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Notation and Convention

Only symbols not generally agreed upon are mentioned below.
We make the convention that 0 is not a natural number, so N = {1,2,...}.

When z is a complex number, Rez and Imz will denote the real and imagi-
nary part respectively and |z| will denote its absolute value.

When r is a real and positive number, log(r) will denote its natural logarithm.

When z is a complex number different from zero, log(z) will denote the function
log(r) + 0, where r is the absolute value of z and @ is its argument lying in the
interval (—m, 7.

With arctan(z) we will denote the inverse of the tangent function (over the
real numbers) satisfying —7/2 < arctan(z) < 7/2.

If {¢,} and {z,} are two sequences such that a number ng exists such that
|¢n] < K|zn| whenever n > ng, where K is independent of n, we will write

Cn = O(zp).

If we are given a sequence {a,} ., of complex numbers, then we will write

[1,2, an to mean limy_,o HnN:1 ay,, provided this last limit exists. An infinite
product H;ozl an is said to converge if the following holds

1. only finitely many factors are equal to zero,

2. if Ny is so large that a,, # 0 for n > Ng, then limy_, o, HerNOH a, exists
and is nonzero.

An infinite product []77; (1 4 a,,) is said to converge absolutely if [T~ , (1 + |a,|)
converges.

Some other symbols are defined when used.



1 Introduction

The meaning of the term ‘closed-form expression’ could be defined as follows.

Definition 1.1. A subfield F' of C is closed under the taking of exponential and
logarithm if

1. e* € F forallz € F,
2. log(x) € F for all nonzero x € F.

The field E of numbers in closed-form expression is the intersection of all sub-
fields of C that are closed under the taking of exponential and logarithm.

It can be shown (see [6]) that this definition fits the intuition of the term ’closed-
form expression’. However, we will also be satisfied with some expressions in-
volving the logarithm of the Gamma function and its derivatives (see chapter
5).

Suppose we are given a convergent series Y | f(n) which we want to eval-

uate in closed-form. Let us, for now, assume that f(n) > 0, for example

=1 / n?. There are many clever ways to evaluate this particular series
(see for example [7]). We will derive a method to rewrite the general series
Yoo, f(n), and this will eventually enable us to evaluate the series in closed-
form in some cases.

The series can be interpreted in three dimensions as the sum of the lengths
of the line segments [,, between the points (n,0,0), (n, f(n),0) € R3. The idea
is to project these line segments on a half sphere with radius R and to calculate
the sum of the lengths of the corresponding arcs or(l,,) on the sphere. We shall
denote the length of an arc a on a sphere by ||a| .

Let S be the half sphere { (£,7,¢) € R3| &2+ n* + (( — R)?> = R? and ( <R}
with radius R > 0 and with center M := (0,0, R). One can derive that the
stereographic projection of the xy-plane onto S corresponds to the mapping
OR: {(x,y,z) € R3| z= 0} — S, where

R-x R-y R?
or(x,y,0) := ,R— .
VRZ+ 22+ 42 JR2+ a2 + 42 VR? + 22 442

The vector pointing from M to og(n,0,0) is parallel to and in the same direction
as the vector that starts at (0,0, 0) pointing to (n,0, —R). Likewise, the vector
starting at M pointing to or(n, f(n),0) is parallel to and in the same direction
as the vector that starts at (0,0, 0) pointing to (n, f(n), —R). It therefore follows
that the length of or(l,) is given by

,0,—R) - (n, f(n), —R)
llor(l )||—RarCCOS( ,o —R)|[|(n, f(n), R)|>

(n
|(n
R2+ 2
= Rarccos (\/RQ—i—nz—l—nf n)? )




where |- | indicates the standard Euclidean norm in three dimensions. This
expression for |[or(l,)| can be rewritten using

arccos(z) = arctan (\/1 - a:Q/a:> , for z > 0. (1.1)

We then get [|og(l,)|| = Rarctan (f(n)/vR? +n?), where we have made use
of our assumption that f(n) > 0.

Intuitively it is clear that limp—,« [[0r(l5)]| = f(n), because as the radius of
the sphere grows larger the sphere itself becomes essentially flat near the origin.
So we definitely have that > - | f(n) = Y07 limg_.oo ||or(l,)|], which raises
the question: under what conditions on f(n) do we have that > >~ f(n) =
Hmp oo 307 llor(ln)ll?

The interest in an answer to this question comes from the observation that
if in some particular case we are able to evaluate -, |log(l,)]|| explicitly (not
"too complicated’) as a function of R, then simply taking the limit as R goes to
infinity returns us the value of the original series, which would be a closed-form
evaluation provided we can calculate this last limit in a closed-form. Things
don’t seem to have gotten much easier with this since the formulas for ||or(1,)]|
seem rather complicated. Therefore we will now adjust the method slightly,
resulting in simpler formulas. For this we interpret the series as the sum of the
lengths of the line segments b,, between the points (0,0, 0), (f(n),0,0) € R and
again we project these line segments on a half sphere of radius R and calculate
the sum of the lengths of the corresponding arcs or(b,) on the sphere.

Let S be the same half sphere as before with center M := (0,0, R) and
let o be the same mapping of the zy-plane onto S. We now have that the
vector pointing from M to og(0,0,0) = (0,0,0) is the same as the vector that
starts at (0,0,0) pointing to (0,0, —R). The vector starting at M pointing to
or(f(n),0,0) is parallel to and in the same direction as the vector that starts
at (0,0,0) pointing to (f(n),0,—R) (using the definition of the map og). It
therefore follows that the length of or(b,) is given by

(07 0, _R) ) (f(n)’ 0, _R> )
|(Ov Oa *R)| |(f(n)7 Oa *R)|

llor(by)|| = Rarccos (

= Rarccos <R>
VR [n)? )

Using equation (1.1) and f(n) > 0, we get ||or(by,)|| = Rarctan (f(n)/R).

