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Conventions

Unless otherwise explicitly stated to the contrary, the following notations and con-
ventions will be in force.

1. The symbol C denotes inclusion of sets, while C denotes a strict inclusion,
and similarly for O and D.

2. All rings and algebras are assumed to be commutative with 1 and homomor-
phisms between them always send 1 to 1. For any ring A, A* denotes its group of
units. If p is a prime ideal of a ring A, we write ht p for the height of p.

3. If C is a category, C°P denotes its opposite category. For objects X, Y € C,
More (X, Y') will denote the set of all morphisms from X to Y. When C is additive,
we will often write Hom instead of Mor. Notations for some categories are the
following:

Get: the category of sets;

Broup: the category of groups;

Top: the category of topological spaces;

Alg ), the category of algebras over a field ;

Sieldi: the category of field extensions of a field k.

The symbols [] and [] are standard notations respectively for direct product
and coproduct in categories. For example, in Get or Top, [| means disjoint union.
In additive categories, @ will be used in place of [].

4. A diagram of morphisms in a category of the following form

£

X ——— Y

/| E
x I vy

is called a fibre square if (X', ¢', f') is a fibre product of X Sy andy L.

5. Except in the Appendix, by a scheme we will always mean an algebraic
scheme over a field, that is, a scheme of finite type over a field. A morphism of
schemes over a field k£ always means a k-morphism. If X and Y are k-schemes,
Morg (X, Y) denotes the set of k-morphisms from X to Y.

6. A variety over a field k is a separated (algebraic) scheme over k. A curve
is a variety of dimension 1. A surface is a variety of dimension 2. A} and P}
denote respectively the n-dimensional affine space and projective space over k. The
subscript k is often omitted when it is clear from the context.

7. Subschemes or subvarieties are always assumed to be closed. As a sub-
scheme, an irreducible component of a scheme will be given the reduced sub-
scheme structure.

8. If X is an integral k-scheme, the field of rational functions on X will be
denoted by k(X).

9. If X is a scheme and x € X, the residue field of x will be denoted k(z). If V'
is an irreducible subscheme of X, we write Ox,  for the local ring of X at V, that
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is, Ox,v = Ox, ¢, where ¢ is the generic point of V. The maximal ideal of Ox v
will be written mx, v .

10. If A is an algebra over a field k and X is a k-scheme, we write X xj A, or
simply X4, for the fibre product X Xgpec 1 Spec A. k usually denotes a separable
algebraic closure of k, and we will write X := X X, k.

11. If X, Y are schemes over a field k, the fibre product X x; Y will be often
denoted simply by X x Y when the ground field is clear from the context.

12. A scheme X is called normal (resp. regular) if all its local rings Ox ,,
x € X are integrally closed domains (resp. regular). A scheme X over a field k
is called smooth if X x; k¢ is regular, where k¢ is an algebraic closure of k. A
morphism f : X — Y is said to be smooth at x € X, if f is flat at x and if the
scheme-theoretic fibre X, where y = f(z), is smooth over the residue field k(y). f
is said to be smooth if it is smooth at every x € X.
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Introduction

Let X be an algebraic variety over a field k. For each integer p > 0, the group
Zy(X) of cycles of dimension p on X is the free abelian group with basis the
set of all integral subvarieties of dimension p. For any (p 4+ 1)-dimensional integral
subvariety W of X, there is a well-defined group homomorphism k(W)* — Z,(X),
written as f +— [div(f)]. The Chow group CH,(X) is by definition the quotient of
Z,(X) divided by the subgroup generated by all the images of such homomorphisms.
Two cycles a, 5 € Z,(X) are called rationally equivalent if their images in CH,(X)
coincide. If X is purely of dimension d, we will write CH* ?(X) = CH,(X) when
the grading by codimension is more convenient. Note that the group CHy(X) is
nothing but the free abelian group based on closed points modulo the rational
equivalence.

Suppose X has rational points. We say two points z, y € X(k) are directly
R-equivalent if there is a k-rational map f : P! --» X such that f(0) = z and
f(00) = y. The R-equivalence on X (k) is the equivalence relation generated by
direct R-equivalence. The set of R-equivalence classes on X (k) will be written as
X (k)/R. For points in X (k), R-equivalence is stronger than rational equivalence.

Assume further that the variety X is proper. Then there is a degree homomor-
phism: deg : CHo(X) — Z which maps the class [z] of a closed point z to the
degree of the field extension k(z)/k. Denote by Ap(X) the kernel of the degree
homomorphism. When a point z¢ € X (k) is fixed, there exists a well-defined map
X(k)/R — Ao(X); x — [2] — [zo]. Things become even more interesting if X is
a smooth compactification of an algebraic torus T (namely, X is smooth projective
and contains T as a dense open subset). In this case, the inclusion T'— X induces
a natural map T'(k)/R — X (k)/R. Let 1 denote the identity element of the group
T(k). We have a well-defined map

p:T(k)/R— Ao(X); t—[t]—[1].

The set T'(k)/R inherits naturally a group structure. So we are interested in the
following questions: is ¢ a group homomorphism, and is it an isomorphism?

The main result to be discussed in this thesis is the following theorem, recently
proved by Merkurjev.

Main Theorem. Let T be an algebraic torus over a field k and let X be a smooth
compactification of T. If dimT < 3, the map

@ :T(k)/R— Ao(X); t—[t]—[1]
s an isomorphism of groups.

In addition to the fundamental work by Colliot-Théléne and Sansuc [7] on the
R-equivalence on tori, results from the K-theory of toric models, worked out by
Merkurjev and Panin [24], have turned out to be probably the most important
ingredients in the proof of the main theorem. A little bit of the theory of Chow
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motives is also needed in at least the following contexts: morphisms of Chow mo-
tives induce natural isomorphisms CHo(X) = CHgy(X') and Ag(X) = Ag(X') for
birationally equivalent smooth projective varieties X and X', this allows us to take
X any toric model of the torus T so that K-theory of toric models may be ap-
plied to derive useful information, and the point which makes it possible to prove
good results in this direction is that when X is a toric model the Chow motive of
X = X xy, k splits, where k is a separable closure of k.

According to a theorem by Colliot-Thélene and Sansuc, the group T'(k)/R is
trivial whenever T is rational over k, and in that case Ap(X) also vanishes because
it is birationally invariant for smooth projective varieties. It is known that tori of
dimension at most 2 are all rational. So the nontrivial case for the main theorem is
the 3-dimensional case.

Here we explain in a very rough idea how the K-theory, which seems to stand
far away from behind the statement of main theorem, has found an important role
to play in the proof. The starting point is the BGQ-spectral sequence

B} = HP(X, H_q) = K_p—(X)
which gives natural isomorphisms CH?(X) = E P  natural maps
Ki(X)W — HY(X, H5) — CH*(X), (1)

where K,(X)® denotes the i-th term in the topological filtration of K,(X), as well
as the edge homomorphism

g : CHYX) — Ky(X)
where d = dim X. The map g factors as
CHY(X) =5 Ko(X)' — Ko(X) (2)

where the map 7 takes the class of a closed point x to the class of the sheaf &, in
Ko(X). There is an isomorphism Ko(X)(® 2 Z and the composition

CHy(X) = CHY(X) L Ko(X) @ >~ 7

coincides with the degree map CHo(X) — Z. This is how the K-groups relate to
CHp(X) and Ag(X).

We may also consider the BGQ-spectral sequence for X. Various objects at-
tached to X have natural action by the Galois group g = Gal(k/k). The g-modules
such as Ko( X ), K1(X)® and H'(X, %) are already well studied in [24]. In-
teresting things may happen in the 3-dimensional case because then the maps in
(1) and (2) can be joined together. The BGQ-spectral sequence for X yields an
isomorphism of g-modules

Ko(X)W? = Ko(X)V/Ko(X )@ = cHY(X).
Colliot-Thélene and Sansuc proved that the torus 7" has a flasque resolution
1—S—P—T—1

with § = CH'(X), and there is a natural isomorphism of groups T(k)/R =
H'(k, S). This finally provides opportunities for the K-groups to interact with
the group T'(k)/R. Details of the above discussion and the proof of main theorem
occupy the major part of Chapter 4.

The organization of the thesis is as follows. The first two chapters introduce
the notions of rational equivalence and Chow groups. Chapter 1 focuses on basic
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constructions and prove some most important and useful results. In Chapter 2,
Chern classes are defined and used to give a nice description of rational equivalence
on vector bundles and projective bundles. Chapter 3 is aimed at a quick introduction
to Chow motives. Deep results will not be given proofs, but expositions on the
basic concepts are expected to be clear enough. As mentioned before, Chapter 4
deals with things we are mainly concerned with. We begin with reviews of basics
on algebraic tori and then introduce R-equivalence and flasque resolutions of tori.
After that we will be concentrated on things that are related to the main theorem
and fill in the details of the proof. Finally, as an application of main theorem, we
obtain a theorem that gives a way to compute the Chow group CHy(T") for lower
dimensional tori, provided that the group T'(k)/R is known. We will carry out
some calculations for concrete examples in the end of §4.8. As the attempt to give
a comprehensive exposition of higher algebraic K-theory is not necessary for us
and will get us totally lost, we will only give a brief survey on this subject in the
Appendix.

The central part of the thesis is motivated by Merkurjev’s recent paper [23].
For Chow groups and rational equivalence we follow Fulton’s book [11], and for
R-equivalence on tori we have referred to [7]. Quillen’s lecture [27] is the basic
reference for higher algebraic K-theory of schemes and Manin’s paper [21] is a main
source of our knowledge about motives.
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Chapter 1

Rational Equivalence and
Chow Groups

In this chapter we introduce basic constructions about the rational equivalence and
Chow groups. Almost all material in this chapter has its origin in Chapter 1 of
Fulton’s book [11], except for the last section; there we state a classical result on
zero-cycles and follow the proof given in [4].

1.1 Cycles and Rational Equivalence
1.1.1 The Order Function

Lemma 1.1.1. Let A be a 1-dimensional Noetherian domain, a € A a nonzero
element with a ¢ A*. Then A/(a) is an Artinian ring. In particular,

£4(A/(@)) = aja (A/(@)) < o0,

where £ 4 denotes the length of the A-module in parentheses.

