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For Joy

Enkele andere overwegingen

Hoe zal ik dit uitleggen, dit waarom
wat wij vinden niet is
wat wij zoeken?

Laten we de tijd laten gaan
waarheen hij wil,

en zie dan hoe weiden hun vee vinden,
wouden hun wild, luchten hun vogels,
uitzichten onze ogen

en ach, hoe eenvoud zijn raadsel vindt.
Zo andersom is alles, misschien.

Ik zal dit uitleggen.

- Rutger Kopland



Introduction

The purpose of this thesis is to study certain singularities of theta divisors
of complex principally polarized abelian varieties using the degeneracy
loci of the Gauss map.

First, abelian varieties will be defined as certain schemes of finite
type over a field k, and we will state some basic results. Then, using the
techniques developed in [15], we will pass to an analytic setting, where
abelian varieties are defined as complex tori allowing an embedding in
projective space.

Continuing along the analytic route, we define theta functions and
theta divisors. At the end of chapter 1, the theta function 7 as defined
in [7] is introduced.

In chapter 2, we return to the algebro-geometric setting to develop
some of the general theory of vector bundles. In section 2.1, several well-
known exact sequences of locally free sheaves are used to derive some
useful identities involving the sheaf of differentials and the normal sheaf
of closed immersions Y — X of smooth algebraic varieties. After a short
section on determinants, we define the ramification locus of a morphism
of schemes as well as the rank ¢ degeneracy loci of a morphism of vector
bundles and show that these can be related in special cases. Then we
define the Gauss map of suitable closed immersions in section 2.4, and in
the final section of chapter 2, we show that the theta function n from 1.5
and the Gauss map are closely related.

We use the relation between 7 and the Gauss map in the final chapter
to obtain information on the locus 6,,; C A4 consisting of principally
polarized abelian varieties (A, ©) such that © has a singularity at a point
of order 2. In particular, we prove that © has an ordinary double point
for generic (A,0) € 0.
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1 Complex abelian varieties

This section gives a short introduction to the theory of complex abelian
varieties. There is also a very rich theory of abelian varieties over arbi-
trary fields k, but these are not the primary focus of this paper. After
giving the general definition of an abelian variety in section 1.1, we will
soon restrict ourselves to studying complex abelian varieties. These turn
out to be complex tori, allowing us to use the machinery of complex
analysis and linear algebra.

1.1 Abelian varieties

Abelian varieties are complete varieties whose points form a group. The
maps giving the group structure should be morphisms of varieties. In this
section, we will use the scheme-theoretic definition. Let S be a scheme.

Definition 1.1.1. A group scheme over S is an S-scheme 7 : G — S
equipped with S-scheme morphisms

e  S—G
mag GXSG—>G
ic : G—=G

such that the following diagrams commute:

GXSGXSGm)GXSG

(associativity) lidg xme Jmc
GxsG—"¢ @
eq Xidg

SxgG —————— G x5 G

(left identity) N N
N e
G

G——F—— S
(left inverse) Ag, Sl °

GXxsG——GxsG—>G.
igXidg ma

Given a group scheme G over S and any S-scheme T, the maps eg,
m¢g and ig turn the set G(T') of T-valued points of G into a group.
It is also possible to view G as a representable contravariant functor



G : Schg — Grp that sends an S-scheme T to the group G(T'). A group
scheme is called commutative if mg(p2Xp1) = mg, wherep; : GXxsG — G
is the i-th projection map, or equivalently if G(T') is an abelian group for
all test schemes T

For example, consider the affine Z-scheme G = G,,, = Spec Z[z,z71].
It can be endowed with a group scheme structure. Let eg : SpecZ —
Gy, be the morphism corresponding to the map Z[z,x~1] — Z given by
x 1, let mg : Gy, Xz Gy, & Gy, be the morphism corresponding to
Zlz, 27 '] — Z[z,x™ y,y~!] given by x — xy and let ig : G, — G,
be the morphisms corresponding to the map Z[x,z~!] — Z[x, z~!] given
by z — 7. Then (G,eg, mg,ig) is a group scheme. For a scheme S,
the base change of G,, to S is denoted G, 5. As a functor, G,, sends
a scheme T to the multiplicative group O (7T)*; indeed, any morphism
T — G,, is given by a ring homomorphism SpecZ[z,z~!] — Op(T),
which is uniquely determined by the image of x in Op(T)*.

Definition 1.1.2. Let A — S and B — S be group schemes. A morphism
of group schemes over S is a morphism of schemes f : A — B over S
such that foeq = ep, where e4 : S — A and eg : S — B are the unit
sections, and such that the following diagram commutes:

AXSA%BXSB

s s

A—1 B

Let k be a field. For the remainder of this paper, an algebraic variety
over k is a scheme of finite type over Spec k (see example 3.2.3. on page 88
of [10]). Often, we will simply write variety instead of algebraic variety.
An algebraic variety that is also a group scheme is called an algebraic
group variety.

Definition 1.1.3. An abelian variety A over k is an algebraic group
variety over k that is geometrically integral and proper over k.

Let A be an abelian variety over k. Note that the definition doesn’t
require A to be a commutative group scheme, which may inspire doubt
regarding the validity of the name abelian. Fortunately, given an abelian
variety A, we can derive that A has to be a commutative group scheme.
We need some preliminary results. The following lemma is exercise 3.2.9.
from [10].

Lemma 1.1.4. Let X and Y be schemes of finite type over k, with
X geometrically reduced. Let f,g : X — Y be morphisms such that

they induce the same map X (k) — Y (k). Then f = g as morphisms of
schemes.



Proof. Note that the algebraic closure k of k is a faithfully flat k-module,
so Speck — Speck is a faithfully flat quasicompact morphism. Since
these are stable under pullback, we obtain the diagram

f
XE:§§Y;5

’”l f Jm

X?Y

of two pullbacks packed together with vertical arrows that are faithfully
flat and quasicompact. Since 7 is faithfully flat and quasicompact, it is
an epimorphism in the category of schemes, so fr1 = gm implies f = g.
Hence it suffices to show that 7o f = 72§, which certainly holds if f = g.
As X is geometrically reduced, Xj, is reduced. Therefore, we may assume
that k is algebraically closed.

The map f’ on k-rational points induced by f is the map X (k) — Y (k)
given by a — f o «, where a : Speck — X is a k-rational point. The
map ¢’ : X(k) — Y (k) induced by g is defined analogously. Let x € X
be a closed point of X. As k is algebraically closed, x corresponds to the
unique k-rational point « : Speck — X with a(x) = x, where * is the
point of Spec k. By assumption f’(a) = ¢’(«), which yields f(z) = g(z).

Denote by XY the set of closed points of X. As X is of finite type
over k, it holds that X° is dense in X (see [10], remark 2.3.49.). For
each z € X9, let Vizy C Y be an affine open containing f(z). Then
U, = f_IVf(x) N g_lVf(m) is non-empty for all z € X° and we will show
that U = {U, : x € X} is an open cover of X. Let

and suppose that Z = X \ U is non-empty. Note that Z is closed, so
that we may regard it as a closed subscheme of X by taking the reduced
scheme structure - it is of finite type over k, so the subset of closed points
ZY is dense in Z. In particular, it is non-empty, and a closed point of Z is
also a closed point of X, which contradicts the fact that X° c U. Thus
U is an open cover of X.

For z € X% let f, = flu, and g = g|y,. Let x € X and consider
(fz,92) + Ux = Vi) Xk Viz)- Let Ag be the image of the diagonal
morphism Vi) — Vi) Xk Vi), Since Vf(zg is affine, A, is closed,
0 (fu,92)"1(Ay) is closed. It also contains X" N U,, so it follows that
(fz,92) 1 (Ay) is the closure of X° N U, in U,, which is just U,. This
yields fi(y) = gz(y) for all y € U,. As this holds for all z € XY, it follows
that f(z) = g(x) for all z € X.

Let V' C Y be an affine open. If we show that f|y = g|y for each
affine open U C f~'V = g~ 'V, it follows that f = g, as both Y and



f~V can be covered by open affines. Since X is reduced, each affine
open U C f~'V is reduced. Hence we may assume that X and Y are
affine, with X = Spec B for some reduced finitely generated k-algebra B
and Y = Spec A for A = k[Th,...,T,]/I a finitely generated k-algebra.
Then there is a closed immersion ¢ : Y — A}, and to show that f = g it
is enough to show that if = ig. Thus we further assume that ¥ = A}
and we set A = k[T1,...,T,).

Now f and ¢ are given by ring homomorphisms ¢ : A — B and
¥ : A — B, respectively. A point p € X (k) corresponds uniquely to a
closed point of X and thus to a maximal ideal p of B (cf. remark 2.1.3,
[10]); in fact, p is the canonical morphism Spec B/p — Spec B, since B/p
is a field extension of the algebraically closed field k£ and therefore itself
equal to k. Then f(p), g(p) € A} (k) are morphisms Spec B/p — A} given
by the compositions

A% B-—B/p and A% B-— B/,

respectively. They are completely determined by the images of the Tj,
and since f and g agree on closed points, it holds that ¢(7;) = ¢(7;) in
B/p for all i. Hence ¢(T;) — ¢ (T;) € p for all maximal ideals p of B, so
o(T;) — (T;) is in the nilradical of B by lemma 2.1.18 of [10], which is
the zero ideal by assumption. It follows that ¢ = ¢, and we are done. [

Let X, Y and Z be algebraic varieties over a field k. Assume that X is
complete and geometrically integral, and assume that Y is geometrically
integral. Let f: X XY — Z be a morphism. We have a commutative
diagram:

Z$XkaL>X

o

Y ——— Speck.

The following lemma will help in showing that abelian varieties are
indeed commutative group schemes. Moreover, it will give us a classifica-
tion of morphisms of schemes between abelian varieties, which turn out
to be morphisms of group schemes up to translation.

Lemma 1.1.5 (Rigidity lemma). If there exist yo € Y (k) and 29 € Z (k)
such that

X Xk {yo}) = {20}
then f factors through the projection map po : X Xz Y — Y.



Proof. We may assume that k is algebraically closed, using the same
descent technique as in the proof of lemma 1.1.4. Fix a point xg € X (k)
and define g : Y — Z by y — f(x0,y). We have to show that f = gps. Let
U C Z be an affine open such that zp € U. As X is universally closed over
k, it holds that ps is a closed map. Hence V = po (ffl(Z \ U)) is closed
in Y. Of course, yo ¢ V. Let y ¢ V be a k-rational point. Then it holds
that f(X xx{y}) CU. As X xy{y} is complete and U is affine, it follows
that f must be constant on X xj {y}. Hence flxy, 3 = 9P2lxx,{y}
for all k-rational points y ¢ V. As X X Y is the product of reduced
varieties, it is reduced. Hence it follows from lemma 1.1.4 that f = gpo
on the non-empty open set X xj (Y \ V). As X x; Y is the product of
irreducible varieties and therefore irreducible, it follows that X x; (Y \ V)
is dense in X XY, so f = gp2 on the whole of X X, Y, as was to be
shown. O

Let A be an abelian variety over k. For every a € A(k), there is a
morphism of schemes ¢, : A — A given by the composition

A"y A xp, Speck 9AXG 4o, A AL A

called translation by a. Let B be another abelian variety over k.

Corollary 1.1.6. Every morphism f : A — B of schemes over k is given
by to ¢, where ¢ : A — B is a morphism of group schemes and t : B — B
is a translation by b € B(k). In particular, any morphism f: A — B of
schemes over k such that f(0) = 0 is also a morphism of group schemes
over k, where 0 € A(k) is the unit section.

