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Introduction

Let p be a prime number, and let ¢ = p" with » € N>;. We consider algebraic
representations of the affine group schemes SLo and GLso of 2 X 2 matrices of
determinant 1 (resp. invertible), defined over F,. We compare them to the
linear representations over F, of the finite groups SLa(F,) and GLa(F,).

Let Std be the standard representation of SLy and GLg acting on Fz,
and let V; = Sym’ Std for j € N. For n € Z, let D™ be the 1-dimensional
representation of GLgy given by the n-th power of the determinant. Let F
be the Frobenius endomorphism of E;. This can be extended to an endo-
morphism F' of SLo and GLo that raises all matrix entries to the p. For
a representation V of SLy or GLo, define the representation VI to be the
same vector space where a matrix M acts as F*(M) would act on V. An
algebraic representation of SLy (resp. GL2) induces a representation of the
finite group SLa(F,) (resp. GLo(F,)) over F,.

We use without proving it the following theorem:

Theorem ([5], §2.8). The irreducible algebraic representations of the affine
group scheme SLy over I, are the following (up to isomorphism):

> 1/
7
X,
i=0
for s € N and 0 < j; < p for every i.

In this thesis we give proofs of the following results:

Theorem. The irreducible representations of the finite group SLo(F,) over
F,, are the following (up to isomorphism):

r—1 i
(3
XKV
i=0
for 0 < j; < p for every i.

Theorem. The irreducible algebraic representations of the affine group scheme
GLy over F), are the following (up to isomorphism):

e @V
=0

formeZ,seNand 0 < j;, <p ]ior every ©. The irreducible representations
of the finite group GLo(F,) over IF,, are the following (up to isomorphism):

r—1
D e @V,
=0

for0<n<qg—1and0 < j; <p for everyi.



The description of the irreducible representations of SLa(FF,;) can be found
in [1], §30. We give a more detailed proof in a more modern language.
The analogous result for GLy(F,) is also stated there, without proof. The
description of the irreducible representations of the affine group scheme GLo
can be deduced from the general theory in [6], but we give a direct proof
instead.

It should be noted that representations over F, of both the affine group
schemes SL,, and GL,, and the finite groups SL,(F,) and GL,(FF,) are not
semisimple for n > 1. Hence describing the irreducible representations is not
enough to describe all the representations.

Notice that the above results imply that every irreducible representation
of the finite groups SLy and GLs over F), is induced by an irreducible algebraic
representation of the corresponding group scheme. There is in fact a general
theorem, proved by Steinberg, that states:

Theorem (Steinberg, [9]). Let G be a reductive algebraic group defined over
F,. Denote by G}, its base change to k = Fp. Then an algebraic representa-
tion of G induces a representation of G over k. If Gy, is simply connected,
then every irreducible representation of G over k is the restriction of an
irreducible algebraic representation of Gy.

We refer to [9] and [6] for the general theory leading to this theorem.
The proof relies on the classification by dominant weights of the irreducuble
representations of G. The affine group scheme SL,, is simply connected for
all n, while GL,, is not. We showed that the conclusion still holds for GLs,
but we were not able to find a proof or a counterexample for any GL,, with
n > 3.

We also prove the following result:

Theorem. Let p: SL, — GL(V) be an irreducible algebraic representation
of the affine group scheme SL, over an algebraically closed field. Let i :
SL, — GL,, be the canonical map. Then there is an irreducible algebraic
representation p : GL, — GL(V') such that the diagram

SL, —2 GL(V)

L A

commutes.

This gives a tool to pass from representations of SL,, to representations
of GL,, for any n. However, it does not seem to be enough to deduce an
analog of Steinberg’s theorem for GL,,.



1 Background

1.1 Notation and conventions

The set N consists of the non-negative integers. The category of sets is
denoted by Sets. Algebras over a field are assumed to be commutative.
Given a field k, the category of k-algebras is denoted by k — Alg. The
category of (abstract) groups is denoted by Grp, the category of (abstract)
abelian groups is denoted by Ab, and the category of (abstract) finite groups
is denoted by FGrp. Given a field k£ and a group G, we denote by k[G] the
group algebra of G. The category of affine schemes over k is denoted by
AffSch/k. The symmetric group acting on the set {1,...,n} is denoted by
Sp. If ¢ : G = AutS is an action of a group G on a set S, we denote
the element p(g)(s) € S by g.s, for any g € G and s € S. Given two
topological spaces X and Y, we denote by Cont(X,Y") the set of continuous
maps X — Y. Given a ring R, we denote by Mat,,(R) the ring of m x m
matrices with entries in R. Given a ring R and two elements a,b € R, we
denote by [a, b] the element ab — ba € R. Throughout this thesis, p denotes
a prime number.

1.2 Affine group schemes

For sections 1.2 to 1.8 we refer to [6], [10] and [7].

Definition 1.1. Let k£ be a field. An affine group scheme over k G is a
representable functor G : k — Alg — Grp, i.e. GG is naturally isomorphic to
Hom(A, —) for some k-algebra A. A morphism of affine group schemes is a

natural transformation. The category of affine group schemes over k will be
denoted by AffGrSch/k.

Equivalently, an affine group scheme can be defined as a representable
functor G : (AffSch/k)? — Grp. Notice that if G is represented by A,
then A is unique up to unique isomorphism by Yoneda’s lemma. Giving a
group scheme structure on a scheme is giving compatible group structures
on its R-points for every k-algebra R.

Example 1.1. 1. The additive group G,y is the functor assigning to a
k-algebra R its additive group (R, +). It is represented by k[X], since
giving a morphism k[X] — R is the same as giving an element = € R.

2. The multiplicative group G, j is the functor assigning to a k-algebra
R its group of units, i.e. Gy ;(R) = (R*,-). It is represented by
k[X, X !] (which is just alternative notation for what should more
precisely be written k[X,Y]/(XY —1)). Indeed, if we have a morphism
¢ : k[X, X! — R, this identifies an element x = p(X) € R, and we
have that * € R* because X is invertible in k[X, X ~!]. Conversely,



such a ¢ is determined by = = ¢(X). This group scheme will be
denoted Gy, if no confusion is likely.

3. The general linear group GL,, j, is the functor assigning to a k-algebra
R the multiplicative group of invertible n x n matrices with entries in
R. To give such a matrix is the same as to give n? elements of R, with
the condition that the determinant must be invertible. It is then easy
to check that the representing algebra is

k[Xij, Y]i,j:l,...,n/(y det(Xij) — 1)

where det(X;;) is the determinant formula in the variables X;;. We will
denote this algebra by k:[Xij,detfl], and the group scheme by GL,.
Notice that GL; = Gy, (they really have the same definition).

4. The special linear group SL,, 1 is the functor assigning to a k-algebra
R the group of n x n matrices with entries in R and determinant equal
to 1. It should now be clear that it is represented by the algebra

k‘[Xz ']i,jzl,,,,,n/(det(Xij) — 1).
This group scheme will usually be denoted SL,,.

5. The group of n-th roots of unity g, is the functor assigning to a
k-algebra R the multiplicative group ({z € R | " =1},-). It is rep-
resented by the algebra k[X]/(X"™ — 1), and we will denote it by juy,.

1.3 Morphisms and constructions

Recall that a morphism of affine group schemes is a natural transformation
of functors k — Alg — Grp.

Definition 1.2. A closed immersion H — G is an affine group scheme
morphism such that the corresponding algebra map is surjective. In this
case H is a closed subgroup of G. We will denote closed immersions by
H— G.

Notice that in this case H is represented by a quotient of A. Notice also
that the composition of two closed immersions is again a closed immersion.

