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Figure 2: underlying structure of the protein from figure 1



Abstract

The Alexander polynomial is a link invariant and is used in this thesis to analyze
the spatial structure of proteins. It can efficiently be computed by the Jacobian-
adjugate method, derived from the adjugate of a Jacobian matrix of the link
group. It does so by building a link diagram from smaller tangle diagrams using
the operations disjoint union (U) and stitching (m,; stitches edge i to edge j)
and similarly computing the Jacobian-adjugates JA(T) of the tangle diagrams T
This Jacobian-adjugate is a pair (A, A) with A € Z[G] and A € Mat(Z[G)),
where G is the group of a link diagram. It satisfies the following rules:

(Ap,A)U(Ap,B) = (Aa-Ap,Ap-A®A,-B)
mi(A,4)) = (A— AL (1- AT ADA 4 ATIAL- A7),
Positive and negative crossings with over-strand a and outgoing and incoming

under-strand edges b and ¢ have as Jacobian-adjugates (A is written in the
upper left corner)

1 ‘a b c 1 ‘a b c
all 0 1-b and a1 0 a '(b—1)
b0 1 a b0 1 a~!

The Alexander polynomial equals the ged of the remaining 1 X n matrix when
there is just one stitching left. In the single-variable case, at each stage of the
computation we only need those columns corresponding to incoming edges, and
the final 1 x 1 matrix gives the Alexander polynomial.

This Alexander polynomial can be used to compute topological invariants of
proteins. Using Sage code we can reconstruct proteins from files from the Pro-
tein Data Bank and compute certain (single-variable) Alexander polynomials
corresponding to it. Firstly, a link is obtained by closing chains along hydrogen
bonds. Running the code on a sample of 1200 PDB files suggests that almost no
protein contains a knotted structure. So it seems that the methods of studies
such as [2] often infer a knotted structure that is absent in the actual protein.
Secondly, a link is obtained from the protein by replacing chains and hydrogen
bonds by mutually linked loops. The corresponding Alexander polynomial is
very large and some improvements can still be made with regard to the compu-
tation time.
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1 Introduction

Knots have been studied by mathematicians since the 19th century. In the
beginning of the 20th century, knot theory became a part of the new field of
topology, which provided the right mathematical tools to develop this theory.
In the course of time, much theoretical progress has been made, and also various
applications of knot theory have been discovered. These applications mainly fall
within the area of physics, but there are applications in other natural sciences
such as chemistry and molecular biology as well.

In this thesis, I will study a polynomial invariant of knots and links (chapter
3) that was discovered in 1923 by James Waddell Alexander II, which is there-
fore called the Alexander polynomial [1]. A new, efficient way to compute this
polynomial is derived (chapter 6) by building a link diagram from tangle dia-
grams (chapter 2) and using the adjugate (chapter 4) of the Jacobian matrix
(chapter 5) of a link group presentation. In chapter 7 it is investigated how this
Jacobian-adjugate method relates to two similar tangle invariants, I'-calculus
[6] and rMVA [13].

The Alexander polynomial will be used in chapter 9 to compute a topological
invariant of proteins (chapter 8). This has been done before ([2] and [20]), yet
mostly conceding mathematical rigour: by artificially gluing loose ends together
in various ways, the resulting ‘invariants’ are still very sensitive to small bend-
ings. Even more, the structures that are studied are topologically all trivial. By
not only considering atom bonds, but also hydrogen bonds, the resulting struc-
ture is a spatial graph which is not necessarily trivial. By using hydrogen bonds
that close chains, I can find knots and links of which the Alexander polynomial
can be computed. This will be applied to a sample from the RCSB Protein
Data Bank. Secondly, I will explore another way of computing an Alexander
polynomial of proteins, for which proteins are replaced by closely related links.

2 Knots & Links

All spaces are topological spaces and all maps are assumed to be continuous,
unless stated otherwise. S™ is the n-sphere and I is the unit interval. Definitions
2.1,2.2, 2.4, 2.5, 2.9, 2.15 and 2.13 can be found in various versions in the first
chapters of [8], [17] and [19].

Definition 2.1. A link is a subset of S3 (or R3) that is homeomorphic to the
disjoint union of finitely many circles, each called a link component. An oriented
link is a link with a fixed orientation on each circle. A link consisting of 1 circle
is called a knot. Two links Ly, Lo are equivalent if there is a homeomorphism
S3 — S3 mapping L; onto Ly. A link is called tame if it is equivalent to a
polygonal link.

Knot theorists are often interested in whether two knots are ambient isotopic,
which is a more distinctive equivalence relation.



Definition 2.2. An isotopy is a homotopy H: X x I — Y such that for each
to € I, H(—,tp): X — Y is a homeomorphism. An ambient isotopy between
two subsets A, B C M is an isotopy F': M x I — M such that F, = idy; and
Fi(A) = B. If such a map exists, A and B are called ambient isotopic.

Oriented links will be called ambient isotopic if there is such an F' such that F}
preserves orientation of the circles.

Remark 2.3. An ambient isotopy between two links induces an orientation-
preserving equivalence F}. In fact, every orientation-preserving homeomorphism
of $3 (or equivalently R?) is isotopic to the identity [11], so two links are ambient
isotopic if and only if there is such an orientation-preserving equivalence.

From now on, all links are assumed to be tame and we will not distinguish
between a link and its ambient isotopy class.

Definition 2.4. The group of a link is the fundamental group of its complement.

Note that this is well-defined without the use of a base point since the com-
plement of a (tame) link is path-connected and any two ambient isotopic links
have homeomorphic complements.

The rest of this section will be about ways to present a link and its group: link
diagrams and Wirtinger presentations.

Definition 2.5. A link diagram of a link L C R? is a subset p(L) C R? C R3
with a projection p: R® — R3 onto a plane such that p(R3) N L = () and for
each z € p(L), [p~(z) N L| < 2. Whenever equality holds, this is a transversal
intersection. Moreover, these intersections contain the information which strand
goes over and which one under, i.e. which strand was closer to the projection
surface in R3. Usually, this is done by removing a small interval around the
intersection point of the under-strand. If the link is oriented, this orientation is
also a part of the data of the the link diagram, usually indicated by arrows.

CReo

Figure 8: example of a link diagram, from [17]

A more general type of diagrams is defined as follows.

Definition 2.6. A tangle diagram is a finite directed graph in which every
vertex has either degree 1 or 4 and every 4-valent vertex has 2 incoming and
2 outgoing edges. Each 4-valent vertex has a sign (+1) and a distinguished
incoming and outgoing edge. The class of tangle diagrams is denoted as TD.



An oriented link diagram can be seen as a tangle diagram with no 1-valent
vertices (leaves). All crossings are 4-valent vertices, the over-strand of a crossing
corresponds with the indicated incoming and outgoing edge and the under-
strand with the other edges. The sign of each crossing is as in figure 4.

XX

Figure 4: positive and negative crossing

Now that we have seen how tangle diagrams are generalizations of link diagrams,
we can safely use the following definitions.

Definition 2.7. A 4-valent vertex in a tangle diagram is called a crossing. The
indicated incoming and outgoing edge form the over-strand, the other two edges
form the under-strand.

Example 2.8. A crossing diagram is a connected tangle diagram with one
crossing. It can be represented as one of the crossings in figure 4.

Definition 2.9. A bridge in a tangle diagram is a maximal (non-repeating)
series of edges in which each pair of subsequent edges forms the over-strand of
some crossing.

Definition 2.10. Disjoint union is a binary operation LI: TDXxTD — TD which
yields the disjoint union of graphs. Stitching is a unary operation m;;: TD —
TD for each pair of edges 7, j such that 7 ends at a leaf and j begins at a leaf. It
deletes edges ¢ and j and both leaves involved and creates a new edge that starts
where 7 started and ends where j ended. We may also refer to this operation as
3 is stitched to j’.

Example 2.11. The Solomon’s knot, which is actually not a knot but a link,

looks like figure 5. This link diagram can be obtained as the disjoint union of
four positive crossings, with stitchings as indicated by the dotted lines.

Figure 5: Solomon’s knot



Definition 2.12. The group of a tangle diagram with edges F is a group G
together with a map t: F — G. It is defined recursively as follows: the group
of a crossing diagram is the group (a,b,c|aba=tc™!). The edges of the over-
strand are mapped to a and the edges of the under-strand to b and c. If the
crossing is positive, b belongs to the outgoing edge and ¢ to the incoming one,
and vice versa if the crossing is negative. The group of a diagram consisting
of one edge e is isomorphic to Z with t(e) = 1. The group of a disjoint union
of tangle diagrams is the free product of their groups together with the union
of their maps. After applying stitching to a tangle diagram with group G and
map t: E — G, its group is obtained by adding the relation t(i) = ¢(j) to G.
The new map sends the new edge to this ().

Note that this is well-defined and in this way, each bridge has exactly one cor-
responding generator in GG. This definition actually describes the fundamental
group of the complements of topological objects called tangles, but elaborating
on this is not needed and will therefore be omitted.

Definition 2.13. The Wirtinger presentation of a tangle diagram is recur-
sively defined using the crossing group presentations from definition 2.12. The
disjoint union of tangle diagrams gives a straightforward union of presentations
and stitching 7 to j means replacing the generators ¢(i) and t(j) by one single
generator. If instead of this we add a relator titj_l and never stitch edges both
beginning and ending at a leaf, we obtain the extended Wirtinger presentation.

Note that the Wirtinger presentation and extended Wirtinger presentation are
also well-defined.

Example 2.14. The group of the Solomon’s knot from example 2.11 has
Wirtinger presentation

(s, t,u,v|sts™u™ tot s vuw T usuT oY)

Definition 2.15. The linking number 1k(K1, K5) of two disjoint oriented knots

K,,K, C R? given a certain link diagram of K; U K5 equals %(p —n), where
p is the number of positive crossings and n the number of negative crossings

involving both K; and K.

Proposition 2.16. Up to a sign £1, the linking number is independent of the
chosen link diagram.

Proof. See section 5D of [19]. O

Theorem 2.17. The group of a link L is isomorphic to the group of any link
diagram of L. Leaving out one of the relators in an (extended) Wirtinger pre-
sentation always results in a presentation of the same group.

Proof. We consider a Wirtinger presentation of L. First, the topological inter-
pretation of its generators should be explained. A basepoint is chosen on the
same side of the projection plane as the link, but further from this plane than



any z € L. Now the generators are loops around exactly one bridge which have
linking number 1 with the link. The case of an ordinary Wirtinger presenta-
tion is further covered by theorem 3.4 and corollary 3.6 of [8], and by using
van Kampen’s theorem in [19] Theorem 3.D.2. Leaving out one relator of the
form aba~'c™! in an extended Wirtinger presentation is therefore also possi-
ble. Leaving out a relator of the form ab~! can be visualized as cutting the
link at the point where the corresponding strands would have been stitched and
infinitely extending the loose strands in the projection direction. Now such a
tangle also has a Wirtinger presentation, and the same proofs apply to show
that this actually is a presentation of the fundamental group of its complement.
Here we can see that a = b: a loop around one infinite end of the tangle can
be pulled around the entire link to turn it into a loop around the other infinite
end. O

3 The Alexander Module

Recall the following important theorem in algebraic topology, which can be
found, for example, as theorem 1.38 and proposition 1.39 of [14].

Theorem 3.1. For every path-connected, locally path-connected, semi-locally
simply connected space B with base point by € B, the assignment

(p: (E,e0) = (B,bo)) = p«(m1(E, €0))

induces an anti-equivalence between the category of coverings of B and the cat-
egory of subgroups of m((B,bo)). If p«(m1(F,e0)) is a normal subgroup of
m1 (B, by), for the group Aut,(E,eq) of covering automorphisms we have

Aut,(E,e0) = m(B,bo)/p«(m1(E, €0)) .

The automorphism corresponding to an element o € w1 (B, bg) sends each point
to the endpoint of the lift of a loop representing this a.

From now on, the choice of base points is implicit. The subgroups of 71 (E) that
will be used to find a covering are normal, so this does not lead to ambiguity.

