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Abstract
We consider the family of skew tent maps T, 5 : [0, 1] — [0,1] defined by

ax + 2898 for 2 e 0,1 — 1],
Ta,ﬁ():{ 7 ?

B — Bx for me[l—%,l]

with a, 8 > 1 and a+ 8 > af. By A. Lasota and J.A. Yorke [LY73] we know that each skew
tent map has a unique acim. We fix the parameter 8 and show that the measure-theoretic
entropy of the skew tent maps, with respect to the unique acim, depends continuously on
a on a part of the parameter domain. The stability of the acim under small perturbations
plays an important role in showing this result. We also investigate the relation between the
measure theoretic entropy and the topological entropy for skew tent maps.
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Chapter 1

Introduction

1.1 Background

In ergodic theory we study dynamical systems and related problems. The systems we study
can be used to model physical phenomena whose states change over time. We want to describe
the long term behavior of such systems. There are theorems such as the Poincaré Recurrence
Theorem that give information about the long term behavior of trajectories. The Poincaré
Recurrence Theorem states that in a dynamical system the initial state in finite time almost
surely returns to the initial state or a state very close to the initial state. The time elapsed
before recurrence to the initial state may depend on the exact initial state. This makes it
in general hard to predict the long term behavior of trajectories. It is therefore natural to
describe the long term behavior by statistical means. This is done by proving the existence of
invariant measures and determining their ergodic properties. In some cases it is easy to find
invariant measures, but those measures might be trivial and they do not give relevant infor-
mation. We look for invariant measures that are absolutely continuous with respect to the
Lebesgue measure. These measures are nice to work with from a theoretical point of view,
because some properties that are verified for the absolutely continuous invariant measure
(acim) also automatically hold for the Lebesgue measure. On the other side these measures
are also important from a physical point of view, because computer simulations of orbits of
the dynamical system reveal only invariant measures which are absolutely continuous with
respect to Lebesgue measure.

In the field of one-dimensional dynamical systems a lot of research has been done on the
existence of acims. In showing the existence of acims the Perron-Frobenius operator plays an
important role, because the existence of an acim is equivalent to the existence of a fixed point
of the Perron-Frobenius operator. For piecewise monotonic maps we get a nice and practical
representation for the Perron-Frobenius operator. This representation can be used to show
that the Perron-Frobenius operator has fixed points. For non-singular piecewise expanding
C? maps this was done by A. Lasota and J.A. Yorke [LY73]. They derived an inequality,
now known as the Lasota-Yorke inequality, that implies the existence of a fixed point for the
Perron-Frobenius operator. Their method has been used by many others to show existence of
acims for various classes of non-singular piecewise expanding maps. Once we have established
the existence of an acim, the next goal is to classify the number of acims and determine their
ergodic properties.



One important property of a dynamical system is the stability of the invariant measures.
Suppose we have a dynamical system with a unique acim. We would like to know if the
acim of a perturbed dynamical system is in some sense close to the acim of the unperturbed
dynamical system. If this is the case, then we call the map acim-stable. In practice this is
motivated by the fact that we often observe a perturbation of a dynamical system, due to for
example measurement errors, and would like to know if the unperturbed and the perturbed
system show the same behavior.

G. Keller [Kel82] showed that piecewise expanding transformations that satisfy a uniform
Lasota-Yorke inequality have a stable acim. Many dynamical systems do not satisfy a uni-
form Lasota-Yorke bound. For those maps we need other conditions to show that the acim
is stable or unstable. A mechanism that can cause instability is a periodic critical point in
the unperturbed system, for which there exist small neighborhoods (around the orbit of the
periodical critical point) that are invariant under the perturbed system. G. Keller [Kel82]
used this mechanism to construct a family of W-shaped maps with an unstable acim. G.
Keller conjectured that this is the only mechanism that can cause instability of the acim.
This conjecture turned out to be not true as shown by P. Eslami and M. Misiurewicz in
[EM12]. Other papers that deal with instability of acims for W-shaped maps are for example
[LGB™13]|, [Lil3] and [LGI3].

In this thesis we look at a family of transformations called skew tent maps. Each skew
tent map is a piecewise linear map that depends on two parameters. By A. Lasota and J.A.
Yorke [LY73] each skew tent map has an acim and by T.Y. Li and J.A. Yorke [LY7§| the acim
is unique. We fix one parameter of the skew tent map. By M. Misiurewicz [Mis89] we know
that the topological entropy of the skew tent map depends continuously on the non-fixed
parameters. We prove that there is a region were the skew tent maps are acim-stable. As a
consequence the measure-theoretic entropy of the skew tent map, with respect to the unique
acim, depends continuously on the non-fixed parameter on the same region where the skew
tent maps are acim-stable. In addition, we investigate the conditions under which the unique
acim of the skew tent map is also a measure of maximal entropy.

1.2 Thesis overview

In the next chapter we introduce some basic concepts and results from ergodic theory and
dynamical systems. In Chapter [3] we introduce the Perron-Frobenius operator and piecewise
expanding maps. We derive some basic properties for the Perron-Frobenius operator and
explain how the Perron-Frobenius operator can be used to show the existence of acims for
piecewise expanding maps. We also explain what acim-stability is and give some results that
can be used to show acim-stability for piecewise expanding maps. In Chapter [4 we look at
skew tent maps. We start by showing that the skew tent map has a unique acim and look
at properties such as exactness. After that we take one parameter fixed and show that the
skew tent map is acim-stable for various values of the non-fixed parameter. As a consequence
there exists a region where the measure-theoretic entropy of the skew tent maps depends
continuously on the non-fixed parameter. In Chapter [5] we look at the relation between the
acim and measures of maximal entropy for skew tent maps.



Chapter 2

Preliminaries

In this section we present the measure-theoretic background on dynamical systems and some
general background that is needed throughout this thesis. We assume that the reader is
familiar with some basic ideas from measure theory such as o-algebras and measures. For a
more extensive background on dynamical systems and some examples we refer the reader to
[BGI7] and [LM94].

2.1 Measure preserving transformations

In the study of dynamical systems from a measure-theoretic perspective we are interested in
measures for which the probabilities of observable events do not change in time. This idea is
formalized in the notion of a measure preserving transformation.

Definition 2.1.1. Let (X, F, i) be a probability space. We call a measurable transformation
T: X — X measure preserving with respect to p or say p is T-invariant if u(T—1A) = u(A)
for every A € F. The quadruple (X, F, u,T) is called a dynamical system.

Often one would like to have that a dynamical system cannot be split up into smaller
dynamical systems. This irreducibility property is called ergodicity.

Definition 2.1.2. Let (X, F,u,T) be a dynamical system. The transformation 7" is called
ergodic with respect to the measure p if for every A € F, such that T~'A = A we have
p(A) =0 or u(X\A) =0.

The famous Pointwise Ergodic Theorem also known as Birkhoff’s Ergodic Theorem tells
us that for ergodic transformations the time average equals the space average almost surely.
This means that even if we are not able to describe what orbits of transformation do we still
have information about what most orbits do on the average.

Theorem 2.1.3 (Pointwise Ergodic Theorem). Let (X, F,u) be a probability space and
T: X — X a measure preserving transformation. Then, for any f € LY(X,F, ),

n—1
Jim ~ ; F(T'(x)) = f*(2)

exists p-a.e., is T-invariant and fX fdu = fX f*du. Moreover, if T is ergodic, then f* is a
constant pi-a.e. and f* = [y fdpu.



Proof. See [Wal82, Theorem 1.14]. O
From the Pointwise Ergodic Theorem we get another characterization of being ergodic.

Corollary 2.1.4. Let (X, F,pu) be a probability space and T: X — X a measure preserving
transformation. Then, T is ergodic if and only if for all each A, B € F

n—1

Tim S (T AN B) = w(A)u(B).
=0

Proof. See [Wal82l Corollarly 1.14.2]. O

From this characterization we see that being ergodic is a weak form of asymptotic inde-
pendence. An ergodic system is asymptotically independent on average. A dynamical can
have stronger notions of being independent, one example is mixing.

Definition 2.1.5. Let (X, F,u,T) be a dynamical system. Then,

(i) T is called weakly mizing if for each A, B € F

n

—1
" i
Jim -~ > [(T~AN B) — p(A)u(B)| = 0.
=0

(ii) T is called strongly mizing if for each A, B € F

lim u(T""ANB) = pu(A)u(B).

n—oo

Weakly mixing is also a form of being asymptotically independent on average, while
strongly mixing means being asymptotically independent. It can be shown that strongly
mixing implies weakly mixing and weakly mixing implies ergodicity. The implications in the
other direction are not true in general. There is a notion, introduced by Rokhlin, that is even
stronger than mixing called exactness.

Definition 2.1.6. Let (X, F,u,T) be a dynamical system. The transformation 7" is called
exact if Foo(T) = N2y T ™ (F) consists of only sets of y-measure 0 or 1.

Rokhlin studied properties of exact transformations and showed the following characteri-
zation of exactness.

Theorem 2.1.7. Let (X, F,u,T) be a dynamical system. The transformation T is ezxact if
and only if for each A € F with positive u-measure and measurable images TA, T?A, ... the
following relationship holds:

lim p(T"A) = 1.

n—oo

Proof. See [Rok61]. O



2.2 Invariant measures

Let (X, F) be a measurable space, T': X — X a measurable transformation and M (X') denote
the collection of all measures on (X, F). We are interested in the space of all T-invariant

measures, i.e.
M(X,T)={pe M(X):poT™ = pu}.

In general it is not clear if there always exists a T-invariant measure. There are cases for
which it is easy to prove the existence of invariant measures. One of those cases is when a
transformation has periodic orbits. Let x € X be a point in a periodic orbit of T" with order
n. Then, the measure defined by

1 n—1
=0

is a T-invariant measure. This follows from observing that for every A € F we have

n—1 n—1 n—1
1 1 1 _ _
n(A) = n 25Tix(A) o Z(ST“'lx(A) o Z5Ti:c(T 1A) = pu(T 1A)-
i=0 i=0 i=0

For continuous transformations on a compact metric space we can also prove the existence
of invariant measures. This is due to the following theorem.

Theorem 2.2.1. Let X be a compact metric space and T: X — X be a continuous trans-
formation. If {un}22 is a sequence in M(X) and we form the new sequence {fin}o> by
i, = %Z?;ol pn © T4, then any limit point fi of {ji,} is a member of M(X,T). Such limit

points exist by the compactness of M(X).
Proof. See [Wal82, Theorem 6.9]. O

If we have an interval map, then the invariant measure we constructed for a periodic orbit
is supported on a small set. We are interested in interval maps that have an invariant measure
that is supported on a large part of the system. A measure that does this is the Lebesgue
measure, but it is not necessary an invariant measure. We look for invariant measures that
behave like the Lebesgue measure. This is formalized in the notation of absolutely continuous
measures.

Definition 2.2.2. Let x4 and v be two measures on the same measurable space (X, F). We
say that u is absolutely continuous with respect to v if for any A € F, such that v(A) =0, it
follows that u(A) = 0. The absolute continuity of x with respect to v is denoted by p < v.

We assume absolute continuity with respect to the Lebesgue measure when not explicitly
mentioned and abbreviate absolutely continuous invariant measure by acim. It is difficult to
find acims under general assumptions or they might not even exist. In Chapter [3] we introduce
the piecewise expanding maps and show the existence acims for some maps in this class.



2.3 Entropy

The concept of entropy was introduced in information theory by C.E. Shannon [Sha48]. It
measures the amount of information contained in a source. In general, the more certain
or deterministic a source is, the less information it will contain. The concept of entropy is
now used in different fields of mathematics. We look at the entropy in a measure preserving
dynamical system and in a topological dynamical system.

2.3.1 Measure-theoretic entropy

The measure-theoretic entropy expresses the amount of randomness in the system generated
by a transformation. For a detailed explanation on measure-theoretic entropy we refer the
reader to [Wal82]. We start out by introducing some notation that is used to define measure-
theoretic entropy.

Definition 2.3.1. Let (X, F, ) be a measure space and I a finite or countable index set.
We call a = {a; : i € I} a partition of X if « is the disjoint union of X up to sets of measure
Z€ero.