Example 1.2. 1. For every n € N, there is a closed immersion z : j, —
G, which is defined as follows. Let R be a k-algebra, we can define
on R-points the map

Z2(R) : pun(R) = Gun(R)

¢—=¢



If a: R— S is a k-algebra map, then the diagram

pn(R) —— G (R)
/Mn(a)l Gon ()
/,Un(S) — Gm(s)

is clearly commutative, hence z is a morphism of affine group schemes.
The corresponding algebra map is

kX, X1 — k[X]/(X™ - 1)
X=X
which is a surjection.

. For every n € N, there is a closed immersion G, — GL,, given on
R-points by
Gm(R) — GL,(R)

g
g —

This corresponds to the algebra map
k[X,j,det™!] — k[X, X1
Xij — (5in
which is surjective.

. For every n € N, there is a closed immersion SL,, — GL,, given on
R-points by
SL,(R) — GL,(R)

M— M
which corresponds to the surjective algebra map
k‘[Xij,det_l] — k‘[XU]/(det(X”) — 1)
Xij — XZ]

. For every n € N, there is a closed immersion i, — SL,, given on
R-points by
pn(R) — SLy(R)



C—

It corresponds to the algebra map
k[Xij]/(det(Xi5) — 1) — k[X]/(X™ = 1)
Xij — 5in
which is surjective.

Definition 1.3. An affine group scheme represented by A is called of finite
type if A is a finitely generated k-algebra. A linear algebraic group over k is
an affine group scheme G such that its representing algebra is reduced and
there exists a closed immersion G — GL,, ;, for some n € N.

Affine group schemes of finite type always admit a closed immersion into
some GLj,, so they are linear algebraic groups under our definition (see [10],
§3.4). Conversely, it is obvious that if G admits a closed immersion in GL,,
then it is of finite type.

Consider now a morphism ® : G — H of affine group schemes. We can
define an affine group scheme ker ® in the natural way

(ker ®)(R) = ker(®(R))

for every k-algebra R. This turns out to be a representable functor hence an
affine group scheme, and it is true that monomorphisms in AffGrSch/k are
the morphisms that have trivial kernel. Epimorphisms and surjective maps
are more complicated, and we refer to [7], §VIL.

Let k' be a k-algebra. Then every k’-algebra is in a natural way a k-
algebra, which allows us to define base changes.

Definition 1.4. Let G be an affine group scheme over k. We define its base
change to k' to be the affine group scheme

Gy : k' — Alg — Grp
R — G(R).

If G is represented by the k-algebra A, then Gy is represented by the
k'-algebra A @y k'.

1.4 Diagonalisable group schemes
Let M be an abelian group, and let R be a k-algebra. There is a canonical
bijection

Homy,_ a1g(k[M], R) = Homgyp (M, R)
hence the functor k& — Alg — Grp sending R to Hom(M, R*) is an affine
group scheme represented by k[M].



Definition 1.5. A group scheme G represented by k[M] for an abelian group
M is called diagonalisable. Diagonalisable group schemes form a full subcat-
egory of affine group schemes, which will be denoted by DiagGrSch/k.

Example 1.3. Suppose M = Z. Then k[M] has basis {e, | n € Z}, with
€n * em = €nim. So k[M] is isomorphic as a k-algebra to k[X, X 1] by
e1 — X, hence this algebra represents the affine group scheme Gy,. The
group scheme Gy, is then diagonalisable, corresponding to the abelian group
Z.

Suppose now M = Z/nZ. Then k[M] has basis {eg,...,e,—1} with e; =
et fori =0,...,n—1. So k[M] is isomorphic as a k-algebra to k[ X]/(X"—1).
Hence the group scheme p, is also diagonalisable for all n € N, and it
corresponds to the abelian group Z/nZ.

Theorem 1.1. Let k be a field. The functors Hom(—, Gy, ) : DiagGrSch/k —
Ab and F : Ab — DiagGrSch/k defined by

Hom(—,Gy) : G — Hom(G, Gy,)

and
F : M — Hom(k[M],—)
are quasi-inverses of one another, so they define an equivalence of categories.

Proof. Omitted, see [10], §2.2. O

Corollary 1.2. The maps defined by N — (x — 2V) give isomorphisms
Hom(Gp,, Gm) = Z and Hom(jpy, Gm) = Z/nZ.

Proof. We have seen in Example 1.3 that Gy, and p, are diagonalisable
corresponding to Z and Z/nZ respectively. Using Theorem 1.1 it follows that
Hom (G, Gy) = Z and Hom(jun, Gy) = Z/nZ, and the fact that the maps
giving the isomorphisms are N + (z — 2V) can be checked by the explicit
constructions of the examples and of the equivalence of categories. O

1.5 Constant group schemes

Let I' be a finite group. Define a functor k¥ — Alg — Grp by
R — Cont(Spec R, T)

where we put on I' the discrete topology. This is an affine group scheme
represented by the algebra k', because as a topological space I is the same
as [ Spec k = Speck'.

Definition 1.6. Let I' be a finite group. We will call the affine group scheme
Hom(k", —) the constant group scheme T}, and we will denote it by I if no
confusion is likely.



Notice that the constant group scheme construction defines in fact a
functor (=) : FGrp — AffGrSch/k. We have two basic properties of
constant group schemes:

Lemma 1.3. Let I’ be a finite group, and let X be a connected affine scheme
over k. Then Hompgsch/k(X,x) =T.

Proof. Notice that

Homgrsen/k (X, Tk) = Homagrsen/x (X, | [ Speck).
T

Then the conclusion follows from the fact that X is connected. O

Lemma 1.4. Let I' be a finite group, and let H be an affine group scheme
over k. Then the map given by taking k-points

o : Homagarseh/k(Uk, H) — Homerp(L', H(k))
s a bijection.

Proof. Let us define the inverse map ( : Hom(T', H(k)) — Hom(T'x, H) of
a. Take ¢ € Hom(I', H(k)). For a k-algebra R, we have that I'y(R) is
isomorphic to a sum of copies of I' indexed by the connected components of
Spec R (this is just a slight generalisation of Lemma 1.4, the proof is similar).
Recall that affine schemes, being quasi-compact, have a finite number of
connected components. If H = Hom(A, —), then write R = @e;R as an
R-module, where the e;’s are orthogonal idempotents corresponding to the
n connected components of Spec R, and define the map 5(¢)(R) : 'y (R) —
H(R) by

n
B@)(R) : (g1,---,9n) = Y o(gi)es.
i=1
Every ¢(g;) is a map from A to k, so this defines a map from A to R, i.e. an
element of H(R). This defines a map of affines group schemes S(¢p), and it
is easy to check that g is the inverse of «. O

Example 1.4. Consider the affine group scheme p, over an algebraically
closed field k, with n # 0 in k. Then we have a (non canonical) isomorphism
W = (Z/nZ)y. To prove it, let us first fix an isomorphism pu, (k) = Z/nZ.
Let us define a map

O(R) : pun(R) = (Z/nZ), (R) = Cont(Spec R, Z/nZ)

for every k-algebra R. To do so, fix an x € R such that 2™ = 1. For a prime
ideal p € Spec R, consider the image of x in k¥’ = Frac(R/p). Notice that
since Rr = R, we have that x & p hence  # 0 in k. Then 2" = 1 in k’. The

10



field k" being an algebraic extension of k, it follows that x € pu,(k), and we
define p(R)(z)(p) to be the corresponding element in Z/nZ = (k). The
map Spec R — Z/nZ sending p to ¢(R)(z)(p) is continuous (write Spec R
as the disjoint union of its connected components, then this map is easily
locally constant). This defines an affine group scheme morphism

P n — (Z/nz)k

so now to conclude it is enough to prove that the algebras k[X]/(X™ — 1)
and k%Z/"Z are isomorphic. Indeed, since n is invertible in k, the equation
X™ =1 has n distinct solutions in k, so that if we choose a primitive n-th
root of unity ¢, we have X" — 1 = H:Ln;lo(X — (™). Now define the map
E[X]/(X™ = 1) = [ k = %" by X 5 ((™)m=o....n1. By the Chinese
Remainder Theorem this is an isomorphism and we are done.

