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INTRODUCTION

An ordered vector space E is a vector space endowed with a partial order
which is ‘compatible” with the vector space operations (in some sense). If
the order structure of E is a lattice, then E is called a Riesz space. This order
structure leads to a notion of a (positive) cone, which is the collection of all
‘positive elements’ in E.

In many applications positivity of normed (function) spaces plays an
important role. The most natural example is the ‘standard machinery’, a tool
which is frequently used in measure and integration theory.

The aim of this thesis is to provide a construction of a normed Riesz
space, given a cone. This requires a definition of a cone outside the context of
ordered vector spaces and will be given by a modification of the Grothendieck
group construction.

Another goal is to find an example of a Riesz space which does not have a
weak order unit. There are several existence results of Riesz spaces that do
not have such units, but there are not many explicit examples.

1.1 ASSUMPTIONS AND NOTATIONS

Before reading any further, the reader should be familiar with basic measure
theory and functional analysis. However, most of the material will be
developed along the way.

Throughout this thesis, the following assumptions, conventions and nota-
tions will be used without further ado:

1. The Axiom of Choice (AC) is accepted;

2. A sequence {x,: n € N} in a topological space X will be denoted as

(xn)}
3. Let S be a metric space, x € S and r > 0. Now define
B(x;r) ={y € S:d(x,y) <r},
B(x;r) ={y € S:d(x,y) <r},
B(x;r) ={yeS:d(x,y) =1};
4. If A is a subset of a topological space X, then the set A denotes the

closure of A;

5. The dual of a vector space X will be denoted by X*.






2.1.2

RIESZ SPACES

This chapter will provide an elementary introduction to the theory of Riesz
spaces. Later on, this theory will be used to describe certain vector spaces
which consist of sets.

Note that this chapter is in no way a complete introduction in the field of
positivity. This chapter only provides the bare necessities in order to describe
the results of this thesis. The interested reader can find a detailed exposition
on this subject in the literature, e.g. in [5] and [2].

2.1 DEFINITIONS

Definition. A partially ordered set (X, <) is a lattice if each pair of elements
x,y € X has a least upper bound (a supremum) and a greatest lower bound
(an infimum). The supremum and infimum of any two elements x,y € X is
denoted by

sup{x,y} =xVy and inf{x,y} =xAy.

Note that both the supremum and infimum are unique, provided that they
exist.
The maps

ViXxX — X and ANt XxX — X
(x,y) —— xVy (x,y) —— xAy

are the lattice operations on X.
If, in addition, X is a vector space over R, then X is called an ordered vector
space if for all x,y € X the following holds:

1. x+z=<y+zforallz € X;
2. ax < oy for all o« > 0.

A Riesz space (or vector lattice) is an ordered vector space that is simultane-
ously a lattice. A normed Riesz space is a Riesz space endowed with a norm
[I-]| such that

Osxsy = [lxl[ <yl and [lfx[] =[]
for any x,y € E. A complete normed Riesz space is called a Banach lattice. «

From this point on, the letter E will be used to denote either a Riesz space
or an ordered vector space (E, ). Additionally, the standard ordering on R
will be denoted by the symbol <.

Example. Let 1 < p < co.

1. Let n € N and consider R” under the usual vector operations. Let
x,y € R" and write x = (x1,...,x,) and y = (y1,...,¥»). Then R" is a
Riesz space under the partial ordering < defined by

xSy <= x <y forke{l,...n}

By a similar reasoning, the sequence spaces ¢y and ¢, are Riesz spaces.



2.1.3

2.2.1

2.2.2

2.2.3

2. Let X be a topological space, then C(X), the space of continuous
functions on X, is a Riesz space under the (pointwise) ordering < given
by

fsg < f(x)<g(x) forallx e X.

Note that by slightly modifying the previous ordering, the Lebesgue
spaces are also examples of Riesz spaces. Suppose (X, X, ) is an
arbitrary measure space, then L, (X, X, i) is a Riesz space under the
ordering < defined as

f<g < f(x) <g(x) foralmostall x € X. «

The previous examples indicate that Riesz spaces appear in a natural
fashion when studying function spaces. However, not every function space
is a Riesz space:

Example. Consider E = C![0,1], the class of continuously differentiable
functions on the interval [0,1] C R. Observe that E is an ordered vector
space under pointwise ordering. However, E is not a Riesz space.

Indeed, consider the functions f, g € E givenby f(x) = xand g(x) =1—x.
The figure below depicts the graphs of both f and g.

Y
11
g(x) f(x)
0 I 1' X
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Note that both f A g and f V g are not differentiable at x = . Therefore, E is
not a Riesz space. «

2.2 POSITIVE CONES AND RIESZ HOMOMORPHISMS

Definition. Let (E, <) be an ordered vector space. The set
Et ={x€E: x>0}

is the positive cone of E. The members of E™ are said to be the positive elements
of E. The strictly positive elements of E are all the non-zero members of E*. «

Definition. Let E and F be Riesz spaces and T a linear map E — F. The map
T is called positive if T[ET] C F™. «

Definition. Let T: E — F be a linear map between Riesz spaces E and F, then
T is a Riesz homomorphism (or lattice homomorphism) if T preserves the lattice
operations, that is,

T(xVy)=TxVTy and T(xAy)=TxATy



forall x,y € E.
A Riesz isomorphism is a bijective Riesz homomorphism. «

Note that any Riesz homomorphism is a positive map, since x € E* if and
only if x = x V0.

The next proposition lists some important properties of the lattice opera-
tions on a Riesz space E. The proof is straightforward and will be omitted.

2.2.4 Proposition. Let E be a Riesz space and A C E a non-empty subset.

1. Let T: E — E be a Riesz isomorphism. If A has a supremum, then so does
T[A]. Furthermore,

supT[A] = T(supA) and infT[A] = T(infA).
2. Ifx,y € E, then
—(xVy) = (=) A (=y)-

3. Define NA = {Aa: a € A} for A € R and suppose that sup A and inf A
exists. Then
sup(AA) = Asup(A) forall A € R"

and
inf(AA) = Ainf(A) forall A € RT.

4. Forany x,y € Eand all X € RT,
AxVy) = (Ax) VvV (Ay).
5. Define for xo € E, the collection A+ xo = {a+xo: a € A}. Then
sup(A+xp) = (supA) +xp and inf(A+xg) = (inf A) + xo,
provided that both sup A and inf A exist.
6. Forall x,y,z € E the identity
(x+z)V(y+z)=(xVy)+z
holds.
7. The lattice operations are distributive, i.e. the operations N\ and \ satisfy
(xAy)Vz=(xVz)A(yVvz) and (xVy)Az=(xAz)V(yAz)
forall x,y,z € E. «
2.2.5 Definition. Let E be a Riesz space and x € E. The positive part x™ and the
negative part x~ of x are defined by
xT=xVv0 and x~ = (—x)A0.
The absolute value |x| of an element x € X is given by
|x] = x V (—x). «
The next proposition follows directly from Proposition 2.2.4:
2.2.6 Proposition. Let E be a Riesz space and let x € E. Then

x=x"—x" and |x|=x"+x". «



2.3.1

2.3.2

2.3.3

2.3.4

2.3 ARCHIMEDEAN RIESZ SPACES

Definition. Let E be a Riesz space and x € E. If

inf%-sz
neN

for any x € E™, then E is called Archimedean. «

There is another way to define the Archimedean property, one that is
frequently used in the literature. The proof can be found in [2, p .14].

Lemma. Let E be a Riesz space, then the following statements are equivalent:
(a) inf{ix: n € N} =0 for all x in E.
(b) Ifx,y € E* and nx <y forall n € N, then x = 0. «

The next proposition provides infinitely many examples of Archimedean
Riesz spaces:

Proposition. Any normed Riesz space is Archimedean. «

Proor. Let E be a normed Riesz space and let x,y € E such thatn-x <y
for any n € N. This means n-x < y < y* for all n € N, which implies
0<n-xt 5y forany n € N. Hence

nl|lxt|| = |n-x"|| < |lyT|| foralln € N.
Since |ly"|| is a finite real number, it follows that ||x*| = 0. On the other
hand, x™ = 0 by definition ofi the norm. Therefore x < x™ = 0. This shows
E is Archimedean. [

The previous proposition implies that each Riesz space from Example 2.1.2
is Archimedean.

At this point a remark is in order. The Archimedean property from
Definition 2.3.1 differs from the Archimedean property in the set of real
numbers, which states that for any x,y € R there is a n € N such that

ly| < nlx|.

Note that this property is implied by both Lemma 2.3.2 and Definition 2.3.1,
but it need not be its equivalent:

Example. Consider the space C(0,1) and endow this space with the point-
wise ordering. Observe that this space is Archimedean in the sense of
Definition 2.3.1.

Indeed, let 0 < f € C(0,1). Then

Vx €R: 1f(x) 0 inR,

therefore
1 .
+f10 inC(0,1).

This shows that C(0,1) is Archimedean. To prove that it does not satisfy
the Archimedean property of the set of real numbers, consider f,g € C(0,1)
given by f(x) = 1 and g(x) = 1. Then there is no n € N such that f < ng. «



2.4.1

2.4.2

2.4.3

2.4.4

2.4.5

2.4 ORDER UNITS

Definition. Let E be a Riesz space and let x € E. The principal band generated
by x € E, denoted by By, is the collection given by

B, = {y € E: |y| = suply| /\n|x|}.
neN

The principal ideal generated by an element x € E™, denoted by Ey, is the
set
E, = {y € E: thereis a A > 0 such that |y| < Ax}.