As before it is intuitively clear that limg .« |[or(bn)|| = f(n) and again we
come to the question whether we can switch the order of this limit and the
summation. We will give an answer to this question in the next chapter.



2 Preliminary Lemma’s

Dropping the assumption that f(n) > 0, we have the following.

Proposition 2.1. Let >, f(n) be an absolutely convergent series and let
llor(br)]| := Rarctan (f(n)/R). Then

> )= lim Y7 llorba) (2.1)
n=1 n=1

Proof. First we show that imp_ ||og(by)|| = f(n).
We have for |z| < 1 the Taylor series arctanz = Y - (—1)™z?™ 1 /(2m + 1),
and so for R large enough

| R arctan (fgb)> n)| = |R i 2(ml)m (f(n)>2m+1|

m=

1
1 > 1)™ 2m—+1
2|Z m—?—l(fg;)mQ >|’

m=1

s0 limp_ 00 ||or(DR)| = f(n).
Now given € > 0 we choose, using absolute convergence, N € N large enough
such that Y 7 . [f(n)| < e/3. Then

n=1 n=1 n=1
N e’}
< Z |R arctan (fgl)> —fn)|+ Z {|f(n) + |Rarctan (fgl)> |}
n=1 n=N+1
Since for all n, limp o ||or(br)|| = f(n), we can choose R large enough such

that the first sum in this last estimate is smaller than /3. The last sum in the
estimate is bounded by 2¢/3, by virtue of the choice of N and the inequality
|Rarctan (f(n)/R)| = Rarctan (|f(n)|/R) < |f(n)|. We see that there exists
an M = M (e) € R such that

R>M:>ZRarctan< > i n)| < e,

n=1 =

which is what we set out to prove.
O

Note 2.1. Since the inverse tangent is an odd function we could also take the
limit |R| — oo in (2.1).



Before giving an application we state and prove some elementary lemma’s and
a corollary, see also [1], pages 125-128, and [2], page 38.

Lemma 2.1. For all z € C,

n
e” = lim (1—}—3) .
n

n—oo

Proof. For n € N and z € C we have that

zZ\"™ > 2k “ n! 2k
_(1 ,) — N _n =
( T Zk! Zk!(n—k)!nk
k=0 k=0
= <§E:ankﬂ + jg: Zﬁ P
k=0 k=n+1
where
n! o -7
0<emp=1-——"_—1_ <1
= Cnk (n — k)Ink e T

Now note that for each fixed k and fixed z, lim,,—,oc cni2” /k! = 0. Given z and
given ¢ > 0, we choose m € N large enough such that 72 . |zF/k! < /3.
We also choose N > m such that for n > N, 31" |caxz®/k!| < £/3 holds.
Using |c,x| < 1, this gives that for n > N

2\" -
-(1+2) <

proving the lemma.

anz

oo k
Z?

+1

w\m
w\m
Wl ™

Before stating and proving the next lemma we derive some basic inequalities,
the first three of which are known as Weierstrass’s inequalities (see [5], page
104).

If, for L € N, we are given a sequence {ai}iL:O C [0,1), then with induction one
can prove the inequalities

L

[[a+a) =1+ a (2.2)

i=0 =0



L L

[[a-a)=1-> a. (2.3)

i=0 i=0
Combining (2.3) with 1+ a; < (1 — a;)~" and assuming 37 a; < 1, gives

L L

I -1
[Ta+a)<]JQ—a)" < <1Zai> . (2.4)
=0

i=0 =0

For some other inequalities we suppose that we are given 0 < ¢ < 1 and a
sequence {bk}ﬁzo C C, with 216:0 |br| < /2. Writing by = pre®* and 1+ by, =
rretts with py = |by|, 7% = [1+bg| and ), = arg(by,) € (-7, 7], tx = arg(1+by) €
(=, 7], we have that 1+4b, = (14 pj, cos Oy )+ipy, sin 0. So using pr, = |bx| < 1/2

we have
_ Pk sin Oy _ |k sin 6|
|tx| = |arctan (| ———— | | = arctan [ —————
1+ pg cosby, 1+ pg cos by,

Pk
— Pk

< arctan (1 ) < arctan (2pg) < 2p.

From this follows . .
Shl<2Y m<e 2:5)
k=0 k=0

and from (2.4) it follows that

L L L -1 1\
HrkSH(l+pk)§<1Zpk> <<125) <l+e. (2.6)
k=0 k=0

Also, using (2.3),

L L L
HTkZH(l—Pk)>1—ZPk>1—e (2.7)
k=0 k=0 k=0

Writing
L
bi=T[ (1 +00) = (Hm) Tt
k=0 k=0
we have
L L L L
b—1] < |—1+cos (Ztk> Hrk | + |sin (Ztk> Hrk l,
k=0 k=0 k=0 k=0

where by (2.5), (2.6) and (2.7)

L L L L
|sin (Ztk> Hrk | <e(l+e)<2 and — 1+ cos (Ztk> Hrk <e,
k=0 k=0 k=0 k=0



and

L L 9
1 —cos (Zt’f) Hrk <1l—cos(e)(l—¢)< 1—(1—6)(1—%)

k=0 k=0

I0)

We conclude that
|b—1] < 4e. (2.8)

The following lemma is the multiplicative analogue of Tannery’s theorem, see
[5], page 136, for the additive version. In chapter 4, lemma 4.1, we will see and
use a continuous analogue.