Notice that p, % (Z/nZ) if n =0 in k. For instance, if chark =p > 0,
then the affine group scheme p, is connected, so if it were constant it would
be the group with one element. Notice also that in this case pu, is not reduced
(it consists of a single point “of multiplicity p”).

1.6 Representations

We assume that the reader knows the basic definitions and results about
linear representations of finite groups, at the level of 3], §1. Throughout this
thesis, all representations of groups are understood to be finite-dimensional.

Consider a finite-dimensional vector space V over a field k. The functor
mapping a k-algebra R to the group Autr(R®y V') is representable. We will
call GL(V') the corresponding affine group scheme. The choice of a basis of
V' induces an isomorphism GL(V) = GL, j, where n = dimV. The maps
R* — Autr(R® V) given by

r— (v )

for any k-algebra R, for any r € R and v € V define a closed immersion
G — GL(V).

Definition 1.7. A (algebraic) representation of an affine group scheme G
defined over a field k is a pair (V, p), where V is a finite dimensional k-vector
space and p is a group scheme morphism p : G — GL(V).

By abuse of notation, we will also refer to a representation (V, p) simply
by V or p. A subrepresentation of V is a vector subspace U C V such
that R ® U is closed under the action of G(R) for every k-algebra R. A
representation is called irreducible if it has exactly two subrepresentations,
namely itself and the zero representation.

If (V,p),(U,7) are representations of an affine group scheme G over a
field k, we define their tensor product (over k) to be the representation

11



(V @ U, p ® ), where the map p ®j 7 is defined by

(p@rm)(R): g (v U p(R)(g9)(v)®7(R)(g)(u))

for all pure tensors v ® u of V ®; U, for every k-algebra R. Tensoring is
exact in both arguments. We will write V& for the tensor product of j
copies of a representation V. Given a representation V of an affine group
scheme and a natural number j € N, we define its j-th symmetric power to
be the representation

SymjV:V®j/<{vl®-~®vj—v01®-~®vgj | vi,...,v; €V, 0 €5;}).
If V has basis {ey,...,e,}, then the map
SymjV—>k[X1,...,Xn]j

given by

J

is an isomorphism.

Example 1.5. Let G = GL,, ;, for some field £, and fix an integer j € Z. Let
DJ = k as a k-vector space. We can define a 1-dimensional representation
n; : G — GL(D7) by setting, for every k-algebra R, and for every g € G(R),

n;(R)(g) = (det g)’.

This is a representation for every j € Z (it is the trivial one for j = 0).
Notice that if h : SL,, ;, — GL,, } is the canonical immersion, we have that
n;h is the trivial representation of SL,, ; for every j € Z. Notice also that
for every j,l € Z we have

DI @ D' >~ pitt,

1.7 Jordan-Holder decomposition

In the following sections we will need some tools to handle representations
that are not irreducible but cannot be written as a direct sum of irreducibles.
One such tool is Jordan-Holder theory, of which we will state the essential
results only for the case in which we are interested.

Definition 1.8. Let GG be a finite group, k a field, and V be a representation
of G. A composition series of V is a finite descending chain of subrepresen-
tations

V=VidVeD- DV, DVpp1 =0

12



such that all the quotients V;/V;;1 are irreducible, for ¢ = 1,...,n. The
irreducible representations V;/V;;1 are called the factors of the series. If V
and W are k-representations of a group G, (V;); is a composition series for
V and (W;); is a composition series for W, then (V;); and (W}); are called
equivalent if they have the same factors, counted with multiplicities, up to
isomorphism.

The main result is the following:

Theorem 1.5. Let G be a finite group, k a field, and V «a representation
of G. Then a composition series of V exists, and any two such series are
equivalent.

Proof. Omitted, see [2], §13. O

In particular, the factors of a composition series of V' are well defined up
to isomorphism, and they are called the composition factors of V.

Definition 1.9. Let V be a representation of a finite group G. A subquotient
of V is a representation of GG that is isomorphic to the quotient of two
subrepresentations of V.

Every irreducible subquotient of a representation V is isomorphic to a
composition factor of V' as it follows from this lemma:

Lemma 1.6. Let G be a finite group, k a field, and let V., W, U be represen-
tations of G over k. If there is an exact sequence

0—U—V—W-—0

then V and U & W have equivalent composition series.

Proof. Omitted. O

13
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2 Motivating result

In this section we start focusing our attention to the case in which our affine
group schemes are defined over a field k of positive characteristic p. In this
case we can relate the representation theory of an affine group scheme to
the representation theory over k of a class of finite groups. In the case we
are considering we can use the relationship with the affine group scheme to
deduce information about the finite groups. Let us start by recalling a basic
result in representation theory:

Theorem 2.1 (Maschke). Let G be a finite group and let k be a field. Let
p: G — AutV be a representation of G, with V a k-vector space. LetU C V
be a subrepresentation. If

chark 1 |G|
then there exists a subrepresentation W C V such that V =U @& W.

Proof. Omitted, see |3|, Proposition 1.5. O

Notice that this immediately implies that every representation of G' can
be written as a direct sum of irreducible representations. The proof of
Maschke’s Theorem heavily relies on being able to divide by the order of
G, and in fact the conclusion does not hold if |G| = 0 in k.

Example 2.1. Let G = Z/pZ, and let k = F,,. Let V = k? as a vector space

over k, and define p by
ST Ea
. 0 1)

It is easy to check that (V,p) is a representation of G. The vector space
V has the invariant subspace U C V generated by the first basis vector in
the basis we have chosen. However, suppose that U has a complement W
that is a subrepresentation. Then dim W = 1, and there is a basis for which
all the elements in the image of p are diagonal matrices. But p(1) is not
diagonalisable, since its Jordan normal form is not diagonal, contradiction.

2.1 The Frobenius endomorphism

Let k = F,, and let ¢ = p" for 7 € N>j. Let us call F the Frobenius
endomorphism of k, given by F' : x — 2P for every « € k. We define the
finite field F, as a subfield of k by

Fo={zek|F'(z)=ua}.

Let G = Hom(A, —) be an affine group scheme of finite type defined over F,,.
Then G(F;) = Hom(A,F,) is finite since A is finitely generated. Consider
now the base change G} of G to k. Notice that the inclusion F, — £

15



induces an inclusion G(F,;) — G (k). Let V be a k-vector space, and let
p : G, — GL(V) be a representation of Gj. Then p induces a representation
pq : G(Fy) — AutV of the finite group G(F,) over k, by means of

pq = p(k)la,)-

We will abuse the notation, and sometimes write p instead of p,.

If G is an affine group scheme of finite type defined over IF,, then F
defines an endomorphism G — G (seeing G as a closed subgroup of GL,,,
this is raising matrix entries to the p).

Definition 2.1. Let G' be an affine group scheme of finite type over IF,.
Let Gj be the base change of G to k. Let V be a k-vector space, and let

p: G — GL(V) be a representation of G. For every r € N, let vil =y
as a vector space, and we define the r-th twisted representation

ol Gy — aL(v )

of p by
p[T] =poF".

