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Introduction

This thesis is about a class of geometric shapes that can be constructed through iterative
processes. We shall use the Sierpinski triangle as an example of that kind of geometric
shapes. During the development of the theory on the whole, we will return to that example
as a guideline. Before we derive some properties of the Sierpinski triangle, we will show
how one can construct it.

Example 0.0.1 (Construction of the Sierpinski triangle). In this example we are going to
construct the Sierpinski triangle. We take a solid equilateral triangle Ty as initial object.
Then we obtain a new shape Ty by taking the triangle, reducing it by a factor of two
and placing copies of that reduction in all of the three corners of the triangle. We repeat
this iteration again and again using the last shape obtained by the iteration instead of the
triangle. In the limit the Sierpinski triangle, a shape that looks like T, appears. That is,

T =N, T,.
A L

A AA A4

T3
In this thesis we will use the term attractor for the limit set of such an iteration. In the
example above the attractor is the Sierpinski triangle 7T'.

In Chapter 1 we will introduce some necessary definitions with regard to metric spaces and
contractive functions.

Chapter 2 is about hyperspaces. Here we will derive some properties of attractors.

In Chapter 3 we will look at some measure theory. We will construct a unique measure
that is related to the attractor obtained in the previous chapter.

In Chapter 4 we are going to introduce a more general notion of dimension, the so called
Hausdorff dimension. Then we will determine the Hausdorff dimension of the attractor.
It will turn out that the dimension of the attractor is not an integer in most of the cases.
Thus we speak about fractal dimensions.



Chapter 1

Metric spaces

1.1 Definitions

Definition 1.1.1 (Metric space). Let S be a non-empty set. A metric d is a function
d:S xS — R such that for all x,y,z € S :

(1) d(z,y) =0z =y,
(it) d(z,y) = d(y,z),
(iii) d(z,y) < d(z,z) +d(z,y).
The ordered pair (S, d) is called a metric space.

Definition 1.1.2. A metric space (S,d) is complete if each Cauchy sequence has a limit
m S.

From this point on let (S, d) be a complete metric space.

Definition 1.1.3. Let (S1,d;) and (Sa,dy) be metric spaces. A function f : S1 — Sy is a
Lipschitz function if there exists a ¢ € Rs( such that

da(f (), f(y)) < edi(,y) for all z,y € 5.

The Lipschitz constant of f is

|flLip :=inf{c > 0: do(f(x), f(y)) < cdi(z,y) for all x,y € Sy}

The set of Lipschitz functions f : S — Sy is notated by Lip(Sy,S2). The notation
Lip_,(S1,S3) is used for the set Lipschitz functions with |f|ri, < c¢. If |f|Lip, then f is
called contractive or a contraction mapping.



Contraction mappings f : S — S play an important part in the constuction of geometric
objects such as the Sierpinski triangle.

Example 1.1.1. Let us take a closer look at the Sierpinski triangle, introduced in Example
0.0.1. Since its construction is done in R?, the Sierpinski triangle is a subset of R?, which
1s a metric space. The associated metric dg 1s given by

dp :R2xR?> 5 R

de(z,y) = llz —yll = V(21 — 11)? + (22 — 12)?,
where x = (x1,22) and y = (y1,y2). We refer to dg as the Euclidean metric.

We can describe the iteration in Example 0.0.1 in terms of functions from R? to R%. For
each corner p; of the triangle we take a function f;(z) that maps x to the nearest point such
that de(f(x),p;) = %dE(LpZ-). We obtain the next subset in the iteration by applying those
three functions on the points of the previous subset and taking the union of their outputs.
By the way we defined the functions f;, we see that they are contraction mappings with

| filLip = 3-

Lemma 1.1.1. Let (S;,d;) be a metric space and f; € Lip(S;, Siz1) for all i € N. Then
F,:=fio---o fi : S1 = Siy1 is a Lipschitz function with |F| Ly, < TT0 | fil Lip-

Proof. For all x,y € Sy:

d3(fao fi(z), f20 fily) < ds(fa(fi(2)), fo(f1(y)))
< Nfalwip - do(fi(2), f1(y) < |folrip - [ filip - di(z,y).

Proceeding inductively we get for all x,y € Si:
dip1(Fi(2), Fi(y)) < da(z,y) - H | fil Lip-
i=1

We conclude that F; € Lip(St, Sit1) with |Fi|rip < T12; |fil zip- O

1.2 Banach Fixed Point Theorem

The well-known Banach Fixed Point Theorem states that a contraction mapping on a com-
plete metric has a unique fixed point. The importance of this theorem will find expression
when we are going to prove the uniqueness and existence of attractors.

Theorem 1.2.1 (Banach Fixed Point theorem). Let (S, d) be a complete metric space and
f S — S a contraction mapping. Then the following statements hold:

i) There exists a unique point x; € S such that f(xs) = ;.
f ! !
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(1) lim,, o0 f™(x0) = x5 for all zo € S.
Proof. Let ¢ = |f|Lip. By Lemma 1.1.1 we get that for all n € N:

d(f"(z), f"(y)) < c"d(x,y).

Let zo € S and define the sequence (,)5, by z,, := f™(x¢). The distance d(z,z,) is
bounded:

Ao ) = dlo f"(20)) < S d(fi (o), £ (20)) (L.1)
< Y e, £ () = d(wo, fla) Y
< d(wo, f(a0)) Y = T d(eo, Flo)) (12

=0

The inequality in (1.1) is justified by the triangle inequality. In justification of (1.2) observe
that ) -2, ¢’ is a geometric series. Now it is easy to see that (z,)22, is a Cauchy sequence:
let m,n € N, m > n, then

AT, zn) = d(f™ (o), ["(w0)) = d(f"(f" " (20)), ["(x0))

< d(f" " (20), w0) < 1c_ncd(9507f(x0))'

Since lim,,_, l%nc = 0, it follows that (x,)22, is a Cauchy sequence. Because S is complete,
()5, does have a limit in S, say x . Using the continuity of f we see

flzy) = f(hm x,) = lim f(z,) = hm Tpt1 = Ty.

n—oo
So x5 is a fixed point of f.

