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Introduction

In this thesis, we will consider two versions of a discount single server system with exponentially
distributed arrivals and departures on a discrete time scale.

In the first model, to be discussed in Chapter |1, we add a reward for every customer who has
been served, and a fee for each time step a customer is in service. We also add arrival control.
The model is described in more detail in Section The goal is to find an optimal strategy that
minimizes the expected total discounted cost (Section . To find this strategy, we use a direct,
explicit algorithm called value iteration. This strategy turns out to be a threshold strategy: a given
amount of customers is allowed to enter the system, and once this amount of customers is present,
any newly arriving customer is refused.

Furthermore, we prove monotonicity properties of the model in Section Lastly, the n-horizon
cost function of value iteration is decomposed into a subsequent application of different operators

(Section [1.4).

In the second chapter, the model of Chapter [1] is used, with the addition of departure control.
We add an extra, faster server, so we have a slower Server 1 and a faster Server 2, and we can
choose at any transition moment which server to use. Using Server 2 involves extra costs per time
unit. A detailed description of the model can be found in Section [2.1

In this model, we again want to find an optimal policy (Section , but now we first rewrite
the explicit algorithm as a consecutive application of operators (Section . It turns out that we
can split these operators into operators deciding whether or not an incoming customer should be
accepted, and operators deciding which server to use. This was a surprising result, as we did not
know in advance that the two decisions can be made independently from each other. Using these
operators, we find that the optimal policy is a two-dimensional threshold strategy. In Section 2.4
we give a theorem on the relationship between the two thresholds.

Furthermore, we prove the convergence of the thresholds, and thus the strategy, and of the n-
horizon relative cost function, by using two initial functions such that one approaches the optimal
value function from below and the other from above (Section . This shows that the choice of
the starting functions affects the results, which was unknown so far. Finally, we prove that such
functions exist and give a numeric example to demonstrate the results graphically (Section [2.6)).



Chapter 1

Discounted model with controlled
arrivals

1.1 Model description

Consider a single server system with customers arriving according to an exponential distribution
with mean 1/\ and service time exponentially distributed with mean 1/u. Let the successive
service times and the interarrival times be mutually independent. The state space is given by
S =140,1,2,...} and denotes the number of customers in the system.

Even though this model is a continuous time model, it will for now be treated as a discrete model
with time steps of size T € R-g. When there are ¢ € S customers in this discretized system, we
have the following probabilities p;; to end up in state j € S after a time step:

&, . j=i—1,i>1; or j=1=0,
1—2—HK, j=dii>1
P T T 1T =" 1.1
Pi= A, j=i+1,i>0, 1)
0, else.

We would like to have the probability of staying in a state ¢ > 1 after a time step equal to zero
to have less probability transitions and thus a more simple structure. Therefore we must choose
T such that 1 — A\/T — p/T = 0. This gives T' = A + u. Note that T > A + p must always hold,
because otherwise p;; < 0 for j =4,7 > 1.

Inserting 7' = A + p into Equation (1.1]) gives:

Mo J=i-Li>lorj=i=0,
Pij =1 xi J=i+1,i>0, (1.2)
0, else.

This is a very common model in the literature and many of its properties are already known (see
[1] as an example). Therefore, in this chapter we will take a look at a slightly adapted form of this
model, where we can decide whether or not to accept an incoming customer. The action space is
denoted by A = {0, 1} and thus there are two different actions a € A. Action a = 0 means that an



arriving customer is rejected, and action a = 1 that the customer is accepted. This action space A
slightly changes the transition probabilities in Equation (1.2)), yielding

£ ae{0,1}and j=i—1,i>1; ora=1and j=i=0,

A
i _ .: . > . _ .: . .>
pij(a) = o @ 1andj‘ Z.+1,’L_0, ora=0andj=1,i>1, (1.3)
1, a=0and j=1¢=0,
0, else.

Equation (|1.3)) can be used to give matrices P(a) with entries p;j(a):

1 0 0 0 Y 00
i oxm 000 oo O O

PO)=| O x5 0 Land P()=| Y w0 X
0 0 % xm 0 0 0

Using this notation it is clear that P(a)vg (i) = >, pij(a)vg(j).

Next, a profit R € R>( is added for every customer who has been served. We also add a fine
per customer per unit time b -4, where b € R>¢ is a constant and ¢ € S the number of customers in
the system during the time unit under consideration.

Furthermore, we will view this model as a discounted model. Let p € R>p be the rate of in-
terest per time unit 7. Then, o := 1/(1 + p) is the discount factor.

This model is loosely based on Example 8.9: Machine replacement model [3].

1.2 Finding the minimizing strategy

The problem, as formulated in Section is defined by both costs and profits. We choose to model
it as a minimization problem. To do so, profits are considered to be negative costs. Of course,
it could also be the other way around: a maximization problem where the cost are viewed as a
negative profit, but this would clearly give the same results.

Let ¢i(a) be the direct cost per time unit 7. With the above data for profit and fine, we get
the following cost: Vi € S:

b-i— i (i OR, a:O,
Ci(a):{ pv( +1)( )R

bei—piry(l)- R, a=1,
b-1, a =0,
:{bﬁ—ﬁﬁﬁa:L (14)

Let N be the total number of time steps taken into account. Let v7(7) be the minimized expected
discounted cost, with ¢ customers in the system at time (N —n). Paragraph 8.4 in [3] already gives

a few useful statements, as it gives a way to iteratively find a sequence v (i), v} (i), v2(i),..., Vi € S

y Vo y Vo
by applying Algorithm



Algorithm 1.1. Successive approximation
1. Pick v3(i) € R arbitrarily, Vi € S; let fO(i) =1, Vi € S.

2. Let v2 (i) = mingea {¢i(a) + aP(a)vl(i)}, and f211 (i) = argminge 4 {c¢i(a) + aP(a)vi(i)},
form=0,1,...,i€ 5.

Note that this algorithm satisfies the constraints in Paragraph 8.3.5 in [3] and thus is correct and
converges towards the optimal values of v} (i), i € S.

In the following Subsection the abovementioned theory is applied in a numerical example.

1.2.1 Numerical example

In order to achieve some understanding of this model, we take a look at a specific example of the
model. Let A=1, p=2, R=3,b=1, p=1/9 and thus a = 1/(1 + 1/9) = 0.9. These numbers
plugged into Equation (1.3 give the following transition probabilities:

a€{0,1}and j=i—1,i>1; ora=1and j=1i=0,
a=1land j=i+1,9>0; ora=0and j =14,7> 1,
a=0and j =1=0,

else.

pij(a) =

O Wl

Together with Equation (1.4)), the data give the following cost per time unit:

1, a=0,
Ci(“)_{ i-1, a=1.

These values of p;j(a) and ¢;(a) can be used to iteratively determine v} as well as f} for n € S,
using Algorithm

Assumption 1.2. Let v3(i) = mingea {ci(a)} = ¢;(1) =b-i— N/[A+p|R=i—1,VieS.

Assume Assumption holds for the rest of this chapter, without any references.

When applying the second step of Algorithm for the first time, we need to calculate v} (i)
separately for ¢ = 0, since probabilities p;j(a) are regular for ¢ > 1. For i = 0, the algorithm gives:

A A
vl (0) =min {Co(O) +ay n Mvg(O) +ay i uvg(O),co(l) +ay i M’ug(l) Lot UO(O)}

=min{—-0.9,-1.6}
—_ 16,



and therefore f1(0) = 1. For i > 1 we get:

A
vl (i) = min {ci(0)+a/\+uvg(i)+a 02(i — 1),

A Iz
(1 Q(i+1 Q-1
Gl oyt i+ 1+ a0 - 1)
= min {1.9i — 1.5,1.9i — 2.2}
—1.9i — 2.2,

which gives f1(i) = 1 for i > 1. Note that v} (4) is linear on {1,2,...}.

The following steps are all a repetition of step 2 from Algorithm For n =1 (where v?*! = ¢2
is calculated), it is again necessary to separately calculate v2(0). Also, we need to calculate v2(1)
separately from the rest, because of its dependence on the value v} (0) and the non-linearity of v} (7)
at 1 = 0.

v2(0) = min {co(()) + awl(0),co(1) + ay j\_ Mvé(l) + ay i Mvé(O)}

=min {—1.44, —2.05}

= — 2.05;
vi(l):min{cl(())—i—a A vé(l)—{—a H vé(O),cl(l)—f—a A vé(Z)—i—a H vé(O)}
A+ A+ A+ At p
=min {—0.05, —0.48}
= — 0.48;

. A . Jz .

2 M 1 1

— i 0 ,
v5(7) =min {c (0) + ay vo (1) + ay v (i —1)

Ay [
(1 1 -1
Gl +ag i+ D+ ot - n)

=min {2.717 — 3.12,2.71i — 3.55}
=2.717 — 3.55, for i > 2.

As can be seen in these calculations, for every ¢ € S, the minimizing action is a = 1, so that
f2(i) = 1, Vi € S. Note that v2(i) is linear on i € {2,3,...}.

Now that we have obtained understanding of the calculation of both v (i) and f(i) using the
iterative scheme of Algorithm [I.T], the program R will be used for the calculations of v{; and f7 for
n > 0. With the results given above, we were able to verify the correctness of the R code, and with
this code we were able to generate some extra values. The code can be found in Appendix [A]

Some of the values of v} (i) can be found in Table

Note that the results in Table confirm that the maximum state affected by the state 0 cost in
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(1) in two decimals, where 7 is the number of customers in
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Table 1.1: Expected discounted costs v

the queue at time N — n.

1 iterations is state 1.

(i) corresponding to the values in Table are given in Table
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(1) in Table where i denotes

n
«

Table 1.2: Strategy fI(i) corresponding to the minimum values v

the number of customers in the queue at time N — n.

(7) from Table in Figure and

n
[e%
the thresholds that can be deduced from Table in the Figure

We have plot the values of the expected discounted costs v
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Figure 1.1: Expected discounted costs v7(i), for several values of time step n, with parameters
A=1Lpu=2,R=3,b=1 a=0.9.

I
— Threshold for acceptance customer

10

i"n

Figure 1.2: Thresholds " for time n, with parameters A=1, u =2, R=3,b =1, a = 0.9. Note
that ¢" = oo for n € {0,...,3}.



1.2.2 Form of the optimal strategy

From the results of the example in Section displayed in Table we can formulate a theorem
on what we would expect the optimal strategy f, (i) to look like.

Theorem 1.3. The optimal strategy fll(i) is a threshold strategy Yn € N>o, meaning that there
exists i € S such that

1, <"
nes\ ) = }
Jali) = { 0, i>im
The proof of Theorem consists of the combination of four lemmas, which is an adaption of the
roadmap given in Exercise 2.7 in [5].
Lemma 1.4. f271(i) =0 iff v2(i + 1) — v7(i) > R/a, Vn >0, Vi € S.
Proof. By Algorithm holds: v"*1(i) = max,e 4 {ci(a) + aP(a)v?(i)}, Vi € S, n > 0.

In this proof, we will distinguish the two cases ¢ > 0 and ¢ = 0, since for ¢ = 0 the transition
rates have a different structure than for ¢ > 0.

Case i >0 The following holds for ¢ € S, ¢ > 0:
fo (i) = argmin {e;(a) + aP(a)vy (i)}
acA
=argmin {¢;(0) + aP(0)v2 (1), c;(1) + aP(1)v) (i)}

. . A . 7 .
argmm{ z+a)\+uva(z)+oz)\+,uva(z ),

A A I
i )\+HR+a)\+Hva(z+ )+oz)\+'uva(z )}

A A A
—argmin{a)\+ﬂvg(i),—wR+a)\+ﬂvZ(i+1)} (1.5)

=argmin {av] (i), —R+ avl(i+ 1)},
where in Equation ([1.5)) the constant term b7+ o - /(A + p)vi(i — 1) is left out, since it is added

to both sides of the minimization term and does not affect the minimizing argument a € A.

Therefore, f7+1(i) = 0 iff av?(i) < —R + av?(i + 1) for i > 0, which can be rewritten into
the original form in this lemma: f2F1(i) = 0 iff v2(i + 1) — v%(i) > R/, Vi > 0.

«

The only case left to consider is ¢ = 0.

Case i =0 In this case, the following holds:
f571(0) = arg min {co(a) + aP(a)vg (i)}
acA
A A
= arg min {avg(O), e ,UR + o Mvg(l) + ay i MUZ(O)} .



It follows that f2+1(0) = 0 iff av?(0) < —A/(A+ p)R + a - A/(A + p)v(1) + a - u/(X + p)v?(0),
which results in v(1) — v2(0) > R/c.

Conclusion Now we can conclude that Vi € S: f7+1(i) =0 iff o7 (i + 1) — v72(i) > R/a. O
The following lemma is about some specific behaviour of v/ (7).

Lemma 1.5. v (i) is a non-decreasing sequence in i, Yn > 0.

Proof. We prove this by induction on n.

Case n =0 As in Algorithm let

A A
vo (i) Zgéig{ci(a)}:min{b-i,b-i—MR} —b.i— mR’

where the value of ¢;(a) is given in Equation ([1.4). Now, take the difference between two succeeding
values of v¥:

@@+U—my@=bmr+U—AiuR—(bi—AiuR>:bza Vi. (1.6)

This inequality means that v is an increasing and thus non-decreasing sequence in i.

The general induction step is split into two parts, one for ¢ > 0 and the other for ¢ = 0, for
the same reasons the proof of Lemma (1.9 was split into these two cases.

Casen >0,7>0 Assume, that v} is non-decreasing, n > 0. According to Algorithm

v (i) = min {ei(@) + (@P(a)o") }

1

= min {¢;(0) + aP(0)v(4), c;(1) + aP(1)vl (i)}

) A . 7 ]
— 3 b n n _1
= mln{ z—i—a)\ Mva(z) +a/\+uva(z )

. A A . u .
b-i— R n 1 Mi—1
i Nt +oz)\+luva(z+ )Jra)\_'_uva(z )}

A

= oy min (i), ~R+avl(i + )} +b-ita Pyn(i—1). (1.7)
I

A

10



Now, take the difference between two consecutive values:
n+1/, n+1,,
v i+ 1) — vl (7)

A
2 min{av?(i+1),—R+av(i +2)} +b- (i + 1) + a———o2(i)

TN tu ¢ ’ Ap
—)\;\M<mm{av i),—R+av(i+ 1)} +b- Z—l—a/\iuvg(i—l))
)\+M(min{avg(i+ 1), =R+ avi(i +2)} — min {av(i), ~R + avi(i +1)})
+b+a/\_/iu(vg(i)—vg(i—l))
_)\+M(min{av2(i+ 1), —R+ avj(i+2)} — min {av} (i), —R + av) (z+1)})+b.

The last inequality holds because v? is non-decreasing and thus v (i) — vJ}(i — 1) > 0.

At this point, there are four possibly optimal strategies to consider: the action minimizing the
first minimization expression in Equation (1.9)) could be either zero (the first term) or one (the

second term), and the same holds for the second minimization expression.

e Let argmin {av?(i + 1), —R + aw?(i + 2)} = 0 and argmin {aw?(i), —R + avl(i + 1)} =
1.

which corresponds to (f2F(i), f2™(i + 1)) = (0,0). Combined with Equation
gives:

n+1/, n+1 A ny-. ny-

vy (i + 1) — ()2/\+M(ava(z—|—1)—ava(z))—l—beZO,

where v (i + 1) > v{}(i) holds because vl is non-decreasing.

1.9) this

e Let argmin {av?(i + 1), —R + aw(i + 2)} = 0 and argmin {aw}2(i), —R + avl(i + 1)} = 1,
which corresponds to (f27(i), f"“(z +1)) = (1,0). This, combined with Equation (1.9),

gives:
A A
"G4 1) — o) > )\+H(owg(i+ +R—oavl(i+1))+b= mRer > 0.
e Let argmin {av?(i +1),—R + aw(i + 2)} = 1 and argmin {aw}2(i), —R + avl(i + 1)} =0,
which corresponds to ( L) f"+1 H—l ) = (0,1). This gives, together with Equation .
A
P+ 1) — ol (3) > m( — R+ avp(i+2) — avi(i)) + b
A
>0,

where Inequality holds because min {avf(i), =R + awv(i + 1)} = awl(i). The last

inequality follows from the fact that v]} is non-decreasing.

11



e Let argmin {av?(i +1),—R + aw(i + 2)} = 1 and argmin {aw}2(i), —R + avl(i + 1)} = 1,
which corresponds to (f727(i), f"+1(z +1)) = (1,1). Combining this with Equation (1.9),
gives:

A
ont i+ 1) — ot () > ﬁ( R+ov(i+2)+R—avl(i+1)) +b>b>0,

which holds because v} is non-decreasing.

For these four situations is shown that Equation ([1.9) is always bigger than or equal to zero, and
thus v2 (i + 1) — v +L(i) > 0, Vi > 0.

Casen>0,i=1 Assume v” is non-decreasing, n > 0. If v7*! is also non-decreasing, the
following inequality must hold:

o™ H(1) — w2 TH0) > 0. (1.11)

Equation ([1.7) with i = 1 gives an expression for v7T!(1). An expression for v"*1(0) can be
obtained using Algorithm [I.T}

v"1(0) = min {CO(O) + avl(0), co(1) + amva

A A
:min{b.o+avg(0),b.0— >\+MR+@)\+MUZ(1)+04 “MUZ(O)}

A A A "
— mi n(0), — R (1 20
win {20~ 2 Rt a0 b+ a0

A
mmin{avZ(O),—R—i—avg(l)} +a)\5_luvg(0). (1.12)

We need to show that subtracting Equation (1.12) from Equation (1.7) with ¢ = 1 results in

Inequality ((1.11)).

A
orH (1) = vt (0) = 2 min {av}(1), —R + av}(2)} +b- 1+ a5

va(0)

At p M
N §
_ (w min {av}(0), —R + avj(1)} +a)\+u >
= Aiﬂ(min{avﬁ(l)a ~R+ aufi(2)} - min {av3(0), ~R + av}i(1)} ) +b. (1.13)

There are four different possibilities for the optimal strategies to consider: the action minimizing
the first minimization expression in Equation ((1.13)) could be either zero or one, and the same holds
for the second minimization expression.

0 and arg min {av? (1), —R + av(2)} = 0, which cor-

e Let argmin {av](0), R—i—avg( )=
(0,0). These filled into Equation 1) gives:

responds to (f2TH(0), fo(1)) =

" H(1) — 2T 0) = 3 i . (owg(l) - avg(o)) +b>b>0,

where v7(1) > v2(0) holds by the non-decreasingness of v[}.

12



o Let argmin{av}(0), —R + av’(1)} = 1 and argmin{av}(1), —R + av2(2)} = 0, which cor-
responds to (f271(0), f7+1(1)) = (1,0). These filled into Equation (1.13) gives:

A A
n+1 o nt+l —_ n o n — >
vy (1) —viT(0) )\+Iu(owa(1)+R ava(1)> +b /\+MR+b_ 0.

e Let argmin{av?(0),—R + avll(1)} = 0 and argmin {av] (1), —R + av}}(2)} = 1, which cor-
responds to (f271(0), f2+1(1)) = (0,1). These filled into Equation (1.13) gives:

A
ntlqy _ oLy — _ n(9) _ ap™
ot (1) — o2 (0) A+M( R+ avl(2) — avi(0)) +b
> L(—R%—ow"(Q)—&—R—cw"(l)) +0b (1.14)
A+ u e el
> 0,
where for Inequality we used that min {aw?(0), —R + aw’(1)} = aw(0) and thus

—av](0) > R —avy(1 ) The last step holds because v} is non-decreasing.

e Let arg min {av] (0 ) R—l—owg( )} = 1 and arg min {av] (1), R—I—ow ( )} = 1, which cor-
responds to (f2T1(0), f2(1)) = . These filled into Equation (1 gives:

«

)
va (1) —vgtH0) =

= ( — n — av” >b>
)\—i-u( R+avy(2)+ R ava(1)>+bibio,

because v]} is non-decreasing.