Proof. We need to show for any prime ideal p of A/(a), htp = 0. Let p be the prime
ideal of A corresponding to p. If htp > 0, then there is a prime ideal q of A such
that p D q 2 (a) # 0. Since A is a domain, 0 is a prime ideal of A. Then the chain
p D g D 0 contradicts the hypothesis dim A = 1. O

Let X be an integral scheme over a field k£ and V' an integral subscheme of X
of codimension 1. The local ring A = Ox, v is a 1-dimensional Noetherian domain.
The order of vanishing along V' is the unique group homomorphism

ordy : k(X)) — Z
such that for all a € A, a # 0,

ordy (a) = €4(A/(a)).

Lemma 1.1.1 shows that ordy(a) is finite indeed. That this determines a well-
defined homomorphism is proved in [11, §§A.2-3]. For a fixed r € k(X)*, there
are only finitely many codimension 1 integral subschemes V' with ordy () # 0 ([11,
B.4.3)).

If X is regular along V' (for example this happens when X is normal), then
A = Ox, v is a discrete valuation ring. Then any r € k(X)* has the form r = wt™
where u € A*, t is a generator of the maximal ideal of A, and m € Z. In this case,
we have ordy (r) = m ([11, Example A.3.2]).
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CHAPTER 1. RATIONAL EQUIVALENCE AND CHOW GROUPS

Let X — X be the normalization of X in its function field. Then for any
r € k(X)* = k(X)*, one has

ordy (r) = Zordﬁ(r)[k(f/) k(V)]

where the sum is over all integral subschemes V of X which map onto V (11,
Example A.3.1]). The order function on normal integral schemes thus determines
the order function on arbitrary integral schemes.

For r € A= Ox v, one has

ordy (r) > min{n € Z|r e my y }.

The inequality is an equality if X is regular along V/, but is strict if » € mx y and
X is singular along V' ([11, Example 1.2.4]).

1.1.2 Rational Equivalence of Cycles

Let X be a scheme, d an integer > 0. A d-cycle on X is a finite formal sum > n;[V;]
where the V; are d-dimensional integral subschemes of X and n; € Z. The group
of d-cycles, denoted Z4(X), is the free abelian group with basis the d-dimensional
integral subschemes of X.

For any (d + 1)-dimensional integral subschemes W of X, and any r € k(W)*,
define a d-cycle [div(r)] on X by

[div(r)] := Z ordy (r)[V],
%

the sum being over all codimension 1 integral subschemes V' of W, here ordy is the
order function on k(W)* defined by the local ring Oy, v .

A d-cycle « is called rationally equivalent to zero, written « " 0, if there
are a finite number of (d 4+ 1)-dimensional integral subschemes W; of X and r; €
k(W;)* such that a = >_[div(r;)]. Since [div(r~!)] = —[div(r)], the cycles rationally
equivalent to zero form a subgroup of Z;(X), which we denote by Raty(X). The
Chow group CH,4(X) of dimension d of X is defined to be the quotient group

CHd(X) = Zd(X)/Ratd(X) .
If X is purely dimensional, we put
ZUX) = Zgimx—a(X), and CH*X):= CHgim x_a(X).

Define
Zo(X) =@ Za(X), and CH.(X):=P CHu(X),

d>0 d>0

and similarly if X is purely dimensional,

z*(X) = z4X), and CH"(X):=HCHX).

d>0 d>0

When we don’t care the gradings, we also write Z(X) (resp. CH(X)) for Zo(X) or
Z*(X) (resp. CHo(X) or CH*(X)). An element of Z(X) (resp. CH(X)) is called
a cycle (resp. cycle class) on X. A more classical definition of CH(X) will be
given in §1.2.3. A cycle is called positive if it is not zero and each of its coefficients
is nonnegative. A cycle class is positive if it can be represented by a positive cycle.
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1.2. PROPER PUSH-FORWARD

A scheme X and its underlying reduced scheme X,.q have the same integral
subschemes. So Z4(X) = Z4(Xreq) and CHy(X) = CHy(Xyeq) for all d > 0.

Let X; and X5 be closed subschemes of X. Then for each d we have an exact
sequence

0 — Za(X1 N Xa) -2 Za(X1) @ Za(Xa) -2 Za(X, U X3) — 0

where the map ¢ is defined by a — (a, ) and ¢ is defined by (a, ) = a— . The
restriction of ¢ gives a homomorphism 1 : Raty(X;) ®Ratq(X2) — Ratq(XqUX5)
which is again surjective. Moreover, as subgroups of Z4(X1) @ Z4(X2),

Raty(X; U X,) C Ker¢) C Kertp = Zg(X1 N X).

Thus we have the following commutative diagram

0 Ker ¢ Ratq(X1) @ Ratq(Xo2) —J>Ratd(X1 UXs)——=0
| | i

0 ——> Za(X1 N X2) ——> Za(X1) @ Za(Xa) — > Z4(X1 U Xa) —>0
with exact rows. This yields by snake lemma an exact sequence

0 — Zg(X1 N Xs)/Kerp — CHg(X1) & CHg(X2) — CHg(X; U Xa) — 0.
Since Raty(X; N X2) C Ker @, there is a natural surjection

CHy(X1 N Xa) — Zg(X1 N Xa)/Ker )

whence an exact sequence

CHd(Xl n XQ) — CHd(Xl) D CHd(XQ) —_— CHd(Xl U XQ) — 0.

If X is a disjoint union of subschemes X7, ..., X,,, then for any d > 0, one has
Z4o(X) = Za(Xi), Rata(X) = D Rata(X:)
i=1 i=1

and hence CHy(X) = @, CHy(X;).

Suppose the scheme X has dimension n. Then Z,(X) = CH,(X) is the free
abelian group on the n-dimensional irreducible components of X. So if V' is an
n-dimensional irreducible component, then the coefficient at [V] of any cycle on
X only depends on the cycle class. This holds more generally for any irreducible
component V of X, in other words, for any two cycles a and g on X, if « ol 0,
then o and 8 have the same coefficient at [V]. Indeed, an irreducible component of
X cannot be contained in any higher dimensional integral subscheme. So a cycle of
the form [div(r)], with » € k(W)* for some integral subscheme W, cannot include
[V]. Thus, for any cycle class « € CH(X) and any irreducible component V' of X,
we can define the coefficient of V in a to be the coefficient of [V] in any cycle
representing a.

1.2 Proper Push-forward

1.2.1 Push-forward of Cycles

Let f: X — Y be a proper morphism of schemes. For any integral subscheme V' of
X, the reduced subscheme on the image W = f(V) is then an integral subscheme

7



CHAPTER 1. RATIONAL EQUIVALENCE AND CHOW GROUPS

of Y. There is an induced embedding of function fields k(W) — k(V'), which is a
finite extension if W has the same dimension as V. Set

k(V): k(W) if dimV = dim W

deg(V/W) =
eg(V/W) {0 if dimW < dim V.

Define f.[V] = deg(V/W)[W], and extend it by linearity to a push-forward ho-
momorphism f, : Z4(X) — Zg(Y). If g : Y — Z is another proper morphism, then
(gof)e=gso fi

Theorem 1.2.1. Let f: X — Y be a proper morphism and o a d-cycle on X. If

a0 on X, then f.a 0 onY. Therefore, there is an induced homomorphism

Proof. We may assume « = [div(r)], where 7 is a rational function on an integral
subscheme W of X. Replacing X by W and Y by f(W), we may assume X and YV
are integral and f is surjective. Then the result follows from the next more explicit
proposition. O

Proposition 1.2.2. Let f : X — Y be a proper surjective morphism of integral
schemes. Then for any r € k(X)*, one has

0 if dimY < dim X

fuldiv(r)] = {[div(Nk(x)/k(Y) (m)] f dimY =dim X

here when dimY = dim X, Ny(x)/x(y) denotes the norm map corresponding to the
field extension k(X)/k(Y).

Proof. See [11, Prop. 1.4]. O

Let Y7,...,Y, be closed subschemes of a scheme X. Given a; € CH(Y;), i =
1,...,nand g € CH(X), we will usually write “6 = >""" | o; in CH(X)” in place of
the precise equation 3 = Y., ;«(c;) where ¢; : Y; — X is the natural inclusion.

Definition 1.2.3. Let X be a proper scheme over a field k. The degree of a 0-cycle
a =Y pnp[P] on X, denoted deg(a) or [ a, is defined by

deg(a) = /Xa = npls(P) : K]
P

where k(P) is the residue field of P.

In the above definition, if p : X — S := Spec k is the structure morphism and if
we identify Zy[S] = Z - [S] with Z, then deg(a) = p.«(a) is in fact the push-forward
of a by p. On S a cycle is rationally equivalent to 0 if and only if it is equal to 0.
By Thm 1.2.1, there is an induced homomorphism

The kernel of the degree map deg : CHy(X) — Z will be denoted Ag(X).

We can extend the degree homomorphism to the whole of CH,(X), by putting
onz =0if « € CHy(X),d > 0. If f: X — Y is a morphism between proper
schemes, then for any o € CH,(X), we have [y a = [, f.(c) since px = py o f.
We often write simply f in place of f  When no confusion seems likely to result.

8



1.2. PROPER PUSH-FORWARD

Examples 1.2.4. (1) Let X be an integral variety which is regular in codimension
1 (this means O v is regular for every integral subscheme V' of codimension 1). Let
n = dim X. Then CH,,_;(X) is isomorphic to the group of isomorphism classes of
invertible sheaves on X. For affine and projective spaces, we have CH,,_1(A™) =0
and CH,,_1(P™) = Z ([16, §I11.6]).

(2) Let X be a connected smooth projective curve of genus g over an algebraically
closed field k. Then Ap(X) can be made into an abelian variety of dimension g.
For example, when g = 1, X is a so-called elliptic curve and if O is a fixed rational
point of X, we have an isomorphism X (k) — Ao(X); P — [P] — [O].

1.2.2 Cycles of Subschemes

Let X be a scheme and let X1 ,..., X; be the irreducible components of X. The
local rings O, x, are all Artinian rings. The number m; := £ X, (Ox, x,) is called
the geometric multiplicity of X; in X. The (fundamental) cycle [X] of X is
defined to be the cycle

[X] := Z mi[X] .