To prove the uniqueness of xy we suppose that z and y are fixed points of f. Then

d(y,z) = d(f(y), f(2)) < cd(y, 2).

Now we find that d(y, z) = 0, hence y = z. Therefore the fixed point is unique.

We derive that lim,, . f™(x¢) = xs for all zyp € S as a direct consequence of the way the
sequence (z,,)9%, is defined. O



Chapter 2

Hyperspaces

Let (S,d) be a complete metric space. It is possible to turn the set H(S) of closed and
bounded subsets of S into a metric space with distance function dy, the Hausdorff distance.
There is no universal name for H(.S), we will call it the hyperspace of S, following [5]. It
will turn out that attractors and in particular the Sierpinski triangle are elements of this
space.

2.1 The Hausdorff distance

Let (S,d) be a complete metric space.

We define the distance between a point x € S and a subset A C S by

d(x,A) = inf{d(z,a) : a € A},

and we define the semi-distance of two subset A, B C S by

d(A, B) = sup{d(b, A) : b € B}.

Observe that there exist subsets A, B C S such that 6(A, B) # §(B, A). For instance, we
can take (5,d) = (R,dg), A = [1,2], and B = [0,3]. Then 0 = §(A,B) # 6(B,A) = 1.
For that reason we refer to §(A, B) as the semi-distance from A to B. A proper notion of
distance is symmetrical. Therefore we introduce the Hausdorff distance dg:

Definition 2.1.1 (Hausdorff distance). Let (S, d) be a metric space and let A, B C S. The
Hausdorff distance between A and B is given by

dy (A, B) = maz{5(A, B),5(B, A)}.



Lemma 2.1.1. Let A,B,C C S be bounded subsets of S. Then 6(A,B) < §(A,C) +
4(C, B).

Proof. Let a € A,b € B,c € C. Then

d(a,B) < d(a,b) <d(a,c)+d(c,b).

This holds for all b € B, so

d(a,B) < d(a,c)+d(c,B) <d(a,c)+ §(C,B).

The latter inequality holds for all ¢ € C, thus

d(a,B) < d(a,C)+d(C,B).

We take the supremum over all a € A and obtain that

5(A,B) < 5(A,C) +6(C, B).

Theorem 2.1.1. (H(S5),dn) is a metric space.

Proof. Let A, B € H(S). Since A is bounded,
0(A,B) = sup{d(a,B):a€ A} < 0.

Since B is bounded, the same is true for d(B, A). So dy : H(S) x H(S) — R. We have to
verify that dy is a metric on H(S):

(i) Let A € H(S), then

dy(A,A) = (A, A) =sup{inf{d(a,b): b€ A} :a € A}
= sup{d(a,a) :a € A} =0.

Let A, B € H(S) such that dy(A, B) = 0, then
0=06(A,B) = sup{inf{d(a,b):be B}:a € A}.

So for every a € A we obtain that inf{d(a,b) : b € B} = 0. Consequently A C B=DB.
Interchanging the role of A and B yields B C A = A, hence A = B.
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(ii) For all A, B € H(S) : du(A, B) = max(6(A, B),0(B,A)) = du(B, A).

(iii) From Lemma 2.1.1 it follows that for all A, B,C' € H(S) we have (A, B) < §(A,C)+
d(C,B) and §(B,A) < 4(B,C)+46(C, A). So

dy(A,B) = max(d(A, B),d(B,A))
< max(0(A,C) +(C,B),0(B,C)+4(C, A))
< max(0(4,C),0(C, A)) + max(6(C, B),d(B,(C))
= dy(A,C)+du(C, B).
Thus dg is a metric on H(S). O

2.2 Completeness of hyperspaces

Earlier we mentioned the importance of the Banach Fixed Point Theorem. Before we can
apply this theorem to contraction mappings on the hyperspace H(S), we need H(S) to be
a complete metric space.

Theorem 2.2.1. Let (S,d) be a complete metric space. Then (H(S),dy) is a complete
metric space.

Proof. Let {A,}>2, a Cauchy sequence in H(S). Define

We observe that A is closed by definition.

Let € > 0. Since {A,}>°, is a Cauchy sequence, there exists an N € N such that
dy(An, Ap) < e for all n,m > N. We are going to show that A is bounded. Because
dy(An, Ap) < € we see that 6(A,, Ax) < e for all n > N. And we get

ACCI(D An> C{z e S:d(x,Ay) <€}

n>N

We easily see that (A, Ay) < e. Ay is bounded, so we see that A is bounded.

First we will give an upper bound for §(Ay, A). Let yo € An, := Ay. For all i € N let
¢ = €+ 27" and define inductively N; such that N; > N;_; and dy(A,, A,,) < ¢ for all
n,m > N;. Since dy(An,, An,,,) < € for all i € Ny, we can choose an ;11 € Ay,,, such
that d(yiyyi—l—l) < €.



Consider the sequence {y;}5°,. For all n,m € Ny, n < m we see

m—1 m—1 o0
d(yna ym) S Z d(yj>yj+l) < Z € - 2_j < Z € - 2_j = € 21—n'
Jj=n Jj=n Jj=n

So {y;:}2, is a Cauchy sequence. S is complete, therefore {y;}3°, has a limit in S, say y.
Now we see that d(yo,y) = lim,, o d(Yo, Ym) < 2€.

Observe that for all m € N:

yECI({yi:iZm})Ccl(UANi) Ccl(U An>.

>m n>m

In the first inclusion we use that y; € Ay, for all © € Ny, in the second that N; > m for
all ¢ > m. Consequently y € A. Since yg € Ay is arbitrary, §(Ay, A) < 2¢. Recall that
5(A,AN) <€, s0 dH(A,AN) < 2e.

Now we can show that A is the limit of {A,}>%,. Foralln > N :
dH<A, An) S dH(A, AN) + dH(AN, An) S 2¢ + € = 3e.

