g
>
&
15|

Universiteit

*dlied) Leiden
'Mﬁ The Netherlands

E

3

<

B

=

-
@\
-3

o

Hasse-Weil zeta function in a special case
Zhuang, W.

Citation
Zhuang, W. (2011). Hasse-Weil zeta function in a special case.

Version: Not Applicable (or Unknown)

License to inclusion and publication of a Bachelor or Master thesis in
the Leiden University Student Repository

Downloaded from: https://hdl.handle.net/1887/3597393

License:

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:1
https://hdl.handle.net/1887/license:1
https://hdl.handle.net/1887/3597393

UNIVERSITE
PARIS-SUD 11

Université Paris-Sud 11

ssssss

Master Erasmus Mundus ALGANT

HASSE-WEIL ZETA-FUNCTION
IN A SPECIAL CASE

Weidong ZHUANG

Advisor: Professor M. Harris



HASSE-WEIL ZETA-FUNCTION IN A SPECIAL CASE

WEIDONG ZHUANG

I sincerely thank Prof. M. Harris for guiding me to this fantastic topic. I wish to thank
all those people who have helped me when I am studying for the thesis. I also appreciate
ERASMUS MUNDUS ALGANT, especially Université Paris-Sud 11 and Universiteit Leiden
for all conveniences afforded.

2



CONTENTS

1. Introduction 3
2. Preliminaries )
2.1. Elliptic curves )
2.2.  Moduli space with level structure in good reduction )
2.3. Moduli space with level structure in bad reduction 6
3. Basics of representations 7

3.1. Representations of GLs 7
3.2. Weil group 10
3.3. The Bernstein center 11
4. Harmonic analysis 12
4.1. Basics of integration 12
4.2. Character of representations 13
4.3. Selberg trace formula 14
5. Advanced tools 15
5.1.  Crystalline cohomology 15
5.2. Nearby cycles 17
5.3. Base change 18
5.4. Counting points over finite fields 21
6. The semi-simple trace and semi-simple local factor 22
6.1. Basics of the semi-simple trace and semi-simple local factor 23
6.2. Nearby cycles 24
6.3. The semi-simple trace of Frobenius as a twisted orbital integral 27
6.4. Lefschetz number 29
7. The Hasse-Weil zeta-function 31
7.1.  Contributions from the boundary 31
7.2.  The Arthur-Selberg Trace formula 32
7.3. Hasse-Weil zeta-function from comparison 34
References 36

1. INTRODUCTION

In number theory, arithmetic geometry and algebraic geometry, the theory
of L-functions, which is closely connected to automorphic forms, has become
a major point. The Hasse-Weil zeta function of varieties over number fields
are conjecturally products of automorphic L-functions. Through the efforts of
many people, from Eichler, Shimura, Kuga, Sato and Ihara, who studied GLs,
to Langlands, Rapoport, and Kottwitz, the final conjectural description of the
zeta function in terms of automorphic L-functions has been verified, in certain
cases. This master thesis, following very closely P. Scholze’s preprint ([30]), gives
a quick review of determining the Hasse-Weil zeta function in a special case
of some moduli schemes of elliptic curves with level-structure, via the method of
Langlands (cf.[24]) and Kottwitz (cf. [22]). We leave out some proofs, and include
some background materials that are needed. Though the result is weaker than
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that proved by Carayol, [7], it does not involve too much advanced methods. In
7], Carayol determines the restriction of certain representation of Gal(Q,/Q,),
and shows that the L-function agree up to shift, which implies the result in this
thesis.

Recall from [10] that for a projective smooth variety X of dimension d over Q,
we can choose m > 0 such that X extends to a smooth scheme over Z[%] Ifp
is prime to m, then we may consider the good reduction X, modulo p. In this
case, for a projective smooth variety X,,, the local factor of the Hasse-Weil zeta

function is given by

oo

log ((Xp, s) = Z | Xp (Fpr)]

r=1

—Trs

p

r

It converges when Re(s) > d + 1.
The Hasse-Weil zeta-function is then defined as a product over all finite places

of Q
((X,s) = H ((X]:n s).

In general, Langlands’s method is to start with a cohomological definition of
the local factor, via the semi-simple trace of the Frobenius, and nearby cycles
plays an important part in determining those factors. Then we express its loga-
rithm as a certain sum of orbital integrals, which involves both counting points
and the stabilization of the geometric side of the Arthur-Selberg trace formula.
Finally we apply the Arthur-Selberg trace formula and express the sum as a trace
of a function on automorphic representations appearing in the discrete part of
L*(G(Q)\G(A)) (in our case G = GLy). By comparison, the equalities of trace
imply a relation of Hasse-Weil zeta function and the automorphic L-functions.
The main result is as follows:

Theorem. Let m be the product of two coprime integers, both at least 3, the
Hasse-Weil zeta-function of M., is given by

M 1 i m
C(Mmy 5) = H L(’]‘(" s — 5)%m(ﬂ')x(ﬂ'oo)dlm7r;( :

7€l gisc(GL2(A),1)

where K, = {g € GLy(Z)lg = 1 mod m}, and [] .. (GL2(A),1) is the set of
automorphic representations m = T; ® T 0of GLo(A) that occur discretely in
L*(GLy(Q)R*\ GLy(A)) such that T has trivial central and infinitesimal charac-
ter. Here m(w) is the multiplicity of 7 inside L*( GLy(Q)R*\ GLy(A)), x(7oo) = 2
if Too 1S @ character and x(7s) = —2 otherwise.

We gradually recall those concepts and skills in representations theory, global
and local harmonic analysis, and so on, mainly on GL2, and build up those results
in our case, to deduce the final result. All materials have their classic origin from
many famous lectures.



HASSE-WEIL ZETA-FUNCTION IN A SPECIAL CASE 5

2. PRELIMINARIES

We give a summarizing description of moduli space with level structure in this
section. It is the foundation of what this master thesis mainly concerns about.
[11] and [19] are good references.

2.1. Elliptic curves.
In this subsection, we recall some basic facts on elliptic curves without proof.

Definition 2.1.1. An elliptic curve is a pair (F,O), where E is a curve of genus
land O € E. For a field K, the elliptic curve E is defined over K, written £ /K,
if £ is defined over K as a curve and O € E(K).

Proposition 2.1.2. There exists a unique operation & on E such that E is an
Abelian group.

Proof. ct. [32], chapter III, proposition 2.2. O

Theorem 2.1.3. Let E be an elliptic curve over a field k and let N be a positive
integer, denote by E[N]| the N-torsion subgroup E[N]| = ker([N]). Then E[N] =
[1E[per] where N = [[p®. Also, E[p¢] = (Z/p°Z)? if p # char(k). Thus
E[N] = (Z/NZ)* if char(k) ¥ N. On the other hand, if p = char(k), then
E[p?) = Z/p°Z for all e = 1 or E[p¢] = {0} for all e > 1. In particular, if
char(k) = p then either E[p| = Z/pZ, in which case E is called ordinary, or
Elp] = {0} and E is supersingular.

For details, see [12], theorem 8.1.2.

2.2. Moduli space with level structure in good reduction.
Together with next subsection, we recall some aspects of the moduli space of
elliptic curves with level structure (cf. [11],IV.2.) that we mainly concerns about.

Definition 2.2.1. A morphism p : £ — S of schemes with a sectione : S — E
is said to be an elliptic curve over S if p is proper, smooth, and all geometric fibers
are elliptic curves (with zero section given by e).

We simply say that £/S is an elliptic curve. As is well-known, an elliptic curve
is canonically a commutative group scheme over S, with e as unit section.

Definition 2.2.2. A level-m-structure on an elliptic curve £/S is an isomorphism
« of group schemes over S, from (Z/mZ)% to E[m], where E[m] is the preimage
of (the closed subscheme) e under multiplication by m : E — E.

As mentioned above, for an algebraically closed field k of characteristic prime
to m, and S = Speck, we have (noncanonically) E[m] = (Z/mZ)?. But if
char(k)|m, then there is no level-m-structure and it follows that if (£/S, «) is an
elliptic curve with level-m-structure, then m is invertible on S.

Consider the functor M, : (Schemes/Z[m~']) — (Sets) by

g (E/S, a) elliptic curve E over S with
level-m-structure a, up to isomorphism | -

We give a theorem from [19] without proof.
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Theorem 2.2.3. For m > 3, the functor MM, is representable by a smooth affine

curve M., (we write M for short later) over SpecZ[L]. There is a projective
smooth_curve M containing M as an open dense subset such that the boundary
OM = M\M s étale over Spec Z[=].
Proof. cf. [19]. O
2.3. Moduli space with level structure in bad reduction.

Next we extend the moduli spaces M,,, defined over Spec Z[%], to the primes

where they have bad reduction. To go quickly towards the zeta function, we omit
the proofs of the following theorems. For more details, see [19].

For any integer n > 0, and p a prime, with m > 3 prime to p, we want to
extend the Z[ﬁ] scheme M, to a scheme over Spec Z[+].
Definition 2.3.1. A Drinfeld-level-p™-structure on an elliptic curve £/S is a pair
of sections P, @ : S — E[p"] such that there is an equality of Cartier divisors

Y. [iP+jQl = Ep".
i,jE€L/p"L
A Drinfeld-level-p"-structure coincides with an ordinary level-p™-structure when
p is invertible on S, since in this case the group scheme E[p"] is étale over S. Hence
we have an extension of the functor 9, to schemes over Spec Z[%] defined as
follows:

Mr(pn)m : (Schemes/Z[m™']) —» (Sets)

S (E/S,(P,Q),a) elliptic curve E over S with Drinfeld-level-p™-
structure (P, Q) and level-m-structure «, up to isomorphism ’

Like theorem 2.2.3, we have

Theorem 2.3.2. The functor Mpn) ., is representable by a regular scheme
Mrnym which is an affine curve over SpecZ[--].  The canonical map m, :

1
Mrgnym — My, is finite. Over SpecZ[-=], it is an étale cover with Galois
group GLy(Z/p"Z).

So we have a finite Galois cover m,,, : Mp(pn)m[%] = Mpny, — Mm[%] with
Galois group GLo(Z/p"Z).

We write My for Mpn) m, for short.

Also, there is a compactification.

1
pm

Theorem 2.3.3. There is a smooth proper curve Mrpn)/Z[m="][¢pn] with My gm)
as an open subset such that the complement is étale over Spec Z[m™|[(n] and has
a smooth neighborhood, here Cyn is a primitive p"-th root of unity.

