d
A
&
15,

Universiteit

*dlied) Leiden
'Mﬁ The Netherlands

E

3

<

B

=

-
@\
-3

o

Super-multiplicativity of ideal norms in number fields
Marseglia, S.

Citation
Marseglia, S. (2013). Super-multiplicativity of ideal norms in number fields.

Version: Not Applicable (or Unknown)

License to inclusion and publication of a Bachelor or Master thesis in
the Leiden University Student Repository

Downloaded from: https://hdl.handle.net/1887/3597295

License:

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:1
https://hdl.handle.net/1887/license:1
https://hdl.handle.net/1887/3597295

N

A \
T Erasmus W

UNIVERSITEIT LEIDEN

MATHEMATISCH INSTITUUT

Master Thesis
Super-multiplicativity of ideal norms

in number fields

Academic year 2012-2013

Candidate:

Stefano M ARSEGLIA

Advisor:
Prof. Bart DE SMIT






Contents

I Prefiminacies

2 Quadratic and quartic case]

[3 Main theorem: first implication|

[4 Main theorem: second implication|

10

14

19






Introduction

When we are studying a number ring R, that is a subring of a number field
K, it can be useful to understand “how big” its ideals are compared to the
whole ring. The main tool for this purpose is the norm map:

N : Z(R) —> Zsg
I— #R/I

where Z(R) is the set of non-zero ideals of R. It is well known that this map
is multiplicative if R is the maximal order, or ring of integers of the number
field. This means that for every pair of ideals I, J C R we have:

N(I)N(J) = N(I.J).

For an arbitrary number ring in general this equality fails. For example,
if we consider the quadratic order Z[2i] and the ideal I = (2,2i), then we
have that N(I) = 2 and N(I?) = 8, so we have the inequality N(I?) > N(I)%.

In the first chapter we will recall some theorems and useful techniques
of commutative algebra and algebraic number theory that will help us to
understand the behaviour of the ideal norm.

In chapter 2 we will see that the inequality of the previous example is
not a coincidence. More precisely we will prove that in any quadratic order,
for every pair of ideals I, J we have that N(1.J) > N(I)N(J). We will call
the norm of a number ring super-multiplicative if this inequality holds for
every pair of ideals. A natural question is if the ideal norm is always super-
multiplicative. The answer is negative, and in the end of the second chapter
we will exhibit an example which tells us that in a quartic order we cannot
prove an analogous theorem.

In a quadratic order every ideal can be generated by 2 elements and in a
quartic order by 4 elements, so we are led to wonder if the behaviour of the
norm is related to the number of generators and what happens in a cubic
order, or more generally in a number ring in which every ideal can be gener-
ated by 3 elements.



The rest of this work aims to prove the following:

Main Theorem. Let R be a number ring. Then the following statements
are equivalent:

1. every ideal of R can be generated by 3 elements;

2. for every ring extension R C R' C R, where R is the normalization of
R, we have that the norm is super-multiplicative.

In chapter 3 we will prove the that [I] implies [2| It turns out that this
proof holds in a more general setting: if I,J are two ideals in a commu-

tative 1-dimensional noetherian domain R, such that I.J can be generated
by 3 elements and the norm N (I.J) is finite then we have N(1J) > N(I)N(J).

In chapter 4 we will prove the other implication. We will first deal with
local number rings, bounding the number of generators of any ideal. Then
we will give a sufficient condition on the behaviour of the ideal norm to prove
that this bound is < 3. Finally we will apply this result to the non-local case
to complete the proof.



1 Preliminaries

A field K is called number field if it is a finite extension of Q. We will say
that R is a number ring if it is a subring of a number field. A number ring
for which the additive group is finitely generated is called order in its field
of fractions. As every number ring has no non-zero additive torsion element,
every order is in fact free as an abelian group of rank [Q(R) : Q], where
Q(R) is the fractions field of R. Number rings satisfy some very interesting
properties and we will recall some of them in the following proposition. The
proofs can be found in chapter 2 of [PSHNR12].

Proposition 1.1. Let R be a number ring. Then

1. every non-zero R-ideal has finite index;
2. R is noetherian;

3. if R is not a field then it has Krull dimension 1, that is every non-zero
prime ideal is mazrimal.

In a domain R with field of fractions K, a fractional ideal I is a non-zero
R-submodule of K such that x/ C R for some z € K*. Multiplying by a
suitable element of R, we can assume that the element x in the definition is
in R. Observe that an R-ideal is just a fractional ideal I with I C R.

The norm of an R-ideal I is defined to be the index of [ in R as an additive
subgroup
N(R) = #(R/I) = [R : 1],

which is a finite or cardinal number. We can extend the definition of the
index to arbitrary fractional ideals I, J taking:

[I:1NJ]

[I:J]:m.

It is an easy consequence that we have [I : J| = [[ : H|/[J : H] for every
fractional ideal H. Now let R be an order and let I be a non-zero ideal
of R. For every x € K* we have that multiplication by x induces a linear
transformation M, for which we have that

|det(M,)| = [R: zR] = [I : «I].

As a consequence we have that [R : zI] = N(zR)[R : I], which implies that
N(IJ)=N(I)N(J)if I or J is principal.

As in this work we aim to study the relation between the norm of an
ideal and the number of generators, we will use the following result, which is
known as Nakayama’s lemma. See [AMG69, 2.8, pag. 22] for the proof.
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Lemma 1.2. Let R be a local ring, m its mazimal ideal, k = R/m the residue
field. Let M be a finitely generated R-module. Let x; (1 < i < n) be elements
of M whose images in M /mM form a basis of this vector space over k. Then
the x1,--- ,x, generate M.