If there is an element et € E such that B, = E, then e is called a weak order
unit and if E, = E, then e is a strong order unit. «

It is clear from the definition that any strong order unit is also a weak
order unit. The converse statement is not true.

A natural question to ask is whether a Riesz spaces has any order unit at
all (strong or weak). There are very few explicit examples of Riesz spaces
that do not have a weak order unit. One of the goals of this thesis is to add a
new example to that list.

Let’s state some known results. The proof of the next lemma is somewhat
involved and will therefore be omitted, but can be found in MEYER-NIEBERG

(see [15, p. 20]).
Lemma. Let p € [1,00).
1. The Riesz spaces co, £, do not have a strong order unit.

2. Let (X, X%, 1) be a measure space, then L, (X, X, i) does not have a strong

order unit.
3. The dual of ls does not have a weak order unit. «
Proposition. Let (X, X, u) be a measure space. Then the constant function 1x is a
strong order unit in Lo (X, X, 1). «

PrOOF. Since any f € L is essentially bounded, it follows that |f| < || f|| -
Therefore,
[l - Ix < f < Iflleo - 1x forany f € L.

Hence 1x is a strong order unit in Le. =
Proposition. Let K be a compact Hausdorff space. Then any strictly positive function
f € C(K) is a strong order unit. «

Proor. Let f € C[K] be strictly positive. Consider

o = min f(x).

min f(x)
Note that « is well-defined since continuous functions on compacts sets
attain a minimum. Moreover, « > 0 and f < o« - 1k. This implies f is a strong
order unit. -

Theorem. Let (X, X, ) be a measure space and p € [1,00). Suppose (fy) is a
sequence of Ly-functions which converges in normtoa f € Ly. If fy < f, then

f = sup fu.

neN «



2.4.6

Proor. Define F, = f — f, and consider the sequence (F,). Then, by using
the assumptions, it follows that F,(x) > 0 for all x € X and

: P dy — 1i p_
nlgI;O/Fn dp = lim [|F, ||}, = 0.
By applying Fatou’s lemma,
. . p
0< hrrlgg}f F; du
.. p
< llgllloglf/]:n du

= lim /P,fdy

n—oo

=0.

This means liminf F} = 0 almost everywhere.
On the other hand, note that for any n € N and any x € X

it () < T i FL() — i F (27
= S R

Hence,

inf F, =
nEN n(x) =0

almost everywhere on X. Therefore,

f(x) = sup fu(x)

neN

for almost all x € X. n

Theorem. Let (X, X, i) be a measure space, then any strictly positive L, function
is a weak order unit. «

Proor. Let f,g € L, such that f is strictly positive and ¢ > 0. Then, by
Theorem 2.4.5, it suffices to show

g =supg A (nf).
neN

Recall that the collection of step functions is dense in L. So for any ¢ > 0
there is a step function s € L, such that [|g —s||, < e. Since s is bounded,
there exists a M € N such that Mf > s almost everywhere. Furthermore,

lgnnf) =sn @A)l = [Ig A (f) = s A (nf)]” dn

for all n € N. Let x € X and note that if ¢(x) < nf(x), which means
s(x) = nf(x). So in this case, g(x) — nf(x) < nf(x) — nf(x) = 0. Therefore,

nf(x) - g(x) < s(x) —g(x).
This yields

8(x) A (nf(x)) —s(x) A (n(f(x))| < |g(x) —s(x)| forallxeS.
Then
lg A nf) =snmA)|l) = [Ig A (f) =5 A (nf)|” dn

2/18*S)|pdﬂ
= llg sl
< €P.

10



Hence, for all n > N,

lg=gA MmOl <lg=sll,+lls=sA @I, +[lsAmf) —gn(nf)ll,
<e+0+e

This shows that g A (nf) — g (w.rt [|-[| ) as n — co. In addition, (§ Anf) < g
for any n € N. Therefore, by applying Theorem 2.4.5, the result follows. m

11






ABSTRACT CONES

The Grothendieck group construction is a tool used in abstract algebra that
constructs an abelian group from a commutative monoid in a universal way.
This construction was develloped in the 1950s by Alexander GROTHENDIECK
(see [3] and [7]) and has played an important role in the devellopment of
K-theory.

This chapter provides a definition of a positive cone outside the context
of ordered vector space and a tool to construct a Riesz space from the cone.
The construction is based on a technique similar to the construction of the
Grothendieck group.

3.1 DEFINITIONS

Definition. A non-empty set C with a binary operation

+:CxC — C
(a,b) —— a+b

such that

M1) (a+b)+c=a+ (b+c)forallab,ceC;
(M2) Thereisae e Csuchthate+a=a+e=uaforallae€(C;
(M3) a+b=b+aforalla,beC

is said to be a commutative monoid. If the operation + satisfies only (M1) and
(M2), then C is a monoid. The operation + is called the addition on C or simply
addition. The element e from (M2) is called the unit element for addition on C
and will be denoted by the symbol 0 for convenience. «

Observe that the unit element of a monoid is unique. Indeed, suppose that
there are two elements e € C and u € C such that

a+e=a and at+u=a
for all a € C. Then, for a = e, it follows that u = u +e¢ = e. Hence e = u.

Example. The collection of natural numbers including 0 is a commutative
monoid under the usual addition. «

Definition. A commutative monoid C equipped with a map

<RtxC — C
(Aa) —— A-a

such that

(SM1) 1l-a=aand0-a=0foralla €,
(SM2) AN-a+pu-a=(A+pu)-aforall\,uy € R" and alla € C;
(SM3) A-a+A-b=A-(a+Db)forallAeR" and alla,b € C;

is said to be a (positive) (convex) cone. The map - is called the scalar multiplica-
tion on C. If no confusion can arise, the symbol - will be left out. «

13



3.1.4 Definition. Let C be a cone. If there exists a partial ordering < on C such that

a<b = M=<AvforallA € Rt and alla,b € C;
a<b = a+c<xb+aforallab,ceC,

then C is called an ordered cone. «
Any cone C with the property
a+b=e¢e = a=b=¢ forallgbeC
can be ordered by defining a < b if and only if there is a ¢ € C such that
a+c=b.

A routine verification shows that < defines a partial order that meets all the
requirements of Definition 3.1.4. From now on, this order < will be called
the standard order on a cone C.

3.2 CONSTRUCTING A VECTOR SPACE FROM A CONE

Let C be a cone and define the relation ~ on C x C by
(a,b) ~ (x,y) <= thereisace Csuchthata+y+c=x+b+c.

Then, by a straightforward verification, ~ is an equivalence relation on the
Cartesian product C x C.
Consider the quotient space

EcZCXC/N.

In order to avoid confusing notation, an element of E; will be denoted by
[a,b]. The quotient space E¢ is a vector space by defining the following
(vector) operations

Ala, b] = [Aa, Ab] forallA € RT and alla € C;
[a,b]+ [x,y] = [a+x,b+y] forallab,x,yecC;
[a,b] = —[b, 4a] foralla,b e C.

The cone C can be mapped into E; under the quotient map

q:C — E¢
a —— [a,0]

This map preserves the cone structure of C, but it need not necessarily be an
embedding. The cone operation 4+ must satisfy

a+c=b+c = a="b forallab,cecC.

This is called the cancellation law of the cone operation +.

Indeed, suppose that g(a) = g(b) for a,b € C, then [a,0] = [b,0]. By the
definition of ~, there is a c € C such that a + ¢ = b + c. By the cancellation
law, g is indeed injective hence an embedding.

From this point on, elements of the form [a, 0] are called positive elements of
E¢ and elements of the form [0, b] are said to be the negative elements of E¢.
This convention ensures that the members of C correspond to the positive
elements of E¢.

Observe that the comments above agree with Proposition 2.2.6. That is, if
¢ € E¢, then there are elements a,b € C such that c = a — b.

14



3.3.1

3.3.2

3-33

3.3 CONSTRUCTING NORMS

Given a cone C in a metric space S, it is possible to construct a norm on E¢
under certain extra assumptions on the metric.

Definition. A metric space C = (C,d) which is simultaneously a cone is
called a metric cone. «

Theorem. Let C be a metric cone. Assume that the metric d is translation invariant
and homogeneous in both arquments, that is,

d(a,b) =d(a+c,b+c) foralla,bceC;
Ad(a,b) = d(Aa, D) forall A € R" and all a,b € C.

Then there is a norm ||-|| on Ee, which induces d. «
Proor. Leta,b,c € C such that a+ ¢ = b+ c. Then, by translation invariance,
0=d(a+cb+c)=d(ab).

This proves the cancellation law.
Next, let a,b € C and put

I[a, b]|| = d(a, b).

The map ||-|| is well-defined. Indeed, suppose (a,b) ~ (x,y), then there is
acecCsuchthatat+y+c=x+b+c Thena+y = x+b, by using the
cancellation law. Since d is translation invariant, it follows that
d(a,b) =d(@a+x+y,b+x+y)
=d(x,y).
Therefore, ||-|| is well-defined.

The mapping ||-|| is indeed a norm on E¢. Suppose that A € R and
a,b € C, then, by homogeneity,

M[[a, b]|| = Ad(a,b) = d(Aa,Ab) = ||[Aa, Ab]|| = ||A[a, b]|.
If A <0, then
[Ala, 0] || = [IIAl[b,alll = [N[[I[b,all = [\|d (b, a) = [A|d(a, b) = [A]||[a, b]]].

Therefore, the norm is homogeneous.
Let a,b, x,y € C, then by translation invariance,

I[a, 0] + [x, ]Il = [/[a + x, 0+ y]|

d(a+x,b+v)
<d(a+x,a+y)+da+yb+y)
d(x,y) +d(a,b).

