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Introduction

In this thesis we aim to do two things, in the first three sections we develop
some arithmetic intersection theory in the style of Gillet-Soulé. When doing
intersection theory one uses Chow’s moving lemma to move divisors to rational
equivalent ones so that they intersect properly. When doing intersection theory
over fields the intersection numbers you get this way by taking degrees only de-
pend on the rational equivalence class of a divisor, however in case of Spec Z the
degree of a non-zero rational function is non-zero. This is remedied by in addi-
tion to the intersection theory over Spec Z, considering an analogous theory on
the complex points. Here we consider smooth hermitian line bundles and green
currents associated to divisors. For (green) currents there is a *-product which
satisfies properties analogous to the product in ordinary intersection theory. We
have tried to present the results in a way that showcases the similarities and the
results we use in arithmetic intersection theory boil down to similar statements
holding for both the intersection product and the *-product.

The other thing we are interested in is heights. In diophantine geometry heights
are used to control the number of rational points, they are used for finiteness
statements or describing distributions of infinitely many points for example.
First we use the arithmetic intersection theory from section 3 to define a global
height for arithmetic varieties. Next in section 4 we work with limits of models
in the style of Zhang to accomplish a number of things. First by considering
p-adic norms the treatment of the finite primes and the infinite prime become
more similar. Second by considering limits of models we enlarge the norms and
intersection numbers available to us, for example metrics at infinity don’t have
to be smooth anymore. We define local heights for each prime p and show that
these converge under some assumptions on the line bundles. We can decompose
the global height as a sum of local heights, the global height also converges
under some assumptions. We also consider metrics associated to an algebraic
dynamical system, i.e. we have a surjective morphism f : X — X of a smooth
integral projective variety over Q such that f*L = L®¢ for some line bundle
L and some d > 0. By a limit argument we obtain a metric on L that is
invariant under f*. In section 5 we apply this when X is an abelian variety, f is
multiplication by n > 1 and L is a symmetric line bundle. The height obtained
from the invariant metric in this case is the Neron-Tate height and we prove
some of its elementary properties.



1 Intersection theory

We define an arithmetic variety X to be a normal integral scheme that is pro-
jective and flat over Spec(Z) such that the generic fiber is smooth over Q. We
denote the generic point of X by n or nx depending on context.

In this section we develop intersection theory on excellent schemes. Though
we won’t apply it in its full generality. We will apply it to arithmetic varieties
in the third section, but also to varieties over fields and Z,. We mostly focus
on the geometric aspects and will refer to other sources for the commutative
algebra running behind the scenes.

1.1 Intersection theory on excellent schemes

Let X be an integral excellent scheme and let R(X) = Ox,, be the field of
rational functions on X. We let the group of codimension p cycles ZP(X) be
the free abelian group generated by the set {{z}},cxw), where X ) is the set
of codimension p points z, i.e. dimOx , = p. Similarly we define the group
of I-cycles Z;(X), the free abelian group generated by dimension [ points, i.e.
dim{z} = 1. If | + p = dim X then these coincide because arithmetic varieties
are excellent. For a codimension p cycle Z =" ng{z} in ZP(X) we define the
support to be
SuppZ = U {z}.

n,7#0

Now let L be a line bundle on X and s a non-zero rational section of L, i.e.
0 # s € L,. We define the support of (L, s) and the divisor associated to (L, s)
as follows. We set

Supp(L, s) := {z € X|s, € myL,},

div(L, s) := Z ord, (s){z}(€ Z'(X)).

zeX (@)

Here ord, is defined as follows: let b be a local basis for L around z, then
5. = fb for some rational function f. Then f can be written as a ratio ¥ of two
regular functions. We set the order of vanishing of a regular function g at = as
the length lo, , (Ox../(g9)) of Ox ., and we set ord,(s) = ord,(g) — ord,(h).
For the many good properties of the length we refer to appendix A of [2]. For us
it is important that ord, is R(X)*-linear on non-zero rational sections and that
it agrees with the discrete valuation at a codimension 1 point if X is normal.

Finally Supp(div(L, s)) is defined as above since div(L,s) € Z1(X). The set
Supp(L, s) is closed and it always contains Supp(div(L, s)) in general, when X
is normal both notions coincidd'l

Let Z = Y_;_, niZ; be a codimension p-cycle. We say that Z and (L, s) meet
properly if Supp(L, s) N\SuppZ N X () = (). Under this assumption we can define
their intersection cycle as follows: We let ; be the generic point of Z;. Since
v: & Supp(L, s) we see that s is a unit at 7;, i.e. s, ¢ m,, L,,. Therefore s|z,

Iprop 7.2.14(b) in [7]



gives a non-zero rational section of L|z, and we define their intersection product
as

T
(L,s)- Z = ndiv(L|z,,s|z) € 2" (X).
i=1
Since the order of a function at a point is linear, we have div(L® L', s ® ') =
div(L,s) + div(L',s"). Hence (L® L',s®s')-Z = (L,s)-Z+ (L',s')-Z. So
our product is linear in (L, s), and clearly it is also linear in Z, this is of course
under the assumption everything intersects properly.

Proposition 1.1. Suppose (L1,s1) and (La,s3) are line bundles on X with
rational sections and let Z be a cycle, such that they all intersect properly, then
the product is commutative in the following sense

(L1,81) - ((L2,82) - Z) = (L2, 52) - (L1, 51) - Z).

Proof. We may assume Z is integral by linearity. Then we may assume Z = X,
since writing W = div(L;|z, s;|z) we have

div(Lilw, silw) = div((Li|2)|w, (i z)Iw)-
Then we need to check that
(Ll, 81) . diV(Lz7 82)

and
(LQ, 82) . diV(Ll, 81)

have the same multiplicities at codimension 2 (inside Z) points of Supp(L1, s1)N
Supp(La, s2). This is again a statement about lengths and we refer to appendix
A of [2] or chapter 1.3 of [9]. O

Next we define the push-forward of cycles. Let f : X — Y be a proper mor-
phism of excellent schemes and let I" be an irreducible closed subscheme of X
of dimension {. Then f(I') is an irreducible closed subscheme of Y of dimension
at most . We set

£.(T) - {WF) RUE)AD), i dim f(T) =

0, otherwise

and extend linearly to get a homomorphism f, : Z;(X) — Z;(Y), clearly this is
functorial by basic properties of field extensions.

Lemma 1.2. Let f : X — Y be a proper morphism of integral excellent schemes,
let 0 # ¢ € R(X), then f.(div(¢)) = diU(NR(X)/R(y) (¢)) if dim(X) = dim(Y")

and 0 otherwise.

Proof. First assume dim(X) = dim(Y), let y € Y be a codimension 1 point,
since X is integral and f surjective we see that every € f~!(y) is a codimension
1 point of X. Since we only need to check the multiplicity at codimension 1



points we may assume Y = Spec Oy, which is the spectrum of a 1-dimensional
local integral domain, and

X = Spec B = Spec H B;
z; €f 7 H(y)

where B; = Ox ;,. Note that B is finite over A, the lemma then follows from
[9] 1.12.

If dim(Y) < dim(X) — 2 the result is 0 by definition of the push-forward. So
suppose dim(Y) = dim(X)—1, then we may assume Y to be irreducible. Let X,
be the generic fiber of X — Y, note that for Z C X irreducible f,Z is 0 unless Z
is the closure of a point in the generic fiber, in which case f.Z = [R(Z) : R(Y)]Y.
Hence we may replace X by X,, and Y by Spec R(Y'), it then follows from [9]
1.18. O

Now let (L, s) be a line bundle together with a rational section on Y and suppose
that f(nx) ¢ Supp(L,s). Then we can consider (f*L, f*s) on X, where f*s is
the image of s under Ly, ) — f*(L)yx. If Z is an [-dimensional cycle on X
meeting (f*L, f*s) properly, then also f.Z meets (L, s) properly.

