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INTRODUCTION

Nowadays huge quantities of information have to be transmitted in each second.
One can think of videos, music and text documents that must be sent through wire
and wireless connections. Data must also reach very far targets like the hundreds
of satellites around the earth and those in the far outer space. In coding theory
tools have been developed to make it possible to compress information in order
to transmit is efficiently. Compressing data means that information gets encoded
(converted into another form) such that fewer bits are used than the original data
would contain. After encoding, information has to be sent efficiently in the sense
that this must happen not only quickly but also less expensively . As soon as the
information arrives at the receiver it gets decoded/decompressed to get the origi-
nal information back. What usually happens is that errors occur in the decoding
of information and this means that the decoded information does not match with
what has been sent.

For example if you copy music from your computer to a CD, then a lot of bits
(“0” ’s and “1” ’s) representing the music get encoded in the form of pits on one
of the flat surfaces of the compact disk. Using laser technique the optic lens of
the CD-player reads these pits and decodes them into bits again. If there is some
dust or scratch on the CD, then this may result into weird noises. Luckily coding
theory provides us with tools to recognize errors and sometimes, when possible, to
locate and recover them. That is why you do not get weird noises if the CD has only
small scratches or a bit of dust. The idea behind such tools is to encode information
into a code (new information which includes control symbols) with good properties.
These symbols serve to check whether errors occur and if possible the errors get
located and repaired. A good code should have at least the following properties:

(1) Small probability of errors when decoding.
(2) Coding and decoding should not be complicated.
(3) Limited control symbols (redundancy).

In this thesis we deal with linear codes. These codes are widely used and math-
ematically well understood to a certain extent. We restrict® ourselves to algebraic-
geometric codes (AG-codes) which are just linear codes arising from specific con-
structions in algebraic geometry. We will deal only with AG-codes that enjoy the
property of being MDS codes. This property is defined for linear codes in general.
It has been shown that MDS codes up to some equivalence are in fact equivalent to
‘arcs’; these are objects in finite geometry which have been studied for decennia and
which is still an active research area. We will make this equivalence more concrete
and use results from both algebraic geometry and from finite geometry on AG-MDS
codes. We will try to understand the main conjecture on MDS codes and we will
deal with the case of AG-MDS codes from a geometric point of view. This will
be done by comparing several attacks to solve this conjecture and by catching the

L\ space scientist from the university of Leicester has worked out that sending texts
via mobile phones is at least four times more expensive than receiving data from Hub-
ble Space Telescope (compare £ 85 per MB to £ 374.49 per MB), See the online source
http://www2.le.ac.uk/ebulletin/news/press-releases/2000-2009 /2008 /05 /nparticle.2008-05-
12.4476906328
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geometric ideas behind these attacks. Finally we will state and prove a result that
is an improvement of a result on the main conjecture in a special case of AG-MDS
codes.

SUMMARY

In Chapter I we define linear codes and MDS codes. We will also state the main

conjecture of MDS codes and give a historical overview on its origin and mention
some of the results that are achieved by trying to solve it.
In Chapter I1 we recall important algebraic-geometric concepts and theorems which
will serve us for the rest of the thesis. In Chapter 111 we make a connection between
MDS codes and arcs (an object from finite geometry). We give some important
results on arcs and use the connection we have established to conclude results on
MDS codes. In Chapter IV we restrict our attention to AG-MDS codes. We define
these codes and derive some of their important properties. Results on MDS codes
from Chapter II1 will be rephrased and made explicit using algebraic-geometric
notions developed in Chapter II. In Chapter V we deal in more detail with the
main conjecture of MDS codes for AG-codes. Attacks on this conjecture will be
studied and compared. We will see that they have more in common than what
may appear at first sight. Finally we will derive a new theorem which has been
developed during my research and we will also relate this theorem to the main
conjecture. In Chapter VI we will work out concrete examples of AG-MDS codes.
This will be done using the Magma software package.
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1. LINEAR CODES AND MDS CODES

A good reference to most of the theory on linear codes in this section is [39,
Chapter 3].

1.1. Linear codes.
Let F, be a finite field, ¢ = p™ and p is prime. For an element z = (21, ..., 2,) of
the Fg-vector space Fy we define its Hamming weight w(z) by

w(z) = #{ili € {1,2,...,n} : z; # 0}.

This leads to the notion of a distance in Fy: for x,y € Fy we define

d(z,y) == w(z —y).

Note that d(x + z,y + z) = d(x, y) makes the distance function d translation invari-
ant.

Definition 1.1. A linear code C of length n over F, is a nonzero linear subspace
in Fy. An element of C' is called a code word. The dimension of C'is by definition
k = dim(C) = dimg,(C). The minimal distance d = d(C) of C' is defined by:

d(C) = min{d(z,2") : x € C,2’' € C,x # 2'}.

Note that d(C') is the same as min{w(x) : x € C,z # 0}.

We usually say that C' is a [n, k, d]-linear code. The minimal distance determines
in fact the maximal number of errors that can be corrected independently of the
position of the errors. If we are not interested in d we just write [n, k] instead of
[n, k,d]. In this thesis a ‘code’ is always a ‘linear code’.

Let A be the subgroup in the group of linear automorphisms of Fy; generated by
permutations of coordinates and multiplications of coordinates by nonzero elements
of Fy. Then A acts on linear subspaces of Fy and hence on codes. Two [n, k]-codes
C and C' over F, are called equivalent if a(C) = C’ for some o € A. That is,
C = C'-P-D with P a permutation matrix with entries in F, and D a nonsingular
diagonal matrix with entries in F,.

A matrix G of which the rows generate a [n, k]-code C is called a generator ma-
triz for C'. This matrix G is not unique but under the set of generator matrices of
C there exists a unique generator matrix in the reduced row echelon form.

Linear codes are a kind of codes which enjoy the property of being systematic.
We can explain this property as follows: Let G = (Ix|A) be a k xn generator matrix
in reduced echelon form of a linear code C. We get a linear map

IF’;—HFZ, u — uG.

An element u = (uq, ..., ux) € IF’; has as image an 1 xn-vector (u1, Usg, ..., Uk, *, ..., *) =
(u,uA), where “ =7 are some elements of F,. The part uA consists of the n — k
control symbols. The code C' has the property that the information word u is a
part of the code word uG. This property makes the code systematic.

”



Let C be an embedding for a code C'. We can interpret C' as the kernel of the
quotient map Fy — Fy /C. A parity-check for a linear code C' is a linear equation

a1z1 + ... + apxy, =0 (a; € Fy).
that holds for all (x1,...,x,) € C.

Since a linear code C' is just a (finite) F,-vector subspace of Iy’ we can speak of
the dual code C+ of C:

ct = {a €Ty :(a,z) =0 for all x € C}.

where (a, z) is the dot-product Y " | a;x; in F}. Note that C* is an (n, n—k)-linear
code over F,. A generator matrix H for C is called the parity-check matriz of C.
As C = (C+)*+,we can easily deduce that

C={F;:Ha" =0}.

Notice that if C' is an [n, k]-code with generator matrix G, then an [n — k, n]-
matrix with rank n — k is a parity-check matrix H for C if and only if HGT =

On—kxk-

Remark 1.2.

A useful observation tells us that if an [n, k]-code C' has minimal distance d, then for
its parity-check matrix H it holds that d is the minimal number of any linearly de-
pendent set of columns of H. To show this fact let k; for ¢ = 1, ..., n be the columns
of H. Then we have x = (21, ...,x,) € C if and only if HzT = S wiki=0¢€ Fy.
An element & € C which has positive weight yields a nontrivial relation between
the columns of H.

1.2. MDS codes.

Now we define MDS codes and state some general facts on them. Facts on the his-
tory of MDS codes can be found in [19, Chapter 11, p.329]. The name “maximum
distance separable code” comes from the fact that an MDS code has the maximum
possible distance between code words for fixed n and k, and from the fact that code
words can be separated into information word and control symbols. Investigating
how large the length of MDS codes with a given dimension over a fixed I, can
get;can be closely associated to several combinatorial problems. An example of
such problem is the following:

Problem 1.3. Consider the vector space Fy. What is the largest number of vectors
in this space with the property that any n of them form a basis for the space?

Soon we will give a partial answer to this problem.
Proposition 1.4. For a [n,k,d]-linear code C we have
d<n-—k+1.

Proof. Let H be a parity-check matrix for C. Then H has rank n — k which is
the maximal number of linearly independent columns of H. By the observation
(Remark 1.2) in the previous subsection we have d < n — k 4+ 1 and hence k <
n—d+1. O

Definition 1.5. The bound d < n — k 4 1 is called the Singleton bound.
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Definition 1.6. An [n, k,d]-linear code which satisfies the Singleton bound (i.e
d=mn—Fk+1) is called a maximum distance separable code (MDS).

Over any field there exist [n, 1,n], [n,n—1,2] and [n, n, 1] MDS codes. These are
called t¢rivial MDS codes. Nontrivial codes have 2 < k < n—2. The mathematician
Richard Collom Singleton is apparently the first one who explicitly studied MDS
codes [30]. The bound in Definition 1.5 is named after him. However in 1952
Bush [5] had already discovered the so called Reed-Solomon codes (which are MDS
codes) and he also had given an extension of them using the ‘language’ of orthogonal
arrays.

Proposition 1.7. If G is an k xn generator matriz of an [n, k,d = n—k+1]-MDS
code C, then we have:

(1) Fach k-tuple of column vectors is linearly independent.
(2) The dual code C* is MDS, that is d(C+) =k + 1.

Proof.

(1) To see this remember that the minimum distance is d =n — k + 1. So any
nonzero linear combination of the rows of G has at most k — 1 zeros. We
know that the row-rank of a matrix is equal to the column-rank. So for the
columns of G this means that any k& columns are linearly independent.

(2) (See [20, Lemma 6.7, p. 245]) Let H be an (n — k) X n parity check matrix
for C. Then H is a generator matrix for C+. If for some m € ]Fg’k we
have ¢ = mH € Ot with w(c) < k, then ¢ has zero elements in > n — k
positions. Let the zero elements of ¢ have indices {i1, ..., in—x}. Write

H = [hy hy ... hy)].
The zero elements of ¢ are obtained from
0= m[hil hiQ ...hi7171] = mf[

with H a singular (n — k) x (n — k) submatrix of H. Using again that the
row-rank of a matrix is equal to the column-rank there must be n — k <
n —k+ 1 = d columns of H which are linearly dependent. According to
Remark 1.2 this contradicts the assumption that C' has minimum distance
n—k+1sod(Ct) > k. But then we must have d(C1) =k + 1.

O

Corollary 1.8. Let C be an [n, k]-MDS code. Then every n—k columns of a parity
check matriz of C are linearly independent.

A useful tool of studying the properties of a linear code C' over Fy is the distri-
bution of the weights of elements in C. The weight distribution of a linear code C'
is the sequence of numbers

Ay = F#{c € Clw(c) =t}.
The (single variable) weight distribution enumerator is defined as

zeC
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MacWilliams proved that for the weight distribution enumerator B(z) of the dual
code C+ the identity

B(z) = (1+ (¢ 1)2)"A <1+1(q_21)2>

holds. More specifically, if we define B; := #{c € Ct|w(c) = t}, then for all
v €{0,...,n} we get the MacWilliams equations:

S (" Ym0
i=0 i=0

For a proof of this result see [15, Chapter 7, Theorem 1.3, p. 254]. An MDS code
has the property that its weight distribution is completely determined by k and n.
If C is MDS, then A; =0 fori=1,...n—k and B; =0 for i = 1, ..., k. Using the
previous identity one can prove (after rearrangement of terms) that :

Theorem 1.9. Let C be an [n,k,d =n — k+ 1] MDS code over F,. Then for the
number of words of weight w in C we have:

Corollary 1.10. Let C be an [n,k,d =n — k + 1] MDS code over F,,

(1) Ifk>2, thenn<qg+Fk—1.
(2) Ifk<n-—2, thenk+1<gq.