Proof. Let f : A — B be a morphism of schemes over k. As 0 € A(k),
it holds that f(0) € B(k). Let ¢t : B — B be the translation given by
b — mp(b,ip(f(0))), where mp is the addition map on B and ip is the
inversion map on B. This map is a morphism of schemes. Therefore, we
may replace f with ¢ o f and assume f(0) = 0. Consider the following
commutative diagram

Axp AP gy, "2, p

lmA \\\]3 liB
\‘>l

A Bx,B—-2+B

\ })1%
B B
where m 4 is the addition map on A, p; and p» are the projection maps and

h is the unique map such that pjoh = fomy and pooh = igompo(f, f).
Let g = mpoh: AxpA— B. It holds that g(A x; {0}) = {0}, so g



factors through the second projection A x A — A by lemma 1.1.4. On
the other hand, g({0} x; A) = {0}, so g also factors through the first
projection A x A — A. It follows that g is constant with image {0}. By
uniqueness of inverse, it follows that mp(f, f) = fma, which shows that
f is a morphism of group schemes. O

Corollary 1.1.7. The abelian variety A over k is a commutative group
scheme.

Proof. By corollary 1.1.6, the map i4 is a morphism of group schemes.
Hence A is commutative. O

There is one last result that will be useful to us in the general set-
ting, which we state without proof. The interested reader may refer to
proposition 1.5 in the unpublished book [12].

Proposition 1.1.8. The abelian variety A is smooth over k and 2 is
free.

1.2 From algebraic varieties to manifolds

The subject of this thesis balances between algebraic geometry and ana-
lytic geometry, so it is good to show how results from one area may be
transported to the other. The article [15] by Serre was instrumental in
the development of the interaction between the two different areas. We
exhibit the functor h : Coh(X) — Coh®*(X},) for a projective scheme
X over C as found in appendix B of [6], which was adapted to scheme
language from [15]. First, we will give a definition of a complex analytic
space.

Definition 1.2.1. A complex analytic space is a ringed topological space
(X, O) which admits an open cover U such that each U € U is a locally
ringed topological space (U, Opy) that is isomorphic to a locally ringed
topological space (Y, Oy) of the following form: let D C C™ be the poly-
disc D = {(z1,...,2n) € C" : |z;| < 1 for all 1 < i < n}, equipped with
the standard topology. Let fi,..., f; be holomorphic functions on D and
let Y C D be the closed subset of D consisting of the common zeroes
of fi,...,fg. Define Oy = Op/(fi,...,fq), where Op is the sheaf of
holomorphic functions on D.

This definition is quite cumbersome, but we get a lot of structure in
return. We can see that a complex analytic space is basically “a bunch of
zero loci in polydiscs glued together”. Since we can cover C" by polydiscs
of radius 1, it holds that C™ is a complex analytic space. Any closed
subspace Y C C" that is the zero locus of holomorphic functions f1,..., f4
on C" therefore has a natural structure of a complex analytic subspace.
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Schemes of finite type over C can be used to give complex analytic
spaces. Let X be a scheme of finite type over C. Let X = {X; : i €
I} be an affine open cover of X, where X; = Spec A; for each i € I.
Let ¢ € I. Then A; is isomorphic to some finitely generated C-algebra
Clz1,...,zn]/(f1,..., fq), since X is of finite type over C. We can view
the polynomials f1,..., f; as holomorphic functions on C". The ideal
(fi,...,fy) defines a complex analytic subspace (X;), C C". Thus we
get a complex analytic space (X;);, for each i € I. We can use the gluing
data of the X; to glue the (X;), and get a complex analytic space Xp,.

Definition 1.2.2. The complex analytic space X}, is called the complex
analytic space associated to X, or the associated complex analytic space

of X.

Set-theoretically, it holds that Xj; = X(C), but the topology on X}
is usually much finer than the topology on X (C) induced by X.

Next we show that associating complex analytic spaces to schemes of
finite type over C is functorial. Let SchFT¢ be the category of schemes
of finite type over C and CAS that of complex analytic spaces. Define
F :SchFT¢c — CASby X — Xj,. Let f : X — Y be an arrow in SchFT¢.
Then there is an induced arrow F(f) : X, — Y}, in CAS, which is just
the map X (C) — Y(C) induced by f. This map is an analytic function.
It clearly holds that F(idx) = idx, and F(gf) = F(g9)F(f), so F is a
functor as claimed.

We mentioned the functor h : Coh(X) — Coh®*(X}) from coherent
sheaves on X to coherent analytic sheaves on X}, the latter of which we
haven’t defined yet.

Definition 1.2.3. Let X}, be a complex analytic space. A coherent an-
alytic sheaf on X}, is a coherent sheaf of Ox, -modules.

Given X in SchFT¢ and a coherent sheaf F on X, there is an associ-
ated coherent sheaf Fj on Xp. Locally, it holds that

m 2 on — F—s0,

but since the topology on X}, is finer than the topology on X (C) induced
by the Zariski topology, U, is open in X, and Fp is defined locally as

o, Py Of, — Fn — 0.

Thus we obtain the functor h : Coh(X) — Coh®*(X}). There are some
useful facts about the relationship between a scheme X of finite type
over C and the associated complex analytic space Xj. For example, X
is smooth over C if and only if X} is a complex manifold. However,
the functor F' is mot an equivalence of categories and we cannot move
freely from complex analytic spaces to schemes of finite type over C. The
following results, therefore, are somewhat astounding.

11



Theorem 1.2.4 (Serre). Let X be a projective scheme over C. Then
h : Coh(X) — Coh®(X},) is an equivalence of categories and for every
coherent sheaf F on X it holds that H' (X, F) & H*(Xp,, F).

Serre proves this in his influential article [15] as early as 1956, although
in a slightly different form. At the time of writing, the theory of schemes
was still being developed and the language of category theory was not
widely used, so Serre needed three theorems to state this result in his
article. Nonetheless, it has been a fertile ground for many important
results in algebraic geometry. He proves the following theorem of Chow
as a corollary.

Theorem 1.2.5 (Chow). If X’ is a compact analytic subspace of the
complex manifold P¢, then there is a subscheme X C P" such that X} =
X'

Exercise 6.6 of appendix B in [6] tells us that, given projective schemes
X and Y over C and an arrow [’ : X;, — Y}, there is a unique arrow
f:+ X — Y such that F(f) = f'. Tt follows that F restricted to pro-
jective schemes induces an equivalence of categories from the category of
projective schemes over C to the category of projective compact analytic
spaces.

Naturally, these results are useful to us as complex abelian varieties
are projective (see theorem 2.25 in [12]). Their analytic counterparts are
discussed in the next section.

1.3 Complex tori

Let V be a g-dimensional complex vector space.

Definition 1.3.1. A lattice in V is a co-compact discrete subgroup A C
V.

This is not a very constructive definition. Alternatively, one may
define a lattice as the free Z-module generated by an R-basis (A1, ..., Ayg)
of V. These two definitions are equivalent.

Definition 1.3.2. A complex torus A is a quotient A = V/A, where V
is a finite dimensional complex vector space and A C V is a lattice.

If A is an abelian variety over C, then its associated complex analytic
space Ay is a complex torus, but the converse is not true in general and
depends on the existence of an ample line bundle on the complex torus.

1.4 Theta functions

Let V be a g-dimensional complex vector space, A C V a lattice and
A = V/A a complex torus. Let m : V' — A be the quotient map. Let
f:L — Abe aline bundle on A. Consider the pullback diagram

12



™ L —— L

Ll

vV — A

Then 7*L is a line bundle on V' and therefore trivial by lemma 2.1 in [1].
Let ¢ : m*L — V x C be an isomorphism. The natural action of A on V
lifts to an action on the line bundle V' x C. For A € A and (v,2) € V xC,
it holds that

AMv,z) = (A +v,ex(v)z), (1.1)

where ey is a holomorphic invertible function on V. The above formula
defines a group action if and only if the functions ey satisfy

6A+,u(”) =ex(v+ H)eu(v)’ (1.2)

the so-called cocycle condition. It follows that L is the quotient of V' x C
by this action, which is defined completely by the family (ex)xea-

Definition 1.4.1. A system of multipliers for A is a family of invertible
holomorphic functions (ey)xep on V satisfying the cocycle condition.

As shown above, each system of multipliers defines a line bundle, and
each line bundle corresponds to such a system. In fact, if we let S be
the set of systems of multipliers for A, then we can equip it with a group
structure and there is a surjective group homomorphism S — Pic(A) (see
[1], page 105). Thus the product of two systems of multipliers maps to
the tensor product of the line bundles they each define.

Let (ex)xea be a system of multipliers.

Definition 1.4.2. A theta function 6 for (e))aeca is a holomorphic func-
tion 6 : V' — C such that

O(v+ A) =ex(v)d(v)
for all v € V and A € A.

A classical result in the theory of complex abelian varieties is that
each line bundle on a complex torus corresponds to a so-called Appell-
Humbert datum, which is a pair (H,«). We need some linear algebra to
set this up.

Definition 1.4.3. A Hermitian form H on V is a function H : V xV —
C that is linear on the first coordinate and anti-linear on the second
coordinate, such that H(v,w) = H(w,v) for all v,w € V.

13



Given a Hermitian form H on V, we set F to be the imaginary part
of H. Note that F is a real skew-symmetric bilinear form on V such
that E(iv,iw) = E(v,w) for all v,w € V, where i is the imaginary unit.
In fact, such skew-symmetric forms correspond bijectively to Hermitian
forms. For all v,w € V, it holds that

H(v,w) = E(iv,w) + iE(v,w).

Let X be the set of pairs (H,«) where H is a Hermitian form on V
such that E takes values in Z and o : A — U(1) is a map such that for
all \,p € A,

oA+ ) = a(Nau)(~1)EO,

Here, U(1) is the circle group. The set X has a natural group structure,
defined by (H,«) - (H',o/) = (H + H',a). Let (H,«) € X and define

ex(v) = a(N) exp (ﬂ ((H(A\v) + LH(A, V) )

for each A € A. It is easy to check that this is a system of multipliers,
and so (ey)aea defines a line bundle on A, which we denote by L(H, «).
Appell and Humbert proved the following theorem for two-dimensional
A as early as 1891, and it was generalized to arbitrary A by Lefschetz in
1921, albeit in a more archaic form.

Theorem 1.4.4 (Appell-Humbert). The map X — Pic(A) given by
(H,a) — L(H,«) is a group isomorphism.

For a proof, see theorem 2.6 of [1]. Now we want to make things
more explicit, which can be done by choosing an appropriate basis of V.
Suppose that there is a Hermitian form H on V such that the real part S
of H is positive definite and such that the imaginary part E of H satisfies
E(X\, ) € Z for all A\, u € A. The following result is due to Frobenius and
extremely useful in this situation.

Proposition 1.4.5. Let M be a free finitely generated Z-module of rank
2g and B : M x M — Z a non-degenerate skew-symmetric bilinear form.
Then there exist dy,...,dy € Z~o with d;|d;4q for all i = 1,...,9 -1
and a basis (a1,...,aq,b1,...,by) of M such that the matrix of B with

respect to this basis is
0 D
-D 0 )’
where D is the diagonal matrix with entries (di, ..., dy).