If G, GLy, 1, this means that for a k-algebra R, if

ailr ... QA1p
g=1| : . | eGR)
apl --- Qpn
then
... d
F'(R)(g)=| :
. b
and

p"N(R)(g) = p(R)(F"(R)(g)).

We will apply these constructions to the group schemes SL,, and GL,,, which
can be defined over F,. We will usually write SL,(F,) (resp. GL,(IF,;))
instead of SL;r,(Fy) (resp. GL,r,(F;)), and SL;, (resp. GL,) instead of
SLn,k (resp. GLn’k).

Notice that | SL,,(F,)| and | GL,,(IF4)| are both divisible by p for every n >
1. In particular, Maschke’s Theorem does not apply to their representations
in characteristic p.

16



2.2 Steinberg’s Theorem

The classification of the irreducible algebraic representations of SL,, and GL,,
in characteristic p is known in terms of highest weights thanks to Chevalley,
for more on this see for instance [6], §I1.2. For the group scheme SLo, highest
weights are in bijection with natural numbers, and the description of the
irreducible representations can be made very explicit.

We will now present a particular case of the results in [9], which relates
the representations of the group scheme G to those of the finite groups G(Fy).
We will only state it for G' = SL,, F,, but it holds for any simply connected
reductive group G defined over F,. For the definitions of these terms, and
the proof of the theorem, see [9] or [6].

Theorem 2.2 (Steinberg, [9]). Let p : SL, — GL(V) be an irreducible
representation over F,, of the affine group scheme SLy,. Let ¢ = p" for some
r € N>y1. Then the representation p, of the finite group SLy(F,) over F, is
irreducible. Moreover, every irreducible representation of SLy(F,) over F,
is isomorphic to pg for some irreducible representation p of the affine group
scheme SL,,.

Proof. See 9] or [6]. O

The motivation of this thesis was to investigate whether this theorem
holds in more generality, or to find examples where it fails if we make weaker
assumptions. We have first restricted our attention to the groups SL, and
GL,,, and we were able to find an answer in the case n = 2 (the case n =
1 is trivial). The main reason behind this choice is that while SL,, and
GL,, are very closely related, the affine group scheme GL,, does not satisfy
the hypotheses of the general statement of Theorem 2.2 (it is not simply
connected). So the main question is: does a similar result hold for G = GL,,?
In other words, does every irreducible representation of GLy,, (F,) over F,, arise
as the restriction of an irreducible representation of the affine group scheme
GL,? We were not able to find an answer nor a counterexample for any
n > 3. However, there is some that can be said.

2.3 Extension of representations from SL, to GL,

A first important result that shows how the group schemes SL,, and GL,, are
related is the following:

Theorem 2.3. Let SL,, = SL,, . and GL,, = GL,, ., with k an algebraically
closed field, and let i : SL, — GL, be the canonical map. Let p : SL, —
GL(V) be an irreducible algebraic representation over k. Then there exists an
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irreducible algebraic representation p : GL,, — GL(V') such that the diagram

SL, — GL(V)

%

commutes.

In other words, given an irreducible representation of SL,,, we can extend
it to an irreducible representation of GL,,. Notice that Theorem 2.3 is true
in any characteristic.

To prove this theorem, we will need a lemma.

Lemma 2.4. Let n’ € N be a divisor of n, and let k be an algebraically
closed field. Denote by j the natural map j : jun — SLy,, and by h the
natural map h : Gy, — GL(V). Let p : SL, — GL(V) be an irreducible
algebraic representation over k. Then there exists a map T : i — Gy, such
that the diagram

/,un»% SL,

/| l

Gm—p GL(V)
commutes.

Proof. This is the key lemma in the proof of Theorem 2.3, and it requires
different approaches for different values of n'.

Step 1. Suppose n’ # 0 in k. In this case, by Example 1.4 there is a (non
canonical) isomorphism of group schemes Z/n'Z = i, .

Consider now k-points. We know that ju,/ (k) =< (v > is a cyclic group
of order n’. Hence the endomorphism pj(k)(¢,/) of V is diagonalisable since
n # 0. Fix a basis such that V' = k™ and

A1

pi(k)(Gnr) =
An

with respect to that basis, where )\?l =1 for all #’s. Consider the eigenspace
Vy, relative to A;. Then we claim that V), is stable under the action of SL,,.
Indeed, let R be a k-algebra. We have that g,/ (R) C pun(R) C SL,(R) is in
the center of the group, hence R ® V}, is closed under the action of SL,,(R).
Then V), gives a nonzero subrepresentation of p, and since p is irreducible
we conclude that V\, =V, hence \; = A\; for all i’s and pj(k)((,) is scalar.
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So we have a commutative diagram

I (k) & SLn(k)

T(k)l Jp(k)

By Lemma 1.4, since ju,,/ is a constant group scheme, we have for any affine
group scheme H the equality

Homgrsen /k(1n', H) = Homarp (i (k), H (K))

and by applying this to the whole diagram the conclusion follows.

Step 2. Suppose now chark = p > 0, and n’ = p". In this case p,» =
Spec S as a scheme, with S = k[X]/(X?" — 1) = k[6]/6”" (the isomorphism
is X — 14 6) (see also Example 1.1). The group g,/ (S) = Homg(S, S) has
a canonical element, the identity. Under the identification Homy(S,S) =
pa (S) = {z € S| a =1} given by ¢ — ¢(X), the identity corresponds
to 14 4. Notice that in the diagram

Spec S s o SL,

Gm—pm GL(V)

the existences of the two dotted arrows are equivalent, hence it is enough to
verify the property for the S-point 1+9, i.e. we need to prove that pj(S)(1+3)
is a scalar in GL,,(S). We have that pj(S)(148) = 14+A10+-- -+ A1 671
for some A; € Mat,,(k), so we need to show that A; is scalar for all 4.

We will use an argument by induction to prove that indeed the A;’s
are scalar. Consider the rings S; = k[§]/d" for t = 0,1,...,n/. We have
canonical projections S = S,y — S,y_1 — -+ = Sg = k. We can consider
146 € pun(Sy) for all ¢, and we have that p(S;)(1+6) = 1+---+ A5t L
What we want to prove is then equivalent to saying that pj(Sy)(1 + ¢) is
scalar in GL,,(S;) for all ¢.

This is clearly true for ¢t = 1. Let us suppose it is true for ¢ < ¢y, and let
us prove it for t = tg + 1.

We know that pj(Si,+1)(1+ 6) = M + Ay 6% for some M a scalar ma-
trix. Suppose that for all k-algebra R, for all g € SL,,(R), we have that
A, p(R)(g) = p(R)(g)At, (notice that p(R)(g) € GL,(R), while Ay €
Mat,, (k) C Mat,,(R)). Let V\ # 0 be a generalized eigenspace for Ay, with
eigenvalue \.

Then R ® V), is closed under the action of SLy,(R) for all R because Ay,
commutes with all SL,,(R), i.e. V) gives a subrepresentation of p, so V) =V
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since p is irreducible. Then if Ay, is not scalar we have that ker(A;, —\) is a
proper subrepresentation, which is a contradiction because p is irreducible,
and we conclude that Ay, is scalar.

We are left with proving that A;, commutes indeed with all possible
p(R)(g) for g € SL,(R). We know that 1 4+ 6 € u(Sty+1) commutes with
all h € SL,,(Sty+1), 80 pj(R® Sty+1)(1 + ) commutes with p(R ® Si,+1)(9)
inside GLy, (R ® S¢,+1) for all g € SL,,(R). That means

0= [M + Atoéto’p(R ® StoJrl)(g)] = 6" [Atovp(R)(g)]

inside Mat, (R ® St,+1), hence [As, p(R)(g)] = 0 inside Mat,,(R) and we
are done.