Proposition 1.3. In the situation above we have the following projection for-
mula:

F((f L, f*s) - Z) = (L,s) - fiZ.

Proof. Let € X, then locally at f(z) € Y we can write s = aw where w is
locally a basis of L and a is a non-zero rational function. Let f) be the local
homomorphism Oy, ¢(;) — Ox ., then we note that f;(a) is a unit at z if and
only if a is a unit at f(x). It follows that Supp(f*L, f*s) = f~'Supp(L, s).

Now by linearity we may assume Z is integral. By the above we see that (L, s)
and f.(Z) again meet properly. Now note that

(f*L, [7s) - Z = div(f* Lz, f*s|z) = div(¢" (Ll s(z)), 97 (sl (),

where g = f|z : Z — f(Z). Taking pushforwards and using that the problem
is local on the image we reduce to the case where X = Z and f: X — Y is
surjective, where it is left to show

Fudiv(f L, f*s) = [R(X) : R(Y)div(L, s).

This follows from lemma 1 since locally s is in the image of R(Y) C R(X), so
that Ny y (s) = sEEX)RE] O

We let Rat? (X)) C ZP(X) be the subgroup generated by rational divisors, that is
cycles of the form div(¢) where ¢ is a rational function on an integral subscheme
Y of codimension p — 1 on X. We also denote such a cycle as (¢/Y). Then
we define the Chow groups CH?(X) of X to be ZP(X)/Rat?(X), similarly we
define CH,(X)(= CHI™X)—p(X)).

As another corollary of lemma 1 we see that f, is compatible with rational equiv-
alence hence we get a well-defined pushforward on chow groups f. : CH,(X) —
CH,(Y).



Lemma 1.4. Let R be a Noetherian integral domain and X projective integral
over R. Let L be a line bundle on X and x1,...,x, € X points (of codimension
at least 1). Then there exists a non-zero rational section s of L such that

Supp(L, s) N {x1, ...z} = 0.

Proof. Note that we may assume the x; are closed points by picking points y;
in the closure of each x; and noting that s not a unit at y; implies that s is not
a unit at z;. Let mq,...,m,; be the maximal ideal sheaves corresponding to the
z; and I = mq ---m,. Consider the short exact sequence

0=IL—L—Le0x/I=ELenr;) 0.
i=1
Let O(1) be very ample, then by [B] II1.5.2 we have for n > 0
HY(X,IL(n)) = 0.

From the long exact sequence in cohomology we find that
H°(X, L(n)) = H(X, ) L(n) @ k()
i=1

is surjective. So there exists a global section s" of L(n) with s'(z;) # 0 for all 4,
and for L = Ox we get a global section ¢t of O(n) with t(z;) # 0 for all 4. Hence
s = &'/t is a non-zero rational section of L with s(x;) # 0 for all 4. O

We now consider the intersection product on the Chow groups. Let L be a line
bundle and o« € CHP. Let Z € ZP represent . Then by lemma 2 when X
is integral and projective over a Noetherian integral domain, e.g. when X is
an arithmetic variety, there is a rational section s of L such that (L, s) and Z
intersect properly, we define

ci(L)-a=(L,s)-Z e CH(X)

Theorem 1.5. ¢1(L) - « does not depend on the choice of Z or s. Hence it
defines a morphism ci(L) : CH* — CH**1.

Proof. Note that if s’ is another rational section of L, then s and s’ differ by
some rational function ¢. We find by linearity that

(L,s)- Z — (L,s') - Z = div(|z) € Rat™(X).

To show independence of Z, let (Oy, ¢y ) be a rational divisor. We may assume
Y is integral. Then by commutativity (proposition 1.1) we have

(L,s)-div(Oy, ¢) = (Oy, ¢y) - div(L|y, sly).

We need to show the latter is rational. Writing div(L|y, s|ly) = >, n:Z; we find

(L,s)-div(Oy,¢) = > n;div(Oz, ¢|z,) € Rat™(X).



From proposition 1.1 it follows that the order of the L; does not matter, we
have

C1 (Ll) 0...0 Cl(Ld) = Cl(Lo'(])) o...0 Cl(La(d))

for any permutation o, therefore we have a well-defined morphism
ci(Ly,....,Ly) : CH* — CH*™,

depending only on L, .., Ly. More generally we get a well-defined morphism
P(Ly,...,Lg) : CH* — CH*™

for P a homogeneous polynomial of degree d, depending only on L1, ..., Lg. Then
as a corollary of proposition 1.3 we have

JeP(f* Ly, oo f*La)(Z) = P(Ly, ..., La)(f+(2)).

Let X be projective over R, closed point x € X lies over some closed point
r € R and we define deg(Z) = >, ni[k(z;) : k(ry)] for Z = Y, nyz; a O-cycle.
Let f : X — Y be a proper morphism of schemes over R. Then from the
definition of f, it follows that deg f.(Z) = deg(Z). When R = Speck is the
spectrum of a field, note that CHy(Spec k) = Z. Then the structure morphism
X — S induces CHy(X) — Z which, as seen from the definition, agrees with
deg.

When R = SpecZ even in the simplest case of X = SpecZ the degree of a
non-zero rational function, which is just a rational number, is non-zero. Hence
in general deg only gives a homomorphism on the cycle groups and not on
the Chow groups. Note however that we do have CH"(SpecZ) = Z with 1
corresponding the class of SpecZ, so we have a degree for 1-cycles that does
respect rational equivalence by setting

deg(Z) =n.(Z) € CH,(SpecZ) 2 Z

for a 1-cycle Z, where 7w : X — SpecZ is the structure morphism.

Note that m,Z is non-zero only when Z is flat over SpecZ. In this case Z =
> ni{p;} +V with p; closed points of the generic fiber, which is a variety over
Q, and V' a sum of vertical divisors. Then deg(Z) = ), n; equals the degree
of Y . nip; € CHy(Xg). Hence we are essentially counting closed points of the
generic fiber, as in intersection theory of varieties over Q.

This notion of degree allows us to define the degree of a p + 1-cycle on with
respect to line bundles L, ..., L, on an arithmetic variety, as

deg(c1(Ly, ..., Lp)(Z)),
and it satisfies the projection formula
deg(c1(f L, ..., f*Lp)(Z)) = deg(e1(La, ..., Lp) (f+ Z)).

Now let v(Q) be the set of places of Q and let |f|, = p~°"4(/) be the usual
p-adic norm, and |f|. the usual absolute value on Q C R, then we have the

product formula
H flp=1

pev(Q)



or equivalently if we set log(co) =1

Z ord,(f)log(p) =0,

pEv(Q)

for all f € Q* = Rat(SpecZ)*. For finite places —log|f|, = ord,(f)log(p) is
nothing but the degree of f at p multiplied by log(p). This suggests that if we
take in account what happens ”at infinity” we might still obtain an intersection
theory compatible with degrees.

2 Infinite parts

To take into account what happens ”at infinity” line bundles are replaced by
metrized line bundles, and we attach (green) currents to cycles. In this section
we discuss some of the theory of these metrized line bundles and currents. In
the next section we will use them to define arithmetic chow groups and deduce
analogues of all the statements in the first section ending with an arithmetic
degree that is compatible with rational equivalence.

