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1 General Introduction

This master thesis considers a topic that is located at the intersection of probability
theory, functional analysis and semigroup theory, and inspired by biology. It presents
the construction of a stochastic process that appears in biological population, as a
kind of a ’stochastically switched stochastic process’, that we will describe below in
more detail. The work was motivated by a cell-cycle model, as found in [11] and [4],
and its generalizations, as given in [5] and [3]. These articles are about deterministic
structured population models, and although they assume implicitly the existence of
an underlying stochastic process, it is not clear whether there is one or not. A full
description of the conditions for the process is given in Section 3, but here we will
give a rough outline.

Suppose one has a population of living organisms (cells, bacteria), capable of
growing and dividing, depending on nutrients. One can ask in what amounts new
nutrients should be applied to optimize the growth of these organisms.

Every individual of this population is assumed to have a state. For instance, when
individual means cell, a possible state could be its size. To make analysis possible,
we assume that the individual’s state is, at every time t € R, an element of a state
space S, which is a separable metric space.

In A cell cycle model, the state is assumed to be the cell size, and the following
assumptions are made:

(1) The growth of a cell from its birthsize is deterministic.
(2) The time at which a cell either divides or dies is random.

(3) Given that a cell divides, its size is halved and the size of the daughter cell is
halve the size of the mother just before birth. In case of death, the individual
attains a special dead-state.

In [11], [4], an integral equation is derived for the time evolution of the measure
on the state space S, (that is, the ’size space’, ) say j, such that for any measurable
I' S, (I is the expected number of individuals with state (i.e. size) in I" at time
t. Although not explicitly stated, essentially, using [5] and [3], it is a variation of
constants formula, of the form

() = (T(t)ao) (T) + / (T(t — $)F(u)) (T)ds, 1)

where (T(t)):>0 is a semigroup in the space of finite Borel measures on S, denoted
by M(S), and F : M(S) — M(S) a map. The semigroup (7T'(t));>o and the pertur-
bation F' are are based on a description of parts (1), (2) and (3) above.

Two issues arose. On the one hand, equation 1 is a pointwise equation, that is, all
measures involved are evaluated in a measurable set I'. It is customary to consider
such equations in an appropriate Banach space of measures. One of the objectives
was to understand equation 1 as an equation in a Banach sapce of measures, using
the Bochner integral, such that the pointwise version 1 follows. In this we succeeded,
see Proposition 5.9, using the Banach space Spy that contains the set P(S) of all
probability measures on S. This Banach space is described in Section 2.1.3.



On the other hand, we were interested in the way equation 1 was derived directly
from processes (1), (2) and (3), using the details of the stochastic processes involved.
It seemed that this path had not been taken into account in [11], [4], [5] and [3].
After some time we discovered that this is still an open problem. We decided to
proceed further, and investigate the situation.

Our idea, in line with [5] and [3], to get an understanding of the dynamics of
the population, is to first make a model of the evolution of the law of the stochastic
process for an individidual. Then one may try to “sum those” to obtain a suitable
population description.

This thesis is only about the first part, that is, to give a description for the law of
a stochastic process that is build for the assumptions (1),(2) and (3), above. However,
while constructing a model of the evolution of the individual we keep in mind that
there is an environment, partially consisting of the population, surrounding the
individual.

Since we only consider one individual, we will only look at one of the two daughter
cells, in case a cell divides. Or, one may argue that we only follow the fate of the
mother before and after division.

Although the assumptions are made in A cell cycle mode, our assumptions will
be more general. Generalizations are:

e The deterministic growth process is replaced by a stochastic growth process,
with cadlag sample trajectories.

e The deterministic jump in state space, assumption (3), may be random as well,
i.e., is a measurable function.

The outline of this thesis is as follows. Section 2 consists of two subjects. First
metric spaces and Lipschitz functions are introduced, and how measures can be
viewed as functionals. The second subject is about products, finite and infinite, of
probability spaces, and how one can define probability measures on those spaces.
In Section 3, it is explained how the space of all trajectories is viewed as an in-
finite product of probability spaces, and how a probability measure P, the law of
the underlying stochastic process, is constructed. The two main objectives in the
remainder of that section is first to show that a certain subset R of the collection of
all trajectories, this subset being the collection of all realistic trajectories, is mea-
surable. Second, that the law P is concentrated on this subset R, that is, we will
prove that we have P(R) = 1. In Section 4 the model is simplified, using techniques
of Bochner integration.



2 Preliminaries

2.1 Metric spaces

In this section we will give a definition and some examples of metric spaces. Metric
spaces are important in this thesis, since the state space we will be working at is
one. We will also show some ways of how to make new metric space from a given
metric space. We will be using this several times further on.

Definition 2.1 A metric d on a set S is a function d : S x S — R such that for
all x,y,z € S

i) dz,y) =0<=x=y;
i) d(z,y) = d(y,z);
i) d(z,z) < d(z,y) +d(y, 2).
In this case, the pair (S,d) is called a metric space.

The second condition is often called symmetry, and the third is called the triangle
inequality.

Lemma 2.2 Let (S, d) be a metric space. We have d(x,y) > 0 for all z,y € S.
Proof: For z,y € S set z = x in 7i7). We see that

0=d(z,z) <d(z,y) +d(y,z) = 2d(z, y).
Hence d(z,y) >0 |}

Examples are S = R with metric d(z,y) = |z — y|, or more general S = R" with

) = /Doy (@ — ;)% It should be familiar that any normed space X is a
metric space with metric d(z,y) = || — y||. In the following lemma’s we will show
how to make new metrics out of existing ones.

Lemma 2.3 Let (S,d) be a metric space, and let ¢ € Ry = (0,00). Then d. defined
by do(x,y) = min(d(z,y),c) is a metric on S.

Proof: It is obvious that d.(z,y) = 0 <= x = y and that d.(z,y) =
For the triangle inequality, suppose d.(z,z) = c. It follows that ¢ < d(z,

d(z,y) +d(y,z). So

de(y, ).
z) <

d(z,y) +d(y,z) if d(z,y) <c, dy,z)<c

_ ) dlz,y)+c if d(z,y) <ec, dy,z)>c,

de(w,y) + de(y, 2) = d(y,z) +c if d(z,y) >c, d(y,z)<c,
2c if d(z,y) >c¢, dy,z)>c

In particular, it follows that d.(x,y) 4+ d.(y, 2) > c. Hence in this case, the triangle
inequality follows. On the other hand, if d.(z, z) < ¢, then

de(x,2) = d(z, z) < d(z,y) + d(y, 2) = de(x,y) + de(y, 2).

So also in this case, the triangle inequality follows. Hence d. is a metric on S. |
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Definition 2.4 Given a metric space (S,d) we define the diameter of a subset A C
S as
diam(A) = sup{d(z,y) : =,y € A} € [0, 0].

If (S,d) is a metric space, then one can always define a new metric such that
diam(S) < 1 for this new metric. First we will show how to create a new metric via
a function.

Lemma 2.5 Let (S,d) be a metric space. If ¢ : Ry — R, satisfies the following
three conditions

i) p(x) =0 <= x=0;
i1) @ is non-decreasing;
i) @ 1s subadditive, that is, o(z +vy) < @(x) + ¢(y) for all z,y € Ry;

then d, defined by d,(z,y) = @(d(z,y)) is a metric on S.
Proof: We have
do(z,y) =0 <= ¢(d(z,y)) =0 <= d(y,z) =0 <= = =y.

Symmetry is also immediate; d,(z,y) = ¢(d(z,y)) = ¢(d(y,z)) = d,(y,z). The
triangle inequality follows from assumptions iz) and #ii). Indeed, we have

do(z,2) = (d(z,2)) < p(d(x,y) + d(y, z))
< p(d(x,y)) + ¢(d(y, 2)) = d,(z,y) + dp(y,2). 1

The following lemma gives us certain conditions on a function f, so that it is non-
decreasing and subadditive.

Lemma 2.6 If ¢ : Ry — R, has a continuous derivative, ©(0) = 0 and ¢’ is
non-increasing, then @ is non-decreasing and subadditive.

Proof: That ¢ is non-decreasing follows from the condition that ¢’ is non-increasing.
Suppose, by contradiction, that there are a,b € R such that a > b and ¢(b) < ¢(a).
Then, by the Mean Value Theorem, there exists € [a,b] such that ¢'(z) =
% < 0. But since the image of ¢ is bounded from below, it is obvious that
there must exist a y > x such that ¢'(y) > ¢'(x), but this cannot happen since ¢’
is non-increasing. Therefore ¢ is non-decreasing.

Since we assume that ¢(0) = 0 we have by the Fundamental Theorem of Calculus,



Now let x,y € R,. Without loss of generality we may assume that x > y. Since ¢’
is non-increasing it follows that

ooy = [ owar= [T [ o

| e+ [ v aan

I
&
+

Hence ¢ is subadditive. |

It is now clear that if ¢ : R, — R satisfies the conditions in Lemma 2.6, together
with the condition ¢(z) =0 <= 2 =0, then d, as in Lemma 2.5 is a metric. It is
now possible, given a metric d, to create a new metric d’' such that diam(S) <1 for
d.

Corollary 2.7 If (S,d) is a metric space, then the map d' : S x S — R defined by

' d(z,y)
d(r,y) = Hd—(a:,y)

is a metric on S such that diam(S) < 1.

Proof: Note that d’ is exactly d, where

It is clear that ¢(0) = 0 and ¢'(z) = m is continuous and non-increasing. It

follows from Lemma 2.5 and Lemma 2.6 that d, is a metric. It is obvious that
dy(z,y) < 1lforall z,y € S, so diam(S) <1. |1

Although the space with its new metric d, could become bounded, as long as ¢
is strictly increasing and right-continuous at 0, the collection of open sets has not
changed.

Lemma 2.8 U C S is open with respect to d if and only if U is open with respect
to dy, whenever ¢ is strictly increasing.

Proof: Let U be open with respect to the metric d. If x € U, then there exists an
r > 0 such that {y :€ S: d(z,y) <r} C E. Set r, = ¢(r). By the assumptions on
¢ we have

{yeS: dy(x,y) <r,} ={yeS: oldx,y)) <p(r)}
={yeS: dlz,y) <r} CU.

So we have that U is open with respect to d'.
Since we assumed that ¢ is strictly increasing, it follows that ¢ is injective. So one

bt



can consider its inverse ¢! defined on domain ¢(R. ). Suppose that U C S is open
with respect to d,. If € U, then there is an r € p(R4) such that {y € X :
dy(z,y) <r} CU. Set ry-1 = ¢ 1(r). We have

{fyeS: dxy) <r}={yes: do(z,y)) <p(ro-)=r}cU |

Note that the new metric in Corollary 2.7 does not change the underlying topology,
since the ¢ used in the proof is strictly increasing, so the previous lemma 2.8 holds.
For a metric space (S, d) with a finite diameter, such that S consists of more than
one point, it is possible to add a point oo, such that the new space S" = S U {oo} is
again metric and the new point oo has distance ¢ = di%(s) to all other points. The
new metric d’ will be defined as

d(z,y) ifx,y €S,

c ifxeSy=o0,
c ifye S, x=o0,
0

if r =y = o0.

d'(z,y) =

A metric space (S, d) which consists of only one point can also be extended in the
same way, by taking an arbitrary positive number c.

Given a metric space (S,d), possibly with infinite diameter, it is also possible to
add a point, say oo, and extend the metric. This can be done by applying Corollary
2.7, add infinity and construct d’' as above. Although after applying Corollary 2.7
the underlying topology does not change, sometimes it is better not to change the
metric d in the first place. In that case, one can still add a point infinity and make
S U {oo} into a metric space. Therefore, fix ¢ € S, and define

d(z,y) ifr,yes,
, ) d(x,e)+1 ifxe S y=o0,
d(z,y) = dly,e)+1 ifye S x= o0,
0 if r =y = o0c.

In the next lemma it is explained that a product of n metric spaces is again a metric
space.

Lemma 2.9 Let (S1,d1),...,(Sn,d,) be n metric spaces. Then Sy X ... X S, is a
metric space with metric d defined as

d((z1, @), (Y1 Yn)) = max{d1<$1a Yi)s - de(xmyn)}'

Proof: Let © = (z1,...,2,),y = (Y1,---,yn) and z = (21,...,2,). It is obvious
that d(z,y) > 0 and that d(z,y) = 0 if and only if z = y. It is also obvious that
d(x,y) = d(y,x). By the triangle inequality at each d;, it follows that

di(xh Zl) S max{dl(xb yl)a CI adn(xna yn)} + max{dl(yh Zl)? s 7dn(yna Zn)}a

for every ¢ = 1,...,n. Hence

d(z,z) = max{di(z1,21),. .., dn(Tn, 2n)} < d(x,y) +d(y,2). |}



The metric d defined as in the previous Lemma 2.9 is called the product metric.
A sequence {z,} in a metric space (5, d) is called convergent if there is an element
x € S such that d(z,z,) — 0 as n — oo. A sequence {z,} is called a Cauchy
sequence when d(z,,z,) — 0 as n — oo.

A subset A C S is called dense when its closure A equals S.

Definition 2.10 A metric space (S,d) is called complete when every Cauchy se-
quence is convergent.

Definition 2.11 A metric space (S,d) is called separable when there ezists a
countable dense subset A.

2.1.1 Lipschitz functions

A Lipschitz function is a special kind of continuous functions, namely one that
cannot change too fast. Lipschitz functions will be used when creating a certain
metric, described in the next section. Also, the set of all bounded Lipschitz functions
turns out to be a vector space. Its dual space plays a central role in section 2.1.3.

Definition 2.12 Let (S,d) be a metric space. A function f : S — R is called a
(globally) Lipschitz continuous function if there exists a constant L such that

[f(x) = f(y)] < Ld(x,y)

forallx,y € S. The smallest L for which the inequality holds will be denoted by |f|L
and is called the Lipschitz constant.

One easily verifies that

|f(x) = f(y)]
d(z,y)

We will now give a few examples of Lipschitz functions, and how to create new
Lipschitz functions from existing ones.

|f|L:SUP{ cx#y, x,yGS}-

Lemma 2.13 Given an element xq € S, the function f:S — R defined by f(x) =
d(x,xg) is Lipschitz continuous with |f|p, < 1.

Proof: From the triangle-inequality it follows that

d(]?, IO) - d(ya )

2o d( ) )7
d(y,xo) — d(z,z) < d

T,y
(z,9).

IA A

Given z,y € S, we thus have
f (@) = fy)| = ld(z, z0) — d(y, z0)| < d(z,y). 1

Lemma 2.14 Given a closed subset C' C S, the function f : S — R defined by
f(x) =d(z,C) = infyec d(z,y) is Lipschitz continuous with |f|, < 1.