Step 3. Suppose now chark = p > 0, and n’ = ep”, with p { e. In this case
we have that g,y = e X ppr as group schemes, by using Z/n'Z = Z/eZ x
Z/p"7Z and Example 1.3. We have the canonical morphisms je : pe — SL,
and jpr : ppr — SLy, and by the previous two steps we have commutative
diagrams

/,Ue>L> SLy,
Tel J/p
Gm—pm GL(V)

and

pr >L) SLn

Gm>—h> GL(V).

From these we obtain a commutative diagram

IHpr X /ue>j—> SLy,
| J
Gnr——— GL(V)

and we are done. O

Proof. (of Theorem 2.3) We refer to [7], §VII for a treatment of exact se-
quences of affine group schemes and quotients. What we will use (see [8], §I,
Theorem 1.29) is that there is an exact sequence

1—>/,uni>Gm><SLn—>GLn—>1

and that giving a representation GL, — GL(V) is the same as giving rep-
resentations £ : SL, — GL(V),x : Gy, — GL(V) such that £ = xp and
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E(R)(a)x(R)(b) = x(R)(b)é(R)(a) in GL,(R) for any k-algebra R and any
a,b € R. Moreover, such a construction gives an extension of £ in the sense
of the statement of Theorem 2.3.

Denoting by j the natural map j : pu, — SL,, we can consider the
representation pj : u, — GL(V). By Lemma 2.4 this factors through 7 :
Wn — Gy, and by Corollary 1.2 the map 7 extends to 7 : Gy, — Gy,. That
is, we have a commutative diagram

/,un>—j> SL,

1

Gm —— Gm>—h> GL(V).

Define now £ = p, and x = h7. Then we have the required properties for £
and y (notice that ¢ = (z, 7)), so this defines a representation p of GL,, that
extends p.

It remains to check that the representation we have defined is irreducible.
Suppose that there is an invariant subspace V' C V, with dim V'’ < dim V.
Then the action of SL,, on V' must be trivial, because p is irreducible. Then
it follows that the action of the whole GL,, is trivial, and we are done. [J

Notice that this construction is the only one possible, up to the choice of
an extension 7 of 7, which corresponds to choosing an integer with prescribed
congruence modulo n.

Unfortunately, we were not able to use this result to prove that all the ir-
reducible representations of the finite group GL,,(F,) over F,, are restrictions
of representations of the affine group scheme GL,,. Let us explain where the
difficulty lies. Let p be an irreducible representation of GLy,(F,) over F,. We
can consider the restriction p[SLn(Fq), and suppose that this is irreducible.
By Theorem 2.2, there is an irreducible algebraic representation p of SL,
such that p, = P’SLn(qu and by Theorem 2.3 this extends to an irreducible
algebraic representation of GL,. The point is that if we now take its re-
striction to GL,(IF;), there does not seem to be a reason why this should
coincide with p. We were however not able to find any example of a repre-
sentation of the finite group GL,(F,) that does not come from an algebraic
representation of the algebraic group.

In the following section we will restrict our attention to the case n = 2.
Before we get to that, let us treat another useful result, namely:

Lemma 2.5. Let k be an algebraically closed field. Let p : GL, — GL(V)

be an irreducible representation of GL,, = GL, . Let i : Gy — GL, and
h: G — GL(V) be the canonical maps. Then there is a map « : Gy, — Gy,
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such that the diagram

commutes.

Proof. Suppose that such a diagram does not exist, i.e. that Gy, does not
act as scalars on V. We claim that then there exists a A € Gy, (k) = k*
such that p(k)(\) is not a scalar in Aut V. To prove the claim, notice that
G (k) is a dense set in the scheme Gy, (see for instance [4], §1.6, Corollaire
6.5.3), so if every element of G, (k) acted as a scalar then we would have a
commutative diagram

Gm (k) —— GL,
P

G —— GL(V)

and by density the map Gy (k) — Gy, would extend to a map Gy — Gy,
contradiction.

So we have proved the claim, and fix now a A € k* that does not act
as a scalar on V. If the endomorphism p(k)(A) of V' has more than one
eigenvalue, then the corresponding eigenspaces are closed under the action
of all GL,,, which is absurd because p is irreducible. Then p(k)(A) has only
one eigenvalue u. If p(k)(A) is not diagonalisable, then ker(p(k)(\) — p) is
an invariant subspace, which is absurd because p is irreducible. We conclude
that p(k)(\) is diagonalisable, so it is a scalar, contradiction. O

It follows from this result, together with Corollary 1.2, that the map
G — Gy, induced by an irreducible representation of GL,, is of the form
x — zV for some N € Z.
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3 The groups SL; and GLs

As it was anticipated, we were not able to find an answer to the main question
for the groups GL,, in the literature, nor to come up with one based on the
knowledge that we have for SL,. However, in the case n = 2, there is a lot
that can be said, and the irreducible representations of both SLo and GLo
can be explicitly described. The representation theory of the finite groups
SLy(F,) and GLy(F) is known as well, and it turns out that even for GLg(F,)
all the irreducible representations come from irreducible representations of
the affine group scheme.

We will only consider the field k = F,, even though most of what follows
applies as well to any algebraically closed field of characteristic p > 0. For
brevity, we will write SLg and GLs instead of SLZE and GLZFP'

3.1 Representations of the group scheme SL,

We begin by introducing a class of representations of SLy. There is a natural
representation p of SLy on the 2-dimensional vector space V = k? =< X,Y >
over k. It is defined as follows: the choice of the basis we have made for V'
induces an isomorphism ¢ : GLy — GL(V), and if we call j : SLy — GLq
the canonical map, we define p to be p = j o . A more explicit description
is the following: for any k-algebra R, for every element

_f(a b
9= \e d
of SLa(R), the action of p(R)(g) is given by

p(R)(g) : X = aX +cY

and
p(R)(g): Y — bX + dY.

We will call this representation the standard representation and denote it by
Std.

For j € N, we will call V; = Sym’ Std (the j-th symmetric power of Std).
Thus Vj is a (j + 1)-dimensional representation of SLy, corresponding to the
extension of the action given by p to the space of homogeneous polynomials
of degree j in the variables X, Y. Notice that in particular V; is the trivial
1-dimensional representation, and that V; = Std.

From the general theory exposed in [6], we can deduce the full classifi-
cation of irreducible representations of the affine group scheme SLy. Recall
the definition we have given, for a representation V of SLo, of its i-twisted
representation VI, given by composing the action with the iterate Frobenius
endomorphism of SLo. We have:
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Theorem 3.1. For every j € N, write j = Y ;_, Gipt, with 0 < j; < p for
every i, and define a representation L(j) of the affine group scheme SLa as

follows:

L) = @V,
i=0
Then L(j) is irreducible, and L(j) = L(h) implies j = h. Moreover, every
irreducible representation of SLg is isomorphic to L(j) for some j € N.

Proof. See [5], §2.2 to §2.8 for the general statement and the particular case
of SLy, and [6], §II.2 or [9] for the proof of the general theorem. O

Notice that in general, a representation of SLo is not a direct sum of
irreducibles, so describing the irreducibles is not enough to describe all the
representations.

Let us move to the analysis of the finite groups SLa(IF,).

