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Introduction

Toric geometry is a branch of mathematics in the intersection of algebraic ge-
ometry and geometric combinatorics. Algebraic geometry is often regarded as
a rather tough and abstract discipline, whereas combinatorics would be much
easier accessible, and this might be true to some extent. In toric geometry,
however, there is a surprisingly fruitful interaction between these two fields
of study. An important aim of this thesis is to give the reader some taste of
this interaction, and show how algebraic geometry can be made serviceable
for combinatorial purposes.

The starting point for any introduction in toric geometry is the notion of
a (polyhedral) cone. In §[1} we construct an affine variety X, from such a cone
o; i.e. we associate an object in algebraic geometry to a combinatorial object.
The variety X, is called toric, since it contains a torus as an open and dense
subset, which, considered as an algebraic group, acts on X,.

If one starts with a "special” set of cones, called a fan, then the affine toric
varieties associated to its cones can be glued together into a new, not necessar-
ily affine, variety. The variety thus obtained is again toric. This construction
is described in § |2} It turns out that certain properties of fans can be nicely
related to properties of the associated toric varieties, which provides us with
a ’dictionary” between the language of cones and fans on the one hand, and
the language of toric varieties on the other hand.

The theory of cones, fans and toric varieties, as developed in §[1and §[2
opens up the possibility of applying tools from algebraic geometry to com-
binatorial problems. Two such applications will be described in §[5and § [6}
However, in order to be able do so, somewhat more theory will be needed. In
§[3| we discuss divisors on algebraic varieties, together with some intersection
theory. In § [4] the notions of matroids and Bergman fans are introduced. These
two sections are by no means meant to be a full-fledged introduction in the
topics discussed, not even when restricted to the context of toric geometry.
The material treated in them is mainly selected for its relevance in §[5{and § @
although it is certainly valuable on its own as well.

Our first application of toric geometry, which is discussed in § |5} concerns
f-vectors and h-vectors of simplicial convex polytopes. In 1971 McMullen
conjectured that a certain property of a vector 1 of integers is necessary and
sufficient for h to be the h-vector of a simplicial convex polytope. We will
present Stanley’s proof in [27] of the necessity of this condition, which uses
toric geometry, together with some tools from algebraic geometry and alge-
braic topology.

§ [f] treats an entirely different application, namely to the theory of ma-
troids. The Heron-Rota-Welsh conjecture states that the characteristic poly-
nomial of a matroid M is log-concave. It was proved by Adiprasito, Huh
and Katz in 2015. Instead of looking at this proof for the general case, we
will present the proof by Huh and Katz in [18] for the special case that M
is a representable matroid, since the latter proof involves an especially nice
application of toric geometry.

Finally, let us make some remarks about the literature on toric geometry.
A standard introduction to toric geometry is Fulton’s book [10], and another
important source is [9], by Ewald, who has a slightly broader scope than toric
geometry. Besides [10], the main sources for § [1] § 2] and § [3] are [5] and



[25]. The article [3], by Baker, gives a concise introduction in matroid theory,
and it discusses recent developments concerning the study of characteristic
polynomials of matroids and their relation to algebraic geometry. It is our
main reference for §[4]and it motivates §[6} Katz’ article [18], which is the main
source for § [6} also provides a nice introduction to the interaction between
matroid theory and algebraic geometry. Regarding §[5, McMullen first stated
his conjecture in [21]. Stanley’s proof of the necessity of McMullen’s condition,
which we follow in §[5) can be found in [27], and a proof of its sufficiency, by
Billera and Lee, in [4].



1  Cones and affine toric varieties

The goal of this section is to give a construction of affine toric varieties. We will
roughly follow the approach of [10, §§1.1-1.3] and [5, §§1—2]. To a polyhedral
lattice cone o, we associate its dual cone & (§ [L.1). Intersecting & with the
lattice concerned, we obtain a finitely generated monoid S, and, subsequently,
a finitely generated C-algebra R, (§[1.3). In the final step this gives rise to a

complex affine variety X, (§[r.5).

1.1  Cones and dual cones

Definition 1.1. Let v4,...,v, be vectors in some finite-dimensional IR-vector
space V. A set of the form
o= {/\101+...+)\ﬂ]y:/\i S ]REO}

is called a (polyhedral) cone in V. The vectors vy, ..., v, are called generators of
o. The dimension of o, denoted by dimc, is the dimension of the linear span
span(c) C V of 0. A cone of dimension 1 is called a ray.

Notation 1.2. For a finite set of vectors S = {vq,...,v,} C V, let
C(S) = C(‘Ul,. . ~/Ur) = {)\1’01 + .. AU A E IRE()}

denote the cone generated by vy,...,v,. Furthermore, if an infinite subset
T C V has a finite subset T/ C T such that

{ Y Awv: Ay € Ry all but finitely many 0} =C(T),
veT

then we write C(T) = C(T").

If we use the notation C(T') for some infinite set of vectors T, it will always
be clear how to choose a finite subset T" C T as above, even though T’ is not
mentioned.

Remark 1.3. Since, by convention, the empty sum is zero, we have C(&) =

{0}.

If V is an R-vector space and V* its dual, let (,-); : V* x V — R denote
the usual duality pairing.

Definition 1.4. The dual cone associated to a cone o C V' is

c={ueV*:(uv); >0forallv e c}.

For simplicity we will often just identify an n-dimensional IR-vector space
V with R” and assume that ¢ is contained in R"”. Furthermore, we will iden-
tify V* = (R")* with R" via the isomorphism e} — ¢;, where ej,...,e; €
(R™)* is the basis of (R")* dual to the standard basis ey, ..., e, of R". Under
this identification, the duality pairing (-,-); : V* X V — R corresponds to the
dot product (-, -) : R” x R" — R, and we can pretend that ¢ is a subset of R".



Remark 1.5. It is not immediately clear that the dual cone ¢ C R” of a cone
o C R" is also a cone, but, as a matter of fact, this is the case. A proof will be

given in Theorem

Example 1.6. The dual cone of o = C(e1,e1 +¢3) C R?is & = C(ep, e1 — 3).

€1 —€2
Figure 1: The cone ¢ and its dual cone ¢.

The following lemma will be useful in what follows.

Lemma 1.7. Let ¢ C R" be a cone and v € R" \ 0. Then there is some u € & such
that (v,u) < 0.

Proof. See [6, Cor. 3], where this result is deduced from a more general theo-
rem about convex polytopes. O

We have the following direct consequence (cf. [10, (1), p. 9] and [6] Cor. 4]).
Theorem 1.8 (Duality Theorem). For a cone o C R", we have F=o.

Proof. We clearly have o C &. If ¢ = IR”, there is nothing to prove. Otherwise,
let v € R" \ 0. By Lemma [1.7] there is some u € ¢ such that (v, u) < 0; hence,
v & 0. It follows that c C 0 and ¢ = 0. O

1.2 Faces of cones
Definition 1.9. A face of a cone ¢ is an intersection
t=cnut ={veco: (vu)=0}

for some vector u € 0. We call a face 7 of o proper if T # 0.

Example 1.10. The faces of o = C(ey,e1 + e3) (see Example[1.6) are
=00 ol = o;

cNey =Cler);

%)
T =0N(e1 —e)t =Cler +e2);
o =ocnot = {0};

forany v € 7\ (C(e2) UC(e1 —e2)).



The next two propositions give some basic properties of faces (cf. [10,
pp- 9-10], [5, Property 1.2] and [6| Prop. 8, Thm. 9]).

Proposition 1.11. Let 0 = C(vy,...,v,) C R" be a cone. Then we have the follow-
ing:
(1) Let T = o Nut with u € & be a face of . Then T is the cone generated by
those v; such that (u,v;) = 0.

(2) An intersection of faces of o is a face of 0.
(3) A face of a face of 7 is a face of 0.

Proof.

(1) Without loss of generality we may assume that there is k < r such that
(u,v;) = 0 if and only if i < k. The inclusion C(vy,...,vx) C T is clear.
Conversely, let v € T and write v = Ajv; + ... + A0, with A; € Ry
We find

r

Aiw,v) + ) Aiu,vp).

i=k+1

o

I
—

0= {(u,v)=(Wu,Mv1+...+ Mvy) =

1

Notice that (u,v;) equals 0 if i < k and is positive if k < i < r, since u
is contained in J. Hence, we have Ay, ; = ... = A, = 0 and therefore
v € C(vy,...,v;). It follows that T = C(vy, ..., vg).

(2) See [6 Prop. 8 (2)].

(3) See [6] Prop. 8 (3)].

O

It follows from Proposition that a cone has only finitely many faces.
More precisely, we have the following corollary.

Corollary 1.12. A cone C(vy,...,v,) has at most 2" faces.

Proof. By Proposition every face of C(vy,...,0,) is of the form C(S)

for some subset S C {vy,...,0,}. O

Notation 1.13. For cones 0,7 C R", we write T < ¢ if T is a face of ¢ and
T < 0 if T is a proper face of ¢.

Remark 1.14. By Proposition ’<’is a partial ordering on the set of cones.
Definition 1.15. A facet of a cone ¢ is a face T < ¢ with dim 7 = dimo — 1.

Let ¢ C R" be a cone with span(c) = R" and T < ¢ a facet. Since 7 has
dimension n — 1, there is a vector u; € J, unique up to multiplication by a
positive number, such that T = o Nuy (cf. [10, p. 11]). Let

Hr = {v € R": (ur,v) >0}
denote the half-space defined by u-.

Proposition 1.16. Let 0 = C(vy,...,v,) € R" be a cone. Then we have the follow-
ing:



(1) Every proper face of o is contained in a facet of 0.
(2) Every proper face of o is the intersection of the facets it is contained in.
(3) If o # R" = span(c), then we have o = ¢y facet Hr.

Proof.

(1) See [6] Prop. 8 (4)].
(2) See [6] Prop. 8 (4)].
(3) See [6, Thm. 9].

O

At this point we are able to prove that a dual cone is actually a cone (see

[10) (9), p- 11]).
Theorem 1.17 (Farkas’ Theorem). The dual cone ¢ of a cone o C R" is a cone.

Proof. We may assume that span(c) = R". If span(c) = ¢, then we have ¢ =
{0} = C(0). Now assume that span(c) # . We claim that ¢ = C(U), where
U = {ur : T < o facet} (which is a finite set by Corollary [1.12). Let u € &
and suppose that u ¢ C(U). By Lemma [1.7| there is some u’ € R” such that
(u,u') < 0and (ur,u’) > 0 for all facets T < ¢. But now Proposition
yields u’ € ¢, which is a contradiction. It follows that u € C(U) and ¢ C C(U).
Conversely, let u € C(U) and v € o. It follows from Proposition that
(u/,v) > 0 for all u’ € U. Hence, we find (u,v) > 0 and u € . This proves
the inclusion C(U) C &. O

Remark 1.18. The proof of Theorem shows that the dual cone of a cone
oequals 0 = C({ur : T < o facet}).

Example 1.19. Returning to Example[1.6] we see that the facets of o = C (e, e1 +
ey) are T, = C(e;) and 13 = C(e; +e2). The dual cone ¢ is generated by
Ur, = ey and ug = ey — ep and we can write

0=H,NHy ={ve R? : (ep,v) >0, (e7 —e,0) > 0}.

1.3 Lattices and monoids

Definition 1.20. A lattice is a finitely generated torsion-free abelian group.

Remark 1.21. By the fundamental theorem of finitely generated abelian groups,
lattices are precisely the abelian groups isomorphic to Z" for some n € Zx.
In particular, every lattice has a Z-basis. If N is a lattice, the unique integer
n € Z>p such that N = Z" is called the rank of N.

Definition 1.22. Let N be a lattice. An element v € N is called a primitive
lattice vector if for all m € Z and w € N with v = mw, we have m = +1.

Let N = Z" be a lattice and let N* = Hom(N,Z) = Z" denote its dual
lattice. We define the IR-vector spaces Nk = N ®7z R = R" and N = N* @z
R = R". There are natural inclusions N — NR and N* — Np of abelian



groups, both given by x +— x ® 1. Therefore, N and N* can be viewed as
subgroups of Nr and Np, respectively.

Definition 1.23. A monoid is a triple (S, 0,e), where Sisaset,0:SxS — §
is a binary operation on S, written as (x,y) — x oy, and e is an element of S,
such that for all x,y,z € S,

(i) xo(yoz)=(xoy)oz;

(i) eox =xo0e = x.

The element e is called the identity element of S.

Every monoid (S, o,¢) is assumed to be commutative; i.e. we have x oy =
youx forall x,y € S. We will often just talk about "the monoid S’, the monoid
operation o and the identity element ¢ being understood. Furthermore, x oy
will often be written as xy.

Definition 1.24. Let S; and S, be monoids. A map f : S; — S is a morphism
of monoids if we have f(xy) = f(x)f(y) forall x,y € S;.

Definition 1.25. Let S be a monoid. For a subset T C S, the span of T is
<T> = {i’1 ctpir € Zso, by, € T},

where, by convention, the empty product equals e. If S, T C S satisfy S’ =
(T), we say that S’ is generated by T, or that T is a set of generators for S'. We
call S’ finitely generated if there is a finite subset T C S such that S’ = (T). For
a finite subset {s1,...,s:} C S we also write (s1,...,s,) = ({s1,...,5:}).

Definition 1.26. A submonoid of a monoid (S, o, ¢) is a monoid (S, o, e), where
S’ C S is a subset.

Notice that for a subset T of a monoid S, the span (T) is the smallest
submonoid of S containing T.

Remark 1.27. If 0 C Np is a cone, then (¢ NN, +,0) is a monoid, where "+’
is the addition on N and 0 is the identity element of N.

Definition 1.28. A lattice cone (with respect to the lattice N) is a cone o C NR
such that there are vectors vy,...,v, € N with o = C(vy,...,0;).

Remark 1.29. If ¢ C Np is a lattice cone with respect to N, then ¢ C Ny is a
lattice cone with respect to N* (cf. [5, Property 1.1]).

Proposition 1.30 (Gordon’s Lemma). If 0 is a lattice cone with respect to the lattice
N, then o N N is a finitely generated monoid.

Proof. See [5, Lem. 1.3]. O

Now we can make the next step in our construction of an affine variety
from a cone o, by defining the finitely generated monoid S;.



Notation 1.31. If 0 is a lattice cone with respect to N, then we write S, =
JFNN*.

Remark 1.32. It follows by Remark [1.29|and Proposition that S, is indeed
a finitely generated monoid.

Often we will just identify the lattices N and N* with Z" for some n € Z>,
and the R-vector spaces Nr and Np with R". Obviously, the embeddings
N < NR and N* < Ny, are identified with the inclusion Z" C R".

Example 1.33. Take N = N* = Z2. Consider the lattice cone o = C(e; +
ey, —e1 +2¢;) C R? and its dual cone & = C(—e; +ep,2¢1 +¢3) € R2 The
figure below shows the finitely generated monoids ¢ N N and S, = ¢ N N*.
Notice that the generators —e; + ep and 2e; + e, of the cone ¢ do not generate
the monoid S,. In order to obtain a set of generators for S,, we should add
the vectors e, and e] + e5.

—e1 + 2ep
° ° ° ° ° ° °
cNN FNN*
—e1 + e 2e1 + e
. ec1 + e . ° ° °
0 0

Figure 2: The finitely generated monoids ¢ N N and S, = ¢ N N* (denoted by
the dots).

To a monoid S one can associate the monoid algebra C[S]|, which is the
C-algebra generated by the elements x* for x € S. For x,y € S we have
x* - x¥ = x*Y, where o is the monoid operation.

Notation 1.34. For a lattice cone o we define R, = C[S,].

Let o be a lattice cone with respect to the lattice N. Under the identification
of N and N* with Z" (and therefore, S, C Z"), there is the following alterna-
tive characterization of R,. Let C[x,x '] = C[xq,..., Xy, xl_l, ..., x; ] denote

the ring of Laurent polynomials in n variables. We write x* = xll<1 coxkn,

where k = (ky,...,k;,) € Z". Define the support of a Laurent polynomial
f = Ykezn axk € Clx,x ! by

supp(f) = {k € Z" : a # 0}.
Then the monoid algebra R, = C[Sy| can be identified with the C-algebra

{f eClox:supp(f) € 8} € Clv,x 1)

10



1.4 Algebraic varieties

In the next subsection, the algebraic geometry comes into play. So let us now
recall a few important notions (cf. [8) §4.3]; the definitions of k-spaces and
their morphisms can be found here as well).

An affine variety over an algebraically closed field k is a k-space isomorphic
to (X, Ox), where

X=2(I)={ack": f(a)=0forall f € I} C k"

is the zero set of some ideal I C k[xq, ..., x,], supplied with the Zariski topol-
ogy, and Oy is its sheaf of regular functions. For U C X open, Ox(U) C
Map(U, k) is the subring of regular functions on U, where a function U — k
is reqular if it can locally be written as g/h with g, h € k[xq, ..., xy].

An algebraic variety is a k-space (X, Ox) of which every element has an
open neighborhood U C X such that (U, Ox|yy) is an affine variety (here Ox |y
is defined by Ox|;(V) = Ox(V) for every V C U open). A morphism between
the varieties (X, Ox) and (Y, Oy) is just a morphism of k-spaces (X, Ox) —
(Y, Oy). (Notice that this notion of algebraic varieties is very general: we do
not require them to be irreducible or even quasi-projective.) The category of
algebraic varieties thus obtained, admits finite products; the product of two
algebraic varieties (X, Ox) and (Y, Oy) is written as (X x Y, Oxxy).

An algebraic variety is called projective if it is isomorphic to a closed sub-
variety of IP" (k) for some 1, and it is called quasi-projective if it is isomorphic
to an open subvariety of a projective variety.

Furthermore, an algebraic variety X is called irreducible if it is irreducible as
a topological space; i.e. if it is non-empty and if for all closed subsets Z;, Z; C
X with X = Z1UZy, we have Z; = X or Z, = X.

The dimension dim(X) of an irreducible variety X is the largest integer
m (if it exists) such that there is a chain of closed irreducible subvarieties
Yo € ... € Y1 € Yy = X. If such an integer m does not exist, we set
dim(X) = oo. The codimension of a subvariety Y of an irreducible variety X is
codim(Y) = dim(X) — dim(Y).

An algebraic variety over C is called a complex variety. The complex affine
n-space C" will be denoted by A" and the complex projective n-space IP"(C)
by P".

1.5 Affine toric varieties

Let o be a lattice cone with respect to a lattice N. Since S, is a finitely
generated monoid, R, is a finitely generated C-algebra. So we have R, =
Cly1,.--,Ym]/ Iy for some m € Z~( and some ideal I, C Clyy, ..., Ym]. Now
we associate to the cone o, the complex affine variety

Xe=Z(l;)={ac A" : f(a) =0forall f € I,} C A™.

Remark 1.35. Since R, is an integral domain, the ideal I, is prime and the
variety X, is irreducible.

Alternatively, X, can be defined as MaxSpec(Ry): the set of maximum

ideals of R, supplied with the Zariski topology (cf. [10, §1.3] and [5, §2.3]).
This definition of X, is somewhat neater, since it does not depend on a choice

11



of coordinates. However, in practice it will be more convenient to work with
the original definition using the ideal .

Example 1.36. Reconsider Example Since the monoid S, is generated by
—e1 + ey, ey, e1 + e and 2eq + ep, we have

Ry = Clxa/x1, X2, X1X2, x3%2] = Cly1,Y2,y3,Y4]/ I,

where I, = (y1y3 — ¥3,Y2y4 — y3). The affine variety associated to the cone
is Xy = Z(I,).