Now, we need one more result. For any direct summand H C (Z/p"Z)? of order
p", write Mﬁ(pn) for the reduced subscheme of the closed subscheme of Mypn)
where

S P +iQl =l

(4,))€EHC(Z/p"Z)?
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Theorem 2.3.4. For any H as above, ./\/l#(pn) is a reqular divisor on Mpgn)
which is supported in Mrpyny @z F,. Any two of them intersect exactly at the
supersingular points of Mrpgny ®z F,. Also, we have

Mr(p") ®Z ]Fp - UMI{{(p")
H

3. BASICS OF REPRESENTATIONS

Theory of representations is a widely used basic tool. In this thesis, we will
mainly use the representations of GLo(F') where F' is a non-Archimedean local
field. As GLy(F) is both locally profinite and reductive, we recall here the basic
knowledge of the representations of such groups.

3.1. Representations of GLs.

All details here are almost contained in [6], or alternatively, one can see [7].
Not to go far away, we merely sketch some concepts and propositions without
proof. In the following of this subsection, G = GLy(F') unless indicated to be
others, but many results still hold for other locally profinite groups.

Proposition 3.1.1. Assume that G is locally profinite. Let b : G — C* be a
group homomorphism into C*, the following are equivalent:

(i) ¥ is continuous;
(ii) the kernel of v is open.

If ¥ satisfies these conditions and G is the union of its compact open subgroups,
then the image of v is contained in the unit circle |z| =1 in C.

Definition 3.1.2. A character of a locally profinite group G is a continuous
homomorphism, and we call it unitary if its image is contained in the unit circle.

Definition 3.1.3. Assume that G is locally profinite with a representation (m, V'),
then V' is a complex vector space and 7 is a group homomorphism G — Autc(V).
The representation (m, V') is called smooth if for every v € V', there is a compact
open subgroup K of G (depending on v) such that m(x)v = v for all z € K. This
is equivalent to say that, if VX denotes the space of m(K)-fixed vectors in V, then
V =|JV¥%, where K ranges over the compact open subgroups of G.

K

Definition 3.1.4. A smooth representation (m,V) is called admissible if the
space V& is finite dimensional, for each compact open subgroup K of G. (m,V)
is irreducible if V' has no nontrivial GG-stable subspace.

Proposition 3.1.5. For a representation (w,V') of a locally profinite group G,
the following are equivalent:
(i) V is the sum of its irreducible G-subspaces;
(ii) V s the direct sum of a family of irreducible G-spaces;
(ili) any G-subspace of V' has a G-stable complement in V.

Definition 3.1.6. The representation (m, V) is called G-semisimple if it satisfies
the equivalent conditions above.
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Now we introduce the notion of induced representation.

Let G be locally profinite, with H a closed subgroups, then H is also locally
profinite. Assume that (o, W) is a smooth representation of H. Consider the
space X of functions f : G — W satisfying

(i) f(hg) =a(h)f(g), for all h € H, g € G;
(ii) there is a compact open subgroup K of G (depending on f) such that
flgx) = f(g) for g € G,z € K.

Definition 3.1.7. Let ¥ : G — Autc(X), 2(g9)f : © — f(zg), g, € G. Then
(33, X) provides a smooth representation of G, the representation of G' smoothly
induced by o, and is denoted by (2, X) = Ind%o.

Proposition 3.1.8. The map 0 — Ind%o gives a functor Rep(H) — Rep(G)
that is additive and exact.

There is a canonical H-homomorphism a, : Ind%oc — W sending f to f(1).

Theorem 3.1.9 (Frobenius Reciprocity). With notions above, for a smooth rep-
resentation (o, W) of H and a smooth representation (w,V) of G, the canonical
map
home (7, IndS,0) — hompy (7|, o),
¢ — Q5 O ¢7

is an isomorphism. So the induction is right adjoint to restriction.
Now we introduce Schur’s lemma.

Lemma 3.1.10. If (w,V) is an irreducible smooth representation of G, then
Endg(V) =C.

Corollary 3.1.11. Let (m, V') be an irreducible smooth representation of G, the
center Z of G acts on'V wia a character w, : Z — C* satisfying w(z)v = w,(2)v,
forallveV,ze Z.

In the following part of this subsection, let F' be a non-archimedean local field,
A = M,(F) and G = GLy(F), then A is (as additive group) a product of 4 copies
of F' and a Haar measure is obtained by taking a (tensor) product of 4 copies of
a Haar measure on F'. Let u be a Haar measure on A.

We introduce several important closed subgroups of G. Let

B={(52) € G},
N={(51) G},
T={(53) € G}.

B is called the standard Borel subgroup of GG, and N is the unipotent radical of
B. T is the standard split maximal torus in G, satisfying B =T x N.

Proposition 3.1.12 (Iwasawa decomposition). Let K = GLy(OF), the unique
(up to conjugate) mazimal compact subgroup of G, then G = BK, and hence
B\G is compact.
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Definition 3.1.13. Let (7, V') be a smooth representation of G, let V' (NN) denotes
the subspace of V' spanned by the vectors v — w(x)v for v € V,x € N. The space
Vn = V/V(N) inherits a representation my of B/N = T, which is also smooth.
The representation (my, Vy) is called the Jacquet module of (m,V) at N. An
irreducible smooth representation (7, V') of G is called cuspidal if Vi is zero.

Proposition 3.1.14. Every irreducible smooth representation of G is admissible.
Every cuspidal representation of G is admissible.

Definition 3.1.15. Let (7,V’) be an irreducible cuspidal representation of G.
We say that m is unramified if there exists an unramified character ¢ # 1 of F'*
(i.e. ¢ is trivial on Up) such that ¢m = 7. Or equivalently, it has a vector which
is invariant under the maximal compact subgroup GLy(OF).

Definition 3.1.16. Let 17 be the trivial character of T, the trivial character 14
occurs in Ind% 17, since Ind%y has length 2 (cf. [6]), we have Ind%1p = 1¢ @ Stg
for a unique irreducible representation Stg, the Steinberg representation:

0 — 1g — Ind§1y — Stg — 0.
Proposition 3.1.17. The Steinberg representation of G is square-integrable.

At the end, we introduce the normalized induced representation. We recall the
measure first.

Let C2°(G) be the space of functions f : G — C which are locally constant
and of compact support. Then G acts on C2°(G) by left translation A and right
translation p:

Nf s fg ),
pof 0> fzg).
Both of the G-representations (C°(G), A), (CX(G), p) are smooth.
Definition 3.1.18. A right Haar integral on G is a non-zero linear functional
I:CX(G)—C
such that

(i) I(pyf) = 1(f), g € G, f € C=(G);
(it) I(f) = 0 for f € CX(G), f = 0.

A left Haar integral is defined similarly.

Proposition 3.1.19. There exists a right (resp. left) Haar integral I : C*°(G) —
C. And a linear functional I' : C°(G) — C is a right (resp. left) Haar integral
if and only if I' = cI for some constant ¢ > 0.

Proposition 3.1.20. Let p be a Haar measure on A. For ® € C*(G), the
function x +— ®(z)|| det z||~2 (vanishing on A\G) lies in C>°(A). The functional

B s / B(a)|] det || 2dp(z), ® € C2(G),
A

is a left and right Haar integral on G. In particular, G is unimodular, i.e. any
left Haar integral on G is a right Haar integral.
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Now let I be a left Haar integral on G, and S # () be a compact open subset
of G with I's be its characteristic function. Define ug(S) = I(I's). Then pug is
a left Haar measure on G. The relation with the integral is expressed via the
traditional notation

1(f) = /G F(9)duclg), f € C=(G).

For a left Haar measure pg on G and g € G, consider the functional C*(G) —
C sending f to [, f(zg)duc(x). This is a left Haar integral on G, hence there is
a unique d¢(g) € RS such that

5 (9) /G f(2g)dpc(z) = /G f(@)duc(z),

for all f € C*(G). d¢ is a homomorphism G — R, it is called the module of
G.
_1
If o is a smooth representation of T, define 1§ = Ind%(6 5> ®¢). This provides
another exact functor Rep(7') — Rep(G), the normalized smooth induction.
Here Rep(G) is the abelian category of smooth representations of G.

3.2. Weil group.

Now we give a quick glance of Weil group, all materials are contained in [6].

Let F' be a non-Archimedean local field. Denote by o the discrete valuation
ring in F, and p the maximal ideal of 0. Choose a separable algebraic closure F'
of F.

First we recall some features of the Galois theory of F'. Let p be the character-
istic of the residue class field k = o/p. Put Qp := Gal(F/F), then it is a profinite
group: Qp = LmGal(E /F), where E ranges over finite Galois extensions with
ECF.

The field F' admits a unique unramified extension F),,/F' of degree m such that
F, C F. Denote by F. the composite of all these fields, then F./F is the
unique maximal unramified extension of F' contained in F. Gal(F,,/F) is cyclic
and an F-automorphism of F}, is determined by its action on the residue field
kp,, = F,m. Hence there is one unique element ¢,, € Gal(F},/F') which acts on
kp. as x — 2. Put ®,, = ¢,,~'. Then ®,, — 1 gives a canonical isomorphism

m

Gal(F,,/F) = Z/mZ. So we have Gal(Fy/F) = fm Z/mZ, and a unique
element ®p € Gal(F/F) which acts on F), as ®,,.

Definition 3.2.1. An element of Qr is called a geometric Frobenius element (over
F) if its image in Gal(F/F) is ®p, while ®p is called the geometric Frobenius
substitution on F..

Put Zp = Gal(F/F,.), the inertia group of F. As Z = [] Z, we have an exact
sequence ‘

1—>IF—>QF—>Z—>O.
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Let W denote the inverse image in {2 of the cyclic subgroup (®r) of Gal(F,,/F)
generated by ®p. Thus W4 is the dense subgroup of (2p generated by the Frobe-
nius elements. It is normal in Q2 and we have

1l —Zp — Wp — Z — 0.

Definition 3.2.2. The Weil group Wy of F' is the topological group, with un-
derlying abstract group Wi, satistying
(i) Zr is an open subgroup of W,
(ii) the topology on Zp, as subspace of W, coincides with its profinite topol-
ogy as Gal(F/F.) C Q.

Then Wr is locally profinite, and the identity map tp : Wp — Wg C Qp is
a continuous injection.

