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Introduction

In representation theory, one is often interested in decomposing a representation of a
group G into a direct sum of irreducible representations. Several results of this kind are
known, although most research in this area has focused upon representations of groups on
Hilbert spaces. The case of groups acting as bounded operators on a Banach space is less
well-known, let alone groups acting on ordered Banach spaces or Banach lattices. In this
thesis we study specific representations of groups on a specific class of Banach lattices,
spaces of Lebesgue integrable functions.

Sometimes it may not be possible to decompose a representation into a direct sum of irre-
ducible representations, and we would like to consider a ’continuous’ direct sum of spaces,
a direct integral so to speak. Such a concept exists for Hilbert spaces, and it is defined to
be an L2-space of sections of a family of Hilbert spaces. In this thesis we examine a similar
concept in the case of Banach spaces, so-called Banach bundles. We then consider spaces
of integrable sections of these bundles, a kind of direct integral for Banach spaces. We
construct an isometric lattice isomorphism between LP-spaces of scalar-valued functions
and LP-spaces of sections of some Banach bundle.

We do this by using results on measure decompositions. These results tell us that, under
certain assumptions on the spaces involved, we can decompose a measure p on some space
X which is invariant for the action of some group G into an integral of ergodic measures.
Combining these concepts we construct a Banach bundle B of LP-spaces, and show that
the LP-space of p-integrable scalar-valued functions L?(X, i) is isomorphic to a subspace
of the space of sections that have finite p-upper integral. We then decompose the rep-
resentation of G on LP(X, u) induced by the action of G on X into band irreducible
representations, by viewing it as a representation on the above subspace.

We assume that the reader has some basic knowledge of functional analysis, topology and
measure theory. We will try to explain the basics of most of the objects and properties
which we use, but since we do not intend to write a textbook on any of these areas, we
will sometimes skip the details. For a thorough exposition on these subjects we refer to
such works as [2], [5] and [11].

The first chapter treats some of the necessary background knowledge. A few concepts
from the theory of Riesz spaces are presented, as well as several other results which we
will use later on. Then we state the precise setting which we consider in this thesis and
the relation between band irreducible representations and ergodic measures.

In chapter 2 we state the measure decomposition result that we will use and examine
some of its corollaries.

We treat the theory of Banach bundles in chapter 3. First we define these bundles and
derive some of their properties, after which we move on to consider integration in Banach
bundles.

We present our main results in Chapter 4. Using the ideas of the previous chapters we
make the decomposition of an LP-space and the action of a group on such a space precise.
Finally, in the conclusion we make some remarks on possible extensions and generaliza-
tions of this research.



Chapter 1

Background and preliminaries

For the reader to be able to understand later chapters in this thesis, he or she must know
something about Riesz spaces and transformation groups. In this chapter some elementary
facts about these structures are given.

1.1 Riesz spaces and Banach lattices

First we present a short overview of some of the necessary concepts from the theory of
ordered vector spaces. This is not meant to be a complete overview of this theory, and
a substantial part of the definitions and results can be generalized to a wider class of
structures. However, the concepts as presented here will suffice to examine the rest of this
thesis. A thorough introduction to this field, including proofs of the results below, can be
found in [1] and [16], among others.

All vector spaces are assumed to be real.

Definition 1.1.1. Let E be a vector space and < a partial ordering on E. The pair
(E, <) is said to be an ordered vector space if the following properties hold true for all
z,y € B

e r>yimpliessz+ 2> y+zforall z € FE.
e z > y implies aw > ay for all o € Rxo.

Usually, we will not explicitly mention the underlying ordering in a partial ordered vector
space (F, <) and simply speak of an ordered vector space F.

Once we have the concept of an ordered vector space, it is natural to consider positive
elements. An element z in an ordered vector space E is said to be positive if > 0 holds.
We can also define positivity of linear operators on ordered vector spaces. Let T': £ — F
be a linear operator between ordered vector spaces X and F'. Then T is called a positive
operator if T'(x) > 0 holds in F for all z > 0 in E.

Let E be a partially ordered vector space and F' C F a subset. An element x € F is said
to be an upper bound for F' if x > y holds for all y € F. Similarly, a lower bound z for F'
satisfies ¢ < y for all y € I'. An z € X is a supremum for F' if z is an upper bound for F'
such that z < z for all upper bounds z € E of F. A largest lower bound for F'is called
an infimum for F.!

! Clearly, the supremum and infimum of a set, when they exist, are unique.
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Definition 1.1.2. A Riesz space is an ordered vector space E such that, for all z,y € F,
the supremum z V y and infimum = Ay of {z,y} exist in E.

If z € E is an element in a Riesz space, then we can define the positive part x+ of x as
zt: =2 V0 € E. Similarly, the negative part x~ of x is = := (—z) V0 € E. The absolute
value |z| of z is |z| ==z V (—xz) € E.

We also have maps between Riesz spaces that respect the lattice structure of these spaces.
A linear map T : E — F between Riesz spaces E and F' is called a lattice homomorphism
if T(xVy)=T(x)VT(y) forall z,y € E. If T~" is a well-defined lattice homomorphism
as well, then 1" is a lattice isomorphism.

Remark 1.1.3. One can easily show that T(z Ay) = T(z) A T(y) for all z,y € E if
T : FE — F is a lattice homomorphism. Also note that T is then a positive operator.

Example 1.1.4. Let (X, ) be a non-empty measure space, p € [1,00), and LP(X, u)
the space of p-integrable real-valued functions on X, that is, the set of all measurable
functions f : X — R such that [, |f(2)[’du(z) is finite. We define a partial ordering on
LP(X,pn) by: f<gin LP(X,p)if f(z) < g(z)in R for all z € X. It is straightforward to
check that this turns £P(X, u) into an ordered vector space.

If f,g € LP(X,u) are given, then the function f Vg : X — R given by (f V g)(z) :=
f(z)Vvg(z) for all z € X is the well-defined supremum of f and g in £P(X, ). Similarly,
fAge LP(X,u) given by (fAg)(z) = f(x) Ag(z) for all z € X, is the infimum of {f, g}.
So LP(X, p) is in fact a Riesz space.

Also, the map || - ||, : £LP(X, u) — [0, 00) given by

I =(f |f($)|pd/t(fl?)>1/p

for f € LP(X, ), is a seminorm on LP(X, ). Often we wish to divide out the kernel of this
seminorm, and this provides us with the well-known space L (X, i) = LP(X, p)/ker(]|-]],)
of equivalence classes of p-integrable functions. As is common practice, we will view the
elements of LP(X, ) as functions on X, identifying two of them if the p-norm of their
difference is zero. The latter is the case precisely when two functions are equal p-almost
everywhere on X.

The ordering on L?(X, 1) induced by the one on £P(X, p) is given by f < g in LP(X, u) if
f(z) < g(z) for p-almost all z € X. LP(X, u) is an ordered vector space, and because the
equivalence classes of fV g and fAg, for f,g € LP(X, u), form the supremum respectively
infimum of the equivalence classes of f and ¢ in LP(X, i), we see that LP(X, u) is also a
Riesz space.

An element f € LP(X, u) is positive if f(z) > 0 for all z € X, and an f € LP(X, u) is
positive if f(z) > 0 for p-almost all © € X. The positive part, negative part, and absolute
value of an element of £P(X, ) or LP(X, ) correspond with the usual definitions of these
concepts as maps to R. So f*(z) = f(z) VO, f~(x) = (= f(x)) VO and |f|(x) = |f(x)]
for all z € X and f € LP(X, p).

For each A\ € (0,00), the multiplication operator f +— Af is a lattice isomorphism, both
on LP(X, p) and on LP(X, ). We will encounter other examples of lattice isomorphisms
on these spaces later on, when we consider the action of a group G on X.

Similar statements hold for the p-almost everywhere bounded functions £°(X, ) on X,
the set of all measurable functions f : X — [0,00) for which there exists an M > 0



such that p{x € X :|f(z)] > M} = 0. The smallest such M will be denoted by ||f||cos
and the map || - ||oo : LX(X, 1) = 00, [ = ||fl||lec for f € LX(X, i), is a seminorm on
L2(X, ). We view elements of L=(X, u) = L®(X, u)/ker(]| - ||o) as functions on X and
we identify two of them if their difference has oco-norm 0, which holds if they are equal
p-almost everywhere. Then £>(X, u) and L*°(X, ) are Riesz spaces and the supremum
respectively infimum of two elements are as in the case p < oo above. The multiplication
operators from above are also lattice isomorphisms on £°(X, u) and L®(X, u).

Ideals and bands

Assumption 1.1.5. From here on we will suppose that all Riesz spaces are Dedekind
complete and have the countable sup property. The former means that every non-empty
order bounded set has a supremum, and the countable sup property tells us that, for every
subset ' C FE of the Riesz space E having a supremum in £, there exists a countable
subset of F' with the same supremum. These properties imply that we can adjust the
definitions we give to the (often simpler) case of sequences. This is justified since the
spaces of Lebesgue integrable functions that we will we consider in this thesis are Dedekind
complete and have the countable sup property.

Consider a sequence {z,} ~, in a Riesz space E. It is said to be increasing if n > m in N
implies x, > ., in E. We write =, T « if {z,} ~ is increasing and sup,cy2, = ¢ € E.
Decreasing sequences are defined similarly, and z,, |  means that {z,} ~, is decreasing
and inf, ey z, = z. We are now ready to define order convergence in a Riesz space.

Definition 1.1.6. A sequence {z,} -, in a Riesz space E is said to be order convergent
to an element z € E, notation z,, — x, if there exists a sequence {y,}°~, C E such that
Yn 4 0 and |z, — z| <y, for each n € N.

Two special types of subspaces of a Riesz space are ideals and bands. An ideal in a Riesz
space F is a linear subspace A C FE such that |z| < |y| and y € A imply z € A. A band in
E is an ideal which is closed under order convergence, i.e. z,, = x € E and {z,}>° C A
imply x € A. A linear operator T : F — F on F is said to be band irreducible if TB C B
for a band B C F implies B =0 or B = E. A collection I' of operators on F is called
band irreducible if, for every band B C F, I'B C B implies that B is trivial.

Remark 1.1.7. All ideals (and thus all bands as well) are closed under the lattice opera-
tions V and A. In other words, if z,y € A are elements of an ideal A C E/, then xVy € A
and z Ay € A.

So far we have considered vector spaces with a partial ordering on them. In a lot of
examples, specifically in the ones that we will consider later on, the vector space is also
endowed with a norm. If this norm is compatible with the ordering in some sense, then
we use the following terminology:

Definition 1.1.8. Let F be a Riesz space with a norm || - || : B — [0,00). (E,||-])?
is called a normed Riesz space if |z| < |y| in E implies ||z|| < ||y||. If E is furthermore
complete with respect to the norm || - ||, then (E,||-||) is a Banach lattice.

2Just as we did for the ordering on a Riesz space, often we will not mention the norm explicitly and
simply speak of a normed Riesz space space E.



Remark 1.1.9. In a normed Riesz space, the lattice operations are norm continuous. In
other words, if {x,} -, and {y,} -, are sequences in a normed Riesz space E such that
xp, — x and ¥, — y in norm for certain z,y € F, then x,Vy, = xVy and x, Ay, = Ay
in norm.

Remark 1.1.10. We now have two concepts of convergence on a normed Riesz space,
convergence in order and in norm. In general, neither will imply the other. However,
certain relations between the two concepts do hold, and in fact the LP-spaces that we
examine have the property, for p < oo, that order convergence implies norm convergence,
as we will see below.

We can give an alternative characterization of bands in a normed Riesz space using the
concept of a disjoint complement. Let F' C E be a subset of a Riesz space. The disjoint
complement of F' is the subset F?:={x € E:|z| A |y| =0 for all y € F}.

Proposition 1.1.11. In a normed Riesz space E, a subset F' C E is a band if and only
if F = Fd,
From this and Remark 1.1.9 we get

Corollary 1.1.12. Every band in a normed Riesz space is norm closed.

If E' is a Riesz space, then we may wish to decompose F into simpler parts, as is done for
vector spaces by writing the space as a direct sum of subspaces. For ordered vector spaces
we also have an ordering to account for, so we would like to incorporate this ordering into
such a decomposition.

Definition 1.1.13. Let E be a Riesz space. We say that E is the order direct sum of
linear subspaces F;G C Fif F = F & G as a vector space andif x = y+2 > 0in F

implies ¥y > 0 and z > 0, where y € F' and z € G form the unique decomposition of z in
Fod.

In this thesis we will attempt to decompose a space of Lebesgue integrable functions in a
similar manner. In that light, the following proposition motivates our interest in bands:

Proposition 1.1.14. If a Riesz space F = F @& G is the order direct sum of subspaces
F,G C E, then F and G are bands such that G = F? and F = G

Example 1.1.15. Again let a non-empty measure space (X, 1) and a p € [1, 00| be given.
We have seen in Example 1.1.5 that the spaces £P(X, 1) and LP(X, ) are Riesz spaces,
and that LP(X, ) can be endowed with the norm || - ||, : X — [0, 00) given by

e = |f(x)|pdu(x)>1/p

for all f € LP(X,p) if p € [1,00), and
| flloo =inf{M >0: p{z € X :[f(z)] > M} =0}

for all f € L>®°(X,p). In fact, LP(X, p) is a normed Riesz space, and since it is complete
with respect to || - ||,, a Banach lattice. Indeed, if f,g € LP(X, i) are such that |f| < |g|
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almost everywhere, then monotonicity of the integral implies ||f||, < ||g||, for p < oo,
and for p = 00 || f||eo < ||9]|co follows immediately.

We now examine order convergence in this space. Suppose {f,} -, C LP(X, ) converges
in order to an f € LP(X, ). Then there exists a positive decreasing sequence {g,} -, C
LP(X, p) such that inf,cy g, = 0 almost everywhere and |f, — f| < ¢, almost everywhere
for all n € N. This implies that {f,},~, converges pointwise almost everywhere to f. So
order convergence implies almost everywhere convergence.

However, the converse does not hold in general. To see this, set X := [0, 1] and let u be
Lebesgue measure on X. For each n € N, set X,, := (27",2'"") C X and f, := 2?1y,
if p € [1,00), f, :==nlx, if p = co. Then {f,} ., C LP(X, p) converges to zero almost
everywhere, but it does not converge in order. Indeed, suppose {g, },-, C L?(X, p) is such
that g, J 0 and f,, < g, (since the sequence {f,} _, converges to zero almost everywhere,
its order limit, if it exists, must be equal to 0). First assume p < occ. Then

1/p 1/p
anHp=</Xf£’du> :(/ m) ,

for each n € N, and g, > ¢,, > f, forallm > n. So g, > SUDP,;,>p fn and, because the X,
are mutually disjoint,

/gﬁdMZ/ sup | fulPdp = Z/ 2"dp = 00
X X m=n Xn

m>

for each n € N, a contradiction. In the case p = co we find in a similar manner ||g,||o0 >
|| fmlleoc = m for all m > n, which contradicts {g,} -, C L=(X).

We also examine the relation between order convergence and norm convergence in these
spaces. To this end we consider the cases p € [1,00) and p = oo separately. For p < 0o one
need only note that we can apply the dominated convergence theorem to see that order
convergence implies norm convergence. The reverse implication need not hold. Indeed, set
X :=[0,1] and let p be Lebesgue measure on X. Let {X,,} 7, be the sequence of intervals
[0,1],[0, 31, (3,1, [0, 3], [3, 2], [2.1],... in X and let {f},—; C LP(X, ) be the sequence
of characteristic functions of these intervals. This sequence converges to zero in norm, as
the lengths of the intervals decrease to zero, but the sequence does not converge pointwise
anywhere. Since order convergence implies pointwise almost everywhere convergence, we
conclude that the sequence does not converge in order.

