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Introduction

We fix a point Q on the boundary 0D of the closed unit disk D and a set S of n distinct
points in the interior of D. An arc (based at Q) of £ = D\ S is a smooth injective path
a: I — D such that a(I) NdD = {«(0)} = {Q} and a(I) NS = {a(1)}. We define
the arc complex A as the simplicial complex whose g-simplices are (g + 1)-tuples of

homotopy classes of arcs of X intersecting only in Q.

Figure 1: Three examples of triples of arcs in the case n = 3. The first two represent

2-simplices, while the third does not.

The present thesis has two principal results. The first is a combinatorial descrip-

tion of A in terms of the braid group B,,. The second can be resumed in the statement
Theorem (See 2.48). The geometric realization | A| of A is contractible.

Hatcher and Wahl have shown [9, Proposition 7.2] that | A| is (n — 2)-connected.
This result is used by Ellenberg, Venkatesh and Westerland to prove instances of the
Cohen-Lenstra conjecture over function fields [4]. In this thesis we analyse the topol-
ogy of |A|. In particular we present Hatcher and Wahl’s proof that 7;(|.A]) = 0 for
all i < n — 2 providing more details. Moreover, we use the combinatorial description

of A to strengthen that result and to show the above theorem.

The n-th braid group B, is defined to be the fundamental group of the moduli

space ¢ parametrizing subsets of the open disk D of cardinality n. Artin [2] has given



explicit generators o7, . .., 0,1 of B, and has shown that the group has a presentation
with relations

0'1'0']' = 0']'0'1'
for all i and j with |i — j| > 2 and
Ui0i+10i = 0i+10i0i+1

foralli € {1,...,n —2}. We refer to Section 1.3 for more details.

Let ¢ be the topological group of homeomorphisms of D to itself that fix the
boundary dD point-wise. Let 7 C ¢ be the stabilizer of S C D. The mapping class
group of %, denoted I'(X), is defined as 71o(7).

In Chapter 1 we construct Artin’s isomorphism between the braid group B, and
the mapping class group I'(X). The construction goes roughly as follows. First we
show that the map

9 =€, 3 8S

is a fibration with fibre % (see Theorem 1.16). We then show that 77;(¢) = 0 for all

i. The long exact sequence of homotopy groups then gives an isomorphism
B, = m(€) — mo() =T (X).

The same result holds if we replace & and .7# by their subgroups %, respectively .7%;
of diffeomorphisms of D.

Chapter 2 concerns the arc complex. If « is an arc of X and h € .7, then the
composition ha is also an arc of 2. This induces a well defined action of B, on A.

Studying this action we obtain the aforementioned combinatorial description of A:

Theorem (See 2.20). Let H, be the subgroup of B, generated by {0g42,...04-1}. The
complex A is By-equivariantly isomorphic to the (n — 1)-dimensional simplicial complex
whose q-simplices are the left cosets of Hy in By, and such that for every b € B, the vertices of
bH, are

bH,, bO'l_lHo, ey b(Tq_l . -O'l_lHO.

In order to describe the homotopy type of |.A| we give Hatcher and Wahl’s proof
that 7;(|A]) = 0 for all j < n — 2 which uses purely topological tools. Since the
dimension of A is n — 1, it follows from Hurewicz and Whitehead’s theorems that in
order to prove the contractibility of |A| it suffices to show H,,_1(|.A|) = 0. The com-
binatorial description of A allows us to give an explicit description of this homology

group and with a direct computation we conclude that it is trivial.



1 | Braid groups and mapping class

groups

The closed disk D := {z € C : |z| < 1} is a compact subspace of C with the Euclidean
topology. Its interior is denoted by D and its boundary by dD. The symmetric group
on n letters {1, ...,n} is denoted by S,,. All the spaces of functions are endowed with

the compact-open topology.

1.1 The configuration space and the braid group
Definition 1.1. Define the space ¢ to be

¢ =%, ={(P,...,Py) | € Dforalliand P, £ P, foralli £ j }
with the topology induced by the product topology on D".

Definition 1.2. The n-th configuration space of D is given by the topological quotient
space
Cg - (gn - %//Sn

where S, acts on the right on ¢’ permuting the n-points, i.e. for every o € S, the

action is
(T(Pl, .. .,Pn) = (Pg(l) .. .,Pa(n)) .

We identify the elements of 4" with subsets of 13 of cardinality 7.

Definition 1.3. Let X be a topological space on which a group G acts. G is said to act
freely and properly discontinuously on X if given any point x € X, there exists an open
set Uin X such thatx € Uand g(U)NU =D forall g € G\ {1}.



1.1. THE CONFIGURATION SPACE AND THE BRAID GROUP

Proposition 1.4. Let G be a group acting freely and properly discontinuously on a topological
space X. Then the quotient map q: X — X/ G is a covering map.

Proof. We refer to [16, Proposition 4.20]. O
Corollary 1.5. ¢” is a Galois covering of € with group Sy.

Proof. The action of S, on ¢” is free because if o(P) = T(P) then necessarily (i) =
T(i) foralli € {1,...,n} and so o = 7. Moreover, since ¢” is a Hausdorff space and
Sy is a finite group, the action is also properly discontinuous, hence Proposition 1.4

allows us to conclude. 0

The following proposition describes the homotopy type of the spaces ¢’ and %

Proposition 1.6. Let P € ¢'. Then we have 1;(¢",P) = 0 and 7;(¢, [P]) = 0 for every
P £ 1.

Proof. Since ¢’ is a covering of ¢ we only need to check it for ¥’. The proof
is by induction on 1, so we will stress the dependence on n in the notation us-
ing %, in place of ¥’ C D". The case n = 1 is clear since 4] = 15, SO assume
that 7;(¢7,P) = 0 for every j < n and i # 1. The map ¢: %, — ©,_,; de-
fined by (Q1,...,Qn) — (Q1,...,Qu—1) is a fibration whose fiber is homeomor-
phic to [O) \{Py,...,P,_1}. For more details we refer to [5, Theorem 1.1]. Since
D \{P1,...,P,_1} is homotopy equivalent to a bouquet of n circles its only non triv-
ial homotopy group is the fundamental group. Thus the long exact sequence in

homotopy groups implies that

(€4, P) = 7i(€y-1,9(P))
is an isomorphism for i # 1,2 and

(3, P) = (-1, 9(P))

is an injection. Since by induction hypothesis 71;(%,_,,¢(P)) = 0 for all i # 1 we can
conclude that 77;(%6;, P) = 0 for all i # 1. O

Remark 1.7. In particular Proposition 1.6 tells us that ¢’ and ¢ are path-connected,
and from the fact that ¥/ — ¢ is a Galois covering we get the following exact se-
quence

0 — m (¢, P) — m(€,[P]) — Sy — 0

Definition 1.8. The n-th pure braid group is B), := 171(%¢”, P), and the n-th braid group
is By := m1 (%, [P]).



1.1. THE CONFIGURATION SPACE AND THE BRAID GROUP

Notice that B, and B, depend on the choice of the base point P and [P]. How-
ever, since 719(%) = 0 = 719(¢”) this dependence is only up to non canonical isomor-

phisms. With this terminology the short exact sequence above becomes
0—B,—B,—S, —0

We give now a more geometrical interpretation of the braid group. From now on
we consider fixed P = (Py,...,P,) € ' and S = {Py,...,P,} C D corresponds to
[P] € €.

Definition 1.9. An n-string (based at P) is a n-tuple & = (ay,...,a,) with a;: I = D
such that

1. @;(0) = P;
2. «;(1) = o(P;) for some o € Sy;
3. «;(t) #waj(t) foralli# jand t € I.
Denote by Strp the space of n-strings endowed with the compact-open topology.

The definition implies that the graphs of &; and a; seen as subsets of D x I are
disjoint as long as i # j. We can then identify every n-string a with the union of
the graphs of its components. In this way we can depict a as n disjoint paths from
D x {0} to D x {1} as shown in Figure 1.1.

(| [
x
1 PN

Figure 1.1: An example of 5-string.

Theorem 1.10. The loop space Q) (€, P) is homeomorphic to Strip,.