Proof. For the first statement substitute in Theorem 1.9 w =n — k + 2 so you get
A2 = (,"5)(@—1)(¢ —n+k—1) and note that A,z must be nonnegative.
The second statement follows from examining the weight distribution of C+. O

An improvement of this result can be found in [19, Theorem 11, p. 326]:

Proposition 1.11. If C is a nontrivial [n,k > 3,n—k+1] MDS code over F, with
q odd, thenn < q+k — 2.

Now we see why [n, 1,n] (and its dual [n,n — 1,2]) and [n,n, 1] codes are called
trivial MDS codes. In Theorem 1.9 if k = 1, then there are arbitrarily long MDS
codes, namely the repetition codes®. Note that the zero code and the whole space Fy
([n,n,1] ) are also MDS and can get arbritarily long. If £ <n—2, then k < ¢—1. So
nontrivial [n, k]— MDS codes exist only if 2 < k < min(n—2,¢—1). Asn < ¢+k—1
we find K < min(n — 2,g — 1) < ¢—1 and n < 2¢g — 2. This gives a primary an-
swer to Problem 1.3: the length of nontrivial MDS codes is bounded when g is fixed.

We already see for k = 3 that n < ¢ + 2. In the following subsection we will
see that one conjectures that for 1 < k < ¢ (hence for nontrivial MDS codes) the
bound n < ¢+ k — 1 can be sharpened ton < ¢+ 1 or n < ¢ + 2 depending on the
parity of q.

3For example: A binary repetition code of length n consists of just two words (0,0, ...,0) and
(1,1,...,1) of length n.



1.3. The main conjecture of MDS codes.

It is easy to construct codes which do not satisfy the Singleton bound. It is also
not that hard to construct codes which do satisfy this bound. For an [n, k]-MDS
code the following conjecture is still not completely solved:

Conjecture 1.12. For every linear [n,k]-MDS code over Fy if 1 < k < g, then
n < q+ 1, except when q is even and k = 3 or k = q — 1 in which cases n < q + 2.

This conjecture is called the main conjecture of MDS codes. It has been partially
solved due to the work of several mathematicians. At the moment of writing this
thesis a result of Simeon Ball [3] implies that the main conjecture of MDS codes
holds for all primes ¢q. The methods used in his (to appear) article are beyond
the scope of this thesis since we are interested in algebraic-geometric approaches.
We study a few simple cases by considering a generator matrix for an [n, k]-MDS
code and viewing the columns of this matrix as a set S of n points in P*~1. The
statement ‘All k-tuple of column vectors is linearly independent‘ in Proposition 1.7
is then equivalent to the statement ‘All k-tuples of the corresponding points in P*~!
are not contained in a hyperplane’.

Case k = 2:
Since #P! (Fy) = ¢+ 1 we must have n < ¢+ 1 and the conjecture holds for k = 2.

Case k = 3 and ¢ is odd:

Observe that for any point in P?(F,) there are exactly ¢ + 1 lines passing through
this point. Suppose that #S = g + 2 and there are no three distinct points in S
which are collinear. For any Q € S a line passing through ¢ must pass exactly
one other point in S\{Q} since there are no three points which are collinear and
#(S\{Q}) = ¢+ 1. Now we conclude that the points of S are coupled into pairs
by lines. Hence ¢ 4 2 is even and so is g. We see in particular that n < ¢+ 1.

Case k = 3 and ¢ is even:

We show that n < g+ 2. This is a straightforward application of Corollary 1.10 but
we proceed giving another proof. Suppose that #S5 = ¢+ 3 and that S is in general
position. Take a @ € S and connect ) with each of the other points through a line.
Since S is in general position each of these ¢ 4+ 2 lines intersects S in exactly two
points, one of which is (). So by removing @) we get a set L of g+2 ‘lines’ each of them
is missing one point. In P2 (Fy) we know that each line contains g+1 points and that
#P%(F,) = ¢*+q+1. But we have (¢+1—1)(q+2) = ¢*+2¢ > ¢*+q+1 = #P*(F,)
so S can not contain g + 3 points.

The cases k = 4 and k£ = 5 have been also solved using other techniques from
finite geometry. We saw that conjecture deals only with nontrivial codes and since
the dual of an MDS code is also MDS one may assume that 5 < k < n/2. In
the literature ([13] and [7]) there are proofs for ¢ < 27 hence ¢ > 27 may also be
assumed.



2. LINEAR CODES AND ALGEBRAIC GEOMETRY

2.1. Divisors and rational maps.

In this section we shall introduce terminology from algebraic geometry and coding
theory. We shall define a linear code using algebraic geometry. We refer to [11,
IT.6 | and [11, IV] for more details and results. Other useful sources for this chap-
ter which will be frequently referred to are [38, 2] and [2, I]. Some definitions are
slightly different from the ones used by Hartshorne. We shall write K for a field
and K for a fixed algebraic closure of K.

We introduce the notion of a projective space over a field using [29, 1.2].
Definition 2.1. Affine n-space (over K) is the set of n-tuples
A" = A"(K) = {(21,.,zn) 11 € K}

Definition 2.2. Projective n-space (over K), denoted by P™ or P*(K), is the set
of all (n 4+ 1)-tuples
(zg, ..., zy) € AT

such that at least one z; is nonzero, modulo the equivalence relation:

(20, s Tn) ~ (Y0, -, Yn)
if there exists a A € K such that for all i we have z; = Ay;. We denote by
(xg : @y @ ... xy) an equivalence class

{(\zo, ..., \zn) : N e K }.
The individuals xg, ..., x, are called homogenous coordinates for the corresponding
point in P™.

The set of K-rational points in P™ is the set
PY(K):={(zg:...:xy) e P"(K): all z; € K}.

Definition 2.3. Let P = (xqg : ... : ) € P"(K). The minimal field of definition
for P (over K) is the field

K(P) := K(zo/x;, ..., xn/x;) for any i with z; # 0.
Suppose that K is perfect. Then the Galois group of K/K (notation GF/K)

acts on P"(K) by acting on its homogeneous coordinates: P7 = (xq : ... : 2,)° =
(§ : ... 1 a7) for any 0 € G .. One can check that

P"(K)={PeP"K): P°=Pforalloec Gx/xt

and that
K(P) = fixed field of {0 € G, : P7 = P}.

Definition 2.4. By a curve over K we mean a projective nonsingular geometri-
cally irreducible # one-dimensional variety over K.

4A curve X over a field K is called geometrically irreducible if for any field extension K’ of K
the curve X ® K’ obtained from X by base change remains irreducible.



9

For abbreviation we usually say ‘X is a curve’ without specifying the field K.
But we keep in mind that we are working over K.

Definition 2.5. A (Weil) divisor on a curve X is a finite formal sum D =
ZPeX(?) npP, with n, € Z and np = 0 for all but a finite number of K —valued

points P € X (K).

We denote by supp(D) the support of a divisor D, that is the set of points with
nonzero coefficients in Z. The set of divisors on X is denoted by Div(X). This
is an (additively written) abelian group with the obvious neutral element and ad-
dition. A divisor D = ZPGX(?) npP on X is called effective if np > 0 for all
P € X. The degree of such a divisor D (notation deg(D)) is by definition the

integer > pe v () np-

The Galois group of K /K acts in an obvious way on a divisor D = Pex(B)" pP

on X:
D7 = Y npP.

PeX(K)

Definition 2.6. A divisor D is called defined over K if D7 = D for all o € Gf/[('
The set of all divisors D on X defined over K is usually denoted by Divg (X). By
Div?(X) we denote the subgroup of Div(X) of elements of degree d.

Let X is a curve over K. A function f: X — K is called regular at a point P € X
if there is a neighborhood U with P € U C X, and homogeneous polynomials
g,h € S = Klxg,...,xy], such that h is nowhere zero on U and f = g/h on U.
We say that f is regular on X if it is regular at every point. We denote by Op x
the local ring in P. So Op x is the ring of germs of regular functions on X near
P. Since X is smooth; Op x is a discrete valuation ring and it has a unique max-
imal ideal mp. It is known that mp is principal and we call a generator of mp a
uniformizer for X.The function field of X (notation K (X)) is the field of rational
functions over X. A function f € K(X) is regular (defined) at P if it lies in Op x.
Let f € K(X)* be any nonzero rational function on X. Then the quotient field of
the local ring Op x coincides with K (X). On Op x there is a function ord p which is
defined for f € Op x by ordp(f) = max{l|f € mb,l € Zz1}. If f € K(X)*, write
f = ¢ with g,h € O, and define ordp(f) = ordp(g) — ordp(h). This gives a dis-
crete valuation K (X)* — Z. Note that if ¢ is a uniformizer for X, then ordp(t) = 1.

It is known that for f € K (X)* a nonzero rational function on X that ordp(f) #
0 holds only for finitely many points P € X. We define the divisor of a nonzero
rational function f which will be denoted by (f) or div(f) by

(f)=>_ ordp(f)-P.

Pex(K)

Definition 2.7. A divisor D is called a principal divisor if D = (f) for some
feK(X)*.

One can prove that principal divisors over a curve X have degree 0. This leads
us to the following definition:
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Definition 2.8. Two divisors D and D’ over K on X are said to be linearly
equivalent, written D ~ D’ if D — D’ is a principal divisor, i.e, if D — D’ = (f)
where f € K(X)* is a nonzero principal divisor. The equivalence class of a divisor
D is denoted by [D]. The group Div(X) of all divisors divided by the subgroup of
principal divisors is called the divisor class group of X (or the Picard group of X,
notation Pic(X)). We also write Pic?(X) for Div4(X)/ ~.

Remark 2.9.

For a not necessarily smooth variety X, what we have defined is not the Picard
group, but the Weil divisor class group. The Picard group in general is the group
of isomorphism classes of line bundles on X. Studying the differences is beyond the
scope of this thesis. We refer the reader to [11, IL.6] or [4, II, Remark 1].

Later in this thesis we will use the notion of the Jacobian of a curve. This
is a special variety which is closely connected to the Picard group. Some of its
properties will be used in different proofs.

For the following we write Specm(K) for the set of the maximal ideals of K and
we will mean by an algebraic variety G an algebraic reduced variety of finite type
of dimension over a field K.

Definition 2.10. A group variety G over K is an algebraic variety together with
regular maps
m:G XK G—>G
inv:G— G
and an element e € G(K) such that the structure on G(K) defined by m and inv
is a group with identity e.

Such a quadruple (V,m,inv,e) is a group in the category of varieties over K.
This means that:

(1)
¢ Yoo ea o Yo am g

are both the identity map which makes e the identity element.
(2)
A id X inv
G——=Gx, G Gx,G2>@G
invxid
are equal to the composite
G —— Specm(K) “—= G
which implies that inv is the map taking an element to its inverse.
(3) The diagram
GxxGxx G2~ Gxp G
\Lm x1 \Lm
GxgG i G

commutes (the associativity).

_ An example of a group variety is the set of nondegenerate n x n matrices over
K under the standard matrix multiplication law.
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Definition 2.11. A connected algebraic group G which is also a projective variety
is called an abelian variety.

The name abelian variety is justified by the (nontrivial) fact that it is abelian as
a group.

Theorem 2.12. For each curve there exists a unique abelian variety Jx (K) such
that
(1) Jx(K) is isomorphic to Pic®(X) as a group;
(2) The map
’ipo X = Jx(K)
P~ [P — Py,
where Py is an arbitrary fized point of X, is regular;
(3) For any regular map ¢ : X — A from X to an abelian variety A such that
o(Po) is the neutral element of A, there is a morphism of abelian varieties
A Jx(K) — A with ¢ = Noip,.
The abelian variety Jx (K) is called the Jacobian of X.

We are most interested in the number of rational points on Jy (K) when X (and
hence Jx (K)) is defined over K =T,,.

Theorem 2.13. For the number of Fq-points of the Jacobian Jx (Fy) corresponding
to a curve X over Fy of genus g we have:

(Va—1* <h<(Vg+1)*.
Proof. See [38, I11.1, Proposition 23]. O

Definition 2.14. Let D be any divisor on a curve X over K. Define
L(D) ={f € K(X)": (f) + D = 0} u{0}.