Therefore
[a, b] + [x, ylll < [[{a, 6] + I[x, y1l,

which proves the triangle inequality.
Lastly, note that ||[a,b]|| = 0 if and only if d(a,b) = 0. Hence, a = b and
consequently, [a,b] = [0,0]. n

Corollary. Let (C,d) be a metric cone such that d is homogeneous and translation
invariant. Then there is an isometric embedding of C into Ec. «

15
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335

3.4.1

3.4.2

Proor. By the proof of Theorem 3.3.2, C has the cancellation law, so the
map P: C — E¢ where P (a) = [4,0] is a well-defined embedding. By using
the definition of the norm on E¢ (from the proof of Theorem 3.3.2), V is an

isometry. m
Corollary. Let X be a vector space over R and C C X a metric cone in X such that
the metric on C is homogeneous and translation invariant. Then there is a linear
embedding \: E¢c — X.

If in addition, X is a normed space and d is the metric on C induced by the norm
on X, then \p is an isometric embedding. «
Proor. For the first part, put \([a,b]) = a — b. The definition of the norm
on E¢ ensures that E; C X is a subspace. Explicitly,

Ec={a—b:a,beC}.
For the second part, observe that
|la—b|| =d(a,b) = |[ab]| forallabeC.
Therefore 1 is isometric. [

The previous theorem and its corollaries, lead to the next definition:
Definition. A metric cone (C,d), is said to be a normed (convex) cone whenever
there is a linear isometric embedding into some normed space (X, [|||). «
3.4 LATTICE STRUCTURES AND COMPLETENESS
Definition. An ordered cone C is a lattice cone if both a V b and a A b exist for
any a,b € C. «

Given an ordered cone C, it is possible to put an ordering on the associated
vector space E¢. This is done by defining

(1, < [x,y] <= a+y<x+b.
It turns out that E¢ inherits the lattice cone structure of C:
Proposition. If C is a lattice cone, then E¢ is a Riesz space. «
Proor. Let a,b € C. It suffices to show that [a V b, b] is the supremum of
[4,b] and 0.

Because a < a Vb, it follows that [4,b] < [aV b,b]. Dueto b < aVb, it
follows that [a V b, b] is positive. So [a V b, b is an upper bound of [a,b] and 0.

It remains to show that [a,b] V 0 is indeed the supremum of [a,b] and 0.
To this end, let x,y € C such that [x,y] > 0. Then there is a ¢ € C such that

(x,y) = (¢, 0).
Suppose [a,b] < [c,0], then a+0 < b+ c. Since b < b+ ¢, it follows that
aVb < b+ c. Therefore,
[c,0) =[b+cb] =[aVhD],
which proves that [aV b,b] V 0 is the supremum of [a, b] and 0. (]

There is an expression for the absolute value of elements in Eg:

16



3.4.3 Proposition. Let C be a normed cone. Then

|[a,b]| = [la—b|,0] forall[a,b] € Ec. «

Proor. Note that [a,b] < [|a — b],0], since a+0 < b+ |a — b|. Similarly,
[b,a] = —[a,b] < [|a—b|,0], because b +0 < a+ |a — b|.
Let [x,y] € E¢ and suppose that [x,y] > [a,b] and [x,y] > —[a, b]. Then
a+x<y+bandb+y<x+a.
This yields
a—b<x—yandb—a<x—y. -
Completeness of C does not imply that the associated vector space E is
complete:

3.44 Remark. Let C be a complete normed cone, then E; need not be complete.

Proor. Consider a normed space E which is not complete. Define the trivial
ordering

XYy < x=1.
Then E is an ordered vector space and the only positive element is 0, which
means ET = {0}. This is clearly a complete normed space. n

Recall the following result from Banach space theory (see [14, p. 20] for a

proof):
3.4.5 Lemma. Let X be a normed space. Then X is a Banach space if and only if every
absolutely convergent series converges in X. «
3.4.6 Theorem. Let C be a normed lattice cone such that its norm is a non-decreasing
map. Then the associated normed space (E¢, |||-|||) where
[[l[] = 1l
is a Banach lattice whenever C is a Banach space. «

Proor. First note that E is a lattice under its natural ordering.

Let (x,) be a |||-|||-absolutely convergent sequence in X.

Note that 0 < x;7 < |x,]| for all n € N. Therefore, because the norm on C
is assumed to be non-decreasing,

i [F < Ilxull| = lllxnlll~ forallm € N.

Consequently, the series over all positive parts is absolutely convergent. So,
by completeness of C, the series }_x; is convergent. By a similar reasoning,
the sum over all negative parts is also convergent.

Then, for N € N sufficiently large,

Iz s = (L o= o[ < | G - ot
n<N neN neN n<N ne

|

N
I Zw - Bl
n<N neN
<[l Z =+l 2 =1
n<N+1 n<N+1
< X Malli+ X Nl
n<N+1 n<N+1
By letting N — oo, the series ),y X, converges in E¢ with respect to ||-||.
Therefore, E¢ is complete with respect to |||-|||, which means that it is a
Banach lattice by Lemma 3.4.5. ]
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THE HAUSDORFF DISTANCE

The main goal of this chapter is to define a distance between subsets in a
Banach space X = (X, ||-]|). Since the power set of the entire space X can be
quite ‘large’, it is hard to define a notion of distance on the whole power set.
It is therefore necessary to make a restriction to a suitable subcollection of
the power set instead.

4.1 DISTANCE BETWEEN POINTS AND SETS

In a metric space S, a distance is assigned to every pair of elements x,y € S.

Definition. Let S be a metric space, x € S and A C S. The distance from x to
A is then given by
d(x,A) = ulggd(x,a). «

Loosely speaking, the notion of distance between a point x € S and a
subset A C S is the distance from x to the ‘nearest’ point 2 € A. There might
be some difficulties when A is empty. Note that the distance between a point
and a non-empty subset is a non-negative element in R, by definition. To
avoid complications with the empty set, define inf @ = oo so that d(x, @) = oo
foreach x € S.

To illustrate this definition, consider the following example:

Example.

1. Consider R equipped with the Euclidean metric. Take x € R, then
d(x, Q) =0, because Q is dense in R.

2. Consider R? with the Euclidean metric. Take the point xg = (—1,2)
and the line A = {(x,y): y = x} = {(x,x): x € R}. Then

_ gl — 1 )2 )2
d(x0,4) = inf [0 —y|| = inf \/(=1 — )2+ (2~ x)2

Put f(x) = (=1 — x)2 + (2 — x)?, then, by using the derivative of f, it
follows that the point in A nearest to x¢ is (1/2,1/2) € A. Therefore,

d(xo, A) = [[(-1,2) - (3, DIl = 3v2. «

Proposition. Let S be a metric space and let A C S be a fixed non-empty subset.
Then the function
fA: S — R*
x —— d(x,A)

is Lipschitz continuous (as a function of x) with Lipschitz constant 1. «
Proor. Let x,y € S, then
d(x,A) <d(x,a) <d(x,y)+d(y,x) forallac A.

This yields
d(x,A) —d(x,y) < aiggd(y, A) = faly),

which gives
d(x,A) - d(y, A) < d(x,y). .
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4.1.4

4.2.1

4.2.2

The map f4 has another important property:

Proposition. Let S be a metric space and A C S a non-empty subset. If fa is not
identically zero, then fa(x) = 0 if and only if x € A. «

Proor. Let A C S. Suppose that d(x, A) = 0. Then x € A or x ¢ A. Note
that if x ¢ A holds, then x must be in the closure of A.

Indeed, let ¢ > 0. The definition of d(x, A) implies that thereisay € A
such that d(x,y) < e. That is, y € B(x;¢). So every ball with centre x and
radius & contains a point of A. This implies B(x;€) N A # @, which means
that x is a limit point of A. Therefore, x € A.

For the converse, assume x € A. Then d(x,A) = 0. Indeed, let ¢ > 0
then B(x;¢) contains a point y € A. So d(x, A) < e. Since € was arbitrary,
d(x,A) =0. [

4.2 DISTANCE BETWEEN SETS

Let S be a metric space and A, B C S. In the previous section the concept of
‘distance from point to subset” was introduced and discussed. This concept
can be extended in order to find a suitable definition of distances between
subsets of S.

The Hausdorff semi-distance

Definition 4.1.1 can be modified to ‘measure’ the distance between subsets in
the following way:

Definition. Let S be a metric space and A, B C S non-empty subsets. The
distance from A to B or Hausdorff semi-distance is defined as

5(A,B) =supd(a, B) = supinf d(a,b).
a€A ac€A beB «

Note that (A, B) may be infinite for unbounded sets A, B C S according to
the conventions from Definition 4.1.1. Since this might lead to some technical
difficulties later on, it is therefore convenient (and sometimes necessary) to
consider a ‘suitable’ collection of subsets in S.

Recall that a subset A of a metric space S is said to be bounded if and only
if A has finite diameter, that is,

diam A = sup d(x,y) < .
X, yeA

The supremum of the empty set is defined to be —co.

Definition. Let S be a metric space, then define the collection
H(S) = {A C X: A is bounded, closed and non-empty }.

This set is known as the hyperspace of all non-empty bounded, closed subsets of S.
The set of all non-empty and compact subsets in S will be denoted by /C(S).«

There is a relation between IC(S) and H(S). Clearly, X(S) C H(S) for any
metric space S. Recall that a metric space S is said to have the Heine-Borel
property, if any closed and bounded set is compact. If this happens to be the
case, then IC(S) = H(S).