In all the four possibilities of the optimal strategies, it is shown that Equation (1.11)) is satisfied,
and therefore v"*! is also non-decreasing in i = 0.

Conclusion Combining the two induction steps, we have proven that v]} is a non-decreasing
sequence in ¢ > 0 for every n > 0. ]

The following lemma gives a conditional statement about the form of the optimal strategy f2*.

Lemma 1.6. The optimal strategy f211(i) is a threshold strategy, if v"(i) is convex in i, ¥n > 0.

Proof. Let v} be convex in i, i.e. v(i+2) —vp(i+1) > v2(i+ 1) —vj(i) for i € S. We know that
vl(i) is non-decreasing sequence in i by Lemma
By Lemma [1.4 we know the following:

i) =0 e i+ 1) —vp(i) >

Rl

Now let i be defined as follows:

in = max{i € SU{oo} [u(i + 1) — v(i) < R}.

(07

13



Note that the convexity of v (i) gives that Vi € {0,1,...,i" —1,7"} holds v2(i+ 1) —v2(i) < R/a,
which is equivalent to

{o,1,...,i" = 1,i"} = {i!vZ(i%—l) —on(i) < R}.

«

Lemma combined with the given assumption that v?(7) is non-decreasing, gives the following
two possibilities for this ¢":

1. 7" = oo0.
Then f7*1(i) =1, Vi € S, which is a threshold strategy with threshold i" = occ.

2. "€ S.
Then Vi > ", v (i + 1) — v2(i) > R/« and thus

4 1
i ={ g

which indeed is a threshold strategy with threshold ™.
Therefore in both cases f(i) is a threshold strategy as defined in Theorem O]

0<e <™,
T >",

The following lemma is the last one needed to prove Theorem This lemma is about the con-
vexity of v, which was the condition used in the previous Lemma but was not yet proven.

Lemma 1.7. v](i) is convez in i, Vn > 0.
Proof. We will prove this by induction.
Case n =0 Assumption [1.2] gives an expression of v9(4):
A
0/- .
=b-i———R
Vo (7) A .

This expression shows that v (i) is linear in 4 and thus convex.

The induction step is split into two parts: one for ¢ > 0 and one for i = 0.

Casen >0,i>0 Assume that v is convex for some n > 0. Then Lemma states that
the optimal strategy f7*! is a threshold strategy.

Proving that v"*! is convex is equivalent to showing the following:
v (4 2) — T 1) > o4 1) — TG, Vie S,
which is equivalent to proving that:

" (4 2) — 20"+ 1) 02T 6) > 0, Vi€ S. (1.15)

14



Equation (1.7)) gives an expression for v771(i) and can be used to evaluate
" (i 4 2) — 20" (i 4 1) + 02T (4), Vi>1,
and see whether the outcome satisfies Inequality (1.15).

G 2) — 20" (G 1)+l TL(d)

)\i\umin{avg(i+2),—R+av3(i+3)}+b-(i+2)+a)\i vp(i+1)
—2(Ailumin{avg(i+1),—R+av3(i+2)}+b-(i+1)+a)\iuvg(i))
)\_/i\_’umln{ow i), —R+avl(i+1)} +b- Z—l—a)\j_'uvg(i—l)
)\i#min {avl(i+2),—R+avl(i+3)} — 2)\i#min {avl(i+1),—-R+avl(i+2)}
+)\+ min {aw} (i), =R + avjy( 1-1-1}+a)\i'u(vg(i+1)—2vZ(i)+vZ(i—1))
2)\iu(min {av?(i +2), ~R+ av(i + 3)} — 2min {av](i + 1), ~R+ o’ (i + 2)}

+ min {av} (i), —R + av} (z+1)})7

where the last inequality holds because v is convex by assumption. Also, the convexity of v}
combined with Lemma gives that f”+1 is a threshold strategy, leaving four possible strategies
of (fo1(i), fo+(i+1), f21(i 4+ 2)) which are all explored below.

o Let (ft(i), fott(i+ 1), f21(i 4+ 2)) = (0,0,0). This gives the following inequalities:
va i+ 2) = 205+ 1) + o (d)

> <av3(i +2) — 20070 +1) + avg(i))

oy (vg(i 1) - 20n(i 4+ 1) + vZ(i))
>0,
where the last inequality holds because v is convex.
o Let (foHi(d), fatt(i+1), [ (i +2)) = (1,0,0). This gives the following inequalities:
VP (6 4 2) — 200 (G 4+ 1) + ol (4)

o™i 1 "
_)\‘FM( R+ avl(i+ 3) — 2av](i + )+owa(z))

- <a (i +3) — 20" (z—i—l)—i—vZ(z’)]—R)

| vV

<a (i +3) — (i +2)] —R) (1.16)
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where inequality ([1.16)) holds because v is convex and thus —2v7 (i + 1)+ 02 (i) > —vl(i +2).
The final inequality follows from f771(i + 2) = 0, because that yields:

avh(i+2) < —R+avj(i+3).

o Let (fut(i), fott(i+ 1), f21(i 4+ 2)) = (1,1,0). This gives the following inequalities:

" (4 2) — 20" (i 4 1) + 02T (E)
A

_/\+u< R+ avl(i+3) = 2( — R+ avi(i+2)) + avi(i))

alvg(i+3) — 2v) (z+2)+vg(i)]+R)

| V

A+ ,u(
+M<oz B+ 1)+ ui()] + R) (1.17)

where inequality ((1.17]) holds because v? is convex and thus v (i+3) =202 (i+2) > —v(i+1).
The last inequality follows from the fact that f2*1(i) = 1 and thus av”(i) > —R+av?(i+1).

o Let (foH1(d), fatt(i+1), f21(i +2)) = (1,1,1). This gives the following inequalities:

"G+ 2) — 20" (G4 1) F 02 T(G)

A

> /\+M<—R+avg(i+3)—2(—R—|—av3(i+2))—R—l—owg(i—i—l))
A

:a)\+ﬂ<vg(i+3)—2vg(i+2)+v;‘(i+1)>

>0

where the final inequality is true because of the convexity of v].

Now we have shown that the convexity of v7 implies Inequality (1.15) for ¢ > 1 and every possible
threshold strategy f7*!, so v?*1(i) is convex for i > 1.

Casen>0,i=0 It remains to prove, that

ot (2) =202 (1) + 02T (0) > 0. (1.18)
The same induction hypothesis and assumptions hold as in the case for n > 0,7 > 0. Equation

gives an expression for v?71(0). By Equation ([1.7) we know the expressions for v?"1(1) and
n+1 (2)
ol :

o) = S min {1, ~R + avf(2)} + b+ ag e 0),
ot (2) = v min {av}1(2), —R + avl(3)} + 2b + ay 5_ Mvg(l).
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These expressions give the following equalities:
o (0) = 2081 (1) + 0 (2)

A
= 5 o {ah(0), R+ vl (D)} + s oi(0)

-2 (Aiu min {av} (1), —R+ avj(2)} + b+ ay 5_ MUZ(O)>

: n n /'L n
2),—R 3 2b 1
min {awv}y(2), +avi(3)} + +oz>\+luva( )

= )\ilu(min {avl(0),—R + av}y(1)} — 2min {av}(1), —R + av(2) }

+ min {av}(2), —R + av}i(3)}) + as i L (0R01) — wi(0)).

By the convexity of v} together with Lemma we know that f7*! is a threshold strategy, leaving
us with four possibilities for strategies f71(j), where j = 0,1,2.

o Let (f2t1(0), f2(1), f21(2)) = (0,0,0). This gives the following inequalities:
vatH(2) = 2037 (1) + 0 TH0)

+7
At p

>\ n n n n n
-1 M(ava(2) — 2aw(1) 4+ av2(0)) + e H( — v (0) + vi(1))
= A "(2) — 20" v a—P (1) = o
= 0‘)\+H(%(2) 2v5(1) +v5(0)) + >\+M( a(1) = v5(0))
>0,

where the last inequality holds because v} (2) —2v (1) +v2(0) > 0 by the convexity of v, and
v (1) —v2(0) > 0 holds by Lemma which states that v} is a non-decreasing sequence.

o Let (f2t1(0), f21(1), f21(2)) = (1,0,0). This gives the following inequalities:
1 (2) = 2071(1) + 021 0)

_ 2 (- avn(1) — 2a0] avy, at(—op Vg

- )‘+,U'( R+ a(l) 2 a(l) + a(2)) + )‘+/~L( a(0> + oz(l))
= 7/\ "(2) — ol — o H (1) — o7

- )\+/L(a [Uoz(Q) a(l)] R) + /\+M( a(l) a(o))

>0,

where the last inequality holds because f71(1) = 0, which means that av?(1) < —R+av?(2).
Also, v2(1) — v2(0) > 0 because of Lemma

o Let (f2t1(0), f2(1), f21(2)) = (1,1,0). This gives the following inequalities:
vaH(2) = 205 (1) + 0 H(0)

A n n n n n
- . (—R+avi(1) —2[ - R+ avi(2)] + avp(2)) + as +M(_ v (0) + vg(1))
- )‘+M(a [_va(z) +va(1)] +R) +a}\+u(va<1) —’Ua(()))

>0

)
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where the final inequality holds because —v%(2) + v7(1) + R > 0, since f7*1(1) = 1, and
v (1) — v2(0) > 0 because of Lemma

(07

o Let (f2110), f21(1), f2+1(2)) = (1,1,1). This gives the following inequalities:

va(2) = 205 (1) + v TH(0)

A n n n
= in (—R+avy(1) —2[ = R+ avp(2)] — R+ awl(3))
+ aﬁ( —02(0) + 0(1))
= A (1) — 20" v a—P— (1) = o
_O‘)\_‘_M[Ua(l) 2 a(2) + a(3)] + )\‘1‘,&( a(l) a(o))
>0

)

where in the last inequality, v}(1) — 20v2(2) + v2(3) > 0 holds by the convexity of v}, and
Lemma [L.5| gives: v (1) —v2(0) > 0.

The above calculations show that Equation (1.18) holds for all possible strategies, and therefore

v?L(7) is convex in i = 0.

In this proof we have first shown that the convexity of v”(i) implies that v?*!(i) is also con-
vex for i > 1. Now we have additionally proven that the convexity of v[(i) implies Equation .
Combining this with the first step of this proof, namely the convexity of v3 (i), Vi, we can conclude
that v} is convex, Vn > 0, Vi € S. O

Proof of Theorem [1.3,

By the lemmas stated before, we know the following:

e v is convex in i (first part of the proof of Lemma page ;

e The convexity of v implies that v27! is also convex (Lemma;

e v being convex implies that the optimal strategy f?*! is a threshold strategy (Lemma .
Therefore, strategy f7*! is a threshold strategy Vn, in other words, f? is a threshold strategy
Vn € N>o. O
1.2.3 Convergence of the threshold

When studying the results in Table [[.2] in Section [I.2.I] we can formulate an other assumption on
the convergence of the threshold in f. This hypothesis is given in the following theorem, based
on Exercise 2.8 in [5].

Theorem 1.8. (i"),, forms a non-increasing sequence of threshold strategies, where i" is the thresh-
old of the optimal strategy in time step n.

Before proving Theorem first some lemmas will be stated and proven.

18



Lemma 1.9. v2(i + 1) —v2(i) > o7 1(i + 1) — o2 L(i) for alli € S, n > 1.

Proof. To prove this, we will use the method of induction, where the two steps will both be split
into the cases ¢ > 0 and ¢ = 0.

Casen=1,i>0 In this case, we need to show that

v (i 4+ 1) —va(i) > v (i + 1) —v2(3), Vi > 1,
which is equivalent to:
v (i +1) — vl (i) — [v23i + 1) — 3 (3)] >0, Vi > 1. (1.19)
Equation (1.6)) gives an expression for v0(i + 1) — v2(4), Vi. Equation (1.8)) gives an expression for

(G4 1) "+1( ) for n > 1. Substituting these terms into the left- hand side of Inequality (| -
gives:

vali+1) = v (i) = [va(i + 1) — v (i)]

— A . 0/-
_m<mm{ava(2+1) ~R+avd(i+2 } mln{ow —R+ a’ (Z+1)}>
/"L 0/- - 0 . .
+b+a/\+u(va(z) W2(i—1)) —b

:Aiu (min{a [b(i+1)—)\i\uR] ,—R+ « [b(i+2)—AMR]}

A+
m'n{ [bz A R] R+a{b(z+1 ] } b
i AN
A+ )\—I—,u
A 7
b.
At p

= (mm{ab R+20zb} mln{O R—l—ab})—l—a

1.20
N (1.20)

From Inequality (1.19)), it is clear that the expression in Equation ([{1.20)) needs to be larger than or
equal to zero for all possible optimal strategies f0 and f..

By Theorem we know that the strategy f?*! is a threshold strategy ¥n. By Algorithm
we can deduce that fO(i) = 1, Vi € S, so there are no other strategies f0 to be tried. Therefore
only the strategy for ( @), frG+ 1)) can be varied legitimately. Thanks to this reasoning, there
are three different strategies leading to a different outcome of Equation ([1.20)).

o Let (fi(é), fA(i +1)) = (0,0). Then:

b b>0
At +a>\+u -

vé(z +1)— vé(z) — [Ug(i +1) - Ug(z)] =
so Equation (|1.19)) is satisfied.
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e Let (f2(4), fA(i+1)) = (1,0). The following holds:

. , . . A 7
va(i+1) = va(d) = [vali + 1) = 00(@)] = 57— (ab+ R—ab) +-a5-—b
A 7
=—R b
A p +aA+
>0,
and thus Equation ((1.19)) is satisfied.
o Let (fi(4), fa(i+1)) = (1,1). In this case we get:
Va(i +1)=va (i) = [va(i +1) — v5(3)]
A A A A i
=——R+2 b+ R— b+ b
A+ aA+ﬂ A aA+u aA+u
L
= b+ b
A+ aA+u
> b,

so Equation (|1.19)) is satisfied.
At this point we have proven that Equation (1.19)) holds for all circumstances for ¢ > 1.

Casen=1,i=0 To prove Lemma @7 we need to show the following:

Va(1) = va(0) = v (1) — va(0),
which is equivalent to:

0 (1) = 1(0) — [3(1) = 1(0)] > 0. (1.21)

For the calculation of v2(1) — v%(0), Equation (1.6)) can be used. Equation ((1.13)) with n = 0 can
be used for the calculation of v} (1) — vl (0).

o(1) = v6(0) = [v5(1) — v (0)]

—)\iﬂ(min {ae(1), =R+ a0d(2)} — min {a0)(0), ~R + an(1)}) +b b

A A A
——2 (i — — o 2
)\_i_lu(mln{a[b )\_huR}, R—i—a[b )\+MR]}
—minsa |[———R|,-R+a|b——R
A+ At p

A (min {ab, —R + 2ab} — min {0, ~R + ab}). (1.22)

Since Equation (|1.22)) needs to satisfy Inequality ([1.21]), all possible combinations of strategies have
to be distinguished to find out whether the expression is indeed greater than or equal to zero. Note
that the strategy for n = 1 has to be a threshold strategy, so (f1(0), f1(1)) = (0,1) cannot occur.

Also note that the strategy for n = 0 is f2(i) = 1, Vi € S by Algorithm S0 no variations are
possible for this strategy.
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e Let (£1(0), f1(1)) = (0,0). Then Equation (1.22)) becomes:

A
v (1) —vi(0) — [v2(1) — v3(0)] = M(ab—O) = AJruoébzo,

so Equation (|1.21)) is satisfied.
e Let (£1(0), f1(1)) = (1,0). Then Equation (1.22)) becomes:

A
— = — >
+M(ab—|—R ab) )\+NR_O,

so Equation ([1.21)) is satisfied.

e Let (£1(0), f1(1)) = (1,1). Then Equation becomes:

vl(1) —vl(0) - [vo(l)—vg(O)] = )\ilu(—R—i-2ab+R—ab) = pp

ab >0,

so Equation ([1.21)) is satisfied.

In the above calculations is shown that Inequality (|1.21]) holds for all circumstances. This combined
with the previous step in this proof shows that v} (i + 1) — v} (i) > v2 (i + 1) — 02 1(3), Vi € S.

Casen>1,7>0 Assume v7(i + 1) — v2(i) > v27 (i + 1) — v?71(i) holds Vn < N for
some N > 1. Then the induction hypothesis gives:

N (i +1) — ol (@) > o)+ 1) — oY 20), Vi € S. (1.23)
Now we need to show for ¢ > 1, that

ol + 1) — o)~ [vl (i + 1) — o2 (3)] > 0. (1.24)

Equation ([1.8)) gives an expression for v"+1(i + 1) — v21(i) that we can insert in Equation (1.24)
forn=Nandn=N —1.
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va i+ 1) = v THE) = [l i+ 1) = ol (0)]

:)\ilu(min{avév(i—i—l), —R+av) (i +2)} — min {av) (i), —R + av} (z—i—l)})
+b+a)\+u(vév(i)—vg(i—l))—)\i\u(min{avév1(i+1),—R+av(]j1(i+2)}
— min {av) "), ~R + av) "1+ 1)}) —b—a)\iﬂ(vév’l(i) — o) (i - 1))

:)\ilu<min{avév(i+1) —R+av) (i +2)} — min {av) (i), R+ av) (i + 1)}

—min {av) (i + 1), R+ avl (i + 2)} + min {avév_l(i), —R+av) i+ 1)})

+at [véV(i)—véV(z’—l)—(vﬁ*l(w—vﬁ*%i—l))]

A+ p
A : ,
_m<mm{avé\[(l+1) ~R+avl (i+2)}— mln{av ~R+ av, (_|_1)}
_mm{owévfl(i-l-1),—R+owév’1(i—i—2)}+min{Ozv(])}[”(i),_R_i_owé\f—l(ﬂ_1)})7

(1.25)

where the final step holds because of the induction hypothesis in Equation (|1.23)).

Similarly to previous proofs, all possible strategies are verified to prove that Inequality (|1.24])
holds in each of them. Note that according to Theorem the optimal strategy is a threshold
strategy.

However, not all combinations of threshold strategies for f¥ (i), fN(i+1), and fY*+1(3), fN+1(i41),
Vi, appear to be valid. To prove this, we use the following two statements:

o fNHL4) = 0iff vl (i +1) — vl (4) > R/ (Lemma [1.4);
o v (i+1) — v (i) > v (i +1) — v (i) (Equation (1.23)).
From these statements, we can deduce that f2(i) =0 implies that oY ~1(i + 1) — v) (i) > R/a.