Proof: Suppose x # y. By definition we have
[f(z) — f(y)| _ |inf.ecd(z, 2) —inf.cc d(y, 2)|

d(z,y) d(z,y)
Fix z € C. Observe that

inf d(z,2") — inf d(y,2') < d(z,z) —inf.eccd(y, ')

z'eC z'eC )
= erelg[d(l‘, z) —d(y, 2")]
< erelfc[d(x, 24 d(z, ) —d(y, 2)]
< inf [d(z,y) +d(2,2)]
= d(x, )+er€1fcd( 2')
= d(z,y)

So infecd(z,2') — infecd(y, 2') < d(z,y). It also follows that inf, ¢ d(z,2") —
inf, ccd(y,2’) > —d(x,y), since this is true if and only if inf /e d(y, 2’)—inf, cc d(zx, 2') <
d(x,y) which is obviously true. We conclude that
linf,cc d(z, 2) — inf,cc d(y, 2)| <11
d(z,y)

Let Lip(S) be the set of all Lipschitz continuous functions from S to R.

Lemma 2.15 Lip(S) is a vector space and | - |, : Lip(S) — Ry is a seminorm.

Proof: Suppose f is Lipschitz with Lipschitz constant |f|; and ¢ is Lipschitz with
Lipschitz constant |g|r. Then, given z,y € S.

(f+9)(x) = (f+9)W)|=|f(x) = f(y) + 9(z) — g(v)|
<|f(z) = fW)| + lg(z) — g(y)|
< (Ifle +lglp)d(x, y).

Hence f + ¢ is Lipschitz. Clearly, if f is Lipschitz with constant |f|., then for every
A € R we have that \f is again Lipschitz with constant |Af|L = |A|fl.. |

We will conclude this section with giving examples of Lipschitz functions as well as
showing how to make new Lipschitz functions out of existing ones.

Definition 2.16 Given two functions f and g, both from S to R, we define f V g
and fANg:S — R as
(f V g)(x) = max(f(z), g(z)),

and

(f N g)(x) = min(f(z), g(x)).

Lemma 2.17 For any finite sequence fi, ..., f, of Lipschitz functions, we have that
both f = fiV...V f, and g = f1 A... N f,, are Lipschitz functions with Lipschitz
constants | f|r, < max(|filr,. .. |falz) and |g|r < max(|fi|z,...[fulL)-



Proof: Set f = fi V...V f,, and let x,y € S. Then we have f(z) = fi(z), f(y) =
fj(y) for some i, j. First suppose that ¢ = j. Then we have

|f(x) = fW)] = |filx) = fily)] < [filed(z,y).

Now suppose ¢ # j. Then we have either f;(y) > fi(x), fj(y) < fi(z), or f;(y) =
fi(x). In the first case, we have |f;(x) — f;(y)| < |f;(x) — fj(y)| < |f;|cd(x,y) while
in the second case we have |f;(z) — f;(y) < |fi(x) — fi(y)| < |filed(x,y). In the third
case we already have |f;(z) — f;(y)| = 0. From this we conclude that

[f(2) = fy)| < max(|filz, [f;]L)d(z,y).

When z and y vary over S, i and j will vary in {1,2,...,n}. Therefore, for any
x,y € S, we have

9(x) = g(y)| < max([filz, .- | ful)d(z, ).

A similar argument holds for ¢ = f; A ... A f,. Indeed, let z,y € S. Then there

are ¢ and j such that g(z) = fi(z) and ¢(y) = f;(y). If i = j, then |g(z) — g(y)| =

|fi(x) — fi(y)| < |filed(X,y). If i # j, then we have in case f;(z) < f;(y) that
[fi(x) = f;w)] < |fi(z) = fily)| < |filod(z,y),

and in case fi(x) > f;(y),
|fi(z) = [;)] < |fi(x) = ;)] < |filed(z,y).
So for any z,y € S, |g(z) — g(y)| < max(|filz,...,[falr)d(z,y) W

Lemma 2.18 [fdiam(S) < oo, then given an element xog € S, the function f : S —
R defined by f(x) = d(x,x¢) is bounded. Otherwise, f will not be bounded.

Proof: Suppose diam(S) < oo. Then d(z,xy) < diam(S) < oo. If diam(S) is not
bounded, then for every M there will be a pair z,y € S such that d(z,y) > 2M.
Because of the triangle-inequality d(z,y) < d(z,zo) + d(y, x¢), we conclude that at
least one of the terms, d(z, ) or d(y, x¢) is greater than M. Hence f is not bounded.

Lemma 2.19 For every ¢ € R and zy € S, the function f : S — R defined by
f(x) = cNd(z,xg), is a Lipschitz function which is also bounded.

Proof: For any ¢ € R, the constant function g : S — R, g(z) = cfor all x € S, is
a Lipschitz functions, since |g(z) — g(y)| = |¢ — ¢| = 0. The functions h : S — R
defined by h(x) = d(z,x) is also a Lipschitz by Lemma 2.13. Hence, by Lemma
2.17, it follows that f is Lipschitz. f is also bounded, because |f(z)| <c. |}

Lemma 2.20 If f: R — R and g : R — R are both Lipschitz continuous functions,
then f o g is also a Lipschitz continuous function.

Proof: Just note that

|f(g(x)) = flg@)] < |flelg(z) — 9| < |flzlglclz =yl W



2.1.2 Cadlag functions

Definition 2.21 Let (S,d) be a metric space. A function f : E — S, where E C R,
is a cadlag function if for every t € E we have

o the left limit f(t—) := limgy f(s) ewists;

e the right limit f(t+) := limg), f(s) exists and f(t+) = f(¢).

S

2.6 6.3 tl met

Figure 1: A possible cadlag-function

So f is right-continuous with left limits. The term cadlag stands for the French “
continue a droite, limite a gauche”.

Cadlag functions are important in this thesis. We denote by Dg the space of all
cadlag-functions f: Ry — S.

We are interested in making Dg a measurable space. Fortunately, there exists a
metric on the space, called the Skorohod metric, such that it is separable and
complete, as long as S is separable and complete. The construction of this metric is
rather complicated, and the proof that the constructed function d is indeed a metric
is omitted. For a proof and a more detailed treatment, we refer to [9]

Let d be a new metric on S defined by d'(x,y) = d(x,y) A 1. By Lemma 2.3, it
follows that d’ is a metric on S. Consider the collection A’ of strictly increasing
surjective functions f : [0,00) — [0,00). Note that f is continuous, f(0) = 0 and
lim; o f(t) = co. Consider the subset A C A’ of Lipschitz continuous functions f

such that
f(s) = f(t)

lo
& s—t

v(f) = esssup|log f'(t)] = sup ‘ <00
t>0

s>t>0

For z,y € Dg, f € A and u € [0, 00), define

o(x,y, f,u) = supd (x(t Au),y(f(t) Au)).

t>0

For x,y € Dg, define dp on Dg as

dp(x,y) = inf {v(f) v /000 e d (x,y, f,u)du| .

feA
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Theorem 2.22 Let (S, d) be a metric space. The space Dg together with dp defined
above is a metric space, such that the following properties hold.

i) If S is separable, then Dg is separable;
ii) If S is complete, then Dg is complete;

iii) If S is separable, then the Borel-o-algebra of Dg equals the smallest o-algebra
such that for every t > 0, the evaluation function ev, : Dg — S, defined by
evi(f) :== f(t), is measurable. In other words, the Borel-o-algebra B(Dg) is
generated by

{ev; ' (E): t >0, E C S measurable}
2.1.3 Measures on metric spaces viewed as functionals

Definition 2.23 Let (S, d) be a metric space. The space of bounded Lipschitz func-
tions, denoted by BL(S,d), is the normed space

BL(S,d) ={f:S — R: [ is Lipschitz continuous and || f]|e < o0},
[fll5z = max([[fllo, |f1)-

Since BL(S,d) is a normed space, its dual BL(S,d)* is a Banach space. Consider
the Dirac measure ¢, defined by

w={5 1k

Then we have, for every measurable function f: .S — R,

‘Lﬂwmmw:f@»

One can prove this by beginning with the characteristic function f =14 on a mea-
surable set A, noting that 14(z) = 0,(A). Then use linearity of the integral and the
Monotone Convergence Theorem.

We can view the measure d, as a function from BL(S) to R by writing

@U%=Lﬂwmﬁw=f@%f€BM$-

Lemma 2.24 For every x € S, we have that 0, € BL(S)* and ||6,||pr» = 1.

Proof: Let 2 € S, and ¢ € BL(S). Since ¢(z) < oo for all ¢ € BL(S), it follows
that 0, is bounded, and hence §, € BL(S)*. Now suppose ||¢| g = 1. In particular,
we have that ||¢|l« < 1 and hence

16zllBs = sup |0z(p)| = sup |p(z)] < 1.
llellBL=1 lellzr=1

Now take ¢ € BL(S) defined by ¢(z) =1 for all z. Then ||¢pr| =1 and

10:(0)| = [p(z)| =1,
so it follows that [|d,|| s+ = 1. |
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Lemma 2.25 For every x,y € S, we have
LAd(z,y) < [0 — 0yllBr < 2Ad(x,y).
Proof: Otherwise trivially, suppose that = # y. In any case we have
16 = 0yllBLs < [|0z|lBLr + 10y]| B2+ = 2.

And, for any ¢ with norm 1, it automatically follows that |p|;, < 1, from which it
follows that

100 = 0yllBr = sup [0:(p) = dy(p)l = sup [o(z) —p(y)] < d(z,y).

lellsr=1 lellpr=1

From these two inequalities we have the first inequality
102 = 0yllBL <2 A d(z,y).

Now consider the function ¢ : s +— d(s,y) Al from S to R. By Lemma 2.19, we have
that ¢ € BL(S). Furthermore we claim that ||¢||pr < 1. To see this, first note that
by Lemma 2.17 we have |¢|, < max(|d(-,y)|r,|1|z), where |d(-,y)|L is the Lipschitz
constant of the function s — d(s,y). Since [1|, = 0, it follows from Lemma 2.13
that |@|p < 1. It is also clear that |||l < 1. Hence ||p||pr < 1. From this, we get
the following result: If d(z,y) < 1, then this will give us |p(z) — ¢(y)| = |d(z,y) —
d(y,y)| = d(z,y). Otherwise, if d(x,y) > 1, then |p(x) — o(y)| = |1 — d(y,y)| = 1.
From this we conclude the first inequality

LAd(z,y) = lp(x) = o(y)| < sup [0z = 0,)(@)] = (102 = Oyllr-- B

llell<1
Corollary 2.26 If diam(S) <1 then |0, — dy||pr- = d(z,y).
Now define

D := spang{d, : = € S},
D* :=spang {0, : = € S},

furthermore define Sp;, as the closure of D in BL(S)* and S}, as the closure of DT.
Proposition 2.27 If S is a separable metric space, then Sy is separable.
Proof: Let A be a countable set such that its closure A equals S. Consider
[' = spang{d, : y € A} = {Zakéyk, neN, ap € Q, yp € A} )
k=1

We will prove that I' is countable and I' = Sp;. First we will prove that I is
countable. Therefore note that

r=|{J {Zakéyk, o € Q, Y eA}.
n=1

k=1

12



We have that {a;d,,, o € Q,yx € A} is countable, since this set equals Q x A. So
it follows that for every n € N the set {> ', aydy,, € Q,y, € A} is countable.
Hence also U3 {>"7_ axdy,, ar € Q,yr € A}. So we proved that I' is countable.

Now we prove I = Sp;. We obviously have I' C Spgr, and since Sgy, is closed,
we have I' C Spr. So we only need to prove that Sy, C T'. Therefore, let z € Sgy.
Then either x = )", _, ayd,,, with n € N, aj, € R and y;, € S, or z is a limit point
of such elements. First suppose that = Y _, a,d,,. Then, for every k there exists
a sequence (ﬁ(.k)) such that ﬁj(-k) — ap, j — oo, and a sequence (z](k)) such that

J
. — Oy, j — oc. The latter convergence is in BL(S)*. So for every k we have
J

1875 0 — cudy Il < 118178 00 — oo | + lowd o — cudy, |
J J J J
k
= 181" = )0 + (3. — 6,

k
= 1(8," = an)ll18, | + lewel 18,00 = I

The last term converges to 0 as j — oo, since [|0_w|[pr- = 1 for all j, by Lemma
J
2.24. Tt follows that the sequence (ﬁj(.k)(Sz(_k)) is a sequence in I' converging to a6y, .
J

So we have z € T.

Now suppose = € Sgy, where x = lim,,_, ,,, with z,,, = Zk n a ) We already
proved that z,, € T for every m, so the sequence (z,,) is actually a sequence inT.
Since T is closed, it follows that its limit point « is an element of I'. We conclude that
Spr C T, and hence I’ = Sp,. Since T is countable, it follows that Sgy, is separable.

Let MF(S) the set of all positive Borel measures on S, such that there exists a
separable Borel measurable subset £ C S with x(S\ E) = 0. The following theorem
is taken from [13, Theorem 3.9, p11]. The proof can be found there.

Theorem 2.28 M (S) C S}, .

Corollary 2.29 Let (S,d) be a separable metric space. The space P(S) of all prob-
ability measures on S, is a subset of Spr.

Proof: Since S is separable, we have M (S) = M™(S). We always have P(S) C
M*(S), so by Theorem 2.28 it follows that

P(S) € MF(S) = MI(S) C S, € Spr.

It is worth noticing that there exists a metric on P(S), called the Prokhorov metric
[14]. However, we will work with the metric induced by the norm on Spy. These two
metric are equivalent, provided that S is separable (see [7, Theorem 11.3.3, p395])

The following theorem gives a relation between the spaces Sp; and BL(S). The
proof can be found in [13, Theorem 3.7, p10].

Theorem 2.30 S}, is isometrically isomorphic to BL(S) under the map 1 — T,
where T (x) = (6,).
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2.2 Measures on products of probability spaces
2.2.1 A finite product of probability spaces

In this section we will show that a finite product of measurable spaces is again
measurable, and we will state some features. We will also show how to construct
a certain kind of probability measure defined on a product of two probability spaces.

Suppose (X;, M;, ;) are measurable spaces for ¢ = 1,2,...,n, and consider X =
[T, Xi. The product-o-algebra is the o-algebra M on X generated by

i=1
Lemma 2.31 The set £ defined above is a semiring.