Let R be a commutative ring with unity and let S be a multiplicatively
closed subset of R, i.e. a set containing the unity 1 which is closed under mul-
tiplication. Then we have the ring of fractions ST'R={r/s:r € R,s € S},
and more generally for every R-module M we can consider S™'M = {m/s :
m € M,s € S}. In particular if we choose S = R\ p, where p is a prime
ideal of R, then S™'R is denoted R, and it is called the localization of R
at p. The ring R, is a local ring with unique maximal ideal pR,. Localizing
and more generally formation of fractions commutes with finite sums, finite
intersections and quotients. More precisely:

Proposition 1.3. Let S be a multiplicatively closed subset of a commutative
ring R. If N and P are submodules of an R-module M, then

1. STY(N + P)=S7Y(N) +S71(P);
2. STHNNP)=SN)nSP);
3. the ST'R-modules S™Y(M/N) and (S™'*M)/(ST'N) are isomorphic.

The proof can be found in [AM69, 3.4, pag. 39]. A natural question
is when we obtain the same ring of fractions with different multiplicatively
closed subsets. The following proposition gives a nice criterion:

Proposition 1.4. Let S, T be two multiplicatively closed subsets of a commu-
tative ring R, such that S C T. Let ¢ : ST'R — TR be the homomorphism
that maps a/s € SR to a/s € T"'R. Then ¢ is bijective if and only if for
every t € T there exists v € R such that xt € S.

Proof. Assume that ¢ is a bijection. It is surjective and then for every t € T’
there exist @ € R and s € S such that ¢(a/s) = 1/t, which means that there
exists y € T such that (at — s)y = 0. Moreover ¢ is injective which implies
that exists r € S such that r(at — s) = 0, hence atr = sr € S. For the other
implication, assume that for every ¢t € T there exists x € R with tz € S.
If a/s € S7'R is mapped to 0 in T7'R, then there exists ¢t € T such that
(a—0s)t = at = 0. Now using our hypothesis we have that a(tx) = 0, for some
r € R, and tr € Ssoa/s=0in ST'R. So ¢ is injective. For the surjectivity,
let b/t be any element in T-!'R. Then we have that (bz)/(tz) € ST'R is a
preimage of it. ]



Another very useful tool for studying modules is the concept of length.
More precisely let M be an R-module. A composition series for M is a finite
chain

O0=My C M, CM, C---CM,=M,

where every factor of the series M;/M;_ is simple, i.e. it is non-zero and it
has no proper sub-modules. The length of the series is n. We will use also
the Jordan-Hélder theorem, whose proof can be found in [EIS95] 2.13, pag.
72].

Theorem 1.5. Let R be a ring, M an R- module. M has a finite composition
series iff M is Artinian and Noetherian. If M has a finite composition series
0=MyC M, C---CM,=M of length n, then

e Fvery chain of submodules of M has length < n, and can be refined to
a composition series.

o The sum of the localization maps M — M,, for p a prime ideal, gives
an isomorphism of R-modules

M:@Mm,

where the sum is taken over all maximal ideals m such that some
M;/M; 1 ~ R/m. The number of M;/M;,1 isomorphic to R/m is the
length of My, as a module over Ry, and is thus independent of the com-
position series.

o We have M = M,, iff M s annihilated by some power of m.

The next proposition gives us a sufficient condition for the finiteness of
the length. The proof is a consequence of theorems [AM69] 6.8, pag. 77] and
[AMG69, 8.5, pag. 90]

Proposition 1.6. Let R be a commutative ring. Then R has finite length if
and only if it s noetherian and zero-dimensional.

Recall that a commutative ring has Krull dimension 0 if every prime ideal
is maximal.

Remark 1.7. Let R be a commutative ring and I an ideal such that R/I has
finite length as an R-module. Consider a composition series, which exists by
theorem

R
M0=73M1DM23--'DM120-



FEvery factor is simple, so it must be of the form

M; R
My N mi,

where m; is a mazximal ideal of R. Now, fix a maximal ideal m. Then we have
#{i : mi:m}:l(&)
I

as an Ry-module, because all the factors R/m; disappear if we localize R at
m # m,;. Hence we get that (R/I) =) l(Rn/In) and

N(I) = #(R/T) = T #(R/m)/m).

mCR

So if I is a fractional R-ideal containing R, as the index [R : I] = 1/[I : R],
then we can define [((R/I) = —I(I/R).

Now let R be a commutative domain, m a mazximal ideal. Let J be an
ideal of the localization Ry, such that the Ry-module Ry /J has finite length.
Observe that (JNR)yw = J. So we have an injective map R/(JNR) — Ry/J.
Then we get that R/(J N R) is annihilated by a power of the mazimal ideal
m. Hence by we have that the previous map is actually an isomorphism
of R-modules and we have

! B N_ (Fn
B\JnRr) "\ J

where lg and lp, denote the length as R-module and as Ry,-module respec-
tively.

We will say that a fractional R-ideal I is invertible if there exists a frac-
tional ideal J such that IJ = R. If I is an R-ideal then, from the definition,
it is invertible if there exists another R-ideal J such that [.J is principal.
There is a nice criterion to determine whether a fractional ideal is invertible
or not. The proof can be found in [MATS95, 11.3, pag. 80].

Theorem 1.8. Let R be a domain and I a fractional R-ideal. Then I is
wnwertible if and only if the following two conditions hold:

(1) 1 is finitely generated;

(2) the localization I, at each mazimal ideal m of R is a principal fractional

R -ideal.



Definition 1.9. Let R be a commutative ring. We will say that the ideal
norm on R is super-multiplicative if for every pair of R-ideals I, J such that
N(1J) is finite we have

N(1J)> N(I)N(J).
For brevity we will say that R is super-multiplicative.

Observe that being super-multiplicative is a local property for commuta-
tive domains. More precisely:

Lemma 1.10. Let R be a commutative domain, then R is super-multiplicative
if and only if for every maximal ideal m we have that Ry, is super-multiplicative.

Proof. Assume that R is super-multiplicative and let I, J be Ry-ideals with
1J of finite index in R,. Then we have

[Ry : 1J] = #(R/m)n Fe/UD) — (R /m)!rB/1II0R) — (R[] R

[Rew + 1] = #(R/m)tm /D) = (R Jm)'n BB = [R: TN R]

(R J) = (R ) (/D) = g (R ) w000 < [R T 1 B,
Observe that (/N R)(JNR) and (IJN R) are equal locally at every maximal
ideal, so they are equal also globally. Hence we get that [Ry, : [J] > [Ry :
I][Ry : J]. In the other direction if we have that Ry, is super-multiplicative

for every m, then taking the product of the local norms lead us to have the
required inequality also in the global ring. O]

Proposition 1.11. Let R be a number ring, I an invertible R-ideal. Then
for every R-ideal J we have

N(I)N(J) = N(LJ).