Lemma 2.2. Forn € N, let P, := Hf:(%) (1 +vi(n)), where u(n) € Zsq is
u(n)

strictly increasing and for all n we have {v;(n)},"y C C. Suppose there exist
sequences {wi}p—o C C and {My};-, C Rxq satisfying

1. ZI;..;O My, < o0,
2. lim,, o vk (n) = wy, for all k,

3. |vi(n)| < M;, for all n and correspondingly, i = 0,1, ...,u(n).

Then -
lim P, =[] (1+wy).
k=0

Proof. Because of assumption 1 we have that M := [, (1 + Mj) converges
absolutely (see appendix, lemma 6.1). Assumption 2 and 3 show that for all
k, |wi| < My and together with assumption 1 and lemma 6.1 we see that
[Tieo (1 + wy) converges absolutely, so it also converges. Now Let 0 < ¢ < 1
be given and let ¢ = ¢(¢) € N be such that 3777 M) < ¢/2. If there is some
1e€{0,1,...,g — 1} with w; = —1 then, assuming that n > ¢,

q—1 [eS] q—1
[TT (0 +wi(m) = JT (0w = [T (0 + i)
=0 k=0 i=0

q—1
<o) [ @+l < M1+ u0),
1=0,i#l

otherwise
q—1 00

I TT (i) = T (1 + i)

=0 k=0



<|H1+w [ 1(1 Ui(n))—ﬁ(1+wk)|
0

HZ ( +wk) k=q
< Lz f””* LINSTI VIR § JOER
k= O( ) k=q
‘H (1+vz< D 1) 4 aem,
(1—|—wk)

where we used (2.8) in the last step. Because lim,,_,o, v5(n) = wy, we see that
in either case there exists an N3 = Nj(e) € N bigger than ¢, such that

qg—1 e
n> Ny =[] +wvim) = J] (1 +w)| < 5eM. (2.9)
i=0 k=0

Since N1 > ¢, we have that n > Nj implies u(n) > ¢. So that when n > Ny,

u(n) qg—1 qg—1 u(n)
T @ +vsta)=TT @ + v < 1 T (@ + wi(m))| H (1+vi(n))—1| < 4eM,
i=0 =0 =0
(2.10)
where we used (2.8) again in the last step. Combining (2.9) and (2.10) gives
00 u(n) )
n> Ny = P, = [ +w)l = ] (0 +vi(n) = [T (1 +wi)| < 9eM,
k=0 =0 k=0

proving the lemma.

O
We can use the previous lemma’s to prove
Lemma 2.3. For all z € C,
oo 22
sinz:zH< 2k2>. (2.11)
k=1
Proof. Lemma 2.1 gives that sinz = (¢ — e7") /2i = lim,,_.oc Pn(z), where

P, (2) is the polynomial

1 iz\" 1 iz\"
Ps)=—(1+2) - (1-2) .
n(2) 2¢< +n) 2i< n>

This polynomial vanishes when z = 0 and also when [(1 —iz/n)/(1 +iz/n)]" =
1, that is, when (1 —iz/n)/(1+iz/n) = w, or z=in(w —1)/(w+ 1), with



w™ = 1,w # +1. We may assume that that n is even, say n = 2m, m € N, so
that our polynomial has degree n — 1 = 2m — 1 and the 2m — 2 nonzero roots
are given by

e—2ikﬂ'/2m -1 ) e—ikﬂ/Qm _ eikw/2m

ne—2ikﬂ'/2m +1 = Zne—ikrfr/%n + etkm/2m

1

= 2mtan(kw/2m),

with k = £1,+2,...,+£(m — 1). Since at z =0, P,(z)/z = 1 (the coefficient of z
in P,(z)), we find the factorization

Pnzngmzzz_ - - 2
(2) () ==11 (1 [2m tan(km/2m))] )

k=1

and thus

m—1 2
z
sinz = lim Pyp(z) =2 lim 1-— .
m—oo” “" m—00 kl;[l [2m tan (k7 /2m)]?
In order to invoke the previous lemma note that > 72 | |2? /k*1? < oo and

|2 |2 _ P
|2m tan(kn/2m)2 = [2m(k7/2m)|2 k272’

Furthermore
li 22 . 22 22
m = lm = ,
m—co (2m tan(kr/2m))?  m—oo 272 <tan(k:7r/2m)>2 k22
km/2m

and lemma 2.2 now concludes the proof.

Corollary 2.1. Let z,a € C, where a is not an integral multiple of w. Then

sin(z+a)  z+a Ty = z
sina  a H{<1 kw—a)(l—’_kﬁ—kcx)}’

k=1

Proof. By lemma 2.3,

= 1— (z+a)2) o [E’m*—=(z+a)*
sin(z+a) (z4a) H1 ( k2 z+a H ( e )

k=
: oo
sin a
a ]l
k=1




and

(“5™) K=t (b= (+a) (rt (c+a)

(k27r2_a2) T k2n2 _ a2 (km — a)(kr + a)

LZn2
z z
—(1- 1
( kw—a)( +I<;7T—&—a)7

proving the corollary.



3 An Application

First we prove the following proposition (see also [2], page 39), which will also
be used in chapter 5.