Proof: It is obvious that ) € €. Let n = 2. It is clear that for two elements
E=F xFEyand F = F) x I5 we have ENF = EyNF; X E;NFEy € €. Furthermore,

E\F = (Ey x Ey) \ (F1 x Fy) = ((E1\ F1) X E3) U ((E1 N Fy) X (B2 \ Fy)),

so the difference is a union of elements in £. Using induction, it should be clear that
the equality also holds for larger n. So £ is a semiring. |}

Lemma 2.32 Let (X, My) and (Y, My) be two measurable spaces. Suppose that
Mx is generated by a set Ex and that My is generated by a set Ey. If X € E(X)
and Y € E(Y), then the product o-algebra Mxy of subsets of X X Y is generated

by
gxxy:{EXF|E€5X7 FEgy}.

Proof: The product o-algebra in X x Y is by definition
MXXY = M({E X F | F c Mx,F € My})

So we need to show that M(Exxy) = Mxxy. First of all, since Exyxy C Mxyy, it
follows from Lemma A.3 that M(Exxy) C Mxxy. So we need to show that

{EXF|EeMx, Fe My} C M(Exxy)-
Now note that it suffices to show that

{ExXY|EeMx}C M(Exxy),
{X X F|FeMy} CM(Exxy).

We will prove the inclusion {E x Y| E € Mx} C M(Exxy), the other inclusion
can be shown similarly.

First note that {F x Y| E € Ex} C Exxy, since we assumed that Y € &. So
we have

M({E X Y’ FE e SX}) C M(SXXy).
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Then note that, by assumption, {E X Y| E € Mx} = M(Ex) x {Y'}. To prove the
inclusion, we will prove the equality

MHE xY| E € Ex}) = M(Ex) x {Y}.

Set M= MH{EXY|E€éx})andX={GCX|GxY e M}

We will show that 3. is a o-algebra. Suppose E € 3. Then F is of the form F = GxY,
and so E° = G° x Y. Since G° € M/, it follows that E° € X. Next, suppose
E1,Ey, ... € ¥. Then FE; is of the form E; = G; x Y and UX,G; = (U2,G;) X Y,
so U, E; € 3. So indeed, X is a o-algebra. We claim that M(Ex) C X. Indeed, for
E € Ex, we have that E x Y € M’ and hence E € ¥. From Lemma A.3, it follows
that M(Ex) C 3. We find that

M(Ex) x{Y} X x{Y} c M.

So we have proved one inclusion. For the other inclusion, note that M(Ex) x {Y'} is
a o-algebra. The prove of this statement is the same as how we proved that X is a
o-algebra. Furthermore, we have {E x Y| E € Ex} € M(Ex) x {Y'}. So by Lemma
A.3, we get the other inclusion

MHAE XY| Eeéx} Cc M(Ex) x{Y}.
We conclude that we indeed have an equality
MHAEXY| Ee€éx}=M(Ex)x{Y}.
So, since we have this equality, we have
{EXY| Eec Mx}C M(Exxy)

Note that in the proof of the other inclusion, {X x F| F € My} C M(Exxy), we
use that X € Ex. Now these two inclusions give us that Mxyy C M(Exxy), and
we conclude that Mx,y = M(Exxy). |

Since we have M x| x x,xx; = M(x,xx2)x X3, it is now obvious that Lemma 2.32
can be extended to any finite product.

Corollary 2.33 Let (X;, M;), i = 1,...,n be n measurable spaces, such that M,
is generated by a set &. Set X = [[I_, Xi. If X; € & for all i, then the product
o-algebra Mx in X is generated by

=1

Given the product-o-algebra, the coordinate map 7; : X — X, defined by m;((x,)) =
x;, is a measurable function. This is so, since for E; € M; we have m, YE) =

X1 x Xox...x X1 X E; x X411 X ... x X, and the right hand side is an element
of Ex, hence 7, *(E;) € M(Ex).
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Proposition 2.34 Let (Xi,dy),..., (X, d,) be metric spaces, and consider (X, d)
where X = [, X;, and d the product metric as in Lemma 2.9. If Xy,..., X, are
separable, then the Borel-o-algebra of X equals the product o-algebra of the Borel-
o-algebras of the X;, i =1,... n.

Proof: Let £ be the collection of open sets in X, and &; the collection of open sets
in X;. Suppose that C; is a countable dense subset in X;. Let F; be the collection
of all open balls in X; with center x; € C; and radius r € Q. Then observe that F;

is countable. Set
f:{HFj: Fjefj}.

j=1
We will show that My, is generated by ;. First note that F; C &;. So M(F;) C
M(&;). Note that every open set in X is a countable union of elements in ;. From
this it follows that £ C M(F;). Since by definition we have that M(&;) is the
smallest o-algebra containing &;, we have that M(&;) = M(F;). So indeed My, is
generated by F;. It follows from the previous Corollary 2.33 that Mx is generated
by F.

To finish the proof, we will show that B(X) is also generated by F. This is similar
as the first part of the proof, and we will first show that F C £. Suppose £ C X
is of the form E = [[}_, E; with E; € &. Let x = (21,...,%,) € E. Then, for
every j = 1,...,n, there is a positive number r; > 0 such that B(r;,z;) C E;. Set
r = min;<;<, r;j. It follows that B(r,x) C E, so we have that £ € £. The inclusion

now follows since
F C {HE] Ejegj} C €.

j=1
So we have M(F) C M(E). Let C be the collection of elements in X of the form
r = (x1,...,%,) where z; € C; for all j. Note that C is a countable dense subset of
X. It follows that every open set E € £ is a union of open balls with radius » € Q
and center z € C. This is again a countable union. Furthermore, note that every
such open ball is an element in F. It follows that & C M(F), and we conclude that
M(F) = M(E). Hence

For a subset E of a product X; x X5 of measurable spaces, and x; € X, we define
the z-section £,, of E by

E, ={xs € Xy | (21,22) € E}.

Now we will show that there exists a certain measure p on a product of two proba-
bility spaces, which will be important later. First a lemma. For any two measurable
spaces (X1, M) and (X3, M5) we will denote the product-c-algebra on X; x X5 by
M @ M.
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Lemma 2.35 Let (X1, M) and (X3, My) be two measurable spaces. Suppose that
for every x € X there is a probability measure p, on Xo such that for every £ € Msy
we have that the function f : X1 — [0,00] given by f(x) = p.(E) is measurable.
Then for every B € My ® My the function g : X1 — [0, 00] given by g(x) = p.(By)
s measurable.

Proof: Set
Y={BeM;,@M,: x> u,(B,) is measurable} .

Then observe that if B = E; X Ey with E; € My, By € M,, then B € X, by
assumption. We will show that ¥ is a o-algebra.

It is clear that @ € X, since p,(0) = 0 for all € X, hence the map z — pu,(0) is
a constant function, and thus measurable. Now suppose B,, € 2, forn = 1,2,...,
where the B,, are disjoint. It is obvious that (|J,—, Bn): = U, —,(Bn)s, where the
latter is also a disjoint union. It follows that

. ((U Bn> ) . (U(Bn)z> =3 (B2

Since the map = +— > > | 11,((By),) is measurable, we see that | J'~, B, € X.

If B € ¥, then (B,)* = (B°),. Since no confusion can arise, we will write B§
for either set. Because f,(BS) + pz(Bs) = pz(X2) = 1 we see that the function
x> pz(BS) = 1—p,(B,) is measurable. Note that we really need that p,(Xs) < oo,
otherwise we could get problems when p,(B,) = co. Anyhow, ¥ is a o-algebra. But
since My ® M is by definition the smallest o-algebra which includes rectangles, we
conclude that 3 = M; ® M,. This means that the map x — p,(B,) is measurable
for every B € M; @ My, |}

The following proposition, as mentioned before, proves the existence of a certain
measure defined on a product of probability space.

Proposition 2.36 Let (X1, My, P) be a probability space and (X2, Ms) a measur-
able space. Suppose that for each x € Xy, p, is a probability measure on (Xo, Ms)
and that the function x — p,(E) is measurable for each E € Msy. Then for any
B € My ® My the repeated integral

Is = /X | /X gl ) dps (32) dP(n)

is well-defined and there exists a measure p on (X7 X Xo, M1 ® My) that extends
B [d ]B'

Proof: First note that if x; € X; is fixed, then

1 ifaxy € B,
1p(wy,22) = { 0 if xz ¢ B:cl
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It follows that
/1B($1,$2)dﬂx1($2) = Hxl(Bm)-

By the previous Lemma 2.35, we have that = +— p,, (B,) is measurable, thus the
integral

[ B1ap)

is well-defined. This means that /g is well-defined. We will show that p defined as
w(B) = Ig, B € M; ® Ma, is a measure. It is obvious that u(f) = 0. Let B,,
n = 1,2,... be disjoint measurable sets, and set B = Uf;l B,,. By the Monotone
Convergence Theorem, we have

We conclude that 4 is a measure. ||

There is also another way to show the existence of the measure p using Proposition
A.9. Let € be the collection of all sets of the form F; x Es, where F; € M; and
Ey € Ms. By Lemma 2.31, it follows that £ is a semiring. Define o : £ — [0, 00| as

_ // 1g(21, 2) ditg, (x2) dP(z1).

Suppose £ = U7_, Ej, with E; € & disjoint. Then we have 1p(21,22) = 37, 1p, (1, 72),
and by linearity of the integral, we get

= / / 1p(21, 22) ditg, (22) dP (1)
_Z//lE Ty, T2) djty, (v2) dP (2 :z:a

Thus « is additive. By the Monotone Convergence Theorem, « is also countably
additive. Now using Proposition A.9, we conclude that there exists a measure
defined on the g-algebra generated by £ that extends o on F.

So far we have shown that there exists a measure p; which has the desired form for
elements of the form F; x E5. However, it is not clear that it has the same desired
form for arbitrary sets B € M; ® M., i.e., it is not clear that we have

p(B) = /X1 /X2 1(21, 22) dpig, (x2) dP(21).

Fortunately, we can use Lemma A.13, since both measures coincide on the m-system
of sets of the form F; X Fy, F; € M7 and Ey € Ms, to conclude that p = p1. So the
measure f; constructed using Proposition A.9 is the same measure as constructed
in the above proof.
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2.2.2 An infinite product of probability spaces

In this section we will show how to construct a certain kind of probability measure de-
fined on an infinite product of probability spaces. For n = 1,2,..., let (X,,, M,,, i)
be probability spaces. Let X be the Cartesian product X = [~ X,,. We will call
a subset Hj; A; C X arectangle when A, = X, for all but finitely many n. Let
D be the set of all rectangles.

Lemma 2.37 The set of all rectangles D together with () is a semiring. The algebra
A generated by D equals the collection of finite disjoint unions of elements of D.

Proof: First, consider the collection &£ of all rectangles such that [[7Z, A; such
that A; = X; for j = 3,4,.... The conditions of a semiring are then fulfilled, as is
proved in Lemma 2.31. With induction, one can prove that this holds for arbitrary
rectangles. |}

The ring R generated by D is the set of all finite disjoint unions of rectangles.
We will define the product o-algebra on X as the o-algebra generated by D. This
o-algebra is the same as the o-algebra generated by

=1

To see this, first note that we have D C &, so M(D) C M(E). For the other in-
clusion, let E € £. Then E is of the form E = [[;2, E;. Then E = N, F; where
F,=FE; x Es x ... X E; x X;11 X X;49 X .... By construction, F; € D. So we have
E € M(D). It follows that &€ C M(D), and hence, by Lemma A.3, M(E) C M(D).
We conclude that M(E) = M(D). We will write My for the o-algebra generated
by rectangles on X.

Also on an infinite product of probability spaces, the coordinate map m; : X — X is
measurable. For E; € M; we have 7; ' (E;) = X1 x Xo X ... x X; 1 X E; X X1 X . . .,
and the right hand side is a rectangle, hence 7; '(E;) € M(Ex).

The main Theorem is now given, to assure us the existence of a measure P de-
fined on an infinite product of probability spaces.

Theorem 2.38 Let (X;,S;) be measurable spaces for j = 1,2,..., and PW pe q
probability measure on (X1,81). Suppose that for each n = 1,2,... we have that
p(Zn, ) is a probability measure on (X,y1,Sny1), such that for each E C 8,11, the
function x v+ p(x, E) is measurable. Then the map P? defined on S; ® Sy as

PO(B) / / (1, 22)p(a, das) APV ()

is a probability measure. Furthermore, for larger n, the function Pt on S ®...®
S,i1 defined recursively as

PU(B) = // 151, )P A1 )AP (31, . 7,)
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are probability measures for all n. Also, there exists a unique probability measure P
on the product space X = H;’il X, such that for each n and each B € §1®...® S,
we have

P(B X Xpi1 X X0 % ...) = PM(B).

Proof: For every n, we already know that P(™ is a probability measure by Proposi-
tion 2.36. We only need to show that P is a well-defined measure. Therefore, consider
the algebra A generated by the collection of rectangles D. By Lemma 2.37, an el-
ement A € A is a finite disjoint union of rectangles. So A = |Ji_, By, with By a
rectangle. So for every k, By is a product of sets By, € S, such that By, = X, for
all > n(k) with n(k) < co. Set m = max(n(1),...,n(p)). Then A can be written
as
A=A 5 X1 X Xppgo X ...,

where A™ € S} ® ... ® S,,. For this A, define
Py(A) = P (AM™),

This definition is not ambiguous, since we have

PODA 5 X)) = [ [ Ly pms dan) AP o, )

= / P(Tmy X )APT™ (21, ... )
Alm)
= pm(AM),
and so, more general, we have

POMHD(AM 5 X, x X)) = POED(AM 5 X X Xa)

— p(m) (A(m))_

It is obvious that FPy(()) = 0. Suppose (A4;)32, is a sequence of finite disjoint sets, such
that A =U%2,A; € A. Then A is again a union of rectangles, and there is again an

m € N such that A = A(™) X Xma1 X Xmao X. .., with AM € 8§ ®...®S,,. Also, each
A;j has a similar expression, with the same m, say A; = Agm) X Xa1 X Xppao X o
Since P is a measure, it follows that

Py(A) = P (AMY) = plm) (U Ag.m>> =" PA™) =37 Ry(4y).
j=1 j=1 j=1

So we see that Py is a premeasure on 4. Now, by Theorem A.16 there is a measure
P on the o-algebra generated by A, such that P = Py on A. We claim that P is the
desired measure. So we need to show that, given B € §; ® ... ® S,,, we have

P(B x X1 x...)=P™(B).
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Fix n, and consider the collection ¥ of sets of the form B x [[,., X, with B €
S1®...®S8,. Since §S1 ® ... ® S, is a g-algebra, it follows directly that ¥ is a
o-algebra. It is a sub-o-algebra of the o-algebra on [[°7, X,,, and Ps, P restricted
to X, is still a probability measure. Furthermore, we have Ps; = P™ on the set of
n-dimensional rectangles, which is a 7-system, hence by Lemma A.13, Py = P™ on
S1®...®8,. Since we have taken n arbitrarily, we conclude that

P(B x Xp41 X ...) = P"(B)

for B € & ®...® S, If there is another probability measure P with the above
property, then P = P by Lemma A.13, since they coincide on the m-system of
rectangles. |

2.3 A lemma concerning joint measurability

Let (X, M) be a measurable space, (S1,d;) and (Ss,ds) be two metric spaces such
that Sy is separable. For a function f : X x S; — Sy to be measurable, it is in
general not sufficient that s — f(x,s) for fixed v € X and x — f(x,s) for fixed
s € S are measurable. A counterexample can e.g. be found in [1, exercise 3.10.49].
The following lemma states that, for S; = I, where I C R is a left-open interval, it is
sufficient to assume that the function s — f(z, s) is left-continuous, instead of only
measurable. The same holds for a right-continuous function when [ is a right-open
interval.