This is regarded as an element in Z(X), but by abuse of notation, we also write
[X] for its image in CH(X). If X is purely d-dimensional, i.e., dim X; = d for all i,
then [X] € Z4(X). In this case, Z4(X) = CHy(X) is the free abelian group on the
basis [X1],. .., [X4].

If X is a subscheme of a scheme Y, then Z(X) C Z(Y'), and we write [X] also
for the image of [X] in Z(Y) and for its image in CH(Y).

Example 1.2.5. Let V be an integral scheme of dimension d+1, and let f : V — P!
be a dominant morphism. Let 0 = (1 : 0), oo = (0 : 1) be respectively the zero
and infinite points of P!. Assume they are both in the image of f. The inverse
image schemes f~1(0) and f~!(occ) are purely d-dimensional subschemes of V', and
[f71(0)] — [f~%(c0)] is equal to the cycle [div(f)] defined in §1.1.1, where f also
denotes the rational function in (V') determined by the morphism f.

Here and hereafter, when we write f~*(P) for a dominant morphism f : V — P!
and a point P € P!, we will always assume this fibre is nonempty.

1.2.3 Alternative Definition of Rational Equivalence

Let X be a scheme and let p : X xP! — X be the first projection. Let V be a (d+1)-
dimensional integral subscheme of X x P! such that the second projection induces
a dominant morphism f from V to P'. For any rational point P of P!, the scheme-
theoretic fibre f~1(P) is a subscheme of X x { P}, which p maps isomorphically
onto a subscheme of X; we denote this subscheme by V(P). Note in particular that

plfTH(P)] = [V(P)] in Za(X).

The morphism f : V — P! determines a rational function f € k(V)*. We have
already seen that

[F7H0)] = [ (00)] = [div(f)],
where 0 = (1:0) and co = (0 : 1) are the zero and infinite points of P!. Therefore,

pldiv(f)] = [V(0)] = [V(e0)],

which is rationally equivalent to 0 on X by Thm. 1.2.1.

9
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Proposition 1.2.6. Let X be a scheme, a € Z4(X). The following conditions are
equivalent:

(i) a ¥ 0;

(ii) there are (d + 1)-dimensional integral subschemes Vi ,...,V; of X x P! such
that the projections from Vi to P' are dominant, with o = 3"t_, ([Vi(0)] — [Vi(c0)])
in Zg(X);

(iii) there are finitely many normal integral schemes V; with rational functions f;
on 'V determined by some dominant morphisms f; : V; — P, and proper morphisms
pi Vi = X such that a = pi[div(f;)].

Proof. (iii)=(i). This follows from Thm. 1.2.1.

(ii)=-(iii). Let m; : V; — Vi be the normalization of V;. It gives by composite
with the projection V; — P! the morphism f; : V; — P!; and by composite with the
projection V; — X the morphism p; : V; — X. Then we have a = > pu[div(f;)].

(i)=(ii) We may assume « = [div(r)], where r is a rational function on a (d+1)-
dimensional integral subscheme W of X. Then r defines a rational map W --+ P*.
Let V be the graph of this rational map. It is an integral subscheme of X x P! which
the projection p : X x P! — X maps birationally and properly onto W. Let f be the
induced morphism from V' to P!. Then by Prop. 1.2.2, we get [div(r)] = p.[div(f)].
The latter is equal to [V(0)] — [V (c0)] as was seen in the preceding argument. [

We say a cycle Z = > n;[V;] on X x P! projects dominantly to P! if each
V; which appears with nonzero coefficient in Z projects dominantly to P'. In this
case, we set

2(0) = Y Vi), Z(o0) == 3 milVi(s0)].

Proposition 1.2.7. Two d-cycles o, o’ on a scheme X are rationally equivalent if
and only if there is a positive (d + 1)-cycle Z on X x P! projecting dominantly to
P!, and a positive d-cycle 3 on X such that

Z0)=a+p and Z(x)=d +p.

Proof. The “if” part is obvious from Prop. 1.2.6. For the “only if” part, using
Prop. 1.2.6, we can find some positive (d + 1)-cycle Z’' on X x P! projecting domi-
nantly to P! such that a — o’ = Z'(0) — Z'(00). Choose a positive d-cycle 3 so that
v = a— Z'(0) + 3 is positive. Write v = > n;[Vi] and set Z = Z' + > n;[V; x PL].
Then we have

Z0)=Z'0)+v=a+B and Z(0)=Z(c0)+y=0d+8.

This finishes the proof. O

1.3 Flat Pull-back

1.3.1 Pull-back of Cycles

We say a morphism f : X — Y has relative dimension n if for all integral
subschemes V of Y, the inverse image scheme f~!1(V) = X xy V is purely of
dimension dim V' + n.

Proposition 1.3.1. Let f : X — Y be a flat morphism of algebraic schemes with
Y irreducible and X purely of dimension dimY +n. Then f has relative dimension
n, and all base extensions X xy Y' — Y’ have relative dimension n.

Proof. See [16, Coro. I11.9.6] or [14, IV.14.2]. O

10



1.3. FLAT PULL-BACK

In what follows, a flat morphism is always assumed to have some relative di-
mension.

The following are important examples of flat morphisms having relative dimen-
sion:

(1) An open immersion is flat of relative dimension n = 0.

(2) Let E be an affine bundle (cf. §1.4) of rank n, or a projective bundle (cf.
§2.1) of rank n + 1 over a scheme X. Then the natural projection p : E — X is flat
of relative dimension n.

(3) If Z is a purely n-dimensional scheme, then for any scheme Y, the first
projection Y x Z — Y is flat of relative dimension n.

(4) Any dominant morphism from an (n + 1)-dimensional integral scheme to a
smooth 1-dimensional connected scheme is flat of relative dimension n.

B)If f: X ->Y and g : Y — Z are flat morphisms of relative dimensions m
and n, then go f: X — Z is flat of relative dimension m + n.

Now let f : X — Y be a flat morphism of relative dimension n. For any integral
subscheme V of Y, set

Fvi=tovl.

Here f~1(V) is the inverse image scheme, a subscheme of X, of pure dimension
dimV +n, and [f~1(V)] is its cycle as defined in §1.2.2. This extends by linearity
to pull-back homomorphisms

f* : Zd(Y) E— Zd+n(X) .

Lemma 1.3.2. Let f : X — Y be a flat morphism of some relative dimension, then
for any closed subscheme Z of Y,

Proof. See [11, p.18, Lemma 1.7.1]. O

It follows from the above lemma that if f : X — Y and g : Y — Z are flat
morphisms (having relative dimensions), then (g o f)* = f* o g*. For if V is an
integral subscheme of Z, then

(go /) V=1 g V) =g~ (V)] = frgIV].

Proposition 1.3.3. Let

X — Y

be a fibre square with f flat of relative dimension n and g proper. Then f' is flat
of relative dimension n, g' is proper, and for all « € Z(Y'), one has

g f*a= ffg.a in Z(X).
Proof. See [11, p.18, Prop. 1.7]. O

Theorem 1.3.4. Let f: X — Y be a flat morphism of relative dimension n, and

a € ZyY). If a 0 on Y, then f*« W0 on X. There are therefore induced
homomorphisms for all d > 0,

f*: CHy(Y) — CHgqn(X).

11
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Proof. By Prop. 1.2.6, we may assume o = [V(0)] — [V (c0)], where V is a (d + 1)-
dimensional integral subscheme of Y x P! for which the projection g : V — P!
is dominant, hence flat of relative dimension d. Let W = (f x Id)~!(V), a closed
subscheme of X xP!, and let h : W — P! be the morphism induced by the projection
toP'. Let p: X x P! - X and ¢ : Y x P! — Y be the projections. Then we have

a = [V(0)] = [V(o0)] = g.[div(g)]
and by Prop. 1.3.3,

fra=fq.(lg7 (0)] = [g7"(0)]) = pu(f x Id)*([g"(0)] — [~ (c0)]) -

The last term equals p,([h~(0)]—[h~1(00)]) by Lemma 1.3.2, in view of h = go(f x
Id). Note that f x Id is flat, so it is also an open map, then we have h is dominant
since g is. Let Wy, ..., W; be the irreducible components of W h; the restriction
of h to W;. Then every h; is dominant. (It is a general fact that if f : X — YV
is a flat morphism of algebraic schemes with Y irreducible, then every irreducible
component of X dominates Y.) We then get [h; ' (0)] — [h; *(c0)] = [div(h;)]. Write
[W] = > m;[W;]. Since p. preserves rational equivalence, it suffices to verify that
[h=1(P)] = Y my[h; }(P)] for P = 0 and P = oo. This is a special case of the
following general lemma. O

Lemma 1.3.5. Let X be a purely n-dimensional scheme, with irreducible compo-
nents Xy ,...,X,, and geometric multiplicities my ,...,m,. Let D be an effective
Cartier divisor (c£.§2.2.1) on X, i.e., a closed subscheme of X whose ideal sheaf is
locally generated by one non-zero-divisor. Let D; = D N X; be the restriction of D
to X;, then

(D] = "mi[D;] in Zn_1(X).
i=1
Proof. See [11, p.19, Lemma 1.7.2]. O

1.3.2 An Exact Sequence

Proposition 1.3.6. Let Y be a closed subscheme of a scheme X, and let U = X\Y .
Leti:Y — X ,j:U — X be the natural inclusions. Then the sequence

CH4(Y) - CH4(X) 25 CHu(U) — 0

is exact for all d.

Proof. Since any integral subscheme V' of U extends to an integral subscheme V' of
X, the sequence

0 — Zg(Y) = Za(X) L5 Z4(U) — 0

is exact. If W is an integral subscheme of U of dimension d+1 and r € k(W)*, then
r also gives a rational function 7 on W since k(W) = k(W). We have j*[div(T)] =
[div(r)] in Z4(U). Therefore, the restriction of j* gives a surjective homomorphism

j* : Ratq(X) — Ratq(U). Then we obtain the following commutative diagram with
exact rows:

0—— Kerj; E—— Ratd(X) L> Ratd(U) —0

L

12
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which yields an exact sequence
0 — Z4(Y)/Ker j* — CHy(X) — CH4(U) — 0.