3.2 Representations of the finite group SLy(F,)

The classification of irreducible representations of SLa(F,) over k = F,, is well
known, and it was found by Brauer and Nesbitt in [1] (predating Steinberg’s
more general theory). It is as follows:

Theorem 3.2 (Brauer-Nesbitt, [1], §30). Let ¢ = p" for r € N>1. For
every r-uple (jo, ..., jr—1) with j; € N and 0 < j; < p for every i, define the
representation H (jo, ji, ..., jr—1) of SLa(Fy) over F, by

r—1

H(jo, 1, Jr—1) = ®ng
i=0

Then these representations are irreducible, they are pairwise non-isomorphic,
and every irreducible representation of SLa(F,) over Fy, is isomorphic to one
of these.

Notice that by Theorem 2.2, we know that all these representations are ir-
reducible, being clearly restriction of irreducible representations of the group
scheme SLo. However, in this case it is not so hard to prove the whole the-
orem by hand. The proof we give is essentially the one given in [1], §30,
rewritten in a more modern language and in greater detail.

Definition 3.1. Let G be a finite group, and let g € G. If p { ord(g), then
we say that g is a p-regular element. If p | ord(g), then we say that g is a
p-singular element.

Lemma 3.3. Let G be a finite group, and let g € G. Then there exist two
elements a,b € G such that the following hold:
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e g=ab=ba

e pford(a)
e ord(b) = p® for some s > 0.

Moreover, the elements a and b satisfying these conditions are uniquely de-
termined and they are both powers of g.

Proof. Let n = ord(g). If (n,p) = 1 then a = ¢g,b = 1 is clearly the only
possible such decomposition. If n = p"q, with » > 1 and (p, ¢) = 1, then find
integers x,y € Z such that 1 = 2p” + yq. Set a = ¢°",b = g¥9. It is easy
to see that ord(a) = ¢, ord(b) = p", and that these elements are uniquely
determined. O

Definition 3.2. Let G be a finite group, and let g € G. Let g = ab as in
Lemma 3.3. Then we say that a is the p-reqular factor of g and that b is the
p-singular factor of g.

Notice that the conjugate elements of a p-regular element are p-regular.
A p-regular conjugacy class is the conjugacy class of a p-regular element.

Theorem 3.4. Let G be a finite group. Then the number of non-isomorphic
irreducible representations of G over I, is equal to the number of p-regular
conjugacy classes of G.

Proof. Omitted, see [11], §7, Theorem 1.9. O

Lemma 3.5. Let G be a finite group. Let p: G — AutV be a representation
of G over Fp. Let g € G, and write g = ab as in Lemma 3.3. Then the
elements p(a) and p(g) of AutV have the same eigenvalues with the same
multiplicities.

Proof. We can write p(g) in Jordan normal form. Then p(a) and p(b) are
powers of p(g) by Lemma 3.3, so they are upper triangular matrices. Since
ord(p(b)) is a power of p, it follows that its diagonal entries must be equal
to 1. Then the result follows easily. O

Notice that in particular we do not lose any information about eigenvalues
if we only consider the p-regular factor of a given element of the group.

Lemma 3.6. Let G be a finite group. Let p be a representation of G over
F,. Let a,b € G be p-reqular elements. Then p(a) and p(b) have the same
characteristic polynomial if and only if they are conjugate.

Proof. The “if” part is trivial (two conjugate matrices have the same charac-
teristic polynomial). Suppose now that p(a) and p(b) have the same charac-
teristic polynomial. Since a and b are p-regular, the corresponding matrices
p(a) and p(b) are diagonalisable. But diagonal matrices are determined by
their characteristic polynomial, and we are done. ]
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We will also need a result about the structure of the representations

m_ j 1
V= (Sym’ Std)l.

Lemma 3.7. Let j,l € N with j > 1. There are exact sequences of repre-
sentations of SLa(F,) over IF,,

l l n v l
0— vl Zvlevll Lvll o (1)
and
0— VT Lyl vl o 2)

Proof. The maps in (1) are given by:
ph) = AY®X -hX QY
P(s®t) = st

The map 1 is obviously a surjective map of representations. Moreover, we
have that clearly
Pop=0.
Since , l l ,
dim(V" © V") = 2j + 2 = dim V!, + dim VY,
we conclude that (1) is an exact sequence of vector spaces. Let us check that
© is a map of representations, i.e. that given

fop <Z Z) € SLa(F,)

we have

©(E.h) = E.p(h).
We have

Eoh) = (BERW'X+d'Y)o (@ X +Y)+
—(Eh) ("X +PY)® WX +d'Y) =
= (Bh)(detE'YRX-X®Y)=
= @(E.h)
since det E = 1. We have proved that the sequence (1) is indeed an exact

sequence of representations of SLa(IFy).
The maps in (2) are given by:

7(X) = X7

AY) = v?
of

x(f) = X0y
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Let us first check that v is a map of representations. We have, for the same
matrix E € SLy(F,),

E~x(X) = EXP=(@X+FY)P=
= o xP 4 Py = oy (X) 4 P
= (E.X)

I+1

YY) =

and similarly

EA(Y) = (EY)

so v is indeed a map of representations. Moreover, there is clearly an equality
of vector spaces

ker x = y(V1).

What remains to be done is to show that y is a map of representations. It
is enough to show that x commutes with the matrices

10
7= (0)
11
5= (o)

a 0 .

since they generate SLo(F,). Indeed, we have for 0 < ¢ < p, that

p—i—1

Eix(XP7Y) = ) i(p_;l_l)Xpile”hl
h=0

while
p—i—1 b ;
X(El.Xp_ZYZ) = };} (Z + h)( " >Xp—z—h—lyz+h—1

so we are left with comparing the coefficients

i<p_2_1> and (i+h)<p];i>

inside F,. We will prove the stronger assertion that

w-0(" 7 = ien(")

inside Z. Indeed, the left-hand side is the number of choices of an object
from a set of p—1, followed by h objects chosen from the p—i—1 remaining,.
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The right-hand side is the number of ways one can choose h objects from
the same set of p — i, and then choose one among the remaining p — i — h.
So the two numbers are the same, since the order in which the two choices
are made does not matter. So we have proved that

By x(XPTYY) = (B XP'YY)

for all 0 < i < p. Let us proceed to compute, still for 0 < ¢ < p, the
quantities

) .
_— 1 —1
By x(XPTYY) = ' Xph=lyk=1
2:X( ) ¢ (k _ 1)
k=1
and

X(Bo. XP~YY) = k(k> xXphlykh=1,

k=1

We are left again with comparing the coefficients

(o) e o)

inside F,. They are actually equal inside Z. This can be seen with an-
other combinatorical argument, but for the sake of diversity we present the
computation

k(/i) - k!(iﬂf B (k —(2.1;!(11')f oy Z(/ij)

We are done proving that

By x(XPTYY) = x(BEy. XP7IYY)

for all 0 < ¢ < p. It remains to prove that x commutes with the matrices of
type E,. We have, for 0 <i < p,

E,x(XP7YY) = Eu,aXP i ly! =
= joF (P20) xpmimlyi = (P (P20 xp—iyi) =
= x(Eo.XP7YY)

and this concludes the proof of the Lemma. O

Now we are ready to prove Theorem 3.2.
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Proof. (of Theorem 3.2) We have to prove three facts: that the representa-
tions we have given are irreducible, that they are pairwise non-isomorphic,
and that there are no other irreducible representations.