Let (X, F,u) be a measure space and let o = {aq,...,an}, 8 = {B1,...,Bm} be finite
partitions on X. We define a refinement by

aVp:={aNnpg:1<i<n,1<j<m}
This refinement is called the join of o and 8 and is also a partition of X. We can also define
the join of a finite partition o and a transformation 1" by

n—1
\/ T a:=aVvT tav...vT g,
i=0

This set consists of elements that are of the form

Aig NT714;, .. .nT~ (=D 4,

tn—1°*

For j,k > 0 we let

U(\_/'T_ia) and 0( i/ T_ioz)

i=—j

denote the smallest o-algebras containing the partitions \/f: j T~a and \/ T« respec-

tively. Furthermore, if the transformation 7" is invertible we let

a( <7 T*"a)

1=—00

—k
i=—j

denote the smallest o-algebra containing all the elements of all the partitions \/f:j T '« and
\/Z-;k_j T« for all j,k € N. If T is invertible, then we call a partition o a generator with

respect to T if a(\/fifoo T"d) = F. If T is non-invertible, then we call a partition « a



generator with respect to 7' if U( ViZo T*"a) = F.

We now define the measure-theoretic entropy. This is done in a few steps. The first step
is to define the entropy of a finite partition a which is defined as

Hy(a) = = 3 ple) log(u(as)).

Next we define the entropy of T with respect to the partition a which is defined as

n—oo N

n—1
1 .
hu(a,T) := lim fHM(\/ T 'w).
1=0

Finally we define the measure-theoretic entropy of a transformation.

Definition 2.3.2. Let (X, F,u,T) be a dynamical system. The measure-theoretic entropy
of T is given by

hu(T) = sup hy (e, T)),

where the supremum is taken over all partitions with finite entropy.

Calculating the measure-theoretic entropy from the definition is difficult, because we need
to take the supremum over all partitions with finite entropy. We get a more practical way of
calculating the entropy by using a partition that is a generator.

Theorem 2.3.3 (Kolmogorov-Sinai Theorem). If the partition « is a generator with respect
to the map T and H,(a) < oo, then h,(T) = h,(o, T).

The next theorem gives another way to calculate the measure-theoretic entropy. It gives
an expression for the measure-theoretic entropy in terms of the Jacobian and the invariant
measure. This result also holds for higher dimensional maps. We formulate the result for the
one-dimensional case, where the Jacobian is simply the derivative of the map.

Theorem 2.3.4 (Rokhlin’s formula). Let (X, F, p) be a probability space and T: X — X a
measure preserving map that is locally invertible. If the partition « is a generator with finite
entropy and every oy € « is an invertibility domain of T, then h,(T) = [logx |T"|du.

Proof. See [VO16, Theorem 9.7.3]. O

We now give an example where we use the Kolomogorov-Sinai Theorem to calculate the
measure-theoretic entropy.



1
2

Figure 2.1: The doubling map.

Example 2.3.5. Let (I,B(I),\) be a probability space and T': [0,1) — [0,1) the doubling
map, which is defined by

2 if z€]l0,
20— 1 if z €[},

);
)

—_ N

T(x) =2r mod 1 = {

The graph is shown in Figure For any interval [a,b) we have

a b)U[a—i-l b—l—il)’

T_l[a’vb) = [575 92 ’ 92

and
MT 7 Ya,b) =b—a= \a,b)).

Using Theorem it can be shown that A is T-invariant. For the partition o = {[0, 3), [3,1)}

we have
n—1 . .
. 1
\/T_Za:{[;n,z;>:i:O7...,2”—1}. (2.1)
=0

The intervals in (2.1]) are called dyadic intervals and they generate the Borel o-algebra. The
entropy with respect to the partition a and transformation 7T is given by

(Vo) =-S5 Joer([515)
2 (5) ()
_ (;) log (;)

=nlog?2.

10



By the Kolmogorov-Sinai Theorem the entropy of T is given by

n—1
1 ; 1
ha(T) = ha(eo, T) = lim H)\< \/ T1a> = lim — -nlog2 =log2.

n—oo n —0 n—oo n
1=

2.3.2 Topological entropy

The topological entropy is a measure for the complexity of the system. The first definition
of topological entropy was given by Adler, Konheim and McAndrew [AKM65] and makes use
of open covers for the space X. Their definition requires X to be a compact metric space
and the transformation 7: X — X to be continuous. Later Bowen [Bow71] and Dinaburg
[Din70] independently introduced a different definition using e-separated points. It can also
be defined using the dual definition of e-spanning points. Their definition requires (X, d) to be
a metric space and T': X — X to be uniformly continuous. In the setting of compact metric
spaces and continuous maps, these two definitions agree. The definition by Adler, Konheim
and McAndrew can be found in [AKM65]. We follow [Wal82] for the definition introduced by
Bowen and Dinaburg. We define the topological entropy using e-spanning points. The defi-
nition using e-separated points is analogous and results in the same value for the topological
entropy.

Let (X, d) be a metric space and T': X — X a uniformly continuous map. We denote the
open ball with centre x and radius r by B(z,r) and the closed ball by B(z,r). We define a
new metric d, on X by

dp(x,y) = [Jax d(T'z, T'y).

The open ball with centre # and radius r in the new metric d,, is ﬂ?:_ol T'B(T'z,r).

Definition 2.3.6. Let n be a natural number, ¢ > 0 and K a compact subset of X. A subset
A of X is said to (n,e€)-span K with respect to T if for every x € K there is a y € A such
that dp,(z,y) <, ie.

n—1
Kc|J T 'B(Ty,e).
yeA i=0

Let ry, (e, K, T) denote the smallest cardinality of any (n, €)-spanning set for K with respect
to T. By compactness of K the open cover {ﬂ?;ol TB(T'z,r) : x € X} of K has finite
subcover and therefore r,(e, K,T) < co. Next define

h(T, K) = lim lim sup M

e—0 n—o0 n

Definition 2.3.7. Let (X, d) be a metric space and T: X — X a uniformly continuous map.
Then the topological entropy of T is

W(T) = sup h(T, K),
K
where the supremum is taken over the collection of all compact subsets of X.

11



We now give a result that can be used to calculate the topological entropy of piecewise
monotone continuous maps. These maps are defined in Section.

Definition 2.3.8. Let 7' : X — X be a piecewise monotone continuous map. The lap number
of T, which we denote by ¢1(T), is the minimal number of intervals on which T' is monotone.
In other words, ¢1(7T") — 1 is the number of turnings points of 7. With ¢, (T) we denote the
minimal number of intervals on which 7™ is monotone.

Theorem 2.3.9 (Misiurewicz and Szlenk, [MS80]). Let T : X — X be a piecewise
monotone continuous map, then

1
h(T) = lim —logc,
n—o0o n
and %log cn > h(T) for any n.
Corollary 2.3.10. If T : X — X 1is a piecewise linear continuous map with slope equal to
+s, then the topological entropy of T is equal to max{0,logs}.

Proof. See Corollary 7.2 in [dMvS93]. O

Example 2.3.11. Consider the tent map T': [0,1] — [0, 1], which is defined by

2 if x €[0,1/2
22 ifzell/21].
The graph is shown in Figure[2.2] It follows from Corollary [2.3.10]that the topological entropy
of T is given by h(T') = log 2.

1
2

Figure 2.2: The tent map.

2.3.3 Variational principle

The measure-theoretic entropy and topological entropy are related through the Variational
Principle for the entropy.

Theorem 2.3.12. Let T: X — X be a continuous map on a compact metric space X. Then
hT) = sup{h,(T): pe M(X,T)}.

Proof. See [Wal82, Theorem 8.6]. O

12



2.4 Isomorphism of dynamical systems

When you have a dynamical system you can study the measure structure and the dynamics
of the transformation. It is possible that the measure structure and the dynamics of another
dynamical system are the same. Two dynamical systems that are essentially the same are
called isomorphic.

Definition 2.4.1. Two dynamical systems (X, F, u, T') and (Y, C, v, S) are isomorphic if there
exists a map ¢: (X, F,u,T) = (Y,C,v,S) that has the following properties.

(i) v is one-to-one and onto almost everywhere. By this we mean that if we remove
a suitable p-null set Nx from X and a suitable v-null set Ny from Y, such that
T(X\Nx) € X\Nx and S(Y\Ny) C Y\Ny, then the map ¢: X\Nx — Y\Ny is
a bijection.

(i) 1 is bi-measurable, i.e., »~1(C) € F for all C € C.

(iii) 9 preserves the measure: v = pov =1, ie., v(C) = u(y~1(C)) for all C € C.
(iv) 9 preserves the dynamics of 7" and S, i.e., o T = S o).
The map v is called an isomorphism.

Theorem 2.4.2. Let (X, F,pu,T) and (Y,C,v, S) be two isomorphic dynamical systems, then
hu(T) = hy(5).

Proof. See [Wal82, Theorem 4.11]. O

The converse of Theorem is in general not true. If two measure preserving transfor-
mations have the same entropy, then they are not necessarily isomorphic.

13



Chapter 3

Theoretical background

In the first part of this chapter we introduce the Perron-Frobenius operator. It describes the
time evolution of densities under a transformation and is therefore an essential tool in the
study of absolutely continuous invariant measures. In the second part we introduce piece-
wise expanding transformations. We study the existence of absolutely continuous invariant
measures for piecewise expanding transformations, their ergodic properties and their stability.

3.1 The Perron-Frobenius operator

The motivation for the definition of the Perron-Frobenius operator is as follows. Let (X, F, 1)
be a probability space and Y : X — X a random variable with probability density function
f. Then, for every A € F we have

Prob({Y € A}) = /A fdg.

Let T: X — X be a transformation. Then T oY is also a random variable. We wonder if
T(Y') also has a probability density function. We have the following

Prob({T oY € A}) = Prob({Y € T"}(A)}) = /T—IA fdu.

This means that if there exists a probability density function f* such that

|, gan= [ ran (3.1)

then T o Y has a probability density function. In general it is not clear if such a probability
density function exists. However, if T' is non-singular we can say more about the existence of
a probability density function such that equation (3.1)) holds.

Definition 3.1.1. A measurable transformation T: X — X on a measure space (X, F, u) is
called non-singular if for all A € F we have that u(T~1(A)) = 0 if and only if u(A4) = 0.

If T is non-singular, then the existence of a probability density function such that equation
holds is a consequence of the Radon-Nikodym Theorem. The operator that maps the
probability density function f to the probability density function f* such that equation (|3.1))
holds is called the Perron-Frobenius operator.

14



Theorem 3.1.2. Let (X, F) be a measurable space and let p be a o-finite measure on (X, F).
Let Y be a random variable on X with probability density function f. If the transformation
T: X — X is non-singular, then there exists a unique probability density function Prf such
that

/T_lAfdu—/APde,u,. (3.2)

The unique operator Pr: LY (X, F,u) — LY(X, F, u) such that holds is called the Perron-

Frobenius operator corresponding to T'.

Proof. Assume that the transformation 7" is non-singular. For any A € F we write

V(A) = /TlAf du.

It can be shown that v is a o-finite measure. By non-singularity of T it follows that v < pu.
Then, the Radon-Nikodym Theorem E| gives the existence of a unique Prf € L*(X, F, ) such
that

[ Prsan=[ | fan.
O

We now state the most basic properties for the Perron-Frobenius. See e.g. [BG97] and [LM94]
for more details.

Proposition 3.1.3 (Linearity). The Perron-Frobenius operator is a linear operator.

Proof. Let f,g € L*(X,F, ) and take constants o, 3 € R. For every A € F we have

/ Pr(af + Bg)dp = / (af + Bg)du
A

T-1A

=a/ fdu+ﬁ/ gdp

T-1A T-1A

—a / Prfdp+ B / Prgdu
A A

_ /A (aPrf + BPrg)dp.

Since this holds for every measurable set A we have

Pr(af +Bg) = aPrf+ B3Prg p-a.e.

'see Appendix [A|for the Radon-Nikodym Theorem
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Proposition 3.1.4 (Positivity). For every f € LY (X, F,u) with f > 0 we have Prf > 0.

Proof. For every A € B we have

[ Peftu= [ ganzo
A T-1A4

Since this holds for every measurable set A we have Prf > 0. O

Proposition 3.1.5 (Preservation of Integrals). For the Perron-Frobenius operator we have

the preservation of integrals, i.e.
/ Prfdu = / fdp.
X X

Proof. Using the definition of the Perron-Frobenius operator and the non-singularity of T'

gives
/Hﬁm=/ fwz/fw.
X T-1X X

Proposition 3.1.6 (Contraction Property). The Perron-Frobenius operator is a contraction,
i.e. [|Prfllv < |Iflli for any f € LY(X, F, p).