For p = oo the situation is reversed. Indeed, since ||f — g||o < € implies |f — g| < el
almost everywhere, with 1 the constant function on X and f,g € L°°(X, p1), it is easy to
see that norm convergence implies order convergence. However, if we consider X := [0, 1]
and p Lebesgue measure on X once again and set X,, := (0, %) C X, f, =1y, for each
n € N, then {f,} -, converges in order to 0 but it is not a Cauchy sequence and therefore
not norm convergent.

Finally, we determine the bands in LP(X, ) for p finite. Let B C LP(X, i) be a band,
so B¥ = B. A measurable set Y C X is called a null set for B if every f € B is
zero almost everywhere on Y. Let I'" be the collection of all null sets of X. Since p is
finite, v := sup {u(Y) : Y € '} is a finite quantity. Therefore there exists a sequence
{Ya},en C I such that p(Y,) 1 v asn — oo. Set Y := U2, Y, for such a sequence. Then
Y €I and there does not exist a subset Z C X \ Y of positive measure with Z € I'. From
this we deduce that B¢ = {f € L?(X,p) : f(z) = 0 for almost all x € X \ Y} and

B=BY={fcL”(X): f(y) =0 for almost all y € Y'}. (1.1)
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On the other hand, for any measurable ¥ C X the set of functions in LP(X, ) which
vanish almost everywhere on Y is band. We conclude that any band B C LP(X, ) is of
the form (1.1) for some measurable Y C X.

This statement can be generalized to the case where 1 is o-finite, by restricting to subsets
on which g is finite.

1.2 Transformation groups

In this section we aim to describe in detail the setting which will be considered in this
thesis. First we recall some concepts and results from topology, functional analysis and
measure theory. For more details we refer to textbooks such as [2], [5] and [11].

Background A topological space X is said to be completely metrizable if there exists
a metric on X which induces the topology of X such that X is complete with respect to
this metric. Also, X is Polish if it is separable and completely metrizable. Any Polish
space is second-countable and any subset of a Polish space is metrizable and separable.
If £ is a Banach space, then we denote by B(E) the set of bounded linear operators on
E. Apart from the norm topology there is another topology on B(E), the strong operator
topology. In this topology a net {1;},., C B(E) converges to a T' € B(L) if Tj(x) — T'(x)
for all € E. Clearly, this topology is weaker than the norm topology on B(FE). If X is
a topological space and p : X — B(F) a map, then we say that p is strongly continuous
if it is continuous with respect to the strong operator topology on B(F).

If X is a topological space, then by the Borel o-algebra we mean the o-algebra generated
by the open sets in X. In what follows all matters of measurability on a topological space
X will refer to this Borel structure.

If i1 is a measure on a Hausdorff topological space X, then p is outer regular if

w(Y) =inf{u(U) : Y C U open}
for every Y C X measurable. Also, u is said to be inner reqular if
w(Y) =sup{u(F): F CY closed}

for all Y C X measurable. The measure y is normal if it is both outer and inner regular.
Any finite Borel measure on a metrizable space is normal [2, Theorem 12.5]. Furthermore,
W is tight if

p(Y) =sup{u(K): K CY compact}

for all Y C X measurable. Clearly, a tight measure is inner regular. Finally, u is said
to reqular if p(K) < oo for all K C X compact and if p is both outer regular and tight.
Any finite Borel measure on a Polish space is regular [2, Theorem 12.7].

For any locally compact Hausdorff space X, p any regular finite measure on X and p €
[1,00), the equivalence classes of the compactly supported continuous functions C.(X) C
LP(X, p) lie dense in LP(X, ). The compactly supported continuous functions need not
be dense in L®(X, p1).

For any metrizable space X, the set P(X) of Borel probability measures on X can be



endowed with the weak* topology®. In this topology a net {u;},.; C P(X) converges to a

p € PX)if
/deui—>/xfdu

for all f: X — R continuous and bounded. A base for this topology is given by the sets

/Xfidu— /Xfid)\‘ < e} C P(X) (1.2)

for p e P(X),neN, fi,..., fn € Cp(X) and € > 0. Moreover, P(X) is compact if and
only if X is compact and P(X) is Polish if and only if X is Polish.

1<i<n

{/\ € P(X) : max

Groups acting on topological spaces

Definition 1.2.1. Let G be a group and X a set. We say that G acts on X if we have a
map G x X — X, which we denote by (g,x) — gx for all ¢ € G and x € X, that satisfies
the following properties:

e For all x € X we have ex = x, where ¢ € GG is the identity in G.

e Forall g,¢ € G and z € X we have (g¢')x = g(¢'z).

We then call X a (left) G-set.

Moreover, if X is a measurable space, then X is a measurable GG-space if the map x — gz
on X is measurable for each ¢ € G. We also say that G acts on X in a measurable
manner.

If X is a topological space, then X is a topological G-space if x — gx is continuous on X
for each g € GG, and we say that G acts on X in a continuous manner.

Finally, if G is a topological group and the map G x X — X given by (g,z) — gx for
(9,2) € G x X is continuous, then the pair (G, X) is called a transformation group.

Clearly, if G acts on X in a continuous manner, then each g € G defines a homeomorphism
on X. In that case, z — gx is a map on X which is measurable with respect to the Borel
o-algebra on X, for each ¢ € G. Also, if (G, X) is a transformation group then X is a
topological G-space.

When we ascribe a certain topological property to a transformation group (G, X), then we
mean that both G and X have this property. For instance, if (G, X) is a locally compact
Polish transformation group, then G is a locally compact Polish group and X is a locally
compact Polish space.

From Definition 1.2.1 we see that giving an action of G on a set X is equivalent to giving
a representation of G on X, a group homomorphism p : G — Aut(X), with Aut(X)
the group of automorphisms of X. If F is a Banach space then we are interested in
representations p : G — B(FE). As noted in the Introduction we would like to decompose
such representations, much as natural numbers can be decomposed into prime numbers
by factorization. One of the ways to decompose a representation is the following.

3In probability theory this is usually called the weak topology. However, we can view the probability
measures on X as elements of the dual of Cy(X), the space of continuous bounded functions on X. We
would then like to consider the weak* topology on this space, not the weak topology.
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Definition 1.2.2. Let p : G — B(FE) be a representation of a group G on a Banach space
E. A direct sum decomposition of pis aset {p;},.;, for I some index set, of representations
pi : G — B(FE;), with E; C E a closed subspace for each i € I, such that F = @;c;F; and
pi(g) = p(g)|g, for each i € T and g € G.

Now let X be a measurable G-space. A measure pon X is said to be an invariant measure
(for G) if u(g=*(Y)) = p(Y) for all Y C X measurable and g € G. A measurable subset
Y C X is said to be an invariant set (for G) if GY = UyeqgY =Y. Moreover, we say
that u is ergodic if it is an invariant probability measure such that p(Y) =0 or u(Y) =1
for all invariant sets Y C X. We will study these ergodic measures a bit more later on.
Let f : X — R be a function on X. For each ¢ € G we can then define a function
gf : X = R by gf(x) = f(¢g'x) for all z € X. If f is measurable, then so is gf
because (¢f)~ (V) = g(f~*(Y)) is measurable in X for each Y C R measurable. If y is
an invariant measure on X, then we can say even more:

Proposition 1.2.3. Suppose p is a G-invariant measure on X. For each ¢ € G and
p € [1,00], the map f — g¢f is an isometric lattice isomorphism on LP(X, ). G acts on
LP(X, p) in a continuous manner and the map p: G — B(LP(X, 1)), p(g)(f) := gf for all
g € Gand f € LP(X, ), to the space of bounded operators on L?(X, i) is a representation
of G as a group of isometric lattice isomorphisms on LP (X, ).

If (G,X) is in fact a transformation group, X is locally compact, p is a regular finite
measure and p € [1,00), then p is strongly continuous.

Proof:

Let g € G be given. We have already seen that ¢gf is measurable for f measurable, and
it is easy to see that ¢ acts linearly. To show that ||f||, = ||¢f||, for f € LP(X, p),
first assume p € [1,00). We use the standard machine. For f an indicator function the
statement follows from the invariance of p. The linearity of ¢ then extends the result to
simple functions. One easily checks that the monotone convergence theorem and splitting
into positive and negative parts lead to || f||, = ||gf||, for all f € LP(X, u). On the other
hand, for p = oo the statement follows immediately because

pia e X :lgf(@)| > M} = pla € X+ |f(g 0] > M}

= plg{r € X:|f(z)| > M}) = p{z € X : [f(2)| > M}

for all f € L*(X,pu) and M > 0. So p(g) € B(LP(X, ;1)) is indeed an isometric operator
on LP(X, p) for all p € [1,00].
Now let f, f" € LP(X, 1) be given. Then

g(f v @) = (fV )9~ e) = flg™ e) v f'(g™ ') = gf () V g f (2) = (9f V 9f") ()

for almost all x € X. So g acts as a lattice homomorphism. Since the same holds for
gt € G, plg) € B(LP(X, i) is an isometric lattice isomorphism.
G acts on LP(X, u) and p is a representation because

(99)f(x) = f((¢) ‘g ‘=) =9g'f(g 'z) = 9(d [)(x)

forall g,¢' € G, f € LP(X, ) and almost all z € X. Clearly ef = f for all f € LP(X, u),
where e € (G is the identity element.
As for the strong continuity of p, assume that (G, X) is a transformation group, that
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X is locally compact, p a regular finite measure and that p is finite. Let {g,} -, C G
be a sequence converging to some gy € G. It suffices to show that g,f — gof for all
f € C.(X). Indeed, the continuous compactly supported functions lie dense in LP(X, ),
and it is straightforward to reduce the general case to this dense subset, using that the
operators p(g) € B(LP(X, 1)) are uniformly bounded by 1.

Solet an f € C.(X) be given. Since the map (g, z) — gz is continuous on G x X, we have
g, 'z — gy'x as n — oo for each 2 € X. Because f is continuous, g,f — gof pointwise.
We also have

lgn f ()] < sup [f(y)| < o0
yeX

for all z € X and n € N. Hence we can apply the dominated convergence theorem to see
that g,f — gof. n

We are now ready to formulate the main question which we will attempt to answer in this
thesis. A representation of a group GG on a Riesz space F is said to be band irreducible if
G leaves only the trivial bands 0 and F in E invariant.

Let G be group, X a measurable G-space, |1 a G-invariant measure and p € [1,00]. Is
it possible to decompose the representation p on LP(X, ) from Proposition 1.2.5 into
band irreducible representations in some manner, and if so, under what hypotheses on
the spaces involved? Moreover, if G is a topological group, when are the representations
involved strongly continuous?

The answer, as we will see in Theorem 4.1.5, is that this can indeed be done for p < occ.
However, we do not use a direct sum decomposition as in Definition 1.2.2, but a type of
integral decomposition which will be described in later chapters.

The reason why we ask the representations to be band irreducible lies partly in Proposition
1.1.14. We want to decompose the space LP(X, 1) into simpler parts, and if we do this in
a way that respects the lattice properties, we can expect bands to be involved. Since we
would like to decompose a representation on this space in such a manner that we cannot
decompose it any further, it seems natural to require that the representations which we
decompose it into only leave trivial bands invariant.

Ergodic measures and band irreducibility In this section we let (G, X) be a locally
compact Polish transformation group (These assumptions can be somewhat weakened. For
details see [11]). We will now investigate the relationship between ergodic measures and
band irreducibility of the action of G on LP(X, u).

We have remarked that the space P(X) of probability measures on X is a Polish space
when endowed with the weak™ topology. It is easy to see that the subset Z C P(X) of
all G-invariant probability measures is convex. We will show that the subset & C T of
extreme points of Z consists precisely of the ergodic measures on X. For this we need a
lemma from [11, pp. 196-197] to help us classify these ergodic measures.

For subsets Y, Y’ C X we denote by YAY” := (YUY")\ (Y NY”) the symmetric difference
of Y and Y.

Lemma 1.2.4. Let Y C X be a measurable subset. There exists a G-invariant set Y’ C X
such that u(YAY') = 0 for any p € Z with the property that pu(gYAY) = 0 for every
g€ q.

Note that the set Y’ does not depend on the invariant measure p, only on Y and G.

12



Corollary 1.2.5. For an invariant probability measure x on X, the following are equiv-
alent:

1. pis ergodic.

2. (YY) =0 or p(Y) =1 for every measurable Y C X such that u(gYAY) = 0 for
every g € G.

3. pek.

Proof:

First suppose that p is ergodic. Let Y C X be measurable such that pu(gY AY) = 0 for all
g € G. By the above lemma, there exists an invariant set Y’ C X such that u(YAY”') = 0.
Since p is ergodic, p(Y"') = 0 or u(Y’) = 1. This then implies u(Y) =0 or p(Y) = 1.
Now suppose that condition (2) holds and that we have p = Ay + (1 — N g for pg # po
in Z and some A € (0,1]. Then p4 is absolutely continuous with respect to p. Let f >0
be its Radon-Nikodym derivative with respect to p. Since p; is invariant, it is easy to
see that f(x) = f(g ') almost everywhere for all g € G. Set Z := {z € X : f(z) > 1}.
Then u(gZAZ) =0 for each g € G, so u(Z) = 0 or p(Z) = 1. From [, fdp = (X) =1
we can deduce u(Y) =1 and f(z) = 1 almost everywhere. Then

m(Y) = /Y Ldp = p(Y)

for all Y C X measurable and therefore p; = p, A = 1. So p is indeed an extreme point
of I.

Finally, suppose that Z C X is an invariant set such that ¢ := u(Z) € (0,1). Define
measures p1 and po on X by

1 1 .

p(Y) = EMY NZ), p(Y):= 1—_CM<Y nZz°)
for Y C X measurable. Then py, o € Z, p1 # pio and cpg + (1 — ) = p, sop ¢ £, O
The following proposition gives a hint on where to look for band irreducible decompositions

of the representation p.

Proposition 1.2.6. Let p be a G-invariant probability measure on X and p € [1, 00].
Then the action of G on LP(X, i) is band irreducible if and only if x is ergodic.

Proof:
First suppose that p is band irreducible and let Y C X be G-invariant. Consider the band

B:={fe L’ (X,u): f(y) =0 for almost all y € Y} C LP(X, p).

We have GB C B, so B=0or B = LP(X, ). Since 1y. € B, it is easy to see that these
cases correspond to p(Y) = 1 respectively p(Y) = 0. So p is ergodic.
Conversely, suppose p is ergodic and let B C LP(X, u) be a band such that GB C B
holds. Write

B=A{feL’(X,u): f(y) =0 for almost all y € Y}
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for some measurable ¥ C X, as in Example 1.1.15. Then 1y. € B so glye = 1gye € B
for all g € G. This implies (Y N gY¢) = 0 and

(Y NgY) = p(Y \ gv*) = p(Y) = u(gY),

so (gYAY') = 0 for all g € G. By Corollary 1.2.5, u(Y) = 0 or u(Y) = 1. These cases
correspond to B = LP(X, u1) respectively B = 0. Either way, B is trivial and therefore p
is band irreducible. O
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Chapter 2

Measure disintegration

In the present chapter we examine results from [6] and [14] which, together with Propo-
sition 1.2.6, will be key to decomposing the action of a group on a space of Lebesgue
integrable functions.