Proof. Notice that every path in ¢” is described as a n-tuple (;)"_; with a;: [ — D
such that a;(t) # a;(t) wheni # jand forall t € I. Moreover every &' € Q)(%) is lifted
to a unique a: I — %’ such that «’(0) = P, and a’(1) = ¢(P) for a necessarily unique
o € S,. Comparing this to the definition of Strp we get the stated identification. [

6



1.2. THE FUNDAMENTAL ISOMORPHISM B, = I'(X)

In this way Strp becomes an H-space where the composition of « and  can be
described, as depicted in Figure 1.2, by putting the graphs of B; under the graphs of
«; and then shrinking the height of the cylinder to the unitary interval I. In particular

N
\t?/
RN e T
st (] >
>
kr\

~_

0(Strp) is a group.

N

I~

-

\

/

>

|

Figure 1.2: The graphical representation of the composition of two 4-strings.

Corollary 1.11. B, = 7ro(Strp). O

1.2 The fundamental isomorphism B, = T'(%)

LetS={P,...,P,} C 13 correspond to [P] € €. We define the space £ = D \ S with
the topology induced by D.

Definition 1.12. The mapping class group of X is
I['(X) := mp(Homeo (X))

where Homeo(X) is space of homeomorphisms g: X — X such that ¢|;p = Idyp.

The goal of this section is to construct an isomorphism between the braid group

and the mapping class group.

Definition 1.13. Denote with ¢ the topological space

¢ ={g: D — D | g is a homeomorphism and g|;p = Idyp}



1.2. THE FUNDAMENTAL ISOMORPHISM B, = I'(X)

¢ has two important subspaces depending on the set S:
H' :={ge¥4|g(P)=Pforall P €S}

H ={g €9 |g(S) =S5}

Remark 1.14. Notice that since D is metric and compact, the compact-open topology
in ¢ coincides with the one induced by the distance dy defined, for every f,¢ € ¢

as:

dy(f,g) = sup |f(P) — g(P)| = max|f(P) — g(P)]

PeD PeD
The space ¢ has a natural structure of group given by the composition. Since D
satisfies the properties of the proposition below we can conclude that it is a topolog-

ical group.

Proposition 1.15. Let X be a compact and Hausdorff topological space. Then the group G of
homeomorphisms from X to X with the compact-open topology is a topological group.

Proof. We refer to [1, Theorem 3]. O

The group ¢ acts on ¢” in the obvious way

Gx€ =€, (g(Q1...,Qn) — (g(Q1),...,8(Qn))

and the induced action on &

GxC =€, (g[(Q-..,Q)]) = [(§(Q1),-..,8(Qn))]

is well defined.
The main results in order to exhibit an isomorphism between B, and I'(X) are the

following statements.
Theorem 1.16. The map epp): 4 — € defined as g — g([P]) is a fibration with fibre 7.
Corollary 1.17. The connecting map 6: 111(€) — 1o(F) is an isomorphism.

Remark 1.18. The isomorphism in Corollary 1.17 is a group isomorphism. Indeed
even if usually 779 is only a pointed set, in this case the group structure on ¢ induces
a group structure on 779(%, Id), and the same holds for 7rp(5#, Id). The multiplication

u and the inverse : are defined as

p: (9, 1d) x 110(9, 1d) — 700(¥, 1d), ([f], [g]) = [f]

12 mo(9,1d) — mo(9,1d), [f] — [

Lemma 1.19. Every homeomorphism f: D \ {0} — D\ {0} can be extended to a unique

homeomorphism f°*': D — D.



1.2. THE FUNDAMENTAL ISOMORPHISM B, = I'(X)

Proof. Since f*** must agree with f on D \ {0} we can only set f¢*/(0) = 0. Let U be
an open subset of D. If U C D\ {0}, then fewl(ll) = f~1(U) which is an open.
Otherwise U = {0} U (D \ {0} \ K) where K is a compact of D \ {0}. Then

{0} U (D {03\ K)) = {0} U £ (DA {0} \ K) = {0} 1 (D\ {03 \ £ (K))

and since f is a homeomorphism we have that f ~!(K) is a compact subset of D \ {0},

hence we proved the continuity. O

Proposition 1.20. The map res: 5 — Homeo(X.) which restricts h to ¥. is an isomorphism

of groups. Moreover we have the isomorphism rto(res): mo() = 7wo(Homeo(X)).

Proof. Let D; := {Q € D | |Q — Pi| < €} with € > 0 such that D; C D forall i €
{1,...,n} and D;N D; = @ for i # j. Use the notation X; := D; \ {P;}. By definition
each X; is homeomorphic to a closed disk without the origin. Let f € Homeo(X)
and since it is a homeomorphism f(%;) is homeomorphic to the closed disk without
the origin. For every i € {1,...,n} we can apply Lemma 1.19 to f|s, and hence
we find a unique extension of f|s. to |z,
ext(f): D — D which extends f. It follows that ext: Homeo(X) — . which map f

to ext(f) realizes the inverse of res. It is only a matter of computation to check that

. The maps glue to a homeomorphism

this bijection is a group isomorphism.

Since res is continuous the map 7y(res): mo(.#) — T'(X) is well defined and a
homomorphism.

Let M: I x ¥ — X be a continuous map such that for every t € I we have M; €
Homeo(X). It follows that M; is extended to ext(M;). We define

ext(M): I x D — D, (t,Q) — ext(M;)(Q).

For every t € I the map ext(M)(t, —) is continuous since it coincides with ext(M;).
Let P € D be fixed and let t € I vary. When P € X the path ext(M)(—,P) is
continuous since it coincides with M(—,P). If P € S we have that ext(M)(—,P)
is the constant path at ext(M)(0, P), so it is still continuous. We can conclude that

1o (res) has an inverse and hence it is a group isomorphism. O

We can then conclude that the following theorem holds.

Theorem 1.21. There exists an isomorphism between B, and T (X) given by the composition

of the isomorphisms 6 and to(res):

5 7o (res)
By = (%) & mo(,1d) = to(Homeo(E),1d) = [(X)

The last part of this section contains the proofs of Theorem 1.16 and Corollary
1.17.



1.2. THE FUNDAMENTAL ISOMORPHISM B, = I'(X)

Lemma 1.22. There exists a continuous map h: D ¢, Q +— hq such that ho(0) = Q for
all Q € D.

Proof. For each Q € D define hg to be the map
ho (aeie) = e — (x —1)Q

which is a continuous bijection of D which fixes the boundary. The inverse can
be computed explicitly in a similar way, interchanging the roles of O and Q, so hg
belongs to ¥. O

In the case n = 1, the theorem above implies that the action of ¢ on %" is transi-

tive. The following theorem gives a similar result for the general case.

Proposition 1.23. For all P € ¢, there exists a neighbourhood U of P and a continuous
map F: U — & such that for all Q € U we have F(Q)(P) = Q. Moreover the action of 4

on €' is transitive.

Proof. (Sketch) We refer to the proof of [2, Theorem 6], for more details.

Use the Hausdorff property of D to find non intersecting disks D; C D such that
P; € D; for each component P; of P. Define U :=[]D; and forall @ = (Q1,...,Qy) €
U, define the map F(Q) to be the identity on D \ UD;. For the other points the
definition of F(Q) reduces to the case n = 1 since the disks are disjoint and ¢” has
the product topology. Lemma 1.22 allows us to conclude since the boundary of the
disks is fixed and hence the definitions glue.

Let P; and P, € ¢”, we need to find a map F € ¢ such that F(P;) = P,. Since ¢’
is path connected there exists a path a: I — ¢ such that «(0) = P; and a(1) = P».
The compactness of a(I) allows us to find r > 0 such that B,(w;(t)) N B,(aj(s)) = @
for all i # jand s,t € I. Call U; = [T B:(«;(t)) and {fltj = a(I) N Ut}er is a
covering of «(I). Using again the compactness of «(I) we can find a finite subset
J = {to,...,tm} of I such that to = 0 and a(t;) € ljlt]. N letH forallj € {1,...,m}.

Forall j € {0,...,m — 1} let F; € ¢ be the map such that F;(«(t;)) = a(t;11) and
Ey(a(ty)) = P2. Notice that the existence of such maps is guaranteed by the first part
of the theorem. Define F := F,, - - - Fy and by construction it satisfies F(P;) = P. O

Proposition 1.24. .57 and " are closed subgroups of 4. Moreover ' is normal in
with 7/ A" = S, as discrete topological groups. The canonical projection map p: 4/ A" —
G/ A is a Galois covering with group Sy,.

10



1.2. THE FUNDAMENTAL ISOMORPHISM B, = I'(X)

Proof. 1t is clear that 7 and .#” are subgroups of ¢. For the closedness consider the

continuous maps
ep: 9 =€, g g(P) and ep: ¥4 — €, g g[P]

We deduce that 7" and J# are closed since they are the inverse images of the closed
points P and [P].