Proof. Let f € LY(X,F,u). Define f© = max{f,0} and f~ = —min{0, f}. We have
frf~ e LY(X,F,pu) and f*, f~ > 0. Note that we can write f = f*—f~ and |f| = fF+/f".
By Proposition |3.1.3| we have

Prf=Pr(f*—f7)=Prf"—Prf".
By the triangle inequality and the linearity of Prf we get
|Prf| = |Prf* = Prf~| <|Prf*|+|Prf~| = Prf"+Prf~ = Pr(f"+ f7) = Prif|.

Combining this with Proposition [3.1.5] gives

O]

Hﬁm=LPMM§Aﬁmw=Amm=mn
]

Proposition 3.1.7 (Composition Property). For the Perron-Frobenius operator we have
Prosf = Pro Psf. In particular, Prnf = P} f.

Proof. Let f € LY(X,F,u) and define the measure v by

A) = .
V( ) /(ToS)lA fdlu

From the non-singularity of 7" and S it follows that v < p. By the Radon-Nikodym Theorem
there exists a function Progf such that

)= [ gan= [ Prastan
(ToS)-14 A
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We have

[ presnan= [ pssan= [

and

/ Pros fdj — / Fdu = / fdu,
A (ToS)-1A S-1(T-14)

from which it follows that Prosf = PrPsf p a.e. By induction, it follows that Pr» f = Pf f
p-a.e. O

The following proposition gives an important relation between the fixed points of the
Perron-Frobenius operator and the densities of measures that are T-invariant and absolutely
continuous with respect to .

Proposition 3.1.8. Let f € LY(X, F,p), with f > 0 and ||f||1. Then Prf = f if and only
if w= fAis T-invariant.

Proof. Assume that p is T-invariant, so for every A € B we have

pay= [ aa= [ gan= .

T-14
By the definition of the Perron-Frobenius operator we have

/APde)\ = /T_IA fdx = (T 1A)

Hence, Prf = f a.e. Now assume that Prf = f a.e., so

/APde)\ = /Afd)\ = p(A).

Again using the definition of the Perron-Frobenius operator we have

/APde)\ = /TlA fd\ = u(T71A).

Hence, p is T-invariant. O

The previous result allows us to show the existence of absolutely continuous invariant
measures if one considers the action of the Perron-Frobenius operator on the right space of
functions. We consider the action of the Perron-Frobenius operator on the space of functions
of bounded variation.

Definition 3.1.9. Let f be a real (or complex) valued function on [a,b] and zg, z1,...,z, a
finite sequence of points such that ¢ = zg < z; < ... < a2, = b. The total variation of f on
[a, b] is defined as

Xa;)]rf = Zlé%; |f(zi) — f(@i1)l,

where P denotes the collection of all sequences of points P = {x1,...,z,} with a = z¢ <
1 < ...<xp=>for all n. The space of functions with bounded variation is defined by

BV([a,b]) := {f € L'([a,b], \) X?ﬁf < 00}

17



In Appendix [B] we derive some results for functions of bounded variation. By using the
Kakutani-Yosida Theorem we can show that Perron-Frobenius operator has fixed points on
the space of bounded variation.

Theorem 3.1.10 (Kakutani-Yosida Theorem). Let X be a Banach space and let P: X — X
be a bounded linear operator. Assume that there exists ¢ > 0 such that ||P"|| < ¢ for each
n € N. Furthermore, if for any f € A C X, the sequence {f,}, where

fo= 13 pig
contains a subsequence {fn;} which converges weakly in X, then for any f € A,
fm—=freX

(norm convergence) and P(f*) = f*.

Proof. See [DS64]. O

We work towards showing that the Perron-Frobenius operator on the space of function
of bounded variation satisfies all conditions of the Kakutani-Yosida Theorem. We start by
finding a norm on the space of functions of bounded variation. A logical choice would be to
try the L'-norm, but the space of functions of bounded variation equipped with the L'-norm
is not closed. By adding the variation to the L'-norm we get a norm on the space of function
of bounded variation.

Proposition 3.1.11. Let f € BV(I), then the function || - ||pv: BV(I) — [0,00) defined by
/1By = [[f1l + Var f

is a norm and turns (BV(I),|| - ||Bv) into a Banach space.

Proof. See [HK82, Lemma 5(ii)]. O

It follows from the linearity, contraction and composition properties that the Perron-
Frobenius is a bounded linear operator on the space of functions of bounded variation and
that there exists ¢ > 0 such that ||P}|| < ¢ for each n € N. The next step is to show that the
sequence { fy,}, where

R

contains a subsequence {f,,} which converges weakly in the space of functions of bounded
variation. This is done by showing that for any f € BV (I) we have
limsupsup Py f(z) < oo and limsup Var Pff < co.
n—oo x€l n—00 I

By Helly’s Selection Theorem E| the sequence {P7f} is relatively compact in the space of
functions of bounded variation and by Mazur’s Theorem E| the sequence { f,,} is also relatively
compact in the space of functions of bounded variation. Since the set of functions with
bounded variation is dense in L' we have for any f € L! that the sequence {f,} is also
relatively compact in L!.

2See Appendix [A] for Helly’s Selection Theorem
3See Appendix [A| for Mazur’s Theorem
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3.2 Piecewise expanding maps

In the next chapter we introduce the family of skew tent maps. They are part of the class
of piecewise expanding maps. The piecewise expanding maps fall in the larger category of
piecewise monotonic maps. In this section we give a few important results on piecewise
expanding maps that we use in the next chapter. We start out by introducing some notation.

Definition 3.2.1. A partition of the interval [a, b] is a finite sequence xg,x1, ..., 2, of real
numbers such that a = zg < 21 < ... <z, = b. We write I; = (x;_1, ;) and refer to I; as an
open subinterval. We use P = {I; = (z;_1,%;) : 1 <14 < n} to denote the collection of open
subintervals for the partition xg, x1, ..., Ty.

We will only look at piecewise expanding maps on the interval I = [0, 1]. For convenience
we define everything for the interval I instead of a general interval.

Definition 3.2.2. The map T': I — I is called piecewise monotonic if there exists P = {I; =
(xi—1,2;) : 1 <4 < n} and a number k£ > 1 such that T satisfies the following conditions for
all 1 <i<mn,

(1) Ti =T, is a C* function, which can be extended to a C* function on [z;_1, 7;];
(2) |T'(x)| > 0 for all x € I.

The map T is called expanding if |T"(x)| > 1 for all x € I, where T'(z) is defined.

N

1
2

Figure 3.1: A piecewise monotonic map

In Figure [3.1] we have a piecewise monotonic map that consists of two monotonic pieces.
The maps that we consider later on fall into the following subclass of piecewise expanding
maps.
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Definition 3.2.3. The map T: I — I is called piecewise expanding C1' if there exists
P ={l;, = (zj—1,2z;) : 1 < i < n} such that T satisfies the following conditions for all
1<1<n,

1. T; := Tj;, is monotonic, C', and can be extended to the closed interval [z;_1,z;] as a
C' function;

2. T is Lipschitz, i.e., there exists a constant M; such that |T} (z) — T, (y)| < M|z — y),
for all x,y € I;;

3. |T) ()] > s; > 1 forall x € I;.

Let T(I) be the class of piecewise expanding C'' maps on I. If a family of maps {7}
satisfies the conditions with uniform constants s; and M; (i.e. independent of €), then we
shall write {T.} C T (I) uniformly.

The following proposition gives information about the number of ergodic acims for piece-
wise expanding maps can have. The proof for this proposition and other properties of acims
can be found in [BG97, Chapter 8].

Proposition 3.2.4. Let T : I — I be a piecewise continuous map defined on a partition P =
{L,...,I,}. Then, the number of distinct ergodic absolutely continuous invariant measures
for T is at most n — 1.

The following propositions give conditions under which a piecewise expanding map is
exact. These results can be found in [HK82, Theorem 3(ii)] and [Kel78, Corollary 2], respec-
tively.

Proposition 3.2.5. Let T : I — I be a piecewise monotonic transformation. If (T, u) is
weakly mizing, then (T, u) is exact.

Proposition 3.2.6. Let T : I — I a piecewise expanding C*' map defined on a partition
P={l,=(xi—1,z;) : 1 <i<n}. Forn even the map T is exact if

~ / nr )
o 55 1)

3.2.1 The Perron-Frobenius operator

Let T': I — I be a piecewise monotonic map and let P = {I; = (x;—1, ;) : 1 <i < n} denote
the partition of I into monotonic intervals. For piecewise monotonic transformations we get a
nice representation for the Perron-Frobenius operator. Since 1" is monotonic on each interval
I; we can define an inverse function for each T'(I;). Let (; : T'(I;) — I; be the function

-1
G = T|T(1i)'

For every measurable set £ C I we can write E = (J;"; T'(;) N E. This gives the following
representation



Combining this with the definition for the Perron-Frobenius operator gives

[ Prsau= [ ra=3> [ Fay
E T-1E i—1 Y G(T(I;)NE)

By using a change of variables we obtain

/ Prfd = Z /T g TGENIGE dute)

- ZZ; /E f(Ci(x))|C;(x)’XT([$i—1,$¢])(x) du(x),

where X7(jz,_, 2,)) 18 the indicator function for the interval T'([x;—1,z;]). Rewriting the ex-
pression above gives

/ Prfdu = / Z |><T(m i) (@) dp

Since E is arbitrary, we conclude that for any f € L' we have
PTf Z )’ T([wl_1,$l})(x) /“L_a“e' (33)

Example 3.2.7. Consider the map T : I — I defined by

r+3+ if zel0,3],
T(z) = 2 )2
2—-2z if ze[5,1]

The graph is shown in Figure The map T is a piecewise monotonic map, because T}
and Ty are linear functions. Let I} = [0 ,5] and Iy = [ 1], then T'(I;) = Iz and T'(I2) = 1.
Moreover, | T} (z)| = 1 and |Ty(x)| = 2. The inverse functions are given by Ty *(z) = z—% and
Ty 1(:1:) =1- %a: Substituting these expressions in gives the following representation
for the Perron-Frobenius operator

Prf(z) = f(z - %)X{%J] +5.f(1 = 5x).

3.3 Piecewise expanding C? transformations

The following result by A. Lasota and J.A. Yorke [LY73] gives the existence of absolutely
continuous invariant measures for non-singular piecewise C? maps.

Theorem 3.3.1. Let T: I — I be a non-singular piecewise C? function such that
inf e, IT' ()| > 1. Then for any f € BV (I) the sequence

1 n—1
=2 Prf
k=0

is convergent in L'-norm to a function f* € L'(I,B,)). The limit function has the following
properties:
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(1) f>0= f*>0.
(2) [} frd\= [y fdX.
(8) Prf* = f* and consequently the measure du* = f*dX is invariant under T.

(4) The function f* is of bounded variation; moreover, there exists a constant ¢ independent
of the choice of initial f such that the variation of the limiting f* satisfies the inequality

Var f* < el| ]|

In the proof of Theorem there is an inequality that plays an important, that inequal-
ity became known as the Lasota-Yorke inequality. Before we state it we need some notation.
Write s = inf |T”| and choose a number N such that sV > 2. It is easy to see that the function
¢ = TV is a piecewise C? function. Denote by by, ..., b, the partition corresponding to the
intervals of monotonicity of ¢. Writing ¢; for the corresponding C? functions we have

‘(]5;(1‘” > SN7 T e [biflabiL = 17 - q. (34)

Let ¢; = ¢; ', 04(x) = [¢;(x)] and J; = ¢i([bi—1, b;]), then it follows from (3.4) that
loi(z)| < s, wed,i=1,...,q (3.5)

Computing the Frobenius-Perron operator for ¢ we obtain

q

Psf(x) =) f(Wi(@))os(z)xi(x),

i=1

where x; is the characteristic function of the interval J;. An upper bound on the variation of
Py f is given by the Lasota-Yorke inequality.

Proposition 3.3.2 (Lasota-Yorke Inequality). Let T : I — I be a non-singular piecewise
expanding C? function. Then for every f € BV (I) there exists N € N such that

VIarPTNf <257V V}arf + (K +2n7h) / | f1dA,
T

i
__ max; |o;] o )
where K = ol and h = min;(b;—1 — b;).