Proposition 3.1. Let x,b € R, where b is not an integral multiple of w. Then

arctan (tanh(z) cot(b))

x > x x
_ z _ 1
arctan (b) + E {arctan (kﬂ' n b) arctan (kﬂ' — b) } (3.1

k=1

Proof. By corollary 2.1

Imlog (sin(b + i¢z)/sin b)

(T (- 525) (4 )}

= arctan (%) + zzl {arctan <k:7r$+b) — arctan <k7rx_ b> } + I,

k=

= Imlog

with [ € Z only depending on the first few terms of the infinite product and on
the term 1+ (iz/b), because as k gets large, the imaginary parts of the factors
in the infinite product become arbitrary small in absolute value. On the other
hand

Imlog (sin(b + ix)/sin b)
= Imlog ((cos iz sinb + sinix cosb) /sin b)
= Imlog (cos iz + cot bsin ix)

= Imlog (cosh x + i cot bsinh 2) = arctan(cot btanh x) + I'r,

with I’ € Z. We are done if we show that I — I’ = 0. When = = 0 then (3.1) is
clearly true, so in that case [ — I’ = 0. If we now prove that both sides of (3.1)
are continuous functions of z, holding b fixed, then [ —!’ must also be continuous
and so equal to its value at x = 0, that is zero. To prove continuity it suffices

to show that -
’; {arctan (lmrerb) — arctan (lmxb) } (3.2)

is a continuous function of z, holding b fixed. For that we invoke the addition
formulas

arctan % ifyz <1,
arctan y + arctan z = Y (3.3)
arctan fj;z + wsign(y) if yz > 1.

10



In our case we have that yz = —2%/(k*r* — b%), and

ytz _ il v _ —2bx
Rt i

So if we choose K € N, with K272 — b? > 0, then yz < 1 for all £ > K and so
(3.2) equals

K-1
arctan x — arctan E arctan —2bx
' +b kﬂ'—b k22—b2+x2

k=

Now it only remains to show the continuity of this last infinite sum. For this
we assume z € [N, N], N > 0, so that for k > K

arctan —2bx < [2bx] < 2N ||
k272 — b2 + 22 ) ~ |k2w2 — b2 4 22| T k2m2 — b2

Since Y% 2N|b| /(k*m% — b?) < oo, the Weierstrass M-test implies that
> ne i arctan (—2bxz / (k*n? — b% 4+ 2?)) converges uniformly for z € [N, N]
and so it is continuous there. Because N was arbitrary we are done.

O

Remark 3.1. It is clear that the above approach will work for many infinite
products to produce series involving the inverse tangent function. In chapter 5
we will see a method that allows us to express many such series in terms of the
Gamma function. There exist more methods to derive series like (3.1), see [4]
for a nice account of these.

Example 3.1. Let us sum the series Y -, 1/(w2 —n?) in closed-form, where
w € R\Z. Proposition 2.1 indicates that we should attempt to sum

- 1
Z arctan (M)

k=1

and proposition 3.1 and its proof show that we could try to find b,x € R such

that
—2bx 1 1

2.2 _ 12 2 2 _ 2 2 2_p2 0
k*m2 — b2+ Rw? — Rk k2 b

so we get that R = 7 /2bx and Rw? = (b* —x?)/2bx. Using the quadratic
formula one can calculate that a solution is given by

x=(1/2)m <\/w2 (1/R) — yJw? — 1/R)

11



and

b= (1/2)7 (\/w2 (1/R) + /w? — 1/R)).

With these values we claim that for k =1,2, ...

z z —2bx
arctan | = | —arctan { oo | = arctan | 55 —am 5 |-

To prove the claim we need to show, by (3.3), that for k=1,2, ..
—2? [(k?m? — b?) < 1, that is

2 4 2
oy - WR) (3.4)
2k2 — w? — y/w* — (1/R?)

Because the numerator is always negative and the denominator 2k% — w? —

— (1/R®) > 2k% — 2u?, we see that if 2k* — 2w® > 0 then indeed (3.4)
holds, so we now assume that for some k, the denominator is negative and that
k? < w?. Then for R large enough

(2k2 — w?) — \Jw* — (1/R®) < —w? 4+ \/w* — (1/R?) < 0, so indeed
—w? + /wt — (1/R?) —w? 4 /wt — (1/R?)
2 _w? —\Jwt — (1/R?) —w2+\/w4 (1/R?)

Since w € R\Z we have for sufficiently large R that b is not an integral multiple
of m, thus by proposition 2.1 and 3.1

el

EOO _ lim R 3 arctan _
w2 —n2  R—oo Rw? — Rk?
n=1 k=1
. x
= ngrclxJ R (arctan (tanh(z) cot(b)) — arctan (3>> . (3.5)

We calculate the limit in (3.5) using the limits Rlim b= mw| ¢ 7Z, B}im x =
0 and the standard limits limoarctan(u)/u = lir%tanh(u)/u = 1. Usage of

U’Hépital’s rule is indicated with **, we get

Rli_r)nooR (arctan (tanh(x) cot(b)) — arctan (x/b))

arctan (tanh(x) cot(b))
tanh(z) cot(b)
arctan (x/b)
R ™)
= lim (Rtanh(z)cot(b))-1— Rli_r)n(><> (R(z/b)) -1

R—o

R—o00

= lim (Rtanh(x) cot(b)

= cot(rlu) Jim_ (thanh(“”)) ~ lim (R(z/b))

x R—o0

= cot(rfw|) lim (Rz)-1— lim (R(z/b))

12



1 1 \/w2+y_ \/w2 -y
—-— 1
2|w| y—0+ y
* 1 1 1
= —7cot(mw|)— — =——,
2 w]  2Jw] |w|

where every step that replaces a limit of a sum/product by the sum/product of
the limits can be justified by reading this string of equalities backwards. The
closed-form evaluation thus becomes

kad 1 m cot(mw) 1
_ . weR\Z 3.6
; w2 —n? 2w 2w’ ¥ \ (36)

The significance of (3.6) could be inferred from the following easy corollary.