2.1 Ergodic decomposition

Measurability structures on the ergodic measures In this chapter we let (G, X)
be a Polish transformation group, with G locally compact. Loosely speaking, we will see
that we can decompose a G-invariant probability measure p as an integral

u(y) = /X 5o (V)dpu(x) (2.1)

for each Y C X measurable, with the 8, € £ ranging over the ergodic measures on X.
However, for this expression to make sense, we need to know that the maps = +— 5,(Y)
are measurable on X for ¥ C X measurable. One way this could be true is if the map
p: X — P(X) given by f(z) = f, € € for all x € X, is measurable with respect to the
o-algebra on P(X) generated by the maps A — A(Y) on P(X), for Y C X measurable.
Indeed, then the composition z — (3,(Y") is measurable on X. Let A denote this o-algebra
on P(X), i.e., A is the smallest o-algebra for which the maps A — A(Y') are measurable
for each Y C X measurable.

Now recall from the previous chapter that we have a weak™* topology on the set of probabil-
ity measures P(X) which turns P(X) into a Polish space. So also have a Borel o-algebra
B on P(X) with respect to this topology. Fortunately, it turns out these o-algebras are
the same:

Proposition 2.1.1. A =B.

Proof:

First we show A C B. Let L be the class of all bounded measurable functions f: X — R
on X such that the map A — [, fd\ is measurable on P(X) with respect to B. Then it is
straightforward to check that £ is a vector space containing C,(X), the set of continuous
bounded functions on X. Also, by applying the dominated convergence theorem one
sees that f € £ when {f,} -, C L is a sequence increasing pointwise to some bounded
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f + X — R. The monotone class theorem now tells us that £ contains all bounded
measurable functions on X, and in particular all indicator functions 1y of measurable
subsets Y C X. So

A / 1yd\ = A(Y)
X

is measurable with respect to B for all Y C X measurable, and A C B holds true.

For the other inclusion it suffices to show that each open set in P(X) is an element of A.
To this end, remark that for each bounded measurable f : X — R, the map A — fx fdX
is A-measurable on P(X). Indeed, we know that this is true for characteristic functions,
and using linearity and the monotone convergence theorem we can show that it holds for
all such f. So for all \g € P(X), e >0, n€ Nand fi,..., f, € Cp(R),

n

/fldu /Xfid)\‘<e}:n{)\e73 ‘/ fidp — /Xfid)\

=1

{)\EP 1 max

1<i<n

Since these sets form a basis for the weak™® topology on P(X), any open set in P(X) is a
union of such sets. Furthermore, as P(X) is Polish and thus second-countable, any open
set is a countable union of such elements in A and is therefore an element of A. O]

We also remark that the sets Z and € in P(X) are Borel measurable [1 1, p. 1119]. Applying
the above result to the induced weak* topology on the subset & C P(X) we find:

Corollary 2.1.2. The Borel g-algebra on £ (with respect to this induced weak* topology)
is the o-algebra generated by the maps A — A(Y) on &, for Y C X measurable.

As a subset of a Polish space, £ is separable and metrizable in the induced weak™ topology.
In the remainder all matters of topology on £ will refer to this topology, and all matters
of measurability to its Borel structure.

Decomposition maps From the discussion in the previous paragraph we conclude that
we are looking for a measurable map 5 : X — &, x — [, such that (2.1) holds. First we
treat an example in which this can be done explicitly.

Example 2.1.3. Let D := { € C:|2|] <1} C C be the closed unit disc and T :=
{z € C:|z] =1} C C the unit circle. Then T is a compact Polish group under multi-
plication and the induced topology of C. Similarly, D is a compact Polish space. The
map T x D — D given by (", re?) v re™9 for n,0 € [0,27) and r € [0,1], defines a
continuous action of T on D and (T, D) is a compact Polish transformation group.

The ergodic measures on D are precisely the normalized rotation-invariant measures sup-
ported on the circles rT for r € [0,1] (one can determine explicitly that the ergodic
measures are supported on the orbits of points, but we will also remark later that this
follows in general from the compactness of (T,D)). So & = {\, : r € [0,1]}, where

2w
M(Y) = i/0 1y (re')df

for Y C D measurable and r € [0, 1].
We show that &£, when endowed with the weak* topology, is homeomorphic to the unit
interval [0, 1]. Indeed, consider the map ¢ : [0,1] — &€ given by ¢(r) = A, € & for r € [0, 1].
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Let {r,} —, C [0,1] be a sequence converging to some r € [0, 1] and f : D — R continuous
and bounded. Then we have

/D f(2)dA(z) = % /0 " f(re®)de

and similar expressions for the integral of f with respect to each A, , n € N. The func-
tions 0 — f(r,e) on [0,27] converge pointwise to 8 — f(re?) because f is continuous.
Moreover, as f is bounded we can use the dominated convergence theorem to find

2m
/f 2)dA,, = — f(rn do — L f(re®)do :/f(z)d)\
0 21 Jo D

as n — oo. By the arbitrariness of f € Cy(D), ¢(rp,) = N\, = A = ¢(r) in €. So ¢ is
continuous as a map from [0, 1] to £. It is clearly bijective. Because [0, 1] is compact and
& Hausdorff, we can use a well-known lemma from topology which tells us that ¢ is in
fact a homeomorphism, and we conclude that £ is indeed homeomorphic to the compact
unit interval [0, 1].

Now consider the map 3 : D — & given by B(re?) = ¢(r) = A\, € &, for r € [0,1] and
6 € [0,27). Then § is continuous, and thus Borel measurable, because ¢~1 o8 : D — [0, 1]
is continuous. Let g be the normalized Lebesgue measure on D given by

1 1 27 ]
== / / rly (re®)dfdr
T™Jo Jo

for Y C D measurable. This is a T-invariant probability measure on D. Furthermore, for
any Y C DD measurable we have

1 1 27 ; 1 1 2 i B 1
B ;/0 /0 rly (re®)dfdr = 2/0 r (g/o 1y (re 9)d0> dr = 2/0 A (Y)dr
1 2 1 1 2 1 ” B
= ;/0 /0 rA (Y)drdf = ;/0 /0 rB(re”)(Y)drdd = /D@(Y)dﬂ(z)-

So the map g is indeed the decomposition map for p that we were looking for.

Below we will see that we can find such a decomposition map for any invariant probability
measure i on X. Furthermore, it turns out that this map does not depend on the invariant
measure g that we choose, and that it is in some sense unique. To understand what
uniqueness we are referring to, we make the following definition:

Definition 2.1.4. A measurable subset Y C X is said to be G-negligible if u(Y) =0 for
all invariant probability measures ;1 € Z on X. We denote the family of all G-negligible
subsets of X by N.

The G-negligible sets form a o-ideal in the Borel o-algebra on X. This means that ) € N,
that Y € A for all Y C X measurable which satisfy Y C Z for some Z € N, and that N’
is closed under countable unions. All these properties are straightforward to check.

We are now ready to state the results of [0] and [1] about the existence of a decomposition
map. We have taken the theorem itself from [11, p. 1119], where a convenient summary
of their work can be found.
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Theorem 2.1.5. Suppose there exists an invariant probability measure on X, so 7 # §.
Then £ # () and there exists a Borel measurable surjection 8: X — &, v — 3, for v € X,
called a decomposition map, satisfying the following properties:

1. Forall z € X and g € G, By = 5.
2. Forevery A€ E, M {A}) = {z € X : B(z) = A} = 1.

3. For any invariant probability measure p on X,

u(y) = / 5o (V) dpa(x) (2.2)
X
for all Y € X measurable.

Furthermore, if 5’ : X — &£ is another decomposition map with the above properties, then
there exists a G-negligible Y € A such that 3, = 3, for all z € Y.

A few remarks are now in order.

In the above theorem we require that Z # (), so a question that remains is when there exists
an invariant probability measure on X. A sufficient condition is given by the following
result, from [11, p. 1118].

Proposition 2.1.6. If (G, X) is a compact Polish transformation group then Z # ().

Property (1) tells us that § is constant on G-orbits. In general it need not be true that
the ergodic measures are supported on single G-orbits. However, this was the case in
Example 2.1.3 and in fact, if (G, X) is a compact Polish transformation group then for
any G-orbit Gz C X there exists a unique ergodic measure supported on Gz [11, p. 1119].
So in that case the ergodic measures are indeed supported on the G-orbits.

There are generalizations of these decomposition results to quasi-invariant measures. For
more details on measure decompositions see [11, pp. 1101-1140]

2.2 Consequences of the ergodic decomposition

Decomposing integrals on X Now that we know how to decompose an invariant
probability measure p on X into an integral of ergodic measures, we take a look at the
consequences of this decomposition for the spaces LP(X, i), p € [1, 00).

Proposition 2.2.1. For any f € L'(X, p1) the following holds: f € L'(X, 3,) for y-almost
all z € X, the map 2 — | « JdBz is a p-almost everywhere defined map that is integrable
with respect to p, and we can write

[ gau= [ ([ sa.) auio) (23)
Proof:

We use the standard machine. First assume that f = 1y for some Y C X measurable.
Then (,(Y) is finite for all x € X, so f € LY(X,f,) for almost all z € X. Because
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B : X — &£ is measurable, the map z — (,(Y) = [, fdB, is measurable. Furthermore,
equation (2.2) implies

[ sau= )= [ saute) = [ ([ sas.) dute)

and since this quantity is finite, the map « — [, fdf, is p-integrable.

If f € L'(X,p) is a simple function, write f = > | a;1y; for certain n € N, o; € [0, 00]
and Y; C X measurable, 1 < < n. Then the map z — [, fdf, = > " a;- B,(Y;), as a
linear combination of measurable functions, is measurable on X. Linearity of the integral
implies

/fdu Zow Zaz/ﬁx Dy

:/X;ai (/X 1Yid6m> du(az):/X (/X fdﬂm> dp(x).

Because this quantity is finite, the map « — [ fdf, is p-integrable and [ fdf, < oo for
p-almost all z € X.

Now suppose f = sup,,cy fn € L'(X, ) is the supremum of an increasing sequence of sim-
ple functions {f,}o~, C L'(X, ). Then z — [ fdfB, = sup,cy [y fndB: is measurable,
as the supremum of a sequence of measurable functions. Furthermore,

[ = [ o= sup [ ([ gt} anie) = [ ([ sase) o

by the monotone convergence theorem and what we have shown above. Since [ < fdp is
finite, the map = — [, fdB, is p-integrable and [, fdf, < oo for p-almost all z.
Finally, let f € L'(X, ) be arbitrary and let f = f* — f~ be its decomposition into
a positive part f* and negative part f~. Then [, fTdu and [, f~du are finite, so
they are elements of L'(X, 3,) for u-almost all z € X. The same then holds for f. So
e [ fdBy = [ [TdB: — [ [~dB, is well-defined and measurable almost everywhere,
as the difference of two almost everywhere finite measurable functions. Complete its
definition in some measurable way to all of X (for instance by setting it equal to zero
where the above expression is not defined). Then

e e [ os)ow | ([ 65) o
[ ([ rras~ [ 5as.)auwr = [ ([ sa5.) auto)

where the function  — [ fdB, = [, fTdB.— [ f~df, is almost everywhere well-defined
and p-integrable (because the quantity above is finite). O]

Push-forward measures and integration on £ So far we have considered integra-
tion on X, but we also have a Borel structure on £. We would like to integrate over this
space, and so we "transfer’ a measure p on X to £. To be more precise, the push-forward
measure of p through 3 is defined to be the measure v on & given by v(A4) = p(f7(4))

19



for all A C £ measurable. This is well-defined because g : X — & is measurable. If y is
a probability measure then so is v, and in that case v is normal, as a finite measure on a
metrizable space.

A general result about push-forward measures applied to this specific setting is the fol-
lowing.

Lemma 2.2.2. For any measurable f : £ - R, f € L'(&€,v) ifand only if fo € L' (X, p),
in which case we have
/fdl/:/ foBdu. (2.4)
£ X

Proof:

First remark that fo/ : X — R is measurable, as a composition of measurable mappings.
Again we use the standard machine. First suppose f = 1y for some measurable Y C &.
Then f o 6 = 15—1(y) and

[ s =v) =52 ) = [ gopin

Ifn €N, q; €[0,00] and Y; C € measurable, for 1 < i < n, are such that f =Y"" | o1y,
then f o 6 = Z?:l Oéz'lﬁfl(yi) and

/gfd” = Z%‘V(Yi) = Zaiu(ﬁ_l(Yi)) = /Xf o Bdy.

Now suppose f = sup,,cy fn > 0 for some increasing sequence of simple functions on &£.
Then f o =sup,cy fno B and

Sfdvzsup/gfndvzsup/anoﬁduzfxfOﬁdu

neN neN

by the monotone convergence theorem.

Finally let f : £ — R be an arbitrary measurable function and let f*, f~ be its positive
respectively negative part. Then fo 3 = ffof — f~ o . If either f € L'(&,v) or
fopB e LY X, ), then the following chain of equalities makes sense and the quantities are

finite:
/gfl/Z/gf*dV—/gf‘dvz/Xf+06du—/xf‘06du=/)(foﬁdu.

So foB € LY X, p) if and only if f € L'(E,v). [

By combining Proposition 2.2.1 and Lemma 2.2.2 we can express the integral of a u-
integrable function on X as an integral over £.

Corollary 2.2.3. Let f € L'(X, u) be given. Then f € L'(X, ) for v-almost all A € &,
the map A +— [ + JdX is a v-almost everywhere defined element of LY(&,v) and

/X Fdy = /g ( /X fd/\> (). (2.5)
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Proof:
As was hinted upon in the proof of Proposition 2.1.1, we can show that the map A —
fx |f]dX is measurable by using the standard machine. This implies that the set ¥ :=
{Ae E(X): [, |f|d\ = oo} is measurable in E(X), and this is precisely the set of A for
which f ¢ L'(X,)). We now apply the first statement in Proposition 2.2.1 to conclude
that

V(Y) = u(F (V) = p{z € X+ £ ¢ L'(X.5,)} = 0.
Thus f € L'(X,)) indeed holds for v-almost all A € £ and X\ — [, fdX is a v-almost
everywhere defined function on €. As remarked above in the case of |f|, the standard
machine shows that it is measurable where defined. Complete the definition in some
manner to a measurable function g on all of £. Now note that the map = — fX fdpB, is
the composition g o § where defined. We have seen in Proposition 2.2.1 that this is the
case p-almost everywhere on X and that go 8 € LY(X, ). Lemma 2.2.2 tells us that
g€ LY(E,v),s0 A~ [, fdXindeed is an almost everywhere defined element of L'(X, v).
Finally, combining the previous two results we find

/deuz/x</deﬁ$> du(m)z/Xgoﬁduz/ggdu:/g(/xm) ().
O

We can interpret this result in another way. Fix a p € [1,00) and consider the spaces
LP(X, p) and LP(X, A), for A € €. Write

1/p
171l = ( / Iflpdu>

for the p-norm of an f € LP(X, ) and

1/p
11 = ( / |f|pdA)

for the p-norm of an f € LP(X,\), for any A € £. Then the previous result can be
alternatively phrased as

Corollary 2.2.4. Let f € LP(X, u) be given. Then f € LP(X,\) for v-almost all A € &,
the map A +— || f]|x is a v-almost everywhere defined element of L?(€,r) and

= ( [ ||f||§dV(A)>l/p 26)
holds.

Proof:
Just apply Corollary 2.2.3 to |f|P € LY (X, p). O

Now we know that we can view the norm of an f € LP(X, i) as a p-integral of the norms
of f as an element of LP(X,v), for v-almost all A € £. This is precisely what makes
us think that there might be a way of decomposing LP(X, ) as 'p-integral’ of the spaces
LP(X, N), for A € €. Furthermore, we have seen in Proposition 1.2.6 that ergodic measures
are related to band irreducibility of the action of G. We will see in Chapter 4 that we
have in fact already done half the work in proving such a decomposition. All that remains
is to establish the formalism necessary to make the phrase ’p-integral over the ergodic
measures A € &€ of the spaces LP(X, A)" somewhat more precise. This is what we will do
in the next chapter.
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Chapter 3

The theory of Banach bundles

In this chapter we take a side-track from what we have considered so far and give a short
summary of the theory of Banach bundles, as gathered from [7, pp. 10-30], [8, pp. 99-112]
and [9, pp. 125-162]. This concept will prove to be a central tool in our decomposition of
the action of the group G on the space LP(X, p).