In order to satisfy Equation (|1 also v (i + 1) — v (i) > R/a holds, and thus fY¥*+1(i) = 0. In
summary, this means:

ANiy=o0 = NG = 0. (1.26)

Below, the previously mentioned possible threshold strategies are given, and for each is proven that
Inequality (|1.24]) holds. Note that the strategies made impossible by Implication (1.26)) are left out.

o (faHH(@), fAH (i +1)) = (0,0) and (£ (i), f&' (i + 1)) = (0,0).
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In this case Equation ([1.25)) becomes:

va i+ 1) =g @) = g (14 1) — vl (0)]

> (avNi+1 —owNz—ozU 1+ 1 —I—(wév_li)

35 o (1 +1) —avy (i) Hi+1) (2)
>0,

where the final step holds as a result of the induction hypothesis (|1.23]).

o (fF(0), fN“(Hl)) (0 0) and (f2'(3), f& (i +1)) = (1,0).
In this case Equation ([1.25)) becomes:

va i+ 1) = oM@ — [l (i + 1) — 0l (0)]

2)\+M(avév(i+1)—avév(z)—av i+ 1) - R+avév_1(i+1))
= Aiﬂ(avé\[(i—kl)—avé\[(i)—}%)
>0,

where the final step holds because: min {av) (i), =R + av} (i + 1)} = av) (i).

o (fAF(@). faHM (i +1)) = (1,0) and (f37(2), fa' (i + 1)) = (1,0).
In this case Equation ([1.25)) becomes:

va i+ 1) = o T E) = [l i+ 1) = 0l (0)]

_Aiu< (Z+1)+R v, (z—l—l)—av Y1) - R‘f‘avév*l(i—kl))

=0.

o (f2HH), A+ 1) = (0,0) and (£27(0), £ (i + 1) = (1,1).
In this case Equation ([1.25)) becomes:

A R R A O R A S VR O]
2)\)\”<av (i+1) —av) (i) + R—av) (i +2) - R+av5§*1(z‘+1))
2/\ M(ow (i+1)+R—av(i+1)— v Hi+2) +av)™ (z‘+1)) (1.27)
> +M<R avN (i +2) + av) ™ (z‘+1)>

where Inequality (1.27) holds because f¥*+1(i) = 0 and thus

o
A+

V(i) = -

R-— N+ 1).
T Atpu a)\+uva(z+)

The final inequality holds because f2(i +1) = 1 and thus vY~1(i +2) — o ~1(i +1) > R/c.
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o (f2HH@, G+ 1) = (1,0) and (£7(0), £ (i + 1) = (1,1).
In this case Equation ([1.25)) becomes:

va i+ 1) =g @) = g (04 1) — vl (§)]

( Ni+1D)+R—avd(i+1)+R— vl 1(i+2) - R+avév_1(z'—|—1))

>

T A+
A
At
207

(R —avY i+ 2) 4+ av) i+ 1))

where the final step holds by: min {avl (i + 1), R+ av) (i + 2)} = —R+av] 1 (i+2).

o (fT@), fATNi+) = (1 1) and (f2(2), £ (i + 1)) = (1,1).
In this case Equation (|1 becomes:

va T+ 1) =g ) = [ (04 1) = vy (0)]

2)\_)’\_#( R+avY(i+2)+R—av)(i+1)+R—av) 1i+2) - R+avév_1(i—l—1))
Za}\iu(vév‘l(wmvév‘l(iﬂ)vg—l(i+2)+u§—1(i+1)>
=0,

where the second step holds as a result of the induction hypothesis (|1.23]).

From the above enumeration can be concluded that for every possible combination of strategies,
Inequality (1.24)) holds Vi > 1, when assuming Induction Hypothesis (1.23]). The next and final
step in this proof is the induction step for ¢ = 0.

Casen>1,i=0 Assume IN > 1, such that v2(i + 1) — v2(i) > o271 + 1) — 027 1(4)
holds Vn < N, Vi > 0. This assumption gives Inequality (1.23)), which was used in the previous
step of this proof as well. The inequality we need to prove in this case is:

ol (1) — o H0) - [l (1) - oY (0)] > 0. (1.28)

Substituting Equation ([1.13)) into Equation ([1.28)) gives:
va THL) = v H0) = [ud (1) — 05(0)]

«

— )\j\—,u<min {Ozv 1), —R + av) } min {O‘U ),—R—i—avé\f(l)}) +b
= (s (min {0, R + 00l 1)) = min o 0), -+ anlH1)}) +0)
- Aiu(flﬂin{av 1), =R+ ovg(2)} — min {0y (0), =R + avg (1)}

fmin{avN_l(l),fR+owéV_1( )} + min {avN 1(0),7R+avév_1(1)}>. (1.29)
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Again, we need to go through all possible strategies to prove that Equation ([1.28)) holds in all cases.
Using Implications (1.26]), some combinations of strategies can be excluded, just like we did in the
case with n > 0, ¢ > 0. We will not further discuss these.

o Let (f21(0), f41(1)) = (0,0) and (f2(0), £ (1)) = (0,0).
In this case Equation becomes:

va (1) =vd ) = [v (1) — w3 (0)]

[0}

A

=5 - (avév(l) —av(0) — aw}71(1) + avév_l(O))
> 0,

where the last inequality follows from the induction hypothesis.

o Let (f271(0), f1(1)) = (0,0) and (£57(0), f2¥(1)) = (1,0).
In this case Equation becomes:

va T (1)=0g TH0) = [ (1) = v (0)]

D) —/l\— 1 (avév(l) o avév(()) - Owév_l(l) - R+ avg_1(1)>
A

= 1 (e () =2 (0~ B)

>0,

where the last inequality holds by Lemma which states that fY¥+1(0) = 0 implies that
vV (1) — o (0) > R/a.

(67

o Let (f2/F1(0), 21 (1)) = (1,0) and (f2Y(0), f2'(1)) = (1,0).
In this case Equation ([1.29) becomes:

va (1) =g TH0) = [v (1) = v (0)]

A _ -
= 5 (e W+ B - (1) — w7 (1) = R+ o7 (1)

o Let (f21(0), f471(1)) = (0,0) and (f2Y(0), f'(1)) = (1,1).
In this case Equation becomes:

va D)=l TH0) = [ (1) = v} (0)]

—

=5 i . <owév(1) — avév(O) +R— owg_l(Q) — R+ owév_l(l)>

> \ i P <avév(1) —av¥(0) — v 711) - R+ avév_l(l)> (1.30)
A

=7 . <avév(1) — aUéV(O) — R)

Z 07

where Inequality (1.30)) holds, since £ (1) = 1 implies that R —av)~(2) > —av)~1(1). The

(%

last inequality holds by Lemma stating that fN¥+1(0) = 0 implies v (1) — v (0) > R/a.
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o Let (f2(0), f271(1)) = (1,0) and (£57(0), £’ (1)) = (1,1).
In this case Equation ([1.29)) becomes:

va T 1) =vdH0) = [vd (1) — va (0)]

67

_ A N N N-1 N—-1
_/\+M(ava(1)+R N (1) + R — av¥"1(2) = R+ av) (1))
_ A N-1 N-1

_7)\+M(R avN1(2) + avd (1))

>0,

where the last inequality holds by Lemma which states that f(1) = 1 implies that
vN1(2) — oV 1(1) < R/a.

o Let (f21(0), £ (1)) = (1,1) and (f2(0), f3'(1)) = (1,1).
In this case Equation becomes:

va T 1) =ud H0) = [vd (1) — w2 (0)]

67

:)\j\_u(—R+avéV(2)+R—aviv(1)—|—R—avéV_1(2)—R+owév_1(1))
A _ ) . _
zm(aug 12) — av¥1(1) — av¥1(2) + avl 1(1)) (1.31)

=0,
where Inequality (1.31]) holds by the induction hypothesis v2 (2) —vX (1) > v¥=1(2) —v)~1(1).

Now we have shown that in all possible combinations of strategies Inequality ((1.28]) holds, when
given Induction Hypothesis (1.23). These complete the Induction step and hence the proof of
Lemma [T.9l O

Proof of Theorem[1.8:

For the clarity of the proof, we will first give an overview of useful results achieved earlier.
e V(i + 1) —v(i) > v i+ 1) — v 1(i) foralli € S,n > 1 (Lemma ;
o f2H() = 0iff v2(i + 1) — v2(i) > & (Lemmal[1.4);

e The optimal strategy f7(i) is a threshold strategy Vn, meaning that i} € S such that
fr(i) =1, Vi < i and fo(i) =0, Vi > i (Theorem [1.3).
Now, let iV € S be the threshold for strategy fN*! for some N > 0. Then, Vi < iV holds:
oY (i + 1) — v} (i) < £. By the fact that v (i + 1) — v} (i) > v ~1(i + 1) — v} ~1(i) follows that
oY 7Hi+1) — o) 71(i) < £ and thus £ (i) = 1.

Now, we may conclude that fN*1(i) = 1 = fN(i) = 1, which is equivalent to fN(i) # 1 =
fN+1(3) # 1. This can be rewritten into f2(i) = 0 = fN*1(i) = 0 (which is equivalent to Impli-
cation ), which means that once a strategy N does not allow the ¢th customer to enter the
queue, strategy N + 1 will also decline any ith customer in line. Thus (i"), is a non-increasing
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sequence of threshold strategies. O

All the above theorems and lemmas are proven for cost function ¢;(a) from Equation (1.4). How-
ever, in these proofs we only used the fact that ¢;(a) is a non-decreasing and convex function in 4.
Therefore, we can formulate the following theorem:

Theorem 1.10. Theorems and hold for every cost function C;(a) of the form

) = B(1), a=0,
CZ( ) B { B(Z) _pi,(i+1)(1)R7 a = 1,

where B is a non-decreasing convex function and pi7(z~+1)(1) = ﬁ/\u as defined in Equation .

The proof of this theorem consists of the proofs of Theorems and and their corresponding
lemmas using the properties of C;(a) given in Theorem instead of ¢;(a) given in Equation (|1.4)).
1.3 Monotonicity of the model

Next to the limiting behaviour of the optimal strategy fZ(7), it is also interesting to look at the
behaviour of the model for different values of ov. A presumption of this behaviour is stated in the
following theorem, and proven afterwards.

Theorem 1.11. Let aw < 3. Then: threshold iy, > ig, Vn > 0.
Before proving Theorem we will state and prove some lemmas.
Lemma 1.12. Let o < 5. Assume v (i + 1) — v2(i) — [vg(z +1) - vg(z)] <0, Vi € S for some
n € N>o. Then a[v(i + 1) — v2(i)] — ﬁ[vg(i +1)— vg(z)] <0.
Proof. Lemma states that v'(7) is a non-decreasing sequence in i. Therefore, in inequality

Vo (i + 1) —vg(i) <wvg(i +1) —vp(i), (1.32)
both sides are positive. Since a < [, multiplying the smaller side of (1.32)) with o and the larger

side with 8 will preserve the inequality, resulting in the assertion of the lemma. O

With the help of the following lemma, we will be able to prove Theorem
Lemma 1.13. Let a < 3. Then: vg(i+ 1) —vg(i) < vg(i+1) —v5(i).
Proof. In this proof, we need to show that:
va(i4+1) — o) — [vf(i +1) —vj(i)] <0, Vie S,n>0. (1.33)

We use induction to show this. The induction step is split into two parts by considering the cases
1 =0 and ¢ > 0 separately.
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Casen=0,7>0 Equation (1.6) substituted into Equation (1.33) with n = 0 gives:

va(i+1) = v (i) = [vg(i + 1) = v3(i)] =b—b=0<0, Vi€ S,
which means that Equation ((1.33) is satisfied for n =0, i > 0.

At this point, we can proceed with the induction step.

Induction step Assume IN > 0 such that Inequality (1.33) holds Vi € S, ¥n < N.
Induction step, i >0 Then Equation (1.8)) yields:
v 1) =0 @) = [0 TG+ 1) = 0f ()]
A
:ﬁ(min{avé\[(i—{—l), —R+av® (i+2)} - mln{ow —R + av, (z—i—l)})
1
u . .
+b+oz)\+ (vév(z) fvév(zfl))
A . . :
v (mln {,Bvﬁ i+1),-R+ ﬁvév(z +2)} — min {Bvév(z)7 -R+ ﬁvév(z + 1)}>

—b—ﬁm(vév(i)—vév(i—l))
A
At

— min { 8o} (i + 1), —R+ Bv}) (i + 2) } + min {mg(i), —R+ ol (i+ 1)}}

ol @) o (- 1) - ﬁ(vﬁ(i%v%—l)ﬂ

{min{avé\[(i—l-l) ~R+av)(i+2)} - mln{av ~R+av)(i+1)}

At p
S)\iu{min{avé\[(i—i—l) ~R+avl (i+2)} - mln{av —R+ av)) (z—i—l)}
—min {Bvf (i + 1), =R + B} (i + 2) } 4+ min { Bv} (i), — R + Bv} (z+1)}} (1.34)

where the last inequality follows from Lemma

Now, assume that fN¥+1(i . Then, Lemma states that v (i + 1) — v (i) > R/a which is
equivalent to a (v} (i +1) — vl ) > R. By Lemm it follows that B(vﬁ (i+1)—vp (i Y@) =R

)=
and therefore Uév(i—i-l) év( i) > R/B. By Lemmall.4} this implies, that fN‘H( ) = 0. Summarising
this means, that:

2 i) =0 = e =o. (1.35)

For strategies (fVT1(i), fN+1(i+1)) and (fN'H( ) fNH(H— 1)), there are three possible threshold
strategies. This results in nine comblnatlons of threshold strategies. But given Implication ,
not every combination of strategies is feasible. Below we will only name the pairs of threshold
strategies that are valid by Implication , and show that Inequality holds.
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o Let (FA1(i), FATH(i+1)) = (0,0) and (f57*(), f7H (i + 1)) = (0,0).
Then, the left-hand side of Equation (|1.34]) becomes

va i+ 1) = o) — [0+ 1) — v ()]

g)\j\_u{avé\[(i+l)—ao (1) — Boﬁ(z—i- )+5Uév(i)}

<0,

where the last inequality holds by Lemma [1.12| combined with the induction hypothesis.

Let (fY1(i), f (i +1)) = (1,0) and ( ML), fNH(Z—i— 1)) = (0,0).
Then, the left-hand side of Equation (|1 becomes

va T+ 1) = o @) = [ T+ 1) — g )]
_|_

R—avl(i+1) - ﬂvév(i+1)+ﬁvév(i)

[
)

*3tg [ Ni+1

<0,

where the last inequality holds because fNH( ;) =0 and thus ﬁvﬁ (i) < —R+ Bvév(i +1).

Let (fY+10), (i +1)) = (1,1) and (£57(0), £ (i + 1)) = (0,0).
Then, the left-hand side of Equation (|1.34)) becomes

vévﬂ(i +1)— vévﬂ(i) — [véVH(i +1) - UNH(Z')]

s
g/\iﬂ[ R+av)(i+2)+R—av)(i+1)— vy (i+1) + Buf (i)
A ) .
< B BeR )+ oY )] (1.36)

<0

— )

where Inequality (1.36) holds, as fN‘H(z 1) = 1 implies that ozvév(l +2)—av(i+1) <R
The final mequahty holds because fﬁ (1) = 0, implying that 51),8 (1) — ﬂvﬂ (1 + 1) + R <0.

Let (f2F1(0), fA*1 (i + 1)) = (1,0) and (£571(0), £ (i + 1)) = (1,0).
Then, the left-hand side of Equation (|1.34)) becomes

N4+ 1) — oG — [vévﬂ(i +1)— vév+1(i)]

< )\iu[avéy(i—kl)—kR—av (i+1) - Bvé\’(i—kl)—RJrﬂvéV(H—l)}

=0.

o Let (fYVH1(0), fA*1 i+ 1)) = (1,1) and (f57(0), 571 (i + 1)) = (1,0).
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Then, the left-hand side of Equation (|1.34]) becomes:
véwrl(i +1)— véVH(i) — [vévﬂ(i +1)— vévﬂ(i)}
<L[ R+avd(i+2)+R—av)(i+1) - BUN(i—I-l)—R-i-,BUN(Z'-f-l)}
T At : A
A N/ Ny
<Y s (R — 8ol (i +1) + 80} ()]
<0

)

where the second inequality holds because f*!(i + 1) =1 and therefore

~R+ a4+ 2) < a6+ 1).

o Let (FYF1(0), FAFHi+1)) = (1,1) and (f577 (), [T (i + 1)) = (1,0).
Then, the left-hand side of Equation (|1.34]) becomes

va i+ 1) = i@ = [od T+ 1) — o)
A
Sm[ R+ av)(i+2)+ R — av) ('+1)+R—6vév(i+2)—R+Bvév(i+1)
<0,

where the last inequality holds by Lemma combined with the induction hypothesis.

So far, we have proven that, given the induction hypothesis, Inequality (|1 holds for every pos-
sible combination of threshold strategies for (f2 (i), £/ (i+1)) and (f,B L@), fNH(z +1)) for
1 > 0. To finish this proof, we need to show that, given the induction hypothesis, Inequahty -
holds for ¢ = 0.

Induction step, i =0 Note, that we still have the assumption that 3N > 0 such that
Inequality ((1.33)) holds Vi € S, Vn < N. Equation (1.13)) gives:

va (1) = udH0) = [og T (1) — w5 H(0)]

B B
= )\iu(min {ow (1), R+0ﬂ) } min {ow (0), —R + avfj(l)}) + 0
)\i (mln{ﬁvﬂ R+BU5 )}—min{ﬁvév(O),—R+Bvév(l)}) —b
— /\iu(min {av) (1), =R + av) (2)} — min {av] (0), —R + av) (1)}

— min {ﬁvﬁ R—i—ﬂvﬁ 2)} + min {Bvév(O),—R—&—ﬁvéV(l)}).

With a reasoning similar to the one leading to Implication (1.35)), we can state that fN+1(0) =0
is equivalent to awlY (1) — awl (0) > R, which implies Bvﬂ (1) — ﬁvé\](()) > R, which is equivalent to
fN'H( ) = 0. In summary, this means:

A0y =0 = F57H0) =o0. (1.37)
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For i = 1, Implication (|1.35) can be used.

Just as in the case of the induction step with ¢ > 0, there are nine possible combinations of
threshold strategies for (f+0), f7+1(1)) and (fNH( ) fNH( )). Three of these are impossible
by Implication ((1.37)). We will check the remaining combmatlons below to see if Inequality -
holds.

o Let (f2(0), f(1)) = (0,0) and (fN“( ), [HH(1)) = (0,0).

