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Abstract

When adding coprime numbers A and B, one could ask how big A, B, and A+ B could be com-
pared with the product of the prime numbers dividing these numbers. One can expect that this
prime product has about three times as many digits as A + B, but with smart choices of A and
B this prime product can be smaller than A+ B.

However, the so-called ABC-conjecture says that it cannot be much smaller. Several mathe-
maticians have tried to develop algorithms creating infinitely many triples A,, B,, and A, + B,
such that A, + B,, is large compared to the product of the primes dividing one of the numbers
A,, Bp, and A, + B,,. And I add a new algorithm to this list of algorithms and use the tool of
elliptic curves, the zero set of a polynomial equation together with a group law, to create my
triples.
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Chapter 1

Introduction to the ABC-conjecture

The inspiration of my thesis goes back to Diophantus, who proved the following:

Theorem 1.1. (Diophantus) Let a and b be positive rational numbers such that a >b. Then
there exist positive rational numbers x and y such that

a® — b3 =3 4 B

For example, if one starts with 7 =23 — 13, after some research one finds

4\, (5)’ _64+125
(3) (5) -
The proof of this theorem is very easy after the introduction of the group law on elliptic curves,
and will be shown in 3.6. But in the introduction I only tell why this result is interesting for me.
For this thesis I was doing some research about the ABC-conjecture:

One can start with three positive integers A, B, and C such that A+ B=C. If A, B, and C
have common divisors, we can divide these numbers by their greatest common divisor and get
another integer triple A’, B’ and C’ such that A’, B’ and C’ are coprime and A’ + B’ = C’. So
we look only at triples A, B, and C such that A, B, and C are coprime.

We define the radical r(n) of a number n as the product of all distinct prime numbers
dividing n. This makes r(n) being the largest squarefree (not divisible by any square except 1)
divisor of n. The ABC-conjecture compares r(ABC'), which is equal to r(A) - r(B) - r(C) since
A, B, and C' are coprime, with C as follows:

limsup log € =1

A,B,C>0,C—00, A+ B=C,ged(A,B,C)=1 108 T(ABC)

In other words, if I make an infinite sequence of coprime positive integer triples A,, B,, and C,

such that A, + B, = C),, and C,, — 0o as n — 0o, then the largest limit point of % is

equal to 1. Note that the smallest limit point is at least %7 since 7(ABC) < ABC < C? for any
triple (A4, B, C) of coprime positive integers satisfying A + B =C. Note also that it is important
to require that A, B, and C are coprime. Else one can pick a prime number p dividing ABC
and consider the sequence of triples (A4,, By, C,) = (p"A, p"B, p"C) where the radical is con-

stant for each n >0, but log C), — 0o as n— co.

Definition 1.2. Let (A, B, C) be a triple of positive integers such that A + B = C and with
ged(A, B,C)=1.

1. The quality of the triple is defined as q(A, B,C) :%

2. The triple is called an ABC-triple if ¢(A,B,C)>1

Note that the only case of equality is (1, 1, 2), since in other triples, at least one of the numbers
A and B is divisible by a prime number not dividing C'.
It is easy to construct infinitely many ABC-triples. For example, take

(Anv Bna C’ﬂ) = (17 9" — 17 gn)
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for any integer n > 1. Then B, is divisible by 9 —1 =8, so

r(AnBnCrn) < 1-%~3<%Cn,
log C), log4 —log 3
=1+ ,
Q(Ana an Cn) 10g Cn + log% log Cn
where 128471063, 45 1 — 00. So one could ask whether such a function 222183 can be

log Cy, log x
improved to a larger function f(z) such that there are infinitely many ABC-triples (4, By, Cy)
with

Vn>=1:q(An, Bn,Cn) 21+ f(Cy)

The answer of this question is yes, and there are some such sequences of these triples known. In
the following section I give some methods making better functions, but in general these methods
gives full control over two out of the three numbers, and only little control over the third one
like it is very small for example. In the rest of this thesis, I state my own method, which works
differently: It takes equal control of all three numbers, in the sense that two of them are cubes,
and the third one is the product of a small given number and a cube, and is relatively small.
This method uses Elliptic Curves, algebraic curves over Q with a group law, which will be intro-
duced in the third section.

Here the theorem from Diophantus comes in. If I begin with an integer d which is the differ-
ence between two rational cubes, so d = a® — b3, then by Diophantus, there are positive rational
numbers x and y such that 23 + y® = d. Such a solution (x, y) can be seen as a point in the
Elliptic Curve E: x® 4+ y*> = d. It turns out that if F4 has one non-trivial point (a point (z, )
such that z -y - (x — y) # 0, for example the starting numbers (a, — b)), then by using the group
law on E one can find many rational points {(%, Z_z)}id on E. Note that I use that d is an
integer, so the denominators in both coordinates of each point must be equal. Each such point
(f—z, %) gives rise to a candidate ABC-triple (|p?|, |¢}|, dr?) whose radical is at most dp;q;r;. Here
I need to take absolute values since one of the coordinates of the point can be negative. If that
happens, the number dr} is not the largest number among them, but then one of the numbers
|p3| and |¢?| is the sum of the other one and dr?. The radical dp;qr; is in general larger than
max ({|p2], |¢2|,|dr3|}), but with smart choices of the points I can make the radical smaller.

Back to the example, I started with d = 7 and the initial point (2, — 1) on the elliptic curve
E;: 234 y3=7, and discovered the point (%, %) on F;. This point gives rise to the equation

4\*  (5Y)°
(5)+(5) -
To make this an integer equation I multiply each side with 33 to get

43 4+53=7.33=189

Thus I got the candidate triple (43, 53,7 - 33). Their radical is equal to 2-3-5-7 =210 > 189, so
this time the candidate is not an ABC-triple. The problem here is that the disturbing factor d =
7 is larger than the benefit gain from the fact 4 =22, and the fact that the numbers 7- 33, 5% and
43 are too close to each other. But when running along the elliptic curve 23+ y3 =7 one can find
rational numbers z and y whose absolute value are very large - so p; and ¢; are very large com-
pared to r; - making the radical smaller than max (|p3|, |¢?|). In chapter 3 I explain how such
points can be discovered. In chapter 4 then I explain how much I can get the quality above 1
this way. Then in chapter 5 I come back to this case and give an ABC-triple right from the
point (2, —1) € Er.

But first I explain some other known methods for finding ABC-triples with a quailty as high
as possible.



Chapter 2
Several methods for finding ABC-triples

As seen in the introduction, it is easy to create sequences of infinitely many ABC-triples. Each
of such sequences has its own function f:Z~g— R~q such that the quality of the ABC-triple is
at least 1 + f(C). More precisely, one creates an infinite sequences of ABC-triples (A, By,
Cp)n>1 and defines a function f:Z— R, often also defined over R, such that

Vn > 1: Q(An7 B, Cn) z1+ f(Cn)

Until now, the ABC-conjecture has not been proven or disproved yet - it is a conjecture - but if
it is true, then a pair of an infinite sequence (A, By, Cp)n>1 and a function f(x) such that
q(An, B, Cn) 2 1+ f(C,) for all n > 1 only can be constructed if f(C,) — 0 as C;, — co. The
ABC-conjecture has some refinements claiming a sharper bound of f(z). One of them is stated
by Stewart and Tenenbaum. They created the family of functions

vN
(log x) - loglog =

In(z)=

and conjecture that there cannot be created an infinite sequence of ABC-triples (A, By, Cp)
such that

for N > 48. They claim that there does exist an infinite sequence of ABC-triples (A4,, By, Cy)
with quality above 1 + fn(C)) for each N < 48, but such a sequence, or a method finding the
sequence, has not been discovered yet. The best known methods gives infinitely many ABC-
triples (A, By, Cp)n>1 with quality larger than a function of the shape

f(Cr)

_ const.
Vlog C), -loglog C,

and the LLL-method explained later in this section is one of these methods.
We need more properties an ABC-triple (A, B, C) can satisfy:

Definition 2.1. Let (A, B,C) be an ABC-triple.
1. (A,B,C) is a good ABC-triple when q(A,B,C)>14.
2. The merit m(A, B,C) is defined as the largest N such that
vN
/(log C) - loglog C

m(A,B,C)=(q(A,B,C)—1)%-(log C) -loglog C.

q(A,B,C) =1+

hence

3. (A,B,C) is called unbeaten if there are no triples (A’, B',C’) with C'>C and
q(A",B',C") = q(A, B, C).
The value of 1.4 given in this defenition is arbitrary - it could have been any value. So in this
thesis I use this definition as little as possible. A consequence of the ABC-conjecture is that

there are only finitely many good ABC-triples. At the time this thesis is defended, there are 233
known good ABC-triples, and the largest one among them is

(237.312.91093, 513 - 131°. 2939, 723 - 11 - 793345871)
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with 30 digits. However, it has not been proved yet that there are no more good ABC-triples.

Als long as the ABC-conjecture has not been proven, it theoretically could be possible that
for any number « € R there are infinitely many ABC-triples (A, By, Cpn)n>1 with quality larger
than «. If that is true, then every ABC-triple (A, B, C) is not unbeaten; there is another ABC-
triple (A’, B’, C’) that beats it. So at present, to the question whether an ABC-triple (A, B, C)
is unbeaten we can only answer “no” or “we don’t know.” Of course, from the largest good ABC-
triple we don’t know whether it is unbeaten as long as we don’t know better. There is a list of
the smallest 100 ABC-triples for which no one has discovered another ABC-triple which beats
them, and this “unbeaten” list can be seen on A). The ‘holy grail’ of the methods below is to
add new ABC-triples to the “unbeaten” list - maybe beating some ABC-triples current on the
list.

2.1 Elementary number theory

In the introduction I gave an explicit method constructing infinitely many ABC-triples using
nothing more than ‘elementary’ number theory - number theory not using tools from other
courses. A method like this uses a small number A and a large number C,, = p™ with p a (small)
prime number not dividing A, and n a (large) integer. Their difference B,, = C,, — A also is a
large number, over which we have only little control. For an arbitrary integer n, we in general
don’t have a better upper bound for r(B,) than B, itself. So (A, By, C,) even isn’t an ABC-
triple. But we can fix a prime number ¢+ p and choose n such that ¢* divides B,. Then

P(AB,C,) < A- 22 p
which is smaller than C,, if ¢> A - p.
This can be done by finding an integer k such that

pF= A(mod ¢?)

Then any integer n =k + 1 p(q?) will create an ABC-triple (4, B,,, C,,). But here we have to be
careful. Such an integer k does not always exist for a given A, p and g. The problem is that p is
not necessary a generator of the multiplicative group (Z/¢*Z)*. But for A =1 it is always pos-
sible since 1 is the unit of this group.

The exponent of ¢ occurring in p"™ — A can be improved from 2 by a larger integer m. If we
create an infinite sequence of ABC-triples (A, B}, Cy,) where C}, is the smallest power of p con-
gruent to Amod ¢ and B], = C}, — A, then

C! < pPla™) = pla-Da" 7,
Hence the quality is at least

log C}, S log C}, . (n—1)logqg—log A —logp
logr(ABLC!) ™ log(A- ci -p) " logCl+log A+logp—(n—1)logq’
qn—l

We can use that log A, log p and log g are small fixed constants. We know

loglog Gy, < log((q—1)¢" ") +loglog p=(n —1)log ¢ +log (¢ — 1) + loglog p,
loglog C}, —log A —1 —1 —1)—logl
G(A, B, Cp) > 14 108108Cn —logA—logp—log(g—1) ~loglogp
log C} +1og A+log p+log(q—1) —loglog C},
As n— oo, this quality can be approximated by

loglog C),
log C),

since for n sufficiently large, the denominator is smaller than log C), and the numerator is equal

to log log C), + § with § a constant number only depending on A, p, and ¢, but not on n. This
function f(z)= lolgo lgj)im does not depend on the choises of A, p and g, so for each choise of these

constants there are infinitely many ABC-triples (A, By,, C},),>1 and a constant § > 0 such that

14+ f(Cn)=1+

n 1og10gC,’175'

A, B;,,Ch)>1
Q( Y nan) IOngL
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The only prerequisite is that A must be in the subgroup of (Z/p™Z)* generated by p for all m.
Co

Viogz -loglog x’

some constant number. But the difference is that the term log log  now is in the numerator

rather than the denominator, so this function can be better for some values for x:

This method seems not to be optimal compared with the function where Cj is

loglog x Co
log x Vlogz -loglog x

(loglog z)* > C§ - log x —>

If Cy=1, then this happens if x<1.626 1023,

Of course we also can try to use several prime numbers ¢y, ..., ¢, such that B, is divisible by
squares of all these numbers, trying to improve this method. But that is harder to compute and
to write down, and falls outside the subject of this thesis.

My own method, the one using elliptic curves, has a similar result, creating infinitely many
ABC-triples (Ay, By, Cr)n>1 with quality at least

r-loglogz — 4§

1+ f(x)=1+ log z

where the constant § depends on the choice of the elliptic curve. The constant r can be larger
than 1 and hence my method using elliptic curves seems to be better than the method above,
using only elementary number theory, but my method often has some larger disturbing constant
factor §. But it has another important property: All the numbers A,, B, and C,, are of a special
form: Two of them are cubes and the third one is the product of a cube and a small constant.

2.2 LLL-method

This method picks some distinct prime numbers py, ..., p, with n a positive integer. Then the
purpose is to find integers e, ..., e, € Z and to define B and C, both integers completely factor-
ized into primes along pj, ..., p,, such that

C 17 o
Ezl:[lpi

is as close to 1 as possible. Hence C is the product of the prime powers of the shape p{* with
e; > 0 and B is the product of prime powers of the shape p;ej with e; < 0. Then we have full
control of B and C' in the sense that their radical is bounded by a constant number depending
only on the set of primes, but no control of A:=C — B (it can be an arbitrary number), except
that A is relatively a very small number compared with B and C. If A is small enough, then
r(ABC) < C and we have an ABC-triple. This is the case when

C

and in general we don’t know more than r(A) < A. So we have full control of B and C, but in
general we only know r(A) < A. This method is one of the best methods for finding nice ABC-
triples:

Theorem 2.2. (Stewart-Tijdeman) For each § > 0 there are infinitely many triples (A;, B,
Cy)i>1 with A;+ B;=Cy,gcd(4;, B;)) =1 and R; defined as r(A;B;C;) such that

\/10 Ri

log C;
log R;

logR; = (4—6)VIogR; iy 4-9 14 4-94
log R; (log R;)loglog R; Vl1og R; -loglog R; Vl1og C; -loglog C;

Since log C; > log R;, this formula says that the quality is larger than




12 SEVERAL METHODS FOR FINDING A BC-TRIPLES

The proof of this theorem uses subtle analytic number theory using the prime number theorem
with error terms: The fact that the n-th prime number is about n log n with relatively small
error term. The details of this proof falls outside this thesis, but can be find in B). Here I only
explain how it works.

First of al we must translate the problem above to a “smallest vector problem”. Then we
need to solve the smallest vector problem and finally we need to translate it back into ABC-
triples. The first part, translating the problem above into the shortest vector problem, goes as
follows: Let p1, ..., pn be (small) prime numbers. Then find (probably negative) integers ey, ..., e,
such that p{*----- pS*a 1. This is equivalent with

eilogpr+---+eynlogp, =0

So this has become an approzimate linear dependency problem: Given real numbers aj, ..., au,
find (small) integers ey, ..., e, such that aje; + --- + aye, lie as close to 0 as possible - to make
them “nearly linear dependent.” This can be solved using lattices. Before defining a lattice, first
I need some tools:

I. The vector space R"™ is equipped with an inner product (,): R™ x R” — R satisfying the
following properties for all A € R, x,y, z € R™

1. (x4 y,z)=(x,z)+(y+ z).

2. Dz, y) =Xz, y).

3. (z,y)=(y,z).

4. (z,x) >0 and equality holds if and only if z=0.

II. The inner product as defined above also defines a norm and a distance

1
2] = (@)

dz,y) = |z—yl
ITII. The inner product and the norm also can be defined alternatively by a quadratic form
¢ R"—R
satisfying for all e R, x, y € R™
1. gz +y)+ q(x — y)=2q(x) + 2q9(y). (parallelogram law)
- qiz) = Pg(x).
3. ¢(x)=0<=x=0.
. {xzeL:q(x)<r} is a finite subset of the lattice L.
Then the norm || - || is defined as ||| = 1/g(x) and the inner product (,) is defined as

[\]

1N

_dx+y)—q(x)—q(y)
(@, y) = L=+ Y 2!1 a(y)

Now I am ready to define a lattice:

Definition 2.3. Let n be an integer. Then R"™ is a vector space equipped with some quadratic
form ¢: R™ — R and a lattice is a discrete subgroup L C R™ in R™ with the induced quadratic
form. Sometimes the lattice is denoted (L, q).