This is a K-vector space of rational functions of which the pole divisor (the
part of the associated rational divisor where points have negative coefficients) is
bounded by D. We call it the space associated to the divisor D. We denote by (D)
or dim L(D) its dimension. It is known that {(D) depends only on the equivalence
class of D and that this dimension is finite for any D € Div(X). Furthermore, if
deg(D) < 0 then L(D) = {0} and I(D) = 0. In the rest of this thesis we will use
divisors defined on F, (see 2.6) instead of working over an algebraically closed field
F,. The next lemma helps us to get a suitable definition of L(D) when K is not
necessary algebraically closed.

Lemma 2.15. Let X be a curve over a perfect field K. Let D € Divi(X). Then
L(D) has a basis consisting of functions in K(X).

Proof. See [29, 1.5, Proposition 5.8 and Lemma 5.8.1] O

Definition 2.16. Note also that if a curve is defined over a field K and two equiv-
alent divisors D ~ D’ on X are also defined over K, then there exist an f € K(X)*
such that D — D’ = (f).

Let D be a divisor on a curve X. Let V C L(D) be a subspace. The set of
effective divisors of the form (f)+ D with f € V'\ {0} is called a linear system and
is denoted by |V|. If V.= L(D), then |V| is called a complete linear system and it
is denoted by |D|.
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One can verify that |V| = P(V) (the projectivization of V') by noticing that for
fyg € K(X)* we have (f) = (g) if and only if there is a constant A € K* such
that f = Ag. For V # 0 this gives an isomorphism from P(V') onto |V| by sending
nonzero f € V to the divisor (f) 4+ D. It follows that dim |V| =dimV — 1.

Explicitly we have for L(D):

P(L(D))* = { The dual space of P(L(D))}
= { Hyperplanes in P(L(D))}
= P(L(D)")
= P({ Linear forms on L(D)})
= P({ Homg (L(D), K)}).

Definition 2.17. Let D be a divisor on a curve X. Let 0 # V C L(D) be a
nonzero subspace. Let |V| be the corresponding linear system. A point P € X is
called a base point of |V if P € supp(E) for all E € |V|. If |V| has no base point,
then |V| is called base point free.

Lemma 2.18. Let D be a divisor on a curve X. The complete linear system |D|
has no base point if and only if for every point P € X we have:

dim |D — P| = dim|D| — 1.
Proof. See [11, IV .3, 3.1]. O

If D be a divisor of degree d and |V is a linear system where V is a vector
subspace of L(D) and dim(V) = r + 1, then write g7 for |V|. We call a g} a pencil.

2.1.1. From linear systems to morphisms.

We conclude this subsection by giving an explicit connection between linear sys-
tems on a curve X and rational maps from X to projective spaces. This will be
very useful when treating the main conjecture of MDS codes as a conjecture in
terms of algebraic geometry.

Let ¢ : X --» P™ be a rational map given by
(1) @: X -=> (fo(P):...: fu(P)).

Assume that Im(¢) is not degenerate ( i.e, not contained in a hyperplane, oth-
erwise we can consider ¢ as a rational map from X to P™ with m < n). Let

(fz) = Z(IRZ'P, 1= 0, e n

D=-> apP

where ap = minp<;<,, ap,;. By construction it follows that (f;) +D > 0, hence f; €
L(D). It also follows that D is in fact base point free. Let Vi = span(fo, ..., fn) C
L(D). Then to ¢ we assign the linear system |Vy| C |L(D)].

and let

On the other hand let |V| C |D| and let n = dim |V'|. Let (fo,..., fn) be a basis in
V. Suppose that |V] is base point free. Then

P — (fo(P):...: fn(P)).
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defines a rational map ¢ : X --» P". This is well defined since demanding that |V/|
has no base points guarantees that a P € X is never a zero for all f;(P),i=0,...,n.
The map ¢ above ‘is’ even a morphism. This follows directly from the next theorem:

Theorem 2.19. Any rational map from a curve to a projective space extends to a
morphism.

Proof. See [38, 2.1.60]. O

We conclude that we have the following 1 — 1 correspondence:

{ Base point free linear systems of dimension. n on X}/ ~

!

{ Morphisms ¢ : X — P" with nondegenerate image, up to linear coordinate changes. }

It may be useful to bear in mind that the (f;) + D can be viewed as inverse images
of hyperplanes, for if A = (Ag : ... : A\,,) € P*(K) and H), is a hyperplane given
by > Xiz; = 0, then f*(Hy) = Q- Aifi) + D. In the case that n = 1 we get
deg(f) = deg(D).

Proposition 2.20. Let ¢ : X — P™ be the morphism ° corresponding to the base-
point-free linear system L =P(V) C P(L(D)). Then ¢ is an embedding if and only
if:
(1) For any distinct points P,Q € X there is a D' € L with D' > P and not
D' > Q. (L separates points).
(2) For any P € X there is a D' € L with D' > P but D > 2P. (L separates
tangent vectors).

Proof. See [16, 4, Proposition 3.5] |

Definition 2.21. A divisor D on a curve X is called very ample if there exists a
projective embedding

f: X =P
such that D is linearly equivalent to f*(H) for some hyperplane H of P™.

In particular if D is a very ample divisor of degree d and dimension k = [(D) on
a curve X, then D gives rise to embedding fp : X < P*¥~! such that the image of
X is a curve in P*~! of degree d. Later on in this section we give a way of verifying
whether a divisor is very ample which works in many important cases.

2.2. Differential forms and Riemann-Roch. The Riemann-Roch theorem is
indispensable when studying algebraic geometric codes. Before we state it we need
some definitions and lemmas. These can be found in [29, I.4].

Definition 2.22. Let X be a curve. The space of differential forms on X, denoted
by Qx, is the K (X )-vector space generated by symbols of the form dx for x € K(X),
subject to the usual relations:

(1) d(x +y) = dx + dy for all z,y € K(X).

5it is unique up to an automorphism of P™.



14

(2) d(zy) = xdy + ydx for all z,y € K(X).
(3) da=0forallaeK.

We state a few results on Qx:

Proposition 2.23. Let P € X, and let t € K(X) be a uniformizer at P.

(1) The K(X)-vector space Qx is one dimensional. If x € K(X), then dz
is a K(X) basis for Qx if and only if K(X)/K(x) is a finite separable
extension.

(2) For every w € Qx there exists a unique function g € K(X), depending on
w and t, such that

w = gdt.
(Another notation for g is % ).

(3) Let f € K(X) be reqular at P then % is also regular at P.
(4) The quantity

OT’dp(%)

depends only on w and P. It is independent of the choice of the uniformizer
t. We call ordp(%;) the order of w at P and we write for abbreviation
ordp(w).

(5) Assume that w # 0. For all but finitely many P € X we have:

ordp(w) = 0.
Proof. See [29, 1.4, Proposition 4.2] and [29, 1.4, Proposition 4.3]. O

The next proposition tells us how to calculate the order of a differential form on
X:

Lemma 2.24. Let z, f € K(X) with z(P) = 0 and let p = char(K). Then

(1) ordp(fdzx) = ordp(f) + ordp(x) — 1, if p=0 or p{ ordp(z).
(2) ordp(fdzx) > ordp(f) + ordp(x), if p > 0 and p|lordp(X).

Proof. See [29, 1.4, Proposition 4.3]. O

Definition 2.25. Let w € Qx and P € X. We define the residue of w at P
(notation resp(w)) as follows: Write w = gdt with ¢ a local parameter at P and
g € K(X). If vp(g) > 0, then resp(w) := 0. Otherwise, if vp(g) = —n < —1,
write ¢ = a_,t™ " + ... + a_1t7' + h with h € K(X) regular at P, then define
resp(w) := a_;. This definition does not depend on ¢ (See [11, III, 7.14]).

The next useful theorem is called the Residue Theorem.
Proposition 2.26. For any w € Qx we have ) pc v 7 resp(w) = 0.
Proof. See [11, III, Theorem 7.14.2]. O
Definition 2.27. Let 0 # w € Qx. The divisor associated to w is

divp(w) = Z ordp(w)P € Divg y).
Pex(K)
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Differentials w € Qx for which ordp(w) > 0 for all P € X are called regular.

According to the Proposition 2.23.5 divp(w) is well defined and the previous
lemma gives us a way to calculate the coefficients ord p(w)(P) in many cases. How-
ever, in this thesis we will not have to make such calculations.

Definition 2.28. The canonical divisor class on X is the image in Pic(X) of
div(w) for any nonzero differential w € Qx. A divisor in the canonical divisor class
is called a canonical divisor.

We have to be a bit careful. This definition makes sense since Proposition
2.23.1 holds. This follows from the fact that if wi,ws € Qx are nonzero differ-

entials, then there is a rational function f € K(X)* so that w; = fws and hence
div(wy) = div(f) + div(ws) (remember div(f) = (f)).

Recall (see Definition 2.14) that for a divisor D on a curve X we associated to
D a K—vector space L(D), namely

L(D) = {f € K(X)" : (f) + D > 0} U{0}.

The case in which D is a canonical divisor is of special interest:

Let Kx = div(w) € Div(X) be a canonical divisor on X where w is some nonzero
differential. By definition each f € L(Kx) satisfies div(fw) = div(f) + div(w) > 0.
This means that

L(Kx) ~ {w € Qx : w is regular}.
The next theorem is called the Riemann-Roch theorem:

Theorem 2.29. Let X be a curve and K a canonical divisor on X. There is an
integer g > 0, called the genus of X, such that for every divisor D € Div(X),

(D) —1l(Kx — D) =deg(D) — g+ 1.
Proof. See [11, IV.1]. O

Corollary 2.30.
(1) (Kx)=g.
(2) deg(Kx) =29 —2.
(3) If deg(D) > 2g — 2, then:

I(D) = deg(D) — g+ 1.
Proof. See [29, 1.5, Corollary 5.5]. O

Remark 2.31.

(1) A divisor D on X is called special if I(Kx — D) > 0 and nonspecial other-
wise. In the case that D is special (K x — D) is called its index of speciality.
Note that if deg(D) > 2g — 2, then D is nonspecial.

(2) A curve of genus g = 0 is called a rational curve. In this case |K x| is empty.
If the curve has genus g = 1 and a rational point on it, then it is called an
elliptic curve and we have |Kx| = 0. One can deduce that for any point
P € X we have dim |P| =0 if and only if g > 1.
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Although for a special divisor D it is hard to predict the exact dimension of I(D)
(and hence |D|) using the Riemann Roch Theorem, it is still possible to give an
upper bound for it, just in terms of the degree of D. Clifford’s theorem gives us such
a bound. First we give some lemmas and introduce the notion of a hyperelliptic
curve.

Now we give a sufficient condition for a complete linear system of to be base
point free in terms of the genus. The proof is based on an application of the
Riemann-Roch theorem.

Lemma 2.32. Let D be a divisor on a curve X. The complete linear system |D|
has no base point if deg(D) > 2g.

Proof. See [11, 1V.3, 3.2]. O

Lemma 2.33. Let D be a divisor on a curve X of genus g. Then D is very ample
if and only if for every two points P,Q € X (including the case P = Q) we have:

dim|D — P — Q| = dim |D| — 2.
If deg D > 2g + 1, then D is very ample.
Proof. [11,1V.3, 3.2] O

Let us analyze these lemmas with a view towards the definition of a very am-
ple divisor (Definition 2.21) and an embedding (Proposition 2.20). The previous
lemma tells us that the linear system|D| of a very ample divisor D on X has the
nice properties of separating points and tangent spaces, hence it gives rise to an
embedding. A quite interesting case is when D = K x is a canonical divisor.

Lemma 2.34. For a curve X of genus g > 2 the canonical system |Kx| has no
base points.

Proof. Fix apoint P € X. We must show that dim |Kx —P| = dim |[Kx|—-1 = g—2
(Lemma 2.18 ). Since g # 0 the curve X is not rational (Remark 2.31) and hence
we have [(P) = 1. By Riemann-Roch theorem:

1=l(P)=U(Kx —P)+deg(P)+1—g=1(K—-P)+2—g
Sol(Kx —P)=g—1and dim|Kx — P|=g— 2. 0

Recall that the degree of a finite morphism of curves f : X — Y is defined as
the degree of the field extension [K(X) : K(Y)].