3.1 Banach bundles

Definition and examples First we give the main definitions and examine some ele-
mentary examples of Banach bundles. In this chapter we let X be a Hausdorff space,
unless explicitly mentioned. Let F denote either the reals R or the complex numbers C.

Definition 3.1.1. A bundle B over X is a pair (B, r), where B is a Hausdorff space and
m: B — X is a continuous open surjection.

We call B the bundle space of 28, X the base space of B and 7 the bundle projection of
B. For any z € X, 7 1(x) C B is the fiber over  and we denote it by B,.

Definition 3.1.2. Let 8B = (B, ) be a bundle over X. A function s : X — B is called a
cross-section (or simply a section) of B if 7o s =idy, i.e. if s(x) € B, for all z € X. A
continuous section is a cross-section which is continuous as a map from X to B. The set
of all continuous cross-sections of B will be denoted by C(B).! We say that the bundle
B has enough continuous sections if, for each b € B, there exist a continuous section
s € C(B) and an = € X such that s(z) = b.

If f: A— C and g: B — C are maps between sets, then the fiber product of (A, f) and
(B, g) over C' is the subset A x¢ B :={(a,b) €¢ Ax B: f(a) = g(b)} of A x B. When A
and B are topological spaces, then A x B carries the induced topology of A x B. For
instance, if (B,7) is a bundle over X, then B xx B = {(b,¢) € B x B : w(b) =n(c)}.
We now wish to consider bundles in which the fibers themselves carry the structure of a
Banach space. This leads us to the following concept:

Do not confuse this with C(B), the set of continuous scalar-valued functions of the Hausdorff space
B.
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Definition 3.1.3. A Banach bundle over X is a bundle 8 = (B, w) over X, together
with maps
+:Bxyx BB,

.:Fx B— B,
|-[: B —10,00),

satisfying the following conditions:

1. For each x € X, B, C B is a Banach space over F under the restrictions of the
operations of addition +, scalar multiplication - and norm || - || to B,.

2. || - || is continuous on B.
3. The addition operator + is continuous on B X x B.
4. For each A € F, the map b +— A - b is continuous as a map from B to B.

5. For any x € X and any net {b;},., C B such that ||b;|| = 0 and 7(b;) — = we have
b; — 0., where 0, is the zero element of B,.

We will not distinguish in notation between operations in different fibers, so unless ex-
plicitly mentioned we use the same +, - and || - || for the operations in any fiber. Note
that condition 1 implies that 7(Ab+ ¢) = 7(b) = 7(c) for all A € F and (b,¢) € B xx B.
Also remark that addition of elements in different fibers is in general not defined, hence
a Banach bundle is not a vector space but a bundle of vector spaces.

We now give some examples of Banach bundles.

Example 3.1.4. Let A be a Banach space. If we put B := X x A, n(z,a) := z for
(z,a) € X x A and endow B with the product topology, then it is easy to see that
B := (B, ) is a Banach bundle over X when each fiber carries the Banach space structure
of A. This bundle is called the trivial bundle with constant fiber A. Clearly the trivial
bundle has enough continuous sections.

Sometimes the distinction between functions f : X — A and cross-sections of B will
be ignored. This is justified since any function f : X — A gives rise to a cross-section
s X — B via s(r) = (x, f(z)). This correspondence is one-to-one, and continuous
functions correspond to continuous sections and vice versa.

Example 3.1.5. Let B = (B, 7) be a Banach bundle in which each B,, = € X, has the
structure of a Hilbert space. Then B is a called a Hilbert bundle over X. In this case the
inner product is continuous as a map from B x x B to F. Indeed, let {(b;, ¢;)},.; C Bxx B
be a net converging to some (b,¢) € B xx B, and assume for the moment that F = R.
Then the polarization identity for the inner product and continuity of the Banach bundle
operations imply that

1 1
(bis i) = (b + el ” = [1bi = el") = Z(IIb +ll” = [Ib = ell”) = (b, ).

In the case FF = C we can use a similar polarization identity to reach the same conclusion.
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Example 3.1.6. Let f: Y — X be a continuous map between Hausdorff spaces and let
B = (B, ) be a Banach bundle over X. Consider the fiber product

Y xx B={(y,b) €Y x B: f(y) = 7(b)}

and the map p:Y Xy B — Y given by p(y,b) = y. Then Y x x B is Hausdorff and p is
a continuous surjection. To see that it is open, we use a lemma from topology which will
also be useful later on.

Lemma 3.1.7. Let p: Z — Y be a surjection between topological spaces. Then p is open
if and only if, for any net {y;},., C Y converging to some f(z) € Y, there exist a subnet
{v;, }jEJ of {yi}iel and a net {2;},.; C Z with the same index set such that f(z;) = y;
forall j € J and 2; — 2z in Z.

Proof:

First suppose that the latter condition holds and that f is not open. Let U C Z open
and z € U be such that f(z) € f(U) is not an element of the interior of f(U). Then there
exists a net {y;},.; C f(U)° such that y; — f(z). By assumption, there exist a subnet
{v;, }j€J and a net {2;},., C X such that f(z;) = y;; forall j € J and z; — z. Because U
is open, for all large enough j € J, z; € U. Then y;; = f(2;) € f(U) for all large enough
J as well, a contradiction. So f must in fact be open.

Now assume that f is open and let {y;},.; and f(z) in Y be as in the statement of the
lemma. We form a directed set J in the following manner: let .J be the set of all pairs
(i,U), where i € I and U C Z is an open neighbourhood of z. Then we define an ordering
on J by (;,U) < (¢,U") if i < ¢ in [ and U’ C U. This indeed makes J a directed set,
and for any j = (4,U) we can find an i; > i and a y;; € f(U), because f is open and y;
converges to f(z). Choose a z; € U such that f(z;) = y;;. The sequences {y;, }jeJ and
{#j} e, are as required. O
Note that we have not made use of any assumptions on the spaces Z and Y above or on
continuity of the map p.

Returning to our example, let (y,b) € Y xx B and a net {y;},., C Y such that y; — y =
p((y,b)) be given. Then f(y;) — f(y) = w(b). Since 7 is an open surjection, we can use
the above lemma to find a subnet {f(yij)}jej of {f(yi)}iel and a net {b;},., C B such
that 7(b;) = f(y;;) for all j and b; — b. This means that each (y;;,b;) is an element of
Y xx B and that (y;;,b;) = (y,0) in Y xx B. We can then apply the lemma once again
to the sequences {(yij,bj)}jeJ and {yi]. }jEJ to conclude that p is open.

So C := (Y xx B, p) is bundle over Y. For each y € Y give p~'(y) C Y x x B the Banach
space structure of By,). Then C is a Banach bundle over Y, called the bundle retraction
of B by f. If 8 has enough continuous sections, then so does C.

An application of this is the following. Let B = (B, 7) be a Banach bundle over X and
Y C X a subspace of X with the induced topology. Set By :=Y xx X = 7~(Y). Then
By := (By,7|p, ) is a Banach bundle over Y, also called the reduction of B to Y.

Elementary properties of Banach bundles We now prove some simple properties
of a Banach bundle B = (B, ) over X.

Proposition 3.1.8. The scalar multiplication map - : F x B — B, (A\,b) — A - b, is
continuous.
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Proof:

Let {(Ai,b:)},c; € F x B be convergent to some (A,b) € Fx B. Then \; - A in F
and b; — b as i = oo. So m(b;) — w(b). Since (A — A\)b; € By, for all i, we have
m(Aib; — Ab;) = 7(b;) — m(b). Furthermore,

[[1Aibi = Abil| = [Ai = A - [[bi]| = 0 - [[b]] = 0

since the norm is continuous. Now we can apply condition 5 in Definition 3.1.3 to conclude
that (A\; — A)b; — Orp. Also, Abj — Ab by condition 4. Then \;b; = Ab; + (A; — A\)b; —
Ab + 0r3) = Ab by continuity of addition. m

The next proposition connects the topology of a fiber to the topology it carries as a Banach
space.

Proposition 3.1.9. For each z € X the relative topology of B, is equal to the topology
induced by the norm on B,.

Proof:

Let x € X and a net {bi}z’ef C B, which converges to some b € B, be given. Then
bi — b — b — b =0, because of continuity of addition, and continuity of the norm implies
that ||b; — b|| — 0. Conversely, assume such a net converges in norm to b € B,. By
condition 5 we have b; — b — 0, and therefore b; = b+ (b; — b) — b+ 0, = b. O

We now consider the cross-sections of B and determine some additional structure on
them.

Proposition 3.1.10. The set of all cross-sections of B is a vector space over F under
pointwise addition and multiplication. The subset C'(B) of all continuous sections is a
subspace and a C'(X)-module. Furthermore, if each fiber of 8 is an ordered vector space
then the set of all sections is an ordered vector space under the pointwise ordering: s <t
in C(B) if s(z) < t(x) in B, for each v € X.

Proof:

The first statement is clear since each Banach space is closed under addition and scalar
multiplication. The zero element of this space is the section z — 0,, which is continuous
by assumption 5. If s,¢ € C(B) and f € C(X) are given, then (s + ¢)(x) = s(x) + t(x)
defines a continuous section by assumption 3, and (f - s)(z) = f(z) - s(z) is continuous
by Proposition 3.1.8. So C'(*B) is a C'(X)-module. By considering the constant functions
in C'(X) we see that it is a vector space over F. The final statement is straightforward to
verify. O

The following proposition gives an alternative condition for convergence in B. We will
use it and its corollaries later on.

Proposition 3.1.11. Let {b;},.; C B be a net such that 7(b;) — 7(b) in X for some
b € B. Suppose that we can find, for each ¢ > 0, a net {¢;},.; C B (having the same
index set I) converging to some ¢ € B such that {(b;,c;)},.; C B xx B, (b,c) € Bxx B,
||b — || < e and |[b; — ¢;|| < ¢ for all large enough 7 € I. Then {b;},., converges to b in B.

Proof:
Because 7 is open, we can use Lemma 3.1.7 to find a subnet {bi].}jEJ of {bi}z‘el and

a net {d;},., C B with {(d;,;)},.;, C B xx B and d; — b. Now let ¢ > 0 be
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given and choose a net {¢;},.; C B converging to ¢ € B as in the hypothesis. By
continuity of addition and multiplication by —1 we find d; — ¢;; — b — ¢, and thus
||dj —¢i;]| = ||b—c|| < e. For large enough j € J we then have ||d; —¢;, || < €. So we find
|[bs; — dj]| < [|bi; — ci;|| + ||ci; — dj|| < 2€ for large enough j. Hence ||b;, — d;|| — 0. By
condition 5 in the definition of a Banach bundle, b;; — d; — 0¢). Combining this with
dj — b, we find bz'j = dj + (bz] — dj) — b+ 07r(b) =b.

So we have shown that for any net {b;},., C B as in the hypothesis, a subnet converges

to b. Now suppose that the whole net does not converge. Then there exists an open
neighbourhood U C B of b and a subnet {bij }j€J such that b;, ¢ U for all j € J. Tt is

then easy to show that {bij }jEJ also satisfies the hypothesis of the proposition. So we can
find a subnet which converges to b, a contradiction. Therefore {b;}, ., converges to b. [

Corollary 3.1.12. Let x € X be given. Define, for each s € C'(¥8), € > 0 and each open
neighbourhood U C X of z,

V(s,Ue):={be B:7(b) € U,||b—s(w(b))|| <e€}.

Then the V (s, U, €) are open in B, and the set of all these V (s, U, €) forms a neighbourhood
basis of s(x) € B.

Proof:

That each V(s,U, ¢) is open follows from the continuity of s, 7 and the Banach bundle
operations. So the V (s, U, €) are open neighbourhoods of s(x) in B.

On the other hand, suppose that {b;},.; is a net in B such that for each open neighbour-
hood U C X of z and each € > 0, b; € V(s,U, ¢€) for large enough i. Then w(b;) — =z,
and applying the above proposition to ¢ := s(z) and ¢; := s(w(b;)) for all i € I, we see
that b; converges to f(z). So convergence with respect to the V(s,U,€) is the same as
convergence in B, and the V (s, U, €) indeed form a neighbourhood basis for s(z). O

Corollary 3.1.13. Let s : X — B be a section such that for each x € X and ¢ > 0 there
exists a ¢ € C'(®B) and an open neighbourhood U C X of x satisfying ||s(y) — t(y)|| < €
for all y € U. Then s is continuous.

Proof:

Choose an z € X and let {x;},.,; be a net in X such that z; — z. Then 7 (s(z;)) = z; —
z = m(s(z)). Now let € > 0 be given and let ¢ € C(B) be as in the hypothesis. Define
¢; == t(z;) and ¢ := t(x). Then 7(¢;) = z; = 7(s(x;)) for all ¢ € I, n(c) = x = w(s(x))
and ||c — s(z)|| < e. Since xz; converges to z, for large enough i we have x; € U and thus
|le; — s(x;)|| < e. By Proposition 3.1.11, s(x;) — s(x) and hence s € C(*8). O

Corollary 3.1.14. Let s : X — B be a cross-section such that for each z € X there exist
an open neighbourhood U C X of z and a net {s;},.;, C C(*B) converging uniformly to s
on U, where the latter statement means that for all € > 0 there exists an ig € I such that
||si(y) — s(y)|| < € for all y € U and i > ip. Then s € C(*B).

We will also want to know when a bundle has enough continuous sections. Here we present
a useful criterion for this to be the case.

Proposition 3.1.15. Suppose that we can find, for each b € B and ¢ > 0, a section
s € C(B) such that ||s(7(b)) — b|| < € holds. Then B has enough continuous cross-
sections.
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Proof:

Let b € B be arbitrary and set z := 7(b) € X. We wish to find a section s € C'(*B) such
that s(z) = b.

To this end, first remark that for each ¢ € C(B) we can find a t’ € C(B) with #(x) = t'(z)
and ||t'(y)|] < ||t(x)|| for all y € X. Indeed, this is clear if ¢(z) = 0, € B,, since then we
can choose t' to be the zero section. So assume t(z) # 0, and define a function f: X - R

by f(y) :=1if t(y) =0, € By, and by f(y) := min (1, Higg“) if t(y) # 0,, for all y € X.
Then f € C(X) by continuity of the norm, and by Proposition 3.1.10, t' := f - t € C'(*8)
is as required.

Now, for each n € N, let ¢, € B, and t,, € C(B) be such that ¢,(z) = ¢, and ||c, — b|| <
27" Set by == ¢, $1 ;= tp and b, := ¢, — ¢p_1, Sp = t, — t,_1 for each n > 1.
Then {sp},.y C C(B) and the series Y °, b, converges absolutely to b, i.e., > b, =
lim,,_,~ ¢, = b and

o 0 o
S Iall = lleall + 3 llew = cmall < flerf] + 302" < oo
=t n=2 n=2

By the above remarks we can assume that ||s,(y)|| < ||sa(z)|| = ||bn]|| holds for each

y € X and n € N. Then
D sl <3 lbal| < o0
n=1 n=1

for all y € X. Using that absolute convergence implies convergence in a Banach space,
we see that > 7 s,(y) € B, exists for each y € X. Define a section s : X — B by
s(y) =", sy(y) for all y € X. Then for all € > 0 there exists an N € N such that

Is(w) =D ball < D Mlsa@I < D bl <
n=1 n=m-+1 n=m-+1

for all m > N. Hence the series >~ s, converges uniformly to s on X. By Corollary
3.1.14, s € C(*B). Since

s(x) = an(x) = an =,
n=1 n=1
we are done. N

Although we will not need it for our specific case, we do wish to mention the following
result. A proof can be found in Appendix C of [9].

