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Introduction

This work deals with the problem of compactifying the Picard scheme of a semi-stable,
reducible curve defined over a field k.

Let X — Speck be a projective curve over a field k, that is, a projective scheme of pure
dimension 1 over Spec k. The relative Picard functor is defined by:

. PIC(XT)

P : (Sch /k)°P — (Sets), T — ———.

1ICx /k (Sch /k) (Sets), PicT
In the case of a smooth curve X/k with X (k) # 0, this functor is represented by a
k-scheme Picy;, called Picard scheme, which is proper over k. This is not the case
in general when X is a singular curve. Then, when the relative Picard functor is rep-
resentable, a compactification Picx/, of Picx/;, can be achieved by “adding points” to
Picy g, i.e. allowing more general sheaves than just invertible ones.

In 2001 Esteves constructed in [2] a compactification of the Picard scheme of a projective,
flat family of geometrically-reduced and connected curves X — S, using torsion-free rank
one sheaves. These sheaves were only defined for curves over fields as invertible sheaves
degenerating at the singular points; the compactification constructed by Esteves is based
on coherent sheaves on X xg T, flat over T, whose fibres over T are torsion-free rank
one.

In this work we consider the case of a semi-stable reducible curve X over a field k
of genus 1 with two nodal singularities, given by two copies of the projective line IP’,I§
meeting at two distinct points. Our aim is to give a definition of torsion-free rank one
sheaf on the base change X xj S for any k-scheme S. We show that with such definition,
these sheaves yield an algebraic stack T over (Sch /k)fpps. We then consider the open
substack T/ C T of simple torsion-free rank one sheaves, following Esteves. The rigidified
version of the algebraic stack T’ contains the stack of rigidified invertible sheaves as an
open substack, and we show that it is representable by a scheme T" which has an open
covering by copies of the original curve X.

Chapter 1 starts with the definition of torsion-free rank one sheaf on Xg for any k-scheme
S. An Oxg-module is said to be torsion-free rank one if: a) it is of finite presentation,
b) it is Og-flat, c) it is invertible on the smooth locus of Xg, d) calling j : X" — Xg
the inclusion of the smooth locus, the map F — j,j*F is S-universally injective. The
two main results in the rest of the chapter are the following:

e Prop. 1.2.5: we show that for a particular finite map fg : Xg — IP’ls, an Ox,-
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module of finite presentation F is torsion-free rank one if and only if its push-
forward fg.F is locally free of rank 2, plus a condition assuring that F has the
correct rank on the components of Xg.

e Prop. 1.2.8: we give a proof of the already well known fact that a torsion-free rank
one sheaf on X is a pushforward of an invertible sheaf from a partial normalization
of X - where by “partial” we mean a normalization at either two, one or no singular
points.

In chapter 2 we make torsion-free rank one sheaves into a fibred category T over
(Sch /k) fpps. Using Prop. 1.2.6, we prove that T is an algebraic stack. So there is
a smooth surjective morphism T — T, where T is some k-scheme.

In chapter 3, we define the stack T/ C T of simple torsion-free rank one sheaves - those
whose fibres over the base scheme have one-dimensional endomorphism ring - and a
particular open substack of it, which we call T. We give an action of Z x Z on T’ and
show that the translates of T? via this action cover the stack of simple torsion-free rank
one sheaves T'. After conveniently rigidifying all our stacks at a smooth point € € X (k),

we build up some machinery in order to prove the main theorem: inspired by the fact
(1)

that an elliptic curve E over a field k is isomorphic as a scheme to PicE/k,

and using a
similar method for the proof as in Katz and Mazur [8], we show that:

Theorem. 3.4.6 The rigidified stack T? is isomorphic to the scheme X.

It follows that T. is representable by a scheme 7" which is covered via open immersions
by copies of the curve X. The forgetful functor 77 = T. — T’ provides the surjective
smooth morphism of stacks sought for.

As a final note, I will remark that at the moment of writing I was not aware that Ngo
and Laumon used torsion-free rank one sheaves in the context of the Hitchin fibration in
their work on the Langlands-Shelstad Fundamental Lemma. They start from a smooth
connected curve C and give an equivalence of categories between vector bundles of
degree n on C endowed with a twisted endomorphism, and torsion-free rank one sheaves
on a "spectral curve” which is an n-covering of C, possibly singular. This resembles the
characterization of torsion-free rank one sheaves that we give in Prop. 1.2.5. My plan
for the near future is to investigate whether the Hitchin fibration can provide ideas to
generalize our results.

Acknowledgements

This work owes a great deal to Prof. Bas Edixhoven. His advice was invaluable and his
intuitions truly inspirational. I also thank Dr. David Holmes for his useful suggestions
and encouragement, and Prof. Adrian lovita for his support during my year in Montréal.

To all my friends in Leiden, Montréal and Padova - thank you, I learned a lot also from
you.

Finally, I thank my family for their unconditional support and patience.



Chapter 1

Torsion-free rank one sheaves

1.1 Definition of torsion-free rank 1 sheaves

Let k be a field and X — Spec k a scheme over k built in the following way: given
schemes Y, Z both isomorphic to ]P’,lc, take four distinct k-rational points Py, P, € Y,
Qo, Q1 € Z. Then let X be the scheme given by Y and Z where Py and )y are
identified, and P; and Q1 are identified. We will also let j : W — X be the inclusion of
the smooth locus of X, so that W is actually isomorphic to Spec(k[x, 271 x k[y, y~1]).

It will often be useful to restrict to affine neighborhoods of the singular points; we
have a cover of X by two affines U and V both isomorphic to Spec k[z,y|/xy and
such that UNV = j(W).

We give a definition of torsion-free rank one sheaf.

Definition 1.1.1. Let S — Spec k be any k-scheme, and Xg := X Xgpec 1 S be the
base change of X to S. Let F be an Oxg-module. We say that F is a torsion-free
rank one sheaf if it satisfies the following conditions:

1) F is quasi-coherent of finite presentation over Ox;
2) F is flat over the base scheme S,

3) calling j' : Wg — Xg the base change of j, j*F is locally free of rank one over
OWS;

4) the canonical morphism of sheaves F — j/,j*F is universally injective, i.e. for
every morphism of k-schemes f : S’ — S the base change f*F — f*j.j*F is
injective.

The idea behind the definition is to take into consideration more sheaves than just
line bundles, by allowing some degeneration at the singular points. We see that by
condition 3), a torsion-free rank one sheaf is invertible on the smooth locus W of

1



2 CHAPTER 1. TORSION-FREE RANK ONE SHEAVES

X. This explains the rank one denomination. Condition 4) implies that there are no
sections of F supported only at the singular points. Any such section would indeed
vanish when restricted to the smooth locus via the map j.

We will find later in this chapter an equivalent and more easily stated characterization
of torsion-free rank one sheaves. Yet the definition above conveys a better intuition
of the kind of objects we want to allow in our study, and we chose to keep it as a first
definition of torsion-free rank one sheaf. In the end of the chapter we will prove the
most useful result: for S = Speck, torsion-free rank one sheaves over X are either
invertible, or pushforwards of invertible sheaves on a partial normalization X’ of X.

1.2 Characterizations of torsion-free rank one sheaves

As a first remark, notice that for a quasi-coherent O x,-module 7 on Xg, with S affine
and R = Og(S) a k-algebra, the conditions for being torsion-free rank one yield the
following conditions on M = F(U), where U = Spec R[z,y|/xy is an affine open of
Xg:

1) M is an R[z,y]/zy-module of finite presentation,

2) M is R-lat,

3) My ® My = M @Rz y]/ay
Rlz,z71] x Rly,y ],

(R[z,27'] x R[y,y~1]) is locally free of rank 1 over

4) the map M — M, & M, is universally injective, i.e. for any R-algebra R/,
M®rR — (M ®rR);®(M®pR'), is injective.

We call an Rz, y|/xy-module satisfying the above conditions torsion-free rank one.

Remark 1.2.1. Notice that the kernel of the map in condition 4) is simply given
by M[z*,y>°], the submodule of elements annihilated by some power of x and some
power of y. However, the condition M [z*°,y>°] = 0 turns out to be equivalent to the
condition M[z,y] = 0. One direction of the equivalence is obvious since M[z,y] C
Mz y*°]; suppose now that M[z,y] = 0. Then if m € M[z>,y*>°], there are
l,k € Z>1 such that zlm = 0 and y*m = 0. Then, if I > 1, 2'~'m is annihilated by
both z and y (because yx = 0) and is therefore zero. Reiterating this argument, it
is clear that xm = ym = 0 and hence m € M|[x,y] = 0. Hence condition 4) can be
stated as (M ®g R')[z,y] = 0 for all R-algebras R'.

We continue to express condition 4) on universal injectiveness in yet different terms.
To do so we may again assume S = Spec R affine, and restrict to a neighbourhood
of the singular section of Xg isomorphic to Spec R[x,y]/zy. We have the following
lemma.

Lemma 1.2.2. Let R be a ring and A = R[x,y]/xy. Let M be an A-module of finite
presentation. Then the following are equivalent
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i) M is R-flat and the morphism of A-modules M — M, @& M, is injective and
remains so when base changed via any morphism R — R';

i) M == M is injective, M/(x — y)M is R-flat and M, & M, is R-flat.
Proof.

i) = ii) As pointed out before, the kernel of the map Mp — Mpr », ® Mg is Mp/[x,y].
Clearly x Mg NyMp is contained in such kernel, and is therefore zero. Suppose
now an element m € Mp is annihilated by  — y. Then am = ym € xMp/ N
yMp = 0. Therefore m € Mp/[z,y] = 0, so m = 0 by Remark 1.2.1. This
shows that multiplication by £ — y on M is universally injective. Then, for
every R-algebra R/, the exact sequence

0—MZL M- M/(x—y)M -0

remains exact when the functor R'®p__ is applied. Since M is R-flat, Tor}%(M ,R) =
0; then also Torh(M/(z — y)M,R’) = 0 for all R — R’. This implies that for

all ideals I C R we have Torh(M/(x —y)M,R/I) = 0. Then M/(z — y)M is
R-flat [11, TAG 00M5|.

Finally, since M is R-flat and the map A — A, x A, is flat, the module M, ®
My, =M ®4 (A x Ay) is R-lat.

i) = i) If m € ker(M — M, ® M,), then for some [,k € Z>; a'm = ykm = 0.
Then, if I > 1 (z —y)z'~'m = 0, so 2!~'m = 0, and reiterating the argument
one finds xm = ym = 0. Then (z — y)m = 0 and therefore m = 0. Hence
ker(M — M, @ M,) = 0. Now, multiplication by « — y is universally injective,
because the cokernel M/(x — y)M is flat. Therefore the argument above holds
also when we base change via any R — R'.

It remains to show that M is R-flat. We have an exact sequence
0= (x—y)M/(x—y)’ M — M/(x — y)>M — M/(x — y)M — 0.

Since x — y is not a zero-divisor in M, (z — y)M/(x — y)*M is isomorphic to
M/(z —y)M and is therefore R-flat. Then also M/(z —y)?>M is flat, and so are
all the M/(z —y)"M for all n > 1.