Definition 2.35. A curve X is called hyperelliptic if g > 2 and there exists a finite
morphism f : X — P! of degree 2. We call X nonhyperelliptic if g > 2 and X is
not hyperelliptic.

Ezxample 2.36. If X has genus g = 2, then a canonical divisor Kx on X has degree
29 —2 =4 — 2 = 2 and by Riemann-Roch theorem [(Kx) = 1. So the complete
linear system |K x| has dimension 1. It has no base points by Lemma 2.34. Hence
|K x| defines a morphism of degree 2 from X to P*.

Proposition 2.37. Let X be a curve of genus g > 2 then |Kx| is very ample if
and only if X is not hyperelliptic.

Proof. See [11, IV.5, Proposition 5.2]. O
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Theorem 2.38. (Cifford’s theorem) Let D be an effective special divisor on a curve
X. Then

1
dim |D| < 5 deg(D).

The equality occurs if and only if either D = 0 or D = Kx or X is hyperelliptic
and D is a multiple of its unique g3.

Proof. See [11, IV.5, Theorem 5.4]. O

2.3. Hurwitz’s Theorem.

Let f : X — Y be a finite morphism of curves over K. We give in this subsection
a relation between the genus of these two curves which follows from a relation
between their canonical divisors.

Let P € X and let Q = f(P). Let tg € Og be a uniformizer at Q. We can view
t as an element of Op via the natural map f*: Og — Op. Set ep = vp(t) where
vp is the valuation associated to Op. We see that for a uniformizer tp € Op we
have f*(tg) = t% uw where u € Op. If ep > 1, then f is said to be ramified at P and
in this case @ is called a branch point of f. If ep = 1, then f is called unramified
at P. If char(K) = 0 or char(K) = p but p does not divide ep the ramification is
said to be tame at p. If p divides ep, then it is called wild at p. The morphism f
is called wildly ramified if it has a wild ramification point and it is called tamely
ramified if it has only tame ramification points.

We construct an induced homomorphism f* : Div(Y) — Div(X) by defining

r@= % epp
f(P)=Q

and extending it by linearity. One can check that this definition does not depend
on the uniformizers chosen. Note that deg f*(Q) = deg(f) for any point Q € Y
and that deg f*(D) = deg(D) deg(f) holds for any divisor D € Div(Y).

Keeping the notation above we have f*(dtg) = gdtp for some g € Op. Set bp =
ordp(g). Then bp # 0 only for ramification points of f. We define the ramification
divisor of f to be

Ry = bpP € Div(X).
Using this definition we can state the following theorem:

Theorem 2.39. Let f: X — Y be a non-constant separable morphism of degree
n. Let g(X) and g(Y') be the genus of X respectively Y. Then

29(X) — 2 = n(29(Y) — 2) + deg(Ry).

Proof. See 28, IV, Theorem 33]. Let Kx and Ky be canonical divisors of X
respectively Y. If we show that Kx = f*(Ky) + Ry, then by taking the degrees
and using Corollary 2.30 we find 2¢(X) — 2 = n(2¢(Y) — 2) + deg R;.

Take 0 # w € Qy such that supp(w) is disjoint from the finite set of branch points
of f. Let @ € Y and suppose @ is not a branch point of f and that w = gdtg
where tg is a uniformizer at ). Then f*(¢g) is a uniformizer for any point P in
the fiber above Q. So Kx and f*(Ky) coincide on X\supp(Ry). Now suppose
that @ is a branch point of f and write w = hdtg for some rational function h. We
assumed that @ ¢ supp(w) hence ordg(h) = 0. Let P € X such that f(P) = Q.
Let f*(dtg) = gtp. Then ordp(f*(w)) = ordp(g) and so ordp(f*(w)) = bp, since
ordp(f*(h)) =0. O
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In the case that f has only tame ramification we get the famous Hurwitz’s
formula:

Corollary 2.40. Let f : X — Y be a non-constant separable morphism of degree
n which is tamely ramified, then

29(X)—2=n@g(Y)-2)+ ¥ (ep—1).

PeX(RK)

Proof. According to the previous theorem it suffices to show that Ry = > pe v 7 (ep—
1). Keeping using the notation above if f*(tg) = ht% with ordp(h) = 0, then
[*(dtg) = epht®»~ldtp + t°rdh. Since the characteristic of K does not divide ep
we have ep # 0 in K and the formula follows. O

2.4. Gonality. Now we define the gonality of a curve and state some results on it.
We borrow the definition and results from [38, 4.2.25, p. 215].

Definition 2.41. The gonality v(X) of a curve X over a field K is the minimal
degree of a non-constant map (defined over K) from X to the projective line.

Lemma 2.42. If D is a divisor of degree deg D < v(X), then (D) < 1.

Proof. If (D) > 1, then there exitss a non-constant rational function f on X
such that (f) > —D, whence we have (f)s < D. One can view f also as a non-
constant map, defined over the field of constants, from X to the projective line. The
degree of this map is equal to deg(f)s < deg D < v contradicting the definition of
gonality. (I

Lemma 2.43. Let X be a curve of genus g defined over Fy and let N = #X(F,),
then g+ 1> v(X) > q%. Moreover if y =g+ 1> 3 then g <10 and q < 31.

Proof. For the left inequality note that over a finite field there always exists a di-
visor of degree g + 1 ( see [21, Theorem 3.2]). By the Riemann-Roch theorem the
dimension of such a divisor is at least 2.

For the right inequality note that under a non-constant map of degree v from a
curve X to the projective line, the N rational points of the curve are mapped to
one of the ¢ + 1 rational points of the projective line and the inverse of a point on
the projective line contains at most v rational points.

Assume now that v =g+ 1 > 3. We first show that such a curve has no effective
divisors of degree g — 2. Indeed, if such a divisor D exists, take a canonical divisor
Kx so you get (Kx — D) > I(Kx) — deg(D) = 2 and deg(Kx — D) = g. So
deg(Kx — D) =g < g+ 1 = . But this contradicts Lemma 2.42. Now the curve
has no effective divisors of degree g — 2 hence the curve over an extension of degree
g — 2 has no rational points. By the Weil bound we have

¢ +1-29¢"F <0
whence g < 2log,(2g) + 1. This implies that g < 10 and ¢ < 31.

Lemma 2.44. Let X be a curve of genus g, then:
(1) v(X) =1 if and only if X is isomorphic to the projective line.
(2) v(X) =2 if and only if X is either elliptic or X is hyperelliptic.
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3. MDS CODES AND FINITE GEOMETRY

In this section we state some results on arcs in projective spaces. These objects
are closely related to MDS codes. In fact we will see that the existence of these
arcs is equivalent in some sense to the existence of MDS codes.

One notes that in the literature the most important results on arcs and on the
main conjecture of MDS codes are stated in the language of ‘arcs in projective
spaces’. Important works have been done by Segre [25], [26], [27] and later Thas
[35], [36], Casse [6], Hirschfeld [14] and others.

Definition 3.1. Let P*~1(F,) be the projective space of k — 1 dimensions over F,.
A set S of n > k points in P¥~1(F,) is said to be an n—arc if there is no hyperplane
containing k points of the set.

The following lemma gives the relation between MDS codes and arcs. It follows
easily from Proposition 1.7. It has been used implicitly in Subsection 1.3.

Lemma 3.2. We have the following one to one correspondence:

{[n, k]-MDS codes over Fy} / ~
I
{n-arcs in ]P’kil(Fq)}
where ~ denotes the equivalence of linear codes (Section 1.1).

3.1. Complete arcs.

Ann—arc A in P*~1(F,) is called complete if it is not contained in any (n+1)—arc
in P*=1(F,). We denote by m(k — 1,q) the maximum size of an n—arc in P*=1(F,).
We have the following results on n—arcs (See [12, Table 3, p.50]):

Theorem 3.3. For q odd we have: m(k —1,q) = q+ 1 if ¢ > (4k — %)2.

Theorem 3.4. For g even we have: m(k—1,q) =q+ 1 if ¢ > (2k — 1—25)2
Proof. See [37], Theorem E. O

Next we translate these two results into a statement about the main conjecture
of MDS codes (Subsection 1.3).

Theorem 3.5. The main conjecture of MDS codes holds in the following cases:
(1) For q odd with q > (4k — 22)2.
(2) For q even with ¢ > (2k — 12)%.

Proof. This follows directly from Theorems 3.4 and 3.3 and the obvious fact that the
maximum length of an MDS code over [, of dimension k is equal to the maximum
size of an n—arc in P*~1(F,). O

Remark 3.6. The proofs of the previous lower bounds for ¢ in terms of k use finite
geometries. To get a very good feeling on how these proofs proceed one can have
a look at [33] and [24]. The main idea is to find a lower bound in the case of plane
arcs. By induction on the dimension of the projective space and using projections
a modified bound is proved for higher dimensions.

The next two examples give a feeling about how algebraic geometry and finite
geometries come together when dealing with linear MDS codes.
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Ezample 3.7. Consider in P?(F,) with ¢ > 2 the nondegenerate conic given by the
equation x2 = x129 where x; for i = 0, 1,2 are homogeneous coordinates in ]13’2(]Fq).
This conic consists of g+ 1 (F,-)rational points: (0:1:0), (0:0:1)and (z:1: 2?)
with z € F; and these points lie in general position. We construct a linear code C
as follows: take of each of the rational points on the conic one representative. A
parity check matrix H of C'is a 3 x (¢+ 1)-matrix of which the columns are exactly
those representatives. Since the points on the conic are in general position, each
triple of the columns of H is linearly independent so by Remark 1.2 the minimal
distance of C' is 4. We see that C is an [¢ + 1, ¢ — 2,4] MDS code.

By Lemma 3.2 the points (0 : 1:0), (0:0: 1) and (z : 1 : 2?) with z € F;
form an (¢ 4 1)-arc in P(F2). Is this arc complete? In other words, can we extend
this (¢ + 1)-arc by adding a rational point from P(FZ) to get an (g + 2)-arc? The
answer depends on the parity of ¢. In the case that ¢ is odd Segre [23] proved that
(¢ + 1)-arcs are complete. In the case ¢ > 2 is even we can extend the (g + 1)-arc
above by adding the point (1 : 0 : 0) the intersection of all tangent lines of points
on the conic, such point is called the nucleus of a conic. A quick verification shows
that these (¢ + 2) points are in general position. So this construction gives us an
[q + 2,9 — 1,4] MDS code. Now to see that this (¢ + 2)-arc is complete remember
that we have shown in Subsection 1.3 for an MDS code that n < ¢+ 2 when k£ =3
and ¢ is even.

Ezample 3.8. As a generalization of the previous example we show that it is always
possible to construct an (¢ + 1)-arc in P (FF,) with m > 2. Consider the image X
of the embedding

Uyt BT — P

(o:a) — (@ caf ey aT) = (20 ot Zm)-

Such a curve is called a rational normal curve. It is the common zero locus of the
polynomials z;z; — z;—12j41 for 1 < ¢ < j < m — 1. As the name v, may suggest
this map is just the well known Veronese map of degree m. Note that in the case
m = 2 we get 27 = 292y which is just the curve in Example 3.7. If m = 3, then we
get the well known twisted cubic.

Note that any m + 1 points of a rational normal curve as described above are
linearly independent. This is due to the fact that the Vandermonde determinant
only vanishes if two of its rows coincide.

In general, for ¢ odd it is not known yet whether points of rational normal curves
always form a maximal arc. The completeness of rational normal curve has been
investigated by Storme, Thas, Kovacs and others. In [32] the problem is solved
for the case that ¢ is a large prime number and for the following case proved by
Storme:

Theorem 3.9. For each prime number p,p > 1007231, every normal rational curve
in P*"(Fp), 2 <n <p—1, is complete.

Theorem 3.10. For a fized integer h > 1 let po(h) be the smallest odd number p
satisfying

29
Pt > 24ph\/p(2h + 1)In(p) + =P —20.
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Then for each odd prime number p > po(h) in P*(F,), ¢ = p*"*1,2 <n <p-—1,
every normal rational curve is complete.