Proposition 3.1.16. Any Banach bundle over a locally compact or paracompact® space
has enough continuous sections.

Construction of Banach bundles Later on we will consider the situation where we
are given a certain set of cross-sectional functions from a Hausdorff space X to a disjoint
union (over X) of Banach spaces, and we wish to find a topology on this union such that
it becomes a Banach bundle with the obvious projection on X, and such that our set of
cross-sectional functions is a set of continuous sections of this bundle. In this light the
following proposition will be essential.

2A space X is paracompact if any open cover admits a locally finite open refinement.
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Proposition 3.1.17. Let B be a set and 7 : B — X a surjection such that each B, :=
7 Yz), z € X, is a Banach space (again we use the symbols +, - and || - || for the
operations in all these spaces). Suppose I is a vector space (under pointwise addition and
scalar multiplication) of maps from X to B satisfying the following conditions:

1. For all s € I" and # € X we have s(z) € B,.

2. For all s € T the function z — ||s(z)|| is continuous as a map from X to [0, c0).

3. For each x € X the set ['(x) := {s(x) : s € '} C B, is dense in B,.

Then there is a unique topology on B such that 98 := (B, 7) is a Banach bundle over X
having enough continuous sections such that I' C C(B).

Proof:

Assume that we have two such topologies 7 and 7 on B, and let {b;},.;, C B be a net
converging to some b € B with respect to 7. Then 7 (b;) — 7(b) € X since 7 is continuous,
and ||b; — s(7(b;))|| = ||[b—s(m(b))|| for all s € I" by continuity of the Banach bundle oper-
ations and each s. Now choose an € > 0 and an s € I" such that ||s(7(b)) — b|| < €, which
exists since I'((b)) lies dense in Br(. Because ||b; — s(7(b;))|| converges to ||b— s(7(b))]],
there exists an ig € I such that ||b; — s(7(b;))|| < € for all i > ip. As (B,n) is also a
Banach bundle with respect to 7', we can apply Proposition 3.1.11 to ¢; := s(w(b;)) and
¢ := s(m(b)) to conclude that b; converges to b with respect to 7'. By reversing the roles
of T and T’ we see that convergence in (B, 7)) is the same as convergence in (B,7T"), and
thus the two topologies are equal.

We now construct such a topology for B. Define, for each s € T', U C X open and € > 0,
a subset W (s,U,¢) := {b € Bln(b) € U,||b — s(7(b))|| < €} of B. Let W be the family of
all these sets, with s varying over I', U over all open sets in X and € over all positive reals.
Let 7 be the family of all unions of elements in W (including the empty union).

We claim that 7T is a topology for B. To prove this claim, it suffices to show that the in-
tersection of any two elements of W is contained in 7. So choose Wy := W (s, U, ¢), Wy :=
W(t,V,8) € W and a b € W, N W, (since T contains the empty union the other case
is trivial). Set x := m(b) € X and choose ¢,¢" > 0 such that ||b — s(z)|| < ¢ < € and
||b—t(z)]| < ' < 6. Define v := s min {e — ¢/, — ¢’} > 0 and choose an r € I" such that
[|b — r(z)|| < 7, which we can do because of our assumption on I'(z) C B,. Then

Ir(2) = s(@)[] < |lr(z) = bl| + [1b = s(z)[| <7 + ¢,

and similarly ||7(x) —t(z)|| < v+ ¢'. Because I' is a vector space we have r —s,r —t € I,
which implies that z — ||r(z) — s(2)|| and z — ||r(2) — t(2)|| are continuous on X.
Combining all this, we see that we can find an open neighbourhood Z7 C UNYV of x
such that ||r(z) — s(2)|| < v+ € and ||r(z) — t(2)|| < v+ ¢ hold for all z € Z. Because
1o —r(z)|| <, Wy :=W(r,Z,) is an element of WV containing b. Also, if ¢ € Wj, then
m(c) € Z C U and

lle = s(m(eDIl < [le = r(m( e+ [Ir(w(e) = sl <v+7+€ <e

So ¢ € Wy and similarly ¢ € W;. Therefore W3 is an element of W containing b such that
W3 € Wi N Ws. Since b € Wi N W, was arbitrarily chosen, we see that W; "W, € T and
hence T is indeed a topology for B.
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We now show that B is in fact a Banach bundle with this topology. First note that 7 is
continuous with respect to 7. Indeed, if U C X is open and b € 7~ 1(U), choose an s € T
such that ||b — s(w(b))|| < 1. Then W(s,U, 1) is an open neighbourhood of b in B such
that W(s,U,1) C 7#='(U). By the arbitrariness of b € 7=(U), we see that 7=!(U) is open
in B. As U was also arbitrary, 7 is continuous.

To see that 7 is open, we wish to use Lemma 3.1.7. So let {z;},., C X be a net converging
to 2 := m(b) € X for some b € B. Let J be the set consisting of all pairs (i, W (s, U, ¢)),
where i € I and W(s,Uje) € W is such that + € U. We define an ordering on .J
by (i, W) < (¢, W) if i < i and W' C W. Then J is a directed set, and for each
j = (i,W(s,U,¢)) € J we can choose an 4; > i such that x;, € U, since {x;},., converges to

x. Doing this for all 7 € J, we find a subnet {xij }jEJ of our original net and we construct
a net {b;}.., in B in the following manner: for each j = (i,W(s,U,¢)) € J, define
bj := s(z;;). Then b; € W(s,U,€) and 7(b;) = x;;, so {b;},., satisfies the requirements
of Lemma 3.1.7. Also remark that b; — b as j — oo. Indeed, for any W (s, U, €) we have
bj, € W(s,U,e), where jo := (i, W(s,U,¢)) € J for some i € [. If j := (', W(¢,V,9)) € J
is such that j > jo, then W(t,V,0) C W(s,U,e€), so b; € W(s,U,e). This means that
for any W (s,U,€) € W there exists a jo € J such that b; € W(s,U,¢) for all j > jo,
and {b;} ., converges to b because the sets W(s,U,¢) € W with n(b) = 2 € U form a
neighbourhood basis of b in B. Applying Lemma 3.1.7, we see that 7 is indeed open.

If b,c € B are such that 7w(b) # 7(c), then there exist disjoint open neighbourhoods Uy of
7(b) and U, of 7(c), since X is Hausdorff. Choose s,¢ € I' such that ||b — s(7(b))]| < 1
and ||c—t(n(c))|| < 1. Then W(s, Uy, 1) and W(t,U,, 1) are disjoint open neighbourhoods
of b respectively ¢ in B. On the other hand, if b,¢ € B satisfy x := #n(b) = w(c) but
b # c then a := |[b — ¢|| > 0 holds. Now let s,¢ € T' be such that ||b — s(z)|| < ;o and
lc—t(z)|| < +a hold. Since s—t € I, the set U := {y € X :||s(z) — t(z)|| > $a} is open
in X. Define Wy := W (s, U, 1), W := W (t,U, ) € W. Because

1
a=|lb—cl| < b= s(@)|| +[|s(z) = t(2)[| + [[t(z) - ell < a+[|s(z) —t(z)]]
holds, we have © € U. So W, is an open neighbourhood of b, W5 an open neighbourhood
of ¢, and any d € Wy N W, would satisty

|d = t(m(d)]] = ||s(w(d)) = t(m(d))|] = [|d = s(x(d))]| > ia,
which contradicts the assumption d € W5. Therefore such a d cannot exist, and W; and
W, are disjoint open neighbourhoods of b respectively ¢ in B. We conclude that B is
Hausdorff, and by combining what we have seen so far we conclude that B = (B, 7) is a
bundle over X.
We continue to prove that B satisfies the assumptions of a Banach bundle. Since each
fiber is a Banach space, the first two conditions are clear. We check condition 2 in 3.1.3.
Let {b;i},c.; C B be a net converging to some b € B. Let ¢ > 0 be arbitrary and let
s € I' be such that |[b —s(7(b))|| < 5. Because we have already seen that 7 is continuous,
7(b;) converges to 7(b) in X, and since s € ' we find ||s(7(;))|| — [|s(7(b))]|. Also,
by € W(s,U, %) for i large enough because b € W (s,U, ). Choose an iy € I such that
|[b; — s(7(b;))|| < 5 and |||s(w(b;))|| — [|s(7(b))]| | < § for i > dy. For such i we then have

[ 1[6al] = 16l ] < §6+ (D] = lls(x @) < e,
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which can be checked by using the triangle inequality. Hence ||b;|| converges to ||b]].
Now suppose we have nets {b;},.; and {c;},.; in B such that z; := 7 (b;) = 7(¢;) and
b; — b, ¢; — ¢ for certain b, ¢ € B such that x := w(b) = 7(c). Let W(s,U,€) € W be an
arbitrary basic neighbourhood of b + ¢ € B. Choose ¢ > 0 such that

[|o+c—s(x)]] <€ <e

holds, and put 0 := (e —¢) > 0. Choose r,¢t € T such that |[b — ¢(z)|| < ¢ and
llc —r(z)|| < 6. We find

[t(x) + r(z) = s(@)[| < [[t(z) = Ol| + [Ir(z) — el +[lb+c— s(z)]| <20 +¢"

Since t + r — s € I, there exists an open neighbourhood V' C X of X such that V C U
and

It(y) +r(y) — s(y)|| < 26 +¢€

for all y € V. Now W (¢,V,d) and W (r,V,d) are open neighbourhoods of b respectively ¢
in B. Because {b;},., converges to b and {¢;},.; to ¢, we can choose an iy € I such that
b, € W(t,V,6) and ¢; € W(r,V, ) for all i > iy. From this we then find

16 + i = s(wa) || < [1bi = t()|l + llei = r(z)l| + [[t(zs) + r(w:) — s(@i)|| <40+ =€

for all ¢ > ig. Since w(b; + ¢;) = x; € V C U for such i, we find b; + ¢; € W (s, U, ¢) for
all i > iy. Because W (s, U, ¢€) is an arbitrary basic open neighbourhood of b + ¢ in B,
we conclude that b; + ¢; converges to b+ ¢ as ¢ tends to infinity, which is the content of
condition 3 in 3.1.3.

Let {b;},.; be a net in B converging to some b € B, and choose a A € F. We show
that Ab; converges to Ab. Remark that the case A = 0 follows from condition 5 in 3.1.3,
which we will prove after this. So assume A # 0, and let W (s, U, €) € W be a basic open
neighbourhood of A\b. Then

s
AL 116 = (@) =[] = s(m(Ab))]] < e,
sobe W(5,U, ﬁ) Because b; — b, there exists an 4o € I such that b; € W(3,U, ﬁ) for

all 7 > 45. For such ¢ we then have
[[Ab; — s(m(Ab:))[| = [A] - [[b; — s(7(b:))]] <€,

which means that b; € W(3,U,, ﬁ) By the arbitrariness of W (s, U, €) in W around Ab,
we see that \b; indeed converges to Ab.

It remains to prove condition 5. Let {b;},., be a net in B such that ||b;|| — 0 and
m(b;) — x for some x € X as i tends to infinity, and let W (s,U,€) € W be an arbitrary
basic neighbourhood of 0, in B. Choose an €' > 0 such that ||s(z)|| < € <e. Since s €T
and ||b;|| converges to zero, we can find an iy € I such that 7(b;) € U, ||b;]| < € — ¢ and
||s(7(b;))|| < € for all i > iy. Then

[1bi = s(m )| < [1bal| + [|s(m(ba))]] < €

and b; € W(s,U,e¢) for i > ig. By the arbitrariness of W (s, U, €) € W around 0., we see
that {b;},., converges to 0.
So we have shown that B = (B,7) is a Banach bundle over X with respect to this
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topology. Now choose an s € I' and let {z;},.; be a net in X converging to some z € X.
Choose an arbitrary W (¢, U, €) € W around s(x) € B. Then U is an open neighbourhood
ofzin X, and ||s(x)—t(x)|| < €. Sincez; > xand s—t € T, x; € U and ||s(x;) —t(x;)|| < €
for large enough i. This in turn means that s(z;) € W (¢, U,¢) for large enough i, and
therefore s(x;) converges to s(x). Hence we have shown that any s € I" is a continuous
section of B. Finally, by applying Proposition 3.1.15 to condition 3, we see that ‘B has
enough continuous sections, and we have completed the proof of this proposition. O

The above proposition also implies that the concept of a Banach bundle generalizes the
continuity structures used in [12] and [13]. These continuity structures are used to define
a concept of an integral of Banach spaces similar to the one we will consider in the next
section. Therefore the concept of integration in Banach bundles that we consider is an
extension of that in [12] and [13].

3.2 Integration in Banach bundles

The upper integral Having explored some of the basics of Banach bundles, we now
turn to integration in these bundles. For technical reasons we first consider the upper
integral concept due to Bourbaki [1].

Let (X, 1) be a measure space.

Definition 3.2.1. Let f : X — [0,00] be a nonnegative function. Define Dy to be the
set of all measurable ¢ : X — [0, 00] such that ¢(z) > f(z) for all x € X. The upper
integral of f (with respect to u) is the quantity

dy = inf dp,
/Xfu ¢1€an/X¢M

where the integral on the right is the usual Lebesgue integral. We use the convention
inf ) = oo. If we need to stress the dependence on x we will write [, f(z)du(z).

Note that this integral is finite if and only if there exists an integrable ¢ € Dy. If f is
itself measurable then clearly Efdu = [, fdu.

Also remark that if Efdu is finite, then there exists an integrable ¢ € Dy such that
Efdu = [ ¢dp. Indeed, for any n € N we can choose a ¢, € Dy such that [, ¢, dy <
Efdu + 1. Define ¢ := infpen @y Then [ ¢dp < [ ¢pdp for all n. Since [ ¢ dp
decreases to Efd,u, we have [, ¢du < Efdu. Because ¢ € Dy, by definition [, ¢du >

Efdu and the statement holds.
We now prove some simple properties of the upper integral.

Proposition 3.2.2. let f and g be nonnegative functions on X and A\ € [0,00) a non-
negative scalar. The following hold:

1. (subadditivity) [, (f + ¢)du < [ fdp+ [gdpu.
2. (absolute homogeneity) E(Af)du = )\Efdu.

3. (monotonicity) If f < g holds on X, then Efdy < Eg dp.
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4. 1f E fdu is finite, then f is p-almost everywhere finite.

5. Efdu = 0 if and only if f(z) = 0 for p-almost all z € X.

6. (monotone convergence theorem) Let {f,}, . be a sequence of increasing nonnega-

ncN
tive functions on X. Then sup,,cy fondu fX SUp,en fn)dit

Proof:
(1) For any ¢ € Dy and ¢ € D, we have ¢ + ) € Dy, s0

Z(Hg)dus/X<¢+w>du:/X¢du+/deu.

Taking the infimum over all ¢ € D, and ¢ € D, we get the required result.

(2) If A = 0, then E)\fd,u = EO dp = [, 0dp = 0 because the constant function 0 is
measurable. On the other hand, if A # 0 then ¢ € Dy & Af € Dy holds. This means

that L
)\/fdu:/\inf/gbdu: inf//\qﬁdu— mf /wdu //\fdu
X ¢eDy Jx ¢y Jx
(3) Suppose f(z) < g(x) for all z € X. Then any ¢ € D, is an element of D; so

du = inf du > inf du = m
/Xgu ¢lean/X¢“—¢lean/X¢“ /Xfu

(4) Suppose [ fdpu is finite. Then there exists an integrable ¢ € Dy. From the theory of
Lebesgue integration we know that ¢ is finite py-almost everywhere. Since ¢ dominates f,
the same holds for f.