We now give a general recipe for determining the affine variety X, (cf. 5}

p- 11]), which is suggested by the previous example. Let vy,...,v; be gen-
erators for the monoid Sy C IR". Then, R, is generated by x“1,...,x"" as a
C-algebra. Relations

m m

Z)\ﬂ]i = Z )\;Ui, A, )\; € Z>o

i=1 i=1
between the generators of S, induce relations

m m

H(xvi)/\i = H(xvi))\l{/ /\ir /\: € ZZO

i=1 i=1
between the generators of R,. The latter relations generate the ideal I, C
Cly1,.--,Ym], where y; = x%, and we have X, = Z(I,).
It turns out that if the lattice cone ¢ is strongly convex, then the affine
variety X, is toric. Let us define these two notions. For a cone o we write
—oc={-v:ver}

Definition 1.37. A cone ¢ is called strongly convex if o N —o = {0}.

Proposition 1.38. Let ¢ C V be a cone. Then o is strongly convex if and only if
dim ¢ = dimg V.

Proof. Since the subspaces U; = span(c N —c) and U, = span(d) of V are
complementary, we have dimg V = dimpg U; + dimg Up. Now the result fol-

lows, since we have dimp U; = 0 if and only if ¢ is strongly convex. O

Example 1.39. The cone 07 = C(eq,e2) C R2 is strongly convex, whereas the
cone 0y = C(eg, —eq,ep) C R? is not. Accordingly, we have

dim(fl = dimC(€1,€2) =2, dimd"z = dimC(ez) 75 2.
Definition 1.40. An algebraic group is an algebraic variety X, supplied with a
group structure, such that the group multiplication - : X x X — X and the
inversion operation (-) ! : X — X are morphisms of varieties.
Definition 1.41. The n-dimensional torus is the algebraic group T" = (C*)".

By convention, the 0-dimensional torus T? is the trivial group {0}.

Definition 1.42. A toric variety is a complex algebraic variety X together with

12



an open and dense embedding i : T" — X and a group action ¢ : T" x X —
X, such that

(i) ¢ : T" x X — X is a morphism of varieties;
(ii) the restriction T" x i(T") — X of ¢ is given by (t,i(t')) — i(t-t),
where "~ is the multiplication on T".

The group action ¢ : T" x X — X is called the torus action.

So, identifying the torus T" with its image i(T"), we could say that the
restriction of the torus action to the torus itself “is” the multiplication on the
torus.

Example 1.43. The parabola X = Z(x* —y) C A? is an affine toric variety:
we have an open and dense embedding i : T! — X, given by t — (t, tz). The
toric action T! x X — X is given by (¢, (x,y)) — (tx, t?y).

Example 1.44. More generally, we will show that the affine variety X =
Z(f) € A2, where f = ax" + by™ € C|x,y] is an irreducible polynomial,
is toric. Indeed, choose «, f € C, not both 0, such that aa” + "™ = 0. Then
we have

a(at™)" +b(Bt")" = (aa™ 4+ bp"™ )" =0

for all t € T!. Since the polynomial f is irreducible, n and m are not both
even. Therefore, t — (at™, Bt") defines an open embedding i : T! — X. Since
the polynomial f is irreducible, the variety X = Z(f) is irreducible as well;
therefore, i is dense.

Furthermore, the torus action ¢ : T! x X — X is given by (¢, (x,y)) —
(t"x,t"y). For t, ' € T! we find

i(H) = (a(t)", B()") = lt, (2™, BE™)) = g(t,i()).

Now we have the following important theorem. For t = (t1,...,t,) € T"
and v = (v,...,0") € Z" we write t* = t“l’1 Y

Theorem 1.45. Let o be a strongly convex lattice cone in NR with dimg Nr = n
and let vy, ..., vy be generators for the monoid S,. Then there is an open and dense
embedding

P s Xy, b (97,0, 19m)

and there is a torus action
¢ :T"x Xy = Xo, (£,(a1,...,am)) — (taq, ..., % ay).
Proof. We may assume that N = Z", Ng = R" and vy,...,v,, € Z". Write

v; = (v},...,v?) fori =1,...,m. We have X, = Z(I,) C A™ for some ideal
I, CCly1,---,Ym), generated by the k relations

m m
A AL .
H(XU;))\z,] = H(xvx) W, j= 1,...,k, )\i,jr /\;,]' € Zzo,
i=1 i=1
where y; = x%. It follows immediately from these relations that the map

i : T" — X, is well-defined. For the proof that i is an open and dense
embedding, we refer to [5], Prop. 2.2] (this proof implicitly uses that span(¢) =
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R", which follows from Proposition [1.38). It remains to be shown that ¢ is a
torus action.

First we check that ¢ is a well-defined map. Let (¢, (a1,...,a,)) € T" X X,
and j € {1,...,k}. Since i(t) = (t°1,...,t") and (ay,...,a,) are contained in
Xo, we find that

m m m AL
H tv, _H tv’ ’f_O_Hll ij H a.
i= i=1 i=1
and therefore,
T o A T (40 AL a %) v )\’ =y
H(t'ai) ’/J—Htlu ij qtl i . Ha qtl J~Hai =0.
i= i= i= i=1 i= i=

Hence, we have (t%1ay,...,t""a,,) € X,, which shows that ¢ is well-defined.

Since the composition of ¢ with every coordinate projection is a regular
function, ¢ is a morphism of varieties. Furthermore, it is easily verified that ¢
is a group action. Finally, for ¢, t' € T" we have

p(ti(t) = @(t, (F7, ..., 7)) = ((#")™, ..., (t')") = i(t).

Hence, ¢ : T" x X, — X, is a torus action. O

As a direct consequence we have the following.

Corollary 1.46. If o is a strongly convex lattice cone in NR, then X, is an affine
toric variety with dim X, = dimg NRg. O

Notation 1.47. We denote the image of the torus embedding in X by T,.

As the following example shows, the dimension statement of Corollary [1.46]
need not be true for a cone which is not strongly convex.

Example 1.48. Consider the lattice cone ¢ = C(eq, —e1,e2) C R?, which is not
strongly convex. We have S, = (e;) and R, = C|[x;]. So the variety X, = Al
has dimension 1 # dimp R?.

1.6 Faces and their induced inclusions

In the remaining part of this section, we will study the inclusions induced by
a face T < o of a cone 0.

Proposition 1.49. Let o be a cone and let T = o Nu™ be a face of o, where u € &.

(1) If6 =C(S), then t = C(SU{—u}).
(2) Suppose that o is a lattice cone and that T C Sy is a subset with u € T and
(T) = Sy. Then we have S; = (TU{—u}).

Proof.

(1) See [5, Property. 1.3].

(2) We may pretend that both ¢ and ¢ are lattice cones with respect to the
lattice Z". Also, we may assume that T = {t,...,t,} C Z" is a finite
set with 1 = u (otherwise, we can replace T by a finite subset T C T
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which still generates S, and contains u). Then we have C(T) = ¢. Let
x € St = tNZ". By part (1) we can write

x:)tltl—f—...—‘r/\rfr—/\u:(Al—)\)tl-f—/\zfz—i—...—f—)trtr

with Ay,..., A, A € R5p. Choose a € Z>q such that Ay —A +a > 0.
Since x + aty is contained in S, = ¢ N Z", we can write

x+aty =ty +... .+ Uty
with pyq, ..., 4y € Z>9. This yields
x=wmh+...+uty —au € (TU{—u})

and S¢ C (T U {—u}), which finishes the proof, since the reverse inclu-
sion is clear.

O

Example 1.50. In Examples and we studied the strongly convex lat-
tice cone o C R? with

o=C(e1 + ey, —e1 +2e);

F=C(—e1+e,2e1 +e);
Sy = (—e1+e,e0,01 +€3,201 +€2);
Ry = C[xa/x1, %2, x1%2, X1%2] = C[y1, Y2, ¥3,va]/ (193 — V3, ¥ava — ¥3);
Xo = Z(y1ys — V3, Yova — 3).

Now consider the face T = 0 N u' of o, where u = —e; + e, € &. Notice that ¥
can be obtained from ¢ by adding the vector —u as a new generator; the same
holds for S; and S, (cf. Proposition [1.49). Accordingly, we add the generator

x1/x3 to Ry in order to obtain Re; i.e. Ry = Ro[y; 1] is the localization of R,
at the element y; = x2/x1 € R,. This yields

T=C(e1 +e2);
T = C(—e; +ep,2e1 +e2,e1 —€2);
St = (—e1+eyexe1 +ep2e1 +er,e1 —e2);
R = Clxp/x1, X2, X122, X1 X2, X1/ X2)]
= Cly1, 2,3, Ya,y5]/ (V13 — ¥3, vava — v3, vays — 1);
Xe = Z(y1y3 — v3, ¥aya — 3,1y — 1);
and there are embeddings
T 0, U0
T<>0, v
S S,, v+

Rt < Ry, [f] < [f];
XT — XO'/ (all ap,as,aq, QS) = (al, az, a3/a4)'

By the embedding X: — X,, which is the projection on the first four
coordinates, X; can be identified with the open subvariety X, \ Z(y1) of X,

Embeddings as in the previous example exist in general.
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Theorem 1.51. Let o be a strongly convex lattice cone and T < o a proper face. Then
there are embeddings
T 0;
T 0
S: < Sy
R: < Ry;
X = Xg;

such that the embedding X+ — X, induces an isomorphism X = Xy \ Z(y1), where
Y1 is one of the coordinates of X, .

Proof. The embedding T < 0 is clear. By Proposition we have embed-
dings ¢ < ¥ and S, < S; (notice that we can always choose T and u as in
Proposition ). The embedding Sy — S induces, consecutively, embed-
dings R, — R and X; — X, (for more details, see [5] p. 17]). O

Example 1.52. Every lattice cone o C R” has the zero cone {0} C R" as a face.

Accordingly, we have an inclusion T, = (C*)" = Xy, € X, of toric varieties
(notice that Sgo, = {ey, ..., en, —€1,..., —en) and therefore Xyp, = (C*)").
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2 Fans and general toric varieties

In the previous section it was shown how a cone ¢ gives rise to an affine toric
variety Xy. In this section we will show how a fan X, which is a set of cones
satisfying certain conditions, gives rise to a, not necessarily affine, toric variety
Xs.

After having introduced the notion of a fan in § 2.1} we will describe the
construction of Xy (§ and discuss some of its properties. For instance, the
so called orbit-cone correspondence is crucial for understanding the structure
of the toric variety X5 (see § [2.4). There will be special attention for how
properties of a fan X relate to properties of the associated toric variety Xy
(§[2.5). The section will be concluded by a discussion of polytopal fans (§[2.6).

2.1 Fans

Let us introduce the notion of a fan (cf. [10, §1.4], [5} §3.1] and [25) §3.1]).

Definition 2.1. A fan in NR is a finite non-empty set % of strongly convex
lattice cones in NR such that
(i) every face T < o of a cone ¢ € X is itself contained in X;

(i) for all cones o,¢’ € %, the intersection ¢ N ¢’ is a face of both ¢ and ¢”.
Definition 2.2. Let X be a fan and S = {cy,...,0,} a set of strongly convex
lattice cones. We say that X is generated by S if

Y={t:7<0;forsomei=1,...,r}.
In this case we write X = F(S) = F(oy,...,07).

Definition 2.3. The dimension of a fan X is dim X = max,ex dimo. We call a
cone 0 € ¥ maximal if dim o = dim X.

Example 2.4. This figure shows the fan F (01, 02,03), where 07 = C(eq,e1 +€2),
0y = C(El, —62) and 03 = C(—Ez, —261 — 62).
e1+e
%/
€1
%/

0

4
—2e1 —ep /

Figure 3: The fan F(cq, 02, 03).
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2.2 The toric variety associated to a fan

In §[1]we saw how a cone ¢ gives rise to an affine toric variety X,. Given a fan
Y, the affine toric varieties induced by its cones can be glued together into a
new, not necessarily affine, toric variety Xy (cf. [10, §1.4]). Let £ be a fan and
take the disjoint union X§ = | |[{ X, : ¢ € £}. For distinct cones 0y, 0, € %, the
affine toric variety Xy, ne,, induced by the face oq N, € X of o7 and 0y, can be
considered as an open subvariety of both X, and X, (see Theorem ; say
we have embeddings ¢ : Xone, — Xo; and ¢2 : Xoyne, — Xo,. Now for all
distinct cones 01,07 € X, we glue X, and X,, along Xq,ne, by identifying the
images of ¢ and ¢, thus obtaining the variety Xy from X%

Remark 2.5. Since the variety Xy is obtained by gluing irreducible varieties
(see Remark [1.35) along non-empty open subvarieties, Xy is itself irreducible.

Theorem 2.6. If ¥ is a fan in Ng, then Xy is a toric variety with dim Xy =
dil’n]R N]R. [

Proof. For every o € X, the torus T, C X, can be identified with the open
and dense subvariety X;n C X, associated to the zero cone {0} < o (see
Example [1.52). Since for all distinct cones 07,0, € %, the toric variety X (o} is
contained in Xy, ne,, all tori Ty C X, are identified in Xy with the open and
dense subvariety X, € Xy. Furthermore, this identification is compatible
with the torus action. The dimension statement follows from Corollary

O

Notation 2.7. We denote the image X(o, C Xy of the torus embedding by Ty..

Let us look at some examples of toric varieties associated to fans.

Example 2.8. Take 0y = C(e;) C R', 07 = C(—e¢;) C R'and X = F(0p,07). We
will sllmw that the toric variety Xy is (isomorphic to) the complex projective
line IP".

We have S, = (e1) and therefore Ry, = C[x] and X,;, = AL. (By subscripts
as in Al we denote the coordinates that are used, which will be relevant for
the gluing.) Also we have Sy, = (—e1), and therefore R, = C[x~!] and
Xo = A}C,l. For the joint face T = 0y Ny = {0} of 0y and o7, we have
St = (e1, —e1), Rt = C[x,x '] and X; = AL\ {0}.

Furthermore, there are embeddings @g : X; — Xy, x — x and ¢ : X¢ —
Xo,, x — x~L. By identifying x € Xq, \ {0} with x~! € X, \ {0}, we obtain
Xy, which is just the complex projective line ]P%to: b where x = t1/ty. By the
embeddings Xy, — Pl t; — (1:4) and Xy — PL, ty — (to : 1), the varieties
Xs, and X, can be identified with the coordinate charts Uy = {(tp : t;) € P! :
to # 0} of P! and U; = {(to : t1) € P! : t; # 0}, respectively.

More generally, we have the following (cf. [5, Example 3.4]).

Example 2.9. Set I = {0,...,n} and define, fori € I, 0; = C({e; : j € I\ {i}}),
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where ey, ..., e, are the standard basis vectors of R" and ¢y = —(e1 + ...+ ep).
Then, using the suggestive notation Xp» = F(0y,...,0,), we have Xy, = P".
The affine varieties Xy, ..., Xy, can be identified with the coordinate charts
Uy, ..., U, of P", respectively.

Example 2.10. Consider the strongly convex lattice cones o = C(ey,e2) and
0y = C(—€1,€2).

€1

14

Figure 4: The cones o7 and o3.

We have

5(71 = <elr62>l R(71 = C[xler]/ XO'] = A%xlle);

So, = (—e1,62), Roy =Clx;},x0], Xo, = A2

(x ' x2)”

The gluing of Xy, and Xo, yields Xz, o) = ]P%to:h) X A}Cz, where x; =
to/t1.

Definition 2.11. An algebraic variety X is called separated if the diagonal Ax =
{(x,x) : x € X} is closed in X x X.

For a fan £, the toric variety Xy, turns out to be separated, which follows
from the next two lemmas.

Lemma 2.12. Let X be a fan and o, T € X. The diagonal map Xonr — Xo X Xq,
given by x — (x, x), is a closed embedding; i.e. it is an embedding which maps closed
sets to closed sets.

Proof. See [10, p. 21]. O

Lemma 2.13. Let T be a topological space and {U; : i € I} an open cover of T. A
subset S C T is closed if and only if S N U, is closed in U for all i € I.

Proof. Suppose that S N U; is closed in U; for all i € I. Then, for all i € I
we have U; \ S = U; NV, for some open V; C T. It follows that T\ S =
(Uier Ui) \' S = Uie1(U; N'V;) is open and S is closed. The reverse implication
is immediately clear. O

Proposition 2.14. For a fan ¥, the toric variety Xy, is separated.

Proof. Since {X, : o € L} is an open cover of the variety X5, we know that
{Xs x X7 : 0,7 € X} is an open cover of the product variety X5, X X5. By
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Lemma for any 0,7 € %, the intersection Ax, N (X, x X7) is closed in
Xy X X¢. Tt follows by Lemma that Ay, is closed in X5 X Xs. O

2.3 Hirzebruch surfaces

An interesting example of a toric variety is the Hirzebruch surface Hy (cf. [10,
pp- 7-81, [5, Example 3.7] and [25, Example 3.6]), named after the German
mathematician Friedrich Hirzebruch (1927-2012).

Let g € Z>( and consider the fan X, = F (01,02, 14,8;), where

01 =C(ey,e2), 02 = C(—ey,e2), Ty = C(—e1,qe1 —e2), &5 = C(e1, qe1 —e2).

qer —e2
Figure 5: The fan Z,.

The Hirzebruch surface H, is defined as Hy = Xy,. In order to obtain an
explicit description of H;, we will perform the gluing construction. We have
S(T - <31;€2>, R(Tl - C['xll xﬂ/ thl - AZ

(x1,x2)”
2 .
(a7 L x2)’

-1 2

X X, =A° | _
79 ]/ T (xllxquZ )
q

e1 +qex, —e2), Ry =Clx1x,, x5, Xy, = A?xlx;’,xz’l)'

As in Example 2.10} the gluing of X, and X, yields Xr(, »,) = %io 1) X
where x1 = to/ t1. Similarly, the gluing of X, and Xz yields X Flrl) =

e1,€2), Ry, = C[xfl,xz], Xoy = A

= (-
= (—e1 —qez, —e2), Ry = C[xl_lxz_q
=

XZ/

]Pl

(s0:s1

along P! x (A!\ {0}) by the identification

Pi Pl < (B \ 0D > Pl x (AL (0))
((a:b),c) — ((ac? : b),c71).

We claim that the obtained result #, equals

R sz,l, where xlxg = so/s1. Now we glue Xz, ,,) and X F(ty.29)

X ={((ug:uy:u),(vg:v1)) € P2 x P! uovo = ulvl}
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Indeed, there are embeddings
P1: ]P%t(]:ﬁ) X A}Q P2 x P!, ((a:b),c)— ((a:ac®:b),(c:1));

@2 ]1)%50151) x Al | < P2 x P!, ((d:e),f)— ((dfT:d:e),(1:f));

-1
Xy

which satisfy ¢1]p1,(a1\(0}) = ¢2 © ¢ and im(¢1) Uim(¢2) = X.

Example 2.15. We have

Ho = {((ug : uy : u), (v : v1)) € P2 x P! : ugod = uyo?} = P x PL.

Definition 2.16. A fiber bundle is data (E, B, F, ), where E,B and F are al-
gebraic varieties and 77 : E — B is a surjective morphism, such that for
every element b € B there is an open subvariety U C B containing b and
an isomorphism ¢ : 7~1(U) — U x F satisfying 711 o ¢p = 7| 1), Where
m : Ux F — U is the projection on the first coordinate. A fiber bundle
(E, B, F, ) is called an F-bundle over B.