Proposition 3.2.3. Let (p, V) be an irreducible smooth representation of We,
then p has finite dimension.

Proposition 3.2.4. Let 7 be an irreducible smooth representation of Wg, then
the following are equivalent:
(i) the group T(Wr) is finite;
(ii) 7 = pop, for some irreducible smooth representation p of Qp;
(iii) the character det T has finite order.

For any irreducible smooth representation T of Wg, there is an unramified char-
acter x of Wrg such that x ® 7 satisfies the conditions above.

Proposition 3.2.5. Let (m,V) be a smooth representation of We of finite di-
mension, let ® € Wr be a Frobenius element. The following are equivalent:
(i) the representation p is semisimple;
(ii) the automorphism p(®) € Autc(V) is semisimple;
(iii) the automorphism p(V) € Autc(V') is semisimple, for every element U €
We.

Here we mention the local Langlands conjecture in the case n = 2. It asserts
that the cuspidal representations of GLy(F'), where F' is a non-Archimedean local
field, are in bijection with the irreducible 2-dimensional /-adic representations of

Wre.

3.3. The Bernstein center.

We now recall some properties of the Bernstein Center built in [8]. It is also
summarized in [30].

Let F' be a local field, and G = GL,(F), then G is unimodular (consider
dg = |det(g)| "d,g where d,g denotes the additive Haar measure on M, (F)).
With respect to the convolution *, H(G) = (C°(G), %) is an associative algebra
of locally constant functions with compact support on G, called the Hecke algebra
of G (cf. [6]).

Now for a compact open subgroup K of GG, and one chosen Haar measure pu,
let e € H(G) be the idempotent associated to K defined by

K)™' ifreK,
GK(‘T):{ : o) if v ¢ K.
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The space H(G, K) = ex * H(G) * ex is a sub-algebra of H(G), with unit
clement ef. Denote its center by Z(G, K) and put Z(G) = lim Z(G, K), H(G) =
@H(G, K), which is identified with the space of distributions 7" of G such that
T xey is of compact support for all compact open subgroups (cf. [8]). Then Z(G)
is the center of H (G) and consists of the conjugation-invariant distributions in
H(G),

Let G be the set of irreducible smooth representations of G over C module
isomorphism. Then by Schur’s lemma, we have a map ¢ : Z(G) — Map(é, Cx).

k
Let P be a standard parabolic subgroup and L = [] GL,, the corresponding
=1

Levi subgroup (cf. [26] or [17] more generally). Concretely, for such a G =

GL,(F) = GL(V), where V is an n dimensional F' vector space, a flag in V is

a strictly increasing sequence of subspaces W, = {W, C Wy C --- C W, = V},

and a parabolic subgroup P of G is precisely the subgroup of GL(V) which
k-1

stabilizes the flag W,, and the Levi subgroup of P is L = [[ GL(W,;;1/W;). Let
=0

o be a supercuspidal representation of L, i.e. every matrix coefficient of o is

compactly supported modulo the center of G (cf. [29]). Now denote by G,, the

multiplicative group scheme (cf. [18]), and D = (G,,)*. Then we have a universal

.....

k
[17T" (@et(9:)  Now we get a corresponding family of representations n-Ind%(oy)
i=1

(the normalized induction) of G parameterized by the scheme D.
Assume W (L, D) is the subgroup of Ng(L)/L consisting of those n such that
the set of representations D coincides with its conjugate via n.

Theorem 3.3.1. Fiz a cuspidal representation o of a Levi subgroup L as above.
Suppose z € Z(G), then z acts by a scalar on n-Ind%(oxo) for any character
Xo- The corresponding function on D is a W (L, D)-invariant reqular function.
This induces an isomorphism of Z(G) with the algebra of reqular functions on

U D/W(L,D).
(L,D)
Proof. cf. [8], Theorem 2.13. O

4. HARMONIC ANALYSIS

Along with the representation theory, harmonic analysis is another powerful
tool in number theory and arithmetic geometry. We need the following knowledge
in this thesis. R. E. Kottwitz’s lecture in [2] is the resource of the section.

4.1. Basics of integration.

For the use of orbital integrals, we recall the basics of integration here.

As mentioned before, G = GLy(F') is locally profinite, it admits a left invariant
Haar measure dg, and dg is unique up to a positive scalar. Hence we obtains the
modulus character dg characterized by the property d(gh™) = dc(h)dg. As G is
unimodular, we deduce that d(g~') = dg.
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For GG, integration is simple. Fix some compact open subgroup Ky, then there is
a unique Haar measure dg giving Ky measure 1. For any compact open subgroup
K of G the measure of K is [K : K N Ky|[Ky : K N Ky|™'. Moreover for any
compact open subset S of GG, there is a compact open subgroup K that is small
enough to assure that, S is a disjoint union of cosets gK, Hence the measure of
S is the number of such cosets times the measure of K.

For a unimodular closed subgroup H of G, there exists a Haar measure dh.
Then there is a quotient measure dg/dh on H\G characterized by the formula

/Gf(g)dgz/H\G/Hf(hg)dhdg/dh,
for all f € C*(G).

Any function in C®(H\G) lies in the image of the linear map C*(G) —
C>(H\G), via f — f# defined by f#(g) = [,, f(hg)dh, hence the integration in
stages formula characterizes the 1nvarlant integral on H \G . Indeed, any compact
open subset of H\G can be written as a disjoint union of ones of the form H\ HgK
(for some compact open subgroup K of ), and the measure of H\HgK is given
by measy,(K)/measg(H NgKg™'), as one sees by applying integration in stages
to the characteristic function of gK.

Let F' be a p-adic field and G be a connected reductive group over F.

Definition 4.1.1. Let v € G(F), the orbital integral O,(f) of a function f €
CX(G(F)) is by definition the integral

0,(f) = / F(o vg)dg
(FO\G(F)

where dg is a right G(F')-invariant measure on the homogeneous space over which
we are integrating.

Remark 4.1.2. O, depends on a choice of measure, but once the choice is made
we get a well-defined linear functional on C2°(G(F)).

Proposition 4.1.3. The group G.(F') is unimodular, hence the measure dg ex-
15ts.

Proposition 4.1.4. The orbital integral O,(f) converges.
For proofs of these two lemmas, see [2], p. 407-408.

4.2. Character of representations.

First we recall that for a smooth irreducible representation m of G = GLy(F)
with F' a non-Archimedean local field and f € C2°(G), there is an operator 7(f)
on the underlying vector space V' of 7, defined by

/f v)dg,v €V,

with dg a fixed Haar measure on G.
By proposition 3.1.14, 7 is admissible, hence 7(f) has finite rank and has a
trace. The character ©, of 7 is the distribution on G defined by

O (f) = trm(f)
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on C°(G). By a deep theorem of Harish-Chandra, the distribution ©, can be
represented by integration against a locally constant function, still denoted ©,
on the set G, of regular semisimple elements (the characteristic polynomial has
distinct roots) in G. For all f € C°(G), there is an equality

= /Gf(g)@

The function O, is independent of the choice of Haar measure, and we get formally
O:(g) = trm(g), though the right hand side does not make sense literally when 7
is infinite dimensional.

4.3. Selberg trace formula.

We give a rough description of Selberg trace formula. Materials are contained
in [2], and [14] is also a good reference.

Let G be a locally compact, unimodular topological group, and I' be a discrete
subgroup of G. The space I'\G of right cosets has a right G-invariant Borel
measure. Let R be the unitary representation of GG by right translation on the
corresponding Hilbert space L*(T\G): (R(y)¢)(x) = ¢(zy),¢ € L*(T\G),z,y €
G We study R by integrating it against a test function f € C.(G): define

=[.f G ¢(zy)dy, then the computation shows that

:/Gf(y)qﬁ(ajy)dy:/(;f(xly) dy—/F\G > fa ) ey)dy,

~yerl

for ¢ € L*(T'\G),x € G.
Then R(f) is an integral operator with kernel K(x,y) = Y. f(x 'yy). The
~yel
sum here is finite since it may be taken over the intersection of the discrete group

I with the compact subset xsupp(f)y ' of G.

In the special case when I'\G is compact, the operator R(f) has two properties.
On the one hand, R decomposes discretely into irreducible representations ,
with finite multiplicities m,. Since the kernel K(z,y) is a continuous function
on the compact space (I'\G) x (I'\G), hence square integrable, and R(f) is of
Hilbert-Schmidt class. Applying the spectral theorem to the compact self adjoint
operators attached to functions of the form f(x) = (gxg*)(z) = [, 9(v)g(z1y)dy
where g € C.(H), we obtain a spectral expansion in terms of 1rredu01ble unitary
representations m of G. On the other hand, if H is a Lie group, one can require
that f be smooth and compactly supported. Thus R(f) is an integral operator
with smooth kernel on the compact manifold I'\G, and it is of trace class with
trR(f fF\G z,x)dz. Now for a representatives A of conjugacy classes in I,
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using a subscript v to indicate the centralizer of v, we have

tr(R(f)) = K(z,z)dx

G

[ S
F\GVEF

= / Z Z fx 1o Yoz dx
NG yea ser \r

=Y | flaya)de
vEA N\G

= / / (z7 't yux)dudz
ZJaneJrae,

= Zvol I''\G,) / f(z ™ yz)d.
YEA \G

This is regarded as a geometric expansion of tr(R(f)) in terms of conjugacy classes
~v € I'. Thus we have an equality, the Selberg trace formula:

S 0,04 = 3 mati(e())

where v, = vol(I',\G,), tr = tr(f, f( dy).

We will make advantage of a spemal case of the Arthur—Selberg trace formula in
GLs for the trace of Hecke operators on the L?-cohomology of locally symmetric
spaces later.

5. ADVANCED TOOLS
In this part, we afford several powerful tools that will be needed later.
5.1. Crystalline cohomology.

We say a few words on crystalline cohomology in this subsection.
First we recall the Witt Vectors.

Let p be a prime number, (X, ..., X,,,...) be a sequence of indeterminates.
The Witt polynomials are defined by
WO = X07

Wl - Xg‘f‘th

_ P Tt n

Let (Yp,...,Ys,...) be another sequence of indeterminates.
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Lemma 5.1.1. For ¥ € Z[X,Y], there exists a unique sequence (o, ..., Un,...)
of elements of Z[Xo, ..., Xn,...;Yo,..., Yy, ...]| such that

Wy .oy, ) = Y (Wo(Xo, ... ), Wa(Yo,...))
forn=0,1,2,....