Clearly, Ratq(Y) C Ker j*, so we have a natural surjection CHg(Y) — Z4(Y)/Ker j*
whence the exact sequence

CH,4(Y) = CHy(X) 25 CHy(U) — 0.

This completes the proof. O

1.4 Affine Bundles

A scheme F together with a morphism p : £ — X is called an affine bundle
of rank n over X if X has an open covering { U, } together with isomorphisms
p~1(Uy) =2 Uy x A" such that p restricted to p~!(Uy) corresponds to the projection
from Uy x A™ to U.

Proposition 1.4.1. Let p: E — X be an affine bundle of rank n over a scheme
X. Then the flat pull-back p* : CHy(X) — CHgqn(E) is surjective for all d.

Proof. Choose a closed subscheme Y of X such that U := X\Y is an affine open set
over which E is trivial (i.e. p~1(U) 2 U x A"). There is a commutative diagram

CH4(Y) —— CHy(X) —— CHy(U) ——=0

CHy(p~!(Y)) — CHy(E) — CHy(p ' (U)) —=0

where the vertical maps are flat pull-backs and the rows are exact by Prop. 1.3.6.
By a diagram chase, it suffices to prove the assertion for the restriction of £ to U
and to Y. By virtue of Noetherian induction, it suffices to prove it for X = U.
Thus we may assume X is affine and £ = X x A™. The projection factors as

X xA" — X x A" — X,

so we may assume n = 1.

We want to show that [V] is in p*CHg(X) for any (d + 1)-dimensional integral
subscheme V of E. We may replace X by the closure p(V), and E by p~(p(V)).
So we may assume X is integral and p maps V dominantly to X. Let A be the
coordinate ring of X, then the function field K := k(X) is the field of fractions
of A. Let q be the prime ideal in A[t] that defines V in E = Spec A[t]. Note
that dim X < dimV < dimFE = dimX + 1. Hence dimX = dimV =d+1 or
dimX = dmV —1 =d. If dimX = d, then dimV = dimFE, so V = E and
[V] = p*[X]. So we need only consider the case dim X = d + 1.

Since V' — X is dominant, the ring homomorphism A — AJt]/q is injective.
This means S := A\ {0} has no intersection with q. Thus S~1q = gKJt] is a
prime ideal of ST1A[t] = K[t]. Now V # E implies q # 0. So qK[t] has a nonzero
generator r and we may assume 7 € A[t].

Now we claim that
(V] = [div(r)] = ) nilVi]

for some (d + 1)-dimensional integral subschemes V; of E whose projections to X
are not dominant.

Indeed, [div(r)] is a Z-linear combination of [V;] for some (d + 1)-dimensional
integral subschemes V; of E. These integral subschemes are defined by some p; €

13
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Spec At] with htp; = 1. The coefficient of [Vj] in [div(r)] is Lapy, (Aft]s, /(7).
Since rK[t] = qK|[t], we get

€ (rK[f) N AJf] = (aK[t)) N Alf] = q

and thus rAft]; € qA[t]q. For any ¢ € qAlt]q, ¢ € q, f € At] \ q, we can write
q=r-2 withge Alt],a € S =A\{0}. Since qN.S = (), we have af ¢ q showing
4= 2% € rAltq. So we see rAlt]y = qA[t]q is the maximal ideal of A[t]g. This
implies

Cap, (Altlg/(r)) = 1.

In other words, the coefficient of [V] in [div(r)] is equal to 1. Write [V] — [div(r)] =
> n;[V;] with V; integral subschemes of dimension d+ 1 and n; # 0. We need prove
p: V; — X is not dominant. This is equivalent to saying that p; N A # 0, where
p; € Spec A[t] is the prime ideal defining V; in E. The coefficient n; # 0 means
r € p;, hence

Akl = rK[1 C piKTH).

If p;NA =0, we would get (p; K[t])NA[t] = p; which implies q = (qK[t])NA[t] C p;.
But this is absurd for p; # g since ht p; = ht ¢ = 1. This proves our claim.

The subscheme W; := p(V;) is defined by the ideal P; := p; N A € Spec A, and
p~1(W;) is defined by the ideal P;A[t]. Since A[t]/P;A[t] = (A/P;)[t] is an integral
domain, P;A[t] is a prime ideal of A[t]. Now 0 # P, A[t] C p;. It follows from the
fact htp; = 1 that P;A[t] = p;. Hence V; = p~*(W;) so that

[V] = [div(r)] + ) nip"[Wi]
as desired. The proposition is thus proved. O]

Remark 1.4.2. In the above proof, we can even prove p(V;) is closed itself. Indeed,
if P’ is a prime ideal of A containing P; = p, N A, then P’ AJt] is a prime ideal of Alt]
such that P’A[t]N A = P’. We have seen that P, A[t] = p,. So P'A[t] O p;. This
means P’ A[t] is an element of V; which projects to P’ € X. So we get p(V;) = p(V;).

Remark 1.4.3. We will see that if E is a vector bundle over X, p* is in fact an
isomorphism (cf. Thm. 2.4.5).

Corollary 1.4.4. We have CH,(A™) =Z and CH4z(A™) =0 for 0 < d < n.

Proof. The first assertion is clear. For the second, we may use Prop. 1.4.1 to reduce
to the case d = 0. So we need only to show CHy(A™) =0 for n > 1. For n = 1, we
know that CHg(A!) = 0. Assume n > 2. Given any closed point P € A", we can
find in A" a line L = A! passing through P. Using CHo(L) = CHp(A!) = 0, we
can find a function f € k(L) such that [div(f)] = [P]. This means every point on
A™ is rationally equivalent to 0, whence CHy(A™) = 0. O

Example 1.4.5. Let X be a scheme with a “cellular decomposition”, i.e., X admits
a filtration X = X,, D X,,_1 2 --- 2 Xg 2 X_1 = 0 by closed subschemes with
each X; \ X;_; a finite disjoint union of schemes Uj,; isomorphic to affine spaces
A™i. Then CH,(X) is finitely generated by { [V;;] }, where V;; is the closure of Uj;
in X.

This can be seen from the exact sequences

CH.(X,_1) — CH.(X;) — CH, (]_[ Uij) ~@PzU;] —0, for i=1,....n
and by induction on i.
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Example 1.4.6. Let L? be a d-dimensional linear subspace of P*, d =0,1...,n.
Then CHy(P") = Z - [LY] = Z.

Indeed, applying Prop. 1.3.6 with X =P", Y = L' U = A", we have exact
sequences

CH4(Y) — CHy(X) — CH4(A") — 0, for d=n,n—1,...,0.

By induction on d and using Coro. 1.4.4, we see that CH4(P") is generated by [L].

For d = n, we have CH,(P") = Z - [P"]. For d = n — 1, we already know
CH,,_1(P") = Z - [L™'] ([16, Prop. 11.6.4]). Now assume d < n — 1. Suppose
there is an m > 0 such that m[L?] = Y n;[div(r;)], 7 € k(V;)* for some (d + 1)-
dimensional integral subschemes V;. Let Z be the union of all the V;, we can find a
(n—d—2)-dimensional linear subspace H which is disjoint with Z. Let f : Z — P4+!
be the projection from H. Apply Thm. 1.2.1 to f and use CHy(P?+!) = Z[L9]),
then we see m = 0. This shows CH4(P") = Z[L%] in general.

Example 1.4.7. Let H be a hypersurface of degree m in P". Then [H] = m[L]
with L a hyperplane. So it follows from Prop. 1.3.6 that CH,,_1(P" \ H) = Z/mZ.

1.5 A Useful Result on Zero-Cycles

Included here is a classical result on zero-cycles, which has been used in several
articles and will also be useful later in this thesis. The proof of this result, however,
seems rarely given explicitly in the literature except for [4]. Our proof below follows
the one given in the last paragraph of [4, §3], with only a few minor modifications.

Proposition 1.5.1. Let V be an integral reqular k-variety and let U be a nonempty
open subset of V.. Suppose one of the following two conditions is verified:

(i) the field k is perfect;

or

(ii) V is quasi-projective.

Then every zero-cycle on V is rationally equivalent to a zero-cycle with support
n U.

Proof. Let Z = V' \ U. Tt suffices to prove the result for a closed point 2 € Z.
Let d = dimV. In the regular local ring Oy, ,, there exists an element g # 0
which defines locally a closed subset containing Z. We can find a chain of regular
parameters f1, ..., fg_1, i.e., a subset of a system of generators of the maximal ideal
m, of Oy ., such that the image of ¢ in the regular local ring Oy, ,/(f1,..., fa—1)
is nonzero. Writing out the equations locally defining the point z and taking the
scheme-theoretic closure in V', we obtain a regular integral curve C' which is closed
in V, such that C is regular at © and Z does not contain C. Let D — C be the
normalization of C'. There is a point y on D on a neighborhood of y the natural
morphism D — (' is an isomorphism sending y to . Let @ : D — V be the
composition D — C — V and let Z; = 7~ 1(Z). This is a proper closed subset of
D. So Zj consists of finitely many closed points.

In case (i), D is smooth and is an open subset of a smooth complete integral
curve D. Then D is quasi-projective since D is projective. In case (ii), the curve
C' is quasi-projective and hence D also. So in both cases, D is a quasi-projective
integral curve. Thus, there is an affine open subset of D containing Z;. Let A be
the semi-local ring at the points in Z; of such an affine open set. It is a semi-local
Dedekind domain, hence is a PID. It then follows easily that there is a function
f € A that has a simple zero at y € Z; and takes a nonzero value at any other
point in Z; different from y. Hence y is rationally equivalent to a zero-cycle on D
that has support in D\ Z;. The natural map 7, : Zo(D) — Zy(V') induced by the
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proper morphism 7 : D — V respects rational equivalence. Hence, z = m,.(y) is
rationally equivalent to a zero-cycle whose support is contained in U. O
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Chapter 2

Chern Classes of Vector
Bundles

The most typical examples for which the rational equivalence may be nicely de-
scribed are the cases of vector bundles and projective bundles. This description is
only one of the numerous applications of Chern classes.

Material in this chapter is mostly extracted from Chapters 2 and 3 of [11].