Definition 3.2. The universal abelian covering X, of a space X with fun-
damental group G is the covering space with fundamental group [G,G]. So it
has covering automorphism group G/[G, G] = G*. We will denote the covering
map Xo — X by p.

Remark 3.3. If ¢: G — G/H is some quotient map of groups, I will not make
notational distinction between an element g € G and p(g) whenever it is clear
from the context what is meant.

Observation 3.4. We have H;(X.,) = [G,G]% as it is the abelianization of
the fundamental group [G,G] of X,,. We have an action of G* on H; (X))



as the former is a group of automorphisms of X.,. This action is in fact the
conjugation action of G on [G,G]*: for g € G and a loop h in X, starting at
xo, gh is homologous to I(g) - gh - I(g) ™!, where I(g) is the lift of g which starts
at zg. This projects down to g - p(h) - g~!. Note also that since H;(Xo) is
abelian, we can extend the action of G to an action of the group ring Z[G],
which turns Hi(Xo) into a Z[G®]-module.

Example 3.5. Let L be the Hopf link, as the one on the left in figure 6.
Considering it as a link in S with with one point at infinity, it looks like the
picture on the right in R?. Here we can see that its complement retracts onto
a torus 7. So it has fundamental group G = Z? = G®. This T has a universal
covering p: R? — T which is equivalent to the quotient map obtained from the
relation (a,b) ~ (c,d) < a—c,b—d € Z on R2. This is also its universal abelian
covering T, because [G,G] is trivial. The action of G on Hy (X)) = [G, G]*®
is obviously also trivial, but can nevertheless be pictured as if any covering
automorphism (a, b) — (a + x,b+ y) with x,y € Z shifts loops in R? = T,.

>

Figure 6: Hopf link
Example 3.6. The Solomon’s knot from example 2.11 has group
G = (s, t,u,v|sts u" tot s vuw T usu ot

Because of proposition 2.17, we can leave out the last relator. We use the first
two to rewrite u and v in s and ¢, which gives u = sts~! and v = t~'st. Entering
these into the third relator gives

vuv 't =t ststs T T s T T = ¢ ststs T s
Conjugating this relator with s~! gives the group presentation
G = (s, t|[sHt7Y][s,]).

So G = (s,t|[s,t]) and by lemma 3.20, [G, G] is generated by [s, ] = sts~ 't~}
as a Z[G]-module.

Definition 3.7. Let L be a link with group G. The Alexander module M of L
is the Z[G®]-module [G, G]*.

We will also need a variation of the universal abelian covering, although this
yields the same covering for all topological spaces to be considered in this thesis.
For this we also need the following definition.

10



Definition 3.8. Let G be a group with normal subgroup H such that G/H is
abelian and let ¢ : G — G/H be the canonical projection. Then the radical of
H is the normal subgroup of G defined as

VH = ¢ H(TorsG/H) = {g € G : g" € H for some n} .

Definition 3.9. Let X be a path-connected, locally path-connected, semi-
locally simply connected topological space with fundamental group G. The
mazimal free abelian covering of X is the covering space X of X with funda-

mental group +/[G, G].

Remark 3.10. By lemma 3.11, any link complement X satisfies X = X.

Lemma 3.11. Let n be the number of components of L. G is generated by
loops linked with exactly one link component, with linking number +£1. Hence
Gb = 7m.

Proof. See [8] proposition 3.5. Note that G = H;(X). O

Definition 3.12. Let R be a commutative ring. A presentation for an R-
module M is a pair (a, ¢) fitting in a short exact sequence

FAEAM S0

of R-modules where F' and E are free. The map « will also be called a pre-
sentation. M is said to be finitely presented if F' and E are finitely generated.
A corresponding presentation matrixz for M is a matrix representing a with
respect to some bases of F' and F.

Definition 3.13. Let M be a finitely presented R-module. The r-th elementary
ideal E, of M is the ideal of R generated by the (m —r) x (m —r) minors of an
m X n presentation matrix. A generator of the smallest principal ideal containing
E, is denoted as A,.(M).

Lemma 3.14. The r-th elementary ideals are well-defined.
Proof. This follows from theorem 6.1 of [17]. O

Definition 3.15. An Alexander matrix of a link L is a presentation matrix for
its Alexander module.

Definition 3.16. The r-th Alexander ideal E, is the r-th elementary ideal of the
Alexander module M, i.e. the ideal of Z[G?] generated by the (m —r) x (m—r)
minors of an m x n Alexander matrix. The r-th Alexander polynomial equals
A (M). Ap will just be called the Alexander polynomial.

Example 3.17. Again returning to the Hopf link, we can take a presentation
00— M — 0 with M = 0 its Alexander module. Hence it has a 0 x 0
Alexander matrix and its Alexander ideals are all 0 except for Ey. This one
equals (1) and hence the Alexander polynomial is 1.

11



Example 3.18. The Solomon’s knot has group G = (s,t|[s71,t7!][s,t]) and
[G, G] is generated by [s,t] as a Z[G]-module. Let

f:Z[G™ = [G,G), 1 [s,1].

Let - denote the action of Z[G%] on |G, G]?. Since ts - [s71,t71] = [s,t] and
[s71,t71 = [s,t]71, we have

(=1 —ts)-[s,t] = [s,t] *(ts - [s,t] ") =[5, 8] '[s,t] = e.

Now it follows from proposition 3.22 that ker f = (st +1). So a presentation of
the Alexander module is given by

Z[G™] = Z[G®], 1 > st + 1.
This has Alexander matrix (st + 1), so its Alexander polynomial equals st + 1.

Lemma 3.19. Let G be a group. There is a well-defined conjugation action of
G on [G,G], which induces a conjugation action of G* on [G,G]?.

Proof. The first statement is immediate since [G,G] is a normal subgroup. So
conjugation gives a well-defined homomorphism G — Aut([G, G]). Composing
this with Aut([G, G]) — Aut([G, G]?*) gives a map with [G, G] in its kernel. [

Now let G = (a,b) = Z x Z.
Lemma 3.20. The Z[G®]-module [G,G]% is generated by aba='b~".

Proof. First note that any a™b™a~"b~"™ with n,m € {—1,1} can be obtained
by conjugating aba~'b~! with some element from G. For n > 1 we have that
a"ba b =a-a" tha"tb1 a7 - aba~'b"!. So by induction it follows that
a"ba""b~t € (aba~'b~!) for each n > 0 and similarly for each n < 0. Since
a1l abma b T T e T T = @b it also follows by
induction that each a™b™a~"b~™ is in the submodule of [G,G] generated by
aba~'b~1. Together with the next lemma, this proves the claim. O

Lemma 3.21. [G,G] is generated (as a group) by {a™b™a""b"™ :n,m € Z}.

Proof. x = a™b™ ...a™b™* such that Y n; =Y m; =0 and n;,m; # 0 for all
i < k and ng # 0. Then (a™b™1q= "1~ )pM1gmTr2pm2gns pimns gk hme = g,
This can be easily adapted to the case where n; = 0 by switching the roles of a
and b. (Note that b™a"b~™a™" = (a"b™a""b~™)"!.) So by induction on the
length of the word z, we have proved that [G,G] = {a™b™...a™ b | > n,; =
>-m; = 0} and it is generated by {a"b™a""b"™ : n,m € Z}. O

Proposition 3.22. [G,G]% has a trivial presentation 0 — Z[G)].

12



Proof. From the foregoing lemma we obtain a surjective Z[G**]-module homo-
morphism f: Z[G%] = [G, G]*, 2 — x-aba~*b~!, where - denotes the action of
Z[G®) on [G,G]*. We have to prove that its kernel is trivial. This follows from
the following geometric interpretation: consider the topological space X that
looks like oo, i.e. take the disjoint union of two intervals [0, 1] and identify all
endpoints. This has fundamental group (isomorphic to) G. Its universal abelian
covering X, is the Cayley graph of Z X Z, i.e. Z x RUR x Z. The covering
map induces an isomorphism of groups m (X, (0,0)) & [G,G]. The action of
G% on [G,G]® is now the same as the action of the covering translations of
Xoo on Hi(Xo). Let o = mua™ b/t + ... + myai»bi» € Z[G®] with all my € Z
and (ik, jk) # (i1,41) for k # 1. Then f(z) is a loop that goes exactly my, times
(counterclockwise) around the 1 x 1 square with (i, ji) as its lower left vertex.
(A negative my means clockwise loops.) Hence f(z) is a non-trivial element of
Hi(Xo) & [G,G]® for z # 0, since it goes around some 1 x 1 square S. (As a
1-cell, it would also be a non-trivial element of H;(R?\ {p}), where p is in the
middle of S.) O

Let us try to generalize this to an arbitrary finitely generated group G with
generating set S = {s1,..., 5, } and set of relators R.

Lemma 3.23. The Z[G®]-module [G,G]* is generated by {sisjsjls;”i <j}.

Proof. Let z'yz’~1y~! be an element of [G,G], with 2,y € G. We can write
z' as a finite word in S U S™'; let s be its first letter. We write 2’ = sz. Now
we get a'yx’ "ty ! = seyrTlsTlyTl = s ayz~ly! s sysTly~l. So by
induction, we only need elements of the form zyx~'y~! with z € SU S~ to
generate [G, G]%. If we write an element as y(sz)y~!(x71s™!), we see that it is
the inverse of sxyz~'s~ty~!. Hence (cf. lemma 3.21) we only need generators

of the form zyz~ly~! with z,y € S U S™!. Note that as in lemma 3.20, any

element s7's7's; s, ™ or s}sis;"s; ™ with n,m € {~1,1} can be obtained
by conjugating sisjsifls;l with some element from (S). Hence the lemma
follows. 0

Corollary 3.24. For every finitely generated group G = (si,...,$,|R), the
Z|G®)-module [G,G]% is finitely presented.

Proof. Because it is finitely generated, we obtain a surjective homomorphism
f: Z[G“b](g) — [G,G]%, which sends the i’th basis vector to the i’th generator.
Since Z[G®] = Z[sy, ..., 8] /(R) is Noetherian, ker f is finitely generated. This

gives us a presentation a: Z[G]™ — Z[G“b](g), which sends the ¢'th basis
vector to the i'th generator of ker f. O

Corollary 3.25. Every link has a finitely presented Alexander module and hence
a well-defined Alexander polynomial.

The rest of this section goes deeper into the explicit algebraic description of
[G, G]® as a Z]|G]-module. The reader may skip this part in a first read, since
it will not be used in subsequent chapters.

13



Definition 3.26. Consider f: Z[G%](23) — [, G]% as before, where (Z[G])(3)
is indexed by pairs (,j) such that 1 < i < j < n and basis vector e(; jy is

sent to sisjsiflsjfl. The cube relators of Z[G“b](g) are elements of the form

(1 = sk)eq ) + (55— Degr + (1 = si)egrp with i < j < k.

The reason why they are called 'cube relators’ is the following: if G is free of
rank n, then it is the fundamental group of a complex consisting of one 0-cell
and n 1-cells. Its universal abelian covering X, looks like the Cayley graph of
7", ie. RxZ" TUZ xR x Z"2U...UZ" ! x R. Now f maps a cube relator
r to something that looks like an element of C;(Xo) that loops around all 6
faces of a cube in X,. This loop passes each edge two times and it does so in
opposite directions, hence f(r) is trivial:

Lemma 3.27. The cube relators are in the kernel of f: Z[Gab](;) - [G, G,

Proof. Let r = (1 —sg)e ;) + (55 — e,y + (1 —5:)e(;x) be a cube relator and
write (a,b,c) = (s, s, s;). Then we obtain:

fry = aba 'v'-c-(aba™ bt baca e b
(aca te™H) T obeb e ca - (bebT e )T 0T
= aba 't bacate bbbl
c-(aba o) e (aca e )T a - (beb T e )T T
= aba 07 boaca e bbb e
c-bab a7t et cacta ca - ebem 0T T

= e
O

Lemma 3.28. If G = (s1,...,8,), a free group on n > 3 generators, the set of
cube relators C' spans the kernel of f: Z[G“b](g) - [G, G]?°.