Corollary 3.1. For k € N let ((k) := Yo" 1/n* and let By, denote the kth
Bernoulli number. Then when k is even

1 (QWi)kBk

(W=

Proof. see [10], page 4.

Remark 3.2. Ezample 3.1 is by no means the fastest way to prove (3.6): log-
arithmic differentiation of (2.11) yields this almost at once. However, we are
describing methods to find closed-form expressions for infinite series. We started
out with a series and found the answer. It is a constructive approach. Also, it
shows that proposition 2.1 can be useful. In chapter 5 we will see many more
useful applications of proposition 2.1, but not after we establish some properties
of the Gamma function.

13



4 The Gamma Function

The following is a continuous analogue of lemma 2.2. To avoid confusion we will
use the broad setting of the Lebesgue integral.

Lemma 4.1. Forn € N, let f,, : (0,00) — C be Lebesgue integrable and put

I, := f(f(n) fn(t)dt, where p(n) € Z> is strictly increasing. Suppose that I, is
finite for all n and suppose there exist Lebesgue integrable functions f : (0,00) —
C and M : (0,00) — R>q satisfying

1. [ M(t)dt < oo,

2. limy, 00 frn = f uniformly on finite interval subsets of (0, 00),

3. for all n we have |f, ()| < M(t), holding for all t € (0,p(n)).
Then

n—oo

lim I, = | f(t)dt. (4.1)
/

Proof. Because of conditions 2 and 3, we know that the right hand side of (4.1)
is finite. Let & > 0 be given and let ¢ = ¢(¢) € N be such that fqoo M(t)dt < e/3.
Then

I/h@ﬁ—gﬂmﬁ</MN%¢@W+/U®W

s/huw—ﬂMﬁ+wa

0

Now because of condition 2 we see that there exists an N = N(¢) € N such that

n>N¢L/h@ﬁf/ﬂWM§%B. (4.2)
0 0

We may assume that N is such that for all n > N we have p(n) > ¢. Then if
n > N,

p(n) q p(n)
|| fa(®)dt = [ fa(®)dt] < [ [fa(t)]dt < e/3. (4.3)
[ [em= |

Combining (4.2) and (4.3) gives

p(n

) oo
n>N:|/ﬁ@ﬁ—/ﬂWM§a
0 0

14



proving (4.1).
O

Before we apply lemma 4.1 we first establish a useful inequality (see [5], page
506).

Since the derivative of 1 — ef(1 — t/n)" equals e’(1 — t/n)"1(¢t/n), we have
for 0 <t < n that

t t

n—1 t n tt2
Og/e“(l—g) de—l—e (1—) Set/gdv:e—,
n n n 2n

0 0

n 2
oge—t—<1—t> e (4.4)

or
n — 2n

Armed with this last inequality we apply lemma 4.1 to

I, ::/ (1 —t/n)"t*tdt,
0

where the real part x of the complex number z is assumed positive. So in
this case we take p(n) := n, f,(t) == (1 —t/n)"t*"! and f(t) := e >~ L.
We claim that with M (t) := e~ %*~! conditions 1, 2 and 3 of lemma 4.1 are
satisfied. Firstly, inequality (4.4) shows that |f(t) — f.(t)] < t*~%2/2n, so
frn — f uniformly on finite interval subsets of (0, 00). Secondly, choosing C > 0
such that t*~1 < Ce!/? for all t € (1,00), we have

oo 1 00 1
/M( / —ty 1dt+/ —tee 1dt</tx 1dt+c/ 24t < 0.
0 0 0

Finally, for 0 < t < n, |f,(t)] = (1 —t/n)"t*~ < e~ %*~!1 = M(t), by inequality
(4.4). So we find that
I'(z) :== lim I, = /e_ttz_ldt, (4.5)

n—00
0

which is Euler’s integral expression for the Gamma function, valid when the real
part of z is positive. Using integration by parts on this expression one can show
that the Gamma function satisfies

T(z+1) = 2T'(2). (4.6)

Starting out again with I,, = fon (1 —t/n)"t*~1dt and making the substitution

15



t = nT, gives that I,, = n® fol (1 — 7)"r*~1dr and repeated integration by parts

gives
1 1
1
/1—7‘”21d7—77(1—7' +ﬁ/1—7'"12d7’
z z
0 0

1

= ZE:-I- 11)) /(1 — )" =

0
1

|
_ z+n 1d _ n: )
z2(z+1)... z+n—1 /T T 2(z+1)...(z+n)
0
So
nln®

I(z) = (4.7)

li .
nLH;o z(z + 1)(2’ + n)

Letting v := lim, o (3__; 1/k) — log(n) be the Euler-Mascheroni constant,
we manipulate somewhat further

L U & EY v ()= 1K) T emz/k z
F(z)_anLnéonzg(Hk)_znlL”éoe = kl;[le (1+k)
= ze'? H e~#/k (1 + z>, (4.8)
k=1

which is Weierstrass’ product expression for T'(z) ™!

Next we establish some fundamental properties of the Gamma function.