Proof. cf. [31], I1.6 Theorem 6. O

Denote by Sy, ..., Sp,... (resp. Py, ..., P,,...) the polynomials ¢, ..., ¥, ...
associated by the lemma with the polynomial ¥(X,Y) = X+VY (resp. V(X,Y) =
XY). For a commutative ring A, and a = (ag,...,an,...),0 = (by,...,bp,...)
elements of AN, define

a+b=(Sy(a,b),....Su(ab),...)
ab = (Py(a,b),. .., Pu(a,b),...).

Theorem 5.1.2. The laws of composition defined above make AN into a com-
mutative unitary ring, the ring of Witt vectors with coefficients in A and denoted
W (A), elements of W(A) are called Witt vectors with coefficients in A.

Proof. cf. [31], I1.6 Theorem 7. O

Now let k, = IF,» be a finite field with ring of Witt vectors W (k). The fraction
field L, of W(k,) is an unramified extension of Q, and its Galois group is the
cyclic group of order r generated by the Frobenius element o : z — xP. Note that
o acts on Witt vectors by o(ag, a1,...) = (ab,al,...).

For an abelian variety A over k, of dimension g, we have the integral isocrystal
associated to A/k,, given by the data D(A) = (H},(A/W(k.)),F,V). Here
the crystalline cohomology group H., (A/W(k,)) (see [25] for details) is a free
W (k,)-module of rank 2¢g, equipped with a o-linear endomorphism F' (Frobenius)
and the o~ !-linear endomorphism V' (Verschiebung) which induce bijections on
Hyo(A/W(K,)) @wik,) Ly. We also have the identity FV = VF = p, hence the

inclusions of W (k,)-lattices

PH (AW (ky)) € FH e (A/W (Ky)) © Hepyo(A/W (Ky)),

crys crys

pHgTys(A/W(kT‘)> - VH(}Tys(A/W(kT)) - H(}Tys(A/W(kT))

Let Alp"] = ker(p™ : A — A), and A[p>| = liﬂA[p”]. The crystalline
cohomology of A/k, is connected to the contravariant Dieudonné module of the
p-divisible group A[p™] (cf. [5]).

The classical contravariant Dieudonné functor G — D(G) establishes an exact
anti-equivalence between the category

{p-divisible groups G = 1;11§Gn over k,}
and the category
{free W (k,)-modules M = l&lM/p”M, equipped with operators F,V'},

Here F and V are, o and o~ !-linear endomorphisms respectively, inducing bijec-
tions on M Qv (x,) L.
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The crystalline cohomology of A/k,, together with the operators F' and V| is
the same as the Dieudonné module of the p-divisible group A[p>], in the sense that
there is a canonical isomorphism H_,,.(A/W (k.)) = D(A[p>]) which respects the
endomorphisms F' and V on both sides. It is a standard fact, cf. [4].

5.2. Nearby cycles.

We give a summary of nearby cycles from [2]. It is through nearby cycles to
determine the local factors (cf. [27]).

Let k£ be a finite or algebraically closed field, X be a scheme of finite type over
k (The following works as well if k is the fraction of a discrete valuation ring R
with finite residue field, and assume that X is finite type over R). Denote by k an
algebraic closure of k, and X7 the base change X xj k. Denote by D(X,Q,) the
‘derived’ category of Q,-sheaves on X, which is not actually the derived category
of the category of Q,-sheaves in the original sense, but is obtained as a localization
of a projective limit of derived categories, under certain finiteness assumption (cf.
[21]). The category D’(X,Q,) is a triangulated category which admits the usual
functorial formalism, and which can be equipped with a natural ¢-structure having
as its core the category of Q,-sheaves. If f : X — Y is a morphism of schemes of
finite type over k, we have the derived functors f,, fi : DY(X,Q,) — D4%(Y,Q,)
and f*, f': D%(Y,Q,) — D% X,Q,). Occasionally we denote these same derived
functors by Rf., etc.

Let S be a spectrum of a complete discrete valuation ring, with special point
s and generic point 7. Let k(s) and k(n) denote the residue fields of s and
n respectively. Choose a separable closure 7 of n and define the Galois group
I' = Gal(7/n) and the inertia subgroup I'y = ker(Gal(77/n) — Gal(5/s)), where
3 is the residue field of the normalization S of S in 7.

Now let X denote a finite type scheme over S. The category D’(X x,n,Q,)
is the category of sheaves F € D%(Xs, Q,) together with a continuous action of
Gal(7/n) which is compatible with the action on Xs.

Definition 5.2.1. For F € D%(X,,Q,), we define the nearby cycles sheaf to be
the object in DY(X x,n,Q,) given by RUX(F) =i Rj,(Fy), where i : X5 — X<
and j : X5 — Xz are the closed and open immersions of the geometric special
and generic fibers of X/S, and F5 is the pull-back of F to Xz.

Theorem 5.2.2. The functors RV : D%(X,,Q,) — D%X x,n,Q,) have the
following properties
(i) RY commutes with proper-push-forward: if f : X — Y is a proper
S-morphism, then the canonical base change morphism of functors to
Db(Y x4n,Q,) is an isomorphism: RV f, = f,RVU. In particular, if X —
S is proper there is a Gal(f/n)-equivariant isomorphism H'(Xp, Q,) =
Hi(Xs, RU(@,)).
(ii) Suppose f : X — S is finite type but not proper. Suppose that there
is a compactification j : X — X over S such that the boundary X\X
is a relative normal crossings divisor over S. Then there is a Gal(Tj/n)-
equivariant isomorphism HY(X5, Q,) = H: (X5, RU(Qy)).
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(iii) RV commutes with smooth pull-back: if p : X — Y is a smooth S-
morphism, then the base change morphism is an isomorphism: p* RV =

RUp*.
Proof. cf. 2], p. 619. O

5.3. Base change.

Here we recall certain facts about base change of representations and establish
a base change identity which will be used later. [23] is a good reference for base
change, and [30] builds up many results here.

Let Q,» be an unramified extension of Q,, of degree r, this field carries a unique
automorphism o lifting the Frobenius automorphism z + 2 on its residue field.
Furthermore, o is a generator of Gal(Q,-/Q,). We say two elements z,y €
GL2(Q,r) are o-conjugate if there exists h € GLy(Q,r) such that y = h=tzo(h).

Definition 5.3.1. For an element § € GLy(Q,), let N6 = 367 ---6° " be the
norm.

Then we have

Proposition 5.3.2. The GLy(Q,r)-conjugacy class of No contains an element of
GLy(Q,).

Proof. Let y = N§, and @p be the algebraic closure containing Q,-. Then it
is enough check that the set of eigenvalues of y, with multiplicities, is invariant
under those o’ € Gal(Q,/Q,) with image o € Gal(Q,-/Q,). Acting with ¢’ on
the set we get the eigenvalues of o(y). Because o(y) = d~'yd, we deduce the
invariance. U

Proposition 5.3.3. If No and N’ are conjugate, then 6 and &' are o-conjugate.
Proof. cf. [23], Lemma 4.2. O

Now for v € GL3(Q,),0 € GLy(Qpr), define the centralizer G(R) = {g €
GLy(R)|g7'yg = ~}, and the twisted centralizer Gs,(R) = {h € GLy(R ®
Qur)|h~t6he = 6}

For a function f € H(GL3(Q,)), define the orbital integral

0,(f) = / flg  vg)dg
G’Y(QP)\GL2(QP)
and for ¢ € H(GLa(Q,r)), define the twisted orbital integral

TOs,(¢) = d(hL6h7)dh.

/GJO‘(QP)\GLQ(QPT)
Definition 5.3.4. The functions f € H(GL2(Q,)), ¢ € H(GL2(Q,r)) have match-
ing (twisted) orbital integrals (or simply ‘associated’) if the following condition
holds: for all semi-simple v € GL3(Q,), the orbital integral O,(f) vanishes if
7 is not a norm (i.e. conjugate to N§ for some ¢), and if v is a norm, then
O,(f) = £T0s5(¢), where the sign is — if NJ is a central element, but § is not
o-conjugate to a central element, and otherwise is +.
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Proposition 5.3.5. Assume 0 € GLy(Zy [p"Zyr), then
Gso(Z)p"Z) = {h € GLy(Zy | D" Ly )W 6RT = 6}
and
Gno(Z/p"Z) = {g € GLy(Z/p"L)|g~" Nog = No}
have the same cardinality. And o-conjugacy classes in GLy(Zyr |p"Z,r) are mapped
bijectively via the norm to conjugacy classes in GLy(Z/p"Z).

Proof. Fix v € GLy(Z/p"Z). Clearly, the groups Z,, = (Z/p"Z[y])* and Z, ,r =
(Zyr /D" Ly [y])* are commutative. With the norm map, we have a homomorphism
N:Z,,» — Z,, and define a homomorphism d : Z, , — Z, ,» viad(z) = z27°.
By definition H*(Gal(Q,-/Q,), Z, ) = ker(N)/im(d).

Lemma 5.3.6. H'(Gal(Q,/Qy), Z,,») = 0. Thus we have an exact sequence

d N
0 ’ Z%p ? Z%pr ? Z%pr ? Z%p > 0.

Proof. Tt is not hard for the exactness at the first step. By the definition of d, it
is also clear at the second step.

Let X; = ker(Z, ,r — GLo(Zy /p'Zyr)) fori = 0,...,n, this is a Gal(Q,-/Q,)-
invariant filtration on Z, . We first prove the vanishing of the cohomology for the
successive quotients. As X;/X;,; is a Fy-subvectorspace of ker(GLy(Zy /p" T Z,r)
— GLy(Zy [p'Zyy)) = F), i > 1. As familiar, we have Gal(Q,r/Q,) = Gal(F,- /F,).
By Lang’s lemma we have H'(Gal(Q,-/Q,),F,-) = 0. For the case i = 0, it is
also true since the groups considered are connected. In sum, the sequence is exact
at the third step. Now by the exact sequence

0— Xo/X1 — XQ/X2 — Xl/XQ — 0,
and the long exact sequence for cohomology, we have H'(Gal(Q,-/Q,), Xo/X>2) =
0, and step by step, we finally deduce that H*(Gal(Q,-/Q,), Xo/X,,) = 0, which
is as claimed.