Proof. Let x € ker f. We can write f(x) = Y, a;;(sis;s; 's; )™ ia; | with
all a; j € G by lemma 3.23. Geometrically, we can interpret this as an element
of H1(X) (as before, X, is the Cayley graph of Z™) represented by a collection
C of loops l; j = a; ; (sisjsi_ls;l)%a;}. Any of these loops goes around exactly
one 1x1 square. The starting point is marked by a; j, (¢, j) indicates its direction
and m; ; is the number of times the loop goes around this square. We can count
how many times this representation D goes along any 1-cell/edge in X; I claim
that this is 0 for all edges v if we count opposite directions with opposite signs.
To see this, consider R \ S, where S =2 S"~2 is an (n — 2)-sphere in R" \ X,
around v. Since f(x) is trivial in Hi(X), it is also trivial in Hy(R™ \ S);
from this the claim follows. The idea is now to sequentially subtract suitable
cubes from the corners of D to reduce it to 0. Thus let p be a vertex of D
with maximal distance to 0. There is at least one square S; € D adjacent to p;

by the foregoing consideration about how the representation goes along edges,
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there is a square Sy € D adjacent to S7 with p € Sy such that S; and Sy have
opposite directions in the edge they share. Because of the maximality of p, Sy
and Sy are not in one plane. Hence these two squares span a cube. Let r be
the cube relator related to this cube. Replace r by —r if necessary to match
the orientations with S and S;. We can see that f(x —r) has a representation
that has less squares (counted with absolute multiplicity) adjacent to p. By
maximality of p, all vertices g # p of the cube related to r are closer to 0 than p.
Hence this procedure can be repeated until p is no longer in D and ultimately
until D = @. In conclusion, z € (C). O

Corollary 3.29. Let G = (s1,...,Sn) be a free group on n > 3 generators.
Let R = Z[G®] and index the basis vectors of R by increasing m-tuples. A
presentation of [G, G| is given by RrG) R(g),ei’j,k = (1= sk)eq,j) + (55 —
Deir + (1= siegr)-

4 Adjugate matrices and determinants

In the following section A is an n x n matrix over a field and 4,j € {1,...,n}.
Row i of A is denoted by A* (I will not use matrix powers), column j by A; and
A; means the entry of A in row ¢ and column j.

Definition 4.1. The (¢, j) minor M; of A is the determinant of the submatrix
of A formed by deleting the i’th row and the j’th column. The (4, j) cofactor C;
equals (—1)it7 . M]Z These cofactors form a cofactor matriz C. The adjugate

A of A is the transpose of its cofactor matrix.
Lemma 4.2. The adjugate A of A satisfies AA = AA = det(A)I,.

Proof. Tt is easily seen that (A/T)z equals det(A), computed by expansion along
the i’th row. For i # j, define A" as the matrix obtained from A by replacing
row ¢ with row j. Then entry (AA);- can be seen as the determinant of A’,
computed by expansion along row 4. Since A’ has two equal rows, this results
in 0. Hence AA = det(A)I,. The proof for AA = det(A)I, is similar. O

Observation 4.3. If tk A = n, then we have A = det(A)A~!. Ifrk A <n —1,
then all M ; are zero because any set of n —1 columns of A is linearly dependent.
If tkA = n — 1, then there is a set of n — 1 columns of A that is linearly
independent. Hence A is non-trivial. Let ker A = (v) and ker AT = (w). Since
AA = AA = 0, the columns of A are in ker A and the rows in ker AT . Therefore
A= X-v-wT for some \ # 0.

Proposition 4.4. Let A’ be obtained from A by replacing Aé by Aé- + x, let
A = det(A) and A’ = det(A’). A" and A" are related to A and A as follows:

A = A4z Al (1)
AA = ANA—zA; A (2)
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Proof. Equation (1) is clear by expansmn along row ¢ or column j. For equation
(2) it will first be proved that B = A’A — zA; - A satisfies A’B = AA'L,. Let
X be the zero matrix except for entry X Jl =zandlet Y = A AJ. We obtain

A'B=(A+X)(A'A—2Y) = AA'T, + A'XA - 2(AY + XY).

Define the n x n matrix Z by Zj = 5zkAJ Now observe that XA =
XY = xAJZ and (AY)l = AL A; - A = 61kAA So AY = AZ and hence

A'B=AANT, +AXA—z(AY + XY) = AN T, +2(A — A —2A))Z = AA'T, .

If A and A" are invertible, by uniqueness of inverses this directly implies that
B = AA’. The map that sends any matrix A to AA” and the map that sends A
to B as described are both described by polynomials and therefore morphisms
of algebraic (affine) varieties. They coincide on the open and hence dense subset
of invertible matrices A such that A’ is also invertible, so they are equal. O

Observation 4.5. By equations (1) and (2), A’ can be derived from A and A
when A # 0. However, when A = 0, it follows that A’ A=zA;- Al Therefore
A has rank 1, or A, = 0 and Al = 0 for any k.l € {1,...,n} and hence A=0.

So generally we cannot deduce A’ from A and A = 0.

As a last ingredient for what we will need later on, this section ends with a little
lemma about adjugates of block diagonal matrices.

Lemma 4.6. Let A = B @ C be the block diagonal matriz with blocks B and
C. Then A = det(C)B @ det(B)C.

Proof. Let m,n € N be the sizes of resp. B and C. Let i,j € {1,...,m + n}.
If 4,7 < m, the matrix obtained from A by deleting row ¢ and column j is the
block diagonal sum of B with row ¢ and column j deleted and C. Hence AJ =

det(C)BJ. Similarly i,j < n yields A7 = det(B)(—1)"*"C? = det(B )C’f

m+1
Moreover, for i <m < j or j < m < i, the matrix obtained from deleting row i
and column j from A has rank <m —1+n — 1. Thus 4] = 0. O

5 Fox derivatives

This section will provide an easy way to obtain the Alexander polynomial from
a presentation of the link group. Using Fox derivatives, a Jacobian matrix is
obtained. The gcd of its cofactors equals Ag.

Definition 5.1. Let G be a free group with generators g;. The Fox derivative
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with respect to g; is the function -2-: G — Z[G] uniquely defined by

9gi
0
a0, (e) = 0
0
£ (9)) = dij
0 0 0
These axioms imply the following formula for inverses:
9, 4 4 0

A proof that the Fox derivatives are well-defined can be found in [12].

Definition 5.2. Let G = {(¢1,...,gn|"1,...,"m) be a finitely presented group.
Define the free group F = {(g1,...,gn) and let a: Z[F] — Z[G*] induced by
the canonical projection F' — G?. The Jacobian matriz of G related to the
presentation G = (g1, ..., gn|r1, ..., "'m) is the n X m-matrix A with entries A§ =

a2 (ry)).

Proofs of the following facts can be found in section 16.2 of [21]. We let
g: Z|G*] — Z|G/+/|G, G]] be the canonical projection.

Proposition 5.3. Let G be the fundamental group of a finite CW-complex X .
Let A" denote the i-skeleton of a CW-complex A. Applying g to any Jaco-
bian matriz F of G yields a presentation matriz g(F) of the g(Z|G®])-module

H(X,X).
Remark 5.4. Here X = p~1(XO?) is the O-skeleton of X, with p: X — X the
covering map.

Proposition 5.5. For a finite CW-complex X and k > 1, we have

Ap1 (H1 (X)) = Ap(H (X, X))

The point of this section is that by remark 3.10, we have X = X, for a link
complement X. This can be retracted onto a CW-complex. Then proposition
5.3 applies and proposition 5.5 thus tells us that the Alexander polynomial
Ap equals the ged of all cofactors of a Jacobian matrix corresponding to a
group presentation of the link group. This will be exploited in the next section.
But first this section concludes with a definition that will be useful in further
computations.

Definition 5.6. Let L be an oriented link with group G which has Wirtinger
generators gi,..,g,. Let B: G® — (t),g; = t and C the set of cofactors of
its Jacobian matrix. The single-variable Alexander polynomial of L equals

ged({B(c) : c € C}).
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6 The Jacobian-adjugate method for computing
the Alexander Polynomial

By definition the cofactors of a Jacobian matrix A of a link group, of which
the ged equals its Alexander polynomial, are precisely the entries in A. In this
section we will consider an extended Wirtinger presentation and use the results
from section 3 to compute this A. As in section 2, this is done through tangle
diagrams.

First the Fox derivatives of all relators involved in tangle diagrams need to
be computed, and simplified by applying the map «. This gives the following
results:

o %(ab‘l) = 1
ao %(abil) = —ab~? =-1

ao %(abailcfl) = l—aba™! =1-0

Il
S

o %(abailcfl) = 1-—aba!
ao %(abailcfl) = —aba"tect =-1

Note that %(x) =0 if a is not in the word z and b = ¢ in G if aba=1c™! is a
relator of G. Normally we would obtain the matrix A by choosing an order of
generators and an order of relators. But here, we do not identify the rows and
columns with the set {0,1,..,n}, but with the set (or a subset) of generators.
Hence matrices in this section are represented by tables of the following form:

| & ty ..t
b | Ztyty Tagpe -o0 Tigpt,
lo | Teyty  Ttay -0 Tint,
tn | Ttptr Tty -0 Ltoty

So in this section all matrix invariants of tangle diagrams are (implicitly) defined
as maps S x S — Z[G®] where G is the tangle diagram group and S is the set
or a certain subset of the generators in the extended Wirtinger presentation.

Because the rows of a Jacobian matrix are already in a natural correspondence
with generators, we only need to define which relator corresponds to which
column/generator of A. Any relator of the form ab~!, where a is stitched to b,
will correspond to column a and aba~'c¢™! will correspond to the incoming edge
of the under-strand. This is ¢ if the crossing is positive and b if the crossing
is negative. In order to proceed from tangle diagrams via disjoint unions and
stitchings to a Jacobian matrix of the resulting link, a definition of an alternative
Jacobian matrix is needed.
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Definition 6.1. The tangle-Jacobian matriz of a tangle diagram is formed
by the Jacobian matrix of the extended Wirtinger presentation of its group,
together with unit columns es in column s for outgoing edges s.

For positive and negative crossings this gives us tangle-Jacobian matrices of the
form

‘a b c ‘a b c
all 0 1-0 all 0 1-0
blo 1 o ™ plo 1 -1
c|0 0 -1 cl0 O a

The disjoint union of tangle diagrams corresponds with the block sum of their
tangle-Jacobian matrices. Stitching ¢ to j means that the unit column e; is
replaced by one representing the relation ij7'. So —1 is added in entry j,4. It

should be noted that after this stitching, i = j holds in G?.

Since the determinants we want to find are only relevant up to multiplication
with a unit, we can multiply the third column of the crossing matrices above
with a unit to obtain the more convenient forms

‘a b c ‘a b c
all 0 b-1 all 0 at(1-0)
blo 1 —a ™ plo 1 gt
c|0 O 1 c|0 O 1

Now using the results from section 3, we can compute A by building the link
diagram from crossings using disjoint union and stitching. We begin with the
crossing matrices. These have the following adjugates:

1 ‘ a b c 1 ‘ a b c
all 0 1-0 all 0 a'(b—1)
b0 1 a and b0 1 a~?t
c|0 0 1 c|l0 O 1

Note that the determinant of the original matrix is written in the upper left
corner. We consider what happens to the adjugates when disjoint union and
stitching are applied to tangle diagrams and thus obtain operations on pairs
(A, A), where A = det A. For the sake of notational convenience, we denote
these operations just as the original disjoint union and stitching. By lemma 4.6
and proposition 4.4 this gives

(As, A)U(Ap,B) = (Aa-Ap,Ap-AdA4-B)

mi((A,A) = (A—AL(1-ATTAYA+ AT A AT
provided that A # 0. In this way, by starting with the adjugate crossing ma-
trices and computing the new adjugate matrix after every disjoint union or
stitching, we finally obtain A, where A is the Jacobian matrix associated to the

extended Wirtinger presentation of the link diagram. Now the Alexander poly-
nomial is the greatest common denominator of all entries of A. As mentioned in
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observation 4.3, all columns of A are multiples of the same vector v that spans
ker A, as well as all rows are multiples of some vector w that spans ker AT, So
we can deduce the entire matrix A if we know just one column and one row of
it. Moreover, we know from proposition 2.17 that we can delete any relator and
hence any column from the Jacobian matrix A. The minors from the resulting
matrix are all entries of the corresponding row from A. So only one row needs
to be computed. And if we use just one variable (e.g. in the case of a knot), we
can immediately see that ker AT = (1,1,...;1). Hence in this case any entry of
A gives us the Alexander polynomial.