Then, the left-hand side of Equation (|1.34)) becomes
v (1) = ol 0) = o (1) = 0F T 0)]

= /\j\_#[avéy(l)—av (0) - BUB( )+Bvév(0)}

<0,

where the last inequality holds by Lemma combined with the induction hypothesis.
o Let (f21(0), A1) = (1,0) and (f577(0), £5+'(1)) = (0,0).
1-

Then, the left-hand side of Equation ) becomes
v FH(1) = ofFH(0) = [0 (1) = wF T (0)]

A
= eeh () + R - (1) = B (1) + Bef 0)

<0,

where the last inequality holds because fN *10) =o0.

o Let (f2/*1(0), f71(1)) = (1,1) and ( N“( 0), f5 (1)) = (0,0).
Then, the left-hand side of Equation (|1 becomes

va (L) = wdTH0) = [op (1) — vEH0)]

_ )\_i_/\u[—R—l—avéV(2)+R—avéV(l) — Bl (1) + Bu (0)
< A [R gu (1) + 8o (0)] (1.38)
<0,

where Inequality (1.38) holds because fN*!(1) = 1. The final inequality holds because
135(0) =

o Let (f2/*(0), f(1)) = (1,0) and ( N“( ), f5 TH(1) = (1,0).
Then, the left-hand side of Equation ({1 becomes:

va L) = H0) = [og (1) = v T (0)]

= Aiﬂ[a”év(l)JrR—avéV(l)—Bvév(l)—R+5vg(1)

=0.
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o Let (f2/*(0), £ (1)) = (1,1) and (fN“( ), f5 (1) = (1,0).
Then, the left-hand side of Equation ({1 becomes

va 1) = H0) = [og (1) — v (0)]

:)\—/i\—,u[_R—i_ava(z)"’_R_aUéV(l)—&Jév(l)—R—i—ﬁvg(l)
= Ai R =B} (1) + 8o5 (0)]

<0,
where the last inequality holds because fY¥+1(1) = 1.

o Let (f2/*1(0), £ (1)) = (1,1) and (fN“( ), f5F1(1)) = (1,0).
Then, the left-hand side of Equation ({1 becomes:
v (1) = ofHH(0) = [vp (1) = 0 H(0)]
A
A tu
S 0’

[—R-i—ow 2)+R—av¥(1)+ R - 5@5() R—i—ﬁvév(l)]

where the last inequality holds by Lemma combined with the induction hypothesis.

By the above we have shown that, given the induction hypothesis, Equation (|1 holds for every
. . . . N+1 N-+1 N+ N+1
feasible combination of threshold strategies for (f21(0), f2*!(1)) and ( fs ( ) fr (1 ))-

Conclusion By this induction, we have proven Lemma to be correct. O

Now that we have proven Lemmas [I.12] and we can give a proof of Theorem

Proof of Theorem |1.11].

By Lemma we know that v (i + 1) — vi(i) — [vj(i + 1) — vj(i)] <0, Vi € S,n > 0. Then
Lemma gives: a[v(i+ 1) —v2(i)] — ﬁ[vg(z +1) — v (i i)] <0,Vie S,n>0.

This means that if v3(i +1) — v (i) > R/a, then v3(i + 1) — v5(i) > R/B, which is equivalent to
the following:
2 TH(i) =0 = f56) =

Since the strategies for a and S both are threshold and sending off customer ¢ in the a-model
implies refusing the i** customer in the -model, we can conclude that the threshold for a has to
be greater than or equal to the threshold for 8, Vn > 0. Therefore, i > i3 Vn > 0 must hold. O

1.4 Operators

An other way to approach the discounted model with controlled arrivals, is with the help of so-
called operators, see [4] and [2]. This means that the calculation for U"H( ), as mentioned in
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Algorithm and explicitly given in Equation ([1.7)), is calculated by a few consecutive functions.
From Equation (1.7, we get the following operators:

vkt (i) = vi(i) (1.39a)
o (i) = T () (1.39D)
vt (i) = Toavp (i) (1.39¢)
VI ) = Tunis (02510), 0251 (0) (1.394)
Vbt () = Taiscvl ' () (1.39)
vt (i) = v (D). (1.39¢)

The function of each of the operators in Equations ((1.39a]) up to (1.39f) can be found in Table
where the following notation is used for any function g : N>g — R:

g(i—1)* = { %)_ b ;ig

This notation, also implemented in v}, will occur in the rest of this thesis.

Description of the operator ‘ The operator

Departure Tpf(i) fi—-1)*

Controlled arrivals Teaf(i) = min {f(l)a % + fli+ 1)}
Uniformization TLunif (f(2>v 9(1)) = %f(l) + iﬂg( i)
Discounted costs Taiscf(i) = af(i)+ B(i)

Table 1.3: The functions of the operators mentioned in Equations 1' up to 1)

Note that the operators can be defined in different ways, although they are forced to have a struc-
ture similar to the representation given in Table

When implementing the operators from Table as described in Equations (1.39a]) up to (|1.39f),
Equation ( . for calculating v (3) becomes

VL (0) =Tiee Tunis (TCAU (i ),TDvZ(i)>. (1.40)
Note that the operator-representation of v"*1(i) in Equation (1 can be used for the proofs in

this chapter. In the following chapter, where we will add controlled departure to our model, we
will show how this works by proving similar theorems using the operators.
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Chapter 2

Discounted model with controlled
arrivals and departures

2.1 Model description

The model in this chapter is an adaptation of the original discounted model as described in Section
All variables as introduced in Chapter [I] are defined similarly, as well as the choice of accepting
or refusing any incoming customer. For the fee per customer per time unit we take C;(a), a € A,
as described in Theorem [LI0l

The new part in this adapted model is the choice between two servers, both with exponentially
distributed service time. Server 1 has mean service time 1/p; and Server 2 has mean service time
1/p2, such that Server 2 is faster than Server 1 and thus p; < puo.

For this model, we again want to calculate v7!(i) by an algorithm similar to Algorithm
Before we can give such an algorithm, we need to give the transition matrices for every possible
combination of choices. Let a € A = {0, 1} be the choice for accepting or refusing an incoming cus-
tomer, as described in Chapter |1, The choice for the server is given by d € D = {1,2}, with d =1
representing the choice for the slower and cheaper Server 1, and d = 2 for the faster, more expensive

Server 2. The action space in each state is therefore given by A x D = {(0,1),(0,2), (1,1),(1,2)}.

To be able to compare the different combinations of actions, we discretize time and uniformize
the probabilities. For the discretized time steps we take T = A + p1 + peo, which is similar to the
choice of T" in Chapter [I] The uniformized transition probabilities are then given in the following
matrices P(a,d) with (a,d) € A x D.
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Api4pa 0 0 0
H1 A+ po 0 0
P(0,1) = _ 0 pr Adpz 0
)\+,U/1 + w2 0 0 1 A_‘_MQ
A4 p1 + po 0 0 0
12 A+ 0 0
P(O, 2) _ ; 0 125 A+ H1 0
A+ p + 2 0 0 s A+
pitpz A0 0
M1 w2 A0
P(1,1) = _ 0 pio p2 A
)‘+:U’1 + w2 0 0 W1 2
p14+p2 A0 0
2 pr A0
P(1,2) = 1 0 P2 H1 A
A N T

Note, that time discretization has an effect on cost function Cj(a) from Theorem For this
adapted model, cost function C;j(a) is calculated similarly to the cost function in Chapter [I} Equa-
tion (1.4, and is now given by

Ci(a) = B(i) = pii+1)(0,d) - R, a=0,d € D,
Z B(i)_pL(H—l)(lvd)'Ra azl,deD,
_{B(i)v a=0,de D,
= B(i)—m.ft a=1,d€ D,

with B(7) : S — R a non-decreasing and convex function.

Assume, that the use of the faster Server 2 brings some additional cost per time unit T, say
K € R>p. In other words, let k& : D — R such that k(1) = 0 and k(2) = K. Additionally, assume
we can choose at any change of state in the process which server is to serve the customer currently
in service.

Next, we will formulate an algorithm for the calculation of v)(7) and strategy f(i), Vi € S,n > 0,
where the strategy is of the form fJ(i) = (a,d), (a,d) € A x D. When we refer to one of the

components of f7(i), we use the notation f2(i) = ((fg(z))l, (fg(z))Q)



Algorithm 2.1. Successive approximation extended model
1. Pick v3(i) € R arbitrarily, Vi € S; let strategy fO(i) = (1,1), Vi € S.

2. Let vy (i) = min, gyeaxp {Ci(a) + aP(a, d)vli(i) + k(d) }, and thus
n+l(j) = arg min (g gyeax D {Ci(a) + aP(a,d)v2(i) + k(d)}, forn=0,1,..., i € S.

Note that this algorithm satisfies the constraints in Paragraph 8.3.5 in [3] and thus is correct and
converges towards the optimal values of v} (i), i € S.

We make the following assumption on the starting value of v2(i), which holds until a different
starting value is given.

Assumption 2.2. Let v3(i) = ming, gyeaxp {Ci(a) + k(d)}.

With the help of this Algorithm we can elaborate on the value of v(7). For n = 0, we get:

vo(i) = min {C;(0) + k(1), C;(0) + k(2), Ci(1) + k(1), C;(1) + k(2) }

A
=min{ B(),B({) + K,B(i))— —~> R B(i)——— R+ K
{() ) ) A+ pa+ pe Q A+ p1 + pe }
A
=B() - —"F——, 2.1
(@ A+ py + 2 1)

which corresponds to f2(i) = (1,1), which is the strategy from step 1 of the algorithm, and is
equivalent to accepting an incoming customer and using the slower Server 1, Vi € S. This strategy
is in line with Step 1 in Algorithm [2.1]and therefore the value for v9 (i) from Assumption [2.2]is valid.
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Let n > 0. Then, according to Step 2 Algorithm [2.1] the following holds:

vttt (@)= min  {Ci(a) + aP(a,d)v(i) + k(d)}

(a,d)eAxD
= min {%avg(i) + mm}g(i —1)" + B(i), (2.2)
mavg(i) + %avz(i - 1"+ B@) + K,
wavg(i +1)+ %avg(i) + mavg(i _ )t
. A
+ B(i) — Rm7
wavg(i +1)+ %avg(i) + %av% )t
+B(i) - Rw n K}
= w min { min [()\ + po)av™ (i) + praw (i — 1), (2.3)

Aol (i + 1) + poav (i) + powf(i — 1)T — R)\],

min [(A + p)aw?™ (i) + paav(i — 1) + K,

vl (i + 1) + prow? (i) + peov?(i — 1)t — RA + K} } + B(i)

1
A
A min [avg(i), (i +1) — R] + ™ (i) + oo (i — 1) + K} + B(5)

min {)\ min [avg(i), avy(i+1) — R} + poavl (i) + pravl (i — 1) T,

Lt amin{mv"i SR (2.4)

— e v
A+ p1 + po p1 4 po @ p 4 po @

K
PLon(iy+ —E2yn(i — 1)t + }
1+ 2 1+ iz a(p + p2)

A R

In Equation , the order of the strategies f2*!(i) in the minimization is equal to (0, 1), (0,2),
(1,1) and (1,2). In Equation the order of strategies f271(i) is different to be able to separate
the minimization regarding acceptance. The order is equal to (0,1),(1,1) and (0,2), (1,2), where
we use that min{u, v, w, x} = min{min[u, w], min[v, 2|} with u,v,w,z € R.

2.2 Operators of extended model

In Section |1.4] we showed how operators can be used to split the calculation of v} (7) in the original
model for n > 0,7 € S into several consecutive, less complex, parts. For the extended model of this
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chapter, with an additional choice of a slow or a fast, more expensive server, we can do the same
with slightly different operators.

UZ:gl i) = v, (1) (2.5a
vgzl i)="T. vg“gl(z) (2.5b
vzgl 1) = TCA’UZng(’L) (2.5¢

(4) )

(4) )

(4) )

viht (i) = Tepuld (i) (2.5d)

(1) = Tunis (025 (0), 081 () )
(4) )
(4)

The description of each of the operators in Equations (2.5b)) up to (2.5f) can be found in Table

Description of the operator | The operator
Departure Tpf(i) = f@i—1)7*
Controlled arrivals Toaf(i) = min{f(i) —E + fi+1)}
Controlled departure Tepf(i) = min {mﬂmf(z +1)+ u1+uzf(i)’
u : K
m-&-lmf(l +1)+ u1+u2f(z) + a(mﬂn)}
Uniformization Tunif (f(0),9(3)) = Aiﬂﬁu f(i)+ mg(z)
Discounted costs Taiscf (1) = «af(i)+ B(i)

Table 2.1: The definitions of the operators mentioned in Equations l) up to li

Implementing the operators from Table in Equations (2.5a)) up to (2.5g), Equation (2.4) for

calculating v (i) becomes:

n+1( ) szscTumf (TCDTDU ( ),TCAUZ(Z')> . (2.6)

2.3 Finding the optimal strategy

Note, that with Equations ([2.4)) and ., we have two equivalent ways to calculate v (i) for the
extended model. We can formulate a theorem on what the optimal strategy will look like. Before
we give this theorem, we will state a few observations.

As Equation (?2.1)) shows, for n = 0 the optimal strategy f2(i) = (1,1), Vi € S, meaning that
every incoming customer is accepted and Server 1 is used. This being the optimal strategy means
that we only need statements about the optimal strategy for n > 0.

Equation ([2.4) shows that the minimization term from Equation (2.2)) can be split into two separate
minimizations on different sets: one minimizing over a € A, and the other one over d € D.
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Theorem 2.3. The optimal strategy fI(i) is a two-dimensional threshold strategy, ¥n € Nxg,
i€ S, i.e. Jiy,iy €8 such that

a

. 1, 0<i<in

CHOE I
) ar

0<i<in,

(/2 (@), :{ ; i >l

In order to prove Theorem [2.3] we follow the path of the proof of the similar Theorem [I.3] using
multiple lemmas.

Lemma 2.4. (f2(i)), = 0 iff v(i + 1) — v7(i) > R/cv.

Proof. Thanks to Equation (2.4)), it is clear that the only part of the calculation of v?!(i) depend-
ing on a € A is min [v](i),v2(i + 1) — R/a]. Choosing the first term of this expression is equivalent
to choosing a = 0; the second term stands for choosing a = 1.

Since the choice of a € A is only dependent on 07 (i) and v (i + 1), there is no need to split
the case for ¢ = 0, because both terms are valid for ¢ = 0.

= When a = 0 is the optimal choice, the following has to hold:
(i) S o+ 1) -

which is equivalent to the expression given in this lemma.

= Let v}(i + 1) — v2(i) > R/a. Then mingea {vi(i),v(i+ 1) — R/a} = v}(i) and thus
argming g 4 {v2(i),v2(i + 1) — R/a} = 0, which is equivalent to f271(i) = 0. O

The following lemma is similar to Lemma but provides a statement on the difference between
two consecutive values of v[}(i) and the optimal strategy d € D.

Lemma 2.5. (f2(i)), = 2 iff v2(i) —vi(i — )T > K/[a(p2 — p1)].

Proof. This proof is very similar to the proof of Lemma [2.4, The optimal strategy for the choice
of d € D only depends on the first minimization expression in Equation (2.4). First, we will look
at the case ¢ > 0, then we prove the statement in this Lemma for i = 0.

1>0,= When d = 2 is the optimal choice in state ¢ € S, the following must hold:
-t U e T T
P+ po g1+ o P+ 2 p1 + po a(p + p2)
. . K
& (p2 — p)og (i) = (g2 — p)vg(i = 1)T > -
& o (i) — (i — 1)t > _K (2.7)
ape — 1)



i>0,< Let v7(i) — v (i — 1) > K/[a(pe — p1)]. Then,

K
V) =i —1)T > ——
B i - ) 2
& (2 = m)va(d) = (u2 = p)va(i =17 = —
42 - 1 o i 1 - 2 " I K
& v, (7) + vo(t—1)7T > v (7) + vl —-—1)"T + —m——.
M+H2a() M1+M2a( ) Mﬂma() it ali—1) ol T 1)
Thus
K
argmin{ B2 on(i) + ——n(i — 1), L —n (i) + —2 vg(¢—1)++}
1+ p2 p1 + p2 p1 A+ p2 p1 =+ p2 a(pr + p2

= 2,

in other words, f71(i) = 2.

For ¢ = 0, we will prove the negation of Lemma This is necessary and sufficient.

Let f7*1(i) = (a,1). Then:

M2 g |- Bl g H2 g K
v 0 + v 0 < v 0 + v 0 +7
w1+ o a(0) w1+ po @ w1+ p2 a(0) g1+ po @ a(pr + p2)
K
0< —mm,
alpr + p2)

and thus the left-hand side of the negation of Lemma [2.5] is always true for i = 0. The negation of
the right-hand side is:

which is true by the constraints on the variables.

This concludes the proof, so the statement in Lemma holds Vi € S. ]

Additionally to the proof of Lemma we can state that for ¢ = 0, Inequality (2.7) never holds,
so that the optimal strategy (fgf(O))2 =1, Vn € N>0.

The following lemma analyzes some specific behaviour of v/ (7).

Lemma 2.6. {fug(z)} is a non-decreasing sequence, Vn > 0.

€S

Proof. We will prove this by induction on n, using the operator-representation from Section [2.2
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Case n =0 In this case, v2(i) = B(i) — A/[A 4+ p1 + p2], cf. Equation (2.1)). This gives:

A A
0(i+1) — o (i) = B(i 1——<B'—>
va(i+1) = vo(i) = B(i +1) Nt (4) P

= B(i+ 1) — B(i),
which is non-negative, since B(i) is assumed to be non-decreasing in 1.
Case n >0 Assume v" is non-decreasing Vm < n. To prove that v7 ! is also non-decreasing,

we will go over all the steps in Equations (2.5a) up to (2.5g) and prove that each of them is non-
decreasing.

° UZ+51 =) (Cf. Equation )
n+1

Since vg is non-decreasing by assumption, v, 5" is as well.

. Zzl =T vZng (cf. Equation ({2
Let Tpf(i) = f(i — 1) as in Table . If f is non-decreasing, then

Tpfli+1) — Tpf(i) = f(i) — f(i — 1) >0, for i > 1.
The only equation left to check, is whether Tp f(1) — Tp f(0) is non-negative.

Tpf(1) —Tpf(0) = f(0) = f(0) = 0.

Therefore, T f (i) is non- decreasing in i, given that f(4) is non-decreasing in i. Since szgl is

non-decreasing, Z'Zl = TDv ! is non-decreasing as well.
o vg‘gl = TCAv"'H (cf. Equation )
Let Toaf(i) = min{f(i), —R/a+ f(i + 1)} as in Table If f is a non-decreasing function
in 4, the first term of the minimization is non-decreasing as it equals f(7). The second term,
—R/a+ f(i+ 1), is also non-decreasing, because the non-decreasingness of f(i) implies that
f(i+ 1) is non-decreasing, and adding the constant —R/a does not affect this.
The minimum of two non-decreasing functions is by definition also non-decreasing. Therefore,
Toaf is non- decreasing, given that f is non-decreasing. Since vg:gl is non-decreasing, also

n+1 __ .
Vg3 = TCAva 5 is non-decreasing.

o vg‘gl = TCDU"+1 (cf. Equation (|2 )

Let

N 112 . p .
Topf(i) =min {2 fli 4 1)+ B 1)

251 . U2 ) K
i+1)+ 0+
M1 +,U2f( ) 251 +M2f( ) a(p +,U2)}

as in Table[2.1] Since f(i) is non-decreasing, so is f(i+1). Let f be a non-decreasing function
in 4, then so is f(i + 1). A convex combination of two non-decreasing functions is also non-
decreasing, so the first term of the minimization is non-decreasing as well. Adding a constant
to a non-decreasing function does not affect non-decreasingness, so the convex combination
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of the second term in the minimization with the added constant K /[a(p1 + p2)] is also non-
decreasing. The minimization of two non-decreasing function is again non-decreasing, so
Tepf(i) is non-decreasing.

Earlier was shown that U"Jr1 ntl

is non-decreasing, so v, ,' = Topvl " is non-decreasing as well.
] a, 2 C 4

° ijl = Tunif (UZEI,UZEI) (cf. Equation )

Let n A
. . M1 125)
Ty , __MThe A~
£ (£(0),9(0) A+u1+u2f(z)+A+m+ung

as in Table Let f, g be non-decreasing functions in ¢. Then this is a convex combination
of two non-decreasing functions, which gives a non-decreasing function.