2.1 Metrized line bundles

Let X be an arithmetic variety and consider the C-points of X denoted X (C).
This can be viewed as a complex manifold since the fiber over QQ is assumed to
be smooth. For a point z € X(C) let p, be the corresponding scheme theoretic
point of X and denote the local ring homomorphism Ox , — C with ¢,. A
locally free coherent sheaf E' on X gives rise to a locally free coherent sheaf E¢
on X(C), with fibers E(x) = E), ®o,, C where the map Ox;, — Cis ¢,. A
hermitian metric i on E is a collection of hermitian metrics {hs },ex(c) with A,
a hermitian metric on E(x), h is said to be C'*° or smooth/continuous if locally
for sections s, € Ec(U) the function h,(s(x),s'(x)) is smooth/continuous on
U. A pair E = (E,h) with h a (smooth/continuous) hermitian metric is called
a (smooth/continuous) hermitian locally free coherent sheaf on X.

On Ox we have the constant section 1. This induces a canonical metric by
—can

setting h;(1(x),1(x)) = 1. We denote the pair (Ox,h) =Ox .

For two metrized line bundles (E, k) and (E’,h') we naturally get a metric on
E ® E' by setting

(h@h)e((s @ s") (), (t @ 1) (2)) = ha(s(x), t(z)) - B (s' (), ¥ (2)),

where s,t are local sections of E at x and s',t' of E’.

We can also consider the pull-back of a metrized line bundle. We get the induced
metric on f*FE by setting

frha(fs(@), f75'(2)) = hyp) (s(f (@), s'(f (2))).



2.2 Green currents

Now let X be a d-dimensional complex manifold. Let AP?(X) and A27(X) be
the spaces of smooth (p, ¢) forms on X and smooth (p, q) forms with compact
support respectively. We let DP»4(X) be the space of linear maps A2~P4=4(X) —
C (continuous with respect to some topology on A. though we will not care
about this here), these are called currents.

We give some important examples of currents:

1. let w € AP9(X), then we get [w] € DP9(X) defined by

[w](n) = /X wAn,n € ALPAI(X).

This gives an identification of AP%(X) as a subgroup DP4(X).

2. Let Y be a codimension p complex submanifold of X, then we get a current
0y € DPP(X) defined by
v () = [
Y

for a codimension p cycle Y =3 V; we define dy = ), n;dy;.

If T is a (p, ¢)-current and w a (p’, ¢')-form we get a (p+p’,q+¢’) current w AT
defined by
wAT(n) =T(wAn).

By abuse of notation we also denote it [w] A T sometimes. With this definition
we have w A [n] = [n Aw] = (=1)II"ly A [w]. Note in particular that if one of w
and 7 has even degree then the order doesn’t matter.

The differentials 9,0 induce maps 9 : DP9(X) — DPtLe(X), 9 : DP? —
DPa+1( X)) respectively by setting

A(T)(n) = (=)PTTT(9(n)), d(T) () = (=1)" 1T (A(n)),

for n € A2=P4=4(X). The sign here is chosen so that [dw] = d[w] for w a smooth
form, which can be seen from Stokes’ theorem.

Letting f : X — Y be a proper morphism of complex manifolds we can define
a pushforward f, : DP4(X) — Dp=d+dimYp—d+dim¥ (y) 1y getting

The pushforward of currents commutes with both @ and @ because pull-back
does on forms.

Note that we can view example 2 as a special case of example 1. Indeed we can
consider [1] on Y, then dy = i,[1] where i : Y — X is the inclusion.
We set d° = ;2-(9 — ), then dd° = ;-99. Let Y be a codimension p cycle
on X. Then g € DP~1P=1(X) is called a green current for Y if there is some
w € APP(X) such that

dd®(g) + oy = [w].



Theorem 2.1. (Poincaré-Lelong formula) Let (L, h) be a smooth hermitian line
bundle on a complex variety X and let s be a non-zero section of L. Then we
have an equality of currents

AdT- Yog(h(s, )] + Sty = 5 190 1o8(A(s, 5))].

In other words [—log(h(s,s))] is a green current for div(s), we also denote it

[L, s].
We define the first Chern class of a line bundle ¢; (L, h) to be the form 7[00 1og(h(s, s))].

Note that this doesn’t depend on s, since 90 log |¢| = 0 for ¢ a rational function,
which also shows that ¢ (O¢™) = 0. It is clear that ¢y is linear in (L, h) and
d(c1) = 0, hence we get a homomorphism to the de Rham cohomology of X

c1 1 Pie(X) = H25(X),

where lsl\c(X ) is the group of isomorphism classes of metrized line bundles with
the operation ® defined above. Further by definition of the pull-back metric it
is clear that ¢y is compatible with pull-back (of forms).

2.3 Complex analogs

We work here with algebraic projective complex varieties. Cycles, morphisms
and (sections of) line bundles are all assumed to be algebraic.

First we define the x product on green currents. Let (L, s) a smooth hermitian
line bundle and let gz be a green current for a cycle Z on X such that (L, s)
and Z intersect properly. We define

[L,s] gz =[L,s]Abz+ci1(L)Agz.

This is again a green current for (L, s) - Z, indeed we may assume Z is integral.
Then by Poincaré-Lelong on Z we have

dd®[—log(h(s, )] Aoz = c1(L) A bz — baiv(s| 1)

hence we find

ddc([L, 8] * gz) + 6(L,s)-Z = Cl(Z) Ndz + ddc(cl([/) A gz)
=c1(L) Nz + c1(L) A dd(gz)
c1(L) ANwg,

where wz = dd®(gz) + dz. As we shall now see the x-product satisfies similar
properties to the intersection product defined in the first section.

Lemma 2.2. Suppose f: X — Y is a morphism and Z C X a cycle. Let gz be
a green current for Z and wy = dd°g, + 6z. If filwz] = [az] for some smooth
form ayz then f.gz is a green current for fiZ.

Proof. We have
dd°fvgz = fudd®gz = filwz] — [z = filwz] — 0. 2.



Now let f : X — Y be a proper morphism. Let L = (L,h) a hermitian line
bundle on Y, s a non-zero rational section of L intersecting a cycle Z properly.
Let gz,wz as in the lemma.

Proposition 2.3. In the above situation we have a projection formula
J([f*L, f*s] % gz) = [L, 8] * fug2z.

Proof. By linearity we may assume that Z is integral. First note we have the
equality B B
felear(f* L) Ngz) = c1(L) A figz-

Indeed if we let w be a smooth form we have by definition

feler(f*L) A gz)(w) = er(f"L) A gz (f'w)
9z(c1(f L) A frw))
=g9z(f"(cr(L) Aw))
=c1(L) A fugz(w).

It remains to show that

fe([=f(logh(s, s))] A 0z) = [=1og h(s,s)| A6y, 2.

We may assume X = Z is irreducible. Let again w be a smooth form then we
have

fe([=f(log h(s, s))] A oz)(w) = /Z —f*(log h(s, s)w)

— deg(Z/(2)) /f " lomhla )

:/ —log h(s, s)w
Iz
= [—logh(s,s)] Ady, z(w).
Where in the second equality we use that f is generically finite étale. O

Proposition 2.4. Let (L1,s1),(La, s2) be smooth hermitian line bundles with
non-zero rational sections and let gz be a greens function for a cycle Z, suppose
that (L;, s;) and Z intersect properly. Then the x product is commutative in the
following senseﬂ

[L1,s1] % ([La, 82] ¥ gz) = [L2, s2] * ([L1, s1] * gz),

up to exact forms.