From the foregoing discussion, we can apply the following reduction, which
leaves us with only one row or one entry in the end. In the multivariable case,
a lot of rows are superfluous, either already from the start, or at some point
after stitching strands. We can delete the third rows from the adjugate crossing
matrices, to obtain these crossing tables:

1 ‘ a b c 1 ‘ a b c
all 0 1=b and a1 0 a1(b—1)
b0 1 a b0 1 a~t

And after stitching (or rather whilst stitching, to save calculation time) strand
1 to strand j, we can leave out row 7 of A. Tt is a matter of inspection to see
that these reductions can be done with no harm to the rest of the calculation.
When there is only one stitching left, the matrix has one row and the Alexander
polynomial equals the ged of all of its entries. In the single-variable case, it
gets even easier. The crossing tables are further reduced by deleting the second
column. Replacing a and b by a single variable ¢ gives

1‘@ c 1‘a c
all 1—t and a1l 1—¢t1
b0 ¢ b0 !

After stitching strand i to strand j, both row ¢ and column j of A are left out.
The Alexander polynomial equals the single remaining entry when there is only
one stitching left. This entry also equals the determinant at that stage, since
the last stitching turns the diagram into a link diagram, which has a Jacobian
matrix with determinant 0. We summarize all of this in the following definition
and theorem.

Definition 6.2. Let T be a tangle diagram with group G. The Jacobian-
adjugate JA(T) is a pair (A, A) with Ay € Z[G%] and A € Mat(Z[GY]). Tt is
defined recursively by disjoint union and stitching as follows:
(AA,A) (] (AB,B) = (AA A, A - A®A, - B)
miy((A,A)) = (A=A (1—ATTADA £ A1 AL 4Y).
The hats (7) indicate which row or column is omitted. The Jacobian-adjugate
of a diagram with only one vertex equals (1,1) and stitchings involving such
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a vertex are not allowed (nor needed); positive and negative crossings with
over-strand @ and outgoing and incoming under-strand edges b and ¢ have as
Jacobian-adjugates (A is written in the upper left corner)

1‘a b c l‘a b c
all 0 1—=b and a1 0 a '(b—1) .
b0 1 a b0 1 =t

The single-variable Jacobian-adjugate svJA is a pair (Ax, A) with Ay € Z[t]
and A € Mat(Z[t]) and uses

1 ‘ a c 1 ‘ a c
all 1—t and a|1 1—¢1
b0 ¢t b|0o 7t
for positive and negative crossings. It satisfies
(Aa,A)U(Ap,B) = (Aa-Ap,Ap-A®A4-B)
mii((A,4)) = (A— A (1-ATTAAL + ATIAT - AL).

Theorem 6.3. Let T be a tangle diagram such that one stitching would turn it
into a link diagram of a link L. The Alexander polynomial of L equals the ged
of the 1 x n matriz of JA(T). svJA(T) is a pair (A, A) with A a 1 x 1 matriz
for which both A and Al equal the single-variable Alexzander polynomial of L.

Figure 7: Solomon’s knot

Example 6.4. Let us again consider the Solomon’s knot (figure 7). We can first
compute the tangle-Jacobian adjugate of one half of its diagram. This starts
with taking the disjoint union of two positive crossing tables. They differ by an
exchange of the variables we will use, s and t.

1‘@ b c d e f
all 0 —t+1 0 O 0
b0 1 S 0 0 0
dl0 0 0 1 0 —s+1
el0 O 0 0 1 t
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Stitching a to f and b to d gives in succesion:

1‘ a b c d e f
b 0 1 s 0 0 0
d|—-s+1 0 ts—t—s+1 1 0 —-s+1
e t 0 —t2+t 0 1 t

1 ‘ a b

C

f

d| —s+1 1 ts—

e t 0 —t2+t

t

d e
t+1 1 0 —-s+1 .
0 1

Since the other half looks exactly the same, we can take the disjoint union of

this matrix with itself.

1‘ a b c d e f g h i ik l
dl—s+1 1 ts—t+1 1 0 —s+1 0 0 0 0 0 0
e t 0 —t*’4+t 0 1 t 0 0 0 0 0 0
j 0 0 0 00 0 —s+1 1 ts—t+1 1 0 —s+1
k 0 0 0 0 0 0 t 0 —t>+t 0 1 t

Then we stitch f to i, e to g and j to c. This eventually results in the transpose

of
—t25%2 +t2s —ts+ ¢

k

~ TN . TR RO A0 >R

1252 25 —ts+t
—t3s+t3s—t2 4+t
—t3s+t2s—t? +t
—t3s4+t2s—t2 +t
—t2s%2 + 125 —ts+t

—12s% 4125 —ts+t
—t3s+t2s—t? +t
—t3s4+t2s—t? +t
—t3s4+t2s— 12+t
—t2s2 +t?s —ts+t
—12s% + 125 —ts+t

1252 +t2s —ts+t .

Therefore its Alexander polynomial equals ged(—t2s% 4+ t2s —ts+t, —t3s+ 125 —

t? +1) =ts+ 1, just as we saw before.

7 Equivalence to rMVA and similarity with I'-

calculus

The Jacobian-adjugate method to compute the Alexander polynomial was in-
spired by the tangle invariants of Bar-Natan ([7], [6]) and Halacheva ([13]).
They both work with the two operations disjoint union and stitching and at
each stage the invariant is a table with outgoing strands as row labels and in-
coming strands as column labels, together with some A written in the upper
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left corner. Bar-Natan’s I'-calculus has the following tables for positive and
negative crossings:

1‘@ c 1‘@ c
all 1—a and a|l 1—at
bl0 a blo0 a~?

Here we still let a be (the variable belonging to) the over-strand and b and
¢ (the variables belonging to) the (outgoing resp. incoming) under-strands.
Computation works as follows:

(Ag, ALY (Ap,B) = (As-Ap,A® B)
my; (A, A) (A(L = A7), AL+ (1 - A7) 714G - AL

Proposition 7.1. The I'-calculus computes a part of the inverse of an adjusted
tangle-Jacobian matriz of the extended Wirtinger presentation, and this adjusted
tangle-Jacobian matriz equals the actual Jacobian matriz in the single-variable
case.

Proof. We form the matrix A in exact the same way as the tangle-Jacobian
of the Jacobian-adjugate method, except for the crossing matrices: instead of
using

‘a b c ‘a b c
all 0 b—-1 q @ 1 0 aX(1-0)
blo 1 —a ™ blo 1 —a!
c|0 0 1 cl|0 O 1

for positive and negative crossings, we replace all variables b by a to obtain

‘a b c ‘a b c
all 0 a-—1 d all 0 at-1
blo 1 —a ™Y plo 1 —a!
c|0 0 1 c|0 0 1

Hence in the crossing tables we also replace any variable a by b, which yields
exactly (after reduction to 2 x 2 tables)

c 1
1—a and a
a b

c

1—a™

a*l

I

S e
o e

1
a
b

Here it is possible to leave out columns and delete columns after stitching,
because even in the multivariable case it holds that ker AT = (1,1,...,1). But
it is not clear whether leaving out rows causes a loss of information.

Let © be the set of pairs (A, A) with A € Frac(R) nonzero, A a square matrix
over R and R = Zlty, ta, ...tp]. We will use the following transformation:

P: Q=0 (AA) — (AAA).
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For the moment, we do not remove any rows or columns. Since for invertible
matrices A it holds that A = det A - A=! and it is clear that ¢(C) = C for C
a crossing table as above, the proposition now comes down to proving that the
following diagrams commute:

r mg
QxQ Q Q Q
¢><¢l J(Iﬁ G{ P
QxQ = Q QL

The first one is easy and needs no writing down; elaborating the second one
gives

(¢ omi;)((A, 4)) G((A(1— A)), A+ (1 - A))71A; - AY))
= (A —AALA(L- ADA+ AA; - AY)
(mij o 9)((A,A)) = mi;((A,AA))

— (A= A4 (1— ADAA+AA; - AY).
O

Example 7.2. Applying I'-calculus to the Solomon’s knot we saw before in
example 2.11 gives us the polynomial —ts? + ts — s + 1. However, if our last
stitching was k to a instead of j to ¢, we would have obtained —t2s +ts —t+1
and the gecd of these equals the Alexander polynomial.

Question 7.3. It is not clear if there is a topological interpretation of the
I'-calculus, since it generally does not compute the multivariable Alexander
polynomial. But we can try to do multivariable I'-calculus without deleting
rows. This means also using 3 x 2 crossing tables

b c
0 1—a and
1 a

c
1—a T,
a1

o Q=
o |
>
o =
= oo

obtained just as the 2 x 2 tables in the proof of proposition 7.1. Investigating a
few simple links, I have not found an example for which the ged of the last n x 1
matrix does not equal the Alexander polynomial. Will such examples exist, or
can a proof be found that this also computes the Alexander polynomial?

Let us now consider Halacheva’s TMVA. It has as its crossing tables
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For disjoint union and stitching, these rules apply:
(AA,A)UH (AB,B) = (AA-AB,AB~A@AA-B)
mg((A,A)) = (A+A§,A§+A71(A§A§—A§ A;A))

Proposition 7.4. rMVA is equivalent to computing a part of the cofactor ma-
triz of the tangle-Jacobian matriz A of an extended Wirtinger presentation.

Proof. Starting with an extended Wirtinger presentation of a link projection,
we first reverse the direction of all generators. This means that any relator
of the form aba='c™! is replaced by a~'b~lac, or equivalently aca 'b~!. So
this interchanges the roles of the the two generators b and ¢ around the under-
strand of a crossing. So our matrices (from section 6) for positive and negative
crossings are swapped. Secondly, we reverse all strands (without reversing the
generators back) in order to stitch in the opposite direction. To be able to do so,
we also swap the row/column labels of the under-strand (b and ¢). Altogether
the crossing tables of positive and negative crossings now look like

1 ‘ a ¢ b 1 ‘ a ¢ b
all 0 al(b-1) a|ll 0 1-0
c|0 1 a~t and c|l0 1 a
b0 O 1 b0 0 1

But we are interested in the cofactor matrix, so we transpose these blocks to
obtain

1 ‘ a c b 1 a c b
a 1 0 O and @ 1 0 0
c 0 1 0 c 0 1 0
bla l(b—1) a ! 1 b|1-b a 1

Remember that we reversed all stitchings, so the original stitching rule now
actually applies to the cofactor matrix. Now we delete row ¢ (by which we
might loose information) and column b, which yields

1 ‘ a c 1 ‘ a c
a 1 0 and a 1 0 .
blat(b—1) a ! b|1-b a

Note that the following equalities hold for a nonzero factor A and pairs (A, A 4)
and (B,Ap):

(AMAx,A) U (A, B) = M(Aa,A)U(Ap,B))
m”()\(A, A)) = )\m” (A, A) .

Hence it is no problem to multiply the crossing tables we obtained with the
units a2 and =2 and obtain

. a a c . 1 a c
a2 a a 0 anda 2 a 1 0 .
blb—1 1 bl1—-b a
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The last step is the transformation
Q= Q(AJA) — (A -A),

for which it is clear that it produces an equivalence between the method as
described above and rMVA without deleting rows and columns. 0

Example 7.5. Computing rMVA of the Solomon’s knot of example 2.11 gives
—ts? 4 ts — s + 1. Again, as in example 7.2, if our last stitching was k to a
instead of j to ¢, we would have obtained —#%s +ts —t 4 1 and the ged of these
equals the Alexander polynomial.