The rank r(L) of the lattice L is defined as the rank of the linear subspace T of R™ spanned
by the elements of L.

A lattice L CR™ is said to have full rank if r(L)=n

So L can be written as L =7",r <n, generated by vectors by, ..., b, where by, ..., b, form a
basis of T.

Definition 2.4. Let L CRR" be a lattice of full rank. The determinant d(L) of L is defined as

~ lim vol B(/T) ~ lim vol({x e R"™: (x,x) <r})
d(L)irhoo #{xeL:q(x)<r} rLoo #{xeL:glx)<r}
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where the standard volume in R™ is used, using the standard ball B(y/r) of radius /7. So

n
2

where 0! = 1, (%)' = @ and (3)!'=%- (5 —1)!if n>2. Note that the determinant of (L, q)

vol B(\/T) :rg-volB(l) =77

2
also depends on ¢ since the number of elements in the set #{x € L: ¢(x) < r} depends on the
choice of the quadratic form q. The determinant of L is equal to the volume, depending on ¢, of

the fundamental domain
FLZ:{Z /\lbzog/\z<1}

i=1

where by, ..., b, form a basis of L. That volume is equal to

Videt ({bi, bj))1<i.j<n)l

Theorem 2.5. (Minkowski) Fach lattice L of rank n contains a nonzero vector & satisfying

2

a(w) <> ((g)!)%-d(L)%gn.d(L)n

™
Proof. Let
A:=AL)=min{q(x):x € L,x+#0}

Then there are no two lattice points x,y such that

vV

dz, y) =z -yl ==~

[\

Let

B'={zeR" (z,z2) <%}

the standard ball of diameter v/A. Then the sets @ + B’ are pairswise disjoint if & runs through

L. But also the sets « + F, are pairswise disjoint if & runs through L and these sets cover R™.
So

hence vol(B') < vol(F)=d(L). Since

we get the first inequality

(i (g -2 (3t

The second inequality is true because

B(1)> {(,7:1, @) €R™: (21, ooy [0 <L}

I CORO)

a cube of volume ( )n Hence

2
NG

3

|3
—
—
|3

3
V
7N
/~
3|
—

v 3
/.\
| 3
~
~—
\
3|
N
/N
|3
~
N—

2|
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O

Remark 2.6. Stirling proved in 1730 that % . ((%)'); = 2+e—?r(1)

only elementary calculus is published by Keith Conrad, see C).

-n as n — 0o. A proof using

Now we are able to translate the approximate linear dependency problem into a shortest

vector problem: If we begin with the Q-linearly independent numbers aj, ..., o, and want to
find 'small’ integers x1, ..., T, such that zia; + -+ + z,,, ~ 0, one can create the lattice L = Z"
with

n n 2
gn(z1, ..y ) = ( Z z%) JrN( Z xiozi)
i=1 i=1

where N is a sufficiently large number.

Lemma 2.7. The determinant of this lattice is equal to d((L,qn))=+/1+N Y1 | of.

The proof of this lemma falls outside my thesis, but can be find in D). With this result and
the shortest vector whose existence is proved by Minkowski, one can get the result from
Stewart-Tijdeman (Theorem 2.2).

However, the given proof of Minkowski’s theorem 2.5 is called ineffective: It proves the exis-
tence, but doesn’t give an algorithm that finds one. Moreover, there is no known algorithm that
finds the shortest nonzero vector in a given lattice, which runs in polynomial time: For each
number M each known algorithm requires (much) more than n™ bit operations as n — oo,
where n is the rank of the lattice. In practice it takes too much time to find the optimal solu-
tion, especially when looking at many lattices - or at least many different values for N - so to
find at least approzrimately good solutions, one needs an algorithm that doesn’t give the optimal
solution but a sufficiently good solution in sufficiently few time. And one of such algorithms is
called the LLL algorithm.

For each lattice L of rank n and with basis by, ...., b, one can define a flag § = (L;)i—o where

(0}=LoG 11 G .. GLu=1L

a chain of pure sublattices, where M C L is a pure sublattice of L if the linear subspace spanned
by M does not contain lattice points of L outside M, with for each i € {1, ..., n} the quotient
L;/L;_1 being a lattice of rank 1, by defining

This is a bad flag in general, and the LLL-algorithm finds a better flag by reducing the size of
the flag. The size of the flag is defined by

s(®) =s({Li}i=o) = [] (L)
=0

where d(L;) is the determinant of the sublattice L;. Define the j-th successive distance 1;(§) of
§ to be d(Lj)/d(L;_1) with [o(F) :=1, then the size of the flag § is equal to

s@=1] [T ®

i=0 j=0

Since the factors with small j occur more often than the factors with large j, a way to reduce
the size of a flag is to make the values of [,;(§) the largest if j is large.

The numbers d(L;) can be computed through the Gram Schmidt orthogonalization: Let b} be
the unique vector in b; + 23;11 R - b; that is orthogonal to Z;;B R - b;. Then bi = by and
inductively

i—1
(bi, b3)
b; =b; — VITET

Jj=1



2.2 LLL-METHOD 15

So Li() = |63l = /q(b7).

Let ¢ be a real number. Then a flag § of a lattice L of rank n is called c-reduced if

Vie{0,..,n—1}:(1;41(8))* = (lj(f))2

4
3
a c-reduced flag does not exist for smaller values of c¢. If a given flag §F = (L;)7—¢ is not ¢

reduced, then there exists a pivot, an index j € {1,...,n — 1} such that

e 1ip(8)? <1;(3)?

Then §; = (Li/Lj_l){i}_l is a flag of the rank two lattice L;11/L;—1 which is not c-reduced.
We need to find a size-reduced basis which give rise to this flag: First take the basis b; 1, bj 2 of

hence when ¢- ¢(b541) > q(bj) for all j. Such a c-reduced flag exists if ¢ > = and in general such

the lattice Lj4q/L;—1 giving rise to this flag. Then we have a unique vector b} 5 such that
5.2 — b} 2 belongs to the fundamental domain {\bj 1: — % <AL %} of L;/L;_1. Then the basis

bj.1,b} 2 is size-reduced, and b 5 =bj 5+ pib; 1 with | < 5. So

q(b} 2) = q(b} 2) + p?q(bj 1) < (lli((:g—gjj);+%>q(bj,1) < (%Jr%)q(bj,l)

where the latter inequality comes from the assumption that § is not c-reduced. So if ¢ > %, we
have ¢(bj 2) < ¢(bj 1) and have a flag §; corresponding to the basis b} 2, b; 1 which is of smaller
size than §, is. Since this doesn’t influence L;(F) outside the pivot j, we also have a flag §' of
smaller size than the flag §, where §'= (L{)7— with L;=L; if i+ j, and

Lg:Lj,l@%b;-g:Z~b1®-~-®Z~bi71€BZ'bé‘,2

If we have a strict inequality ¢ < ; let’s say ¢ = % + ¢ for some € > 0 the size of the new flag is
reduced by a factor at least

1.1 03 L1 (1244436 _1_16+125_1+ 9%,
c 4 S \4+3 4 \ 4(4+3¢)  16+3s 16+ 3¢

Since every lattice has only finitely many flags of size smaller than a given number, we find in

polynomial time a flag what is c-reduced when ¢ > %. However, if ¢ = %, this algorithm is not
guaranteed to work in polynomial time. In practice it is mostly used with ¢= 2.

Note that when we take ¢ < %, we still have ¢(b}; 5) < (% + %)q(bjﬁl), but then %+ % <1, so
we don’t necessary have (b 2) < ¢(bj1). So this method doesn’t necessary increase the flag
each time, and when it doesn’t, we can repeat the process using the same indices. So the algo-
rithm doesn’t always end, and that is why we need to have the lower bound ¢ > % to guarantee
that there exist a c-reduced flag.

The next step is to find a short vector from the c-reduced flag. From our final c-reduced flag
Stinal = (Li)F—q, we have a size-reduced basis by, ..., by, of L such that L; =7 -b1 & - B Z- b; for
i =1, .., n. Let y be an optimal solution of the shortest vector problem. Then there is some
index i, 1 <i< n such that y € L; but y ¢ L;_1. Then 1;(Fsna) = ¢(y) and by the fact that Fanal
is c-reduced, q(b1) <c'~1q(y). Since i <n,

g(by) <~ min{q(z):z € L — {0})} <c T d(L)~
where the latter inequality comes from Minkowski’s theorem 2.5. To find the optimal solution y,
one needs to check ¢(x) for each x of the form

n n-1/3¢ n—1
m:;ribi,|ri|<c 2 <Z) J1<i<n
iz

The number of vectors in this “box” is very high, of the form

n(n—1)
e — s 2
const; 2T ™ const, 2 =0(e)
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so it takes very much time to check all vectors when n grows large. So often one is satisfied with
just taking by as solution.

With the algorithm described above, H.E. Reijngoud showed in her Bachelor Thesis (see E),
loglog C

logC -~
However, when n is small enough, one can find optimal solutions, and this method has lead to

new ABC-triples in the “unbeaten” list.

written in Dutch) that one cannot get a better lower bound for the quality than 1 +

2.3 Transfer method

Another method creating infinitely many ABC-triples is to create new ABC-triples from old
ones. A simple way is the following: Suppose we have an ABC-triple (A4, B, C) with quality
equal to 1 + ¢ > 1 and suppose B > A. Since A + B =C, one can multiply C with (B — A) get-
ting

C(B—-A)=B?- A2
Then we have a new ABC-triple (4%, C(B — A), B?) with quality

. log B2
~logr(A%2-C(B — A)- B?)

q(A%,C(B - A), B?)

Here we already have the factors A, B and C and the only new factor is (B — A). Hence the
quality is

log B? S log (C(B — A))
logr(ABC(B — A)) logr(ABC) -logr(B — A)
log C +log(B — A)
logr(ABC) +log(B — A)
log C' +log C
logr(ABC) +1log C
B <1ogr(ABC) n log C )1
2log C 2log C

- (akm3)

q
= 14+ 1
2+¢q

V

Also the largest number B2 is larger than % C?, so the triple nearly doubles in size. So one can
ask how slow the quality decreases each step and can try to find a function f(C') such that

where for all i >2: B;> A;, C;=B?_,
Bi=max (A7 _1,C;_1(B;—1— Ai_1))

and A; = C; — B;. Here we have a not so good function: The larger n is, the smaller A, is rela-
tive to B,, and C,, since both B2 and A2 are involved, and then we have

fewn (#H) 1 1

— —

f(Cr) ¢  2+q 2

as ¢ — 0. We also have
log Cr41 N 2log C, —log 4 .

> 2
log C, log C,,

as n — oo. Hence f(C,) - log C), is approximately constant, and we have a function of the shape
f(&)= %, a function worse than other discovered functions.
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But there are many other polynomial transfers of such a triple. The transfer above takes the
polynomial equation A%+ (A+ B)(B — A) = B2, When we only look at the polynomial itself and
compare the degree of the radical with the degree of the largest polynomial, we see that the rad-
ical is equal to A- B-(A+ B) - (B — A), of degree 4, while the largest polynomial (hence all the
three polynomials since they are homogenious) has degree 2. So this is a “sharp” triple in the
sense of the results below. To prove these results, define deg(f) as being the degree of a polyno-
mial f and define r(f) as being the radical of f. I use the following facts for f, g, h coprime
polynomials with f+ g=h:

Fact 1. deg(ged(f, ') = deg(f) — deg (rad( f))
Fact 2. f'g— fg'=f'h—fh'#01if f, g and h are not all three constant.
Fact 2 is true because f’'+ ¢’ =h' and therefore
fla="fo'=f'(h=f)=f(' = f)=f"h—fn'

It is nonzero because otherwise f’g = fg’ # 0, and since f and g are relative prime, g must
divide ¢’. This is unless f and g are both constants, but then h is constant too. Note that if 5
is constant, but f and g are not constant, then f and g are not coprime.

Theorem 2.8. (Mason-Stothers) Let f,g,h € C[X]. Then

max {deg(f), deg(g), deg(h)} < deg(r(fgh)) —1

Proof. We observe that ged(f, f’) and ged(g, g') divide the left hand side of fact 2, and that
ged(h, h') divides the right hand side of fact 2. Since both sides are equal and ged(f, '), ged(g,
g’) and ged(h, k') are coprime (they divide f, g resp. h), we conclude that

f'lg—fq’
. (7. 7)) (eed(g, g eed(h, i) © O

deg(ged(f, f')) +deg(ged(g, g')) + deg(ged(h, h')) < deg(f'g — fg') = deg(f) + deg(g) — 1

and by fact 1 on f, g and h, applied to the equation above, we get

deg(h) < deg(r(f)) + deg(r(g)) + deg(r(h)) — 1 =deg(r(fgh)) — 1
since f, g and h are coprime. Applying fact 2 to ¢ and f yields g’h — gh’# 0 and we can use the
above argument for f and g to get the same inequality for deg(f) and deg(g). O

In fact Stothers discovered the theorem in 1981, Mason rediscovered it in 1983, and the ver-
sion above of the proof is given by Noah in 1998, as stated in F).

Corollary 2.9. Let f, g and h be coprime homogenious polynomials of degree d in variables x
and y such that f + g=h. Then r(fgh) has degree at least d+ 2.

Proof. r(fgh) is a product of linear factors over C. By change of variables one can set one of
these linear factors to be y, and make the equation inhomogenious over one variable by setting
y=1. This lowers the degree of the radical by 1 while keeping

max {deg( f), deg(g), deg(h)} =d

(only one of them has a factor y since they are coprime.) By the Mason-Stothers theorem

d=max {deg( f),deg(g),deg(h)} < deg(r(fgh)) — 1

hence
deg(r(fgh)) =>d+1

In the original equation, the factor y is added in the radical, making the degree of the radical at
least d+ 2. O
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A special family of polynomial triples is of the shape

n—=k k—1
(A+B)"Ak< > ( 7;‘ )A”’”’Bi> +B”k+1< > ( 7;‘ )Ain1i>,n>2,i<k<n

=0 =0

where we have the degree 1 factors A, B and A + B, and split up the binomium of Newton into
a part of degree n — k and a part of degree k — 1. The radical of their product is of degree

1+1+1+(n—k)+(k—1)=n+2

so it is a sharp triple. Starting with an initial ABC-triple (A, B, A + B) of integers, one con-
structs another ABC-triple

n—k o o k—1 n N .
(Ak< ; ( . )A”‘k—1B1>,B” K (; ( . )A B ),(A+B) )

whose radical is at most

n—k o kol N
T(A~B~(A+B))'< ;) < ) >An’HBZ>-<§ < ; )ABk )

where (A - B- (A4 B)) < A+ B and the product of the other two factors is of degree n — 1 in
terms of A and B, but it can be larger than (A + B)"~ 1
For example, one starts with 1 +8 =9 and takes n=3 and k=2, hence looks at

(1+8)2=1%(1-11-8°+3-1°.81) +82(1-1°-81 +3.11.8%)
Their radical is equal to r(1-8-9)-r(25)-r(11), but here
25-11=275> (8 +1)371=81

Fortunately, 7(25) = 5, so the radical of (1-8-9)-25-11 is equal to 6 -5-11 =330 < 729, so we
have created a new ABC-triple

(25,704, 729) = (52,26 11, 36)

this way. But such ’luck’ of finding a factor what is not squarefree easily can be forced to

happen. If we keep k =2, one gets one of the factors being equal to B"~1(B + nA) for any n, so
B+nA

r(B+nA)
But even when such a trick succeeds, we get a computation like at the beginning of this sec-

tion: The size of the triple is increased by a factor n, while the quality minus 1 is decreased by a
const.

log C*

Some research is fixed to get the odds for a lucky square factor dividing one of the polyno-
mial factors as high as possible. One can try this by getting as many different factors as pos-
sible. So one can try to find sharp polynomial factors which completely can be factored into
linear polynomials, polynomials of degree 1. Examples of these polynomial transfers already are
given above, with a degree 4 and a degree 6 example added:

one can try to find an n such that is as large as possible, relative to n.

factor n. So we get the same: A function of the shape f(C)=1+

A*+(B—-A)(A+B) = B?
AQ(A+3B)+B2(3A+B) = (A+B)?
A3(A+2B)+ (A+B)3(B—A) = B3(2A+B)
27(A+ B)5(B — A)+ A*(3A+5B)%(3A+2B) = B3(5A+3B)%(2A+3B)

These examples generates a whole family of such polynomial triples since we can take any mul-
tiple of A and any multiple of B. There also are some essential different triples, but there are
no such triples known of degree other than 2, 3, 4 or 6. These triples are constructed by Men-
tien, de Smit and Taelman.
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const.