(5) Suppose there exists a subset A C X of measure zero such that f(z) = 0 for all z € A°.
Define ¢ :== 00 -1,4. Then ¢ € D; and

ostdus/Xqﬁdu:o.

Conversely, suppose E fdup = 0. As remarked before, this implies that there exists an

integrable ¢ € Dy such that Efd,u = fX ¢ dpu. From the theory of Lebesgue integration
we know that ¢ = 0 almost everywhere on X. Since ¢ dominates f, the same holds for f.

(6) Set f :=sup,ey fv. If [y fmdp = oo for some m € N, then [ fdu > Efmdu =00 =
SUp,en [y fadp. If this is not the case, then for each n € N there exists a ¢,, € Dy, such
that fondu = fX ¢ndp. By the monotone convergence theorem for Lebesgue integrals

we have L
sup / Fudys = sup / budlys = / sup prd
neNJ x neN J x X neN

Since ¢ := sup,cy ¢n € Dy, we have

sup andu = /X ¢dp > Zfdu-

On the other hand, because f,, < f for each m € N, monotonicity of the upper integral

implies sup,,cy fond,u < fod,u So we indeed conclude that sup, oy fondu = [ fdp.
O

32



The outsized LP-spaces In this section we let X be a Hausdorff space and p a Borel
measure on X. Let B = (B, ) a Banach bundle over X and fix a p € [1,00).

Definition 3.2.3. We define the outsized L£P-space of B with respect to p to be the set
of all sections s : X — B of B such that [, ||s(z)||Pdu(z) < oo, and denote it by L' (B, 1)

(or £'(B) if it is clear which measure we are referring to).
It remains to justify calling this set a space. Hereto we use the following lemma, a version

of Minkowski’s inequality for upper integrals.

Lemma 3.2.4. Let f and ¢ be nonnegative functions on X such that Ef”du and Egpd,u

are finite. Then
— 1/p — 1/p — 1/p
¥ P P
(/X(f+g) u) S(/Xf u) +</Xg u)

holds.

Proof:

By our assumptions on f and g there exist ¢ € Dy and ¢ € Dy such that Efpdu =
[ ¢dpand [ g?du = [ ¢ du. We then have ¢'/? > f and ¢'/? > gon X, so (f+g)(z) <
¢(2)YP + ()P for all z € X. Because ¢'/P + 1)1/P is measurable and vanishes off a o-
bounded set, we have ¢'/? + ¢'/7 € Dy, and (¢'/P + '/P)P € D(py4p. We now use
Minkowski’s inequality for Lebesgue integrals to conclude that

(Z(f(x) ¥ ola)fan ) "’ = (/X(cb(x)” Pt w(x)l/p)pdu> :

< ( /X ¢(I)du> " + ( /X I/J(I)du> " = (prdu> " + (ngdu> l/p-

Proposition 3.2.5. L (B) is a vector space over F under pointwise addition and scalar
multiplication. Furthermore, the map || - ||, : £ (B) — [0, 00) given by

sl = (Z||s<x>||pdu<x>)l/p

for all s € £ (B), is a seminorm on £ (%B). If each fiber in B is a normed Riesz space,
then Zp(%) is a Riesz space under the pointwise defined ordering and lattice operations.
Furthermore, || - ||, is then a Riesz seminorm, i.e. |s| < |¢| implies ||s||, < [|¢[|, for all

s,t € L'(B).

]

Proof:

Choose s,t € L'(B). Then z > ||s(x)|| and = ~— [|t(z)|| satisfy the requirements of
Lemma 3.2.4, and combining this with monotonicity of the upper integral and the triangle
inequality we find

ol = [ty o) < ([ Qs+ lepan)
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g(/ ls(a ||de> +(7||t<x)||pdu)l/p:||s||p+||t||p<oo.

So s+t € L(B) and || - |, is subadditive.
Now choose an s € £ (B) and a A € F. Proposition 3.2.2 (2) implies that

sl = [ 1hsto ) " ([ ||s<x>||pdu)l = ([ st .

So As € L(B) and || - ||, is absolutely homogeneous. Therefore £ (B) is a vector space
over F and || - ||, is a seminorm on L' (B).

Finally, suppose each fiber B, C B, x € X, is a normed Riesz space. Define an ordering
on L (%B) by s <t for s,t € Zp(%) if s(z) < t(x) in B, for all x € X. Then it is easy to
check that £°(%8) is an ordered vector space.

Let s,t € L' (B) be arbitrary and consider the sections s Vt: X — Band sAt: X — B
given by (sVt)(z) := s(x) Vi(z), (sAt)(z) := s(x) At(z) for all z € X. We can use a well-
known equality which holds in Riesz spaces to find (sVt)(z) = $(s(z)+t(z)+]|s(z) —t(z)])
for all z € X. Since each fiber is a normed Riesz space, |||s(xz) —t(z)||] = ||s(z) — t(x)]]
for all z € X and hence

s =l 1}, = (ZH s(0) = )] P " (Zns(x) -~ t(o)lPdn ) sl

Combining all this, we find
1 1
Is Vel = lI5(s + 2+ s =t = Sllslly + [l + [ls = ll,) < oo

So sV te L (B), and similarly for s At € £ (B). Since sV ¢ is clearly the supremum of
s and t under the pointwise ordering and s A ¢ the infimum, Zp(iB) is a Riesz space.

Now we can consider the absolute value |s| = sV (—s) € £ (3B) of any s € L' (B). Suppose
|s| < |t| for s,t € L£'(B). Then |s(x)| < |t(x)| for all z € X, and since each fiber is a
normed Riesz space, ||s(x)|| < ||t(z)]| for all z € X. Monotonicity of the upper integral

implies
1/p — 1/p
ot = ([ stopa) < ([ pean) =il

Having established this we proceed in the expected manner:

Definition 3.2.6. We define L"(B, 1) to be the quotient of £ (B, 1) and the kernel of
the seminorm || - ||,

L (B, 1) := L7(B, ) [ker(]] - 1),
and we endow it with the linear operations inherited of L’ (%8, 1) and the norm || - ||,. We
then call L’ (B) the outsized LP-space of B.

We will usually just write L”($B) and, as is usual practice, we will not distinguish in
notation or terminology between sections in Zp(%) and the equivalence classes to which
they belong in Z”(%B), and identify two such sections when their difference has p-integral
zero. By Proposition 3.2.2 (5) this is the case if and only if two such sections are equal
p-almost everywhere.

L"(B) is a normed vector space. In fact, even more holds.

34



Proposition 3.2.7. fp(%) is a Banach space. If each fiber in B is a Banach lattice, then
so is L' (), under the ordering and lattice operations inherited from L’ (B).

Proof:

First recall that a normed vector space is complete if and only if, for any sequence {s,,}, oy
in this space such that >~ ||s,|| < oo, the series Y ° | s, converges. So let {s,} -, C
L"(B) be a sequence such that S°°° ||s,||, is finite. Then the functions x +— ||s,(z)]|,
for n € N, satisfy the requirements of Lemma 3.2.5. Hence, for any m € N we have

(/ 3 llnte ||pdu) g/us |pdw/p—2||sn||p

Combining this with Proposition 3.2.2 (6), we find

1/p

1/p 00
(/ (Xl H”du) =s1£(/ (Xl HW) < llsally < oo
m n=1

By (4) of that same proposition we see that >~ ||s,(x)|| is finite for p-almost all z € X.
Since each fiber is a Banach space, this means that > ° | s,(z) is well-defined for almost
all x. Setting it equal to zero otherwise we find a well-defined section, which is an element
of L7 (B) because || 3250, s,ll, < 32°%, [|sall, < oo holds. Finally, since 3°°° . ||s,|], is
finite, > 07 | ||sn|lp converges to zero as m tends to infinity. We find

13 anHp 3 sl -+
n=1

n=m+1

n=m-+

so the partial sums 3. | s, indeed converge in L”($B) and we conclude that L’(%B) is a
Banach space.

Now suppose each fiber is a Banach lattice. It is easy to see that the kernel ker(]| - ||,)
of || - ||, is an ideal in £°(B). So L’(B) = L (B, u) /ker(|| - ||,) is a Riesz space under
the ordering inherited from £°(%8). This ordering corresponds to: s < ¢ in L' () if and
only if s(z) < t(x) for p-almost all x € X. The lattice operations are the same as those
in £'(B), (s Vit)(z) = s(z) Vi(x) and (s At)(z) = s(z) At(z) for all 5,¢ € L'(B) and
z € X. That L' () is a Banach lattice follows from the last statement in 3.2.5. O

Corollary 3.2.8. If {s,}, . is a sequence in L' (B) converging to some s € L' (B), then
there exists a subsequence {s,, },. such that s, (z) — s(x) as n — oo for p-almost all
reX.

Proof:

Since {sp},cy is Cauchy, we can find a subsequence {sy, }, .y such that > ||sn, ., —
Sn,|lp < oo holds. Applying the proof of Proposition 3.2.7 to this series, we see that
Yor i (Snpey — Snp) = Sn,.,, converges to s almost everywhere. O

The space of p-integrable sections The reason for the term “outsized” is that the
spaces £ (%) and L'(B) are often too big to be useful. One example that provides
motivation for this statement is the following.
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Example 3.2.9. Consider X = [0,1] with Lebesgue measure and the trivial bundle
B = (B, ) with constant fiber R from Example 3.1.4. So B=X xRand7: X - R
is given by m(x, A) = x for all (x,)\) € X x R. As noted before, we can identify sections
of this bundle with functions from X to R. So we would expect an LP-space of sections
of this bundle, for p € [1,00), to be equal to the usual LP[0, 1] space of p-integrable
functions. However, L”(8) contains all functions with p-integrable absolute value. This
set strictly contains LP[0,1]. Indeed, let A C [0,1] be a non-measurable subset and
consider the function f := 14 — 14 : [0,1] — R. It has absolute value |f| =1 € L?[0, 1],
so f € L'(%B). However, it is clearly not measurable, so f ¢ L?[0,1] and L?[0,1] # L' (B).
It is even true that the set of all functions with integrable absolute value is not closed
under addition, as can be seen by considering the function f + 1 = 214 € L'(B), where
f is as above.

To find a more useful space of p-integrable sections one usually passes to a subspace that
has many of the properties which we expect of an LP-space.

Assumption 3.2.10. From here on we assume that 8 is a Banach bundle over a locally
compact Hausdorff space X and that p is an outer regular measure on X such that
p(K) < oo holds for all K C X compact. We fix a p € [1,00).

Proposition 3.1.16 implies that under this assumption, 8 has enough continuous sections.
Let C.(B) denote the set of continuous sections of 8 which have compact support. Then
C.(®B) is a linear subspace of C'(*8), and for any s € C.(B) the function x — ||s(x)|? is
continuous and vanishes off a compact set K C X. Therefore it is bounded and

[iiswiran= [ stlrdn < uti - (suplisol)

So C (B) ¢ L£°(B, 1) and the image L(%B) of C,.(B) under the quotient map from £’ (B, 1)
to L'(B, ), is a sublattice.

Definition 3.2.11. We define the space of p-integrable sections of B to be the closure of
L(B) in L’ (B, ;1), and denote it by LP(B, u) (LP(B) if no reference to the measure needs
to be made).

As a closed subspace of a Banach space, LP(®B) is a Banach space as well. Just as in 3.2.7,
LP(%B) is a Banach lattice if each fiber is.

Now that we have defined L?(*8), the first thing to note is that in this space the concept
of upper integral is not needed.

Lemma 3.2.12. For any s € LP(B) there exists a t € LP(*8), which is almost everywhere
equal to s, such that the map x + ||t(x)|| is measurable on X.

Proof:

This is certainly the case if s € L(B), since we can then choose t to be a continuous
section and the map z +— ||[t(z)|| is a continuous function. If s € LP(B) is arbitrary, let
{5n}nen C L(B) be a sequence converging in p-norm to s. By Corollary 3.2.8, there exists
a subsequence converging almost everywhere to s. Let ¢ be the pointwise limit of this
subsequence. Since the norm is continuous on B, x +— ||t(z)|| is measurable as a limit of
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measurable functions. Since s and ¢ are almost everywhere equal, |[s—t||, =0, t € L?(*B),
and we are done. O

So for any s € LP(B) we can choose an element ¢ € £ (%B) in the equivalence class of s
such that z — ||t(z)|| is measurable and

/|| P = [[s]2 = 12|12 —/||t P

From now on we will ignore the distinction between s and ¢ and simply write

ol = ([ 1)

for the p-norm of any s € LP(8).
This space of p-integrable sections that we have defined will serve as our concept of the
“p-integral” of the Banach spaces B, for z € X.

Example 3.2.13. Suppose that p is in fact a regular finite measure and let B be the
trivial bundle over X with constant fiber F. As noted in Example 3.1.4, continuous
sections and continuous functions from X to F are in one-to-one correspondence, so we
can identify C.(B) with C.(X), the space of all continuous compactly supported functions
on X. Because C.(X) lies dense in LP(X, u1), we can also identify LP(B, ) with LP(X, p)
in a natural manner.

In particular, we see that under these assumptions the situation of Example 3.2.9 does
not occur for the space LP(B).

Example 3.2.14. If {B,}, . is a family of Banach spaces, then the direct sum ®,cx B,
of {B,},cy is the Banach space of maps s :  — LycxB, such that s(z) € B, for all
v € X and ), |[s(z)|| < co. In particular, this means that s(z) = 0, € B, for all
but countably many x € X. We show that @,cx B, can be identified with a space of
integrable sections of a Banach bundle over X.

Endow X with the discrete topology and let p be counting measure on X. Then X is
locally compact Hausdorff and y is regular. Set B := U,cx B, and endow it with the
disjoint union topology. Let 7 : B — X be given by 7(b) = = if b € B, for all b € B.
Then it is straightforward to verify that B := (B, 7) is a Banach bundle over X. As X is
discrete, any section of B is continuous.

Now consider L'(8). Any s € L'(B) can be viewed as an element of @,cx B, because

S sl = [ lst@lidna) < o

zeX

Conversely, if s € @,ecxB; then there exists a countable set {xn}neN C X such that
s(z) = 0 for all z ¢ {x,},.y. For each m € N, define a section s,, : X — B by
sm(2z) = s(x) for all z € X\ {,},,,., and s,,(x,) = 0y, € By, for all n > m. Then
{sm}o_, C Ce(B) and

o0
lsm = sll = D lls(@n)l| =0
n=m-+1
in ®,cxB, as m — oo. So s € L'(B) and we can indeed identify L'(B) and ®.cx B;.
Therefore the idea of a 1-integral of the spaces B,, + € X being a space of integrable
sections of a Banach bundle generalizes the notion of a direct sum. Of course, similar
statements can be made in the case of a p-direct sum, for an arbitrary p € [1, 00).
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Example 3.2.15. L?(*B) is a Hilbert space if 98 is a Hilbert bundle. Indeed, we have
seen in Example 3.1.5 that the inner product is continuous on B xx B. Therefore
xz — (s(z),t(x)) is continuous if s and ¢ are, and in particular measurable. Using the
polarization identities we can extend this to s,t € L?(28). For instance, in the case F = R
we have

(s(w), t(x)) = %(HS(%) +t(@)|* = |ls(x) — t(2)[]*)

for all z € X. Let {sp},cn {tntneny € L(B) be sequences converging to s respectively
t in the 2-norm. By passing to subsequences if necessary, we may assume that s(z) =
limy, o0 Sn (), t(x) = lim, oo t,(x) for almost all x € X. By continuity of the Banach
bundle operations we find

(s(2),t(z)) = %(Hs(x) +t(@)|* = lls(x) — t(2)[*)

Zggrgoi(!\sn(w)ﬁn(ﬂf)\ﬁ— [150.(2) = ta(2)|[*) = Tim (sn(x), tn(z))

for almost all z € X. Therefore x — (s(z),t(z)) is almost everywhere equal to a mea-
surable function. We simply choose representatives of s and ¢ such that this map is
everywhere measurable. The Cauchy-Schwarz inequality then implies that

[ Msta) ttaidi < [ lstell- o)) d
< ( / rrs<x>u2du)1/2-( [sean) <o

for s,t € L*(*B), so = [ (s( x))dp is well-defined. It is an inner product on
L?(*B) which induces the 2 norm. The comp]ex case is treated similarly.
Because the upper integral is merely subadditive and not additive, the form (s,1) :=

fx x))dp need not define an inner product on s (%B) and this space is in general
not a Hllbert space.