It turns out that 8 is a pseudometric on H(S):
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4.2.3 Proposition. Let S be a metric space and A, B,C € H(S), then
1. 5(A, B) = 0ifand only of A C B.

2. (A, B) < 5(A,C) +5(C, B). «

Proor. Let A, B,C € H(S).
1. Note that if A C B, then §(A,B) = 0. Conversely, suppose that

8(A,B) =0, then d(a,B) = 0 for all a € A. Then a € B, by using the
result of Proposition 4.1.4

2. By using the ‘ordinary” metric of the underlying space S, for all a € A,
b € B and c € C the distance satisfies

d(a,b) < d(x,c)+d(c,b) < d(x,c)+d(c B).
This estimate is valid for each b € B, so
d(a,B) < d(a,c) +d(c,B) < d(a,c) +5(C,B).

foralla € A and c € C. Note that this estimate is valid for any ¢ € C.
Therefore,

d(a,B) < d(a,C) +8(C,B)

for any a € A. By taking the supremum over all 2 € A, the result
follows. u

Note that 6 need not be a symmetric map:

424 Example. Let S = C and consider the subsets A = {z € C: |z| < 2} and
B = {z € C: |z—4] < 1}. Both of these sets are bounded, closed and
non-empty.

5(A, B)

A
\ 4

Im z

Then §(A, B) =5 and §(B, A) = 3, which yields §(A, B) # 5(B, A). «

The previous example show that (H(S), §) is not a metric space. However,
this problem can be fixed, by ‘symmetrizing’ 5. This yields a metric on H(S).
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4.2.5

4.2.6

4.2.7

The Hausdorff metric

Definition. Let S be a metric space and A, B € H(S). The mapping

di: H(S) x H(S) —— H(S)
(A,B)  —— &(A,B)V5(B,A)

is the Hausdorff metric or Hausdorff distance on H(S). «

The word ‘metric” from the previous definition needs some verification:

Theorem. dy is a metric on H(S). «

ProoF. Since both A and B are bounded and non-empty, both 5(A, B) and
5(B, A) are finite. The triangle inequality follows from Proposition 4.2.3.
Note that dp is symmetric by definition. By symmetry and Proposition 4.2.3,
it follows that

dy(A,B)=0 < ACBCA.

If both A and B are closed, then they are equal to their respective closures,
which means A = B. n

Now that H(S) = (H(S),dp) is indeed a metric space, one could wonder
whether there is an embedding of S into H(S).

Theorem. Let S be a metric space, then S can be isometrically embedded into H(S)
by the map
J:S —— H(S)
x — {x}

Furthermore, the set J[S] is closed in H(S). «

Proor. Note that for any x,y € S the distance between x and y satisfies

d(x,y) = du({x}, {y})

This shows that S can be isometrically identified with J[S] C H(S).

Let A € J[S], then the distance from A to J[S] is 0 by Proposition 4.1.4.
Therefore, for any € > 0, there is an element x € S such that dy (A4, {x}) < e.
This yields d(x,y) < € for any y € A. In addition, diam A < ¢, because A is
non-empty. This shows that A must be a set that contains only one element,
which means A € J[S]. Therefore, J[S] contains all of its limit points, which
implies J[S] is closed. ]

The following result will be used freely without mention in this thesis:

Proposition. Let S be a metric space and K,L € K(S). Then there is an element
a € Aandb € B such that

d(a,b) = dH(A,B). «

Proor. Assume without loss of generality that dij(A, B) = 5(A, B). Since
the map fp: A — R*: x — d(x, B) is continuous and A is compact, there is
an element a € A such that d(a, B) = d (A, B).
Similarly, by continuity of the map x — d(a, x) and compactness of B, it
follows that there is a b € B such that
d(a,b) = inf d(a,x) = d(a,B) = du(A, B).

x€EB ]
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4.2.9

4.3.1

The Hausdorff distance between non-compact set might not be attained:

Example. Consider the metric space ¢, and consider the collection of unit
elements U = {u,: n € N} where

() = {1 if k =n;

0 otherwise.

Next, define A = {x} U U where x is the sequence {—1/n: n € N}. Note
that both A and U are closed, bounded and non-empty subsets of ¢, but not
compact. Observe that dig(A, U) = d(x, U), because 5(U, A) = 0.

On the other hand, by using Euler’s identity,

1/2
d(x,uy) = (1—0—%24—%) for all n € N.

Therefore,
2

dy(A,U) = inf d =(1+Z 12
H( ! ) uieu (x,un) ( 6 ) ’
But then,

«

N\ 1/2
d(x,uy) > (1+%) for all m € N.

4.3 COMPLETENESS AND COMPACTNESS

This section will investigate sufficient conditions to ensure that H(S) is
complete and IC(S) is compact, for a given a metric space S.

Theorem. S is a complete metric space if and only if (H(S), dy) is complete.  «

PrOOF. [<=]| Suppose H(S) is complete, then the collection {{x}: x € S} is
closed in H(S) by Theorem 4.2.7 and complete by completeness of H(S). By
utilizing the isometric map from Theorem 4.2.7, it follows that S is complete.

[=>] Assume S is complete. Let (A,) be a Cauchy sequence in H(S) and

put
A = ﬂ U An.

meNn=m

Note that A is closed by definition. The goal is to show that A is the limit of
(Ay) and that A € H(S).

Claim 1. Let € > 0, then by the Cauchy property, there isa N € N such that
du(An, Am) < e whenever n,m > N.
Then d(a, Ax) < € for any a € A and A is bounded.

Indeed, note that §(A,, Ay) < € for all n > N (by the Cauchy property).
Therefore

U An S {xeX:d(x, AN) <},

n=N
so A C {x € X:d(x,An) < ¢}. Thus d(x, Ay) < ¢ for all x € A. Next, in
order to prove that A is bounded, take x,y € A. Then there are a,b € Ay
such that

d(a,x) <2 and d(b,y) < 2e.
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4.3.2

Then, by the triangle inequality,
d(x,y) <d(x,a)+d(a,b) +d(b,y) < 4¢ + diam Ay.

Therefore diam A < 4¢ 4 diam Ay, which implies that A is bounded. Hence
A € H(S), which concludes this claim.

Claim 2. Lete > 0, thend(y,A) < eforany y € Ay.

In order to prove the claim, it suffices to show that given & > 0, there is an
element 2 € A such that that d(y,a) < e. This will be done by building a
Cauchy sequence (a,) in X for each y € A. Then, by completeness of X,
there is an element a € X such that a,, — a.

To this end, take y € Ay and put N = Nj. By repeatedly applying the
Cauchy property, for each k € N there is a N € N such that Nj < Nj;1 and

dyu(An, Ap) <e- 2=k whenever n,m > Ni.
Set a; = y, then a; € Ap,. Now recursively take a; € Ay, such that
d(agsq1,a) <e-217F,

Observe that each a; can be chosen in this way, due to the ‘clever’ choice of
the indices Nj. In addition, by repeatedly applying the triangle inequality,

n—1

A, 55) < Y A(@rps1, Bkpr)
=0

n
< Z - Zlfkfé
/=0

<e 27k (1)

for all k,n € N where n > 0. This proves that (a,) is Cauchy in X and by
completeness, it converges to some a € X. Let n — oo, then by the estimate
in (1),

d(a,ar) <e-227F

for all k € N and consequently,
d(a,y) =d(a,a) < e

In order to show a € A, note that a is defined as the limit of the sequence
(a;) and each term of this sequence is contained in the corresponding set
AN, Therefore a € {ay: k > m} for all m € N. Since k < N for all k € N, it
follows that

a€{ag:k>=m}C UANkQ UAﬂ

k>m nzm

for all m € N. So a € A, which finishes the proof of the claim.
By combining the results of the previous two claims, dyg(A, Ayx) < 2e. So
by using the triangle inequality,

dH(A,An) < dH(A,AN) + dH(AN/ An) < ¢ foralln } N. [

Corollary. If S is a complete metric space, then K(S) is complete. «
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Proor. Let (K;) be a Cauchy sequence in K(S). Since K(S) C H(S), the
limit of (K,) exists in H(X) by Theorem 4.3.1. Therefore, by completeness of
S, it remains to show that the limit

«-NU%

meNn>m

is totally bounded.
To this end, let £ > 0. By the proof of Theorem 4.3.1, there existsa N € N
such that
K C {x e X:d(x,Ky) <¢/3}.

Furthermore, Ky is compact by definition. This means there is a 7 € N and
X1,...%Xy € Ay such that

C=

KN Q B(xk,'s/Z).

k

1

Take x € K, then d(x,Ky) < €/3. Therefore there is a point y € Ky with
d(x,y) < €/2 and there exist k such that y € B(x;€/2). Thus

d(x, xx) < d(x,y)+d(y, x) <e.

Therefore
n
K< [JB(xe),
k=1
which means K is totally bounded. n
Corollary. If S is a compact metric space, then K(S) is compact. «

ProOF. Recall that any compact metric space is complete. Therefore, (S) is
complete by Corollary 4.3.2. It remains to show that /C(S) is totally bounded.

Observe that S is totally bounded. So, given € > 0, there is a n € N and
there exist x1,...x,; € S such that

inf d(x,x) = min d(x,x;) <e forall x € X.
1<k<n 1<k<n

Let K C X be a compact non-empty subset and define
B = {x;: d(x,K)} <e.

Then dy(B, K) < e. Therefore, any K € K(S) is at Hausdorff distance less
then ¢ of a subset of the (finite) collection {x;: 1 < k < n}. Hence K(S) is
totally bounded and complete, which implies that /C(S) is compact. n

4.4 CONE AND ORDER STRUCTURE ON CLOSED BOUNDED SETS

If S = (S,d) is a metric space, then H(S) is a partially ordered space of sets
under the inclusion relation ‘C’.