Lemma 4.2. Weierstrass’s product expression extends the Gamma function to
a meromorphic function on the entire complex plane, with only simple poles,
located at z = 0,—1,—2,.... Furthermore we have

1. T(z+1) = 2T(2), for 2 #0,—-1,-2, ...,

2. T'(2)I'(1 — z) = w/sin(nz), whenever z is not an integer.

Proof. We let N be a positive integer and take |z| < (1/2)N. Then if n > N,

z z = (—1)FFL Nk

[log (1+—) — |k§:2 ’ o)
< i FINE N (1) 1N
n2 P _4n2k_0 2 2 n2’

16



So Y o” ni11log (14 z/n) — z/n} converges absolutely and uniformly in the
disc |z| < (1/2)N and because each term of this series is analytic in the disc |z| <
(1/2)N, it follows that the series itself is analytic in the disc |z| < (1/2)N (see
appendix, theorem 6.1). Consequently its exponential H,;“;N_H e~k (1 + z/k)
is analytic in this disc, so I'(2) 7! is analytic in every disc |z| < (1/2)N, with N
a positive integer, which proves the analyticity of I'(z)~! in the entire complex
plane.

The convergence of " ., {log (1+ z/n) — z/n} in the disc [z] < (1/2)N,
for every N € N, reveals that I'(z)~! has only zeros at z = 0,—1,—2,..., which
are all simple, so I'(z) is analytic for z € C\{0, —1, —2, ...}, with simple poles at
the excluded points.

The analyticity of the Gamma function on C\{0,—1,—2,...} implies the
persistence of the functional equation (4.6) here (see appendix, theorem 6.2),
proving 1.

Combining the Weierstrass product expression with lemma 2.3 we further
deduce

P =5 T e (1+ ) T {e (1-2)) 7 - St

and with the functional equation (4.6) this becomes

™

[(2)[(1—2) =

sin(nz)’

proving 2.
O

Remark 4.1. Formula 2 in lemma 4.2 is known as Euler’s reflection formula.

The next theorem is actually another application of Weierstrass’s product ex-
pansion.

Theorem 4.1. Let

be absolutely convergent, where the a; and b; are fized complex numbers and k
is a fized positive integer, a;,b; ¢ N. Then

b T = byy)
P=1I T(1—am)

m=1

17



Proof. Using the geometric series, we have for n large enough that
-1
(1 — aﬂ) (1 — bm>
n n
m bm
(1- %) (1++A;?)
n n

—
—N
SIS
1]

3
——
I
—=

3
&

I
-

m=1
k k
am — b 1
IL (1 o) = e 3 bl

where all of A™, B™ and C,, are O(n~2). We know by lemma 6.1 (see appendix)
that P is absolutely convergent if and only if Y°°  [C, = n ™' 328 _ (4 — b))
00, so A = an:l (@m — bm) = 0 is a sufficient condition. It is also necessary
since we have

N k N k
Z{lcnl_ |% Z (am_bm)} < Z|Cn_ % Z (am — bm)|

n=1 m=1

A

and convergence of the smallest member as N — 00 is only possible if A = 0.
Knowing that A = 0 we can insert the factor e” “ = 1 into the general factor
of the product without altering its value, that is

I e )
I s fIee (o))

n=

where this last equality holds since according to lemma 4.2 the infinite products
on the right all converge and can be expressed in terms of the Gamma function.
Doing so and using the functional equation (4.6) together with A = 0 we get

which is what we set out to prove. O

Remark 4.2. Some of the proofs and derivations in this chapter have been taken
partially from [11], which however takes Weierstrass’s product as the definition
of the Gamma function.
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5 More Applications

We will need the following.
Theorem 5.1. Let -
S:=> f(n)
n=1

be a real and absolutely convergent series. Then
, 1 1 +irf(n)
S=1 — 1 —_—
b { 2ir 8 l}i[l L—iarf(n)| [’

where r takes only real values.

Proof. We set o(R) := Y > arctan(f(n)/R), with R real and |R| large enough
to ensure |o(R)| < w/2. With the aid of a picture it is seen that

iarctan(f(n)/R) _ I+ Zf(n)/R

V1+f(n)?/R?

e

so that

siotry _ T f (L+if(n)/R)?
‘ (R)‘Hl{uﬂn)?/m}

_ 1{ (1+if(n)/R)? }: ﬁ {Hw”(n)/R} (5.1)

g il

(1 +if(n)/R)(1 —if(n)/R) L—if(n)/R

n=1

n

By the assumption on R this never lies on the negative real axis so that we can
take the logarithm of both sides. Together with some algebraic manipulation

this results in
R ST [1+if(n)/R
Ro(R) = 5. log {H {l—zfmw%}} |

Letting |R| go to infinity and using proposition 2.1 and note 2.1 we finally get

.. R o f1+if(n)/RY| . 1 = [ 14irf(n)
S‘R}%zilog{n{1—¢f(n)/R}}_}%mlog{n{1—irf(n)}}’

n=1 n=1

which is the desired result.
O
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Note 5.1. For the upcoming examples, in which we will want to use theorem
4.1 as well, let us show that the infinite product in the statement of theorem 5.1
converges absolutely. We have

| 1+irf(n) 2irf(n) £ (n)]
1—irf(n) L—arf(n) |(1/2ir) — (1/2)f(n)
for r in a small enough interval around zero. The absolute convergence of the

series for S together with lemma 6.1 in the appendiz now furnishes the claimed
absolute convergence of the infinite product.

<|[f(n)l,

The following examples are applications of some of the preceding material.

Example 5.1. Let x, b € R, where b is not an integral multiple of w. According
to proposition 3.1 and its proof we have for some m € Z

- —2b
7; arctan (M) = mm + arctan(tanh(z) cot(b)) — arctan (%) .