Theoretically using such transfers one doesn’t get better functions than f(C)=1+ Tos O but

in practice, when finding squares dividing one of these factors, or when starting with a very
good ABC-triple, one can find new good ABC-triples.

Such transfer methods also can be useful when one finds some interesting approximate rela-
tion between two numbers of A, B and C' = A 4+ B. For example, when one finds an ABC-triple
(A, B, C) satisfying B — A = 1, the ABC-triple (A2, (B — A)(B + A), B?) has radical (A - B -
(A+ B))-r(B—A) where r(B — A) =1. So the quality becomes

log(B?) N
ogr(A-B-(A<E) =204 B, A+B)

Yes, this way the quality nearly doubles, so triples (A, B, C) with B — A very small are expected
to be very rare (else the ABC-conjecture seems to be false.) Something similar can be done
when Ba2A. Then C ~3A, and we get by applying the degree 3 transfer to C and — A:

C2(C —3A) + A2(3C — A) = (C — A)* = B3

with factors A, B, C, the very small factor C' — 3A and the other factor 3C' — A. Suppose we
have C' —3A=1. Then

- 3log B - log (degree 3) 3
“logr(A-B-C-(3C—A)) log((degreel) - (degreel)) ~ 2

q(C2(C —3A), A2(3C — A), B?)

Such tricks can be done with many approximate relations, creating high quality triples. How-
ever, much of the new discovered ABC-triples are of the shape B ~ C and A very small, in par-
ticular when using elementary number theory or the LLL method.

Another way to increase the expected quality is to find a prime factor which will occur often
in the factorisation. For example, when we have an ABC-triple (A, B, C) with C an odd
number, then A- B is even and we can use the transfer

((A—B)%4AB, (A + B)?)

Since A+ B is odd, 4AB and (A + B)? are coprime and the necessary factor 2 is involved in the
term 4AB. So compared to the transfer (A2, (A + B)(B — A), B?) the radical is the same, but
the advantage is that the largest number now is (A + B)? rather than B2 Such transfers uses
scalar multiplication of a polynomial (like AB) with a scalar number (like 4). But most transfers
uses few scalars.

As seen until now, most relatively good ABC-triples (A, B, C) have a very small number A
and two approximately equal numbers B and C. This can motivate one to transfer using poly-
nomials of only one variable. The small number A will be seen as a constant number, and the
large number B will be the variable. For example, if A = 1, one can transfer the initial ABC-
triple (1, B, B+ 1) into the new triple (1, B3, B3>+ 1). Here

B3+1 = (B+1)-(B*~B+1)
r(1-B3- (B3+1)) = r(1-B-(B+1))-7(B>~B+1)<(B+1)r(B2~B+1)<B*+1
So (1, B3, B3 + 1) is a new ABC-triple whose quality minus 1 approximately decreases by a

factor 3 while the size of the largest number increases by a factor 3. So again such transfers
create infinite sequences of ABC-triples (4,,, By, Cy) with

const.

A,, B >1
q( ny nzCn) +10gcn

Something similar is true when A > 1. Then just take the triple

(A%, B5,(B+ A)- (B = A- B+ A%))
with the same effects.

When looking at the radical of the polynomial rather than the number one finds that the
radical of the product is

r(1-B3(B+1)-(B*~B+1))=B-(B+1)- (B>~ B+1)
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of degree 4. This is one larger than the degree of the largest polynomial, and also this cannot be
improved (by corollary 2.9) unless all the three polynomials are constant.

So also here it doesn’t give better ABC-triples in general than the methods creating new
ABC-triples. So the transfer method can be used best when starting with an ABC-triple with a
very high merit. Then the new ABC-triple discovered by a transfer also may have a relatively
high merit, and sometimes it can appear on the “unbeaten” list of A).

2.4 Some other methods

There are many other methods trying to find new good or unbeaten ABC-triples. In this subsec-
tion I give an overview of some of these methods and some interesting results for them.

2.4.1 Continued Fractions

One can try to approximate an irrational number by rational numbers in the following way: Let
a be an (irrational) number. Then find the unique integer ny such that @ — ng =: oy € [0, 1).

Then ail is another number above 1 and we can repeat the process, finding the unique number
n1 such that ail —ny=:a9€[0,1) etc. This creates a sequence (ng, n1,na,...) such that

1
a=ng+———7—
ny+

1
ng+—

This chain of unit fractions is infinite if and only if « is irrational.
At any index i we can stop repeating the process and take
1
(no, N1y .eeyMi—1) i=np + ———F——
nq + — T

mg—1

as rational approximation of the initial number a. Denote this approximation Z— with z; and y;
coprime integers with y; > 0. This is called the continued fraction algorithm to find coprime inte-
gers x;, y; with y; > 0 such that |a — %| < %yz < % For the purpose of finding nice ABC-triples

using continued fractions this is most interesting when we have discovered a large value for n;
and choose to stop at .
For example, one can start with

o =3/109 = 2.555555397...
s0 ng = 2. Then ail = 1.800000515... making ny = 1. This gives aiz = 1.249999196... so ny = 1.
This makes ais =4.000012864... with n3=4. Now the large number appears:

1 77733.379227053...

e}

giving ngy = 77733. This extremely large number compared to the others makes us stop by ng
giving as approximation

U S}
1+— 9
141
5
So 109 = a® ~ (%) , or in integer terms, 9°- 109 = 23°. And indeed, their difference is equal to

2. So we have an ABC-triple (2,3'%-109,23%) whose quality

5
4(2,310 109, 23%) = —1°8(23)

= =1.629911694...
log(2-3-109-23)

is the highest quality discovered until now, thanks to Reyssal.
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However, this was one “lucky shot” since we early got the large number ny = 77733, but in
general the result will be much worse. To explain why, I start with an arbitrary number £/q. If
one finds coprime integers x, y such that [§/qg — —| — for a certain number, one is interested
in the consequence for the quality of the triple (BIG, qyp , zF), where “BIG” is a number, rela-
tively small compared to the other two numbers, which we don’t have control over. I call this
number “BIG” since this number is in general too large to determine its radical exactly and will
be much larger than gzy. For computing the size of BIG, one uses the fact that if |1 — a| < ¢,

then |17 — oP| is approximately as small as, or smaller than pe Here a = y‘f , hence |qy —1] is
makes the quality of (BIG,

as most as large as approximately —- g

qy?, xP) to be at least approximately
log max {z?, yp} log x?

log(zz; ~qu) log(w )

Hence the triple isn’t guaranteed to be an ABC-triple unless n > ¢. Often we have no expecta-

tion that an n =mn; > 3 can be discovered from {/g, so the value ny= 77733 from a = \/ 109 really
is a lucky shot. Note that for any
1++/5 1

e

there is an index 7 such that n; > 2.
One may ask whether we cannot get better than |a — —|

x const.
il B i
y | =~ y2+5

the shape a=%/q.

<o and get something like |a —

for some § > 0. The answer is known for algebralc numbers «, in particular for a of

Theorem 2.10. (Roth) Let o be an algebraic number. Then the inequality |o —= has

m ST |§+5
y
only finitely many solutions (z,y) € Z2, ged(z, y) =1 for any C,35>0.

The proof of this theorem falls outside this thesis. But Granville and Langevin discovered
that the ABC-conjecture implies Roth’s theorem. If Roth’s theorem is false for some /g, then
one finds infinitely many ABC-triples whose quality goes to - =1 + 55 SO that would

P9
disprove the ABC-conjecture. A consequence is that for better results one must use transce-

log p
log q

pY, ¢*) as a triple. However, this already can be done by trying LLL on p and ¢ with the same
results, since LLL on 2-dimensional lattices can give an optimal solution in only a little time.

dental numbers. So one can try a =

. Then if% is a good approximation, one can try (BIG,

2.4.2 2-Dimensional lattices

There also is another way to find ABC-triples out of 2-dimensional lattices, first published by
Tim Dokchitser G). This goes as follows: Start with three pairwise coprime integers a, b and ¢
such that each of these numbers are close to each other and have small radicals. Then one can
create a sublattice L C Z? satisfying

L={(z,y,2)€Z3 az + by + cz =0}.

This is a two-dimensional lattice and one can find small nonzero vectors (x, y, z) € L. Then con-
sider the candidate ABC-triple (4, B, C') where C' = max {|az|, |by|, |cz|} and A, B the other
two numbers among them.

A method to find short vectors is to check all numbers

{az+by+cz2:0<x,y,2< N}
and check whether there are different triples (x1, y1, 21) and (x2, Y2, 22) such that

ax1+ by + cz1=axs+ bys + czo
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and take as vector (21 — @2, Y1 — Y2, 21 — 22). This is time-consuming since we need

N>1++/3 -max(a,b,c)

3
and get a list of at least (1 + /3 -max (a,b, c)) numbers, to guarantee that we find two times

the same value for axr + by + c¢z and hence a vector of this lattice. If we take N =
/3 max (a,b,c)°, then the list contains 3v/3 - (max (a, b, ¢))? numbers, while these numbers run

through 0, ...,3 - 1/3-max (a,b, c) - max (a, b, ¢), so theoretically it is possible that all these num-
bers are different. Since the size of the list grows faster than the largest possible number of that
list, the given lower bound for N is required. However, this method does search for a large
number of ABC-triples and can find all good ABC-triples below a given value in not too much
time. Now all good ABC-triples (A, B, C) with C <10? are known.

Another method to find small vectors (z, y, z) is the earlier described LLL-algorithm. To be
able to apply LLL to this problem, we first need to know more properties of the lattice L, in
particular a basis and the determinant.

A Dbasis can be constructed as follows: Start with a linear subspace T of the linear subspace
of R? spanned by L, for example with the subspace z = 0, and find point of T N L. For example
(b, — a,0) € TN L. This point generates the sublattice T N L since a and b are coprime. Then
find integers m, n such that (m,n, 1) € L is a lattice point of minimal distance from T. Such a
point (m, n, 1) exists since z and y are coprime, hence there exists integers u and v such that
m+n=ua+ vb=—1. Then (uc)-a+ (vc)-b+1-¢=0, hence (uc,vc,1) € L.

The next step is to compute the determinant of L, what can be done using what is described
in section 2.2. So the square of the determinant is equal to

(b, —a,0),(b,—a,0)) {(uc,ve,1), (uc, ve, 1)) — (b, — a,0), (uc, vc, 1))?
(a?+b2)(u%c® + v23c? + 1) — (ubc — vac)?

= a?+b?+u2a’c® + ub?c® + v2a?c? + v2%c? — u?b?c? + 2uvabc? — v2a?c?

= a®+b%+u2a’c® + 2uvabc?® + v?h2c?

= a?+b?+ (uac + vbc)?

= a®>+ b+ (ua + vb)c?

= a?>+ b+ 2

So by theorem 2.5, L contains a nonzero point (z, y, z) such that

2 2
$2+y2+z2<%-((%)!)2-\/a2+b2+022:%\/a2+b2+02.

When a, b and ¢ are approximate equal, the theoretical result from LLL and Minkowski is worse
than the theoretical result from searching all 2-dimensional lattice points in the box, since that
way guarantees a vector (z,y,z) such that

2
e e (14 VTR

because then vVa?+b?>+ ¢ ~ v/3 - max (a, b, ¢). But LLL will be applied on a 2-dimensional lat-
tice, so in this case also one can find the shortest vector using LLL.

2.4.3 p-adic LLL

This method goes similar as the LLL-method from section 2.2, but now we use different absolute
values. Let p be a prime number. Then one can define the p-adic absolute value | - |, on Q by
|z|p=p~™ where x =p"- % where a, b integers not divisible by p. If we add |0|, =0 this becomes
an absolute value satisfying the three axioms:

1. |z|p > 0. Equality holds if and only if =0.

2. |z ylp=|z|p-|ylp for any =,y € Q.
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3. x4+ ylp<|zlp+|ylp for any =,y € Q (triangular law)

For p-adic absolute values, the triangular law can be improved by the ultrametric property

|2+ ylp <max{|z]p, ly]p}

for any x,y € Q. The ultrametric property makes this absolute value non-Archimedian while the
standard absolute value | - |« not satisfying the ultrametic property is called Archimedian. Note
that for any nonzero number x € QQ we have

@l ] lalp=1

pprime

since for x = (—1)®pit--pi", |z ]p, =p; “ and |z|,=1 for any prime number g ¢ {p1, ..., pn}-

Also with p-adic LLL one tries to find B = p{*--py" and C = p;""'---p;" such that for a given
prime number p one has |C — B[, =p~" with N a sufficiently large number. In other words, try
to find two numbers B and C such that their difference is divisible by a large factor of p. Then
r((C — B) - B-C) is small because of the factor p occuring often in the number C' — B and r(B)
and r(C') are constants.

2.4.4 Sort method from Jarek Wrobleski

The most succesful known method is from Jarek Wrobleski, who discovered 81 of the first 100
ABC-triples from the unbeaten list from now. He hasn’t published much of his tool, so we can
only guess what he is doing, but we guess he finds them on the following way:

Start with some numbers (x;);cs, all rational and nearly equal to 1, and with small radical.
From this list of numbers one can try to create a new list of rational numbers (y;);es by multi-
plying some numbers from list /, to make the numbers y; much closer to 1 than the numbers z;
are. This way he creates exactly the same kind of ABC-triple as the LLL-method does, but it
probably works more efficiently. However, for the large numbers the merit shrinks to values
around 13, suggesting there are still better ABC-triples waiting to be discovered.






Chapter 3

A short introduction to Elliptic Curves

My own method is another form of lattice theory, but of a different kind using Elliptic Curves.
Before I can explain how it exactly works, I will introduce Elliptic Curves first. Since a complete
introduction can be very large and is taught during any course of Elliptic Curves, I only give the
important definitions and some important results.

At first I need to say what an Elliptic Curve is. An elliptic curve over a field k is a smooth
1-dimensional projective algebraic variety over k with genus 1, with a given rational point, and
what is irreducible as a variety. In this introduction I will explain what this means. When k =
C, topologically it looks like a real torus, or the product set of two real circles, on which a point
is specified. This sounds 2-dimensional, but the torus is a one-dimensional object when one
views it as a variety over C, the field of complex numbers. Since it is one-dimensional, it actu-
ally is a curve rather than a surface. The presence of the rational point means that there must
exist at least one given point with coordinats in the field the curve is defined in. The reason

such curves are elliptic is that they originally are used to compute arc lengths of ellipses. This is
dt

Vie—t3) (-2
namely + +/a and + Vb, but integrating over a path containing two of these singularities gives
0 again. Furthermore, taking the square root is two-valued. So the original curve y? = (a —
22)(b — 2?) over C looks like two complex planes with a point co added, connected to each other
by two wormholes. Since the comples plane with co looks like a sphere, the whole construction
is topologically equal with a sphere with one handle, or a torus. That makes it a Riemann Sur-
face, a complex curve without singularities, and its genus is equal to the number of handles it
has. Since topologically a torus looks like a sphere with one handle, the genus of such a curve is
equal to 1. But such curves does contain points at infinity, so is not sufficient to consider the
affine space; we need to consider an elliptic curve as a subset of the projective space. However,
the part at infinity mostly is restricted to one point, so often we look at the affine part.

done by integrating functions of the shape . These functions have 4 singularities,

Another way to describe a torus is as C modulo a 2-dimensional lattice L. In this way, the
torus becomes a quotient variety and you can still add two elements from C/L - it also is a quo-
tient group. The given rational point there becomes the zero element of that curve.

On an elliptic curve E, seen as a Riemann surface, one can do complex analysis. On a Rie-
mann surface, there is a function field C(F) defined as the field of C-valued functions which are
regular on E with the exception of at most finitely many points, on which such a function has a
pole of finite order. There also are divisors on E: Formal sums ZPGE np - P for which np is 0
for all but finitely many points P. For each f € C(F) and each P we can define the order
ord¢(P) of f at P. If f is regular and nonzero at P the order is 0. If f(P) =0, then the order
of f is the order of the zero at P. If f is singular at P, then the order of f at P is minus the
order of the pole of f at P, hence minus the order of the zero of % at P. Then for each function
f €C(E) there is an associated divisor

D(f):=Y_ ords(P)-P.