As U"H and U"H have been shown to be non-decreasing, also U"H = Tunif (025171]231) is
non—decreasmg.

° v”+1 Taiscvy L (c¢f. Equation (2.5f)).
Let Taisef(i) = af(i) + B(i) as in Table[2.1] Let f be a non-decreasing function in i. The first
part of the expression, af(i), is non-decreasing, as « is positive and f(i) is non-decreasing.
B(i) is assumed to be non-decreasing. The sum of two non-decreasing functions is again
non-decreasing, and thus Ty;s.f (i) is a non-decreasing function.

We have shown that v"+ is a non-decreasing function, and thus U"J{)l = Tdiscvgﬁl is non-
decreasing as well. o 7

o 0Tl = U"+1 (cf. Equation (2 )

Since vanl is non—decreasmg, "H

is non-decreasing as well.

From the enumeration above follows that non-decreasingness of v?, implies that v?*! is non-

decreasing in ¢ as well.

Conclusion Combining the two induction steps, we have proven that v (4) is a non-decreasing
sequence in ¢ for every n > 0. O

The following lemma concerns the convexity of v7 (7).
Lemma 2.7. v}(i) is convex in i € S, Vn € N>.

Proof. We will prove this Lemma[2.7] by induction on n using the operators-representation from Sec-
tion[2.2] Note that any convex sequence g(i) has the property g(i+2)—g(i+1) > g(i+1)—g(i), Vi.

Case n=0 Using Equation (2.1)), we get:
00 (i 4 2) =200 (i + 1) + 03 ()
A A
=Bti+2)-——--2(B(t+1])- ———— |+ B@l) - —88
( ) A+ p+ e < ( ) )\+M1+M2> ) A+ p+ e

= B(i+2) — 2B(i + 1) + B(3),

which holds when B(i) is convex in 4. This is true, thanks to the conditions given in Theorem m
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Case n >0 Assume v™ is convex Vm < n. To prove that v271(i) is also convex in i, we

will go over the steps in Equations ([2.5a]) up to (2.5g) and prove that each of them gives a convex
function in q.

o vZ’El = v (cf. Equation )
+1

Since v} is convex by assumption, v, £~ is convex as well.
b

° vgzl = TDUZ:gl (cf. Equation )
Let Tpf(i) = f(i —1)* as in Table Let f be a convex and non-decreasing function in
i. Fori > 1, Tpf(i+2) — 2Tpf(i + 1) + Tpf(i) = f(i + 1) — 2f(i) + f(i — 1) > 0 by the
convexity of f. The only equation left to check, is whether T f(2) — 2Tp f(1) + Tpf(0) is
non-negative:

Tpf(2) = 2Tpf(1) + Tpf(0) = f(1) = 2f(0) + £(0) = f(1) = £(0) = O,

where the last inequality holds because f is non-decreasing.

Therefore, T f is convex, given that f is convex and non-decreasing. Since vggl is convex
and non-decreasing, also v",' = Tpvt! is convex.

° vg‘gl = TCAUZng (cf. Equation )
Let

. . . R .
Toaf(®) = min{ £~ + f(i-+ 1)},
as in Table Let f be a convex function. We need to prove the following inequality:
Teaf(i+2) —2Tcaf(i+1) +Teaf(i) = 0.

To do so, we distinguish all possible combinations of the values of the minimization expres-
sions.

1. Let Toaf(i) = f(i). Then: f(i+ 1) — f(i) > R/a. By the convexity of f, this implies:

f@+2)—fli+1)> E, which is equivalent to Toaf(i+ 1) = f(i +1); and
a

f@G+3)—fli+2)> g, which is equivalent to Toaf(i +2) = f(i + 2).

This gives us:

Toaf(i+2) —2Tcaf(i+1) +Teaf(i)
=f(i+2)—2f(i+1)+ f(i)
>0,

where the last inequality holds because f is convex.
2. Let TCAf(i) = —R/Oz + f(’L + 1).
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(a) Let Tcaf(i+1) = f(i +1). Then f(i+2) — f(i +1) > R/a. By the convexity of
f, this implies:

Fl+8) - fi42) >0

, which is equivalent to Toaf(i +2) = f(i + 2).
This gives:
Teaf(i+2) = 2Tcaf(i+ 1)+ Teaf(i)
:f(i+2)—2f(i—|—1)—§+f(i+1)

= F42) - fi 1) -

>0,

where the last inequality holds because Toaf(i + 1) = f(i + 1).
(b) Let Tcaf(i+1) =—R/a+ f(i+2).
i. Let Toaf(i+2) = f(i + 2). This gives:

Toaf(i+2) —2Tcaf(i+1) + Teaf(i)
:f(i+2)—2(—§+f(i+2)) RN
zg—f(i+2)+f(i+1)
>0,

where the last inequality holds because Toaf(i + 1) = —R/a+ f(i + 2).
ii. Let Toaf(i+2) = —R/a+ f(i+ 3). This gives:

Toaf(i+2) —2Tcaf(i+ 1)+ Teaf(i)
:—§+f(i+3)—2(—f+f(i+2)) BRI (R
— fli+3)—2f(i+2)+ f(i+1)
207

where the last inequality holds because of the convexity of f.

We have shown that for every combination of minimizing actions, that

Toaf(i+2)—2Tcaf(i+1) +Tcaf(i) >0, Vi€ S.

Therefore, by the convexity of vZng, also v;"gl =Tc AUZng is convex.

vgjgl = T(;[wgz1 (cf. Equation )
Let

Topf(i) = T min {Mf(i + 1)+ pn f(0), p fi + 1) + pa f(i) + 5} :

as in Table Let f be a convex function in ¢. To show the convexity of Top f, we will
show that Tep f(i +2) —2Tepf(i+ 1) + Tep f(i) > 0 for every possible combination of the
values of the minimization expressions.
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L. Let Topf(i) = [paf(i + 1) + p f(9)] /(1 + p2).-
(a) Let Tepf(i+1) = [paf (i +2) + paf(i + )] /(1 + p2)-
i. Let Tepf(i +2) = [pof(i +3) + p1 f(i +2)] /(11 + p2). Then:

Tepf(i+2) = 2Tep f(i + 1) + Top f(i)

{1af G+ 3) + i +2) = 2[af (i +2) + m f(i + 1)]
+p2fi+1) + mf(i)}

{uz [F(i+3) = 2f(i +2) + f(i +1)]
o [fG+2) =2+ 1) + 6]}

o e

_ 1
u1 + po

>0

I

where the last inequality holds because of the convexity of f.
ii. Let Topf(i+2) = [paf(i+3) + paf(i +2) + K/a] /(1 + p2). Then:

Tepf(i+2) =2Tcpf(i+ 1) +Tepf(4)
1
o+ pe

{ +pnf(i+3) + paf(i+2) + g —2[paf(i +2) + po f(i + 1)]

uﬁ@+1%wuﬂﬂ}

_ 1
5 )

Luuw+n—f@+m}
+ i [f(i+3) —2f(i + 1) + f(3)] +§}

1
>
H1 + p2

{uﬂﬂi+%f@+1ﬂ

+u1[—f(i+2)+f(i+3)]+§} (2.8)

1
>
M1+ 2

{—uﬂﬂr+m—fu+1ﬂ

+u[f(i+2) = fi+1)] +§} (2.9)

>0,

where for Inequality (2.8) we used that f(i) —2f(i +1) > —f(i + 2) since f is
convex. In Inequality (2.9) we used that f(i+3)— f(i+2) > f(i+2)— f(i+1),
which again holds by the convexity of f. The final inequality holds because

Tepf(i+1) =1/(p + p2) [p2f (i +2) + p f(i + 1))
(b) Let Tepf(i+1) = [u1f(i+2) + pof(i + 1) + K/a] /(11 + p2). Then
1
M1+ 2

. . K
[(N? _Ml)(f(l'f'Q) —fli+ 1))] > m
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By the convexity of f, this implies:

1
H1 + o

. . K
(e =) (G +3) = fli+2)| 2 s,

which is equivalent to:

Tepf(i+2) = [M1f(i+3)+u2f(i+2)+§}.

M1+ 2

We now get the following:

Tepf(i+2) —2Tepf(i+ 1)+ Tep f(4)

- Mliuz{ﬂlf(i+3)+uzf(i+2)+[Of—2 [ulf(z’+2)+u2f(z'+1)+ﬂ
+M2f(i+1)+u1f(i)}
= D = G ] ) 2142+ 0] - )
K
= #1%1-,“2 {Hz[f(i+2)_f(i+1)] _“1[f(i+1)_f(i)] _a} (2.10)
= ul—lkﬂ2{u2[f(i+2)_f(i+l)} —m[f(i+2) = f(i+1)] —f} (2.11)

>0,

where, in inequality (2.10)), we used that f(i +3) —2(i+2) > —f(i + 1), since f is
convex. In Equation (2.11)) we used that f(i+1)— f(i) < f(i+2) — f(i+1), which
again holds by the convexity of f. The final inequality holds, because

Tepf(i+1) = [mf(z'+2)+u2f(z'+1)+ﬂ.

M1+ 2

2. Let Tepf(i) = [paf(i 4+ 1) 4+ paf(i) + K/a] /(11 + p2). Then we know the following:
[ = ) (G + 1) = £0)] /G + p2) = K/ [ + p12)]. By the convexity of f, this
implies:

1
M1+ p2

1 K

)

[(uz—m)(f(HQ) —f(”l))} = p1+pe o

which is equivalent to:

Tepf(i+1) =

. . K
T [le(1+2)+ﬂ2f(l+1)+a]~

Similarly it follows, that Top f(i +2) = [pu1f(i +3) + paf(i +2) + K/a] /(1 + p2). We
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now get the following:
Tepf(i+2) —2Topf(i+1) + Tep f(i)

{If(i+3) + pf(i+2)

= +a—2[u1f(i+2)+uzf(i+1)+§}

+unf(+1) + p2fi) + g}

{malf(i+2) =27 +1) + /()]
+

+m[f+3) = 2f(i+2) + fi+1)] |

B 1
p1 + 2

>0,

where the last inequality holds because of the convexity of f.

We have shown, that for every combination of minimizing actions,

Tepf(i+2) —2Tepf(i+1)+Tepf(i) >0

holds. Therefore, by the convexity of vgzl, also vgjgl =T¢c Dvgzl is convex.
° vZﬁl = Tunif (Uzgl,vzgl) (cf. Equation )
Let N \
: . M1+ p2 . .
Tunif (f(i), (1)) = Nt mg(l),

as in Table Let f, g be convex functions in . This is a convex combination of two convex
functions, which gives a convex function.

Since both v"5' and v"%! are shown to be convex, also v ' = T, ntl pntl

a,l unif('UOl’Q 71)0473 ) 1S convex.

. vzzl = Tdiscvgjl (cf. Equation )

Let Tyiscf(i) = af (i) + B(%) as in Table Let f be a convex function in ¢. The first part
of Tyisef, af, is convex, since « is a positive constant and f is convex. B(7) is assumed to be
convex in i. As the sum of two convex functions is also convex, Ty;s.f is a convex function.

We have shown, that vzﬁl is a convex function, and thus we get that 02?61 =T, discvgjl is also

convex.

o vt =y (cf. Equation (2.5g)).

Since v}t is convex, v+

is convex as well.
From the enumeration above follows that the convexity of v implies that v7?*! is also convex.

Conclusion Combining the two induction steps, we have shown that v is convex Vn > 0. [

Now we can give a proof of Theorem stating that the optimal strategy f(7) is a two-dimensional
threshold strategy.
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Proof of Theorem[2.3.

Threshold for a € A Lemma implies that:
. , R
(fa*t(@), =0 & vali+1) —va(i) = —.
Now let i] € S be defined as follows:
R
i :max{ie S U {oo}va(i+1) — (i) < a}' (2.12)
Together with Lemma stating that v'(7) is non-decreasing, this gives two possibilities for 7
1. 4y = o0.
Then (f2*(i)), =1,Vie S,
2.4 e S.
Then, v} (i + 1) —v2(i) > R/a, Vi > il' and thus

1, 0<i<in,

rron={ g Vi

In both cases, (f271(i)), is a threshold strategy.

Threshold for d € D Lemma implies that:
K
n+1/. _ n(: n(; +
1)), =2 = vo(t) —va(t—1)" > ——m.
(1)), R T
Now let i]; € S be defined as follows:
K
i =max<i € SU{oo v"i—v”i—1+<}. 2.13
= max {i € SUoa} 1) ~ ol - 1) < (213)
Together with Lemma stating that v}(i) is non-decreasing, this gives two possibilities for i;:
1. i = oo.
Then (f2*(i)),=1,Vie S,
2.4, ¢€8.

Then, v} (i) — vi(i — 1)t > K/[a(p2 — p1)], Vi > 4}y and thus
0<i<in,

. 1,
. ={ 5 (S

In both cases, ( fgf“(i))2 is a threshold strategy.

Conclusion The optimal strategy f7(i) is a two-dimensional threshold strategy, Vn € N>,
i € S, with thresholds if, 1} € S from Equations (2.12)) and (2.13|) such that:
1, 0< <"
n(: o 9 = )
(foc(l))l_{ 0, 7;>Z.Zv

1, 0<i<in,

(fa (@), :{ 2, i >in
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2.4 Relationship between thresholds

As the optimal strategy f7(i) is a two-dimensional threshold strategy with thresholds i, € S,
where i), is given by Equation (2.12)) and ¢} by Equation (2.13)). In this paragraph, we will state a
theorem on the relationship between 4, and i}j.

Theorem 2.8. Let iy,i; € S, n > 0. Then the following hold:

a

o Ifiy <y —1, then R < K/(pa — pi1).

a

o Ifif =%~ 1, then Rfa, K/ [a(us — )] € (w2(6) — va(ig — 1,005 + 1) o ()]

o Ifil' > ig—l, thenR>K/(,u2—,u2).

a

Proof. o Let i <y —1.
In this case, we know that v (il +1) — v (i) < v2 (%) — vl (i — 1), by the convexity of v (i)
(see Lemma . These terms cannot be equal to each other, because otherwise i} would be
larger by Equation . This is equivalent to

R K

a = alpg — 1)

o Let i =" — 1.
In this case, we know that v7(if}) — vZ2(i" — 1)t = o2 (il + 1) — 02 (a%) and o2 (i + 1) — v2(iY).
This means, by Equation (2.12)), that

R
valig) —va(ig = 1) < — < wglig +1) — o).

Similarly, according to Equation (2.13)), holds

K
alue — pr)

va(ig) — va(ig —1)" < < va(ig +1) = vg(ig)-

Therefore, we can conclude that

R K
- — € n~n_n-n_1+’n~n 1) — o™ ().
0wty € (V) VR =) R+ 1) — (i)

o Let iy > iy — 1.
The convexity of v}(i), gives that v}(i) gives v[(ilf + 1) — v (ilt) > vl(il) — v (i — 1)T.
These terms cannot be equal to each other, because otherwise 4, would be larger by Equation
(2.13)). This is equivalent to

Note that in practice, Server 2 will only be used when iy > i} — 1.
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2.5 Convergence in the model

2.5.1 Convergence of the thresholds

As in Section we are interested in the convergence of the behaviour of the threshold in fZ.
The following theorem addresses this issue. It is similar to Theorem Note, that 7, is the largest
state in which a customer is accepted, and /] the final state to use slow Server 1 (see Theorem .

Theorem 2.9. Assume vg, (i + 1) = 0} (i) > 09, (0 + 1) — v, (1), Vi € S. Then ((i,4y)),,

a7up a7up
forms a two-dimensional non-increasing sequence of threshold strategies, where i is the threshold

for the acceptance of a customer in time step n and i)} the threshold for the choice of server, for
n>1.

When vl , (i+1)—vl, (i) <o?, (i+1)— Ug,low(i)7 Vi € S holds, ((if,i})), forms a two-

a,low a,low a,low
dimensional non-decreasing sequence of threshold strategies, for n > 1.

Note that in this theorem, n > 1 must hold. This is because for n = 0, the strategy is already
defined by the first step of Algorithm foi) = (1,1),Vie S.

Theorem [2.9] is proven with the help of the following lemma.

Lemma 2.10. Let function fi, fo, 91,92 : S — R be convexr and non-decreasing, in such a way
that fi(i +1) = f1(i) = g1(@ + 1) — g1(2), as well as f2(i + 1) — f2(i) = g2(i + 1) — g2(i). Then
for every operator T from Table it holds that: Tf1(i +1) — Tf1(i) > Tgi(i + 1) — Tg1(3),
Vi € S. For Tyn;p, which we mention separately because it has two arguments, the following must

hold: Tynig (f1(i+1), f2(i+1)) = Tunig (f1(3), f2(8)) > Tunif (91 (i+1), g2(i+1)) = Tunis (91(4), 92(2)),
Vi e S.

Proof. Let f1, f2,91,92 : S — R be convex and non-decreasing, with f1(i+1)—f1(i) > g1(i+1)—g1(7)
and fo(i + 1) — fo(i) > go(i + 1) — go(i), Vi € S. Then we get the following inequalities for the
operators from Table

e Departure-operator: Tpf(i) = f(i —1)*.
When plugging in f; and g1, we get for i > 0:

Tpfi(i+1) = Tpfi(i) — [Tpgi(i + 1) — Tpga(i))
= f1(i) = fr(i = 1) = [91(i) — g1 (i — 1)]

> 0.
Let ¢ = 0. Then we get:

Tpfi(1) = Tpf1(0) = [Tpgi(1) — Tpg1(0)]
= f1(0) — f1(0) = [91(0) — g1(0)]
=0.

Thus TDfl(’L' + 1) — TDfl(l) > TDgl(’L' + 1) — TDgl(i) holds, Vi € S.
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e Controlled arrivals-operator: Toaf(i) = min { f(i), —R/a + f(i +1)}.
When plugging in f; and ¢;, we get Vi € S

Toafi(i+1) = Teafi(i) — [Toagi(i + 1) — Toagi (i)

= min {fl(i + 1),—% + f(i + 2)} - min{fl(i),—ff + fi(i + 1)}
— [min {gl(i + 1), —g +g1(i + 2)} — min {gl(i), —g +g1(i + 1)H . (2.14)

To see that Equation ([2.14)) is non-negative, we need to distinguish all possible combinations
for the four different minimization expressions. Denote the minimizing consecutive actions

by CA(f1(i)), CA(f1(i +1)),CA(g1(i)), CA(g1(i + 1)) € {0,1}.

Let CA(g1(i)) = 0. Then gy(i + 1) — g1(¢) > R/a. This implies that fi(i + 1) — f1(i) > R/a,
which is equivalent to CA( fl(z)) = 0. Similarly, we get

CA(gi(i+1)) =0 = CA(fi(i+1)) =0,
CA(f1(i)) =1 = CA(g (i) =1,
CA(fi(i+1)) =1 = CA(g1(i+1)) =1.

Now we can distinguish the possible combinations of the minimum values of the minimization
expressions and show that Equation (2.14) is non-negative.