Now, M is flat if and only if, for all prime ideals p C R, M, (,,) is Ry-flat.
Indeed, the fact that M, © M, is R-flat assures that M is R-flat outside the
singular locus. So fix p C Rand let A" = Ay (5., M' = My (z4). By [11, TAG
00HD], M’ is Ry-flat if for all finitely generated ideals I C Ry, the canonical
map I ®g, M' — M’ is injective . We have a diagram

I g, M’ M’

|- J

I®g, (M'/(x —y)"M")—— M'/(z —y)" M’
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where injectivity of the lower map follows from Rp-flatness of M'/(z —y)"M' =
(M/(x —y)"M) ®r Ry. If for a € I ®p, M’ there is an n such that ¢, (a) # 0,
then the image of a in M'/(x — y)" M’ is not zero, and therefore a is not in the
kernel of I ®g, M’ — M’. Then we just need to show that [, ., ker ¢, = 0.
Since

Iog, (M'/(x—y)"M') = Ieg, (M @4 (A/(z-y)"4A)) =
= (I®r, M) @x (A'/(x—y)"A) =
= (I®r, M")/(x—y)"(I®r, M)

we find that ker ¢, = (z — y)"(I ®g, M'). So the thesis becomes

(@ —y)"(I @r, M') = 0.

This is a consequence of Artin-Rees lemma when R (and hence A) is a noetherian
ring. Indeed, in this case, suppose that the intersection above is N # 0. Call
P := (I®g, M’). By Artin-Rees lemma, for some n > 0 we have ((z—y)"*'P)N
N = (z—y)(((x —y)"P) N N), that is, N = (z — y)N. The ideal (x — y) is
contained in the maximal ideal of the local ring A’, hence by Nakayama’s lemma
we find NV = 0.

However, in our case R is not necessarily noetherian. Yet, using the finite pre-
sentation condition on M we may reduce to the noetherian case as follows:
since A is of finite presentation over R and M is an A-module of finite pre-
sentation, there exist a directed set (A, <) and a system of rings { Ry} ea and
Ay := Ry[z,y]/zy-modules M), satisfying the following conditions:

— colimpy Ry = R

— colimp My =M

— each R) is noetherian;

— each M) is finite over Ay;

— for every A < u, M) ®g, R, = M,, and in particular M) ®r, R = M

(for a proof, see [11, TAG 00R1]).
Because M /(x —y)M and M, & M, are flat R-modules, there exists A such that
for all u > X both M, /(x —y)M, and M, , ® M, , are flat R,-modules [11,

TAG 00r6]. Take then the kernel K of M, =% M,. It is a finite R,-module
(because R, is noetherian and M, finite). All of its finitely many generators
must vanish in some M, with p’ > p because M Yy M s injective. For such

1’ we can apply what seen above and conclude that M) is flat for all A > p/'.
Therefore M itself is a flat R-module, being the colimit of flat modules.

O

We are now interested in obtaining a more concrete understanding of how torsion-
free rank one sheaves look at the singular locus, that is, on the closed subscheme
corresponding to the section S — Xg obtained by base changing the inclusion of the
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singular points Spec £ — X. On an affine patch of Xg isomorphic to Spec Rz, y]/zy,
the inclusion of the singular locus corresponds then to the surjective map of R-algebras
R[z,y]/xy — R sending x and y to zero.

We first look at the most simple case, that is, when the base is a field. We have the
following result.

Lemma 1.2.3. Let M be a TFR1 (torsion-free rank one) module over k[x,y]/zy.
Then M/(x —y)M is of dimension 2 over k, and M/(xz,y)M is of dimension 1 or 2.

Proof. We localize at (x,y) the injective map M — M, ® M,. The localization of M,
at the ideal generated by x is isomorphic to M ® 4 k(z) (where A = k[x,y]/zy). Since
M, is locally-free of rank 1 over A,, it follows that M ® 4 k(z) is isomorphic to k(z).
Hence, we obtain an injection M, v — k(x) x k(y) of A(,,)-modules. Let’s look
for generators of M(, ,) as an A, , -module by identifying M, . with its isomorphic
image N in k(z) x k(y). The image of N in k(x) is a k[z](;)-submodule of k(z).
It cannot be the whole k(z), for M is finite over A. Therefore, the image of N in
k(z) is of the form x"k[z] for some n € Z. Similarly the image of N in k(y) is of
the form y™k[y],) for some m € Z. So there are two elements in N C k(z) x k(y),
a = (2", uy¥) and B = (27, vy™), with j,k € Z, j > n, k > m and u, v units in E[Yl(y)-

Suppose that k& > m. Then multiplying 8 by “y* ™ we get (0,uy*) € N, and
therefore also (z",0) = a— (0,uy*) € N. Since j > n, it’s clear that also (0,y™) € N.
Then (z",0) and (0, y™) generate N. Clearly, (x —y)N is generated by (z"*!,0) and
(0,5™*1) and it follows that M, ,)/(z —y)M,,) = N/(z —y)N is of dimension 2
over k.

Let’s treat the case where kK = m and j = n instead. If u — v is a unit in k[y](,),
then since a — 8 € N we are again in the case (z",0), (0,y™) € N. So we can assume
u—v = wy® with w a unit and k € Z<g. Then o — 8 = (0, wy™**) = %Byk. Hence
« can be generated by . It’s easy to see then that any other element in N can be
generated by 8 in a similar way, so N = 84, ,) and M, ,) is free of rank 1. In
this case M, )/ (€ — Y)Mzy) = Ayy/ (@ — y) Ay = k[t]/t?, hence it is again of
dimension 2 over k as we wanted to show.

Finally, M/(z,y)M is a quotient of M /(x—y)M hence it is of lower or equal dimension.
It cannot be zero though, since the finite presentation condition implies that it would
be zero in a neighborhood, and every open set intersects the smooth locus where M
is locally free of rank 1. Hence M/(z,y)M is of dimension 1 or 2. O

We can generalize easily to the case of any base scheme

Corollary 1.2.4. Let R be a k-algebra, A = R[z,y|/xzy and M a TFR1 A-module.
Then M /(x—y)M is locally free of rank 2 over R, and M/(x,y)M is locally generated
by 1 or 2 elements over R.

Proof. By lemma 1.2.2, M /(x—y)M is flat over R. Since it is also of finite presentation
over R, it is enough to see that it is locally generated by 2 elements. For all p € Spec
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R, M,/(x — y)M, is generated by 2 elements if it is a vector space of dimension 2
when tensored with the field R,/pR,. This happens because of lemma 1.2.3. The
same argument works for M/(x,y)M. O

We have now all the ingredients to state and prove an equivalent characterization of
torsion-free rank one sheaves that will result most useful in the next section, where
we prove that TFR1 sheaves on X yield an algebraic stack.

Proposition 1.2.5. Let R be a ring, A :== R[z,y|/xy, B = R[z]. Let f: B — A be
the morphism of R-algebras given by z — x —y. Let also M be an A-module of finite
presentation. Then the following are equivalent:

i) — M is R-flat
— My ® My =M @4 (Ay x Ay) is locally free of rank 1 over A, ® Ay

— for all k-algebra morphisms R — R/, the map M @p R’ — (M ®r R'), ®
(M ®r R')y is injective.

i)  — M s locally free of rank 2 as a B-module

— the two R-modules M(1,0) := M ®4,,, R and M(0,1) := M ®4,,, R are
locally free of rank 1, where o1, 09 : A = R are R-algebra morphisms given
by z— 1,y — 0 and x — 0,y — 1 respectively.

Before proving the proposition, we see in the following corollary how it gives an
equivalent characterization of torsion-free rank one sheaves.

Corollary 1.2.6. Let S be a k-scheme, Xg = X Xgpeck S the base change of X
to S, and let F be a finite presentation Ox,-module. Let also f : X — IP’,lC be the
morphism given on both affine patches of X by k[z] — k[z,y|/xy, z — x —y. Denote
by [ Xg — IP’}g the base change of f via S — Speck. Let P,Q : Speck — X be two
smooth k-points belonging to different components of X. Let Pg,Qg : S — Xg be the
base changes of P and Q via S — Speck. Then F is torsion-free rank one if and only
if the C’)Pé—module f+«F s locally free of rank 2, and P3F,QSF are locally free of rank
1.

The fact that this characterization involves the choice of a map f : Xg — P}q con-
stitutes one more reason why we chose not to adopt this as our initial definition of
torsion-free rank one sheaves.

Proof.

i) = 1) First we check that M is locally-free of rank 2 outside the singular locus, that
is on the open subscheme D(z) C Spec B. The map

B, — A; x Ay
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i) = 1)

is free of rank 2: indeed A, = B, = A, as B,-modules. Since M, x M, is locally
free of rank 1 over A, x A, it then follows that it is locally free of rank 2 over
B..

Local freeness at z = 0 can be checked on stalks, being M finitely presented
over A and hence over B. Thus, we want to argue that for all primes p C R,

My (zy) is free of rank 2 over R[z],,(.).

z,y)

This amounts to show that such modules are flat and generated by 2 elements.
For the flatness part, we can apply the flatness criterion for fibres [11, TAG
00R7]: it tells us that it is enough to check that M (,.)/PMyy(z,y) is flat over
R[z]p4(2) /P R[2]p4(z) = k(p)[2](z). This latter ring is a principal ideal domain, so
in this case flatness is equivalent to torsion-freeness, which is easily checked: by
Lemma 1.2.2 multiplication by z = x — y is universally injective, hence the map

z
Myt(a.)/PMpt@y) = Myt () /PMpt(a.)
is injective and the module is torsion-free, as we wanted to show.

To see that M, (,,) Is generated by 2 elements over Ry [z]p+(z), observe that
Lemma 1.2.3 assures that My, ,)/p + (v — y)My4(s,) has dimension 2 over
R,/pR,. Then by Nakayama’s lemma we conclude.

Finally, the fact that the two modules M (1,0) and M (0, 1) are locally free of
rank 1 over R follows trivially from the assumption that M, ® M, is locally free
of rank 1 over A, x A,.

The first condition of ¢) follows immediately from flatness of the map R — R|[z].

Next, local freeness of M over R|[z] implies that M =% M is injective. Also,
because M is flat over R[z], we deduce that M/(x —y)M = M/zM is flat over
R = R[z]/zR]z]. This, by Lemma 1.2.2, implies the third condition of 7).
It remains to show that M, @ M, is locally free of rank 1 over A, x A,. The
B,-module

B.(Mz & My) = p. My ® . M,

is locally free of rank 2, hence both g, M, and p, M, are projective; being also
finitely presented, they are locally free B,-modules. Since the map B, — A;x A,
induces isomorphisms B, = A, = A,, it is now enough to show that M, and
M, are of rank 1 to prove that M, ® M, is locally free of rank 1 over A, x A,.
We show this for M,: the rank of a locally free module is locally constant,
and M, is by hypotesis of rank 1 on the closed subscheme given by the section
P : Spec R — Spec A,. Since every fiber of the structure morphism Spec A, —
Spec R intersects the closed subscheme P, it is enough to check that such fibers
are connected. This is trivially true since the fibers are isomorphic to Spec
K|z, 2z~ (for some field K), which is the spectrum of a domain.

O

Finally, we would like to have a complete description of torsion-free rank one sheaves
on the curve X over k. In order to achieve this, we first refer to [3] and give a practical
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corollary of [3, Theorem 2.2| that allows us to describe a torsion-free rank one module
in terms of its restrictions to the two components Y and Z of X.