The last surjectivity now follows from the other exactness. From above, we
now have

Zy o[ ker(N) = im(N),
Zy o ker(d) = im(d),

ker(d) = Z,,,
im(d) = ker(N).
Hence we conclude that im(N) = Z, . d

Now by the lemma, for v € GLy(Z/p"Z), there exists § € Z,, such that
No = v. So it suffices to prove that Gs,(Z/p"Z) = G(Z/p"Z) as sets.

On the one hand, note that 6 € Z,r/p"Z,-[y], which implies directly that
GL(Z/p"Z) C Gs,(Z/p"Z).

On the other hand, for x € Gs,(Z/p"Z), we have x~ 1§27 = § by definition, so
2767 27" =57 for i =0,...,r — 1. Thus we get 2 'Noz = N6, i.e. yo = 2.
So x commutes with § € Z,- /p"Z,[7], hence z7'§z = §. Combining the results,
we get © =27, v € G,(Z/p"Z) and hence Gs,(Z/p"Z) C G(Z/p"Z)
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For the second part of the proposition, choose representatives =1, ..., of the
conjugacy classes in GLy(Z/p"Z), then from above there are dy,...,d; satisfying
No; = 5, which represent different o-conjugacy classes by the proposition 5.3.3.
By group theory, we know the size of their o-conjugacy classes is

|GL2 (ZpT /anpr> | o |GL2(ZV /anpT) |

G0 (Z/p"Z)] |G (Z/pZ)|

as a result, we deduce that

GLo(Zpr [ D" Ly GLy(Z/p™7Z) GLy(Zy [ 9"y

| 2 /pn |Z| 2 /pn | _ | 2( P/pn p)||GL2(Z/an)|

|GLo(Z/p"Z)] |G (Z/pZ))] |GLa(Z/p"Z)]
= |GLo(Zy [p"Zyr)|.

Hence we conclude that 41, ...,0; are representatives of the conjugacy classes in
GL2(ZPT‘ /anpr)

U
Define the principal congruence subgroups (cf. [12]) by

F(pk)Qp ={g9 € GLx(Z,)|g=1 mod P*},
F(pk)(@pr ={g9€ GLy(Zyr)lg=1 mod p*}.

Corollary 5.3.7. Assume f is conjugation-invariant locally integrable complex
valued function on GLy(Z,), then the function ¢ on GLy(Z,) given by ¢(0) =
J(NO) is locally integrable, and (epqr), . * ¢)(d) = (€F(pk)(@p x [)(NS) for all § €
GLy(Zy).

Proof. First assume simply that f is locally constant, conjugation-invariant by
I'(p*)g,. Then ¢ is o-conjugation-invariant by I'(p*)q,, and locally integrable.
Hence the identity follows from the proposition. In general, as F(pk)@p (resp.
I'(p")q,.) give a fundamental system of open neighborhoods of 1 in GLy(Z,)
(resp. GLo(Z,r)), the corollary follows from approximating f by locally constant
functions. O

Now let 7 (resp. II) be tempered representation (cf. [29], VIL.2.) of GLy(Q,)
(resp. GL2(Qpr).

Definition 5.3.8. II is called a base-change lift of =, if II is invariant under
GL2(Q,r/Q,) and for some extension of II to a representation of GL2(Q,r) %
Gal(Qpr/Q,), tr(Ng|m) = tr((g,0)|II) for all g € GLy(Q,r) such that the conju-
gacy class of Ng is regular semi-simple.

Remark 5.3.9. It is proved that there exists a unique base-change lift (cf. [23],
section 2).

Theorem 5.3.10. Suppose f € Z(GL2(Q,)), ¢ € Z(GL2(Qpr)), and for all
tempered irreducible smooth representation m of GLy(Q,) with base-change lift 11,
the scalars ¢y, (resp. con) through which f (resp. ®) acts on m (resp. 1I) are
the same. Then fxh and ¢xh' have matching (twisted) orbital integrals for every
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associated h € CX(GLy(Q,)) and h' € C(GLy(Qpr)). Moreover, er(pr),,, ond

er(pn)g, 4re associated.

Proof. As h and h' are associated, while II is a base-change of m, by the twisted
version of Weyl integration formula (cf. [23]), we have tr(h|r) = tr((h/, 0)|1I).
Hence tr(f * h|m) = cptr(h|m) = contr((A',o)|Il = tr((¢ = 1, 0)|II). As proved
in [23], there exists f € H(GL2(Q,)) having matching (twisted) orbital integrals
with ¢ x b/, we have tr((¢ *x h',0)|ll) = tr(f’|7). Hence for every tempered
irreducible smooth representation m of GL2(Q,), tr((f*h— f')|7) = 0. Kazhdan’s
density theorem (cf. [20], theorem 1) implies that all regular semi-simple orbital
integrals of f * h — f’ vanish. By the choice of f’, we know f x h and ¢ x h’ have
matching regular semi-simple (twisted) orbital integrals. Then proposition 7.2,
9] tells that while it is true for all regular semi-simple (twisted) orbital integrals,
it is true over all semi-simple (twisted) orbital integrals as well.

For the last part, note that by corollary 5.3.7, taking f the character of =
restricted to GLo(Z,), k =n and § = 1, it gives that

tr(erpryg, I7) = t((erpny, »)IID).

So the rest is a repetition as above. O

5.4. Counting points over finite fields.

In this subsection, we explain the method of Langlands and Kottwitz to count
the number of points mod p of modular curve with good reduction. More details
are can be found in [30] and [10].

Let p be a prime coprime to m, r a positive integer, and £ an elliptic curve over
F,-. Define the set M(F,)(E) to be {x € M(F,)|E, is F,--isogeneous to E}.
Our aim is just to count its cardinality (cf. [10]).

For a prime ¢ # p, we may consider the dual of the /f-adic Tate module,
H;t(EFpT,Zg) = HyE. Let End(FE) be the ring of endomorphisms of E defined
over F,r, and Endg(F) = End(F) ®z Q. Let I' = (Endg(E))*. The crystalline
cohomology H,,,.(E/Z,) is a free Z,-module of rank 2, equipped with a o-linear
endomorphism F. Define H, = H1 (Eo/Zp) ®z,. Qpr. Let A% be the ring of

crys
finite adeles of Q with trivial p-component and Z? = [], 4p L¢ be the integral
clements in Af. Define H? = H;,(E5 ,, A}) = Kl;[ Helt<E]F Q).
P

Take any © € M(F,)(E), and f : E — E, an Fj-isogeny, we have a
Gr,, = Gal(F, /F, )-invariant ZP-lattice L = f* (Helt(Ex,Fpr7Zp)) C HP, an
F,pF~'-invariant Zy--lattice A = f*(H},, (E./Zy)) C Hp, and a Gp,,-invariant
isomorphism ¢ : (Z / mZ)? — L®Z/mZ, corresponding to the level-m-structure.
Let AP be the set of such (L, ¢) and A, be the set of A as above. Dividing by the
choice of f, we get a map ¥ : M(F,)(E) — I'\A? x A,,.

Theorem 5.4.1. The map V¥ is a bijection.
Proof. cf. [30] or [10].
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Fix a basis of H”, let v € GLy(A%}) be the endomorphism induced by the
geometric Frobenius ®,» on H? and 6 € GL2(Q,) be induced by the p-linear
endomorphism F' on H,: for the p-linear isomorphism o on H, preserving the
chosen basis, defined through F' = do. Then yA? = AP and pA, C doA, C A,.
We define the centralizer

Gy (A}) = {g € GLa(A})|g ™' vg =7}

and the twisted centralizer
Gss(Q,) = {h € GLy(Q,)|h~10h" = 6}

Let K? = {g € GLy(Z?)|g =1 mod m} and K, = GLy(Z,). Let f? be the
characteristic function of K” divided by its volume, ¢, be the characteristic
function of K, (29) K, divided by the volume of K,,.

For f € C°(GLy(AY)), define the orbital integral

0,(f) = / F(g~9)dg.
Gy (AD)\GLa(A7)

We have
Corollary 5.4.2. The cardinality of M(F,)(E) is

vol(I\G, (A7) x G, (Q,))0, (f")TO,, (4y0).

where the Haar measure on I' gives points measure 1.

Proof. Identify the set X? of pairs (L, ¢) as above with GLQ(A?) /KP, without
the Galois-invariance condition, and identify the set X, of all lattices A with
GL2(Qpr)/K,. If gKP € X? lies in AP, then vgK? = gKP?, so g~ 'vg € KP. If
hK, € X, lies in A,, then FhK, C hK, and VhK, C hK,. Since FV = p, we
get phK, C FhK, C hK,, hence pK, C h™'0h°K,, C K,,.

We have v,(det §) = 1 because the Weil pairing gives an isomorphism of the
second exterior power of H, with Q,(—1). Hence we deduce that h='6h’ €
K, (29) K,. So the cardinality of I'\A? x A, equals to

/ 1757 29) by 0(h 51 dgdh.
F\GLQ(AP})XGLQ(QPT)

which is easily checked to be vol(IT'\G,(A}) x G, (Q,))O,(f*)TO,, (¢po). Now
the claim follows from the bijection of W. O

Remark 5.4.3. TO,_ (¢,0) # 0 whenever M(F,-)(E) # @.

6. THE SEMI-SIMPLE TRACE AND SEMI-SIMPLE LOCAL FACTOR

In this section we introduce the semi-simple trace and the semi-simple local
factor, which turn out to play a crucial role in the generalization of Hasse-Weil
local factors.
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6.1. Basics of the semi-simple trace and semi-simple local factor.

The semi-simple trace was introduced by Rapoport in [27].

Let X be a variety over a local field K with residue field IF,. Let Gk be the
Galois group Gal(K/K) and Ix C G be the inertia subgroup satisfying the
exact sequence

1 — Ix — G — Gal(k/k) — 1.
Let ®, be a geometric Frobenius element. Suppose ¢ is a prime not dividing g.

To introduce the cohomological definition, we first recall briefly the étale co-
homology with compact support.

Definition 6.1.1. For a torsion sheaf F on a scheme X, with j : X — X
an open immersion into a complete scheme X, define the étale cohomology with
compact support H(X,F) to be HY(X,F) = HYX,jF), where jF is the

extension by zero to X.

It is proved that the compactification X exists by Nagata, and the definition
is independent of the choice of the compactification.

Definition 6.1.2. The Hasse-Weil local factor of X is given by
2dim X

((X,s) = ] det(l - Dyq *|HIAX @k K,Qp)") Y

1=0

i+l

Remark 6.1.3. The monodromy conjecture for curves is proved in [28], so that
this definition, apparently depending on /¢, is independent of /.