2.3 Hyperspaces and contraction mappings

In the previous section we saw that the condition on (S,d) to be complete ensures the
completeness of the hyperspace H(.S). Now we are going to look at contraction mappings
that map from H(S) to H(S). We know that this kind of functions have a fixed point and
in this case it is a closed and bounded subset of S. For an iterative process we will define
the Hutchinson function. We will prove that it is a contraction mapping with the property
that its fixed point equals the limit set of the iteration.

Let A be any set and f be a function on the elements of A. We define f(A) := {f(a) : a €
A}

Lemma 2.3.1. Let (S1,dy) and (Sy,dy) be metric spaces. Let f € Lip(Sy,Se). Then for
all A C Sl N
diam(f(A)) < |f|Lpdiam(A).

Proof.

diam(f(A4)) = sup{da(f(a), (b)) : a,b € A}
< sup{|flLip - di(a,b) : a,b € A}
= [flLip - diam(A).
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Lemma 2.3.2. Let (S1,d1) and (S2,ds) be metric spaces. Let f € Lip_1(Si,S2). Then
[ H(S1) = H(S2) given by f(A) = cl(f(A)) is a contraction mapping with | f|Lip < | f|Lip-

Proof. Let A € H(S1).
Observe f(A) is closed by definition. Lemma 2.3.1 yields

diam(f(A)) = diam(f(A)) < |f|ppdiam(A) < oo.

So f(A) is bounded. Therefore f maps from H(S;) to H(S). Further we need to show

that f is a contraction mapping with |?|Lip < |flLip- Let ¢ = | f|Lip-
S(F(ALF(B) = sup inf d(a.b) = sup int d(f(a), f(8)
acf(A) bEf(B) acA bEB

< Ce _ :
< (sllelgéggc d(a,b) =c igggg{?d(a,b)

= ¢-0(A,B).

In a similar way we obtain 0(f(B), f(A)) < c¢-6(B, A). Consequently

di(f(A), f(B)) = max(3(f(A), f(B)),s(f(B), f(A))
< max(c- (A, B),c- (B, A))
c-max(6(A, B),d(B,A)) =c-dy(A,B).

Thus F is a contraction mapping with | f|zi, < |f|Lip-
O]

Definition 2.3.1 (Iterated Function System). An iterated function system (IFS) is a finite
set of contraction mappings on a complete metric space. We use the notation

F={fi:S—=>Si=12,--- ,n}
We define its Lipschitz constant by |F|Lip := maxi<icp | fil Lip-

The (closed) Hutchinson function F : H(S) — H(S) associated to this IFS is defined by
F(a) =Jh).
i=1

Note that when we define an IFS F, we implicitly define n, the number of elements of F,
and n-number contractive functions f; : S — S, 7 = 1,2,--- ,n. To prevent unnecessary
repetition, We mension only F when no unclearities will arise.

In the next lemma 7V’ denotes maximum and ”A” denotes the minimum of two reals.
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Lemma 2.3.3. Let A,B,C, D € H(S), then
dg(AUB,CUD) <[dy(A,C)Vdg(B,D)]Aldu(A,D)Vdy(B,C).
In particular the following inequality is true:
dg(AUB,CUD) < dy(A,C)Vdy(B,D). (2.1)
Proof. Let A, B,C,D € H(S). We observe that for all E C B:
d(A, B) = sup ing d(a,b) < supinf d(a,e) = §(A, E).

acA be acA €EL

Since B C (BUC) and C C (BUC), it is easily been seen that

S(A,BUC) < 6(A B)ASAC). (2.2)

We will need the following equality.

J(AUB,C) = sup d(a,C)=supd(a,C)Vsupd(a,C)
a€AUB acA a€B
= 0(A,C)ViB,0). (2.3)

Using (2.2) and (2.3) we obain that

S(AUB,CUD) = §(A,CUD)V§B,CUD)
[6(A,C) AS(A, D)V [5(B,C) AS(B, D)]

[6(A,C) Vv 8(B, D) A[8(B,C) V 6(A, D)].

VANRVAN

By definition 6(A, B) < dg(A, B) and dy(A,B) = dy(B,A). Now we can derive the
requested inequalities.

J(AUB,CUD) <[dy(A,C)Vdy(B,D)]Aldy(B,C)Vdy(A,D)]

and
J(CUD,AUB) <[dy(A,C)Vdg(B,D)]A[dy(B,C)Vdy(A,D)].

Thus
In particular we see that

dy(AUB,CUD) <dy(A,C)Vdy(B,D).

12



The next lemma states that the Hutchinson function is a contraction mapping. We need
Lemma 2.3.2 and (2.1) from Lemma 2.3.3 to prove it.

Lemma 2.3.4. Let F be an IFS. Then the associated Hutchinson function F is a contrac-
tion mapping on H(S) with Lipschitz constant |F|r;, < |F|Lip-

Proof. Let cx = |F|Lip. For all A, B € H(S):

dn(F(A).F(B) = duJT.(4).J7.B)

IA
IN=
CQ
P

< max

The first inequality is the result of applying Lemma 2.3.3 (2.1) (n — 1) times. The second
inequality is justified by Lemma 2.3.2. So dy(F(A), F(B)) < cr-du(A, B). Thus F is a
contraction mapping with |F| i, < |F|Lip. O

Theorem 2.3.1. Let F be an IF'S on a complete metric space S and let F be the associated
Hutchinson funcion. Then there ezists a unique X € H(S) such that F(X) = X. Moreover

lim F"(A) = X for all A € H(S).
n— o0
Proof. H(S) is complete by Theorem 2.2.1. F is a contraction mapping on () by Lemma

2.3.4. With the help of the Banach Fixed Point Theorem we conclude that there exists a
unique point X € H(S) such that F(X) = (X) and

lim F(A) = X for all A€ H(S).

n—o0

We call X the attractor of the IFS F.

Example 2.3.1. The IFS of the Sierpinski triangle is given by { f1, fa, f3}, where fi, fa, f3
are the three contraction mappings from Example 1.1.1. Therefore the Hutchinson function
is given by F(A) = U?_, fi(A). By Theorem 2.3.1 we see that T is the unique attractor of
this IFS. Observe that we can take any closed bounded subset of S as the initial object. For
example we could begin with the solid cube Ky drawn in figure 2.1.