Let us start by proving that H = H (jo, j1, ..., jr—1) is irreducible. The
vector space H has a basis consisting of the elements

_ yJo—aoy a Jr—1—0pr—1~x,0r—1
g(a07---;a7‘—1)—X0 Y00®.”®X7"T—1 " Y;,_Tl

where VJ[Z’] = k[X;, Y], as a vector space and 0 < a; < j; for every i. Let us
take a nonzero element

f= Za(ao, o ,ar,l)g(ao, .. .,ar,l) €eH

with every a(ag, ..., a,—1) inside Fy, and let us consider the subrepresenta-
tion V(f) C H generated by f. It is enough to show that V(f) = H. We
will first reduce to the case

f=Y oY e -V

For t € Fy, let us consider the map ¢; : H — H representing the matrix

(1 (1’> € SLa(F,).

For a basis element g = g(ag, ..., ar—1) we have then

1

ei(g) = (Xo + Y)Y @ -+ @ (Xpoy + 7 Vg )71yt

In the above expression for g(ag,...,ar—1), consider now ¢ as a formal vari-
able, and write

ft = (pt(f) = Za(ao, s 7aT—1)90t(g(a07 cee 7‘17‘—1))

as a polynomial in ¢
q—1
fe=>Y_t'N,
v=0

where the N,’s do not depend on t. The indices v range from 0 to

r—1
(Zﬂ) (p-1)=q-1
=0

Notice that f; € V(f) if we evaluate it at any t € F,. We claim that every
N, is a linear combination of the elements {f; | t € F,}. To prove the claim,
notice that we have

fo Ny

fi Ny

. =M )
focq,1 Nq—l
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where

1 0 0 0
11 12 1971
M=|1 a3 ag_l
: ; : . .
1 a1 a?lfl ag_l
with Fy = {0,1,9,...,4-1}. The claim is equivalent to the matrix M €
Mat,(F,) being invertible. Its determinant det M is the Vandermonde deter-
minant in {0, 1, ag, ..., aq—1}, which is nonzero since these elements are all
distinct. We have then proved the claim that the N,’s are linear combina-
tions of the {f; | t € F,}. Let us now order the basis elements g(ao, . .., ar—1)

by inverse lexicographical order, that is

glag,...,ar—1) < g(aé, cesah_q)

if and only if the last difference a} — a; that is nonzero is positive. Let
g(bo, ...,br—1) be the unique minimal basis element such that in the expres-
sion

fr = Z alag, . ..,ar—1)ei(g(ag, ..., ar—1))

the coefficient a(bo,...,b,—1) is nonzero. Then the highest exponent vpqx
of ¢ appearing in the expression

qg—1

ft = ZtVNI/

v=0

such that N, #0is

r—1
Vmax = sz(ji - bz)
1=0

and the corresponding N, is

max

N,

Vmax

=a(by,...,br1) YO QY @ @Y

So we conclude that f/ = YOjO ®Y1j1 ®- - -®Yrjﬁ]1 € V(f), and in particular
V(f") = H implies V(f) = H. So we are reduced to showing that V' (f') = H.
Let us then consider another map vy : H — H representing the matrix

((1] i) € SLa(F,).

Define f; = ¢4(f’) and compute it:
r—1

fl=(Xo+ Yoo @ (X1 + Y1) @@ ' Xp_1 + Y1)
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We can express f; as a polynomial in ¢, and in this case the coefficients
include all the basis elements g(ag,...,a,—1). Now by the same argument
we used for the N,’s, we deduce that all the elements g(ag,...,a,—1) lie
inside V(') and so we are done.

We now proceed to showing that the representations we have listed are
pairwise non-isomorphic. Let us order the representations H (jo,. .., jr—1)
by

H(jO, cee 7j7‘*1) < H(h07 cees hrfl)

if and only if the first difference h; — j; that is nonzero is positive. Suppose
then that we have

H(jo, -, jr—1) = H(jo,- -, jr1) 3)

with (jo,...,Jdr—1) # (Jo,---,Jr_1). We may assume that H(jo,...,jr—1)
is (the unique) minimal element in the set of representations that we have
given that is isomorphic to another one of them. Without loss of generality,
assume that jo = --- = j;_1 = 0 and j; # 0. Then clearly (j;,...,5r—1) #
(p—1,...,p— 1) because of minimality. Moreover, if (j/,...,j._;) = (p —
1,...,p—1) then by dimensional reasons (j;,...,jr—1) =(p—1,...,p— 1)
which is also a contradiction, so we deduce that (j/,...,4._1) # (p—1,...,p—
1).

Tensor both sides of (3) by Vl[z]. Suppose now that j; # p — 1. In this
case, by Lemma 3.7, we know that

vl ® Hijo,...jr-1) =Vl oVl ... @V

has the representations

H(Oa .. '707ji - ]-aj’H-l)' .. aj?“—l)
and

H(O, e '707ji + 1aji+17' . ,jrfl)
as its two composition factors. The right-hand side of (3) tensored with Vl[i]
has the same composition factors, hence for dimensional reasons we have

H(O,...,0,5i = 1, dit1s- -y 1) 2 H(0,...,0,5i — 1, ji 1, dq)

but since j; — 1 # j — 1 we have found an example of distinct isomorphic
representations with lower indices, which is a contradiction.
Suppose now that j; = p — 1. Then by Lemma 3.7 we have that

vile Hio,....5r) =V @V @ @V

has the representations

H(O,...,0,p =2, jit1s- s dr1)
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and .
K — Vp[Z] Q@ H(0,...,0,Jit1y-yJr—1)

as subquotients. While the first of these is irreducible, the second is not. We
can use the second part of Lemma 3.7 to deduce that K has the representa-
tions '

K =V e HO0,...,0,jis1, -1 jr1)

and
‘/p[ﬂ2 ®H(07 : 707ji+17"‘ 7j7”—1) = H(07 707p_ 27ji+17"' 7jT—l)

as subquotients. Notice that the latter of the two is irreducible. Suppose
that j;11 # p — 1. Then K’ has the representations

H(07 707ji+1 - 17" : 7j7’—1)

and
H(07 707ji+1 =+ 17" : 7j7’—1)

as its two composition factors, and we have again found the composition
factors of both sides of (3). We find once more a contradiction because there
are isomorphic irreducible representations that have lower indices. Suppose
instead that j;41 = p — 1. We can iterate this whole process, and it will
eventually stop because, as we have said, (j;,...,75-1) # (p—1,...,p—1). So
when we reach the first ¢ such that j; # p—1 we can conclude by contradiction
in the same way. This shows that the representations that we have listed are
pairwise non-isomorphic.

Let us conclude by showing that the list of irreducible representations
that we have given is in fact the full list. It is enough to show that there are
exactly ¢ non-isomorphic irreducible representations of SLa(F,). By The-
orem 3.4, it is enough to show that there are exactly ¢ different p-regular
conjugacy classes. We will apply Lemma 3.5 and Lemma 3.6 to the stan-
dard representation Std = V; of SLy(FF,). Notice that, given a polynomial
py(T) = T? —~T +1 with v € Fg, there is an element g, € SLo(F,) that has
it as its characteristic polynomial, for instance the matrix

0 -1
<1 g ) '
By Lemma 3.5 we deduce that there is a p-regular element g’ € SLa(F,)
that has p,(T) as its characteristic polynomial. By Lemma 3.6 we have that
the number of different characteristic polynomials of elements of SLy(F,) is
exactly the same as the number of p-regular conjugacy classes. Since the
characteristic polynomials in this case are in Fy[T], are monic of degree 2,

have constant term equal to 1, and all such polynomials occur, we conclude
that this sought-after number is indeed |Fy| = g. O
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This concludes the discussion of representations of the various incarna-
tions of the group SLy. We will now move to the analogous discussion for
GLo. It turns out that the situation is not very different, as it was easy to
expect given how much the two groups are related.