PeFE

Note that for all f € C(E), we have ), . ords(P) = 0. From algebraic geometry there is a
theorem, which tells that the set of functions on C(FE) on which the singularities have given
bounds is a wvector space, and which tells the dimension of that vector space, depending on the
genus of E. But I already know the genus is 1 since E is an Elliptic Curve.

25



26 A SHORT INTRODUCTION TO ELLIPTIC CURVES

Theorem 3.1. (Riemann-Roch for elliptic curves) Let D=3, . np- P be a divisor and
n= ZPEB np. Then the dimension of the vector space

L(D)={0}u{feC(E):YPe E:ords(P)+np >0}
s equal to
— 0ifn<0,
— 0Oorlifn=0,
— nifn>0.

The first part of the theorem is clear. The second and third part follows from the general Rie-
mann-Roch theorem and the fact that the genus of any elliptic curve is equal to 1. The proof for
general Riemann-Roch can be read in H). The constant functions clearly are defined over C/L.
Then Riemann-Roch says that there are no functions with just one simple zero and one simple
pole, but there are functions with a double pole in some point and which is regular everywhere
else.

One of these functions is the Weierstrass-g-function

1 1 1
G T R (PR
weL—{0}

This function is regular except on the point z =0. Elsewhere

1 1 2Q2w+2)

(w—2)2 w2 wi(w-—2z)?2

is of degree — 3 in w. So this series converges over x € L — {0} for any z € C, but the term %
makes 0 a pole of order 2. The Weierstrass-p-function also has a derivative

1
/ -9 L
& (Z) wZEL (Z _ w)g
which is regular everywhere except an order 3 pole at z=0. The function with a degree 4 pole is
©(2)?%, an order 5 pole is provided by p(z) - p/(2), but for the order 6 pole there are two possibil-
ities, namely p(2)3 and p’(z)2. Since by Riemann-Roch the vector space of functions with a pole
at order at most 6 at z = 0 and regular everywhere has dimension 6, and the dimension is
reduced to 5 when we only allow order < 5 poles, there must be a linear relation between p(z)3,
©'(2)% 1, p(2), 9'(2), p(2)? and p(z)p’(z). And indeed, we have

0'(2)*=4p(2)* + g29(2) + g3

where go and g3 are constants depending only on the lattice L. If we multiply the equation with
a factor 16 and put y=4p'(z) and x =4p(z), we get the elliptic curve in Weierstrass form

y=a34+ar+b

with a¢ and b some constant numbers. Also it is always possible to go back from a smooth
elliptic curve in Weierstrass form into some lattice, where smooth means that the discriminant
g3 — 2793 is nonzero. The proof of this result is given in I), page 25.

Theorem 3.2. (Uniformization Theorem) Given go, g3 € C such that g3 # 2743, there exists
a lattice L C © of rank 2 such that g2(L) = g2 and g3(L) = gs. Here go(L) =60 _, 240 274
and g3(L)=14037 _; 4, 278,

In this thesis, I only use fields with characteristic 0 - either @ or R and sometimes C. That
means that any elliptic curve used in this thesis can be written in Weierstrass form. In fact the
form y?=23+a-x +b is called the short Weierstrass form and there also exists a (long) Weier-
strass form

y2 4+ arzy + azy = 23 + asx? + asx + ag
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a1xr + as
2
istic # 3 one can get rid of ag by taking ' =z + % When looking over R, the curve topologi-

In characteristic # 2 we can get rid of a; and as by taking y' =y + . Then in character-

cally either looks like one circle, or it looks like two circles.
It also is possible for the family of elliptic curves of the form z3 + y? = dz3 to transform it
into Weierstrass form. When taking x =u + v and y =wu — v this equation becomes
(u+0)3+ (u—v)3=2u3+ 6uv? = dz3
To get this in short Weierstrass form, one sets the curve in affine coordinats by taking v =1 and
gets
6v2=dz3 — 2 (6%dv)? = (6dz)® — 432d°.
So taking
Yo 12dz y = 36d(z —y)
Tty r+vy
one gets Y2 = X3 —432d%. Conversely one has
_36d+Y  36d-Y
~Tex YT Tex

to go back to z3 4 > =d.

3.1 The group law

Let L again be a lattice in C, and E(C) be the elliptic curve associated with L. Then the map
C/L—E(C),z+ L (p(2): 9'(2):1)

is an isomorphism of Riemann surfaces. One also wants this isomorphism to be a group isomor-
phism and then needs to define a group law directly described in terms of E: y? = 23 + azx + b.
This is possible and one can do it by looking again at divisors. Suppose we have a line in
A?(C), the affine complex plane. Then that line is given by a linear equation

lt+my+n=0
Since x = p(z) and y = p’(z), we have a function
lp(2)+mep'(z) +ne C(E)

This function is regular everywhere on £ with the exception of a pole of order 3 in z=0. So the
divisor of such a function is of the form 1-P+1-Q+1-R —3-0g, where P, @, R are not neces-
sary distinct points on £ where the function Iz + my + n has a zero, and where Og is defined to
be the image of 0 4+ L under the isomorphism described above. This point Og turns out to be the
zero point under the group law on F.

Lemma 3.3. Let f be a meromorphic function on C/L. Then

Z z-ords(2)=0€C/L
zeC/L

f'(z)
f(2)
of L such that its boundary 9(F') does not contain zeroes or poles of f(z). When computing the

integral over this path, one finds that
I
/ zf (2) dzeL
amy  f(2)

hence is equal to 0 € C/L. The details of this computation is given in any course of Elliptic
Curves, for example on I), pages 13-14. O

Proof. (sketch) This expression is equal to fa(F) z dz, where F' is a fundamental domain

As a consequence, if the points P, @ and R are collinear, there is a function f € C(E) with
associated divisor D(f)=P+ Q+ R —3-0g and we can describe the group law as

P+ Q+ R=0g.
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When one takes Q =0p, the equation becomes P+ 0g+ (— P)=0g, so P and — P are collinear
with Og. So the group law can be interpreted geometrically as follows: To determine P + @,
draw the line through P and @. Then there is a third point R intersecting this line, and we
have P + @Q = — R. To determine P + P, we just take the tangent line at P, that intersects P
with multiplicaty 2, or 3 if P is an inflection point.

But if one has an equation y? = x> + az + b defining the curve E, the group law also can be
computed algebraically: First of all, the point Og is the ‘point at infinity’

(p(0): p’(0): 1) =(0:1:0)
where “infinity” is in the sense of the affine plane z = 1. These coordinates (0: 1: 0) follows from

the fact that p(0) is of order — 2 and p’(0) is of order — 3. Then let (z1, y1) # (z2, y2) be two
distinct points on the curve E. The line through these points is given by

if &1 # xq. If so, this is equivalent to

_2-un _¥-un
o $2—$1x+ (v £E2—£E1x1)

To find the third intersection point we substitute this equation in the equation of F and get

2
(—yQ_ylx—i—yl——yQ_ylxl) =23+ar+b
To— Tq T2 — T

To solve this equation we put all terms on one side getting
B 2
3 — (_yz yl) 224 ...=0
ro — T
where we already have two solutions x; and zs from our initial points. So it suffices to look at
the coefficient of x2: ,
= (u) R
To — T1

For the y-coordinate we just use the line equation:

2 3
y3y2y1<<y2y1> $1$2>+y1—y2y1$1<y2y1) +y27y1(*2$1*$2)+y1

T2 —T1 T2 —T1 T2 —T1 T2 —T1 T2 —T1

But that is just the intersection point. To finish the computation, we have to take the third
intersection point of the line through (3, y3) and Og, and get

2 3
($1,y1)+(5027y2>(5037y3><<u> $1$2,<y2 yl) + 2 y1(2$1$2)+y1>

To—T1 Ty — T1 T2 —T1

If 21 = z9, then the line through these points is vertical, so the third intersection point of the
line is Og. The “line through Or and Og” is the tangent line at Og, so is the line at infinity, hence
the “third” intersection point also is Og. So (x1, y1) + (21, y2) =0g if y1 £ yo.

We also need to determine P + P, hence to compute (z1, y1) + (21, y1). The formula above
doesn’t work, but instead we need the tangent line at (z1, y1). Since y = + Va®+a-x+b, the
derivative is

I 322 +a _32%+a
Writa-r+b 2y
so the tangent line is given by v
o 322+ a(z — 1)
Yy—y= 20 1

and is vertical if y; =0. In that case, (z1,y1) + (1, y1) =0g. If y1#0, the line equation is equiv-

alent with ) )
3ri+a 3ri+
Y= ! T+ y1— ! a:m
2y1 2y1
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and this equation can be filled in the curve equation:

with a known double root x1. Hence the third root is

372 +a)’
$3< 21y1 ) 72561

and the corresponding ys3 is equal to

2 2 2 2
3z1+a<<3x1+a> 2x1>+y13z1+az1.

2y1 2y1 2y1

This completes the proof of the duplication formula:

322 2 322 5 342
(xl,y1)+(x1’y1):<< x1+a) _2:61’( rita\" 4 x1+a$1+y1

2y1 2y1 2y1

So now we have an algebraic expression for the group law. Note that this expression is a
rational formula in terms of x1, y1, 2, y2, so when these coordinates and the coefficients a and b
are defined over some other field (with characteristic # 2), this group law stays intact. In partic-
ular, the set E(Q) of points in E(C) of rational coordinates is closed under the group law.

For any elliptic curve E, we can pick any point P € E and then define a group law such that
P is the zero element of the group, that looks like the group law described above. Suppose we
take the group law with another zero point Py € F, then the group law on E with respect to P
can be described in terms of the group law w.r.t. Py. Namely, suppose @), R and S are collinear,
and let Sp be the third point intersecting F and the line through S and Py. Then @ +p, R = So,
where “ +p, ” means adding w.r.t. Py. If we add @ and R w.r.t. P, then their sum (w.r.t. P) is
the third point Sp intersecting the line through P and S. But we also can write S as being the
third intersection point of E and the line through P and Sp, and write So=Sp+p, P. Hence

Sp=Q+pR=5Sy—p,P=Q+p,R—p, P

or in other words, to add @ and R w.r.t. P, you can add them w.r.t. Py and then substract P
w.r.t. Py from it. In the world of C/L this is much easier: Suppose we choose z as zero element
rather than 0. If we compute x + y w.r.t. this zero element, actually we first substract z from
both elements, then add them as usual, and finally add z to the outcome. In formula

r+.y=(2—02)+o(y—02)toz=z+0y —02.
This gives rise to another (formal) definition of an Elliptic Curve:

Definition 3.4. An Elliptic Curve over a field k is a smooth nonempty projective curve E=F(k)
of genus 1 together with a given zero point P € E, and what is irreducible as a variety.

As seen above, there is a natural group law on E such that the given rational point P is the
zero element of this group. Then there is a isomorphism (of algebraic curves preserving the
group law) between this curve E and a curve E’ in Weierstrass form. When looking at this nat-
ural group law, one can see that the group is abelian.

Theorem 3.5. (Mordell-Weil) Let E be an elliptic curve with rational point 0g and suppose
Of is defined over Q. Then the group of points in E defined over @ is finitely generated.

The proof of this theorem is too complicated to put in this thesis, but can be found in J)
part VIII (p 189-240). It uses the height of points on E/Q, what will be introduced in the next
section. A consequence of the Mordell-Weil theorem is that as a group, E(Q)~ T & Z" where T
is the (finite) torsion subgroup of elements of finite order, and r € Z>¢ is the rank of E(Q).

If we go back to the curve

E:ad 4y =d~C: V2= X3 — 43242
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over R it looks like one circle. Over Q it is a subgroup, and if the rank of it is at least 1, the
subset is dense: In every open subset of the real curve there are rational points. This is easy to
see in the world of C/L on where the real subset behaves like a circle. Then the rational subset
is generated by one or more points, and running this over the circle clearly gives a dense subset
on the circle. This motivates to write down an isomorphism sending a point on E (or on C) to
R /7 preserving the group law.

If that is possible, one can think of the following method to find ABC-triples: Start with a
number d which is the sum of two (possible negative) integer cubes. This sum gives rise to a
point on E. If that point is not a torsion point, it generates a subgroup of E(Q) isomorphic to
Z, and topologically one can get as close to the zero point O = ( — 1:1:0) as one wants. A point
pP= (%: g: 1) close to O gives rise to the equation p?+ ¢® = dr3 with pq <0 while 7 is small com-
pared to |p| and |g|. We can assume without loss of generality that |p| > |¢|, hence get the can-
didate ABC-triple (¢3, dr3, p?). The quality of the triple (¢3, dr3, p?) is at least

log(p®)  3logp
log 7 (dp3¢®r3) ~ log(dpqr)
This is larger than 1 if p > dr, and after enough research such points (p: ¢: ) can be discovered,
just by repeatedly adding the initial starting point to itself. Another way to achieve this is by
associating a real number « to the initial point. Then one tries to find integers m, n such that
na~m and for each irrational « € [0, 1) it is possible to find m, n such that |ma —n| < \Tl| So it

is a good question to ask that given |ma —n| < e, what do we know about the associated %? To
answer this question, the following result is useful:

Theorem 3.6. Let d>0 and Eg: 23 + y® = d be an elliptic curve over R. Then the homeomor-
phism (of Euclidean topological spaces)

x dt
e

(pd:Ed—>R/Za($ay))—> +Z

+ o0 dt
— 00 m2
preserves the group law.
Proof. We need to prove that w = ;—;2 = % is an invariant differential on F;. Hence let Q € Ey

and define
TQ:Ed—>Ed,P>—>P+Q
be the “translation-by-Q-map.” Then to prove: 7w = w, where 7¢) is the automorphism induced

by 7q on C(Ey), the function field of rational functions defined over the algebraic closure of R.
This automorphism is defined by

(Pr— f(P))— (P— f(P+ Q).

Since w can be written as a formal expression g(t)dt for some variable ¢, this 7Hw is well defined

as (13(g))(t)dt.
Since Ej is a curve, the set of differential forms on E, is a one-dimensional vectorspace over
C(FEaq), so there is a function ag € C(Eq)* such that 7éw = agw. Their associated divisors satisfy

D(aq) = D(r¢w) — D(w) = 14 D(w) — D(w)

where D(w) = D(g(t)dt) = D(g(t)) = > pcp, ordp(g) and 79D (w) = > pcp ordpiq(g). Now
7HD(w) — D(w) is equal to 0 because of the following:
Let P = (¢, yo) € E4. Then
d(z — zo) d(y — yo)

YETZE T T T 322

Since E4 is smooth, P € E; cannot be a pole. We have a bijection
Eq4(R) — PYR), (z: y: 1) — (2: 1),

so ordp(x —xg) =1 if P#0pg, and y(P)=+£0. In the case y(P)=0 we have ordp(x — z¢) =3, but
then the denominator has a zero of order 2 in P. In either case,

ordp(w) =ordp(z — z0) — ordp(3z?) — 1 =0.
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If P=0g,, then let ¢t be an uniformizer at 0g,. Since
ordg,, () =ordo, (y) =3,
r=t"f,y=t"g
for some f, g regular at Og,. Now

dz — 3t f 4t 3f! B3f -3t f
32 3t—6¢2 3g°2

t3f —3t2f .
B -3t

But f’ is the derivative of a rational function hence regular at Og,, so the function 32

regular and does not vanish at O, so ordg,, (w) =0.
So ag neither has zeroes nor has poles, hence is constant and can be seen as a complex
number. Consider the map
E;—PL Qv+ (ag:1)

what is rational from FE4 to P! since ag can be expressed as a rational function of z(Q) and
y(Q). But it is not surjective since both (1: 0) and (0: 1) aren’t in the image of this map. By
algebraic geometry, a morphism between curves either is surjective, or is constant. So in this
case it is constant. So

VQeEgag= oz,
but 70, is the identity on Eq hence ag=1. O

Remark 3.7. These integrals - called elliptic logarithms - are not exactly computable. But for
the purpose of finding approximate linear dependencies between such numbers it suffices to get a
good numerical approximation. There are several ways to get good numerical approximations to
these numbers. An algorithm which doubles the accuracy of the approximation on each iteration
uses the Arithmetic-Geometric Mean, see K).

Now it has become easy to proof theorem 1.1.

Corollary 3.8. (theorem of Diophantus) The difference between two positive integer cubes
also is the sum of two positive rational cubes.

Proof. Let a® —b3=d where a >b>0<d all integers. Then P = (a,—b) is on the curve

Eg2®+y3=d.