8 Proteins & the Protein Data Bank

Figure 8: a protein, colored by amino acid

Proteins are macromolecules that are present in all living organisms. They
consist of one or multiple chains, which are formed of many amino acids. The
structure of amino acids looks like figure 9, where C stands for a carbon atom,
H for hydrogen, N for nitrogen and O for oxygen. Multiple atoms form the
organic side chain R, unique to each amino acid. Atoms are bonded by covalent
bonds, which means that each pair of bonded atoms shares one or more pairs of
electrons. The amino acids in a protein are joined together by so-called peptide
bonds: covalent bonds between a nitrogen atom of one amino acid and a carbon
atom of another amino acid (figure 10).
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H 0 H H 0

R S Y~
N—C—C of H—N—C—C

[N 2R AN

H OH H R o

Figure 9: general structure of amino acids, from [15]

peptide bonds
H O |H H O |H H
N L L
HN—C—C-—N—C—C—N—C—C
7 I [
H R R R O

1 2 e

Figure 10: three amino acids joined by peptide bonds, from [15]

This results in one or multiple backbones (figure 11) of the protein formed
by carbon and nitrogen atoms, where each amino acid contributes two carbon
atoms and one nitrogen atom. As we can see in figure 10, oxygen and hydrogen
atoms and side chains are attached to such a backbone, and there is one side
chain for each amino acid.

Figure 11: backbone of the protein from figure 8

In some proteins, disulfide bonds also occur, connecting different side chains by a
covalent bond between two sulfur atoms. Another type of atom bonding that is
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weaker, but also frequently present in proteins, is hydrogen bonding. One atom
of the pair, generally an oxygen, nitrogen or fluorine atom, is covalently bonded
to a hydrogen atom, which by an unequal distribution of electrons has a slight
positive charge. The other atom of the pair, also oxygen, nitrogen or fluorine,
has an unshared electron pair and is therefore slightly negatively charged. This
results in electrostatic attraction between the latter and the hydrogen atom.

The distance between atoms in a covalent bond depends mainly on the kind
of atoms involved and the bond order, i.e. the number of electron pairs they
share. For determining bonds from just the coordinates of atoms, I will use
the covalent radii of atoms [22]. As mentioned in [9], the sum of the covalent
radii of two atoms determines the bond length. I will therefore consider atoms
as connected by a covalent bond if the distance between them is less than the
sum of their covalent radii plus +10 percent. Following [16] (page 12), the
program will detect hydrogen bonds (if the right atoms are involved and it is
not a covalent bond) at a distance smaller than 0.25 nm. In line with VSEPR
theory [5], hydrogen bonds are only considered to exist when any angle formed
by the two atoms of the possible hydrogen bond and an atom that is connected
to one of those, is at least 90 degrees.

The information I need about the 3-dimenional structure of proteins comes from
the RCSB Protein Data Bank (PDB) [18]. This is a repository of 10 thousands
of files, which each list the coordinates of all atoms of some unique protein. Such
a PDB file also includes to which amino acid any atom belongs and in which
order these amino acids form one or more chains.

9 Computing Alexander polynomials of proteins

As mentioned in the introduction, knots in proteins have been investigated
before ([2] and [20]); in these investigations the Alexander polynomial was also
used. The added value of this thesis in this context is that also hydrogen bonds
are considered. Therefore, in contrast to much other research on this topic, it
does not depend on various projections or closures of links, which may result in
a knot that is strange to the protein.

Before explaining what methods were used to compute an Alexander polynomial
of proteins, first something should be said about the spatial structure of proteins
and how it can and cannot be used to compute Alexander polynomials. A
protein with coordinates for each atom can mathematically be considered as
a spatial graph (a graph embedded in R?®) with various types of vertices and
various types of edges, i.e. with a graph labeling. Topologically, there is a
straightforward extension of the Alexander polynomial to spatial graphs using
the same definitions as before. However, one can see that the existence of a
vertex with at least 3 edges will imply that there is a representation of its group
with at least 2 more generators than relators. Therefore its Alexander ideal is
0.
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One way to bypass this problem is looking at certain cycles in the graph, which
will be done in the first method. Another way is replacing the graph by a closely
related link, which will be done in the second method. This can be done by
replacing edges by two parallel lines (possibly twisted around each other) and
vertices by a certain tangle that connects the edges. This should be done in a way
that is independent of different choices that can be made, such as a projection.
Ideally, it would also be invariant under topologically trivial deformations. But
assuming that the structure has a certain degree of rigidity, this condition can
be loosened. In the case of proteins, bond distances will indeed not vary and

neither do angles between bonds [5].

The first method that will be used to compute an Alexan-
der polynomial of proteins, is by detecting the longest cy-
cles formed by any amino chain and one hydrogen bond.
As a cycle embedded into R?, this has a well-defined
single-variable Alexander polynomial. If there are mul-
tiple chains, it also computes a single-variable Alexander
polynomial of the link formed by these cycles, using the
standard directions of the chains as given in the PDB files.

The second method I will use is as follows: for each amino
acid, I take one point located at the carbon atom in the
middle. The (first) backbone is formed by drawing straight
lines between consequent amino acids. A parallel (second)
backbone is formed by taking points located at the first
carbon atom of each side chain. The amino acid glycine
has no side chain starting with a carbon atom, so the loca-
tion of the point is taken as the average of the coordinates
of the outer carbon and nitrogen atom in the backbone
part of the amino acid, and then reflecting it in the middle
carbon atom. Connecting the two parallel backbones at
their ends gives a simple loop. Each hydrogen bond con-
nects two amino acids and is therefore taken as an elon-
gated loop that goes around the second backbone once at
both amino acids. This loop is located close to the straight
line segment between the two amino acids involved. Each
ending loops positively around the second backbone at the
amino acid it is connected to. If one amino acid has hydro-
gen bridges to multiple other amino acids, the order of hy-
drogen bonds is determined by the angle it makes with the
(average) direction of the second backbone at that point.
From the resulting link, a single-variable Alexander poly-
nomial is computed. More technical details will follow in
the rest of this section.

The code (see the appendix) used to compute the Alexan-
der polynomials of the proteins is divided over four Sage
files plus a worksheet that runs the code for each protein.
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It is best summarized in the following diagram of functions, in which each col-
umn contains the functions of one Sage file, indicated by its column head. I
use the monomorphism arrows (<) to indicate that a certain function is called
inside another function, and epimorphism arrows (—) to denote that the out-
put of the first function is needed as input for the second one. The latter are
provided with a symbol which indicates what objects are involved.

read PDB file create link link projection compute alexander
L1

Ch
read — createlink —— crossings ——— alexlink

A " /]

edges|A B stitch
A El H J
L1
E | backbone makeregular rename
hydrogenbonds createhbond nearby disjointunion

L2

alexsimple

Symbols
A: alist of atoms with coordinates
B: the first & the second backbone
Ch: the indices of amino acids that form the end of a chain
Cr: a list of crossings for each line segment
& a list of signs of these crossings
E: a list of covalent bonds
H: a list of hydrogen bonds & a list that indicates for
all amino acids if there is a hydrogen bond attached to it
L1: the link formed by the second method described in this chapter
L2: the (first) backbone(s), each cut off before its first and after
its last hydrogen bond & a corresponding list of hydrogen bonds

The function read needs a PDB file as input, which is a textfile using certain key
words to indicate what sort of information follows on the rest of the line. The
function alexlink computes the single-variable Alexander polynomial of a given
link, which is returned as a list of coefficients. The function alexsimple uses
alexlink to compute the single-variable Alexander polynomials of a protein as
described in the first method in this chapter. If only this method is applied, all
arrows with L1 can be omitted.

What follows are explanations of some methods that are used to extract infor-
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mation, create a link and compute the Alexander polynomial from it. Beside
this, the code in the appendices is provided with some comments.

9.1 Creating hydrogen bonds

/ The loops representing a hydrogen bond are cre-
ated as hexagons, of which three points are lo-
cated at each amino acid it connects. As de-
scribed earlier on, an amino acid may have hy-
drogen bonds to multiple other amino acids. The
order of these hydrogen atoms along the backbone
u is then determined by the cosine of the angle « as
a in figure 13, where u and h are normalized vectors.
Ifcosa > 0, welet r = |I52:Z§H and p = €1-7-cos
for some fixed small €; > 0. As a vector starting
at vy it ends somewhere on the line segment vovs
This endpoint is the new starting point s of the
hydrogen bridge. Now we need to define three
V1 points that determine one side of the hexagon. We
take some small fixed €2 > 0 and let g5 = —e3 - h,
q3 = g2 X r and q; = —q3. Thus we obtain three

(green), a parallel backbone L . .
(red) and a hydrogen bond points in a plape perpendicular t.o U3~ V2. Adding
(blue) v9 to these points makes g2 collinear with 1'12' and
w, and the tetragon (wqigeqs) loops positively
around the parallel backbone, assuming its direction is upwards. Finally adding
p to q1, g2 and g3 brings them in the right position. If cosa < 0 this all goes

similarly, using v, instead of vz and changing some signs.

u

Figure 13: a first backbone

9.2 Making a projection regular

The function crossings starts with calling the function makeregular. Let
p: R? = R2 (z,y,2) — (z,y) be the projection and S the set of line segments
in the link. makeregular lists all directions of {p(s) : s € S}. If one of these
equals 0, it shifts one of the original endpoints a little to make this direction
nonzero. If two directions coincide, it checks whether the two line segments are
actually on one line. If so, it slightly moves one of the original endpoints, causing
the lines to not be collinear. It thus ensures that the projection is injective up to
a finite number of points. The function crossings further adapts coordinates
to make the projection regular if needed, as described in the next subsection.

9.3 Computing crossings

In the function crossings, all crossings in the projection p: R? — R?, (x,y, 2)
(x,y) are computed. So let a,b,c,d € R with a = (ay,a2,a3), b = (b1, b, b3),
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¢ = (c1,¢2,¢3) and d = (dy,da,ds). Define o', ¥/, ¢/ and d’ as the projections
of a, b, ¢ and d respectively. We want to compute whether the line segments
(a’V) and ('d’) intersect. So we will solve AV’ + (1 — N)a’ = pd’ + (1 — p)c.
But first we use a sort of prefilter to rule out a lot pairs of such line segments
that do not cross. For this, we let m be the maximal length of any projected
line segment. If (a’d’) and (¢'d’) intersect, the distance from ¢’ and d’' to (a’b’)
is at most m. Now consider the minimum of the distances between ¢’ and ei-
ther @’ or b’. This minimum is maximal if ¢ is on the perpendicular bisector of

(a’V'). Hence it is at most |/m?2 + (3m)? = \/%m. This is used by the function

nearby, which lists all unconnected points at a distance no bigger than \/%n for

each vertex. So the function crossings checks if ¢/ and d’ are close enough to
either a’ or b’ to possibly cause an intersection. If so, we continue with solving
A+ (1=XNad =pd +(1—p).

o) ra-n () = e()ra-n ()

b1 — al o /L(dl —Cl)+61 — al
A <b2 - az) N <M(d2 —co)+ e — az)
(b1 —a1)(p(de — c2) +ca —az) = (ba—az)(p(di —c1)+c1—ar)
u((dz = c2)(by — a1) — (dy — c1)(b2 — az)) = (b2 —az)(c1 —a1) — (b1 — a1)(c2 — a2)

Now because the function makeregular was executed, the two line segments do
not intersect if they are parallel. Assuming they are not parallel, we now obtain
a unique p. If p ¢ [0, 1], the two line segments do not intersect. If u € [0, 1], A
can easily be computed. If A € [0, 1], the two line segments intersect. The largest
of Abs + (1 — A)as and pds + (1 — p)cs indicates the over-strand. If p € {0,1}
or A € {0,1}, it is harder to determine whether a strand really crosses another
strand or not. Therefore in these cases the coordinates are slightly adapted in
order to deal with this. If A = 0, then o’ lies on (¢d’); so we push o’ along
the line segment (a'b’) by adding e - ()’ — a’). In this way, (a’d’) and (¢'d’) do
not intersect. The other cases go similarly. Now each point in the list is at the
edge of two line segments. But in any case where such a point lies on another
line segment, the point is shifted at the first moment the algorithm uses a line
segment it adjoins. So it does not save a crossing that is removed later on,
provided ¢ is small enough.