Corollary 1.2.7. Let M be a torsion-free rank one module on k[x,y]/xy. Then

M = M/xM X /(g pr M/yM

Proof. By [3, Theorem 2.2|, there is a canonical surjective morphism of k[x,y]/zy-
modules M — M/xM X ppj(zy)ar M/yM, whose kernel is contained in xM NyM. The
latter is contained in the kernel of M — M, ® M,, which is zero being M torsion-free
rank 1. O

Consider now a partial normalization n : X’ — X of X at one of the two singular
points, say P. The scheme X’ is given by two copies of P,lg meeting at one point. Two
distinct non-singular points of X’ are mapped to P by n, while on the open subscheme
X \n~Y(P), nis an isomorphism. Hence the pushforward via n of the structure sheaf
of X’ is isomorphic to Ox on X \ {P}, while in a neighbourhood U 2 Spec k|, y|/xy
of P, n.Oxryy = (k[z] x k[y])~ The structure of k[x,y]/zy-module for k[z] x k[y] is
simply
f(@,y) - (g(x), h(y)) = (f(x,0)g(x), f(0,y)h(y)).

Notice that n,Oxs is TFR1. Indeed, it is invertible on the smooth locus of X, and z—y
is not a zero divisor on k[z] x k[y]. Suprisingly, it turns out that in a neighborhood
of a singular point P a torsion-free rank one sheaf is necessarily either invertible or
isomorphic to n,Ox:. We prove it in the following proposition.

Proposition 1.2.8. Let F be a torsion-free rank 1 sheaf on X. Then F is either
wnwertible, or it is the pushforward of an invertible sheaf from a normalization of X.

Proof. Since the normalization map is an isomorphism on the smooth locus of X,
where F is invertible, we may restrict to a neighbourhood isomorphic to Spec k[z, y|/zy
of one of the singular points. There we have that F is given by a torsion-free rank one
A-module M, where A = k[x,y|/xy. Outside the origin M is locally-free of rank 1,
and up to restricting the neighbourhood we may assume that M, ® M, = A, ® A, =
ke, 2~ @ kly,y~ ).

The injective map M — M, = k[z,x~!] factors via the the morphism of k[x]-modules
M/yM — k[z,z ]

since yM is sent to zero in M,. This map cannot be surjective, since M/yM is
finitely generated over k[x]. Hence the image of M/yM in k[z,x7!] is of the form
2"k[z] C k[x,271] for some n € Z, and in particular it is isomorphic to k[z]. Therefore
we have an exact sequence of k[z]-modules

0— (M/yM)[z*] = M/yM — klx] — 0.
Being k[z] free, the sequence splits and we find

M/yM = (M/yM)[z*] & k[z].
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Let’s denote by N’ the k[z]-module (M /yM)[z>°], by P’ the k[y]-module (M /zM)[y*]
and let N = k[z] @ N, P = k[y] ® P’, so that N = M/yM and P = M/xM. By
Corollary 1.2.7, M = N x P, where f : N/xN — P/yP is an isomorphism of k-vector
space. So the diagram

M P=klyle P

| |

N=klz]& N — > N/aN —L s pjyp
is commutative.

Since the k[z]-module N is finitely generated, there exists a power of = that annihilates
it, say «*. Suppose k > 2, and take n € N’. The element of M given as an element
of N x; P by ((0,2*7!n),(0,0)) is annihilated by both z and y, so it belongs to
M[z]NM[y] = 0. Therefore z*~'n = 0. Repeating this argument shows that z N’ = 0,
and similarly yP’ = 0.

Now, by lemma 1.2.3 the k-vector space M/(z,y)M = N/xzN = k & N'/zN' =
ke N = k@ P is of dimension 1 or 2. In the first case, N/ = P’ = 0, and so
M = klz] xx kly] = kl[z,y]/xy. In the second case, N’ = k and P’ = k. The
isomorphism f : k® N’ — k @ P’ must send the first summand k to P’ and N’ to
k, else M would be isomorphic to k[x,y|/xy @ k, which is not torsion-free rank one.
Therefore we obtain M = N x; P = klz] x k[y].

This shows that, in a neighbourhood of the origin, M is isomorphic to k[z,y]/zy or
k[x] X k[y]. In the first case, F is invertible. In the second case, F is the pushforward
of an invertible sheaf from the normalization of X.

O

We have defined earlier a partial normalization X’ — X of the curve X at one singular
point. We can also consider a morphism ]P’/,lC U IP’/,lC — X sending each copy of IP’/,lC to a
component of X; we will call this a normalization of X.

Lemma 1.2.9. Let F be a torsion-free rank one sheaf on X. Then Endp, (F) = k
if F is invertible or a pushforward of an invertible sheaf from a partial normalization
at only one point of X, and Endp, (F) 2 k& k if F is a pushforward of an invertible
sheaf from a normalization of X.

Proof. Let F = n,L be the pushforward of an invertible sheaf £ via a partial nor-
malization n : X’ — X (where n could be a normalization at either both singular
points or only one or none at all - hence the identity in the latter case). We have
Endp, (n«L) =T'(X, &ndo, (n.L)). We also have a morphism of Ox-modules

@ :néndo,, (L) = Endoy (nL).

We would like to check that it is an isomorphism: then, taking global sections, we
would have
Endo, (£) = Endoy (n+L)



10 CHAPTER 1. TORSION-FREE RANK ONE SHEAVES

and the LHS is isomorphic to Endop , (£ ® £LY) = Endo ., (Ox/) = Ox/(X’). This is
k in the case of n being a partial normalization at one point or the identity, and is
isomorphic to k@ k in the case of n being a normalization of X, as we wished to show.

Now, letting U C X' be the locus of X’ where n is an isomorphism, of course @,
is an isomorphism. Then we just need to check that the stalk of ¢ at the normalized
point(s) is an isomorphism.

Let P € X (k) be a point normalized by n. We have &ndo (L) = &ndo ., (Ox) =
Ox. As seen in Proposition 1.2.8, for every line bundle M on X', (n.M)p is isomor-
phic to the Ox p-module A := k[z]) ® k[y]q,). In particular (n.éndo,,(L))p = A.
On the other hand, (6ndoy (n.L))p = Endoy ,(A). Notice that

End e,y (k[z] ® kly]) =

Ty
End .y (k[2]) © End ey (k[y]) © Hom ey (k[z], k[y]) © Hom kg (K[y], k[z])
Ty Ty Ty zy
The first two terms give k[z] @ k[y] while the second two terms are zero. Hence
Endoy ,(A) = A and ¢ is an isomorphism. O

Lemma 1.2.10. Let S be a k-scheme and F be a torsion-free rank one sheaf on Xg.
Let L be an invertible sheaf on Xg. Then f®oxs L is torsion-free rank one.

Proof. The sheaf F ® L is S-flat and locally free on the smooth locus of Xg. On an
affine cover {U;} of Xg where L is free, it is clear that (F ® L)y, = j«J*((F @ L)1,)
is universally injective. O



Chapter 2

The stack of torsion-free rank one
sheaves

This chapter is devoted to the setting up of a categorical environment for the study
of torsion-free rank one sheaves. We will show that they yield an algebraic stack T.
See [11, TAG 0260] for a definition of algebraic stack. So in particular there exists a
scheme T and a surjective smooth morphism 7' — T. For definitions of some of the
terminology appearing, we will give references to [11].

Definition 2.0.11. We denote by T the category whose objects are pairs (.5, F), with

i) S a k-scheme;

ii) F a torsion-free rank one sheaf on Xg
and whose morphisms (S, F) — (T, G) are given by pairs (f, p) where

— f:5 — T is a morphism of k-schemes;

— ¢ :G — Fis an f’-isomorphism of sheaves of modules, where f': Xg — Xp is
the base change of f.

Then we define a functor

p:T = (Sch /) pppr, (S, F) =S, (fip) = f
Lemma 2.0.12. Let f: S — T be a morphism of k-schemes and (T, F) an object of
T. Then (S, (f')*F) is also an object of T.

Proof. Conditions 1),2),3),4) of definition 1.1.1 are stable under base change. O

The following lemma is therefore immediate. Refer to [11, TAG 003T| for the definition
of category fibred in groupoids.

11
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Lemma 2.0.13. The functor p : T — (Sch /k)fpps makes T into a category fibred in
groupoids.

Proof. We have to check that the two conditions defining a category fibred in groupoids
are satisfied. For i), given f : S — T and an object (T, F) of T, by lemma 2.0.12 we
have the desired morphism (S, (f')*F) — (T, F). For ii), given morphisms

(f17901) : (Sla"rl) - (T’ g)v (f2a§02) : (SQva) - (Tv g)

and a morphism of k-schemes g : S1 — So, just let ¢ : Fo — Fi be given by the
composition (g o gpz_l.

O]

Let now Cohx be the category fibred in groupoids built in analogous way as T, but
whose objects need to satisfy just conditions 1) and 2) of 1.1.1. We will assume
without proof that Cohy is an algebraic stack. For a proof of this, see |9, Theorem
4.6.2.1]

We now use the characterization of torsion-free rank one sheaves given in corollary
1.2.6 to see that T is an algebraic stack. The proof uses the fact that the fibred
product of algebraic stacks in the (2,1)-category of categories, is still an algebraic
stack. So let’s recall what the fibred product of categories is.

Remark 2.0.14. Let A, B,C be categories, F': A — C, G : B — C be functors. Then
the category A x¢ B is defined as follows:

— its objects are triples (A, B, f) with A € Ob(A), B € Ob(B), and f : F(A) —
G(B) is an isomorphism in C,

— a morphism (A, B, f) — (A’, B', f') is given by a pair (a,b), where a : A — A’
is a morphism in A, b: B — B’ is a morphism in B and the diagram

F(A) L am)
F(a) G(b)
|ro ]

FA)—— G(B)
commutes.

Proposition 2.0.15. The stack T is algebraic.

Proof. Let f : X — IP’,IC be as in Corollary 1.2.6. Then we have a morphism of

algebraic stacks Cohx ELN Cohpi1. Indeed all base changes f’ of f are finite and
flat, hence f. sends finite presentation sheaves flat over the base scheme to finite
presentation sheaves flat over the base scheme. We let LF R2p1 be the algebraic stack
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of locally-free, rank 2 modules on P'. This is a full subcategory of Cohpi. We can
take the fibred product

LFR2]P>1 XCohE,l COhX E— COhX

| I

LFR2p —— Cohp

If we let A be the stack of finite presentation Ox¢-modules, flat over S, such that
f«F is locally free of rank 2, then there is an equivalence of categories F' : A —
LFR2p1 Xcon,, Cohx given, for S a k-scheme, by

and in the obvious way on morphisms. Indeed, consider the functor
G(S) : LFRQIPJ XCOh]Pl Cohx(S) — A(S), (f,g,a) — F.

Then the composition G(S) o F(S) is the identity on A(S). The functor from the
fibred product category to itself sending

(F,G,0) — (F,0G,id)

constitutes a natural isomorphism between the identity and F'(S)oG(S), proving that
F' is an equivalence.

Similarly we can call B the stack of finite presentation sheaves F on Xg such that both
P*F and Q*F are invertible on S, where P and @) are the base change of non-singular
k-rational points on the two distinct components of X. Then we have a diagram

LFle X LFle X Cohy x Cohy, COhX _— COhX

J J(P*,Q*)

LFR1; x LFRl, ———  Cohy, x Cohy,
and B is equivalent to the fibred product category.