Proposition 2.17. Let q € Z>(. The Hirzebruch surface H, is a P'-bundle over
P!,

Proof. Let 7t : Hy — P! be the projection on the second coordinate. We claim
that (#,,IP!,IP!, 77) is a fiber bundle. Clearly, 7 is a surjective morphism. Let
Uy and U; be the coordinate charts of P'. Notice that we have

m Up) = {((df1:d:e),(1:f)) e P2 xP':((d:e),f) e Pl xC};
7 Uy) ={((a:ac”:b),(c:1)) € P> x P : ((a:b),c) € P! xC}.
So we have isomorphisms
ot H(Up) = Uy x P, ((df1:dze), (1:f)) = ((1:f),(d:e));
P i (Uy) S Uy x P ((@zact i b),(c: 1))~ ((c:1),(a:b));

satisfying the required condition. Since Uy and Uj form an open cover of P!,
this finishes the proof. O

2.4 The orbit-cone correspondence

Notice that for a lattice cone o we have a one-to-one correspondence (cf. [5,
§4.2])
Xy « MaxSpec(Ry;) < Homge,g(Rs,C) < Homypon(Se, (C,))
M, = (f=fla)
ker ¢ < @,

where M, C R, is the maximal ideal corresponding to an element a € X .

Definition 2.18. Let ¢ be a lattice cone with S, = (vy,...,vy,). To each face
T < o we associate the distinguished point d:<, € Xy, which is the element in
X, corresponding to the morphism ¢;<, : S — C given by

ooy { L ifoieTt
: 0, ifv; ¢ Tt
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Notice that the morphism ¢.<, and the distinguished point d.<., associ-
ated to a face T < 0, are dependent on a choice of generators for S,.

Definition 2.19. Let ¢ be a lattice cone and T < ¢ a face. The orbit of T in X,,
denoted by Oy (7), is the orbit of d-<, € X, under the torus action.

Example 2.20. Consider the cone o = C(ey, ¢ 4 ¢5) (cf. Examples|[1.6land [1.19).

We have S, = (v1,v;), where v; = e; and v = e — ep, and the toric variety

associated to ¢ is X, = A}Q X A}C r The morphisms @<, distinguished
1%

points d-<, and orbits O, (T) corresponding to every face 7 of ¢ are as follows:

T Pr<co de<o O(T(T)
o) |umteot] 0| @h\o)x (Al o)
C(e) 01— Loy =0/ (1,0) | (AL, \{0}) x {o}xlxgl

)
)| b x (A1 \ ()
)| {00}

(
Cler+e) |v1—=0,m3—1|(
(

1o vy — 0,00 — 0

Remark 2.21.

(1) Let 0 be a cone and T < o a face. Via the inclusion X; — X,, we
can identify the distinguished point d-<, € X, with the distinguished
point dr<r € X, and the orbit O,(7) C X, with the orbit O(1) =
O¢(71) C X4.

(2) For a fan ¥ and a cone ¢ € ¥ we have an inclusion X, C Xy. Hence,
every orbit O(c) C X, can be considered as the orbit of dy<, in X5
under the torus action.

We have the following correspondence between cones in ¥ and orbits in
Xs.
Theorem 2.22 (Orbit-cone correspondence). Let X be a fan in Ng.

(1) The map X — {O(0) : 0 € £}, given by o — O(0), is a bijection.
(2) Forall ¢ € ¥ we have X, = | |;<, O(T).
(3) Forall o € ¥ we have O(c) = Tdim Xz —dime,

Proof.

(1) See [25, Lem. 3.17 and Prop. 3.19 (1)].

(2) See [25| Prop. 3.19 (3)]. ' .

(3) See [25, p. 26 and Prop. 3.19 (2)] for the proof that O(¢) = Tdimr Nk —dimc,
The result follows because of the identity dim Xy = dimg Nr (Theo-

rem [2.6).
O

We have the following immediate consequence.

Corollary 2.23. If X is a fan, then O({0}) = Ty.
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Example 2.24. Reconsider Example and set
Y= {C(O), C(E]), C(el + 62), 0'}.

By Remark the first and fourth column of the table in Example
correspond to the bijection

L= {O0(r):teX}, 7+ O(1).

Furthermore, we see that for every cone T € %, the affine toric variety X
is the disjoint union of the orbits corresponding to its faces. For instance, we
have

X, = A?xz,ﬁqxgl) = | ] Os(1) = | ] O(7);

<0 <0

Xy = (B, \{0}) x A}

(AL \ () 0}, ) U (AL V10)) % (AL (o))
= || Os(t)= |] O(1).

T<C(ey) T<C(eq)

Finally, notice that
0(C(0)) = T2, O(C(e1)) = O(C(er +e2)) = T, O(0r) = T°.

Notation 2.25. If X is a fan and ¢ € ¥ a cone, then V(0) = O(0) denotes the
topological closure of the orbit of ¢ in Xy.

Proposition 2.26. For a fan ¥. and a cone T € ¥, we have V(7) = | |;<, O(0).
Proof. See |25, Prop. 3.28]. O

Corollary 2.27. For a fan ¥ we have Xy, = | |,c5x O(0).

Proof. By Corollary and Proposition we have

Xy =Ty = 0({0}) = V({0}) = [ ] O(0).

ceL

2.5 Properties of fans and their associated toric varieties

One could ask how properties of a fan X relate to properties of its associated
toric variety X5. We give three important connections between them, which
are mentioned in [5} §3.4].

Definition 2.28. A fan X in Ny is complete if | JZ = NR.

Definition 2.29. A separated variety X is complete if for any variety Y, the
projection X x Y — Y is closed.
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Remark 2.30. By Proposition the requirement for a complete variety to
be separated, is no restriction for toric varieties Xs..

Remark 2.31. A separated complex algebraic variety is complete if and only
if it is compact as an analytic variety. Accordingly, some authors use the term
‘compact’ instead of ‘complete’ in this context (e.g. [10, §2.4], [5) Thm. 3.2.1],
[9, §VI, Thm. 9.1]; by contrast, [25, §3.2.1] uses the term ‘complete’).

Proposition 2.32. A fan X is complete if and only if the toric variety Xy is complete.

Proof. A proof can be found in [g, §VI, Thm. 9.1], which uses the fact that a
variety is complete if and only every sequence of points has an accumulation
point in the complex topology. O

Example 2.33. Let 0p,07 C R! be the cones from Example The fans F(op)
and F(cop) are not complete, and neither are the associated toric varieties
Xg = Ay and X, = A!_,. However, the fan F (0, 1) is complete, and so is

the associated toric variety X r(y o) = IP!. A similar observation can be made
for P" (cf. Example [2.9).

We turn to the second connection between properties of a fan X and its
associated toric variety Xy.

Definition 2.34. A lattice cone o C N is reqular if there is a basis {v1,..., 0.}
for N such that ¢ = C(vy,...,v,) for some 0 < r < n. A fan is regular if all its
cones are regular.

Proposition 2.35. A fan X is regular if and only if X5, is smooth.

Proof. In order to prove that the toric variety Xy is smooth if X is regular, it
suffices to show that for a regular lattice cone o, the affine toric variety X, is
smooth. Without loss of generality we may assume that o = C(ey,...,e;) C
R". Then we have S, = (eq,...,en, —€r41,...,—¢y), and it follows that X, =
A" x (A'\ {0})""" is smooth.

For the reverse implication we refer to [5, Prop 4.5]. O

Example 2.36. Notice that the cone ¢ = C(e; + ey, —e1 + 2e5) € R? of Exam-
ples and is not regular: {ej + e, —e; +2e;} is not a Z-basis for Z2,
and it is impossible to add a third vector which is Z-linearly independent of
the first two vectors. Indeed, the toric variety X, = Z(y1y3 — y3, y2ya — y3) C
A* is not smooth at the origin, as (y1y3 — ¥3,y2va — ¥3) C Cly1,¥2,y3,y4] is a
prime ideal and all partial derivatives of y1y3 — y3 and yoy4 — y3 vanish at 0.

For the third relation between properties of £ and X5, we need a number
of definitions.

Definition 2.37. A convex polytope P C R" is the convex hull conv(X) of a

finite set X C R". A proper face of P is a non-empty intersection P N H, where
H C R" is an affine hyperplane that contains no points of the interior of P. A
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subset of P is called a face of P if it is a proper face of P or equals one of &, P.

Definition 2.38. A fan ¥ is polytopal if there is a convex polytope P which
contains 0 in its interior such that

Y. = {C(F) : F is a proper face of P} U {{0}}.

Remark 2.39.
(1) Every polytopal fan is complete.
(2) Every complete fan in R? is polytopal.

It is not true that every complete fan is polytopal, as the following coun-
terexample shows (cf. [10, pp. 25-26] and [5, Rem. 3.1.2]).

Example 2.40. Consider the fan ¥ = F({c;, : i =1,2,3, « = +1}), where

Oig = C({(Ul,vz,vg) S {:tl}3 0= zx})

If C C R3 is the cube with vertices (£1,4£1,£1), then we have

Y. = {C(F) : F is a proper face of C} U {{0}}.
Hence, X is both polytopal and complete.

Now, fori =1,2,3 and « = +£1, let O'l-/, . be the cone with the same genera-

tors as 0;,, except that (1,1,1) is replaced by (1,2,3). The fan X’ = F({c],
i =1,2,3, « = £1}) is still complete, but not polytopal: if there were a
polytope P C R3 such that

¥/ = {C(F) : F is a proper face of P} U{{0}},

then each of the vertices x1,...,xg of P would be contained in a different ray
C(v) for

ve ({#1P\{(1L1,1}) u{(123)}
However, it can be checked that it is impossible to choose x1,...,xg in such
a way that for every cone ¢}, the four corresponding vertices lie in the same
affine plane (for more details we refer to [10, p. 26 and p. 134, note 17]).
Therefore, the fan X’ is not polytopal.

The following two definitions are from [g, §VI, Def. 6.3; VII, Def. 3.5].
Definition 2.41. Let Xy and Xy/ be toric varieties with torus embeddings
i: Ty — Xy and i’ : Tyy < Xy, respectively. A map f : Xy — Xy is called
equivariant if there is a morphism of algebraic groups « : Ty, — Ty such that
foi=1ioaand f(t-x) =a(t)- f(x) forallx € Xy and t € Ty.

Definition 2.42. A complete toric variety Xy is called equivariantly projective if
there is an equivariant embedding j : X5 < IP" such that j(Xy) is closed in
P

Proposition 2.43. A fan X is polytopal if and only if X5 is equivariantly projective.

Proof. A proof can be found in [g, §VII, Thm. 3.11]. O

25



Example 2.44. Propositions and enable us to give a toric variety
which is complete but not equivariantly projective: take Xy with ¥’ as in

Example

Example 2.45. For all g € Z>, the fan X, from §|2.3|is complete, regular and
polytopal; hence, by Propositions [2.32] [2.35| and [2.43| the Hirzebruch surface
H, is complete, smooth and equivariantly projective.

2.6 Fans associated to convex polytopes

In this subsection we will associate a polytopal fan to a convex polytope whose
vertices lie in some lattice.

Definition 2.46. Let P C IR” be a convex polytope. The polar polytope of P is
P°={veR":(uv)y>—1forall u € P}.

Definition 2.47. Let P C R" be a convex polytope. The dimension of a face F

of Pis q ,
. img(span(F')), F #* J
dim(F) = { —LR( pan(F’)) v 5’:é o

where F’ is a translation of F such that F/ contains 0. A face of dimension
k is called a k-face. A vertex is a O-face, an edge is a 1-face and a facet is a
(dim(P) — 1)-face. The convex polytope P C R”" is called full-dimensional if
dim(P) = n.

Definition 2.48. A convex polytope P C R" is a convex lattice polytope with
respect to the lattice N if its vertices are contained in the lattice N.

Notation 2.49. For a convex polytope P, let int(P) denote its interior.

Proposition 2.50. Let P C IR" be a full-dimensional convex polytope with 0 &
int(P).
(1) P° isa full-dimensional convex polytope in R", satisfying (P°)° = P.
(2) IfFis a face of P, then the set F* = {v € P° : (u,v) = —1forallu € F} is
a face of P°, satisfying dim(F) + dim(F*) = dim(P) — 1.
(3) The assignment F — F* provides a one-to-one order-reversing correspondence
between the faces of P and the faces of P°.
(4) If P is a convex lattice polytope with respect to the lattice N, then its polar
polytope P° is a lattice polytope with respect to the dual lattice N*.

Proof. See [10, p. 24]. O
Example 2.51. Consider the square S = [—1,1]? C R? and its polar polytope
5.
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Figure 6: The square S and its polar polytope 5°.

Edges in S correspond to vertices in S° and vice versa. Also, the empty
face of S corresponds to S° and the empty face of 5° corresponds to S.

To a full-dimensional convex lattice polytope P C R" (with respect to
some lattice N C R") with 0 € int(P), we associate a polytopal fan Xp in R"
as follows (cf. [5} §4.4]). For each proper face F of P we define

op={veR": (u—u',v) >0forallu € P, u' € F}.
It follows from the definitions that or is the cone
C(FF)=C({veR": (u,v) > —1= (u,v) forallu € P, u’ € F}),

which is a lattice cone because of Proposition Furthermore, it is
clear from the definition that or is strongly convex.
Now the fan Xp is defined as

Yp = {of: Fisa proper face of P} U {{0}}.

Proposition 2.52. Let P C R" be a full-dimensional convex lattice polytope with
0 € int(P).

(1) Xpisafanin R".
(2) We have

Xp = {C(F) : F is a proper face of P°} U {{0} }.
(3) We have

Xpo = {C(F) : F is a proper face of P} U {{0}}.

Proof. For [(1)]and [(2)} see [10, p. 26]. [(3)| follows from [(2)]and Proposition [2.50]
(notice that 0 € int(P°), since we have 0 € int(P)). O

Corollary 2.53. For a full-dimensional convex lattice polytope P with 0 € int(P),
the fan Zp is polytopal and the associated toric variety Xy, is equivariantly projective.

Proof. 1t follows from 0 € int(P) that 0 € int(P°). Therefore, the fan Xp is
polytopal by Proposition Furthermore, by Proposition the toric

variety Xy, is equivariantly projective. O
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Example 2.54. Reconsider Example Since 0 is contained in the interior
of S, we have

s = {C(F) : F € {A*,B*,C*, D" E}, E}, E%, E;}} U {{0}}
= F(C(A"),C(B"),C(C"),C(D"))
= F(C(e1,—e2),C(—e1,—e2),C(—eq,e2),C(e1,€2)),

which equals the fan ¥ from § It follows that Xy, = Ho = P! x P! (see
Example [2.15).

Example 2.55. Let P C IR® be the octahedron with vertices (+1,0,0), (0, +1,0),

(0,0,%1). The polar polytope of P is the cube C with vertices (£1,+1, £1)
(see [10, p. 27]). Therefore, the polytopal fan £ from Example equals Xp.
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3 Divisors and intersection theory

This section is concerned with divisors and intersection theory on toric vari-
eties. After having introduced divisors in a general setting in § 3.1} we apply
them in the toric context in §[3.2] In §[3.6 the notion of toric Cartier divisors is
linked to so-called piecewise linear functions. The subsections § 3.3} § [3.4] and
§ in between are concerned with intersection theory and the connection
between Chow cohomology groups of toric varieties and Minkowski weights.

3.1 Divisors

Let us introduce the notion of divisors on algebraic varieties (cf. [5, §5.1] and
[25, §4.1]).

Definition 3.1. Let X be an irreducible variety. A prime divisor of X is an
irreducible closed subvariety of X of codimension 1. By Div(X) we denote
the free abelian group generated by the prime divisors of X; its elements are
called (Weil) divisors on X.

Weil divisors are written as formal sums D = )y nzZ, where Z ranges
over the prime divisors of X, and the coefficients nz are integers of which
only finitely many are non-zero.

From now on, the variety X is assumed to be normal (i.e. the local ring at
every point in X is an integrally closed domain) and connected. (In particular
this means that X is irreducible). In the context of toric varieties this is no
restriction, since every toric variety Xy is normal (see [5, Prop. 4.4]) and con-
nected. For a prime divisor Z of X, there is a valuation map vy : K(X)* — Z,
where K(X) is the field of rational functions on X.

Remark 3.2. For a rational function f € K(X)*, there are only finitely many
prime divisors Z such that vz(f) is non-zero.

By this remark we can associate a Weil divisor to a rational function f €
K(X)* as follows.

Definition 3.3. The divisor of a rational function f € K(X)* is

div(f) = ;vz(f)z € Div(X),

where Z ranges over the prime divisors of X. A Weil divisor on X is called
principal if it is of the form div(f) for some f € K(X)*. The set of principal
divisors on X, is denoted by Div((X).

Definition 3.4. Let D = Y znzZ be a Weil divisor on X and U C X a
non-empty open subvariety. The restriction of D to U is defined as D|y =

Yznuze nz(ZNU).

Remark 3.5. If U C X is a non-empty open subvariety and Z C X a prime
divisor of X with ZNU # @, then ZN U is a prime divisor of U. Therefore,
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the restriction D|i; of a Weil divisor D on X to an open subvariety U is a Weil
divisor on U.

Definition 3.6. A Weil divisor D € Div(X) is Cartier if it is locally principal;
i.e. if there is a cover X = Ule U; of open subvarieties of X such that D|y, €
Divo(U;) for i = 1,...,k. The set of Cartier divisors on X is denoted by
CDiv(X).

Remark 3.7. CDiv(X) is a subgroup of Div(X), and Divy(X) is a subgroup of
CDiv(X). Hence, we have inclusions

Divy(X) C CDiv(X) C Div(X),

which are no equalities in general.

3.2 Toric divisors

In this subsection we will apply the theory of divisors to toric varieties (cf. [5,
§5.1] and [25, §4.2]).

If ¥ is a fan, the torus Ty acts on divisors D = Y znzZ € Div(Xy) as
follows: for t € Ty wesett-D =Y  ny(t-Z), wheret-Z = {tz : z € Z}.
Notice that ¢ - Z is a prime divisor on Xy if Z is, as x + ¢ - x defines an
isomorphism of varieties Xy 5 Xs. Hence, for D € Div(Xy) and t € Ty, we
have t- D € Div(Xy).

Definition 3.8. Let ¥ be a fan. A divisor D = Yy nzZ € Div(Xy) is foric if it
is Ty-invariant; i.e. if t - D = D for all + € Ty. The set of toric Weil divisors
on Xy is denoted by Divy(Xy) and the set of toric Cartier divisors on Xy, is
denoted by CDivy(Xy).

Lemma 3.9. Let X bea fan and D =Yz nzZ € Div(Xy) a divisor. Then D is toric
if and only if every prime divisor Z of Xx, with ny # 0 is toric.

Proof. Assume that D is toric. Let k € Z>; be the largest integer such that
there are t € Ty and a prime divisor Z of Xy with nz # 0 and t.7Z #+ Z for
i=1,....,k—landtf-Zz =2 (which exists since D is toric and ny is non-zero
for only finitely many prime divisors Z). Suppose that k > 1. Take ¢’ € Ty,
such that t'* = t. Then fori = 1,...,k — 1, it would follow from t'-Z = Z
that

ti .7 = (t/k)lZ — (t”)kZ — Z/

which is a contradiction; hence, we have ' - Z # Z. We also have tk. 7 =
t-Z # Z. However, this contradicts the maximality of k. We conclude that
k =1, which proves the ‘only if” part. The reverse implication is immediately
clear. 0

Remark 3.10. It follows from Lemma that Divy(Xy) is the subgroup of
Div(Xy,) generated by the toric prime divisors of Xs.