2.1 Vector Bundles and Projective Bundles

A wvector bundle E of rank r on a scheme X is a scheme E equipped with a
morphism 7 : E — X together with an open covering { U; } of X and isomorphisms
@i Y U;) = U; x A" over Uy, satisfying the following property: on each nonempty

intersection U; N U; the morphism
piow; ! (UinU)) x A" — (U; N U;) x A"

is given by (z, y) — (z, gij(x)y), where g;; is a morphism from U; N U; to the
general linear group (cf. §4.1.2) GL, (over the same base as X). We call the g;;
transition functions of the vector bundle E. These transition functions satisfy
9 = Id, gj; = gigl and g;j9;1 = g¢i; for all indices i, j, [. An isomorphism
[ B m{U L {wi}) — (B 7, {U;}, {¥;}) of vector bundles of the same
rank is an isomorphism f : E — E’ of schemes such that # = #’ o f, and such that
(B, m, {U,, UJ’» 1 { i, ga;- o f}) is also a vector bundle. An open covering together
with a collection of transition functions determines a vector bundle, unique up to
unique isomorphism.

Let E be a vector bundle on X. A section of E is a morphism s : X — F
such that m o s = Id. If E is determined by transition functions g;;, a section of I
is determined by a collection of morphisms s; : U; — A" such that s; = g;;5; on
U;NUj for all 4, j. The zero scheme of a section s of E, denoted Z(s), is defined
as follows. On each Uj, let s; : U; — A" be given by s; = (si1,-.., i) with each
sim € T(U;, Ox); then Z(s) is defined in U; by the ideal generated by s;1 ..., Sir.
For x € X, we say the section s vanishes at x if x € Z(s).

Let T'(E/X) be the set of sections of E over X. For each open set U of X, the
restriction of E to U is the vector bundle 7=*(U) — U over U. The assignment
U — T(x~Y(U)/U) defines a sheaf & of sets on X, called the sheaf of sections
of E. It turns out that & has a structure of &x-module and is locally free of rank
r. Conversely, a locally free sheaf & (of finite constant rank) comes from a vector
bundle F, which is unique up to isomorphism. This may be seen by using transition
functions. For any affine open set U of X with coordinate ring A, 7~1(U) is an
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affine open set of F, whose coordinate ring is the symmetric algebra Sym 4T'(U, &V),
where &Y := #om(&, Ox) is the dual sheaf of &.

Some basic operations are defined for vector bundles compatibly with the corre-
sponding notion for sheaves. For example, if F and F' are two vector bundles on X
with sheaves of sections & , .7 respectively, then the direct sum E @ F, the tensor
product E® F and the dual bundle EV are respectively the vector bundles with
sheaves of sections & @ .#, & ® # and &Y. The trivial vector bundle of rank r
is just X x A", whose sheaf of sections is O%". A line bundle a vector bundle of
rank 1. The trivial line bundle on X is often denoted simply by 1.

Let E and F be vector bundles over X, with sheaves of sections & and .7
respectively. A morphism F — F' as schemes over X corresponds to a morphism of
Ox-modules & — .%. A sequence of morphisms of schemes over X

with each E; a vector bundle on X with sheaf of sections &, is called exact if the
corresponding sequence of sheaves

e B — & —

is exact.

Let £ be a quasi-coherent Ox-algebra. Then there is a scheme Y over X, unique
up to a unique isomorphism over X, such that 7,0y = %, where 7 : ¥ — X is
the structural morphism. This scheme is often denoted by Spec %, motivated by
the following property: for each affine open subset U of X, there is an isomorphism
ou : mH(U) = Spec I'(U, #) over U such that if V C U is another affine open
set, the following diagram with natural morphisms

(V) —2— Spec I'(V, )

! l

7 (U) —2— Spec T'(U, B)

commutes (cf. [14, I1.1.3.1]). The structural morphism 7 : Spec #Z — X is clearly
an affine morphism.

Let 7 = @, “n be a quasi-coherent graded ¢'x-algebra, such that ) = Ox
and . is locally generated by .7, as an Ox-algebra. On the one hand, we have
the notion of the spectrum of . over X, i.e. the scheme C' := Spec.”, which is
called the cone of the graded Ox-algebra .. On the other hand, there is a scheme
Proj . over X, unique up to a unique isomorphism over X, called the projective
cone of &, with the following property: for each affine open subset U of X, there
is an isomorphism 7y : p~1(U) = Proj I'(U, .#) over U such that if V C U is
another affine open subset, the following diagram with natural morphisms

p (V) —— Proj I(V, %)

| |

p~'(U) —— Proj I'(U, .7)

commutes (cf. [14, I1.3.1.2]). This Proj.” is also called the projective cone
of C = Spec., and denoted P(C) := Proj.”. The structural morphism p :
P(C) — X is proper. On P(C) there is a canonical line bundle often denoted
Oc(1). If X = Spec A is affine, then . is determined by a graded A-algebra S
which is generated by S;. If S is generated by a finite number of elements, then
S Alxg,...,x,]/I for some homogeneous ideal I of a polynomial ring over A. In
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this case, P(C) is the closed subscheme of X x P™ defined by I, and O¢(1) is the
pull-back of the standard line bundle on P™ by the natural projection.

If ¥ — % is a surjective graded homomorphism of graded ¢'x-algebras with
the above properties, and if C = Spec.”, C' = Spec.¥’, then there are closed
immersion C' — C and P(C’) — P(C) such that Oc(1) restricts to Ocr(1). In
particular, the natural map .¥ — Ox, which vanishes on .7, for all n > 0 and is
the identity of Ox on ., determines a closed immersion X — C which is also a
section of the structural morphism 7 : C' — X, called the zero section of C.

A vector bundle F on X is the cone associated to the symmetric algebra Sym &V,
where & is the sheaf of sections of E. The projective bundle of & is defined to be
the projective cone P(F) = Proj(Sym &V) of E. The direct sum E @ 1 of E with
a trivial line bundle has sheaf of sections & & Ox. We have

Sym(&Y @ Ox) = Sym(&Y) ®¢, SymOyx = Sym(&Y) ®¢, Ox[T)

as graded Ox-algebras, where T is an indeterminate, and the degree n component
of (Symé&V) ®¢, Ox[T] is

(Sym(&Y) ®ey Ox[T]), = ED Sym' (V)@ T" .

1=0

The natural projection &Y & Ox — & induces a surjection Sym(&Y & Ox) —
Sym(&Y) and hence determines a closed immersion i : P(E) — P(E&1). With this
embedding, P(F) is called the hyperplane at infinity in P(E @ 1). Furthermore,
there is a canonical open immersion j : E — P(E®1) which induces an isomorphism
from E to the complement of P(E) in P(E @ 1). We say P(E @ 1) is the projective
completion of E.

2.2 Divisors and Pseudo-divisors

2.2.1 Cartier Divisors and Weil Divisors

Let X be a scheme. For each open set U of X, let S(U) denote the set of elements
of I'(U, Ox) which are not zero divisors in each local ring Ox , for x € U. Then
the rings S(U)~'T'(U, Ox) form a presheaf, whose associated sheaf of rings #x we
call the sheaf of total quotient rings of Ox. We denote by #5 the sheaf (of
multiplicative groups) of invertible elements in J#x, and 0% the sheaf of invertible
elements in Ox.

A Cartier divisor D on X is a global section of the sheaf J£§/0%, it is
determined by a collection of affine open sets U;, which cover X, and elements
fi € T(U;, ) such that f;/f; € T(U; N U;, O%) for all i, j. These f; are called
local equations for D. We will write the group of Cartier divisors on X as

Div(X) :=T(X, #¥/0%)

and write its group law additively.
A Cartier divisor is said to be principal if it is in the image of the natural map

T(X, #5) — (X, A3/ 0%) = Div(X) .

Two Cartier divisors Dy and D are said to be linearly equivalent if Dy — Dy is
principal. The support of a Cartier divisor D, denoted Supp (D) or |D|f, is the
union of all integral subschemes Z of X such that a local equation for D is not in

TThis shorthand for Supp (D) should not be confused with a notation for complete linear
systems, which does not occur in this thesis.
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0%, 7. This is a closed subset of X, which will be given the reduced subscheme
structure when necessary.

There is a line bundle on X associated to a given Cartier divisor D, denoted
Ox (D). The sheaf of sections of the line bundle &x (D) may be defined to be
the Ox-submodule of J£x which is generated on each U; by ffl. Equivalently,
transition functions for Ox (D) with respect to the covering { U; } are g;; = fi/ f;.
Let U denote the complement of Supp (D) in X. Then the local equations f; are
regular functions on U N U;, which clearly satisfy f; = g;;f; on UNU; NU;. So
they determine a canonical section sp of the line bundle &x (D) over U. This
canonical section is nowhere vanishing on U.

A Cartier divisor D is called effecitive if all the local equations f; are in
I'(U;, Ox). In this case, the collection of functions f; defines a canonical sec-
tion of Ox (D) over X, which we also denote by sp. This sp vanishes only on the
support of D.

Now let X be an integral scheme. The sheaf of total quotient rings J#x is
then the constant sheaf associated to the function field K = k(X) of X. For any
f € k(X)*, we write div(f) for the corresponding principal Cartier divisor. Let
n =dimX. A Weil divisor on X is an element of Z,,_1(X). If D is a Cartier
divisor on X and Vis an integral subscheme of codimension 1, we write

ordy (D) := ordy (fa)

where f, is a local equation for D on any affine open set U, with U, NV # ), and
ordy is the order function on k(X) defined by V. This number is well-defined since
fo is determined up to units. The associated Weil divisor [D] of D is defined
by

[D] := Zordv (D)[V],

the sum being over all codimension 1 integral subschemes V' of X; as usual, there are
only finitely many V with ordy (D) # 0. By the additivity of the order functions,
we see that D — [D] defines a group homomorphism

Div(X) — Z,-1(X).

Note that the Weil divisor associated to a principal divisor div(f) coincides with the
cycle [div(f)] defined earlier. From the definition of rational equivalence, it follows
that Weil divisors associated to linearly equivalent Cartier divisors are rationally
equivalent. So if Pic(X) denotes the group of linear equivalence classes of Cartier
divisors, there is an induced homomorphism

Pic(X) — CH,,_1(X).