Finally, by Corollary 1.2.6, we have T = A Xcon, B. By [11, TAG 04T2] the fibred
product of algebraic stacks is an algebraic stack, and by [11, TAG 03YQ)] a category
equivalent to an algebraic stack is an algebraic stack. Since the categories of quasi-
coherent finite presentation sheaves flat over the base scheme and of locally free rank

n sheaves are algebraic stacks |9, Theorem 4.6.2.1], we deduce that T is an algebraic
stack. O

This proves that there is smooth, surjective morphism of stacks
S—T

for some k-scheme S. The next chapter will be devoted to describing one such pre-
sentation for T.
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Chapter 3

A presentation for T’

We have managed to show that T is an algebraic stack, so there exists a smooth
surjective morphism of stacks
T—-T

from a scheme T to T, where obviously we identify the scheme T with the stack it
represents.

In this chapter we will find an explicit description of an open subscheme of such a
scheme T'. To do so, we will first restrict our attention to a substack T’ of T, consisting
of torsion-free rank one sheaves on Xg satisfying the condition End(F;) = k(s) for all
geometric points s of S. These sheaves are introduced in [2] and are called simple. The
condition is open, and as seen in Lemma 1.2.8, it leaves out those TFR1 sheaves F
that have some fibre F; which is a pushforward of a line bundle from a normalization
of the fibre X;. Then T’ is an open substack of T, hence an algebraic stack, and we
will find that there is a surjective and smooth morphism 7" — T’ with 7" a scheme
that can be covered by copies of the original curve, X, via open immersions.

3.1 k-points of T

First we will try to have an intuitive picture of the k-points of T, that is, the torsion-
free rank one simple sheaves on X. We start by looking at invertible sheaves on
X.

Remark 3.1.1. By [5, Prop. 3.18], that develops [3, Thm 2.2|, given a co-cartesian

diagram of schemes
W——Y

||

J——X

where the horizontal maps are closed immersions and the vertical maps are affine,
there is an equivalence of categories

Cx = Cy X¢y Cz

15
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where C denotes the category of invertible sheaves on the scheme.

This remark allows us to compute easily the Picard group of X.

Lemma 3.1.2. The Picard group Pic(X) is isomorphic to Z x 7 x k*.

Proof. We can compute Pic(X) = H!(X,0%) via Cech cohomology. Consider the
usual cover {U} by two affine U,V of X. We have Pic(U) = Pic(V) = 0. Indeed, a
locally free rank 1 module on k[z,y]/xy is, by remark 3.1.1, the datum of two locally
free rank 1 modules on k[z] and k[y] and of an isomorphism between their fibres at x =
0 and y = 0. But Pic(Spec k[z]) = Pic(Spec k[y]) = 0, hence Pic(Spec k[z, y]/zy) = 0.
Therefore we have H'(X,0%) = H'({U}, 0%), which is the cokernel of the map

) (f,9)—~f/g

O*(U) x OX(V OX(UNV).

1

We have O*(U) = (k[z,y]/xy)* =2 k>, O(V) = (k[u,v]/uv)* = k>, while O*(U N
V) 22 (klz, 271 x kly,y™1)* = B* x (z) x kX x (y). The map sends (a b) € k* x k*
to a/b, hence the cokernel is isomorphic to £* x (x) x (y) 2 k* X Z x Z.

—~

O]

Let’s now find an explicit group isomorphism Z x Z x k* — PicX. Notice that
by Remark 3.1.1 an invertible sheaf on X is the datum of two invertible sheaves
Ly, Lz on Y and Z and two isomorphisms o1 : Ly ® k(P1) — Lz ® k(P;) and
02 : Ly @ k(Py) — Lz @ k(P,) where Py, P5 are the singular points of X. Hence an
invertible sheaf can be expressed in the form (Ly, Lz, 01,02).

Now, we give a system of coordinates to the projective lines Y and Z, so that the
points coy and coyz correspond to a singular point on X, and the points Oy and Oy
correspond to the other singular point. We also let P = 1y and Q = 1. If Dy and
Dy are divisors on Y and Z, the invertible sheaves O(Dy) and O(Dz) have fibres
canonically isomorphic to k at 0 and co. Then an isomorphism between such fibres is
simply given by an element of k*.

Lemma 3.1.3. The group homomorphism

Zx7Zxk*— PicX
(m,n,a) = (O(mP),0(nQ),1, )

18 an isomorphism.

Proof. We first show that the map is injective. If (O(mP),O(nQ),1,«) is trivial,
its restriction to each component is trivial, and therefore m = n = 0. Now, by
remark 3.1.1, an isomorphism (O,0,1,1) — (0,0, 1,«) is given by isomorphisms
fy : Oy = Oy and fz : Oz — Oy of the structure sheaves of each component of X,



3.1. K-POINTS OF T 17

inducing the identity isomorphism at one singular point and « at the other singular
point. But fy and fz are global sections of Y and Z, hence constants, so a = 1.

Let’s prove that the homomorphism is surjective. Let £ = (Ly,Lz,01,092) € Pic X.
Then Ly =2 O(mP) and Lz = O(nQ) for some m,n € Z. These two isomorphism
induce new isomorphisms between the fibres at 0 and oo, which are now elements of
kE*. Hence £ = (O(mP),0(nQ), o, B) for some «, 5 € k*. Now, the map

Ox =(0y,0z,1,1) = (Oy,0z,a, «)
is an isomorphism, given by multiplying the sheaf Oz by the constant a. Therefore
L= (0(mP),0(nQ),a, ) ® (Oy,0z,a™",a™) = (O(mP),0(nQ), 1, /)
and the thesis follows. O

Then, since ZxZ x k* = PicY x Pic Z x k*, we can from now on express an invertible
sheaf on X as (Ly,Lyz,«), with Ly € PicY, Lz € PicZ and « € k*.

Let now o be the unique automorphism of X fixing the two singular points and sending
P to Q. With our system of coordinates on the components, for a point R on X we
can of course define the point 1/R as the one with inverted coordinates on the same
component. Then we claim that for any £1 € PicY, L5 € PicZ, a € k* and R on
the smooth locus of X, there is an isomorphism

(L1(P = R), La,a) = (L1, L2(Q — o(1/R)), @)

where, for a divisor D, £(D) is short for £ ® O(D). We identify Y with Projk[z, y]
and Z with Proj k[u,v] so that the affine ring of a neighborhood of a singular point
is k[%, %]/g% Suppose that R is the point x = a,y = 1 on Y, for some a € k*. Then
multiplication by the global function given by

T —ay uU—v

r—y U— =

yields the isomorphism.

Now, on a heuristic level, as the point R “approaches the singular point zy” the sheaf
(L1(P — R), Ly, ) tends to the torsion-free rank one sheaf

.7:() = (El(P), £2, Oé) ® I(xo)

where I(xg) is the ideal sheaf of the singular point xy. On the other hand, as
R approaches zg, o(1/R) approaches the other singular point z;. Yet the sheaf
(L1, L2(Q — o(1/R)),a) tends to

F1= (L1, L2(Q), ) @ I(21)

which is not isomorphic to Fy, although it arises from the same passage to the limit!
This strongly suggests that any scheme parametrizing torsion-free rank one sheaves is
not separated.

Actually we have not shown yet that the ideal sheaf of a point is torsion-free rank
one, but this is rather easy.
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Lemma 3.1.4. Let k be an algebraically closed field, x € X (k). Let m, be the ideal
sheaf of the point x. Then my, is torsion-free, rank 1.

Proof. Suppose x belongs to an open affine U = Speck[z,y]/zy. We can assume
that on U, m, is given by the ideal I = (x — a,y)k[z,y]/xy for some a € k. Then
multiplication by = — y is injective on I (since it is on k[x,y]/xy). Moreover, on
the smooth locus we have I, & I, & (z — a)k[z,z '] & k[y,y '], which is a free
k[z,z71] x kly,y~!]-module of rank 1.

O]

In the next proposition, we create a bijection between the set of k-points of X and a
particular type of torsion-free rank one sheaves on X.

Proposition 3.1.5. Let k an algebraically closed field, P,Q € X (k) belonging to the
smooth locus of X and lying on different components of X. Let also o be the unique
automorphism of X such that o(P) = Q; let finally O(P + Q) be the invertible sheaf
associated to the divisor P + Q, and my (. be the ideal sheaf of the point o(x). We
define a map

¢ : {k-rational points of X} — {Torsion-free rank 1 sheaves on X}/ =

given by
r— OP+Q)® My (z)-

Then ¢ is injective, and its image consists of those TFR1 sheaves F on X such that

i) HY(X,F) =k,
i) H'Y(X,F) =0,

i11) the support of the sheaf F/Oxt is finite, where t is any non-zero global section
of F.

Proof. Let’s show that the space of global sections of the sheaf O(P + Q) ® m, ;) has
dimension 1. Call X; the component of X containing P, and X5 the one containing
Q. We can assume without loss of generality that o(x) belongs to X;. Let ¢ be a
global section of the sheaf. Then ¢, seen as a rational function on X, takes the value
zero at o(x). If t is constantly zero on one of the components, it is zero at both
singular points. Then it is either zero or has two poles on the other components, but
only one pole - P or @ - is allowed. Hence in this case ¢ = 0. If £ is not constantly
zero on any component, ¢ is non-constant on X;. Hence it has a pole at P. The fact
of having exactly one pole at P and one zero at o(x) determines ¢ up to constant on
Xj. For any choice of the constant, ¢ takes two distinct values at the singular points.
Hence it is non-constant also on X», so it has a pole at (), and this determines it on
X,. Therefore HO(X,0(P 4 Q) ® my(y)) = k.

To see that H' (X, O(P + Q) ® my(y)) = 0, consider the exact sequence of sheaves

0—my) = Ox = a2k — 0.
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Taking the tensor product with O(P + Q) yields
0= O(P+Q) @My — O(P+ Q) — xxk — 0

which gives a long exact sequence of cohomology. The map H°(X,O(P + Q)) —
HY(X,z.k)) is surjective, since 1 € H(X,O(P + Q)), so we end up with an exact
sequence

0= HY(X,0(P+Q)®m,,)) = H (X,0(P+Q)) - H' (X, z.k) = 0.

Hence dimy, H'(X, O(P + Q) @ my()) = dimy H' (X, O(P + Q)). By Riemann Roch,
X(O(P+Q)) =2+ 1—1 =2 since the genus of X is 1. Taking dimensions in the
short exact sequence

0— HYX,0(P+Q)®@my)) = H(X,0(P+Q)) > H'(X,2,k) =0

we see that H°(X, O(P + Q) has dimension 2. It follows that dimy H'(O(P + Q)) =
dimy, H*(O(P + Q) — x(O(P + Q)) = 0 as we wanted to show.

Now, choose a non-zero global section t of O(P + Q) ® m,(,). Then, ¢ satisfies t(y) =
t(o(y)) for all y € X. Indeed, this is true when y is either P or one of the two singular
points, hence it is true for all y € Y. Therefore ¢ has only x and o(x) (which can
coincide, if x is singular) as zeroes. We want to look at the support of the cokernel of
the map

Ox 5 Ox (P + Q) ®oy My(z)-

If  is non-singular, the support consists only of the point z. If z = o(z) is singular,
restrict to an open neighbourhood U = Spec k[u, v]/uv of x. There, by symmetry ¢
is of the form u 4 v. Hence it does not generate the maximal ideal (u,v) at z, and
the quotient (u,v)/(u + v) is a k-vector space of dimension 1. So again we get z.k

as cokernel. This shows in particular that Oy Ox (P + Q) ®oy My(y) has finite
support.