Lemma 2.39 Let (X, M) be a measurable space, and let (S,d) be a metric space.
Let I be a left-open interval, i.e., I = (a,b), (a,b] or (a,00), b € R. Suppose a
function f : X x I — S satisfies the following conditions.

i) For everyt € I, the function x — f(x,t) is measurable;
it) For every x € X, the function t — f(z,t) is left-continuous.

Then the function f is measurable in the product o-algebra of M @ B(I) in X x I.

Proof: Suppose that t — f(x,t) is left-continuous for all z € X. For every n € N,
we can make a partition of the interval (0, 1] into 2" disjoint intervals: (0,1] =
Ui, ((k — 1)27 k27"]. Set

fa(z,t) = flz,m+k27"), ift € (m+ k27", m+ (k+1)27"] N1,

wherem € Z, k =0,...,2"—1. We claim that lim,_ f.(x,t) = f(z,t) for all (x,t).
To see this, fix (z,t) and let € > 0. Since ¢ — f(x,t) is left-continuous, there must
exist a d > 0, such that for all s € (t—4,t] we have d(f(x,t), f(z,s)) < e. Fix N such
that 27 < §. Then for each n > N, there exist m,, € Z and k, € {0,...,2" — 1}
such that

t—0<mp,+k2"<t<m+(k+1)27"

From this observation, it follows that d(f(z,t), fu(z,t)) < € for all n > N. Thus
indeed lim,, .o, fn(z,t) = f(z,1).
Now we will show that f, is measurable in the product space X x I for every n.
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Therefore, let E be open in S. By proposition A.11, it suffices to show that f,1(FE) is
measurable in X xI. Form € Z and k € {0,...,2"—1} we have by the measurability
of x — f(x,t) that

Epp={re X: flx,m+k2™") € £}

is measurable. it follows that

fHE) = U U (Epie X [Im+ k27" m + (k+1)27")),

meZ k=0

hence f, !(E) is measurable in X x I. So f, is measurable, and since the limit of a
sequence of measurable functions with values in a metric space is again measurable
(see [2, Cor. 6.2.6, p11]), we conclude that f is measurable. [}

As mentioned above, a similar result holds for a right-continuous function = +—
f(z,t), whenever I is right-open. The proof is similar.

When one replaces the left-open (or right-open) interval I by a general separable
metric space (S, d;), the statement remains valid once the right-continuity or left-
continuity is replaced by continuity. The proof goes analogously, only one has to
replace the intervals (m + k27", m + (k + 1)27"] by a countable number of disjoint
sets that cover S. It is possible to find such a cover, since S is assumed to be
separable.
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3 The stochastic process of an individual’s fate

A brief outline of what is to be discussed in this section is now given. In section
3.1, we will give the data for the process and give conditions on them. The data
are in the form of one stochastic process and two probability distributions. The
two distributions have hidden stochastic processes behind them. Using the data, we
expect the sample trajectories of the total process to be cadlag trajectories. The
stochastic process that describes the fate of an individual is a map

X:Ry xDg— S,
such that for every t € R, the function
X(t,®): Dg — S,

is measurable, together with a probability measure P on (Dg, B(Dgs). The measur-
ability of the map X (¢,)(f) := evi(f) follows from Theorem 2.22. The process
satisfies the conditions of the data by construction of P. This is to be seen as fol-
lows. The process X induces a function ®x : Dg — SB+, where S®+ is the set of all
functions from R, to S, such that

(@x(f)) () := Xu(f)-

The law Lx of the process, which is in fact the probability distribution of the sample
trajectories, is by definition the measure defined on S®+ (which is a measurable
space), such that for £ C S®+ measurable,

Lx(E) = P(2y(E)).

In our case, since X;(f) = f(t), it follows that ®x is the identity map, hence
L(E) = P(E).

This means that the existence of the stochastic process X which satisfies the
conditions in Section 3.1, relies on the existence of the probability measure P which
satisfies the same conditions. The existence of this measure will be proved by con-
structing it explicitly. In fact, the existence of another measure P will be proved
using Theorem 2.38, and the existence of P will follow from the existence of P.

In Section 3.2 we will code the cadlag trajectories between the jumps as elements
(f,7,t) € X =Dg x (0,00] x Ry, where

e f is the sample trajectory between jumps, as element in Dg;

e 7 the duration of the trajectory, that is, the time difference between the two
jumps;
e ¢ the absolute starting time of the trajecory.
In this way, we get a discrete time Markov process of sample trajectories, since the
n-th trajectory only depends on the (n — 1)-th trajectory.

The total trajectory will be viewed as an element in the measurable space X},
defined in Section 3.2, and it will be discussed that this trajectory actually belongs
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to a subset R C X}, R standing for the set of realistic trajectories, and it will
be proved in Section 3.2.3 that this subset is measurable. Then in Section 3.2.4 the
concatenation map will be defined and it will be proved that this map is measurable.
In Section 3.3 the discrete time Markov process of sample trajectories will be made
rigorous by constructing its law P, as mentioned before, using Theorem 2.38. It will
be proved that P is concentrated on the set R of realistic trajectories, by which we
mean that P(R) = 1.

In Section 3.4 we will give a summary of the two processes thus far, and we will give
a description for the distribution p;. In words, given an initial distribution py on S
and a measurable £ C S, u;(E) is the probability that a trajectory will go through
E at time t.

3.1 Fundamental data for the process and its technical con-
ditions

As explained in the introduction, the individual is subject to three stochastic pro-
cesses:

(1) Process 1 is called the partial trajectory. For any initial distribution g of the
state, (i.e. ug € P(9)), there is a stochastic process in R, on S, with cadlag
sample trajectories. The law of this process is defined on the cadlag functions
Dg and will be denoted as P, .

(2) Process 2 is called the jump time. Given a sample trajectory f € Dg, there

is a distribution p% € P((0,00]) of the jump time. This is actually a random
variable on (0, 0o}, but can be considered as the stopping time of some hidden
stochastic process. For this reason we stick to call it a stochastic process,
although this may be somewhat misleading.
Furthermore, p} does not only depend on f, but also on its 'environment’
e. This environment itself is another state space, but we will not use this
space in any way, since we only consider the evolution of the individual. The
environment will be important when ’summing’ the models of the individuals
in an appropriate way.

(3) Process 3 is called the jump in state space. Given a jump-time ¢ € R (note
that we take t < 00), and the state s € S right before the jump, there is a
distribution v = v(¢, s) on the state space S in such a way that v(E), E C S
measurable, is the probability that the new sample trajectory starts in E.
Since this new initial distribution depends on the jump time and on the state
before the jump, there exists a function ¥ : Ry xS — P(S) such that U(t,s) =
v as above.

This random variable may be viewed as a stochastic process, with cadlag
sample trajectories, which is stopped almost immediately after it started .
The random variable is obtained as the duration of the process tends to 0.

Note that the distribution of the jump time p; € P((0,00]), is dependent of the
sample trajectory f € Dg, while the future of the evolution of the cell should not
be of any influence regarding the cell division. Therefore, we could introduce the
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Figure 2: Process 3 as a 'slow’ process

Figure 3: Process 3 as a 'fast’ process

no anticipation of the future’ rule. That is, if f(t) = ¢(¢) for all ¢ € (0,T), then
for all measurable £ C (0,7) we have p7(E) = p,(FE). However, in the sequel, this
extra assumption does not simplify any of our computations. We did feel obliged to
mention it, since this may be useful in any further research.

So, summarizing, there is a random sample trajectory, a random jump time, and a
random state at which the individual starts over, after jumping. The second process
stops the first process and initiates the third process. The third process restarts
process one. We refer to a sample trajectory of process one, stopped by process two,
as a partial trajectory.

Next, we will give some technical conditions on the given processes.

e We assume that for every measurable E C Dg, the function v +— P,(FE)
from P(S) — R, is measurable. This assumption can be achieved by, for
instance, assuming that the function v — P, from P(S) to (Dg)py, is strongly
measurable. (See Section 5.1)

e The first condition on p} is the following. For any environment ¢ and any
function f € Dg, the distribution p% will be such that almost surely finitely
many jumps will be made within a finite amount of time. To realize this, we
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assume that there exist numbers 7" > 0 and 0 < § < 1 such that for all
environments € and all f € Dg we have

p3((0,T]) < 0. (2)

e The second condition on p7 is that for every measurable £ C (0,0c], the
function f — p3(E) from Dg to [0,1] is measurable. This assumption can
achieved by, for instance, assuming that the map f — p%, from Dg to P((0, 0])
is strongly measurable. Here, the space P((0, o0]) is a measurable space when
equipped with the Borel-o-algebra of the Banach space ((0,00]) %, . See Section
2.1.3 and in particular Corollary 2.29 for details.

e On ¥ : R, xS — P(S) C Spy we assume that the function is jointly mea-
surable. A sufficient condition is that

i) W(t,-): S — P(S) is measurable,
ii) ¥(-,z): Ry — P(S5) is right-continuous.

One can then apply Lemma 2.39 to show that ¥ is measurable. Although the
proof of this Lemma is for left-open intervals, with left-continuous functions,
the result holds also for right-open intervals and right-continuous functions.

3.2 Coding of sample trajectories

In the sequel, when we mention 'jump’, we will mean a jump caused by process 2 and
1, and not the discontinuities in the partial cadlag sample trajectories of process 1.
When several jumps occur, the orbit, as a function f : R, — S is an element of Dg.
The part between two jumps will play an important role. We could assume that the
part between two jumps is continuous, but since the metric on Dg is complicated,
we do not want to make things 'worse’ by considering the subset Cg of continuous
functions instead of the full space Dg. Furthermore, it is more natural to allow these
discontinuities at a smaller scale.

3.2.1 The spaces Xy and X}

We define the space X := Dgx (0, 0o] x R} of partial trajectories, so that x = (f, 7, 1)
codes for an orbit f with duration 7 and absolute starting time ¢. A full trajectory is
then considered as a sequence of elements in X. So, for instance, the second partial
trajectory in Figure 3 will be coded as xy = (g,3.7,2.6). Some conditions need to
be met. Because we do not want to exclude a priori that there may be a partial
trajectory with 7 = oo, while keeping the convention of coding a full trajectory by a
sequence, we add a point 9 to X which codes for a terminal state after a trajectory
of infinite length. The space X U {J} will be denoted by Xy.

So every trajectory, that is, every cadlag function, can be viewed as a sequence
in Xj; every trajectory is an element of X'

We will first show that Xj is a measurable space, in fact a metric space, and that

26



X} is a measurable space. Then we will give a useful lemma which can be used to
prove measurability of certain subsets of X},
In Section 2.1.2 it is described that Dg is a metric space, with metric d;. The space
(0, 00] is also a metric space with metric dy, where ds is defined as
lz—yl
I+|z—yl
dao(z,y) = 1 if either y = oo or z = o0
0 if z,y =00

if x,y < o0

Let ds be the standard metric on R;. Then consider the product metric d, as in
Lemma 2.9. In section 2.1 we gave two ways to extend the metric d to the space Xj.
One of them uses Corollary 2.7, and note that this involves changing the metric d
on X. But changing d on X means changing the metric on Dg. Since we prefer not
changing this metric, we use the other method. Therefore, let ¢ € X be arbitrary,
and define

d(z,y) ifz,ye X,
, ) d(z,e)+1 ifre X, y=0,
d(z,y) = d(y,e)+1 ifye X,z =0,
0 ite=y=0.

So Xy is a metric space, and hence a measurable space when equipped with the
Borel-c-algebra. In Section 2.2 it is described that XY is again a measurable space.
The o-algebra on X} is the o-algebra generated by

£ = {ﬁEz E; GB(X@)}

i=1

Lemma 3.1 Let E C XJ' and F C Xgl be measurable. Then EE x F C XgI 18
measurable.

To prove this proposition, we will use Lemma 2.32.
Proof: Consider the map
O XD — X x XY,
(xn) = (1,22 .., T, (Tt 1y Tty - - -))-

We will prove that ¢,, is a measurable function. The o-algebra on X7 x X} is
the product-o-algebra generated by sets of the form E x F, where E C X7 is
measurable, and F' C X}¥ is measurable. The result follows if we can prove that this
o-algebra is generated by

(i)

since then by Proposition A.11 we have that (,, is measurable if . !(F) is measur-
able in X} for every F € £. And the latter is indeed the case.

E F, C Xy measurable} ,
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By definition, the o-algebra in X} is generated by sets of the form [[", E,, which
is a m-system containing X7'. Also, the o-algebra in X} is generated by sets of the
form [[°2, E,, which is also a 7-system containing X¥. Now we can use Lemma
2.32 to conclude that the o-algebra in XJ' x X} is generated by €. So we find that
©m is measurable, and the result follows. |}

Define the set A(T', s) for fixed I' C S and s € R, by
A s) ={(f,r,t)e X: t<s<t+T, f(s—t)el}.

In words, A(T, s) is the set of all partial trajectories which start at time ¢ < s and
run through I" at time s. the next lemma shows that A(T, s) is measurable whenever
I' C S is measurable.

Lemma 3.2 Let s € Ry. If ' C S is measurable, then A(T'; s) is measurable in X .
Proof: Fix s € R, and let I' C S be measurable. Consider the function

s : Dg x (0,00] x (0,00] — 5 x (0,00] x Ry

(f(s=1t),7,t) if s—t>0,
(f’T’t>'_>{ (20,7, 1) if s —t<0.

where z is some fixed element in S. We claim that ¢, is a measurable function. To
prove this, we use Lemma 2.39. Therefore we will prove the following claims:

i) For fixed t € (0, 00], the function (f, ) — @s(f,7,t) is measurable,
i1) For fixed (f,7) € Dg x (0,00], the function ¢ — @4(f, 7,t) is left-continuous.