We refer to proposition 3.1 of [1] for a proof of this. Since A and E
satisfy the conditions of the proposition, it follows immediately that the

14



determinant of F is the square of an integer. In the special case that
det(E) = 1, we say that E is unimodular and any basis

(al,...,ag,bl,...,bg)

satisfying the conditions of proposition 1.4.5 is called symplectic. We have
the following definition.

Definition 1.4.6. A polarization of A is a Hermitian form H on V such
that the real part S of H is positive definite and such that the imaginary
part E of H satisfies E(\,u) € Z for all A\, € A. If E is unimodular,
then we call the polarization principal.

Let H be a principal polarization of A. Then proposition 1.4.5 gives
us a symplectic basis (A1,..., Ag, pt1,. .., ttg) of A such that the matrix of
E = Im(H) with respect to this basis is

0 1
=(50)

where 1 is the g x ¢ identity matrix. By lemma 3.2 of [1], it holds that
(A1,...,Ag) is a basis of V over C. Thus, for j € {1,..., g}, we can write

g
pi =Y aghi
i1

with a;; € C. We obtain a g x g-matrix 7 = (a;;), called the period matriz
of H. We have an identification A = Z9 x 7Z9. The imaginary part of 7
is positive definite, and 7 itself is symmetric, see proposition 3.3 of [1] for
details.

Definition 1.4.7. The Siegel upper-half space of degree g, denoted by
H,, is the space of complex symmetric g x g-matrices 7 with positive
definite imaginary part.

The Lefschetz theorem states that any complex torus A that admits a
polarization can be embedded in projective space (cf. section 3.7 in [1]).
By the results mentioned in section 1.2, it holds that such a complex torus
is the associated complex analytic space of a complex abelian variety. In
particular, any principally polarized complex torus is a complex abelian
variety, which we call a principally polarized abelian variety over C or
simply ppav over C.

In [1] it is explained that H°(A, L(H,a)) can be identified with the
space of theta functions for the system of multipliers corresponding to
L(H,a), and then it is shown that dim H°(A, L(H,a)) = 1 if H is a
principal polarization. Moreover, for any two «, , it holds that L(H, ')
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is the pullback of L(H,«) along a translation ¢, : A — A. Thus there is
a divisor © of A defined up to translation by the vanishing of an element
of H(A, L(H,)). The corresponding theta function is one of the main
objects of interest in this paper.

Definition 1.4.8. The Riemann theta function of dimension g is the
map 0 : H,; x CY — C given by

(7_7 Z) . Z ewi(tme—l-thz)‘
mez9

A fixed 7 € Hj defines a ppav, for which the Riemann theta function
is actually a theta function in the sense of definition 1.4.2, for a system
of multipliers corresponding to the line bundle L(H, ) with a(p+ 7¢) =
(=1)?4. In fact, 0 defines a nonzero section of that line bundle, and so
its zero locus defines a specific instance of the divisor © in A. It is not
hard to check that € is symmetric in z, so © has the pleasant property
of being symmetric around the origin and will therefore be called “the”
theta divisor of the ppav A. Henceforth, we will define a ppav to be a
pair (A,0), with © the theta divisor of A, since such a pair carries the
same information as a pair (A, H) with H a principal polarization.

Let A = CY9/(7Z9 + Z9) be a ppav. Then its points of order 2 are

obviously given by
TE+ 0

2 b
where €,§ € Z9 are column vectors containing ones and zeroes. Hence A
has 2%9 points of order 2. There is a specific theta function for each point
of order 2. Let [e, §] be a pair as above.

Definition 1.4.9. The theta function with characteristic [e,d] is the map
H, x C9 — C defined by

ke oo (e 5 §) 2 ) (3))

The theta function 6 [ §] is called even if the inner product €-§ is even,
and odd otherwise. It holds that

9 <T,z+ ”;5) = exp (m <—§T; e <z+g>>>0[§](r,z),

which shows that 6[§] is basically 6 shifted by a point of order 2. An
even theta function is actually even as a function of z for fixed 7, and the
same goes for odd theta functions.
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1.5 The theta function 7

Let 0(, z) be the Riemann theta function of dimension g, df the column
vector of its first order derivatives ; with respect to z1,...,z, and H its
Hessian, which consists of the second order derivatives ¢;; with respect
to z1,..., 24

Definition 1.5.1. Define 7(7, z) as the function

) =der (im0,

It is shown in theorem 1.3 of [7] that 7 is a global section of the line
bundle Og(0)®9*! for fixed 7, and thus a theta function of order g + 1.
The definition given in [7] is slightly different from this one, namely

n(r,z) = "dOHCdH,

where H¢ is the cofactor matrix of H, but it can easily be shown to be
equivalent by developing the determinant to the last line and column.

H df S .
det(tde ! );291.29]}1@.].
1= J=
= WOHdH.

Note that 7 is identically zero at singular points of © for fixed 7, since df
is zero at singular points and therefore the determinant becomes zero.
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2 Vector bundles

In this chapter, we go back to the general framework of schemes. We
develop the theory of vector bundles necessary to define the Gauss map
for a closed immersion ¥ — X of smooth varieties over some field k,
and we relate the theta function defined in section 1.5 to the Gauss map
associated to the embedding © C A of the theta divisor in its principally
polarized abelian variety.

2.1 Commonly occurring bundles

In algebraic geometry, it can be quite useful to associate a scheme to a
sheaf in a functorial manner. This section develops some of the theory
behind this. For a more extensive exposition, see section II.7 in [6] and
chapter 11 in [4].

Definition 2.1.1. A ring homomorphism ¢ : A — B of polynomial rings
A= R[zx1,...,zmn] and B = R[y1,...,yn] over a ring R is called linear if
¢(r) =r for all r € R and

$la;) = aijy;
=1

for all j =1,...,m, where a;; € R. The matriz of ¢ is the matrix (a;;).

There is a canonical injective group homomorphism Mat(n x m, R) —
Hom(A, B) given by

n
(aij) — (%‘ = Zaijyz) :
=1

the image of which is the group of linear ring homomorphisms A — B. If
n = m, then we may identify A and B and we get a ring homomorphism
Mat(n, R) — End(A). Now let X be a scheme.

Definition 2.1.2. A geometric vector bundle of rank n over X is a scheme
f:+E — X over X together with an open covering U = {U; : i € I} of
X and isomorphisms ¢; : f~1(U;) — Ay, such that for all 4,5 and V' =
Spec A an affine open contained in U; N U;, the automorphism ¢; o (;5;1 :
A7, — AY, corresponds to a linear automorphism of Afzq,...,z,).

For a vector bundle f : £ — X and an open U C X, the restriction
f~YU) — U is sometimes denoted by f|y : E|y — U, or simply E|y if
there is no possibility of confusing it with the scheme E|y without the
morphism f|y.
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Now let f: E — X and f': F — X be geometric vector bundles over
X of ranks n and m, respectively. Let x € X and V C X affine open
such that € V and f~1(V) = A. Then it holds that

Z(Z’)’

E, = FE xx Speck(z) = Ay, xy Speck(z) =

which shows that the fibers of f are the spectra of polynomial rings over
the residue fields x(x) = Ox,/m,, which justifies the terminology of
vector bundles.

Let f: X — Y be a morphism of schemes, 7 : E — X a vector bundle
over X and 7’ : F' — X a vector bundle over Y.

Definition 2.1.3. A morphism of vector bundles g : E — F is a mor-
phism of schemes such that 7'g = fm and for some affine open cover U
of X and each U € U, the map ¢|y : E|y — F|y corresponds to a linear
ring homomorphism.

Given a locally free sheaf £ of rank n on X, we can construct an
associated vector bundle V(£). Let Sym(€) be the symmetric algebra on
E. It is the quotient of the tensor algebra

T(E) =Pe,

n>0

where the tensor product is taken over Ox, by the ideal J generated by
elements of the form a ® b — b ® a. Let £/ = Spec(Sym(&)) be as in [17],
tag 01LL. It comes with a morphism of schemes f: F — X. If U C X is
an affine open, then f~1(U) = Spec Sym(&)(U) is affine.

Let U C X be an affine open such that &|y = (9[6]5" andlet xq,...,x, €
E(U) be an Oy-basis of &|y. It holds that Sym(€|y) = Sym(E)|y by
exercise 11.5.16(e) in [6]. The Op-module |y is free of rank n, so also
quasi-coherent. Therefore it corresponds to the free Oy (U)-module

OU(U)ajl D---D OU(U)J}”

of rank n, since U is affine. By proposition I1.5.2 in [6], it holds that
Sym(&|y) is the Opy-algebra corresponding to the Oy (U)-algebra

Sym(E(U)) = Oy (U)[z1, ..., xy).

In particular, its global sections are Sym(&|y)(U) = Sym(E(U)). Thus
there is a natural isomorphism g : Oy (U)[z1,...,z,] — Sym(E(U)),
which corresponds to an isomorphism ¢ : f~H(U) — A7 Of course,
this depends on our choice of x1,...,x,. If y1,...,y, is another Oy-basis

of &|y, then
n
Yi = Z Q45 X5
j=1
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with a; € Oy(U) for all i = 1,...,n, so the isomorphism
g OuU)y1,- .- yn] — Sym(E(U))

is such that ¢’ = gh, where h: Oy (U)[y1, ..., yn] = Ov(U)[z1, ..., 25] is
a linear automorphism given by (a;;). Hence ¢ is determined up to linear
automorphism.

Let U;,U; C X be two affine opens on which £ is free and let ¢; :
1) — Af. and ¢; : ~YU;) - A’ﬁj be isomorphisms as above, with
(71,...,2,) a basis for ]y, and (y1,...,yn) a basis for £|y;. Both bases
restrict to a basis of £ |UZﬂUj. Hence the isomorphism ¢; o ¢¢_1 : A’I}mUj —
A’[}mUj corresponds to the linear automorphism

Ov; (Ui N Uj)y1, -+, yn] — Ov (Ui N Uj) 21, - .o 2]

n
Y Z AT
=1
with ay € Oy, (U; N Uj) forallk=1,...,n.

Let {U; : i € I} be an open cover of X such that &|y, is free for all
i€l Foriel,let {Vi:je J;} bean affine open cover of U;. Then
{Vij:i€1,j € J;} is an affine open cover of X such that |y, is free for
allt € I and j € J;.

It follows that f : EF — X is a geometric vector bundle over X, which
is the geometric vector bundle associated to €. It is usually denoted by
V(E).

We continue with a little sidebar. Let f : X — Y be any morphism
of schemes and U C Y open.

Definition 2.1.4. A section of f over U is a morphism s : U — X such
that f os=idy.

By definition, it holds that a section s of f over U is also a morphism
s:U — f~YU). Given another open V C U, we can restrict a section s
of f over U to a section over V just by restricting the map s: U — X to
V. If U and V are opens with sections s : U — X and s’ : V — X of f
such that s|yny = §'|uny, we can glue them to a section ¢ : UUV — X
by the gluing lemma. Hence we get a sheaf S(X/Y") given by

U + {sections of f over U},

called the sheaf of sections of f. It is a sheaf on Y.