Lemma 3.11. Let X be a fan and p € L a ray. Then V(p) is a toric prime divisor on
Xs.
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Proof. By Theorem the orbit O(p) C Xy, has codimension 1; hence, its
closure V(p) has codimension 1 as well. Furthermore, V(p), being the closure
of the irreducible subvariety O(p) = T4mX=~1 (see Theorem (3)), is itself
irreducible. Hence, V(p) is a prime divisor of Xy. Finally, since V(p) is a
union of orbits by Proposition it is toric. O

A divisor V(p), where p is a ray, is called a ray divisor.

Example 3.12. The ray divisors of X, from Examples and are
V(er) = AL, x {0} 451 = Z(v2);
V(er+e2) = {0}x, x A}clxgl =Z(n);

where (y1,¥2) = (x2,x1x, ') are the coordinates of X,. The ray divisors are
clearly T,-invariant. We will show that they are the only toric prime divisors.

Suppose that Z is a toric prime divisor of X, = A%yl ) Then we can

write Z = Z(f) for a non-constant irreducible polynomial f € C[y1,y2] (see
[15, Prop. 1.13]). Write

fyy2) = gy, y2)y2 + h(y1).
The following fact, which is the case since Z is T,-invariant, will be used
multiple times: if (a,b) € C? is a root of f, so is (Aa, ub) for all A,y € C*. We
distinguish between two cases:

(1) h = c is constant;
(2) h is non-constant.

Suppose that (1) is the case. First assume that ¢ # 0. Let (a,b) € C*> be a
root of f. It follows from f(a,0) = h(a) = c # 0 that b # 0. But that means
that for all A € C* we have

0=f(a,A)=g(a, M)A +¢,

which is a contradiction. Now assume that ¢ = 0. Since f = gy» is irreducible,
g must be constant; so we have f = ¢’y, for some ¢’ € C*.

Suppose that (2) is the case. Let 2 € C be a root of h. If a # 0, then it
would follow from f(a,0) = h(a) = 0 that h(A) = f(A,0) =0 forall A € C*,
which is a contradiction; hence, we find 2 = 0 and we can write /1(y;) = ¢y}
for some ¢’ € C* and k € Z~1. Let (ay,a2) # (0,0) be a root of f (which must
exist, since otherwise Z = Z(f) would not have codimension 1). It would
follow from ay,a; # 0 that (A, p) is a root of f for all A,y € C*, which is a
contradiction. If a; # 0 and a; = 0, then 0 = f(ay,a2) = 0+ C”a’{ is also
a contradiction. It follows that 4y = 0 and a, # 0. So for all A € C* we
have g(0,A)A = f(0,A) = 0 and therefore ¢(0,A) = 0. But that means that
y1 | g Since we also have y; | i and f is irreducible, it follows that ¢ = 0. We
conclude that f = h = ¢y} and, since f is irreducible, f = ¢"'y;.

Hence, in case (1) we have Z = Z(y2) = V(e1) and in case (2) we have
Z=2Z(y1) = V(es +er).

In the previous example, it was proved that the only toric prime divisors

were the ray divisors. This holds in general, as the following proposition
shows.
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Proposition 3.13. Let £ be a fan and p1,...,px the rays in L. Then we have
Divr(Xs) = @1 ZV (p)).

Proof. The inclusion Divy (Xz) 2 @5, ZV (p;) follows immediately from Lem-
mas [3.9| and Conversely, let D = Y!_; n;Z; € Divy(Xy), where ny,...,n,
are non-zero integers. We proceed as in [25, Prop. 4.11]. Letj € {1,...,r}.
The prime divisor Z; is Ty-invariant by Lemma nd is therefore a union
of Ty-orbits. By Theorem Fq (3)} Z; is disjoint w1t the orbit O({0}) = T
(see Corollary [2.23), as Z; has codimension 1. It follows by Proposition
that

k

ZjcXs\Teg= | O() U U O(e) = U Vi)
cex\{{0}} i=1p;<co i=1

Since Z;, V(p1),.-.,V(px) are all prime divisors of Xy, we conclude that Z;

equals one of the V(p;). Hence, we find D € @¥_ , ZV(p;) and Divy(Xs) C

Dy ZV (1) 0

The following result characterizes the Cartier divisors in Divy(Xy).

Proposition 3.14. Let X be a fan in NR and pq,...,px the rays in . For i =
., k, let v; € p; be a primitive lattice vector. If D = 2;‘:1 n;V(p;) € Divy(Xy)
is a toric divisor on Xy, then the following are equivalent:

(1) D is a Cartier divisor.

(2) For each cone o € ¥, we have D|x, € Divo(Xy).

(3) For each maximal cone o € %, there is an element my € Hom(N,Z) such
that my(v;) = n; if p; < 0.

Proof. See [25, Prop 4.20]. O

The following example generalizes [25, Example 4.24].

Example 3.15. Let p and g be coprime positive integers. Consider the primi-
tive lattice vectors

2
vl =ey, Up =pe)+qey, vz =e € Z

and the fan ¥ = F(0qy,093), where o1, = C(v1,v3) and 0»3 = C(vp,v3). The
rays of X are p; = C(v;) fori =1,2,3.

We will determine under which conditions the toric divisor D = n1V (p1) +
naV(p2) + n3V(p3) is a Cartier divisor. The divisor D is Cartier if and only if
there are morphisms m,,, Mg, € Hom(Z?, Z) such that (3) of Proposition
holds; i.e. if and only if there are vectors

v1p = (a12,b12), v23 = (az3,b3) € Z2

such that
ny = (v12,v1) = b2
ny = (v12,v2) = pap + qbio;
ny = (v23,02) = pags + qbys;
n3 = (v3,03) = a3



Such vectors v1, and vp3 exist if and only if
ny = qny (mod p), na = pnz (mod q).

Since p and g are coprime, we conclude by the Chinese remainder theorem
that D is Cartier if and only if ny = gny + pnz (mod pgq).

3.3 Chow groups

In this subsection we will briefly discuss some intersection theory and intro-
duce the notion of Chow (cohomology) groups (see [15, Appendix A, §§1—2] and
[18] §10.2]). In the next subsections this will be applied in the context of toric
varieties. The relevance of these topics will become clear in §[5|and § [6}

Let X be a normal quasi-projective n-dimensional algebraic variety.

Definition 3.16. Let k € Z. The cycle group Z;(X) is the group of formal sums
Y.z nzZ with integer coefficients, where Z ranges over the closed irreducible
k-dimensional subvarieties of X. Its elements are called cycles.

Definition 3.17. A cycle )y nzZ is called rationally equivalent to 0 if there are
closed irreducible subvarieties W; of X and rational functions f; € K(W;) for
i =1,...,0 such that Yy nzZ = Y_, div(f;). Let k € Z. The Chow group
Ag(X) is the quotient of Z;(X) by the subgroup of cycles rationally equiv-
alent to 0. The kth Chow cohomology group is defined as A*¥(X) = A, _i(X).
Furthermore, we set A*(X) = @yez., AK(X).

Strictly speaking, the elements of Ay (X) are cycle classes, but we will often
refer to them by picking out one of its members.

The elements of the Chow group Ap(X) can be seen as formal sums of
points in X. If X is complete, then there is a degree map

deg: Ag(X) = Z, ) npP— ) np.
P P
Now assume that X is smooth. Then on the Chow groups there is an
intersection product
1 Ap(X) X A (X) = Appp—n(X).

The intersection product - : A¥(X) x A¥ (X) — A¥¥(X) on the Chow coho-
mology groups makes A*(X) = @yez., A*(X) into a commutative graded
ring, which is called the Chow ring. -

Definition 3.18. Let X be a smooth complete variety. A divisor D € Div(X), or
the associated Chow cohomology class ¢ = [D] € A!(X), is called numerically
effective or nef if for every curve C € A1(X) on X we have deg(c - [C]) > 0.

3.4 Intersection theory on toric varieties

In this subsection, some intersection theory on toric varieties will be discussed.
The results, including some of the proofs, can also be found in [10, §5.1].
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Notation 3.19. For an n-dimensional fan £ and 0 < k < n, let (k) denote the
set of n — k-dimensional cones in X.

Theorem 3.20. Let X be an n-dimensional fan. For k = 0O, ...,n, the Chow group
Ar(Xs) is generated by the set {[V ()] : o € (0},

Proof. See [10, p. 96]. O

Because of this result, it suffices to study the behavior of the orbit closures
of the cones in a fan %, if one wants to understand the intersection theory on
the toric variety Xy. We will not explore this in full generality, but instead
focus on the results needed for later purposes. Let £ be an n-dimensional
regular complete fan in NR with rays py, ..., px and primitive lattice vectors
v1,...,0x € Nwithv; € p;jfori=1,... k.

Remark 3.21. For a cone ¢ € %, the orbit closure V(o) C Xy is irreducible and

has codimension dim(c) (see Theorem cf. the proof of Lemma [3.11));
i.e. we have [V(0)] € AY™©)(Xy).

Proposition 3.22. For a cone o € ¥ and a ray p; £ o we have

[V(pi)] - [V(e)] = { [V(C(piU0))], ifC(piUo) €X

0, otherwise.

Proof. In the case C(p; Uo) € L, the varieties V(p;) and V(c) meet transver-
sally with intersection V(C(p; Uc)), and in the case C(p; Uc) ¢ L, the varieties
V(p;) and V(o) are disjoint. Thus the result follows (cf. [10, p. 98]). O

In the case p; < 0, things are somewhat more difficult. Let o € X be an
n — 1-dimensional cone. Then there are unique n-dimensional cones o0 ex
such that o < ¢/, 0". Let v),,v!] € {v1,...,v;} be the primitive lattice vectors
contained in the rays of ¢’ and ¢’ which are not contained in ¢, respectively.
There are unique integers a;(0), for i € {1,...,k} with p; < o, such that

Uty =Y, af(0)v;
ie{1,..k}
piso

(cf. [10, p. 99 (exercise a)]).

As the following example shows, the coefficients «;(0) need not be posi-
tive, but can also be zero or negative.

Example 3.23. Consider the regular complete fan ¥, in IR?, associated to the
Hirzebruch surface H,; (see Figure . It has rays p; = C(v;), fori =1,...,4,
where

U1 =¢€1, Uy=4geyg—e, U3 = —€1, Uq=e.
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We have

/ o _ .
Up, + Vp, = V4 + vy = quy;

! " — 0. 7m
Up, T, v1+v3 =00y

/ o _ .
Ups + Vpy = V2 + vy = —qu3;

/ " — 0.,
Upy + Tp, v3+0v1 =00y

and therefore,

a1(p1) = q, a2(p2) =0, az(p3) = —q, a4(ps4) = 0.

Proposition 3.24. For an n — 1-dimensional cone o € ¥ and a ray p; < o we have
[V{pn)] - V()] = (@) [V(e")] + ¢ (o) [V ()],

where ci(0), ¢! (o) are integers the sum of which is —a;(0).
Proof. See [10, p. 99 (exercise b)]. O

Corollary 3.25. For an n — 1-dimensional cone o € X and a ray p; € £ we have

L e {Cop).CoY)
—a;i(0), ifpi<c
0, otherwise.

deg([V(0:)] - [V(0)]) =

Proof. The third case follows from Proposition and so does the first case:
[V(C(vg))] - [V(0)] = [V(e')] and [V(C(v7))] - [V(e)] = [V(¢")]. The second
case follows from Proposition O

3.5 Chow cohomology groups and Minkowski weights

The Chow cohomology groups of the toric variety associated to a complete
regular fan are closely related to the so-called Minkowski weights on that fan
(see [18] §10.2] and [11]). In order to define this notion, we first introduce the
following notation. Let N be a lattice and X a fan in NR of dimension #.

Notation 3.26. For ¢ € X, let N, denote the sublattice of N generated by
ocNN.

Notice that for cones T € Z(*1) and ¢ € () with T < 0, the quotient
lattice N,/ N has rank 1. Let v,/ € N;/N; be a generator of it.

Definition 3.27. A map ¢ : ) — Z is called a Minkowski weight of codimension
k on the fan X if, for every T € »(k+1) it satisfies the balancing condition

2 c(0)vg/r =0

ocex®
<o

in N/N;.

Remark 3.28. The Minkowski weights of codimension k on the fan X form
a subgroup MFK(Z) of the abelian group Map(2(*), Z), where addition is de-
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fined pointwise.

Let k € {0,...,n} and assume that the fan X is complete and regular. In
this case the group M¥(Z) turns out to be isomorphic to the Chow cohomol-
ogy group AF(Xs). We will construct an embedding A¥(Xs) < Map(z¥), Z),
the image of which is MK(Z).

For a topological space X and a non-negative integer i, one can consider
the ith cohomology group H'(X,Z) with coefficients in Z.

Theorem 3.29. Fori € Z>q we have H* (Xy, Z) = A{(Xy) and H**1(Xy, Z) =
0.

Proof. See [7, Thm. 10.8]. O

Notice that the toric variety Xy is complete and smooth. So, as a conse-
quence of this theorem, we know by Poincaré duality that the pairing

AK(Xz) x Au(Xz) = Ao(Xz) F Z
is perfect; i.e. we have an isomorphism
AF(Xs) 5 Hom(Ay(Xx),Z), d — (d' +— deg(d - d')).
Furthermore, the morphism of groups

D Zo— AXz), o= [V(0)],
rex(k)

which is surjective by Theorem induces an injection

Hom(Ax(Xyz),Z) — Hom ( @ Za,Z) o Map(Z(k),Z).
ocexk)

By composition this yields an injection

v : AF(Xz) < Map(2®,Z), d — (0 deg(d - [V(0)])).
Theorem 3.30. The image v(AX(Xs)) € Map(2®), Z) of y equals M¥(Z).
Proof. See [11, Thm. 3.1]). O

Example 3.31. Consider the fan ¥ = Xp, from Example We have (1) =
{p0,p1,02}, where p; = C(e;) fori = 0,1,2. Amapc : % — Zisa
Minkowski weight if and only if it satisfies the balancing condition

2
(0,0) = ;)C(Pi)ei = (c(p1) — c(po), c(p2) — c(po)),

which is the case if and only if c¢(pg) = c(p1) = c(p2). Furthermore, the
Chow cohomology group Al(Xy) = Al(IP?) = Z is generated by [V(pg)] =
[V(er)] = [V(p2).

Since the primitive lattice vectors ey € pg, e1 € p; and ep € py satisfy
eop +e1 +ey = 0, we have aj(p;) = —1 for j = 0,1,2, where a;(p;) is as de-
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fined in § Hence, for an element d = A[V(pg)] € Al(Xg) we find, by
Corollary [3.25}

7(d)(pj) = deg (A[V(0o)] - [V(p))]) = A, j=0,1,2,
which shows that y(d) is a Minkowski weight.

Conversely, if c € M!(X) is a Minkowski weight, then we have, for j =
0,12,

7(c(po) [V (p0)]) (pj) = deg (c(po)[V(po)] - [V(pj)]) = c(po) = c(p;)

and therefore y(c(po)[V (po)]) = c.
This shows that 7 induces an isomorphism A (Xy) = M1(%).

3.6 Toric Cartier divisors and piecewise linear functions

There is a close connection between the group CDivy(Xy) of toric Cartier
divisors on a toric variety Xy and the so-called piecewise linear functions on
the fan X (see [, §5.2] and [18, p. 55]). The following definition is from [f5,
Def. 4.4] (cf. [18} Def. 10.10]).

Definition 3.32. Let N be a lattice and ¥ a fan on NR. A piecewise linear function
on X isamap ¢ : JX — R such that

@) p(NNUE) € Z;
(i) forallc e Xand v,w € 0, Y(v+w) = P(v) + P(w);
(iii) forallv € JX and A € R>g, P(Av) = AP(v).

The set of piecewise linear functions on X is denoted by PLF(%).

Alternatively, a piecewise linear function on a fan X on NR may be defined
as amap ¢ : N — Z such that for every maximal cone ¢ € X, there is
my € Hom(N,Z) such that ¢|,ny = M |snN. Since every element x € JZ
can be written as x = Av + pw, where v,w € o N N for some ¢ € ¥ and
A € Ryp, such a map ¢ : N — Z can be uniquely extended to a map
P : UZ — R, satisfying the requirements of Definition by setting P(Av +
pw) = Ap(v) + pp(w).

Notice that PLF(X) is an abelian group under pointwise addition.

We have the following important result (see [5, Lem. 5.3]).

Proposition 3.33. Let N be a lattice and 2 a fan on NR. Let p1, ..., px be the rays
of Zand, fori=1,...,k, let v; € p; be a primitive lattice vector. Then the map

k
¢piv : PLE(Z) — CDivr(Xs), ¢ =} 9(0)V(0i)
i=1
is an isomorphism of abelian groups.
Proof. @p;y is well-defined and surjective by Proposition Furthermore, if

Y1, € PLE(X) agree on vy,..., 0%, then ¢ = p; hence, ¢pjy is injective as
well. O
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Definition 3.34. Let X be a convex subset of a real vector space. A map
P : X — R is called convex if for all v,w € X and A € [0,1],

p(Ao+ (1 - AMw) > Ay(o) + (1 = A)p(w).

Let N be a lattice and X an n-dimensional polytopal regular fan on NR. Let
01, --.,0r be the n — 1-dimensional cones and pj, . . ., px the rays of X, contain-
ing the primitive lattice vectors v, ..., vy, respectively. Furthermore, let ¢ €
PLF(X) be a piecewise linear function and ¢pi, () = — Y5, ¢(0,)V(p;) €
CDivy(Xy) the corresponding Cartier divisor on Xs.

Lemma 3.35. For any curve C in Xy, there are Ay, ..., Ay € Z>q such that [C] =

Yy AV (o).

Proof. By Theorem the classes [V(c1)],...,[V(0+)] generate the Chow
group A;(Xx). Hence, there are Ay, ..., Ay € Z such that [C] = Y;_; A;[V(0;)].
That these coefficients can in fact be chosen non-negative, is proved in [26)}
Prop. 1.6]. O

Proposition 3.36. If the piecewise linear function ¢ € PLE(X) is convex, then the
Cartier divisor gpiy () = — Y5_, (0;)V(p;) € CDivy(Xy) is nef.

Proof. The divisor ¢p;y () is nef if and only if deg([¢piv(¥)] - [C]) > 0 for
every curve C on Xy. By Lemma this is the case if and only if

k
Y (o) deg([V(@)] - V@) 0, j=1,...,1,
i=1
which, by Corollary [3.25} is equivalent to

1,0(0] +p(v)) < Y a( o)), j=1,...,1,

ZEI
where we use the same notation as in §[3.4]and
L={ie{l,....k}:p;<o0j}, j=1,...,r
Letje {1,...,r} and set
I»+ ={i€L:ai(o;) >0}, I7 ={i € I : a;(0;) <0}
If ¢ is convex, then we find, using that v; € 0; for alli € I Ul =1

Y wile)p(o) =y [ 3 ailop)oi | =9 | v + 05 + ) —wilo))v;

ielj+ ieI].+ i€l
> p(0h) +pel) + o | ¥ —alopo

icl-
16]

= (@) + o) — ¥ wilo)(o)

el
z€]

and it follows that ¢p;y (¢) is nef. O
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4 Matroids and Bergman fans

In §[2.6| we have associated a fan Xp to a full-dimensional convex lattice poly-
tope P. As we will see in this section, it is also possible to associate a fan Xy,
to a matroid M; the fan X, is called the Bergman fan associated to M.