What we want to show next is that if F is a torsion-free rank 1 sheaf on X satisfying
the conditions in the statement, then

F =2 O(P+ Q) ®0y My(y for some z € X (k).

Suppose first that F is a line bundle, given by (O(n),O(m),a) for some o € k*,
n,m € Z. 1f one between n and m is negative, then a global section ¢ of F is zero
on a whole irreducible component of X, and the support of F/Oxt is not finite.
So we necessarily have n,m > 0. By Riemann-Roch, we have dim; H°(X,F) —
dimy HY(X,F) =m+n+1—g=m+n. Hence m +n = 1, from which we conclude
that F is either (O,0(1),«) or (O(1), 0, a) for some « € k*.

Suppose without loss of generality that F = (O,0O(1),«). Such a line bundle is
isomorphic to (O, 0(Q), ) = (O(P) @ O(—P),0(Q), ) for some 5 € k*. Now, we
can find a rational function f on the component containing P that has value 1 at a
singular point, 8 at the other, and a pole of order 1 at P. Then f has exactly one
zero of order 1 at some point x on the smooth locus of the component. Therefore,
multiplication by f on the component containing P induces an isomorphism of F with
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(O(P) ® O(—x),0(Q), 1) =2 O(P + Q) ® my, for some z € X(k), as we wanted to
show.

Finally we have to treat the case where F is a torsion-free, rank 1 sheaf which is
not a line bundle. Then, by Proposition 1.2.8 F is the pushforward of a line bundle
from a (possibly partial) normalization of X. It cannot come from a normalization
X" = Pl UP: & X though: suppose by contradiction that F = n,L with £ an
invertible sheaf on the normalization X”. Then L is of the form (O(d;), O(ds)) for
some di,dy € Z. Since n is affine, we have H (X", L) & H*(X,n.L) for all i > 0.
Then we have 1 = x(£) = x(O(d1)) + x(O(dz2)) = 1+ di + 1 4 da by Riemann-Roch,
so that dy + do = —1. Then one between d; and ds is negative, so that on one of
the two components of X, n,L has no non-zero global sections. This contradicts the
condition on finite support.

This shows that F is the pushforward of an invertible sheaf £ = (O(m), O(n), @) on
a partial normalization of X’ = X of X at one point. Since n is affine, we have
HY(X' L) = H(X,n.L) = 1 and HY(X',£) = H(X,n«L) = 0. We can apply
Riemann-Roch on X’ which has genus zero, and get

X(L)=n+m+1,

from which we deduce that n +m = 0. If m or n is less than zero, then any global
section of L is constantly zero on one of the components, so the same is true for
global sections of n,L, and condition iii) on finite support is not satisfied. Therefore
n = m = 0 and we conclude that F is the pushforward of the structure sheaf from
one of the two partial normalizations X’ of X.

To see that such a sheaf is of the form O(P + Q) ® m, with = a singular point,
we can give an explicit isomorphism F := n.Ox — G 1= O(P + Q) @ my(,): take
U and V to be the usual open affine subschemes isomorphic to Spec k[z,y|/xy and

Spec k[u,v]/uv. On the intersection U NV, the two rings glue via  — u~! and
y — v~ L. The pushforward F is such that
F(U) = k[x] x kly], F(V) = k[u,v]/uv
and the two modules glue on U NV via
(1,0) — (1,0)
Elz, 271 x k[y, v~ M Efu, u™ Y x kv, v™1].
On the other hand G is given by
6(0) = D bfa iy, GV) = bl o
and the gluing on U NV is given by
(x,0) — (1,0)
. f 1k[:c,:v_1] X — 1k:[y,y_1} Oy =01 " i 1k[u,u_1] X — 1k[v,v_1]
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Then the isomorphisms

FU) = GU), (1L,0)— —2 (0,1) —» —2

x+y—1’ r4+y—1
1
%4 \% 1= —
FV)=6(V), 1=y

are compatible on U NV and hence give the desired isomorphism F =N g.

We have succeeded in proving that every torsion-free, rank 1 sheaf F satisfying the
conditions in the statement is of the form O(P + Q) ®o, m,. It just remains to check
that the map z — O(P + Q) ® my(y is injective. Let then z,y € X (k) be distinct
points. If z is one of the two singular points, O(P 4+ Q) ® m, is not isomorphic to
O(P+Q)®my, just because the latter is locally free at z and the former is not. Else, if
x and y are not singular, they map to line bundles £ and £’ which are isomorphic if and
only if L& LY = O(x —y) is trivial. This cannot be though, since T'(X,O(z —y)) =0
because no rational function on X can have only one pole. Indeed, such a function
would give an isomorphism from the component where y lies to P*. Therefore it would
assume distinct values at the singular points, and therefore have another pole on the
other component.

O

3.2 The substacks T° and T’

As we have seen, there is a bijection between the set of k-rational points of X and a
particular class of torsion-free rank one sheaves on X. This suggests the possibility
of extending this correspondence to S-valued points, for any k-scheme S. Inspired by
Proposition 3.1.5, we give the following definitions.

Definition 3.2.1. We let T/ be the full subcategory of T whose objects are those
(S, F) with End(Fs) = k(3) for all geometric points s of S. The sheaves F satisfying
this condition are called simple.

Definition 3.2.2. We let T be the full subcategory of T whose objects are those
(S, F) with F satisfying the following conditions:

i) R'p,F =0;
ii) p.F is locally free of rank 1;

iii) Letting ¢ be a local basis of p,F, the cokernel of the morphism
Oxs = F

has support finite over S.

We call an F satisfying the above conditions very simple.
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It is straightforward that for TFR1 sheaves on the curve X, being very simple means
exactly satisfying the three conditions of Proposition 3.1.5. The reasons for introduc-
ing the substack T’, as explained in the introduction to this chapter, is that we want
to leave out those sheaves that on fibres are pushforwards of invertible sheaves from
normalizations of the fibre.

We need to state a couple of technical lemmas.

Lemma 3.2.3. Let S = Spec A be an affine k-scheme and p: Xg — S be base change
of X — Speck. Let F be an Ox-module of finite presentation, flat over S. Then

i) R'p.F @04 k(s) 2 HY (X, Fs) for all s € S.

i) HY (X5, Fs) =0 for all s € S = p.F ®@og k(s) 2 HY(Xs, Fs) for all s € S.

i11) R"peF =0 for alln > ng = H"(Xs,Fs) =0 for all s € S,;n > ny.

i) B is a flat A-algebra = H™(X xgSpec B,F ®4 B) 2 H"(X,F) ®4 B.

v) HY (X4, Fs) =0 for all s € S = p,F is locally free on S.

Proof. Let {U,V} be the usual cover of Xg by affine opens. We make use of Cech
Cohomology.

i)

ii)

iii)

For all s € S we have an exact sequence
Fs(Us) x Fy(Vs) = F(UNV),) = HY (X5, Fs) — 0.

Since S is affine, R'p.F ®0q k(s) = RIp,.F(S) ®a k(s) = H(Xg,F) ®a4 k(s).
Applying the right-exact functor ~ ®4 k(s) to the exact sequence

FU)xF(V) > FUNV)— H (Xg,F) =0
the thesis follows, since for any affine W C Xg, F(W) ®4 k(s) = Fs(Ws).

We want to show that F(Xg)®4k(s) = Fs(Xs). By point i), we have R'p, F®og4
k(s) = 0 for all s € S. Since R'p,F is of finite type, it is zero. Then we have
an exact sequence

0= F(Xg) > FU)x F(V)—=FUNV)—=D0.

Applying  ®4 k(s), by S-flatness of F, the sequence remains exact; since we
also have an exact sequence

0 = Fs(Xs) = Fs(Us) x Fs(Vs) = Fs(UNV)s) =0
the thesis follows.

If ny > 2 there is nothing to prove. If ng = 1, the thesis follows by point i). If
no = 0 the thesis follows by point i) and ii).



3.2. THE SUBSTACKS T AND T’ 23

iv) For n > 2 there is nothing to prove since both sides are zero. For the cases
n=0or 1, we can apply _ ®4 B to the exact sequence

0= F(Xg) = FU)x F(V) = FUNV) = H(Xg,F) =0

and the thesis follows by A-flatness of B and by the fact that for any affine
W C Xg, F(W)®4 B = (F ®4 B)(W xg Spec B).

v) Since Xg — S is finitely presented, we can reduce to the case where A is
noetherian. Then we refer to |7, pag 19|

O]

Corollary 3.2.4. Let p: Xg — S be the base change to a k-scheme S of the structure
morphism of X. Then if R'p,F = 0, pF is locally free on S.

Proof. Tt follows directly from part i) and v) of Lemma 3.2.3. O

We remark that Lemma 3.2.3 and Corollary 3.2.4 hold more in general for proper
maps X — Y of relative dimension one, but the proof in the general case is not as
easy.

Lemma 3.2.5. Let S be k-scheme and F a very simple torsion-free rank one sheaf

on Xg. Letting t be a local basis of p.JF, the support of the cokernel G of Ox LF
1s the image of a section x : S — Xg of p.

Proof. First of all, we claim that
p«Oxy = Rlp*OXS =~ Og.

The functor R'p, commutes with flat base change on the base scheme for any i > 0,
by [11, TAG 02KH]. Then, since p.Ox = Rlp,Ox = Ospeck, the claim follows.

Now, by assumption R'p,F = 0, and lemma 3.2.3 assures that p,F is locally free of
rank 1 on S. Let then {U;}ies be an affine open cover of S such that p.JFy, = Oy;,.
Let t; be a basis of p.Fy, for all ¢« € I. Then ¢; induces a global section of ‘7:|XUi'
This gives a map

t.
OXUi —l> ‘/—-"XUZ' .

We claim that it is injective. We know that the cokernel, G;, has finite support over
U;. Then all the fibres (G;)s have finite support over k(s), for all s € U;. Now, the
zero locus of ¢4 is contained in the support of (G;)s, and therefore it is finite over k(s).
Consider the kernel K of the morphism Ox, EN Fs. Its support is contained in the
zero locus of t. But any morphism from a module with finite support to Ox, is zero,

hence K = 0. This shows that for all s € U;, Ox, 1ZN Fs is injective. Then it follows
from [11, TAG 05FQ], which uses U;-flatness of Fx,, that ¢; is (universally) injective.
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Let’s denote with G; the cokernel of such map, so that by assumption Supp G; — U; is
a finite map. Let also p; := p|x,, . Applying the left-exact functor p;, to the sequence

0_>OXUZ- t—i>./t]XU_ =G =0
we get a long exact sequence
0= Ov, = piu(Fixy,) = Pibi = R'p; Ox, — Rlpi*(]ﬂXUi)-

Since the functor p;, commutes with restriction to open subschemes of S we have
pl*(ﬂXUL) = (p*‘F)|UZ = OUz a‘nd Rlpl*(ﬂXUz) = (Rlp*f)le = 0 MOI‘eOVeI‘,
Rlpi*(’)XUi = Oy, and it follows that p;,G; = Op,.