4. TRANSLATION INTO ALGEBRAIC GEOMETRIC TERMS

4.1. Algebraic-geometric codes.

In Section 3 we translated the ‘object’” MDS code into an object in (finite) ge-
ometry. In this section we give an approach from the point of view of algebraic
geometry. For this we restrict our attention to the case of Algebraic Geometric
(Goppa) Codes. Notions and tools from Section 2 will be useful. Since we will be
working with curves over a finite field F,, it will be important to know something
about the number of F,-rational points on such curves. The Hasse-Weil bound is
an important tool in the proofs of many results on algebraic geometric codes.

Theorem 4.1. Let X be a curve over F, of genus g > 0. Then we have

1
[#X(Fq) — (¢ + 1) < 2942,
Proof. See [31, VI, Theorem 2.3]. O

Now we define the notion of an algebraic geometric (or Goppa) code:

Definition 4.2. ( Goppa 1978)

Let X be a curve over F,. Let P, ..., P, € X(F,) be n distinct points. Define the
divisor D = Py + P> + ...+ P, on X. Let G be any divisor on X defined over I, of
which the support is disjoint from the support of D. The Goppa Code C(X, D, Q)
is the image of the linear map

ag L(G) — FZ

Remark 4.3.

(1) According to Lemma 2.15 this definition makes sense because it is possible
to give a basis for L(G) consisting of functions in Fy(X) making ag well
defined. So we see L(G) as a F-vector space.

(2) The assumption supp(G) Nsupp(D) = @ is in some sense not necessary.
One can redefine C(X,D,G) by choosing a ¢t € F,(X) with ordp, (t) =
multiplicity of P; in G and sending f € L(G — (t)) to (f(P1),.... f(Pn)) . A
different choice of such t gives a different but an equivalent code ©.

(3) If we are interested in the parameters of a code, we may assume without
loss of generality that G is effective and we then get is an equivalent code.
This follows from the fact that for a divisor G defined over k on a curve
X with I(G) # 0 there exist G’ > 0 such that G ~ G’. The proof is easy:
I(G) > 0 hence there is an 0 # f € L(G). By definition (f) + G > 0 so just
take G’ := (f) + G.

SFor each P; € D let ¢; € Fy(X)* such that ordp, (¢;) = ordp,(G). Then send f to
(p1f1(P1), oy dnfn(Prn)). If we take another ¢; € Fq(X)* such that ordp,(¢;) and we define
Xi = ¥;/¢;, then A; lies in (F')q(X)* and has no poles or zeroes at P;. So choosing ¥; in stead
of ¢; leads to a multiplication of the coordinates by nonzero constants \;(P;). Hence it gives an
equivalent code.
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(4) IC(X,D,G)isan [n, k] AG-code defined over Fy, then there exist P, ..., P, €
X(Fy) and an effective divisor G’ of degree k — 1 + g such that C' ~
C(X, P + ...+ P,,G").

We list two statements on the parameters of algebraic geometric codes. We
inherit the notation of Definition 4.2.

Proposition 4.4. (Goppa 1978)
Let k and d be the dimension and the minimum distance of C(D,G) = C(X,D,G).
Then we have
(1) k = dim L(G) — dim L(G — D). In particular if n > deg(G), then k =
dim L(G). If moreover 2g — 2 < deg(G) we have k = deg(G) +1 — g.
(2) d(C(D,G)) > n — deg(G).

Proof.

(1) Let f € ker(ag). Then f vanishes in P; for i = 1,...,n. Since P; ¢
supp(G) for i = 1,...,n we must have f € L(G — D). This gives C(D,G) =
L(G)/L(G—D) which implies (1). Now if n > deg(G), then dim L(G—D) =
0 so ag is injective and hence k = dim L(G). If moreover 2g — 2 < deg(G),
then by the Riemann-Roch theorem k = deg(G) + 1 — g.

(2) There exists an 0 # f € L(G) with w(ag(f)) = d(C(D,G)) = d > 0.
Without loss of generality we may assume that f(P;) # 0 fori=1,...,d and
f(P;) =0fori=d+1,...,n. This means that 0 # f € L(G—Pgy1—...— Fy).
so deg(G) — (n —d) = deg(G — Pgy1 — ... — P,) > 0 hence d > n — deg(G).

([

In Section 1 we defined the dual of a linear code. Now we define ‘the dual of an
algebraic geometric code’ and show that it is also an algebraic code arising from
the same curve and that it is indeed its dual in the usual sense. We deduce some
statements on its parameters and investigate how they are related to the parameters
of the original code. For this, Subsection 2.2 is needed. The following and more
can be found in [39, 10.6].

Definition 4.5. Let D be a divisor on a curve X over K. We define
QD) :={weQX): (w)—D >0}
The dimension dimg (D) is the called the index of speciality of D.

Note that we have defined the index of speciality in Remark 2.31. One can see
that dimg Q(D) = I[(Kx — D) by noticing that the linear map

¢: L(Kx — D) — Q(D)
[ fw
where w is a canonical divisor is an isomorphism.

Definition 4.6. Let C = C(X,D,G) denote an algebraic geometric code. The
dual algebraic geometric code C*(X, D, @) is the image of the linear map

o Q(G— D) - F?

n— (I‘eSpl (n)a - IeSp, (77))7
where resp, (1) is the residue of n at P;.

Proposition 4.7.
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(1) The code C*(D,G) has dimension k* = dim L(Kx + D —G) —dim L(K x —
G). In particular if deg(G) > 29 — 2, then k* = dim L(Kx + D — G) and
if deg(G) < n also holds, then k* =n — (deg(G) +1 — g).

(2) For the minimum distance we have d* > deg(G) — 29 + 2.

Proof.

(1) The kernel of o* is L(Kx — G) so if deg(G) > 2g — 2 then o* is injective
since dim L(Kx — G) = 0. Using the Riemann-Roch theorem if 2g — 2 <
deg(G) <nweget k* =L(Kx +D —G) =n— (deg(G) + 1 —g).

(2) Imitate the proof for Proposition 4.4.

O

From this proposition we see why it is common to ask for G and D in the
definition of C(X, D,G) that 2g — 2 < deg(G) < deg(D): the parameters become
easy to calculate. Remark 4.3.4 tells us that if we are interested in the parameters of
an AG-code, then it is not a restriction to assume that 2g — 2 < deg(G) < deg(D).

Proposition 4.8. The codes C(X,D,G) and C*(X, D, G) are dual to each other.

Proof. We first show that C* ¢ C+ and then that dim C* = dim C*. This gives
Cc* =Ct.
Let n € Q(G— D) and f € L(G). We want to show that a(f)-a*(n) = 0. We have:

Z f(P)resp, (

The differential form fn lies in Q(—D) so fn has simple poles only in supp(D). By
the Residues theorem:

n

0= Z resp(fn) = ZresP (fn) = Zf Jresp, (

Pe(K) i=1
Hence a(f) - a*(n) = 0.
We have
dimCt =n — k =n — dim L(G) + dim L(G — D)
=dimL(Kx+D—-G)—dimL(Kx — G) =k* = dim C".
We conclude that C* = C+. O

Proposition 4.9. Let C(X, D, G) be an algebraic geometric code such that 2g—2 <
deg(G) < n and let C*(X,D,G) be its dual. Denote by d and d* the minimum
distance of C(X,D,G) and C*(X, D, G) respectively. Then:

(1) n —deg(G) <d<n—deg(G)+g.

(2) deg(G) —2g+2 < d* <deg(G) —g+2.
Proof. The bounds on the right hand side are the Singleton bound (Remark 1.5 ).
The bounds on the left hand side follow from Propositions 4.4 and 4.7. O

Thinking of AG MDS codes we get the following corollary:

Corollary 4.10. Suppose that 2g — 2 < deg(G) < n. Then the codes C(X,D,G)
and C*(X,D,G) are MDS if g = 0.
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4.2. Bound on n.

In Corollary 1.10 we proved for an [n, k] MDS code over F, that n < ¢+ k —1
using MacWilliam’s identity. For the special case where the code is also algebraic
geometric we give another proof which makes use of a totally different technique.

Proposition 4.11. Let C = C(X, Q,G) be an [n, k]-AG MDS code with G a very
ample divisor. Then we have

n<qg+k—1.

Proof. Let Q@ C X (FF,) be a set of n rational points on a curve X such that Q gives
rise to an [n, k]-AG MDS code C = C(X,Q,G). So we have k = I(G) and G is
disjoint from Q. Define d = deg(G) and note that G gives rise to an embedding
X < P*~! and we get deg(X) = deg(G) = d. By abuse of notation we use Q and
X (F,) to denote the image of these sets under the embedding. We wish to give an
upper bound for #09.

Let Q1,..,Qr—2 C Q be k—2 distinct points. Then these points span a subspace
V 2 PF=3 of codimension 2 in P*~1. Note that V can not contain more points from
Q for if there is P € V N (Q\{Q1,...,Qr—2}), then adding any other point from
AN\ {Q1, ..., Qk—2, P} we get k points of Q in the same hyperplane which contradicts
the fact that Q gives rise to an MDS code. Choose a line L = P! defined over
F, in P*=! such that V and L are disjoint. We project X from V on L using the
following projection ¢ (also called Lefschetz Fibration): Let P € X\V and consider
the hyperplane PV spanned by P and V. The image of P is defined as L N PV.
We get a morphism over [Fy:

¢: X —{Q1,....,Qu_o} — L =P
Since L is projective the morphism ¢ extends (Theorem 2.19) to a morphism
¢:X — L.

We show that ¢ is injective on Q\{Q1, .., Qr_2}. Let Q, Q" € O\{Q1,..,Qr_2} be
two distinct points and suppose that ¢(Q) = ¢(Q’). By definition of ¢ the set of
k points Q,Q’,Q1, .., Qr_o2 lies in the same hyperplane in P¥~1. But this can not
happen since Q gives rise to an MDS code. Now there are ¢+ 1 rational points on
L so by the box principle we conclude that #9 =n<k—-2+q¢+1=qg+k—1.
O

Remark 4.12.

(1) The proposition implies that d,,(C) =n—k+1 <gq.

(2) To determine the degree of ¢ we note that for a point 2 € L the fibre of z
consists of the intersection of X with the hyperplane belonging to z minus
the points @1, .., Qx—2. Hence

deg(¢) = degree of X — (k —2) =deg(X) — (k—2)=d -k +2.

By Riemann-Roch’s Theorem: k> d—g+1sod <k+g—1 and deg(¢) <
k4+g—1—(k—2)=g+1. In the case that d > 2g — 1 we get the equality

deg(¢) =g+ 1.
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4.3. The main conjecture for algebraic-geometric codes.

In the next subsections we give an overview of attacks on the main conjecture of
MDS codes. First we give a geometric equivalence for a geometric code to be MDS.
This proposition has been used by many mathematicians working on this problem
like Munuera but also by De Boer, Walker and Chen.

We abuse notation and write a divisor D = P; + ... + P,, and we denote its support
also by D. Whether D is a divisor or a set should be clear from the context.

Proposition 4.13. Let C = C(X,D,G) be a Goppa [n,k]—code. The code C is
MDS if and only if for every m—tuple of distinct points Py, ..., Py, € D, m =0, ...,k
it holds 7 that

G—-—P—...—P,)=k—m.

Proof. (See [10, p. 24, Proposition 1.1]).

(=): Let C = C(X,D,G) be an MDS Goppa [n,k]—code. Let m € {0,...,k}
and let Py,...,P, € D be m distinct points. By Riemann-Roch theorem we

have (G — P, —...— Py) > k—m. It (G- P, —... — Pyp,) > k — m then for
every (k — m)—tuple of distinct points Q1,..,Qx—m € D\{P1,..., Pn} we have
I(G—P —..— Py —Q1— ... — Qk—m) > 0. Hence there are nonzero code words

that vanish in at least k coordinates which contradicts the assumption that C' is
MDS.

(«<): Suppose that for every m—tuple of distinct points Pi,....P, € D, m =
0,...,k it holds that (G — P, — ... — P;) = k — m. Then in particular we have
(G- Py —...— P) = 0 for every k—tuple of distinct points Py, ..., P, € D. So there
isno 0 # f € L(G) vanishing at k or more points of D. So each nonzero code word
has weight at least n — k 4+ 1 and hence C' is MDS. (]

Remark 4.14.