In §[4.1] the notion of a matroid will be introduced, and § [4.2]is concerned
with Bergman fans; we will be roughly following [, §2]. In §[4.3] the relation
between polytopal and matroidal fans will be discussed. It turns out that
there is only a very small class of fans that are both derivable from a polytope
and from a matroid, namely the fans of the form Xg , where Q, is a certain
convex polytope. In §[4.4]it is shown that Q, is combinatorially equivalent to
the permutohedron P, of order .

4.1 Matroids

Matroids were introduced by the American mathematician Hassler Whitney
(1907-1989) and were meant to generalize the notion of linear independence
in linear algebra. They can be characterized in many ’cryptomorphic” ways;
i.e. there are many definitions of matroids, which are equivalent in a non-
trivial fashion. We will discuss three of these characterizations.

Definition 4.1 (Independence axioms). A matroid M is a pair (E,.¥), where E
is a finite set (called the ground set of M) and .# C P(E) is a family of subsets
of E (called the independent sets of M), satisfying the following properties:

1) o e .7;

2) If € Land I, C L1, then I, € .7;

(I18) If 1, I, € .# with || < ||, then there exists x € I, \ I; such that
LU {X} € 7.

Example 4.2. Let 0 < k < n be integers, and set E = {0,...,n — 1} and
& ={X C E: |X| <k}. Then Uy, = (E,.#) is a matroid. Matroids of this
form are called uniform matroids.

Example 4.3. Consider the vector space k", for some field k, and let E C k" be
a finite subset. If .# is the family of linearly independent subsets of E, then
(E, #) is a matroid. (Obviously, k" can be replaced by a general vector space
V over k as well.)

More generally, let A be a n x m matrix with entries in a field k, and take
E = {1,...,m}, where the elements of E correspond to the columns of A.
Let .7 be the family of subsets of E whose elements correspond to linearly
independent columns of A. Then (E,.#) is a matroid. (Alternatively, this can
been be viewed as the matroid associated to a finite multiset of vectors from
the vector space k".) Matroids of this form are said to be representable over k.
A matroid is called representable if it is representable over some field k.

Example 4.4. Let G = (V,E) be an undirected graph and .# the family of
subsets of E which do not contain any cycles. We claim that Mg = (E,.%)
is a matroid. The axioms and clearly hold. In order to verify axiom
let 1, I, € . with || < |Ip|. For i = 1,2, consider the subgraph (V, [;),
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which has |V| — |I;| connected components. Since (V, I;) has fewer connected
components than (V, I), there is an edge ¢ € I, such that its end points are in
different connected components of (V, I;). Then e is not contained in I;, and
I U{e} is independent. Hence, axiom holds. Matroids of this form are
called graphic matroids.

Example 4.5. Let M = (E, .#) be a matroid and X C E a subset. Then (X, .%x),
where #x = {I € .# : [ C X}, is a matroid. It is called a submatroid of M.

Definition 4.6. Let M = (E,.#) be a matroid. The rank of M is k(M) =
max{|I| : I € #}. An independent set I € .7 is called a basis of M if |I| =
rk(M). The rank of a subset X C E is rky(X) = rk((X, #x)). An independent
set I € .7 is called a basis of a subset X C E if I C X and |I| = rky(X).

Definition 4.7. Let M = (E,.#) be a matroid. An element ¢ € E is a loop if it
belongs to no basis of M, and it is a coloop if it belongs to every basis of M.

Example 4.8. Let G = (V,E) be a graph and e € E an edge. Then e is a loop
of the matroid Mg if and only if e is a loop of the graph G (i.e. an edge from
a vertex to itself). Furthermore, ¢ is a coloop of the matroid Mg if and only if
e does not belong to any cycle in the graph G.

Matroids can also be characterized by means of a closure operation.

Definition 4.9 (Closure axioms). A matroid M is a pair (E,cl), where E is a
finite set and cl : P(E) — P(E) is a map, satisfying the following properties:

(C1) If X CE, then X C cl(X);

(C2) f X CY CE, then cl(X) Ccl(Y);

(C3) If X C E, then cl(cl(X)) = cl(X);

(C4) If X C E and x,y € E such that y € (XU {x})\ cl(X), then x €
cd(XuU{y}).

For a subset X C E, the set cl(X) C E is called the closure of X. A subset
X C E is called closed if cl(X) = X.

The relation between the characterizations given by Definitions |4.1]and
is as follows. From a matroid M = (E,.#) in the sense of Definition [4.1} we
obtain a matroid (E, cl) in the sense of Definition [4.g|by defining

A(X) = {x € E: tkr(X) = rkpr(X U {x})} .

Conversely, from a matroid M = (E,cl) in the sense of Definition we
obtain a matroid (E, .#) in the sense of Definition [4.1]by defining

I ={XeP(E):x¢&cd(X\{x}) forall x € X}.

A third characterization of matroids uses the notion of flats.

Definition 4.10 (Flat axioms). A matroid M is a pair (E,.%), where E is a finite
set and .# C P(E) is family of subsets of E (called the flats of M), satisfying
the following properties:

(F1) E € 7;
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(F2) If F,F, € Z,then FFNF, € .%;

(F3) Let F € .7 and let Yr C % be the set of flats F/ that cover F;ie. F C F/
and there is no F” € .# such that F C F” C F'. Then the set {F’ \ F:
F' € Yp} partitions E \ F.

The characterizations of Definitions [4.9] and relate to each other as
follows. From a matroid M = (E,cl) in the sense of Definition we obtain
a matroid (E,.%) in the sense of Definition [4.10|by defining

F ={XeP(E):(X) =X},

i.e. the flats are the closed subsets of E. Conversely, if M = (E,.%) is a matroid
in the sense of Definition then we obtain a matroid (E, cl) in the sense of

Definition by defining
c(X) = ﬂ{P € #Z:F2X}.

Example 4.11. Suppose that M = (E, .¥) is the representable matroid associ-
ated to a finite subset E of a vector space V. For a subset X C E, we have
cl(X) = span(X) N E. Consequently, a subset X C E is a flat if and only if
X =span(X)NE.

In the following example, which is taken from [18, Example 4.3], a repre-
sentable matroid is associated to a linear subspace V C k"*!. This construc-
tion will become important in § 6}

Example 4.12. Consider the vector space k"1 with basis ey, ...,e,, where
k is a field. Let V. C k™! be a linear subspace. Its inclusion map i :
V < k"1 induces a surjection i* : (k"*1)* — V* of the dual vector spaces.
Let M = My = (E,.#) be the representable matroid induced by the im-
age {i*(ej),...,i*(e;)} € V* (considered as a multiset) of the dual basis of
eo, .. .,en under i*. We write E = {0,...,n}, where j € E is associated with
i* (e]’f).
For a subset X C E we define the following subspace of V:

Vx = {(x0,...,xn) € V:xj=0forall j € X}.
Notice that we have

This means in particular that rk(M) = dim (V).

We give four direct consequences. First, a subset X C E is a flat if and only
if rkpr(X U {e}) > rky(X) for all e € E \ X, which is the case if and only if
Vy C Vx for all subsets Y C E with Y 2 X. Second, an element j € E is a loop
if and only if dimy (V) — dimy(Vy;,) = rkm({j}) = 0, which is the case if and
only if V' is contained in the coordinate hyperplane x; = 0. Third, a subset
X C E is a basis for E if and only if

dimy (Vx) = dimy (V) — rky(X) = rk(M) — rk(M) =0,

which is the case if and only if Vx = {0}. Finally, an element j € E is a coloop
if and only if Vx = {0} implies that j € X, which is the case if and only if
ej € V.
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4.2 Bergman fans

Definition 4.13. Let M = (E,.%) be a matroid. A flat F of M is called proper
if F # @,E. Letk € Z>g. A k-step flag of M is a k-tuple F, = (Fy,..., F),
where F; C ... C Fy are proper flats of M. For flags Fe = (Fy,..., F) and
Ge = (Gy,...,G;) of M, we say that G, refines Fo if {Fy,..., F.} C{Gy,...,G};
in this case we write Fo < G,.

Remark 4.14. For a matroid M, <’ defines a partial ordering on the set of
flags of M.

Let n € Z>1 and let M = (E,.#) be a matroid on the ground set E =
{0, 1,.. .,n}. We describe the construction of the Bergman fan Xp; C R" as-
sociated to M. For a subset S C E, let es = Y ;cge; € R", where ¢y =
—(e1+...+epn). For a flag Fe = (Fy,...,F) of M we define the lattice cone
or, = C(er,,...,er) € R". Now the Bergman fan associated to the matroid M
is

Xy = {0, : F, is a flag of M}.

Remark 4.15. The assignment F, — 0f, defines an isomorphism of posets
{flags of M} = ;.

Proposition 4.16. The Bergman fan X associated to the matroid M = (E, %) is a
fan in R".

Proof. First, the Bergman fan X is non-empty: it contains the zero cone () =
C(@) = {0}, associated to the 0-step flag () of M.

Second, every face T of a cone 0, € X is of the form T = o, for some flag
Fe < G,. Hence, ) contains the faces of all its elements.

Third, for cones o, , 0r; € Xy, where Fo = (Fy, ..., Fr) and Fy=(F,...,F),
we have or, N gy = 0y, where the flag F! = (F/,...,F};) consists of the flats
{F,....Eg} =A{F,..., B} n{F,..., F}. Clearly, the intersection of, N oy, is
a face of both o, and op;.

It remains to be shown that the cone o, , associated to a flag Fe = (Fy, ..., Fy)
with k € Z4, is strongly convex. Let « € E \ F. If & = 0, then we have o, C
(R>0)", which shows that o, is strongly convex. Now suppose that a # 0
and let x = (x1,...,xy) € 0,. We can write x = (A1,...,Ay) — (A,..., A) with
A,y An, A € Ryg and Ay = 0. So we either have x, = 0 and xq,...,x, > 0,
or xo, < 0. Now assume that —x € op,. Similarly, we either have x, = 0
and x1,...,x; <0, or x, > 0. It follows that x = 0. Hence, of, is strongly
convex. O

Example 4.17. Consider the matroid M = (E,.¥) with E = {0,1,2,3} and
s ={2,{0}, {1}, {2}, {3},{0,1},{0,2}, {0,3}, {1,2}, {1, 3} }.

The proper flats of M are {0} and {1}. Hence, M has three flags: F; = (), F, =
({0}) and F3 = ({1}). Therefore, we have Xy = {0f,, 0F,, 0F, }, where

op, = C(2) = {0}, 0, = C(—(e1 +e2+¢3)), 0p, = Cler) C R,
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Notice that the 0-step flag gives rise to a 0-dimensional cone and that the
1-step flags give rise to 1-dimensional cones.

The final observation of the previous example holds in general.

Proposition 4.18. Let M be a matroid and Fo = (Fy, ..., F) a k-step flag of M,
where k € Z>¢. Then we have dim o, = k.

Proof. For i = 1,...,k we have F; \ U;;% F; # @; hence, ef, is not contained
in span(epl, ) ). It follows that ef,, -, er, are linearly independent, and
we conclude that dimor, = k. O

The following example is from [3, Example 2.14].

Example 4.19. Let n € Z>, and consider the uniform matroid U, on the
ground set E, = {0,...,n —1}. (Notice that Uy, , is the matroid M associated
to any acyclic graph G with n edges.) Since every subset of E;, is a flat of Uy, ,,,
the Bergman fan of U, , is

k
Yu,, =F ({C ({Zep(i) k= O,...,n—Z}) : p is a permutation of En}> ,
i=0

where eg = — (e + ...+ e,_1). The fan is polytopal: we have Xy, , = X, for
the convex lattice polytope Q, C R"~! whose polar polytope Q3 C R"~! is
the convex hull of

k
Vi = {Zep(i) :k=0,...,n—2, pisa permutation of En} CR" L
i=0
The elements of V,, are the vertices of Q;,.
Let us work out the previous example for the case n = 3.

Example 4.20. For the matroid Uz 3 on the ground set E3 = {0,1,2} we have
Zu3l3 = F({O’l] : l,] = 0, 1,2 and i 7é ]}),

where 0;; = C(e;, e +¢;) for i,j = 0,1,2 with i # j. (Recall that eg = —e; — e2.)

We have Ly, = 2y, where the polar polytope Q5 C R? is the convex hull of

the set
V3 = {eo,e1,e2,€0 +e1,e0 + e, e1 +er} € R2
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Figure 7: The convex polytopes Q3 (dashed edges) and Q3 (solid edges), and
the cones 7ij fori,j =0,1,2 with i # j.

In § the toric variety Xy, will be discussed. It turns out that it can be
obtained from the projective space IP"~! by a sequence of blow-ups.

4.3 Polytopal fans versus matroidal fans

In Example we discussed a fan both derivable from a convex polytope
and a matroid. This raises the question: how do fans derived from convex
lattice polytopes (as described in § relate to fans derived from matroids
(as described in §[4.2)? Is one of the constructions a special case of the other?
It will become clear that this is not the case. In fact, as this subsection shows,
the class of fans simultaneously derivable from a convex lattice polytope and
from a matroid, turns out to be very small: it only includes the fans ¥y, , from

Example

In what follows, the same notation is used as in Example

Proposition 4.21. Let n € Z>y and let M be a matroid on the ground set E, =
{0,...,n — 1} such that Ly is a complete fan. Then we have M = Uy, , and Xy =
20,

Proof. First of all, notice that M has no loops: since the fan X is com-
plete, it contains the rays C(ep),...,C(e,—1), which implies that the subsets
{0},...,{n — 1} C E, are all flats. Furthermore, since X is a complete fan
in R""1, it has dimension 1 — 1. So by Proposition we know that M con-
tains an n — 1-step flag (F,..., F,_1). Writing F, = E,, we have |F;| = i for
i =1,...,n. Since M has no loops, it follows inductively that F; is an inde-
pendent set for i = 1,...,n. In particular the ground set E, is independent.
Hence, we find M = U, , and, by Example Iy =X, O

Corollary 4.22. Let n € Z>y. Let P C R""! be a full-dimensional convex lattice
polytope and M = (E, .%) a matroid such that ¥p; = Xp. Then we have M = Uy, ,
and ZM = Zp = ZQn'

Proof. Since the fan £j; = Zp in R"~! is polytopal, it is complete, and we
write E = {0,...,n — 1}. The result follows from Proposition [4.21] O
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4.4 The permutohedron

According to [3, Example 2.14], the fan £, , = X, is the fan associated to the
permutohedron of order n. In this section we will discuss the permutohedron
P, of order n and its relation to the convex polytope Q.

Definition 4.23. Let n € Z>. The permutohedron P, C IR" of order n is the
convex hull of the points

{x,: pis a permutation of {0,...,n —1}},
where x, = (0(0),...,0(n—1)).

Remark 4.24. The smallest affine subspace containing P, is the affine hyper-
plane {(x1,...,x,) € R" : Y ; x; = n(n — 1)/2}. Therefore, the permutohe-
dron P, C IR" has dimension n — 1.

The faces of a permutohedron can be described by using the notion of a
strict weak ordering.

Definition 4.25. A strict weak ordering on a finite set X is a linearly ordered
partition W = {Wy,..., W} C P(X)\ {2} of X. If W; < ... < Wy and
Wi = {wj1,..., wjy, } fori = 1,...,k then we use the notation Wj|...|Wj or
W11, Wy | - Wi, -, Wiy, - For strict weak orderings W = Wyl... Wy
and W' = WJ|...|W], on X with k < k' we write W' < W if there are integers

1=mny <...<ngy =k +1such that W; :U;i*nl,_le’ fori=1,...,k

Remark 4.26. If X is a finite set, then '’ is a partial order on the set of strict
weak orderings of X.

Let n € Z>y. A vertex x, = (0(0),...,0(n — 1)) of the permutohedron

P, corresponds to the strict weak ordering p~1(0)|...|o~!(n — 1) on the set
{0,...,n—1}.

Two vertices x, and x,/ of the permutohedron P, are connected by an edge
if and only if x, can be obtained from x, by swapping two coordinates whose
values differ by 1. This is the case if and only if there is « € {0,...,n —2}

such that
p @) =0 a+1), p N (a+1) =0 (&), p () = ") for j F a1

If this is the case, then the edge connecting x, and x|, corresponds to the strict
weak ordering

PO e e =) @), p T @+ Dl @+ 2)] o (= 1),
In general we have the following.

Remark 4.27. Let n € Z>, and d € {0,...,n —1}. Then there is a one-to-
one correspondence between the d-faces F of P, and the strict weak orderings
WE = WE|...[WE_,on {0,...,n —1}. A vertex x, of P, is contained in a
d-face F if and only if one can obtain Wf|...|W! , by inserting n —d — 1
vertical lines in the sequence p~1(0),...,p~!(n — 1), or, more formally, if and
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only if
WiF = {pfl(mi,l),...,pfl(mi -1}, i=1,...,n—d,
where m; = 25:1 |W].F| fori =0,...,n —d. For two non-empty faces F,F’ of

P, we have F' C F if and only if wE < WFE; ie. if and only if WF' can be
obtained by inserting some extra vertical lines in W¥.

Example 4.28. The permutohedron P; C R3 of order 3 is the hexagon with
vertices
(0,1,2),(0,2,1),(1,0,2),(1,2,0),(2,0,1),(2,1,0),

which correspond to the strict weak orderings
0[1]2, 0J2|1, 1]02, 2|0|1, 1]2]0, 21]0,
respectively. The edges of P; correspond to the strict weak orderings
0/1,2; 1/0,2; 2/0,1; 0,1]2; 0,2|1; 1,20.

For a,b,c € {0,1,2} distinct, the edge corresponding to a|b,c contains the
vertices corresponding to a|b|c and a|c|b, and the edge corresponding to 4, b|c
contains the vertices corresponding to a|b|c and b|a|c. The strict weak ordering
1,2,3 corresponds to the permutohedron Pj itself.

Definition 4.29. Two convex polytopes P and Q are called combinatorially
equivalent if there exists an isomorphism of posets

({faces of P}, C) = ({faces of Q}, C).

Example 4.30. Reconsider Examples and The polytopes P; and Q3
are both hexagons. Therefore, they are combinatorially equivalent.

More generally, we have the following.

Proposition 4.31. Let n € Zx. The convex polytopes P, and Q,, are combinatori-
ally equivalent.

Proof. By Proposition it suffices to show that there is a bijection
¢ : {proper faces of P,} — {proper faces of Q, }

such that for proper faces F,F’ of P, we have F/ C F if and only if ¢(F) C
¢(F’). Let W, be the set of strict weak orderings W = Wy|...|W; on E, =
{0,...,n—1} with k € {2,...,n}. By Remark[4.27]it suffices to give a bijection

¢ : W, — {proper faces of Q; }

such that for W, W € W, we have W < W if and only if (W) C p(W’).
For a strict weak ordering W = W | ... |W; € W, we define the set

)
Yy = {Z ) ea:lzl,...,kl} CR"L

i=1acW;
Then the assignment W — conv(Yyy) defines a bijection
Wy — {conv (Y ) : W € W,,} = {proper faces of Q; }.

46



For W,W' € W, we have W' < W if and only if Yy C Yy if and only if
conv(Yy) C conv(Yyr). O

One might be inclined to think that full-dimensional convex lattice poly-
topes P and P’ which are combinatorially equivalent, give rise to isomorphic
toric varieties Xy, and Xy, However, this need not be the case, as the fol-
lowing example shows.