By definition, the inclusion is a partial order on H(S). The addition in
this vector space is given by the Minkowski sums. Explicitly, let A, B € H(S)
then define

A+B={a+b:ac Aand b € B}.
Define the scalar multiplication on H(S) by

A ={ha:ae€ A}
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4.4.1

4.4.2

for any A € R and A € H(S). By definition, both addition and scalar
multiplication are well-defined.

Under these assumptions, H(S) is indeed an ordered vector space and
an ordered cone (according to Definition 3.1.3). Moreover, inclusion is the
standard order as defined in section 3.1. From now on, the cone H(S) shall
be investigated in more detail.

Note that all of the previously defined operations and observations all
hold for IC(S) as well.

There is way to incorporate the Minkowski sums into the definition of
Hausdorff distance:

Lemma. Let A, B € H(X), then

dy(A,B) =inf{e >0: AC B+eBand BC A+¢B}. «

ProoF. Let ¢ > 0 be given arbitrarily. Suppose A C B +¢B, then d(a,B) < ¢
for all a € A. Therefore

d(A,B) =supinf d(a,b) <e
acA beB

and by an analogous reasoning, §(B, A) < €. Hence dij(A4, B) < ¢.
To show the other inequality, suppose that A is not contained in B + ¢B.
Then there exists an element a € A such that a ¢ B + ¢B. Therefore

d(a,b) >¢ forallb e B,

so that d(a, B) > . Then, by taking the supremum of all a € A, it follows
that dyy(A, B) > €. So if A is not contained in B + ¢B, then dy(A,B) > e.
This concludes the proof. n

The expression of the Hausdorff distance from Lemma 4.4.1 will be used
without mention from this point on. The “‘power” of this expression will
become apparent in the next chapter.

In order to obtain a Banach lattice from the cone H(S), the cancellation law
(of the Minkowski addition) must be verified. It turns out that the cancellation
law holds in a very general setting, namely the setting of topological vector
spaces.

Recall that a subset A of a topological vector space X over a field F is
bounded if for every neighbourhood N of the zero vector there exists a scalar
A € Fso that A C AN.

Theorem. Let X be a topological vector space, then
A+BCC+B = ACC,

for any non-empty subsets A, B, C C X such that B is bounded and C closed and
convex. «

Proor. Let Ny be a base of neighbourhoods of the zero-element in X. Let
Uy € N be a given and define a sequence (V},) in Ny such that V) + Vp C Uy
and

Vi+V,CV,_q foralln>1.

Now assume that A + B C C + B, then

A+BCC+B+V foranyV € Np.

26



443

444

Therefore
A+BCC+B+V, foralln>1.

Next, leta € A,b; € B and let n € N be a large, fixed number. Then there
exists ¢c; € C,by € B and v; € V such that

a+by =c1+by+ 0.
By proceeding inductively, there are ¢, € C, b1 € B and vy € V such that
a+by=cp+b1+or forke{l,...,n}

Then, by adding up all the equations, rearranging the terms and using the
telescope sum on all the by’s, it follows that

a—lic —i—l(b —b)—i—liv
= n = k n n+1 1 n = k-

Therefore, since C is convex and B is bounded, a € C + Vy + ...+ V},.. Then,
for n large and Uy € N,

aeC+Vi+...4+V, CC+U,.
Hence A C C + U for all Uy € Ny, which means A C C. ]

If X is a normed space and the sets A, B and C from the previous theorem
are convex, bounded, closed and non-empty, an alternative geometric proof
can be given by using a Hahn-Banach argument.

Recall the following separation theorem (see [21, p. 140] for a proof):

Theorem (Hahn-Banach separation theorem). Let X be a normed linear space and
let A,B C X be convex and non-empty subsets. If A is compact and B is closed,
then there exists a functional ¢ € X* and s,t € R such that

¢(a) <t <s<P(b) forallac Aandb € B. «

Lemma. Let X be a normed space and A, B, C C X be non-empty subsets such that
A and B are bounded, closed and convex and C is both closed and convex. Then

ProOE. Let @ € A\ B, then the singleton {a} is both compact and convex.
Note that B is closed and convex. Therefore, by the Hahn-Banach separation
theorem, there is a continuous linear functional ¢: X — R which strictly
separates {a} and B. In other words, there exists a t € R such that

¢(a) <t < (b) forallb e B.

Additionally, since C is bounded and ¢ is continuous, the set ¢[C]| is bounded.
Therefore

$(a) + [C] Z $[B] + $[C],
so thata+ C € B 4 C. Therefore A+ C < B+ C. [

The cancellation law of the Minkowski sums is a direct consequence of
Theorem 4.4.2:
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Corollary. Let X be a topological vector space, then
A+B=C+B — A=C,

for any non-empty subsets A, B,C C X such that B is bounded and A and C closed
and convex. «

Proor. Suppose A+C=B+C. Then A+CCB+Cand A+C 2O B+C.
So by using Theorem 4.4.2, A C B and A O B. Therefore A = B, which
proves the cancellation law. n

The remainder of this section is devoted to showing the link between the
ordering on H(S) and the Hausdorff metric and the possibility of construct-
ing a Riesz space from the cone H(S) by utilizing the results established in
chapter 3.

Lemma. Let S be a metric space. Let (A,) be a nested sequence in H(S) where
Ay D Ayyq forall n € N and assume there is a number N € N such that Ay is
compact. Then

A= ﬂ Ay € K(S).

neN «

Proor. Note that arbitrary intersections of closed sets are closed and a closed
subset of a compact set is compact. It remains to show that A is non-empty.
Pick for each n € N an element a, € A,. This provides a sequence (a;)
with a convergent subsequence (ay,) , and with limit 4, since every term after
ay is contained in the compact set Ay.
For each ¢ > N, (ank)k% is contained in the compact set A;. Soa € Ay
and consequently, 2 € A. This means A is non-empty. m

Theorem (Order continuity of the Hausdorff distance). Let S be a metric space and
{An} be a sequence in K(S) such that A, O Ay for all n € N. Then

A=) A€ K(S)

neN

and dH(A, An) i, 0. «

Proor. By Lemma 4.4.6, A € K(S). For the other part, note that the sequence
{du(A, Ay): n € N} is non-increasing since A, contains all A,, for m < n.
From Proposition 4.2.8, it follows that for any n € N there is an a, € Ay
such that

d(a,, A) = du(As, A).

There is a subsequence (ay, )i of (a,) which converges to a pointa € A. Then
du(An, A) =d(ay, A) < d(ay,a).
Let k — oo, then d(ay,,a) | 0. m

In order to turn H(S) into a normed space, the Hausdorff distance needs
to be homogeneous and translation invariant, according to the construction
of Theorem 3.3.2.

In order to obtain homogeneity of the Hausdorff distance, it is convenient
to work with a normed space instead of a metric space. The main reason for
this assumption is the lack of linear structure of metric spaces.
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For the remainder of this thesis, X = (X, | -||) will denote a normed space
over the field of real numbers. In particular, it follows that

dy(A,B) =supinf|la—b| for A B € H(X).
ac€A beB

This extra assumption yields the homogeneity of the Hausdorff distance
on H(X):

Proposition. Let X be a normed space, then dy is a homogeneous map on H(X). «

Proor. Let A,B € H(X) and A € R, then, by using the homogeneity of the
norm,

du(AA,AA) = supinf |[Aa — Ab|| = |A|supinf ||a — b|| = Ady(A,B). =
acA beB acA beB

Unfortunately, the Hausdorff distance is not necessarily translation invariant
on every subset of H(X) or K(X):

Example. Consider X = R and take A = C = [-1,1] and B = {—1,1}. Then
A+ C =[-2,2] and B+ C = [-2,2]. Note that 5(B,A) = 0, since B C A
and 5(A,B) = 1. Then

du(A,B)=1 and dy(A+C,B+C) =0,

by definition of the Hausdorff distance. This shows that dy is not translation
invariant. «

This last example proves that neither H(X) nor K(X) can be turned into a
normed Riesz space (by using the construction of chapter 3). It turns out
that both H(X) and K(X) are too ‘large’. The construction is possible on
the space of convex, closed and bounded subsets of a normed space X that
contain 0. This collection will be studied in more detail in the next chapters.
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5.1.1

CONVEXITY

This chapter will provide additional conditions to insure translation invari-
ance of the Hausdorff distance. The key is to consider a suitable subspace of
the hyperspace of closed bounded non-empty subsets of a normed space X.
This will be the space of convex, bounded and non-empty subsets of X. It
turns out that the ensuing Riesz space has a strong order unit.

5.1 THE RIESZ SPACE OF CONVEX SETS

Definition. Let X be a normed space and A C X. The set of all convex
combinations of points in A, denoted by co(A) is said to be the convex hull
of A. The set co(A) is called the closed convex hull of A and is defined as the
closure of co(A). «

Definition. Let X be a Banach space, then Conv(X) denotes the collection of
all non-empty, bounded, closed and convex subsets of X. «

For the remainder of this chapter, X will denote a normed space (unless
stated otherwise).

Note that Conv(X) is a metric cone when endowed with the Hausdorff
metric and the Minkowski sums. From this point on, the metric space
Conv(X) will be partially ordered by inclusion. The lattice operations V and
A are given by

AVB=C(AUB) and AAB=ANB for A, B € Conv(X).

Note that A A B might not always exist, as A N B may be empty. To avoid
this possible complication, consider Convy(X) instead, where

Convy(X) = {A € Conv(X): 0 € A}.