Lemma 2.3.5. Let F be an IFS. Let F be its Hutchinson function. Let A € H(S). Then
for all k € N:

13



Ky K, K Ky K

Figure 2.1: from cube to Sierpinski triangle

Proof. Let A € H(S). Then

Lemma 2.3.6. Let F be an IFS and let X be its attractor. Then X is compact in S.

Proof. Let c¢x = |F|Lip. Since X is closed by definition, we only need to show that X is
totally bounded. By Lemma 2.3.5 we see that for all £k € N:

n

X=Fx)=J | J o fi oo fiu(X),
ir=1 i1=1

ip—1=1

Observe that

diam (?Zk o Tikfl 0--:0 TH(X)>

IN

|71k © 71',%1 0---0 ?2'1 |Lip . diam(X)
< et diam(X).

Let z = f, o f,; 1O~--0fil($0) for a xy € X, then

1k c—

fik O7ik_1 o 0711(X> C Bz(c;k - diam(X)).

14



It follows that
X=F(X)c |J Bules diam(X)).

2€F" ({zo})

It can easily been seen that Fk({xo}) exists of finitely many point, so for all € > 0 we can
choose a k € N such that X is covered by finitely many open balls of diameter less or equal
to €. So X is totally bounded, hence compact. O

15



Chapter 3

Measures on attractors

3.1 Measure theory

Let X be a non-empty set. By B(X) we denote the power set of X, i.e. the collection of
all subsets of X.

Definition 3.1.1. A non-empty set M C B(X) is called a o-algebra if
(i) E € M implies E° € M,
(i) E; € M, j € N implies U2 E; € M.

The ordered pair (X, M) is called a measurable space. The elements of M are called
measurable subsets.

Definition 3.1.2. Let (X, M) be a measurable space.
A (signed) measure on M is a function p: M — R such that

(i) u(®) =0,
(ii) w attains only one of the values —oo or 400,

(iii) for all E; € M such that E; N E; =0 if i # j, the following holds

H (U;ilEj) = ZN(EJ)

The ordered triplet (X, M, 1) is called a measure space.

Let p be a measure. p is called a positive measure if u(E) > 0 for all E € M. p is called
a finite measure if p(X) < oco. It is a probability measure if p(X) = 1.

16



Definition 3.1.3. Let (X, T) be a topological space. The Borel o-algebra Bx is the smallest
o-algebra that contains the open subsets of X.

A metric space (5, d) is a topological space defined by the open subsets induced by the
metric d. Therefore the Borel o-algebra Bg is a natural o-algebra to associate with the
metric space (S, d). So we see that (S, Bg) is a measurable space. A measure on the Bg is
called a Borel measure.

We will use the following notations for certain sets of Borel measures. The set of finite
Borel measures is denoted by M(.S). We will use M™(S) for the set of positive finite Borel
measures and P(S) is the set of positive probability Borel measures.

Let E € Bg be a Borel measurable subset of S. We define addition of Borel measures ; and
vby (u+v)(E) = p(E)+v(E). And we define scalar multiplication of a Borel measure
wby r € Rby (ru)(E) := ru(E). It is easy to verify that u + v and ru are also Borel
measures, so the addition and scalar multiplication are well defined. Moreover one can
prove that M(SS) is a vector space over R with respect to these operators. The necessary
properties follow easily from the properties of R.

Definition 3.1.4 (support of a measure). The support of a measure p € M™(S) is defined
by

supp(p) :={x € S: w(U) > 0 for all U C S such that U is open and x € U}.

Lemma 3.1.1. Let p € M*(S). Then supp(u) is a closed subset of S.

Proof. Let {z;}2, be a sequence in supp(u) such that z, — z in S. Let U C S be open
such that # € U. Then there is an N € N such that x,, € U forn > N. Since z € supp(u),
we see that p(U) > 0. So « € supp(u). We conclude that supp(u) contains all of its limit
points. As a consequence supp(p) is closed. O

Definition 3.1.5 (measurable function). Let (X, M) and (Y, N') be measurable spaces. A
function f: X =Y is (M, N)-measurable if

fHE) €M foral E€N.
If X,Y are topological spaces and f is (Bx,By)-measurable, then we say that f is Borel

measurable.

Lemma 3.1.2. Let Sy, 55 be metric spaces and let f : S1 — Sy be a continuous function.
Then f is Borel measurable.

Proof. Observe that if A is an open subset of Sy, then f~1(A) is an open subset of S;. So
we see that {A: A C Sy, Aisopen } C{E € P(Sy): f~YE) € Bs,}. Since f[7(FE) € Bg,
implies f~1(EC) = f~Y(E)° € Bs, and f~Y(Ey), f~1(E») € Bg, implies f~1(E; U Ey) =
fYE)UfY(E,y) € Bs,, we see that {E : f~'(E) € Bg, } is a o-algebra. By definition Bg,

17



is the smallest o-algebra containing {A : A C Sy, Aisopen }, so Bs, C {E : f7Y(F) €
Bs,}. Thus f is Borel measurable. O

Lemma 3.1.3. Let f : S — S be a Borel measurable function. Define po f~1(E) =
u(f~YE)),E € Bs. Then uo f~' is a Borel measure. Moreover if u is a probability
measure, then o f=1 is a probability measure.

Proof. Since f is Borel measurable, we see that ["YE)eBsif Ee€Bs. Sopuoft:Bg—
R. We see that po f~1(0) = u(0) = 0. Let {E;}°, , E; € Bs and E;NE; = 0 for all i # j.
We use the fact that f~1(E;) N f~1(E;) = 0 for all i # j and obtain that

po fTHUZLE)) = p(Us fU(E)) = Zﬂ(f_l(Ez’)) = ZN o fTHE).