Proof. See Appendix [C| O
3.4 Piecewise expanding C!! transformations

In this section we state some results from a recent article by P. Eslami and P. Géra [EG13], in
which they prove the Lasota-Yorke inequality for piecewise expanding C''! transformations
with a smaller constant than the previously known 25~ from Proposition m

Let T'e€ T(I) and define

s:= min s; and M := max M,;.
1<i<n 1<i<n
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These are the values of the branch with the smallest expansion rate and the branch with the
largest Lipschitz constant. Let P = {I; = (zj—1,2;) : 1 <i < n} be a partition of I such that
T is piecewise expanding C'!. Also let

o =08, + = ) X T o
i {T(=;")¢{0,1}} 1 if T(x; ) ¢ {01},

where T'(z7") means lim ., + T (z). For example, §; = 1 means that the left endpoint of the
(i 4+ 1)-st branch of T is hanging (it does not touch 0 or 1). Furthermore, let

o of e
max{L i} if i1=1,

s1 7 82
o~ .
J— q—1 Y% 3 —
n; = max{sqil, Sq} if i=n,
5. 5F
1—1 i : .
max{si_l,SiH} if i=2,...,n—1.

The following result is a Lasota-Yorke type inequality with a smaller constant than the
classical Lasota-Yorke inequality for the class of piecewise expanding C1!' transformations.

Proposition 3.4.1. Suppose T € T(I). Then, for every f € BV (I),

1 M 2
Var Prf < max { + m} Var f + | & + TaX1<ign i ] /]f\d)\ (3.6)
1<i<n 1 S m1n1<z<n
Proof. See [EG13l, Proposition 3.1]. O

If the Lasota-Yorke inequality in Proposition holds with coefficient of Vary f less
than 1, then we have the existence of acims for piecewise expanding C'! maps.

Theorem 3.4.2. If a map T € T (1) satisfies inequality (@ with the coefficient

1
max {&+ni}<'y<l, (3.7)

1<i<n

for some v > 0, then for any f € BV (I) and n € N,

K +2h
123 7115y <2711/ llsv + (1 + 1) 1111,

where K := M/s* and h := minj<;<p A(I;). Furthermore, T admits an acim with a density
of bounded variation.

Proof. See [EG13l, Theorem 4.1]. O

The following proposition gives a condition such that the Lasota-Yorke inequality in
Proposition [3.4.1] holds with coefficient of Vary f less than 1.

Proposition 3.4.3. Suppose T € T (I) satisfies the following condition:

1

—+ <~v<l1, fori=1,...,q—1.

Si Si+l
Then holds for T or for an extension (T, 1) of (T, I) that contains (T, I) as an attractor.
Proof. See [EG13, Theorem 3.2]. O
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3.5 The stability of absolutely continuous invariant measures

In this section we explain what it means for a map to be acim-stable and give conditions that
ensure acim-stability. In general the setting is as follows. Let Tj be a piecewise expanding
map with unique acim gy and {7}~ a family of perturbations with acims pu.. We wonder
if the acims p. converge to pg when the maps T, converge to Ty. We formalize this idea and
explain what kind of convergence we use for the maps and the measures.

Definition 3.5.1. Given a family of maps {7, : X — X}>0 with corresponding invariant
densities {f}e>0, we say that T is acim-stable if lim._,o T, = Tp implies lim._,o fe = fo. The
limits are taken with respect to properly chosen metrics on the spaces of maps and densities,
respectively.

We need a notion for the distance between two maps. The Skorokhod metric will be used
as a measure of closeness for maps.

Definition 3.5.2. The Skorokhod distance dg(Te,Tp) between two maps is the infimum of all
positive ¢ such that there exists a subset A5 C I with m(As) > 1 — ¢ and a diffeomorphism
o : I — I such that

-1

T€|A5:TOOU|A57‘U($)—SU\<5, and <4,

1
o'(x)

for all z € As.

We now consider two situations where the Skorokhod distance goes to zero as € approaches
zero. In those situations convergence on the space of continuous and differentiable functions
is required.

Definition 3.5.3. Let X be a compact metric space and k& > 1. C*(X) denotes the space of
all k-times continuously differentiable real functions f: X — R with the norm

_ (i)
1fllew = guas sup [1(@)]

where f()(z) is the i-th derivative of f(z) and O (z) = f(z).

The two situations were the Skorokhod distance goes to zero are mentioned in [EG13] as
Example 5.1 and Example 5.2. We formulate them here as two propositions.

Proposition 3.5.4. Assume that Ty € T (I) satisfies condition (3.7). Assume that {T¢}eso is
defined on the same partition P = {I1, I, ...,1;} as Ty, and T, — T as e — 0 in C*(int(I;))
foralli=1,2,...,q. Then, ds(Tc,To) — 0 as € — 0, {T.} C T (I) uniformly for all € > 0.

Proposition 3.5.5. Assume that Ty € T(I) satisfies condition (3.7). Assume that T, is
piecewise expanding on the partition P, = {Ifd, ée), .. .,LY)}, Ii(g) = (x(e) :c(G)), such that

i1 T
(¢)

2, = 29 as € = 0 (in particular T. has the same number of monotonic branches as Tp).

Additionally, assume that there exists e, > 0 such that for every 0 < eq < €1, T. — T in C!

on the set
U [max {azgo_)l, xz(e_ol)}, min {xgo), xgeo) H )

i=1,...,q

and that {T.} C T (I) uniformly for all € > 0. Then, ds(T¢,Tp) — 0 as € — 0.
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In [Kel82] and [KL99] it is shown that we have acim-stability if the family of perturbations
{T¢}e>0 satisfies a Lasota-Yorke inequality with uniform constants. The usual conditions that
ensure this are inf|T/| > 2 for all € > 0 and that the minimal lengths of the intervals
in the partition are uniformly bounded away from zero. If 1 < |T(/]| < 2, then the usual
method is to work with an iterate of Ty for which the derivative is larger than 2. This
method can not be used if the map has a turning fixed or periodic point touching a branch
with slope 2 or smaller. The existence of such a point causes the appearance of arbitrary
short partition intervals for the iterates of the perturbed maps. The stronger Lasota-Yorke
inequality bypasses this problem. If T satisfies the conditions of Theorem and the
Skorokhod distance dg(7Tp,T:) — 0 as € — 0, then the following theorem shows that the map
To is acim-stable.

Theorem 3.5.6. Consider the one-parameter family of maps {T;}e>0 where {T.}e>0 C T (I)
uniformly. Suppose there exists 0 < v < 1 such that

1
— b < 1 .
lrgzaé{& —i—m} < v <1, (3.8)

Let f. be a T.-invariant density. If dg(Te,To) — 0 as € — 0, then the following statements
hold:

(1) The family {f}eso is relatively compact in L', and any of its limits functions is a Ty-
mvariant density.

(2) If Ty is ergodic, then T, is ergodic for small € and fo — fo in L' as € — 0 (i.e. Ty is
acim-stable).

(3) If Ty is weakly mixing, then the eigenvalue gaps of {Pr,}e, for € small enough, are uni-
formly bounded, i.e. 0 < ¢ <1 —|X§|. As a consequence, there exists a constant C > 0
such that for all € small enough and all densities f € BV,

IPLf = fellr < C(1 = )" fl|Bv-

We have listed the theorem here as mentioned in [EGI13, Theorem 4.5], but in fact in the
next chapter we will only use statement (2).
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Chapter 4

Skew tent maps

The skew tent map is a two-parameter, piecewise linear map. In this section we show that
expanding skew tent maps have a unique acim and are exact on a part of the parameters
region. We fix one parameter and show that under certain conditions the skew tent map
is acim-stable. This result is then used to show that if we fix one parameter and change
the other parameter continuously, then there is a part of the parameters region where the
measure-theoretic entropy changes continuously.

4.1 Skew tent maps and their properties

A general skew tent map can be defined by taking two straight lines in the plane, one with
positive slope a and one with negative slope —f3. The two lines will eventually intersect at
some point (xg,yp). For z < xy we take the line with positive slope and for x > zy we take
the line with negative slope. We can translate the map such that the intersection point is at
(z0,y0) = (0,1). This gives a function F, 3 : R — R defined by

(z) = 1+azx for z <0,
P 1—px for z>0.

We want the skew map to be an expanding interval map. If we assume that o, > 1 and
a+ > af, then the map Fp: [1 — ,1] = [1 — 3,1] is an expanding interval map. It is
convenient to study interval maps on the unit interval, which can be done by translating and
scaling the map F, g. This gives a map T, 5 : [0,1] — [0, 1] defined by

(z) = a:v—l—%ﬁ_aﬁ for xe[O,%],
P 8 — Bx for xe(%,l],

with o, 8 > 1 and a + 8 > «af. In Figure 4.4] we see some examples of skew tent maps. We
now turn to proving the existence of a unique acim and exactness.
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Figure 4.1: Skew tent maps on the unit interval.

Proposition 4.1.1. The map T, g has a unique acim. Furthermore, Ty, g is ergodic.

Proof. Let by =0, by = (8 —1)/p and bs = 1. The set P = {I; = (bj—1,b;) : i = 1,2} is a
partition of I. Let T; be the restriction of T, g to the interval I;. The derivative of T, g is
given by

/

a for z e [0, 251,
Ta,ﬁ(x) _{ A

-1
-8 for ze(1— ’87,1].
The skew tent map has the following properties:

1. T; is linear, so it is monotonic, C2, and it is clear that it can be extended to the closed
interval [b;_1,b;] as a C? function;

2. |T)(z)| > min{a, B} > 1 for any i and for all z € I;.

/

3. T; is linear, so |T} (z) — T} (y)| = 0 for all =,y € I,.

)

This shows that T}, g is a piecewise linear expanding C11/C? map. It is known that linear
maps scale the Lebesgue measure, therefore Ty, 5 is also non-singular. It follows from Theorem
that T, has an acim. Moreover, combining this with Theorem [3.2.4] yields that T, s
has a unique acim. It follows from the uniqueness of the acim that T, g is ergodic, see [Dajl4,
Theorem 6.1.6]. O

Recall from Definition that a map T is exact if and only if for each measurable
set A with positive measure such that also all the images T"™A are measurable we have
lim,, 00 (T A) = 1. In general it can be difficult to show exactness. However, for the skew
tent map there are cases where the map has some nice structure which makes it easier to
show that a map is exact or not exact.

Proposition 4.1.2. If a, 8 > /2, then the dynamical system (Ta g, fta,) is ezact.

Proof. The map T, g satisfies the conditions of Proposition Hence, (T, 8, pta,g) is exact.
O

Proposition 4.1.3. If af — a =1, then the dynamical system (Ty g, pia,g) is exact.

Proof. Let a8 — a = 1. We show that the conditions of Theorem hold. Let € > 0 be

arbitrary and take an interval around the turning point, say J = [% — €, % + ¢]. We note
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that for a8 — o =1 we have T, 3(0) = %, so that under the map T, g we have
Toapd 21— e, 1]
TQQ’BJ D [0, afe]
T3 50 2 |852, 85 + a2ﬁe].
Let n > 0, then in general we have the following
TIHT D [1— a1 5%, 1]
Ti’nﬁ-ﬂj ) [07 an+152n+16]

Tg’nﬁ-f—?)J ) [577 551 + an+252n+1 ]

For each e we can find m > 0 such that m = min{n > 0 : a"t1g2+1le > 5= 1} because
a, 8 > 1. It follows that TC‘:’”E’L?’J B) [%, 1} and M(Ti’"g*"l,]) =u(l)=1. O
Proposition 4.1.4. If o+ 3 > af8%, then the dynamical system (Ta 8, fta,3) s not ezact.
Proof. Let a + 3 > a3%. This condition implies that

atf-af B
B B+ 1
is the fixed point of the map T, g. It also implies that

125(0) =6~ (a+ 6~ af) —af—a> 2.

To see that this condition holds we note that condition above is equivalent to

To,p(0) =

where 1 +1

af? —(a+1)+1>0,
which holds for
1— 1)2 -4 1 1)2 -4 1
ﬁ>a+ (a+1) Q1 and B<a+ ++/(a+1) a 1

20 2a a

We have that 8 > 1 is the only valid condition and it always holds. Furthermore,

T3 5(0) = B—B(aB — @) = B — af® + aB > Ty 5(0).