Proof. By definition we have to show equality

[le 81]*6[Z2,52]4Z+61 (fl)*([fg, 82]*62) = [Zg, 82]*6[f1,sl]-Z+cl (ZQ>*([Z1, 81]*(52)

2Note that d[a] = [da] holds for smooth forms whereas log h(s,s) has logarithmic singu-
larities along div(s). Therefore we do need to prove something instead of it being a simple
calculation using the definitions.
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up to exact forms. By definition of § and linearity we may assume Z = X EI It
then follows from the following precise statement. O

Theorem 2.5. Let (Li,s1), (La,s2) smooth hermitian line bundles such that
(L1,s1) and (Lag, s2) intersect properly, then we have

(L1, s1] A Odiv(La,sz) T c1(Ly) A [La, s2] — [La, s2] A Odiv(Ly,s1) — c1(La) A [Ly, 1]

(@[T, 51] A O[T, 5]) + O[T, 5] A B[Ta, 51])).

7

2w

Proof. The idea is to use Hironaka’s resolution of singularities to get a sequence
of blow-ups such that the support of the pull-backs of div(s;),div(s2) and the
exceptional locus is a normal crossings divisor. Using a partition of unity the
problem is then reduced to a computation on C™, see [9] 5.3 for more details. [

2.4 Local height

Let (Lo, 80), ---, (Lk, 8x) smooth hermitian line bundles with rational sections
and let Z be a cycle, and suppose all the div(s;) and Z intersect properly. Note
that if Z is prime then on Z the 0 function can be interpreted as a green current
for Z with wz = 1. And we have

[Lo, so] * - - - * [Li, sk) A 6z = i ([i* Lo, i*s0] * - * [i* Ly, i*sy] * 0),

where 7 : Z — X 1is the inclusion.

Now assume k = dim Z, then we define the local height of Z with respect to the
(L;, s;) as

((Lo, $0), -r (L, )| Z) o0 = [Lo, S0 * + + - * [Li, s] A 52(%)-

Note that by commutativity the local height of Z only depends on the (L;, s;)
and not on their order. For this note that

[Ls, si] * (92 + OA + OB) = [L;, si] * 9z + c1(Li) NOA+ c1(Li) A 9B,

but
Cl(fi) N OA + cl(fi) ANOB = 8(01@2) AN A) +5(Cl(fl) A\ B),

since ¢1(L;) is a closed form. Now the right hand side vanishes because the
intersection of all the div(s;) with Z is 0-dimensional.

Remark 2.6. From the definition it follows that for gz a green current for Z
we have

[Lo, s0)*- - *[Lk, st]*9z = [Lo, S0] %+ - -* L, sk] ANz +c1(L1) A+~ Acr (L) Agz.

3Here and possibly in other places we use Hironaka’s resolution of singularities so that we
may assume Z is smooth.

11



Then since [Lg, sx] * gz is a green current for Y = (L, si) - Z, if we plug this
in the above equation things cancel and we find

<(Z0, 50), ceey (Zk, 5k)|Z>oc = <(Z07 80), veey (Zk—la Sk—l)‘Y>oo + Cl(ZO) VARERIVAN Cl(zk_l) N Sk N (Sz(%)

_ _ 1 _ _

= ((L0,50), -+r (Li—1,5k—1)|Y Yoo — 5/ log hy (s, sk)c1(L1) A+ Acr(Li—1).
z

This allows us to compute the local height inductively, combining this with the

projection formula from proposition 2.3 allows us to deduce a projection formula

for local heights.

Proposition 2.7. Let f : X — Y be a (proper smooth) morphism, (Lo, 80), ---, (L, 5&)
smooth hermitian line bundles on'Y and Z a k-cycle on X. Assume f(Z) in-
tersects the (L, s;) properly, then we have

<(f*f()7 f*SO), ceey (f*fk, f*Sk)|Z>OO = <(Zo, 80), ceey (fk, Sk)‘f*Z>oo

Proof. We use induction on k, for k = 1 this is just the projection formula from
before (proposition 2.3). Let k > 1 and assume it holds for k—1, we may assume
Z = X is prime and let W = (Lg, sg) - Z. Then by the induction formula we
have

<(f*Z0, f*SO)a (XX} (f*zk?a f*sk)|Z>oo

* T * * T * 1 * * T EN

= ((f"Lo, f50)s s (f "Li—1, f*85-1)[W)oo — 5/ log f*hy (s, sk)er(f*Li) A= Aea(f"Lig—1).
z

Using that ¢; commutes with f*, induction on the dimension of W and the

transformation formula for integrals shows that the right hand side satisfies the

projection formula hence is equal to

_ _ 1 _
((L0550), oo (Li—15 Sk—1)| fxs W) oo — 5/ log hi(sk, sp)cr(L1) A=+ Acr(Lig—1).
fZ

Using the induction formula again shows the proposition. O]

3 Arithmetic intersection theory.

3.1 Arithmetic intersection theory

Let X again be an arithmetic variety. We define an arithmetic cycle of codi-
mension p to be a pair (Z,T) where Z is a cycle of codimension p and T is a
(p—1,p—1) current on X (C). We say that (Z,T) is of green type if T is a green
current for Z(C). The group of arithmetic cycles of codimension p, respectively
those of green type are denoted Z\%(X ) and Zp (X)) respectively. Similarly we
can define arithmetic cycles of dimension [ and if p + ! = dim X we have

~

Z)(X) = Zpu(X), ZP(X) = Zy(X).

We give some important examples:

12



1. Let L = (L,h) be a smooth hermitian line bundle on X and s a non-zero
rational section of L. Then by Poincaré-Lelong (div(s), —logh(s, s)) is of

green type, denoted by JE)(L, s).

2. Let Y be an integral subscheme of codimension p—1 on X and ¢ a non-zero
rational function on Y. Then we can define

[~ log 62y (c)(n) = /Y o Cloglofn

By Poincaré-Lelong the cycle (div(Oy, ¢), [— log |¢\2]Y(C)) is of green type,
it is denoted by (¢/Y).

3. If u, v are currents of type (p—2,p—1) and (p—1,p—2) respectively then
(0,9(u) + 0(v)) is a p-dimensional cycle of green type.

Let ﬁz;up(X ) be the group generated by cycles in examples 2 and 3. Then we
define arithmetic chow groups/arithmetic chow groups of green type respectively
as follows

CHp(X) = Zb(X)/Rat’ (X),CH' (X) = Z°(X)/Rat’ (X).

For a morphism f: X — Y of arithmetic varieties we can define a pushforward
of arithmetic cycles by

this induces a homomorphism f, : C/’]?IDJ(X) — C/‘FIDJ(Y) as we see in the
following lemma.

Lemma 3.1. Let f : X — Y be a proper morphism and let Z be a d-dimensional
subvariety of X. Then for ¢ a non-zero rational function on Z and n a smooth
(d,d) form on'Y with compact support we have

/ log || f*n = / 10g | Nr(z)/r((2))(®)[n
Z 1 (2)
if dim(f(Z)) = d and 0 otherwise. In other words we have

follog |8*] A 6z = [10g | Nr(z)/r(s(2))(®)[°] A 65 2.
Proof. First if dim(Z) > dim(f(Z)) thennisOon f(Z). If dim(Z) = dim(f(2)),
then we may assume X = Z is irreducible. Then we can consider a dense smooth
open subset U C f(Z) such that f|y : f~1(U) — U is finite étale and f~1(U)

does not intersect the support of ¢. By finite étale the change of coordinates
formula implies that

/f—l(U) frw= deg(Z/f(Z))/Uw,

for any form w. Since f~1(U) does not intersect the support of ¢ we have
Nr(z)/r(f(2)(®) = $pde(Z/1(Z) 5o that taking log multiplies by deg(Z/f(Z)).
O
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Now let L = (L, h) be a smooth hermitian line bundle and s a non-zero rational
section of L. Let (Z,T) be an arithmetic cycle of codimension p such that Z
and (L, s) meet properly. Then we define the arithmetic intersection cycle as
follows

(L,s)-(Z,T)=((L,s)- Z,[L,s]«T).
From proposition 1.1 we see that this is linear in (L, s) and (Z,T).