Now we would like to see that the finite morphisms Supp G; — U; are actually isomor-
phisms. Here Z; := Supp G; is the schematic support of G;, i.e. the closed subscheme
of Xy, given by the annihilator sheaf of G;. The assumption that U; is affine ensures
that also Z; is. So let U; = Spec A, Z; = Spec B and G; 7, = M. The situation is
the following: B is an A-algebra and M a faithful B-module which is isomorphic to
A when viewed as an A-module. We would like to show that B = A. We have a
morphism of rings
A— B— EndM

where the rightmost morphism is injective by faithfulness of M. Actually the image
of B lies inside Endg M which is in turn contained in End4 M C End M. Since M is
isomorphic to A as an A-module, End4 M = A and we have that the composition

A— B—A=2Endy M

is the identity of A. Hence the rightmost map is surjective and in particular an
isomorphism, inverse to the original map A — B. This proves that the composition
of maps of schemes Z; — Xy, — Uj; is an isomorphism, and therefore Z; is the closed
subscheme corresponding to a section z; : U; = Xy, of P, Xy, = U;.

We claim that the sections z; : U; — Xy, agree on the intersections U; N Uj, 4,5 € 1.
Indeed, for all i, j € I, t;jy,nu; = Ui it A, where the u; j are elements of O(U;NU;)*
such that u;juj; = 1 and w;jujpur; =1 on U; NU; N Uy. Then for all 7,5 € 1

gi‘XUiﬂUj = gleUiﬂUj :
Since restriction to open subschemes commutes with taking support, the claim follows.

This way, the x; glue to give a section = : S — Xg, whose image is the support of the
sheaf G, which is obtained by glueing the sheaves G;.

O
Further on we will want to show that the stack T’ can be covered by copies of T;

these copies are translates of T? via an action of Z x Z on T' that we are now going
to construct.
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Let as usual P and Q be smooth points on the two components of X. We define, for
each (a,b) € Z x Z, an invertible sheaf Ox(a,b) on Xg as follows: on X, consider the
invertible sheaf (O(aP),O(bQ),id,id). Then for a k-scheme f : S — Speck, define
the invertible sheaf

Oxs(a,b) := f*(O(aP), O(bQ),id, id).

We can now give for every k-scheme S an action
(Z xZ) x T'(S) — T'(9), (a,b) - F > F(a,b):= F ®ox, Oxg(a,b).

Indeed, F ®0x Ox,/(a,b) is still a simple TFRI1 sheaf, since for any invertible sheaf £
on Xg and any geometric point s of S, End(F;®Ls) = End(Fs®L;RL,") = End(Fs).
Moreover the action is, by the way Oxg(a,b) was constructed, functorial in S.

Lemma 3.2.6. Let K be an algebraically closed field and F an object of T'(K), that
is, a simple torsion-free rank one sheaf on Xy . Then there exists a pair (a,b) € Z X 7
such that F(a,b) is very simple.

Proof. Proposition 3.1.5 tells us that the objects of TO(K) are exactly the sheaves
that are of one of the following kinds:

O(1),0,«) for some a € K*,

,O(1), @) for some o € K*,
(1)
o)

(@)
(@)

(
(
( 0O(1),1) ® my,, where my, is the ideal sheaf of a singular point,

( O(1),1) ® my,, where my, is the ideal sheaf of the other singular point.

)
)

Over an algebraically closed field, simple torsion-free rank one sheaves F are either
invertible sheaves (O(n), O(m), ) or pushforwards of invertible sheaves via one of the
two partial normalizations, hence of the form (O(n),O(m),1) ® my,. In any case it
is straightforward that there is a pair (a,b) that sends F to a sheaf of one of the four
types above.

O]

Lemma 3.2.7. Let S be any k-scheme and F an object of T'(S). Then for any s € S
there exists an open neighbourhood U C S of s and a pair (a,b) € Z x Z such that
(F(a,b))x, is very simple on Xy.

Proof. Take s € S and let § be the geometric point lying over s. The fibre F3 is simple
on Xg, so as seen in Lemma 3.2.6 there exists a pair (a,b) € Z x Z such that Fg(a,b)
is very simple. Then (R'p.F(a,b))s = HY(Xz, F(a,b)s) = HY(Xs, Fs(a,b)) = 0.
Then there exists a neighbourhood Uy of s such that R'p.F(a, b)j, = 0. Similarly,
(p«F(a,b))s = k(5). By Nakayama and Lemma 3.2.4 there is a neighbourhood U; C
Up of s such that p,F(a, b)|U1 is locally free of rank 1 - in particular, we can assume
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p«F(a,b)jy, = Op,. Choose a basis t of p.F(a,b);, and let G be the cokernel of the
map

Ox,, = Fl(a,b).

U,

We know that Gs has finite support. Take now two point o, € X (k) on distinct
components of the smooth locus of X, such that the base changes ays), Bi(s) are not
in the support of Gs. Consider the open subset U C Uy where a*Ulg =0and 5;;1g =0.
We want to argue that Supp Gy is finite over U. By [4, 8.11.1] a morphism which is
proper, locally of finite presentation and with finite fibres is finite. Since Supp G|y
is a closed subscheme of Xy which is proper and finitely presented over U, we just
need to check that fibres are finite. For every point sop € U, the support of Gg; either
contains a whole component of Xg; or is finite. Since it does not contain the points
asg and Py, it is finite. O]

3.3 Rigidification

We would like to find an equivalence of categories between X and the stack of very
simple sheaves, but in order to do so we need to modify T a bit. Indeed, for any
k-scheme S the fibred category X (S) has only identities as morphisms. This is not
the case for T(S), whose objects have plenty of automorphisms. We get rid of these
non-trivial automorphisms via the process of rigidification.

Definition 3.3.1. Let € € X (k) be a point lying on the smooth locus of X, and let
€s : S — Xg be its base change for all S. We let T, be the category of rigidified
torsion free rank 1 sheaves, defined in the following way:

— its objects are triplets (S, F, «), where S is a k-scheme, F is a torsion-free rank
one sheaf on Xg, and « is an isomorphism « : €*F = Og,

— a morphism h : (S, F,a) — (5,3, ) is given by a morphism h : F — G such
that S oe*h = a.

We define analogously the categories T, and TY.

These new rigidified objects have the following useful property.

Lemma 3.3.2. An object (S,F,«) of T, has no non-trivial automorphisms.

Proof. Suppose h : F — F is an isomorphism with a o €*h = a. Then €*h = idexr.
We would like to show that then h is the identity. We know that it maps to the
identity via the map

Auto, (F) < Autog (¢"F)

so let’s compare the two sides. Being €*F an invertible sheaf on S, Autpg(e*F) =
Autpg (Os) = Os(S)X.
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To show that also Auto, (F) = Os(5)*, it would be enough to show that
p«&nd(F) = Og.

Now, suppose we prove this for very simple sheaves. By Lemma 3.2.7, there is an
open cover {U; }ier of S and invertible sheaves {£; }ier on Xy, such that, for all i € I,
Flu, @ L; is very simple on Xy,. Taking the tensor product by an invertible sheaf
does not alter the sheaf of endomorphisms, hence p.&nd(F)y, = p XUi’*éond (F XUi) =
p‘XUi’*@@nd(]ﬂXUi ® L;) = Oy,. For all i € I the isomorphisms p.&ndF|y, = Oy, are
canonical, so they glue to p.&ndF = Og.

Hence we can assume that F is very simple, which implies p,F locally free of rank 1.
We have a morphism of Og-modules

s :p*é”ndoxs (F) = Endog(p«F) = Og.

There is also a natural injection Og < p«éndo (F). Let H be its cokernel. Then
the map s above gives a splitting of the exact sequence

0= Og = pxéndoy (F) = H — 0.

Hence p*é”ndoxs (F)=0s@®H, and s: Og ®H — Og is the projection on the first
summand. We would like to show that H = 0. Let U C S be an open affine where
p«Fluy = Op. Let a € H(U). Then a € Endo _, (Fip-1(v))- Since s(U)(a) = 0, we
have that a induces the zero endomorphism on F(p~1(U)). The latter module is free,
isomorphic to O(U) - t for some t € F(p~(U). Then the composition

t a
Op—1v) = Fip—1w) = Fip—1(v)

is zero, hence a factors via the cokernel G of Op-1( 4 Fp-1)- By the assump-
tion that F is very simple and by Lemma 3.2.5, G has support on the image of a
section  : U — p~'U. Since p,G = Op and G = z,p,G, we find G = 2,0py. But
Homo _, (2+Ov, Fjp-1(rr)) = 0 since F is TFR1. This proves that a is zero and so
is #. Hence p.&ndoy (F) = Og as we wished to show. O

3.4 The main theorem

In this section we prove that the stack TV is represented by the scheme X. We first
need to prove a few lemmas.

Lemma 3.4.1. Let S be a k-scheme and F a very simple torsion free rank one sheaf
on Xg. Then if L is an invertible sheaf on S, ]:®(9XS p*L s also very simple.

Proof. For every s € S, p*L; is trivial. Then by lemma 3.2.3 it follows that for all
5€S8, Rp(FRp'L)®k(s) 2 HY(X,, Fs ® p*Ls) = HY (X4, Fs) = R'p,F =0, and
p«F @ k(s) = pu(F @ p*L) @ k(s), so conditions i) and ii) are satisfied. For condition
iii), finitess of the map can be checked locally on S. Notice that the base change to an
open U C S of the map Supp(F/tOxg) — S is the map Supp(F|x, /tjyOx,) — U.
Then if {U;}ies is an open cover of S such that L, = Oy, for all i € I, we have
P*(L)xy, = p"(Lyy,) = Ox,, and we conclude. O
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Lemma 3.4.2. Let Xg be the base change of X by a k-scheme S. Let x : S — Xg
be a section of p: Xg — S. Let I, be the ideal sheaf of the closed subscheme of Xg
given by x. Then I, is TFRI on Xg.

Proof. Such an ideal satisfies an exact sequence
0—1I; = Oxg — 2,05 — 0.

Since Oxg and z,Og are S-flat, I, is S-flat. To check that I, is locally-free on the
smooth locus of Xg, take an affine U = Spec R[z,x!] in the smooth locus of Xg,
with R the affine ring of some open of S. The restriction of I, to U is the kernel of a
surjection of R-algebras

Rlz, 27 '] = Ry

for some f € R, hence of the form (z — a)R[z,z~'] for some invertible a € Ry, and
therefore a free R-module. Finally, restricting to an affine neighborhood of a singular
point, the ideal sheaf I, is given by an ideal I C R[x,y]/xy which is the kernel of a
surjective morphism of R-algebras R[z,y|/xy — R. It must be checked that the map
I - I ®g (R[z,x7 1] x Rly,y~!]) is R-universally injective. Denoting by I[z,y] the
elements of I annihilated by both x and y, this is equivalent to showing that for all
R-algebras R’, we have (I ®r R')[z,y] = 0. Now, the complex

0—I— Rlx,y]/ry - R—0

remains exact when tensored with R’ over R, because R is obviously R-flat. So we
have I®g R’ C R'[z,y]/xy, and there are no non-zero elements in this ring annihilated
by both x and y. O

Let P and @ be the base change to Xg of the two points previously called P and @ in
proposition 3.1.5, and o be the base change to Xg of the unique automorphism of X
that sends one point to the other. Any section = : S — Xg gives a closed subscheme
of Xg; let I, be its ideal sheaf. Let also O(P + Q) be the invertible sheaf on Xg dual
to the ideal sheaf (which is in fact invertible) of the closed subscheme given by P and
Q. For any section = : S — Xg, we define

]'-(.’I?) = O(P + Q) ® Ia(x)

and

G(z) = F(z) @ p"(e"(F(2))").