Proof. The localization I, at every prime p is principal by , so we have
that [R, : Jy|[R, : I,) = [R, : (IJ),] for every p, hence

N(1J) = 1;[# ((f]")J = 1;[# <%”) ];[# (%) = N(I)N(J).

[]

Proposition 1.12. Let R be a noetherian local domain of dimension one,
m its mazimal ideal, k = R/m its residue field. Then the following are
equivalent:



1. R s integrally closed;

2. m s a principal ideal;

3. dimg(m/m?) = 1;

4. every non-zero ideal is a power of m.

A noetherian local domain of dimension one satisfying one of these con-
ditions is called discrete valuation ring, briefly DVR. The proof can be found
in [AMG69, 9.2, pag. 94]. Then we have a criterion for invertibility for prime
ideals of a number ring.

Theorem 1.13. Let p be a prime ideal of a number ring R. Then the fol-
lowing are equivalent:

(1) p is an invertible R-ideal;
(2) R, is a discrete valuation ring.
Proof. See [PSHNRI12, 2.17, pag. 22]. O

If these conditions hold for every non-zero prime ideal of a number ring
then it is called Dedekind domain. In chapter 9 of [AMG9I] there are several
characterizations of Dedekind domains.

Proposition 1.14. Let R be a noetherian domain of dimension one. Then
the following are equivalent:

(1) R is integrally closed;
(2) R, is a discrete valuation ring, for every maximal ideal p;
(3) every non-zero fractional ideal is invertible.

In particular, in a Dedekind domain we have that the set of fractional
ideals is a multiplicative group. The integral closure of a number ring R,
usually denoted R, is a Dedekind domain. More precisely we have:

Theorem 1.15. Let R be a number ring that is Dedekind and let Z(R) be
the group of fractional ideals. Then there is an isomorphism

I(R) = Pz
p

that sends I — (ordy(I)),, where ordy(I) = Ir, (R,/1,) and every I € Z(R)
factors uniquely as a product I = Hp porde (D).
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Proof. See [PSHNR12, 2.18, pag. 23]. O

Corollary 1.16. Let R be a number ring. Then R is Dedekind if and only
if for every maximal ideal p we have N(p?) = N(p)N(p).

Proof. If R is Dedekind then every prime ideal p is invertible, hence we have
N(p?) = N(p)N(p) by [L.11] On the other hand, as (R/p*)/(p/p*) ~ R/p
then the equality of the norms implies that p/p? is 1-dimensional over R/p.
As this holds for every prime then R is Dedekind. O]

Proposition 1.17. Let R be a semilocal commutative domain, i.e. a domain
with a finite number of maximal ideals. Then, a fractional ideal over R
1s invertible if and only if it is principal and non-zero. In particular, a
semilocal Dedekind domain, like the normalization of any local number ring,
15 a principal ideal domain.

Proof. Observe that if # € R is non-zero, then the ideal () has inverse (z71).
So only the converse needs to be proved. Suppose that [ is an invertible R-
ideal, with inverse J, i.e. [J = R. Let my,--- ,m; be the maximal ideals of R.
As 1J gz my, for every k, there exist aj € I,by € J such that aiyb, € R\ my.
By maximality m; € my,, whenever j # k. Then there exists \j € m; \ my.
Calling A\, = H#k Ajk, we obtain A\, € m; for all j # k and, as my, is prime,
A & my. Then, writing

a=Mar+--+Ma, €I, b= b+ -+ \b, €J

we can expand the product to get
ab = Z )\i)\jaibj. (1)
i,

However, a;b; € IJ = R so A\iAja;b; is in my, whenever either ¢ or j is not
equal to k. On the other hand, A\Agarb, € my and, consequently, there is
exactly one term on the right hand side of (1)) which is not in my, so ab € my,.

We have shown that ab is not in any maximal ideal of R, and must
therefore be a unit. So a is non-zero and,

(a) CI=abl CaJl =aR = (a)
as required. O

It is very interesting to understand the behaviour of prime ideals when
we are extending a number field to a bigger one. More precisely let K be
a number field with ring of integers R and let L = K(«) be an algebraic

7



extension with ring of integers S. Denote by p(X) € R[X] the minimal poly-
nomial of « over the field K. The following theorem from [NEU95, 8.3, pag.
47] gives us a very useful tool to describe the ramification of a prime ideal
p of R when extended to S. Recall that the conductor of a number ring T’
with normalization T is given by

fT:{a:eT : xTCT}

and has the property that a prime ideal p of T" divides fr if and only if it is
not invertible.

Theorem 1.18. Let p be a prime ideal of R which is relatively prime to the
conductor § of R[a], and let

P(X) =P (X)* - p (X))

be the factorization of the polynomial p(X) = p(X) mod p into irreducibles
P;(X) = pi(X) mod p over the residue class field R/p, with all p;(X) € R[X]
monic. Then

Bi=pR+pi(e)R i=1,---r

are the different prime ideals of S above p. The inertia degree f; of B; , that
is the degree of the extension (S/;)/(R/p), is the degree of p;(X), and one

has

pS = Pty

A very useful tool when we are dealing with extensions of fields is the

tensor product. It can be defined via the following universal property, as in
[AMG69, 2.12, pag. 24].

Proposition 1.19. Let M, N be R-modules. Then there exists a pair (T, g)
consisting of an R-module T' and an R-bilinear mapping g : M x N — T, with
the following property: given any R-module P and any R-bilinear mapping
f: M x N — P, there exists a unique R-linear mapping ' : T — P such
that f = f" o g (in other words, every bilinear function on M x N factors
through T ). Moreover, if (T, g) and (T',g") are two pairs with this property,
then there exists a unique isomorphism j : T — T' such that jog=¢' .