Let f: E — X be a vector bundle of rank n over a scheme X, with
sheaf of sections S = S(£/X). For x € X, it holds that Spec(S, ®oy,
k(x)) is canonically isomorphic to the fiber E,. Let U C X be open and
let s,t € S(U) and a € Ox(U). Let V = Spec A C U be an affine open
with an isomorphism ¢ : f~1(V) — A7, coming from the vector bundle
structure of f: E — X. Note that A = Oy(V'). Then the composition
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v vy 2 A

is a morphism into the affine scheme Spec A[z1, ..., xy], so it corresponds
to an A-algebra homomorphism o : A[zy,...,z,] — A. Since the set of
A-algebra homomorphisms o : A[z1,...,2,] — A has a natural Oy (V)-
module structure for each affine open V' C U such that E|y is trivial, it
holds that S(U) has a natural Ox(U)-module structure. This turns S
into an Ox-module.

Let U C X be an affine open with an isomorphism ¢ : f~1(U) — AZL.
We show that S|y is free. A section of f over an open V C U is a map
g:V — Ely, so we also have ¢[yy o g : V — A}, which corresponds to an
Oy (V)-algebra homomorphism o : Oy (V)[z1,...,z,] = Oy(V). Such a
homomorphism is uniquely determined by the images o(z1),...,0(xy,).
Let M (V') be the Oy (V)-module of Oy (V)-algebra homomorphisms o :
Ou(V)[x1,...,zn] = Oy (V). There is a natural isomorphism of Oy (V)-
modules M (V) — Oy(V)®" given by o + (o(z1),...,0(z,). It follows
that S|y = OF", so S|y is free. Hence S is a locally free sheaf.

Now let f: E — X with E = V(&) be the geometric vector bundle
over X associated to a locally free sheaf £ of rank n, with sheaf of sections
S as above. Given a section s : U — E|y, there is morphism 7 : f.Op|, —
Oy of Oy-algebras coming from s# : Ofg, — Ou. By lemma 24.4.6
from [17], (tag 01LQ), it holds that f.Op), = Sym(&|y). There is a
corresponding morphism vy : |y — Oy of Opy-modules.

Conversely, let U C X open and let v : €|y — Oy be a morphism of
Op-modules. There is a corresponding morphism 4 : Sym(&|y) — Oy of
Op-algebras. If V' C U is an affine open, we get 5(V) : Sym(&|y)(V) —
Oy (V) which corresponds to a section sy : V' — E|y. Gluing these yields
a section s : U — E|y.

It follows that S & Home, (£,O0x) = £Y. Note that £ is canoni-
cally isomorphic to £. For a morphism of vector bundles g : £ — F, let
S(g) : S(E/X) — S(F/X) be given by s+ gos.

Let v : £ — F be a morphism of locally free sheaves on X of ranks
m and n, respectively. Let E = V(Y), F =V(FY) and let f : E — X
be the usual projection map. Let U C X be an affine open such that |y
and F|y are free. Suppose that

E]U:@xi-OU and 8\(]:@%-(’)(].
i=1 J=1

Then ~|y : Eluy — Flu is given by v(z1),...,7(xm). Hence we have a
ring homomorphism

’ﬂU . OU(U)[.’L'l,. . .,xm] — OU(U)[yl,. . .,yn],
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which defines a morphism ¢|y : E|y — F|y. These morphisms glue to a
morphism V(g) : £ — F.

Let Vect(X) be the category of geometric vector bundles of fixed finite
rank over X (every E in Vect(X) is of rank n over X for some n € Z /gcq0),
and let LocF(X) be that of locally free sheaves of fixed finite rank on X.
Then we have a functor S : Vect(X) — LocF(X) given by £ — S(E/X)
and a functor V : LocF(X) — Vect(X) given by £ — V(£Y), where we
dualize to make sure that the functors S and V are both covariant. This
is the “right” choice, since the geometric tangent bundle of a scheme X
over k is defined as T'(X) = V(Qx/1) = V(Tx/x), where Tx/,, the tangent
sheaf, is the dual of Qx ;. In fact, the functor V is an equivalence of
categories.

Proposition 2.1.5. The functor V : LocF(X) — Vect(X) is an equiva-
lence of categories with quasi-inverse S.

For the rest of the proof, see [4], section 11.4. All operations that exist
on locally free sheaves therefore also exist on geometric vector bundles,
so that we may form direct sums, tensor products, duals, exterior powers
and so forth, simply by applying these operations to sheaves of sections
and turning them into vector bundles using V.

These vector bundles have affine spaces as fibers. It seems natural
that we can also consider bundles with projective spaces as fibers, which
gives rise to the concept of projective bundles and projectivization.

Definition 2.1.6. A projective bundle of rank n over X is a scheme
f:E — X over X together with an open covering Y = {U; : i € I} of X
and isomorphisms ¢; : f~1(U;) — Py, such that for all 4, j and V' = Spec A
an affine open contained in U; NU;, the automorphism quogéi_l Py — Py
corresponds to a linear automorphism of Az, ..., zy].

Note that a linear automorphism of A[zy,...,x,] is an isomorphism
of graded rings and therefore defines a map P} — P’; by lemma 3.40
from [10]. Now let f : E — X be a geometric vector bundle of rank
n + 1 over X with an open cover {U; : ¢ € I} and transition maps
. AnAHL +1
wz] : AT(Z‘QUJ‘ - AgiﬂUj'

Definition 2.1.7. The projectivization P(E) of E is the projective bundle
of rank n over X obtained by gluing 7 for all ¢ € I along the transition
maps ng, induced by the same linear automorphism as v;; for all 7, j € 1.

For a locally free sheaf £, we also have the projective bundle P(E)
associated to £, which is constructed similarly to V(€) as ProjSym¢&. It
holds that P(€ ® £) = P(€) for all invertible sheaves £. A projective
bundle of rank n is also called a P"-bundle or a projective space bundle
of rank n.
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It is important to note that every line bundle 7 : E — X over X can
be extended to a Pl-bundle. Given a transition map ) : A%/ — A%/ on
V' = Spec A of the line bundle, the corresponding linear automorphism
of Alz] is given by = +— ax for some a € A*. Now we define a linear
automorphism of A[xg,z1] by 29 — axo and z; — z; (we could also
choose x1 — ax). Then we get a Plbundle 7’ : F — X over X. For an
affine open U C X with ¢ : 7'~1(U) & P}, we have that ¢! (D (z1)) =
771(U). Thus we have embedded the line bundle in the P'-bundle, such
that locally on X it is the standard affine open D (x1) of P}, for open
U C X. Naturally, we could have also chosen D, (z¢). Similarly, we can
extend any A"-bundle to a P"-bundle.

There is also the notion of a G,,-bundle over X, see section 1.1 for
the definition of the affine scheme G,,. It is defined analogously to a line
bundle over X, and the transition maps correspond to maps Az, z71] —
Alz,x71] given by z + ax for some a € A*, where A is the ring of
some affine open V contained in the intersection of two trivializing opens
U;,U; C X of the bundle.

There is a one-to-one correspondence between line bundles and Gy,-
bundles over X, since a linear automorphism of A[z] is given by = —
ax for some a € A*. Taking the G,,-bundle corresponding to a line
bundle can be thought of as “throwing away the origin of the line bundle”.
Indeed, if in the above A is a field, then the prime ideal in A[x] generated
by () is the “origin” of Spec A[x], which is not a prime ideal of Az, z~1].
Hence we can associate to each invertible sheaf on X a G,,-bundle in a
functorial manner, and we get another equivalence of categories, this time
between the category of invertible sheaves on X and that of G,,-bundles
over X. In particular, the notions of “dual” and “tensor product” carry
to G,,-bundles.

We now turn our attention to closed immmersions of varieties. The
following results are proposition I1.8.12 and I1.8.17 from [6]. Let X be a
smooth variety over k.

Proposition 2.1.8. Let Y be a closed subscheme of X with ideal sheaf
Z. Then there is an exact sequence

I)T* — Qx, ® Oy — Qyy, — 0 (2.1)
of sheaves on Y.
Theorem 2.1.9. Let X be a smooth variety over k. Let Y C X be an
irreducible closed subscheme with sheaf of ideals Z. Then Y is smooth if
and only if 2y, is locally free and the sequence 2.1 is exact on the left

as well:
0— I/I* — Qy/; ® Oy — Qyy, — 0. (2.2)

If Y is smooth, Z is locally generated by r = codim(Y, X) elements and
T/Z? is locally free of rank r.
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Let X be a smooth algebraic variety of dimension n + 1 over a field k
and ¢ : Y — X a smooth closed subvariety. We have an exact sequence

0—-7Z—0x —1,0y —0

of Ox-modules. The sheaf Z/Z? is a locally free sheaf on Y of rank
codim(Y, X'), which is called the conormal sheaf of Y in X (see [6], p.
182). Its dual #om o, (Z/I?, Oy) is called the normal sheaf of Y in X
and denoted Ny/ x- Dualizing (2.2) gives the exact sequence

0 — Ty — Tx ®oyx Oy — Ny;x — 0, (2.3)

where Ty = QY Ik denotes the tangent sheaf of X, and 7y that of Y. Let
€ = Tx ®o, Oy. From now on, assume that codim(Y, X) = 1. Then
Ny/ x is a line bundle. We state proposition I1.7.12 from [6] for future
reference.

Proposition 2.1.10. Let X be a noetherian scheme and £ a locally free
coherent sheaf on X. Let f:Y — X be a morphism of schemes. Then a
morphism g : Y — P(E) over X is defined uniquely by an invertible sheaf
L on'Y and a surjective map f*€ — L. For g : Y — P(€) corresponding
to f*& — L, it holds that £ = g*Opg)(1).

By this proposition, the surjective map & — Ny/ x defines a morphism
g:Y — P(€) of schemes over Y, as & is here the pullback of Tx along i.
Denote the natural projection P(£) — Y by 7.

Let U = {U; | i € I} be an affine open cover of Y such that &|y, is
free for all + € I, with transition maps v;;. For ¢ € I with U; = Spec A,
theorem I1.8.13 in [6] gives us the exact sequence

0— QPZZ"/Ui — Opz(—l)@n+1 — Opﬁ — 0, (2.4)

and note that O[P;L‘(—l)@n"'_l >~ (7€ ® OP(E)(_l)”ﬂ'—l(Ui)’ QHDZ/UZ_ &
Q]P’(S)/Y|7r*1(Ui) and O]pz = O]p(g)‘ﬂfl(Ui). MOI"GOVeI", Q]]I(g)/y is locally
free of rank n, since QPX Ju; 18 locally free of rank n. The exact sequence
agrees on overlaps U; N U; using the transition maps, so it follows from
[17] (tag 00AK) that we can glue the sequences (2.4) to an exact sequence

0— Q]p(g)/y — TE® O]p(g)(—l) — O]p(g) — 0,
which we then tensor with Op¢)(1) to obtain
0— Q[p:(g)/y & O[p:(g)(l) — T — Op(g)(l) — 0.

By proposition I1.7.11 in [6], there is a natural surjective morphism 7*€ —
Op(g)(1), which is precisely the penultimate arrow in the latter exact
sequence. The surjective map g*7*€ — g*Op(g)(1) obtained by applying
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g* to & — Opgy(1) is the surjective map & — Ny/x defining g, see
proposition 2.1.10. Hence applying ¢g* to the last exact sequence yields

9 pey)y @ Nyyx — & — Ny,;x — 0,

an exact sequence of locally free Oy-modules. By proposition 8.10 in
[4], the sequence must be exact on the left as well and using the exact
sequence (2.3) we see that g*Qp(e)/y @ Ny /x = Ty.

The locally free sheaves of this section correspond to geometric vector
bundles, so it’s a good idea to give these names. Let )V be the functor from
proposition 2.1.5. Then we let T(X) = V(Tx) = V(Qx/), T(X)ly =
V(TX ®Oy) = V(QX/k X Oy) and N(Y) == V(Ny/X) == V(N}\///X) if there
is no possibility of ambiguity.