We again have a projection formula. Let f : X — Y be a proper morphism
of arithmetic varieties. Let L = (L,h) a hermitian line bundle on Y, s a non-
zero rational section of L and assume that f(nx) ¢ Supp(L,s). Let f*s asin
proposition 2. Let (Z,T) be an arithmetic cycle on X such that (f*L, f*s) and
Z meet properly.

Proposition 3.2. In the above situation we get an arithmetic projection for-
mula

F((f L, f*s) - (Z2,T)) = (L,s) - fu(Z,T).
Proof. This follows from propositions 1.3 and 2.3. O

We now consider the intersection product on the arithmetic Chow groups. Let
L be a hermitian line bundle and o € C/’E%. Let (Z,T) € Zp represent . Then
there is a rational section s of L such that (L, s) and Z intersect properly and
we define

a(L) -a=(L,s) (Z,T).
Theorem 3.3. ¢ (L) - a does not depend on the choice of (Z,T) or s. Hence

—_ — %

——x+1
it defines a morphism ¢1(L) : CHp — C’HD+ .

Proof. First we show independence of s, so let s’ be another section such that
—scan

the supports intersect properly. Then we have (L,s’) = (L ® Oy ,s® ¢) for
some rational function ¢. By linearity then

(L,5) (2,T) = (L,s) - (Z,8) = (0%, ) - (2,T) = (9/2)

since ¢1(Ox ) = 0.

— ~ —— %41
So far we have morphism ¢(L) : Z* — CHp , and we need to show that
Rat C kerc(L). First consider (0,0A 4+ 0B) € Rat . Then since ¢;(L) is a
closed form we have (perhaps up to sign) equality

(L.s)- (0,04 +3B) = (0,0(c1 (L) A A) + (1 (L) A B)) € Rat .

Next we consider gb//? , we may assume Y is integral by linearity. Then if Y
is vertical we are done by the first section. So suppose Y is horizontal. First
assume it is generically smooth. By 5.19(commutatitivity up to exact forms at
least for generically smooth Y) and the projection formula we have

can

(T,s)- ($/Y) = (T, j*s) - div(Oy", )
=0

= (¢/div(s|y))" =0,
inside CHp.
The general case follows by resolution of singularities, see [9] 5.20 for more
details. O
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Now let d = dim X and let (Z,T) € Zpo(X). Write Z =3
define the arithmetic degree

2eX () M then we

— 1
deg(Z,T) = Z ng log #k(x) + §T(1).
IEX(O)

Theorem 3.4. The arithmetic degree has the following properties:
1. for f : X =Y a morphism of arithmetic varieties we have d/eTg(Z7 T) =
degf.(2.7T).

2. fora e Ea\tg(X) the degree is zero, hence it induces d/é\g : C/’I\{D,O(X) — R.

Proof. For x a closed point we have

fer = [s(z) : 5(f(2))]f(2),

so that
deg(fux,0) = [k(z) : w(f(2))] log #r(f (1)) = log #+(x).
For currents T' we have f.T(1) = T(f*(1)) = T(1), hence 1. follows.
By 1. it suffices to show 2. for X = SpecZ. Here it is just the product formula,

that is
Z log |fl, =0

pev(Q)
for f € Q. Note that | f|2, = hean(f, f), hence the factor 1 in the definition. [

Remark 3.5. Note that if z =) n;P; is a cycle of closed points contained in

one of the fibres X,,, then d/eTg(Z, 0) = deg(Z) log(p), where on the right hand
side we view Z as a cycle on the fibre X, viewed as a scheme over [F, and the
degree is defined as in section 1. In particular if Z is a g-cycle contained in X,
and L, ..., fq is a collection of smooth hermitian line bundles then

(Ly, ..., Lyl Z) = deg(c1(L1) - - c1(Ly) - Z) log(p).

3.2 Global and local heights

Now let Z be a g-cycle of X, and let L1, ..., fq be a collection of smooth hermitian
line bundles. We define the height of Z with respect to L1, ..., L, as

(L1, Ly Z) = deg(@1 (L) - &1(Ly) - (2,0)).

For Z a g + l-cycle of X we define it as in section 1E| From the projection
formula and theorem 2.1 we obtain a projection formula for heights:

(F Ty s FTg| Z) = (Tr, o Tl . 2).

4note that CH°(SpecZ) = C/}F)(Spec VAR=Y/
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Now let s1,..., 54 be rational sections of L1, ..., L, used to compute the height.
Note that by theorem 3.4(i) the height decomposes as a sum

<zl’ ’Zq‘Z> = Z«lesl)’ tey (Lq78q)|Z>p + <(z1751)7 ey (zq75q)‘Z>o<>a

where p runs over the primes of Z. Here we say that (.), are the local heights at
p with respect to the L;, s;. Note that () is the same local height at infinity
as in section 2.

Remark 3.6. Now write div(sy|z) = H + _,V,, where H is the horizontal
part of div(s,|z) and V,, is the part supported on the fiber over p. By linearity
the height decomposes as a sum of the heights of H and the V},. By remark 3.5
the heights of V), only give a contribution at p calculated by intersection theory
in the fiber over p. Hence from the induction formula for the local height at
infinity (remark 2.6) and the linear independence of log(p) over Q it follows that
the local heights at p verify the following induction formula:

((L1589); s (L 89)| Z)p = ((Lnlzs 810 2), oo (La=1]25 8q-1]2) [H)pter(Lal2) - - 1(Lg-1]2) Vy log(p)-

Note the similarities with the induction formula at infinity, where the ¢; term
is given by an integral over Z. In the next section we will introduce p-adically
metrized line bundles. As it turns out the ¢; term can then be interpreted
as integrating a certain measure denoted ¢1(L1)---c1(Lqg—1)log||sq||0z over a
suitable analytic space defined over Q,, this is done by considering the Berkovich
analytic space as explained in [I].

4 Models and adelic metrics

In the preceeding sections we gave the infinite place/prime special treatment in
a sense, by considering metrized line bundles on the complex points. Whereas
we grouped the finite places/primes together via intersection theory over Spec Z.
We note however that the definition of metrized line bundles still makes sense
for the finite places if we consider the Q, points X(Q,) instead of C-points,
and instead of hermitian metrics we consider p-adic norms. Note that for these
definitions we only need to consider the generic fiber of X. For arithmetic
varieties there is a natural way to define p-adic metrics, and it is closely related
to the intersection theory of the fibers over p.

4.1 Model metrics

Let |.|, be the standard p-adic norm on Q, and let Q, be the completion of Q
with respect to the p-adic norm. Let X be a smooth projective variety over Q,
and let L be a line bundle. A p-adic metric on L is a collection of p-adic norms on
each fiber L(z), z € X(Q,). We can put continuity assumptions on the metrics
but this does not really matter for us right now as we will only consider model
metrics. As in the complex case there are natural norms on pull-backs and tensor
products. By putting f*[|f*s[[(z) = [[s[|(f(z)) and [[s@t[[(z) = [|s]|(z)- |[t]|(x).
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Suppose X is projective, integral and flat over Spec Z,, and suppose the generic
fiber is isomorphic to X. Let L be a line bundle on X and suppose E\X ~ [®e
for some e. These data define a model (X, L, e) for (X, L). To such a model
there is a natural way to assign a p-adic metric on L. Namely let z € X(Q,),
then since X is projective over Spec(Z,,), by the valuative criterion of properness
there is a unique extension € X (Z,) of z, i.e. we have a commutative diagram

x: SpecQ, — X
! !
Z: SpecZ, — X

hence z*L®¢ = Z*L ®z, Qp. Whenever we have a 1-dimensional Q) vector
space V with a Z, submodule W of rank 1, there is a natural p-adic norm on
V. Namely by setting ||z||w = inf,cq,{|r| : € rW} for x € V. Since L is

1/2

~.po we refer to such a metric as a
xT

a model for L®¢ we put ||s||7(z) = ||s®¢|
model metric.