This unique up to (a unique) isomorphism module 7' is called tensor
product over R of M and N and it is denoted M ®zr N. It can be proved
that the tensor product is right exact, which means that if we have an exact
sequence of R-modules

M—N-—P —0,

8



and let S be any R-module, then
M®rS—>N®rS—P®RrS—0

is exact. There are several canonical isomorphisms:

Proposition 1.20. Let M, N, P be R-modules. Then there exist natural
1somorphisms

1. MOIN~N®M

2 MON)@P=M@(NOP)~MaN®P
3. (M&N)@P~(M&P)®(NaP)

4. R M ~M

Let R, S be rings, let M be an R-module, P a S-module and N an (R,S)-
bimodule. Then M ®gr N 1is naturally a S-module, N ®s P an R-module, and
we have

Proof. See [AMGY, 2.14,2.15 pag. 26-27]. O

A nice application of the tensor product is a generalization of the Chinese
Reminder theorem.

Theorem 1.21. Let R be a commutative ring and let ay,--- ,a; be R-ideals
such that a; + a; = R for every i # j. Let M be an R-module. Then
M M M

~

~ X oo
aq-- 'CllM alM alM

Proof. The Chinese Remainder Theorem says that we have

R R R

~— X e X —,

ap---0q aq ay
Using the canonical isomorphism R/I ®r M ~ M/IM for every R-ideal I,
we obtain the desired isomorphism. O]

When we are extending rings it is very useful to know if a maximal ideal
remains maximal. If the extension is integral, this situation can be described
very precisely. In fact:

Proposition 1.22. Let R C S be rings, S integral over R; let q be a prime
tdeal of S and let p = qN R. Then q is mazimal if and only if p is mazimal.

Proof. See [AMG69, 5.8 pag. 61]. O



2 Quadratic and quartic case

Lemma 2.1. Let R be an order in a quadratic field K. Let I be an R-ideal
and let Ry be its multiplier ring, i.e. Ry = {x € K : I CI}. Then I is an
invertible ideal of Ry.

Proof. I is an ideal of an order in a quadratic number field, so in particular
it is a free Z-module of rank 2 and so it is finitely generated. To show
that it is invertible as R;-ideal, by theorem it suffices to show that every
localization at a maximal ideal p of R; is invertible or, equivalently, principal.
Assume that it is not, i.e. there exists a maximal ideal p such that I, is not
invertible. Observe that if p is above the rational prime number p, then we
cannot have pR; = p, because by [1.13]it would be invertible, hence Ry, would
be a PID and so also I, would be invertible.

We know that [R; : pR;] = p* and pR; C p. In other words we have

p p
pRr Cp C Ry

Now observe that also [I : pI] = p? as it is a free Z-module of rank 2. Now
look at the dimension of I,/(pl), over Ry,/pRr, ~ F,. It cannot be more
than 2, because I can be generated by 2 elements over R;, then the same
holds for I, over Ry, and hence I,/(pI), can be generated by 2 elements over
Ry /pRpp. So in particular we have two possibilities:

-

(pI)p P’
If it is equal to p then the group is cyclic and by we have that I, is
principal R,-ideal and hence invertible. Contradiction. Observe that also
the converse holds: if I, is principal, then the dimension of I,/(pI), is 1

and hence it has p elements. If the dimension is 2, then we also have that
#I/pI = p? (it cannot have fewer elements) and so we have that

p2

—~
pl Cpl C 1,
S —

p2

which implies pI = pI, so by the definition of multiplier ring p~'p C Ry,
hence pR; = p by the maximality of p. Contradiction.
So I is an invertible R;-ideal. O

Lemma 2.2. Let R be an order in a quadratic number field K and consider
the localizations at a prime number p € Z, namely Ry = R ® Zg) and
Ry = R® Zy. Then we have that Ry /Ry ~ Z/p"Z for some n € Zx.

10



Proof. As both R and R are orders in a quadratic number field, we have that
they are free Z-modules of rank 2, i.e. there exist a € R and § € R such
that R=7® aZ and R = Z @ [7Z. Then observe that:

R Z®PL _ BZ

R Z®aZ (Z&®aZ)NPL’

so it is cyclic with generator 5. Hence

Ry B _ < B >
Ry  (Zg) & aZey)) N BLy, 1

So we need to prove that the order of the generator is a p-power.

Let m = ord(f) = p® - t, with (p,t) = 1. As

o ()-r ()

we obtain that ord(3/1) divides p® and so it is a p-power. O
Theorem 2.3. The ideal norm in any quadratic order is super-multiplicative.

Proof. Let R be a quadratic order and I, J two ideals of R. We want to show

that T
BL]

[R:II[R:J] —

Now if we look at our inequality locally at p we consider:

(R : L) J(p)] ‘
(R : Ip)][Rep) I

By lemma [2.1] we have that I and J are invertible in their multiplier rings.
So their localizations at (p) are principal by , because the rings Ry(,) and
Ry are semilocal. Say that we have I,y = xRy and J,y = yRyy).
Moreover observe that R;q, and Ry, are both R(,-fractional ideals. So we
have that

(*)

(R« Rip)l[Rpy : R
[Rp) : Ji] = (R : Ri)|[Bep) 2 yRp)]
[Rp) : 2R1)yRap)] =
[Bp) : RigpyRa][Rp) : 2Bp)][Rp) - yRp)]

11



If we substitute these equalities in @ we get:

B - i Row] (R Bp)lRoe : Bel
(R : B[Ry = Ra) [Ri) R * Bip)]

As ]-:i(p) /Ry is a cyclic p-group by , the lattice of its subgroups is totally
ordered w.r.t. the inclusion relation. Then as R C R;, Ry C R, where R;
and R; are the two multiplier rings of I and J, we have that R, C Ry)
or viceversa. Assume that Ry C Ry (otherwise swap I and J) then
R](p)RJ(p) = Rj(p). So we have:

[Rf(p) : R(p)][RJ(p) : R(p)] _ [Rl(p) : R(p)][RJ(p) : R(p)]
[Rip) Ry + Ry (R : Rip)

= [Rip) : Rip)) = 1.

As this inequality holds for the localization at every rational prime p, then it
holds also for the original quotient, because from we have that for every
R-ideal I, R/I is a Z-module of finite length and we have:

EN@E - Bw
7= 1), Tn
p p)

Iy

So, looking at the norms:

T ) T (52) (5 -

]

As we have understood the quadratic case, then we will move to extensions
of @ of higher degree. The next example shows that we cannot prove an
analogous theorem for the quartic case.