3
coordinate of P is negative, pq(P) € (%, 1). Hence there is some multiple m € Z such that

wa(mx*P) e (% %)

and the point m *x P has positive rational coordinates. 0

Since the point (?{/E, 0) is an inflection point, by theorem 3.6, gpd((?\’/;l, 0)) = 37 so since the y-

Remark 3.9. This theorem also holds when starting with d = a® + b3 unless ab(a — b) =0. In all
other cases, the discovered point (a, — b) resp. (a, b) are points of infinite order. The proof of
this claim is an exercise in a course of Elliptic Curves, and it is for example written as exercise
in L).

When we start with an initial point P = (a:b:1) on Ey4, the quest for finding nice ABC-triples
now restricts to associate a real number ap € R/Z to P and find integers m, n such that
|map — n| becomes very small. Since this also is a numerical approximation, it suffices to give a
numerical approximation of ap. But what does it mean for ABC-triples when we already know
that |map —n|<e?

To answer that question one needs to know what a small distance to 0 means for the value

ZE::Q So one is interested in @51(5). We already have the map o4 from

Cq: Y27 = X3—432d*73
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to E4 defined by
(X:Y:Z2)—(36dZ+Y:36dZ —Y:X)

and for Ly the lattice associated with Cy by the Uniformization Theorem the Weierstrass map
2+ Lar— (p(2): 9'(2):1)

but it is in general not true that 1 € Ly. However, for this particular family of elliptic curves the
lattice has a real period denoted aq and we need a map - aq from R/Z to R/agZ that multi-
plies every element with ag. The image of the Weierstrass map g is an elliptic curve of the
shape

Cl:y?z =423 + gox2? + g32°
and we need to multiply x and y by 4 to go to
Cqy?z =3 +4go72% + 16g32>

where go =0 and g3 = — 27d?. So we have the following homeomorphisms preserving the group
law:

cag: R/Z—R/agl x©— agqx
prir: R/aiZ— Cq 2+ (pr,(2): pL,(2):1)
-4 Ch—Cy (x:y: z) — (da:4y: 2)
o4 Ci— Eq (X:Y:Z)— (36dZ+Y:36dZ —Y:6X)

2 dt
B
0o dt

—oo 3/ _¢3°
and pgo0040-40 @, 0-ag is the identity on IR/Z. Note that in the definition of ¢g, if z=0, the
term % is oo and the integral becomes 1+ Z =0+ Z, so it indeed maps Og, to 0+ Z. So for any

ceR/Z,

e Eqg—R/Z  (z:y:z)— +7Z

pq ()= (0a0-40pr,0aq)(e).

It is clear that oy '(2) is singular at z = 0 since @4(c0) = 0, so we need the Laurent series of
@7 (2) around z=0. To determine this, first note that for z € R/agZ we have

z2— (p(2): 9'(2): 1) — (4p(2):4p'(2): 1) — (36d +4p’(2): 36d — 4p'(2): 24p(2)).
In affine coordinates the latter image becomes

<9d+p'(z) 9d—p'(z))
6p(z) = 6p(2)

9d 9d+ p'(2)
6p(z) 6p(2)
©7'(2) has a simple pole at z=0 with residue —

Since

is regular at z =0, has a simple pole at z =0 with residue %2 =— % Hence
1

Sas’ This proves

Lemma 3.10. For all P € Ey, integers m,n € Z, real € > 0 and @q(P) = aq, p there is a 6 >0
only depending on € and going to 0 if e — 0 such that

|madpfn|<€:> z(m*P) > 1 —01
’ z(m=*P)|” 3age
The error term 47 is needed since Mﬁ—;—g)(z) is not exactly equal to — ?’(a;dz) In fact, it is equal to

1
— §(adz)_1 +2(gz)3 + -

It is possible to tell more about ay:

Proposition 3.11. ffooo ﬁ:i}adziif/gag.
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Proof. To prove the first equality, one computes

{(1))-3

in an alternative way. The easy way is to use that the point <€’/§: %/g: 1> is the point of order

2 at Fjg, so the integral must be equal to % But it is also possible to compute the integral by

computing its derivative at the same point. Multiplied with the derivative of ¢ Lat % it must
be equal to 1 since the composition of these inverse functions is the identity. Clearly

2

1
Nyt 2\3
wé((?/g: f/Eﬂ)): \B/d_agt = (3);
2 2 00 00
—00 Yd—3° —o0 Ya—3°

On the other side, the derivative of the affine z-coordinate of o40-40 pr, 04 is equal to

- ( 9d + p'(@az) )' pladz)p”(aaz) — (p'(aaz))* — 9dp'(aaz)

6p(aaz) 6((az))?
Now from the theory of elliptic curves with in this case g2 =0:
1 1
p"(aqz) = —6 Z z—w)? =6p(aqz)? — 992= 6p(cvaz)?,
weLg
V1 6(p(5))° = (9'(5H)? = 9dp’ (5
()(3) -
6(p(57)

For a specific computation, a numerical example is needed, and for this proof first take d =2:
Then the order 2 point is (1:1: 1), so

P((1:1:1) =

On the other side, (p(5): 9'(5): 1) is the order 2 point from the curve
Ch:y?z =423 — 272223
hence satisfies y =0, 423 =108, so is the point (3:0:1). This makes p(%) =3, p’(%) =0. So

S PP 90 e, g,
6(p(5))? 2 ’
SQQ'ﬁ =1
—o Vo

making the equality true for d=2.
2
For d arbitrary the order 2 point on the curve CJ: y?z = 4x3 — 27d%23 is (33 (%) : 0 1>

hence

On the other hand

A8 - e
3ad<d)§' (%)7 = =

9 ) dt o dt

—o0 Ya— —00 Ya—13°
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which implies the first equality. To finish the proof it suffices to determine [ > 3 dt 5
. 0o dt o d—t
knowing [~ ﬁ:i’)ag:
/°° dt _ /°° dt
— o0 3d—t32 —o 3/(9 2t3 d 2
T a J\2
Y e dt
= - =
T (d\3 3 3 /2
(- (V%)
9 2
3
e (%)°at
B — oo 1 32
2\3
()
2\3
oy A
\d e N 32
3
()
1
_(2\ [~ dt
- \d) S a3
So 1= _ Baddt _ — 3ag ~ :Joc 3a2dt hence ag= %/%QQ, O
T Yy g3 (g)s 2% V57 o0 Y530

Hence the real period of the lattice associated with F, is equal to ffooo ﬁ and is Vd

as small as the real period of the lattice associated with E;. From numerical analysis
o =1.40218...

Remark 3.12. (link with ABC-triples) If we have a point “close to 0” the claim in lemma
3.10 tells what one can expect for the quality of the candidate ABC-triple associated with the
said point. Suppose we have an elliptic curve Eg: 22 + 32 = dz® and a point P € E;. We run
through the set {P,2 P 3% P, ...} to find integers m > 0 such that m * P lies close to Og,. Sup-
pose m * P = (pm: Gm: ). Then p3, + ¢3, = drd, and max (|pm|, |¢m|) is large compared with
dry,. To be precise,

Vo >0:dM € Ryo:Vm > M: <|mapn| <L> = <max(|pm|, |9m) > a|n|(1 5))
aln| drm 3oy

The left hand side can be achieved for example by creating the continued fraction (see subsec-
tion 2.4.1) associated with ap = p4(P) where a is sufficiently small. Also LLL will work finding
m, n (and determining a) and is very useful when starting with more than one point P, if Ey
has rank higher than 1. In that case, linear combinations of generating points with small coeffi-
cients can come much closer to Og,. See chapter 4 for details.

The only question left is how large log C' = log (max (|p/, |¢|)®) grows when m,n grows. The
answer to this question is described in the following section.

3.2 Heights of a point
Let E be an elliptic curve over @ and P € E(Q) be written as P = (x: y: z). The (absolute)
height H(P) of P has two equivalent definitions:

1. H(P)=max (|z'|, |y’|, |2’|) where (z": y': 2’) are coordinates chosen such that z’, y', 2’ € Z
with ged(z', y', 2') = 1.
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2. H(P)=max (|2]oo, [Y]oo; 12]00) - TT; prime maX (|2 ]p: [4]ps 12 ]p)-

The first definition only works for integer coordinates on P, while the second definition works
for any choice of coordinates (z: y: 2) in P?(QQ) and even is independent of the field & over which
E > P is defined over, as long as k is a finite field extension of Q. But if k # @Q the absolute
values are defined over prime elements of Oy, the ring of integers over k, multiplicities must be
counted and the (positive real) [k: Q]-th root must be taken. Also the absolute value | - |o has
extensions in k£ D Q, depending on the chosen embedding k—— C.

All T write in this section holds for E defined over an algebraic number field, and the details
of it can be found in several books introducing elliptic curves, for example in J) part VIII chap-
ters 5, 6 and 9 (p 205-220, 227-233). But for now I restrict only to @.

A morphism of degree d over Q is a map

[ PMQ) —PMQ), Pr— (fo(P):...: fu(P))
where fo(P), ..., fn(P) € Q[Xo, ..., Xm] are homogeneous of degree d with no common zero except

(0,...,0) in the algebraic closure of Q.

Theorem 3.13. Let f: P™(Q) — P™(Q) be a morphism of degree d, then there are constants
C1 and Cy such that

VPeP™(Q):C1H(P)!< H(F(P)) < CyH(P)?
For example, take
04:Cqg— Eq, (X:Y:Z)— (36dZ+Y:36dZ —Y:6X)
For each d this is a morphism of degree 1, so there are constants M and N such that for all
points P € Cy we have M - H(P) < H(04(P)) < N - H(P). Likewise
o7t (i y: 2)— (12d- 2:36d(z — y): z +y)

is of degree 1. So analysis about the heights of points on FE, is nearly equivalent with analysis
on the corresponding points of Cj.

Proof. (upper bound)
Write P = (zo:...: Tm), F = (fo:...: fn), and let |- | be any absolute value defined over @, so it
is either the standard absoulte value max (x, — ) or a p-adic absolute value p~ (@) Let

|[P| = max |x,
o<i<m

F(P)| = i(P
P = wax 1P,

|F| = max{|a|:a is a coefficient of some f;},
H(F) = |Floo- [] IFlp

pprime
Let e(|-]) be 1if |-| =] |eo and &(| - |p) =0 for all prime numbers p. Then for all ¢1,...,¢, € Q,

t14 -+t | <r<UPDmax (|t1], ..., [t.]).
For an absolute value |- | we have
f(P <R P

where C is the number of terms in f;, being at most the number of monomials of degree d in
m+ 1 variables. Running through 0 <i¢<n we get

[F(P)< CF VPP
Multiply over all absolute values defined over @ gives the upper bound
H(F(P)) < CyH(F)H(P)!

(lower bound)
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By the Nullstellensatz M), the ideal generated by fo, ..., fn in Q[Xo, ..., X;,] contains some
power of X; for each i € {0,...,m} since fy, ..., f» have a common zero only at (0, ...,0). So there
is an integer e >0 such that

m
XP=>" gisf;
i=0

for some polynomials g; ;. Since we can discard all terms which are not homogeneous of degree e
we can assume each g; ; is homogeneous of degree e — d. Define |G| = max {|b|: b is a coefficient
of some g; ;} for each absolute value |- | and

H(G):=Glw ] [GI»
pprime

Recall P=(xq:...: ;). The equations for X imply that for all i:

< 05" Mmax {g; ;(P)[:0< j <n}| f;(P)|

fesle= o] =

S gis(P)£5(P)
=0

Maximize over i:
Pl < C5 " Pmax {|g; ;(P):0<i<m,0< 5 <n}|F(P)|
Each g; ; has degree e — d hence by the triangle inequality
l9:.4(P)| < G5 V|G| Pl

Now substitute the triangular inequality in the upper bound for |P|¢ and multiply by |P|¢~¢ to
get

PP <) F(P))
Multiply over all absolute values to get the desired lower bound. O

Definition 3.14. For the rest of this section I need the following definitions:

i. (big-O-notation) f(z)=g(z)+O(1) <= 3C1,C e R,Va: C1 < f(z) — g(z) < Cs.

ii. Let E be an elliptic curve defined over @ and f: E — C be a function in C(E). Then
define a function also denoted f as f: E — P, P+ (f(P): 1) if f is reqular at P and
f(P)=(1:0) if P is a pole of f.

iti. (absolute logarithmic height) The absolute algorithmic height is defined as h: P* — R,
h(P)=1log H(P) >0 where the inequality comes from the fact that H(P)>1 for all P.

iv. The height on E relative to f is defined as the function hy: E— R, h¢(P)=h(f(P)).

Note that the set {Q € E: H¢(P) < C'} is finite for any non-constant function f and for any con-
stant C. This is true since f gives a finite-to-one map of this set to {Q € PY(Q): H(Q) € e}
and that set is finite since points in P'(QQ) are given by coordinates (a: b) with a,b € Z coprime.
Then H((a:b)) =max (|al,|b|). But this claim also holds for any P™(k).

Theorem 3.15. Let E be an elliptic curve defined over @ and f € Q(E) be an even function
(i.e. fo-(=1)=f). Then for all points P,Q € E:

hi(P+ Q) +hs(P— Q) =2hs(P)+2hs(Q)+0O(1)
The constants implied by O(1) depend on E and f, but not on P and Q.
Proof. Suppose E is in short Weierstrass form E: y?=x3+ az + b and start with the function
z:(a:b: 1) — a.

Then h,(0g) =0, hy(— P)=h,(P), so the result holds if 0g € {P,Q}. If P=Q = (x1, y1) we use

the duplication formula to get
330% +a 2
z(P+ Q)= 5 — 2y,
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a degree 4 equation. So
hy(2P) — 4h,(P) = log(max (|(321 + a)? — 821%3|, 4y7)) — 4log 71
= log(max (|(3z +a)? - 8x1(z} + a1 +0)|,4(z} —a-x1+b))) — 4log 2,
= log(max (14 O(x3?),40(x3))) — 4logz1 = O(1).
So the claim also holds for Op e {P+ Q,P — Q}.

For P # @, write z(P) = (z1: 1), 2(Q) = (z2: 1), (P + Q) = (z3: 1) and z(P — Q) = (z4: 1).
Note that a1 # x2 since otherwise P =+ Q. By the addition formula

vy — (y(Q) —y(P) >2 )

To — T1
2
Ty = (y(gZWLzEP)) — 21— Ta.

The purpose of the next computation is to express zs + x4 and x3z4 in terms of x1 + z2 and
X1X9:

(@) +y(P)*+ (w(Q) —y(P)*

r3+x4 = (w2—21)° (21 +x2)
_ 2y(P)* 4 2y(Q)* — 2(x1 + 22) (z2 — x1)°
(z2 —21)?

223 + 2ax1 4 2b 4 223 + 2020 + 2b — 2(2F — 2iws — 2123 + 23)
(1‘1 + ZL'2)2 — 41‘1562
2x1wa(x1 + x2) + 2a(x1 4 x2) + 4
(1‘1 + 1‘2)2 —4x170
2(z1+ x2)(a + x122) + 4
(214 x2)% — dx129

and

S <M_xl_m><<y<@>—y<p»2_wl_m)

(xg—x1)2 (xg—x1)?
2 2)2 2 2
L QAP () WP AQR L,
(@34 aze+b—a?—ax—b)?
N (22 —z1)*
_2(x1+x2)($?+x§+a(x1+x2)+2b) n (x14 x2)? (22 — x1)?
(502*£E1)2 (ZE2*£E1)2
~ ((w2—21) (2 + 2132+ 23+ a))?
a (22 —z1)*
| =2t +afwe + wiad+ ai+a(en +22)° + 20w +a9)) + (23— 2d)?
(x2 —x1)?
. :c‘ll+2z%x2+3z%x%+2z1x%+z%+2az%+2az1:cg+2a:c%+a2
N (x2 — 21)?
. ot — 203we — 20303 — 2m1ad — 2h — 2a(z1 + 22)% — 4b(21 + 12)
(w2 — 21)?

2323 + 2a(x} + 120 + 23 — 2 — 20120 — 23) + a® — 4b(21 + 22)
(Il + ZL'Q)2 — 45011'2
(r172)% — 2a 3172+ a® — 4b(x1 + 22)
(1‘1 + 1'2)2 —4x119
(r122 — a)? — 4b(z1 + 2)
(1‘1 + 1'2)2 —4x120

With these expressions we can define a map

(1: 21 + 2ot 7122) — (L: 23+ T4 T3T4)
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as follows: Define

g:P? — P2 (truw:v) — (u? — 4tv: 2u(at +v) + 4bt% (v — at)? — 4btu)
For t =1, u=z1 + x2,v =175 this gives

((z1+ 22)% — dx129: 2(21 + 22) (0 + T122) + 4b: (2122 — @) — 4b(21 + 72))

where the first coordinate is the denomerator of both expressions of x3 and x4, the second coor-
dinate is the numerator of the expression of x3 and the third coordinate is the numerator of the
expression of x4.