To prove the second claim, note that, for fixed f € Dg, the function

tH{ f(s—1t) ifs—t>0,

x if s—1t<0,

is left-continuous. The same holds for the mapping into the second and the third
coordinate, these are in fact continuous. By the definition of the product metric, it
follows that the function ¢ +— ¢,(f, 7,t), for fixed (f,7), is left-continuous.
Consider next the first claim. Fix t € (0, 0o]. To prove measurability of ¢; : (f,7) —
ws(f,T,t), it is sufficient to prove that ¢, '(E; x Ey x E3) is measurable in Dg x
(0,00] x (0,00] for any rectangle F; x Fy x FEj3. First assume that s — ¢ > 0. Let
E), x Ey x E3 be any rectangle. Observe that ¢, ' (E) x Ey x E3) = ev, (E)) x E,
whenever t € E3, and ¢; '(E) x Fy x E3) = ) otherwise. In either case, the set belongs
to the o-algebra for Dg x (0,00] x (0, 00|, because by Theorem 2.22, ev,,(E;) is
measurable in Dg. On the other hand, assume that s — ¢ < 0. Then (b;l(El X Fy x
E3) = Ds x Ey when ¢ € Ei, and ¢, ' (E), x Ey x E3) = () when xy ¢ F,. Again,
¢; (B x By x F3) is measurable. So it follows that ¢; is measurable. Now we can
apply Lemma 2.39 in order to obtain that ¢, is measurable.

Consider the set

As ={(1,t) € (0,00] x (0,00] : t <s<T+1}.
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It is not hard to see that A, is measurable, for instance, by considering that

A = (0,00] X (s,00) U{(T,t): t+7T <s}.

S

Consider ¢ : Dg x (0,00] x Ry — S x (0,00] x Ry such that @5 = ¢, on
Ds x (0,00] x (0,00], and @5 = (z0,0,0), for some zy € Dg, on Dg x (0,00] x {0}.
Since Dg x (0,00] x {0} is of measure zero in the product measure, it follows that
s is measurable.

We can now conclude that A(T", s) is measurable, since we proved that ¢ is mea-
surable, and A(T,s) = ;' (T x As). |

We will conclude this section with showing that a certain function, which will be im-
portant when constructing the probability measure P, is measurable. For a measure
v € P(Dg), define the distribution @, € P(Ds x (0,00]) on rectangles by

Qu(E x F) = /E P5(F)dP, (f).

This definition extends to a measure, since we assumed in Section 3.1 that for every
measurable E C (0, oc], the map f + p%(F) is measurable from Dg to [0, 1], so one
can apply Proposition 2.36.

Here, we will write v = v(f, 7,t) = V(7 + ¢, limyy(r14) f(0)).

Lemma 3.3 Under the conditions given in Section 3.1, we have that for every mea-
surable E C Dg x (0,00], the function fg: X" ' — [0,1] defined by

fE(xla T ... axnfl) = QV(fnflaTn71771+~~+7—n72)(E>7
where x; = (fi, 11,t;), is measurable.
Proof: We will proceed in steps.

step 1: The map (z1,...,%p_1) — (fo_1,Tn-1,T1 + ... + Tn_2) from X" ! to X is
measurable,

step 2: the map (f,7,t) — U (¢ + 7, limy140) f(0)) = v(f, 7,t) from X to P(S) C
Spr is measurable,

step 3: for every measurable £ C Dg x (0, 00| the map p — Q,(E) from P(S) —
[0, 1] is measurable.

Once we proved this, the function fgz is indeed measurable, since then it can be
written as a composition of three measurable functions.

Step one is rather easy. The function (x1,...,2n-1) — (fa—1,To—1,71 + ... + Tn_2)
is a composition of projections and additions, which are all measurable (in fact
continuous).

We proceed with step two. Consider the function (f,7,t) — (f,7 +t) from X to
Dg x (0,00]. This function is measurable. Then fix 7 and consider the function
f — limyy, f(0) as a function from Dg to S. Let (0,) be a sequence in (0, 7) such
that o,, T 7. Then for every n, the function f — f(o,) is measurable, by Theorem
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2.22. Hence the function f + lim,, f(0) is measurable, since it can be written as a
limit of a sequence of measurable functions. Note that in Section 3.1 we have assumed
that U is measurable. Then (f,7,t) — V(7 + ¢,limyy(-14) f(0)) is measurable, since
this is a composition of the measurable functions just considered.

Finally, we will show that the map p — @Q,(F) is measurable for every measurable
E C Dg x (0,00]. Since Q,(E) = st p5(Er)dP,(f), where Ey is the f-section of E,
it is equivalent to show that

p— [ p3(Er)Pu(df)

Ds

is measurable. Since we have assumed that f — p%(F) is measurable when F' C
(0,00] is measurable, it follows that f ~— p3(Ey) is measurable, where E; is as
above. Now consider

H = {w :Ds —R| p— U(f) dP,(f) is measurable} :
Ds

It is not hard to see that H satisfies the three conditions in Theorem A.14. It
also contains every indicator function ¢ = 14, where A € B(Dg), and B(Dg) is
certainly a m-system. So H contains every measurable function, in particular the
map f — p3(Ey). Hence pi+— Q,(F) is measurable. [}

3.2.2 Realistic trajectories

Since the space X} is larger than the space Ds we need to make some conditions on
the sequence space, so that the trajectory does not become unrealistic. For instance,
when the n-th partial trajectory has absolute starting time ¢, and duration 75 <
0o, then we want the (n + 1)-th partial trajectory to have absolute starting time
to + 1. This particular condition is described in condition 3 below. Four conditions
on (z,) € X' are:

1. If ¢, 5 = o0, then z,, 41 = 0;
2. if x, = 0 then x,,1 = 0;
3. if wpq1 # 0 then z, 4113 = 2p 2 + Ty 3;

4. Zzn7£3 l’n,g = .

The fourth condition is to exclude the possibility of getting infinitely many jumps
within a finite amount of time. In that case we would get a function f: [0,7] — S
instead of f: Ry — S.

Since we will always want these four conditions to hold, we define the set

R = {(x,) € X} | every =, satisfies the above four conditions}.

The set R will be called the set of realistic trajectories.
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3.2.3 Measurability of the set of realistic trajectories

In this section we will, as the title suggests, prove that the set R of realistic tra-
jectories is measurable. Let R,,, m € N, be the collection of realistic trajectories
consisting of exactly m partial trajectories, without the terminal state 9. So the
first, second and fourth condition given in Section 3.2.2 are not considered; R, is
the set of trajectories satisfying condition 3.

Proposition 3.4 For each m, the set R, is measurable.

Proof: Consider the map 1, : X™ — [0, co] defined by

m—1

Um((@n)) = Z | T + Tz — Tmyrsl, (zn) € X™

j=1

So 1, measures the total time between the end time of one trajectory and the
starting time of its successor. As explained in section 2.2.1, we have that the coor-
dinate map is measurable. So the map m : X — (0, 00] defined by m(x) = 25 is
measurable. Similar to Lemma B.1 and Lemma B.2, we have that f : X — (0, 00] is
measurable if and only if f~*((a,o0]) € M for all 0 < a < co. From this, it follows
that if f : X — (0,00] is measurable, then also the same function considered as
f: X — [—00,00]. The other inclusion is also true: if f: X — [—o00, 00] is measur-
able with range in (0, o], then f is measurable as function from X to (0, co.
Now, using Proposition B.3 several times, we see that 1, is measurable. Further-
more, since {0} is closed in [0, 00|, it is measurable, and hence 1} ({0}) is measur-
able. The result now follows, since R, = ¢,.'({0}). |}

Let R, be the set of realistic trajectories consisting of infinitely many trajecto-
ries, without considering the terminal state 0 and without considering the fourth
condition. So if (z,) € Re, then x, 2 < oo for all n.

Corollary 3.5 The set Ry, is measurable.

Proof: Observe that

R = [ (R x XN).
m=1
Also note that X is open in Xj, so X is measurable. So we have that X~ is mea-
surable in X}, by definition of the g-algebra in X}. Then by Lemma 3.1, it follows
that R,, x X~ is measurable for every m, and hence R, is measurable. |

Next, define
E,, :=[Ds x (0,00) x Ry]"™ " x [Dg x {oc} x Ry] x {9}N.

In words, F,, is the set of trajectories where the first m — 1 are partial trajectories
with finite length and the m-th an infinite one. Note that we do not exclude the
possibility of two or more trajectories not connecting in the sense of condition 3.
What we need, and what turns out to be the case, is that F,, is measurable for every
m.

31



Lemma 3.6 For each m, the set F,, is measurable.

Proof: Theset Dgx(0,00)xR; is open in X with the product metric d. This follows
from the definition of the product metric. In fact, when E; C Dg, Ey C (0, 00|, and
E3 C R, are all open, then its product £y X Fy X F3 is open in X. It is easily seen
that Dg x (0,00) x Ry is open in X with respect to the metric d’ given above.
Also, we have that {0} is closed in Xy. It follows that both (Dg x (0, 00) x R;) and
{0} are measurable, and hence also

Ds x {00} x Ry = Xy \ ([Ds x (0,00) x Ry]U{0}).
Applying Lemma 3.1 several times, it follows that F},, is measurable. [}

Now consider the set R’ of trajectories satisfying condition 1, 2 and 3. This set is
measurable

Corollary 3.7 The set R’ is measurable

Proof: Just note that

R =RoU | J((Rnx XN)NE).

m=1
We are now ready to state the fundamental result of this section.

Theorem 3.8 The set R of realistic trajectories is measurable.
Proof: Consider the function

¥ Xy — [—00, oc]

T2 ﬂ?$3#307
IH{ 0 ifx=20.

We will first show that this function is measurable. In section 2.2 it is explained
that the coordinate map my : X — [—00, 00] given by ms(x) = x5 is measurable. By
Lemma B.2, we have that 7, *((a, o0]) is measurable in X for all 0 < a < co. It is
also open in X, since 7, !((a,oc]) = Dg x (a,00] x R. It follows that 75! ((a, oc])
is also open in Xy, and hence measurable in Xp. It follows that ¢ ~'((a,oc]) for
0 < a < oo. But for a < 0 we have that ¢ ~'((a, 00]) = Xs. Again by Lemma B.2,
it follows that ¢ is measurable. Also, by similar reasoning, we see that the function
T+ X3U — Xy given by m,,((x,)) = 2., is measurable for every m.

Consider the function ¢ : XN — [—00, 00| given by

A@)= 3 o

n: Txp#0

Observe that .
p=> o,
n=1

so ¢ is a limit of measurable functions, and hence measurable. This gives us that
¢ 1 ({oo}) € XX is measurable, and the result follows since

R=¢"'({cch) nR. 1
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3.2.4 The concatenation map

The total trajectory can now be viewed as the image of a concatenation map defined
as

v : R — Dg,
(frs Ty tn)ocy = fult), if t, <t <7, +t,.

that pieces together the subsequent partial trajectories. For the process X and in
particular the distribution P to make sense, we need that v : R — Dg is measurable.

For a given subset I' of S, we will write E(T,¢) for ev; *(T).

Proposition 3.9 The concatenation map v : R — Dg is measurable.
Proof: Fix s € R, and define

XY ={(f,7,0) € X : 7 < s},

s

the set of first partial trajectories which end before time s. And, inductively,
Xs(n+l = {(fl?T’H )n—i—l Xn+l : (fi?Ti7ti):';/:1 € Xs(n)a tn+1 = tn+Tn7 tn+1+7-n S 5}-

We have

Yy HE(T,s)) = (A(F,s) x XNuU G XM=Y 5 AT, s) x X8N> NR. (3)

m=2
This equation should be read as follows. Suppose (z,,) € v *(F(T,s)), then there
is precisely one m such that z,, € A(T,s). If m = 1, then (z,) € A(T,s) x X}V
If m > 1, then (z,) € X x A(T,s) x XN. It follows that the union in (3) is
pairwise disjoint.
We can rewrite equation (3) to

o0

Y HET,s) = (AT, s) x XY)NR) U U (XD x AT, s) x X)) N R)
= ((A(T,5) x XJ') n uD (X x AT, s) x X3') N R)

Note that in the last equation we replaced X S(m_l) by X™~!. By lemma 3.2, it follows
that for measurable I' C S, we have that y~!}(E(T, s)) is measurable in X}¥. Also,
by Proposition A.11, v is measurable if y7!(A) is measurable for every A in a set
that generates the o-algebra on Dg. By Theorem 2.22, such a set is

{E(,t) |t e Ry, ' C S measurable}.

We conclude that v is indeed measurable. |}

33



3.3 Construction and properties of the law

We want to make a probability measure P on the product space X} which, given a
measurable £ C X}¥, calculates the probability that a random outcome is an element
of E. As we have seen in Section 3.2, a partial trajectory is coded as an element
of Xy, and it follows that the process on X is actually a discrete time Markov
process. Given a fixed x € Xy, there is a transition function p.(z,e) € P(Xy). The
e-subscript is to note that this transition function is dependent on the environment
. More on the environment can be found at Section 3.1. Conditions one to three at
Section 3.2.2 have some influence on this transition function, namely

1. ps<a E) — 58( )
2. p(0,{0}) =1,
3. pe((f,00,1), E) = do(E),

4. p-((f,7,1),"), (given that 7 < 00) is concentrated on trajectories with starting
time ¢ + 7.

To be able to construct the law, we need to make an assumption concerning p.. For
any measurable set £ C Xp, we assume that  — p.(x, E) is measurable. It then
satisfies the condition stated in Theorem 2.38. One way to achieve this assumption, is
by assuming that the map x — p.(z,e), from Xy — P(Xjy), is strongly measurable,
see Definition 5.4. This claim is proved in Proposition 5.8.

3.3.1 Construction of P

Suppose x = (f,7,t) € X with 7 < 0o, and suppose F x F' x G C X is a rectangle.
Let v be the distribution such that

v=uv(f,t,t)=Y(t+T, sTl(lthIrlT)f( 5))-

Then we have an expression for p., namely

pa((fa T, t)7E X F X G) = 5t+T<G) /Ep§<F) dPV(f,‘r,t)(g) (4)

We will show that p. satisfies the given condition of Theorem 2.38, that is, we will
show that for a given measurable A C Xy, x — p.(z, A) is measurable. First notice
that Xy is generated by rectangles E' x F'x G where E € B(Dg), F' € B((0,00]) and
G € B(R.), together with the terminal state 0. First suppose that A is a rectangle,
A =FE X F x G. Then the function = — p.(z, A) can be written as

v 1x(2)1g(ze + 23) frea(x),

where f is as in Lemma 3.3. By the same lemma, we see that x — p.(z, A) is
measurable. Next suppose that A = {0}. Then the function x — p.(x, A) can be
written as

z = 1oy () + 1x (7)1 o0y (22).
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This function is again measurable. Since p.(x,-) is a measure, it follows that z —
pe(z, A) is measurable for any measurable A C Xj.