2.2 Determinants

Let X be a scheme. Let £ and F be locally free Ox-modules of rank n
and ¢ : £ — F a morphism of Ox-modules.

Definition 2.2.1. The m-th exterior power \" £ of £ is the sheafification
of the presheaf U — AG () F(U).

It is easily checked that A\™ & is locally free of rank (). Hence
the n-th exterior powers A" € and A" F are locally free sheaves of rank
1 and there is an induced map det¢ : A"E — A" F. For the map
V(¢) : V(E) — V(F) on vector bundles, we define det V(¢) = V(det ¢).
By the equivalence of categories from proposition 2.1.5, every morphism
f : E — F of vector bundles over X with rk(F) = rk(F') has a well-
defined determinant det f. There is a wealth of results on determinants,
see for example section 6.4 of [10].

2.3 Ramification and degeneration

We relate the concept of ramification for a morphism of schemes to de-
generacy loci, as the latter are much better suited for our purposes. We
also exhibit the Giambelli-Porteous formula, which will be fundamental
in showing that the theta function n from definition 1.5.1 can be identified
with the determinant of the tangent map of the Gauss map.

Definition 2.3.1. The ramification locus of a morphism of schemes X —
Y is the support of the sheaf of differentials Qx /vy

Let £ and F be vector bundles of rank r and s on a scheme X,
respectively. Let f: E — F be a morphism of vector bundles on X. For
x € X, the map f, : B, — F, is a linear map between finite dimensional
vector spaces and thus has finite rank, the rank of f at x. This allows
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us to consider the locus Ry(f) of points x of X such that f has rank at
most ¢ at = for some ¢ € Z>g. If ¢ > min(r, s), then R,(f) is obviously
all of X.

We show that R,(f) can be given a natural structure of a closed
subscheme of X for all ¢ € Z. Let ¢ € Z and consider the map

q+1 q+1
for: NE=- N\F

induced by f. For a point x € X, it holds that f, has rank at most ¢ if and
only if fy114 is the zero map; the wedge product fu(vi) A--- A fo(vg41)
is zero if and only if f;(v1),..., fz(vg41) are linearly dependent. Thus
Ry(f) is precisely the locus of points € X such that f,;1, is the zero
map. R,(f) is empty if ¢ < 0.

Now we show that R,(f) has a natural closed subscheme structure.
Let Spec A = U C X be an affine open such that E|y and F|y are trivial
and choose bases. Then AT E|y and A\t F|y are trivial of rank 7441
and sq41 respectively, and fy41 |y corresponds to an Tq+1 X Sgy1-matrix M
with entries in A. Let I C A be the ideal generated by the entries of M.
Then M is the zero matrix in A/, so fq is zero everywhere on the closed
subscheme Spec A/I C U, and nowhere else on U. Let SpecB =V C X
be another affine open such that E|y and F|y are trivial, and define the
Tq+1 X Sg+1-matrix N with entries in B similarly to M. Denote by J the
ideal generated by the entries of M. The following easy lemma will help
us along.

Lemma 2.3.2. Let M be an [ x m-matrix and M’ an m x n-matrix with
entries in a commutative ring A. Let I, I’ and J be the ideals generated
by the entries of M, M’ and MM’, respectively. Then it holds that
JcIl-TI.

Proof. Note that (MM’);; is given by

m
(MM')i; = MyMj,;
k=1
and it follows that (MM');; € I-I' forall1 <i <land 1 < j < n. Hence
JcI-TI. d

Let M and N be as before the lemma, restricted to an affine open
SpecC =W C UNYV. The transition maps Aj, — Ay, and Af, — Ajy,
are given by invertible matrices P and () with entries in C, and it holds
that M = P"'NQ. By lemma 2.3.2, it holds that I C J, and writing
N = PMQ™', we also see that J C I. Hence I = .J on the overlap UNV
and it follows that R4(f) is a closed subscheme given by the ideal sheaf
7 locally generated by the entries of matrices defining f. We have the
following definition.
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Definition 2.3.3. The degeneracy locus of rank q of f is the closed sub-
scheme R,(f) of points z € X where f, has rank at most g.

Suppose that r = s. In this case, the degeneracy locus R,_i(f) is
rather special. On affine opens, it corresponds to the vanishing locus of

detf:/T\Eﬁ/T\F,

the determinant of f.

Now let X be a smooth quasi-projective variety over k of dimension
n, 0 < ¢ < min(r,s) and f : E — F as before. The closed immersion
Ry(f) C X defines a group homomorphism A;(R,(f)) = Ai(X) on Chow
groups for all i (see [6], appendix A and [17], tag 02RV). Let d(¢) =

(r—a)(s—q).

Theorem 2.3.4 (Giambelli-Thom-Porteous formula). There is a class
Fq(f) in Ap_q(q)(Ry(f)), such that the image of Z,(f) in A, _q(q)(X) is

det (Csfq*iJrj(F - E))1§i7j§r_q N [X],
where ¢ denotes the Chern class.

Fulton greatly elaborates on this theme in [3], which is the culmination
of much important work on determinants and degeneracy loci. In fact,
this theorem is one of the simplest cases of Fulton’s theorem 10.1. By
theorem 8.2 from [3], if Ry(f) is of codimension d(¢) in X (which is the
case for suitably generic f), then Z, = [R,]. We understand ¢;(F' — E)
to be the Chern class

Ci(F — E) = CZ(F) — CZ(E) = CZ(./_") — CZ(S)

by taking sheaves of sections and using the equivalence of categories of
proposition 2.1.5.

Assume that r = s, ¢ = r — 1 and Z,(f) = [Rq(f)], which will be an
interesting case for the tangent map of the Gauss map. According to the
theorem, the image of [Ry(f)] in A,—1(X) is

(1(F) — ar(E)) N [X].

Let f : X — Y be a morphism of smooth varieties over k of dimension
n. By I1.8.11 from [6], there is the exact sequence

* ¢

Thus the ramification locus of f is the set of points x € X where the
natural map f*Qy ;. — Qx/i, fails to be surjective. Since f*(dy/;, and
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Qx/i, are locally free of rank n, there is a morphism V(¢) : V(f*Qy/1,) —
V(Qx i) of vector bundles over X of rank n. For € X, V(¢), corre-
sponds to

f*QY/k,Z‘ ®OX,z H(IE) ﬁ} QX/k,a; ®0X,z H(:E)a

which is surjective if and only if ¢, is surjective, as Qx/;, , and f*Qyp ,
are flat over Ox . Hence V(¢), has maximal rank if and only if z is
not in the ramification locus of f. Therefore, the ramification locus of f
is precisely the underlying closed set of the degeneracy locus R, _1(¢) =

Rn1(V(9)).

2.4 The Gauss map

The Gauss map is a useful tool in algebraic geometry, because it gives
us an insight into the nature of certain embeddings; particularly so in
the case of projective varieties. In order to define the Gauss map, we
need Grassmannians. A Grassmannian is, loosely speaking, a scheme
representing d-dimensional subspaces of an n-dimensional vector space.
Define a functor GRg,, : Sch®® — Set by

S {FCOF" | OF"/F is locally free of rank n —d},

see [4], chapter 8.4 for a motivation and an elaboration on this definition.
At least note that GRg,(Speck) can be identified with the set {U C
E™ | k™ /U is a k-vector space of dimension n — d}, which is the set of d-
dimensional subspaces of k™. Proposition 8.14 of [4] tells us that GRg,,
is representable for all d,n € Z>1, which justifies the following definition.

Definition 2.4.1. For d,n € Z>1, the Grassmannian GRg, is the
scheme representing the functor GRgj,.

For more on representable functors, see [11], section III.2 on the
Yoneda lemma. Analogously to the definition of a classical projective
space P(V') with V' a vector space as being the one-dimensional subspaces
of V, one would hope that there is a canonical isomorphism GR 41 =
P%, which turns out to be the case (cf. [4] section 8.5). Corollary 8.15
of [4] tells us that there is a finite open covering of GRy,, by schemes
isomorphic to AU~ and that GRg,, is smooth of relative dimension
d(n — d) over SpecZ.

It is a good thing to have these Grassmannians, because they give us
the notion of “linear subspaces” of the affine space AG over an arbitrary
scheme S. Moreover, they allow us to define dual projective spaces in
a natural way. If we set P} = GRy 41, then (P})Y = GR,, 41 i its
dual. For an arbitrary scheme S, we set GRg,, s = GRg, XzS. In case
S = Spec k for some field k, we also write GRg -
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We can further generalize Grassmannians. Let S be a scheme, £ a
quasi-coherent Og-module and m € Z>g. Define a functor GR™(E) :
Schy’ — Set by

(h:T —S)—{FCh*(€)|h*E/F is locally free of rank m} .

By proposition 8.17 in [4], GR™(E) is representable by an S-scheme.

Definition 2.4.2. For m € Z>, the Grassmannian GR™(E) of quotients
of € of rank m is the S-scheme representing the functor GR™(E).

Let P(€) be as in section 2.1. Then for each S-scheme h : T" — S,
an S-morphism 7' — P(&) is given by an invertible sheaf £ together
with a surjective map h*E — L (proposition I1.7.12 of [6]), the kernel of
which is an inclusion F C h*E such that h*E/F = L. Thus we see that
GRY(E)(T) =2 P(E)(T) for all S-schemes T, and it follows that GR!(&)
can be identified with P(E).

Now let f:Y — X be a closed immersion of smooth varieties over k,
with dim X = n and dimY = d. The idea of the Gauss map is to make a
morphism Y — GRy,, 1 by sending a point  to the d-dimensional linear
subspace T,Y of T, X and identifying all the tangent spaces 1T, X. We
have the sequence 2.3 from section 2.1

0 — Ty — Tx ®oyx Oy — Ny, x — 0,

yielding a morphism Y — GR" (Tx ® Oy) of schemes over Y. Regret-
tably, there is no canonical way to define a morphism GR"~4(Tx @0y ) —
GR i involving Ty, unless Tx (or equivalently 2x) is free of rank n so
that Tx ® Oy = (9;‘?”. It holds that

GR" (Tx ® Oy) = GR" 4(0F") = GRyy = GRy i X1Y,

which comes equipped with a natural projection map GRn_d(TX@J(’)y) —
GR i (cf. [4], section 8.7) upon fixing an isomorphism Tx @Oy — (9;‘3".
We end up with the following definition.

Definition 2.4.3. Let f : Y — X be a closed immersion of smooth
varieties over k with dim X = n and dimY = d, such that 2x, is free of
rank n. Fix an isomorphism Tx ® Oy — (’);‘3”. Then the Gauss map of
f is the morphism I' : Y — GRy,;, 1, which is the composition

Y — GR" % (Tx ® Oy) — GRant,

where the first map corresponds to the canonical inclusion 7y — Tx @ Oy
and the second map is the projection map.
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There are two special cases, the first being when d = n — 1 so that
Y is of codimension 1 in X and the Gauss map is a map into (P})Y, and
the second being when d = 1 so that Y is a curve and the Gauss map
is a map into P}}. The first case will be of most interest to us, since the
theta divisor of a principally polarized abelian variety is a subscheme of
codimension 1. Sadly, the theta divisor © of a ppav is not always smooth,
in which case we only get a morphism from the smooth locus ©° of © to
dual projective space.