Let

G:EXE—EXE,(P,Q)— (P+Q,P—Q)
and let 0: E x E — P2 be the composition of the following:
ExE—P'xP! (P,Q)— (z(P),z(Q))
P! xP'—1P?  ((a1:f1), (a2, B2)) — (P12 a1 B2+ aafi: araa)

Then goo =00 G. We need g to be a morphism (of degree 2.) To prove it, it suffices to prove
that the polynomials

u? — 4ty
2u(at +v) + 4bt?
(v—at)?—4btu

do not have common zeroes (¢, u,v) except (0,0,0). So suppose there is a common zero (¢, u,v).
If t=0, then

w?—A4Atv = u?=0,
(v—at)?—4btu = v?>=0,
hence (t,u,v)=(0,0,0). If t#+0, define x:%. Then
9 u? w 9 W
] —4tv:0<:>m=?<:>$ =3

If so, write the other two polynomials in terms of z after dividing them by #2:

_ 2u

t
o(x) = (%fa)274b%:(x27a)278bx::c472a:r278b:c+a2:0

(a—i—%)+4b=4x(a+:c2)+4b=4x3+4ax+4b20

So the duplication formula reads

3x2+4a
2y

_ 9z*46ax +a?—2z(423 +dax +4b) 2t —2ax? - 8bx+a?®  ¢(x)
N 423+ dax +4b 43 +dax+4b P(x)

25 (a,y) = (P02 g

Hence if z is the x-coordinate of a point Py € E, then ig =1x(2* Py). But ¢¥(x) =4%y? hence it is
$(x)

only zero at order 2 points. These zeroes are simple since E is regular everywhere while o)
a pole in these points: 2 x Py = Og. Hence ¢(z) # 0 at these points. So ¢ (z) and ¢(x) has no
common zeroes, hence ¢ is a morphism.

Now to prove

has

ha(P 4+ Q) + ha(P — Q) = 2Ry (P) + 2ha(Q) + O(1),
use theorem 3.13 and that g is a morphism:
hMo(P+Q,P—Q))=h(coG(P,Q))=h(goo(P,Q))=2h(c(P,Q))+O(1)

since ¢ is a morphism of degree 2. To determine h(c(P + Q)) let again z(P) =2 and z(Q) = 2.
Then

h(o(P,Q))=h((1: 21+ z2: T122))
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and clearly this is equal to
h((z1:1)) + h((22: 1)) + O(1) = he(P) + ha(Q) + O(1)
since we only look over the field Q. The same holds for (P+ Q, P — Q). So
= h(o(P+Q,P—-Q))+0(1)—-2h(c(P,Q)) —O(1)
= 2h(c(P,Q))+0(1)+01)—-2h(c(P,Q))—O(1)
= 0O(1)

To finish the proof take f an arbitrary even function. The subfield in Q(F) of even functions is
exactly Q(z), so we have a rational function p: P! — P! satisfying pox = f so

deg(f) = deg(x)deg(p)=2deg(p),
hy = heo p=(des(p))ha+ O(1) = Zdea(f)ha + O(1)

since x is a function of degree 2. O

Remark 3.16. Now the goal nearly is reached: If the term O(1) can be removed, it has become
a quadratic form and the height has become a norm on the lattice of points on E. So then LLL
can be used to find points close to O with height as low as possible. This can be done when
taking limits of the logarithmic height. Before defining it, I first need some other results.

Note that the elliptic curves I look at are of the form 2% + 3% = d, not in Weierstrass form.
But the degree 1 isomorphism o4 transforms the corresponding elliptic curve in Weierstrass form
into this form and back, so this theorem also holds for elliptic curves in this form.

These results also holds for odd functions f since f2 is even, so h r2=2hy.

Corollary 3.17. Let E be an elliptic curve (in Weierstrass form) and f € Q(E) even.
a) For all Q € E we have
VPeE:hf(P+Q)<2hs(P)+0O(1).
Here O(1) depends on E, f and Q.
b) We have for allm €Z and P € E:
h(m* P)=m2hs(P)+ O(1)

where O(1) depends on e, f and m but not on P.

Proof. a) Theorem 3.15 reads
hi(P+ Q) +hs(P —Q)=2hs(P)+2hs(Q)+O(1).

But here 2h¢(Q) is a constant number and h (P — Q) >0, getting the inequality.

b) The corollary is trivial for m =0, 1. The case m =2 follows immediately from the proof of
theorem 3.15. Assume the claim is true for m = 0, 1, ..., n. To check the claim for m =n + 1
replace (P, Q) by (mx* P, P). By theorem 17 we have

h¢((n+1)*P) = hg(nx P+ P)
2hf(7’L>kP) +2hf(P) —hf((n— 1)*P) +O(1)
he(P)(2n?+2—(n—1)*)+0(1)=(n+1)*hs(P)+ O(1)

O

Proposition 3.18. (Tate) Let E be an elliptic curve defined over Q and P € E. Let f € Q(E)
nonzero and even. Then

1 3 —n n
dog fnlinéoll h¢(2" % P)
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exists and is independent of f.

Proof. For the existence of the limit, it suffices to prove that

1 —n n >
{@4 hy(2 *P)}

n=0
is a Cauchy sequence. That is, that for all £ > 0 there is an integer M such that for all m, n >
M:
L gempamapy— L g onip)| <
deg f° deg /T

By corollary 3.17 b there is a constant C' >0 such that for all Q € E:
hp(2% Q) ——4hs(Q)|<C

oo

Let m,n >0 be integers. Then

n—1
[47"hp(2m % P) =47 ™hp(2m 5 P)| = | Y 4R TR (2n 5 P) —47"h (27 % P)

k=m

< > 4 hg(2ntx P) — dh (27 % P))|
k=m

< Z 47(n+1)0< c

For the independence of the choice of the function f take another non-constant even function
g€ Q(E). Then

(deg g)hy— (deg f)hy = (deg g)(%(deg Fhe+0O(1)) — (deg f)(%(deg Dha+0(1))
= %(deg £)(deg g)hu(1—1) + O(1)(deg g — deg f) = O(1)
So for all n>0:
(deg g)4~"h ;(2" % P) — (deg f)4~"hy(2" % P) =4~"O(1)

Taking the limit over n gives

3 1 —n n . 1 —n n

— ; im e -n ny - e _n "y _
- (degf)(degg)nloo<(dg9)4 hy(2" 5 P) = (deg f)4~"hy(2 p>> 0

So the limit does not depend on the choice of the function f. O
Now it is time to give a height giving rise to quadratic forms:

Definition 3.19. The canonical height on an elliptic curve E(Q), denoted h or hg is the func-
tion

H:E—>IR,P»—>

delg lim 47"h (2" % P)

for any non-constant even function f € Q(FE).

Theorem 3.20. (Neron-Tate) Let h be the canonical height on E(Q):
a) YP,QeE: h(P+ Q)+ h(P—Q)=2h(P)+2h(Q) (parallelogram law)
b) VP € E,m e Z: h(mx P)=m2h(P)

¢) h is even and we have a bilinear pairing

(VExE-—R,(P,Q)= E(P+Q>*2’5(P)* h(Q)



3.2 HEIGHTS OF A POINT 41

This pairing ts called the Neron-Tate pairing.

d) Let P E. Then ﬁ(P) >0 and equality holds if and only if there is an integer n >0 such
that nx P=0g (iff P is a torsion point.)

e) Let f € Q(E) be an even function. Then (deg f) h =hs+O(1).

Proof. e) In the proof of proposition 3.18 there is a constant C' depending on f such that for
alln>m=>0:

—n n —m m C
Let m =0 and n— oo. Then we get
- C
|(deg ) h(P) —hy(P)|< 7 =0(1)

h(P+ Q)+ h(P—Q)—2h(P)—2h(Q)

= n{ngow@f(z #(P+Q))+hs(2"* (P —Q)) —2hs(2"* P) — 2hs(2 *Q)>

. 1
= Jm ey pan @ =0

b) Same argument as in a) with A(m * P) — m2h(P), or use a) using induction on m as in
the proof of corollary 3.17 b.

¢) From linear algebra, a function satisfying the parallelogram law (proved in a)) is
quadratic.

d) Inequality: h¢(P) >0 for all f and for all P, so the limit cannot be negative.

Equivalence: If P is a torsion point, there is some n > 0 such that n* P=0g. Since by b)

0= h(n*P)=n2h(P)
we have h(P)=0. If h(P)=0 for some P € E, then for all
n>0: h(n*P)=n2h(P)=0

Now consider the set {0g, P,2x P, 3% P,...}. If P is not a torsion point, this set is infinite while
by e) there is a C' >0 such that

hy(n P)=|(deg f) h(n+ P) — hy(ns P)| < C
But {Q € E(Q): h¢(Q) < C} is a finite set hence P has finite order. O

Remark 3.21. Part e) of the theorem imply that there is some number do > 0 such that for all
P € E we have

| h(P) = h(P)| < 6.
This bound ds is called the Cremona-Prickett-Siksek height bound. In the case of other number

fields rather than @ this bound is caled the Silvermann-height-bound. Here I denote this bound
02 since in my main theorem I both use this d and another bound ¢; from lemma 3.10.

Actual the Neron-Tate pairing has two different definitions. The definition I gave in the the-
orem is the easiest for computations, since then (P, P) = h(P), but it often is defined without
dividing by 2. For example, Silvermann defines the pairing in his book J) page 233, as

(P,Q)=h(P+Q)— h(P)— h(Q).

But for concrete computations it is better to define the Neron-Tate pairing as in the theorem
above, because we can use the FElliptic Regulator matriz

M= ((Pi, Pj))i<i,j<r
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where F has rank r and generator points P4, ..., P.. With this matrix M and a linear combina-
tion of points a3 * P; + -+ + a, x P, we can define the vector @ = (ay, ..., a,) such that

ﬁ(al P +--+a.+xP.)=aMa’.

So using M we can do linear algebra on points on FE using only the standard quadratic form
while still computing canonical heights. The determinant of M is called the elliptic regulator,
denoted R= R(Eq4/Q).

Now I can give an answer to the question how large log C = log (max (|p/|, |¢|)®) grows when
m,n grows, where now

1

= R . — <
m* P=(p:q:r), |m- pi(P) —nl ool

for some a,n € Z~q and

(A, B,C)=(dr® min (|p|?, |¢q|*), max (|p|*,|q|*))

an ABC-triple created from the elliptic curve Eg: 2® + y3 = d. We know h(m x P) =m2h(P), so
H((p: q:7))~ (H(P))™. This makes an expected quality of

logC 3log p N 3C1m? ~14 const. - loglog C
logr(ABC) ~ 3log p —log +const.  3C1m2 —log (C2-m2) +C5 log €

__Qd
3a-|n|
The details of this approximations and the constants are the main result and come in the fol-
lowing chapter.



Chapter 4
The Main Result

Now I have introduced all I need to prove the main result for finding ABC-triples using elliptic
curves. Recall that I define an elliptic curve Ey: 22 + y3 = d and find points Py, ..., P. for some
r > 0 such that E4(Q)/(Fa(Q)sor) is generated by Py, ..., P.. Then I can approximate Og, by a
linear combination of P, ..., P, and denote the point given by this linear combination by @. In
section 3.1 I explained the relation of the distance between @) and O, and the quotient of the
coordinates of @. In section 3.2 I explained the relation of the coefficients of the linear combina-
tion ay * Py + -+ + a, * P, and the size of the coordinates of ). And in this chapter I will explain
how one can find @ using what I told in section 2.2. But first I explain what one can expect of
the quality one can get for ABC-triples discovered this way.

4.1 The Main Theorem

Theorem 4.1. (Main Theorem of this thesis) Let d > 0 be an integer such that the elliptic
curve Eq 23+ 13 =d- 2% has r > 1 linearly independent points Py, ..., P.. Then there is a constant
number C' > 0 depending only on d and the choice of the set of points Py, ..., P, such that there
are infinitely many triples (pn, qn,mn) € Z3, n =0, of coprime positive integers, such that

(pn3 Adn: Tn) € by
and the associated ABC-triples (A,, By, Cn) = (drd, —p3,q3), n >0, satisfy

rloglog C,, — C

Proof. Associate aq 1, ..., a4, € R/Z to the points Py, ..., P, as in theorem 3.6 and take a lift of
them into R, also denoted ag. 1, ..., aq,. Then find approximate linear dependencies of 1 and
these numbers, using a quadratic form involving the canonical height as in theorem 3.20 ¢).

We then need to define for any N > 0 the lattice Ly = {(ao, ..., ar): ag, ..., a, € Z} with
quadratic form

gn((ag,...,ar)) = ﬁ(al *« Py ++a,xP)+ N-(ap+ a1+ + arag,r)?

The determinant of L is equal to the determinant of the matrix

0 .. 0 VN
<P1,P1> <P1,PT> \/Nad,l

(P,P)) ... (P,,P)) VNag,

hence is equal to Rv/N. Here R = (det(((P;, Pj))1<i.j<r) is the elliptic regulator of Ey when 7 is
the actual rank of E4 and when Py, ..., P, is a set of generators of the group Fq(Q)/(Ea(R)tor)-

43
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So by Minkowski’s theorem (see 2.5) L has a nonzero vector & with

g(@) < (r+1)-d(L)7F = (r + ) RTINTT,

Such an = (ay, ..., a,) satisfies two inequalities:

h(ay*Py+-+ap*Pp) (r+1)R™ N+,

<
< (r+1)RTINTT,

N - (ao +aiag 1+ + a'rad,T)2

The next step is to translate this result to the quality of such a candidate ABC-triple associated

with the shortest vector . The upper bound on ﬁ(al * Py + -+ 4+ a, x P.) combined with theorem
3.20 e) says that the point (po: go: 7o) associated with an optimal solution x € L satisfies

log(max (|p3|, |g8])) <3h(ay* P+ -+ ap* P) <3(r + 1) RTFIN 71 4 G,

where I take the logarithmic height (see definition 3.14 iii) and d2 is the Cremona-Prickett-
Siksek height bound, depending only on Ej.