— Let CA(f1(i)) = 0; CA(fi(i +1)) = 0; CA(g1(:)) = 0; CA(g1(i + 1)) = 0. Then,
Equation becomes:
Toafi(i+1) = Teafi(i) — [Teagi(i + 1) — Toag (i)
= fi(i+1) = f1(i) = [g1(i + 1) — g1 (4)]

>0,

by the assumptions on f; and ¢;.
— Let CA(f1(2)) = 0; CA(f1(i + 1)) = 0; CA(g1(i)) = 1; CA(g1(i + 1)) = 0. Then,
Equation (2.14)) becomes:

Toafi(i+1) = Toafi(i) — [Teagi(i+ 1) — Toagi (i)
=fii+1) = fi({) — |q1(i + 1) + g —qi(i+1)
> 0,

where we used that CA(f1(i)) = 0, implying that fi(i + 1) — fi1(i) > R/«
— Let CA(f1(2)) = 0; CA(f1(i + 1)) = 0; CA(g1(i)) = 1; CA(g1(i + 1)) = 1. Then,
Equation becomes:

Toafi(i+1) = Teafi(i) — [Toagi(i + 1) — Toagi (i)]
= A =R~ |~ E g2+ S i)

>0,
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where we used that CA(f1(¢)) = 0 implies f1(i+1)— f1(i) > R/a, and CA(g1(i+1)) =1
which implies that —[g1(i +2) — g1(i +1)] > —R/cv.

— Let CA(f1(1)) = 1; CA(f1(i + 1)) = 0; CA(g1(i)) = 1; CA(g1(i + 1)) = 0. Then,
Equation becomes:

Teafi(i+1) = Toafi(i) — [Toagi(i +1) = Toagi ()]
= Al + O = fili+ )~ @G+ + S -+ 1)
=0.

— Let CA(f1(1)) = 1; CA(f1(i + 1)) = 0; CA(g1(i)) = 1; CA(g1(i + 1)) = 1. Then,
Equation becomes:

Teafi(i+1) = Toafi(i) = [Toagi(i + 1) = Toagi (1))
= Al + T = flHT) = [ C g2+ gl 1)
2 07

where we used that CA(g;(i + 1)) = 1 implies —[g1(i +2) — g1(i + 1)] > —R/cv.
— Let CA(f1(1)) = 1; CA(f1(i + 1)) = 1; CA(q1(i)) = 1; CA(g1(i + 1)) = 1. Then,
Equation becomes:

TCAfl(i + 1) —Toafi (Z) — [TCAgl(i + 1) — TCAgl(i)]
R R R R
=——+fii+2)+— - f[l+1) - |——+q(i+2)+— —q(i+1)
@ a « a
>0,
where we used the assumption that fi(i+2) — fi(i+1) > g1(: +2) —g1(i +1).
Now we have shown that Equation ([2.14]) is non-negative Vi € S, and thus that

Toafi(i+1) =Toaf1(i) > Toagi(i + 1) — Toagi(i).

e Controlled departures-operator:

Topf(i) = min {pa f (i + 1) + pr f(0), pa f(i + 1) + paf (i) + K/} /(1 + po).-
When plugging in f; and ¢;, we get Vi € S

Tepfi(i+1) = Tepfi(i) — [Tepgi (i + 1) — Tepgi ()]

<min {M2f1(i +2) +pfi(i 4+ 1), p fr(i +2) + pafi(i+1) + 5}

B M1+ 2

— min {/Qfl(i + 1)+ pr fr(2), p fr(i 4+ 1) + pa f1(4) + 5}
- [min {Mzgl(i +2) + p191(+ 1), 191 (3 + 2) + pogr (1 + 1) + K}

«

i {jagn 6+ 1)+ i+ ) + )+ 5 ] ). @)
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We will use a notation similar to one for the controlled arrivals-operator, where the choice
of the first minimization expression is given by CD(f1(i + 1)) € {1,2}, where 1 denotes the
first term of the minimization expression being the minimum, and 2 the second term. For
the other minimization expressions in Equation a similar notation holds.

Let CD(f1(i)) = 1. Then (fi(i +1) — fi(¢)) < 0. By the definition of f1(i) and gi(i)
follows that also (g1(i+ 1) — g1(i)) < 0 must hold, which is equivalent to CD(g1(i)) = 1. In a
similar way we get CD(f1(i+1)) = 1= CD(g1(i+1)) = 1; CD(g1(i)) = 2= CD(f1(i)) = 2;
and CD(gi(i+1)) =2 = CD(fi(i+1)) =2.

Before investigating all combinations of the four minimizing actions in Equation (2.15)), we
want to point out the following:

Al+2) = A1) [0+ = 06)] 2 A+ 1)~ H6) [0+ 1) - g@)] 20, (216)
where we used that f1(i+2) —gq1(i+2) > fi(i +1) —g1(i + 1).

Now we can distinguish the possible combinations of the minimum values of the minimization
expressions and show that Equation (2.15)) is non-negative.

— Let CD(f1(i)) = 1; CD(f1(i + 1)) = 1; CD(g1(i)) = 1; CD(g1(i + 1)) = 1. Then
Equation becomes:

Tepfi(i+1) = Tepfi(i) — [Tepgi (i + 1) — Tepgi ()]

(szl(i +2) +prfr(i+1) — pafi(i + 1) — p1 f1(4)

:,LL1+M2
__Mwﬂm+m+uwmm+m—uwﬂr+n—ﬂwﬂm>
=ﬁ”i#QQ@Uﬂ%+%—fﬂm+n—[m@+2y-m@+1ﬂ)

+ (il +1) = 1(0) = [ +1) - 1))
>0

9

where we used the assumption that fi(5+1) — fi1(j) > g1(j +1) — g1(y), with j =i and
j=i+1.
— Let CD(f1(i)) = 1; CD(fi(i + 1)) = 2; CD(g1(i)) = 1; CD(g1(i + 1)) = 1. Then
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Equation (2.15)) becomes:
Tepfi(i+1) = Tepfi(i) — [Tepgi (i 4+ 1) — Tepgi (i)

(lel(i +2) +pafi(i+1)+ g —p2fi(i+1) — p1fi(7)

N M1+ 2
— [p2g1 (i +2) + p1g1 (i + 1) — poga(i +1) — Mlgl(i)])
> o %1-#2 (Ml(fl(i+2) — f1(1)) +§

- [Mlgl (i +2) + p2g1(i +1) + g — p2g1(i +1) — Ml%(@}) (2.17)
1

o+ e
>0,

(mlAG+2) = 160) - 91+ 2 + 1 (D])

where for Inequality 1) we used that C'D (gl (i+ 1)) = 1, which implies the following:
—(p2g1(i+2) + p191(i+1)) > —(p191(i +2) + p2g1(i + 1) + K/a). The final inequality
holds by Inequality (2.16)).

— Let CD(f1(i)) = 1; CD(fi(i + 1)) = 2; CD(g1(i)) = 1; CD(g1(i + 1)) = 2. Then
Equation ([2.15)) becomes:

Tepfi(i+1) = Tepfi(i) — [Tepgi (i + 1) — Tepg ()]

— <N1f1(i+2)+ﬂ2f1(i+1)+§_H2fl(i+1)_ﬂlfl(i)

M1+ 2

- [Mléh(i +2) + p2gi(i + 1) + g — pogi(i+1) — M191(i)]>
1

o+ e
>0,

where we used Inequality ([2.16]).
— Let CD(f1(i)) = 2; CD(f1(i+1)) = 2; CD(g1(i)) = 1; CD(g1(i + 1)) = 1. Then
Equation (2.15)) becomes:

Tepfi(i+1) = Tepfi(i) — [Tepgi (i 4+ 1) — Tepgi (i)

(lel(i +2) +pafi(i+1)+ g —pmfi(i+1) = p2fi(i) — g

(1 (A1l +2) = 1) = [ +2) = 2(0)]) )

o+ e
— (291G +2) + g1 (i + 1) = poga (i + 1) — g (i)])
1
>
M1+ 2

- [Mlgl (24 2) + p2g1(@ + 1) + g — p2g1(i+1) — Ml%(@}) (2.18)

1

o+ e
>0,

(lel(i +2) +pafi(i+1)+ g —p2f1(i+1) — pa1fi(7)

(11 +2) = £1(0) = 9200 +2) + 92(2)])
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where for Inequality we used that CD ( f (z)) = 2, which implies the following:
[ fr(i+1) + pafr(i) + K/a] > —[pafi(i+1) + pa f1(3)]; and that CD(g1(i+1)) =1
implies that —[pog1 (i +2) + pg1(i +1)] > —[p191(6 + 2) + pogi (i + 1) + K/a]. The
final inequality holds by Inequality .

— Let CD(f1(i)) = 2; CD(f1(i + 1)) = 2; CD(g1(i)) = 1; CD(g1(i + 1)) = 2. Then
Equation becomes:

Tepfi(i+1) = Tepfi(i) — [Tepgi(i + 1) — Tepgi ()]

~ im (mfl(i +2) +p2fii+1) + g — 1 fr(i 4+ 1) — pafi(i) — g

— (111916 +2) + p2g1 (i + 1) + g — pogi(i+1) — Mlgl(iﬂ)

> o im <#1f1(i +2) +p2fi(i+1) + g — p2f1(i+1) — pa f1(2)

- [Mlgl (1+2)+ g - Mlgl(i)]> (2.19)
= (A 642 = AO - anli+2) + 010
>0,

where for Inequality (2.19) we used that CD ( fl(i)) = 2, which implies the following:
— [ fiG+ 1) + pof1(i) + K/a] > —[pafi(i + 1) — p1 f1(2)]. The final inequality holds
by Inequality (2.16)).

— Let CD(f1(i)) = 2; CD(f1(i + 1)) = 2; CD(g1(i)) = 2; CD(g1(i + 1)) = 2. Then
Equation ([2.15) becomes:

Tepfi(i+1) = Tepfi(i) — [Tepgi (i 4+ 1) — Tepgi (i)]

- M141-M2 <M1f1(i+2)+‘u2f1(i+1)+§lel(i+1) — pa2f1(4) *g
_ |:M191(i +2) + pegi(t+1) + g —1g1(i +1) — pogi (i) — IOfD
- " im <M1(f1(i+2) — fili+1) — [gl(z'-|-2) —gi(i+ 1)])

+un(Ali+ 1) = 10 = [0l +1) = 91()]))

>0

Y

where we used the assumption that fi(j+1) — f1(j) > g1(j +1) — g1(j), with j = i and
=i+ 1.

By the above numeration we have shown that Equation (2.15) is non-negative, Vi € S, and
thus that TCDfl(i =+ 1) — TCDfl(i) > TCDgl(i =+ 1) — TCDgl(i)-

e Uniformization-operator: Tynir(f (i), 9(i)) = f(i) (1 +p2)/(A+p1 + p2) +g(0) A/ (A + p1 + p2).
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Let fi(i), f2(i), g1(i) and g2(i) as defined at the beginning of the proof. We then get:
Tunif (fl(l + 1)7 f2(2 + 1)) - Tum'f (fl(l)v fQ(Z))
- [Tunzf (gl(i + ]-)7 QQ(i + 1)) - Tunzf (gl(i)ng(i))]

= m((m +p2) f1(i 4+ 1) + Afa(i + 1) — (1 + p2) f1(7) — Afa(i)

— [ + p12)g1 (i + 1) + Aga(i 4+ 1) — (1 + p2) g1 (3) — Agz(i)})

= (A1)~ A6) - [+ D) - )]

A

Py (20 ) = 10 = ool 1)~ 02(0)])

>0

where the final inequality follows from the assumptions on fi(i), ¢g1(7), f2(i) and g2(37).

e Discounted costs-operator: Ty;s.f (i) = af(i) + B(q).
Recall that B(7) is a non-decreasing, convex function in i. Let fi(i) and ¢1(7) have the same
properties as described before. Then:

Tdiscfl (Z + ]-) - Tdiscfl (Z) - [Tdiscgl (Z + 1) - Tdiscgl (Z)]
=afi(i+1)+ B(@i+1)—afi(i) — B(i) — [agi(i + 1) + B(i + 1) — agi (i) — B(i)]

= a(fali+1) = 1) = [92i +1) = 91)])
>0,
where the last inequality holds by the definition of fi(i) and g1(7).

By the above enumeration we have shown that for every operator T in Table the statement in
this Lemma 2.10] holds. O

With the help of Lemma 2.10, we can give a proof of Theorem [2.9

Proof of Theorem[2.9:

By previous lemmas we know the following;:
o (ft1(i)), =0iff v2(i + 1) — v(i) > R/a (Lemma [2.4);

o (fg“(z))2 = 2iff (i) — (i — 1)T > K/[a(p2 — )] (Lemma 2.5);
e The optimal strategy f(7) is a two-dimensional threshold strategy Vn (Theorem [2.3)).

Now, assume v}, (i + 1) — 0} (1) > v3 (i + 1) — v ,,(i). Then, using Equations (2.5a]) up to
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combined with Lemma we get:
Va5t 1) = V5.0 (1) = Vo up(i + 1) = 05,4 (0)
< V(i + 1) = Vg (1) = V5, (0 + 1) = 05 5., (4)
= Uauu(i T 1) = vg4u(0) = Tpvg5,(i + 1) = Tpog 5., (i)
< TDva,5,u(i +1) — TDUa 5.u(i) = vi au(i+1) = ,ng,4,u(i)
= Vagu(i 1) = 0h3,(0) = Toavy 5, (i + 1) = Teavy 5.,(i)
< Teavk s (i+1) = Toavds.,(0) = v 5, (i + 1) — v2 3, (i)
= gl +1) = va24(0) = Tepvau(i +1) = Topvg 4. (0)
< TCDUaA,u(Z +1) - TCDUa4u( ) = i,Q,u(l +1) - ngQu(Z)
= alu(H‘l) a1u<i) = Tunif (v éZu(Z—i_l)? a,3,u(i+1)) — Tunif (v ézu@)??}é:su(z))
< Tounig (v aQu(H' 1), a3u(1 +1)) = Tunig (v §2u( ), a3u(i))
= vz 10 (i + 1) =05 1,4(0)
= aOu(ZJr 1) - aOu( ) = szscvalu(7“+ 1) — szscva1u(l)
< Tdiscva,l,u(@ +1) — TdZSCva 1 u(l) = ng,O,u(Z +1) — UZ,O,u(i)
= Vaupli+1) - aup(i) = Va,0,u(i + 1) = va,0()
< 0% 0.u(i 1) = V3 0,0(0) = 0% (0 + 1) = 0% 4 (0)-

In short, this proves that

Vo up(Z + 1) aup( ) < Ua up(Z + 1) aup( ) = ng,up@. + 1) - vé,up(i) < U(Qx,up@. + 1) - vgg,up(i)'
Using induction, it can be shown similarly that
UZ u;(z + 1) - UZ u;}n( ) < Vo up(Z + 1) Zup(z) = aup(Z + 1) Va up(z) < Uzté(z + 1) - Ugté(l)
and thus:
vl u},(z +1) —v] u},(z) S Vg p(i 1) — vy 4, (4), Vn >0,Vi e S. (2.20)

Now, let (fgf(z)) = 0 for some i € S. Then v71(i + 1) — v2~1(i) > R/a. By Inequality (2 ,
also v7(i+1) —v2(i) > R/, and thus (f3+(i ))1 = 0. This means that declining the ¢th customer
at time n implies that the ith incoming customer is also declined at time n + 1.

Next, let (fg(z))Q = 2 for some ¢ € S. Then v2 '(i) — v (i — 1)t > K/[a(p2 — p1)]. By
Inequality , also vi(i) —vp(i — 1)* > K/[a(pg — p1)], and thus (f771(i)), = 2. This means
that using Server 2, when there are i customers in the system at time n, implies that Server 2 is
also used when there are ¢ customers in the system at time n + 1.

n

By the previous argument, we can conclude that ((z’a’up,ig’up

increasing sequence of threshold strategies for n > 1.

))n forms a two-dimensional non-

The argument for the other part of the proof is similar to the above, but With reversed inequalities.
Therefore, we conclude also that vcly’low(i +1)—vl, (i) < va tow(+1) — v, 0 ow(@), Vi € S, implies

a,low
that (( atow: b | Ow))n forms a two-dimensional non-decreasing sequence of threshold strategies. [
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2.5.2 Convergence of the strategy

In this section we aim to determine the optimal strategy by enclosing it between a lower and an
upper bound. Theorem forms the key to this enclosure.

Corollary 2.11. Let v3 (i) be such that v}, (i + 1) — vk, () > 2 up(z +1) =) (i), Vie s,

Vo,up
with consecutive thresholds (i ups bl up)) . Let va 1ow (@) be such that v i+ 1) — alow(i) <

e low(
00 low(t+ 1) — alow( i), Vi € S, with consecutive thresholds ((i,,,,. " low))n

Then, if g up = Tgiow = ta for some n > 1, this implies that iy is the optimal threshold and will
not change in further time steps. The same holds if ZQMJ = i@},low := 1y for some n > 1; then i} is

the optimal threshold and will not change in further time steps.

Proof. This corollary follows directly from Theorem [2.9] where we note that by Algorithm [2
O30 = (1,1), Vi € S, so iy = oo and i = oo, 1ndependent of the starting value. Therefore,
Corollary holds for n > 1. O
2.5.3 Convergence of v (i) — v7(0)

The focus of this subsection is a result from the non-decreasingness of v7(i) from Lemma and
the results from Subsections 2.6.1] and 2.6.2]

Corollary 2.12. Let vy ,,,(i) be such that v} up(z'—i-l) Vg up(8) = 00 (i4+1) — O{up( i), Vi€ S with

thresholds (( - up)) Let va low( ) be such that va low(H—l) a,low( i) < va low(z+1) vy low(z’)
Vi € S, with thresholds ((i a,low,zdylow))n.
Then the following equation holds:

Ug,low(i) - Ug,low(o) > UZ(i) - UZ(O) > Uz,up(i) - vg,up(0)7 Vi € S7 vn > 0.

Before we prove Corollary remark that Algorithm converges towards the optimal values
of vl (i), i€ S.

Proof. Using Theorem [1.§] it holds for n > 0, Vi € S:

U(())z,low (Z) - U(())z,low (0)

= (Ug,low(i) - Ug,low(i —1)) + (Ug tow (i — 1) = Vg 1o (i — 2))
+ oot (00100 (1) = 0010w (0))

> (V3 0w () = Vg 1w (i = 1)) 4 (V410w (F = 1) = V) 100 (0 — 2))
ot (Vhtow(1) = V410w (0))

> ..