Example 2.4. Consider the field Q(«), where «v is the root of an irreducible
polynomial in Z[X| of degree 4. Take the order R = Z|a] and define S = Z +
pR C R, where p is a rational prime number. Observe that also S is an order.
Consider the S-fractional ideals I = S -1+ Sa and J = S -1+ Sa?, which
have Z-basis 1, a, pa?, pa® and 1, pa, o?, pa, respectively. So in particular
they have index

I:S]=1[J:8]=

hence N(I) = N(J) = p~', where we consider the norm w.r.t. S. Their
product is I.J = R, which contains S with index p®, so we have the inequality:

p2=N(I)N(J)> N(IJ) =

12



So if we define I' = pI, J' = pJ and R' = pR then N(I') =
N(R') = p. Hence

P = NUI)N(J) > N(I'T) = N(o*R) = p"

Moreover as IR = R then

or equivalently
p' = N(R)N(I') < N(I'R)) = Np’R) = p°

and so we have both the inequalities.

13

N(J') = p* and



3 Main theorem: first implication

In the previous section we have seen that in a quadratic order we always
have that the norm is super-multiplicative. Observe that in a quadratic
order every ideal can be generated by 2 elements. Moreover we have seen
that in a quartic order, where every ideal can be generated by 4 elements,
we cannot state something analogous about the ideal norm. So the natural
question is what happens if we deal with ideals generated by 3 elements.

Definition 3.1. Let R be a commutative ring. We define

g(R) = sup( inf #S).
IR )
Remark 3.2. Let R be a commutative domain. Observe that g(R) is also the
bound for the cardinality of a minimal set of generators for every fractional
ideal I. In fact, by the definition of fractional ideal, there exists a non-zero
element x in the fraction field of R such that xI C R. So xI is an R-ideal
and hence can be generated by g(R) elements, so I can be generated by the
same elements divided by x.

Remark 3.3. Let R C R’ be an extension of commutative domains such
that the abelian group R'/R has finite exponent, say n. Then we have that
g(R) < g(R). In fact if J is an R'-ideal, then nJ C R can be generated by
g(R) elements. So J can be generated by the same elements divided by n.

Remark 3.4. Let R be a number ring inside a number field K. We have
g(R) < [K : Q] and this bound is sharp, in the sense that we can find an
order R in K such that g(R') = [K : Q]. Let Ok be the mazimal order
of K. Let I be any R-ideal. As R is noetherian, I can be generated by a
finite set of elements, say x1,--- ,xq. We can find an integer n > 1 such
that nxy,--- ,nxy € Ok. Then observe that I' = nI N (Ox N R) is an
ideal of Ox N R, so it is generated over Z by at most [K : Q] elements,
say o, -, oqq- As I'R = nl, we have that ay/n,- -, oqr.q)/n generate
I over R. Hence g(R) < [K : Q]. To prove the second part, let a be an
algebraic integer such that K = Q(«). Consider R' = 7 + pZ[a] where p
is a rational prime number. Then m = pZa] is a maximal ideal of R’ and
dimg, m/m? = [K : Q], so g(R) = [K : Q).

We have a nice description of the behaviour of g(R) for a number ring R
when we localize at a prime ideal.

Lemma 3.5. Let R be a number ring, with normalization R. Let I be an
R-ideal. For every integer d > 2 the following are equivalent:

14



1. the R-ideal I can be generated by d elements;

2. for every prime ideal p of R, the Ry-ideal I, can be generated by d
elements.

Proof. Observe that 1| implies [2|is a consequence of the fact that ([, N R), =
I,. For the other direction, assume that I, is d-generated, for every p. Ob-
serve that we can choose the local generators to be in 7, just multiplying by
the common denominator, which is a unit in R,. Now, as ]32/ R is a finite
R-module, it has finite length. Consider a composition series

R/IR=My> M D--->M=0.

All the factors M;/M;.; for ¢ = 0,--- ,1 — 1 are simple, hence of the form
R/p;, for a maximal R-ideal p,. Observe that if we localize at a maximal
ideal p # p;, for i = 0,--- ;1 — 1, all the factors disappear, and hence we
have that Rp = R,. Hence R, is a principal ideal domain and then I, is
also principal. As the factors of the composition series are a finite number
this situation occurs for almost all maximal ideals of R. Hence I/pl ~
I,/pl, is a 1-dimensional R/p-vector space for almost all maximal ideals.
Then consider the finite set S = {p s dimygypy I/pl # 1}. By the Chinese
Remainder Theorem [1.21] we can pick an element zy € I such that x; & pl
for every p € S. Then consider T' = {p: I 2 pl + (x1)}, it is also finite
because the ideals I and (x;) are locally equal for almost all prime ideals of
R. Then we can build a set of global generators in the following way: with
the Chinese Remainder Theorem take xo € I\ (pf + (1)) for every p € T,
xg € I\ (pI+(x1,x2)) for every p € T such that I is not equal to pI+(z1, x2),
and so on until 4. Then observe that x1,xs,- -« , x4 is a set of generators for
I, because it is so locally at every prime: if p € S then I, = (21,22, -+, x4)
by construction, if p € T\ S then I, = (22) and if p ¢ T then I, = (z1).
Now observe that [ = ﬂp I, and so x1,x9, - , x4 generates the ideal I over
R. O

Corollary 3.6. Let R be a number ring. If g(R,) > 1 for some prime R-ideal
then

9(R) = Sl;pg(Rp)-

Remark 3.7. Let R be a number ring such that g(R,) = 1 for every prime
tdeal, then R is a Dedekind domain because every ideal I has principal lo-
calizations, hence I is invertible. Similarly as in the proof of the previous
lemma, we can show that g(R) < 2.

15



Now that we have introduced some notation, we can start proving the
first implication of the main theorem.

Lemma 3.8. Let U, V, W be vector spaces over a field k, with W of dimension
> 2. Let p : UV — W be a surjective linear map. Then there exists an
element u € U such that dimy, o(u®V') > 2, or there exists an elementv € V
such that dimy p(U ® v) > 2.