3.3 Representations of the group scheme GL,

Most constructions that we have made for SLy are still valid, in particular
the vector space Std is in a natural way a representation of GLo, and we can
still form its symmetric powers. We will still write V; for the representation
Sym? Std of GLy. All the irreducible representations of SLy can be seen as
representations of GLg (since they are tensor products of twists of symmetric
powers of Std). Recall from Example 1.5 that GLg also has infinitely many 1-
dimensional representations D™ given by powers of the determinant. Notice
that these are all trivial when restricted to SLs.

Given that the main difference between invertible matrices and matrices
of determinant 1 is the determinant, it is natural to expect that it is also the
main difference between the representation theory of GLo and of SLo. This
is indeed the case: given an irreducible representation V' of SLo, we can form
the representation V ® D" of GLs for any value of n € Z. This turns out to
give the complete description of the irreducible representations of GLa:

Theorem 3.8. Let L(j) be an irreducible algebraic representation of Sk,
and let n € Z. Then the representation L(j,n) = L(j) ® D™ of GLy is
irreducible. Moreover, L(j,n) = L(h,m) implies (j,n) = (h,m), and every
irreducible algebraic representation of GLg is isomorphic to L(h,m) for some
h € N, m € Z. In other words, the irreducible algebraic representations of
GL2 are the following (up to isomorphism):

L(jn) = D" 2 @V,
1=0

formn € Z and j =3;_q jip', with 0 < j; < p for every i.

Proof. To prove the first claim, suppose that L’ is a proper subrepresenta-
tion of L(j,n). Then L'|g, is a subrepresentation of L(j), it is proper by
dimension, so it is 0. But for a k-algebra R, if the action of SLa(R) on R® L’
is trivial, then so is the action of GLy(R), and we are done.

Suppose now that L(j,n) = L(h,m). Then a matrix

(‘6‘ 2) € GLy(k)

with o € kX acts as o®" on L(j,n) and as o®™ on L(h,m). Since k is infinite
it follows that n = m. Then it suffices to apply Theorem 3.1 to L(j,n)|sL,
and L(h,n)|sr, in order to conclude that (j,n) = (h,m).
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Suppose now that V is an irreducible algebraic representation of GLo, and
we want to prove that it is of this kind. We claim that V|gr, is irreducible.
Indeed, let N C Vgr, be a nonzero irreducible subrepresentation of V|gp,.
Then N = L(h) for some h by Theorem 3.1, and by Theorem 2.3 it can
be extended to an irreducible representation of GLy. The construction in
the proof of Theorem 2.3 shows that the only possible ways of extending N
are by tensoring with a power of the determinant, so the only irreducible
representations of GLg that are isomorphic to N when restricted to SLo are
the L(h)®D! for | € Z. Now, by Lemma 2.5 we know that Vg, = D™|g,, for
some m € Z. Then, for that particular value of m we have that N@ D™ C V
is a nonzero subrepresentation of V', so we get V' = L(h) ® D™ since V is
irreducible, and we are done. O

It should be noted that this result follows from the general theory ex-
posed in [6]. However, the explicit description we have given follows much
more easily from the knowledge about SLy than from actually computing
the highest weights of GLo. On the other hand, the analysis of the represen-
tations of GLa(F,) does not follow from (the general statement of) Theorem
2.2 (recall that SLy is simply connected, while GLg is not). In this case,
however, the relationship with SLy(F,) produces an explicit description of
the irreducible representations of the groups GL2(F,) over F,.

3.4 Representations of the finite groups GLy(F,)

Let us proceed to the main result of this thesis, namely the description of
the irreducible representations of GLa(F,) over [F,,. As a corollary, we obtain
that Theorem 2.2 also applies to the affine group scheme GLo.

Theorem 3.9. Let ¢ = p" for r € N>y. For every 0 < n < q—1, for
every r-uple (jo, ..., Jr—1) with j; € N and 0 < j; < p for every i, define the
representation H (jo, ji, ..., jr—1,n) of GLa(Fy) over F), by

r—1
H(j(]vjlv s o 7j7“—17n) =D" ® ®V;[zd
=0

Then these representations are irreducible, they are pairwise non-isomorphic,
and every irreducible representation of GLao(Fy) over F), is isomorphic to one
of these.

Corollary 3.10. For every ¢ = p", with r € N>y, the restriction of ir-
reducible representations from GL, F, to GLy(Fy) yields all the irreducible

representations of GLa(F,) over F,.

To prove Theorem 3.9 it is enough to adapt the proof of Theorem 3.2.
We need a new version of Lemma 3.7, namely
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Lemma 3.11. Let j,l € N with j > 1. There are exact sequences of repre-

sentations of GLo(F,) over F),
0—o'evll Hvilegv Lyl o
and z
0— vt Lyl X previl, o

Proof. The proof is essentially the same of Lemma 3.7. We need to redefine
the maps as follows:

p(1®h) = WY®X —hX®Y
P(s@t) = st
(X)) = X0
(YY) = Y?
of
x(f) = 1®X76Y

We only need to add to the computations that we carried out to prove Lemma
3.7 some details concerning determinants. Specifically, let us verify that the
newly defined map ¢ is a map of representations, showing that it commutes
with the action of a generic matrix

o (‘C‘ Z) € GLo(F,).

We have

Ep(l®h) = (ER)(etEY (Y X -X®Y)=
= ¢((det B)” ® E.h) =
= p(E.1®h).

Now we have to show that the map y in its new version is a map of repre-
sentations. The computations to show that it commutes with the matrices

10
5= (1)
11
2= (1)

have already been carried out in the proof of Lemma 3.7. It remains to show
that it commutes with matrices of the form

a 0
Eox = <0 1)
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and

1 0
Eay = (0 a>

for a € F. Notice that these, together with £y and Es, actually generate
all of GLa(FF,). We have, for 0 < i < p,

Eax X(XP7IYY) = i(det By x )P @ af P=i=1) xpoi-lyi-l —
= X(Box . XPYY)

and similarly
Eoy X(XP7'Y") = x(Eay . XP~YY)
and the proof is complete. O
Now the proof of our main result follows quite easily:

Proof. (of Theorem 3.9) Let us first show that the representations we have
given are irreducible. We have that H = H(jo,...,jr—1,n) restricts to
H(jo,...,jr—1) as a representation of SLs(F,). Suppose that H' C H is
a subrepresentation, such that dim H' < dim H = dim H ]SLQ(Fq). Then
H'|g1,(r,) is a proper subrepresentation of H (jo,...,jr—1), hence it is 0.
Then the action of the whole GL2(F,) on H is trivial, and we are done.

Let us prove that the representations we have listed are pairwise non-
isomorphic. The proof of this fact is essentially the same that we used in
Theorem 3.2, and here we use the updated exact sequences of Lemma 3.11.
One needs to notice that for 0 < ¢ < r — 1, we have that

: [i]
DY @ V,”,
is an irreducible representation of GLy(FF,). Moreover, notice that if

>~

H(jo, s jr—1,n) 2 H(jgs- -, Jr_q.7)

then n = n’ because for o € Fy, o™ = " implies n = n/ mod (¢ —1).
Then we can proceed exactly as in the proof of Theorem 3.2, starting from
an isomorphism that is minimal with respect to lexicographic index ordering
(excluding the last index), and then deriving a contradiction by showing that
some of the composition factors must be isomorphic and have lower indices.

As for showing that the list is a complete list, the argument that we
have used for Theorem 3.2 still applies, but we have to consider polynomials
of the form P, 5(T) = T? —~T + 6, with v € F, and § € FY. Then the
number of non-isomorphic irreducible representations of GLy(F,) turns out
to be |Fy|[Fy| = q(¢ — 1), and we are done. O
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