Since p o € = idg, the pullback €*G(z) is canonically isomorphic to Og. Therefore we
have a canonical rigidification (G(z),id).

While proving Proposition 3.1.5 we saw that for every point € X (k), the sheaf F(x)
fitted into an exact sequence

0— Ox — F(x) = xk — 0.

We now prove the analogue over a general scheme.



3.4. THE MAIN THEOREM 29

Lemma 3.4.3. Let T be an affine scheme and p : X7 — T be the base change of
X — Speck. Let x : T — X be any section of p. Then, for some invertible sheaf L
on T, the sheaf F(z) fits into an exacl sequence

0— Ox, = F(x) = z.L — 0.

Proof. The scheme X7 has a covering by two affine opens U and V isomorphic to
Spec R[z,y]/xy and Spec R[u,v]/uv, glued via x + u~! and y — v~! as usual. The
preimage of U via the closed immersion o(z) is an affine open in T, isomorphic to
Spec R’ for some R-algebra R’. Then the restriction of the ideal sheaf of I,y is
given by the kernel of an R’-algebra surjective morphism

R'lz,y]/zy - R,

which is of the form

(z —a,y — B)R'[z,y]/zy
for some a, 8 € R' with a8 = 0. The same can be done on V. There, I,y is given
by

(u—ao',v—B)R"[u,v]/uv
with o/, p’ belonging to an R-algebra R” and /3’ = 0. Then, since on the intersection
UNV wehave x =u~'and y =v~!, we obtain o/ =o' and / =3 'in R xgr R".

The sheaf F(x) has a global section f given by

_ _ _ /_ /
rty—a=-f g itr-o—F

on V.
r+y—1 u+v—1 .

Let G be the quotient of Ox,, i) F(z). Then Q‘U is given by the module

z—o,y—pL
| ARy | (@ - ayy - )Rz v/

Gtyo Bl /ey (@t —a—HRl/ay

Now, y — 8 = a — x in M, so the module is generated by just + — a. Also, we can
substitute y = o + 8 — x and get

R[z]

M= (z— ) p—

2

Since a3 = 0, 22 — ax — Bz = (v — a)(z — B), and by the fact that x — o is not a
zero-divisor in R[x] we have that

M = R'[z]/(x — B).
By comparison, we have

Rz, y] ~ Rl

(:L‘—,B,y—a,xy) (.%‘-ﬁ,OéCC)
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by substituting y = . But ax = a(z — ), so we get indeed
Rz, y]
(z = B,y — o, zy)
which is the ring of the skyscraper sheaf at z. Therefore, Fiy = z),-1(1) «Op-117)-

M =

By symmetry, the same argument works on V. Hence F = x, L for an invertible sheaf
L on T that is free on the affine opens z=1(U) and x=(V). O

Lemma 3.4.4. Let T = Spec R, and x,y : T — X7 be two sections of p: Xp — T.
If there ewists an isomorphism of Ox,-modules o : I, — I, then v = y.

Proof. Taking the tensor product of the ideal sheaf I, with O(P + @), by Lemma
3.4.3 one gets an exact sequence

0= 0x, LOP+Q @I, — 2L — 0

where f is a global section of O(P + Q) ® I,. The isomorphism o applied to f gives a
global section o(f) of O(P+Q)®I,. Then we get an isomorphism of exact sequences

0 Ox, — 0P +Q) 1, 2L 0
Jid J
0——0x, " LoPrQ el —sypM——s0

for some invertible M on T', and in particular an isomorphism x,£ =2 y, M. Take an
open cover {U;} where both Ly, and My, are trivial. Then z.Oy, = y.Oy, for all
i € I. Since x(U;) is the support of 2.O(U;), the morphisms x|y, and yy, have same
image; since they are both sections of pj, ;) they coincide on points of U;. Because
2.0y, = y.Oy; it follows that x|y, and y)y, yield the same morphism of sheaves and
are therefore the same morphism of schemes. Then since x and y coincide on an open
cover of T', we have x = y. O

In the next lemma we use the dualizing sheaf of the morphism p : Xg — S, as defined
in (910, pag. 243], and of Grothendieck duality [1, Thm 4.3.1].

Lemma 3.4.5. Let S be an affine k-scheme, p : Xg — S be the base change of the
structure morphism of X, and x : S — Xg be a section of p. Let also wx,g be the
dualizing sheaf of p. Then

Ext'oy, (2.0s,wx/s) = Os(S5).

Proof. Let DY(X) (resp. DT (X)) be the bounded (resp. bounded below) derived cat-
egory of quasi-coherent sheaves on X. Grothendieck duality asserts that the diagram

R#om(_wx/s[1])

D*(X) D¥(X)

JRp* JRp*

Db(S) Rtom(_,0g[0]) D+(S)
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commutes. Hence applying it to the complex with the sheaf z,0g concentrated in
degree zero, we get

RAom(Rp.(2.05(0]), Os(0]) = Rp.(RAom(x.05(0]), wx/s(1])-

Let’s compute the LHS first. The sheaf x,0Og is acyclic for the functor p.. Indeed,
letting I*® be an injective resolution of Og, z.I* is an injective resolution of x,0Og.
Then applying the functor p, gives us back the resolution I°.

Then
Rp.(2.05[0]) = p.x.0g[0] = Og]0].

Therefore we have to compute R7#Zom(Og[0], Og[0]). Since the complex Og[0] has
acyclic terms for Zom(_,Og), this is simply

Hom®(O5[0], 0s[0]) = Ogl0].
We now turn to the RHS. We have
RA#om(x.0s[0], wx/g[1]) = H#om®(x.05[0], I*[1])

for an injective complex I® quasi-isomorphic to wy/g[0]. This is a complex that in
degree n has the sheaf #om(z,Ox, I"*!). This is acyclic for the functor p, (it is the
pushforward via x of some sheaf on S, and we can apply the same argument as earlier
in the proof). So applying Rp. we just obtain

pxsom®(x.O0g]0], I°[1]).
Therefore we have a quasi-isomorphism
Os|0] = pssom®(z.Os]0], I°[1])
and taking cohomology we obtain

Og, ifi=1.

<t .Og, =
p ﬂfoxs(m SwX/S) {07 ifi£1.

Now, the Grothendieck spectral sequence for composition of the functors Zom(x.Og, )
and I'(Xg, ) yields an exact sequence in low degrees

0— H'Y(Xg, %omoxs(x*OS,wXS/s)) — Extl(x*(’)s,wxs/g) —
— F(Xg,é?xté)xs (2:05,wxg/5)) — HQ(XS,%om@XS (2+05,wxg/s))

The first and fourth term in the sequence vanish. Indeed, the Hom sheaf is supported
on the the image of x, which is isomorphic to the affine scheme S, and on affines
coherent sheaves have zero higher cohomology. Hence

Extl(x*OS,wXS/S) = F(Xg,éaxt%gxs(x*Os,st/S)):
= I(S, p*éa:vt%gxs (2.05,wx4/5)) = Os(9).
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We have now all the ingredients to state and prove the main result.

Theorem 3.4.6. Let S be any scheme over k, p : Xg — S the base change of the
structure morphism X — Speck. Then the functor

Fg: X(S) — TY%(S)

given by
1s an equivalence of categories.

Proof. Notice first that X(S) = Xg(95), via the bijection sending = : S — X to
(.%,id) S =X XSpec k S.

We check that for any x € X (S) the sheaf G(z) is very simple. Ideal sheaves of sections
of p: Xg — S are TfR1 by Lemma 3.4.2, and tensor product of a TFR1 sheaf by an
invertible sheaf is TFR1 by Lemma 1.2.10. It follows that F(z) = O(P + Q) ® I,(y)
is TFR1. Now by lemma 3.4.1 it is enough to check that F(z) satisfies conditions
1),ii),iii) of definition 3.2.2 .

Letting F = O(P+ Q) ® I (4, notice that for all points s € S the fibre Fj is a torsion-
free rank one sheaf on the curve Xy over the field k(s). By part (iv) of lemma 3.2.3,
dimy,,) Hi(X,, Fs) = dim@ Hi(X5, F5), where 5 is the geometric point above s. This
allows us to reconduct to proposition 3.1.5, being s = O(P o35+ Q 03) ® I ()05, and
hence a torsion-free rank 1 sheaf of the kind described in the proposition.

So, for all s € S and integers i > 2, H'(X,, Fs) = 0; then by lemma 3.2.3 R!p,.F ®
k(s) = HY(Xs, Fs) = 0. This shows that R'p,F = 0, which in turn implies that
p«F is locally free by lemma 3.2.4. Now, again by Lemma 3.2.3, p.F ® k(s) =
HO(X,, Fs) = k(s); hence, by Nakayama’s lemma p,F is of rank 1. Lastly, too see
that Supp(F/Ox4t) — S is a finite map, we use the fact that finiteness is local on the
target. By Lemma 3.4.3, there is an affine cover {U;} of S such that (Fy,/Ox, t) =
z+Op,. Then Supp(x.Oy,) — U; is an isomorphism, hence a finite map.

Next we show that the functor Fg is fully faithful. This is made easier by the fact that
the only morphisms in X (S) are the identities. By lemma 3.3.2 elements in T°(S) have
no non-trivial automorphisms. Then we just need to check that for x # y objects of
X(9), the set Hom(Fs(z), Fs(y)) is empty. The only morphisms in a category fibred
in groupoids are isomorphisms. So assume by contradiction that G(x) = G(y). Then

Flx)=Fly)@p L
for some invertible sheaf £ on S, and in particular
Lo(z) = Loy @ p"L.
Consider an affine cover {U;}ier of S such that Ly, = Oy, for all i € I. Then

(" L)x, = Ox,, and therefore Ioy) = Loy, By lemma 3.4.4, it follows that
Ty, = yju, for all ¢ € I and hence x = y, contradicting the hypothesis.
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Our objective is now to construct a quasi-inverse J to Fg. Let’s see how to associate
to every object (F, ) of TO(S) a point J(F, ) of X(S).

Lemma 3.2.5 gives a recipe to associate a section x : S — Xg to a very simple torsion-
free rank one sheaf F: we choose an affine cover {U;} of S on which the invertible
sheaf p.F is trivial. On every U; we let t; be a basis of (p.F)y, and it turns out

that the cokernel G; of OXUi LN Fixy. 18 supported on a section z; : U; = Xy,. The
sections x; then glue to give a section x : S — Xg.

We let J : T(S) — X (S) be the functor given by
J:(F,p)—z

as done above. To see that Fyg is an equivalence of categories, it is enough to show
that for all (F, ) there is a unique isomorphism

(Frp) = Fs(J(F, ).

Actually, because of the rigidification, between two isomorphic objects of T?(S) there
is exactly one isomorphism, by lemma 3.3.2. So we just need to show that F is
isomorphic to G(x), where x is the section associated to F. Then (F, ) will necessary
be isomorphic to (G(z),1) (since different rigidifications of the same sheaf are all
isomorphic among them).

We consider again the situation over the affines {U;}. Since the sheaves G; are sup-

~

ported at Z;, where x; and |z, are inverse to each other, it follows that G; = x;,p.«G; =
2;,Og. Hence we have an exact sequence

0— OXUi — ‘EXU,L- — 2.0y, — 0.