To prove the normality notice that .# acts continuously on S and J#” is the kernel
of the action.

In the quotient .77/ " two elements h and g are the same if and only if / and g act
in the same way on the elements of S. The map ¢ which associates & to the unique ¢ €
Sy such that h(P;) = Py(iy is a well defined group homomorphism which is injective
by definition of .7#’. For each ¢ € S, Proposition 1.23 exhibits the map F(c(P)) as
a preimage of such permutation, so ¢ turns out to be surjective. Endowing S,, with
the discrete topology this open bijection becomes continuous since .7 is closed in ¢
and hence in JZ. It follows that the spaces are homeomorphic.

The projection p corresponds to the quotient by /¢’ = S,,. Since ¢ is Haus-

dorff and S, is finite and acts freely we conclude that it is a Galois covering. O
Proposition 1.25. &/ = ¢ and G/ H = €.

Proof. Notice that the transitivity of the action of ¢ on ¢’ implies that ¢ acts transi-

tively also on ¢. The orbit-stabilizer theorem gives then the continuous bijections:
¢ =4 /Stab(P) and ¥ =¥ /Stab([P])

Proposition 1.23 guarantees that those bijections are homeomorphisms and since by
definition Stab(P) = .#” and Stab([P]) = .# we are done. O

The homotopy type of ¢ is completely determined by the following statement.

Proposition 1.26 (Alexander’s trick). 74 (¢,Id) = 0 for all k > 0.

Proof. The proof generalizes the one given in [6] from k = 1 to k > 0. We prove
that any continuous map «: (IX,9I5) — (¢,1dp) is homotopy equivalent to the map
kiq: I¥ — & with constant value Idp throughout maps sending the boundary of I* to
Idp. Such a homotopy is given by a map H: I x I¥ x D — D defined as

P
H(s,t)(P) =qp if1—s<|P| <1
P ifs=1

11



1.2. THE FUNDAMENTAL ISOMORPHISM B, = I'(X)

The map is continuous in each interval of definition. We need to check that the
continuity in s = 1. When s tends to 1~ we see that |P| tends to s — 1. Write
P = |P|e"™ for some 6. Hence we have that (1 — s)a(t) (|P|e"™®/(1—s)) tends to
(1 —s)a(t) (7). Since ¢ € 9D we have that (1 —s)a(t) (¢7?) = (1 —s)e™ = P.
It follows that H is continuous everywhere. It is clear by definition that H(0, t)(P) =
a(t)P and H(1,t)(P) = P. Moreover, fixing s and ¢, we can see that H(s, t) is actually
a homeomorphism because it is bijective and I x I¥ x D is compact and D Hausdorff.
Moreover, when t € 9IF we have that a(t) = Id. This yields that H|;, . p is the
identity, so H realizes the wanted homotopy. O

Proof of Theorem 1.16. Thanks to the identification ¢ = ¢ /. we need to prove that
the projection map ¥ — ¥/ is a fibration. Since the map p is a covering with
finite fibre, it is enough to show that the projection map ¥ — ¢ /. is a fibration
with fiber .#’. We noticed earlier that .7 is a closed subspace of ¢ thus, according
to [16, Theorem 4.13], it is sufficient to prove that the projection map p: ¢4 — ¢ /%"
has enough local sections. This means that for every g.#' € ¢ /' there exists a
neighbourhood U of ¢g#’and a map s: U — ¢ such that ps: U — ¢ — ¢/ is
the identity on U. Thanks to Proposition 1.25 the projection corresponds to the map
ep: 9 — ¢’ which associates to g the element g(P). Proposition 1.23 exhibits the

existence of such sections, hence the theorem is proved. O

Proof or Corollary 1.17. Since €[p is a fibration we obtain the long exact sequence of

homotopy groups
oo m(9,1d) = (6, [P]) S mo(,1d) = 710(9,1d) — ...
hence we get
o (9,1d) — By S mo(#,1d) = 710(9,1d) — ...

Proposition 1.26 states that 779(¢,1d) = 0 = m1(¢,1d), so we can conclude that J is

an isomorphism. O

Remark 1.27. In particular Alexander’s trick shows that ¢ is path connected. More-
over for every h € J# there exists a continuous map a: I x D — D such that
«(0,P) = P and a(1,P) = h(P). It follows that it is possible to give a graphical
representation of & as the union of the graphs I'p of a(—, P) for all P € D. Let I be an
n-string corresponding to 6 1/ viewed as subspace of D x I. The explicit construction

of § guarantees that a can be chosen such that I' = Jpcs I'p.

Remark 1.28. Let J%; be the subgroup of .7 of diffeomorphisms of D. As proved
in [6, §2.1] the inclusion J¢; C . induces the group isomorphism 7to(#,1d) =

12



1.3. THE ACTION OF B,, ON THE FUNDAMENTAL GROUP OF 2.

mto(#;,1d). It follows that B, is also isomorphic to 71o(.#3,1d). This smooth version
will be used in the second chapter. Notice that Proposition 1.20 cannot be extended to
the differential case because there are diffeomorphisms of X that cannot be extended

to diffeomorphisms of D.

1.3 The action of B, on the fundamental group of

Let P = (Py,...,P,) € ¢, and let Q be a fixed point belonging to dD. Since ¥ can
be retracted to a bouquet of n circles 11 (X, Q) is a free group on n generators. By
definition . fixes S, thus the group acts on ¥ = D \ S. Moreover this action induces
an action of 77 to Q(X, Q), the loop space of X with preferred point Q because the

preferred point Q is fixed. The action
HxQZEQ)— QX Q), (ha)— ha: t — h(a(t))

induces
o (A x Q(E,Q)) — 1o (QXE,Q))

and since 719 commutes with finite products this is
(A7) x 0 (AUE, Q) — 70 (QAUE, Q)

which defines an action of B, on 711(%, Q).

The aim of this section is to describe in a combinatorial way this action. For this
purpose we define generators of B, and 71(%, Q) we can easily work with.

Recall that D C C. Assume that Q = 1, and also

p_ntl-2j

€ C
i 1 1 e

so that P, P; and Q are not collinear when k # j.
We define the loops 7;: I — X to be

3t(Pj+6) + (1-3t)Q 0<t<1/3
7j(t) = P; + 6¢27Gt1) 1/3<t<2/3
(3t—2)Q+ (3-3t)(Pj+0) 2/3<t<1

with § > 0 such that y(t) # j(s) for all t,s € (0,1) and k # j.

Since each P; is encircled by exactly one loop 7y, the n-tuple
vi=(nl - lral)
is a basis for 71 (X, Q) which is called the standard system of generators.

13



1.3. THE ACTION OF B,, ON THE FUNDAMENTAL GROUP OF 2.

Figure 1.3: The standard system of generators in the case n = 5.

Definition 1.29. For all k € {1,...,n — 1} we define the element 0; € B, as the

n-string whose j-th component is

P; + P; 1

it if i =k
b 2 n%l—le tJ
(00)j(t) = { = . 1 —ig e =kl
P]- otherwise

Theorem 1.30. The group B, has o, ...,0,_1 as generators and has a presentation with
relations

0i0; = 0j0;
for all i and j with |i — j| > 2 and
0i0i+10; = Ui110i0i41
forallie{1,...,n—2}.
Proof. Two proofs can be found in [3, Theorem 1.8] or [2, Theorem 16]. O

Example 1.31. The Figures 1.4, 1.5 and 1.6 show some generators and relations of B,

in terms of n-strings in the case n = 5. The composition is from the top to the bottom.

R RIS

Figure 1.4: The generators o7 and 0y.

14



1.3. THE ACTION OF B,, ON THE FUNDAMENTAL GROUP OF 2.

AW

Figure 1.5: The relation 0301 = 0103.

R

/ %
b S
/ 4

4 4

R

Figure 1.6: The relation 020302 = 030203.

Theorem 1.32. The action of 1to(Homeo (X)) ~ B, on 111(X) satisfies:

[7i] ifiFj,j+1
oilvil = 4§ [y v ifi=
7] ffi=j+1

Proof. By definition ¢; acts trivially on the P;’s for all i # j,j + 1. So we can assume
that the corresponding element in I'(X) acts in a non trivial way only on a connected
neighbourhood of the loops *y; and 7,1 which is homeomorphic to the disk D.