Let o and € be given. Let P = P; € P(X) be the distribution of the first
trajectory, defined, in a similar way as p., by

PIE X F % G) =(G) [ 5(F) dP,ufo)

Next, we will define the probability measure P®) as the joint distribution of the first
two trajectories. So, given B € B(X3), we have

PY(B) = // 1pp: (w1, dwy)dPY (1)

For higher n we define the joint distribution recursively as a probability measure
P 5o that given B € B(X}) we have

P(n+1)(B) - // 1Bp€(xn7 dxn+1)dp(n)($1, L2+ - ,.Tn)

All these probability measures are well-defined by Theorem 2.38. Note that P™ is
defined in such a way that for a rectangle £} x ... X E, 1, we have

P(n+1)<E1 XX En-i—l) - / pa(xny En-f—l)dp(m ($1, to ,{L‘n).
Fi1Xx..xEny

Also, by Theorem 2.38, there is a probability measure P defined on the product
space X, such that for B C X} measurable, P satisfies

P(B x X)) = P"™(B).

3.3.2 P is concentrated on R

Our goal in the rest of this section is to prove the following theorem.
Theorem 3.10 P is concentrated on the set R of realistic trajectories; P(R) = 1.

We proceed in steps. First, define Fi,, = (Dg x (0,00] x Ry)N and set

F::FOOUDFH.

n=1

F' is measurable since F,, is measurable, and by Lemma 3.6, F}, is measurable for
every m. Step one is to prove that P is concentrated on F'; and for this we will use
a small lemma.

Lemma 3.11 Let X be a set, and A C X. For every n € N we have that (A™)°
equals the union of all rectangles of the form [\, Z;, where Z; € {A, A°} except the
rectangle A™.
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Proof: Suppose (x,) € X". Then either x; € A or z; € A°. It follows that = €
[1;-, Z; where Z; € {A, A°}. The result now follows. |

Proposition 3.12 P is concentrated on F, that is, P(F) = 1.
Proof: We will prove that P(F°) = 0. Note that F* = F¢ N -_, F<. Set

E, =Dg x (0,00) x Ry
EQZDSX{OO}XR+
Es = {0}

We now have F,, = E]""' x Ey x EX. Observe that E; U E, U F3 = Xj, and that
this is a disjoint union. We claim that

( Fj) = U (B ' x B3 x X)) U U (B ' x By x (EN)) U Fy. ()
j=1 j=1 j=1

First we will prove the easy part, namely the inclusion D.

Suppose = € Ujoil (E{_1 x Eg x X};I). By definition of F} it should be clear that
x ¢ Iy for every j. The same for » € (J2, (E{*1 x By x (EYN)°). Also, if z € F,
then we immediately have x ¢ F} for all j. So it should be clear that the inclusion
D holds. .

Now suppose = € (Uj; Fj> =,=, Fy. Consider F, for a fixed m. Observe that

FE = (BT x Xo x X)) U (B x BS x XYY U (B! x By x (EX)°).

Suppose that z € ((E7")¢x Xpx XN). By Lemma 3.11 we have that (E}*~!)¢ equals
the union of all rectangles H:’:ll Z; where Z; € {Ey, Fs, E3}, with the exception of
the rectangle E"™. So x is an element of one of these rectangles [[;" Z;. This
means that there is at least one ¢ such that Z; # E;. Consider j = min{i : Z; # E;}.
Then either Z; = Fy or Z; = Es.

First suppose that Z; = E,. Then we have either € E{_l X Ey x EN or x €
EI7N % By x (EXN)e. Obviously, in the first case we have z € Fj, which gives a

contradiction. In the second case we have in particular that
&0 .
ve | JET x By x (BY)9),
j=1

so then we have that z is an element of the right-hand side of (5).
Next, suppose that Z; = E5. Then we have x € E{_l x F3 x XX so then z is again
an element of the right-hand side of (5).

Suppose that € (E]" ' x ES x X)). Then we have either 7 € E{"™! x E; x X} or
x € E]" ' x F3 x X} For the first case, observe that

EP x By x XN = ENU (B x (EN)®) = Foo U (BJ" x (EN)°).
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This means that either z € F, or z € (E" x (EN)¢). For the last case, note that

(B{ x By x X3\ U | J(B] x By x X}

Jj=m

s

B x (EY)° C

1
3

(B{ x By x X)) U | J (B x Ey x (E})) U
j=m J

But since we assumed that = € Fj for all j, it follows that if z € EJ" x (EN)¢, then
we have again that z is an element of the right-hand side of (5).

'C8

F;.

IC

1
3

Suppose that z € (B! x Ey x (EY)°), we have immediately that z is an ele-
ment of the right-hand side of (5).

Since we now have considered all possible cases, we can conclude that if x €
(Uj2, F)° then x is in the right-hand side of (5), hence we have the inclusion C.
Since [ = FS N[ _; FY, we now have
Fe= B x By x X)) U BN % By x (EN)°). (6)
J=1 J=
Also, the union in the right-hand side of (6) is a disjoint union, so we particularly
have

P(F°) =Y P(E" x By x X))+ Y P(E{™! x By x (X31)°).
j=1 j=1
We want to prove that P(F¢) = 0, so we will prove that the right-hand side of

the above equation equals 0. By definition of P we have P(EI™' x By x X)) =
PW(EI™ x F3). The set ™' x Ej is a rectangle, so

PO(E{™" x E3) :/, Py, B3)dPYU D (2, ).
E]™

But by condition 4 in the list of conditions on p., we see that pa(a:] 1,{0}) = 0 for
all z;_ € E; = (Ds x (0,00) x Ry). So it follows that PW(E!~" x E3) = 0. Thus
P(E]™' x By x X)) = 0.

On the other hand, observe that

(B % By x (ER)) = [|(B{™' x By x (X5 \ E§) x Xp).

n=1

Note that we have (E7 ™" x Ey x (X2\ E2) x X)) D (B x By x (X2 \ EP") x XN)
if m > n. For every n we have

P(E]™' x By x (X3 \ E3) x XN) < P(E]™' x By x ES x X3~ x X}Y)
= PUTD(EIT! x By x EY)

e(x;, BS)dPYUY (zy, ... x)).

Il
\
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But by condition 3 on p. it follows that p.(x;, EX) for all z; € E,. So, for every n
we have P(E]™" x Ey x (X3 \ E})) = 0. By Theorem A.5, we now get

P(E]{™" x By x (E}))°) = P (ﬁ(Ef_l X By x (X5 \ Ey) X Xg’))

n=1

= lim P (E{™' x By x (X5 \ E}) x X}V)

n—oo

= 0.
We conclude that
P(F) =Y P(E{ ' x Es x X))+ > P(E{"' x B, x (X)) =0. 1
j=1 j=1

Next, consider the collection G of all sequences in F’ which do not connect well, that
is,

G ={x, € F: thereis an n € N such that z,,+1 # 0, Tpi13 # Tna + Tns}

Step two is to prove that P is concentrated on G°.

Proposition 3.13 P is concentrated G¢, that is, P(G) = 0.

Proof: For every z € G, there is a smallest n for which the first connection fails.
Let G,, be the subset of G consisting of all sequences for which n is that smallest
integer. It is obvious that G = U°_, G,,. Then observe that G,,, = (R, X X) \ Ry y1-
We have

P(m+1)(<Rm X X)\ Ripi1) = p(m—i—l)(Rm x X) — P(m+1)(Rm+1)

Also, by condition 4 on P., we get

P(m+1)(Rm x X) = / pe(xm,X)dP(m)(l’ly cey X))

m

:/ Pe(Tpm, (Ds % (0,00] X {Zpm2 +xm,3}))dP(m)(x1, ey D)

m

= P (Rypi1).

This gives us P ((R,, x X)\ Rpms1) = 0, s0 P(G,,) = 0 for every m. We conclude

Proposition 3.14 P is concentrated on R', that is, P(R') = 1.

Proof: Recall that

R =R U | J (R x XJ) N Fy).

m=1
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We set

E® =Dg x (0,00) x {0};
E. = Dg x {0} x Ry;
EY =Dg x {o0} x {0}.

First we will prove that

j218)) (E(O)),

o0

P((Ry x X3 N FY)
N PM(EO % (X \ Ex)" 2 x Ey).

P((R, x X)) N E,)

Since (B x X))N Fy = EY x {8)}N it makes sense to define A; = B x X} and
A, = EQ x {0} x XN for n = 2,3,.... Namely, we then have A; D Ay D ...,
and (Ry x X3') N Fy = N52, A;. Observe that P(A;) = P(l)(Eég)). Next,

P(4s) = POEY s (o) = [ pelor {0DiP ()

= [, sionara)
EY
= PO(EY).
Now suppose that P(4,) = PO (EY). It then follows that
P(Ans1) = PU(EQ x {0)" x {9})

_ / Dol {ONAP™ (21, )
B x{an

- / 5o ({O})AP™ (x1, .. 2,)
BEY x{a}n
= POUED x {0)") = P(4,) = PO(ED).
So we have P(A,) = P(l)(Eég)) for all n. Due to Theorem A.5 we have
P(Ryx X))YnF) = lim P(A,) = PO(EOY),
For n > 2, we have
(R, x X)VNF, = EO x (X \ Ex)" 2 x By x {0},

Similar to the case n = 1, we now define B; = E© x (X \ E,)""%? x E,, x X} and
B; = FEO x (X \ E5)" 2 x E, x {0} x X). Using the same arguments as above,
we can conclude that

P((R, x X)) NE,) = P"(E® x (X \ Ex)" % x E).
Note that we have ES, = X \ E,, U{9}. For n € N, we write

(B)" = (X \ Bs) U{0})" = (X \ Exo)" UA™,
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where A™ is the collection of all sets of the form A™ = A; x ... x A, where
A; = {0} for at least one i. By the previous Proposition 3.12 we have
P™(Ey x (ES)" 2 x Ey) = P(Ey x (BS)" 2 x Ey, x {0}N)
= P(E; x (X \ Ex)" 2 x By x {0}Y)
+ P(Fy x A" x B x {0}N)
= P(Ey X (X \ Ex)" 2 X Ey x {0}N) 40
= PM(E; x (X \ Exo)" 2 x Ey).

Now we will prove the equality
S " P((R; x X3) N Ey) = 1= PU(EO) x (B2 )
j=1

We will prove this with induction, so first let n = 1. We have

P((Ry x X))n F) = POEY) = PO(Dg x (0,00] x {0}) — PO(EO®).

oo

Furthermore, the first partial trajectory always starts at time ¢ = 0, so P (Dg x
(0,00] x {0}) = 1. So the equality is justified; we indeed have

P(Ry x XN F) =1-PY(EO),
For n = 2, observe that
P((Ry x X)) N Fy) = PA(E® x E,)

= PO(E® x X,) — PP(EO x E°)
- p(l)(E(O)) _ p(2)(E(0) x E°).

It follows that

2

> PR x XJ)NF)=1-PY(ED) + POE) - POEO x E)

o0
i=1

=1-PHEO x E°).

Now suppose that the equality holds for n, and consider the case n + 1. We have
already seen that

P((Rpy1 X XY N EFpyy) = PPTY(EO 5 (X \ EL)" ! x Ey)
= PU(EO) » (B )1 x Ey).

And again we have

PUHEO x (ES)"™ x Ey) = PU(EO x (BS)"™ x Xo)
= PUT(EY 5 (BS)" % ES),
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so we conclude that

n+1
> P((Rs x XJ) N F) = 1= PUD(EO x ()™ x Xo)
i=1
+ P(n+1)(E(O) % (Ego)nfl % X@) . P(n+1)(E(O) % (Ego)n)
=1—POD(EO® x (B )™).

Now, by Theorem 3.12 again, we have for every n that
POH(EO x (B )") = POT(EO x (X \ EL)").

Set C; = B x (X \ Ey) x XX, for higher n set C,, = E® x (X \ E,)" x X}, and
set C'= E© x (X \ Ex)N. Then C; D C3 O ..., and C' = N3, C;. From Theorem
A.5 we have

P(C) = lim P(C;) = lim P"™(E© x (X \ Ex)")

T i PR x (B
So we get
i P(R; x X))VNE)=1-P(C).
i=1
By the previous Proposition 3.13 we have that
P(C) = P((E® x (X \ Ex)™) N (F\G)) = P(R).

So we can conclude that
P(R)=P (Roo ulJ(r: x x5 n E))
i=1
= P(Ro) + > P((Ri x X)) N F)

=1

=P(C)+1-P(C)
=1 1

Now consider the collection

R, = {(mn) € Ry : an,g < oo},
n=1

that is, the collection of trajectories that make infinitely many jumps within a finite
amount of time. Step three is to prove that P is concentrated on (R)°.

Proposition 3.15 The set R is measurable and P(R._ ) = 0.
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Proof: To prove that R/ is measurable, consider the function ¢ : X} — [—o0, o0]
given by

That ¢ is a measurable function is explained in the proof of Theorem 3.8. Then
©1((0,00)) is a measurable set, and note that

R, = ¢7'((0,00)) N Re.

Remember that there exist a 7" > 0 and a 0 < § < 1 such that for all environments
e and f € Dg we have p3((0,T]) < d. Define the set

GT = (DS X (O,T] X R+) .
Then G¥ is measurable in XY since GY = ("_, GF x X}. Next, define
Gyro= | X5 x GY.
m=1

By similar reasoning it should be clear that G’ is also measurable. We claim that
P(G%) = 0. We will prove this by showing that P(X7' x G¥) = 0 for every m. By
Theorem A.5, part ii), it follows that

P(X7 x GN) = lim P(XJ' x G% x X)) = lim Pt (X x G7).

n—oo n—oo

Observe that if z = (f,7,t) € X with 7 < oo, then, using equation (4),

p.(2,Gr) = 6,4 (R.) / po((0. T))dP, (),

Ds

where v is the distribution right after the jump. Since, by assumption (2), we have
pg((0,T]) < 0, we have that p.(z,Gr) < §. By condition 2. and 3. on p. we see that
pe(z,Gr) < for all x € Xp.

Let n = 1. We then have

P(erl)(Xgl X GT) - // 1X5"><GTp€($mu dxm+1>dp(x17 T ,iIZ‘m)
_ / D@, GrYAP (1, . ., T1)
X5
< / d dP(z1,...,Tm)
X5

=0.
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Using induction, suppose that P (Xm x G2) < ™. Tt follows that

Pt (xm o Gty = // 1(ngxG¥+1)p€(xm+n, AT in1)dP (X1, ..o Tpn)

- / pa(xm-i-na GT)dP(xla cee axm-l—n)
XX G

S/ 5dp($1,...,xm+n)
XGxGr

— SPT(XT x G
< 5n+1'

So given m we have for every n € N that P (X7 x G%) < 6". Hence, given m,
we have

P(X2 x GN) = lim PMM(XD x G7)

n—oo

< lim 6" = 0.

n—oo

It follows that P(G’.) = 0.