Suppose that we are given a closed immersion f : Y — X of smooth
varieties over k with dimY = d, dim X = n and Qx;, free, with a Gauss
map I' : ¥ — GRgy, k. It is good to check that I' does what it is
supposed to do at k-valued points, namely embed a tangent space of Y
at  in the tangent space of X at x, which gives a point in GRy, y (k)
and thus in GRgpnx(k). Let z € Y (k). Then Ty, ®oy, x(z) = T,;Y and
(Tx ®ox Oy)s ®ox, k(T) = Tx e ®ox , k(r) = T X are k-vector spaces
of dimension d and n, respectively. Therefore the injective map Ty —
Tx ®o, Oy of locally free sheaves gives an injective map 1,Y — T, X
of k-vector spaces and we might just as well think of it as an embedding
T,Y C T,X. This embedding defines a point (z,p) of GRg,, v (k), the
projection of which is just p, so I'(z) = p.

The current definition of the Gauss map comes at a fairly steep price;
even most smooth varieties have sheaves of differentials that are not free,
projective space being a prime example. Luckily the above definition can
be fixed to include the case X = P}, such that the Gauss map exists for
all smooth projective varieties.

Set X = Projk[Tp,...,T,] and let L = V(Ox(1)) be the tautological
line bundle over X (cf. [10], example 1.19). Its trivializations are over
the standard opens U; = D (T;) C X, for which we have

L|y, = Speck [%’, ces %} T3],

with obvious isomorphisms ¢; : L|y, — A%]i. For i,j5 € {0,...,n} with
i # 3, let Uy = U;NU; and A%]i = Spec Ox (U;)[T]. The transition maps
Gij - Alljij — Alljij are given by the linear automorphism 7" — %T
Let M be the G, ;-bundle associated to L, so that
M|y, = Speck [TO &} T3, T,

le » Ty

It will now be shown that M is actually isomorphic to affine (n+ 1)-space
over k with the origin removed. Let

X' = A\ {0} = O D(Ty)
i=0
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be this scheme, where the D(T};) = Speck[Ty, ..., Ty, T; 1] € AP are
basis opens. We get isomorphisms ¢; : M|y, — D(T ), where

D(T;) = Speck[Ty, ..., Tn, T, '] C X',

given by Tl 2 for I # ¢ and T; — T;. Restricting 1; to U;;, we see
that T '—> becomes invertible, so ¥;|y,; maps into D (T;) N D4 (Tj) =
D+(TT) Moreover it is easy to see that VYilu,;, = Vjlu,;dij- By the
gluing lemma (cf. [6], exercise 11.2.12), we get an isomorphism M —
X'. This shows that the projection M — X can be identified with the
canonical surjection 7 : X’ — X from remark 3.15 in [4]. This allows
us to think of points in P} as one-dimensional linear subspaces in AZ“
with the origin removed, just as in the classical construction of projective
space. Let Y =Y x x X’ so that we get a pullback diagram

Y/ i’ X/

wl | Jﬂ

Yy —X > X.

Since closed immersion are stable under pullback and the inclusion ¢ :
Y — X is a closed immersion, i’ : Y/ — X’ is also a closed immersion.
Furthermore, X, X’ and Y are smooth over k, so Y’ is also smooth over
k by proposition 6.15 of [4]. Note that dimY”’ =d + 1 and

Txr = Tynt1| = O@nH
kX7

since X' A"H is an open subscheme and the tangent sheaf of AZ“ is
free of rank n+1 Hence the inclusion i’ : Y’ — X’ meets the requirements
of definition 2.4.3 and yields the Gauss map I : Y' — GRgy1 415 It
remains to show that I' factors through my. Let z,y € Y’ such that
ny (z) = my(y). As Y’ is a Gy, ,-bundle over Y, we can choose an affine
open neighbourhood U C Y of 7y (x) such that Y'|y = U xj, Gy, i, and
the map U — Gy, given by u +— 1 defines a section s|y : U — Y'|y. We

get a commutative diagram

Yl —— GRus1mi1k X6(U Xk Gpg)

slzﬂmu Jp

pyslu
U———GRgi1ny1k xxU
GRGt1,n41,ks
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where the square (without s|y7) is cartesian and any composition of arrows
Y'ly - GRyt1n41% s I'|y. Thus we have I'"(z) = T'(y). Hence I
factors through my, yielding I : Y — GRg11 41,4 Intuitively, I' assigns
to each k-valued point = € Y (k) the d-dimensional projective tangent
space of that point in P} (k).

Definition 2.4.4. The Gauss map of a smooth closed subvariety Y of
P of dimension d is the map I' : Y — GR g1 n41,1 constructed above.

Let f : Y — X be another closed immersion of smooth varieties over
k with dimY = d, dim X = n and {x/;, free. Then f has a Gauss map
'Y =GRy Let £ =Tx ®0, Oy. We get an exact sequence

F*QGRd,n,k /k — QY/k; — Qy/X — 0,

where the first arrow defines a map dI' : T(Y') — I'*T'(GRg,, ) of vector
bundles over Y, which is subject to the Giambelli-Porteous formula. This
will be useful, provided that we can figure out more about I'"T'(GRg,, k)
The Gauss map I' is the factorization

v L PE) - GRyp,

where the first map is the morphism g : Y — P(€) given by the surjection
E— Ny/X (see section 2.1), and the second map is the projection map
GRy,y — GRg,  after identifying P(£) with GRg v, using the fact
that £ is free. The diagram

P(E) — GRd,n,k

P

Y ——— Speck

is a pullback diagram (not considering g), so in particular it holds that
Tr*QGRd,n,k k= Qpe)y- At the end of section 2.1, we showed that
g peyyy =Ty ® Nl\,//X, so it also holds that

T QGR, /b = 9T QGR 0 k= 9 o)y = Ty @ Ny x-
It follows that I"T'(GRan k) = V(Ty /i ® X\///X) =T(Y)V @ N().

Lemma 2.4.5. If dimY =n — 1, then dI' determines a global section o
of the invertible sheaf (Ox (Y)|y)®" 1.

Proof. Assume that dimY = n — 1. Then it holds that dI" : T'(Y) —
T(Y)Y ® N(Y) is a morphism of vector bundles of rank n — 1, corre-
sponding to the morphism

¢ Ty @Ny x — Qv
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of locally free sheaves of rank n — 1, so it has a determinant det ¢. We
denote det dy/;, = wy ;. Then

det (Ty/k ® /\/%X> =det Ty, ® (N}\///X>®"—1 _ mv//k ® (N}\f//x)®"_1 )

so, after tensoring with the appropriate invertible sheaves, det ¢ can be
seen to define a map

n—1
OX—“"Y/k N)@/X ;

and we may identify det ¢ with the image of 1 in wY Ik ® N, ®/7;( ! which

is a global section. Applying corollary 6.4.2 in [10] to the exact sequence
2.2

gives

det (Z/Z%) @ det Qy ), = det (Qx, ® Oy) .
As Q. is free, it follows that Qx/, ® (’)y is free and det (Qx/k ® Oy) =
Oy . Furthermore, det (Z/Z?) = Z/7*% = Y/X Hence
N)\///X ® Wy /k = Oy.

It follows that wy/, = Ny, x. Since f:Y — X defines a smooth divisor,
it holds that O(Y) is an invertible sheaf on X and its dual Z = O(-Y)
is the ideal sheaf that gives the exact sequence

0—7— Ox — Oy — 0.

It holds that N,y =Z/T° 2T @0, Oy = O(-Y) ®oy Oy, so Ny, x =
(Ox(Y)|y). Hence

Y/k ®N®n 1 NN®n+1 ~ (OX(Y)|Y)®n+1

and thus det ¢ determines a global section ¢ of the invertible sheaf
(Ox(Y)|y)®"*! the vanishing locus of which consists precisely of the
points y € Y such that det ¢, is the zero map. O

Corollary 2.4.6. The vanishing locus of ¢ is the ramification locus of
the Gauss map.

Proof. 1t follows from section 2.3 that the vanishing locus of ¢ is actually
the degeneracy locus R,,_o of dI', which in turn is the ramification locus
of I. O
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The Giambelli-Thom-Porteous formula 2.3.4 gives that the image of
[Rn_g] in An_l(Y) is

()" @ N(Y)) —er(T(Y))) N[Y].

Using the properties listed in section 3 of appendix A in [6], it holds that
c(T(Y)) = a(T(X)ly) — crl(N(Y)), so

a(T(Y)'@N(Y)) = a(l)’)+(n-1)ea(N(Y))
= a(NY)) —a@X)ly) + (n = Der(N(Y))
= nc(N(Y)) — e (T(X)]y).

As T(X)|y is a trivial bundle, it holds that ¢1(T'(X)|y) = 0. Tt follows
that the image of [R,,—2] in 4,,—1(Y) is

((T(YV) @ NY)) —a(T(Y)) = na(N(Y)) —a(T(Y))
= (n+De(NY)).

Returning to locally free sheaves, we have c1(N(Y)) = ¢1(Ny)x). Hence
the image of [R,_2] in A,—1(Y) is

(n+1)c (Ny/x) =C (_/\/'3(?/’;‘1) = ((OX(Y”Y)@nJrl) .

If f:Y — X is a closed immersion such that (2x/; is free but Y is
singular, not all is lost. The smooth locus Y? is open and dense in Y by
corollary I1.8.16 of [6]. Let S =Y — Y be the singular locus of ¥ and
X'= X —S. Note that X’ is open and dense in X, so Qx//, = Qx| x/
is free. Then

Y  — Y

f ’l lf

X — X

is a pullback diagram, so f’ is a closed immersion and has a Gauss map
I':Y® — GRg k, which defines a rational map I' : Y — GRg 5, . In this
case, lemma 2.4.5 gives a rational section o of (Ox(Y)]y)®" !, defined
at least at Y.

2.5 On n and the Gauss map

Let (A, ©) be a principally polarized abelian variety of dimension g over
C. The embedding i : © — A is a closed immersion, as © is an effective
Cartier divisor. The smooth locus ©° is open and dense in © and the
singular locus S = O \ ©7 is closed in © and hence in A. Thus we have
that

i' 0% — A\ S,

34



the pullback of 7 along A\ S — A, is a closed immersion. Moreover, the
tangent sheaf T4 of A is trivial by proposition 1.1.8, so i has a Gauss
map I' : ©° — (}P’%_I)V on the smooth locus ©° of ©. From the previous
section 2.4 we have I'*T'(X) 2 T'(0°)Y ® N(©%) and a global section o of
the invertible sheaf (04(0%)|gs)®9"! coming from det dT.