So o f~1 is a Borel measure. Moreover, if p(S) = 1, then po f~1(S) = u(S) = 1. O

3.2 Hutchinson space

In this section we are going to define the Hutchinson space, that we denote by P;(.S). The
elements are positive probability measures that have a finite first moment.

P1(S) :={pn € P(S) : for some xy € S,/Sd(l‘,xo)dli(ﬁ) < oo}

Soon we will see that it is a metric space for the Hutchinson metric, that we define by

/Sfdu—/sfdv

Lemma 3.2.1. Let i € M* be such that [, d(x,zo)dp(z) < oo for some xg € S. Then

TR

such that f € Lip., (S, R)} .

/d(x, y)du(z) < oo for ally € S.
S

Proof. Let y € S. Then

[ deinta) < [, an) + dlao.phiuta) < [

Sd(x,xo)du(x)+/d(m0,y)du(9€)

S
— /Sd(x,xo)d,u(x) + d(xg,y) - u(S) < 0.
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Lemma 3.2.2. (Py(S5),d) is a metric space.

Proof. We define D := Lip.,(S,R). Let 2o € S. For all  and v € P1(S5), f € D:

/f Jdju(z /f Ja(a

<

f(xo)du(x /f f(zo)dv(x)

f(xo)du(x f(zo)dv(x)

- /|f f(wo)ldu(a /|f F(wo)ldu(x)

< /Sd(l’,xo)dﬂ(l’)“‘/Sd(xvxﬂ)dV(x)-

The latter expression is finite according to Lemma 3.2.1. So d(u,v) € R. We still have to
verify that d is a metric. Let u, v, p € P1(S). Then

(i) d(p,v) =0, if p=wv. If d(u,v) = 0, then

/Sfdu—/sfdv

So [s fdu = [, fdv for all f € D. By [2, Lemma 6] we get 1 = v.

(it) d(p,v) =supsep | [s fdu — [ fdv| = supsep | [o fdv — [g fdu| = d(v, p).
d(p,v) = sup /Sfd,u—/sfdy = sup

(ii)

oup [ s [ sdo+ [ sto— [ gar
ap /Sfdu—/sfdp T /Sfd,o—/sfdv
wpéﬂw—éﬁm+wpéﬂm—éﬁh

febD feD
Theorem 3.2.1. Let S be a complete metric space. Then (P1(S),d) is a complete metric
space.

=0.

sup
feb

IN

IN

= d(p, p) +d(p,v).

]

For the proof of this theorem we refer to [3, Theorem 4.2].
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3.3 Contraction mappings and measures

Lemma 3.3.1. Let g : S — R be Borel measurable and let p be a Borel measure. If
f S — S is Borel measurable, then

/SgOfduzfsgd[uOf‘l]‘

Proof. Since we can split any measurable function into a positive and a negative part, it
suffices to prove the statement for positive g.

Let ¢(x) = > ., aiXg,(z) be a measurable step function, as defined in [4]. Observe that

xe(f(x)) = xp-1@y(z) for all E € Bs. So (¢po f)(z) = Y7 aixs-1g,)(x) is also a
measurable step function.

[S G0 fdu =" a(fE)) =Y aluo fHE) = / odluo ). (31)

By [4, Theorem 3.2.1] there exist step functions {¢,}°; such that 0 < ¢,, < ¢,11 < g for
all n € N and lim,,_,, ¢,(z) = g(x) for all x € S. Observe that 0 < ¢, 0f < ¢ 10f < gof
for all n € N and that lim,, o ¢, o f(z) = go f(z) for all z € S. We use (3.1) and the
Monotone Convergence Theorem [4, Theorem 3.3.1] twice to obtain that

/gd[uo = hm/d)n o f =3Lrgo[g¢n0fdu=1990fdu-

Definition 3.3.1. Let F :={f;: S — S|i =1,2,--- ,n} be an IFS. The associated Markov
operator M : Py(S) — Py(S) is given by

:%;ﬂofi_l

Lemma 3.3.2. The Markov operator M maps P1(S) to P1(S).

]

Proof. Let pu € P1(S). Observe that if v,p € M™, then (v +p) € MT, and if r e R,v €
MT | then (rv) € M*. Using this and Lemma 3.1.3 we see that M (u) € M*(S).

M(p = —Z,uofl Zl—l
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So M(u) € P(S). We still need to show that M (p) has a finite first moment. Fix zg € S
andlet d: S — R: x> d(z,z0). Observe that d is continuous, hence it is Borel measurable
by Lemma 3.1.2.

[ dezpirn@ = [ de.a Zuo
-1 —l " (), x T
- EZ / dlasao)dpno f7)w) = =3 [ i), ao)dn)

=1

IN

%Z / [d(fi(x), fi(zo)) + d(fi(x0), (0))] dpu()

S _Z/ |fz|L'Lp X, To d,u Zd fz l'() :CO
< 1 / d(, o) dp( Zd £i(
—c x,x i(x0),
= 6F ; 0)du(z 0), To)
Since p € Py, the latter expression is finite by Lemma 3.3.1. Thus M (u) € P1(S). O

Lemma 3.3.3. Let F be an IFS and M : Py(S) — P1(S) the associated Markov operator.
Then M is a contraction mapping with Lipschitz constant cx = |F|pip.

Proof. Let pu,v € Py. We have to show that d(M (), M(v)) < cxd(p, v).
If ¢ = 0, then each f; € F(S) map onto a single point x; € S. Therefore

A M) = swp | [ giatn) — [ gant)
l9lLip<1|J S S
= sup li/wf-du—li/wfdv
lglLip<t |1V /s ' niiJs Z
1 n
= sup |— Y (g9(z;) —g(z;))| = 0.
|g|LipS1 n Zzl

If cr #0, let g : S — R be a Lipschitz function with |g|z;, < 1. Let f; € F. Lemma 1.1.1
yields
lg0 filrip < |9lLip - [ filLip < |9|Lip - c7 < cr.

Therefore

o Ji . .
g ff : g € Lip.(S,R)} C Lip,, (S, R).