The other inequality gives an upper bound on the distance of the resulting point with Og,:

1 —r
lao+ arag,1 + -+ arog | <V/r+1- RTFIN2+2,

This upper bound combined with remark 3.12 tells that

max , Nzr+2
(k) s
0 3agy/r+1-R™7
for some §; with upper bound depending only on P, ..., P., and where «q4 is the same a4 as in

proposition 3.11. We always can replace a point by minus the point, reversing py and qq, to get
|pol <qo|- Then

log(g5)
log (dropoqo)

log(q8)

r(d)r
log( g - 212 )

g
IOg( r(d())ro )
log( R )

q0

q0
log( (o )
Ty
10%(‘10)

q(drd, |pol®, q8) =

WV

= 14

>

Now the numerator log( %

1 .
" -W) can be estimated below by

log

Nzr+2 1-4 r 1 —log( 3adr(d)\/m>

- log N —
3ad\/7“+_1.R$ r(d) 2r 2 0 r+1 1-4

and the denominator log(g3) can be estimated above by 3(r 4+ 1) R™*I N "+ 4 §5. So we get

; - . Bargr(d) v/ T T
e _ maos N — s - log((*{ 2 )
2 1

3 = 2 1
IOg(QO) 3(r4+1)R™F N 4§,
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Now I want to express the numerator in terms of log the denominator, so I need to replace the
adding with + J2 by a multiplication with (1 + d3) with d3 a (not too) small non-increasing
number if NV increases. This gives, while still not increasing the numerator and not decreasing
the denominator,

r 1 3aar(d)vr+1
sslog NV fmlonglog(dl_—él)

2 1
3(r + 1) R INTT 4+ 6y
" _log N — —TillogR - log(—ga”(d) v+l )

S 2r+2 1—-961
3(r + )RTINTFT(1 4 6)
2 1
g(log(i’)(r +1)R N1 (14 53))) —log R — Zlog(3(r+1)(1+d3)) — log(% :H)
- R
3(r+1)R™ N1 (1 +d3)
2 1
%<log(3(r + 1R TIN"+ (14 53))) — 04
z

2 1
3(r+1)R N1 (1+43)

where J4 is a real number, not increasing when N increases. In each step of the computations

above, the numerator did not increase and the denominator did not decrease, but now we have
Zloglogx — 64
2

got a function of the shape where

log x

x:exp<3(r +1)(1 +63)RT+1NT+1>.

log( 29— Tloglogx — &
So the quality, which already is at least 1+ $7 also is at least 1+ %. Since z is
larger than g3, we therefore have ’ ’

r 3
3loglog(gi) — da
q(drd, pd, q) > 2——
Now one can define C' = 24 .
The last step is to create infinitely many such triples (dr3, |p,|?, ¢2) satisfying the claim in
the theorem. Start with any value Ny > 0 and take a triple (drg, g3, p3) corresponding to a
shortest vector xg. Then let N7 > Ny grow. By Minkowski and the fact that the determinant of

Ly, is equal to Rv/Nyp, the shortest nonzero vector of Ly,, denoted 1, satisfy

2 2 1
q(x1) < (r+1)(RVNy) "t =(r+1)R™ T Ny

But if &1 = @0, the value of N; cannot grow too large, since g(xo) will grow linear with N; and
hence will fall outside the upper bound from Minkowski. So the vector 1 gives rise to another
ABC-triple (dr3, |p1]?, ¢i). Now there is an Ny > Nj such that x; is not the shortest nonzero
vector of Ly, so Ly, has another nonzero shortest vector x2, giving rise to another ABC-triple
(dr3, |pa|?, ¢3), etcetera. This process can be continued infinitely many times, getting the infinite
sequence of ABC-triples satisfying the claim in the theorem. O

Corollary 4.2. Let d, E4, v and Py, ..., P. be as in the main theorem. Then for all § > 0 there
are infinitely many ABC-triples (An, Bn, Cn) = (drd, — p2, ¢3) with n >0 where (pn: qu:my) € Eq
with integer coordinates and gcd(pn, qn, ) =1 for all n>0, such that

rloglog Cy,

(1-19)
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Proof. For any § >0 one has

rloglog(qy) —C' ;| rloglog(ad) | _ 4
2log(q5) 2log(45)

if go is sufficiently large. O

1+

One also can be interested in the value of gy one has to start with to satisfy the claim for a
certain 6. To find such a gy one has to start with an Ny such that the inequality above holds,
hence such that the disturbing negative number from the proof of the Main Theorem

—04=—1logR— %log(ii(r +1)) +log(1 —01) —log(3r(d)agyr+1) — 10g(1 + 53)
2 1
is absolutely small compared to 3(r +1)R"F"Nj** (1 + d3). This happens when
2 1 2 1
Slog(3(r + )R7TNG T (14 82)) — 61> Slog(3(r + DR7ING ™ (14 85))(1 - 0).
This inequality is equivalent with each of the following inequalities:
r 2 _r
Elog(?)(r + I)RMNOT“) § > da,

2 L 204
log(B(T +1)R™TIN{§ 1) >

23
2 1 254
3(r+ D)RINJTE > e,
2(r+1)64
N > e rd
7 Br+1) IR
” 2(r+41)
(R~(3(T+1))5~if—§?~3r(d)ad\/_r+1) ”
- B@r+ 1) F1R?
D -208 (1 4§ 2(T+1)<+>< D) (r+1)(14r—78)
2(r+1)—2r I r+1)(1— r+1)(14+r—7r
= Rré<1+53 ~adr(d)> 35 (r1)y
— 01

After discovering the first vector @ associated with a chosen Ny satisfying the inequality above,
one can proceed as in the end of the proof of the Main Theorem to find infinitely many such
triples.

Remark 4.3. There are several issues to note.

a) One also can be interested in the merit (see definition 2.1 part 2) of such a constructed
ABC-triple. This merit is equal to

m(An, Bn,Cn) = (q(An, By, Cp) —1)2-(log Cp) -loglog C,,

loglog(qs) — C'\?

rloglogldn) =€) 105(42)) -loglog(a2)
2log(q3)

(r1oglog(q?) ~ C)*loglog(g?)

4log(q;)

Or in terms of N,, (and d2) from the theorem, the merit is at least

WV

2log R +log Ny, 2 21og R+ log Ny,
m(Ap, B, Cr) > (r (log(r + 1) + =250 4+ 62) — O)2 - (log(r + 1) + =522 4 6y)

R
4(r+1)R™IN; T + 09
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b) In practice the rank often is very small. Thanks to Noam D. Elkies and Nicolas F.
Rochers there are elliptic curves of this family known of rank up to 11, see N). The fol-
lowing table shows the smallest integer d > 0 for which the elliptic curve F4/Q has rank r
for 0<r<11.
rank smallest known number d

1

6

19

657

21.691

489.489

9.902.503
1.144.421.889
1.683.200.989.470
349.043.376.293.530
137.006.962.414.679.910

11 13.293.998.056.584.952.174.157.235

© 00 N O U = W N = O

—
o

So the smallest number d increases quickly when r grows. We want d to be small, so the
higher rank curves seems to be not very helpful for finding nice ABC-triples. In addition,
for r >4 it is very hard to find the generators of a curve F; with rank . So in chapter 5
I only take examples with r < 3.

In the proof of the Main Theorem I more or less said how the algorithm to find ABC-triples
using Elliptic Curves goes. In the following section I explain the algorithm and say something
about its complexity.

4.2 The algorithm

The following algorithm gives infinitely many ABC-triples:

1. Pick a number d and define the elliptic curve
Egpz3+1y=d- 22— Cg 22 =23 — 432d%2°

(with rational zero points (1: — 1: 0) resp. (0: 1: 0)). Find as many linearly independent
points of E4(Q) as possible, and let r be the number of these generators, the (expected)
rank of E4. Denote these points

Py, Po=(z1:y1:1), ey (i g 1).

2. Pick a number Ny >0 and compute a good approximation of

o= o dt
- —o0 3 d7t32

and for each point P;,1<i<r, a good approximation of the associated real number

Ty dt
—00 3/ 13 t32
aq '

Qd,i=

These numbers are irrational and Q-linear independent and lie between 0 and 1. Their
precision will depend on Ny. Then find a shortest nonzero vector in the lattice Ly, =
{(ao, ..., ar): a; € Z} with quadratic form

¢ (g, ..y ay) — h(ay* P+ +a, % P.) + No(ao + a1q1 + -+ + a,aq, )
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and denote this vector o= (ag, ..., a,). This can be done using LLL with the matrix

0 .. 0 VN
My, = <P1,:P1> <P1,.Pr> VNQOéd,1

<PT,P1> <PT,PT> VNOad,r

with standard quadratic form on the lattice generated by this matrix. Here the inner
products (P;, P;) are defined as in theorem 3.20 c¢. For more precision, multiply this
matrix with a large scalar M and round the entries of M - My, to make them integers.

3. Compute aj * P, + - + a, x P, € E4 and express this point in coprime integer coordinats
(X:Y:Z). Then X3+ Y3=d-Z3 Here X and Y are coprime, hence we have a candidate
ABC-triple (Aq, Bo, Co). Here Cj is the largest among | X3|, |Y3|,|dZ3| and Ag and By are
the other two among them.

4. Pick an N;;11 > N;, ¢ > 0 such that x; is not the shortest vector in the lattice Ly, , with

quadratic form defined as in step 2 in terms of V;1, and go to step 2.

i41

Theorem 4.4. Fach iteration of this algorithm needs a number of bit operations less than
1

quadratic in the length of the output. This output length is at most linear in N™+1.

Proof. To pick d and to find r linearly independent generator points Pj, ..., P, can be hard to
compute, but the computation time of this is constant, independent of N.

Now pick N. The precision of ag and g, 1 < ¢ <r must be given in at least the number of
bits N has. This precision easily can be given when computing a4 and oq ; using 3.7.

Next is to find short nonzero vectors of the lattice L = Z" ! with quadratic form

q((ag,...,a.)) = l{(al * P+ +a,x P.)+ N - (ap+ a10q,1 + - + arag r)?

using the LLL algorithm, see section 2.2. Now I need to determine the complexity of the LLL
algorithm applied to this problem. Choose a number ¢ > %.

1. Check whether the initial flag is c-reduced: Start with the row vectors of M - My as
basis. To compute My, one needs to compute

h(P;+ P;) — h(P;) — h(P;)
2

There are %(r + 1)(r + 2) such computations, but that is a constant number. For one
computation one needs to compute the height of some point. This can be done right from
the definition 3.19 of the canonical height, and this way each iteration of doubling the
point adds two bits to the precision. The number of bits the entries of My must be given
in must be at least equal to the number of bits IV is given in, to make the computations
required to find the optimal solution being not corrupted. The hard part of this step is to
multiply N with a linear combination of the ay ;’s, with running time at most quadratic
with log N. With Gram Schmidt orthogonalization one checks whether the lattice given
by the row vectors of M - My is c-reduced, and that goes linear with log V.

<Pi’Pj>:

2. Select a pivot and reduce the flag: Selecting a pivot, if any, takes at most r + 1 checks.

(bj,1,b5,2)

(bj,2,b5,2)’

where computing the denominator is easy after computing the numerator, since it is one

computation from part 1. One such interation multiplies the size of the flag by a factor at
_4+c

most %—i— i = hence the number of iterations needed is logarithmic in the size of the

Then changing the basis goes by finding a new vector b} o computed using

original flag.

3. If we have our c-reduced flag with first basis element by, the shortest vector is in the box

r+1 - 36 r+1—1
Zﬁbi5|7’i|<c2<Z> I1<i<r+1

i=1
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r+1 ” r4+1—1
H <1+2.c2(%) ><2T+lcr
i=1

elements, where the last inequality is a rough estimate. For each vector & = (ay, ..., a,) in
the box we can just compute (ag, ..., a,) - My - (aog, ..., a,)" and check whether this number
is minimal. The running time of one such computation is linear with log N. There are

This box has at most

2 .
less than 27T 1¢™ such computations, a constant number.

After finding the optimal solution (ay, ..., a,) one needs to compute the coordinates of the point

al*P1+-~-+aT*PT

1 1
with canonical height at most linear with N7+'. So the size of the output is linear with N7+,

1
but the numbers are computed with multiplication of other numbers with size linear with N7+1.
Hence to compute the coordinates one needs a number of bit operations at most quadratic with
the length of the output.

If we have the shortest vector, and have computed in the previous step what candidate ABC-

triple (A, B, C) is associated with this, the final step is to do trial division on [ YB and ¥/C
and the computation of each tlrlal has a running time linear with the size of these numbers,
hence is at most linear with N"+1.

1
So adding all this together the running time is at most quadratic with N~+1. O

Remark 4.5. The hard part of this algorithm is the multiplication of two large numbers. Intu-
itively this has complexity quadratic with the size of this numbers, but there are known algo-
rithms which goes much faster than that.

The constant factor 2+1 . ¢* can be avoided when one is happy with an approximate
optimal solution rather than the optimal solution. But this weakens the estimate of the quality
of the discovered candidate ABC-triples compared with the Main Result.

Sometimes one is not interested in an infinite sequence, but only in one or a few ABC-triples.
And often one wants N to be chosen in a specific way to satisfy some condition on the resulting
ABC-triple. The following problems can occur when d and E4 are given:

Find an ABC-triple (A, B, C) of bounded size: Suppose we want to have log C' < Q.
Then use from the proof of the Main Theorem that for any given IV,

h(al*Pl—f— ‘+ar*P.) < (r—l—l)RT“NT+1 =Q
So it often suffices to take N = (T+Ql;—:1327 but in rare cases the optimal solution from there
gives a larger logarithmic height (due to the error term O(1).) But in that case, the discovered
ABC-triple has a small value for |ag+ a1aq 1+ - + araq,r| and is accidently a nice ABC- triple
Find an ABC-triple (A, B, C) with a small value for E

Then by lemma 3.10, we want |ag + a10q,1 + - + arQa, | <33 + O(1). During the proof of the
Main Theorem we got

Suppose we want = - <€

L - €
|(10+0,10zd_’1+-~- +a7"05d,r| <Vr+1-RrtiN?zr+2 = Sod
d!

so it often suffices to take

_1 r4+1  r

3agd/r + 1RT+1)2TT+2 (3add) v (7’+1) " R?
2rt+2
E T

N=(

In rare cases the distance can be larger, but then the height is very small, also giving a nice,
small ABC-triple.
Find an ABC-triple (A, B,C) with a large merit: To optimize the merit

(A, By, Co) > (10glog(0) — C)? -loglog(pf)
4log(pj)



50 THE MAIN RESULT

where C' is the disturbing factor from the Main Theorem, one takes the derivative of this real-
valued function w.r.t. log(pg) to get

2(r loglog(pg) — C)(loglog(pi)) + (rloglog(pg) — C)* — (rloglog(pg) — C)? - log log(pj)
4(log(pg))?

and finds a value of log(pg) such that this function equals 0. Then one recalls that

log(p3) < (r+ 1)R™IN"T 4+ 6,
and takes N=2- m—?ﬁ; This factor 2 is required since we have

3aa|pol

2 1
<(r+ )RINTH 4.5,
|70

log(pd) +

and can expect to both terms on the left hand side to have the same size.

4.3 Some other results

The main result is not the only result I got from my method. In this section I give some other
results I got in my research.

4.3.1 Expanding the family of elliptic curves

Until now I only looked at elliptic curves of the shape X2 + Y3 =d - Z3, but this family can be
expanded to the family of elliptic curves

Egpea-X3+4b-Y34c.23=0

But such a curve is only elliptic over Q when there is a rational point given. The unique real
point with z-coordinate 0, denoted P, = (z¢: yo: 0), is in general not rational anymore since we
need the cubic root of some integers. However, some of these elliptic curves have a rational
point with nonzero coordinates. If we denote this point Py, we have from section 3.1:

P+p,Q=P+p.Q+p. (—F)

where “ +p_ 7 means adding with respect to P,, still possible over R. To show that if such a
point Py exists, there are more points in E, j /@, use that Py is not an inflection point. So the
tangent line on P, intersects E, . on another point, say P. Since the coordinates of P, are
nonzero, we can use affine coordinats and denote Py= (x¢, y9). Then the tangent line satisfies

7

z a-xd

b-yd

a-xy
y=- T+ Yo+
b-yg

To find the intersection point with E, ; . we need to solve the cubic equation

a’z§ 3 a’zd a-z
a— z° 4+ 3b Yo+ 224--=0
( beg) (b2y§( b )

where the coefficients of 2! and z° are not important since we already know that zg is a double
solution of this equation. So the solution x; can be read from the first two coefficients of this
equation. By doing the same reversing = and y by all instances we also get y;:

, = (2 +—72 t—=
(w1, y1) = (220 by —a-ad Yo a-x%—b'yg)

These are rational functions in g and yo hence prove that P = (z1, y1) € Eq p,(Q). It is likely
that P is of infinite order in Eq  (Q), but if we are unlucky, P is a torsion point.
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Also in F, p . one can try to approximate P, with a linear combination of generator points
Py, ..., P, trying to find integers as, ..., a, such that

a1*Pi+p,---+p,ar*x P

lie close to Py. So one can associate aji, ..., a. € R/Z to the generating points and associate
another « € R/Z to P, and try to find ag, ..., a, € Z such that
lap + a1 + -+ + arr —
is as small as possible. This can be done in the same way as done before, but here we use the
. . . . dx dy . .
invariant differential w = -~ T Bt So we take the isomorphism
©:FEope — R/Z

f T dt
Zo 3/b(c—a- 3)2

(wry:l) — —— -
ffoo 3\'/b(cfaﬂfg')2
f [e7e] dt

Zo ii/b(c—u,»tg)2

oo dt
I 2 ey

P, —

where we now in the numerator have the lower border at xg so the integral is negative when = <
xo. This isomorphism preserves the group law with respect to F.

But surprisingly, proven results for irrational a for this problem are very weak. We only
know

Theorem 4.6. For all ¢ > 0 and given Q-linear independent reals a, aq, ..., a, there is an
integer solution x1,...,x,,y such that

oz + -+, +y—al<e

This theorem follows immediately from the fact that the set {aqnz1 + --- + pxy: @1, ..., x. € Z} is
dense in R. But this isn’t very helpful when finding nice ABC-triples. Note that P, is of infinite
order with respect to Py if and only if Py is of infinite order with respect to P,.