Remark 6.1.4. In case of good reduction, Iy acts trivially on all cohomology
groups, then this is simply Grothendieck’s cohomological expression of the initial
definition as a power series.

Remark 6.1.5. Recall that if ¢ is an endomorphism of a finite dimensional vector
space over a field of characteristic zero, then

logdet(l — To|V) = — Z iTJ,
— ]
j
Thus the determination of the local factor is equivalent with that of the alter-
nating trace of o* on the Ig-invariants in the cohomology for 5 > 1, which is

approached through the method of vanishing cycles.

Let (7w, V) be a continuous, finite dimensional ¢-adic representation of G,
where £ is a prime number prime to the residue characteristic of K. Let H be a
finite group, which acts on V' commutatively with the action of Gx. We have

Definition 6.1.6. A filtration F : 0 = Vo Cc V; C --- C Vi, = V is called
admissible if it is stable under G x H and I operates on the associated gr] (V) =
@le Vi/V;i_1 through a finite quotient.

Lemma 6.1.7. Admissible filtration always exists.

Proof. See [30] for a complete proof. Or we can take the filtration defined by the
kernels of the powers of the logarithm of 7 (cf. [13], section 3.1). O
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We now define the semi-simple trace as follows.

Definition 6.1.8. For h € H, and F as above, put
tr** (@7 A|V) = tr(P0h|(gr] ( Ztr O hlgr! (V)'x).

Proposition 6.1.9. The semi-simple trace does not depend on the admissible
filtration chosen, and in particular, the semi-simple trace is additive in short
exact sequences.

Proof. First consider the case that Ix acts on V through a finite quotient. Let
F' be the filtration of V% induced by F, since taking invariants under a finite
group acting on an f-adic vector space is an exact functor, we have grf /(VIK ) =

gr! (V)& hence tr(CIDZh\VIK) = Ztr(@Zh[grf(V)IK).

(2
In general, two admissible filtrations admit a common refinement. As noted
above, we deduce that the semi-simple trace associated to each of the two filtra-
tions is equal to the semi-simple trace associated to the refinement.
For additivity, it is just the statement that for an endomorphism ¢ on a vector
space V' with ¢-invariant subspace W, we have tr(¢|V') = tr(¢|W) + tr(o|V/W).
O

This proposition allows us to define the semi-simple trace on the Grothendieck
group of G x H, or on the derived category of finite dimensional continuous
(-adic representations of G X H.

Let R be the category of continuous, finite dimensional Q,-representations of
Gk x H. For any object C of the derived category associated to R, let

" (7R|C) = (—1)'tr* (2ph|H'(C)).
From above, it is additive in distinguished triangles (cf. [13]).
For a variety X over K, we define
Definition 6.1.10. The semi-simple local factor is defined by

2dim X

log (*(X,s) =Y > (1) ()| HI(X @k K Q)2

r>1 =0

—7"8

This agrees with the usual local factor if I acts through a finite quotient and
the semi-simple local factor determines the true local factor, which is proved by
Rapoport, [27].

6.2. Nearby cycles.

We recall the definition of nearby cycles according to our case. For O C K
the ring of integers and for a scheme Xo/O of finite type, write X, X5, X, and
Xy respectively for its special, geometric special, generic and geometric generic
fiber, respectively. Let Xz denote the base change to the ring of integers in a
fixed algebraic closure of K. We have maps 7: X5 — Xg and j : X5 — X5 .
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Definition 6.2.1. For a Q,-sheaf F on X, the complex of nearby cycle sheaves
is defined to be Ry F = t*Rj, Fy;, where F; is the pullback of F to Xz. This is an
element of the (so-called) derived category of Q,-sheaves on X5 with an action of
Gk that is compatible with its action on Xs.

The following two results, connect the semi-simple trace and local factor with
nearby cycles.

Theorem 6.2.2. Assume that X@/(’) is a scheme of finite type such that there
exists an open immersion Xo C X o where X o is proper over O, with complement
D a relative normal crossings divisor (i.e. there is an open ne@ghborhood U of D
in Xo which is smooth over O, such that D is a relative normal crossings divisor
in U). Then there is a canonical Gk -equivariant isomorphism

Hi(Xﬁ» @Z) = Hé(Xgu Rw@é)u

and

—T‘S

log ¢**(X Z Z tr** (P

r2l zeX(Fgr)

Q)a )

Proof. The first part is from theorem 5.2.2 and the rest is from the discussion in
[13], section 3. O

This is not true for X = Mpqn) as its divisor at infinity is not étale over
Spec Z[m™!']. However, we have the following similar theorem.

Theorem 6.2.3. There is a canonical Gg,-equivariant isomorphism

Hy(Mrom g, Qp) — Ho(Mrny s, RYQy).
Also, the formula for the semi-simple local factor from theorem 6.2.2 holds.

Proof. This is the results from theorem 6.2.2 and theorem 2.3.3. For the proof,
see [30], theorem 7.11.
O

As nearby cycles relates closely to the semi-simple local factor, we calculate
the nearby cycles in the case of interest as follows.

Let Xo/O be a scheme of finite type, X,.r be the base change of X to the
maximal unramified extension K" of K and let Xour be the base change to the
ring of integers in K. We have ¢ : X5 — Xouw and j : Xyur — Xour.

With a special case of Grothendieck’s purity conjecture, in [30], Scholze gives
the following results of calculation.

Theorem 6.2.4. Let X/O be regular and flat of relative dimension 1 and suppose
that X is globally the union of reqular divisors. Let x € X (F,) and let Dy, ..., D;
be the divisors passing through x. Let Wy be the i-dimensional Q,-vector space
with basis given by those Dy, and W, be the kernel of the map W, — Q, sending
all Dy to 1. Then there are canonical isomorphisms
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Q k=0
RGN 1 s

0 else .

Proof. cf. [30], theorem 8.2.
U

Let B denote the Borel subgroup of GLs. We have associated an element
§ € GLy(Qpr) to any point © € M(F,-) by looking at the action of F on the
crystalline cohomology. And the covering 7, : Mrgny — M and the sheaf
Fn = Tnp«Qq on the generic fibre of Mpn)

Corollary 6.2.5. Let v € M(F,r) and g € GLy(Z,).
(i) If x corresponds to an ordinary elliptic curve and a is the unique eigen-
value of NO with valuation 0, then tr*5(®urg|(RYF,)z) = tr(Pyrg|Vi),
where V,, is a Gr,. X GLy(Z/p"Z)-representation isomorphic to

GLy(Z
D migEEy
XE((Z/p™Z)*)V

as a GLy(Z/p"Z)-representation. Here @, acts as the scalar x(a)™' on

GLo(Z/p™Z
Indg 20 TRy

(ii) If z corresponds to a supersingular elliptic curve, then

7 (Dprg| (R Fn)e) = 1 — tr(g] St)p",
where St = ker([ndGLZQ/fé% NR1 — 1) is the Steinberg representation
of GLy(Z/p"Z).
Proof. Here we omit the proof in p. 19, [30], which applies theorem 6.2.4 and

theorem 2.3.4.
O

For v € M(Fy), put (RYFw)e = Im(RYF,),, then it carries a natural
smooth action of GLy(Z,) and a commuting continuous action of Gg,.. De-
fine tr**(®,rh|(RYF),) for h € C°(GLy(Z,)) in the following way: Pick n such
that h is I'(p")q, -biinvariant and take invariants under I'(p")q, :

tr°(Qprh| (R F o)) 1=t (Dpr h|(RYF,) ).
For h € C°(GLa(Z,)), the value of t1°*(®,-h|(RYF).) depends only on v = N§
associated to z, which leads to the following definition.

Definition 6.2.6. For v € GL2(Q,), h € C*(GLy(Z,)), define ¢.(y,h) = 0
unless v,(dety) = r, v,(try) > 0. Now assume that these conditions are fulfilled.
Then for v,(try) = 0, we define

G _
a(nh) = > tr(h|Indg P18 ) xo(t2) !
x0€((Z/p"Z)* )V
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where t5 is the unique eigenvalue of v with v,(t2) = 0. For v,(try) > 1, we take
¢ (77, h) = tr(h|1) — p"tr(h|St).
That x is supersingular is equivalent to trNo = 0 mod p, so we have
tr°*(Ppr h| (R F o)) = ¢ (NO, h)

whenever ¢ is associated to x € M(F,-) as in subsection 5.4.

6.3. The semi-simple trace of Frobenius as a twisted orbital integral.
As explained in [22], the twisted orbital integral plays an important role in
Langlands’s method of computing the Hasse-Weil zeta function. In this subsec-
tion, we give a quick sketch connecting the semi-simple trace with twisted orbital
integral, all are contained in [30].
We first need the function ¢, which has the correct twisted orbital integrals.

Lemma 6.3.1. There exists a function ¢, of the Bernstein center of GLy(Q,r)
such that for all irreducible smooth representations I1 of GLy(Q,r), ¢, acts by the

scalar p% tr**(®pr|om), where op is the representation of the Weil group Wo,» of
Q, with values in Q, associated to I1 by the local Langlands correspondence.

For a representation o of Wg,, , the definition of the semi-simple trace of Frobe-
nius makes sense. We write 0% for the associated semisimplification.

Proof. By theorem 3.3.1, it suffices to check that the corresponding function to
¢, as in the assumption defines a regular function on D/W (L, D) for all L, D.
As we are taking the semi-simple trace, the scalar agrees for a 1-dimensional
representation II and the corresponding twist of the Steinberg representation.
This gives a well-defined function on D/W (L, D). For L and D fixed, take II
in the corresponding component, then the semi-simplification o7 decomposes as
(01 ® xodet) ®- -+ ® (0, ® x¢ o det) for certain fixed irreducible representations
o1,...,0; and varying unramified characters yi,...,x; parametrized by D. So
t

tr°* (Ppr|om) = D tr(Ppr|oi) xi(p), it is a regular function on D and necessarily
i=1
W (L, D)-invariant, hence descends to a regular function on D/W (L, D). O

Next we consider the function ¢, = ¢p * earyz,.) € H(GL2(Qyr), GLa(Zyr)).
It is compatible with the previous one, since it is showed in p. 21, [30] that

Proposition 6.3.2. The function ¢, is the characteristic function of the set
GLa(Z,r) (1Y) GLa(Z,)
diwvided by the volume of GLy(Zyr).