Example 4.32. Consider the convex lattice polytope Q}, the polar polytope of
which is displayed in the figure below. We have

Lo, = F({oj;:i,j=0,1,2and i # j}),
where
oy = C(—ex, —e1 —e2), 0pp = C(—e1, —e1 —€2), 019 = Ce1, —e2),
01, = Cley,2e1 + €2), 059 = C(—e1,€2), 05 = C(2e1 + ez, €).

Notice that Qf is combinatorially equivalent to the convex lattice polytope
Qs from Example (and they are both combinatorially equivalent to the
permutohedron P3).

/
021

020

12

702

/
=1 710

o0
Figure 8: The polytope Qf’ and the cones o;; for i, j = 0,1,2 with i # .

The fan X, is regular. By contrast, the fan X is not regular, since the
lattice cone 07, is not regular. It follows by Proposition that the toric
variety XZQg is smooth, whereas XZQ/ is not. In particular, XZQ3 and XZQ, are

3 3

not isomorphic.

As the previous example shows, one must be cautious when talking about
"the associated fan’ or "the associated toric variety” of the permutohedron P, C
R", since these depend on the choice of a combinatorially equivalent convex
lattice polytope in R" 1.
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5 McMullen’s conjecture

In this section we discuss an application of toric geometry to the theory of
simplicial convex polytopes (cf. [5, §8.1]). After having introduced some ter-
minology in § we will move to McMullen’s conjecture, which gives a
necessary and sufficient condition for a vector of integers to be the h-vector
of a simplicial convex polytope (§[5.2). The ultimate goal of this section is to
present Stanley’s proof of the necessity of this condition (§|5.5).

5.1 f-vectors and h-vectors

This subsection is concerned with f-vectors and h-vectors of convex polytopes.
Before we come to these notions, however, we will give the definitions of
simplicial and simple convex polytopes.

Definition 5.1. Let k € Z>o. A convex polytope P is called a k-simplex if
dim P = k and P = conv(vy, . ..,v;), where vy, . .., vy are the vertices of P.

Example 5.2. A 0-simplex is a point, a 1-simplex is a line segment, a 2-simplex
is a triangle and a 3-simplex is a tetrahedron.

Definition 5.3. A convex polytope is called simplicial if its facets are simplices.

Definition 5.4. An n-dimensional convex polytope is called simple if every
vertex is contained in exactly n facets.

Remark 5.5. By Proposition a full-dimensional convex polytope P
with 0 € int(P) is simplicial if and only if its polar polytope P° is simple.

Example 5.6. The convex polytope Q5 C R"~! from Example is simpli-
cial. Therefore, its polar polytope Q, C R"~! is simple. The permutohedron
P, C R" of order n, being combinatorially equivalent to Qj, is simple as well.

Definition 5.7. Let P be a convex polytope of dimension n. Ford = —1,0,...,n,
let f; = f4(P) denote the number of d-faces of P. Then f(P) = (fo,..., fu—1)

is called the f-vector of P. Furthermore, fp(x) = Y1 f, ;i 1x' is called the

f-polynomial of P.

Remark 5.8. Let P be a convex polytope of dimension #n. By Proposition
we have f;(P) = f, 4 1(P°) ford = —1,0,...,n.

Example 5.9. Let n € Z>1 and d € {0,...,n —1}. The number f;(P,) of
d-faces of the permutohedron P, equals the number of strict weak orderings
Wi|...|W,_4 on {0,...,n — 1} (see Remark [4.27). It follows that f;(P,) =
(n—d)!-S(n,n—d), where

S(n k) = % 31 (k.>j"

j=0 J
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is the number of ways to partition a set of n elements into k non-empty parts,
which is called a Stirling number of the second kind (see [12), §6.1]).

For a simplicial convex polytope, we define its h-vector, which turns out to
be very convenient for encoding its combinatorial information.

Definition 5.10. Let P be a simplicial convex polytope of dimension n. For
d=0,...,n we set

b= () = (<17 () foya (P

j=

Then h(P) = (ho,..., hy) is called the h-vector of P. Furthermore, hp(x) =
Yo hix' is called the h-polynomial of P.

Proposition 5.11. The f-polynomial and h-polynomial of a simplicial convex poly-
tope P of dimension n satisfy the relation hp(x) = fp(x —1).

Proof. We find
n

hp(x) = le ’ '(_1)]‘_1'(5)](71]’1 = i;)f”flg(_l)j_i@) x!

i=0 j=i j=
= ‘X%)fnfjfl(x* 1) = fp(x —1).
=
O

Corollary 5.12. Let P be a simplicial convex polytope of dimension n. For d =
0,...,nwe have fz_1(P) = Z;‘i:o (7 hu—_i(P).

Proof. We have

and therefore, fori =0,...,n,
nork n—i n _]-
fnfifl = kZ:l (l—)hk = ]g (n . (1’1 . i))hn]'.
The result follows by substituting d = n — 1. O

The following is a well-known result for simplicial convex polytopes.

Theorem 5.13 (Dehn-Sommerville equations). The h-vector h(P) = (ho, ..., hy)
of a simplicial convex polytope P of dimension n satisfies the relations

hi:hnfi/ i=0,...,7’l.
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Proof. See [9} IIL3], where the result is proved in the more general setting of
cell complexes. O

Remark 5.14. Let P be a simplicial convex polytope of dimension n. By the
Dehn-Sommerville equations, we have, ford =0, ...,n,

n d

ha=hyg= ), (-1)7 00 (ni d)fml = Z(—l)f—d(” B g)fjl.

i=n—d j=0 n—

Example 5.15. Let us compute the h-vector (hy, ..., h,_1) of the simplicial con-
vex polytope Q5 C R"~!, which is closely related to P, (see Proposition .
Notice that fori = 1,...,n we have

fi-2(Qn) = fu-i(Qu) = fu—i(Pn) = i!S(n,1)
(see Remark [5.8/and Example[5.9). So ford =0,...,n — 1 we find

hi(Q3) = g<—1>f—d (§)fr-ia0) = §<—1>"-d-f(”;i)fi_z<gz>

n—d n—i
=Y (1)"—d—l( p )i!S(n,i) = A(n,d).
i=1

where the Eulerian number A(n, k) is the number of permutations g of {1,...,n}
such that [{i € {1,...,n —1} : g(i) < g(i+1)}| = k. The final identity is well-
known from the literature (see [24, p. 632, 26.14.7]). The Dehn-Sommerville
equations for Q5 are given by the identities A(n,d) = A(n,n —d — 1) for
d =0,...,n—1, which follow immediately from the definition of Eulerian
numbers.

Example 5.16. Reconsider Example Notice that Zpr = Xgo, where R, =
conv(eg,...,e,) is the n-simplex in R" with vertices ey, ...,e,. Let us de-
termine the f-vector (fo,..., f,—1) and h-vector (hy,...,h,) of R,. For j =
0,...,n, there is a one-to-one correspondence between the j-element subsets
of {ey, ..., en} and the j — 1-faces of R,; hence, fi-1= ("Jj“l). Soford =0,...,n
we find, using the identity of Remark

=5 (1)

i=0
A (R L O

£ () ()

where we have used the rule of 'negating the upper index” and the Chu-
Vandermonde identity (see [19, §1.2.6 (19), (21)]).
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5.2 McMullen’s condition

In 1971 McMullen conjectured in [21] a necessary and sufficient condition for
a vector h = (hg,..., hy) € Z"t1 to be the h-vector of a simplicial convex
polytope. In 1980 sufficiency was proved by Billera and Lee (see [4]) and
necessity by Stanley (see [27]). We will present Stanley’s proof in §[5.5] It uses
toric geometry in combination with a deep result from algebraic topology and
algebraic geometry, called the hard Lefschetz theorem.

In order to state McMullen’s condition, we use the notion of an M-vector,
following [27]. Let us define this notion. For k,i € Z-( there are unique
integers n; >mn;_1 > ...>n; > j > 1 such that

() () )

(In order to prove this, proceed by induction on k and choose #n; such that
p p y
(7)) <k< (""jl).) Now set

() _ n;+1 ni_1+1 I’l]'+1
k0= () (T s o

and 01 = 0.
Definition 5.17. A vector (ko, ..., kn) € Z"T! is called an M-vector if kg = 1,
ki>0fori=1,...,mand ki1 < k<l> fori=1,...,m—1.

i

To every vector f = (fo,..., fu—1) € Z", not necessarily an f-vector, we
associate a vector h = (hy,...,hy), as defined in Definition Now Mc-
Mullen’s conjecture, proved by Billera, Lee and Stanley, can be stated as fol-
lows.

Theorem 5.18. Let f = (fo,..., fu—1) € Z" be a vector. Then f is an f-vector of
a simplicial convex polytope if and only if the corresponding vector h = (ho, ..., hy)
satisfies the Dehn-Sommerville equations and the vector

(ho, b1 —ho, ha = ha, .o o) = Ryya)—1)
is an M-vector.
This theorem has a number of interesting corollaries (e.g. see [10, pp. 129—
130]). One immediate consequence is (part of) the so-called generalized lower

bound conjecture, first proposed by McMullen and Walkup in 1971 (see [22]).

Corollary 5.19 (Generalized lower bound conjecture). The h-vector (hy, ..., hy)
of an n-dimensional simplicial convex polytope satisfies 1 = ho < hy < ... < h|;,/3).

From this result, the lower bound conjecture can be deduced.

Corollary 5.20 (Lower bound conjecture). The f-vector (fo,..., fn—1) of an n-
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dimensional simplicial convex polytope satisfies

fz‘Z(?)fo—(]:j_—ll)i, i=0,...,n—2;
foc1 =z (m=1)fo— (n+1)(n—2).

Proof. Leti € {0,...,n—1}. We find, using the identity of Corollary [5.12]

A SR I o (b R V)T
- ( n i>(h1—h0)+ <Z+1)ho+]§ <Z_D(hj+1—hj).

n—

A; R,

Expanding A; and R; separately yields
0L (- () (0
~ (N w-orm+ (1) =1

and

where we have used that 1, _|,, /2| — h,_|,,/2)—1 = 0 if n is odd. Since we have

j+1<|n/2) <n—(|n/2]-1)<n-—j, j=1,...,|n/2] -1,

it follows by Corollary that R} > 0. If i € {0,...,n — 2}, then we have
R! =0, so that R; > 0 and f; > A;. Furthermore, we find

fo12 Ap1 — (n B (31 N 1)> (h1 = ho)

=nfo-(n+1)(n—=1)=(fo-(n+1))=(n-1)fo— (n+1)(n-2).

Example 5.21. Let us consider the case n = 2 in Theorem First of all,
notice that every polygon is simplicial. Therefore, Theorem states that

a vector f = (fo, f1) € Z? is an f-vector if and only if f 1 = hy = hg
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f-1— fo+ f1 holds and (hg, hy — ho) = (1, (fo —2) — 1) is an M-vector. This is
the case if and only if f; = fy > 3. This expresses the fact that every convex
polygon has as many vertices as edges and that this number must be at least
3. Conversely, for any m € Z>3 there exists a convex polygon with m vertices
and m edges.

Example 5.22. Let us consider the case n = 3 in Theorem Let f =
(fo, f1, f2) € Z3. The vector associated to f is

(ho,h1,ho, h3) = (f2— i+ fo—1, fr = 2fo+3, fo—3,1).
Then f is an f-vector of a simplicial convex polyhedron if and only if
l=h3=hy=fi—fi+tfo—1
f0*32h2 :]’ll If1*2f0+3,‘
0<hi—hy=hy—h3=fo—4;

which is the case if and only if

f—fitfo=2 (1)
2f1 =3f2; (2
fo=>4. (3)

Suppose that f = f(P) is the f-vector of a convex polyhedron P C R3. Then
P clearly satisfies (3), and it also satisfies (1), which is Euler’s polyhedron
formula. If P is furthermore simplicial, then (2) is satisfied as well: every edge
belongs to two faces and every face has three edges. Conversely, Theorem |5.18]
also tells us that if f satisfies (1)-(3), then there is some simplicial convex
polyhedron P such that f = f(P).

5.3 Simplicial cones and orbifolds

Before in §[5.5/Stanley’s proof of the necessity of McMullen’s condition will be
presented, some preliminary work has to be done. In this subsection the con-
cepts of simplicial cones and orbifolds are introduced, and in § 5.4 the relation
between Betti numbers and h-vectors is discussed.

Definition 5.23. A cone ¢ C IR" is called simplicial if there are linearly inde-
pendent vectors vy, ...,v, € R" such that ¢ = C(vy,...,v,). A fan is called
simplicial if all its cones are simplicial.

Every simplicial cone is strongly convex. Furthermore, every strongly con-
vex cone ¢ C R? is simplicial. Indeed, choose a generator for each ray of o.
Then, since ¢ is strongly convex, these generators are linearly independent
and generate ¢. It also follows that every fan in R2 is simplicial. However, as
the following example shows, strongly convex cones in R" with n > 2 need
not be simplicial.

Example 5.24. The cone C((1,1,1),(1,1,-1),(1,-1,1),(1,-1,-1)) € R3, is
strongly convex but not simplicial.

The following remark explains why the term simplicial is applied to both
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convex polytopes on the one hand, and cones and fans on the other hand.

Remark 5.25. Let P C IR" be a simplicial full-dimensional convex lattice poly-
tope with 0 € int(P). By Proposition we have

Ypo = {C(F) : F is a proper face of P} U {{0}}.

Since the facets of P are simplices, the maximal cones of Xp- are simplicial
and so is the fan Xpo.

The following definition is taken from [30, Def. 1.1] (although we use the
term orbifold instead of V-manifold).

Definition 5.26. A complex algebraic variety X of dimension 7 is called an
orbifold if X, considered as a complex analytic variety, has an open covering
{U; : i € I} such that for each i € I we have U; = Z;/G;, where Z; C C" is an
open ball and G,; is a finite subgroup of GL(n,C).

Proposition 5.27. A fan X is simplicial if and only if Xy is an orbifold.
Proof. See [16} p. 121]. O

Example 5.28. Consider the strongly convex lattice cone o = C(2¢; +e3,e;) C
IR2. Notice that ¢ is simplicial but not regular. By Proposition and Propo-
sition the toric variety X, is a non-smooth orbifold. Let us try to under-
stand why this is the case.

We have S, = (eq,e2,2¢; — e1) and

Ry = Clx1, %2, 53x, '] = Clyr, v2,y3]/ (y1y3 — v3).

The toric variety X, = {(y1,y2,¥3) € A% : y1y3 = y3} is not smooth at the
origin, as (y1y3 —y3) C Cly1, Y2, ¥3) is a prime ideal and all partial derivatives
of y1y3 — y3 vanish at 0.

Notice that A2, considered as an analytic variety, is isomorphic to an open
ball in C2. Now consider the subgroup

o {3 26 Pheano

which acts on A? by left-multiplication. Then we have an isomorphism
A%/G 5 Xy, (u,0) = (1%, uv,0%).

Hence, X, is an orbifold.

5.4 Betti numbers and h-vectors

Notation 5.29. Let X be an n-dimensional fan. Fori = 0,...,n we set
a; =a;(X) = |[{c € £:dimo =i}
ti=1(X) = [{O(c) C Xz : 0 € X, O(0) 2 T'}.

Proposition 5.30. Let P C R" be a full-dimensional convex lattice polytope with
0 € int(P). Fori=0,...,n we have t,_;(Xp-) = a;(Xp-) = fi_1(P).
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Proof. Since we have dim X5 ,, = n (Theorem , the first identity follows by
Theorem Since we have

Ypo = {C(F) : F is a proper face of P} U {{0}}
(see Proposition [2.52][(3)), the second identity is clear as well. O

For a topological space X, a field k of characteristic 0 and a non-negative
integer i, one can consider the ith cohomology group H'(X, k) of X with coeffi-
cients in k. There is a cup product

H' (X, k) x HI(X, k) — H™(X,k),
which makes the direct sum of k-vector spaces H*(X, k) = @jcz., H!(X,k)
into a skew-commutative graded k-algebra. The dimension of H(X,Q) as a
Q-vector space is called the ith Betti number B; of X.

The next proposition gives a relation between the h-vector of a simplicial
convex polytope P and the Betti numbers of the toric variety Xy ,,. For a com-
plete variety X, let A/(X)g = A(X) ®z Q denote its ith Chow cohomology
group with coefficients in Q, and set A*(X)g = Pjcz., A{(X)gq. In general,
it is not clear whether the abelian group A*(X) can be supplied with a ring
structure, since X need not be smooth (cf. § . However, as the following

result shows, in some cases the Q-vector space A*(X)qg can be supplied with
a ring structure, even if X is not smooth (cf. Theorem [3.29).

Proposition 5.31. Let P C R” be a full-dimensional simplicial convex lattice poly-
tope with 0 € int(P). Let (fo,..., fu—1) and (ho,..., hy) be the f-vector and the
h-vector of P, respectively, and set . = Xpo. Then we have the following:

(1) There are isomorphisms A'(Xs)q — H?(Xg, Q) and H**1(X5,Q) = 0
of Q-vector spaces for i € Zs, yielding an isomorphism A*(Xy)g —
H*(Xs,Q) of Q-vector spaces, which makes A*(Xx)q into a commutative
graded Q-algebra, which is generated by A'(Xsx)q.

(2) Boit1 =0fori=0,...,n

(3) ,BZZ' = dll’nQ Al(Xz)Q = hl'fOT’ i=0,...,n

Proof. Since, the polytope P is simplicial, the fan ¥ is simplicial as well (see
Remark [5.25). Furthermore, X is polytopal and therefore complete. It follows
by [7, Thm. 10.8 and Rem. 10.9] that|(1)| and [(2)| are the case (for the fact that
A*(Xx)q is generated by Al(Xx)q, see [10, p. 106]) and that for i = 0,...,n,

dimg A'(Xz)q = f <]> (—1)a,_j(%).

—~ \ i
J=t

Now [(3)| follows by Proposition O

We now sketch an alternative proof of Proposition in case ¥ is
regular, which uses the partition of Xy into torus-orbits. The reason for only
giving a proof sketch, is that we need to use the notion of toric schemes over
a commutative ring (in our case Z), which generalizes the notion of toric
varieties. We will not elaborate on this; for an introduction to toric schemes,
see [13].
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Sketch of an alternative proof of Proposition in case X is regular. First, notice
that since the fan ¥ is regular and polytopal, the toric variety X5 is smooth

and projective (see Propositions and [2.43). Fori =0,...,n we have
ti=t(Z) = fu-i-1(P) = fu—i1
by Proposition
Now consider Xy, as a scheme over Z. Its reduction modulo a prime
number is smooth for all but finitely many primes. So we can choose a prime
p such that Xy is smooth (and projective) over Fym for all m € Z>;. Then
for all m € Z-1, the IF,n-rational points of Xy can be counted by counting

the IFn-rational points in every torus-orbit (since by Corollary Xy is the
disjoint union of its torus-orbits):

X (Fpn)| = 20 b [T ()| = gfn_i_l (P 1) = folp" — 1) = hp(p"),

where we have used Proposition As a consequence of the Weil conjec-
tures, we find that h; = By; fori =0,...,n (see [23, Rem. 2.27]). O

Example 5.32. Let £ = Ypn. Looking back at Examples [2.9| and we find
the following Betti numbers of P" = Xx: (Bo, ..., Ban+1) = (1,0,1,0,...,1,0).