The theta function n from definition 1.5.1 is only defined on the mani-
fold Ay, of C-valued points. We will now show that it corresponds exactly
to the determinant of dI' restricted to C-valued points, at least on the
smooth locus of ©. From now on, we consider only the complex analytic
version of all geometric objects, and we will just write A and © instead
of Aj, and O to ease the notation. Thus we have A = C9/(Z9 & 779)
for some 7 € Hy, and © is the zero locus of the Riemann theta func-
tion 6(, z) for the fixed 7. Furthermore, we have natural isomorphisms
T,A = CY9 for all z € A. For improved readability, we shall write 6;
instead of 3—2(7). Choosing standard coordinates (z1,...,z2,) for A9, we
get an identification (P9~!)V — P9~! sending a hyperplane in A9 with
equation ) a;z; = 0 to the point (a; : --- : ag). We now think of I' as
a map ©° — P97 using this identification; we saw in section 2.4 that
I' sends a point x € ©° to the embedding T,,0° C T,A, which is the
hyperplane in C9 defined by the equation

g
Z 0i(x)z; =0,
i=1

hence I'(z) = (01(z) : -+ : §4(x)). Note that we’ve chosen local coordi-

nates for A around z, so there is an open U C A and a map ¢ : U — AY
that is just the identity on U, which follows from the fact that A9 is the
universal covering space of A. The normal bundle N (0¢%) becomes trivial,
because we have chosen the local defining equation 8 for ©. Hence we now
have I*T'(X) = T(©%)V. Let 2 € ©%. Then dI', : T,0°% — Tp,,)(P9 1)
is a map between (¢ — 1)-dimensional C-vector spaces. Define a map
I:A9 — A9 by
Y (01(9),- -, 0y(0)

and let 7 : A9\ {0} — P9~! be the usual canonical projection. Note that
['¢ restricted to U N ©° is actually a map into A9\ {0}. Hence T factors
as 7'¢ on U N O Tt holds that the tangent map of ¢ is the identity
on all tangent spaces. The following lemma is a well-known result from
differential geometry.

Lemma 2.5.1. Let f : C9 — C9 be given by y — (fi(y),..., fn(v))
with the f; : C9 — C holomorphic for all ¢. Then the tangent map
dfy : C9 — 9 is given by the Jacobi-matrix

Ofi
0z; i, ’
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evaluated at y.

For y € A9, lemma 2.5.1 gives us that dfy : C9 — CY is given by the
Jacobi-matrix of (1, ...,0,) evaluated in y, which is actually the Hessian

H(y) = (822692]‘ (T’ y)> ij

of O(1,y). Now all that remains to understand dI'; is the tangent map
dr. Let y € A9\ {0}. Considering y as a point in C?\ {0}, we get a linear
subspace Cy C CY, which defines the point w(y). The tangent space
Tre(yyP~! can then be identified with Home (Cy, CY/Cy) according to [4],
section (8.9). Hence dm, : CY — Homc(Cy, C9/Cy) is the canonical map
v+ (y — 0), or equivalently dm, : C¢9 — C9/Cy given by v — 0.

Now let v € T, A be a point that is contained in the subspace T,0° C
T,A. Then d¢,(v) = v, dl'w(v) = H(z)v and de(x)(H(x)v) = H(z)v,
which ultimately shows that

dT,(v) = H(z)v € C9/CI(x).

There is an obvious isomorphism C9/CT(z) — (T,0%)Y given by o
(w +— fww), which is well-defined since T'(z)w = 0, viewing w as vector in
CY9. Hence we have not only a linear map dl',, : T,0° — (7,,0%)Y, but even
a symmetric bilinear form T,0°% x T,,0% — C, given by (v, w) — WwH (x)w.
Note that detdl’, = 0 if and only if this symmetric bilinear form is
degenerate. The following lemma gives a geometric interpretation of this
last statement. Let *: CY\ {0} — P9~! denote the usual projection map.

Lemma 2.5.2. Let a € C9\ {0} and H € Mat(g,C) a symmetric matrix
with associated quadratic form g on C9 and associated symmetric bilinear
form B : C9 x C9 — C. Let L = {z € C9 | 'az = 0}. Then L is a
hyperplane in P91, Let Q = {# € P9~ | ¢(2) = wHz = 0} be a quadric
in P9~1. Then the following are equivalent:

1. The hyperplane L is tangent to Q.

2. It holds that
det( {{ N ) =0.
a

3. The quadric LN Q in L is singular.

4. The symmetric bilinear form B|r ., is degenerate.

Proof. Note that L and @ are tangent if and only if there exists a nonzero
p € CIsuchthat p € Qand L = {G € P9~ | {gHp = 0}. This is equivalent
to p satisfying (i) Hp = Aa for some X\ € C, (ii) lap = 0 and (iii) pHp = 0,
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but (i) and (ii) together imply (iii), so we can drop (iii). Then (i) and (ii)
can be stated together as

(£3)(5) -

which means that the matrix has a nontrivial kernel, or equivalenty zero
determinant. Hence 1. and 2. are equivalent.

Statements 3. and. 4. are equivalent by definition. The symmetric
bilinear form B|rs is degenerate if and only if there exists a p € L
such that ‘gHp = 0 for all ¢ € L, but this is equivalent to 1. The result
follows. O

Even though there is no obvious extension of I' to U, we do have the
map 1) = LI'¢ given by z — (01(x),. .. ,04(x)), with the corresponding
tangent map T A — Ty )AY given by v +— H(z)v upon identifying 7, A
and Ty,,)A? with CY. For x € U, we get a bilinear form B, : C9 x C9 —
CY, given by (v,w) — vHw.

Write df for the column vector with entries 6;. We have the hyper-
plane L = {z € P91 | {d0x = 0} = P(T,,0) and the quadric Q = {(z €
PI=1 | 'y Hx = 0} in P(T,A) = P9~!. Lemma 2.5.2 yields that for x € ©%,

_ H(x) df(x) \ _
n(:v)—det( () 0 ) =0

if and only if B,|p,esx7,0s is degenerate, the latter being the case if and
only if det dT';, = 0. It follows that n(z) = 0 if and only if o(z) = 0, where
o is the section from lemma 2.4.5. It follows that there is an invertible
global section a of Ogs such that n = ao. We can’t expect the global
sections of Ogs to be precisely those of Og, so it’s good to know that a
generic principally polarized abelian variety has a smooth theta divisor.
See section 3.1 for details. Henceforth, assume that ©° = ©. Then
© — A — SpecC is a composition of proper morphisms and therefore
proper, so it follows that I'(©, Og) = C by corollary 3.21 from [10]. Hence
a € C* and n and o differ by a nonzero scalar. Thus ¢ also defines a theta
function on ©. This is pleasing, as ¢ is defined more intrinsically than n
as the determinant of the tangent map of the Gauss map, which exists
for all closed immersions Y — X over k with codim(Y, X) =1 and Qx/y,
free.
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3 Singularities of theta divisors

In this chapter, we further develop the framework of complex abelian
varieties by defining and studying the moduli space A, of principally
polarized abelian varieties. This moduli space is of great interest in many
different areas of mathematics, and it is worthwhile to learn more of its
geometry. We will turn our attention to the locus 6,,; C A, of ppav’s
(A, ©) such that © is singular at a point of order 2. We prove the main
results of this thesis in the final section.

3.1 The moduli space A,

Principally polarized abelian varieties are essentially parametrized by the
Siegel upper-half space Hy, as observed in section 1.4. Given 7 € H,, we
get a g-dimensional principally polarized abelian variety A = C9/(Z9 &
TZ9) together with a symplectic basis of the lattice A, = Z9 @ 7Z9. Since
we would like to describe principally polarized abelian varieties without
being stuck with a choice of basis, we have to pass to an appropriate
quotient of Hy. Remember that J is the matrix

J:<_01 3)

Let A = V/A be an abelian variety with principal polarization H. Sup-
pose that 7,7" € H, are such that E is given by the matrix J with respect
to both associated symplectic bases. We have the following commutative
diagram

Suppose that we have an automorphism f : C9 — C9 that induces a
Z-linear isomorphism A, — A, given by A € Mat(2g,Z). Then the
isomorphism given by A commutes with the diagram if and only if

J(Av, Aw) = (Av)J (Aw) = VAT Aw = wJw = J(v, w)

for all v,w € A,, that is, J = ‘AJA. The 2g x 2g-matrices with this
property form a multiplicative group.

Definition 3.1.1. The symplectic group Sp(2g,7Z) is the multiplicative
group consisting of 2g x 2g-matrices A € Mat(2g, Z) such that ‘AJA = J.
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Let f be an automorphism of CY that induces an isomorphism A, —
A, given by a matrix A € Sp(2¢,Z). For all p,q € 79, it holds that

/
flp+1q)=A (p> = (p,> =p +74q,
q q
where p/, ¢’ € Z9. Thus it holds that
(1 T’) =f (1 7’) AL

Upon transposing, this becomes

(2)- (s

We have the identity —J = (fAJA)™1 = —A~1J'A~L. Letting A = (25),

this yields
A4l = _JAT = < d _C> ,
—b a

and so we have

1\ [(d —c\/[1 t (d— eT)Yf

) \=b a T " \(=b+an)lf )"
Hence tf = (d — br)™! and 7/ = (=b + a7)(d — c7)~!, which defines an
action (A, 7) + (=b+at)(d — cr)™t of Sp(2¢,Z) on H,. Two matrices
7,7 define the same principally polarized abelian variety if and only if

they are conjugate under this action. To polish things up a bit, note that
the map A — tAt with
L <1 0 >
0 -1

defines an automorphism of Sp(2¢g,Z). Composing the action with this
automorphism yields (A4, 7) — (a1 + b)(cT + d)~!, which is the action we
will use to define A, (see proposition 7.1 in [2]).

Definition 3.1.2. The coarse moduli space of ppav’s is the quotient
Ay :=Hy/Sp(2g,Z) of the action of Sp(2g,Z) on H, given by

<CC‘ Z) 7= (ar + b)(cr +d)L.

The described action of Sp(2g,Z) on Hj is properly discontinuous ac-
cording to proposition 7.3 in [2], which makes A, into a complex analytic
space by theorem 7.2 from [2]. Unfortunately, it is not compact and
therefore the techniques of section 1.2 do not apply. There is, however,
an algebraic version of 4, that corresponds to the one just defined.
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Definition 3.1.3. Let F' : Sch — Set be a contravariant functor. A
coarse moduli space for F' is an object X of Sch together with a natural
transformation p : F' — hx, where hx is the functor of points, such that

1. for all schemes Y, any natural transformation v : F' — hy factors
through p (the pair (X, p) is initial among such pairs) and

2. if P is a one-point scheme, then the map
u(P) : F(P) > hx(P) = X(P)
is a bijection.

Usually, F' assigns a set of geometric objects to a scheme S, as is
the case for the moduli space of ppav’s. The notion required is that of
principally polarized abelian schemes, which we will not define rigorously
here; a principally polarized abelian scheme over S may be thought of as
an S-scheme A such that the fibers are ppav’s. Let F' : Sch — Set be
the functor sending a scheme S to the set of principally polarized abelian
schemes over S (without going into details, it holds that abelian schemes
are stable under pullback, so that F' can be seen to be contravariant).
Then F' has a coarse moduli space, denoted by A,. It is, in some sense,
the best scheme to represent F', and Ay(C) is the analytic version of A,
from definition 3.1.2.

For a generic ppav (A4,0) € Ay, the theta divisor © is smooth. The
locus Ny C A, consisting of pairs (A4,0) with a singular theta divisor
defines a divisor of A4, which has two irreducible components 6,,,; and
N{ (cf. [14], page 21). It is important to get a better understanding of Ny
in order to fully understand the space A,. We will do this by restricting
our attention to the component 6,,,;;.

Definition 3.1.4. A theta constant is a function Hy; — C which is the
restriction of the theta function 6 [§] : Hy x C9 — C to HY x {0}.

An even (respectively odd) theta constant is the theta constant of an
even (respectively odd) theta function. Because an odd theta function is
odd as a function of z, it vanishes at all points (7,0). We now want to
consider the zero locus 6, of the product of all even theta constants,
which lives on H,. For 7,7" € Hy that are conjugate under the action of
Sp(2g,7Z), it turns out that 7 € O,y if and only if 7/ € O, SO Opuy is
well-defined on A, (cf. [5], pages 5-6).