The following theorem makes connection with the semi-simple trace and twisted
orbital integral.

Theorem 6.3.3. Let 6 € GLy(Q,r) with semisimple norm v € GLy(Q,). If h €
C>(GLy(Zy)) and ' € CX(GLy(Zyr)) have matching (twisted) orbital integrals.
Then TOsq(¢p x W) = TOso(dpo)cr (7, h).
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Proof. Denote by f1 = ¢, * ' and fo = ¢, 0. Let II be the base change lift to
GL3(Qpr) of some tempered representation m of GL2(Q,). From the construc-
tion of tr**(®,-h|(RYFo),), we can take n such that h, h' are I'(p")q , F(p")(@pr_
biinvariant, respectively. Then by the assumption, we have

te((f1, 0)|10) = p2"te((W, )| TF P )02 (@ o) = p2"tx(hla"#™) )™ (prom)-

Because er(1)q, and er(1)Q,- are associated by theorem 5.3.10, we have

tr((fe, o)1) = p2” dim 720 4155 (D | o).
Then the rest is finished by the following two lemmas. For the detailed proof,
follow p. 21-24, [30].

Lemma 6.3.4. Assume that § = ('} ) with Nt; # Nty. Then the twisted
orbital integrals TOsy(¢p * h') = TOs(¢po) = 0 except in the case where, up to
exchanging t1,ta, we have vy(t1) = 1 and vy(t2) = 0. In the latter case,

TOso(y * B) = vol(T(Z,) ™" > tr(hlIndg 25" 1 K xo)xo(NE2) ™!
xo€((Z/p"Z)*)¥
and

T0s, (¢p,0> = VOI(T(ZP))_l .

Now if § is not o-conjugate to an element as in the previous lemma, then the
eigenvalues of eigenvalues of N§ have the same valuation. Let H; = tr(h|St)
and Hy = tr(h|l) with St and 1 the Steinberg and trivial representation of
GL2(Z/p"Z) respectively. Let f = f; + (Hip" — Hs) fo.

Lemma 6.3.5. If the eigenvalues of No have the same valuation, then the twisted
orbital integral TOs,(f) vanishes.

U

Lemma 6.3.6. For any 6 € GLy(Q,r) associated to an elliptic curve over Fr,
the norm N§ is semisimple (i.e. diagonalizable).

Proof. cf. [30], lemma 9.8. O

With this lemma, combining theorem 6.3.3 with corollary 6.2.5, we get the
desired result.

Corollary 6.3.7. Let v € M(FF,r) with associated 6. Let h € C°(GLy(Zy)), h' €
C(GLy(Zy)) have matching (twisted) orbital integrals. Then

TOso(p *x h') = TOs(dp0) tr°° (Ppr h| (R F o) )

By theorem 5.3.10, taking h to be the idempotent er(pn), and h’ to be the
P
idempotent erpr), - By remark 5.4.3, we immediately get that
pT

Corollary 6.3.8. Let v € M(F,r) with associated 6. Then
(@ [ (R F)a) = TOso(p  ergmyy N (TOso(0p0)) ™
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Remark 6.3.9. The explicit determination of ¢, * epn), is proved in [30] as
pT

follows, which we do not need in the rest of the thesis:

For g € GLy(Q,r), let k(g) be the minimal number & such that p*g has integral
entries. If v,(det g) > 1 and v,(trg) = 0, then ¢ has a unique eigenvalue z € Q,»
with v,(x) = 0; in this case we define I(g) = v,(z — 1). For n > 1, define a
function ¢y, : GLy(Q,r) — C requiring that

® ¢,,(9) = 0 except if v,(det g) = 1, v,(trg) > 0 and k(g) < n — 1. Assume
now that g has these properties.

® Ppnlg) = =1 — qif vy(trg) > 1,

e Opn(g) =1—¢%9 if v (trg) =0 and I(g) <n —k(g),

e dpn(g) =1+ q2(” FaD=1if v, (trg) = 0 and I(g) = n — k(g).

Take the Haar measure on GLQ(QP ) such that a maximal compact subgroup
has measure p” — 1, then we have ¢,, = ¢, * ep(n) o

6.4. Lefschetz number.
In order to compute the semi-simple local factor, we will compute the Lefschetz

number > tr**(®,r | RYF,)s), because by theorem 6.2.3,
mGMF(pn)(Fpr

—T‘S

log ¢ (Mrgny, @) = 3 S 1% (@ [ (RYF)) 2

r>1 2 M(F,r)

We have just got that
(@ [ (RUFL)) = TOs0(6p * eriy, )T Oso(60)) "
Combining this with corollary 5.4.2, we actually have the following
Corollary 6.4.1.

Z 7 (pr | RYF)) = VOI(F\Gv(Ag) xG,, (Qp))O“Y(fp)TOﬁa(qbp*eF(p”)@

2E€M(F,r)(E)

Now we try to eliminate the twisted orbital integral. Let f,, be the function
of the Bernstein center for GL2(Q)) such that for all irreducible smooth represen-

tations 7 of GL2(Q,), fp, acts by the scalar p%’”trss(q)]’;\aﬂ). Here o), is the (-adic

representation, associated to 7, of the Weil group Wg, with Qy coefficients. In
the same way as lemma 6.3.1, it can be proved that f,, exists. From [15], if =
is tempered and II is a base-change lift of 7, then oy is the restriction of o,. As
proved in [30], there is one result

Lemma 6.4.2. For any tempered irreducible smooth representation m of GLy(Q,)
with base-change lift I1, we have tr**(®}|o7) = tr°*(®pr o).

By this lemma, we deduce that f,, x eppn), and ¢, * er(pm), satisfy the
p’l'

Qp
hypothesis of theorem 5.3.10. Together with lemma 6.3.6, we get from corollary
6.4.1 the following
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Corollary 6.4.3.
Z 3 (Qpr [RYOF)2) = iVOI(F\GW(A?)XG(SU (@p))Ov(fp)ONé(fpyr*ef(p")@ ).

D
zeM(F,r)(E)

The Honda-Tate theory allows us a further simplification of the above result.
We first recall certain facts here.

Theorem 6.4.4. Fiz a finite field F, of characteristic p.

(i) For any elliptic curve E/F,, the action of Frobenius on HL(E,Qy) is
semistmple with characteristic polynomz’al pe € Z[T] independent of £.
Additionally, if F' acts as 00 on H.,, (E/Z,)®Q,, then N is semisimple
with characteristic polynomial pg.

Let vg € GLy(Q) be semisimple with characteristic polynomial pg. Then

(ii) The map E — g gives a bijection between F,-isogeny classes of elliptic
curves over Fy and conjugacy classes of semisimple elements v € GLy(Q)
with dety = q, try € Z which are elliptic in GLy(R), and there exists
d € GLy(Qy) such that v is conjugate to N(6).

(iii) Let G, be the centralizer of vg. Then End(E)* is an inner form of G.,.
We have

crys

(End(E) ® Q)* = G, @ Qp, forl#p
(End(E) (9 Qp)x = G(;U.

Furthermore, the algebraic group (End(F) ®@ R)* is anisotropic modulo
center.

Proof. This is a combination of the fixed point formulas in étale and crystalline
cohomology, the Weil conjectures for elliptic curves and the main theorems of
[33], [16]. Refer to [5] for (i), refer to [16] for (ii), and refer to [33], [5] for (iii). O

For one isogeny class, the right-hand side of lemma 6.4.3 equals
Evol(T\(End(E) © A) )0, ()05 (fyr * ergm, -

Write v = v € GL2(Q), which is compatible with previous use of 7 by part (i),
and write f for the function fP(f,, * ergm), ) € CX(GLy(Ay)).

Now we rewrite the expression above as
+vol((End(E) ® Q)*\(End(E) ® A,)") / o~ g)da.
Gy (Ap)\GL2(Af)

Theorem 6.4.5. The Lefschetz number > tr°¥(@pr | RYF,) ) equals
xEMF(pn)(]va

_ Z vol(G Ly (Q)\ GLy( Ap))f -I—Z vol(G. (Af))/ flg 'vg)dg.
YEZ(Q) Gy (Ap)\GL2(Af)

where the second sum Y. is taken over v € GLy(Q)\Z(Q) semisimple conjugate
class with v elliptic.
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Proof. Tt is enough to check that the contributions of v vanish where dety # p”
or try ¢ Z.

Assume that det~y # p”. The orbital integrals of fP vanish except if det~ is a
unit away from p, hence dety is up to sign a power of p. The orbital integrals
of fpr * erpm) o vanish except if v,(dety) = r, hence dety = £p". But 7 is
hyperbolic at oo if dety = —p” < 0, so det v = p", a contradiction.

Now assume that try ¢ Z. If a prime ¢ # p is in the denominator of try, then
the orbital integrals of f? vanish. The orbital integrals of f, , *erpn),, match with
the twisted orbital integrals of ¢, * ep(mn) o which were computed in theorem
6.3.3. Consequently, they are nonzero only if v,(try) > 0, which implies that try
is integral, a contradiction again. U

7. THE HASSE-WEIL ZETA-FUNCTION

With the above results, now we are ready to conclude the main result. This
section is summarized from [30].

7.1. Contributions from the boundary.
Recall from section 2, let j : Myn,, — Mn,,, be a smooth projective com-
pactification with boundary OM,n,,. We use a subscript Q to denote base change

to Q.
J— — 2 pp— —
Let H*(M g, Qo) = D (=1)'H (M,,,5, Q) in the Grothendieck group of

i=0
representations of Gg X GLo(Z/p"mZ). we are interested in the semi-simple trace
of Frobenius on the cohomology groups, which will turn out to be related to the
Authur-Selberg trace formula. Similarly, put
2
H: (Mp"m@7 Qﬁ) = Z(_l)ZHZ(Mp"m@7 Qﬁ)
=0

The long exact cohomology sequence for the short exact sequence

0— 5Q — Q — @ Q. —0

xG@Mpnm@
imphes that H* (ﬂp"m@v @E) = H: (Mp"m@7 @Z) + e (aMp"m@7 @Z)
The discussions above have actually imply the semi-simple trace of ®,- on

H}(M,n,.5, Q) by theorem 6.4.5. We focus on the boundary here.