Remark 4.1. Assume e = 1, then log||s|[z(z) is nothing but the order of
vanishing of s at the closed point of  multiplied by a factor of log(p), i.e.
where the zariski closure of z inside X intersects the closed fiber. Compare
for example when X = SpecZ, and s € Q,, then [|s||/(SpecQ,) = |s|,. If s is
supported on the closed fiber and X is regular, then each Z intersects a unique
irreducible component of the closed fiber so that log||s|| is locally constant
and gives the multiplicities of the irreducible components. This allows us to
evaluate log ||s|| on the generic points of irreducible components. In general one
may always blow-up to get enough sections that intersect a unique irreducible
component.

Proposition 4.2. Let (X, L, e) be a model for (X, L). Suppose we have another
model X' for X together with a birational morphism o : X/ — X which restricts
to an isomorphism over the generic fiber, then (X', o*L’' e) is another model
for (X, L) inducing the same metric.

Proof. Note that ¢ is projective since it is a morphism of projective schemes over
Spec(Zp) Let 2 € X(Qp) and let & € X (Z,,) be the unique section extending x.
Because ¢ is an isomorphism over the generic fiber there is a 1-1 correspondence
between X (Q,) and X’(Q,). Let 2’ € X'(Q,) be the point corresponding to z.
Then we have the following commutative diagram

z': Spec(Q,) — X'

I Lo
Z: Spec(Z,) — X

Since ¢ is projective Z lifts to a unique section 7’ € X’ (Z,) extending z’ and
we have equality 7*L = 7/*¢* L. O

Now suppose Lo, ..., L, is a collection of line bundles with model metrics, and
suppose (X, L;,e;) are models inducing the metrics. Consider the product

5[7) corollary 3.3.32
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Xo,.. k= )Z'O XSpecZ, *** XSpecZ, )ka and set X to be the Zariski closure of
A(X) inside Xow,;€7 where A is the diagonal map of X into the generic fiber

X XSpec@, *** Xspec, X of X, k. Let ¢ be the inclusion of X into Xo,...,k, and
let p; be the projection onto X Now note that p; o¢ restricts to p;o A = idx on
the generic fiber, hence we can apply the proposition to see that ¢ p*L induces
the same metric as L So we find that X is a common model for all the metrics.

As another consequence we can and will assume from now on that our models
are normal. When we have a collection of line bundles with model metrics they
have common normal model to which we can apply the intersection theory of
section 1.

Now assume again (Lg, $9), .-, (L, sx) is a collection of line bundles with model
metrics and rational sections, suppose Z C X is a k-cycle and that the (Li, si)
and Z all intersect properly. Let (X Ll7 e;) be a normal common model for all
the model metrics and let Z be the zariski closure of Z inside X. We define the
local height at p of Z with respect to the bundles as

(To,50)s s (T 1)1 Z), :zeo.;degp(([,m S99 (Tp, s29) - 7),

®ei are viewed as rational sections

where for the right hand side the sections s;
of L;. This intersection product is contained in the closed fiber and deg,, is the
degree of this intersection product viewed as a scheme over Spec[F,, multiplied

by a factor of log(p).

Note that the local height does not depend on the models. Indeed suppose
(X’ ’ oy Ly s ey ..y €,) is another model for the metrics, then again using the
dlagonal construction there is a model X” dominating both X’ and X, which
is an isomorphism on the generic fiber X. The right hand side in the definition
of the local height being defined in terms of intersection theory satisfies the
projection formula. Therefore we can directly compare the local heights defined
by the L} and the L;, a telescoping argument then finishes the proof cf. theorem
4.5.

4.2 Limits

Let ||.]| be a p-adic metric for L on X. We say ||.|| is approximated by a sequence
of models (X;, L;, e;) if log ||H/||||EL converges uniformly to zero on X (Q,).
Consider the following example, suppose L has a p-adic model metric ||.||;. Sup-

pose we have a surjective morphism f : X — X together with an isomorphism
@ : f*L — L®? for some integer d > 1. Consider the metrics inductively defined

* * 1 *
as [[slln = (¢ f*[|s%9||n-1)7, where @*||s|| = [l¢(s)]].
Theorem 4.3. The limit ||.||o = lim, 00 ||.]|n exists and is the unique metric
1
on L satisfying " F*I|.11f = [llo.

Proof. Put h = log]||.|[1/]|.||2, note that h is bounded on X(Q,) because ||.||1

and ||.||2 are model metrics. We can put them on a common model and consider

the rational section s extending 1. Then log H:H; (x) is the order of vanishing
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at the closed point of &, up to a factor log(p), so this is bounded over X(Q,).
Then note that log HH; (x) does not depend on 0 # s € L(z), indeed if 0 # ¢’ is
a second section then s’ = fs for some f € Q, and we have

s (@) _ o sl @l o [lslhi()
EECRS [Isll2()]f1 8 |[slla(z)

log
Now note that

]' * *
log|l-lln = Z¢" f* log |.lln-1
. 1 * pr\N—2
= (") log Ll

1 * LR\ —
= (" F) 2 (h+ log] 1)
1 * LR\ —
(50" £+ Log || fln-1.

Therefore log ||.||,, = log||.|[1 + S r—a (L¢* £*)*h, since h is bounded we see that

1 * px
sup I(gso f*hl <
z€X(Qp)

so that heo 1= Y p o(2¢* f*)*h exists and we see that |||, converges to ||.||o =
-]l

1
By definition it is clear that ¢* f*||.||¢, now if ||.|| also satisfies the equation,
then o satisfies it at well. Then we find that

IRIK
[I-l]o

[1-1lo

[1-1]o

Jlog 112} e flog 01 < % sup [log 1

sup |log = sup |=¢"f"log < - sup |log ;
2€X(Qp) I zex(,) @ LI 7 d zexo,) 11
therefore the supremum is 0 so that ||.||o = ||.||". O

Note that the theorem still holds for all p (including p = oo0) when one starts

with a bounded metric ||.||1, which in case of finite p just means that log ||||' "“‘1 is

bounded for some model metric ||.||, and in case of p = co just means that ||.||;
is bounded on the compact complex manifold X (C) for all rational sections s
of L.

We want to extend the local height to metrics that are approximated by models.
For the limit of heights to exist we need some positivity criteria on the line
bundles. Recall that a line bundle L on a variety X is nef if ¢;(L)C > 0 for
all irreducible curves C' C X. By Kleiman’s theorem (e.g. [6] section 1.4.B) if
Ly, .., Laim x is a collection of nef line bundles then ¢ (Ly) - - ¢1(Lgim x) > 0.

Let (X, L) be a model, we say it is vertically nef/ample if L is nef/ample when
restricted to the closed fiber. Note that vertically ample implies vertically nef
and that the pull-back of nef/ample line bundles is again nef/ample (the nef
case follows from the projection formula).