Now for a sequence (x,) € R._, it is clear that there must exist an m such that

(z,) € XJ' x GY. So R, C G} and we conclude that P(R. ) =0. ||

We are now ready to prove the theorem.

Proof of Theorem 3.10: Observe that
R=R\RL.
By Propositions 3.14 and 3.15 it follows that

P(R) = P(R'N(R,)") = P(R)°URL))=1-P((R)UR,)
—1-P(R))-P(R)=1-0-0=1. [

3.4 The process on S and its one-dimensional distribution

Here we will give a short summary of the process we have constructed. We have a
probability space (X2, 3, P), where X is the product-o-algebra for X}¥. The stochas-

tic process is a family of Xs-valued random variables (X,,)22 ;, where

X, XN — X,
is defined as
Xo((2)) = eval(2:)) = .

Note that each X, is indeed a random variable, since the projection onto the n-th
coordinate is a measurable function.
We constructed Xy in such a way that this process is actually a Markov process,
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with transition function p.. For every n € N, the law £(X,,) is the measure on the
Borel-o-algebra of Xy given by

L(X,)=PoX "

By construction, P(X,!(E)), where E C X, is measurable, is the probability that
the n-th partial trajectory belongs to the measurable set F.

Using this discrete-time process, we will construct a continuous-time stochastic pro-
cess on S which satisfies the criteria given at the beginning of Section 3. This process
is a collection of random variables X;, ¢t € R, given by

Xt . DS — S,
f=evi(f) = f1).

In fact, Theorem 2.22 yields that X, is measurable for every ¢t € R... For the process
to satisfy the given criteria, we need a specific measure P on (Dg, B(Ds)). This
measure P will be such that for every t € R, the law y; = P o X; ! describes the
actual flow, by this, we mean that given a measurable I' C S the value p;(I") is
exactly the probability that the individual is in state I' at time t.

Since P is concentrated on R, a trajectory (x,,) is such that concatenation is possible.
Consider the concatenation map

v: R — Dg,
(fos Tas tn)oey = fu(t), it <t <7 + 1
Intuitively, we should have P = Poy~!. P is indeed a measure, since for a measurable

E € S we have, by Proposition 3.9 that v~!(E) is measurable in X¥. We have that
for every t € R, and measurable I' C S, the law p, satisfies

(L) = P(y"H(E(T,1))).
Using equation (3), we get

AT, s) x X3 U | Xm0 x AT, s) x XY

m=2

ps(L) = P (

mR).

ps(T) = P (AT, 8) x X5') + > P (X" x AT, s) x X}Y) . (7)

m=2

Since the union in (3) is pairwise disjoint, we get

The next objective is to find simplifying, convenient expressions for 7.
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4 Expressions for the one-dimensional distribu-
tion

Let an initial distribution uo € P(S) be given. We will rewrite the equation (7), by
rewriting every m-term in the summation.

Proposition 4.1 Let py € P(S) be given. If ¢y, - X™ — R is a bounded measurable
function, then the integral

On(z1, ..., x0)dP™ (zy, ... 2)
Xn

equals the repeated integral

/ ¢n ((fh 71, 0)7 (f2a T2, 7_1)7 ceey (fTZ?Tna 1 + ...+ Tn—l))
(Ds % (0,00])™
dQV(fn—l77—n—177—1+---+7'n—2)(fn7 Tn) s dQu(ﬁ,n,O)(f% 7—2)dQuo (fl; 7—1)

Proof: We proceed by induction. Take n = 1. Suppose ¢;(z1) = 1g, (x;) with
El = E171 X El,g X Eljg. Then

/ngl(xl)dP(l)(xl) = PY(E) = lEl’B(O)/E Py (E12)d P, (f)

1,1

= 1E1,3(0)QM0(E1,1 X E1,2)
= / 1E1,3 (0)1E1,1><E'1,2(f177—1>dQ,uo<f17Tl)
'Ds><(0,00]

:/ ¢1(f1,71,0)dQ o (f1,71).-
Dg x(0,00]

Using linearity and the Dominated Convergence Theorem, it follows that the same
result holds for arbitrary bounded measurable functions ¢;. So for n = 1, the propo-
sition holds.

Assume the equality holds for n—1. Suppose ¢, (z1,...,2,) = 1g,x..xz, (T1,- -, Tn),
and I, = E,1 X E, 9 X E, 3. We get

On(21, ..., 2,)dP™ (xy, ... 2,) = dP™(Ey x ... x E,)
X’n

:/ Pe(Tp_1, En)dP(”_l)(xl, ey X))
E1><...><En_1

Since P is concentrated on R, we will write x,_1 = (fn—1, Tn_1,tn_1), where t,, 1 =
T1+. . .+T,_2. Since equations are going to be large, we will write v, = v(f_1, Tn_1,tn_1)-
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Using (4) we get

On(T1,. .. @ )AP™ (24, . .. , Tp)
xXn

AP V(@1 T, (faots Taot tao1)

/ po(En2)dPo_,(9)
En,l

:/ 1En,3 (tn—l) [Qun,l(En,l X En,2>] dP(nil) (131, ey Tp—2, (fn—h Tn—1, tn—l))
E1><...><En_1
I/ 1gx..xBy 1 (T15 -, Tn-1)1E, 5 (tn-1) [/ 15, xB0o(fr, Tn)dQy,_, dp=Y
n sz(o,oo]
:/ / ¢n(x1a"'7$n—la(fna7_n77—1 +--~+Tn—l))dQun_l(fmTn)dp(n_l)-
" J Dgx(0,00]

Again, by linearity and the Dominated Convergence Theorem, the above equalities
hold for arbitrary bounded measurable functions ¢,.

Also, the function % : X"~1 — [0, 1] given by
'(ﬁ(xly s 75(:71—1) = / an(xh ceoy Tp—1, (fm Tn, T1 +...+ Tn—l))dQun71 (fna Tn)
'DsX(0,00]

is measurable. This can be seen as follows. In the previous Lemma 3.3, we have seen
that for every E in the o-algebra of Dg x (0, 00] the function fp : X"~ ! — [0, o0]
defined by

fE(Qfl, e 7:1:77/_1) = QV(fnflyTnfl7Tl+~~-+7'n72)(E)

is measurable. Then one can use Lemma 2.35 to prove that v is measurable whenever
o1, xn) = g x. xg, (1, ..., 2,). It follows that 1 is measurable when ¢ is a
simple function, because v is then a linear combination of measurable functions.
Also, by a limiting argument, v is measurable for any measurable function ¢. Since
the inner integral is measurable, using the induction hypotheses we conclude the

proof. |

Now we will use this result to rewrite equation (7). We will call P(A(T, s) x X} the
first term and P(X™! x A(T, s) x X)) the m-th term, for m = 2,3, .... Consider
the first term. For the first partial trajectory z; we have x; € A(L, s) if and only if
z1 € E(T,s) x (s,00] x {0}, where E(T,s) = ev; *(T'), as usual. The first term can
be rewritten as

P(A(T, s) x XJ) = P (AT, s)) = PY (BT, s) x (s,00] x {0})
_ /E(F )p?((s,oo])dpﬂo(f) — O (E(T, ) x (s, 00])

= / 1a0,5)x (5,00 (J1, T1)dQ o (f1, 1)
sz(o,oo]
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Next, consider the (m + 1)-th term. We have
P(X™ x AT, s) x XN) = POD(X™ x A(T, s))

= / Pe(Tm, A(T, s))dP(m) (X1, ..y Tm)

= / pa((fnu Tm,T1+ ...+ Tm—1)7 A(F7 5))dQum71 (frme) .. 'dQ#O(fla Tl)-
(Dsx(0,00])™

Now note that we can always add an inner integral fDSx(Om] dQ.,, (fm+1, Tm+1)- The
result is then, that we integrate the (m + 1)-th term over the same area as the
(m + 2)-nd term.

Or, more general, the sum of the first m terms can be written as an integral over
(Ds x (0, 00])™. Before we make this statement clear, we will write

(21, T, 8) (1) = Lgm sy (s,00) (f1,T1) + Zpa((fmv Ty T1 + oo+ Tme1), A(L 5)),

m=2

to avoid enormous equations. The last statement means that, for n = 2,3, .. .,

P(A(T, s) x X)) + zn: P(X™ 1 x AT, s) x X}Y)

m=2

= / (21, 20)(D)dQu,_, (frs Tn) - - - dQu, (f2, 7'2)dQuo(f1> ).
DSX(OVOO])n
It follows that

ps(T') = lim On(1s -2 )(0)dQy, y (fry Ta) - - - dQu, (f2, T2>dQuo<f1> 1),

"7 J D x(0,00])" @®
8

where

(21, 20) (L) = 1p@,s)x(s,00) (f1, 1) + Zps ((frns Tms T+ oo 4 Tme1), AT, 9))

m=2
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5 Conclusion and further progression of the model

As we have seen in the previous section, the existence of a stochastic process which
satisfies the given conditions is guaranteed since we have constructed the measure
P. The model we created is more general than the one given in A cell cycle model
[11], [4]. We concluded the previous section with an integral representation 8 of the
distribution p,;. This representation can possibly be viewed as a converging series
in a Banach space, as will be explained in the next section. We will conclude that
section with a sufficient condition, so that the representation can indeed be viewed
as a converging series.

5.1 Bochner integration

This section covers only basic theory of Bochner integration. A more detailed cover
can for instance be found at [12], [6]. First we will define the notion of a vector-
valued simple function, then we will define what we mean by a Bochner integrable
function.

Definition 5.1 Let (2, %, 1) be a measure space and X be a Banach space. A func-
tion f : Q0 — X 1is called a vector-valued simple function if f is of the form

f= Z arla,,
k=1

where ap, € X and A, measurable sets in R. In this case, the Bochner Integral is
defined by

/ fdu= Zak,u(Ak) € X.
Q k=1

Definition 5.2 Let (2, %, 1) be a measure space and X a Banach space. A function
f : Q — X s called Bochner integrable if there exists a sequence of simple
functions f, such that

tim [ (@) = £u(@)dn(a) = 0.

In this case, the integral is defined as

| 1@ty = 1w [ fu@ino)

The following lemma states that a bounded linear operator and the Bochner integral
can be interchanged. The proof is straightforward, and will be omitted.

Lemma 5.3 Let (2,%, 1) be a measure space and X, Y be Banach spaces. Let
T : X — Y be a bounded operator. If f : Q — X is Bochner integrable, then
Tf:Q —Y 1is Bochner integrable and

[an@ane = ( [ swa).
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Definition 5.4 A function f : Q — X is called strongly measurable if there
exists a sequence of simple functions (py) such that v,(w) — f(w) for almost all
w e Q.

Definition 5.5 A function f : Q — X is called weakly measurable if for every
z* € X* the function (f(w),z*) : Q@ — R is measurable.

Definition 5.6 A function f : Q — X is called almost separable valued if there
exists a measurable set A such that f(A) is a separable set in X and p(A°) = 0.

Strongly measurability is 'stronger’ than weakly measurability, as stated in the next
theorem. A proof can be found at [12].

Theorem 5.7 (Pettis Theorem) A function f:Q — X is strongly measurable if
and only if it is weakly measurable and almost separable valued.

The following proposition relates strongly measurable functions and functions that
satisfy the hypotheses in Lemma 2.35, Proposition 2.36 and Theorem 2.38.

Proposition 5.8 Let (X, d),(Y,ds) be two metric spaces, where Y is separable,
and f: X — P(Y). Then the following are equivalent.

i) When viewing f as a function f : X — Ygp, then f is strongly measurable, in
the Bochner sense;

it) For all A € ¥y, the o-algebra generated by Y, the map oo : X — R, given by
x+— f(x)(A) is measurable.

Proof: First, we prove i) = ii). Suppose f is strongly measurable, and let C' C Y
be closed. We will first prove that o is measurable when C' is closed. Consider the
sequence of functions ¢,(z) = (1 — nd(x,C)). By the previous Lemmas 2.19, 2.14
and 2.15 we see that the function g, is Lipschitz continuous. By Lemma 2.17 the
function p, = max(q,,0) is Lipschitz continuous, and is also bounded. Now note
that p, | 1¢ pointwise. Since f is strongly measurable, it is also weakly measurable,
by Pettis Theorem 5.7. This means that for every z* € Y}, the map = — (z*, f(z))
is measurable. Now, since Y}, is isometrically isomorphic to BL(Y'), by Theorem
2.30, for every z* € Y}, there is exactly one ¢ € BL(Y') such that

<fJ@»=Lwﬂﬂm@>

So we now know that for every ¢ € BL(Y'), the map

meéwammw>

is measurable.
Since p, € BL(Y) we see that in particular the map &, : X — R given by = —
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[y pn d(f(2))(y) is measurable. By the Lebesgue Dominated Convergence Theorem,
we have for every x that

témdU@D@%ﬁﬂJcﬂﬂ@Xw

as n — 00. Since a limit of measurable functions is measurable, we conclude that
the map

xHx}CAﬂmmnzﬂmw>

is measurable. So we have the implication i) = i) for closed sets C'. Now consider
the class of functions

H={p: X — R | ¢is measurable and z — [, ¢ d(f(x))(y) is measurable.}

Then H is obviously a vector space over R. Also, the constant function 1 is an
element of H since 1 is measurable, and 1 = 1y. Note that Y is closed. We already
proved that = — [, 1c d(f(z))(y) is measurable for a closed set C. And, if (¢,)
is a sequence such that ¢, T ¢, then obviously ¢ is measurable and the map x —
[y d(f(z))(y) is measurable. Hence ¢ € H. So ‘H satisfies the conditions stated in
the Monotone Class Theorem A.14. Now let

I ={CCY|C closed}.

Then 7 is a w-system, and H contains the indicator function of every set in Z.
From the Monotone Class Theorem A.14 we can conclude that H contains every
measurable o(Z) function on X. All open sets are elements of o(Z), so we see that
0(Z) = B. We conclude that H contains every indicator function 15 where B € B,
and hence the map x — f(z)(B) is measurable.