(1) The proof of this proposition tells us that a code C(X, D, G) is MDS if and
only if for all nonzero f € L(G) we have f(P) = 0 for at most k& — 1 distinct
PeD.

(2) If C(X,D,G) is MDS and X has genus g = 0, then the main conjecture
holds definitely. This follows easily from the fact that #X(F,) < ¢+ 1.
The length of such code is thus at most ¢ + 1 which is consistent with the
bounds in the main conjecture.

(3) We have used MacWilliams identities to show that the weight distribution
of an MDS code is completely determined by k& and n. Proposition 4.13
implies in fact the same result.

Usually when trying to prove the main conjecture of MDS codes for an algebraic
geometric MDS code C(X, D, G) authors restrict them to the case that n = g + 2.
The idea behind this ‘without loss of generality’ assumption is easy to understand.
First a notation: If D = P, +...+ P, with P; # P; for all 4,j € {1,...,n}, then for a
positive integer a we denote by D, a subdivisor of D consisting of a points. The fact

"The case m = 0 corresponds with I(G) = k.
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that truncating an MDS code yields an MDS code can easily seen by remembering
that for a generator matrix of an MDS codes it holds that each k x k-minor matrix
should be invertible (Proposition 1.7). The fact that truncating an AG-code yields
an AG-code follows easily from the definition of an AG-code: instead of evaluating
all points in the support of D we restrict to a subdivisor D,.

Now if there exists a geometric code with n > ¢ + 2, we can truncate the length to
q+ 2 without changing k. Hence if the main conjecture does not hold for geometric
MDS codes, then there would exist a geometric MDS code of length n = ¢+ 2 when
k # 1,3 and ¢ is even.

4.4. Munuera’s proposition.

The article of Carlos Munuera [22, 1] in 1992 has been the inspiration for the
authors of at least four other articles on geometric MDS codes. In his article he
deals with geometric MDS codes arising from curves over F, of which the genus is
1 or 2 and when ¢ is large enough.

Let X be a curve over F, of genus g, D = P, + ... + P, C X(F,) where the n
points are distinct and let G be a rational divisor on X such that deg(G) < n and
D Nsupp(G) = 0. Then C = C(X, D, Q) is just the linear code as we defined in
Definition 4.2. Now let t € Z,1 < t < n/2 — 2. We introduce

Et(D) = {le + ...+ Rt|Z] € {1, ...,n},PiT € D,Piv‘ 7£ PZ'S if r 7é S}.

For each t this is just a set of divisors and we write £;(D)/ ~ for the quotient
set, where ~ is the familiar linear equivalence of divisors. We define the following

property:

L[X,D,t]: There exists a class in £;(D)/ ~ such that for every two distinct
points R, S € D, this class has at least one representative E € L;(D) (depending
on R and S) satisfying that neither R nor S is in E.

The following proposition, due to Munuera, is an essential ingredient in the
proofs in the articles of Munuera and authors who exploited his idea. Because of
its importance we include a proof of it:

Theorem 4.15. If #D =n > q+ 1 and L[X, D,t] holds for all 1 <t <n/2 -2,
then there are no [n, k]—MDS geometric codes arising from D for 3 < k < q, except
possibly fork=q—1 and n = q+ 2.

Proof. See [22, Proposition 1] and [10, Proposition 1.3].

Let k = t + 2. Suppose that C = C(X,D,G) is an [n, k] MDS code with 3 < k
and n > ¢ 4+ 1. The dual of a geometric MDS code is also a geometric MDS code
by (Proposition 4.8) so we may assume that 3 < k < n/2. By assumption we know
that L[X, D,k — 2] holds, so there is a class [D] in Ly_2(D)/ ~ such that for every
two points R, S € D there is a representative D’ € Lj_o(D) of [D] not containing
R and S in its support. Let P; + ... + Px_2 be a representative of [D]. For any
P; € D we have #|G — P, — ... — P,_2 — P;| > 1 by Proposition 4.13. Let F; be an
effective divisor of degree g such that

G-P—..—P,s~PFP+E,.
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We claim that the divisors {P; + E;} where P; runs over D are pairwise different.
If we prove this claim, then it follows that n = #D < |G — Py — ... — Py_o| = ¢+ 1
which is a contradiction. So suppose we had P; + E; = P; 4+ E; for some i # j.
Define E’ = E; — P; and note that ' = E; — P; and E' > 0. We have thus
E, =P, +E and E; = P, + E'. There is a representative () of [D] such that
Q=01+ ..+ Qr_2and P, P; # Q, for 1 <r <k — 2. Hence we find that

G~Qi+...+Qr2+ P+ P+ E.

This says that there exists a nonzero code word in C' with at least k zeroes contra-
dicting Proposition 4.13. O

Theorem 4.15 has been proved to be very useful in proving the main conjecture
of MDS codes even it works in just one direction.

Remark 4.16.

The theorem is also a corollary of the following: If L£[X, D,t] holds for some ¢,
1 <t <n/2-2, then the maximal length of a non-trivial algebraic geometric MDS
codes of dimension t 4 2 over F, is ¢ + 1.

Unfortunately, for large genus g the property L£[X, D,t] can be strong if X is
hyperelliptic. The next corollary implies that for ¢ = 3 the property L£[X, D, 3]
never holds for any set D. For a proof of it we refer to [10, Proposition 2.2]. Recall
that for a P € X (F,) there is a unique Q € X(F,) such that P+ Q € g3, here g}
is the unique linear system of degree 2 and dimension 1. The gi gives rise to an
involution ¢ : X — X and we have Q = ¢(P). Now define D, = {P; + ..+ P,|P; €
D, P; # P;,.(Pj)}, so the support of each element of such a D, does not contain
conjugated pairs.

Proposition 4.17. Let X be a hyperelliptic curve over F, and D a set of rational
points on X and suppose that 0 < t < g. Then L[X, D,t] holds if and only if t is
even and D contains at least t/2 + 2 conjugate pairs.

Nevertheless, Chen succeeded to prove the conjecture for ¢ > 2 if ¢ is large
enough (See Theorem 4.26).

4.5. Application to elliptic curves.

We consider the case where X over Iy is elliptic . This case has been studied by
several mathematicians including Munuera and Walker (see next subsection). We
give outlines of their proofs. Note how Theorem 4.15 is used in these cases.

We start with some facts on elliptic curves: The rational points X (F,) can be
given a composition law @ induced by a bijection® from the Jacobian of X onto
X(F,) so X(F,) becomes an abelian group. Given a divisor G = > npP we asso-
ciate to G the point G* = @np - P. Note that G* € X (F,) if G is rational over F,.
One can prove that for two rational divisors G and G’ on X we have G ~ G’ if and
only if deg(G) = deg(G’) and G* = G’*. Each pair of distinct points @, Q" € X (F,)
gives rise to a unique point P = Q & Q' € F,. We call {Q,Q'} a P—pair. In
fact two P—pairs {Q,Q'} and {R, R’} we must have either {Q,Q’'} = {R,R'} or

8The bijection is not unique. You first have to choose a rational point which becomes the
neutral element of the group structure.
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{Q.Q}N{R, R} = 0.

The main idea of Munuera’s proof is to prove L[X, D,t] for 1 < ¢ <n/2 —2 by
showing that for a P € X(F,) there exist enough P—pairs in D. For instance, if
t is even, then Munuera shows it is enough to prove that there is P € X (F,) such
that D contains at least t/2 + 2 P-pairs. In fact if {Q1,Q%}, ..., {Qt/2+2,Q;/2+2}
are such P-pairs, then

Bl =[Q1+ Q) +...+ Q2 + Qi/z] € Ly(D)/ ~.

Note that all pairs obtained as sum of ¢/2 P-pairs are actually equivalent to E.
This follows easily from G ~ G’ if and only if deg(G) = deg(G’) and G* = G'* as
stated above.

How can we understand this in a more geometric fashion?

We aim to give the set of P-pairs of a point P € X (F,) a geometric interpretation.
Let

XxX2 =X

(r,y) —=2 Dy

denote the addition map on X. Then a factors as following

XxX—2—-X

L
(X x X)/1

where ¢ denotes the map

XXX —XxX

(@,y) —— (y, )

which exchanges the factors. By taking the quotient we get a smooth projective
surface (X x X)/¢ which is the symmetric product X2,

Let p € X be fixed and write O for the identity element under addition in X.
Then obviously {P, O} is a P-pair and hence a~1(P) is not empty. Now we show
that for any (xo,y0) € a=!(P) we have

a ' ({P}) = {(z0 ® ¢, 90 © q)|g € X }.

Let (20,90) € a~t({P}). For D note that (2o D q®yo ©q) = 19 Dy, = P for any
q € X. For C take any (u,v) € a~*({P}) there is a unique ¢ € X with u = zq ® ¢
and v = yp © ¢ namely ¢ := u S xy. Note that v =P S u=20 B yo S u =1y O q.
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Let § : X — X be the involution z — ©z. then we have

a~'({P}) {(z0o® q, 00 q)lg € X}
{(zo © q,50 ©0(q))|lq € X}
{g+d(q)lqg € X}

|P + O]

2

'l

It

Hence taking P-pairs modulo ¢ we can identify the quotient with a ga.

An important and somehow surprising result of Munuera is the following;:

Proposition 4.18. If a nontrivial MDS code arises from an elliptic code and it
has length n > q + 1, then it is a [6,3] code over Fy arising from an (unique up to
isomorphism) elliptic curve with 9 rational points.

Proof. See [22, Proposition 3]. O

The proof makes use of the group structure of rational points of an elliptic curve,
namely the number of points of order 1 or 2 in X (F,). It also uses a result of R.
Pellikaan and Liu and Kumar °. In Section 5 we give an explicit example of such
code.

4.6. Arcs on curves vs AG-codes.

In 1996 an article [40] of Judy L. Walker was published on the main conjecture
on algebraic geometric MDS codes. In her article she described a new approach to
attack this conjecture. She used the geometry of a curve after a specific embedding
to prove the conjecture in the case of codes arising from curves of genus 1. This
result is just a corollary of her main result which is about the maximum number of
points in an arc lying on an elliptic curve.

In Lemma 3.2 we established a one-to-one correspondence between classes of
MDS [n, k]-codes over F, and n-arcs in P*~%(F,). The next proposition rephrases
this correspondence in the case of algebraic geometric codes. The statement and
the proof are modifications of a result of Judy L. Walker.

Write n = #D. If we take G to be any very ample divisor on X with supp(G) N
supp(D) = 0 and deg(G) > 0, then dim L(G) = k = 14+deg(G)+dim L(Kx —G)—g
(the Riemann Roch theorem), where Kx is a canonical divisor on X.

Proposition 4.19. Using the notation of Definition 4.2: There is a one-to-one
correspondence:

{ Algebraic geometric [n, k]-MDS codes C(X,D,G) over Fy} / ~
I
{n-arcs in P*"1(F,) of which all points lie in X }

where ~ denotes the equivalence of linear codes.

9They give an example of an [6,3,4]—AG-code arising from the curve X : y2z + yz2 = 23

F4 which has 9 rational points with X (F4) = Z/3 x Z/3.

over
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Proof. See [40, Section 2].
T
Assume that X is embedded as a curve X C IF’{;;l of degree d and genus g > 0
withk>2andd=k—1+4+¢—dim L(K — G). Let {Q1,...,Qn} = @ C X(F,) be
an n—arc and denote by Q also the divisor Q1 + ... + @,. We will show that there
is a [n, k] MDS code arising from X and Q.
Let H.X be any hyperplane section. By the approximation theorem ' there is a
divisor G defined over F, which satisfies:
(1) G~ HX
(2) supp(G) N Q = 0.
Then G is a divisor of degree d !'. Consider the code C' = C(X, Q,G) of length
n and dimension k¥ = 1+d+dim L(K —G)— g where Kx is the canonical divisor on
X. We know that C is MDS if and only if there is no 0 # f € L(G) with f(Q) =0
for k distinct @ € Q. But if such an f exists, we must have (f) + G = H'.X for
some hyperplane H' and H’ contains at least k points of Q because the set of hy-
perplane sections is a complete linear system on X. But then H' contains at least
k points of @ which is impossible by Remark 4.14 since Q is assumed to be an n—arc.