The collection Conv(X) inherits some structure from the underlying space
normed space X.

Lemma. Let X be a normed space and A, B C X bounded, convex and non-empty

subsets. Then
co(AUB) = [ J M+ (1—-A)B].
A€[0,1] «

Proor. Let A, B C X be bounded and convex. Define

L=co(AUB)andR= [J [AMA+ (1—A)B].
A€l01]

Note that R = {Aa+ (1 —A)b: A € [0,1],a € Aand b € B}. With this
terminology, it remains to show that L = R.

[C] Let x € L. Note that if x € AU B, then, by definition of the convex
hull, x € R.

Suppose x ¢ AU B, then there are elements x1,...,x;, € AU B and scalars
A1, ..., Ay in the unit interval that sum up to 1 such that

n
X = Z Akxk.
k=1
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5.1.4

5.2.1

Define index-sets Ay and Ay by Aj = {k: x, € A} and A, = {k: x; € B}

and define
A=Y M
ke
Then
1-A= ) M
ke,

Note that both A and 1 — A are both non-zero, because x ¢ A U B. In addition,
A < 1, since all A are positive for 1 < k < n and sum up to 1. Therefore, the
sum over all elements of A; cannot exceed 1.

By using that both A and B are convex, there is an element a € A and an
element b € B such that x = Aa + (1 — A)b where

1 1
a= sz Mexp and b= T Y Ay
€N ke,

This shows x € R.

[D] Let x € R, then there is an element a € A and an element b € B such
that x = A+ (1 —A)b for A € [0,1]. Then, by definition of the convex hull,
x € L. |

Theorem. If X is a Banach space, then Conv(X) is complete. «

Proor. Let (A,) be a Cauchy sequence in Conv(X). Since H(X) is complete
(by Theorem 4.3.1) and Conv(X) is contained in H(X), there is a A € H(X)
such that

d
A, 25 Aasn — oo.

Because A is closed, bounded and non-empty by definition, it remains to
show that A is convex.

To this end, let a,b € A, A € [0,1] and put x = Aa+ (1 — A)b. Then, for
any € > 0 there isa N € N such that for any n > N,

A, CA+eB and A C A, +¢B.

Note that A, + €B is convex for all n > N, since it is a sum of convex sets.
Therefore,
x € A, + B + 2¢B,

which yields x € A. n

Observe that all results of Section 4.4 are valid for Conv(X), since Theo-
rem 5.1.4 implies that it is a closed subspace of H(X).

Note that the Hausdorff distance is still a homogeneous map on the ele-
ments of Conv(X). Moreover, the Hausdorff distance is translation invariant.
The proof of this assertion requires some tools from the theory of convex
analysis.

5.2 SUPPORT FUNCTIONS

Definition. Let X be a normed space and let A C X be a fixed non-empty
subset. The map
hy: X* ——  [0,00]
¢ —— sup ¢(a)

acA
is called the support function of A. «
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For any A C X, the support function preserves lattice structure. The proof
of the next proposition is available in [1, p. 292].

5.2.2 Proposition. Lef X be a normed space and A,B € Conv(X) and let h4 and hg
denote the support function of A and B respectively. Then

1. hayg = ha Vhgand hgng = ha N hp;

2. hayp=ha+hp;

3. haa = Nhg forall A > 0;

4. If A C B, then hy < hp. «

5.2.3 Proposition. There is a 1-1 correspondence between support functions and the
elements of Conv(X). «

Proor. Let A € Conv(X) and let 14 be the support function of A. It suffices
to show that

A={xe X: d(x) <ha(d) forall p € X*}.
[C]If x € A, then

d(x) <supd(a) =ha(dp) forall p € X*.
acA

[D] Suppose there is an element
xe€{aeX: d(a) <ha(d) forall p € X*}\ A.

Note that {x} is compact and A is closed and convex. In addition, {x} and
A are disjoint. Therefore, by the Hahn-Banach separation theorem, there is a
functional ¢ € X* and s € R such that

¢(x) >s and ¢(a) <s forallae A.
Then

sup d(a) <s,
acA

which yields h4(¢) < s. Hence

which leads to a contradiction. n

By using support functions (given a fixed non-empty closed, bounded
and convex set), it is possible to obtain another expression for the Hausdorff
distance:

5.2.4 Theorem. Let X be normed and A, B € Conv(X), then

du(A,B) = stﬁp \ha($) — hp(d)|.
o|=1 «
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5.2.5

Proor. The case A = B is clear.
Suppose A # Band lete > O such that A C B+B(0;¢) and B C A+B(0,¢).
Then, for all ¢ € X* with ||$p|| =1,

ha(d) <hp(d) +e and hp(d) < ha(P) +e.

So [ha(d) —hp(d)| < e This means

‘SIﬁp |ha(d) —hp(d)| < du(A,B).
b[=1

To show the other inequality, note that if

e= sup |hs(d) —hp(d)| >0,
lo)=1

then
¢(a) <supd(b) +¢ forevery ¢ € X* with ||| = 1.
beB

So for all # > 0 thereis a b € B with ¢(a — b) < € + 7. Therefore
la =blf < e+,

This yields A C B+ B(0;¢). An analogous reasoning yields B C A + B(0;¢).
So dH(A,B) <e ]

If the space X is uniformly convex (see appendix), then the proof of the
previous theorem can be simplified:

Lemma. Let X be a uniformly convex normed space and A, B € Conv(X). Let h
and hg denote the support function of A and B respectively. Then

du(A,B) = HSIGP lha(d) — hp(d)].
(i) :1 «

Proor. Note that the inequality < has been established in Theorem 5.2.4. It
remains to prove the other inequality.

Let ¢ > 0. There exists an element ag € A be at distance dy(A, B) — ¢ from
B. By using the Corollary A.10, there is a by € B with minimal distance to ag.
Now consider

_ 4—bo
= Tag— b0l
Then ||$|| = 1 and by a similar reasoning as in the proof of Theorem 5.2.4, it
follows that
hA((b) —hB(d)) > dH(A,B) —&. ]

The translation invariance of the Hausdorff distance with respect to the
Minkowski sums follows directly from Proposition 5.2.2 and Theorem 5.2.4.
Therefore, it is possible to construct a Riesz space from the metric cone
Convy(X), by using the construction of Chapter 3.

5.3 AN RIESZ SPACE WITH A STRONG ORDER UNIT
Let ¢ = ¢(X) denote the Riesz space obtained from Convy(X) by the con-

struction in Chapter 3. By Theorem 5.2.4, the Hausdorff distance is translation
invariant and the Hausdorff distance is homogeneous in both arguments by
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5.3.1

definition. Therefore, by Theorem 3.3.2, € is a normed space such that its
norm induces the Hausdorff distance.

The Riesz space € has a strong order unit. The idea behind the proof
is that any non-empty bounded set A is contained in a (closed) ball. So
by ‘stretching out the unit ball far enough’, the set A will eventually be
contained in this ‘stretched ball’. The convexity-stucture ensures that the
‘stretching-process’ is well-defined.

Theorem. The Riesz space € is Archimedean and he closed unit ball B is a strong
order unit in €. «

ProoF. Let [A,B] € €. If there there is a n € N such that
—n[B,0] < [A, B] < n[B,0],

then the proof is complete.

Suppose [A, B], [C, D] € € such that n - [A, B] < [C, D] for all n € N. Then
[A,B] < [0,0], since € is Archimedean. Indeed, for any a € A and d € D
thereisa b, € B, a ¢, € C and an x;,, € B such that

na+d = nb, +c, + x5.

This show that a € B, because B is closed and both C and D are bounded.
Hence the implication

nA+DCnuB+C foralneN — ACB

holds true.

Now take N € N such that both A and B are contained in NB. This is
possible since both A and B have a finite diameter. Then for # 2> N and the
fact that both A and B contain 0,

ACB+nB and BC A+nB=A+(—n)B.

Therefore, B is indeed a strong order unit in €. n
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6.1.1

SPACES OF CONVEX AND COMPACT SETS

The goal of this chapter is to show that for a given normed space X, that the
Riesz space generated by the collection of all compact and convex subsets of
X containing 0, need not have a weak order unit.

6.1 THE HILBERT CUBE

Definition. Let X be a normed space, and define the collection
K(X) = {A C X: A is convex, compact and 0 € A} C Conv(X). «

Observe that K(X) is a cone under the Minkowski addition. If the under-
lying normed space is complete, then so is K(X):

Lemma. If X is a Banach space, then K(X) is a complete metric space. «

Proor. By combining the statements of both Corollary 4.3.2 and Theo-
rem 5.1.4, the result follows. =

The previous lemma implies that K(X) is a closed subspace of Convy(X).
Let ¢ = ¢(X) denote the Riesz space obtained from K(X) (by using the
construction in chapter 3). The lattice operations are given by

AVB=¢c(AUB) and AAB=ANB.

Note that ¢ is closed under these lattice operations.

Before studying order units on ¢, a remark is order. The idea behind the
proof of Theorem 5.3.1 will not work in ¢, because the unit ball is not compact
in a general normed space. The ‘next best thing’ is to consider a set which
keeps getting ‘thinner” in each coordinate. The natural candidate to describe
this behaviour in £, is the Hilbert cube.

For the remainder of this chapter, p is assumed to be a constant in the
interval [1,00).