Proof. By contradiction, assume that o(u® V') and (U ® v) have dimension
< 1, for every choice of u € U and v € V. Observe that {p(u®wv) : u € U,v €
V'} is a set of generators of the image of ¢, hence of W as ¢ is surjective.
As W has dimension > 2 then among these generators there are 2 which are
linearly independent, say w; = ¢(u; ® v1) and wy = p(uz ® ve). Observe

o(ug ®vy) € plu; @ V) Np(U ® vy) = kwy N kwy = 0.

Then we have that ¢(u; ® vy) = 0. Similarly we obtain also p(us ® v1) = 0.
But then we have that both ¢((u;+us) ®v;) = w1 and @((ug+uz) @vs) = wo
are in p((u1 +uz2) ® V). So it contains two linearly independent vectors and
then it must have dimension > 2. Contradiction. O

Theorem 3.9. Let R be a commutative domain and I,J C R two non-zero
ideals, such that I.J can be generated by 3 elements. Let m C R be a maximal
ideal. Then there exists a non-zero x € Iy, such that (IJ)w/xJw is cyclic as
Ry-module, or there exists a non-zero x € Jy such that (I.J)y/x1y is cyclic
as Ry-module. Moreover there exists a generator of this cyclic module which
is of the form ij with i € I, j € Jn.

Proof. Observe that since I.J/mlI.J is a k-vector space of dimension < 3, also
the localization W = (1J)n/m(I.J)y has dimension non-zero and < 3. First,
it W is a k-vector space of dimension 1 then by we have that (1.J), is a
cyclic Ry-ideal and then there exists x € I, such that (I.J)y/zJy is cyclic.
If the dimension of W is > 2, then consider the product map:

I J,

m m
— R — — W

14 mIm®me
i) — 7

It is a surjective linear map of k-vector spaces and the image has dimension
> 2. Then by (swapping I and J if necessary) there exists = € I, such
that (z ® (Jnu/mJy)) has dimension > 2. So the quotient space

W " Um
(@ (Jn/my))  xdy +m(IJ)y
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has dimension < 1. Moreover, it is not difficult to see that it is isomorphic
to S/mS, where S = (I.J)n/xJm. So by we have that S is a cyclic Ry-
module.

We can be more precise saying that every generator is of the form }_, .. it
where T is a finite set of indices, iy € [, and j; € Jy. So in particular
{ﬂ} ,er 18 a finite set of generators for S. As the k-vector space S/mS is
I-dimensional, among the projections 4;j; there exists one 4,75, which is a
basis. Hence, again by U1, Jt, 18 a generator of S. O

Corollary 3.10. Using the same notation as in theorem[3.9, the morphism
of Rn-modules “multiplication by j”

I , (LJ)m

Tz Ry TS

18 surjective.

Proof. This follows from the fact that (1.J)y/zJy is generated by one element
exactly of the form 7, with ¢ € I;. n

Theorem 3.11. Let R be a commutative noetherian 1-dimensional domain.
Let I, J be two non-zero ideals such that 1.J can be generated by 3 elements.

Then we have that
Ry Ry R
[ — =)<l —=—
([m)+ (Jm)— <<1J>m)

Proof. Swapping I and J if necessary, let x € I, be as in the statement of
theorem , so in particular it is non-zero. Consider the ring Ry, /xJy. It has
finite length by proposition [I.6]because it is noetherian and zero-dimensional.
Consider the two chains of ideals of Rpy:

AN
NN

(I )m TRy
N4

/

T

I

These two chains define two series for Ry /xJy, and they can be refined in
composition series, which will have the same length and same factors (up
to the order) by theorem . Observe that the multiplication by z is an

17



isomorphism of R, onto xR, and of J, onto xJy, so it induces a R-module
isomorphism also on the quotients. Hence we have [(Ry/Jw) = l(xRy/xJy)
and as the diagram of inclusions is commutative we have also l(Ry/TRy) =
I(Juw/xJw). Moreover, as Iy/xRy is mapped onto (I.J)w/zJw by [3.10} for
every factor of the composition series between R, and I, there exists a
corresponding factor between J,, and (I.J)y. So we have

()= (@)

To get our thesis is sufficient to add on both sides I(Ry/Jn). O

Observe that this last result allows us to prove the first implication of the
main theorem:

Corollary 3.12. Let R be a number ring such that g(R) < 3, then R is
super-multiplicative.

Proof. Remember that a number ring is a 1-dimensional noetherian domain.
As every ideal can be generated by 3 elements, for every pair of non-zero
ideals from [3.11| we get

#(R/m>l(Rm/(1J)m) > #(R/m)l(Rm/I,,,)H(Bm/Jm)7
for every maximal R-ideal m. Hence by remark we get

N(IJ)> N(I)N(J).
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4 Main theorem: second implication

In the next lemmas and theorems we will exhibit a bound for g(R) for a
local number ring R depending on the extension of its maximal ideal in the
normalization R.

Lemma 4.1. Let V' be a finite dimensional vector space over a finite field k
such that
V=WVuU---uUV,,

where each V; is a subspace strictly contained in V. Then n > #k.

Proof. As'V; ;Ct V, then it has codimension > 1, which implies that #V; <
(#k)im V=1 As O € Vi N---NV,, then

#EIY = LV =LV U---UV,) <

< (Z #w) = (n—1) < ) #Vi <ngrkt
=1 1=1

Then dividing by #k%4m V=1 we get n > #k. O

Lemma 4.2. Let R be a local number ring with mazimal ideal m and residue
field k. Let R be its normalization. Let | be number of distinct mazimal
ideals of the finite ring R/mR. If | < #k then there evists ¥ € I such that
IR = xR.