Also note that, by combining the statements from this example with those in the previous
one, we can conclude that our notion of a 2-integral of Hilbert spaces generalizes the direct
sum of a family of Hilbert spaces.

Example 3.2.16. Another special case is that in which p = 1 and 8 is the trivial bundle
with constant fiber A, for some Banach space A. We can then compare the Bochner
integral for Banach-space valued functions with the space of integrable sections. For
details on the relation between these two concepts see [9].

Locally measurable sections We now investigate the space of p-integrable sections
some more and give an alternative characterization of the p-integrable sections, in terms
of locally measurable sections. Again X is a locally compact Hausdorff space and p an
outer regular Borel measure on X such that pu(K) < oo for all K C X compact.

Definition 3.2.17. A section s : X — B is said to u-locally measurable (or simply locally
measurable) if, for each compact subset K C X, there exists a sequence {s,},.y C C(B)
of continuous sections such that s, (z) — s(x) for p-almost all x € K.
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Clearly any continuous section is locally measurable. Furthermore, the locally measur-
able sections form a C'(X)-module which is closed under pointwise p-almost everywhere
convergence on X.

If s : X — B is a locally measurable section, then for each K C X compact, z — ||s(z)]]
is p-almost everywhere on K equal to a measurable function.

To determine the relation between locally measurable sections and p-integrable sections
we need the following lemma, a generalized version of Egoroff’s theorem.

Lemma 3.2.18. Let {s,}, . and s be sections of 8 and K C X compact such that, for
eachn € N, z — ||s(x) — s,(x)]] is almost everywhere equal to a measurable function on
K and such that s,(z) — s(z) as n — oo for p-almost all z € K. Then for each ¢ > 0
there exists a measurable subset L C K of K such that u(L) < € and ||s,(z) — s(z)|| = 0
uniformly on K \ L.

Proof:

By omitting a set of measure zero from K, we can assume that s,(x) — s(z) forall x € K
as n — oo and that x — ||s(z) — s, (x)|| is measurable on K for each n € N. Let € > 0 be
given and define, for all m,n € N, measurable sets L,,,, C K by

Lo = ﬁ {x € K : ||s(x) — su(2)]| < %}

k=n

For each m € N, {L, ,} _ is an increasing sequence such that K = U, L, ,,. Because
Assumption 3.2.10 tells us that pu(K) < oo holds, we can use the upper continuity of u to
conclude that pu(K\ Ly, ) — 0 as n — oco. Now choose, for each m € N, an n(m) € Nsuch
that p(K \ Lnm)m) < 27™e holds. Set L := UX_ (K \ Lym)m). Then L is a measurable
subset of K such that p(L) <> " | (K \ Lygmym) < €and K\ L=KN("_; Lom)m-
For any m € N and n > n(m) we have K \ L C L, ,, and thus

ls(a) — su(a)ll <

for all # € K'\ L. So {s,},cy indeed converges uniformly to s on K \ L. O

A subset ¥ C X is said to be og-compact if it is a countable union of compact sets
in X. Clearly such a set is measurable. We say that a section s : X — B p-almost
vanishes off a o-compact set if there exists a o-compact set Y C X with the property
that p{zr € X\ Y :5(x) #0, € B,} =0. If s : X — B is a locally p-measurable section
that almost vanishes off a o-compact set, then = +— ||s(z)|| is almost everywhere on
X equal to a measurable function. Indeed, on any compact set it is almost equal to a
measurable function, and it almost vanishes off a countable union of such sets.

For any subset ¥ C X and any section s : X — B, the section sy : X — B is given
by sy(x) := 1ly(z)s(z) for x € X. If Y and = ~ ||s(z)|| are measurable, then z >
|(1ys)(2)|| = 1y (2)||s(x)|| is measurable. Also, s € L'(%B) implies sy € L' (B).

Also, if Y € X, M € [0,00) and a section s : X — B are given, then we let the section

sym @ X — B be given by sy (x) = 1y(2) min{l,ﬁ} s(z) for z € X such that

s(x) # 0y, and by sy (x) := 0, for € X such that s(z) = 0,. Then sy, is bounded
from above by M and vanishes off Y. If Y and z + ||s(x)|| are measurable, then so is
x = ||sya(x)]]. If moreover s € L"(B), then sy € L' (B) as well.

We are now ready to present an alternative way to describe the p-integrable sections.
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Proposition 3.2.19. Let s € L' (B) be given. Then s is an element of L?(8) if and only
if it is p-locally measurable and if it almost vanishes off a o-compact set.

Proof:

If s € LP('B) = C.(B), then Corollary 3.2.8 implies that s is locally p-measurable and
that it almost vanishes off some o-compact set.

Conversely, suppose s is locally measurable and that p{x € X \Y :s(z) #0,} = 0 for
some Y = U | K,, C X, with each K,, C X compact. We can assume that s(z) = 0, for
all 2 € X\Y and that z — ||s(z)|| is measurable on X. If we can show that sk s € LP(B)
for all K C X compact and M € [0,00), then we can apply the dominated convergence
theorem for Lebesgue integrals to the functions z — ||sx(2) — sk a(2)]|, which converge
to zero as M — oo, to find s € LP(B) for all K C X compact. Another application of
the dominated convergence theorem, this time to z + ||s(z) — sum_ , (z)]| for m € N,
then yields s € LP(B).

So let a compact set K C X and an M € [1,00) be given. Let {s,}, .y C C(%B) be
a sequence of continuous sections converging to s pointwise p-almost everywhere on K.
Then (s,)km — Sk,u pointwise almost everywhere on K as well. Now Lemma 3.2.18
tells us that we can find, for each € > 0, a measurable subset . C K and an n € N such

that
€ €

and Sn)rMm — SEM|| < s
[(sn) k0 — SK ]| 20K

for all z € K\ L. Then

s rear — srearl2 < / 50 rear (2) — .00 ()Pl + /K sn)ia () = @)

< @MPu(L) + ——p(K\ L) < e.

€
2p(K)
So we can reduce to the case where s € C(%8). Furthermore, as the section sx js is
continuous if s is, it suffices to show that s, € LP(B) if s € C(*B).

Assume that s is continuous and let U C X be an open subset such that X C U and
U C X is compact. Such a set exists because X is locally compact. Indeed, for any z € K
there exists an open neighbourhood of x with compact closure. These open sets cover K,
so there exists a finite subcover. The union of this finite cover is the set U we are looking
for. By the outer regularity of ;1 we can find a decreasing sequence {U, } -, of open sets
which contain K such that (U, \ K) | 0. We can assume that U, C U holds for each
n € N and that these sets all have compact closure. We can now use Urysohn’s lemma to
choose a sequence {f,}, .y C C(X) of continuous functions with f, =1 on K and f, =0
on X \ Uy, for each n. Then {f,s},.y C Cc(B) and

| fns = sklly = /X || fn()s(z) - 1K($)S($)||de=/ K||fn(:lf)8(l") — 1k (z)s(2)|[Pdu

Un

< p(Un \ K) sup [[s(2)][” =0
CUEUn

as n — 0. So sk € LP(*B) and we are done. O
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Some remarks So far we have only considered LP-spaces of sections of a Banach
bundle for p € [1,00). There also exists an outsized L*>-space of sections. For a Ba-
nach bundle B = (B, ) over a Hausdorff space X with a measure p it is denoted by
L7(B, 1), and it consists of all sections s : X — B such that there exists an M > 0 with
p{z € X :||s(x)|| > M} = 0. The smallest such M € [0,00) is denoted by ||$||~, and
the map || ||oo : L™ (B, 1) — [0,00), s > ||5|oo for s € L™ (B, 1), is a norm on L (B, 1)
which makes it a Banach space. If in fact Assumption 3.2.10 holds, then analogous to
Proposition 3.2.19 we can define the space of p-almost everywhere bounded sections to
be the subspace L®(B, 1) of L™ (B, 1) consisting of all s € L™ (B, ;1) that are locally
measurable and vanish p-almost off a o-compact set. One can then show this is a closed
subspace, and thus a Banach space as well. However, this concept will be less useful to
us because, as in the case of an L*-space of functions, the compactly supported sections
need not lie dense.

The concept of a Banach bundle as we have defined it should not be mistaken with a
Banach bundle in differential geometry [10]. There a local triviality condition is imposed
on these bundles, something which is too restrictive for our purposes. Instead, we have
required condition 5 in Definition 3.1.3 to hold, which can be seen as a “fragment” of this
local triviality condition. Moreover, one can show that any Banach bundle over a locally
compact Hausdorff space whose fibers are all of the same finite dimension is necessarily
locally trivial. In general this need not be the case. See Remark 13.9 in [9, pp.128-129]
for more details.

There are also concepts of Banach algebraic bundles and Banach *-algebraic bundles, and
these are related in a similar way to Banach algebras and Banach *-algebras as Banach
bundles are to Banach spaces. The interested reader is referred to [9].

We have defined the space of p-integrable sections on a locally compact space as the
closure of the compactly supported sections in the p-norm, and shown that a section is
p-integrable if and only if it has finite p-integral, if it almost vanishes off a o-compact set
and if it is locally measurable. The latter concept can be generalized some more, in terms
of local measurability structures. In fact, in [9] these local measurability structures are
used to define the p-integrable sections, and then it is shown that this gives the same re-
sult as defining them in terms of compactly supported sections. Moreover, for these local
measurability structures we can also use other sets besides compact sets. For a locally
compact space these are a convenient choice, because there are many of them, but the
drawback is that we can only effectively use this method of integration for such spaces.
As we will see in the next section, this is a heavy drawback when we do not know whether
the space we are dealing with is in fact locally compact.
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Chapter 4

Decomposition results

In this chapter we combine the results on measure decompositions and Banach bundles
that we have considered so far. We give an isometric lattice isomorphism between a space
of p-integrable functions and a space of p-integrable sections of some Banach bundle.
Then we use this to decompose the induced action of a group on the space of p-integrable
functions into band irreducible representations.

4.1 Decomposing group actions on spaces of inte-
grable functions

We consider a locally compact Polish transformation group (G, X). Fix a p € [1,00) and
suppose the set of G-invariant probability measures Z is not empty (Proposition 2.1.6
describes a situation in which this holds). Throughout we take the field of scalars F
equal to R, so all functions are assumed to be real-valued. In Theorem 2.1.5 we found
a decomposition map f: X — &, f(x) = B, € € for x € X, from X to the space & of
ergodic measures on X, that is measurable with respect to the Borel structure on £ given
by the weak* topology, with the following properties:

1. For every g € G and z € X, 8, = ,".
2. Forevery A€ E, M1 {A}) = {z e X : B(x) =} = 1.

3. For every € 7 and every Y C X measurable we have

uy) = /X Bo (V) ().

Choose such a G-invariant probability measure y € Z. By Proposition 1.2.3 we have
an induced strongly continuous representation p : G — B(LP(X, u)) of G as a group of
isometric lattice isomorphisms on LP(X, u).

I This property comes with the decomposition, but we will not need it for our results.
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Decomposing the space of integrable functions Inspired by Corollary 2.2.4, we
would like to construct a Banach bundle over £. Since &€ is a subset of a Polish space it
is metrizable, hence certainly Hausdorff. For each A € &, let B, := LP(X, A) denote the
Banach space of all real-valued functions which are p-integrable with respect to A. Denote
the norm on this space by || - ||, i-e.

1/p
11l = ( / rf\m)

for f € LP(X, ), and denote the norm on LP(X, u) by || - ||,

Now let B := Uyce By, be the disjoint union (as a set) of these spaces, and let the surjection
7 B — & be given by 7(f) := Nif f € By. We would like to apply Proposition 3.1.17. For
this we need to find a suitable set of cross-sections. Let a compactly supported continuous
function f € C.(X) be given. Then f is bounded, so

1/p
b= ([ 15rar) < sl (o)l < o

and f € LP(X,\) = B, for any A € £. Define a cross-section sy : £ = B by sy(\) = f €
By for A € £ and let I' := {s;: f € C.(X)} be the set of all these cross-sections. Then I
is a vector space under pointwise addition and scalar multiplication. By definition of the
weak™ topology on &, for each f € C.(X) C C,(X) the mapping

1/p
A (s = 111 = (/X |f|m>

is continuous on &£. Because X is a Polish space and each A € £ is a finite Borel measure
on X, any A € & is regular, as remarked in Section 1.2. As X is locally compact, we know
that ['(\) = C.(X) lies dense in LP(X,\) = B, for each A € £. So (B, ) and T satisfy
all the assumptions of Proposition 3.1.17, and we conclude:

Proposition 4.1.1. There exists a unique topology on B such that B := (B, ) is a
Banach bundle over £ and such that each sy € I, for f € C.(X), is a continuous section
of B.

As in Chapter 2, endow &£ with the push-forward measure v of y though 3. So v(A) =
w(B71(A)) for all A C € measurable. We now consider integration in the bundle 9. From
the previous chapter we know that the outsized LP-space fp(%, v) of equivalence classes
of sections with finite p-upper integral is a Banach space under the norm

ol = ([

Theorem 4.1.2. The space LP(X, ) is isometrically lattice isomorphic to a closed sub-
lattice of L”(B, v).

for s € T"(B).

Proof:
We wish to construct an isometry S : LP(X,u) — L°(B,v). To this end, note that
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Corollary 2.2.4 tells us that for each f € LP(X, p) the section s; : X — B given by
sf(A) :== f € By for all A € &, is v-almost everywhere defined. Extend it to all of &,
for instance by setting sf(A) := 0y for A € &£ such that f ¢ LP(X,\). Then the same
corollary gives us

||sf||p—/||sf ) B () /(/ |f|pdA) ar) = [ AP =1lfl <00 (@)

for any f € LP(X, ). This means that the map S : LP(X,u) — L'(B,v) given by
S(f):=syfor f e LP(X, p), is a well-defined isometry.
It is linear because, for any f,g € LP(X, ), « € R and v-almost all A € &,

S(af +9)(A) = saprg(A) = af + 9= asr(A) +54(A) = aS(f)(A) + 5(9)(A).

Also, for any f, g € LP(X, ) and v-almost all A € £ we have

S(fVa)A) =fVvg=5()N) VSN

So S(fVvg)=S(f)Vv S(g) and S is a lattice homomorphism.
We conclude that S is an isometric lattice isomorphism onto its range S(LP(X, ) C
L’ (B, v), which is closed because S is an isometry. O

Note that property 2 of the decomposition map S tells us that we can in fact write
S(f)A) = sp(A) = 1g-1pnf for any f € LP(X, ;i) and v-almost all A € £. Therefore, by
identifying L?(X, ;1) with S(LP(X, 1)) € L' (B, v) via S we can, in some sense, view any
J € LP(X, pt) as a “p-integral” of its restrictions 15-17yf to f71 {A}, for A € €.