9.4 Computing the Alexander polynomial

The function alexlink starts with a 0 x 0 matrix and applies disjoint union
with a new crossing table every time the next stitching to be done is a stitching
to a crossing not encountered before. In this way, the size of the matrix is - up
to stitching order - minimal at each stage. The function loops around all link
components, and for each link component it works (almost) simultaneously in
two directions, starting from one single point and stitching the link component
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together. When working with a double backbone, the benefit of this strategy
is that all crossings these two backbones have with each other do not leave us
with a lot of leaves in the tangle diagram when the link component is not yet
completed. Since the size of the matrix is determined by the number of leaves,
this saves calculation time.

Whenever a stitching would cause the determinant to be 0, it is saved to be
done at the end. There it will be checked if the remaining stitchings can be done
without causing the determinant to be zero. Except for the very last stitching
of course, since this completes the Jacobian matrix, of which the columns are
linearly dependent.

To save calculation time, all polynomials are computed modulo some prime
number p. In the resulting polynomial, all coefficients ¢ > £ are represented as
the negative number ¢ — p. If p is large enough (at least twice as large as the
absolute value of any coefficient), the resulting polynomial will hence be equal
to the actual Alexander polynomial.

10 Results

The first method of computing Alexander polynomials was applied to a random
sample of 1197 PDB files. Many other files, however, could not be processed.
This is mostly because many PDB files do not list hydrogen atoms and partly
because other files may be incomplete or the program still needs improvement.
Almost all created links were trivial, except for 1 protein which had two compo-
nents linked as a Hopf link and single-variable Alexander polynomial ¢ — 1. All
polynomials were computed modulo p = 101; altogether computing took several
hours for an Intel Core i3 processor.

The Alexander polynomials following from the second method get very large,
illustrated by example 10.1. This protein is very small compared to almost all
other proteins. For larger proteins, computing the Alexander polynomial takes
several hours on an Intel Core i3 processor. Example 10.1 was computed modulo
both primes within half a minute. Computing its Alexander polynomial over Z,
however, was problematic and could not be completed within an hour.

Example 10.1. PDB entry 2L5R is a very small protein that looks like figure
14. Tts backbone can be seen in figure 15. In figures 16 and 17 we can see what
the link from the second method looks like. The red component comes from its
double backbone and the blue components from hydrogen bonds. Its Alexander
polynomial was equal modulo the primes 252097800623 and 252097800629, so
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we can conclude that this is its actual Alexander polynomial:

343130 — 2604 % 4 9033 1% — 18957 +27 4 2408026 — 317¢*® — 102080 t**

+ 336845 %% — 685343 122 + 1002851 2! — 1098892 t° 4 890069 ¢'°

— 420747 '8 — 257431 17 + 1087546 t16 — 1823833 ¢15 + 2024256 !4

— 143969213 4 371832112 + 529768 t'1 — 840407 t1° 4 641465 t° — 287205 5
+ 41796 7 + 44884 1% — 41983 1% + 19319t* — 5384 > + 83812 — 49¢ — 1.

Figure 14: a small protein

Figure 15: backbone of the protein
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11 Summary

A link is a subset of S that is homeomorphic to the disjoint union of finitely
many circles, each called link components. A link consisting of only 1 component
is called a knot. Two links Lq, Lo are equivalent if there is a homeomorphism
S3 — 5% mapping L; onto L,. We will only consider tame links, i.e. links
equivalent to a polygonal one.

CReo

Figure 18: example of a link diagram, from [17]

Using a regular projection of a link L, we can construct the resulting link dia-
gram from smaller tangle diagrams using the operations disjoint union (L) and
stitching (m;; means stitching edge ¢ to edge j). The smallest tangle diagrams
are the positive and negative crossings (figure 19).

XX

Figure 19: crossings

For any finitely presented group G, the conjugation action of G turns [G, G]%®
into a finitely presented Z[G**]-module. If G is the fundamental group of a link
complement, the ged of all m X m minors of any m X n matrix representing this
module is called the Alexander polynomial of this link. It equals the ged of all
(k—1) x (k—1) minors of any k x [ Jacobian matrix of a presentation of G. The
tangle-Jacobian matrix of tangle diagrams is a generalization of the Jacobian
matrix of the so-called extended Wirtinger presentation of the group of a link.

The adjugate A of a matrix A is the transpose of the matrix formed by all
cofactors. Writing the determinant of the original matrix in the upper left
corner, the adjugates of the tangle-Jacobian matrices of the positive and resp.
negative crossings look like

1‘a b c 1‘a b c
all 0 1-5b q @ 1 0 al(b-1)
blo 1 « M blo 1 a?
cl0 O 1 c|0 O 1

Here a stands for the over-strand, and b and c for the outgoing and resp. incom-
ing part of the under-strand. While they are fixed as column and row labels,
the variables inside the table correspond to link components and should hence
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be identified accordingly. The equations

(A4, A)U(Ap,B) = (Aa-Ap,Ap-A®A,-B)
mi((A,A) = (A—AL(1-ATTANA+ATIA; - AY)

now give a method of computing the adjugate and the determinant of a given
link, provided A # 0 before each stitching. Some reductions are possible to
reduce the size of the matrices involved; the only rows needed are those corre-
sponding to outgoing edges and if only one variable is used (e.g. in the case of
a knot), the only columns needed are those corresponding to incoming edges.
The Alexander polynomial equals the ged of all remaining entries when there is
just one stitching left.

The Alexander polynomial can be used to compute topological invariants of pro-
teins. These are large molecules consisting of one or multiple chains of amino
acids. Structural information about many proteins can be found in the RCSB
Protein Data Bank, in which each PDB file contains the information about one
protein. Using Sage code we can reconstruct the protein from it and compute
certain (single-variable) Alexander polynomials corresponding to it. Firstly, a
link is obtained by closing chains along hydrogen bonds. Running the code on
a sample of PDB files suggests that almost no protein has a knotted structure.
Secondly, a link is obtained from the protein by doubling all chains and con-
necting these double chains at the endpoints. Hydrogen bonds are then added
as loops which are linked at both endings with the chain they are connected to.
The corresponding Alexander polynomial, however, is very large and takes a lot
of time to be computed.
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12 Discussion

In the purely mathematical part of this thesis, a few loose ends have remained.
More could be said about the relation between lemma 3.23 and corollary 3.29 on
the one hand and the Jacobian matrix on the other hand, using the fundamental
formula from proposition 9.8 of [8] or possibly group cohomology. It might also
be possible to apply a further reduction to the tangle-Jacobian method of the
multi-variable Alexander polynomial. In addition, I have not investigated if
there is a topological interpretation of it for tangles. And it is unclear whether
the T'-calculus and rMVA really throw away valuable information and if the
extension of the I'-calculus as mentioned in question 7.3 always computes the
multi-variable Alexander polynomial.

Concerning the computation of Alexander polynomials of proteins there are
some improvements that can be made. Firstly, disulfide bonds were not taken
into consideration, which are important to the structure of certain proteins.
They could be treated just as hydrogen bonds. We could also consider only
hydrogen bonds that really contribute to the global structure of proteins and
e.g. not those that hold a helix together.

Secondly, the calculation time can be improved by taking a different order of
stitching that is aimed at working with the smallest possible matrices. This
comes down to minimizing the number of leaves in all tangle diagrams, which is
related to finding minimum cuts in the graph: computing the Jacobian-adjugate
of both sides of a minimum cut and then applying disjoint union minimizes the
maximal size of the used matrices. This method could be applied recursively.
Moreover, Sage does not seem very good at reducing fractions of polynomials,
which probably adds a lot to the calculation time and partly explains the huge
difference between the time it takes to compute a polynomial over Z and over
Z/pZ. So one could try to adapt the code by adding a reduction step after each
computation, or use other mathematical software.

Also, being a first attempt, the method of creating a link from the protein prob-
ably can be improved. Other choices of links related to proteins may be possible,
or the exact positioning of the backbones and loops representing hydrogen bonds
might be improved.

Finally, one could examine if higher order Alexander ideals and polynomials
or smaller minors of the Jacobian matrix give rise to non-trivial invariants of
spatial graphs.

Despite these possibly interesting improvements, it is far from clear that in gen-
eral proteins really posses a structure that we could consider as being knotted.
Considering the results of the first method, it seems that the methods of re-
searches such as [2] often infer a knotted structure that is absent in the actual
protein.
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A Sage code: read PDB file

def read(filename): # Input is a pdb file, output a list of
atoms [coordinates, atom letter, chain number, amino acid
number] + a list of numbers of the last amino acid in
each chain.
file=open(filename)
pdbfile=[1 for 1 in file]
L=[]
z=len (pdbfile)
finished=false
chainends=[]
chainnumber=0
aminoacidnumber=0
for i in range(z):
l=pdbfile[il]
firstword=1[0:6]
if firstword=="ATOM ":
n=int (1[23:26])
break
for j in range(i,z):
l=pdbfile[j]
if 1[0:6]=="ATOM " and (1[77]=="H" or 1[77]=="D"):
break
if j==z-1:
return O
for j in range(i,z):
l=pdbfile[j]
firstword=1[0:6]
if firstword=="ATOM ":
m=int (1[23:26])
if m>n:
if m>n+1:
chainnumber+=1
chainends.append (aminoacidnumber)
aminoacidnumber+=1
n=m

v=[vector ([float (1[30:38]) ,float(1[38:46]) ,float (1l
[46:54]1)]1) ,1[77] ,chainnumber ,aminoacidnumber]

if v[1]=="D":

V[1]="H"

L.append ([vector ([float (1[30:38]) ,float(1[38:46]),
float (1[46:541)1),1[77],chainnumber ,aminoacidnumber])
elif firstword=="TER "

chainnumber+=1

chainends.append (aminoacidnumber)

for k in range(j+1,z):

l=pdbfile [k]

firstword=1[0:6]

if firstword=="ENDMDL":
finished=true
break

elif firstword=="ATOM ":
n=int (1[23:26]) -1
break

elif firstword=="ENDMDL":

chainends.append (aminoacidnumber)

break
if finished:

break
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91

i=0
while i<len(L)-1: # delete double atoms
j=i+1
while j<len(L):
if L[jJ[2]==L[i][2] and L[j]1[3]==L[i][3]:
if (L[jl[ol[ol-L[iJ[0]C[0]) 2+(L[jlC0o]l[1]1-L[il[0][11)
~2+(L[jl[0][2]-L[i][0][2])"2<0.25 and L[i][1]==L[j1[1]: #
0.572=0.25
if (not L[i]J[1]=="H") or (L[jJ[0]J[0]-L([i]([0][01)
~2+(L[j]l[01[1]1-L[i][0][1])~2+(L[jlCo]l[2]-L[il[0][2])
~2<0.1:
del L[j]
else:
j+=1
else:
j+=1
else:
break
i+=1
length=1len (L)
return [L,chainends]

covalentradii={"H":float (0.43),"C":float(0.9),"N":float
(0.83),"0":float (0.81) ,"S":float (1.12), "P":float(1.17)}
#a small margin of error is added

def edges(A): # Input is a list of atoms as generated in
read, output is a list of lists in which 1list nr i is the
set of atoms with covalent bonds to atom 1i.
l1=1len (A)
E=[[] for i in range(1l)]
for i in range(l-1):

j=i+1
while j<1 and A[j1[3]1-A[i][3]<=1:
if A[i][2])==A[j][2]:
if A[i][3]==A[j1[3] or (A[i][1]=="C" and A[j]l[1]l=="N

") or (A[i][1]=="N" and A[jI[1]l=="C") or (A[il[1]=="S"
and A[j][1]=="8"): #covalent bonds (generally) only
appear inside amino acids or in peptide or disulfide
bonds
if not (A[i]l[1]l=="H" and A[jl[1]l=="H"): #extra
check to make sure no H-H bond is listed, since they only
occur in H_2-molecules.
v=covalentradii [A[i]J[1]]+covalentradii [A[j][1]]
if (A[jl[ol[o]-A[i][0][0]) "2+(A[jI[0][1]-A[i
1001011) "2+ (A[jI00]1[2]1-A[i]l[0][2]) "2<v~2:
E[i].append(j)
E[j].append (i)
j+=1
return E

def hydrogenbonds(A,E): # Input is a list of atoms ’A’ (see
’read’) and a list of covalent bonds ’E’ (see ’edges’),
output is a list of lists in which 1list nr i is the set
of amino acids connected to amino acid i by a hydrogen

bond.