Now we prove the other implication i) = 7). We will use Pettis Theorem 5.7 again.
We assumed that the map = — f(z)(A) is measurable for every measurable A, so
it follows that

xH[}Mwwmw

is measurable for every A. It then follows that

waLw«mmw>

is measurable for every measurable function ¢. In particular for ¢ € BL(Y') = Y},.
It follows that the function f is weakly measurable. By Proposition 2.27, we have
that Yp, is separable. Now we can use Pettis Theorem 5.7 to conclude that f is
strongly measurable. This concludes the proof. |

Proposition 5.9 Let (X,dy) and (Y, ds) be two metric spaces. If f : X — P(Y),
viewed as a function f : X — Ygr, s strongly measurable and Bochner integrable,
then for every measurable set E € B(Y') we have the equality

(/X f(x)du(x)) (E) = /Xf(i’f)(E)du(x).
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Proof: First note that the right-hand side of the above equation is well-defined,
by the previous Proposition 5.8; the function x +— f(x)(FE) is measurable for every
E e B(Y).

Let C be closed in Y, and consider the sequence ¢, = max(1l — ndy(z,C),0). As
described in the proof of Proposition 5.8, it follows that ¢,, is Lipschitz continuous.
Remember that BL(Y') is isometrically isomorphic to Y. Set v = [, f(x)du(x)
and observe that

([ 1@nta).6.) = won) = [ au@ints) [ 10avts) = vt

as n — 00. The convergence follows from the Dominated Convergence Theorem.
Also, by Lemma 5.3, we see that

([ rwnute).on) = [ ), oniuta)

Also by the Dominated Convergence Theorem, we have

[ @siin) = [ | [ eumiatroim] au) — [ s

So for closed C' C Y we have the desired equality

([ s@auw) €)= [ e

Consider the collection ‘H of measurable functions ¢ : Y — R such that the equality

[ etwavin = [ [ / w<y>d<f<x>><y>] du(z)

holds. We will show that H satisfies the conditions stated in Theorem A.14. By
linearity of the integral and the fact that the set of measurable functions is a vector
space, it follows that H is a vector space. Also the constant function 1 is an element
of 'H, since this is the function 1y, and Y is closed. Now let ¢, a sequence of non-
negative functions in H such that ¢, T ¢, with ¢ bounded. Then ¢ is measurable,
and applying the Monotone Convergence Theorem several times we get

| ety = [ i pu(avty)
= lim [ ¢, (y)dv(y)

n—oo Y

=t [ | [ i) aute)

n—oo

= [ | [ etatsane]| auto)

It follows that ¢ € H. So 'H satisfies the three conditions in Theorem A.14. Also,
‘H contains the indicator function of every set in some 7w-system Z, namely the 7-
system Z of closed sets in Y. By the Monotone Class Theorem A.14, H contains
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every bounded M (Z)-measurable function from Y into R, so in particular indicator
function 1 with £ € B(Y), since M(Z) = B(Y). We conclude that for every
E € B(Y') we have the desired equality

(/Xf(x)dﬂ(x)> (E):/Xf(x)(E)dM(IE). .

Due to the previous two propositions, the integral representation (8) can be
rewritten once we are able to show that ¢,, : X,, — Spgr defined as

¢n(371, s 73:71) = ]-E(o,s)X(S,OO](.fl; 7—1) + Zpa ((fma Tm, T1 +...+ 7_m—l)a A('? S)) ’

m=2

is strongly measurable and Bochner integrable. This assumption can be reduced by
the assumption that the following functions are strongly measurable and Bochner
integrable:

T = (flaTlao) = ]-E(o,s)x(s,oo](flaTl)a
(ajly s axm) = pa((fmavaTl + ...+ Tm—l)aA(.v S))

5.2 Concluding remarks

Although we did not fully reach the ultimate goal of establishing the variation of
constants formula 1 in a Banach space generated by measures from the consideration
of the underlying stochastic process, we strongly believe that u, given by equation
7, under suitable conditions, can be approximated well by the solution of such a
variation of constants formula. We express the hope that this line of research will
be followed through and will establish this assertion.
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A Fundamental Measure Theory

Definition A.1 Let X be any set. A ring is a subset A of the power set P(X),
such that A satisfies the following conditions

1. 0eA;
2. for all A,B € A we have AUB € A and B\ A € A.

An algebra is a ring A of the power set P(X) such that X € A.
There is also another definition of an algebra: a subset A of the power set P(X) is
called an algebra if ), X € A, and if

LLifA;eA j=1,...,n, thenU?zlAjEA;
2. if A € A then A€ € A.

These two definitions are equivalent. This is easy to see. Suppose the first definition
holds. Then () € A since X \ X = (. The condition A; € A,j = 1,...,n =
Ul_;A; € A is just applying the condition of a ring simultaneously. The other
condition A € A = A° € A follows since A° = X \ A.

Otherwise, if the second definition holds, then in particular the statement A, B €
A= AU B € A. Furthermore, note that B\ A= BN A= (B°U A)“.

Definition A.2 Let X be any set. An algebra A is called a o-algebra if whenever
Aj S ./4, ] S N, then U?C:)IAJ' € A.

A pair (X, M), where X is a set and M a o-algebra, is called a measurable space.
For any subset £ of the power set P(X), there exists a unique smallest o-algebra
M(E) such that £ € M(E). This o-algebra M(&) is called the o-algebra generated
by &.

If X is a topological space, then we denote by B(X) the o-algebra generated by
open sets.

Lemma A.3 If € and F are subsets of the power set P(X) with € C M(F), then
we have M(E) C M(F).

Proof: By definition, M(&) is the smallest o-algebra containing £. Since M(F) is
one of such o-algebra’s, we have either M(E) = M(F) or M(E) C M(F). |}

Definition A.4 Let M be a o-algebra. A measure is a function p: M — [0, <]
that satisfies the following conditions

1. p(0) = 0;

2. if A; e M, j €N, and A; are pairwise disjoint, then
p(lJA) =" uA).
j=1 j=1
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A triple (X, M, u), where X is a set, M a o-algebra and u a measure, is called a
measure space. A measure is called finite when p(X) < oo, and is called a prob-
ability measure when p(X) = 1. If there exists a countable cover X = U, A;,
such that p(A;) < oo for all j, then 4 is called o-finite. A measure space (X, M, p)
with p a probability measure is called a probability space.

One of the probability measures we will be using is the Dirac measure 9, at a
point x € X. This measure is defined as

w={5 12k

It is easy to verify that this is indeed a measure.

Theorem A.5 Let (X, M, p) be a measure space, and A; € M, j =1,2,.... The
following two conditions hold

i) if AL C Ay C .., then p(U52, Aj) = limy o u(Ay);
i) if Ay D Ay D ... and pu(Ay) < oo, then pu(N32Aj) = limy oo p1(Aj).

Proof: First we prove 7). Let Ay = () and notice that B; := A; \ A;_1, j =1,2,...,
is a sequence of disjoint sets. Since A; C A,yq, we get Ay = U?ZlBj. Also, A, =
Us_ Ay Tt follows that U¥_ | A; = U%_, B;, and so

Because the B;’s form a sequence of disjoint sets, we get
k 9]
Jim p(Ay) = lim p(Uj_ B)) = l}LIgOZM(Bj) = u(By)
j=1 j=1
= M(U;ilBj) = M(U;ilAj>'

This proves ¢). To prove i), Set B; = A; \ A;. Then we have By C B, C .. .. Also,
since B; and A; are disjoint sets, and since Ay D Ay D ..., we get

p(Bj) + p(A;) = p(B; U Aj) = p((Ar 0 AF) U Aj) = p(Ay).
By elementary set theory, we get UX,B; = A; \ (N52,A;). Since B; and A; are

disjoint, also B; and N2, A; are disjoint, and so we have that U2, B; and N72, A;
are disjoint. Using this and the fact that N2, A; C A;, we get

() (10)+ (@01

NSHES
= p(Ay).
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By part i) we see that u(U32, B; = lim; .o, p(B;), and hence

p(Ar) = lim p(B;) + p (ﬂ Aj> = lim (u(A1) — p(4;) +p (ﬂ Aj> :

j—00 J—00

Since we assumed that u(A;) < oo, we get

lim p (ﬂ Aj) — n(A4;) =0,

e\ 0]
and the result follows. |}

Definition A.6 Let X be any set. A semiring is a subset D C P(X) that satisfies
the following conditions

1. 0 e D;
2. if A,B €D then ANB € D;

5. if A, B € D, then we can write A\ B = J,<;, Cj, where C; € D are disjoint.

Note the following. If we have a semiring D, and we add the condition A, B € D =
AU B € D, then our semiring becomes a ring.

Definition A.7 For any subset A of the power set P(X), the ring generated by
A is the intersection of all rings including A.

Given a semiring A, let R be the set of all finite disjoint unions of A. Then R is a
ring. For a proof, see [8, §3.2, p.96]. This is obviously the ring generated by A, since
there is no smaller ring including A.

Definition A.8 Let D be a semiring. A function o : D — [0, 00) is called additive
when for D € D with D = U}_,D;, where the D; are pairwise disjoint, we have
that a(D) = 37 a(D;). It is called countably additive when for D € D with

D =Ux,, where the D; are pairwise disjoint, we have that a(D) =37, a(D;).

Proposition A.9 Let D be a semiring and o : D — [0,00] an additive function.

For disjoint D; € D, let
1% <U DJ> = ZO&(DJ>
j=1 j=1

Then p is well-defined and additive on the ring R generated by D. If o is countably
additive on D, so is  on R, and then p extends to a measure on the o-algebra
generated by D of R.

For a proof, see [8, §3.2, Prop. 3.2.4].

Definition A.10 Let (X, M) and (Y,N) be two measurable spaces. A function f :
X —Y is called measurable if f~'(E) € M when E € N.
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Proposition A.11 Let (X, M) and (Y,N) be two measurable spaces and f : X —
Y. If N is generated by a set € then f is measurable if and only if f~1(E) € M for
all B € &

Proof: If f is measurable, then f~'(E) € M for all E € N so in particular for
E € £. On the other hand, suppose that f~}(E) € M for all E € £. Consider
the set ¥ = {E C Y| f7Y(E) € M}. We will prove that ¥ is a o-algebra. Let
E € 3. Then f'(E) € M, and f~(E°) = (f {(E))° € ©. Let By, E... € %,
then f~H(UX,E;) = UX, f7Y(E;), so it follows that U, F; € 3. So ¥ is indeed a
o-algebra, and by assumption we have £ C . By Lemma A.3 we have that N' C X.
The result now follows. |}

Definition A.12 Let X be any set. A w-system is a subset T of P(X) such that
whenever Iy, 15 € T then 1 N1, € 1.

The following lemma states that if two probability measures agree on a m-system,
then they agree on the o-algebra generated by that 7-system. A proof can be found
in [16, A1.4, p.194]

Lemma A.13 Let T a w-system, and M = M(Z). If p, ua are two probability
measures such that pi(B) = ua(B) for all B € I, then ui(B) = po(B) for all
B e M.

The following theorem, called the Monotone Class Theorem, which can be used

when creating certain measures on product spaces. The proof can be found at [16,
A3.1, p205].

Theorem A.14 (Monotone Class Theorem) Let H be a class of bounded func-
tions from a set S into R satisfying the following conditions:

i) H is a vector space over R;
i1) the constant function 1 is an element of H;

iii) if (fn) is sequence of non-negative functions in H such that f, T f pointwise,
where [ is a bounded function on S, then f € H.

Then if H contains the indicator function of every set in some m-system Z, then H
contains every bounded o(I)-measurable function on S.

We will conclude this section with a technique how to extend a measure from an
algebra to a o-algebra.

Definition A.15 Let A be an algebra. A function py : A — [0,00] is called a
premeasure if

ii) if Aj € A for j =1,2,... are pairwise disjoint such that U2, A; € A, then

Ho (U AJ) =D Ho(A;).
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The following theorem states that it is possible to make an extension. The proof can
be found in [10, §1.4, p.31]

Theorem A.16 Let jy be a premeasure on an algebra A, and let M be the o-algebra
generated by A. Then there exists a measure i on M such that the restriction of u
to A is precisely pg.

B Measurable functions with range in [—o0, 00

Let d be a metric on [—o0, 00| defined as follows.

( _lz—yl

gl if —oo <,y < o0,

1 if either y = 400 and = # +o0,
d(z,y) = x = Fo00 and y # Fo0,
or y=—x =100

L 0 if y =2 = Fo0.

Lemma B.1 The o-algebra B(|—o0, 00]) is generated by € = {(a,b] : —o0 < a <
b < oo}

Proof: First note that if £ C [—00, 00| with 00 ¢ E then E is open if and only if
E is open in R with its standard metric. Also, every open set in R can be written
as a countable union of disjoint open intervals (for a proof of this fact, see [15, §1.1,
p.6].

Suppose a < b < oo and consider (a,b]. Note that (a,b] = N2, (a,b+ =). If b = o0,
then (a,b] is open in [—o00, 00]. So in either case, (a, b] € B(|—00, o0]). It follows that
€ C B(]—o00,0]) and by Lemma A.3 we have M(E) C B([—o0, 0]). On the other
hand, suppose E C [—00, 0] is open with oo ¢ E. Then E can be written as a
countable union of disjoint open intervals. Every such open interval is an element
in M(E). Note that {oo} = N2, (n,00] € M(E). A similar reasoning gives us
{—o0} € M(E). So, for an arbitrary open E we have that

E=FE\ ({-c0}U{o0})U{—00} U{oc} € M(E).

Again by Lemma A.3 it follows that B(|—oo,o0]) € M(E). We conclude that
B([-00,00]) = M(E). 1

Lemma B.2 B([—o00,0]) is generated by E; = {(a,00] : —o0 < a < 0o}

Proof: We will show that M(E) = M(&;), where € = {(a,b] : —00 < a < b < co}.
It is immediately clear that M(E,) € M(E). To prove the other inclusion, note
that if b < oo, then (a,b] = (a,o00] N ((b,00]). It follows that £ C M(E,), hence
by Lemma A.3, M(E) C M(E,). The result now follows from the previous Lemma
B.1. |



The following proposition shows how to make new measurable functions from exist-
ing ones.

Proposition B.3 Let (X, M) be a measurable space. If f,g: X — [—00, 0] mea-
surable and \ € R, then

i) Af is measurable;
it) f+ g is measurable, with (f + g)(xz) =0 when f(z) = —g(z) = £o0 ;
iii) |f| is measurable.

Proof: By Lemma B.2 and Proposition A.11 it follows that f is measurable if and
only if f~!((a,0]) € M for all —oo < a < oo. For i), note that if A\ # 0 then
Y (A ta,0]) = (Af) "M ((a,00]) € M for all a. So Af is measurable, when A # 0.
But this is also the case if A = 0, since the constant function 0 is measurable. This
proves i)

For ii), note that

(f+9) " ((a,00]) ={z € X : (f+9)(x) > a}
=Ueq{zeX: flx)> fin{zeX: gx)>a—r1}) e M.

This proves ii). For iii), note that
{zeX: |f(x)]>a}={xeX: f(z)>a}U{ze X: —f(x) >a}.

This proves #ii). |
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