4.3.2 Approximate other points

Until now we only looked at the possibilities when approximating the point Og, but it can be
possible to approximate other points. However, also this problem leads to the approximation of
a given real number « by a linear combination of given reals 1, ay, ..., a;.. But if we approximate
a torsion point, hence a rational number «, the theory required for the main result still works.
This can be done by finding an approximate linear dependence of a, aq 1, ..., &g, Where a is a
given rational number rather than 1. If one finds a solution (ag, a1, ..., a,) with ag such that
«aag € Z, then we have a solution of the original problem. Actually such a solution can be better
since the determinant is smaller: It is multiplied with « since for determining the determinant
one can start with a map

(ag, a1, ..., ar) — (@ag, ay, ..., ar)
of determinant «. In practice this improvement only works for a :% or o= %

To see it for the case « :% is easy: Then one approximates the point (0:3/d: 1) or (¥/d: 0: 1)
and this time not the z-coordinate becomes small but either the x-coordinate or the y-coordi-
nate. Since we also can take minus the solution, we can assume without loss of generality that
we approximate (0:3/d:1). Assume we have discovered a solution (ag, ..., a,) such that

1 o
|%+11104d,1+"' +ayoq,r| < m(gR(Ed/Q))T+1N2T+2

Then we are at an affine point (z,y) with

2l = VI TG R(Ea/ Q)TN (05 ) (3)(1 - 6) = V¥ T R(Ea/Q)TTNT 30, Yd(1 - )
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where the equality follows from proposition 3.11 and its proof. Note that a; is the real period of
the elliptic curve Eq: 23 + 3> =1. We also have

1 T
h(a1*P1+--+a.*P.)<(r+ 1)(§R(Ed/Q))T+1NT+1

we get an ABC-triple with quality of the form

log C
logr(A-B-C)
N 3ﬁ(al*P1+---+aT*PT)
3h(ay* P+ +a,% P) — 1og(ﬁ(§R(Ed/Q))mNTHM;%(1 —0)) +logd
log(—— Lt (LR(E,/Q))FINFTF(] —
ol g R Q) (1-9)
(r+ D(GR(Ea/Q))FNT
Zloglog C
22 ° (1=
= log C (1= 0o)

where for any dg > 0 there is an M > 0 such that all N > M gives an optimal solution (ao, ..., a,)
satisfying the inequality above. So in fact I can try to approximate three points rather than one
point.

The case o = % works differently. Here we find a point (z, y) where z ~ y ~ ?’\/g. This does

not necessary give rise to an ABC-triple, but with the aid of a transfer (see section 2.3) there
may appear a possible nice ABC-triple. The starting triple clearly has A ~ B (since both z and
y are positive) so a transfer involving B — A can be useful. To determine B — A it is useful to
notice that around the 2-torsion point we have

xi/ENs\/E
27\ Y
d

so it suffices to determine (@7 ')’} 5) what already is determined in proposition 3.11: It is
equal to

f o0 dt 9

S T {/Zﬁ =30<d3\/g =3Oé23\/E
(3)s 2 2
d

with as being the real period of Fs. So let n be the degree of a sharp transfer polynomial
involving B — A. Then for all §; > 0 there is an M > 0 such that all M > N yield a solution
(ao, ..., a,) satisfying

logC
lograd (ABC)

3n- h(ar* Pi+--+arx Pp)

>
~ —1 r
3n- h(ay* Py+ -+ ay+ Py) +logd —log| ———(=R(E, rHIN2r+2(1 —§
n- h(ay Py ar* P;) +log g(gwaz TH(Q (Ea/Q)) ( ))
—loglog C
2n _
- log C (1=01)

So this is a weaker result, since we must take n > 2. In section 2.3 there are given transfers
involving B — A of degree n = 2. However, such transfers can make ABC-triples in new special
form. If for example the transfer ((A — B)? 4AB, (A + B)?) is taken, then (A — B)? is a small
square number, 4AB is 4 times a cube, and (A + B)? is d? times a sixth power.

But there is also the possibility of a linear transfer. Since the order 2 point is approximated,
if we write the curve in Weierstrass form, the y-coordinate comes close to 0. Recall the isomor-
phism

o7t (i y: 2)— (12d- 2:36d(z — y): z +y)
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Then we have got an equality
(24 y)(36d(z — y))2 = (12d - 2)3 — 432d%(z + y)3
This equality tells that (12d- z)? is divisible by = + y and indeed by 23 + y®=d - 23 we have
(12d - 2)3 =1728d>(d - 23) = 1728d*(x + y) (2®> —z - y + y?)
So after dividing each side by an additional factor 432d? the triple restricts to
3z —y)?=4(" -z y+y°) — (z+y)°

for some arbitrary selected x ~ y. But even when (z — y)? = 1 the radical of this triple is of
degree 3 so the expected quality of such a candidate ABC-triple goes at best to the too low
value of % But it is a sharp polynomial transfer and can be interesting in de sense of section
2.3.

4.3.3 Fixing coordinates, varying the curve

Another different way to search for ABC-triples is to fix some properties of the coordinates and
changing d such that these properties work optimal. The best way to explain this is with an
example:

An alternative way to approximate a 3-torsion point is to take x =1. Then we have the point

P=(Lysl)eBg :a®+y’= (yg+1)z3
The larger yq is, the closer P is to the 3-torsion point with x = 0, hence the closer 3 * P is to
UsIP By the first part of the proof of proposition 3.11 the distance between ¢4((0: Yd: 1)) and
v
@q((1:3/d—1:1)) is approximately equal to

(s\f%) 3/d 1

30 B 3041%2 B 3(11%

3 3/52
hence [p4(3 * P)| %ﬁ. So we can expect 3 P = (x:y: 1) where |z| %O‘;T‘f :%. Then we can

get an expected quality of at least the shape

h(3xP) __2Tlogyo _ 27
~ 3 2 " ~oQ
F(3 P)+logd —log(XL) 28logvo 28

2
what seems not good. However, there can be infinitely many yo chosen such that r(yg + 1) < Y5 -

For example (see section 2.1) take yo = p™ — 1 for any n > 1 and prime number p such that p3 +
1 is divisible by ¢ with ¢ > p. This decreases the radical by a factor 3, hence pushes the quality
just above 1.

Since here we only compute 3 * P it also is possible to write down the direct formula:

3 (1:yo: 1) = (8 — 3y6 — 638 — 1: — y§ — 656 — 3y + 1: — 3y§ — 3y — 3yo)

and here one can see directly that the factor yo appears in this formula, hence any ABC-triple
(1,43, 2>+ 1) can be transferred into a new ABC-triple

(*+ 1) By +3y* +3y)*, (y° — 6y° — 3y —1)3, (y° — 3y° — 6y — 1))

and viewing this as polynomials this is a sharp triple in the sense of the theorem from Mason-
Stothers: The largest term is of degree 27 and their radical is of degree 28. Substituting ¢t = y3
we get

(t(t+1)(3t2 4+ 3t +3)3, (12 — 6t — 3t — 1)3, (¢3 — 3t2 — 6t — 1)3)

and this also defines a point on a new elliptic curve:

(Y8 — 3yd — 6yo — 1: — y3 — 6y — 3yo + 1: — 3y3 — 3yo — 3) € Eyy(yo+1): 2+ y* = yo(yo + 1)2°
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proving the following:
Theorem 4.7. The rank of the elliptic curve Eqqq1)/Q: 2%+ y*=d(d+1)z% is nonzero if d >2.

Proof. For d =1 we get the point ( —9: — 9: — 9) = (1: 1: 1), the torsion point. For d > 2 there
are no torsion points unless d(d + 1) = 222 for some integer x. This is the equation of an Elliptic
Curve, so solutions (z, d) of this equation are on the Elliptic Curve (d + %)2 =213 + %. This
Elliptic Curve can be transformed linearly into the Elliptic Curve with equation

y=z"+1
This curve has rank 0 and the torsion group is of order 6. Each such torsion point (z’, y) corre-
sponds with a solution (x,d) = (2z’,2y — 1), where y € { —3,—1,0,1,3}. So we only have to look
at y = 3 since in all other cases we don’t have d > 2. But when y =3, we have d =5 and look at
the elliptic curve E39 whose actual rank is 2.

In all other cases for d, the point (d® — 3d* — 6d — 1: — d® — 6d*> — 3d + 1: — 3d® — 3d — 3)
clearly is of infinite order in E4(441), proving that the rank of that curve is at least 1. O

Remark 4.8. Something similar can be done when starting with a point ( — 1: yo: 1) from an
ABC-triple (1,93 — 1, 43), and this gives the following results:

3 (— 1yo: 1) = (5 +3yS — 68 + 1 — o + 68 — 3y8 — 1: 3y§ — 3y + 3yo)
(y3 +3yg — 6yo+ 1: — Y + 6y5 — 3yo — 1:3y5 — 3yo+ 3) € Eyg(yo—1): 2+ y* = yo(yo — 1)2°

However, when we replace yo by yo + 1 in these formula, we get the same results as in the the-
orem, where each coordinate is multiplied with — 1. So this gives no new points on Eq(q41)-

The 2-torsion point also can be approximate when varying the elliptic curve:
P:=(zg:xo+1:1) € Eygy g1y 2+ % = (3 + (2o +1)3)23

Also here we can get close to O T Directly from the duplication formula we get

2% P = ((zo+1)(223 — 5(xo+1)3): wo(5x — 2(x0 + 1)%): 32§+ 320+ 1)

hence a polynomial ABC-triple of degree 12 whose radical is of degree 13. So also this is a sharp
transfer from an ABC-triple (1, zo, 20+ 1).

When transferring the initial point (z: 2 + 1: 1) into Weierstrass form, from the previous trial
we got an equation where we fill in z and x 4+ 1, making it a sharp polynomial equation of one
variable:

3=4(z%+z+1)— 2z +1)?

One also could ask whether it is possible to pick another torsion point P; (with irrational coor-
dinats) such that nx Py;=0g, Start with P; = (z1:y1:1) such that nx Py =0pg,. Then

(3 dx1: %yli 1)eEy

of order n. So the z-coordinate and the y-coordinate keep having the same quotient, and %
@Q. Hence there are infinitely many rationals p, ¢ € Z coprime such that

1
2

| z1
q

-4<
Y1 g
Now P = (p: ¢:1) is a good approximation of Py where d= p3+ ¢*. But the approximation is not
good enough:

z(n* Ppsygs) = O(q?) as ¢— o0
hence the disturbing factor p® + ¢* is of degree 3 while the distance between n * Ppsy s and
OEp3+q3 is of degree — 2. This has as usual a factor g “too much”, but this time we don’t have

control of the radical of p3 + ¢ since they need to approximate a given number. So this doesn’t
create nice ABC-triples in general.
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Examples

Recall from the introduction the example

4 3 5 3
_93_13_ (2 o
re=(3)(3)

So the points (2: — 1: 1) and (4: 5: 3) are on the elliptic curve Eq: 23 + y® =723, The real number
I associate with P = (2: — 1: 1) in the sense of theorem 3.6 now is equal to 0.763100196119... and
one easily can see that (4:5:3) =2 P is far away from Og,. So it doesn’t surprise much that the
triple (43,53, 7 - 33) is not an ABC-triple. But 4 x P = ( — 1256: 1265: 183) is close to 0g,. How-
ever, 7-183 = 1281 > 1265 so at first sight this still doesn’t guarantee that we have got an ABC-
triple. But 1256 = 23-157 what makes the quality above 1. Actually,

q(7-1833,12563, 12653) = 1.068879285550...

This triple occurs when one chooses N = 10. So according to the algorithm there will be an
Ni > N such that this triple is not the ABC-triple associated with the shortest vector in the lat-
tice Ly,. In fact N3 =111 is the smallest integer such that there is a new triple, here associated
with 17 x P. The coordinates of this point give rise to an ABC-triple on where each number has
at most 169 digits and has a quality of at least 1.001643803949... This is not the best result:
When taking N = 500 one finds that there is an ABC-triple associated with 38 x P with 842
digits and with quality at least 1.001992020237...

It can be improved when using section 4.3.2. We got ¢7(2 * P) =~
transfer

1

5 SO we can apply the

((A—B)%4AB, (A + B)?)

on A=53 and B=43. Since AB is even we don’t need to divide by 4 and get
q(3721, 32000, 35721) = 1.108428277918...

But here A3 ~ 2B3 so one also could try to apply the transfer above to 2B. We then lose the
profit from A+ B=C=7-32 but get as reward A — 2B = — 3 having

q((5%—2-4%)2 4.53.2.43 (5342 43)2) = ¢(9, 64000, 64009)2 = 1.238644733998...

Also 38 is an even number, so we can do the same with ¢7(19 *x P) = % This way one discovers
an ABC-triple with 422 digits each and with quality at least 1.0047u07267854.

But 7 is not the smallest value for d on which Ey4: 2% + > =d- 23 has rank > 1. Since we are
more interested in r(d) we got as smallest value r(d) =3 by taking d =9 and define P =(2:1:1).
Then @g(P) = 0.574182369078... hence 54p9(P) = 31. So by section 4.3.2 it suffices to consider
18 * P. The ABC-triple associated with this point has about 320 digits and a quality of at least
1.009705805844...

We also can look at higher ranks. An interesting case of luck with quadratic divisors comes
from the rank 2 curve Esp. It has generators Py = (163:107:57) and P = (289: —19:93). So

30(P1) = 0.547976236974..., p30(P2) = 0.679071968111...

Note that P itself already generates a nice ABC-triple, since @30(P2) ~ % and one coordinate is
equal to 172. We already have

q(6859, 24130710, 24137569) = 1.347776094029...

95
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But 3¢p30(Ps) =2.037215904333... It creates an ABC-triple of up to 67 digits and with quality of
at least 1.029542135303..., a good result compared with the ABC-triple got from 3 * P; + 2 % Ps.
Namely, this point creates an ABC-triple of up to 73 digits with quality > 1.020554802425... but
it comes from

©30(3 % Py + 2% Py) = 3.002072647144...

more than ten times as close as 3 x P, is to Og,,.
A more interesting result comes from the rank 3 curve Fg;; with generators P; = (9: 5: 1),
P, =(685:291:74) and P3=(29: —11: 3) Then using N =90000 one finds

1
pe5a( =26 PL—1x P+3x Py~ 5

so the same transfer as above can be applied to the triple created from this point. This creates
an ABC-triple of up to 170 digits, and with quality being at least 1.021691571883... When one
just takes — 4% P; — 2% P+ 6 % P3 one finds an even more interesting ABC-triple with 340 digits
and a quality of at least 1.016356735498...

So the method from my thesis does find ABC-triples, but not with very spectacular quality:
An ABC-triple with 340 digits already is beaten as long as the quality is below 1.0616...



Bibliography

A)

The ’unbeaten’ list of ABC-triples as on the site of Dr. Bart de Smit (Universiteit
Leiden), http://www.math.leidenuniv.nl/~desmit /abc/index.php?set=1

C.L.STEWART & R. TWDEMAN, On the Oesterle-Masser Conjecture, Monatshefte fur
Mathematik, 102 (1986), page 251-257

K. CONRAD, Stirling’s Formula, http://www.math.uconn.edu/ kconrad/blurbs/anal-
ysis/stirling.pdf

H.J. LENsTRA JR., Lattices (part of Algorithmic Number Theory), MSRI Publications
44 (2008), http://www.msri.org/communications/books/Book44 /files/06hwl.pdf, page
141

H.E. REWUNGOUD, Kuwaliteit wvan ABC-drietallen, Universiteit Leiden (2010),
http://www.math.leidenuniv.nl/scripties/Reijngoudback.pdf

VISHAL LAMA, Mason-Stothers theorem and the ABC-conjecture, Todd and Vishal’s blog
(2008, 3rd of march), http://topologicalmusings.wordpress.com/2008,/03/03/mason-
stothers-theorem-and-the-abc-conjecture/

TiM DOKCHITSER, LLL and ABC, J. Number Theory 107 1 (2004), page 161-167

M. KOSTERS, Mastermath Algebraic Geometry Spring 2009, course by Bas Edixhoven
and Lenny Taelman, www.math.leidenuniv.nl/ astolk/ag/ag-notes.pdf, Universiteit
Leiden, page 45

P. STEVENHAGEN, FElliptic Curves, http://math.leidenuniv.nl/ rvl/elliptic/2009/ec.pdf,
Universiteit Leiden (2008)

J.H. SILVERMANN, The Arithmetic of Elliptic Curves, Graduate Text in Mathematics
106 (1986)

N.P. SMART, The Algorithmic Resolution of Diophantine Equations, London Mathemat-
ical Society Student Texts 41, p 197-202

J.W.S. CASSELs, Lectures on FElliptic Curves, London Mathematical Society Student
Texts 22 (1991), p 52-53

R. HARTSHORNE, Algebraic Geometry, Graduate Text in Mathematics 52 (1977), I the-
orem 1.3A, page 4.

N.D. Erkies & N.F. ROCHERS, Elliptic Curves x>+ y> =k of High Rank, Harvard Uni-
versity, Cambridge (2004) http://arxiv.org/abs/math.NT /0403116

o7