We now have

To([0, T3 5(0)]) = [Ta,5(0), 1] and  Tu 5([T0,p(0),1]) = [0, 77 5(0)]

This implies that

Tim (T30 ([0, 72 5(0)])) # 1.

Hence T, g is not exact. O
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4.2 The iterates of the skew tent map

In the following section we use a method that looks at the third iterate of the skew tent map.
Therefore we now derive expressions for the second and third iterate. We can distinguish two
cases. In the first case Tp, g(0) > % <= a(f —1) <1 and in the second case T;, 3(0) <

B Bl <= o —1) > 1. In these cases the number of branches for the second and third iterate

are different. In the Figure [4.2| we see the graph of T, g for the different cases.

1 1 1

w

S
W=
|co

1 1
3 3 3

Figure 4.2: Graphs for the cases: a(f—1) <1, a(f—1)=1and a(f —1) > 1.

The map T, g is piecewise linear, this means Ta2 5 and TS 5 are also piecewise linear maps.
The number of branches in 77 g is equal to the number of branches in T”_1 plus the number

of times the line y = % intersect the graph of ngl. For a(f —1) < 1 the line y = 651
intersects the graphs as follows:

e The graph of T, g once in the interval [%, 1]. The second iterate is given by:
—afr+af —« for z € [0, %],
B

T2 5(z) = { B2z — 3%+ 8 for € [252, 50,
aﬂx—i-iﬂ 'ZH) A fora:e[BQﬁgH,l],

e The graph of Ta26 once in each of the intervals [0, %] and [%, 5275“]. The third
iterate is given by:

(022 — aB? +aB+ B forace[,aﬁli)},
—a?Bx + —a(aﬁ_l)ﬁ(ﬂ_lHﬁ for x € [ of B L) %],

T3 4(x) = { af?x — a(571)(/[332+1)75 for = € [% ﬁ 1[7@2“)]7
_BSJ; _|_63 _ 62 +B for x € [ 524'1) 82 B§+1]7
afB’r —af?+af —a forxe[ ﬁ“ ,1].
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In Figure the second and third iterate are drawn for the case a(8 — 1) < 1.

1

1

Wl
©l
—

Figure 4.3: The graphs of Ta2,,8 and Tg,ﬁ fora =19 and g = 1.5.

For a(B — 1) > 1 the line y = % intersects the graphs as follows:

e The graph of T,, 3 once in each of the intervals [0, %] and [%, 1]. The second iterate

is given by:
olr + —(O‘H)(agﬁ_aﬂ) for z € [O,ﬁaﬁag;]
af—a—1 —1
Tzﬂ(m) _ —afr+af —« for x € [57?652i551]7
’ B2x — B2+ 13 forxe[—ﬂ, 32 ],
2 2
—afr + B 1)+ ’gHHﬁ for z € [’3 BQH, 1]

e The graph of T, ; once in each of the intervals [af=e=l B1y (A1 ’B2_ﬁ+1] and [M 1].
The third iterate is given by:

(—a?Bz+ a?B — o’ —a for z € [0, O‘B;O‘*l],
af’r —af? +aB+ B for z € [28==1, (@S-,
_O[Zﬂm_i_w fOI'{L’E[%,%],
— 2 _ _ _ 2
Té’ﬁ(:p) =< ap’r — W for x € [%’ (/321)6(73{5“)]7
_ 2
—Brr+p2 -5+ for x € [('i l)ﬁ(f +1)2,5 5‘3“]7
af’r —af?+af —a for z € [/3 ;g*l’ of *Sg;aﬂ]’
2
—Oé2ﬁ$ + a(af _a%+a+1)+5 for r € [aﬂ —gﬁﬂ;a-&-l’ 1]

In Figure the second and third iterate are drawn for the case a(8 — 1) > 1.
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Figure 4.4: The graphs of T, 5 and T3 ; for @ = 2.1 and § = 1.5.

4.3 The acim-stability for skew tent maps

In this section we examine the stability of the skew tent maps for fixed 8. To indicate that £
is fixed we write T, instead of T}, 3. We show that T, is acim-stable for o > 2. Furthermore,
by imposing conditions on the slopes and the unique acims around T, we are able to show
that T, is acim-stable for some 1 < o < 2. The proofs in this section are based on the results
discussed in Section B.5l

Theorem 4.3.1. The map Ty, is acim-stable for all a > 2.

Proof. For each a > 2 we can find a family of maps {T,+c}c<e, around T, with the property
that o — €; > 2. The map T,+. has slopes

afte>2 and B> 1.
The condition o — €1 > 2 guarantees that {Tp+} C 7 () uniformly with uniform constants
81=Oé—€1>2, 6282>1 and M; = My =0.

For the endpoints of the branches we have 53 =1, 5;: =0y, = 0. It follows that
{63 5;“} { 10 } 1
M =maxq—,— p=maxq—, — ¢ = —,
S1 89 81 82 S1

Ne = max{é—;,g} = max{g,g} =0.

81 82 81 82
Since s1 > 2 and so > 1 there exists 0 < v < 1 such that
1 1 1 1 2 1
max{—+m}:max{—+—f+0}:max{—,—}§7<1

1<i<2 Uy S1 517 59

31



holds uniformly for the family of maps {Thie}. The family of maps {T,1.} are all defined
on the same partition P = {I;, I5}. This means we can use Proposition to show that
ds(Tpte, Tn) — 0 as € — 0. The distance between T+ and T}, in C'(Int(I1)) is

k
1 Taze = Talle () = max Sw T8, (z) — TP (2)]
—V—="0 n 1

s [T o) - T, swp [Tado) - (o)}
IEIHt(Il) IEInt(Il)

:max{ sup \e(x—%)], sup ]e]}
x€Int(ly) z€Int(ly)

=€

and the distance between T,+. and T, in C!'(Int(l2)) is zero, because Tpic = Ty on Ip. It
is clear that Thte — Ty as € — 0 in C'(Int(I;)) for all i = 1,2. It is known that each map
Tote is ergodic. We have shown that the family of maps {T,+.} satisfies the conditions of
Theorem [3.5.6| and therefore T, is acim-stable. ]

For 1 < a < 2 we can not apply the results of Theorem to a family of maps {Tatc}
around T, because {T,+.} has uniform constant s; < 2 and therefore

1 2 1
max {— +77i} = max{—,—} > 1.
1<i<2 Us; S1 82

However, if we can show that the conditions of Theorem hold uniformly for a family of
maps {77, .} with n > 2 and where T, _ has the same unique absolutely continuous measure
as Tote, then it follows that T+ is acim-stable. In order to use Theorem [3.5.6] we need that
maps around 77} have the same number of monotonic branches. A condition that ensures
that 77, . has the same unique absolutely continuous invariant measure as T, is exactness.

We show that for 1 < a < 2 and a(8 — 1) # 1 there exists a family of maps {735, .} that
satisfies the conditions of Theorem under the assumptions that each T,4. is exact and
(a+€)?B, (a £ €)B? > 2. The condition a8 — 1) # 1 ensures that maps around T, have the
same number of monotonic branches. For the proof we make a distinction between the cases
where T has five branches and seven branches.

Theorem 4.3.2. Let 1 < a < 2 and B > 1 be given such that a(f —1) < 1. Let ¢; > 0 be
such that (a+e1)(B—1) < 1, (a —€1)?8 > 2 and (o —€1)B? > 2. If {Tox} is evact, then T,
s acim-stable.

Proof. Note that a(8 — 1) < 1, so that T2 has five branches. For each 0 < € < €1 the map
T3 .. has slopes

(ae)f?>>(a—e€)B? =51 =53==s5 (axte?f>(a—e)?’B=5 and p°:=s4.
The conditions on ¢ now guarantee that {73, } C T(I) uniformly with uniform constants

S1, S9, 83, 85 > 2, 84253 and My =My = Ms;= My = Ms;=0.
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For the endpoints of the branches we have §f = 3 = d5 = 1 and 6 = 63 = 07 = 0. It

follows that

5 of 10 1
N1 max{i, }:max{—,—}:—,
S1 8o 81 82 S1
= e { L 53}_ (gL
79 = max , = max , = —,
S1 83 S1 S3 S3
_ {655?}_ (L2 L
73 = max , = max , = —,
So " 84 S92 84 52
57 o6F 0 0
774:max{ 3 ,i}:max{—,—}:(),
83 Sp 83 Sy
_ {5;55‘}_ {21}_i
75 = max , = max , = —.
S4 S5 S4 S5 Sx

Since s1, $2, 83,55 > 2 and s4 > 1 there exists 0 < v < 1 such that

2 1 1 1 2
max{ +nl}:max{—,—+—,—,—}§y<1
1<i<5 §1 S22 83 S84 S5

holds uniformly for the family of maps {75, }. Let

aze ate (ﬁ - 1)(52 + 1)
b =0, by = e ,
b(aie) _ ((Oé + 6)5 - 1)(B — 1) b(aie) _ 52 -B+1

1 (a+€)32 ’ 4 32 ’

-1
béa:l:e) _ L bgod:e) —1

ﬂ Y
The map T2, is defined on the partition

PTgi _ {Ii(a:te) _ (bggzll:e)’b(a:te)) 1<i< 5}.

(2

We use Proposition to show that dg(T3,.,T3) — 0 as € — 0, because each T3, is

defined on a different partition. Let
I = [ma {0, 6T min {5,

The Ji(aie) are given by

Jla € [b((]a ,bga € ] ngod:e) _ [bga), bga)]’
Jloz-‘rf) [b(()oc ,bga)]’ Jiod:s) . [b(oc) b(a)]
J2a € [bga ,b(a ]’ Jéaie) [bz(l ), b(a)]
J2a+e) [b(oz-‘,-e) b(a ]

The distance between T, . and T2 in C 1((]Z-(Oéie)) is given by

T3, —T3 (ate), = 73, YE) () — (T3HE) ()],
| Tos |1 ) Orggglx;}(lfﬂ)l( ate) (x) = (T)Y ()]
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From the expressions for T, in Section we can see that for each € < €; and each i the
term

3 (k) _ (73\(k)
Orggglmei?fie>’(Ta:te) (z) — (T5)" (2]

is of the form coe?x + cirex + ca€® + c3€ with cg, ¢1, ¢2, c3 € R. Thus Tgie — ng as € — 0in C!
on the set

5
Ji(a:tE) ‘
5

This combined with the fact that {73, .} C 7 (I) uniformly shows that dg(T3,.,T3) — 0 as
¢ — 0. It is known that each map T3, is ergodic, because T, is ergodic. We have shown
that the family of maps {73, } satisfies the conditions of Theorem and therefore T is
acim-stable. Since each T, is exact we get acim-stability for Tg,. O

Theorem 4.3.3. Let 1 < aw < 2 and B > 1 be given such that a(f —1) > 1. Let e; > 0 be
such that (o —e€1)(B—1) > 1, (a —€1)?8 > 2 and (o — €1)3? > 2. If {Taxc} is exact, then T,
is acim-stable.

Proof. Note that (8 — 1) > 1, so that T2 has seven branches. For each 0 < € < ¢; the map
T3 .. has slopes

(afe)B® > (a—e1)B® =51 = s3 = s7, (axe)B® > (a—€)f? :=sy=s4=s55 and S°:=ss.
The conditions on €; now guaranty that {7, .} C 7 (I) uniformly with uniform constants
S1, 82,83, 54, 86,57 > 2, s5 =" and My =My = Ms= M= Ms=Ms= M;=0.

For the endpoints of the branches we have 5; = 63,: =0, =1 and 5{5 = 5; = 551': = 5?,5 =
56i = 0. It follows that

5 o6 1
71 = max{ —, = max , = —,

S1 82 S1

— s+

1 0y

I
o

|

=

&
— = N S A N
EloFloflog|=glo 2|lo 2|~

M~ = = = Y~ Y~ =
Il
S

{
{
{
—
{
{
{

gl=%lcgloglor|-2log|c

0y 05
75 = max g,s— = max , =0,
6
05 O
N = max potiom = max , =0,
dg O 1
7 = max { ——, —— p = max = —
n ) )
S6 St 87



Since s1, s2, 83, S4, Sg, S7 > 2 and s5 > 1 there exists 0 < v < 1 such that

1 2 1 1 1 1 1 2
max {*4‘771} :max{iaiai_kiaiaiai}
1<i<7 Us; S1 S2 S3 S4 S5 Sg¢ S7

holds uniformly for the family of maps {75, }. Let

2
b= =0, ploxo _ (B 1>ﬁ(35 1)
b(a:l:e) _ (04 + 6)/3 — (a + 6) —1 b(a:l:e) o w
! N (ate) ’ 5 - 32 ’
plote _ ((@£ef —1)(5 1) yoto _ (@£ B —(axf+(axe+1
2 N (o +€)32 ’ 6 N (o +€)32 ’
bgod:@ _ /8;1’ b(7a:|:e) -1

The map T2, . is defined on the partition

Prs, ={1;"*) = 0°770™) 1< i< 7).

ate ?