Remark 2.2.1. Tt is also standard to denote by Pic(X) the group of isomorphism
classes of invertible sheaves on X. Since X is integral in our case, this group is
isomorphic to the group of Cartier divisors modulo linear equivalence ([16, Chapt.2,
§6], see also Lemma 2.2.3).

2.2.2 Pseudo-divisors

For our use, Cartier divisors have a drawback that the pull-back f*D of a Cartier
divisor D on X by a morphism f : X’ — X is defined only under certain assump-
tions, for example in the case f is flat ([14, IV.21.4]). The notion of pseudo-divisor
is a simple generalization of Cartier divisor, which will not have this defect, but will
still carry enough information to determine intersections for cycle classes.
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Definition 2.2.2. A pseudo-divisor on a scheme X is a triple (L, Z, s), con-
sisting of a line bundle L on X, a closed subset Z of X, and a nowhere vanishing
section of L over X \ Z. We call L the line bundle, Z the support, and s the
section of the pseudo-divisor. Data (L', Z’, s') define the same pseudo-divisor if
Z = Z' and there is an isomorphism o of L with L’ such that the restriction of o
to X \ Z takes s to s'.

Note that a pseudo-divisor with support X is simply an isomorphism class of
line bundles on X.

Any Cartier divisor D on a scheme X determines a pseudo-divisor (€x (D), |D|, sp),
where Ox (D) is the line bundle of D, | D] is the support of D, and sp is the canon-
ical section of Ox (D). We say that a pseudo-divisor (L, Z, s) is represented by
a Cartier divisor D if |D| C Z, and if there is an isomorphism from Ox (D) to L,
which off Z, takes sp to s. Note that we allow Z to be larger than |D|; for example
if Z = X, all linearly equivalent Cartier divisors represent the same pseudo-divisor.

A general pseudo-divisor will often be denoted by a single letter D, and we
write Ox (D) for its line bundle, |D| for its support, and sp for its section. This
agrees with the notation for Cartier divisors, except that a Cartier divisor may have
smaller support than a pseudo-divisor it represents.

If D= (L, Z, s) and D' = (Z', L', s") are pseudo-divisors on a scheme X, their
sum D + D’ is defined to be the pseudo-divisor

D+D :=(Leol,ZuZ  s®s)
and the pseudo-divisor —D is defined to be
-D:= (L' 7 s7").

For a fixed closed subset Z of X, the pseudo-divisors with support Z form a group,
denoted Divz(X).

If f: X’ — X is a morphism of schemes, then the pull-back f*D of a pseudo-
divisor D = (L, Z, s) on X is the pseudo-divisor (f*L, f~1(Z), f*s) on X’. This
pull-back induces a group homomorphism f* : Divz(X) — Divz (X') with Z' =
f~Y(Z"). Moreover, if g: X — Y is another morphism, one has (go f)* = f* o g*.

Lemma 2.2.3. Let X be an integral scheme. Then every pseudo-divisor (L, Z, )
on X is represented by some Cartier divisor D. Moreover,

(i) if Z # X, D is uniquely determined;

(ii) if Z = X, D is determined up to linear equivalence.

Proof. Let gog be transition functions for the line bundle L, with respect to some
affine open covering {U, } of X. Fix one index ag and set fo = gaa,- Lhen
fa/fs = gas, so the data (U,, fo) define a Cartier divisor D with Ox (D) = L.
In case Z = X, this gives the existence of a Cartier divisor representing the given
pseudo-divisor.

If Z # X, U := X\ Z is a nonempty open set of X. The section s is given
by a collection of regular functions s, on U N U, such that s, = gagsg for all
a, 3. Since so/fa = s/ fs for all «, B, there is a rational function r € k(X)* with
r = So/fa for all a. Set D' = D + div(r). The local equations for D’ are given by
ft = fo -7 =354. Now we have Ox(D’) = L and the canonical section sp: of D’ is
given by the functions f/, so that it corresponds to s. This proves the existence of
the desired Cartier divisor in case Z # X.

For the uniqueness, if D and D’, with local equations f, and f/, both represent
(L, Z, s), then f,/fs = gap = fa/fp for all a, B. So there is a rational function
f € k(X)* =k(U,)* such that f, = fof for all a. If U = @, this means exactly D’
is linearly equivalent to D. If U # 0, f! and f, must agree on UNU,, for all « since
spr =8 =sp. Hence f =1on U, ie f=11in k(X), which shows D =D’. O

21



CHAPTER 2. CHERN CLASSES OF VECTOR BUNDLES

Definition 2.2.4. Let D be a pseudo-divisor on an n-dimensional integral scheme
X, and let |D| be its support. Define the Weil divisor class [D] € CH,,_1(|D))
of D as follows. Take a Cartier divisor which represents D, and let [D] be the class
in CH,,_1(|D|) of the associated Weil divisor. In case |D| = X, the Caritier divisor
is determined up to linear equivalence, but the class of its associated Weil divisor
in CH,,—1(|D]) = CH,,—1(X) is always well-defined. In case |D| # X, this Cartier
divisor is unique and its associated Weil divisor [D] is in fact a cycle on |D|. Now
dim |D| < n = dim X, hence Z,,_1(|D|) = CH,,—1(|D|). So the Weil divisor class
[D] € CH,,_1(]D]) is again well-defined.

The mapping D — [D] clearly defines a group homomorphism Divz(X) —
CH,_1(Z).

2.3 Intersection with Divisors

2.3.1 Intersection Classes

Definition 2.3.1. Let D be a pseudo-divisor on a scheme X, and let V be d-
dimensional integral subscheme of X. We define the intersection class D -[V] in
CH4—1(|D|NV) as follows. Let j : V' — X be the natural inclusion. The restriction
j7*D is a pseudo-divisor on V', with support |[D| NV, so we can define D - [V] to be
the Weil divisor class of j*D:

D-[V]:=[j*D] € CHy_,(|ID| N V).

When D is a Cartier divisor, this may be rephrased as follows: if V' ¢ |D|, D
restricts to a Cartier divisor j*D on V, and D - [V] is its associated Weil divisor
regarded as an element in CHy_1(|lD|NV) = Z;_1(|D|NV); if V C |D|, D-[V] is
the class in CHy—1(V) = CHg—1(]D| N'V) of the associated Weil divisor [C] of any
Cartier divisor C' on V whose line bundle &y (C) is isomorphic to j*Ox (D).

In line with our earlier convention, we will write D -[V] also for the image of the
above class in CHg_1(Y'), for any subscheme Y of X which contains |[D| N V.

Let « = Y ny[V] be a d-cycle on X. The support of «, written |af, is the
union of the integral subschemes V' appearing with nonzero coefficients in «. For a
pseudo-divisor D on X, each D - [V] is a class in CH4—1(]D| N |a|). Thus we can
define the intersection class D -« in CHy_1(|D| N |a|) by setting

D-a:=> ny(D-[V]).

As above, we also regard D - « as an element of CHy_1(Y) for any subscheme Y
containing |D| N |a.

Proposition 2.3.2. Let D and D' be pseudo-divisors on a scheme X.
(i) For any two d-cycles a, o on X,

D-(a+d)=D-a+D-d

in CHg—1(|D[ O (Jaf U [a])).
(ii) For any d-cycle a on X,

(D+D)-a=D-a+D-d

in CHy—1((|D| U |D']) N |el).
(iii) (Projection formula) If f : X' — X is a proper morphism and o' is a d-cycle
on X', then
f(f*D-a’) =D fu(a))
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in CHq—1(|D| N f(|&'])), where by abuse of notation, the induced morphism from
YD) N |d!| to |D| N f(|o']) is also denoted by f.

(iv) If f : X! — X is a flat morphism of relative dimension n and « is a d-cycle
on X, then

f*D- ffa=f"(D-a)

in CHayn—1(f~1(|D|N|a])), where by abuse of notation, the induced morphism from
F~YID|N]al) to |D|N || is also denoted by f.

(v) If the line bundle Ox (D) is trivial and « is a d-cycle on X, then

D-a=0
m CHd,1(|a|).

Proof. (i) follows directly from the definition. In proving the other assertions, we
may therefore assume oo = [V], with V an integral subscheme. Then (ii) follows from
the fact that restricting to V' and forming associated Weil divisor classes preserve
sums.

For (iii), by functoriality of pull-back and pull-forward, we may assume o’ = [V],
V = X' and f(V) = X. The pseudo-divisor D is then represented by a Cartier
divisor, which we also denote by D. What we need prove becomes the identity of
cycles on X:

filf*D] = deg(X'/X)[D].
This identity is local on X, so we may assume D = div(r) for some r € k(X)*.
Then Prop. 1.2.2 shows that

Folfrdiv(r)] = fuldiv(f*r)] = [div(Nyxn weo ()] = [div(r?)] = d[div(r)]

where d = deg(X'/X), f* also denotes the field embedding f* : k(X) — k(X') and
Ny(x7y/k(x) denotes the norm related to this field extension. This gives the desired
result.

For (iv), we may also assume V = X so that D is represented by a Cartier
divisor. The identity to prove is now

[f*D] = f*[D]

as cycles on X’. Again as a local assertion on X, we may assume D is principal
and hence the difference of two effective divisors. Since both sides are additive, it
suffices to prove the identity for D effective. By the definition of associated Weil
divisor, [D] coincides in this case with cycle of the closed subscheme associated to
the divisor D. Thus the result is seen from Lemma 1.3.2.

Finally, for (v), we may assume V = X so that D is represented by a Cartier
divisor on X. The assertion is then that [D] = 0 in CHg_1(X) when D is principal,
which we have already seen earlier. O

Theorem 2.3.3. Let D and D' be Cartier divisors on an n-dimensional integral
scheme X. Then
DD = D'-[D]

in CH,,_o(|D| N |D]).
Proof. See [11, p.35, Thm. 2.4]. O

Corollary 2.3.4. Let D be a pseudo-divisor on a scheme X, and o a d-cycle on
X which is rationally equivalent to 0. Then

D-a=0
in CHy—1(|D]).
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Proof. Suppose o = [div(r)], » € k(V)*, with V' an integral subscheme of X. We
may replace X by V and then D by a representing Caritier divisor. Then

D - [div(r)] = div(r) - [D] =0
in CH4—1(|D]), by Thm. 2.3.3 and Prop. 2.3.2 (v). O

By Coro. 2.3.4, if D is a pseudo-divisor on a scheme X and Y is a subscheme of
X, the group homomorphism

Z4(Y) — CHy_1(|DINY); a— D -«
induces a homomorphism
CHy(Y) — CH,_1(ID|NY)
which is also denoted o — D - .