With f(n) := (=2bx)/(n?m? — b* + 22) and R := 1 in equation (5.1) we get

eQi(arctan(tanh(x)cot(b))—arctan(w/b)) — ﬁ n’m? — b + x? — i2bx
n?m2 — b2 4+ 22 + i2bx

gittseas )

So with note 5.1 and theorem 4.1 we finally find
(_
(—

b+ix)/m)T(1 - (b—ix)/m)
b—ix)/m)T(1 — (b+iz)/m)’

(5.2)

eQi(arctan(tanh(x)cot(b))—arctan(w/b)) — F(l —
I'(1—

(

which can be confirmed using lemma 4.2.2, although it is cumbersome.

Example 5.2. Let us, for k € N1 and a € R not a negative integer, consider
the series S :=Y "2 (n+a)~*. According to theorem 5.1

}.

1 (o9} k .
5= lim { log l (n+a)* +ir
Since (77/)1/]6 —_ efiw/(Qk)GZiﬂ'm/k — eiﬂ(71+4m)/(2k) andil/k — 6i7r/(2k)62i77m/k —

r—0 2r

em(+4m)/ k) - for m = 0,1,...,k — 1, we have the factorization
k—1
(n+a)k+ir= H (n — (ri/Feim(FLHdm)/2k) _ 4y,
m=0
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In this last equation and in the remainder of this example, both r and r'/* are
taken real and positive. Using note 5.1 and theorem 4.1 we get

k—1 g )
1 (1 — 1/k im(14+4m)/(2k) _
S = lim ¢ —log | I ( (r 6, @) .
r=0+ | 2ir L D(1 - (r1/kein(=14+4m)/(2k) _ q))
We calculate the limit

k_ .
1 (1 — (r1/k im(1+4m)/(2k) _
S = lim Z —log U= < @)
r—0+ | £~ 2ir (1 — (ri/kein(=1+4m)/(2k) — q))
k

- Zl lim — [log(T(1 — re!m(+4m)/(2k) 4 )
m=0 r—04 2irk | - log(r(l _ peim(=14+4m)/(2k) n a))
k—1 1 | (—eiw(1+4m)/(2k)> k wkfl(l — reiﬂ(1+4m)/(2k) I a)

= 1 |
o0t k120 |- ( eim(—1+4m)/(2k) ) Yr—1(1 — peim(—=1+4m)/(2k) +a)

where interchanging the limit and the sum will be justified when we show that
the limits in the last line exists and where we used I’Hoépital’s rule k times in
the last step together with the notation

Py(2) = (i)l <1;((ZZ))> , 1€ Zs.

By lemma 4.1, these functions are continuous for z € C\{0,—1,-2,...} (even
analytic), so

x>

~1
(DM (14 a) in(144m) /2 _in(—1+4m)/2
5= k12 [e — e }

3
=}

E
—

DM +a)

9
k!27 !

=0

Note 5.2. A nice consequence of (5.3) is the Taylor series

logT'(1 4+ 2) = Zﬂ)k +Z

where we used that (1) = —v, which can be proved by logarithmic differentia-
tion of Weierstrass’s product expansion.

3
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Example 5.3. In the previous ezample we have seen that for k € Ny,

ﬁ (n+ a)k +ir| kl;[l T(l- (Tl/keiﬂ(1+4m)/(2k) —a))
(n+a)k —irf D(1 — (ri/kein(=1+4m)/(2k) —q)) [~
m=0

n=1

Taking r = 1 and using (5.1) we find

k-1 T m
621‘220:1 arctan(l/(n+a)k) — H F(l — (6 (1+4m)/(2k) _ CL)) .
F(l _ (eiTr(—1+4m)/(2k) _ a))

m=0

For the remainder we assume k to be even and a to be zero, so we have

k-1 T m
(2T arctan(1/n*) _ H T(1 — ein(1+4m)/(2k))
1"(1 _ eiw(—1+4m)/(2k)) :

m=0
It can be seen that when we replace each element in the set {1 T4m)/(2k) .y —
0,1,....k — 1} by its complex conjugate, we get the set {e™(—1H4m)/ (k) .y —
0,1,...,k — 1} Also, when we replace each element in the set {6i“(1+4m)/(2k) :

m = 0,1,...,(2k — 4)/4} by its negative, we get the set {e™(1H4m)/(2k) . py —
2k/4,1+ (2k/4),...,k — 1}. These observations entail that
(2k—4)/4
; [eS] k
621277,:1 arctan(l/n ) — H
m=0

F(l _ 67,'7r(1+4m)/(2k))1"(1 + 6i7r(1+4m)/(2k))
{F(l — e im(L+4m)/(2R) T (1 + e~ im(1+4m)/(2h)) }7

so that with b = —wcos (w(144m)/(2k)) and x = 7wsin (7 (1 4+ 4m)/(2k)) in
(5.2), this equals
(2k—4)/4 2% bl si 1+4m _ (. 14+4m _ — sin(w(14+4m)/(2k))

H e z{arctan(tan [71'51[1(7\'72k )]Cot[ 7“:05(777219 )]) arctan(—COS(W(1+4M>/(%)) )}

m=0

After taking logarithms we find, for some By, € Z, the closed-form expression (in
the sense of definition 1.1)

(oo} 1
t _ =
Brm + E arctan (n’f)

n=1

(%_24)/4 — arctan (tanh {wsin <7r1 —;:m>} cot |:7TCOS (wl —;;1771)])

m=0 + arctan (tan (7(1 4 4m)/(2k)))

and numerical evidence strongly suggests that By is always zero.
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Remark 5.1. This last formula appears to be new. Mathematica 7 gives no
closed-form expression, except when k=2, and the author has been unable to
find this expression in the literature. The case k = 2 can be found in [9]. Notice
that the above method, where we use (5.2) to eliminate the Gamma function,
heavily exploits the assumption that k is even. The analogies with ((k) are re-
markable, which also behaves very different depending on whether k is even or
odd. Furthermore, we can evaluate (k) when k is even using the evaluation
(8.6) (corollary 3.1) and we found the above expression using a similar looking
evaluation (except for the symbol “arctan’), appearing in example 5.1.