>

(vg,low(i) - Ug,low(i - 1)) + (vg,low (Z - 1) - Ugc,low(i - 2))
) - vg,low(o))
vz,low(i) - Ug,low(o)' (221)
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Similarly holds for vg (i), ¥n >0, Vi € S:

00.up(1) = 00, (0)
- (Ug,uz)(i) - v(()]c,up(i - 1)) + (Ugmp(z —1)—w, up(i _ 2))
+ ...+ (vg’up(l) -0 up(o))
(Uéﬂw(i) - vggup(i —-1)) + (U;up(z —1) — v} up(i —2))
ot (V1) = V) (0))

(V,up (1) = Vaup(i = 1)) + (08,0 (0 = 1) = 0 40 = 2))
4+ ...+ (vg,up(l) — v&up(O))
= Viy.up (1) = Uy p (0)- (2.22)
We know, by the choice of v2 10w (1) and 9, ,p(1), that v up(z+1) aup( i) < valow(z—i-l) alow(z’),
Vi € S. This inequality combined with Equations (|2 up to and Lemma- gives for

Vo (i + 1) =V 5.,(0) = aup(2+1) aup(i)
< Ua tow (T + 1) — v, low(z) = v s(i+1) — Ui,s,z(i)
= a4u(z+1) a4u( ) :TDUa,5,u(Z+1) TDUa5u(Z)
< TDUé,E),z(i +1) - TDUa 5,(1) = Vg i +1) = ’U(ll,4,l(i)
= gl + 1) =053,(1) = Toave 5, (i +1) = Toavg 5.,(0)
< Toavhs (i +1) = Toavhs(1) = va3,(i +1) — vh 3,(4)

IA A

= Vgl + 1) =042, (1) = Topva 4,u(i + 1) = Tepvg a.(i)
< TCDUaA,l(Z +1) — TCDUa4l( ) = a2l(Z +1) - a2l(z)

= 10+ 1) =04 1.4()) = Tunif (V40,0 (0 + 1), 043, (0 + 1)) = Tunif (v4,2,4(1), V4,34 (3))
< Tunig (v a2l(z+1)7 a3l(@+1)) Tuniy (v azl( ), v a,3,l( i)

= Ué,l,l(z +1) - Ué,u( )

= a oulit1)—v a o0uli) = Tdiscvé,l,u(i +1) — szscva 1.(7)
< Tdiscvé,l,l(i +1) - sz‘sc%;,z(z) = Ua,o,l(i +1) = Uclt,(],l(i)
= gl + 1) g4 (1) = Va0, (i +1) — va0,u(0)
< Vg 00(0 + 1) = a,00(1) = Vg 0w (i + 1) = Ve 10w (4)-
In short, this proves that v] (i +1) — (1) <00 10 (14 1) =00 10, (1) = V4 (1) =04 (1) <

aup

vl low(+ 1) — v, ! ow(i). Using induction, it can be shown similarly that:
aup(z—i_l) aup( ) <Ualow(z+1) alow(i) Vi € S7
=
Vo up(Z + 1) aup( ) < Vo low(Z + 1) a low(i) Vi € Sa vn > 0. (223)

Using the same technique that was used to achieve Inequalities (2.21)) and ([2.22)), Implication ([2.23))
also implies

Ug,up(i) - UZ,up<0) < vZ,low(i) - Uz,low(o)v Vi € Sv vn > 0.
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Therefore, we can conclude that

1o (8) = Vg (0) 2 03(6) — 05 (0) = 0l (6) — 00, (0), Vi€ SVn >0

2.6 Computation of v%, (i) and v (i)

a,low Q,up

Theorem Corollary and Corollary are only of value if we can find functions v(g’up(i)

and Ugvlow t) such that
(1 1) = Vg (1) > 00 (i + 1) = 09 (3) vies
Vg up (@ Vg up (1) = Vg (3 Voy aup (1), ieS,
and
U tow(E+ 1) = 03 10w (1) S 0010 (i + 1) = 00 10, (0), Vi e S,
both hold.
Let v9 ., (i) and v ,,,(7) be of a similar form:
V0 1w () = Wi + 1), (2.24)
Ug,up(i) = ’Yu(i + 1)27 (225)

where 7,7, > 0 to make sure that ”3,1 ow (1), V34 (i) are convex and non-decreasing in i. Assume

that the fine is of the form B(i) = bi with b € R+.

We choose for the quadratic form in Equations (2.24) and ([2.25]), because the fee is linear in 4
and the sum of many linear functions approaches a quadratic function.

2.6.1 Computation of v2, (i)

a,low

Firstly, we will deduce how to choose +; in Equation (2.24]), in order that

vé,low(i + 1) - v(i,low (Z) < vg,low(i + 1) - vg,low (Z)? Vi e S. (226)
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To give an expression of Inequality (2.26]) for ¢ > 0, we will combine Equations (2.4)) and ([2.24)).
vé,low (Z + 1) - Ué,low(i) - [Ug,low (Z + 1) - vgc,low(i)]

1 K
= — o |min i+2)%+ i+1)2 i+2)% + i+12—|—}
A+ 1+ p2 [ {Mﬂl( )"+ )% )"+ o ) o

— min {uz%(l +1)% + pwd?, (i 4+ 1)% + payi® + aH

R

A [min {w(i+2)2,w(i+3)2 - a}

_l_i
A+ p+ o

— [ +2)% = (i +1)?]

1 K
Atmtm” [min {Mﬂl(‘lﬁ' +4) + (2 + 1), i (4i +4) + pey(20+ 1) + a}
K
— min {Mz’n(% + 1), (2 +1) + a}]
A R
_— i 294+ 3 44+ 8) — —
b i fgzie )i ) - 21
R
min{0,71(2i+3) - a}] +b— (20 +3). (2.27)

According to Theorem the optimal strategy is a threshold strategy. Therefore, we can distin-
guish the following cases for Equation (2.27]).

o Let f)1,,(0) = (0,1) and f, (i +1) = (0,1).
Then Equation ([2.27) becomes:

vé,low (Z + 1) - Ué,low(i) - [U(()]c,low (Z + 1) - Ugc,low(i)]
1
a [Mz’n(‘li +4) 4+ (2 + 1) — poyi(2i + 1)]

SN+ pe
A

+7o{ 2i+3}+b— % +3
A+ 1+ pe g ) g )

<0.

This expression is equivalent to the following constraint on ~;:

b
1—0()(21‘}‘3)4’%2#1

Y 2 ( (2.28)

o Let f),,(0) = (0,1) and f, ., (i + 1) = (0,2).
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Then Equation ([2.27) becomes:
vé,low (Z + 1) - Ué,low(i) - [Ugc,low (Z + 1) - v(o)c,low(i)]

K
S 4i 4 4) + 2% +1)+— — 2+ 1
ppr—— {um( ) + p2mi( ) - pra( )

A
+— a2+ 3)| +b— (2 +3
Aﬂ“ﬂua[’n(l )} V(2 + 3)
<0.

This expression is equivalent to the following constraint on ~;:

b + _ K
1—a)(2i+3) + xr0, (2 — ) (20 + 3) + 2u)

Y >
(

o Let f15,(1) = (0,2) and [} 1, (i +1) = (0,2).
Then Equation ([2.27)) becomes:

Ucly,low(i + 1) - ng,low (Z) - [Ug,low (Z + 1) - U?x,low (Z)]

1 K K
N 4i 4 4) + 2%+ 1)+ = — 2 4+1)— =
Jra—— [um( )+ 2 ) " i ) -
A
AN 2z‘+3}+b— 2 +3
R [%( ) ( )

<0.

This expression is equivalent to the following constraint on -~;:

b
MA@ +3) T i 2 (2:30)
o Let f),,(0) = (1,1) and f, (i +1) = (0,1).
Then Equation becomes:
Vatow (T + 1) = Vg 0w () = [Vatou (T + 1) = V8 10w (7)]
s’ [um(‘lé +4) + (2 + 1) — pom(2i + 1)]
+ ma [71(22' +3) — (20 +3)+ iﬂ +b—7(2i+3)

<0.

This expression is equivalent to the following constraint on ~;:

n= % +3 o (9 + A(2i+3)
(1= a)(2i +3) + 5075, (201 + A(2i + 3))
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o Let f10,(1) = (1,1) and f (i +1) = (0,2).
Then Equation ([2.27) becomes:

a low (Z + 1) Ve low(i) - [ng,low (Z + 1) - vgg,low(i)}

1 K
L 4+ 4) + oy (20 + 1) + — — pan(2i + 1
T [um( ) + pan( )+ — = k2l )]
P [ (2i + 3) (2'+3)+R}+b (2i + 3)
— (3 — (3 — — 1
Mt 1 + pio " m o "

<0.

This expression is equivalent to the following constraint on ~;:

K+AR
b+ xTintim

b+ K+AR
Ap1+pe (232)

T (- )20+ 3) ey (A p2) (204 3) — (20 + 1))

Y 2

o Let f310,(1) = (1,2) and [} 1, (i +1) = (0,2).
Then Equation ([2.27) becomes:

a low(z + 1) Vg low(i) - [ glow(z + 1) Vq low(i)]
K

K
S SN 4i + 4) + 2% +1)+ — — 2 4+1)— —
pr—— [um( ) + pavi( ) - i ) -

R
_ 20+ 3) — v (2t + 3 — b— 21+ 3
+/\+M1+u2a[~yl(z+) (20 + )—i—a + (2 + 3)

<0.

This expression is equivalent to the following constraint on -;:

b+ ot
A+p1 e
, - , : (2.33)
(1= a)(2i +3) + 550555 (M2 + 3) + 2p0)

Y=

o Let f),,(0) = (1,1) and f, (i +1) = (1,1).
Then Equation ([2.27)) becomes:

Vg low(Z + 1) Ve, low(i) - [ gzlow(Z + 1) Ve, low(i)]

- - 4i+4 %+ 1) — 2 1]
(4 20+ 1) = (i 1)

R R
- 45 (26 b — (2
+)\+M1+M2a{fﬂ(z+8) - ’yl(z+3)+a}+ (20 + 3)

<0.
This expression is equivalent to the following constraint on -y;:

b
(1= )(2i +3) + x5, (211 — 20)

= (2.34)
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o Let f10,(1) = (1,1) and f} (i +1) = (1,2).
Then Equation ([2.27) becomes:

Ué,low (Z + 1) - ’Ué,low(i) - [Ug,low(i + 1) - vg,low(i)]

1 K
S 4i 44 %+1)+ — — % + 1
A+M+M2a[um( i 4) +pen(2i+1) + — — pam(2i + )}
A R R
— 4i4+8)— = — (2 +3)+ = | +b—(2i +3
+)\+/~01+M2a[’n( i+8) o "(2i + )+a}+ V(2 + 3)

<0.

This expression is equivalent to the following constraint on ~y;:

K
b+ Atp1+pe . (235)
1—a)(2i +3) + xts (2 — ) (20 + 1) + 2(u2 — N))

Y=
(

o Let f)1,,(0) = (1,2) and f, (i +1) = (1,2).
Then Equation ([2.27) becomes:
Ué,low (Z + 1) - Ui,low(i) - [U(())c,low(i + 1) - Ug,low(i)]

1 K K
S 4i 4 4) + 2%+ 1)+ — — 2% +1) — —
N {Mm( ) + p2mi( ) - pa( ) a]

R R
_ 47 +8) — — — 21+ 3 — b— 21+ 3
+>\+M1+M2a[%( i+8) o Yi(2i + )+Oj+ (20 + 3)

<0.
This expression is equivalent to the following constraint on ~;:

b
1—a)(20+3) + sy, (202 — 2))

M= ( (2.36)
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To give an expression of Inequality (2.26]) for ¢ = 0, we will combine Equations (2.4)) and ([2.24)).

vé{,low(l) - Ucly,low(o) - [Ug,low(l) - Ug,low(o)]

_ 1 . 2 2 2 2 E
= |minq ue2® + pyl® 2t + peyil”t +
A+ pa + p2 e}
. K
—min {Mﬂzlz + pyl? pnl? + pay1? + CVH
A R R
+———— o |min 2)2,v(3)2 = = } — min 1), (2% - =
p— [ {”ﬂ( )% n(3) a} {%( (@) -~
+B(1) = B(0) — [n2? — 1]
= ———C | 1m1n s — — 1min y —
At 1+ pio 2715 o1V o o

A [ R R ]
__~ ; 20 _ h—
+ s +M2a _mln{S’n,&n a} mln{O,B’yZ a}_ + 3
L i {3 3 + K}
= ———————amin , —
Mt 1 + pio K271, o1 o

A I R R
_ i 3v, 8y — — p — mi 0,3y — — b — 3. 2.37
+>\+M1+M2a_mm{ Y, 871 a} mln{ .37 a}_ + ol (2.37)

Note that K/a > 0, so min {O,K/a} = 0. This also means that for i = 0 and n = 1, the slower
Server 1 is used, which is equivalent to (f},,,,(0)), = 1.

According to Theorem both the choice for a € A and d € D are threshold strategies. Therefore,
we can distinguish the following cases for Equation (2.37)).

o Let £ 10,(0) = (0,1) and £, ;,,,(1) = (0,1).
Then Equation ([2.37)) becomes:

’Ué,low(1> - Ué,lowa)) - [vg,low(l) - vg,low(o)]
B 1
A+ p1 + pe
<0.

a [3,“271} o [371} +b— 3y

_‘_7
A+ p1 + po

This expression is equivalent to the following constraint on ~;:

b
Y=

> . (2.38)
3(1—0&)+m'3u1

o Let f1,,(0) = (0,1) and £} ;,,,(1) = (0,2).
Then Equation ([2.37) becomes:

Ué,low(l) - Ui,low(o) - [Ug,low(l) - U?}z,low(o)]
! [3 n } T
= — -
A+ 1+ 2 Ty A+ p + 2
<0.

o [3%} +b—3v
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This expression is equivalent to the following constraint on ~;:

K

"2

Let fl low( ) (L 1) and fol¢,low<1) = (07 1)
Then Equation (2.37) becomes:

’Ui,low(l) - Ué,low(o) - [Ug,low(l) - Ug,low(o)]
1
SR N 9
A+ 1+ p2 {Mﬂl A+ 1+
<0.

R
a[3fyl—3’yl+a] +b— 3y

This expression is equivalent to the following constraint on ~;:

AR
b + )\+M1+M2 . (240)
31— ) + xqiwm 3+ )

Y 2

Let fl low( ) (L 1) and folg,low(l) = (07 2)'
Then Equatlon becomes:
Ué,low(l) - vé,low(o) - [Ug,low(l) - Ug,low(o)]
1 K
e e ]+
<0.

A

R
—a |3y —3y+—| +b—3
Mt i1 + fio [”Yl N a] m

This expression is equivalent to the following constraint on ~y;:

b + K+AR
Atp1+pe (241)

3(1— )+ xgagm 3\ + )

"2

Let fo 10,(0) = (1 1) and f3 1,,,(1) = (1,1).
Then Equatlon becomes
cly,low(l) - Ué,low(o) - [Ug,low(l) - vgx,low(())]

& [3112%} +

(%

R R
8N ———=3n+—|+b—-3%
[0 [0

= ————-——— _—
A+ p + p2 A+ p + p2

<0.
This expression is equivalent to the following constraint on ~;:

b
3(1=a) + 505, Bur — 20)

N> (2.42)
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o Let f3,0,(0) = (1,1) and f},,,(1) = (1,2).
Then Equation ([2.37) becomes:

’Ué,low(l) - Ué,low(o) - [vg,low(l) - ’Ug,low(o)]
1 K
o [3,“17[ + OJ

N+ e
<0.

A

R R
b a8y o3yt +b—3
At e T, n

This expression is equivalent to the following constraint on ~;:

b + )\“1‘#]1{4‘#2 (2 43)
Q= . .
3(1 — Oé) + m(gﬂg — 2)\)

The previous enumerations can be used to determine a lower bound for ;. To do so, we will
distinguish all possible combinations of values of i} and il.

1. Let iy < .
(a) Let £, 0,,(0) = (0,1) and g > 0.

Then we get, according to Equations (2.38)), (2.28]), (2.29) and (2.30)), where we take for
17 in each expression the minimal possible value to gain the maximum:

b b
’YlZmaX ) )

K
b+ T
(1= a)(2if +3) + 505, (02 — 1) (2 + 3) + 2u)

b
(1—a) (205 +1) +3) + x5 - 212 }

where the expression in grey will never be the maximum value.

(b) Let il = 0.
Then we get, according to Equations (2.40)), (2.28)), (2.29) and (2.30)), where we take for
7 in each expression the minimal possible value to gain the maximum:

AR
v, > max b+ Atpatie b

K
b+ A+ +p2
(1= a) (2 +3) + sy (w2 — 1) (26 + 3) + 21

b
(1—a) (200 + 1) +3) + xagy 202 [

where the expression in grey will never be the maximum value.
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(c) Let il > 0.
Then we get, according to Equations (2.42)), (2.34), (2.31), (2.28)), (2.29) and (2.30)),
where we take for ¢ in each expression the minimal possible value to gain the maximum:

b b
Vi 2 max ; ;
AR
b+ A-p14-pe

(1= )(2if +3) + 30555 (20 + A2 +3))

b
(1—a) (206l + 1)+ 3) + Nt 21’

K
b+ A1 42
(1= )(2ig +3) + sy (02 — 1) (24 + 3) + 2u1)

b
- . +1 E ‘ [¢ ¢ ?
(1—a)(2(i) +1) + 3) M”‘W-z/u}
where the grey expressions will never be the maximum value.
2. Let i} < i}.

(a) Let i} =0.
Then we get, according to Equations (2.43)), (2.36]), (2.33) and (2.30)), where we take for
7 in each expression the minimal possible value to gain the maximum:

K
v > max Ot St b
- 31— )+ xtgm Br2 = 20)" (1 —a)(2- 1+ 3) + 52, (202 — 2))

AR
b+ RN

(1= )(2if +3) + 33555, (M2id +3) + 2u2)

b

where the expression in grey will never be the maximum value.

(b) Let i} > 0.
Then we get, according to Equations (2.42)), (2.34), (2.35)), (2.36]), (2.33) and (2.30),
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where we take for ¢ in each expression the minimal possible value to gain the maximum:

b b
Y = max = ; a ,
{3(1—06)+)\+m+#2(3ﬂ1—2>\) (1—a)(21+3)+m(2ﬂl_2)\)
K
b+ Atp1tp2

(1= )(2ig +3) + xppigy (02 — 1) (20 + 1) + 2(u2 — A))
b
(1= a)(2(if + 1) +3) + 5055, (202 — 2))

AR
b+ RN

(1= )(2if +3) + 33555, (M2id +3) + 2u2)

b
(1—a) (20l +1)+3) + o, 2He } ’
where the grey expressions will never be the maximum value.
3. Let i} =i},

(a) Let il =i} =0.
Then we get, according to Equations (2.41)) and (2.30)), where we take for i in each

expression the minimal possible value to gain the maximum:

b+ K+AR

A1+ p2 b
Vi = max , .
{3(1 —o)+ sigm 3+ p2) —a)(2-143) + x5, 2;@}

(b) Let il =4} > 0.
Then we get, according to Equations (2.42)), (2.34), (2.32)) and (2.30)), where we take for
1 in each expression the minimal possible value to gain the maximum:

b b
71 2> max ) )
{3(1 =)+ s B =207 (1= ) (2 14 3) + 52 (20— 2))
K+AR
b+ Atp+p2

(1= a)(2i +3) + 35555 (A + p2 — ) (288 +3) + 2u1)

b
(1= a) (206 + 1) +3) + 3y - 202 } ’
where the expression in grey will never be the maximum value.