Corollary 2.3.5. Let D and D’ be pseudo-divisors on a scheme X. Then for any
d-cycle a on X,
D-(D'-a)=D"-(D-«)

in CHy_»(|D| N |D'| N |a)).

Proof. Taking a = [V] and restricting D and D’ to V', one is reduced to Thm. 2.3.3.
O

Definition 2.3.6. Let D;,...,D, be pseudo-divisors on a scheme X. For any
a € Zg(X), define the intersection class Dy --- D, -« in CHy_,(N;_;|D;| N |at])
by induction:
Dy--D,-a:=D; - (Dy---D,-a).

By Coro. 2.3.5, this is independent of the ordering of the D;, and by Prop. 2.3.2,
it is linear in each variable D; and «. More generally, for any homogeneous poly-
nomial P(Ty,...,T;) of degree m with coefficients in Z and any subscheme Z of X
containing (UJ_;|D;|) N |a|, the class

P(Dy,...,D,) o€ CHy_p(2)

can be defined in an obvious way.
Ifr=dand Y :=nN[_,|D;|N|af is a proper scheme, we define the intersection
number (Dy---D, -a)x by

(D1~~-D7--Oé)x=/D1~--D7--Oé-
Y

Similarly, if Z = (U_;|D;|) N |af is a proper scheme and P is a homogeneous
polynomial of degree m = d, we define

(P(Dy,...,Dy)-a)x ::/ZP(Dl,...,DT)-a.

2.3.2 Chern Class of a Line Bundle

Definition 2.3.7. Let L be a line bundle on a scheme X. For any d-dimensional
integral subscheme V of X, we define an element ¢ (L)N[V] in CH4—1(X) as follows.
The restriction L|y of L to V is isomorphic to &y (C) for some Cartier divisor C' on
V', determined up to linear equivalence. The associated Weil divisor [C] determines
an element in CHy_1(X), which we take as our ¢;(L) N [V]. Namely,

c1(L) N [V] = [C] in CHg_1(X).

This is extended by linearity to define a homomorphism « +— ¢; (L) Na from Z4(X)
to CHg—1(X).
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Note that if L = Ox(D) for a pseudo-divisor D on X, it follows from the
definition of the intersection class that

Cl(ﬁx(D)) Na=D- -« in CHd_l(X).

Proposition 2.3.8. Let L, L’ be line bundles on a scheme X, and o € Zy(X).

rat

(i) If & ~ 0, then c1(L) N = 0. There is therefore an induced homomorphism
Cl(L) n—: CHd(X) — Cdel(X) .

(i) (Commutativity) c1(L) N (cr (L) Na) =1 (L") N (e1(L) Na) in CHy—o(X).
(iii) (Projection formula) If f : X' — X is a proper morphism and o' € Zy4(X'),
then
fuler(f L) na’) = ex(L) N fila)
m CHd_1 (X)
(iv) If f : X' — X is a flat morphism of relative dimension n, then

al(f*'L)n fra= f(a(L)Na)
in CHyyn_1(X").

(v) One has
alLeLl Y Na=c(L)Na+c(L')Na
and
caa(LYYNa=—ci(L)Na
m Cdel(X).

Proof. Since a line bundle on X determines a pseudo-divisor on X with support
X, the assertions follow from the corresponding facts for intersection classes with
pseudo-divisors. O

If Ly,..., L, are line bundles on X, o € CHy(X), and P(T},...,T;) is a homo-
geneous polynomial of degree m with integer coefficients , then

P(Cl(Ll) goee ,Cl(Lr)) Nao

can be defined in CHy_,,(X). In particular, for a line bundle L on X and a €
CH4(X), the element ¢; (L)"Nea in CHy_,(X) is defined inductively by ¢;(L)" Na =
ci(L)N (e (L)t Na).

2.3.3 Gysin Map for Divisors

Definition 2.3.9. Let D be an effective Cartier divisor on a scheme X. Its asso-
ciated closed subscheme will be also denoted D. Let 7 : D — X be the inclusion.
The Gysin homomorphisms i* : Z;(X) — CHy_1(D) are defined by

i"(a):==D-«a.

Proposition 2.3.10. Let D be an effective Cartier divisor on a scheme X and let
1 be the Gysin homomorphism.

(1) If o € Zg(X) is rationally equivalent to 0, then i*(a) = 0. Therefore, there
are induced homomorphisms

i* : CHd(X) — Cdel(D).
(ii) For a € Zy(X), one has

i1 (a) = c1(Ox (D)) Na in CHy_1(X).
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(iii) If v is a d-cycle on D, then
iYix(@) =c1(i*Ox (D)) Na in CHy—1(D).
(iv) If X is purely n-dimensional, then
i*[X] = [D] in CH,_1(D).
(v) If L is a line bundle on X and a € Z4(X), then
i"(er(L)Na) =c1(i"L) Ni* ()
in CHy—2(D).

Proof. (i) and (v) are special cases of Coros. 2.3.4 and 2.3.5 respectively. (ii) and
(iii) follow from the definitions; in both cases, both sides are represented by the
intersection class D - a. (iv) says that [D] = D - [X], which is a restatement of
Lemma 1.3.5. O

Example 2.3.11. Let L be a line bundle on a scheme X, p: L — X the projection,
and ¢ : X — L the embedding of X into L by the zero section. Then i*p*a = «
for all @ € CHy(X). Indeed, we may assume o = [V] and V = X. Then p=1(V) is
purely dimensional, hence by Prop. 2.3.10 (iv),

PVl = pTH (V)] = [X] = [V].
Combining this with Prop. 1.4.1, one concludes that the flat pull-back
p* : CHd(X) —_— Cdel(L)

is an isomorphism. One will see a generalization in Thm. 2.4.5.

2.4 Chern Classes

2.4.1 Segre Classes of Vector Bundles

Definition 2.4.1. Let E be a vector bundle of rank r = e+ 1 on a scheme X. Let
P =P(E) be the projective bundle of E, p = pg : P(E) — X the projection, and
Og(1) the canonical line bundle on P. For any integer i, define homomorphisms
a— s;(F)Na from CHy(X) to CHy—;(X) by the formula

5i(E) N = pu(c1(Op(1) T Np*a).

Note that the morphism p is proper, as well as flat of relative dimension e. So
the flat pull-back p* : CH4(X) — CHgy.(P) and the proper push-forward p, :
CH4—;(P) — CHy—;(X) make sense.

Proposition 2.4.2. Let E/, F be vector bundles on a scheme X, of ranke+1, [+1
respectively, and let o € CHq(X).
(i) One has

si(E)Na=0 forall i<0 and so(E)Na=q.
(i) For all i, j,
si(E)N(s;(F)Na) =s;(F)N(s;(E)Na).
(iii) If f : X' — X is a proper morphism, o’ € CHu(X"), then for all i,
Felsi(fPE)Na’) = si(E) N fu(a).
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(iv) If f : X! — X is a flat morphism of some relative dimension, then for all i,
si(f*E)Nn ffa= f*(si(E)Na).
(v) If E is a line bundle, then
sitEyNa=—c(E)Na.
Proof. We first prove (iii) and (iv). Given a morphism f : X’ — X and a vector

bundle F on X, there is a fibre square

P(f*E) —— P(E)

d I
x 1. x
such that f*Og(l) = Of-p(1).
If f is proper, we have
fe(si(fFE)Na’) = fupl(e1(Op-p(1)T Np*a’)
_ p* (Cl(f/*ﬁE(]-)EJri) ﬁp'*o/)
= pu(c1(O(1)*T N flp"a’)  (Prop. 2.3.8 (iii))
=p.(c1(Op(1)*"" Np*fa’) (Prop.1.3.3)
=s;(E)N fia'.

—_

This proves (iii).
If f is flat of some relative dimension, we have
si(f*E)N f*a = pl(c1(Op-p(1) T Np™ f*a)

=Pl (01(f Op()) N prae)

=p,f"*(c1(Op(1))*"" Np*a) (Prop. 2.3.8 (iv))
= fp(c1(Op(1)"" Np*a)  (Prop. 1.3.3)
= f*si(E)Na).

This proves (iv).

To prove (i), we may assume a = [V], with V a d-dimensional integral subscheme
of X. By (iii), we may assume X = V. Then CHy_;(X) = 0 for ¢ < 0, which proves
the first assertion. Moreover, since CHy(X) = Z - [X], so(E) N o = m[X] for some
m € Z. To show m = 1, by (iv) we may restrict to an open set of X, so we may

assume F is trivial. Then P(E) = X x P¢, and Og(1) is isomorphism to the line
bundle of the Cartier divisor X x P¢~1 of P(E). Hence

c1(Op(1))N[X x P = [X x P 1]
by definition of the Chern class of a line bundle. By induction it follows that
m[X] = so(E) Na = p.(c1(0r(1))° N[P(E)]) = p.([X x PY)) = [X],

hence, m = 1. The assertion (i) is thus proved.
For (ii), consider the fibre square

Q —2 pF)

=
«—
Q

P(E) 22— X
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with natural morphisms. Then we have
si(E) N (s;(F)Na)
=p. (c1(O(1)“ T Np*e. ((cr(Or(1)) T Ng'a))
=p. (c1(Op(1)) " Ngp™* (c1(0r(1)" Ng*a))  (Prop. 1.3.3)
=p.q, (c1(.Op(1) T Np™*(c1(Op(1))™ Ng*a)) (Prop. 2.3.8 (iii))
=p.d, (c1(¢.Op(1)" N (1 (@™ Op (1)) Np*g*a)) (Prop. 2.3.8 (iv))
and similarly,

5i(F) N (si(B) Na) = q.pf, (cr(p™ Op (1)) N (e1(¢™ O(1) T ng*pa)) .