{C
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Thus

d(po fhvo fiY) = sup /gofidﬂ_/gofidV
g:9lLip<1|J 8 s
= cr Ssup /gofid,u—/gofidi/‘
g:lglLip<1 |J S Cr s Cr

< ¢y sup = crd(p,v).

filfloip<1

/Sfdu—/sfdv

And we conclude that the Markov operator is a contraction mapping:

A M) = s | [ gadtin) - [ gat)
g:l9lLip<1 |J S S
LS [oosan=123" [goga
= sup |- go fidp— — go fidv
gilglLp<t |V T N
1 n
< —Z sup /gofid,u—/gofidl/
s s

n i=1 9:|9|Lip§1

IN

1 n
- Z crd(p,v) = crd(p,v).
i=1

O

Corollary 3.3.1. There ezists a unique measure u* € Py such that M (u*) = p*. Moreover,
for all k € N:

H D e S0 ). (32)

=1 ip=1

Proof. The existence and the uniqueness of u* are direct consequences of the Banach Fixed
Point Theorem. Equation (3.2) can be obtained by writing out u* = M*(u*). O

3.4 The support of u*

Lemma 3.4.1. Let f: S — S be a continuous map and p any Borel measure on S, then
the following statements hold:

(i) f(supp(u)) C supp(po f71),
(i1) if f is a homeomorphism, then equality holds in (i).
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Proof. (i): Let x € f(supp(u)) and U C S be an open subset, such that x € U. There
exists a y € supp(u) such that f(y) = z. Observe that f~!(U) is open and y € f~1(U).

So o f(U) = p(f1(U)) > 0 and & € supp(uo f1).
(ii): We use the result of (i) and the continuity of f~!.

supp(po ) = fo f (supp(no f71)) C f(suppuo f~' o f)) = f(supp(u)).

Lemma 3.4.2. Let p; be a Borel measure for i =1,2,--- ,n. Then

n

supp(Y _ ) € | supp(pss).
=1 i=1

Proof. Let x € |J;_, supp(u;). Then = € supp(uy,) forsome k € {1,...,n}. SoforallU C S
such that U is open and x € U we get > ;| p;(U) > 0. Therefore z € supp(d_;, ;). O

Lemma 3.4.3. Let F be an IFS and X its attractor. Let u* be the fized point of the
associated Markov operator function M. Then supp(u*) is a bounded set. Moreover

supp(p*) C X.

Proof. Let x € X and let 0, be the dirac measure of x. It is easy to see that supp(d,) =
{z} € X.

supp(M (d;)) = supp(— 25 o fi1) =supp() _ ds) = | Jsupp(0,x).

=1

Since f;(z) € X, we get that supp(M (d,)) C X. Inductively we can show that supp(M*(4,)) C
X for all £ € N.

Let f(z) :=d(z,X). Then f € Lip.,(S,R). Since p* is the fixed point of the contraction
mapping M, we see that

/ FAIM* 5 / Fdpr

as we take the limit k — oo. Using that f(z) = 0 for all z € X and supp(M*(4,)) C X,
we obtain [¢ fd[M*(é,)] = 0. Therefore [ fdu* =0 and

< d(M*(6,), ") — 0

/ fdut = / fdp' + | fdwr =0+ | fdu.
S X X< XC

Since f(z) > 0 for 2 ¢ X, we get u*(X%) = 0. Since X is open, supp(u*) C X. Moreover,
X is bounded, thus supp(p*) is bounded. O
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Theorem 3.4.1. Let F :={f;: S — S|li=1,2,--- ,n} be an IFS and X its attractor. Let
w* be the fized point of the associated Markov operator function M, then supp(p*) = X.

Proof. 1f we show that X C supp(p*), then Lemma 3.4.3 will complete the proof.

supp(p*) is closed by Lemma 3.1.1 and bounded by Lemma 3.4.3. So supp(u*) € H(S).
By Theorem 2.3.1

lim F" (supp(p*)) = X. (3.3)

n—o0

We show that F(supp(p*)) C supp(p*) by using Lemma 3.4.2 and Lemma 3.4.1. The
removal of closure operator is justified by Lemma 3.1.1.

=1

F(supp(u*)) = Uf supp (4t U (fi(supp(u*))) C Ucl supp(u” o f;'))
C supp(z pho fi) = supp(~ Z who fit) = supp(M (u*)) = supp(u*).

Now it follows easily that Fk(supp(;z*)) C supp(p*) for all k£ € N. Combining this with
(3.3) we obtain that X C supp(u*). O
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Chapter 4

Dimension of fractals

4.1 Hausdorff measure and dimension

Let (S, d) be a metric space. For p >0, > 0 and A C S we define

H,s(A) := inf {Z diam(B;)" : A C | | B; and diam(B;) < 5} .
=1

i=1
Observe that
H,s(A) > H, (A) for all § <,
because the infinum is taken over less.

Definition 4.1.1. The p-dimensional Hausdorff measure of A C S is

H

p

(A) := 1§f£‘ H,s(A).

Lemma 4.1.1. H, restricted to the Borel sets is a measure.

For the proof we refer to [1, Lemma 11.16] and [1, Lemma 11.17].

Lemma 4.1.2. Let A € Bs and let Hy,(A) be the Hausdorff measure of A. Then there is
a unique p € Rsq U {oo} such that

H,(A) =0 for all ¢ > p,
H,(A) = o0 for all 0 < g < p.

Proof. First we show that H,(A) < oo implies H,(A) = 0 for all ¢ > p.

Suppose H,(A) = M < oo. Since H,(A) = limsjo H,5(A), we see that for all § > 0 holds

H,s(A) < M. Therefore for all § > 0 there exists a collection of subsets { B?}°, such that
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(Z) A C U;)il Bz('sa
(ii) diam(B?) < 6,
(i) >0, diam(BJ)” < M + 1.