In this way the proof is reduced to the case n = 2. The presentation of B, shows
that B, is the free group generated by o7, while the fundamental group of X is freely
generated by 1 and ;. We are left to prove that

a([n]) = [ 'ren] and  o1([r2]) = [

Assuming § < 1/4 the action of 07 on the points P; can be extended to the whole

disk by the following homeomorphism:

) lxei(19+7f) — _“eiﬂ 0<a< 3/4
sp(ae’”) = ¢ -
( ) ot . <é + g . e417r(10()> 3/4<a<1

Using the explicit descriptions of the loops 7; and of s; one can deduce the stated

action.
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1.3. THE ACTION OF B,, ON THE FUNDAMENTAL GROUP OF X

Remark 1.27 showed how to give a graphical representation of the elements of
€. We can then use the following picture to convince ourselves of the truthfulness

of the statement.

Figure 1.7: The graphical representation of s; restricted to the images of y; and 7»

together with the sections of the path connecting Id to s; at levels 0, 0.5 and 1.

16



2 | The arc complex

As in Section 1.3 the setting consists of a fixed point Q € dD and a set S of n distinct
points P; € D which defines the punctured disk ¥ = D'\ S.

2.1 The geometric definition

According to [15] we give the following definition of simplicial complex.

Definition 2.1. A simplicial complex is a collection C of finite non-empty sets, such that

if A is an element of C, so is every non-empty subset of A.

Definition 2.2. We say that A € C is a g-simplex and has dimension q if it has g + 1
elements. The set of all g-simplices is denoted by C;. The 0-simplices are also called

vertices.

Definition 2.3. Let n € IN. The simplicial complex C has dimension # if Cq = O for
allg >nand C, # @.

Definition 2.4. We say that C is spanned by Cy if A is an element of C for every
non-empty A C Cy.

Definition 2.5. An arc of X is a smooth and injective map a: I — D such that
1. «(0) = Q;
2. a(1) €S;
3. a(t) € S forall t € (0,1).

Denote with Arc the topological space of all the arcs of X.

Definition 2.6. Two arcs « and p are isotopic if [a] = [B] as elements of 7o(Arc).

17



2.1. THE GEOMETRIC DEFINITION

Definition 2.7. Let ay,...,a; be g + 1 distinct elements of 7rg (Arc). We say that they
are non intersecting if there exist representatives ay, ..., a, such that a;(I) Na;(I) = Q
for all i and j with i # j.

Definition 2.8. The arc complex A is the simplicial complex whose set of vertices is
Ao = 1o (Arc) and whose g-simplices are subsets A C Aj of g + 1 non intersecting

isotopy classes of arcs.

From the definition it follows that the set of vertices of A is Ap, but A is not neces-
sarily the complex spanned by Ay since in .A; we require non intersecting conditions.
Since A; = @ for g > n and A, # @ the dimension of A is equal to n — 1.

Example 2.9. Let n = 3. The figure below represents three arcs of X.

The sets {[«], [B]} and {[a], [y]} are elements of A;, while {[B], [y]} is not since

every pair of representatives of ([], [y]) intersect.

Remark 2.10. Suppose that the g-simplex A is represented by both the sets of arcs
{ao,...,aq} and {Bo,..., B4} with the property that a;(I) Na;(I) = Q and B;(I) N
Bi(I) = Q for all i # j. After reordering we can assume that for all i € {0,...,q}
there exists a continuous map H;: I — Arc such that H;(0) = «; and H;(1) = B;.
Moreover we can assume that for all ¢ € I the set of arcs { Hy(t), ..., Hy(t)} represents

the g-simplex S.

Remark 2.11. Let A € A;. We define an order relation on A in the following way.
Let a,b € A and a and 3 be representatives of a respectively b with the property that
a(I)NB(I) = Q. We say that a < b if and only if there exists an € € I such that for all
t € (0,€) the set a([0,t]) is before the set B([0, t]) according to the counter-clockwise
order around Q. Thanks to Remark 2.10 the order does not depend on the choice

of the representatives, so it is well defined. It follows that we can associate to every

18



2.2. THE ACTION OF B,

element A € A, an ordered (g + 1)-tuple (ao,...,a,) of elements of Ay such that
a; < aj if and only if i < j.

2.2 The action of B,

We denote by ¥; the group of diffeomorphisms of D which fix the boundary point-
wise, and .77 its subgroup which stabilizes the set S. As stated in Remark 1.28 there
is a canonical isomorphism B, = my(.#;). The group .7 acts on the left on Arc by
composition:

Hy x Arc — Arc, (h,a) — ha

and by applying the functor 77y this induces an action of 7o(.#°) = B, on Aj. The
action on the vertices induces an action on the simplicial complex since the elements
of .} preserve the non-intersecting condition.

The action of B, on A gives us a way to describe the arc complex in a combinato-

rial way.
Theorem 2.12. B, acts transitively on A, for all q.

Lemma 2.13. The space of injective smooth paths a: I — D such that «(0) = Q and
a(t) € D for all t # 0 is path connected.

It may be intuitively clear that the lemma holds, but for completeness we give a

proof.

Proof. Let a and B satisfy the hypothesis of the lemma. We need to find a homotopy
H:1x1 — D such that H(0,t) = «(t), H(1,t) = B(t) and for all s € I the path
H(s, —) is smooth, injective and such that H(s,0) = Q and H(s,t) € D for all ¢ # 0.
A priori the map

t— (1 —s)a(t) +sB(t)

is not injective. However it is enough to determine an € € I such that
t— K(s, t) := (1 —s)a(et) + sB(et)

is injective for all s € I. Indeed for such an € the homotopies

F:IxI—D, (s,t) = a((1—s(1—e))t)
K:IxI—D, (s,t) = (1 —s)a(et) +sB(et)
G:IxI—D, (s,t) = B((e+s(1—¢))t)

are injective for all s € I and smooth in t. Moreover the map H given assembling

those homotopies is still smooth and realizes the wanted homotopy.
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2.2. THE ACTION OF B,

Figure 2.1: The representation of H as composition of A, K and B.

We are left to prove that such € exists. We can assume without loss of generality
that Q = 1 and we can write a(t) = a1(t) + inp(t) and B(t) = B1(t) + ip(t) with «;
and B; smooth maps of I in R. Moreover since the paths are smooth and the real part

has maximum absolute value in f = 0, there exists € > 0 such that for all u € [0, €]

we have 5 26
X1 1
o)< Ploy <
o W=0 =0
These conditions are sufficient to guarantee the injectivity of K(s, —) for all s. O

Using the Isotopy Extension Theorem [10, Chapter 8], Lemma 2.13 allows us to

recover the following stronger statement.

Proposition 2.14. Let a and B be two injective and smooth paths in D such that «(0) =
B(0) = Q and w(t), B(t) € D for all t # 0. Then there exists F € 4 such that Fa = B.

We are ready to give the proof of Theorem 2.12.

Proof of Theorem 2.12. Let o, B € A, be represented by two ordered (g + 1)-tuples of
non intersecting arcs («o, ..., %) and (Bo,...,B,). Since we work up to isotopy we
can assume without loss of generality that there exists an € > 0 such that ;||
and B[ (o are straight lines. For all i € {0,...,q} define the arcs &;(t) := a(et) and
Bi(t) = Bi(et).

Since D is metric and S is finite we can find closed spaces D; containing «;(I)
which are homeomorphic to D and such that D; N D; = Q. For example we can

1
define 6 := _min 41 [ai(f) — a;(s)[. The spaces D; can be defined as the

i#je{l,...q+1}
closure of J;cr Bs.t(a(t)). In every D; we can apply Proposition 2.14 to the paths «;

and «; in order to get a diffeomorphism f; of D; extending the isotopy between «;
and «; and fixing dD;. Moreover, using bump functions we can assume that there is a
neighbourhood U; C D; of dD; such that f;|y, = Idy,. In this way the map f defined
as the identity on D \ | D; and as f; on each D; is an element of ¢, such that fa; = ;
foralli e {0,...,q}.