3

Let X be a curve of genus g over F, and D C X (F,) with #D = n. Let G be a
very ample divisor. Since G is very ample it defines an embedding ¢ : X — P+~
By letting Y = ¢(X) and Q = ¢(D) we have Y is a curve of degree equal to
deg(G). Assume that &k points of Q lie in a hyperplane. Write ¢ = (¢g : ... : Pg).
Since the points of D are not in the support of G the functions ¢; are regular
at each point of D. To say that k& points of Q lie in a hyperplane is to say that
for some ay,...,ar—1 € Fy, there are k distinct solutions in D to the equation
aoo(P) + ... + ag—10x—1(P) = 0. Since f = agppg + ... + ap—16r-1 € L(G), by
Remark 4.14 the code C' can not be MDS.

O

Remark 4.20.

(1) We see from the proof that proving that there is an [n, k]-MDS code aris-
ing from a given curve X with a very ample divisor G on it is equiva-
lent to proving that when X is embedded in P¥~1 as a curve of degree
k+g—dim L(Kx — G) — 1, there are n— F,-rational points of X in general
position.

It was Walker’s idea to state and prove the one-to-one correspondence of Propo-
sition 4.19. She used this to prove the following theorem:

Theorem 4.21. Fix § > % Then there exists qo = qo(0) that can be computed

effectively such that if ¢ > qo, m > 8q and X C P*~! is a curve of genus one and

10o corollary of the (weak) approximation theorem proven by Lang states that any divisor
class containing a K-rational divisor also contains a K-rational divisor whose support is disjoint
from a given finite set. See [17, II, lemma 3.].

HThe degree of an embedded curve is the degree of a hyperplane section.
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degree k defined over F, with k < |%8], then for any set Q C X(Fy) of m rational
points on X, some k points of Q must lie in a hyperplane of P*~1.

From the theorem above we deduce the following;:

If we take m = ¢+ 2 and ¢ > 19 in the theorem and use older results ‘2. from
finite geometries we can deduce:

Corollary 4.22. The main conjecture on MDS codes holds for all AG-codes arising
from elliptic curves.

We give a sketch of the proof of Theorem 4.21 when k is even since. The other
case goes almost similarly.

Take k — 2 distinct rational points Q1,...,Qr_2 on X in @ with Q1 + Q2 ~ ... ~
Qk—3 + Qr_2 € gi. According to the lemma there are at least three other pairs
P+ P' € g} with P,P" € Q and distinct. One can show that through any point
Qe Q =9\ {,...,Qk_2} there is a unique hyperplane Hg through @ and
Q1,...,Qr—2. The hyperplane section Hg.X is of degree k since X itself has degree
k. Note that Hg.X — Q — Q1 — .. — Qr—2 is an effective divisor of degree 1 on X,
hence it is a rational point on X.

The next step to show that Hg.X is the sum of k distinct points from Q, which
actually means that there are k points of Q lying in Hg and that is what Theorem
4.21 says.

First we construct a 2 : 1 morphism 7 from X to P'. Such a morphism will give
rise to a g3 on X as noticed before. Fix a copy of P! not containing Q1, .., Qx_2
and consider X the P*~2 spanned by Q1, .., Qz—2. Denote by X the curve obtained
from X by extending scalars to F,. Then the projection away from X to P! is the
Lefschetz fibration which in this case maps points on X which don’t lie in X to
points on P!, This projection can be extended uniquely to a morphism 7 : X — P!,
Roughly speaking, it sends a point € X to the unique intersection of the hyper-
plane determined by X and z with P'. Walker shows that this morphism is 2 : 1
and defined over F, hence it comes with an involution 4.

Now Walker shows that there exists an @ € Q with i(Q) € @'\ @ which has as a
consequence that Hg. X ~ Q+i(Q)+ Q1+ ... + Qx_2, the sum of £ distinct points.
To do so, one can consider the cases Q € {Q1,...,Qr—2} and Q € Q'. The second
case is more interesting. Walker shows that i(Q) = @ if and only if @ is a ramifi-
cation point of the induced map 7 : Y — P! here Y = X \ X N V. The Hurwitz’s
theorem applied to 7; which is proved to be separable, shows that there are at most
4 ramification points. If ¢ is large enough, then an application of the Hasse-Weil
bound Theorem 4.1 shows that there must be a Q € Q with i(Q) € @'\ Q.

Remark 4.23.

12The proof of the conjecture when g < 11 can be found in [13] and for 13 < ¢ < 19 it can be
found in [7]
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The whole idea of the proof is to view Hg.X as a divisor in Pic" ™! (X (F,)) and
by subtracting Q@ + Q1 + ... + Qn—1 from Hp.X we get an element in Picl(X(Fq)).
To write Hp.X as a sum of n + 1 distinct points, we need just one point from Q
which is not in the support of @ + Q1 + ... + Q»_1. Using a property of m we show
that such extra point exists.

4.7. Case X is hyperelliptic.

In the article of Munuera [22] in which he dealt with elliptic curves, he also proves
the main conjecture for codes arising from curves of genus g = 2 for ¢ large enough.
His attack on this special case of hyperelliptic curves has been generalized by de
Boer [10] and Chen [8] in their articles to cover many other hyperelliptic curves of
higher genus. The characteristic of all these proofs is again the use of Theorem 4.15
and exploiting the existence of a (unique) '3 g} for hyperelliptic curves. The core
of the proof is generalized in the next subsection but we state some specific results
on hyperelliptic curves:

Theorem 4.24. (By Munuera)
The main conjecture on MDS codes is true for codes arising from curves of genus
2 when q > 83.

Theorem 4.25. (By de Boer)
The main conjecture on MDS codes holds for [n, k]—codes arising from hyperelliptic
curves of genus g over Fy with g+3 <k <n—g—3if

29+2 <[31 + 1) > 2(\/& + 1)29 L&l

g+2 g—s—lJ

and
g < _4=°
4,/9+6
In other words for fixed g there is a g such that for all ¢ > g¢ the main conjecture
holds for MDS codes arising from hyperelliptic curves of genus g over F,. A very

good improvement of this exponential constant gy (it is an expression in terms of
g! ) has been reached by the work of Chen:

Theorem 4.26. (By Chen)
The main conjecture on MDS codes is true for codes arising from hyperelliptic
curves of genus g > 2 over Fy if

q>8¢°+4g+8+8g\/g2+g+2
g <8¢ +4g+8—8g\/g2+g+2.

4.8. A generalization of the hyperelliptic case.

or

The previous subsections show that proofs for the main conjecture on AG MDS
codes heavily make use of the fact that elliptic curves and hyperelliptic curves ad-
mit at least a gi. A possible generalization is to look at curves admitting a g}, for
m > 3. We give a generalization in which we assume that m is prime and co-prime
to q.

13The uniqueness has not been necessary in the proofs.
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Theorem 4.27. There exists a constant qo € O(g3) such that if ¢ > qo and
C(X,D,G) is an MDS code arising from X, where X is a curve over Fy of genus
g > 3 which has a prime gonality m with ged(m,q) = 1, then the main conjecture
of MDS codes holds for C(X,D,G). In other words for such C(X,D,G) we have
n<qg+1orn<qg+2ifqiseven and k € {3,q—1}.

Proof. Let X be a curve over I, of genus g > 1 which has a prime gonality m > 3
with ged(q, m) = 1, then there exists a morphism ¢ of degree m from X to the pro-
jective line. So on X there exists at least one linear system g}, of dimension 1; which
consists of preimages of the points of the projective line under ¢. We assume that g,
is Galois over F,. That is, there is an automorphism o : X = X of order m defined
over F, such that X/ < o > =P!. Write Ny for the number of ramification points
of f. We know by Hurwitz’s formula (Corollary 2.40) that 29 —2 = —2m+deg(Ry)
where Ry is the ramification divisor. From (m,q) = 1 it follows that that f is
tamely ramified. Hence there are (since m is prime) Ny = 2(g +m —1)/(m — 1)
ramification points.

As in the definition of geometric codes, take a subset D C X (F,) and an effective
divisor G such that C = C(X,D,G) is an [n, k]-code. We prove L[X,D,t] for
1 <t <n/2—2 by assuming that n = ¢ + 2 and 3 < k < n/2. We consider two
cases and derive two inequalities and then we show when they not hold.

Case 1: t is multiple of m;

First note that ¢t + 2 = m(t/m + 2/m) < m(t/m + 1). Hence it suffices to show
that D contains at least t/m + 1+ 1 = t/m + 2 effective divisors (representatives)
from gl  such that none is of the form m@Q with Q € D. Suppose that D contains
at most t/m+ 1 of such representatives. There are at most Ny divisors of the form
m@ in D.

We consider the worst case: For at least n—m(t/m+1) — N points, these points
appear in conjugates, say Q+o(Q)+...+0™2(Q) and for each such a (m—1)-tuple
there is a point @’ in X (F,)\D such that Q +o(Q) + ... + 0™ 2(Q) + Q' € g},. If
we write N1 = #X (F,) then we get:

m(t/m+1)+Ny+(n—m(t/m+1)—Ngp)+(n—m(t/m+1)—N;)/(m—1) < Ny.
Hence
n+(n—t—m-—Nys)/(m—1) < Ni.

Case 2: t is not a multiple of m;
A similar counting argument as in Case 1 shows that it suffices to show that there
are at least (t + 1)/m + 2 representatives of g} in D. This corresponds to the case
when m divides t — m + 1. Suppose that D contains at most (¢t 4+ 1)/m + 1 of such
representatives. Analogous to Case 1 we get the following inequality

n+(n—-m((t+1)/m+1)—Ng)/(m—1) < Ny.
Which gives

n+(n—t—m—1—Ny¢)/(m—1) <Ny
Using the assumptions n = ¢+2,t < [n/2] -2 and Ny < ¢+1+2¢,/q (Theorem 4.1)
together with the fact that m < g+ 1 (Lemma 2.43) we get for both cases that the
inequalities hold only for ¢ > go for some gy € O(g3). We conclude that for ¢ > qo
the property L[X, D, t] holds and hence (by theorem 4.15)the main conjecture for
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MDS codes holds for this particular case of MDS codes which satisfy the conditions
in the theorem. (]

4.9. A new result.

We have seen so far that the main conjecture of MDS codes is solved for AG-codes
in the case that g = 1. For g = 2 Munuera solved it for ¢ > 83. Note that the con-
jecture definitely holds for codes rising from curves of genus g = 0 since such curves
contain (at most) g+ 1 rational points. For hyperelliptic curves Chen gave quadratic
bounds go(g) and ¢1(g) for ¢ such that the conjecture holds if ¢ > ¢o(g) or ¢ < ¢1(g).

In this subsection we consider a special case of AG-codes and we improve the
lower bounds for ¢ in Theorem 3.5 from quadratic bounds in terms of k to linear
bounds in terms of & for a fixed genus g. This is a quite interesting improvement in
the bound. What is also interesting is the fact that the proof of this new result does
not demand from the curve X (in the definition of C'(X, D, G)) to have a specific
linear system or gonality (note that this was necessary in the case of elliptic and
hyperelliptic curves). The only nontrivial requirement is that G must be very
ample. But in algebraic geometry it is not strange to demand this because very
ample divisors are geometrically ‘good’ divisors since they give rise to embeddings
of curves into projective spaces.

Theorem 4.28. Let X be a curve over F, of genus g > 2. Let § be a very ample
divisor class on X of degree d > 1. Assume that k := dim L(d) > 4. Let Q C X (FF,)
with #Q > q+ 2. There exist constants o > 0 and 3 depending only on g such that
if g > ak + (B, then there is a representative H of § that contains k distinct points
from Q in its support.

Before we prove this theorem we state and prove the following result:

Corollary 4.29. Let D (defined over Fy) be a representative of the divisor class ¢
on X. Then Theorem 4.28 implies the main conjecture of MDS codes for C(X, Q, D)
if ¢ is odd or if q is even and k ¢ q — 1.