For all ¢ > p:

H,(A) 15161 inf H,5(A) < l(g(r)l inf Zl diam(BY)

o0 o0

— Timi . NP g 6P< : q—p . : 5\P
1&&)1 inf » diam(BY) diam(B;)" < lgg)l inf & Z diam(By)

i=1 =1

< lminfé*? - (M +1)=0.
510

From this it follows that H,(A) > 0 implies H,(A) = oo for all ¢ < p. Thus there exists a
unique p € R>o U {00} such that

H,(A) = oo for all 0 < ¢ < p,

H,(A) =0 for all ¢ > p.

]

Definition 4.1.2 (Hausdorff Dimension). Let A € Bg. The Hausdorff dimension of A,
dimg (A), is the unique value of p given by Lemma 4.1.2.

The next example, Example 4.1.1, will show the calculation of the Hausdorff dimension of
a p-dimensional cube. The outcome of the example is in accordance with our intuitive idea
of dimension. The method we will use to calculate the Hausdorff dimension is instructive,
since it resembles in the main features the determination of the Hausdorff dimension of
attractors.

Example 4.1.1. Let p,n € N;p < n and let K? C (R",dg) be the p-dimensional closed
unit cube. Then dimpy(K?) = p.

Proof. We divide this proof into two parts. First we show that H,(K?) < oo and after
that we show that H,(K?) > 0. Then it follows from the definition that dimg(K?) = p.

For all 6 > 0 there exists an N € N such that diamT(Kp) < 9. Then KP can be covered by

NP p-dimensional cubes with diameter diamT(Kp). Let {K;}Y| be such a covering. Then for
all 6 > 0:

ok diam(

K?)\”
Hpﬁ(Kp) < Zdl&m(Kl)p = NP. (T)> = diam(K”)p < 0o0.
=1

Therefore H,(K?) = limgyo H,5(K?) < o0.

26



To prove H,(K?) > 0 we need to show that limgs g H, s(K?) > 0. For each covering {B;}°,
of K?, we construct a new covering { R;}$°, by taking closed p-dimensional cubes R; with
length of the sides diam(B;), such that B; C R;. Observe that diam(R;) = diam(B5;)/p
and K? C U2 | R;.

Let I(R;) the volume of R;. It is easy to see that [(R;) < diam(B;)?. Now we derive that
for each covering {B;}32, of K? :

So for all § > 0:

H,s(K?) = inf {Z diam(B;)" : KP C U B; and diam(B;) < 5}

i=1 =1

> inf {Z I(R;): K? C U R; and diam(R;) <6 - \/1_9}
i=1 i=1

> I(K?)=1.

So H,(K?) = limgjo H,5(K?) > 1> 0. Thus dimy(K,) = p. 0

4.2 The Hausdorff dimension of attractors

In this section we will give expression to the Hausdorff dimension of attractors of iterated
function systems. The approach is similar to the calculation of the Hausdorff dimension
of the p-dimensional cube in Example 4.1.1: we will show that for the attractor X there
exists a p such that 0 < H,(X) and H,(X) < co. We will see that the proof of H,(X) < 0o
is easy and can be given for a general IFS. On the other hand 0 < H,(X) is much harder
to prove and requires some more conditions on the IFS. On the condition that the IFS has
a separating set (Definition (4.2.1)) and the elements of the IFS are similitudes (Definition
(4.2.2)) we will achieve the following result:

Theorem 4.2.1. Let F := {f; : R™ - R"|i = 1,2,--- ,n} be an IFS that has a separating
set and let X be its attractor. Suppose that each f; € F is a contractive similitude with
Lipschitz constant ¢;. Then dimg(X) = p where p is the unique solution to the equation

n

deh=1 (4.1)

i=1
As we already claimed before, p is not necessarily an integer. The Intermediate value

Theorem yields the uniqueness of the solution p to (4.1) since f(x) := > | ¢" is a strictly
decreasing function.
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Lemma 4.2.1. Let F :={f;: S — Sli =1,2,--- ,n} be an IF'S on a complete space S.
Let c; be the Lipschitz constant of f; and let X be the attractor of F. If p is such that

n

ZCZ‘p = 1,

=1

then H,(X) < oo.

Proof. Let § > 0 and take k € N such that cz* - diam(X) < §, where cr 1= max| <, ¢;.
By lemma 2.3.5 we see that

From Lemma 1.1.1 it follows that
diam(?ilc o fik,l 0---0 Tll(X)) < (Cip ~ Cipy e Ciy - ¢y )diam(X) < 6.

So X can be covered with n* subsets with diameter less or equal §. Observe that

SP IR HTRTUNERITI I 3 SR 3 RPN )
ip=lig_1=1  i1=1 ip=lig_1=1  ip=1 =1
By repeating this we obtain that
S DR SNSRI SR DR S ot
ip=lig_1=1  i1=1 ir=1 ir_1=1 ia=1 =1
since Y, ¢? = 1. So
Hp,é(X) < Z Z te Z ((CZk *Ci_y "Gyt cil)diam(X))p
ir=lig_1=1  i1=1
n n n
= d1am(X)p : Z Z tee Z(Czk *Cip_q oo Ciy e Cz‘l)p
ik=lig_1=1  i1=1
= diam(X)? < 0.
d > 0 was arbitrary. Therefore H,(X) = limgj Hys(X) < 00. O
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Let F be an IFS. For A C S we define the open Hutchinson funcion by
F(A) = f:(4).
i=1

Definition 4.2.1. [separating set] A separating set of an IFS F is a non-empty bounded
open subset U such that

(1) F(U)CU,
(i) fi(U) N f(U) =0 if i # j,
where F' is the associated open Hutchinson function of F.

The first condition of the separating set ensures that U is not too small. In Lemma (4.2.2)
we will prove that this condition implies that X C U. As a result we can obtain that
f:(X) C f.(U). The second condition ensures that U is not too big. Consequently if i # 7,
then overlap of f,(X) and E (X) can only occur on their bounderies, so that the counting
argument of Lemma (4.2.3) can be used.

Lemma 4.2.2. Let F be an IFS and X 1its attractor. Suppose that U is a separating set
of F, then X C U.

Proof. Let F be the Hutchinson function of F and let F' be the open Hutchinson function
of F. First we show that F*(U) C U for all k € N.