Example 4.1.3. A special case of the above theorem occurs when the invariant measure
w is ergodic, so u € £. Then u(8~'{u}) = 1 and the push-forward v of y through 5 on
£ is given by

pBHA) N B {p}) = { é EZ ; ﬁ

=
=
I
=}
<
=
I

for ACE& measurable. So v is the Dirac measure at p € &.
Let S: LP(X, ,u) L"(B, ) be the isometric lattice homomorphism from Theorem 4.1.2
and let s € L"(B, v) be arbitrary. Set f := s(u) € LP(X, j1). Then

I1S(f) = sll; = /g [ls7(A) = s(WIxdv(A) = (I = s(wl; = 0,

Hence S(f) = s and S is surjective. In this case we can identify L'(9B,v) and LP(X, 1)
via S and LP(X, u) is decomposed in a trivial manner.

Unfortunately, in general we do not know what the image of the map S in L’ (%) will be.
However, more can be said if £ is locally compact. Since v is a finite Borel measure on
the metrizable space &, it is normal (as remarked in section 1.2). So we can consider
the subspace L”(B,v) C L (B, v) of p-integrable sections from Definition 3.2.11. If there
exists a g-compact set A C & such that v(€ \ A) = 0, then we can describe the image of
S explicitly.
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Theorem 4.1.4. If £ is locally compact and v is zero off a o-compact set, then the map
S : IP(X,p) — L'(B,v) from Theorem 4.1.2 is an isometric lattice isomorphism onto
LP(B,v) C L' (B, v).

Proof:

We already know that S is an isometric lattice homomorphism to Zp(%, V), so it remains
to show that S(LP(X, u)) = LP (B, v) holds.

For one inclusion, note that p is regular, as a finite Borel measure on the metrizable space
X. As X is locally compact, C.(X) lies dense in L?(X, u). Because S is an isometry and
LP(B,v) is closed in L”(B,v), we can conclude that S(LP(X, ) C LP(B,v) holds if we
know that S(C.(X)) C LP(B,v).

To prove the latter remark that, since v is zero off a o-compact set, any section of B almost
vanishes off a o-compact set. For any f € C.(X) the section s; € L"(B,v) is continuous
by Proposition 4.1.1, hence locally measurable. By Proposition 3.2.19, sy € LP(B, v) for
any f € C.(X). So indeed S(LP(X, pu) C LP(B,v).

To prove S(LP(X, u)) = LP(*B, v), it suffices to show that the range lies dense in L?(B, v).
Indeed, since S is an isometry, its image is closed. As C.(*8) lies dense in LP(*B,v), we
merely need to show that we can approximate any compactly supported continuous section
by elements of S(LP(X, u)). So let s € C.(B) with compact support K C £ and an € > 0
be given. Choose, for each k € K, an f, € C.(X) such that

1/p
|M@—S@M@mzuwa—ﬁm=(Awmmw—huwwuﬂ <q

which we can do because C.(X) lies dense in B, = LP(X, k). Because S(f) is a continuous
section (Proposition 4.1.1), so is s — S(f,;) and the map A — [[s(A) — S(fe)(N)||x is
continuous on &£. Hence there exists an open neighbourhood U, C £ of k such that

[Is(A) = S(F)MIx = 1ls(A) = fullx <€

holds for v-almost all A € U,. In this manner we get an open covering of K, and the

compactness of K implies that we can choose an n € N, Uy,...,U, C &€ open and

fis-oos fo € Co(X) such that K C UL, U; and ||s(\) — fil[x < e for all A € U;.

Now define sets A;,..., 4, C X by A, := 7(U, N K), Ay :== 87 ((U,\ U;) N K) up to
= B7'((U, \ U?;llUi) N K). Since [ is measurable, so are the A;. Furthermore, they

are disjoint and f~1(K) = U, A;.

Define f € LP(X,p) by f =", 14, fi. Remark that it follows from property 2 of the

decomposition map £ that [, gdA = fﬂ,l{)\} gd\ for any integrable function g : X — R

and any A € £. If A € £\ K, then s(\) = 0,. So for v-almost all A € £\ K

Z]'A ZL’

p

d\(z) =0,

|M»—ax>W—WW—/U PdA /qM

using that A~ {A} 1 (UL, 4,) = 5= (A} 1 571 (K) = 0.

On the other hand, for any A € K there exists a j(A ) € {1,...,n} such that 371 {\} C
Ajny. From property 2 of the decomposition map it follows that A(A;) = 0 for all ¢ # j
in {1,...,n} and A € £. Hence

b

[s(A) = S(HWIIIX = lls(A) = FIX = dA(z)

- ZlAi(f)fz‘@?)
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- / SO0 (&) — f (@) PdA (2 / SO (@) = Fion(@)PAAE) = (|5 — FiyllE < &
B=H{A}

for v-almost all A € K, by choice of {f,..., fn} C C.(X). We conclude that ||s(\) —
S(f)(AN)]|a < € holds for v-almost all A € £, which means that

I = 5l = [ 1150 - s IR >)1/p<e.

By the arbitrariness of ¢ > 0 and s € C.(*B), we see that S(LP(X, p)) lies dense in LP (B, v)
and that S is an isometric lattice isomorphism between LP(X, p) and LP(B, v). [

In some sense, Theorem 4.1.2 tells us that we can decompose LP(X, 1) as an integral of
LP(X, \)-spaces, for A ranging over the ergodic measures £. Theorem 4.1.4 then explicitly
describes the manner in which this is done, if these measures form a locally compact space
and if the push-forward measure v on £ is zero off a o-compact set. In particular, the latter
holds if £ is o-locally compact, which means that it is locally compact and o-compact.
Unfortunately, the author is not aware of any non-trivial conditions on the transformation
group (G, X) and the invariant measure p that guarantee that these requirements are
met.

Since any element of LP(*B,v) is a pointwise v-almost everywhere limit of a sequence
of continuous compactly supported sections, it is clear that r must indeed vanish off
some o-compact set for the image of S to be contained in L?(®B,v) (consider the section
S(1) € L°(B,v)). Similarly, if £ is not locally compact it may have few compact sets,
and therefore few compactly supported continuous sections. In that case one might expect
LP(*B,v) to be too small to contain the image of LP(X, u).

Decomposing the group action So far, we have not yet taken the action of the group
G on X into account explicitly. From Proposition 1.2.3 we know that G acts on LP(X, \)
for each A\ € £. Hence we get an induced action of GG on the set of sections s : X — B of
B by (gs)(A) := g(s(N)) for all A € £. Because the action of G on LP(X, \) is isometric
for each A € £, we have

losl = [ NatsODIEar) = [ NsO0IBar) = sl <00 (42)

for each s € L’ (B, v). As each g € G defines a lattice isomorphism on each LP(X,)), G
acts as a group of isometric lattice isomorphisms on fp(%, v). Using the results above,
we can say even more.

Theorem 4.1.5. Let S : LP(X, ) — S(LP(X,p)) € L”(%B,v) be the isometric lattice
isomorphism from Theorem 4.1.2. Then G acts on S(LP(X, p)) and the map p' : G —
B(S(LP(X,u))) given by p'(g)s = gs for all g € G and s € S(LP(X, p)), is a strongly
continuous representation of G as a group of isometric lattice isomorphisms on LP(*B,v)
that is fiberwise band irreducible and strongly continuous. For each g € G the following
diagram commutes:

DX, ) —22 s Lo(X, ) (4.3)

Si TS‘I

SILPX, ) o SILP(X, 1))
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Proof:
To see that the diagram commutes and is well-defined, let a ¢ € G and an f € LP(X, p)
be given. For v-almost all A € £ we have

951(A) = 9(s7(N) = g = 545 (M),

S0 gsf = sgr € LP(°B, v). Hence

ST (9)S(f) =S gsp) =S Hser) = 9f = p(9) ],

which means that the diagram is indeed commutative for each g € G. Most properties
of p' now follow from the corresponding ones of p, using that S is an isometric lattice
isomorphism.

As for the fiberwise band irreducibility, this follows from Proposition 1.2.6.

Applying Proposition 1.2.3 to the action of G on LP(X,\) for each A € £, we see that p/
is fiberwise strongly continuous. O]

The above theorem tells us that, if we identify LP(X,p) with S(LP(X,u)) c L"(B,v)
via S, then we can identify p and p’. Since the latter representation is fiberwise band
irreducible we have, in some sense, decomposed p into band irreducible representations.
Hence Theorem 4.1.5 accomplishes the goal we had set for ourselves in this thesis. More-
over, if the conditions of Theorem 4.1.3 are satisfied, then we can describe the image of
S in fp(‘B, v) in a direct manner, as the space LP(8, v) of p-integrable sections.

Example 4.1.6. We return to the setting of Example 2.1.3 and let D be the closed unit
disc in C, with T its boundary. Then T acts on I by complex multiplication and (T, D)
is a compact transformation group. We have remarked that the ergodic measures are of
the form

T or

for Y C D measurable and r € [0, 1]. Also, the map ¢ : £ ={\, : 7 € [0,1]} — [0, 1] given
by ¢(\,) = r for r € [0,1] is a homeomorphism, so £ is a compact space. Let u be the
normalized Lebesgue measure on D:

1 1 27 )
w(Y) = —/ / r1y (re’)dfdr
™ Jo Jo

for Y C D measurable. Then g is a T-invariant probability measure, and the map S :
D — & given by B(re??) = )\, € &, for r € [0,1] and @ € [0, 27), is a decomposition map
of p as in part 3 of Theorem 2.1.5 (note that we have not shown that 8 decomposes all
invariant measures in this manner, so we do not know whether § is in fact the map from
this theorem, but this is irrelevant since we have fixed p). It is straightforward to check
that S also satisfies the other properties of a decomposition map.

From Proposition 4.1.1 we know that we can construct a Banach bundle 8 = (B, ) over
£, where B = U,c)LP(X, A,) as a set and 7(f) = r for f € LP(X,,), such that any
J € Ce(X) gives rise to a continuous section sy of B, sp(A) = f € LP(X, \) for all A € £.
Let v be the push-forward measure of 1 by § and let A C £ be measurable. Then
A=¢71(8(A) ={A\ € Elr € 6(A)} and

1 2T )
A (Y) /0 1y (re®)do

V() = u(B(A)) = u{re” € DIr € §(4),0 € 0,27))
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1 1 2w )
= —/ / rly (re’)dfdr = 2/ rdr,
TJo Jo $(A)

with Y := {re? € D|r € ¢(A4),0 € [0,27)} C D.

Since £ is compact, Theorem 4.1.4 tells us that the map S : L?(X, u) — LP (B, v) given
by S(f)(\) = 110 f € LP(X, Ay) for f € LP(X, i) and A, € £, is an isometric lattice
isomorphism. As f7'()\,) = {z € D: |z| =r} for A\, € £, we can view any [ € LP(X, u)
via S as an “integral” of its restrictions to the circles of radius r around 0. The action of
T on D can then be decomposed into the band irreducible actions of T on these circles.

4.2 Conclusion and further research

There remain several directions in which the results of this thesis can be generalized and
several possible areas for future research to focus upon. Here we discuss a few.

As the reader may have noticed, we have only decomposed LP(X, u) for p < oo, ignoring
the space of almost everywhere bounded functions L (X, ). A reason for this is that the
action of G on L®(X, p) is less interesting because it is generally not strongly continuous.
Also, these functions have somewhat different properties and that the approach we used
for p < oo does not transfer directly to the case p = oo. For instance, the compactly
supported functions generally do not lie dense in L*(X, u). We used these compactly
supported functions on crucial points in Proposition 1.2.3 to prove strong continuity of
the group action and in Proposition 4.1.1 to find a suitable Banach bundle over the ergodic
measures. For that proposition we also used that the weak* topology on £ guaranteed
that the continuous bounded functions on X gave rise to continuous sections on such a
bundle, but this does not work for the infinity-norm. Finally, as the compactly supported
continuous sections need not lie dense in L®(B, v/), one cannot use the same technique of
proof as we did in Theorem 4.1.4.

We have proved the theorems in this chapter for G-invariant probability measures, but
they also hold for arbitrary finite measures. For the zero measure this is trivial, and if p
is a finite nonzero G-invariant measure, then applying our main theorems to the normal-
ization of y yields the same result. The question remains whether these results can be
extended to the case of o-finite measures.

So far we have only considered real-valued functions. One reason for this is that these form
a Riesz space in a natural manner. With complex-valued functions this is not the case,
and therefore we need to consider complex Banach lattices. Adjusting the definitions to
this case, the results of Chapter 1 pass on almost verbatim. The measure decomposition
results in Chapter 2 are independent of the choice of scalar field, as is Chapter 3. The
results of Chapter 4 can also be extended, by splitting complex functions into their real
and imaginary parts. So our main theorems also hold in the complex case, altering certain
terms from real-valued Banach lattices to their complex counterparts.

A fundamental theorem in [3] states that, for a Polish group G, any standard Borel G-
space X is Borel isomorphic to a Polish G-space Y. So (G,Y) is a Polish transformation
group and the o-algebra on X can be identified with that of Y. This provides us with a
possibility to generalize our results to a far wider class of structures. See also [1 1, p. 1115].
Other efforts could go into determining conditions on the spaces involved that guarantee
that the space of ergodic measures is o-locally compact, so that we can use Theorem 4.1.4
to give a nice description of the decomposition. The ergodic measures are the extreme
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points of the invariant measures, a convex set in a Polish space. In general sets of extreme
points need not inherit much structure from the space in which they lie. For instance,
they are quite often not closed. However, it may be that there are useful criteria which
guarantee that they are locally compact and o-compact.

Another way to go could be to use other local measurability structures to construct spaces
of p-integrable sections. We have followed [9] in their approach to defining Banach bun-
dles, but in their work they also describe more general local measurability structures,
not built around compact sets as in our case. Local measurability structures with com-
pact sets are convenient when the spaces involved are locally compact, and then we can
prove results as we have, but another approach could be to work with subsets which are
naturally more abundant in the case of the ergodic measures. And yet another possible
approach could be to use other concepts than Banach bundles to consider integration.
In this thesis we have considered group actions. However, one of the few points at which
we used that each element of G has an inverse, was in defining the action of G on LP(X, u)
as gf(z) = f(¢g7'z) for g € G, f € [P(X,u) and x € X. That was necessary to ensure
that we indeed get a representation of G on LP(X, i). However, if G is in fact a commu-
tative semigroup then gf(z) := f(gx), for g € G, f € LP(X,p) and = € X, also defines
a representation of G on LP(X, u) for all p € [1,00]. The author suspects that all results
of Chapter 1 can then be extended to the case of commutative semigroups, and we do
not need the group assumption until Chapter 2, where it is used to prove the existence of
a decomposition map. However, recent work in [15] extends such decomposition results
to certain commutative semigroups, and we can use this to prove our main theorems for
such semigroups as well.

As mentioned in Chapter 2, there are generalizations of the measure decomposition results
to quasi-invariant measures. These do not give rise to induced group actions as in Propo-
sition 1.2.3, but for Theorems 4.1.2 and 4.1.4 we did not use this induced group action
directly. So it might be possible to extend these results to quasi-invariant measures, if the
decomposition of these measures has the same properties as in the invariant case.

One must also wonder about further properties of the decompositions we have given. Do
these LP-spaces of sections of a Banach bundle have certain universal properties that jus-
tify speaking of them as ’integrals’ of Banach spaces? Does our decomposition have some
sort of uniqueness property? These and more questions remain.

As with all research, one of the main issues that needs to be addressed is that of its
use. From a philosophical standpoint, a central principle in mathematics is to decompose
something complicated into simpler components. In that light it seems natural to search
for decomposition results as we have done, hoping to better understand group actions on
spaces of integrable functions. Moreover, research focusing on representations on Hilbert
spaces has earned its merits in the past decades. Much less is known about representa-
tions on Banach spaces or Banach lattices. We hope that this thesis can help shed some
light on representations of (semi)groups on such structures.
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