Theorem

Another example to see how differential forms relate to the mathematics
of vector fields is the theorem of Stokes.
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Theorem 7.1 Let w denote a differential (n — 1)-form on a compact
oriented n-manifold M. Suppose that M has a smooth and compact
boundary OM with the induced orientation. Then

/ dw:/ w.
M oM

We are going to prove Stokes in the general case, for an n-manifold.
Since we are not working on a surface now, we denote a manifold by
X.

First we need some definitions we have not encountered before.

Definition 7.1 Let X be a smooth oriented manifold. The support of
a function f : X — R is the closure of the set of p € X such that

f(p) #0, that is

supp(f) :={p € X|f(p) # 0}.

Definition 7.2 Let X be a manifold with open cover U = |J,(Us)ier-
A partition of unity subordinate to U is a family (p;)jes of smooth
functions p; : X — [0, 1] with compact supports such that

1. for each j € J, there exists an ij € I such that supp(p;) C U,

2. for every compact subset K € X, we have K N supp(p;) # 0 for
only finitely many j € J,

8. > jespi=1onX.

It holds that if I/ is an open cover of a manifold X then such a partition
of unity subordinate to U exists.

Proof of the theorem of Stokes

Let A be an oriented atlas of charts (¢; : U; — V;)ier, with the corre-
sponding orientation on X. Let (p;);ecs be a partition of unity subor-
dinate to the open cover U; of X. Then

w = Z pj w.
It holds that:

vj 3
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Since }; pj = 1 then 37, dp; = 0 and thus (since it is a finite sum) it
holds that [, >, dp; = 0.
i

The fact that we can write w as
jeJ

and due to the linearity of the integral, we can resume the proof to the
case of the manifold X with boundary 0X being the half-space

H" = {(z1,...,2,) € R"|z; <0}

with boundary OH" = {(z1,...,z,) € R"|z; = 0}. This boundary 0H"
can be viewed as R"~!. This means that we only need to prove Stokes’
theorem for forms with support in a coordinate neighbourhood, that is,
for differential forms with a compact support in H".

Let w be a differentiable (n — 1)-form with compact support in H".
For n = 1,we have 0-forms, that is, functions. The result follows directly
from the Fundamental Theorem of Calculus. In this case w is a smooth
function of compact support on (—oo, 0] and thus

/Hl dw = /_iow/(:c)dx = w(0) = /BH w.

For n > 2, we can write w as
n
W:Zfi dri A ...Ndx; A... Ndxy,
i=1

with smooth functions fi, ..., f,, where the hat marks a missing term.
Thus we get

n

A
dw = Z(*l)z_lfi dzi A ... A dxp,.
i=1 v

For i > 2, since f; has compact support in H", and for every

Cly-e yCi—1,Cit1y---,Cp in R with ¢; <0 it holds that
ofi
ClyevyCi1,t,Cix1,...,Cp)dt =0
R8562'(1 1—1 i+1 n)

by the Fundamental Theorem of Calculus. Thus it holds that

/ afidacl co.dxy, =0.
H

n dﬂfl
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The pullback of w, defined by the inclusion ¢ : JH" — H", is
*w = fidxo A ... A dx, and thus

/ dw = afidxl...da:n

0
= / ( afld.%l) d$2 e da:n
Rn—1 —00 axl

= / ) 10,29, ..., xp)dzs . . . dxy,
R~

- [
OH"

using the Fundamental Theorem of Calculus again. This completes the
proof of the theorem. O

In vector calculus, operations involving the gradient of a function and
curl or divergence of a vector field are commonly used. The exterior dif-
ferential is similar to these actions when working on differential forms.
We restrict ourselves to R? to establish the following correspondence:
Differentiable scalar functions correspond to 0-forms in R3.

Let f(x,y,2) be a differentiable scalar function in R3. The gradient of
f corresponds to the 1-form df:

0 o o
Vf($7y,2)<—>df:wlvf:£d$+£dy+azdz_

Let F be a vector field in R3. It corresponds to the 1-form:
F = (F, F,,F,) < wp = F, dv + F, dy + F, d=.

The curl out of F' corresponds to the exterior differential of w}., which
gives a 2-form:

VX F ¢ wh=F,dyNdz — Fyde ANdz + F, de A dy.
The divergence of F' corresponds to the 3-form:
OF, n OF, . oF,
ox oy 0z

This correspondence allows us to formulate the classical version of the
theorem of Stokes in R3:

V-F(—>dw%=< >da§/\dy/\dz.