B=sorted ([[A[t][0],A[t][1],A[t]1[2],A[t]1[3],¢t] for t in
range (len(A))]) #’A’, ’s’ and ’t’ are used for the
original 1list of atoms ordered by amino acid, ’B’, ’i’

and ’j’ are used for the list of atoms ordered by
coordinates.
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102

103
104
105
106

107
108
109
110
111

112
113
114
115
116
117
118
119
120

121

122
123
124

125
126
127
128
129
130
131
132
133

1=1len(B)
z=A[-11[3]1+1
hydrogenbonds=[[] for i in range(z)]
hbondpresent=[false for i in range(z)]
for i in range(l-1):
s=B[i] [4]
j=i+2
while j<1 and B[j][0]J[0]-B[i][0][0]<2.5:
t=B[3][4]
if not (B[i]l[2]==B[j]1[2] and abs(B[il[3]1-B[j1[3])<2)
and (not j in E[s]) and ((B[i][1]=="H" and len(E[s])>0
and B[jJ[1] imn ["O","N","P"]) or (B[jJ[1]=="H" and len(E[
t])>0 and B[i][1] dim ["O","N","P"]1)):
d=(B[jl[ol[0]l-B[il[0][0])"2+(B[jI[0]1[1]1-B[i][0]1([1])
~2+(B[jl[0]l[2]-B[i]l[0][2])"2
if d<6.25: #2.572
hbond=true
for ¢ in E[t]:
if (A[cl[0]l[0]-B[i][0][0]) "2+(A[c][0][1]-B[i
1001 [1]) "2+ (A[c][0][2]-B[i][0][2]) ~2<d+(A[c][0][0]-B[j
100100]1)"2+(A[cI[01[1]1-BLj1[0]1[1])~2+(A[c][0][2]-BI[j
J[0]1[2]): #other bondings should be at the right side of
atom j such that there can be a hydrogen bond
hbond=false
break
if hbond:
for ¢ in E[s]:
if (A[c]l[0][0]-B[jl[0][0]) "2+(A[c][0][1]1-B[j
1001[11) "2+ (A[c]l[0][2]-B[j]l[0][2])"2<d+(A[c][0][0]-B[i
J00][0])"2+(A[cI[0][1]1-B[i][0]1[1]) "2+(B[cI[0][2]1-B[i
J[0]1[2]): #other bondings should be at the right side of
atom i such that there can be a hydrogen bond
hbond=false
break
if hbond:
a=sorted ([B[i][3],B[j1[311)
hydrogenbonds [a[0]] . append(al1])
hbondpresent [B[i] [3]]=true
hbondpresent [B[jl1[3]]=true
j+=1
hydrogenbonds=[sorted(list(set(b))) for b in hydrogenbonds
]

hydrogenbonds=[[a,b] for a in range(z) for b in
hydrogenbonds [a]]
return [hydrogenbonds ,hbondpresent]

def backbone(B,E): # Input is a list of atoms ’B’ (see ’read
>) and a list of covalent bonds ’E’, output is the two
parallel backbones b0 and bl (as described in section 8)
as lists of coordinates. If there are multiple backbones,
b0 and bl still need to be cut into pieces to find these

b0=[]
b1=[]
i=0
j=0
remember=0
tryagain=false
while j<len(B):
t=B[j]
if t[3]==1i:
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134 if t[1]=="C":

135 if len(E[j])>=2:

136 d=[B[c][1] for c in E[j]]

137 if "N" in d and "C" in d:

138 e=[c for c¢ in E[J] if B[c][1]l=="C"]

139 for x in e:

140 f=[y for y in E[x] if B[yl [1]=="N" or Bly
J[11=="0"]

141 if len(f)+tryagain==2:

142 b0 .append (t [0])

143 s=[B[c][0] for ¢ in E[j] if c!=x and Blc
1[11t="N" and B[c][1]!="H"]

144 if len(s)==1:

145 b1.append (s [0]1)

146 else:

147 g=[B[c][0] for c in E[j]l if B[c][1]!="H"]

148 bl.append (2%t [0]1-0.5%(g[0]l+g[1])) # If

there is no side chain (i.e. if the amino acid is glycine
), the next point on bl is the average of the central C
atom’s mneighbours, reflected in this C atom.

149 i+=1

150 remember=i

151 tryagain=false

152 break

153 elif t[3]==i+1:

154 if tryagain: # stop if the second attempt to find a
central C atom failed

155 show (’unable to find complete backbone, probably due

to an incomplete pdb file or because this is not a
protein’)

156 return [[],[]]

157 tryagain=true #If no central C atom found, try it
again with looser conditions

158 j=remember -1

159 j+=1

160 if j==len(B) and i==B[-1][3]:

161 if tryagain:

162 show (’unable to find complete backbone, probably due
to an incomplete pdb file’)

163 return [[],[]]

164 tryagain=true

165 j=remember -1

166 return [b0,bl]

B Sage code: create link

1 def createhbond(vl,v2,v3,w): # Input vl, v2 and v3 are three
consecutive points in a chain; a hydrogen bond connects
v2 and w. Output is a list of 3 points that gives a part
of the loop that represents this hydrogen bond at the
side of v2

u=(v3-v1)/(v3-v1l) .norm()

u=vector ([float (round(a,4)) for a in ul)

h=(w-v2)/(w-v2) .norm()

h=vector ([float (round(a,4)) for a in h])

cosalpha=float (round(u.dot_product (h) ,4))

if cosalpha>0:
r=(v3-v2)/(v3-v2) .norm()

else:
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r=(v1i-v2)/(v1-v2) .norm()
p=r*(abs(cosalpha)+0.01) /20
p=vector ([float (round(a,6)) for a in pl)
q2=(-h) /50
q3=qg2.cross_product (r)*sign(cosalpha)

q3+=v2+p

ql=vector ([float (round(a,5)) for a in ql1])
g2=vector ([float (round(a,5)) for a in q2])
q3=vector ([float(round(a,5)) for a in q3])
return [ql,q92,q3]

def createlink(bO,bl,chainends ,6hbonds,hbondpresent): # Input

is both backbones, a list of endpoints of chains, a list
of hydrogen bonds and a list that indicates wheter there
is a hydrogenbond attached to each amino acid. Output is
a list ’L’ of chains that go forth along the second
backbone and back along the first one and loops along 6
points representing the hydrogen bonds, a list ’Lsimple’
of backbones of chains and a list ’hbondindices’ of
hydrogen bonds, described as pairs of amino acids they
connect. From every chain, the first part before the
first hydrogen bond and the last part after the last
hydrogen bond is deleted.
chains=[[chainends[t]+1, chainends [t+1]] for t in range(-1,
len(chainends) -1)]
chains [0]=[0, chainends [0]]
chainnumber=0
backboneindices=[0 for j in range(chainends[-1]+1)]
m=[max ([bO[t][i] for t in range(len(b0))])-min([bO[t][i]
for t in range(len(b0))]) for i in [0,1,2]]
if m[0]<m[1] and m[0]<m[2]: # permute coordinates such
that the projection onto the xy-plane is likely to have
less crossings
for a in range(len(Db0)):
bO[al=vector ([bO[al[1],b0[al[2],b0[a][0]])
bi[al=vector ([bi[al[1],b1[al[2],b1[al[0]])
elif m[1]l<m[2]:
for a in range(len(b0)):
bO[al=vector ([bO[a][0],b0[a]l[2],b0[al[1]])
bilal=vector ([b1[al[0],b1[al[2],b1[al[1]1])
t=0
i=0
while t<len(chainends):
if hbondpresent[i]:
chains [t] [0]=1
for j in range(i,chainends[t]+1):
backboneindices [jl=[chainnumber ,j-1i]
chainnumber+=1
i=chainends [t]+1
t+=1
if t>=len(chainends):
break
else:
i+=1
if i==chains[t][1]+1:
chains [t]=0
t+=1
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t=-1
i=chainends [-1]
while t>=-len(chainends):
if chains[t]==0:
t-=
if t>=-len(chainends):
if chains[t]!=0:
i=chains [t][1]
elif hbondpresent[i]:
chains[t][1]=1
t-=
if t>=-len(chainends):
if chains[t]!=0:
i=chains [t][1]

else:
i-=
chains=[c for ¢ in chains if c]
L=[]
Lsimple=[]

for ¢ in chains:
L.append ([b1[d] for d in range(c[0],c[1]+1)]+1ist(
reversed ([bO[d] for d in range(c[0],c[1]1+1)1)))
Lsimple.append ([bO[d] for d in range(c[0],c[1]1+1)1]1)
hbondloops=[]
hbondindices=[sorted ([backboneindices[h[0]],
backboneindices [h[1]]]) for h in hbonds]
for h in hbonds:
[cl1,il=backboneindices[h[0]]
[c2,jl=backboneindices [h[1]]
a2=L[c1][i]
b2=L[c2][j]
al=L[c1][i-1]
bil=L[c2][j-1]
a3=L[c1][i+1-1len(L[c1])]
b3=L[c2][j+1-1len(L[c2]1)]
hbondloops.append(createhbond(al,a2,a3,b2)+createhbond (
bl1,b2,b3,a2))
L.extend (hbondloops)
return [L,Lsimple,hbondindices]

C Sage code: link projection

def nearby(L,m=0): # Input is a list of lists of points ’L’
and ’m’=sqrt(d), where d is the critical distance. Output
is a list in which entry i,j is a list of the points
that are closer than d to point i,j after projection to
the xy-plane.
if m==0:
m=5/4*max ([max ([(LLiJ[jI[0]-L[iJ[j+1-1len(L[i]l)][0]) "2+ (L
[i1[0jI1011-L0il[j+1-1en(L[i])]1[1]1) "2 for j in range(len(L[
i]1))]) for i in range(len(L))])
N=[[[[] for k in L] for j in i] for i in L]
for il in range(len(L)):
for j1 in range(len(L[ill)):
for j2 in range(j1+2,len(L[i1])-(j1==0)):
if (L[i1]1[j1]001-L[i1]1[j21001)~2+(L[i11[j1]1[1]1-L[i1
J0j210[11) "2<m:
N[i1]1[j11[i1].append(j2)
N[i1]1[j2]1[i1].append(j1)
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for i2 in range(il+1,len(L)):
for j2 in range(len(L[i2])):
if (L[i1]1[j11[01-L[i21[j2]1(00]1) " 2+(L[i11[j1]1[1]-L[
i2]1[j2]1[1]) "2<m:
N[i1]1[j1]1[i2].append(j2)
N[i2]1[j2]1[i1].append(j1)
return N

def makeregular(D): # Input and output is a list of lists of
points. Each list represents a link component, given by
drawing straight line segments between consequent points.
This function adapts coordinates such that the
projection to the xy-plane is injective up to a finite
number of points.
directions=[]
for i in range(len(D)):
for j in range(len(D[i])):
d=vector ([D[i]J[j+1-1en(D[i])J[t]1-D[i]J[jI[t] for t in
[0,1115
if d4[0]!'=0:
d=d/d[0]
elif d[1]1!=0:
d=sign(d[1])*vector ([0,1])
else:
D[il[j][0]+=0.0001
d=vector ([D[i][j+1-1en(D[i]1)]1[t]1-D[il[j][t] for t in
0,111
d=d/d4[0]
show(’coordinates adapted due to possible non-
regular projection (1))
directions.append([d,i,j])
directions=sorted(directions)
for t in range(len(directions)-1):
if directions[t][0]l==directions[t+1][0]:
v=[D[directions [t+1][1]] [directions [t+1] [2]][i]-D[
directions[t][1]][directions[t][2]]1[i] for i in [0,1]]
dt=matrix([directions[t][0],v]).det() # zero if both
edges are on the same line
if dt==0:
show(’coordinates adapted due to possible non-
regular projection (2)7)
if directions[t][0]!=0:
D[directions[t][1]][directions[t][2]][0]+=0.0001
else:
D[directions [t][1]] [directions[t][2]][1]1+=0.0001