As can be seen in the enumeration above, there are seven different scenarios for the values of il
and icll, which all affect the minimum value of ~;. All different terms to be smaller than or equal to
~; do have similarities, and by that we can give the following estimate of ;:

b + K+)AR

A1+ 2
—_— 2.44
30 —a) (2.44)

Y =
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since in each of the Equations (2.28) till (2.36) and (2.38)) till (2.43]) the numerator is either equal
to or smaller than the numerator of Equation (2.44)), and the denominator is greater than the

denominator of Equation 1' Therefore, vg low (@) from Equation 1' becomes:

b+ %
Ug,low(i) = W(i + 1)27 where v, > 3(17—/“01)#2

2.6.2 Computation of v?, (i)

o,up

In order to determine v° (i) from Equation l’ we must give a value of v, such that

a,up
ol (i4+1)—vl () >0, (i+1) =02, (i) Vie S
a,up a,up = Ya,up a,up\®/s :
We will determine =, in a similar way as in Subsection for 4;. In Equation (2.27)), no property
of v, or v, () is used, and since v%, (i) and v2 (i) are of a similar form (cf. Equations 1'

a,low a,low oL,up

and (2.25))), v; can be replaced by 7,:

Ué,up(i + 1) - vé,up(i) - [ng,up(i + 1) - vg,up(i)]

! K
=57 . - i 47+ 4 2% + 1 4i 4 4 2% + 1 "
A+u1+u2a [mln{,UQ’Yu( i+ 4) + 1y (20 + 1), prve (4i +4) + pove (20 + 1) + a}
— min {,uﬂu(Zz +1), iy (2i +1) + a}]
A R
T i 21+ 3 47 + 8) — =
+)\+N1+M2a [mm{’)/u(z—i- ), Yu(4i + 8) a}

—min{O,vu(2i+3)2 - };H +b—7u(2i + 3). (2.45)

Also, for the enumeration starting on page no properties of ~; are used, except for the fact
that there Equation has to be non-positive, and in this case with ~, we need to be
nonnegative. Therefore, this enumeration from pages [61] till [64] result in the same restrictions on
Yy @s on -y, but with an opposite sign. Similarly, the restrictions from the enumeration starting on
page (65| on ; are equal to the restrictions on =, with opposite signs.

With these similarities between the determination of v and v, and thus v0, (i) and v, (%),
we can give yet another enumeration similar to the one starting on page [67, where we distinguish

all possible combinations of values of i} and 4}.
1. Let i} < i}

(a) Let f3,,(0) =(0,1) and ij = 0.
Then we get, according to Equations (2.39)) and (2.30)), the following, where we take for
17 in each expression the maximal possible value to gain the minimum:

K
~ < min b+ A1+ lim b
u > o/ - o P ) . )
3(17(\>+m '3/12 71— 00 (1—0&)(2Z+3)+m2#2

where the grey expression will never attain the minimum value.
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(b) Let f3 ,,(0) = (0,1) and i} > 0.
Then we get, according to Equations (2.38)), (2.28]), (2.29) and (2.30)), where we take for
17 in each expression the maximal possible value to gain the minimum:

. b b
Y S min a P ) . . , )
v {3(1 — (},) + m . 3/.1,1 <1 — (,){) <2(1(l1 — 1) + 3) + m . 2/1,1
K
b+ Atpi+p2
(1= a)(2ig +3) + 5505, (02 — 1) (2 + 3) + 2u)

b
lim - < ,
i—00 (1 — Oz)(22 +3) + m . 2/1,2}

where the expressions in grey will never attain the minimum value.

(c) Let il = 0.
Then we get, according to Equations ([2.40)), (2.28), (2.29) and (2.30]), where we take for
7 in each expression the maximal possible value to gain the minimum:

AR
Yo < min b+ Atpa+pe b
(T . « . ’ . c « ’
3(1 - (I,) + N tpe 3<A + /1,1) (1 — a) (2(7}1 - 1) + 3) + Nrptpn 2[L1
K
b+ A+p1+pe

(1= a)(2ig +3) + sy (02 — 1) (20 + 3) + 2u1)

b
lim - )

where the expressions in grey will never attain the minimum value.
(d) Let il > 0.

Then we get, according to Equations ([2.42), (2.34), (2.31), (2.28)), (2-29) and (2.30)),
where we take for ¢ in each expression the maximal possible value to gain the minimum:

. b b
Yu < min : c B » . . « )
{3(1 — (X) + m(ﬁul - 2)\) (1 — (1,’) (2(1(11 — 1> + 3) + m(?/ll — 2)\)
AR
b+ A+p1tpe
(1= a)(2if +3) + 55055, (2 + A2 +3))
b
(1—a) (201 — 1) +3) + s 2w
K
b+ M+ 2
(1—a)(25+3)+ m((;@ — ) (2L +3) +21)’
. b
lim ; 5 ,

where the grey expressions will never attain the minimum value.
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2. Let i} < .

(a)

Let i} = 0.
Then we get, according to Equations (2.43)), (2.36]), (2.33) and (2.30)), where we take for
7 in each expression the maximal possible value to gain the minimum:

K
~ < min b+ A1+ b
u —= ‘ « G ) /- -] « ‘ ’
31— ) + 5yt Br2 = 20) 7 (1 — ) (203 — 1) +3) + 55055, (202 — 23
AR
b+ A+p1 4
(1= a)(2if +3) + 5055, M2k +3) +2u2)”

b
lim . = ,

where the expressions in grey will never attain the minimum value.

Let i} > 0.

Then we get, according to Equations ([2.42)), (2.34), ([2.35)), (2.36), (2.33) and (2.30),

where we take for 7 in each expression the maximal possible value to gain the minimum:

. b b
Yy <IN 4 @ . ’ ;1 : ¢ ’

K
b+ >\+Nl\+llz
(1—a)(2iy+3) + m((/lz — 1) (265 + 1) + 2(u2 — N))
b
(1= a)(2(if = 1) +3) + 5055, (202 —23)°
b AR

+ A+p1+pe
(1= a)(2if +3) + xpyig; (2L +3) + 2u2)”

b
lim . = ,

where the grey expressions will never attain the minimum value.

3. Let i} =i},

(a)

Let i} = i} = 0.
Then we get, according to Equations (2.41)) and (2.30)), where we take for i in each
expression the maximal possible value to gain the minimum:

K+AR
Yo < min Ot Xt lim b
- 3(1—a)+ Nt 3N+ o) imoo (1 — ) (204 3) + N 2He

where the expression in grey will never attain the minimum value.
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(b) Let il =il > 0.
Then we get, according to Equations (2.42)), (2.34)), (2.32) and (2.30)), where we take for
17 in each expression the maximal possible value to gain the minimum:

. b b
Y, < min - o . y 7 - a « ‘ ¢ ’
“ {&(l —a)+ m(ﬁ/u —2\)7 (1 — (\,)(2(1}1 - 1)+ u) + e (2/11 - 2)\>

K+AR
b+ A+p1+p2

(1—a)(2il +3)+ m(()\ + po — ) (2L +3) + 21)

b
lim - ,
—+00 (1 —Oé)(22+3) + m . 2,&2}
where the expression in grey will never attain the minimum value.

In every of the beforementioned cases for the relation between il and icll, 4 has to be less than or
equal to zero. At the introduction of 7, in Equation (2.25) was stated that v, > 0. Therefore, the

only possible value is v, = 0, which gives the following equation for vg’up(z):

00 (1) = Yu(i +1)* =0, with v, = 0.

a7up

In Subsections 2.6.1] and 2.6.2] we have shown that the choices of

b+ y A
V8 1o (1) = (i + 1)%, with 7 2 —goe, (2.46)
v&up(i) = v, (i + 1)2 =0, with 7, = 0, (2.47)

give a starting value for Theorem Corollary and Corollary which makes them useful
not only in theory, but also in practice.

Note that in Equations and , the basis equations use (i + 1)2. We have also tried the
more natural equation of 42, but this gave us an extra constraint on the variables. The equivalent
of Equation requires p1 > 2A and the equivalent of Equation requires po > 2. Since
by definition g1 < pe, these restrictions can be summarized in g1 > 2. This constraint is probably
due to the lack of steepness in i = 0 for the function i?, which the function we used, (i + 1)2, does
have.

2.6.3 Numerical example

Now that we have proven that v?, (i) and vQ . (i) can be chosen such that

a,low o,up
ap (1) = Vg (1) = 00 4 (i 1) = 03 4 (4) ViesS
Vg up (@ Vaup(8) = Vg qp (i Vaupl?)s { ,
and
vé,low(i + 1) - 'Uiy,low (Z) < vg,low(i + 1) - Ug,low (Z)7 Vi € S?
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both hold, we will show graphically the results of Corollary 2.11] and Corollary 2.12] The corre-
sponding R-code can be found in Appendix B}

We give one numerical example, with the choice of parameters mostly equal to the situation in
Subsection [1.2.1] We choose A = 1, u1f2 pe =3, K =1, R =3, b—landa—09 For the
value of vy yp (1), we follow Equatlon and thus choose 7, = 0. For the value of va low (1), We

take, according to Equation (2 ,

K+AR 14+1-3
= b+ ihm _ 1+ 553 _ 950
T 73(1-a)  3(1-09) 9

150
|

100
|

v_low™0(i)-v_low"0(0)
v_low"5(i)-v_low"5(0)
v_low™10(i)v_low"10(i)
v_low™15(i)-v_low"15(0
v_low"25(i)v_low"25(0
v_low"50(i)-v_low"50(0
v_up”50(i)-v_up"50(0)
v_up"25(i)-v_up"25(0)
v_up™15(i)-v_up™15(0)
v_up™10(i)-v_up™10(0)
)
)

v n(il-v n(0)

)
)
)

50
I

v_up”5(i)-v_up™5(0)
v_up™0(i}-v_up™0{0)
T T T T

Figure 2.1: Expected reduced discount costs vy, ,,,(¢) — v 1, (0) and vy, (4) — vg 4, (0), for several
values of time step n, with parameters A =1, uy =2, upo =3, K =1, R=3,b=1, a = 0.9,

Yu = 0, 7 = 50/9.

(1) for

several values of n. The graph shows that for n = 50, the graphs of v low(i) — Y (0) and
20p(i) — v30%,,(0) are already that close to each other, that they are drawn at the same spot.
Therefore, this graph confirms the claim of Corollary and also shows that the convergence
goes rather fast; within 50 time steps, the difference between the lower bound and the upper bound

is hardly visible, and thus the range of the optimal expected discount costs decreases rapidly.

In Figure 2.1} we have plotted the expected reduced discount costs of vy owl?) and v}

a,up

v

Figure 2 a ) shows the thresholds i ,,, and iy, for different values of n. Figure 2.2 . (b) shows the
thresholds za low and 7y, for different values of n. We can see, that for n > 6, i, = g4 = 1,
and thus i; = 1. For n > 15, we get i}, =i} up =4 and thus ¢, = 4. So within 15 iterations of

Algorithm we know the optimal strategy. This validates the statement in Corollary
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10

— i_{a,up}"n
— i_{d,up}*n

(a) Thresholds iy ,, and iy, for time n. Note that ij ,, = oo for n € {0,...,4}, and iy, = oo for
ne€{0,...,11}.

— i_{alow}*n
— i_{d,low}*n

10

T T T T
0 5 10 15

n

(b) Thresholds 4]} ;,,, and 4y ., for time n. Note that i3 ;,, = 990, = 00 by the definition of fJ in

Algorithm

Figure 2.2: Thresholds for time n, with parameters A =1, uyy =2, uo =3, K =1, R=3, b =1,
a=0.9, v, =0,v=>50/9.
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Appendix A

Discounted model: R code

X <= 20 #Mazx size queue is (X—1); queue can be 0
T <— 20 #Number of time steps

lambda <— 1 #Arrival rate

mu <— 2 #Departure rate

R <— 3 #Profit per customer served

b <— 1 #Fine per customer per time unit in queue
alpha <— 0.9 #Discount rate

plambda <— lambda/(lambdatmu) #Prob arrival

pmu <— mu/(lambda+mu) #Prob departure

i<— NULL; for (j in 1:X) {i <— c(i,j)}
#1 is wvector size X, walues 1, . ¢
c0 <— bx(i—1) #Cost refusing customer
cl <~ bx(i—1) — plambdaxR #Cost accepting customer

v <— matrix (0,X,T) #Fzpected discounted profit
vhelp <— array (0 ,dim=c(X,T,2))

#vhelp (,,1): incoming customer sent away;
#vhelp (,,2): incoming customer accepted

#Note: the code does not compile with the extra enters added in
#the following lines, but they are necessary for readability.
for (k in 1:X) {

vhelp[1.,k,1] <— cO0[k] #Set the first time step

vhelp[1.,k,2] < cl[k]

v[l,k] <= min( vhelp[1l,k,1], vhelp[l,k,2])
¥
for (j in 2:T) {

vhelp[j,1,1] <— c0[1] + alphaxv[(j—1),1] #Empty queue

vhelp[j,1,2] <~ cl[1] + alpha*plambdaxv[j—1,2]

+ alphaspmuxv[j—1,1]
v[j,1] <= min( vhelp[j,1,1], vhelp[j,1,2])

7



for (k in 2:(X-1)) {
vhelp[j,k,1] <— c0[k] + alphaxplambdaxv[j—1,k]
+ alphaspmuxv|[j—1,k—1]
vhelp[j,k,2] <— cl[k] + alphaxplambdaxv|[j—1,k+1]
+ alphaspmuxv|[j—1,k—1]
v]j,k] <= min( vhelp[j,k,1], vhelp[j,k,2])
}
vhelp[j,X,1] <— 2xvhelp[j,X—1,1] — vhelp][j,
vhelp [j,X,2] <= 2%vhelp[j,X—1,2] — vhelp|[j,
v]j,X] < min( vhelp[j,X,1], vhelp[j,X,2])
}
#This only works because fee=bxi,
#so vhelp[,,1] and vhelp[,,2] are linear

1] #(X—=1) customers

X—2
X—2,2]

f <— matrix(0,T,X) #Strategy f
for (j in 1:T) {
for (k in 1:X) {
if (vhelp[j,k,1] > vhelp[j.k,2]) {
flj, k] <1
}
}
}

#f[,]=0: refuse customer; f[,]=1: accept customer

#Threshold function
thr <— matrix(0,T,1)
for (j in 1:T) {
for (k in 1:X) {
i (f[j.k] = 1) {
thr[j,1] <— k—1
}
}
}
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Appendix B

Discounted model with the choice
between two servers: R code

X <~ 20 #Max size queue is (X—1); queue can be 0

T <— 51 #Number of time steps

lambda <— 1 #Arrival rate

mul <— 2 #Departure rate slow Server 1

mu2 <— 3 #Departure rate fast Server 2

K <— 1 #2 #Fxtra cost for Server 2

R <— 3 #Profit per customer served

b <— 1 #Fine per customer per time unit in queue

alpha <— 0.9 #Discount rate

plambda <— lambda/(lambda+mul+mu2) #Prob arrival

pmul <— mul/(lambda+mul+mu2) #Prob departure from Server 1
pmu2 <— mu2/(lambdat+mul+mu2) #Prob departure from Server 2

B <— integer (X)

c0 <— integer (X)
cl <— integer (X)
for (i in 1:X) {
Bli] <— i-1
c0[i] <— B[i] #Cost refusing customer
cl[i] <~ B[i] — plambdasR #Cost accepting customer

}

#Run code twice: for v_low and v_up separately
gamma <— (b+(K+lambdax*R) /(lambda+mul+mu2)) /((1—alpha)*3) #v_low
#gamma <— 0 #v_up

v <— matrix (0,T,X) #Ezpected discount cost

f <~ array (0,dim=c(T,X,2)) #Strategy

#f(,,1)=0: refuse customer; f(,,1)=1: accept customer,
#f(,,2)=1: use slow server; f(,,2)=2: use fast server.
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RS <— matrix
RF <— matrix
AS <— matrix
AF <— matrix

0,T,X) #Refuse incoming customer, Slow server
0,T,X) #Refuse incoming customer, Fast server
0,T,X) #Accept incoming customer, Slow server
0,T,X) #Accept incoming customer, Fast server

Y Y

)

A~ N N

Y I

for (k in 1:X) { #Set the first time step
v[1l,k] <— gammax(k)"2 #i in 0:(X—1), k in 1:X, so k"2=(i+1)"2

for (j in 2:T) {
#Left boundary, X=1 (empty queue)

#Note: the code does not compile with the extra enters added in
#the following lines, but they are necessary for readability.

RS[j,1] <— alphaxv[j—1,1] + c0[1]
RF[j,1] <— alphaxv[j—1,1] + c0[1] + K
AS[j,1] <~ plambdaxalpha*v[j—1,2]
+ (pmul4+pmu2)*alphaxv[j—1,1] + cl[1]
AF[j,1] <= plambdaxalphaxv[j—1,2]
+ (pmul+pmu2)*alpha*v[j—1,1] + c1[1] + K

v[j,1] < min(RS[j,1], RF[j,1], AS[j,1], AF[j,1])

if (v[j,1] = RS[j,1] [ v[j,1] = RF[j,1]) {
£[j,1,1] <— 0

if (v[j,1] = AS[j,1] | v[j,1] = AF[j,1]) {
Fl,1,1] < 1

if (v[j,1] = RS[j,1] [ v[j,1] = AS[j,1]) {
£j,1,2] < 1

if (v[j,1] = RF[j,1] | v[j,1] = AF[j,1]) {

for (k in 2:(X-1)) {
#Regular , non—boundary entries

#Note: the code does not compile with the extra enters added in
#the following lines, but they are necessary for readability.

RS[j.,k]| < (plambdat+pmu2)=*alphaxv[j—1,k]
+ pmulsalphaxv[j—1,k—1]+ c0[k]
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RF[j,k] <— (plambda+pmul)=alphax*v[j—1,k]
+ pmu2salphaxv[j—1,k—1]+ c0[k] + K
AS[j,k] <~ plambdaxalpha*v[j—1,k+1]
+ pmu2salphaxv[j—1,k] + pmulxalphaxv[j—1,k—1] + c1[k]
AF[j ,k] <— plambdaxalphasv[j—1,k+1]
+ pmulxalpha*v[j—1,k] + pmu2«alphaxv[j—1,k—1] + cl[k] + K
V[.] ak] <= mln(RS[J 7k] ’ RF[.] 7k] ’ AS[.] ak] ’ AF[.] 7k])
if (v[j,k] = RS[j,k] [ v[j,k] = RF[j,k]) {
flj,k,1] << 0

if (v[j,k] = AS[j,k] [ v[j,k] = AF[j k]) {
flj.,k,1] <1
flj,k,2] <1

if (V[Jak :RF[J7k] | V[Jvk] :AF[.]vk]) {
£[j,k,2] < 2

¥

#Right boundary, with (X—1) customers in the system

#This only works because fee=bxi, so RS[j,], RF[j,], AS[j,]
#and AF[j,] are linear for every time step j.

RS[j.X] <— 2%RS[j,X-1] — RS[j,X—2]
RF[j,X] <— 2«RF[j,X-1] — RF[j,X-2]
AS[j,X] <— 2#AS[j,X-1] — AS[j,X—2]
AF[j ,X] <— 2%AF[j,X—1] — AF[j ,X-2]

#This only works because fee=bxi,

#so RS[j,], RF[j,], AS[j,] and AF[j,] are linear

V[J >X} <= min(RS[j >X] ’ RF[J aX] ) AS[j >X} ’ AF[J aX])

if (v[j,X] = RS[j,X] | v[j,X] = RF[j ,X]) {
f1j,X,1] < 0

if (v[j,X] = AS[j.,X] | v[j,X] = AF[j ,X]) {
F1j,X,1] < 1

if (v[j,X] = RS[j.X] | v[j.,X] = AS[j .X]) {
f[j,X,2] < 1

if (v[j.,X] = RF[j.X] | v[j.X] = AF[j .X]) {
f[j,X,2] <= 2

}
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# Threshold function
thr <— matrix(0,T,2)
for (j in 1:T) {

for (k in 1:X) {
if (f[j,k,1] = 1) {
thr[j,1] < k
}
if (f[j,k,2] = 1) {

#Run code twice: for v_low and v_up separately

v_low <— v
#u_up <— v

thr _low <— thr
#thr _up <— thr
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