We use Proposition to show that dg(T3..,T3) — 0 as € — 0, because each T3, is
defined on a different partition. Let

JlaEa) . [max{bl(-f)l,bggjfe)},min {bga) b(.aie)}].

(2

The Ji(aie) are given by

Jle=a _ [b[()a)’bga)]’ J{F) = [bg())a)7bl(la)]’
J1(a+e) _ [b(()a),bga—i—ﬁ)], J5(a:t6) — [bé(la)’bga)L
JQ(a_E) _ [bga—e)’ béa)]a JG(Oé—ﬁ) — [béa)7 béa)]a
JED [y, o) T8 = [p) pleta],
J?Ea_e) [b;oz—e)’ b:())a)] : Jéa—e) — [béa—e)’ b,(Yoz)] )
J§a+e) [bga)’ b:(ga)], J7(a+e) — [béa), bga)]

The distance between T, . and T2 in Cl(JZ-(aie)) is given by

T8 = Tl ooy = max, s (T2 )" (@) = TP ().
red;

From the expressions for T35, . in Section we can see that for each € < €; and each i the
term

73, YR () — (T3)(F)
o?l?%(lx;?fiq'( ate) (@) = (T) ()]
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is of the form coe?z + crex + cae® + c3e with ¢, 1, c2,c3 € R. Thus T3, — T3 as € — 0 in C!
on the set

7
Ji(aie) '
Y

This combined with the fact that {73, .} C 7 (I) uniformly shows that dg(T3,.,T3) — 0 as
€ — 0. It is known that each map T3, is ergodic, because T, is ergodic. We have shown
that the family of maps {75, } satisfies the conditions of Theorem and therefore T is
acim-stable. Since each T, is exact we get acim-stability for T,. O

For a( — 1) = 1 the number of monotonic branches for maps around 72 are different. If
we approach T2 by a family of maps {72__}, then the number of monotonic branches of 7
and {T3__} are the same. It follows from Theorem that Ty, is acim-stable from the left.
The problem lies in the fact that if we approach T by the family of maps {73 +e}» then the
number of monotonic branches of T3 and {172, .} are different. We are therefore not able to
apply Theorem m To solve this problem we define an extension (Tp., 1) of (T3, ) that
has (I3,.,1) as an attractor and where all extended maps Totc have the same number of
branches. We prove that the extended map T,, is acim-stable by showing that the extended
family of maps {Tj} satisfies the conditions of Theorem As a consequence we obtain
acim-stability for T,,.

Theorem 4.3.4. Let 1 < aw < 2 and B > 1 be given such that a(f —1) = 1. Let e; > 0 be
such that (o +€1)?8 > 2 and (a+ €1)8% > 2. If {Taxc} is exact then T, is acim-stable.

Proof. Tt follows from Theorem [£.3.2] that T, is acim-stable from the left. For the family of

maps {12, .} we define an extended family of maps. The construction of the extended maps

is as follows. Let gg +9 and gg ©

branches of T3, ., which means

be linear functions which coincide with the first and last

g§a+6)( )= —(a+¢€)?Bz+ c(a+€) and g(a+6)( ) = —(a+ €)%Bz + c(a+6),

where
£ = (a4 PB-1)— (at+e) and o+ = @FPE -8 * Dtlate+h
For each a + € we find points aéaﬁ) and a(a+ 9 such that
S = o and ol = ol

This means we need to solve the system of linear equations

(et ﬁa(a“ - S“*E) é )>
The solution to this system is given by
a(a+6) _ C’(7a+6) _ (a + 6) (a+e) ind a(a+€) _ CgaJre) 7 (a + 6)2180(7a+e)
: —@ro® : = (a+eip®
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a-+te

We extend maps T3, to [a] ate

, a3 "] using the functions ¢ ate

and g7 . Let us call the new

maps Ta+e. The new maps are shown in Figure For each 0 < € < ¢; the extended map
T+ has slopes
and 2 :=ss.

(a4 61)25 =81 =s83=s87, (a+ el)ﬁQ 1= 89 = 84 = 8¢

Figure 4.5: The extended graphs of Ta3/3 and Ta3+e 3 for a« = 2.0, 8 =1.5 and € = 0.1.

The conditions on ¢; now guaranty that {7, .} C 7(I) uniformly with uniform constants
s5 = f3°

For the endpoints of the branches of {T,.} we have 5f =05 =067 =1and 6f =65 =0 =
5;5 = 5ét = 0. It follows that

S1, 82, 83, S4, S¢, ST > 2, and M1 :M2 :M3 =M4 = M5 ZM@- =M7:0.

6 of 1 0 1
171—max{L —1} :max{—,—} = —,
81 89 S1 82 S1
57 0F 0 0
72 :max{— —} :max{—,—} =0,
S1 S3 S1 S3
_ {E @} {2, L1
73 = max = max , = —,
S9 " 84 So S84 S4
_ {fE 51} max {2, 21 L
74 = Max = max , = —,
S3  Sp S§3 Sp 53
5, o+
n5:max{i i} :max{g,g} =0,
S4 Sg sS4’ Sg
65 oF 0 0
176:max{i i} :max{—,—} =0,
S5 S7 S5 St
_ {5@ fi} _ {2 i} _ 1
77 = max = max )
S¢St S6¢ S7 S7

Since s1, s2, 83, S4, Sg, S7 > 2 and s5 > 1 there exists 0 < v < 1 such that

1 2 1 1 11 1 2
(Lon-m{2 220 L1 L2

max Y J Y ? 9
S; S1 S2 83 S4 S5 S¢ S7

1<i<7
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holds for the extended family {Thyc}. Let

bt = {to), e G 1)ﬁ(3ﬂ2 +1)

b(a+e): (a+e€)f—(a+e) —1 b(a+€)262—5+1

! (a+¢€)p ’ 5 2 ’

b(a+5) _ ((O& + 6)6 - 1)(5 - 1) b(a+6) o (Oé + 6)62 — (Oé + E)B + (Oé + 6) +1
2 N (o + €)B? ' 6 N (a+€)3? ’
a+€ -1 a—+€ a+€

bg+>_56, bt = {2

The map TaJre is defined on the partition
= {[Z,(oc+e) - (bl(ﬁre)’b(,wre)) 1<i<T)

1

Py

a+e
We use Proposition to show that dg(Tatc,Tn) — 0 as e — 0, because each Ty, is
defined on a different partition. Let

JEF) = Lmax {6, 0T, min {5, {7},

(2

The Ji(a+€) are given by

0 — )., 5 = 9,17,
0 — 0,119, 0 = 1.,
570 - 9,87, A0 - 0,67,
10 = 2,87,

The distance between T, and T2 in C 1(JZ-(aJrE)) is given by

3 3 3 \(k 3y (k
||Ta+e - Ta||cl(J§a+f)) = 0211‘32{1 sSup |(Ta+e)( )(ZE) - (Ta)( )(ZU)|
‘ - = IEJZ.(OH_G)
From the expressions for T3  in Section and the expressions for the functions g%a“) and
g§a+€) we can see that for each € < €; and each i the term

3 V(R (1) — (T3)(F)
o2, S, (e B0 = L)

is of the form coe?z + ciex + coe® + cze with ¢g, ¢1, ¢2, c3 € R. We have Ta+e ST, ase—0
in C! on the set

7
U J£a+e)
p .
i=1
This combined with the fact that {T,4.} C 7(I) uniformly shows that dg(Tate, Tn) — 0
as € — 0. We already know that each map in {7} is ergodic, because Ty, is ergodic.
The family of maps {74} satisfies the conditions of Theorem [3.5.6| and therefore T, is
acim-stable. Since for all maps T},+. the interval [0, 1] is the attractor supporting the unique
absolutely continuous invariant measures we obtain acim-stability for 7. By exactness of
Th1e we get acim-stability for Ty,. O
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Remark 4.3.5. We had four different cases where we showed acim-stability under certain
conditions. Notice that in each case where we show acim-stability the proof gives the existence
of a uniform constant 0 < v < 1 such that

1
S ipl<y<
o {5 <<
holds for all maps {Tpte}tece,- This also means that the maps {Tose}ece, Satisfy a Lasota-
Yorke type inequality with uniform constant.

We have made some assumptions to show acim-stability for different values of a. We now
indicate the parameter region where our results apply. In Figure |4.6| we have the area where
T, p is a piecewise expanding map interval map, i.e. @, 3 > 1 and a+ /3 > a3 and have drawn
the different assumption areas with different colors.

We showed that T}, is acim-stable for o > 2. To show acim-stability for o < 2 we assumed
that o2 > 2 and a8? > 2. The other assumption we made was that T, is exact. We know
that T, g is exact if @ > /2 and 8 > /2. In that case we also have o238 > 2 and af% > 2. In
Figure the area where the assumptions o?8 > 2 and af8% > 2 fail is drawn in purple and
the area where we have acim-stability is drawn in green. We know that T, g is not exact for
a+B>ap? In Figurethe area where a < 2, a+ 3 > af8%, o > 2 and a? > 2 is drawn
in blue. The green area is where we have acim-stability and in the purple area our results to
show acim-stability do not work. In the blue and light-blue area we get acim-stability if T
has the same acim as Ti,. In the light-blue area we do not know if T}, g is exact and in the
blue area T, is not exact. If we can show that T, g is exact in the light-blue area, then as a
consequence we also get acim-stability.

2.5

1 NG 2 2.5

Figure 4.6: The different assumption areas
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4.4 Measure-theoretic entropy for skew tent maps

The skew tent map is a piecewise linear interval map. It satisfies the assumptions for Rokhlin’s
formula and we get the following expression for the measure-theoretic entropy:

1
iy, (Tog) = / log T, 5| dtias = / log T, | fo 5 x) da,

)

where f, g is the invariant density of p, g. This expression can not be used to calculate the
measure-theoretic entropy, because we have no expression for the invariant density. However,
we can use this expression to show that for fixed § the measure-theoretic entropy depends
continuously on « on the region where T, is acim-stable. We make use of the following lemma
to show this.

Lemma 4.4.1. Let {f,} be a sequence of functions in L*(]0,1]) such that
L [folle < K Vn,

2. fa -z, f for some f € L*(]0,1]).
Then for any 1 € L'([0,1]),

[ots-n -0

Proof. See [AOT06, Lemma 5.1]. O

Theorem 4.4.2. Take f > 1 fized and let J = {a > 1: a+ > af}. Assume that T,
satisfies the conditions of on of the Theorems|4.3.1}, [4.5.9,|4.3.5 or|{.3.4] on a closed interval
K C J. Then the map o+ hy, (Ty) is continuous on K.

Proof. Assume that T, is acim-stable for all a on a closed interval K C J. Let {a;} be a
sequence in K converging to a. We show that |hy, (Ta) — hy,, (T, )| — 0 as ax — a. We
have the following:

1 1
e (To) = By, ()| = ' / log T2 (2) | fal)da: — / log |T%,. (2)] fa (2)da

<

1
/0 log [T, (2)|(fa () — fay (2))dz

+

1
/0 (log T2 ()| — 108 |T,, (2)]) o ()

Since T, is acim-stable the first term goes to zero as ap — «. For the second term we note
that T,,, — T, as ag, — a. If f,, is uniformly bounded, then it follows that the second term
also goes to zero as ap — a. For k > 1 we define the Cesaro means

1 n—1 ]
fin=—>_Pr 1
§=0
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Recall that there is a subsequence of (fy)n converging to fq, A-a.e. By Theorem there
exist 0 < 7% < 1 and h > 0, which is independent of k because each map has the same
intervals of monotonicity, such that

Var(Pf, 1)+ 1P, 1l = 1P, llnv

O—|—2h
<y + (14 5= )l

2h~1

—1+7k+

Since v < 1 it follows that

, . 2hp71 2h~1
Var(P? 1) <1 o B PJ 1 <3 )
(P, 1) < 1400 + o +1IPh, 1l <3+ 7

‘We now have

2h1
1—

Var (frm) < ZVar P] 1 <3+ (4.1)

Fix some a. By Remark we can find in each case € > 0 such that for all a; €
[ — €1, + €] (4.1) holds with uniform constant . Also the supremum of fj ,, is bounded
with the same uniform constants, so

Sup‘fkn’ <Var(fkn) 01 fknd)\
<Var (fin) /
; E:OH 7,
2n1
—_— 1_7'

Since both bounds are independent of oy, and j, we have

on~1 onp~1
%Mh0§4+1_ and wmmu<4+1

This shows that fu, is uniformly bounded and it follows that map « + hy,, (T%) is continuous
on K. O
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Chapter 5

The absolutely continuous measure
and maximal measures

In this section we look at the relation between two different types of measures for the skew
tent maps: the unique acim and the measures of maximal entropy. In general it is hard to find
a measure of maximal entropy. However, if the skew tent map is Markov and the transition
matrix with possible jumps it induces is irreducible, then we can find a unique measure of
maximal entropy. This measure is called the Parry measure [Par64]. We investigate when the
unique acim is also the Parry measure.