Consider now the sheaf G(x) = F(z) @ p*(e*(F(x))"), where F(2) = O(P+Q) @ I,(y).
Up to refining the initial open cover U; we can assume without loss of generality that
the invertible sheaf p*(e*(F(z))Y) is trivial when restricted to the U;. So we get

G(@) v, = O(Py, + Qu,) @ Lo(ay)-

Because U; affine, by lemma 3.4.3 we find that there are exact sequences

0— OXUi — g($)|XUi — :L‘i*OUi — 0.

We have seen that both F|x, and Q(x)X‘U_ are extensions of x,Oy, by OXUi’ 80 they
correspond to elements of the extension group EthoXUV (z:Oy,, O Xy, ). We claim that,
up to refining the cover {U;}, the Ext module is isomorphic to O, (U;).

Let wyg s be the dualizing sheaf of p : Xg — S. As seen in lemma 3.4.5, we have a
canonical isomorphism Oy, (U;) = ExtIOXU‘ (2ixOu;, wx,, ju,)- Interpreting the RHS
as the extension group of z;,Oy, by WXU./U:;a we find that it is isomorphic to

ExtloXUi (2, Oy, ® w}/(Ui/Ui, Oxy, ).
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Indeed, tensor product by the invertible (and hence (’)XUi—ﬂat) dual sheaf w}/(U_ U,
sends bijectively extensions '

0 — wxy, ju; = F = 2.0y, = 0

to extensions
/ v
0— OXU,L- — F = z,0p, ®WXUZ~/U1- — 0.

We actually have
\ * *x V *
2, O, O Wxy,. /U, = ziri Oxy, @ &4 Wxy. /U; = Ly WXy, /Ui

Putting together the isomorphisms found so far, we get, for some invertible sheaf £
on Ui,
OU7<UZ) = EthoxU_ (.%'Z*E’ OXU)'

Up to refining the cover U;, we can assume that L is trivial on each U;, and hence we
find
OUZ(UZ) & EthOXUi (xi*OUi, OXUi),

which proves our claim.
Now we show that F|x, and G(v)x, are isomorphic. It is enough to show that

they correspond to units a,b € R, = Oy, (U;) = ExtloXU_ (xi*OUUOXUi)' If this is

the case, letting u be the unit in R;* such that a = ub, we get a diagram of exact
sequences

OHOXUi ‘F|XUi $1*054>0

oL, b

OHOXUZ- *a>g(l’)|XUi *)xi*OUi ——0

where the rightmost rectangle is the pullback diagram of v and 3, and the map from
OXUZ- to ]:\Xui is given by « and the zero map to x;Og . Since u is an isomorphism,
also the arrow ’F]XUi — g(a?)‘XUi must be an isomorphism. So to conclude, it is
sufficient to show that if an extension F of z;,Op, by O Xu, is torsion-free rank one,
then it corresponds to a unit in R; = Oy, (U;) = ExtloXU_ (2O, OXUi)' So suppose
F corresponds to s € R;. Let T = Spec R;/sR;, f : T BN U; the map corresponding
to the quotient R; — R;/sR; . Pulling back via f an exact sequence

0_>OXU1' —F = 2.0y, =0

preserves exactness, because x;,Op, is obviously U;-flat. Hence we obtain another
exact sequence:
0— Ox, = f*F = 2,01 — 0.

The pullback f* induces then a morphism of R;-modules

R; R; / sR;

EthoXUA (JU,'*OUZ., OXUi) —_— EthoxT (:I:i*OT, OXT)
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which is the quotient by sR;. Hence the sheaf F corresponding to s in the left-hand
side goes to zero on the right-hand side, i.e. f*F = z;,Or ® Ox,. But if F is TFRI,
also f*F is, and z.Or ® Ox,, is TFR1 if and only if T" is the empty scheme, i.e., s is
a unit in R;, as we wished to show.

This shows that for all i € I, F|x, = G(z)|x, . In particular, for all i € I, there is
exactly one such isomorphism inducing an isomorphism on the rigidified sheaves

('FlXUi’SqUi) s (g(x)\XUiv 1).
Since for all 7,7 € I there is exactly one isomorphism
(Fj‘XU,,;ﬁU]' ) SD‘UZHUJ) — (g<x)|XUlﬁUJ ) ]‘)

the isomorphisms {c;}ic; coincide on the intersections Xy, N Xy, = Xy,ny;, and
therefore give a global isomorphism

F % G(x)
which yields a unique isomorphism
(F,9) = (G(2), 1),

completing the proof.

3.5 A smooth surjective morphism 7" — T’

In this section we will use Theorem 3.4.6 to find a smooth and surjective morphism
T, — T’ and show that T. is a scheme T covered via open immersions by copies of X.
Proposition 3.5.1. Let TO and T’ be the stacks of very simple and simple torsion-free

rank one sheaves. Then

a) T is an open substack of T.

b) TO is an open substack of T'.
Proof.

a) It is enough to show that for every scheme S and torsion-free rank one sheaf F
on Xg, the locus of S where the condition

End(Fs) = k(3) for all geometric points s of S

holds is open in S.
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We first assume that S is locally noetherian, and we show that the complement
of the above locus is closed. Notice that for s a geometric point of S, End(F;) has
dimension greater than 1 if and only if Fs is a pushforward from a normalization
of X (Lemma 1.2.9). Call z¢, 21 : Speck — X the two singular points. We call
with the same name their base changes to any k-scheme. We are looking for
those s € S such that dimy,) zfs*F = 2 and dimy,) z7s*F = 2. There is an
isomorphism xjs*F = s*zyF, and for all s € S, s*x{F is either of dimension 1
or 2. Now, on a locally noetherian base, the dimension of the fiber is an upper
semicontinuous function, and this shows that the locus is indeed closed.

In the case of a general base scheme S, we can first reduce to the case where
S is affine, and then express S as a limit of noetherian schemes S; [11, TAG
01Z7]. For each S;, let U; be the open locus where condition End(Fs) = k(3) is
satisfied. Then the U; give cartesian diagrams

T ——T

-

Then also
T —— T

I

is cartesian, and moreover lim U; — lim .S; is an open immersion.

We first prove that T is a subcategory of T'. Let F be an object of T°(S). For
all geometric points s of S, H' (X, Fs) = Rip. F@k(s) =0, and H*(X,, Fs) =
ps«F @ k(s) = k(s). Then Fs is not a pushforward of a line bundle from a
normalization of Xg, hence End(F;) = k(s).

We pass to checking that conditions of Definition 3.2.2 are open on S. The sheaf
R'p, F is of finite presentation and therefore its zero locus is an open subscheme
Up C S. On Uy, p.F is locally free, and the locus where it is of rank 1 is a
connected component Vg of Uy, hence open in S. Finally, for the last condition,
let X7 and X be the irreducible components of X. Now, for each point x €
Xi(Vo), let Vi, be the zero locus in Vj of 2*G, where G = coker(Ox EN F).
Clearly V; , is open, and so is V; = Ua:eXi(Vo) Viz. The claim is that the locus of
Vo where the support of G is finite is exactly the open subscheme V; N V5. This
is equivalent to saying that the support of G is finite over an open subscheme
T C Vy if and only if there exist two points x1 : T'— X3 and z9 : T — X5 such
that 271G x, = 0 and 230 x, = 0. So let’s check this.

Suppose first that there exist two such points. Then for all s € T, the pullback
Gs on X, has fibre zero at each of the two points x1 s and o4, which lie on
different components of X,. Then the global section t restricted to X cannot
be zero on a whole component, otherwise the support of G, = F;/Ox, t would
contain that component, including one of the two points x1 s, 72 . Hence ¢ has
finitely many zeroes and the support of G is finite. Finally, being X7 — T
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a proper morphism of finite presentation, the condition SuppG — T finite is
implied by Supp Gs being finite for all s € T'. [4, 8.11.1]

Suppose now that Supp G — T is finite. Then, we saw in the proof of lemma 3.4.6
that the support is a closed subscheme corresponding to a section x : T' — Xr.
Then there exist z1 : T — X1 and @2 : T — Xy 1 such that z1(T) Nz(T) =0
and xo(T) Nx(T) = 0, so that 271G = 0 and 235G = 0.

This proves that U := V; N V4 is indeed open.

O

Corollary 3.5.2. Let T? and T. be the stacks of very simple and simple rigidified
torston-free rank one sheaves. Then

a) T. is an open substack of T..

b) T is an open substack of T..

Proof. The diagram
T, —— T,

| |

T —T
where the horizontal arrows are the inclusions and the vertical arrows are the forgetful
functors, is cartesian. Indeed, for all k-schemes S, an object of T'(S) xr(g) Te(S) is
a triple (F,(G,p),0) with F simple on Xg, (G, ¢) a rigidified TFR1 on Xg, and
o : F — G an isomorphism. Then the functor

T’E(S) - T/(S) XT(S) TG(S) (]:’ QO) = (]:a (]:7 Qp)aid)

is an equivalence of categories. O

We have seen that TV is an open substack of T., the stack of simple torsion-free rank
one sheaves. What we would like to prove next is that T can be covered by translates
of TY.

Recall the action of Z x Z on T’ that we constructed in section 3.2. The action can
be of course extended to rigidified simple tfrl sheaves, by setting

(CL, b) ) (]:’ (70) = (]:(aa b)ﬂo)'

We have then the following.

Lemma 3.5.3. Let
F:||T—T,
ZXZ
be the morphism of stacks given by

F(S) : (avb’ (]:790)) = (a’b) ’ (f730)'

Then F is surjective.
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Proof. Of course, being T? an open substack of T., F is representable and we can talk
about its being surjective. We have to show that for every S and (F,¢) rigidified,
simple torsion-free rank 1 sheaf on Xg, in the cartesian diagram

o F /
UZXZTE ’ Te

T wﬁ

(Uzxz T2) X S —— S

the lower horizontal arrow is a surjective morphism of schemes. This amounts to prove
that for any point s of S, its fibre via the lower horizontal arrow is non-empty. We
can of course reduce to geometric points 5 of S. Then we are done if we show that for
every algebraically closed field K, any morphism

Spec K — T,

factors via F'. But this follows trivially from Lemma 3.2.6. O

Precomposing the map in 3.5.3 with the inclusion T — | |, T of TY given by the
couple (a,b) induces a morphism

T — T,
given by F + (a,b) - F. This is still an open immersion. To see this, it is enough to
check that for all schemes S, the morphism

f:T. =T, Fw(ab)-F
is an isomorphism. So let (F, ) be an object of T.(S). Then the diagram

f
T, —— T

(a’b)'(]:#p)T -FT

id
S <

commutes and is trivially cartesian.

This, together with lemmas 3.5.1 and 3.5.3, proves that indeed T is covered via open
immersions by copies of T?. Then T’ is a scheme, which we denote by 7.

Finally, we show that 7" covers smoothly T’.
Lemma 3.5.4. The map of stacks
T'=T T

given by forgetting the rigidification datum is smooth and surjective.

Proof. For every k-scheme S and every simple TFR1 F on Xg, the diagram

T — T

|

Isomg(Og,€*F) —— S
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is cartesian. Now, for any s € 5, take an open neighbourhood U C S of s such that
(€"F)jr = Og. Then we can extend the diagram above to a cartesian diagram

T — T

| A

Isomg(Og, e*F) —— S

]

ISOInU(OU, OU) —U

Now, Isom;;(Op, Op) is simply Gy, 7, and the map G, y — U is smooth and surjec-
tive. O
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