def crossings(D,nearby): # Input is a list of sequences of

points ’D’, each representing a link component, and a
list of unconnected vertices close enough in the
projection ’nearby’. Output is a list ’cr’ with a list of

crossings for each edge ordered by distance to point i
and a list of signs of all crossings ’crlist’.
makeregular (D)
C=[[vector ([c[0],c[1]]) for c¢ in B] for B in D]
cr=[[[] for ¢ in B] for B in C]
crlist=[]
i=0
t=0
for i in range(len(C)):
l=len(C[il)
for j in range(1):
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pointsnearedge=[[p for p in set(nearby[i][j][h]) .union
(nearby[i][j+1-11[h]) if ([h,pl>[i,j+1] or (h==i and p==
and j!=0 and j+1<1))] for h in range(len(C))]
pointsnearedge=[[h,p] for h in range(len(
pointsnearedge)) for p in pointsnearedge[h]]
for k in pointsnearedge:
if len(C[k[0]]1)==k[1]+1:
m=0
else:
m=k [1]+1
if [k[0],m] in pointsnearedge:
dti=matrix ([C[i][j+1-11-C[il[j],C[k[0]][m]-C[k
(011 [k([111]) .det )
if not dt1==0:
dt2=matrix ([C[k[0]][k[1]1]1-C[il[jl,Clil[j+1-1]1-CL
i10j11) .det OO
mu=dt2/dt1
if O<=mu<=1:
s=(C[il[j+1-11[0]1-C[i1[j]1[0]1==0) # to prevent
dividing by O in the next line
labda=(mu*(C[k[0]][m][s]-C[k[0]]1[k[1]1]1[s])+C[k
(011 [k [11]1[s]1-Cli1[j1[s1)>/(CLil[j+1-11[s]1-C[i1[j1[s1)
if 0<labda<1:
if O<mu<1:
c1=D[il[jI[2]+1labda*(D[il[j+1-11[21-D[il[j

1021)
c2=D [k [0]] [k [1]] [2]+mu=*(D[k [0]] [m] [2]-D [k
(011 [k [111021)
overstr=(cl>c2) # true if ij is over-
strand, false if k is
crtype=(overstr*2-1==sign(dtl)) # true if
the crossing is positive, false if it is negative, all
directions following the sequences
cr[i]J[j].append([labda,t,overstr])
cr[k[0]][k[1]].append([mu,t,not(overstr)])
crlist.append(crtype)
t+=1
elif mu==0: # minor shifts if the endpoint
of an edge is projected unto another edge
(111 Clk[0]11[k[1]1]1+=0.0001*(C[k[0]][m]l-C[k[0]]L
k[1

show(’coordinates adapted due to non-
regular projection (3)7)
elif mu==1:
5 Cl[k[0]11[m]+=0.0001%(C[k[01]1[k[111-C[k[011[
m
show(’coordinates adapted due to non-
regular projection (3)?)
elif labda==0:
C[il[j1+=0.0001*(C[il[j+1-11-C[i]1[j1>
show(’coordinates adapted due to non-regular
projection (3)°)
elif labda==1:
C[iJ[j+1-1]+=0.0001*(C[il[jl-Cl[il[j+1-11)
show(’coordinates adapted due to non-regular
projection (3)7)
cr[il[jl=sorted(cr[i1[j])
for a in range(len(cr[il[j])-1):
if cr[il[jllal[0]==cr[i][j][a+1]1[0]:
show(’double crossing’)
for ¢ in cr[il[j]:
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del c[0]
return [cr,crlist]

D Sage code: compute alexander

prime=101

P.<t>=PolynomialRing (GF (prime),’t’) # or use ZZ
R=FractionField (P)
pC=[1,matrix(R,2,2,[[1,1-t],[0,t]],sparse=true)]
nC=[1,matrix(R,2,2,[[1,1-t"-1],[0,t"-1]], sparse=true)]
npC=[nC, pC]

def disjointunion(l): # Input is a list of pairs X=[omega,6 A]

and output their disjoint wunion.
n=len(1)
list=[]
omega=1
for i in range(n):
omega=omega*1[i] [0]
list.append (1[i]1[1])
for i in range(n):
list[i]l=list[i]l*omega/1[i][0]
return [omega,block_diagonal_matrix(list, subdivide=false)

]

def rename(l,n,m): # Input is a list ’1’ of row/column

numbers corresponding to the original strand labels, and
the numbers ’n’ and ’m’ such that n is deleted and will
refer to m. Output is an updated ’1°.
newl=[x for x in 1]
k=len (1)
for i in range(k):
if 1[il==1[n]:
newl[i]=1[m]
if newl[i]>1[mn]:
newl[i]-=1
return newl

def stitch(X,h,t,a=0,b=1): # Input is a pair X=[omega , A],

the row numbers corresponding to the strands (heads) ’h’,
the column numbers corresponding to the strands (tails)
’t’ and the strand number ’a’ that is stitched to strand
number ’b’.

omega = X[0]; A=X[1]

mu = A[h[al,t[bl]

newOmega = omega-mu

if newOmega==0 or A.ncols()==1:
return [[0,omega,A]l,h,t]

v=matrix ([[A[i,t[b]]] for i in range(A.nrows()) if i'!=hla
1D

w=matrix ([[A[h[al,j] for j in range(A.ncols()) if j!=t[b
11D

newA=(1-omega”~(-1)*mu)*(A.delete_columns ([t[b]l]).
delete_rows ([h[al]l))+omega”~(-1) *v*w

h=rename (h,a,b)

t=rename (t,b,a)

return [[newOmega ,newA],h,t]

47



42

def alexlink(L,cr,crlist): # Input is a link ’L’ represented
by a list of lists of points, a list of crossings for
each edge ’cr’ and ’crlist’, which lists the type of each
crossing. Output is the single-variable Alexander
polynomial of this link, denoted as a tuple of its
coefficients.
F=[1,matrix(sparse=true)]
h=range (2*len(crlist))
t=range (2xlen(crlist))
count=0
tt=0
newlabels=[-1 for c in crlist]
endstitches=[]
if len(crlist)==0:
if len(L)>1:
return vector ([0])
else:
return vector ([1])
for k in range(len(cr)):
i=0
loopfinished=false
while i<(len(crl[k]))/2:
for s in range(len(cr[k][i])):
c=cr[k][i][s]
if s==len(cr[k][i])-1:
j=i-len(cr[k])+1
while len(cr[k][j])==0:
j=1
if §>=-1i:
if k+l==len(cr) and len(endstitches)==0:
p=list (vector (F[0].numerator () .list ())/F[0].
denominator () .list () [-1])
#p=F [0] . numerator () .list ()
if len(p)>1:
while p[0]==0:
del plo]
for v in range(len(p)):
plvl=int (plv])
if plvl>=prime/2:
plv]l-=prime
p=vector (p)
p=p*sign(p[-11)
else:
p=vector ([0])
return p
else:
loopfinished=true #stopping the while-loop
break
d=cr[k][j][0]
else:
d=cr[k][i]l[s+1]
if newlabels[c[0]]==-1:
F=disjointunion ([F,npClcrlist[c[0]11]11)
newlabels [c[0]]=count
count+=1
if newlabels[d[0]]==-1:
F=disjointunion ([F,npClcrlist[d[0]]1]1])
newlabels [d[0]]=count
count+=1
[F,h,t]=stitch(F,h,t,2*newlabels[c[0]]-c[1]+1,2%*
newlabels [d[0]]-d[1]+1)
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tt+=1
if F[0]==0:
endstitches.append ([2*newlabels [c[0]]-c[1]+1,2%
newlabels [d[0]]-d[1]+1])
del F[0]
if loopfinished:
break
for s in range(len(cr[k][-i-1]1)):
c=cr[k][-i-1]1[-s-1]
if s==len(cr[k][-i-1])-1:
j=i+2
while len(cr[k][-j])==0:
j+=1
if j>=len(crl[k])-i:
if k+1==len(cr) and len(endstitches)==0:
p=list(vector (F[0].numerator () .1list())/F[0].
denominator () .list () [-11)
#p=F [0] . numerator () .1list ()
if len(p)>1:
while p[0]==0:
del plo]
for v in range(len(p)):
plvl=int (plv])
if plv]l>=prime/2:
plv]-=prime
p=vector (p)
p=p*sign(p[-11)
else:
p=vector ([0])
return p
else:
i=len(cr[k]) #stopping the while-loop
d=cr[k][-j1[-1]
else:
d=cr[k][-i-1]1[-s-2]
if newlabels[c[0]]==-1:
F=disjointunion ([F,npClcrlist[c[0]]1])
newlabels [c[0]]=count
count+=1
if newlabels[d[0]]==-1:
F=disjointunion ([F,npClcrlist[d[0]]1]1])
newlabels [d[0]]=count
count +=1
[F,h,t]=stitch(F,h,t,2*newlabels[d[0]]-d[1]+1,2%*
newlabels [c[0]]-c[1]+1)
tt+=1
if F[0]==0:
endstitches.append ([2*newlabels [d[0]]-d[1]+1,2%
newlabels [c[0]]-c[1]+1])
del F[0]
i+=1

if len(endstitches)>0:

del endstitches[-1]

i=0
j=0
while i in range(len(endstitches)): # last stitches to be

made

e=endstitches [i]

[F,h,t]l=stitch(F,h,t,e[0],e[1])

if F[0]==0: # go to the next stitching first Delta=0
del F[0]
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endstitches.append(e)
del endstitches[i]
j+=1
if j+i>=len(endstitches): # if all remaining
stitchings yield Delta=0
return vector ([0])
else:
i+=1
j=0
#p=F [0] . numerator () .1list ()
p=list(vector (F[0].numerator.list())/F[0].denominator ().
list O [-11)
while p[0]==0:
del plo0]
for v in range(len(p)):
plvl=int (plv])
if p[vl>=prime/2:
plv] -=prime
p=vector (p)
p=p*sign(pl[-11)
return p

def alexsimple(chains,hbonds): # Input is a list of chains

and a list of hydrogen bonds, just as the second and
third output of the function ’createlink’. Output is the
Alexander polynomials of all chains, glued together at
the hydrogen bond that turns the chain into the longest
loop, and the Alexander polynomial of the link formed by
these loops.
polynomials=[]
chainslocal=[c for c¢ in chains]
bonds=[[[h[0][1],h[1][1]] for h in hbonds if h[0][0]==
[11[0]==i] for i in range(len(chains))]
i=0
while i<len(bonds):
if len(bonds[i])==0:
del bonds[i]
del chainslocall[il
else:
i+=1
lengths=[[[b[1]-b[0]] for b in r] for r in bonds]
maxbonds=[1.index(max (1)) for 1 in lengths]
newchains=[[chainslocal[i][j] for j in range(bonds[i][
maxbonds [1i]][0] ,bonds [i] [maxbonds[i]][1]+1)] for i in
range (len(chainslocal))]
if len(newchains)==
show("no hydrogen bonds to the same chain found")
return O
else:
n=nearby (newchains)
[cr,crlist]=crossings (newchains ,n)
polynomials.append(alexlink (newchains,cr,crlist))
if len(newchains) >1:
for ¢ in newchains:
n=nearby ([c])
[cr,crlist]l=crossings ([c],n)
polynomials.append(alexlink([c],cr,crlist))
return polynomials
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E Sage code: run

import os
load(’/vol/home/s1137859/sagefiles/read PDB file.sage’,’/vol
/home/s1137859/sagefiles/create link.sage’,’/vol/home/
s1137859/sagefiles/link projection.sage’,’/vol/home/
s1137859/sagefiles/compute alexander2.sage’)
source=’/vol/home/s1137859/Proteins’
1=[]
for protein in os.listdir (source):
fullpath = os.path.join(source, protein)
try:
R=read (fullpath)
if R!=0:
[L,chainends]=R
E=edges (L)
[bO,bl1]=backbone(L,E)
if bo!=[]:
[hbonds ,hbondpresent]=hydrogenbonds (L,E)
c=createlink (bO,bl,chainends ,hbonds,hbondpresent)
if c[0]!=[]:
polynomials [protein[0:4]]=alexsimple(c[1],c[2])
else:
polynomials [protein[0:4]1]=0
except:
pass
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