Proof. 1f I = 0 then take z = 0. So assume that [ is non-zero. The maximal
ideals of R/mR correspond bijectively to the maximal R-ideals above m.
Denote them my, - - - ,m;. Consider the R-modules W = I/mI and IR/m;IR.
As m C m; for every i, they are annihilated by m and hence they are k-vector
spaces. For every ¢, consider the map

IR

that sends T € W to the vector T € IR/m;IR and let W; be the kernel of
¢;, which is a subspace of W. The set I is a set of generators as R-module
for IR, hence for I]:B/miIR, then ¢; is not the zero map, i.e. for every 1,
W; is not the whole W. By lemma we get that W U---UW, C W
and so there exists x € I whose projection in W is not in W;, for every i.
Observe that this condition means that ordy, () < ordy,(IR) for every i.
Moreover z € I C IR, 50 ordy, (x) > ordy, (IR) for every i. Then we have

that ordpy, (r) = ordp, (1 R) for every i, which is equivalent by to have
rR=1IR.

wi W —

[]
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Lemma 4.3. Let R be a local number ring with mazimal ideal m and residue
field k. Let R be its normalization. Letl be number of distinct mazimal ideals
of the finite ring R/mR. If | < #k then for every R-ideal I we have that

I R

Proof. The maximal ideals of R/ mR correspond bijectively to the maximal
R-ideals above m. Denote them my, - -- ,m;. Observe that by lemma we
know that mR = z R for some z € m. Multiplication by x induces a R-module
isomorphism R ~ 2R and so we get also an isomorphism on the quotient
R/I ~ (xzR)/(xI). As the following diagram of inclusions is commutative

/\
\/

we have also #(I/xI) = #(R/zR). Then
[R:mR) = [R:xzR|=[I:zI] =[I:wI|[m]: zI].

So we get that #(1/mlI) divides #(R/mR), and as I/mI and R/mR are both
k-vector spaces we get our statement on their k-dimensions. L]

Now we would like to be able to drop the hypothesis on the residue field.
The construction described in the next theorem lets us enlarge the residue
field without losing information on the number of generators of any ideal.

Theorem 4.4. Let R be a local number ring with mazimal ideal m, residue
field k and normalization R. Then for every R-ideal I we have that
R

Proof. We want to be able to apply the lemma Let my,--- ,m; be the
maximal ideals of R, which are above m. Choose f(z) a monic irreducible
polynomial in F,[X] of degree d coprime with [(R/m;) : F,] for every i =
1,---,1 and such that (#k)? > 1. Observe that such d is also coprime with
[k : Fp] because each R/m; is an extension of k. Let f(X) be a monic lift in

Z[X], which is also irreducible and of the same degree. Let o be a zero of
f(X) and consider Q(«). It is a number field of degree d over Q and let S
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be the order Z[X]/(f). We know that as f(X) is irreducible modulo p, then
by theorem [1.18] the prime ideal p is inert, i.e. pS is a prime ideal of S, and
the quotient S/pS is isomorphic to F,«. Now let’s define T' = R ®z S and
observe that RIX

T ~ L

(f)

by propositions 11.19 and [1.20l Now let T be its normalization. In other
words we are in the following situation:

R/T\T
NN
N

Now I claim that 7" is a local domain, with unique maximal ideal m®7S = IN.
First of all observe that k ®g, (S/pS) is a field: it is clearly a ring, so
consider the projection

ko5, (3/p8) — “2 5]

where R is a maximal ideal. The image F' is a field extension of F,. As both
k and S/pS can be embedded in F' then the degree [F' : [F,| is divisible by
[k : Fpld, which is exactly the dimension of k ®g, (S/pS) as F,-vector space.
So the projection is also injective, R is the zero ideal and k ®g, (S/pS) is a
field.

Now observe that T'/9 is a [F,-vector space, because it is a Z-module
annihilated by pZ. Observe that

E EN R®yz S Nz
T pS T (m®yS)+ (R pS) M

So T/ is a field and 9 is a maximal ideal. I claim that 9 is the unique
maximal ideal. Let 91 be any maximal ideal of T" and recall that we have
that T~ R[X]/(f). So T is a finitely generated R-module and hence T is
integral over R. Then by M N R must be the maximal ideal m. So N
contains the T-ideal generated by m, which is 91, and by maximality they
are equal. So T is local.
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Now observe that also R/m; and S/pS have coprime degree over I, and
that R ®z S = R[X]/(f) is integral over R. So by the same argument as
before we can deduce that there exists an isomorphism of fields

R S  R®zS
— ®F, 5 X
m,  "pS m®zS

?

and that the maximal ideals of R ®; S are exactly the m; ®z S = 9M;, with
i=1,---,1.

The ring R is integrally closed, so because of and m we have that
m; is invertible in a semilocal ring. So by it is a principal ideal. Then
also M, is principal, hence invertible, and we have that R ® S is integrally
closed, hence it is equal to 7.
Observe that T'/90 has (#k)? elements, which is bigger than /. Then we can
apply lemma and we get that

. I'®z S8 ) T
dlm(T/gm) W S dlm(T/gm) w

Now observe that [ ®z S = I ®g T and using the canonical isomorphisms of
the tensor product we get

I ®rT
M @rT)

So

~(IQrT)®r

I ®z S -
M ®z5)

Similarly we have that

dim(T /M)

Then we can conclude that

R

]

Corollary 4.5. Let R be a local number ring with maximal ideal m, residue

field k and normalization R. Then g(R) = dimy(R/mR).
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Proof. Let r = dimy(R/mR) and let I be any R-ideal. By the previous lemma
4.3| we obtain that dimy(7//mI) < r. As every number ring is noetherian, we
have that [ is finitely generated and hence we can apply Nakayama’s lemma
to get that [ is generated by at most r elements. Hence g(R) < 7.
Moreover observe that R is a fractional R-ideal and by we know that it
is generated by exactly r elements, so g(R) = r. O

The next lemma and proposition will give us a sufficient condition on the
ideal norm which guarantees dimy(R/mR) < 3.