Definition 3.1.5. The theta-null divisor 0, is the image in A, of the
zero locus of the product of all even theta constants.

For (A, ©) € 0,1, it holds that © contains a point x of order two. It
is easy to check that x is singular in ©, simply by showing that the partial
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derivatives of  are zero at x. Let H [§] (7, z) be the Hessian of 0 [§] (7, z),

the g X g-matrix whose entries are the second order partial derivatives of

6 [§5] with respect to zj, if we let z = (21,...,24). For 0 < h < g, define
Onun = {7 € Hy | 3[§] even: 0[§](7,0) = 0, rk (H [§](,0)) < h}.

nul

Naturally, it holds that

0 1 -1
gnull C enull c---C 0 - efm” = enullv

null

and it is shown in [5] that the 67, are well-defined on A4, which is where
they will live from now on.

3.2 Partial toroidal compactification

In the previous section we have defined the coarse moduli space A, of prin-
cipally polarized abelian varieties, but this space is not compact. Hence
whenever we study a “continuous” family of principally polarized abelian
varieties of dimension g (e.g. a curve in A,), we are bound to approach
an object which is not a g-dimensional abelian variety, but rather a de-
formation of an abelian variety. Including these in the moduli space will
make life a lot easier, which is precisely what we will do in this section:
we give a partial compactification of Ay, which then allows us to study
Onun at the boundary 0.A, of this compactification. This will lead to some
interesting conclusions in the next section.

A very important compactification of Ay is the Satake compactifica-
tion A7, which set-theoretically consists of

g
A =T A

i=0
The closure of each A; C Aj is homeomorphic to A7, and A7 itself
is a projective variety, containing .4, as an open subset. However, we
will not be studying the Satake compactification, but merely the partial
toroidal compactification j;, which is not actually compact, but “com-
pact enough” for our purposes. It is a blow-up of A, LI A,_1 along A,_1,
which set-theoretically amounts to

Ay = A, LA,

and there is a natural surjective morphism p : X; — Ag U Ag—1 which
is the identity on Ag. The boundary 0.A, consists of so-called rank 1
degenerations of g-dimensional ppav’s. Let’s make this precise, following
the steps on pages 3 and 4 of [14].

(1) Let (B,=) € Ay_1 be a ppav with theta divisor Z.
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(2) Let G be an algebraic group that fits in an exact sequence
0—G,, —G—B—0

of algebraic groups that splits locally.

(3) Consider G as a G,,-bundle over B and take its associated P!-bundle
7 : G — B as in section 2.1. Now there are two canonical sections
of m, one sends every point x € B to 0 in 7~ !(x) = P} and the other
sends z € B to oo € 71 (z). Let Gy and G, be the images of these
sections, respectively. Then G = G\ (Go L Goo).

(4) We obtain a variety G by gluing Gy and G with a translation
by a point b € B. This variety G is then a rank 1 degeneration
of a g-dimensional ppav, and it comes equipped with a divisor D.
Hence we have defined what a pair (G, D) € A, looks like, to some
extent. For the algebraic details of this, see [14].

The important thing to note in the above construction is that rank
1 degenerations (G, D) are defined by exact sequences as in step (2). It
holds that equivalence classes of such sequences yield the dual abelian va-
riety B® of B by theorem 8.9 of [12]. However, two different sequences may
give rise to the same G; this turns out to be the case precisely when the
two sequences differ by an automorphism of (B, Z). Hence the projection
map p : 0A; = Ay_1 has B/ Aut(B,E) as fiber over (B, E), since B is
principally polarized and therefore B = B!. The automorphism group of
a generic (B,Z) € A,_1 is {£1}, so its fiber 77 1(B, Z) is B/{%1}, which
is called the Kummer variety of B. Moreover, proposition VIL.8 from [9]
tells us that Aut(B, Z) is always finite, so each fiber has dimension g — 1.
It holds that dim A, = (g — 1)g/2, so

dim@Ag:w+g_1:w

5 5 =dim A4, -1,

as we would expect. Note that each fiber B/ Aut(B,E) also inherits a
divisor, Z/ Aut(B, E).

A pair (G, D) € 0A, can also be described analytically as a degener-
ating family of abelian varieties (A(t), ©(¢)) with period matrix 7(¢) such

that )
T w

ast — 0, where 7/ is the period matrix of p(G, D) = (B,Z) and w € CI~1.
Hence G is given by the pair (7/,w). The divisor D is given by the zeroes
of the function

O((r',w), (2, 2)) = 0(r",2") + ¥™20(", 2 + w),
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where 0(7/, 2) is the Riemann theta function of genus g—1, z = z, defines
the algebraic coordinate e?™* of G,,, and 2’ = (21, ..., Zg—1) is the analytic
coordinate on B for a local trivialization G = U x G, (cf. [14]). On the
algebraic group G, there is an involution p given by (2/, 2) — (—2'—w, —2),
indeed

(-2 —w,—2) = (—(=2 —w) —w, 2) = (¢, 2).

Then D N G is symmetric with respect to p, since
0((7\w), (=2 —w,—2)) = 0(r,—2 —w)+ e =9(r', —2)
= 0(1, 2 +w) + e ™=0(r, )
and
0(r,2 +w) +e2™0(1,2) =0 <= 0(1,2) = —*™0(7', 7 + w)
— 0(¢,2)=0.

Note that p has a typical fixed point (—w/2,0). The partial derivatives
of 6 are

00(%, z) _09(', ) N A0(1', 2 + w)

3,2]' sz 8,2]' =J1=9
26(7', z)
U )

Let b be the image of w in B. It follows that G N D is singular at (2/,a)
with @ € C and p = 2/ in B if and only if p,p + b € Z and either
1,2 = Tp4= or both p and p + b are singular points of Z. Thus the fixed
point (—w/2,0) of p is a singular point of D if and only if

0(—w/2,0) = 0(1', —w/2) + 0(7",w/2) = 20(7",w/2) = 0

and either T_; o= = T} o= or = is singular at —b/2 and b/2, but either
of the latter conditions always holds because = is symmetric. Hence D is
singular at (—w/2,0) if and only if /2 € =.

Therefore, it makes sense to define a locus 25(Z) = {(7/,2z) | z € Z}
of rank 1 degenerations of abelian varieties in the fiber p~!(B, Z). In [14],
it is shown that

enull N a-/49 = U 2B(E) U p_l(enull,g—l)v
(B,E)eAy_1

which describes the closure of 0,,,,;; completely in terms of abelian varieties
of rank g — 1, the usefulness of which is immediately apparent. We will

use it to show the existence of a point in (6, \ 97%;[11) N9dAy. From this
it follows that Qi;lll C Onair, since if GfL;lll = Opun in Ay, then surely their
closures in the partial toroidal compactification A, U0d.A, would coincide.

This is a clear example of the use of a good compactification.
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3.3 Theorem (Grushevsky-Salvati Manni)

In this final section, we combine the properties of the boundary 0.4, from
section 3.2 and the theta function n from sections 1.5 and 2.5 in the form
of a proposition and a theorem, which is theorem 3 of [5].

Proposition 3.3.1. The codimension of the locus 97}1‘”” in Oy NOAy is
at most (g — h)? if it is nonempty.

Proof. Let 6(7/, z) be the Riemann theta function of dimension g —1. Let

X = U 253
(B,E)eAgy_1,
= smooth

and consider 6" , N X. As 2p(Z) has codimension 1 in the fiber over
(B,E), and the theta divisor of a generic abelian variety in Ag_; is
smooth, it follows that dimX = dimdA, — 1 = dim(,u N dA,), so
it suffices to prove

codim (qu” nX, X) < (g—h)>

Let H(7',2") be the Hessian of 6(7',2) and df(7', 2’) the column vector
consisting of its first derivatives. Then the Hessian of 6((7/,w), (¢, 2)) is
given by

omiz [ H(T',2/ +w) 0 . H(7, 2" do(r', 2 + w)
¢ 0 0 Wo(r', 2 + w) 0 ’

which evaluated in (—w/2,0) becomes

(30) (B 5.

using the fact that the Hessians are equal at —w/2 and w/2 as E is
symmetric. Since we are only interested in the rank of this matrix and
the first term of the product is obviously invertible, we define

, [ H(T w/2) dO(T',w/2)
M(7,w) = < 4o (r',w/2) 0 ) '

Hence (G, D) given by (1,w) € 25(E) C X is in the closure of 0", if
and only if the rank of M (7/,w) is is at most h. Thus far, we did not use
the fact that = is smooth. The Hessian H(7',w/2) defines the tangent
map dl'y : T,Z — (T,Z)" of the Gauss map I' : = — P9=2, where z is the

image of w/2 in Z. The ranks of M = M (7',w/2) and dI'; are related.
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Let H = H(7',w/2) and df = df(7',w/2). Furthermore, let (z/,2) €
CY with 2’ € C97! and z € C. Then it holds that

(2,7) € ker M <= H2' = —dfz and 'd§z' = 0
— 7 eT,Zand HZ € C-df
= 7' € kerdl',.

It follows that dimker M = dimker dI';, and so rk(M) < h if and only
if rk(dl';) < h — 1, or equivalently if and only if x is in the degeneracy
locus Rj,—1(dI") as in definition 2.3.3. Thus we have

0 N 25(2) = 25(Ry_1(dT)),

seen as a subscheme of =/ Aut(B, Z) in the same way as 2p(Z). According
to theorem 8.2 of [3], each component of Rj_1(dI') has codimension at
most (g — h)? in Z. Hence it follows that

codim (eh  N25(2),2/ Aut(B, E)) < (g — h)2.

nul

This ultimately yields that Hfm” N X has codimension at most (g — h)? in
X, as claimed. O

We have an easy corollary. Let X be as in the proof of proposition
3.3.1 and 2p(Sing(=)) = {(7,2z) | € Sing(E)}, where Sing(Z) is the
singular locus of the theta divisor Z of the ppav B with period matrix 7’.
Note that codim(2p(Sing(Z)),2p(E)) = codim(Sing(=2), E).

Corollary 3.3.2. Assume that g > 2. Then

0L NOA, C U  2s(Sing(®)
(B,E)eAy_1,

= singular

Proof. Let (7,w) € 25(Z), such that Z is smooth at the image b/2 of
w/2. Then it holds that df(7',w/2) € C9~! is a nonzero vector. It follows
from elementary linear algebra that rk(M (7', w)) > 2. Hence

(7 w) ¢ G}WH.

Thus, letting (7/,w) € 6! , N 0A,, it follows that = is singular at the

nul

image b/2 of w/2. Hence (7/,w) € 2p(Sing(Z)), as was to be shown. [

While not particularly thrilling for large g, this corollary might be
interesting for small g. The main result we want to prove is the following.
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Theorem 3.3.3 (Grushevsky-Salvati Manni).

-1
09 C Opun-

null =

Proof. From the proof of proposition 3.3.1, we have

OZull N QB(E) = Rh_l(dF)

for generic (B, =) € Ag—1, where Rj_1(dl') is the rank h — 1 degeneracy
subscheme of dI', with ' : & — P972 the Gauss map. For h = g — 1, we
get Ry_o(dI'), which is the ramification locus of I'. By corollary 9.11 in
[8], the Gauss map is generically finite and dominant, so in particular it
does not ramify everywhere. Hence

9 NXCX  and 69, S0 ..

null

The desired result follows from the observations at the end of section
3.2. O
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