Let us determine the torus-orbits of the smooth toric variety P" = Xy.
There is a one-to-one correspondence between the non-empty subsets of I =
{0,...,n} and &, given by | = (e 0j = 0. For a non-empty subset ] C I we
have dimo; =n+1 — |]| and

O(oy) = {(ao,...,an) EP" :a; #0 & jE ]} = -1,

Thus we recover the identity t;(X) = f,,_;_1(R,) from Proposition [5.30| (where
R, is as in Example [5.16) as follows: for i = 0,...,n, the number #;(X) of
torus embeddings T* < IP" equals the number of i + 1-element subsets of
1=4{0,...,n}, which is

(1) = (G2 =

5.5 Stanley’s proof of the necessity of McMullen’s condition

The following characterization of M-vectors will be used in the proof of the
necessity of McMullen’s condition.

Lemma 5.33. Let k = (ko,...,k;) € Z%F\. Then k is an M-vector if and only if

there exist a field Ry and a commutative graded Ro-algebra EB?:O R;, generated by
Ry, such that dimg, R; = k; fori =0,...,d.

Proof. See [28, §2] for a discussion of this result and references to the proof.
O

The following result, called the hard Lefschetz theorem, was first stated in
1924 by Lefschetz in [20], although his ‘proof” was not entirely rigorous. We
use the version given in [29]; a discussion of this theorem and references for
its proof can be found there, as well as a few combinatorial applications of it.
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Theorem 5.34 (Hard Lefschetz theorem). Let X be an irreducible smooth projec-
tive complex variety of dimension n and k a field of characteristic 0. Then there is an
element w € H%(X, k) such that fori =0, ...,n, the map H'(X, k) — H*"7(X,k),
given by multiplication by w" !, is an isomorphism of k-vector spaces.

Remark 5.35. By [30, Theorem 1.13], the hard Lefschetz theorem also holds
when X is taken to be an irreducible projective orbifold (cf. [3, Example 1.5]).

We can now give Stanley’s proof.

Proof of the necessity of McMullen's condition. Let P C R" be a full-dimensional
simplicial convex polytope with f-vector (fo, ..., f,—1) and h-vector (hy, ..., hy).
Without loss of generality we may assume that the vertices of P are contained
in the lattice Z" and that 0 € IR" is contained in the interior of P. Set ¥ = Xpo.

By Proposition it follows from Poincaré duality for projective or-
bifolds that (hy, ..., h,) satisfies the Dehn-Sommerville equations. It remains
to be shown that (ho, hy — ho,hy — ha, ...l /2] — h|y/2)—1) is an M-vector.

Set Al = Al(Xy)q = H¥(Xy,Q) for i € Z>g. By Proposition we
know that A = @icz_, Al is a commutative graded Q-algebra, generated by
Al, which satisfies h; = dimg Al fori=0,...,n.

Since the convex polytope P is simplicial, the fan ¥ = Xpo is simplicial
as well (see Remark and Xy is an orbifold (see Proposition [5.27). Fur-
thermore, Xy is irreducible (see Remark and, since X is polytopal, Xy is
projective (see Proposition [2.43). It follows by Remark [5.35|that hard Lefschetz
holds for Xy there is some element w € Al such that fori =0, ..., |n/2], the
map A’ — A", given by multiplication by w"~%, is a bijection; in particular,
the map ¢; : A’ — A1, given by multiplication by w, is injective.

Let I C A be the ideal generated by w and Al"/2J+1, and set R; = A’/ (A'N
I) for i € Z>. Since A is generated by A!, for i > [n/2] + 1 we have A’ C I
and R; = 0. Since [ is a homogeneous ideal,

[n/2]
R=A/I= P Ri= PR
iEZZO i=0

is a commutative graded Ry-algebra, generated by R;. We have Ry = A%/ (AN
I)=Q/(0)=Q.
Notice that fori =1,...,[n/2]| we have

hi_1 = dimg ATl = dimg im(¢;_1) + dimg ker(¢;_1) = dimQ(Ai NI
(since ¢;_1 is injective) and therefore,
dimQ R; = dimQ Al — dimQ(Ai NI)=h;—h;_1.

Finally, notice that dimg Ry = dimg@Q = 1 = hg. It follows by Lemma [5.33]
that (ho,h1 —ho,ho —h1, ..., h|,/2) — h|n/2)-1) is an M-vector, which finishes
the proof. O
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6 The Heron-Rota-Welsh conjecture

The second application of toric geometry we will discuss, is concerned with
characteristic polynomals of matroids (see § [6.1). The ultimate goal of this
section is to present a proof of a special case of the Heron-Rota-Welsh con-
jecture. The general conjecture, which was proved by Adiprasito, Huh and
Katz in 2015, states that the characteristic polynomial of any matroid M is
log-concave (see §[6.2). We will present a proof for the special case that M is
a representable matroid. In the course of the proof we will need many dif-
ferent parts of the material treated before. For instance, the permutohedral
variety XZQrH—l turns out to be of great importance (see § , and the theory

of piecewise linear functions and Minkowski weights will be used (see §

and §6.6).

6.1 The characteristic polynomial of a matroid

Recall that for a graph G = (V,E), the map Z>g — Z>( which assigns to
each non-negative integer g4 the number of proper g-colorings of the vertices
of G, is given by a polynomial x¢(t), which is called the chromatic polynomial
of G. This subsection discusses a generalization of the chromatic polynomial
for matroids, called the characteristic polynomial (see [3, §3] and [18)} §7]).

Some important properties of the chromatic polynomial of a graph are
given by the following proposition. For a graph G = (V,E) and an edge
e € E, let G\e denote the graph G with the edge ¢ removed, and G/e the
graph G with the endpoints of e contracted to one vertex.

Proposition 6.1. Let G = (V, E) be a graph. Then we have the following:

(1) If G contains a loop, then xg(t) = 0.

(2) If G consists of two vertices connected by one edge, then x(t) = t(t —1).

(3) If G can be written as the direct sum G = Gy © Gy of two graphs Gy and Gg,
then x(t) = xc, (t)xc, (t)-

(4) Ife = {x,y} € Eis an edge, then xc(t) = xc\c(t) — XG/e(t).

Furthermore, the polynomial x(t) is uniquely characterized by these properties.

Proof. and are clear. For note that x¢\.(¢) is the number of g-

colorings of G such that the only adjacent vertices permitted to have the same
color are x and y, and that x/.(¢) is the number of g-colorings of G such that
x and y have the same color, but no other adjacent vertices have.

For the final statement, consider a family of polynomials (fg)g in Z[t],
where G ranges over all graphs, which satisfies the properties It is
an easy exercise to prove that (fg)c = (xg)g by induction on the number of
vertices. O

Definition 6.2. Let M = (E,.¥) be a matroid. The characteristic polynomial of

Mis
XM(t) _ 2 (_1)|A|trk(M)7rkM(A).
ACE
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We now introduce the Mobius function of a matroid M. If M is loopless,
this function can be used to give an alternative expression for its characteristic
polynomial (cf. [18} §7.3]).

Definition 6.3. Let M = (E, %) be a matroid. The Mobius function y : 2 — Z
is defined recursively by

u(F,F)=1;

' o _ | —Xpcpcpu(F,F"), ifF CF

Remark 6.4. Let M be a loopless matroid and let i € {0,...,tk(M)}. For a
rank i flat F of M we have |u(&,F)| = (=1)'u(2,F) > 1 (this follows from
[18] Lem. 7.11]).

Proposition 6.5. The characteristic polynomial of a loopless matroid M = (E,.F)
satisfies
XM(t) — Z V(g’ F)trk(M)—rkM(F).

Fes

Proof. See [18] Thm. 7.12]. O

The following definition generalizes the notions of deletion and contrac-
tion of an edge in a graph.

Definition 6.6. Let M = (E, .#) be a matroid and A C E a subset. The deletion
of A is the submatroid M\A = (E\ A, %\ 4) of M. The contraction of M by A
is the matroid

M/A=(E\A{XCE\A:XUBe€ v},

where B C A is a basis for the submatroid (A, .#4). In the case A = {e}, we
also write M\A = M\e and M/A = M/e.

Remark 6.7. For a graph G = (V, E) and an edge ¢ € E we have Mg\, = Mg\e
and MG/e = Mc/e.

We have the following analogue of Proposition 6.1| for characteristic poly-
nomials of matroids (see [3, Thm. 3.5]; cf. Example |4.§]

Proposition 6.8. Let M = (E, .%) be a matroid. Then we have the following:

(1) If M contains a loop, then xp(t) = 0.
(2) If M consists of a single coloop, then xp(t) =t — 1.
(3) If M can be written as the direct sum M = My & My of two matroids M

and My, then xpm(t) = xm, (1) Xm, (1)-
(4) Ife € E is not a coloop, then XM(tf = ;(M\e(t) — Xmye(t).

Furthermore, the polynomial xp;(t) is uniquely characterized by these properties.

Proof. and [(3)| are clear.
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For [(4)} notice that for any subset A C E \ {e} we have

tkp/e(A) = tky (AU {e}) — rkp({e}).

Furthermore, since e is not a coloop, we have rk(M\e) = rk(M). It follows
that

Tome() = xare(t) = X, (=D)AL (RO TanclA) _ prM/e) rhanye(4))

ACE\{e}
_ _1\WA| [ grk(M)—rkpy(A) _ rk(M)—1kp (AU{e})
= ACEZ\{B}( 1) (t M ¢ M )
_ Z |A|tﬂ< )—tkm(A) _ am(b).

ACE

The final statement follows in the same way as the final statement of Proposi-

tion O

The following corollary shows that the notion of a characteristic polyno-
mial of a matroid generalizes the notion of a chromatic polynomial of a graph.

Corollary 6.9. For a graph G with k connected components we have xg(t) =
Fxme (1)-

Proof. We know that xg(t) satisfies the pro erties of Proposition [6.
So by Example |4.8/ and Remark Xc(t)/t satlsﬁes the properties [(1)}|()| of
Proposition Since x . (t) is umquely characterized by these properties,

we find . (F) = xc () /5. O
Proposition 6.10. For a matroid M = (E, %) with |E| > 1 we have xp(1) = 0.

Proof. We compute
|E|

) = £ 04 =3 () cni = a-p o

ACE i—0 \ !
O

Definition 6.11. Let M = (E,.#) be a matroid with |E| > 1. The reduced
characteristic polynomial of M is X, (t) = xm(t)/(t —1).

Remark 6.12. By Proposition the reduced characteristic polynomial of a
matroid M = (E, .#) with |E| > 1is a polynomial in Z]t].

The coefficients of the reduced characteristic polynomial of a loopless ma-
troid can be expressed in terms of the Mdbius function of the matroid, as

follows.

Proposition 6.13. Let M = (E, %) be a rank d + 1 loopless matroid with |E| > 1,
and write Xp(t) = Z‘fzo(—l)iyit‘i’i for its reduced characteristic polynomial. For
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ecEandr=0,...,d we have

p= ) @ nl= ) e =1

Fe.Z, FE«JOzr+1
F#e F>e

where %, C F denotes the subset of rank r flats of M.

Proof. It is proved in [18| Lem. 7.15] that
W= (=" Y weF)= (1" Y u(eF).

Fe %, FeZ,
FZe F>e
The result now follows from Remark O

6.2 Statement of the main result and overview of the proof

Definition 6.14. A sequence of real numbers ay, ..., a, is called logjconcave if
a? > |a;_qa;4q| fori=1,...,n— 1. A polynomial f(t) = Y/ ja;t"" € R[t] is
called log-concave if the sequence of coefficients ay, . .., a, is log-concave.

Example 6.15. The sequence of binomial coefficients ({), ..., (};), for some pos-
itive integer #, is log-concave. Indeed, for k = 1,...,n — 1 we have

B k=D —k+DUk+ DI —k=1)! _ (n—k+1)(k+1) _ N

(kfl)(kffq) k!z(n — k)!2 k(n — k) =

The following theorem is known as the Heron-Rota-Welsh conjecture and
was proven in 2015 by Adiprasito, Huh and Katz (see [1]).

Theorem 6.16. Let M be a matroid. The characteristic polynomial xp(t) is log-
concave.

The goal of this section is to present the proof of this theorem in the special
case that M is a representable matroid, which can be found in [18].

If M is a matroid of rank d + 1, we write xp(t) = Z?jg(—l)%#dﬂ_i and
Am(t) = T4 (1)l for its characteristic polynomial and its reduced
characteristic polynomial, respectively.

Lemma 6.17. Let M be a matroid. If X,(t) is log-concave, then so is xp(t).

Proof. If M has a loop, then by Proposition there is nothing to prove.
d+
K

So assume that M is loopless. Setting ! = = 0, we have
d+1 . , d T oo . .
Z(*l)lﬂitd—‘rl_l — (f . 1) 2(71)1}[1#—1 — 2(71)1(}{1 + ‘Ml—l)td-‘rl—l.
i=0 i=0 i=0

Assume that X,,(t) is log-concave. Then the sequence u =1, u0,... u*1is
log-concave as well. Recall, by Proposition that the numbers yo,. ,'yd
are positive. Let j € {1,...,d}. It follows from (p/p/=1)? > p/=2pi=1pipi+1
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and w/, =1 > 0 that w/u/=1 > p/=2u/*1. Therefore, we find
wr= W+ = (W) + () 2l
> =L 2 i1 2
= (W WY W ) = i

Since p; 1 = W14+ 172 and Hiy1 = W+ 4 1 are non-negative, it follows
that xp(t) is log-concave. O

Let M = (E,.#) be a representable matroid of rank d + 1 on the ground
set E = {0,...,n}. We can associate a linear subspace V C k"*! to M as
in Example By Lemma in order to prove that the characteristic
polynomial x(t) is log-concave, it will be sufficient to show that the reduced
characteristic polynomial X ,(t) is.

Having introduced some general theory about rational maps and blow-ups
in§ we will see in §that the permutohedral variety XZQ;1+1 , associated

to the fan £ | introduced in § can be obtained from the projective space

—

IP" by a sequence of blow-ups. It turns out that the proper transform IP(V) C
X5o B of the projectivization IP(V) C IP" of the subspace V C C"*! is of great

importance.

—

In §we will construct nef divisors « and g on IP(V), in such a way that
the absolute values of the coefficients of x;(f) are the numbers

deg (ad_rﬁ’~ [H;EX_;)}) , r=0,...,d.

The proof of this relation between a, f and X, () will be sketched in §[6.6|and
§ An important ingredient is the Minkowski weight Ay : ("4 — Z

associated to the Chow cohomology class []1;(\\_//)}

The final step will be to apply the Khovanskii-Teissier inequality (Theo-
rem [6.30), which tells us that the above-mentioned sequence of degrees is
log-concave.

6.3 Rational maps and blow-ups

In this subsection the notions of rational maps and blow-ups are introduced. For
a more extensive discussion we refer to [14), §7].

Definition 6.18. Let X;, X, be quasi-projective varieties. A rational map f :
X7 --» Xy is an equivalence class of pairs (fy, U), in which U C Xj is an
open and dense subvariety and fi; : U — X, a morphism, where (f;, U) and
(f{p, U') are equivalent if fi;|ynyr = flplunw- A rational map f: Xq --» Xp
with f = [(fy, U)] is said to be defined on U. The union of all subvarieties on
which f is defined, is called the domain of f. Its complement in X; is called
the locus of indeterminacy.

Definition 6.19. Let f : X; --» X, and ¢ : Xp --» X3 be rational maps,

and assume that there are open and dense subsets U C X; and V C X,
with f = [(fy,U)] and g = [(gv, V)] such that U’ = f;*(V) is dense in X;.
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Then the composition go f : X1 --+ X3 is defined as the equivalence class of
(gv o fur, U').

It should be noticed that, in general, it might not be possible to compose
two rational maps f : X; --» Xp and ¢ : Xp --» X;.

Definition 6.20. A rational map f : Xy --» X; is called birational if there is a
rational map g : X --» X such that the compositions g o f and f o g exist and
are equal to [(idx,, X1)] and [(idx,, X»)], respectively. In this case, g is called
the inverse of f.

Example 6.21. The Cremona transformation is the rational map Crem : IP" --»
IP" which is defined by

(ag:...:ay) — (Hai:nai : ...:Hai> ,
i#0 A1 i#n
often suggestively written as (ap : ... : ay) = (a5’ : ... : a;!). Its locus of

indeterminacy is
L={(ap:...:an) €P":a;=a;=0forsome0 <i<j<n}

Notice that Crem is birational: the morphism Crempn; : P"\ L — P"\ L is
its own inverse.

We want to define blow-ups of projective varieties. In order to do so, we
will first define blow-ups of affine varieties.

Definition 6.22. Let X C A" be an affine variety and Y C X a closed sub-
variety defined by an ideal (fi, ..., fx) of the coordinate ring of X. Then the
blow-up of X along Y is the subvariety

Bly(X) = {(a, (b1 :...: b)) € X x P*"L b fi(a) = bifi(a), 1 <i,j <k}

of the product variety X x P¥~1, together with the projection 7 : Bly(X) — X.
If Z C X is a closed subvariety with Z Z Y, then the closure of 771(Z\ Y) in
Bly (X) is called the proper transform of Z.

Example 6.23. Let Y = Z(xy,...,x;) C A" be a coordinate plane of codimen-
sion k. The blow-up Bly(A") of A" atY is

{(({11,.. .,an), (b1 S bk)) e A" x Pr1. a,»b]' = a]‘b,‘, 1<4,j< k}

Now let X C IP" be a projective variety and Y C X a closed subvariety,
defined by a homogeneous ideal which is generated by k homogeneous poly-
nomials in the homogeneous coordinate ring of X. Fori =0, ..., n, the closed
subvariety Y N U; of the affine variety X N U;, where U; C P" is the ith stan-
dard affine open, is given by an ideal generated by k polynomials; hence, we
can consider the blow-up By, (XN U;) € (XNU;) x P*~1. Now the blow-up
of X along Y is defined as the variety Bly(X) C X x P¥~1, obtained by gluing
the blow-ups Blyny, (X N U;), together with the projection 7 : Bly(X) — X.
Proper transforms are defined as in the affine case.
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Remark 6.24. Let X C IP" be a projective variety and Y C X a closed subvari-
ety as above. By the Segre embedding IP” x PK~1 — P("+1k=1 the blow-up
Bly(X) C IP" x Pk~ of X along Y can be considered as a closed subvariety of
P+ Dk=1 Hence, the variety Bly (X) is projective.

The following fundamental result connects the notions of rational maps
and blow-ups (see [14, Thm. 7.21]).

Theorem 6.25. Let f : Xy --» IP" be a rational map, where Xy is an affine or
a projective variety. Then there are blow-ups m; : X;11 = Bly,(X;) — X;, for
i=0,...,k and a morphism g : Xj,1 — P" such that g = fompo...o my.

In this situation, the morphism g is said to resolve the locus of indetermi-
nacy of the rational map f. (One can also define blow-ups for general quasi-
projective varieties. The result is still true if X is allowed to be a general
quasi-projective variety.)

6.4 The permutohedral variety

The permutohedral variety Xy , associated to the fan % introduced
p Qy, +1 Qn+l

in § [4.2] turns out to be important in the proof of the log-concavity of the
characteristic polynomial. As will become clear in this subsection, it can be
obtained from the projective space P" by a sequence of blow-ups.

Let us first look at the case n = 2.