Theorem 7.2 Let M be an oriented reqular surface with smooth bound-
ary C, F be a differentiable vector field on M and n be the outward-
pointing normal vector to M. Then:

//M(VXF)-ndA:jti-dr.
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8 Application to Physics

The Poincaré-Hopf theorem can be visualised through the following
experiment including nematic liquid crystals [6, 7]. A nematic liquid
crystal is a distinct phase observed between the crystalline (solid) and
isotropic (liquid) states of matter. It is characterized by molecules hav-
ing no positional order but tending to self-align in the same direction
to have a long-range directional order with their long axes roughly par-
allel. We can then talk about a nematic direction vector, a director.
Most nematic liquid crystals (referred to as nematics) are uni-axial:
they have one axis which is longer and preferred. In the following dia-
gram, we see a distribution of nematics:

>
n

\ \‘ /‘\/ 4 virector
\\/
AN
/N

//\

Light is an electromagnetic wave and thus exhibits polarization: its
waves can oscillate in more than one direction. When unpolarized light,
that is, light with no defined polarization, passes through a polarizer,
only waves of a certain polarization are transmitted (the waves that
are in the plane of polarization) and waves of different polarizations
are blocked. Two polarizers used together transmit light differently de-
pending on their relative orientation. For example, when the polarizers
are arranged so that their planes of polarization are perpendicular to
each other, the light is blocked. When the second filter (called the an-
alyzer) is parallel to the first, all of the light passed by the first filter is
also transmitted by the second.

The behaviour of a nematic liquid crystal, which, due to the align-
ment of the molecules, can be seen as a vector field, is studied through
the following experimental system, a nematic double emulsion droplet:
a nematic liquid crystal droplet of radius R (yellow) encapsulates a
smaller water droplet of radius a (white) as seen in the figure below:
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Schematic of a nematic double emulsion droplet of radius R. The
inner water droplet of radius a is displaced by an amount A along the
vertical direction, which makes the top of the shell thinner.

Since a nematic liquid crystal has one preferred long axis, it holds that
this molecule, when rotated, returns to its preferred position after a
rotation of only w. This means that we can have a singularity with
index %

Experimental model systems of spherical nematics have shown that the
thickness of the shell plays a crucial role in the distribution and in-
dex of the singularities of a field of nematics. As an example, for a
field of nematics with two singularities, there are two possible configu-
rations depending on the homogeneity of the thickness of the shell. If
the shell is rather thick and homogeneous over the whole sphere, then
the singularities tend to align in such a way that the distance between
them is maximized, that is, diametrically. But, when increasing the
thickness inhomogeneity towards a critical value, one defect migrates
towards the other one such that the singularities are all confined on the
thinnest part of the shell.

The link to the mathematics of surfaces comes from the theorem of
Poincaré-Hopf which tells us that the sum of the indices, that is, the
singularities of a vector field on a sphere is always equal to two. This
means that the following configurations can theoretically occur:

e 1x index 2,
e 2X index 1,

e 1x index 1+ 2X index %,

1x index % + 1x index %

4% index

[ ]
D=
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The cases involving an index of 2 or % are not likely to occur, due to

energetical reasons. The possible configurations are shown in the fol-
lowing figure.

The first row shows different configurations of a nematic shell with
four defects of charge % The second row shows different
configurations of a nematic shell with three defects (one with charge 1
and two with % The last row shows different configurations of a

nematic shell with two defects of charge 1.

In the experiment above, unpolarized light is sent through a polarizer
and an analyzer positioned with their axes of polarization perpendicular
to each other. The nematic droplet is used as an intermediate medium
between the two polarizers. The nematic director of the nematic is uni-
form and makes an angle # with the axis of the first polarizer.

If the angle 6 is 0, the nematic does not change the polarization of the
light and thus the light is blocked. If the angle 6 is § the polarized light
is blocked by the nematic and no light passes. Finally, if 6 is some other
angle different from 0, § (mod ), the nematic changes the polarization
of the light and light passes through the second polarizer and can be
detected.

Using this last setup, simply counting the ‘number’ of ‘brushes’ (en-
lightened parts) at each defect and dividing it by 4 gives its index. (We
get two brushes at a defect of index % and four brushes at a defect of
index 1).
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