Proceeding in a similar way we find ¢ € ¥ such that gBi = Biforalli € {0,...,q}.
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2.2. THE ACTION OF B,

We can apply Proposition 2.14 to the paths & and by to find hy € % such that the
image of @ is Bo. Since hy preserves the orientation we can ensure that there exists a

closed set D; containing

Bi(D), ..., By(D), ho(@1)(I), ..., ho(%g)(I)

which intersects 9D and Bo(I) = ho(#)(I) only in Q and which is homeomorphic to
the closed disk. On this closed disk, with the same argument as before, we can find
a diffeomorphism %/ fixing the boundary of D; such that the image of /(&) is Bi.
Moreover we can assume, using bump functions, that /] is the identity in an open
neighbourhood of D;. It follows that the map h;: D — D defined as the identity on
the complement of D; and as k] on D; belongs to ;. Repeating this process we find
maps hy, ..., hy € 9y such that (... (ho(;)...) = B; and hi(/;j) = Bj for each j < i.
The composition h := hy - - - hy € %y is such that h(&;) = B; for alli € {0,...,q}.

We can then conclude that the map ¢ := ghf € ¥, is such that ¢(a;) = B; for all
i€ {0,...,q}, and hence maps S to S. Thus ¢ is actually an element of .7#; and hence

the action is transitive.

Figure 2.2: The steps in proving the transitivity in the case n =4 and g = 1.

O]

Since the action is transitive for every A,B € .Aq the stabilizers of A and B are
conjugate. It follows that in order to have the wanted combinatorial description of
Ay it suffices to compute the stabilizer of only one g-simplex.

Recall that D is the unit disk embedded in the complex plane C. Assume, as in
Section 1.3, that Q =1 and
so that P, P; and Q are not collinear when k # j. For each j € {0,...,n —1} we
define the arc A;j: [ — D as

Aj(t) = (1= 1)Q + tP
Definition 2.15. The set A; = {[Ao], ..., [A4]} is called the standard g-simplex of A.
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2.2. THE ACTION OF B,

Figure 2.3: Representation of Ay, ..., A4 in the case n = 5.

Definition 2.16. H, is the subgroup of B, generated by {cy.2,...,0,-1}.
We have the ingredients to state the following:

Theorem 2.17. The stabilizer of Ay € A, is Hy; C By.
Proposition 2.18. Forall i € {0,...,q} and j € {1,...,n — 1} the action of B, on Ay
satisfies

Al dfiF g1

oildl =4 Al fi=j

ENg fi=j-1

Proof. Since the arcs are linear and the generators permute only two points at the

same time we can reduce to the case n = 2, as in the proof of Theorem 1.32. It is left

to prove that oq[Ag] € Aq and 01[A1] = [Ao]. The element o7 is represented by the

homeomorphism
9 aei(ﬁ—&-n) = —[)cei19 O S 14 S 3/4
s1(we'”) =
1(ae”®) oi0 . <é+;-e4"”(1‘“)) 3/4<a<1

which can be made smooth using bump functions on a neighbourhood of & = 3/4
while it is already smooth outside. We can compute, using the explicit formulas,
the image of Ay via s1, and since there exists a simply connected neighbourhood of
Ao(I) UsiA1(I) which does not intersect P,, we can conclude that the two paths are
isotopic. If sjA¢ were an element of A, it should be isotopic to A4, since its ending
point is P>. Moreover the choice of P;’s and the definitions of A;’s implies that Ag < A,
and since the order is preserved by the action of B, also 01[Ag] < o[A1] = [Ag] < [M]
holds. It is then impossible for s1Ag to be isotopic to Ay, thus o1[Ag] & Aq. We refer

to Figure 2.4 for a graphical representation of the action of oy. O
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2.2. THE ACTION OF B,

Figure 2.4: The graphical representation of the action of o7 on Ap and A;.

We can then prove that the stabilizer of A, is Hj.

Proof of Theorem 2.17. Define the topological group
Hy = {h € Ay | h(Ai(t)) = Ai(t) foralli € {0,...,q} and for all t € I}.

The class of I € J; belongs to the stabilizer of A, if 1(A,) is homotopy equivalent
to Ay. This means that there exists a smooth map K: I x I — D91 such that K (£,0); =
Ai(f) and K(t,1); = hAi(t) for all i € {0,...,q} and that for every s € I the paths
K(—,s); are arcs such that K(I,s); NK(I,s); = Q if i # j. Thanks to the isotopy
extension theorem this implies the existence of a continuous map K: [ x D — D
such that K(s,A;(t)) = K(t,s); for all i € {0,...,q}. It follows that the class of & is
the same as the class of any map which fixes A, point-wise. Hence we deduce that
Stab(A,) = mo(H).

The group 719(#;) is the mapping class group of =\ U!_; A;(I), which coincides
with the mapping class group of the disk with n — g — 1 punctures. It follows that
mo(#;) is the mapping class group of the n — g — 1 punctured disk, which thanks to
Corollary 1.17 is isomorphic to B, ;1.

As a consequence of Proposition 2.18 we have that H; C Stab(/). Via the iden-

tification Stab(A;) = B,,_,_1 the inclusion corresponds to the morphism
¢: Hq — Stab(Aq) = Bn,qfl, Ok = Ok—gq—1
It follows that this homomorphism is also surjective because all the generators belong
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2.3. SOME PRELIMINARIES ABOUT SIMPLICIAL COMPLEXES

to the image of ¢. Thus ¢ is an isomorphism which shows that H; is the stabilizer of
Ay O

Remark 2.19. The proof of Theorem 2.17 shows also that H, is isomorphic to B, ;1.

We can now state and prove the combinatorial characterization of the arc complex.

Theorem 2.20. Let B be the (n — 1)-dimensional simplicial complex whose g-simplices are
the left cosets of H, in By, and such that for every b € By, the vertices of bH, are

bH,, bO’leQ, ey, bO’;l . -Uleo.

Then the maps
¢q: By — Ay, bHy — DA,

define a By-equivariant isomorphism of simplicial complexes.
Proof. The orbit-stabilizer theorem implies that the map
¢q: By/Hy = B; — Ay, bHy; — b/

is a bijection which respects the action of B,. So we only need to check that the
simplicial structure is preserved. Proposition 2.18 implies that [A] = o, '+ - - 07 '[Ag]

forall k € {1,...,n — 1}, then the g-simplex bA, is given by the set

{[bAo, ..., [bAg]} = {b[Ao), ..., bog ' - o7 [Ao]}

It follows that the vertices are then of the form bo, ' -0 '[Ag] for all k € {0,...,q}
where 0y = 1. It is clear by definition of 55 that they correspond to the vertices of bH,
via (Po. ]

Remark 2.21. Using the combinatorial description and the presentation of B,, we can

see that for all b € B, the faces of bH, are the (g — 1)-simplices
qu,1, b(qulleq,L ey, b0'171 cee Uqflleqfl
Remark 2.22. Since ¢, depends on the choice of the simplex A, the description of A
in terms of B,, is not canonical.
2.3 Some preliminaries about simplicial complexes

This section is devoted to give some definitions and state properties about simplicial
complexes which will be used in next section. We use [8], [12] and [11] as main

references.
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2.3. SOME PRELIMINARIES ABOUT SIMPLICIAL COMPLEXES

Definition 2.23. Let C be a simplicial complex. Let I(®) be the space of functions
t: Co — I with finite support. The geometric realization |C| of C is the subspace of
maps t such that } ¢, t(c) = 1 and {c € Cot(c) > 0} € C.

By the very definition of |C| we can identify every point of |C| with a formal sum

Y cec tcc where C € C and t. are non negative real numbers such that } ..t = 1.

Definition 2.24. For every simplex C € C we denote by |C| the geometric realization
of the complex A(C) = {A C C | A # @}. Denote by oC the complex A(C) \ {C}.

Lemma 2.25. The space |C| is homeomorphic to the closed ball of dimension dim C, denoted
DYMC while [9C| = 9|C| = S4mC-1,

Definition 2.26. The space |C|° := |C| \ 9|C]| is called the interior of |C]|.

Remark 2.27. Fix n € IN. Let P(n) be the power set of {0,...,n — 1} and define the
standard combinatorial n-simplex A(n) to be P(n) \ {@}. It is a simplicial complex of
dimension 7. A point P € |A(n)] is written as Y a;t; with a; € [ and Y a; = 1. Its
geometric realization is homeomorphic to D". The subcomplex S(n — 1) = A(n) \
{0,...,n—1} is also denoted dA(n). A point P € |0A(n)| is written as Y/} a;t; where
at least one coefficient a; is zero. Its geometric realization is homeomorphic to S"~1,
the boundary of D".

Definition 2.28. A simplicial map between the complexes C and D is a map ¢o: Co —
Dy such that for every A € C we have ¢(A) € D. This determines a map ¢: C — D
given by ¢(A) = ¢o(A) forall A € C.