Lemma 7.1.1. There is a Gg X GLy(Z/p"mZ)-equivariant bijection
OIM g = {E (6 1)\ GL(Z/p"mZ),

where GLy(Z/p"mZ) acts on the right hand side by multiplication from the right,
and Gg acts on the right hand side by multiplication from the left through the
map

Go — Gal(Q(Cnm)/Q) = (Z/p"mZ)* — GLy(Z/p"mZ),

the last map being given by x +—> (350 (1)> :
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Proof. cf. [30]. O

P. Scholze then has proved the following

Corollary 7.1.2. The semi-simple trace of the Frobenius ®,r on H*(OM. .5, Q)

is given by % fGL2(Z) fof FE1 ((1)19 ) ($%) k)dudk. Here, for allp’ we use the Haar

measure on Q, that gives Z, measure 1, hence the subgroup 7 of Ay gets measure
1.

Proof. If fP(k™ (§ 4 ) k) # 0, then p” =1 mod m, soif p" # 1 mod m, then the
integral is 1dent1cally Z€ro. In this situation, ®,- has no fixed points on aMp nmQ-
Thus assuming now that p" =1 mod m, then the inertia subgroup at p groups
the points of OIM,,.,,5 into packets of size p"'(p—1) on which @, acts trivially.
Therefore the semi-simple trace of ®,- is

;
pHp—1)

As fP(k™ (o) (89) k) = #GLy(Z/mZ)vol(GLy(Z)) ' if u = 0 mod m and is
0 otherwise, we deduce that

Lo L7707 (68 () Ry = (L3 DN GLa(2/m).

#({= (6 1)NGL(Z/p"mZ)).

So we have to prove

[ Gnrergg 0 () Rt = 27 = =2
GLa(Zp) P

Generally for v; # 72 and h € C*(GL2(Q,)),

/ / BOY (3) k)dudk
GLQ(Zp p

S )/ O35 (3 ) () R

Yo - - !
= -2 lr(a,) | hg™ (3 %) 9)d.
Y1 T(Qp)\CGL2(Qyp)

as GLy(Q,) = B(Q,)GL2(Z,), so the left hand side of the desired equality is the
orbital integral of f,, * erpn),, for v = (1 0 )

In our case, |1— %El = [1—p"|,* = 1. Then it follows from the twisted orbital
integral of ¢, * Er(pr)g,, which equals the orbital integral of f,, * Crpn)g, and was
calculated in lemma 6.3.4. O

7.2. The Arthur-Selberg Trace formula.

For the final comparison in Langlands’ method, we give the special case of the
Arthur-Selberg trace formula for GLs that will be needed. For a fully detailed
explanation, refer to [1].
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Let H,) = lim H{, (M;n(C), C) be the direct limit of the L*-cohomology of the
spaces M,,,(C), which is a smooth, admissible representation of GLy(Af). Define

2
H&) - ZZO( 1) HZ and for h € C°(GLy(Ay)), let L(h) = tl“(h|H(*2))-

Let Z C T C B C GLy be the center, the diagonal torus and the upper
triangular matrices. For v € GLo, let G, be the centralizer. Put T(Q) = {vy =

(% 32) 7172 > 0, |71] < |72]}, where we adopt the real absolute value.

Theorem 7.2.1. For any h € CX(GLy(Ay)), we have

%g(h) = — Z vol(GL2(Q))\ GLy(Af))h(7)
vol(G.(Q)\G,, (A h(g~'vg)d
: z O\, (A7) [ o Mo

+ / / By (3 4) k=) dudk
WGT GLa(2) J A,

+ / / (ky (3 ) k™Y dudk.
VeZ GL2(Z) J Ay

where the sum Y. is taken over the same set as in theorem 6.4.5.

Proof. ct. [30] for a specialized proof. This is a special case of Theorem 6.1 of [1].
O

Let Hgisc (GL2(A), 1) denote the set of irreducible automorphic representations
T = Q)00 Tp Of GL2(A) with 7 having trivial central and infinitesimal charac-
ter, that occur discretely in L*(GLy(Q)Rs¢\GL2(A)). For 7 € Tgie.(GL2(A), 1),
let m(7) be the multiplicity of 7 in L*(GLy(Q)R+o\GL2(A)). To deduce the
spectral expansion of L£(h), we need

Lemma 7.2.2. For any i = 0,1,2, there is a canonical GLy(Aj)-equivariant
1somorphism

Il

HEQ) @ m(W)Hi<g[2>SOQ(R)a7TOO)7Tf‘

71—endisc( GLa (A)vl)

There are the following possibilities for the representation T, which has trivial
central and infinitesimal character:

(1) meo 1S the trivial representation or mo, = sgndet. Then

' C i=0

H'(gly, SO2(R), 7)) = 0 i=1

C i1=2

(i) oo 1s a single discrete series representation, then
0 1=10

H'(gl,, SO3(R),75,)) =¢ CoC i=1
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Proof. 1t is a combination of section 2, [1] and the content in [8]. O

2
Denote x(7s) = Y. (—1)"dim H'(gly, SO2(R), 7o )-

=0

Corollary 7.2.3. Forh € C*(GLy(Ay)), L(h) = > m(m)x (T ) tr(h|my).
WeHdisc(Glﬂ(A)J)

7.3. Hasse-Weil zeta-function from comparison.

Fix an isomorphism Q, = C, and recall f = fP(f,, * ep(pn)Qp) € CX(GLy(Ay)),
where f? is the characteristic function of K? divided by its volume, as in subsec-
tion 5.4, and f,, is defined in subsection 6.4.

Theorem 7.3.1. 2tr°(®,-|H*(M nm@,@g)) =L(f).

p

Proof. Combining theorem 6.4.5, corollary 7.1.2 and theorem 7.2.1, the rest is to

show that for v = (7 32) € T(Q) with y172 > 0 and |y1| < |72/, we have

/ Oy (3 8) k)dudk = 0
GLa(Z) J Ag

except for yy =1, v =p".

As the integral is a product of local integrals, where the local one for a prime
¢ # p is only nonzero if v € GLy(Zy), we deduce that v, and v, are up to sign a
power of p. We now prove that

/ / (fpr * €F(pn)@p)(k‘_17 (§%) k)dudk # 0
GLa(Z,) JQ,

only if v,(71) = 0 and v,(72) = r. Similar to the proof of corollary 7.1.2, as long
as Y1 # 72, it is up to a constant an orbital integral of f,, , ¥er(pn)g, which we have
computed by the twisted orbital integrals of the matching function ¢, * er(pm)g , -
Then the continuity of the integrals implies the case v; = .. We have provzd
that v, and ~, are up to sign a power of p, but the case v; = —1,7v, = —p" also
gives 0, since no conjugate of v will be =1 mod m. Hence the only possibility

sy =1,7=p". O

Now we are ready to compute the zeta-function of the varieties M,,, where m
is an integer which is the product of two coprime integers, both at least 3, and
we do not consider any distinguished prime.

Theorem 7.3.2. The Hasse-Weil zeta-function of M., is given by
—_— 1 1 : Km
_ L - §m(7r)x(7roo)d1m7rf
(M) = [ Lms—3) ,
WeHdisc(GLQ(A)vl)

where K, = {g € GLy(Z)|g =1 mod m}. x(ms) = 2 if Ta is a character and
X(Too) = —2 otherwise.

We give the proof of P. Scholze in [30], which shows how the Langlands’s
method works by comparison of Lefschetz and Arthur-Selberg trace formula.
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Proof. By definition, we want to compute the semi-simple local factors at all
primes p. Write m = p"m/, where m’ is not divisible by p, then m’ > 3. From
theorem 7.3.1 and corollary 7.2.3, we have

2
D (=) (B [ H (M, 5, Q) = pa” > ()X (oo )t0* (D0, ) dim 7 f

1=0 WeHdisc(GLQ(A)vl)
We also deduce that

14..88 T(AA raY ]' 1, SS : m
> (1)t (P | H M,,.5, Q) = 5p* > m(T)X (oo )81 (D |0, ) dim 75

i€{0,2} 7 € Haise(GL2(A),1)
dim7eo =1

N | —

Indeed, the sum on the right hand side gives nonzero terms only for 1-dimensional
representations 7 which are trivial on K. Using x(7w) = 2, dim7y™ = 1 and
m(m) = 1, the statement then reduces to class field theory, as the geometric
connected components of M,, are parameterized by the primitive m-th roots of
unity. Notice that we may replace the semi-simple trace by the usual trace on
the Ig,-invariants everywhere, we then have

Yawi = 1.1 . Km
| | — —S| FJ _ Ig,\ — | | _ yam(m)x(Teo) dim 7
' det(l q)pp ‘H (Mm7(@p, @g) p) L(ﬂ—py S 2)2 o
€{0,2} 7 € Mgise(GLa(4),1)

dimnmee =1
Hence by subtracting, we deduce that
S8 IYawi n 1 1, ss . m
—tr** (®yr [H (Mm,@pa Q) = §p2 Z m(m)x (oo ) tT ((I)pT|U7rp) dm”rf )

s Hdisc(GLQ(A)) 1)
dim7mee > 1

or equivalently

Ss —s AAq ™ \\— ss 1 L(m)x(x im 7w im
det™ (1 — @,p~|H' (M, 5, Q)" = I1 L(o3s, 5 — ) ime=)mrf,
(S Hdisc(GL2(A)71)
dim7mee > 1

with the obvious definition for the semi-simple determinant. All zeroes of the left
hand side have imaginary part 0,% or 1: Indeed, if _m,Qp had good reduction,
Weil conjectures would imply that all zeroes have imaginary part % In general,
the semistable reduction theorem for curves together with the Rapoport-Zink
spectral sequence imply that all zeroes have imaginary part O,% or 1. Changing
the semi-simple determinant to the usual determinant on the invariants under I,
exactly eliminates the zeroes of imaginary part 1, by the monodromy conjecture,
proven in dimension 1 in [28]. We also see that all zeroes of the right hand side
have imaginary part 0,% or 1. Assume 7 gives a nontrivial contribution to the
right hand side. Then m, cannot be 1-dimensional, because otherwise 7 and hence
T Would be 1-dimensional. Hence 7, is generic. Being also unitary, the L-factor

L(m,, s — %) consists again in removing all zeroes of imaginary part 1. We find
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that
- _ 1.1 Kk
det(1-Byp | (M, g, @)o) =[] Ll irenirlime
e HdiSC(GL2 (A)z 1)
dim7me > 1
Combining the results above yields the result. U
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