Proof. Let D (defined over F,) be a representative of the divisor class § on X and
consider C' = C(X,Q,D). The very ample divisor D gives rise (see Subsection
2.1.1) to an embedding f : X — P(L(D))* = P*~!. Consider f(Q) C P(L(D))*.
Note that #f(Q) = #Q > ¢+ 2. There exists an effective divisor H on X defined
over Fy, with H ~ D and Q1,...,Qr € @ N supp(H). This is equivalent to saying
that there is a hyperplane in P(L(D))* containing k points of f(Q). Hence C can
not be MDS (otherwise Q would be in general position as follows from Proposition
4.19). But this is what the main conjecture of MDS codes tells in the case that ¢
is odd or g is even and k ¢ ¢ — 1.

O

Now we give a proof of Theorem 4.28:
Proof. We prove the statement by induction on d, the degree of 4.

Case 1: d € [1,...,29 — 2J;

Using the Riemann-Roch theorem we have [(§) — [(Kx — ) = d — g + 1 where
Kx is the canonical divisor class of X. Note that deg(Kx — 48) € [0,...,29 — 2].
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Hence, by Clifford’s theorem (Theorem 2.38):
29 — 2

I(Kx —0)—1<
Hence
I(Kx —4d)<g.
This gives
l(0)=d—g+1+1(Kx —9)
<d—g+4+14+9g<2g—2—-g+1+yg
< 2g.

Case 2: d € [29 — 1, ..., 4g];

We have
l(0)=k=d—g+1<3g+1.
For these two cases it holds that for d € [1, ..., 4g] we have
kE—1=dimP(L(J))" < 3g.

By Theorem 3.5 and since 3 < k < ¢ — 1 we already know that the main conjecture
of MDS Codes holds for k < 3¢+ 1if ¢ > (4(3¢g + 1) — 52)? = (129 — 32)%

Case 3: d > 4g+1; We use Case 1 and 2 to do an induction procedure on d. There
are < %;gQ ) effective reduced divisors of degree 2¢g of which the support lies in

Q. So there is a divisor class e of degree 2¢g on X having at least [( ;é;gQ ) / h—‘

of such representatives, where h = #Pic?(X). So we have § — e € Pic? " 29(X).
Since d — 2g > 2g + 1 we know by Lemma 2.33 that § — e is a very ample divisor
class. The induction hypothesis (since I(§ — e) > g + 2 > 4) says that there exists
an effective representative H' of 6 —e and {Q1,..., Qi—2g—(9—1) = Qa—39+1} C Q
such that H — Q1 — ... — Qq—3441 is effective.

We show that there exists a representative E of the class e such that F = Q) +...+
Q5, and supp(E) N{Q1, ..., Qa—3411} = 0 with Q} € Q. This would imply that for
H:=H'+F cdwehave H—FE = Q1+...4+Qq—3¢+1 and so we are done. We count
the number of effective representatives of e that contain @; or Q2 or...or Qgq—_34+1.
To count those that contain ); we note that the set of effective representatives of
e containing ); can be mapped injectively into the set of effective representatives
of e — [Q;]. Hence the number of effective representatives of e containing Q; is at
most

q(leg(e)—g+1—1 -1 qg -1

q—1 g1
Here we use that deg(e — [Q;]) = 29 — 1 and hence the Riemann-Roch theorem tell
us the exact dimension of e — [@Q;] namely l(e — [@;]) =29g—1—(9—1)=g.
Noticing that d > 4g + 1 and hence k — 2g > 0, there are at most

¢ -1 ¢ -1
= (k—2g)
qg—1 qg—1

(d—3g+1)
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effective representatives containing ()1 or Q2 or...or Qg—34+1.

Now we are done if
#Q g7 —1
(% )] > w2

Claim 4.30. The inequality

(5 )] e—0f=
holds for q > (29)!122971(k — 2g) + 29(2g — 2).
Proof. We es2timate h 2using the bound for1 the i]acobian (Proposition 2.13):
g g9 g 1> 1
Zlfo(\/(j—i— 1)% < (2\/9)* = (4¢)Y and hence 5 > IR
(57 )= (50 )= (137 )
Assuming ¢ +2—2g > 1 (i.e, ¢ > 2g — 1) we get
<q+2>: (q+2)!
29 (29)!(q + 2 — 29)!
(g+2)(a+1).(a+3-29) _ (¢+2—29)*
(29)! (291

9 _1 9
q < q

On the other hand:

g g—1
<L _1
qg—1 g—17 12 2
Combining the results above we see that a solution of

(¢ +2—29)% ¢!
-~ > (k—2g
Galage ~ F 72
will give us a solution to Claim 4.30. We solve thus
q+2—2g 2g)149
q@————*yg>£—L*%—2m~
q 2
Using Bernoulli’s inequality (note that 2¢ is even) we get:
2—-2 2—-2 2g(2 —2
ﬁ+q 92 _ (14 9W21+9( 9)
50 +2-2
q — <9
g(——=)% > q+29(2 - 29).

A solution for ¢ of the inequality
2g)'49
(; (k —2g)

is a solution of the inequality in the claim. Hence for ¢ > (2¢)!2297'(k — 2g) +
2¢g(2g — 2) the claim holds.

q+29(2—2g9) >

O

From the induction basis we see that for ¢ > (12¢g — %)2 the main conjecture
of MDS codes holds. Combining this with the inequality ¢ > (2¢)!22971(k — 2¢g) +
2g(2g — 2) there are constants a(g) > 0 and S that take in account that ¢ >
(12g — 32)2 such that Theorem 4.28 holds. O
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5. EXAMPLES OF AG-CODES

Ezxample 5.1.

Let X be the curve over F, defined by the equation y223 4+ y2* = 25 + 2322 4+ z2*.
Then X has genus 2 and hence is hyperelliptic. Take G = P, = (1:0:0) and let P
be any point of X. Define G = P+3P, € Div(X). Set D = X(F4)\{P, 0 (P), P},
where ¢ is the hyperelliptic involution on X induced by the unique g on X. We
have [(G) = I(K —G)+deg(G) —g+1=0+4—2+1 = 3. For any P which is not
P, we can verify that C = C(X, D, Q) is a [6,3,4]-code and hence it is an MDS
code. We use Magma to construct an explicit example of such code by choosing
P:=(1:a:1) with a € F} is a primitive generator of the cyclic group Fj:

> K<x>:= PolynomialRing(GF(4));
> K;
Univariate Polynomial Ring in x over GF(27°2)
> C:= HyperellipticCurve(x"5+x"3+x,1);
> C;
Hyperelliptic Curve defined by y™2 + y = x°5 + x"3 + x over GF(272)
> PointsAtInfinity(C);
>{fe (1 : 0 : 0) @}
> pts:=Points(C);
> pts;
{e 1 :0:0, (1 :%$.1:1, 1:$.172:1), ($.1:0: 1), ($.1:
($.172 : 0 : 1), ($.172 : 1 : 1), (0:0:1), (0O :1: 1) @}
> Involution(pts([1]);
1:0:0
> Involution(pts[2]);
(1:8.172 : 1)
> plcs:=Places(C,1);
> plcs;
[
Place at (1 : 0 : 0),
Place at (0 : 0 : 1),
Place at (0 : 1 : 1),

Place at ($.1 0 : 1),
Place at ($.1 : 1 : 1),
Place at ($.1"2 : 0 : 1),
Place at ($.172 : 1 : 1),
Place at (1 : $.1 1),
Place at (1 : $.172 : 1)

]
> SetVerbose("AGCode",true) ;
> c:=AGCode(plcs[2. .#plcs-2],plcs[#plcs-1]1+3xplcs[1]);
Algebraic-geometric code:
Genus computation time: 0.000
Riemann-Roch dimension: 3
Riemann-Roch space time: 0.000
Evaluation time: 0.000
Algebraic-geometric code time: 0.000
> c;

1,
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[6, 3, 4] Quasicyclic of degree 2 Linear Code over GF(272)
Generator matrix:

[ 1 0 0 $.1 1 $.1]
[ 0 1 0 $.1 $.1 1]
L 0 0 1 1 $.1  $.1]
Constructing an algebraic geometric hexacode.

Note that Magma writes $.1 for a.

Ezample 5.2. (see [39, Example 10.7.6 ,p.164]).
Let Fy = {0,1, @, a?} and let X be the curve over F, defined by 2%y+ay?z+a?2%x =
0. Then X has genus 1 and #X (F4) = 9. The rational points are given by:

P P Ps P B Fs Q1 Q2 Q3
1 0 0 1 1 1 a 1 1
0 1 0 a o> 1 1 o 1
0 0 1 &> o 1 1 1 «

N < M

Now we construct an algebraic geometric code as follows: Let D := P, +... + P,
G :=2Q; + Q2 and consider C := C(X, D,G). The minimal distance d of C is at
least n—deg(G) = 6—3 = 3. For the dimension of C' we can show that k = [(G) = 3
using Riemann Roch’s theorem. An explicit method goes as follows: The functions
z/(z +y+ a?2),y/(z + y + a?2) and o?z/(x + y + a?z) form a basis of L(G),
namely the numerators in these functions are not 0 in @; and @2 and the line with
equation = + y + @z = 0 meets X in Q2 and it is tangent to X in Q.

We use Magma to construct the code mentioned after Proposition 4.18 and verify
its parameters:
>F<w>:=GF (4) ;F;
Finited field of size 272

>K<x,y,z>:=PolynomialRing(F,3) ;K;
Polynomial ring of rank 3 over GF(272)
Order: Lexicographical

Variables: x, y, z

> i=x"2xy+wky T 2%z+w" 2%Z 7 2%x;
>C:=Curve(ProjectiveSpace(k,2),f);C;
Curve over GF(272) defined by
$.172%$ . 2+w*$.272%$ . 3+w"2*$. 1x$.372

>plcs:=Places(C,1);plcs;

[
Place at (0 : 1 : 0),
Place at (0 : 0 : 1),
Place at (1 : 0 : 0),
Place at (w"2 : w : 1),
Place at (1 : w : 1),
Place at (w : w™2 : 1),



Place at (w"2 : w™2 : 1),
Place at (1 : 1 : 1),
Place at (w : 1 : 1)
]
>1:=[5,7,9] \\ We define a set existing of positions of points in
\\complement of support of D.

39

> m:=1;k:=[]; for i:=1 to #plcs do if i notin 1 then k[m]:=plcs[i];

m:=m+1; end if; end for;

\\ We define a set called k of points in complement of support of D,

>Div:=DivisorGroup(C) ;
Group of divisors of Curve over GF(272) defined by
$.172%$.2 + wk$.272%$.3 + w2x$.1%$.372

> G:= Div! plcs[5]+plcs[5]+plcs[9];G;
Divisor 2*Place at (1 : w : 1) + 1*Place at (w : 1 : 1)

>SetVerbose ("AGcode" ,true) ;
>c:=AGCode (k[1..#k],G);c;

Algebraic-geometric code:
Genus computation time: 0.000
Riemann-Roch dimension: 3
Riemann-Roch space time: 0.000
Evaluation time: 0.000

Algebraic-geometric code time: 0.000

[6, 3, 4] Linear Code over GF(272)

Generator matrix:

[ 1 0 ow2w2 1]

[ 0 1 ow2 1w2]

[ 0o 0 1 1 w2 w2]

Hexacode from an elliptic curve.

We see now that d = 4 and hence C' is MDS.

We can also use Magma to find the algebraic geometric dual code C* of C"

> AlgebraicGeometricDualCode(k[1..#k], G);
Algebraic-geometric code:
Genus computation time: 0.000
Riemann-Roch dimension: 3
Riemann-Roch space time: 0.010
Evaluation time: 0.000
Algebraic-geometric code time: 0.010
[6, 3, 4] Linear Code over GF(2°2)
Generator matrix:
L 1 0o 0 w w 1]
[ o 1 0 w 1 w]
[ o O 1 1w w]
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The dual of a hexacode from an elliptic curve.
It is a self-dual code.
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