For continuous functions f we see that f(U) C f(U). Therefore

n

F(U) = U O c|JRU)=FU)cT. (4.2)

=1

The last inclusion is a consequence of the separating set property. By repeating (4.2) we
obtain that B B L
FFU)c FFYU)c...c F(U) cU.

Due to the definition of the semi-distance ¢, if §(X,U) = 0, then X C U. We com-
plete the proof by showing that 6(X,U) = 0. Observe that lim, . du(X, F"(U)) =
lim,, o0 (X, F (U)) = 0 by Theorem 2.3.1.

S(X,U) < §X,F"(U)+6(F™(U),U) =§(X, F*(U)),

using (5(F”(U);U) =0, since F"(U) C U. By taking the limit n — oo we obtain §(X,U) =
0. Thus X C U. O

Lemma 4.2.3. Let {U,}32, be a set of disjoint open subsets in R". Let a,b,0 € R be such
that for all n € N:

(i) U, contains a ball of radius ad.
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(i) U, is contained in a ball of radius bS.

Let N be the number of non-empty intersections of a ball with radius § with the sets U,,.
Then N < (204 1)"a™™.

Proof. Let B = B,(d) i.e. B is a closed ball with radius ¢ around x. Suppose that
U,, N B # () for some m € N. Since U,, is contained _in a bill of radius bd we see that
d(y, B) <2b0 for all y € U,,. So d(y,z) < 2b6 +d and U,, C B,(2b5 + 9).

Let {U;}Y, be the elements {U, }>°, that intersect with B. We know that the volume of
a ball with radius r in R™ is given by c,r"™ where ¢, is a constant depending on n. Since
U;NU; =@ if i # j, we see that the volume of Y, U; > Ne¢,(ad)”. On the other hand
we see that de volume of B, (266 + ) < ¢,((2b+1)8)". Then Y, U; C B,(2b5 4 6). As a
result of that we get

Nep(ad)™ < e, (264 1)9)"

or equivalently N < (2b+ 1)"a™™. O
Definition 4.2.2. Let f : Sy — Sy be a Lipschitz function. If for x,y € Sy:

da(f(2), f(y)) = [ flripdi(z, ),

then f is called a similitude.

We will prove a special case of Theorem 4.2.1. We make the assumption that all contractive
similitudes of F have the same Lipschitz constant cx = | F|L;,. We will follow the prove of
[1]. A full proof of Theorem 4.2.1 can be found in [6].

proof of Theorem 4.2.1 (Special case). The proof of H,(X) < oo has already been given
in Lemma 4.2.1. We still need to show that 0 < H,(X). Let U be the separating set that
is assumed to exist for the IFS.

Since ¢; = cx for alli € {1,...,n}, wesee Y ", ¢? =ncx’ =1. Son = c;%

Let § > 0. Since X is compact (Lemma 2.3.6), there exists a covering {E;}2, of X with
diam(E;) < ¢ for all i« € N. We are going to prove that 0 < H,(X) by showing that

H,s;(X) = inf {Z diam(F;)" : X C U F; and diam(F;) < (5} (4.3)
i=1

=1

is greater than zero for some 6 > 0. Let £ € {E;}°, and let £ € N be such that
crPdiam(U) < 2diam(E) < cz¥ldiam(U). Let Uy == {A C R™ : A = f;, o---0
fi,(U),i1,...,ix € {1,...,n}} be the collection of sets that can be obtained by apply-
ing k-number of functions of the IFS to the separating set U. Moreover, let Uy be the
collection of the closure of the same sets. Observe that the sets of Uy are open. By using
Definition 4.2.1 (7i) for separating sets inductively, we see that the sets of Uy, are disjoint.
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Let A € Ug. Lemma 2.3.1 yields
diam(A4) = cF"diam(U) < 2 - diam(E), (4.4)
and
diam(4) = crer""tdiam(U) > 2 - cxdiam(E). (4.5)

The equalities in (4.4) and (4.5) are justified, since the elements of F are similitudes. From
(4.4) it follows that A is contained in a ball of radius diam(£). Since U is an open subset,
it contains a ball with radius R > 0. Because each f; is a similitudes, A contains a ball
with radius R - c¢£*. Using (4.5) we obtain that

, R-diam(A) S 2R -cr

R- = - diam(F).
“ diam(U) — diam(U) tam(E)
So A contains a ball of %Ir‘f(%) diam(£). By Lemma 4.2.3 we see that a ball of radius

R-cr
elements of Uy. Since E can be contained in a closed ball of radius diam(£), it intersect
no more than N of the sets in Uy. Observe that N does not depend on E or §.

Let i1,...,i, € {1,...,n}. Then

. m
diam(F) intersects at most N, the greatest integer less or equal to (M> , of the

supp (4" o fil oo fit) = fi 0 o f;, (supp(n”)) (4.6)
fi 0 szl( ) C fi oo fiy(U)€Up  (47)
In (4.6) we used Lemma 3.4.1 k times. The equality in (4.7) is justified by Theorem 3.4.1.

We justify the inclusion in (4.7) by Lemma 4.2.2. Now we can give an upper bound for
1 (E). Recall that n = é and cr*diam(U) < 2diam(E).

P

diam(E)P

RS e 1 L k)
—@Z'“ZO‘ ofito-of (Ei))gNﬁ_ch P SQPN.W'

=1 =1

For the first inequality we used the fact that each u* o f;l 0.0 izl € P and that E
intersects no more than N of their supports.

We return to (4.3) and continue:

diam (U
> inf { SN Zu XCUF and diam( i)gé}

, diam(U)P dlam(U)
> mf{W-p (X)} = —n

Taking the limit § | 0, we get that H,(X) > diam(U) (). Thus dimg (X) = p. ]

2PN
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Example 4.2.1. The IFS of the Sierpinski triangle has a separating set, namely the inte-

rior of the initial triangle Ty. By Theorem 4.2.1 the Hausdorff dimension of the Sierpinski
triangle T is the unqiue p such that

503

=1

So dimg (T) = log, 3.
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