Lemma 2.29. Let C and D be simplicial complexes with geometric realizations |C| and |D|.

Let ¢: C — D be a simplicial map. The map

912 IC] = D, Y tec > Y tegp(c)

ceC ceC

1S continuous.

Remark 2.30. It is not true that every continuous map f: |C| — |D| arises from a
simplicial map of the simplicial complexes C and D. If this happens we say, by abuse

of language, that f is a simplicial map with respect to the complexes C and D.

Definition 2.31. A triangulation of a topological space X is a simplicial complex C

together with a homeomorphism h: |C| — X.

Example 2.32. Let C be a simplicial complex. Then (C,1d) is a triangulation of |C]|.
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2.3. SOME PRELIMINARIES ABOUT SIMPLICIAL COMPLEXES

Lemma 2.33 ([8, Theorem 2C.1]). Let X be triangulated by (C,h) where C is a finite
complex and Y be triangulated by (D, g). For every continuous map ¢: X — Y there exists a
finite triangulation (C',h") that refines (C, h), such that ¢ is homotopic to a map ¢': X —Y

which is simplicial with respect to the complexes C' and D.

Remark 2.34. The simplicial approximation theorem holds also in a relative way [17,
Theorem 2.34]. This means that if there exists a subcomplex A of C such that ¢| 4
is simplicial, then the refinement C’ can be chosen to contain A and such that the

homotopy between ¢ and ¢’ is relative to |.A|.

Lemma 2.35. Let C be a simplicial complex, h: |TS| — Sk a finite triangulation of S* and
f: TS — C a simplicial map. The following are equivalent:

1. |f] is null homotopic;

2. There exists a finite simplicial complex TD containing TS, a homeomorphism h: |TD| —
DY+ extending h: | TS| — S* and a simplicial map f: TD — C such that f|rs = f.

Proof. For a continuous map being null homotopic is equivalent to being extendible
to the cone, hence the second statement trivially implies the first.

Assume that [f|: |TS| — |C| is null homotopic. This means that |f|: |TS| =
Sk — |C| can be extended to the cone of S¥, that is there exists f: D1 — |C| which
restricted to S¥ is | f|. The finite triangulation (TS, k) of S¥ extends to a finite triangu-
lation (T\ﬁ, E) of D¥1. Applying the relative version of the simplicial approximation
theorem to f we find a refinement (TD,h) of (TD, k) which extends (TS, %), and a
simplicial map f: |TD| — |C| homotopic to f relative to |TS|. It follows that |f]
extends |f]|. O

We now define some operations with simplicial complexes.

Definition 2.36. Let C be a simplicial complex and C € C. The star of C, denoted by
St(C), is the subcomplex of C whose simplices are the sets B € C such that BUC € C.
The link of C, denoted by Lk(C), is the subcomplex of C defined as

Lk(C) = {B€C|BNC=Q@and BUC € C}.
Note that St(C) and Lk(C) are indeed simplicial complexes.

Example 2.37. Define the simplicial complex C as the collection of the sets:

{a}, {b},{c}, {d}, {a b}, {b,c} {c a}, {a,d},{d,c} {ab,c}

Figure 2.37 gives a graphical representation of the concepts introduced above. The
first picture represents the geometric realization of the complex. In the second one

we coloured the subspace |St(c)| and in the third one |Lk(c)].
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2.3. SOME PRELIMINARIES ABOUT SIMPLICIAL COMPLEXES

Definition 2.38. The join of two simplicial complexes C and D, denoted by C * D, is

the simplicial complex
(C+D):=CUDU{CUD|CeCand D € D}.

Definition 2.39. Let X and Y be two topological spaces. The join X * Y is the topo-

logical space X x Y x I/R where R is the equivalence relation generated by
(x,y1,0) = (x,12,0) forallx € Xand y1,y2 € Y

(x1,y,1) = (x2,y,1) forall x;,xp € Xand y € Y

Equivalently every point P € X * Y can be viewed as a formal sum (1 — t)x + ty with
t € I subject to the identifications Ox + 1y = y and 1x + 0y = x for all x € X and
yevy.

Lemma 2.40. The following hold:
1. For every vertex {c} € C, the space |St({c})| is contractible.
2. The join operators commute with the geometric realization: |C x D| = |C| x |D|.

3. For every C € C we have St(C) = C x Lk(C).

Proposition 2.41. Let n,m € IN. Every homeomorphism a: D" x S™ — D"+ yestricts

to a homeomorphism between 9D x S™ and 9D " +1,

Proof. Let « and B be homeomorphisms D" x " — D"*™"*1  Then there exists a
unique homeomorphism «: D"+l — DM+l gych that & = yB. Notice also that
every homeomorphism «: D"+l — Dm+m+1 restricts to a homeomorphism of the
boundary S"" to S"™". Combining these two results we conclude that it is enough to
prove the statement for only one particular homeomorphism «. We can use Remark
2.27 to substitute |A(n)| and |S(m)| for D" and S™. The simplicial map

a: |A(n)|*|S(m)| = |A(n+m+1)]
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2.4. CONTRACTIBILITY

defined for every Y ) a;t; € |A(n)| and Yitobjtj € |S(m)] as

n—1 m n—1 m
Z a;ti + Z b]t] — Z a;ti + Z bjtj+n
i=0 =0 i=0 =0

is a homeomorphism. The restriction of « to d|A(n)| * |S(m)| maps bijectively to

d|A(n + m+1)|, hence the proposition is proved. O

Lemma 2.42. Let C = {t1,...,t,} € Cp_q and define Pc :== Y.!_, p~'t; € C. Let pt be a
one point topological space. Then the map ¢: 9|C| x pt — |C| defined for all Q € 9|C]| as
tQ + spt — tQ + sPc is a homeomorphism which fixes 9|C| point-wise.

The following result is a consequence of the Kiinneth formula

Lemma 2.43 ([14, Lemma 2.3]). Let Xo,..., Xy be topological spaces. Assume that X;
is (nj — 1)-connected for all j. Define N := <m -1+ X n]-). Then Xo * - -+ * Xy i8
N-connected.

The following results can be found in [11, Chapter 1].
Definition 2.44. A simplicial complex C is a combinatorial n-manifold if for all A € C
the space |Lk(A)| is homeomorphic either to §"~4m(4)=1 or to p7—dim(4)—1,

Remark 2.45. Let C and C’ be simplicial complexes such that |C| = |C'|. Then C is a

combinatorial n-manifold if and only if C’ is a combinatorial n-manifold.

Example 2.46. The simplicial complex A(n) is a combinatorial n-manifold. Since
|A(n)| = D" we have that any simplicial complex triangulating D" is a combinatorial

n-manifold.

Lemma 2.47 ([11, Lemma 1.18]). Let D" be triangulated by C and let B be the subcomplex
of C which triangulates the boundary S"~1. Let A € C. Then |Lk(A)| ~ D"~ 4m(A)=1 jfgnd
only if A € B.

2.4 Contractibility

The main result concerning the topology of the geometric realization of the arc com-

plex is the following theorem.
Theorem 2.48. | A| is contractible.

Example 2.49. We describe the geometric realization in the case n = 2. Since dim A =
1 we have that A; = @ for all g > 2. As described in Theorem 2.20 A; = {07"A; | m €
Z} for i € {0,1}. Moreover 0]"A; = oy'/A; if and only if n = m. The combinatorial

description of A implies that for all m € Z the vertex ¢{"/A¢ is the ending point of
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exactly two 1-simplices, 0" A; and ¢]"*!A;. Hence the geometric realization of A can

be depicted as:

U{”’ZAO a{”’le 07" Ao a{““AO (7{11+ZA0

U{”flAl (T]mAl ‘TinJrlAl U{H+ZA1

It follows that |.A| is contractible.

Even if in the case n = 2 the geometric realization of |A| is very explicit, the
situation for n > 3 is harder to describe.

A partial result about the homotopy type of | A] is the following statement.

Theorem 2.50 (Hatcher and Wahl). |A] is (n — 2) connected, i.e. mi(|.A|) = 0 for all
j<n-2

The theorem is part of the statement of [9, Theorem 7.2]. We give Hatcher and
Wahl’s proof. For that we introduce a complex F containing .4 whose geometric

realization is contractible.