Definition. Let « = (&) € £, be a fixed sequence. The subset given by
Hy = {(xn) € £y |xn| < |aty| for all n € N}
is the Hilbert cube in (. «

The Hilbert cube H is by definition non-empty, since it contains the zero-
sequence. In addition, H is both convex and compact. The latter assertion
does not follow directly from the definition. Its proof requires some results
from topology:

Theorem. Let {[a,,by]: n € N} be a collection of non-empty compact intervals in
R, then the (countable) Cartesian product

H [an, bu]

neN

is compact in the product topology. «
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6.1.6

Proor. This is a direct consequence of Tikhonov’s theorem, but it is possible
to prove this theorem without using the Axiom of Choice (see [9, p. 28]). =

Lemma. Let X,Y be topological spaces such that X is compact. Then for any
continuous map f: X — Y, the set f[X] is compact in'Y. «

Lemma. The Hilbert cube is a compact and convex subset of . «
Proor. Consider the (bijective) map

fi[-, 1N — ly
(xn) —— (ot - Xn)

Note that Hy is the image of [—1,1]N under f. By Theorem 6.1.4, [—1,1]N is
compact (in the product topology). Therefore, by Lemma 6.1.5, it suffices to
show that f is continuous. Recall that

d(x,y) = Z 27" xy — yul

neN

is a metric for the topology on [—1,1]N.
Let e > 0. Since « € /), thereis a N € N such that

Y el < 55
n>N+1

Let x,y € [-1,1]N and take

27N

0<d=¢ —p05.
2]l

If x,y € [-1,1)N with d(x,y) < 5, then
||x—y||5<5 and |x, —ya| < for all n < N.

2[[ec
Observe that |x, — y,| < 2 for n > N, which yields

£ ) = fFI} = X loul” 2w = yul”

neN
= Z:|0‘n|p|xn*yn|p+ Z | [P |20 — yn|P
n<N n>=N+1
€
B
2|l i n>N 41
€ €
e P4_2P.444,
AT
< €.

So f is indeed continuous and therefore H is compact.
To show that Hy is convex, let (xy,), (yn) € Hx and A € [0,1]. Then,

Axy + (1= N)yn| < Alxul + (1 —2)|yal
< Aoy + (1 =Ny

:(Xn

for all m € N. ]
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6.2.1

6.2.2

6.2 ORDER UNITS IN ¢({p)

In order to find order units in a Riesz space, it suffices to only consider the
positive cone, by Definition 2.4.1. Hence for Riesz spaces as constructed from
hyperspaces, it suffices to consider the hyperspaces. By different choices, it
is possible to get all variations of space with or without order units.

The aim of this chapter is to prove that the Hilbert cube is not a weak
order unit in ¢(£).

By Definition 2.4.1, the Hilbert cube Hy € ¢(/p) is a weak order unit
whenever any element A € ¢(£,) can be expressed as

A:E[U(nH(xﬂA)}. (+)
neN

Intuitively, it is not possible to express every A € ¢({,) in this manner. The
problem is that given a fixed /,-sequence (), there is an £,-sequence (f3,)
which converges at a slower rate. In other words, for any («;) € ¢, there
exists a (By) such that 3,/ — o0 as n — oo. This observation can be
used to show that for a given £,-sequence («;,) and a given A € ¢({,), the
intersection nHy N A can be empty for all n € N.

Additionally, if A C X is a convex set which contains 0, then

ACMNA forallA >1.
Indeed, let a € A, then write
F o) +(1-3)-0
This shows that a € AA.
Combining all these observations yields sufficient material to disprove (x).
Disproving (*)
Theorem. There exists an element A € ¢(£,) such that (x) does not hold. «

Proor. Take a sequence (f3,) in £, such that $,/x,; — o as n — oo and
consider
A={AB:re[01]}.

Then A € K(¢,) and
nHyNA={0} forallne N.
This shows that () does not hold. n
The previous theorem shows that the Hilbert cube is not a weak order unit
in ¢(¢p).
There is another cone in which the Hilbert cube is a weak order unit. The
proof requires the Baire Category theorem. There are several versions of this

theorem in circulation. The statement of the version that will be used in this
theses is presented below. The proof can be found in [17, p. 296].

The Baire Category theorem

Definition. A nowhere dense set in a topological space X is a set whose closure
has empty interior. «
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6.2.3

6.2.4

6.2.5

6.3.1

6.3.2

6.3.3

In the setting of metric spaces there is another characterisation of nowhere
dense sets:

Proposition. Let S be a metric space and A C S a closed subset. Then A is nowhere
dense if and only if there is no open ball which is contained in A. «

ProOOF. Assume there is no open ball contained in A. This assumption is no
restriction, for if there is an open ball contained in A, then A is not nowhere
dense.

Let U C S be a non-empty open subset. Then A is not contained in U,
since U contains an open ball and A does not. Let x € U such that x ¢ A.
Because A is closed, there exists ¥ > 0 such that B(x; ) does not intersect A4,
that is,

B(x;r)NA=0.

Since U is open, there exists s > 0 such that B(x;s) C U.
Next, take R = min(r,s). Then B(x; R) is contained in U and B(x; R) does
not intersect A. Therefore, A is nowhere dense. n

The next proposition presents a common example of a nowhere dense set
in a normed space of infinite dimension.

Proposition. Let X be an infinite dimensional normed space. Then any non-empty
compact subset of X is nowhere dense. «

Proor. Suppose K is not nowhere dense. Then there is an element x € K
and a r > 0 such that B(x;7) C K. Define s = r- (" — 1) /42, then s < r.

If X is infinite dimensional, then the closed ball centered at x with radius
r is not compact. For if it were, the closed ball B(x, s) would be compact as
well since it is a closed subspace of K. This contradicts the fact that closed
balls in infinite dimensional normed spaces are not compact. n

Theorem (Baire Category theorem). Any non-empty complete metric space is not
equal to a countable union of nowhere-dense closed sets. «

63 A RIESZ SPACE WITH A WEAK ORDER UNIT

It turns out that the Hilbert cube is a weak order in a certain subspace of
K(Zp).

Definition. Let K € K({), x € £, and y € K. If |[x,| < |yu| for all n € N
implies x € K, then K is a set of type (A). The collection of all K € K(/,) of
type (A) will be abbreviated by A(¢,). That is,

A(ly) = {K € K({p): Kis of type (A)}. «
Example. For a fixed /,-sequence «, the Hilbert cube H is a set of type (A),
according to the results of the previous section. «

Theorem. Let « € £, be a fixed sequence. The Hilbert cube H « is a weak order unit
in A({p), that is,

K=vco | J[(nHa)NK] forallK € A(lp).
neN «
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6.3.4

6.3.5

Proor. [C] Let K € A({p) and a € K. Define for all N € N the sequence

aN:(al,...,aN,O,...).

This sequence is contained in (nHy) N K for n sufficiently large. Therefore,

aV € co | J[(nHy)NK] forall N €N.
neN

N

And since a™ — a with respect to the p-norm, it follows that

ae€ |J[(nH«)NK].
neN
[D] Let n € N, then (nHy) N K C K. This implies
U [(nH«) NK] C K.
neN
Since K is convex and closed, it follows that
o |J[(nHx) NK] C K.
neN
Therefore, Hy is a weak order unit in A(£)). [
Note that the Hilbert cube need not be a strong order unit in A(¢,). This

follows from the fact that for any fixed £,-sequence «, there is a sequence
which converges at a faster rate.

Proposition. For p = 2 and o« = {1/n: n € N}, the Hilbert cube Hy is not a
strong order unit in A(£p). «

Proor. Consider the set
K={x € ly: |x,] <log(n)/n}.

Note that K contains the zero-sequence. Because the sequence (f3,,) where
Bn = log(n)/n for all n € N is square summable, it follows that K is compact
and convex. Therefore K € A({;).

Now note that the sequence (f,) is contained in K, but not contained in
kH for all k € N. Therefore, Hy is not a strong order unit. [ ]

Proposition. A({,) does not have a strong order unit. «
PrOOF. Suppose K € A(¢;) is a strong order unit. If z € £,, then
{x €ty |xn| <|zy| forall n} € A(4)).
Therefore, there exists a A € Rt such that
{x €ty |xy| < |zy| forall n} C AK.

This yields z € AK and therefore %z € K. This shows that for any z € /,
exists a number n € N such that z € nK. Hence

U nK =¢,.
neN
Observe that each nK is compact and therefore closed and ¢, is a complete
metric space. By applying the Baire category theorem, not every nK is
nowhere dense. This means there is a natural number m such that mK is not
nowhere dense. In other words, mK does not have nonempty interior. This
contradicts Proposition 6.2.4.
This concludes the proof. n

41



6.4.1

64 A RIESZ SPACE WITHOUT A WEAK ORDER UNIT

Consider the collection
A(lp) = {K € K({p): thereis an A € A({,) such that K C A}.

This collection is a cone and the Riesz space generated by it does not have a
weak order unit.

Theorem. A(¢,) does not have a weak order unit. «

Proor. Let H € A(/y). Then there is an A € A({,) such that H C A. Then
there is a sequence z € ¢, such that

A={xely: |x| <lz|}.

Therefore |x| < |z]| for all x € H.
Now take y € £, such that y, /x, — o0 as n — co and define

K={A\y:2Ael0,1]}.
Then K C {x: [x| < |y[}, so K € A(¢p). Then

nHUK = {0} foreachn € N.

Therefore
c | JnHNK = {0} #K,
neN
which shows that H is not a weak order unit. n
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UNIFORM CONVEXITY

This is a self-contained chapter which explains the structure on uniformly
convex normed spaces. It can be used to simplify certain proofs presented in
the previous chapters.

Let X be a normed space over a field F. The closed unit ball in X, defined
as

B(X, [I-]) = {x € X+ [lx[| <1},
will be denoted by B if no confusion can arise.