A p-adic line bundle L on X is said to be semipositive if it can be approximated
by vertically nef models. We say a p-adic line bundle L is integrable if it can
be written as the difference of two semipositive line bundles. We make a final
remark before extending the local height to integrable line bundles.
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Remark 4.4. Suppose X is a model for X, and denote X, the closed fiber.
Let Z C X be an irreducible d dimensional subvariety of X and let Ly,..., Lg
be line bundles on X. Assume the line bundles extend to line bundles on X
which by abuse of notation we will also call L1, ...,Lq. Let Z be the Zariski
closure of Z and let Z,, be the closed fiber of Z. Then the intersection numbers
ci(Ly)---c1(La)Z,c1(Lilx,) - --c1(Lalx,)Zp and ¢1(Ly)---c1(La)Z agree. By
linearity these equalities extend to all d-cycles. We refer to [2] 20.3 for details,
as we have not discussed intersections of general cycles.

Theorem 4.5. Let (Lg, 50), ..., (L, 5q) be semipositive p-adic line bundles with
s; rational sections intersecting a d-cycle Z C X properly. Suppose (X;,Lio, ..., Lid,€i1; -, €i.d)
are vertically nef models for L3 approzimating ||.||1, ..., ||./|la. Then the limit

<(I0, 80)7 ceey (Zd7 Sd)|Z>p = hm <(Li70, 80)7 ceey (Li,d, Sd)|Z>p

71— 00

exists.

Proof. Let € > 0 and fix m,n > 0. Let ()N(,EO,EB,...,Ed,EZZ,eO =€), ...,q =
e!;) be a common model such that (L;, e;), (L}, ;) induce the metrics on L; given

by the models X,, and X,, respectively. Further we may assume m and n are
big enough so that

We need to compare

ﬁ(m (Eo) -0 (Ed) — (EB) ey (E&))

with respect to the sections s, ..., sq. We expand the brackets as a telescoping
sum:

c1(Lo) -+ e1(Lq) — ea(Ly) -+~ ex(Ly) = e1(Lo) - e1(La) — ex(Lh)er(La) -+ e (La)

+er(Ly)er(La) - e1(La) — er(Lg)er(Lh)er (Ls) -+ e1(La)

+er(Ly) - er(Lyy)er(La) — ex(Ly) -+ e (L)

=Y ei(Lh) - e(Liy)ea (L @ L er(Li) -+ 1 (La).-
k=1

Let si be the section extending s, ® 5,21 = 1. Note that it has support on the
closed fiber X,,. By (*) we have

pTe <[kl (w) < peoee
for each x € X(Q,). It then follows from remark 4.1 that the divisors

Dy = [ee1---eq) X, + div(3;)
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and B
Doy = [ger -+~ eq) X, — div(sy)

are both effective, where [.] is the integer part of a real number. Using the

vertical nefness we see that
Cl(L6 Dz‘,k) "'Cl(Ld

fort=1,2 and k£ =0, ...,d. Therefore the absolute value of

pox)et (L D) 20,

Dz‘,k) S (5271

Iy = ex(Ly) - er(Lh_y)ea (L @ L Mer (Ly) -+ ea(La)
= c1(Lg) - er(Lhy)er (L) - -+ e1(La)div(sy)
is bounded by
eeq--eqcr(Ly) - er(Lhoy)er(Liga) -+~ e1(La) X,
which, by remark 4.4, equals
geg - -eqcr(Lo) - e1(Lk—1)c1(Lgg1) - - - c1(Lqg).

Now using the triangle inequality on the telescoping sum we see that

eg---€q

d
<& e(Lo)--er(Lp—1)er(Lisr) -+ e1(La) log(p).
k=0

O

Note that the limit does not depend on the approximation used, indeed if
{Xi ;}i>0,4=0,...k also approximate the line bundles, then apply the theorem
to the alternating sequences {X; j, fqm e} j=0,. k-

We quickly mention that for p = oo there are also notions of positivity for
smooth hermitian line bundles, and thus we get a notion of integrability. The

proof of 4.5 for the local height at infinity is similar, the induction formula
(remark 2.6) implies that the contribution of I}, is given by

Ik:/( log |1/l e1(Lo) A - A 1 (Li1) A 1 (Lusa) A - - A cr(La).
X(C)

Then use positivity plus the fact that log||3x||~ < . Note that an integrable
hermitian line bundle is not necessarily smooth anymore.

From theorem 4.5 we obtain a local height for integrable line bundles, note that
by definition of the local height given in terms of intersection theory it inherits
the following properties:

1. The local height is multilinear and symmetric in the (L;, s;) and linear in
Z,
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2. it satisfies an induction formula,

3. suppose f : X — Y is a proper morphism of QQ, varieties, then the local
height satisfies the projection formula:

<(f*f()7 f*SO)a ey (f*zlw f*sk)|Z>P = <(ZO7 30)3 ey (zlﬁ Sk)|f*Z>jD'

For 2 note that H (see remark 3.6) only depends on the section s,, the local
height with respect to H converges by the theorem. Therefore the vertical part
also converges to a constant depending only on sq, ..., 5.

For 3 note that given a model Y of Y, there exists a model X of X and a proper
morphism f : X — Y extending f. Indeed given any model X of X, then f
determines a rational map X — Y and we can eliminate_the indeterminacy.
It is easy to see that the pull-back metric is induced by X, since z € X(Q,)

gives fox € Y(Qp) and T € )N((Zp) gives fo X € ?(Zp) And we have
2*f*L = (fox) L, z*f*L = (f oZ)*L, further as we noted before the pull-back
of a nef/ample line bundle is again nef/ample.

4.3 Adelic metrics

Now assume X is a smooth projective variety over Q. An adelic metrized line
bundle on X is a collection of metrics {||.||,}pes(q) such that:

- for each finite p, ||.|[, is a p-adic metric for Lo, on Xg,,
- |||l is & hermitian metric,

- for every local section s of L, ||s||, =1 for almost all p.

We say the adelic metrized line is integrable if all the metrics ||.||, are integrable.

For example if X is an arithmetic variety with generic fiber X together with
a smooth hermitian line bundle L, then (X x SpecZ,, L ® Z,) are models for
Lq,, and the adelic metric on Lq is integrable. An adelic metric coming from
an arithmetic model will be called an adelic model metric.

Now let Lo, ..., Lq be integrable adelic metrized line bundles on X and let Z be
a d-cycle. Let s, ..., sq be rational sections of Ly, ..., Ly such that they intersect
Z properly. By theorem 4.4 the local heights exist and we define the global
height to be the sum of the local heights

(Lo, LalZ) = > (L0, 0), s (Las 50)| Zg, -
pev(Q)

Note that by assumption the right hand side is a finite summation, and if the
line bundles have adelic model metrics then we recover the height from section
3. Further note that it inherits properties 1 (multilinearity) and 3 (projection
formula) from the local heights.
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Proposition 4.6. The global height does not depend on the chosen rational
sections.

Proof. Note that if s{, is another rational section then s, = fsg for some rational
function f, and || fsg|l, = |flpllsol|, where |f|, is the canonical p-adic metric on
Ox and the canonical metric at co as defined in section 2. By linearity it thus

suffices to show that - -
(O™, Ly, ..., Lg|Z) = 0.

We continue to use f,s1, ..., 4, first note that since ¢1(Ox) = 0 the vertical
term vanishes in the induction formula for each p. Therefore we may assume
d =0 and Z € X(Q), applying the induction formula once more we have (see
remark 4.1)

(O™, NN Z)p = —log | flp-
Then by the product formula

Z log | f[p = 0.

pev(Qyp)

O

Suppose {)?}f’ )}n21 give model metrics approaching the p-adic metrics. Then
we get adelic metrics for each n and can take the global height. In general there
is no reason for these global heights to converge, even though the local ones do,
i.e. we can’t just switch the summation over p and the limit over n. For this
reason one may put extra assumptions on the adelic metrics, for example that all
but finitely many of the metrics are model metrics. Or if they are approachable
by a sequence of adelic model metrics, then for almost all p the metric does not
depend on n.