Definition 2.51. The full arc complex F is the simplicial complex whose set of 0-
simplices is Ay = 79 (Arc) and whose g-simplices are subsets {ay,...,a,} of Ag of
cardinality g 4- 1 such that there exist representatives ay, ...,a, such that a;((0,1)) N
2;((0,1)) = @ for all i # j.

The difference with the arc complex A is that arcs in a simplex of F are allowed

to share both their ending points.

Example 2.52. Observe the figures below representing two triples of arcs in the case
n=3.

The first one represents a 2-simplex of both .4 and F, while the second one represents
a 2-simplex of F which is not a simplex of A since the ending points of « and p

coincide.

It is clear that the definition implies that .A is a subcomplex of F and that they do

not coincide for n > 1.
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Theorem 2.53. | F| is contractible.

Proof. The proof uses the argument introduced in [7] adapted to the disk.

Let a be a vertex of F. As stated in Lemma 2.40 the space |St(a)]| is contractible. It
will be enough to show that | F| can be retracted to |St(a)|. Denote by ¢ the inclusion
of |St(a)| in |F|. We will construct a continuous map ¢: |F| x I — |F| such that
(—,0) is the identity, p(|F|,1) C |St(a)| and for all t € [ and P € |St(a)| we have
p(P,t) =P.

Fix once and for all a representative « of a. Let P € |F|, then we can write
P = tobg + - - - + t;b; where the t; are positive real numbers such that to+--- +t; = 1
and B = {by,..., bs} € F.

We say that (Bo,...,B;) is a minimal system for (by,...,bs) if [B;] = b; for all
i € {0,...,q} and if for all i # j we have that ;((0,1)) N«((0,1)) has minimal
cardinality and B;((0,1)) N B;((0,1)) = @. For every B there exists a minimal system.
To construct it we can first choose arcs which intersect only in their ending points,
and then minimize the cardinality of intersection with «. Notice that if (By,..., ;)
is a minimal system of (by, ..., by), then every (j + 1)-tuple (B;,,...,B;;) is a minimal
system of (bj, ..., bj).

Let B be any minimal system for B. The cardinality i(b;) of the set

Z(bj) := B;j((0,1)) Na((0,1))

is finite and does not depend on the choice of minimal system f, since every two
minimal systems are isotopic via families of minimal systems. We define i(P) the
cardinality of
Z(P):== [J B;((0,1))Na((0,1))
jE{0,-q}

which coincide with the sum i(bp) + - - - 4 i(by).

If i(P) = 0 then {by, ..., by, a} is a simplex of F, and hence B € St(a). It follows
that if i(P) = 0 then P € |St(a)|.

Assume that P ¢ |St(a)|. We show how to associate to P a map ¢(P): [ — |F]|
such that ¢(P)(0) = P and i(¢(P)(1)) < i(P).

Let T = a(z) € Z(P) with minimal z. Then there is a k € {0,...,q} such that
T € Bi(I) and without loss of generality we can assume that T = B;(z). Notice that
k does not depend on the choice of minimal system. Consider the path p: I — D

{a(t) ift <z
t—

defined as

ﬁk(i’) if t >z
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It is homotopy equivalent to a smooth arc f; by modifying the definition in a
neighbourhood of [0, z] so that

Bu(D) Na(l) = Be(1) Na(D\{T} and  Bi((0,1)) N Bi((0,1)) = @ for alli # k.

In this way the cardinality i(P) of the set

—~—

Z(P) = Br((0,1)) Na((0,1)) U LJ B;((0,1)) Na((0,1))
j#k
is lower than i(P).

Denote by by the isotopy class of By. Notice moreover that there exists a represen-
tative 1y of by such that y((0,1)) N B;((0,1)) = @ for all i € {0,...,q}. It follows that
By :={by,..., bq,gk} is an element of F belonging to F; or F,,1. We refer to Figure
2.5.

Figure 2.5: Consider the case B = {[B]} where 8 is the blue path and « the black one,
both represented in the first picture. The second picture represents in red the path p.

The third one represents in red the path Ek and the fourth one 1.

Recall that by was defined to be the number of intersections between Bi((0,1))
and «((0,1)). We define the map ¢(P): [0,i(bx)tx] — | F| as

S S
it T (o)

Since the map is linear in s it is also continuous. Moreover we its value at i(by)# is

'tkgk S |B1| - |.F|

¢(P)(i(b)tk) = P — tyby + trc = Y tib; + tiby
i~k
We can then conclude that i(¢(P) (i(bg)t¢)) < i(P). Indeed i(¢(P)(i(bg)t)) is the min-
imal number of intersections between a and representatives of by, . ..,cy, ... b;, while

i(P) is the number of intersections between a and the representatives By, . . ., B, - - -, Bg-
Given that i(P) < i(P) we conclude that i(¢(P)(1)) < i(P).

Repeating this argument finitely many times we define a map ¢(P)q: [0, X_t;i(b;)] —
| F| such that ¢(P)(6) € |St(a)|. We rescale linearly the interval [0, }"t;i(b;)] to I ob-
taining ¢(P): I — |F| such that ¢(P)(1) € |St(a)|. For every simplex B € F the map

(B): |B| x I — | F| sending (P,s) — ¢(P)(s) is continuous.
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Let P = ) a;t; € |B| and C be a simplex of 9B such that Py = Y, a;t; € |C|. The
definitions of the maps ¢(B) and (C) imply that

lim (B) () _aiti,s) = ¢(C) (Z aiti,s>

tkA)O l#k

for all s € I. It follows that the collection of all maps (B) glue to form a global
continuous map ¢: |F| x I — |St(a)|. By construction this satisfies the properties to

be a deformation retraction, so | F| is contractible. O

Example 2.54. Let n = 2 and fix « € Arc. Let B = {[Bo], [B1]} € Fi satisfying
the following properties: Bo((0,1)) N B1((0,1)) = @ and (Bo((0,1)) U B1((0,1))) N
«((0,1)) is a unique point T € X. Let P = t[Bo] + t1[B1] € |B|. We can represent the
point P via the graphs of By and f; where the thickness of the lines depends on the
coefficients t;. The Figure 2.6 represents, using this “thickness trick”, the images of

the map ¢(P) at the times s = 0, s = 0.5 and s = 1. As we can see in the last picture
Bo((0,1)) Na((0,1)) = @ = B1((0,1)) Na((0,1)), hence {Bo, B1} belongs to St(a).

©O©E

Figure 2.6: A graphical representation of the deformation retraction.

Using the argument of [9, Proposition 7.2] we can prove the (1 — 2)-connectedness

of |A|.

Proof of Theorem 2.50. The proof is by induction on n. For n = 1 the statement is
empty.

Assume n > 2 and let k < n — 2. By the induction hypothesis we have that
(| A]) = 0 forall j < k. Let f: S — |.A| be a continuous map. We want to prove
that f is homotopic to a map which can be extended to the cone S¥. Since S¥ has a
finite triangulation, without loss of generality we can suppose that f is simplicial with
respect to a finite triangulation TS of S¥. Since |A| C |F| and the full arc complex
is contractible we know that f: S* — || is null homotopic. Hence by applying
Lemma 2.35 there exists a finite triangulation TD of D**1 that extends TS on Sk, and
a simplicial map f: D¥*1 — | F| such that f]g = f.
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By abuse of notation we still denote by f the maps TD — F and |TD| — |F]|
induced by f. A simplex ¢ € TD is bad if for every a € f(c) there exists b # a € |
such that a(1) = b(1).

Let 0 be a bad simplex of maximal dimension p.

Claim 1. The map j?|| Lk(o)| 18 null homotopic.

Let {ag,...,a,} = f(o), and for all i fix a representative «; of a; such that a;((0,1)) N
#;((0,1)) = @ whenever k # j. The maximality of c means that for every simplex

T € Lk(0) the image of T is a simplex of A such that b(1) # a(1) for all a € f(0)

and b € f(7). In other words every simplex B belonging to the image of Lk(c) sat-
isfies the following properties: the union f((f) U B belongs to F and for every b € B
there exists a representative  such that «(I) N (I) = Q. In particular B((0,1]) lies
in D = D\ U, a:(I).

Let Uy, ..., U, be the path components of D which have a non-empty intersection
with S, and for all i € {1,...,c} denote by D; the closure of the component U;. For
each i call S; the intersection S N U;, and denote its cardinality by n;. Note that n; > 1.
Define an arc of D; \ S; as an injective smooth path « with starting point Q, ending
point belonging to S; and «((0,1)) € Bi \ S;. Denote by A(D;,S;) the simplicial
complex whose g-simplices are (g + 1)-tuples of homotopy classes of arcs of D; \ S;.
Since D; is homeomorphic to a disk, A(D;, S;) is isomorphic to the arc complex of a

disk with n; punctures.