5.1 Markov maps

To simplify the analysis we often look for maps such that the space can be partitioned into a
finite number of elements. This makes it possible to study a topologically equivalent system
using symbolic dynamics. Such a partition is associated to Markov maps.

Definition 5.1.1. Let P = {I; = (z;—1, ;) : 1 <7 < n} be apartitionof I. AmapT : 1 — I
is called a Markov map if T . is a homeomorphism onto some interval (xj(i),xk(i)). The
partition P = {Iy,...,I,} is then called a Markov partition. If 7" is linear on each I;, then
we say that T is a piecewise linear Markov map. Let € denote the family of such maps.

If T € €, then it induces an n x n matrix A, where for 1 < 7,5 < n the entries A;; are

defined by

1 if I; CT(1;),
Aij = .
0 otherwise.
We will refer to this matrix as the Markov matrix.
Example 5.1.2. Consider the skew tent map 7T: I — I defined by
1 B8—1 B8—1
T(a;) _ mx + T fOI‘ T € [0, T],
8 — Bx for we[%,l}

Let I; = [0, %] and Iy = [%,1}. The interval I is mapped to I and the interval I is

mapped to I. Figure [3.1] shows the example with § = 2. Since T is a piecewise linear map
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it is clear that the maps T|;, and Tj;, are homeomorphisms. This shows that the partition
P ={I, 5} is a Markov partition. The Markov matrix for this partition is given by

A:<(1) })

Let A be an n x n matrix with entries in {0,1}. Define

5.1.1 Subshifts of finite type

E;’{ ={(wo,z1,...) w5 €{1,...,n}, Ag, 2, ., = 1,j € N}.

This space is called a one-sided subshift of finite type. It consists of all one-sided infinite
sequences of symbols such that the symbol z; can be followed by the symbol x;; only if
Ay, 2o = 1. We consider the left shift operator L: Ej — ¥, which is defined by

L(l’o,l’l, ‘e ) = (1:1,1:2, ‘e )

The subsets of EJAf for which the first m values are fixed are called cylinder sets of order m
and are denoted by

[yl,...,ym]:{wezjlezyl,...,xm:ym}.

On EX we consider the o-algebra generated by the cylinder sets.

Each Markov map induces a Markov matrix A with entries in {0, 1}. This means that each
Markov map can be associated with a subshift of finite type EZ. On the subshift of finite type
we can look for invariant measures, thus leading to a measure-preserving dynamical system.

5.1.2 Markov measures

On the subshifts of finite type we are going to define a large class of L-invariant measures.
A measure in this class is called a Markov measure. We assign values to the entries of the
Markov matrix that represent probabilities. This gives a stochastic matrix.

Definition 5.1.3. An n X n matrix P is called stochastic if:
1. PLJ‘ZO i,j=1,...,n;
2. Z?:lpi,j:L izl,...,n.

To define a Markov measure on the subshifts of finite type we use the Perron-Frobenius
Theorem.

Theorem 5.1.4 (Perron-Frobenius Theorem). Let A be a non-negative irreducible n x n
matriz (i.e. A;j > 0 for each 1 < i,j < k and there exists k such that Aﬁj > 0 for all
1<i,j5<mn). Then:

1. there exists a positive eigenvalue X > 0 such that all other eigenvalues \; € C satisfy

‘)\z’ < )\,

2. the eigenvalue \ is simple (i.e. the corresponding eigenspace is one-dimensional),
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8. there is a unique right-eigenvector v = (v1,...,v,)T such that v; > 0, > j—1vj=1and

Av = v,
4. there is a unique left-eigenvector u = (u1,...,up) such that u; > 072?:1 u; = 1 and
uA = A\u,

5. eigenvectors corresponding to eigenvalues other than A are not positive, i.e. at least one
coordinate is positive and at least one coordinate is negative.

We are now going to define a class of L-invariant measures on subshifts of finite type. Let
A be the n x n irreducible matrix with entries in {0,1}. This matrix induces a one-sided
subshift of finite type EX. Let P be a stochastic matrix compatible with A. This means that
P; ; > 0if and only if A; ; = 1. Since A is irreducible it follows that P is also irreducible. Note
that there might be many stochastic matrices that are compatible with A. By the Perron-

Frobenius Theorem there exists a unique maximal eigenvalue A for the matrix P. Since P is

stochastic we have that A = 1 and it has corresponding right-eigenvector v = (1,1,...,1)T.

Let p = (p1,...,pn) be the corresponding normalized left-eigenvector. We define a probability
measure pgp on the cylinder sets of EX by setting

LPY Yigts - Ykl = Py P yi1) - - P(Yk—1, i)

By the Kolmogorov Extension Theorem this defines a measure on the whole Borel o-algebra.

We now show that pp is L-invariant. It is sufficient to show that pp is L-invariant on the
cylinder sets, see Theorem For the cylinder sets we have the following:

e (L o, wel) = e (Ul vos v )
j=1

n
= ZHP[ijO)yh cee )yk}
j=1
n
=> P, 50)PWo,v1) - P(Yn—1,Yn)
j=1

= [ijp(j, yo)} P(yo,y1) cee P(yn—layn)
j=1

= pyOP(yanl) cee P(ynflvyn)
- ,uP[yanl) .. 'ayn]v

where we used that p is the left-eigenvector of P, i.e. pP = p. This shows that up is
L-invariant.

5.2 Parry measure

Given an irreducible matrix A there are a lot of compatible stochastic matrices P each defin-
ing a different Markov measure up. The one we are going to look at is called the Parry
measure and it is the only invariant measure that maximizes the measure-theoretic entropy.
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Let A be an irreducible n x n matrix with entries in {0,1}. By the Perron-Frobenius
Theorem there exists a unique maximal eigenvalue A with corresponding left and right eigen-
vectors u = (uy,...,up) and v = (vy,...,v,)7T, respectively. Let ¢ = > u;v;. The Parry
measure is defined by

P .= Al-jvj . U;V;
i,j — 7)\ , Pi= .
(o Cc

Proposition 5.2.1. The matriz P is a stochastic matriz and p is a normalized left-eigenvector
for P.

Proof. We have A;; € {0,1} and v;,v;, A > 0 and therefore P;; > 0. Since v is the right-
eigenvector in the Perron-Frobenius Theorem we have

n
E Aij’l)j = )\Ui,
Jj=1

from which it immediately follows that

n n
Aijvj
> Fij= =1,
- - )\Ui
J=1 J=1

for each 4. It is clear that p is normalized and since u is a left eigenvector for A it follows that

(P15 pn) P = < > piPias.. Zpipi,n)
i=1 i=1

n
B (Z uiv;  Ajvr Z UiV; Ai,nvn)
c Ay, T c Av;

i=1 i=1
V] — Up
1
= <E ZuiAila e /\*Z ZuzAm)
i=1 =1
. (vlul Unun)
==
= (p1,---,Pn)-
This shows that p it is a left-eigenvector for P. O

Theorem 5.2.2. If A is irreducible, then the Parry measure is the unique measure of mazimal
entropy for L : Ej — Ej.

Proof. See [Shel3l Theorem 23] O

5.3 The unique acim and the maximal measure

We can use the Parry measure on the subshift of finite type to construct a measure of maximal
entropy for a skew Markov tent map with constant slope. The following result by W. Byers
and A. Boyarsky [BB85| can be applied to the skew Markov tent maps with constant slopes.
It shows that for the skew Markov tent maps with constant slope (and irreducible Markov
matrix) the unique acim is the maximal measure.
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Theorem 5.3.1. Let T' € € be expanding and of constant slope (i.e. the absolute value of the
slope is constant). Suppose that the 0-1 matriz A which it induces is irreducible. Then there
exists a unique Borel probability measure p, invariant under T, which maximizes entropy and
s equivalent to Lebesgue measure.

Proof. See [BB85 Theorem 2. O

We know that skew Markov tent maps with constant slope o = 8 and irreducible Markov
matrix have a unique acim that is maximal. We want to know if there are skew Markov tent
maps with slopes a@ # 8 and irreducible Markov matrix where the unique acim is a measure
of maximal entropy. W. Byers and B. Boyarsky [BB85] give a condition for the unique acim
to be maximal.

Let T be a skew Markov tent map with partition P = {I3, ..., I} and irreducible Markov
matrix A. Assume there are integers p and ¢, 1 < p < ¢ < n, such that every row of A either
consists of a block of 1’s, a;; = 1 if and only if j = p,...,q, or else the row contains a unique
nonzero element; a;; = 1. Let J = [zp_1,24], then we have the following relation for the
unique acim and the measure of maximal entropy.

Theorem 5.3.2. The unique acim for T is mazximal if and only if T has constant slope \ on
all the intervals I; C J, where X\ is the largest eigenvalue of A in absolute value.

Proof. See [BB85 Theorem 3]. O

In the example below we calculate the measure-theoretic entropy for a Markov map to see
when it is a measure of maximal entropy.

Example 5.3.3. Let T be the skew tent map from Example Since the invariant density
f is constant on each interval in the Markov partition, see for example [BB85, Lemma 2], it
can be written as

¢ for x €0, %},
flx) = 3
C9 for z € [T, 1},

where f1, fo > 0. The measure p is T-invariant and therefore
p(10. %) = u(2710.551).
Writing these expressions out gives
_ 811 — (T t0. 821 = (822811 ) —
/[Om rap = p(10.554) = (1,710, 25]) = u(1Z5 1 /[ﬁz_ﬁw] fdu.

Calculating the integrals gives

(5 (e
which can be simplified to

Ber = ca.
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Since p is a probability measure we have

[ sn= (25 e (§)ea=1.

By combining these equations we find

52
T2 -1

and ¢o

T o5

The measure-theoretic entropy of the acim given by Rokhlin’s formula is

1
(7) = [ 1og T d

Calculating the integral gives

hyu(T)

= 551 [ﬁ log(8) — (8 —1)log(B8 —1)|.

The eigenvalues of the Markov matrix can be found by solving the equation
det(A—A)=-A1-X)—-1=X-X—-1=0.
The solutions for this equation are

1—
2

1
)\1: +2 and /\2:

B
15

The topological entropy is given by hiop(1') = log A1, see [Wal82, Theorem 7.13]. By Misi-
urewicz [Mis89] we know that the topological entropy of the skew tent maps is continuous.
In the example above the measure-theoretic entropy is equal to the topological entropy for
B = A1. It then follows that ﬁ = A1. This is the case were the absolute value of the slope is
constant. This shows that the topological entropy and the measure-theoretic entropy of the
acim are in general not equal.

Remark 5.3.4. The results in this section only apply to skew Markov tent maps with irre-
ducible Markov matriz. We do not know anything about the skew tent maps that fall outside
this category. There might be results that can be applied to skew tent maps that are not
Markov. We are not aware of this at the moment of finishing this thesis.
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Appendix A

Theorems

This appendix contains some theorems that are used in the main text.

Theorem A.0.1. Let (X;, B;, i) be a probability space, i = 1,2, and T: X1 — Xo a trans-
formation. Suppose Sy is a generating semi-algebra of By. Then T is measurable and measure
preserving if and only if for each A € Sy, we have T~YA € By and 1 (T~1A) = pa(A).