Definition. Let X be a normed space over F. Then X is called uniformly convex
if for all € > 0 there is a > 0 such that

[ <1
for all x,y € B such that ||x —y|| > «. «

Loosely speaking, the center of a line segment inside the unit ball must lie
‘deep inside’ the unit ball unless the segment is ‘short’.

Note that uniform convexity is a property of the norm, not a property of
the underlying vector space. It can happen that a vector space is uniformly
convex when endowed with some norm ||- ||, but not uniformly convex when
endowed with another norm, even when the two norms are equivalent!

Example. Let n > 1 then (R",||-||;) is not uniformly convex, but (R", ||-||,)
is.
Put
By = B(R",|-[l;) and By =B(R",|-).

For the first part, consider x = (1,0,...,0) and y = (0,1,0,...,0) and take
¢ = 2. Then x,y € By and ||x — y||; = 2. On the other hand,

Hx—l—y

. H1:%~2:1>1—6

for any & > 0. This shows that (R", ||-||;) is not uniformly convex.
To prove that (R", ||-||5) is uniformly convex, let x,y € R" and write
x=(x1,...,xp)and y = (y1,...,yn). Then

x+y 2_ x—y|2 1 ) n s
H 2 Hz H 2 “2_1{1£(xk+yk) +k=21(xk yk)]
1y 2 2
= 1};(23% +2y7)
1
= 5 (Ixl13 + yl3). *)
Let ¢ > 0 and take & > 0 such that
S T
(187 =1~
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A3

Ay

A5

A6

Ay

Let x,y € By such that ||x — y|| > ¢, then, by (x),

xty | Lzl il x—y|p
il ol

2 ) 2
x —
-5
<1-5
=(1-3)%
This shows that (R", ||-||,) is indeed uniformly convex. «

The previous example can be generalized:

Theorem. Let (X, X, i) be a positive measure space, then L,(X, X, u) is uniformly
convex for 1 < p < co. «

The proof of this theorem is quite involved and will not be presented in
this thesis. The interested reader can find a proof in the literature (see [4] or
[8]).

Recall the following result from linear algebra:

Lemma (Parallelogram law). Let X be an inner product space over F. Then, for
x,y € X, the norm on X satisfies

2 2 2
I+ yl* + llx = 2l =2 flxll* + 2 [l «

Theorem. Let X be an inner product space over F. Then (X, ||-]|) is a uniformly
convex normed space. «

Proor. Let ¢ > 0 and take & > 0 such that

Let x,y € B such that ||x — y|| > ¢, then

5540 =2 5 2 13- 1554

2 2
2
€
<1l—-—
4
=(1-19)%
Therefore, X is uniformly convex. ™

It turns out that any uniformly convex Banach space is reflexive. The proof
of this statement requires a result from the theory on the weak topology. The
proof is omitted, but can be found in e.g. DUNFORD AND SCHWARTZ (see [6,

p- 424]).

Theorem. Let X be a normed space, then B is o(X**, X*) dense in the closed unit
of ball X**. «

Theorem (MiLMAN-PETTIS). Any uniformly convex Banach space X over F is reflex-
ive. «
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ProoF. Suppose X is a uniformly convex Banach space which is not reflexive.
Let B** denote the closed unit ball in X** and consider the isometric duality
maps

J: X = X** and [ XF — X

By Theorem A.7,

wkk

B**:m ,

where ka* denotes the closure of J[B] in the o(X**, J*[X*]) topology.
Since X is not reflexive, J[X] # X** and so there must be a { € X** that is
not in J[B] with ||| = 1.

Since | is an isometry, J[B] is (norm) closed in X**. So

d(w, J[B]) = 2¢

kx

for some given £ > 0. On the other hand, V € mw . So

veunyB™

for any o(X*, J*[X*]) neighbourhood U of .
Next, let ¢ € X* such that ||p|| = 1 and [P($) — 1] < . Note that this
follows from the fact that |[\|| = 1. Put

U={beX™: |[b(d)-1] <3},

then
[W1(d) —ba(d)] < 26

for all 1, € U N J[B]. Additionally,

W1 42| = [b1(d) +b2(d)]
=24 P1(d) =1+ P2(dp) — 1
> 2129,

for all Y1, P € U N J[B]. Therefore, |1 — 2| < ¢) for all Py, € U N J[B]
since X is uniformly convex. Now fix 11, then

U J[B] C by +e(Tn B"™).

————wk« — wks
Note that U N J[B] s closed so € UN J[B] . But this contradicts the
assumption d(1, J[B]) = 2¢e. Hence, X is reflexive. ]

The M1LMAN-PETTIS theorem was proven independently by MILMAN [16]
and PErTIs [18]. Shortly after publishing these papers, Kakutani came up
with a simplified proof (see [12]). About twenty years later, RINGROSE [20]
published a shorter proof.

Lemma. Let X be a uniformly convex normed space over F and let (x,) be a sequence
in X such that

(1) ||xu|| = 1asn — oo.
(2) Fore > 0 thereisa N € N such that
20 + xm|| —2| <&

forall n,m > N.
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Then (x,) is a Cauchy sequence.
In particular, if X is Banach space, then (x,,) is convergent. «

Proor. Assume that x, € B for all n. Let ¢ > 0, then there is a N € N such
that ||x, — x| < e for all n,m > N. This is possible by using (2). So if the
sequence (x,) is contained in B, then the sequence is Cauchy.
If not all of (x,) are in the unit ball, assume (without loss of generality and
(1)) that ||x,|| # 0 for all n € N. Next, define the sequence (y,) by setting
Xn
[

Yn = for all n € N.

Then (y,) satisfies (1) and since the terms of (y,) are in B for all n, the
reasoning from the first part yields that (y,) is a Cauchy sequence. And then
(xp) is Cauchy due to (1). [

Theorem. Let X be a uniformly convex Banach space and C C X a non-empty
closed and convex set. Then there is a unique x € C such that

[[x]l = inf [z[].
2eC «
ProoF. Note that if 0 € C, take x = 0 and the result follows. So assume that
0¢C.
Put d = inf{||z|: z € C}, then d > 0 by definition of the norm and the
fact that 0 ¢ C. Let (x,) be a sequence in C such that ||x,| — d as n — co.
Define a sequence (y,) by putting

yn:%n for all n € N.

Then, by the triangle inequality,

[ ]] + [[m
d

for all n,m € N. Next, since C is convex, d < %Hxn + xp || for all n,m € N.
Therefore,

.Xn+xW
d

lyn +ymll = | | <

Xy + X
lyn -+l = | ==
_%’xn"'xm
- d 2
) 2 .Hxn“‘me
=
ll2¢n + x| 2
=2

for all n,m € N. These estimates prove that the sequence (y,) satisfy the
conditions of Lemma A.8, which means (y,) is a Cauchy sequence. Note
that is implies that (x,) is also a Cauchy sequence. Since X is Banach and C
is closed, there is a x € C such that ||x, — x|| — 0 as n — oo. Since ||x,|| — d,
it follows that ||x|| = d. This proves existence.

To prove uniqueness, let ¢ > 0 and assume there are x,y € C such that

[Ix]| = |ly]| = d and ||x —y|| = e. Since X is uniformly convex, there is a
5 > 0 with n
szyH <(1-8)-d<d.
On the other hand, the fact that C is convex yields
Y S inf)z) = d.
2 zeC

This is clearly a contradiction. Hence x = y, which establishes uniqueness.m
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A1

A.12

Corollary (Nearest point projection). Let X be a uniformly convex Banach space
over F and C C X be non-empty closed and convex. Let y € X \ C, then there is a
unique x € C such that

—x|| = infly — z||.
ly — x|l Zlgc\ly z||

«

PrOOE. Set D = C —y = {z —y: z € C}. This set is non-empty, closed and
convex. By applying Theorem A.9g, there is a unique x € D such that

pr— 1 f
[l ZlgDIIZII
— inflv —y].
;gcllv il
Take u = x +y, then u € C and
_— pr— pr— 1 f _— .
lu—yll = ||x] ;gCHv il

This implies
—ul| = inf ||y — v||.
ly —ul ;eC”y @l

Corollary. Let X be a uniformly convex normed space over F. If & € X* isa
non-zero linear functional, then there is a unique x € X with ||x|| = 1 such that

b(x) = [|x] «
The proof of this corollary requires some results from functional analysis.

Definition. Let X be a normed linear space over R and H C X. Then His a
hyperplane if and only if there is a non-zero ¢ € X* and a A € R such that

H:{XGX(I)(X):A} «

Recall the following consequence of the Hahn-Banach theorem (see [23,
p- 107-108]):

Theorem. Let X be a reflexive Banach space over F and let ¢ € X*. Then there is
an element x € X with ||x|| = 1 such that

b(x) = o] «

At this point there is enough material available to prove Corollary A.11.

Proor (Corollary A.11). Consider for a non-zero linear functional ¢ € X
the collection H = {x € X: ¢(x) = ||¢||}. Then 0 ¢ H and according to
Definition A.12, H is a hyperplane in X. In addition, H is convex (by linearity
of ¢) and closed since ¢ is continuous. Therefore, by Theorem A.9, there is a
unique x € H such that
||| = inf||z|]| > 0.
zeH

Since & (x) = ||d||, it follows that [|x|| > 1.

Next, since X is uniformly convex, it is reflexive due to Theorem A.7. By
applying Theorem A.13, there is a y € X with ||y|| = 1 such that ¢(y) = |||
This means y € H and |ly|| < |x]|. Additionally x = y, since x was the
unique element in H with minimal norm. Hence ||x|| = 1. m
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