Figure 2.7: The disks D; and D; obtained cutting along the paths belonging to the

image of ¢. Note that n; =1 and np = 2.

~

The maximality of ¢ implies that f(Lk(c)) is contained in the subcomplex A(c)

of A defined as the join complex
A(o) := A(Dy,S51) * -+ - % A(Dg, S¢).

Notice moreover that since the simplex ¢ is bad, it cannot belong to TS, the subcom-

plex of TD triangulating the boundary S¥ of D¥*1. Thanks to Lemma 2.47 we can

33



2.4. CONTRACTIBILITY

conclude that |Lk(c)| is homeomorphic to Sk=7.
We can conclude that the restriction of f to |Lk(c’)| can be viewed as a simplicial
map

Fliko: |Lk(0)] 2§57 — | A(0)]

Notice that n; < n, hence by induction hypothesis | A(D;, S;)| is (n; — 2) connected.

Furthermore from Remark 2.40 we have that
|A(0)| = |A(D1,51) * - % A(D¢, S¢)| = | A(D1, S1)| * - - % | A(De, S¢) |

We can apply then Lemma 2.43 to |.A(c)| obtaining that |.A(c)| is N-connected with
N=(c—1) —1+Z —1) —1_2711—2

Let d be the cardinality of {a(1) | a € f(¢)}, so that Y5_, n; = n —d. Since f is
simplicial d < dim¢(c) < dim(c) = p, and together with k < n — 2 we get that

C C
k—p§n—2—p:Zni+d—2—p§ Zni—Z
i=1 i=1
This implies that f| |Lk(e)| 18 null homotopic.

Claim 2. There exists a continuous map f,: D1 — | F| such that

{fa(P) = f(P) ifP ¢ |St(e)|°
f(PY €Al ifPe|SHo)|"

Since ﬂ‘ Lk(o)| is null homotopic it can be extended to a map g: pt* SkP ~ Px
|Lk(c)| — | A(c)|. The complex TD, := {pt} * Lk(c) triangulates pt * |Lk(c)|.
Choose a homeomorphism ¢: d|c| x P — |o| such that ¢[5,] = Idy, (Lemma

2.42). Using Lemma 2.40 we can find the following homeomorphism:
3|o| * |{P} * Lk(cr)| = d|o| % P« |Lk(c')| = |o| * |Lk(c)| = |o % Lk(c)| = |St(0)]|

where we wrote the equality symbol when the homeomorphism is induced by canon-
ical identifications of complexes. The unique non canonical homeomorphism is in-
duced by ¢.

It follows that the space |St(c)| is triangulated by the complex TD, := do * (P
Lk(o)) via the homeomorphism ® induced by ¢. Notice that the homeomorphism &
which defines this new triangulation coincides with the canonical one on |Lk(c)| and
on d|c]|.

Let T := do * Lk(c). Note that T € St(¢) and also T € TD,. Note that @[5, =
Id|ys and that @1k = Id|1k(e))- It follows that ||| = Id|;. Using Lemma 2.25
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we deduce that |o| & D? and as we already noticed |Lk(c)| = S¥=P. Tt follows that
|St(0)| =2 DP % S¥=7 which is homeomorphic to D¥*1. We can apply Proposition 2.41
to deduce that d|c| « |Lk(c)| triangulates 9|St(c)|.

It follows that the triangulations (TD \ St(c),1d) of |TD|\ |St(c)| and (TD,, ®) on
St(c)| glue to a new triangulation (TD,,¥) of |TD|. Moreover notice that TS C TD,
and that Y| g| = Idzg).

We define the map F: d|c| * |[{P} * Lk(c)| — | F| as

~

tP+sQ — tf(P) +sg(Q)

for every P € d|c| and Q € |{P} % Lk(c)|. Notice that the image lies in |F| since, by
maximality of ¢ we have that | A(c')| and |f(¢)| are disjoint.
We can then deduce that, since gl|x(0)| = f“ Lk(c)| We have that on the boundary

of |St()| the map F coincides with f. So the map f,: D**1 — | F|,

p) {ﬂP) P ¢ I5K0)
F(P) if P € |St(o)|

is continuous. By definition the image of the interior of |St(c)| via f; lies in | A(0)|
while it coincides with ]?otherwise.

Since the triangulation TD is finite the number of bad simplices of maximal di-
mension is finite too. Notice that given two bad simplices ¢ and ¢’ of maximal
dimension, we have that |St(c)|° N |St(c”)|° = @. We can conclude that we can apply
the argument above to any bad simplex of maximal dimension p. In this way we find
a triangulation TD(p) and a continuous map f,: D¥"1 — F extending f and such
that

fo(P)=f(P) if P ¢St(p)

fp(P) € |Al  if P € St(p)
where St(p) denotes the union |J, |St(c)|® where ¢ ranges in the set of bad simplices
of maximal dimension p. It follows that the bad simplices of fy|rp(p)\st(p) have
dimension strictly less than p.

We can repeat the process by decreasing induction on the dimension of the bad
simplices. In this way we obtain a triangulation TD(0) of D**! and a continuous

map fo: D1 — | F| with the following properties:
1. The map f extends f;
2. Let w € TD(0) such that fo(|w|) € [F|\ |A|. Then fol, is simplicial.

These conditions are enough to guarantee that the image of fj lies then in |.A|. Indeed

suppose by contradiction that there exists T € TDy such that fo(|7|) & |.A|. Since the
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map fol|| is simplicial that means that there exist {a,b} C fo(7) such thata(1) = b(1)
but a # b. It follows that the simplex {4, b} lies in the image of fy, hence there exists
a subset T/ C 7 such that fo(7') = {a,b}. But this means that 7’ is a bad simplex.
Contradiction!

The map f; realizes an extension of f to the cone of S¥ and so we can conclude
that f is null homotopic. By applying the same argument to every continuous map
f: S* — A we deduce that 71, (| A|) = 0. By induction we can conclude that 77;(|A|) =
Oforallj <n-—2. O

We can conclude by proving the contractibility of |.A|.

Proof of Theorem 2.48. When n = 1 the space |A| is already reduced to a point. More-
over Example 2.49 showed the contractibility in the case n = 2, hence we can assume
n > 3.

Since the space |.A| admits a triangulation, in order to get its contractibility it suf-
fices to prove the triviality of all homotopy groups (J.H.C. Whitehead, [16, Theorem
6.32]). We can relate the homotopy groups to the homology groups thanks to the
Hurewicz Isomorphism Theorem ([16, Theorem 10.25]):

If X is an (n — 2)-connected space, with n > 3, then the Hurewicz homomorphism
hy: mq(X, P) — Hy(X, Z) is an isomorphism for q € {1,...,n —1}.

Thanks to Proposition 2.50 we can apply the stated theorem to |A| and conclude
that Hy(|A|,Z) = 0 for all ¢ < n — 1. Since the dimension of the complex is n — 1,
we can deduce that H,(|A[,Z) = 0 for all § > n — 1. Combining the two results
we have that Hy(|A|,Z) = 0 for all ¢ # n —1. If we prove that H,_1(|A[,Z) =
0, then Hurewicz’s Theorem implies that 71,_1(].A|,P) = 0 and consequently that
m4(|Al, P) = 0 for all g.

In this way we are left to prove the triviality of

0y
Hy 1(A], Z) = ker (Z[Anl] Z[An_2]>
Let 6 € Z[B,] be defined as
bi=1-0p 1 ' +oo oyt =+ ()" gy

The combinatorial description of A asserted in Theorem 2.20 gives the commutative
diagram:

Z[An—l] 2 ? [An—z]
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We hence need to prove that the right multiplication by ¢ is injective.

Let deg be the group homomorphism
deg: B, =+ Z,0;—1

foralli € {1,...,n —1}. Since the relations between the elements of B, are generated
by o;0; = ojo; for all i and j such that |i —j| > 2 and 00,1107 = 071107074 for all
i€{l,...,n—2} the map deg is well defined.

Since deg is a homomorphism it induces a graded structure on the ring Z[B,,].

The homogeneous component of maximal degree of § is 1. Since 1 is invertible in
Z B, the multiplication on the right by ¢ is injective.

We conclude that H,,_1(].A|,Z) = 0 and hence that |.A] is contractible. O
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