Lemma 4.6 (H. Lenstra). Let k be a field and A a k-algebra with dimy A > 4.
Then exactly one of the following holds:

(i) there exist x,y € A such that dimy (k1 + kx + ky + kzy) > 4;
(ii) there exists a k-vector space V- with A=k®V and V-V = 0;

]g ‘2) , that i1s A = ke®kfd

Vwith V-V =eV =Vf=0e=ef=fef =fe=0e+f=1

(iii) there exists a k-vector space V with A ~

Proof. Suppose that (@) does not hold, which means that for every z,y € A
such that x € k and y € k + kx we have that xy € k1 + kx + ky. First we
claim that for every z € A we have 22 € k + kx. Pick y € k + kz. We have
2y € kl+kr+ky and x(y + ) € k1 + kx + k(y + x) = k1 4+ kz + ky; hence
2? € kl+kxz+ky. We can use the same argument for 2z € kl1+kx+ky D k+kx
(which exists because the dimension of A over k is > 4) and we get that
22 € kl+kx+kz Sox® € kl+kx+kynkl+kx+kz=k+kx. From these
considerations we get that every subspace W C A containing 1 is also a ring
(i.e. it is closed under multiplication).

Observe that each x € A acts by multiplication on the left on A/(k + kx)
and each vector is an eigenvector. This means that there is one eigenvalue
and hence the action of x is just a multiplication by a scalar. This means
that there exists a unique k-linear morphism A : A — k, such that xy =
Az)y mod (k + kx) for every y € A. We can use the same argument for
the action of y on A/(k + ky) and the action of zy on A/(k + kx + ky),
which has dimension > 0, by hypothesis. As all the actions are scalar on
A/(k 4+ kx + ky) we get that A(z)A\(y) = A(zy). As this works for every
x,y € A then A\ : A — k is a k-algebra morphism. We can use the same
argument for the multiplication on the right, to get that there is a unique
ring homomorphism p : A — k such that for every =,z € A we have zx =
p(x)z mod (k + kx). Then we get that A = k + ker A = k + ker u1, which also
implies that the dimension over k of the kernels is > 3.
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Now we want to prove that ker A - kery = 0. For x € ker A and y € ker i
we have A C k + kx and Ay C k + ky. Observe that zy € AN Ay. If
k + kx # k + ky then tAN Ay C k and as both A and p are the identity
on k then zy = A zy) = Ax)A(y) = 0. If otherwise k + kx = k + ky,
pick z € keru \ (k + kx), which is possible because dimyker 4 > 3. Then
observe that k + kx Nk + kz = k, so xzz € AN Az C k. As p is the
identity on k, we have zz = p(zz) = p(x)u(z) = 0. Similarly z(y + z) €
TANAly+2) Ck+kxnNk+k(y+2) =k+kxnk+kz =k, soalso
2(y +2) = p(e(y + 2)) = p(z)(u(y) + 1(z)) = 0. Hence we get that zy = 0.
Now we have to distinguish two cases. If kery = ker A then, as A and
i agree on k, they coincide on the whole A. So we are in case with
V = kerp = ker A\. If ker u # ker A, then call V' = ker u N ker A which has
exactly codimension 2: as the kernels are different it must be strictly bigger
than 1 and it is strictly smaller than 3 because ker u, ker A have codimension
1. So the projections of 1,ker A, ker v are 3 distinct lines in A/V. Hence:
ker A = k- e + V where we choose e with pu(e) = 1 (it can be done as ker A
maps surjectively onto k), kery = k- f +V where f = 1 — e. Observe that
ef =e(l—e)=(1—f)f =0, because e € ker A\ and f € ker u. Then we
obtain € = e, f2 = f, fe = 0. Also eV = V f = 0. From this conditions we
get that A = ke @ kf @& V, because ker \ = ke & V has codimension 1 and

f & ker A\. Then
k- V
A— [O k}

b v
ae+bf +vr— <O a>

is a well defined morphism and clearly it is bijective. So we are in case .
To conclude, observe that if holds then A is a commutative algebra and
in case A is not. If A has then it has not (@), because the subspace
k1 + kx + ky is a ring and so dimg (k1 + kx + ky + kzy) < 3. If A has

then it cannot have (1), because if x = (8 Z) and y = (8 Z) then we
have (z —a)(y — d) = 0 and so zy € k + kx + ky. O

Lemma 4.7. Let R be a local number ring, with maximal ideal m and residue
field k. Assume that R = mR + R is super-multiplicative, where R is the
normalization of R. Then

mR

Proof. We define A = R/mR. Observe that it is an R-module annihilated
by the maximal ideal m, so it is a finite dimensional k-algebra. Assume by
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contradiction that dim; A > 4, so we are in one of three cases of lemma
Observe that as R is commutative, then A is the same, so we cannot be in
case . Assume that we are in case , so A=k&V, with V a k-vector
space such that V2 = 0. Consider the projection R — A. Let m be the
pre-image of V. Observe that k = A/V ~ R/m, so m is a maximal ideal
of R. The ring R is integrally closed so by propositions |1.12| and |1.14| we
have that m/m? is 1-dimensional. So also its image V/V? is 1-dimensional
and as V? = 0, then V is 1-dimensional and hence A has dimension 2 over
k. Contradiction. So we are in case (E]) Then there exist x,y such that
dimg(1 + x + y + xy) > 4. Consider the R'-fractional ideals I = (1,z, mR)
and J = (1,y,mR). Observe that R/R' ~ A/k and inside it we have I /R’
and J/R' which are generated by the images of x and y, respectively, so
they are 1-dimensional. The image of the product I.J/R' is generated by the
projections of x,y and zy. So it has dimension 3. So we have that the length
as R'-module are

() (5 ()

But this contradicts the fact that R’ is super-multiplicative. So we have that

]

Now to conclude the second implication of the main theorem stated in
the introduction, we need to return to the non-local case.

Corollary 4.8. Let R be a number ring. Assume that for every mazimal
R-ideal m, the number ring R = mR + R is super-multiplicative. Then
g(R) < 3.

Proof. Observe that by lemma we have R/ is super-multiplicative for
every maximal ideal. Then by lemma[4.7] the hypothesis of lemma are all
satisfied and we get that every R,-ideal is generated by 3 elements, for every
m. Then by we have that every R-ideal is generated by 3 elements. [

_ To conclude consider what we proved: let R be a number ring, R C R’ C
R, then

R super-mult. R’ super-mult.

So to conclude that the properties are all equivalent we need the last impli-
cation, i.e. if R is super-multiplicative then every R’ is super-multiplicative.
But unfortunately we don’t know if it holds or if there is a counterexample.
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