Continuing with the example in theorem 4.2 if we consider f : X — X surjective
where this time X is a smooth projective variety over Q, such that ¢ : LY — L
is an isomorphism for some d > 1, if we further assume (X, L, e) is an arithmetic
model inducing an adelic metric ||.||. The morphism f and the isomorphism ¢
extend over an open set U of Spec Z, then by normalizing the n-fold composition
of this extension we obtain a morphism f, : X,, — X extending n-fold composi-
tion fo---of. Note that for p € U we have ||.||, = (cp*f*||.||p)5. Now set ||.||n.p
the p-adic metric induced by the model ()A(:n, f;i, nde). Then for p € U we have
[|-/ln.p = |I-||lp, and by theorem 4.2 for all p the metric ||.||, p converges to some
metric ||.||o,p. Hence we get an adelic metric satisfying ©* f*||.|lo = ||-|o-

Now let L be an integrable ample line bundle on X and Z C X a closed subva-
riety, we define the normalized height of Z with respect to L as

(L,...,L|Z)
(dim Z + 1) deg ey (L)dimZ 7"

Now suppose f is as above and L has the adelic metric ||.||g, then since L is
ample this metric is integrable. Further note that f is finite of degree d4imX.

Proposition 4.7. In the situation above we have the equality

hi(f.2) = dhi(2).
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Proof. Note that the numerator and denominator in the definition of the nor-
malized height both satisfy the projection formula therefore we have

hp(f.Z) = hyp(2).

By definition of ||.||o we have f*L = fd, therefore by multilinearity (note the
global height contains dim Z + 1 factors of L) we find that

ddimZ-’rl
h(fi2) = — gz hz(2) = dhg(Z).

O

Note that even though the local metrics from theorem 4.2 depend on the iso-
morphism ¢ up to a constant rational fucntion, by the product formula this
dependence disappears so that the global height only depends on ¢.

5 Neron-Tate heights

Recall that an abelian variety A over a field k is a connected projective group
variety over Speck, where a group variety over k is a group object (X, m,1,0)
in the category of varieties over Speck. Here m : X Xgpeck X — X is the
multiplication, ¢ : X — X is the inverse and 0 € X (k) is the neutral element.
For the basic theory of abelian varieties we use here we refer to [g].

5.1 Neron-Tate height

Let A be an abelian variety over Q. Let [1] =id, [n] = mo (A, [n—1]) if n > 1,
[n] =io[—n]if n <0, i.e. [n] is the multiplication by n map that sends a closed
point a to a + ... + a = na.

Let L be a line bundle on A, then we say L is symmetric if [-1]*L =& L and
anti-symmetric if [~1]*L = L~!. By the theorem of the cube we have

n?4n n2_n

)" L = L85 @ [-1]* L&

In particular [n]*L = L& if L is symmetric and [n]*L = L®" if L is anti-
symmetric.

We can always write L®? as the sum of a symmetric and anti-symmetric line
bundle, namely
Loym =L ®[-1]"L

is symmetric and
Lasym == L@ [-1]"L7*

is anti-symmetric.

Now let A be a model for A and suppose L is an ample line bundle. Applying
proposition 4.7 with f = [n] and the limit metrics on Lgym, or Lagsym respectively
shows that

hz,,.([n2) =n*hg  (2),

Lsym sym
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hr,. (n2) =nhg,  (2).

asym asym

Further note that since [nm] = [n][m] the heights

9

Lsym’ ""Lasym

do not depend on n > 1.

Now assume L is symmetric and suppose Z is a rational point, then hz is
called the Neron-Tate height of A with respect to L. We observe the following
properties of the Neron-Tate height, we have by definition

hp(Z) =a(L)Z,

it immediately follows that this is linear in L, further by the projection formula
it follows that hyp =hgo f.

Now consider the morphisms o,d, 7,7 : A X A — A, where o is the multipli-
cation (P,Q) — P+ Q, 6(P,Q) = P — @, and w; are the projections. By the
seesaw principle we have

o*L® 6L = riL%% @ nj L®2.

Therefore by considering the point (P,Q) on A x A we see by the projection
formula that

hi(P+ Q) + hi(P — Q) = 2h(P) + 2h1(Q).

This equality implies that

(P,Q) = 5(hp(P+ Q) — h(P) — h(Q)

is a quadratic form on A x A.

5.2 Conjectures and theorems related to heights

We state some conjectures and theorems related to the Neron-Tate heights, and
the more general heights coming from theorem 4.3.

Consider X, f, L as in the end of section 4. Suppose y € X(Q) has a finite orbit
{y, f(y), ...} then clearly hi(y) = 0. One can wonder if the converse also holds,
suppose the height is zero, must the orbit then also be finite. This turns out to
be true, and for abelian varieties this means that a point is torsion if and only
if the height is zero. Naturally one is led to wonder if the same thing is true if
Y is an effective cycle of positive dimension.

Suppose C'is a smooth curve of genus at least 2 over Q, then C' can be embedded
into its jacobian variety J which is an abelian variety. Fix such an embedding
and consider the Neron-Tate height on J with respect to a symmetric ample
divisor as before. Then the Manin-Mumford conjecture states that C' can only
contain finitely many torsion points of J, more generally the Bogomolov con-
jecture states that there is some £ > 0 such that only finitely many points have
height bounded by €. These have both been proved by Raynaud, and Ullmo
and Zhang respectively.
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The Northcott property for a height function is, if there only finitely many
points of bounded height and degree, e.g. only finitely many rational points.
Abelian varieties satisfy the Northcott property with respect to the Neron-Tate
height.

Consider again an abelian variety A over Q, the Mordell-Weil theorem states
that A(Q) is finitely generated. Assuming A(Q)/mA(Q) is finite for some m > 2
makes it possible for an easy proof using the Neron-Tate height:

Let Py, ..., Py be representatives of A(Q)/mA(Q), let hi be a Neron-Tate height
on A and let C' = max;—1 .. hp(P;). Then the set

S = {r € AQ)lhg() < C)

is finite by the Northcott property. Now consider a point ¢ not in (S), by
Northcott we may assume hy(Q) is minimal, and write Q = m@Q’ + P; for some
iand Q' ¢ (S). Then we have

m*hz(Q) = hp(mQ') = h(Q — P) < 2hg(Q) + 2hg(Pr) < 4hg(Q),

we find that h(Q') < h(Q), therefore Q' € S which is a contradiction.

Some final remarks: the intersection theory developed in the first 3 sections
holds in much more generality. For example one can intersect arbitrary cycles,
consider the pull-back of cycles a long a flat morphism and there are product
formulas relating the intersection theory on a product of two spaces to both
spaces.

Almost all results over Q translate without much effort to number fields K,
where one has to replace Spec Z with Spec Ok and take good care of the places.
For example the model metrics still work by considering K, in place of Q,, and
the conjectures/theorems above are valid for number fields.

In arithmetic intersection theory there are a plethora of arithmetic analogues
of theorems that hold in ordinary intersection theory. For example there is an
arithmetic Riemann-Roch theorem. Or if L is a smooth hermitian line bundle
we can consider the number of small sections

ho(f) =#{s € HO(X7 D[]8l sup < 1}

Then there is an arithmetic Nakai-Moishezon criterion stating when large powers

of L are generated by small sections, and for example there also is an arithmetic
—nN

Hilber-Szamuel formula giving the asymptotics of h°(L").
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