Example 6.26. Reconsider Example We will compute the toric variety
XZQg' First, notice that we have

o12U 001 =00, 002U0op0 =01, 0p1 U0y =02,
where the cones
op = 6(61,62), o] = C(EO,Ez), 0y = C(eo,el)
are defined as in Example (for n = 2). We say that the fan Yo, =
f(0'12, 021, 002, 020, 0'01,0'10) reﬁnes the fan Yp2 = ]:(0'0, 01, 0'2). Recall that we
have Xy , = IP? with coordinates (s : s1 : 53), where
) = (. 22)
Xy, = Uy, with affine coordinates (so/s1,52/51) = (xl_l,xl_lxz);
) = ("

(x2_ ’ xlxz_l);

Xoy = Uy, with affine coordinates (s1/s0,52/50

Xy, = Uy, with affine coordinates (sg/s,51/52
(see Example [2.9|and, more extensively, [5, pp. 16-18]).

Gluing the toric varieties X,, = A%xl,xflxz) and Xq, =

, yields

(xzfxlel)
X]:(0'21,(712) = {((611, az), (b] : bz)) S A%Xl/xz) X P%tlztﬂ : a1b2 = azbl} ,
where t1/t) = x1x, 1. We have embeddings

X‘721 — X]:(Uﬂ,(ﬁz)/ (u/ v) = ((M, MU), (1 : v))/
XU]Z - X]:((Tﬂ,(flz)/ (u/ U) = ((uvlu)/ (U : 1))/
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the images of which form an open cover of Xz, ,)- Notice that Xz, o)

is the blow-up of A%xl = Uy at the origin.

X2)

is the blow-up of A

2
001,010) (x3 x5 h)

toric variety Xy, , which can be obtained by gluing Xz (g, 0,)s XF(0yy,059) a0
X F(opy,000)7 18 the blow-up of IP? at the points (1 : 0 : 0), (0 : 1 : 0) and
(0:0:1):

Xz, = { ((s0:51:52), (15 ko), (£, : 8y), (F) + #)) € P2 x (P1)? :

2
(xl’l,xflxz)

Similarly, Xz = U; at the origin,

002,020)

and Xr( is the blow-up of A = U, at the origin. Hence, the

/ / 1" "
s1ty = soty, Soty, = Saty, Sof, = S1ty }

For general n € Z>1, the fan £, refines the fan Xpr, and we have the
following.

Proposition 6.27. Let n € Z>1. The toric variety Xy, L, can be obtained by the
successive blow-ups

XZQM =Y, 1—...—2 Y] =Y, =P,

where Yi11 — Y; is the blow-up along the proper transforms of the coordinate planes
of dimension i in IP".

Proof. See [17, Prop. 4.3.13] (cf. [18] pp. 59-60]). O

6.5 Preliminary work: construction of nef divisors a and S

This subsection follows [18, §11.2], without giving every detail. Let 7y :

n . ) . )
}?ZQW-H — IP" denote the composition of blow-ups from Proposmon Con
sider the fan

—Xpn = {—0’ YOS Z]Pn},

where Zpn is as in Example The toric variety X_y_, is isomorphic to IP",
just like Xy, but its torus action is given by to_ (ag : ... :a,) ="' o (a:
...t ay), where “o” denotes the torus action on Xy, .

In the same way as the fan X, refines the fan Ypn and gives rise to a
blow-up 77 : XZQH+1 — Xy, = P" (see Example and Proposition ,
the fan 2o ) refines the fan —Xp» and gives rise to a blow-up 7 : XZQ B —
X _ypn = P". It turns out that 7, resolves the locus of indeterminacy of
the Cremona transformation Crem : P" --» P" (see Example . In fact,

the birational map Crem : P" --» P" extends to an automorphism Crem :
Xy, — Xz, B that makes the following diagram commute:

Qn+1
Crem
—_
Q.11 Q11
nll x lm
R > P
Crem



Now, let V C C"*1 be a d 4+ 1-dimensional subspace which is not contained
in any hyperplane x; = 0. Its projectivization IP(V) C P" is not contained in
the blow-up locus of 7 : X5, i IP"*; hence, we can consider its proper

—~—

transform IP(V) C Xy, o

—_~

Lemma 6.28. P(V) is a d-dimensional complete irreducible variety.

Proof. Since the subspace V C C"*! has dimension d + 1, its projectivization
P(V) C IP" has dimension d. Furthermore, IP(V) is complete, and it is irre-
ducible since V is irreducible. Now the result follows by noting that dimen-
sion, completeness and irreducibility are preserved under taking the proper
transform.

Consider the piecewise linear function
a: UZH’" =R"— R, (x1,...,x5)— min{0,x1,...,%,}
on the fan Xp», and notice that a is convex: we have
min{0,Av; + (1 —A)wy, ..., Avy, + (1 — A)w, }
> Amin{0,v1,...,04} + (1 = A) min{0, w1, ..., w,}
for all (vy,...,v4), (wy,...,wy) € R"and A € [0,1].
By Proposition the Cartier divisor ¢pj,(a) on Xy, = P" is nef. As
a consequence of the so-called projection formula (see [15, A4, p. 426]), the
pullback of a nef divisor along a proper morphism is nef. Therefore, the
pullback & = 7] ¢pjy(a) of ¢piy(a) along the proper morphism 7y : X5o o
IP" is a nef Cartier divisor on XZQ o
Similarly, the convex piecewise linear function

b: U—Z]pn =R"—> R, (x1,...,x,) = min{0, —x1,...,—x,}

on the fan —Xpnr gives rise to the nef Cartier divisor p = 7; ¢piv(b) on X5, o

—

Remark 6.29. Since P(V) is a closed subvariety of X5, o the nef Cartier
divisors & and § on Xy, ,, can also be considered as nef Cartier divisors on

o~

]l;(\/V), by pullback along the inclusion P(V) < Xz, "

6.6 The Minkowski weight Ay,

Let M = (E,.#) be a representable matroid of rank d + 1 on the ground set
E ={0,...,n}. Choose a d + 1-dimensional subspace V C k"*! such that M
is the matroid My of Example

We will prove that the characteristic polynomial x(t) of M is log-concave,
following the proof in [18] §§11-12] (cf. [3} 4.8]). For simplicity we will assume
that k = C, although this is not strictly necessary. By Proposition
we may assume that M has no loops (otherwise there is nothing to prove).
Then we know from Example that V is not contained in any coordinate
hyperplane x;j = 0 of C" 1.
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The desired result will ultimately follow by aying the following theo-

rem with the nef divisors a and f as defined in §/6.5/and X = P(V).

Theorem 6.30 (Khovanskii-Teissier inequality). Let X be a d-dimensional com-
plete irreducible variety, and let «, B be nef divisors on X. Then the sequence

deg (04"1_0[30 : [X]) ,...,deg (ocd_dﬁd : [X])
is log-concave.
Proof. See [18] Thm. 12.2]. O
Write X = Xg , =Xy and define the map

1, if F, is a flag of M
0, otherwise.

n+1,n+1
Ay 20 57, op, {

We have the following result (see [18] Lem. 11.11, 11.12], where only the first
lemma, stating that Ay is a Minkowski weight, is proved). We will sketch the
proof and then give an example which clarifies the non-rigorous part of the
proof sketch.

Proposition 6.31. The map Ay is a Minkowski weight. Furthermore, its associated
Chow cohomology class v~ (Ap) € A" 4(Xy) is {]P(V)}

Proof sketch. Let of, € ("9, where Fo = (Fy,...,F;) is a d-step flag of the
matroid Uy 1,41 (cf. Proposition [4.18). By Theorem it suffices to show

that deg ﬁ/(\;)} : [V(O’p.)]) equals 1 if F, is a flag of M, and 0 otherwise. By
Example we know that F, is a flag of M if and only if foralli =1,...,4,
Ve € E\F;, 3(xg,...,%xn) € V:xj=0forje Fand x, # 0.
Since V is a linear subspace, this is equivalent to
3(x0,---,xn) € V:x; = 0if and only if j € F.. 4)
By Proposition [3.22] we have
V(or.)] = [V(Cler,,- - er,)] = V(Cler))] - [V(Cler,)),
which implies that it is sufficient to show that

deg ([m] [V(C(ep,))] - - [V(C(EFd))]> _ { (1): iofﬂ@r‘f/lv(i)ljs fori=1,...,d

P

Indeed, it can be shown that the subvarieties P(V), V(C(ef,)),..., V(C(er,)) €
Xy intersect transversally and that we have

——— 1, if holds fori=1,...,d
P(V)NV(C(er))N...N V(C(Epd)) = { 0, ot@rwise.

O

Example 6.32. In Example we computed the toric variety XZQ3 explicitly.
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Now we will study the subvariety IP(V) € Xy, , for the hyperplane

V = {(x0,x1,%2) €C* 1 x9+x; =0} C C°,

and the intersections of IP(V) with the orbit closures of the six rays
po = Cleo), p1 = C(e1), p2 =C(e2),
o1 = C(€0 +61), P02 = C(E() —|—€2), 012 = C(€1 +€2)
of ZQ3
The hyperplane V C C3 gives rise to the matroid M = My = (E,.¥
where the ground set E = {0,1,2} is identified with {i*(e;),* (e]),1" (e5) }
V* (see Example[4.12). The independent sets and flats of M are
S =1{2,{0}, {1}, {2}, {0,2}, {1,2}}, # = {2,{2},{0,1},{0,1,2}},

respectively. Notice that a subset S C E is a flat of M if and only if

~—
~

N

3(x0,x1,%2) € V:x; =0if and only if j € S.
Furthermore, we have

P(V) = {(x0: %1 : %) € P?:xg+x; =0}

P(V) = (P(V)\{(0:0:1)}) = 7 {(P(V) \ {(0:0:1)}) U{P};
where 7y : Xz, — IP? is the blow-up of IP? at the points py = (1 : 0 : 0),
p1=(0:1:0)and pp = (0:0:1) (see Example [6.26) and

P=(p2(0:1),(0:1),(1:-1)) € ;' (p2).

We will now compute the orbit closures of the six rays in ¥p,. The orbit
closure of a cone ¢ € X, will be denoted by Vp2(0) and its proper transform

in Xy, by Vp2(0). It follows from

Vp2(p0) = {(0: x1 : x2) € P?: x1, x5 € C}
(see [18, Example 10.2]) that
V(po) = Vip2(po) = 71y H({(0: x1 : x2) € P22 xq, x5 € C}\ {p1, p2})
= 17 '({(0: %1 : x2) € P? 1 xy, x5 # 0}) U {Py, Qo}
for some points Py € 7, ' (p2) and Qo € 77 ' (p1). Similarly, we have
V(p1) = ({(x0: 0: 22) € P2 2 x0, 32 # 0}) U{P, Q1 };
V(p2) = 77 "({(x0: x1: 0) € P?: xg, x1 # 0}) U{Py, Qo};

where
Py = (p2,(0:1),(0:1),(0:1)), Q 01
Py =(p2,(0:1),(0:1),(1:0)), Q1 = (po, (0:1),(1:0),(1:0));
P =(p1,(1:0),(1:0),(0:1)), Q2 = 10
Furthermore, we have
V(por) = 711 '(p2), V(paa) = 71 ' (p1), V(p12) = 717 ' (po)

(see [18, p. 52]).
Observe that for the six non-empty proper subsets @ C S C E (i.e. for the
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proper flats S of Us3; the corresponding cones C(eg) are the rays of Xg,) we

have £s flat of
— 1, if Sisaflatof M
P(V)N V(C(ES))‘ = { 0, otherwise.

The following proposition (cf. [18, Cor. 11.16]), a proof sketch of which will
be given in the next subsection, is the last ingredient needed for proving the
log-concavity of xp(t).

Proposition 6.33. The Chow cohomology class v~ 1(Ap) € A" 4(Xy), associ-
ated to the Minkowski weight Ay, satisfies y” = deg (ad’rﬁ’~7’1(AM)> for
r=20,...,d.

Proof that xp(t) is log-concave. By Proposition and Proposition we
know that y" = deg ( wd=rgr {]P(V)D for r = 0,...,d. So it follows from

Lemmal6.28) Remark [6.29|and Theoremthat Xm(t) is log-concave. Hence,
by Lemma [6.17}, xp(t) is log-concave as well. 0O

Example 6.34. Reconsider Example We will work out the identities

‘ur = deg (le_rﬁr . [][;-(\V/)}) , r=0,1,
for the matroid M = My = (E,.#) on the ground set E = {0,1,2}, where
V = {(x0,x1,%2) € Cc3: xo+x1 =0} C C3.

Notice that M has rank d +1 = 2.
The characteristic polynomial of M is

() = Y (—1) Al (4)
ACE

_ (_1)01_270 4 (_1)1 . 3t271 + (_1)2(t271 + 2t272) 4 (_1)3t272
=£-2t+1
Therefore, the reduced characteristic polynomial of M is
Xm(t) = Y (=)t =t -1,
i=0
i.e. we have u0 = u! = 1.
The nef divisors on Xs5o,0 associated to the piecewise linear functions
1: RS R, (x1,x2) — min{0,x1, x2};

b: IRZ — R, (Xl, XZ) —> min{O, —X1, —XZ},'
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on Xp2, are

a=7gpi(a)=— ), a — Y alei+e¢)[V(pij)]
0<i<2 0<i<j<2
= [V(po)] + [ (po1)] + [V (Poz)]‘
ﬁ = an)DlV = Z b ez Pl)] - Z b<€i +€j)[V(Pij)]
0<i<2 0<i<j<2

= V()] + [V(02)] + [V (p12)]-
Furthermore, since the subsets {2},{0,1} C E are flats of M and the sub-
sets {0},{1},{0,2},{1,2} C E are not, we have the following Minkowski
weight:

, if p € {02,001}
Ay 2V 5 7, { LA Ut
M — P 0, lfp S {PO/Pl/POZIPlZ}'

—~

As we have seen in Example [6.32] the Chow cohomology class {IP(V)} , asso-

ciated to Ay, satisfies

N 1, ifpe{p2pn}
’]P(V) N V(P)‘ = { 0, if p € {po,p1, 002,012}

—~

Hence, since IP(V) intersects the orbit closures of XZQ3 transversally, we in-
deed find

K0 = deg (w- [IP(V)]) = deg (([V(p0)] + [V(pon)] + [V(po2)]) - [P(V >])
u' = deg (- [P(V)]) = deg (([V(p1)] + [V(p2)] + [V(pr2)]) - [P(V)] ) =1

6.7 Truncations of matroids

In order to sketch the proof of Proposition we need to introduce the
notion of truncations of matroids, following [18] §11.4]. Let M be as in the
previous subsection.

Definition 6.35. For r; € {1,...,d + 1} the ry-truncation of M = (E, .%) is the
matroid Trunc'2(M) = (E, .%,), where %, = {X € & : |X| <1 }.

The notion of truncated matroids can be generalized as follows.
Definition 6.36. Let r,7, € {1,...,d + 1} with r; < ;. The (ry, r2)-truncation
of M = (E, .#) is the map Ay, ) x(ntn-r-1) _ 7 defined by

|i(2, Fr,)|, if each F; is a flat of M of rank i

0 — )
(FryerFry) { 0, otherwise.

As the following remark shows, the notion of an (1, 7;)-truncation is in-
deed a generalization of the notion of an r,-truncation.

Remark 6.37. Letry,rp,j € {1,...,d} withr; <rp <.

(1) We have Apyy ., = A
weight.

Trunc2 1 (M) In particular, Ay ., is @ Minkowski
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(2) We have A M| A

rral = PTrund (M) [r, 1]

The following proposition (cf. [18, Prop. 11.15]) not only shows that Ay, .1
is a Minkowski weight for general r, but it also gives a number of identities
from which Proposition easily follows.

Proposition 6.38. Let 1,7, v € {1,...,d} withry < ry.
(1) The map Apqy, o) : x(tn=n=1) _ 7 is a Minkowski weight on ¥, satisfy-

ing ocd_”,[%’l_l "Y_l(AM) = ’7_1(AM[r1,r2])-
(2) We have "1 = deg(a - ')/71(AM[ r]))-

(3) We have Vr = deg(:B ’ 7_1(AM[r,r]))'

Proof of Proposition Let r € {1,...,d}. By Proposition [6.38 we find
W =deg(a- T (Bypy)) = deg(a- (a7 (Am)))
= deg (a0 Vg 97 (M) )5
'=deg(B- 7 (D)) = deg(B- (' 7F 77 (Awm)))
e (475 1 0w
O

Proof of Proposition By abuse of notation we will identify a Minkowski
weight ¢ with the corresponding Chow cohomology class 7~ !(c). Letj €
{2,...,d}. Tt is shown in [18] Lem. 12.4-12.5] that for a rank j + 1 matroid
M’ = (E,.#") on the ground set E = {0,...,n}, we have

w-Apy = Apppj1p (5)
‘B . AM’[i,j] == AM/[i+l,j]’ 1 S l < ] (6)
Notice that it follows inductively from @ that App; i is a Minkowski weight

for1 <i<j.
By , @ and Remarkwe find that for alli,j € {1,...,d} withi <,

a- AM[l/ﬂ =a ATrunch M) — ATrunc”] (M)[L,j-1] = AM[l,j—l];
B Bmiij) =B~ ATruncfﬂ(M)[i,j] = ATruncfH(M)[iH,j] = ApMit))-

The desired result is now obtained by repeatedly applying these identities and
using that Ay = ATruncd“ (M) = AM[l,d]' O

Proof of Proposition We will follow the proof in [18] Lem. 12.6] and
fill in the details that are left out there. The following identity is from [18}

p- 55] (a proof can be found in [z, Construction 3.3]). Let c € M/(Z) be a
Minkowski weight. For o € (@ and T € 20D with 7 < o, let Uy € Ny be
a representative of a generator v,,; of Ny/N¢. Let d € PLF(X) be a piecewise
linear function and ¢ the corresponding Cartier divisor on Xy (as in §[6.5).
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Then we have

Y@ NN D) =d | Y c(@ugse | = Y c(0)d(ug/).

UEZ(i) ng(i)
<o <o

Let (d,0) € {(a,«), (b, B)}. Applying this identity withi =n —1, T = {0}
and ¢ = Ay, 8ives
deg(é- 7™ (Appn)) = deg(8- 7™ (Appr)) - [VHO})])
=707 (Bup))({0})

_d< 2 AM[M](U)”U/T>_ E Apprn (0)d(tg /)

rex(n-1) rex(n—1)
=d< Y V(@/F)|€F> — ). |u(@, F)ld(er),
Fe%, Fe %,

where .%, is the set of rank r flats of M. Let F € .%,. It follows from 0 < r <
d+1thatF # &,E. Soif 0 € F, thener € {0,—1}"\ {(0,...,0)},and if 0 ¢ F,
then er € {0,1}"\ {(0,...,0)}. Set

Aw= ) |n(a,F),

FeZ,
w

where F ranges over the flats in .%#, that satisfy condition(s) w. Then we find
by Proposition [6.13}
deg(a -7 (Appn)) =4 ( )3 IV(QIP)@) — ) [u(@,F)la(er)
Fe %, Fe %,
= Ieréli} (Arg0,rse — AFs0,re) + Arso
i — i r—=1\ _ ,r—1.
= min (Afse) = min(u"™") = "
deg(B- 7 (Amprn)) = b( )3 |V(®/F)|€P> — ) |u(@,F)lb(er)
FeZ, FeZ,
= IJ;%‘ (Ars0,rse — AFz0,r5¢) + AFz0
ot . N _ T
=min (Apz) = min(4") = p".
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proper transform,
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cup product,
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combinatorial equivalence, [46]
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lattice, [9]
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simplicial,
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convex map, [3]
convex polytope,
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50
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McMullen’s conjecture,
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Mobius function,

monoid, [9]

orbifold, [54]

orbit-cone correspondence,

permutohedron,
piecewise linear function,
primitive lattice vector,
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