Proof. See [Dajl4, Theorem 1.2.2]. O

Theorem A.0.2 (Radon-Nikodym Theorem). Let (X, F) be a measurable space and let p and
v be two o-finite measures on (X, F). If v < u, then there exists a unique f € LY(X,F, i)
such that

V(A):/Afd,u forall A e F.

Proof. See [DS64]. O

Theorem A.0.3 (Mazur’s Theorem). Let X be a Banach space with A C X, where the
closure of A is compact. Then the closed convex hull of A is compact.

Proof. See [DS64]. O

Theorem A.0.4 (Helly’s First Theorem). Let an infinite family of functions F = {f,}
be defined on an interval [a,b]. If all functions of the family and the total variation of all
functions of the family are bounded by a singular number, i.e.

|fn(z)] < K, ?’a})ffnSK, Vf, €F,

then there exists a sequence { fn, } € F that converges at every point of |a,b] to some function
I* of bounded variation, and Varj,y f* < K.

Proof. See [Natl16]. O
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Appendix B

Functions of bounded variation

Functions of bounded variation have the following basic properties. These properties and
many more can also be found in [Nat16].

Proposition B.0.1. If f is of bounded variation on |a,b], then f is bounded on [a,b]. In fact
) < Jla)+Var

for all z € [a, b].

Proof. For every x € [a,b] we have

[f (@) = [f(a) + f(x) = f(a)]
< |[f(a)] +[f(z) = f(a)]

<|f(a)] +¥%{f

O

Proposition B.0.2. Let f: [a,b] — R be of bounded variation and assume ¢ € (a,b). Then
f is of bounded variation on [a,c| and on [c,b] and we have

Var f = Var f + Var f.

(a,b] [a,c] [c,b]
Proof. Take partition P, = {xg, ..., x,} for the interval [a, ¢] and partition P> = {yo,...,Ym}

for the interval [c,b]. Together these two partitions form a partition for the whole interval
[a,b]. For the partitions we have the sums

ViR = SO 1) = Flaon)l Vi) = SO 1) — i)l
k=1 k=1

Let V' be the sum corresponding to this method of partition, then by the definition of total
variation we have V' = V;(P1) + Vy(P2) < Var(,p f. This holds for any partition, therefore

Var f + Var f < Var f.
[a,c] [e,b] [a,b]
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For the inequality the other way we take partition P = {2g,..., 2p,..., 24}, where ¢ = z,. Let

Py ={z,...,2} and P, = {2p,...,24}. We can express the sum for the partition P as
p q
=Y 1) = FE)l+ Y 1f(2k) = f(zama)]
k=1 k=p+1

= Vi (1) + Vi (P2)
By the definition of total variation we have

Vi(P) = Vy(P1) + Vi(P2) < YarerY%]rf

The inequality still holds if we take a refinement, therefore

Var f < Var f + Var
[ab]f [ac]f [c,b] f

Proposition B.0.3. Let f : [a,b] — R be monotone on [a,b]. Then

Var f = [f(b) = f(a)|.

[a,]

Proof. We give a proof in case the function f is increasing. The proof for f decreasing is
analogous. Take an arbitrary partition P = {xq,...,x,} for [a,b]. Since f is increasing we
have | f(zx) — f(@k-1)] = f(zr) — f(zk-1) and hence

=Y 1f(@r) = flae—1)l = Y _ flax) = flar—r) = f(b) — f(a).
k=1 k=1

Since V(P) does not depend on the partition we conclude that

Var f = f(b) — f(a).

[a,b]
O

Proposition B.0.4. Let f: [a,b] = R have a continuous derivative f' on [a,b]. Then f is
of bounded variation and

Varf / \f )| dA(x

[a,b]

Proof. Since f has a continuous derivative f’ it attains a minimum m; and maximum ms.
Let M = max{|mi|,|ma|}. Let P = {zo,...,x,} be an arbitrary partition of [a,b]. By the
Mean Value Theorem there exists for each interval [xg_1,zk] a ¢x € [xp_1, 2k such that

fler) = f(xe—1) = f'(er) (@ — Tp1)-

Combining this with the fact that f’ is bounded from above by M gives

|f(ar) = f(or—)] = | £/ (ex)l(r — 2p—1) < M (2% — 23-1)
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and hence

n

Vi(P) =Y |f(wr) = flar—1)| < MY (2 —ax1) = M(b—a).
k=1 k=1

Since the partition is arbitrary it follows that f has bounded variation. For the second part
we note that for an arbitrary partition P = {x,...,z,} we have

Vi(P) = If(xk) — f(@r-1)|

/
/ 2)|dz

|/ (z)]da.

IN

I
M: i M: ANgE

I
a\ﬁ
(ST

Since the partition is arbitrary it follows that

b
Var f < / |f'(z)|dz.
[a,D] a
For the inequality the other way we note that the function |f’| is continuous on the closed
interval [a, b] interval and therefore Riemann-integrable on [a, b]. Let d(P) denote the maximal
length of an interval in the partition P. Let £ > 0 be arbitrary. By the Riemann integrability

there exists a § > 0 such that for any partition P = {zo,...,z,} of [a,b] with d(P) < § and
any choice ¢y € [xg_1, k] we have

b n b
/ P (@)lde =2 < 3 o) (o — ma1) < / ' (@)|de + <.
a =1 a

Let P = {yo,...,Ym} be a partition of [a,b] with d(P’) < d. By the Mean Value Theorem

=" f @) — flan-)l = > F1(&) (@r — zi1).
k=1

k=1

for some &, € [z — xx—1]. The right side is equal to the Riemann sum for the partition P
and since d(P;) < § we have

b
/ f@)ld — & < Vy(Pi) < Var f.

Since ¢ is arbitrary it follows that

b
/ £@)ldr < Yar f.

o1



Proposition B.0.5. Let f,g: [a,b] — R be of bounded variation, then so are the sum and
product and we have the following properties:

1. Var(, ) (f +9g) < Vary f + Vargy g.
2. Vary(f-g) < A-Varjgy f+ B - Varyy g,
where A = sup{g(z) : = € [a,b]} and B = sup{f(z) : « € [a,b]}.

Proof. [1l Let P = {xq,...,z,} be a partition of [a, b], then
Vitg(P Z |(f + 9)(@k) = (f + 9)(zp-1)]
- ; £(0) = Flanms) + 9(a0) - glax)
< kz (@) = Fwx)l + o) = aw)])

= Z |f(zx) — f(zr—1)] + Z l9(xk) — g(zr—1)]
k=1 k=1
= Vi (P) + Vy(P).

Since this holds for any partition P it follows that

Xar(f%—g) < Varf —i—?g?ﬁg
Let P = {xg,...,z,} be a partition of [a,b], then
Vig(P Z I(f - 9)(xk) = (f - 9)(xr-1)]
= Z |f(zr)g(zr) — flar—1)g(@r—1)]

=Y |f@r)g(zr) = flar-1)g(ze) + f(ar-1)g(zr) — f(er-1)g(ze-1)]

k=1
= > (If@)glan) = Far-1)g(on)| + |f (we-)g@n) = flzn-1)g(or)])
k=1
< lg@o)l - [F () = fln-n)l + 1 F @il - lg(an) — glan)]
k=1 k=1
<BY g(zk) — glax—1)| + AY | f(x) = fl@r)]
k=1 k=1
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Since this holds for any partition P it follows that

Var(f-g) <A-Var f+ B-Varg.
[a,b}(f 9) [a,b}f Varg
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Appendix C

Lasota-Yorke inequality

Proposition C.0.1 (Lasota-Yorke inequality). Let T : I — I be a non-singular piecewise
expanding C? function. Then for every f € BV (I) there exists N € N such that

Vlar Prnf <25V V?rf + (K +2h71) / | fldA,

where K = I;?i'il and h = min;(bj—1 — b;).

Proof. Write s = inf |T"| and choose a number N such that s > 2. It is easy to see that the
function ¢ = T is a piecewise C? function. Denote by by, . . ., by the partition corresponding
to the intervals of monotonicity of ¢. Writing ¢; for the corresponding C? functions we have

di(@)] > sV, @€ bist,bi], i=1,...,q (C.1)

Let ¢; = ¢; ', 04(x) = [¢;(2)| and J; = ¢;([bi_1,b;]), then it follows from (C.1)) that
loi(x)| < sV, zed,i=1,...,q. (C.2)

Computing the Perron-Frobenius operator for ¢ we obtain

q

Pyf(a) = f(@i(@)oi(z)xi(e),

i=1
where y; is the characteristic function of the interval J;. The goal now is to find an upper

bound on the variation of Pyf. Let 0 = yg < y1 < ... <y, = 1 be an arbitrary partition of
I. By the Perron-Frobenius operator we have

ZIquf y;) = Pof (g1 |—Z\Zf dilxg)oil@)) o (@)
j=1 =1
q

= f(%(wjfl))ffi(%‘fl)m(m(fﬂjfl)‘
i=1
= ZZ ‘f Vi(x;))oi(z)Xe,) (@)

j=1 i=1

— Fbi(ai )o@ )Xo (2i1)| (C.3)
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We divide the sum in into three parts:
(1) A part for which we have x4(1,)(z;) = Xgp(1,) (7j-1) = 1.
(2) A part for which we have x4r,)(7;) = 1 and xg4(7,)(7j-1) = 0.
(3) A part for which we have x47,)(z;) = 0 and x4(7,)(zj-1) = 1.
For the first part we have the inequality
g
SN [rwie)aies) - fWiai))oies-)| < ZVarf Vi 0. (C.4)
j=1i=1

The second and third part occur if two points are on opposite sides of an endpoint of X¢(7,)-
For each I; , the second part happens for at most one pair x;, x;_1 and the third part happens
for at most one other pair T Hence for the second and third part we have

jr i1
q q
ZZ ‘f ¢z x] Uz x] Zf '(/12 Tj—1 JZ($] 1)‘ < Z (’f(d}l(xj))o-l(xj)’
7j=11i=1 =1 =1

i ))oizi)]). (C5)
Combining ((C.4)) and ( - we obtain
Var Pyf < Zvjarf oi- 0+ 3 (IFileostan)| + 1 (oy)ostas)])
i=1 "' i=1

For the right hand side in ((C.4]) we get by Proposition the product rule and the triangle
inequality

VarfO’L/h o = /‘ (Yi(z))os(x)]

/ ((f 0 4) @)au(x) + (f 0 65) (@) (&)l
/\f $e) (@)os(a \dx+/\f ¥5) ()0 (2)|dz.

Let K = max ¢,/ min o;, then using the chain rule and (C.2) we obtain

Var foui-o <57 [ |7 0w @)ui@)lds + K [ 1(f o vi)(w)os(o)lda.
J; Ji

Rewriting the equation we obtain
Varfovia<s Y [ |67 @) @)ds
@i([bi—1,b])
fK [ 06T @)le @l
#i([bi—1,b:])
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Using integration by substitution we obtain

)|dx.

b
Varf“/)i‘aiSSN/ |d:c+K/
Ji bz 1 ’L 1

Using Proposition [B.0.4) and taking the summation we finally obtain

q

Z ar f o - O'ZSSNVaI'f-i-K/’f )|da.

=1 Ji
For the right hand side in (C.5|) we obtain

q

i=1 i=1
Let ¢; = argmin {|f(x)| : « € [bi_1,b;]}, then
(om0l + [ f(bi)| = | f(bi1) = fles) + flca)| + [f(bi) = flei) + fles)]

< [f(bi1) = fle)| + [f(bi) — f(e)| +2[f(ci)
< Var f+42|f(c).

[ i—1, z]
For |f(c;)| we have the inequality

b;
el < == | 1r@las

l

Let h = min;(b; — b;—1), then we obtain
q
—NZ F0l + 1 Ds™ < 32 Var 4211 (e0)])

i=1 zlz

q b
NZ( Var f+ 20 /bi_l\f(x)]dx)

i—1 zlz

.

<s N V?rf + 2h_13_N/]f(a:)\dx.
I
Combining (C.4)), (C.5), (C.6) and (C.7)) we obtain

V?rP(z,f <s N V?rf + K/ |f (x)|dx 4+ s~V V?rf + 2hlsN/|f(:c)\dsc
1 I

2s‘NV?rf + (K + 207 ][]l

o6

> (1)o@l + £ @iles-0))oile-0l) <575 D1 b))l + 17 ).

(C.6)

(C.7)
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