Example 5.4. Let us now turn to the general series S := > - n4(g(n))~',

where g(n) == (n — a1)(n — ag)...(n — ax), k € N>q, ¢ € {0,1,...,k — 2} and
a1, g, ..., a € R\N are fixred and all different. According to theorem 5.1

} |

The theory of algebraic functions (see e.g. [3]) tells us that there exist, for
j=1,2,...,k, sequences of complex numbers {c; m}oo_, such that near r =0,

S = lim {2:T10g [H (n _ al)(n — a2)...(n — ak) + irnd

(n—aj)(n—ag)...(n — a) —irn?

n=1

(n—ai)(n—ag)...(n—ap) +irn? =

o0 oo oo
n—a; — E c1mr™ n—ay — E Comr™ || n—op — E Cm”™ |,
m=1 m=1 m=1

where each of the power series converges near r = 0. Similarly, for j =
1,2,...,k, there exist sequences of complex numbers {d; »}>0_; such that near
r=0

(n—aj)(n—ag)..(n—ap) —irn? =
(n — a1 — Z dl’mrm> (n — g — Z dg’mT’m> <n -y — Z dk,mrm> ,
m=1 m=1 m=1

where each of the power series converges near r = 0. So by note 5.1 and theorem
4.1 we have that near r =0,

lo—o[ n—ai) n—ag) .(n — ag) +irn? ﬁ{ (1-a;— Zf:;:ldj,mrm)}

oot (n—a1)(n—ag)...(n — ag) — irnd e L(l—a; —> 0 ¢jmr™)
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and thus we get

k [eS) m
H F(]. — aj — Zm:l dj7mT' )
r

S =lim ¢ — log 5
r—0 | 2ir e (I—a; =>4 Cimr™)
k oo m
= li L log {F(l —Qy 27;10:1 djmr )]
it P —aj =3 Gmr™)

k
_ (=dj ) T'(1 = a;) = (=¢; 1) I'(1 — ay)
o Z{ 2iT(1 — «) }

where we used I’Hopital’s rule in the last step. It turns out that all of the
coefficients cj1,d;1 can be determined explicitly in general, as we show now.
In the following, the symbol O(r?) will be used several times to denote a power
series in r with only terms of degree two and higher, which converges near r = 0.
This same symbol is used for different power series. With induction one can see
that for p € N,

00 p
(aj ety Cj,mr'”) = (@ +pej 1?7 lr) + O(r?),

m=2
Writing g(n) = Z’;ZO apn®, ap € C, we have near r = 0,

00 q k oo P
0=ir|a;+cjir+ g Cmr™ |+ g ap | o +cjir+ g Cimr™
p=0 m=2

m=2
k
=ir ((a? + ch,lag_lr) + O(r2)> + Z ap ((oz? —|—pcj,1a§.’_lr) + O(rz))
p=0

=ira] + g(a;) +cjarg' (aj) + O(r?),

and by the uniqueness of power series erpansions we must have 0 = ia? +
cjng' () or cji = (—iaf)/g (o), which is well defined since we assumed that
g(n) has no multiple zeros. Similarly, d;, = (ia§)/g'(a;). Together with the
notation introduced in the previous example we have found that

i nt S { (~(ia)/g'(a))) o1 = ) = ((iad)/g'(a;)) Yo (1 — ;) }

— g(n) 2i

n

Jj=1

I o O )
a Z 7ogeg)

so that when h(n) is a polynomial of degree at most q with coefficients in C,

Jj=1

S h(n) NP a)
;{mal)(naﬂ...(nak)}‘ 2 M) =S (54)
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Note 5.3. When g(n) has multiple roots we don’t have ordinary power series
expressions for the zeros like above, but then we have fractional power series
(Newton—Puiseuzr expansions, see [3]), which can also be used to achieve results.
Neither time nor place permit further investigation of this. Furthermore, in this
case partial fraction decomposition together with (5.3) and (5.4) also does the
job of finding similar expressions.
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6 Appendix

Lemma 6.1. Let {a,},., be a sequence of complex numbers. The infinite
product [[°2, (1 + a,) converges absolutely if and only if > oo, an converges

absolutely. If the infinite product converges absolutely, then it converges.

Proof. See [8], pages 258-260. O

Theorem 6.1. Let f; : U — C, j € N, be a sequence of analytic functions on
an open set U in C. Suppose that there is a function f : U — C such that,
for each compact subset E of U, the sequence f;|, converges uniformly to f|g.
Then f is analytic on U.

Proof. See [8], pages 88-89. O

If Z is a subset of the complex numbers then 2z € C is said to be an accumulation
point of Z if there is a sequence {z,},- ; € Z\{z} with lim, . 2, = 2.

Theorem 6.2. Let U C C be a connected open set and let f, g be analytic
functions on U. If {z € U : f(z) = g(2)} has an accumulation point in U, then
f=y

Proof. See [8], page 92. O
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