Then the result follows from Prop. 2.3.8 (ii) and the facts that ¢.p, = p.q, and

Ix %k VE e

g qFlI:ailly,p to prove (v), we may assume F is trivial by (iv). Note that P(E) = X
and Og(1) = EV in this case. So we have

si(E)Na=c1(0s(1))Na=c(EY)Na=—ci(E)Na
by Prop. 2.3.8 (v). O
Corollary 2.4.3. With notation as above, the flat pull-back

p" : CHg(X) — CHyye(P(E))

is a split injection.
Proof. By Prop. 2.4.2 (i), the homomorphism 3 — p.(c1(Og(1))¢ N B) is a left

inverse of p*. O

2.4.2 Chern Classes of Vector Bundles

Let E be a vector bundle on a scheme X. Consider the formal power series
= si(E)t' =1+ s1(E)t + s2(E)t? + - --
i=0

The s;(E) can be regarded as endomorphisms of the group CH,(X), so multipli-
cation can be defined as composition of endomorphisms. Thanks to Prop. 2.4.2
(ii), the s;(F) generate a commutative Z-algebra R := Z[s;(F)] and s;(E) can be
regarded as an element in the ring RJ[[¢]] of formal power series over R. There is an
inverse power series of s;(E) in R[[t]], which we denote by

= th(E)ti =14 ci(BE)t+co( B)Yt? +---.
i=0

Explicitly, one finds that

Co(E) = ]., Cl(E) = —Sl(E),
co(E) = —c1(E)s1(E) — s2(E),
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We will see that ¢;(E) is in fact a polynomial (Thm. 2.4.4 (i)). We call it the Chern
polynomial of the vector bundle E. For o € CHy(X), we write ¢;(E) N« for the
element in CH4_;(X) obtained by applying the endomorphism ¢;(E) to a.

In view of Prop. 2.4.2 (v), for a line bundle E, the first Chern class defined
here agrees with the definition given earlier. So if X is an integral scheme and
E =~ Ox (D) for some Cartier divisor D on X, then ¢1(E) N [X] = [D].

Theorem 2.4.4. Let E and F' be vector bundles on a scheme X, and let « be any
cycle on X.

(1) (Vanishing) For all i > rank(FE), ¢;(E) =0.

(ii) (Commutativity) For all i, j, one has

a(E)N(c;j(F)Na)=cj(F)N(c(E)Na).

(iii) (Projection formula) If f : X' — X is a proper morphism, then for all
cycles o’ on X', one has

filei(f*E)na’) = ci(E) N fu(a’).
(iv) If f: X' — X is a flat morphism of some relative dimension, then
a(f*E)Nffa=f*(c(E)Na).
(v) (Whitney sum) For any exact sequence
0—FE —E—E'"—0
of vector bundles on X, one has
ct(E) = c(E')ee(E"),

in other words,
a(B)= Y a(E)e(E"), V1>0.
i+j=l

Proof. Properties (ii), (iii) and (iv) follow easily from corresponding facts for Segre
classes. For (i) and (v), see [11, p.50, Thm. 3.2]. O

2.4.3 Application: Rational Equivalence on Bundles

Theorem 2.4.5. Let E be a vector bundle of rank r =e+ 1 on a scheme X, with
projection w: E — X. Let P(E) be the associated projective bundle, p : P(E) — X

the projection, and Og (1) the canonical line bundle on P(E).
(i) The flat pull-back

7 : CHy—(X) — CH4(E)

s an isomorphism for every d.
(ii) Each element 3 in CHg(P(E)) can be expressed uniquely in the form

0= ch(ﬁE(l)>i ﬂp*ai
i=0
with a; € CHg—e4:(X). Thus there are canonical isomorphisms

P CHy—cyi(X) = CHy(P(E)) .
=0

29



CHAPTER 2. CHERN CLASSES OF VECTOR BUNDLES

Proof. The surjectivity of 7* was proved in Prop. 1.4.1. Let 8z be the homomor-
phism

P CH.(X) — CHL(P(E)): Op(@) = > c1(Op(1) Npa;.
i=0 =0

To show the surjectivity of 8g, the same Noetherian induction argument used in
the proof of Prop. 1.4.1 reduces it to the case when FE is trivial. By induction on
the rank, it suffices to prove that 8 is surjective when 6 is known to be surjective,
where FF = E & 1 is the direct sum of E and a trivial line bundle.

Let P=P(FE),Q =P(F)=P(E®1), ¢: Q@ — X the projection. We have a
commutative diagram

P—-0<l F
X

identifying () as the projective completion of E, P as the hyperplane at infinity. By
Prop. 1.3.6, the row in the following commutative diagram is exact

-
Ly J

CHa(Q) —— CHa(E) —0

o

CHy_,(X)

CHq(P)

As for the link between p* and ¢*, we have the following formula:
a(Or(l))Ng*a=1p o, Vae CH(X). (2.1)

Indeed, it suffices to check this for a = [V], with V' an integral subscheme of X.
Since O (1) has a section vanishing precisely on P, it is isomorphic to the line
bundle of the Cartier divisor P = P(F) on Q = P(F). It follows from the definition
of the first Chern class of line bundles that

a(OrW) NG VI =PE) - [¢— (V)] = [p~ (V)] = tup[V]

as required.

Now let 3 € CH,o(Q) and write j*3 = m*a for some a € CHq(X). Then 8 —¢*«
lies in the kernel of j*. Since Ker (5*) = Im (¢.), and by induction hypothesis we
have the surjectivity of g, we obtain

B—q'a=1, (Z c1(Op(1)) ﬂp*ozi)

i=0

for some a; € CHq(X). Since :*0r(1) = Og(1), the projection formula rewrites
the right side as

Z c1(Or(1)) Nup*a;
i=0

=Y a(@r())' N (a(@r)Ng a;i) (by (2.1))
=0

e+1

= ch(ﬁp(l))i M q*&i
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where a; = «;_1. Hence, putting ag = «, we get

e+1 e+1
8= q*Oé + ch(ﬁp(l))i n q*&i = ch(ﬁp(l))i n q*&i
=1 =0

showing that fp is surjective.
Let us now prove the uniqueness of the expression in (ii). Suppose there is a
nontrivial relation

8= ch(ﬁE(l))i Np*a; =0.
i=0
Let [ be the largest integer with a; # 0 in CHe(X). Then we find

0=pi(cr(0p(1)) ' NB) =

using Prop. 2.4.2, whence a contradiction.
Finally, to see that 7* is injective, let FF = E® 1, Q = P(F) with other notation
as before. If 7*a = 0 for some « # 0 in CHq(X), then j*¢*a = 0, so

g o= 1, (Z c1(0p(1)) ﬂp*cu)
i=0
= Z c1(Or(1))" Nep*a; (Projection formula)
i=0
=Y al@r(1) N (a1(r(1) Ng i)
i=0
e+1

=> a(0r(1)' Ng*a;.
i=1

But this contradicts the uniqueness part of (ii) for the bundle F' = F @ 1. O
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Chapter 3

Introduction to Chow
Motives

3.1 Category of Correspondences

Let k be a field. Let U;, denote the category of smooth projective varieties over k.
Definition 3.1.1. Let X and Y be objects in U,. A (Chow) correspondence

between X and Y is an element of the group

P CHam x, (Xi x V),

where X = [[, X; is the decomposition of X into irreducible components. We will
write Cor(X, Y) for the group of correspondences between the varieties X and Y.

Let Z be a third object in Uy. Let o € Cor(X,Y) and § € Cor(Y, Z) be
correspondences. The composition (3o « is the correspondence defined as

foa:=ma.(miy(a) - my3(0)) € Cor(X, 7).

Here and in what follows notation of the type m3: X XY x Z — X X Z means the
projection onto the product of the first and third factors. The product 7, () 755(0)
is the intersection product in the graded ring CH®* (X xY x Z) (cf. [11, Chapt. 8]).

For X € ¥y, let dx : X — X x X be the diagonal morphism and let Ax C X x X
be its image. It defines a correspondence [Ax]| € Cor(X, X).

Lemma 3.1.2. With notation as above,
(i) for any correspondences oo € Cor(X,Y), 8 € Cor(Y, X), one has

aolAx]=a, [Ax]oB=5.
(ii) composition of correspondences is associative.
Proof. See [21, p.446, Lemma)]. O
This lemma permits us to make the following definition.

Definition 3.1.3. The category of Chow correspondences over k, denoted
&V, is defined by the following data.

(i) The objects of €Uy, are the objects of V. A variety X as an object of €Uy,
will be denoted by the symbol X.

(ii) For any two objects X, Y in €y,

Hom(X,Y):=Cor(X,Y).

(iii) Composition of morphisms in €Yy, is composition of correspondences.
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There is a natural functor: U — €Yy, sending an object X € Yy to X € €Yy,
and a morphism f: X — Y to [['] € Cor(X,Y), where I'; is the graph of the
morphism f, i.e., the image of the composite morphism

X% xxx" xxy.

The category €Uy, is an additive category in which the direct sum of two objects
X and Y is
XeY=X1Y.

Furthermore, €U, possesses a tensor product: for objects X , Y , one defines
XY :=XxYV
and for morphisms o € Hom(X ,Y ), € Hom(X', Y'),
a®B:=1"a) =*(B) e Hom(X 2 X', YY),

where 1 : X X X' x Y XY - X xYandw: X x X' xY xY’' — X' xY’ are the
canonical projections.

3.2 Category of Chow Motives

Recall that a projector p in a category C is an element of Home (X, X) for some
object X of C such that p? = p.

Definition 3.2.1. An additive category C is called pseudo-abelian if for every
object X € C and every projector p € Home (X, X), the kernel Ker (p) exists and
the natural morphism

Ker (p) ® Ker (Id —p) — X

is an isomorphism.

Proposition 3.2.2. Let C be any additive category. There exists a pseudo-abelian
category Cps together with a fully faithful additive functor n : C — Cps satisfying
the following property:

if F': C — D is an additive functor into a pseudo-abelian category D, then
there is an additive functor Fys : Cps — D, unique up to isomorphism, such that
Foson=F.

The category Cps is unique up to equivalence, and is called the pseudo-abelian
envelop of C.

Proof. We construct the category Cps as follows. Take as objects pairs (X, p), where
X € Cand p € Home (X, X) is a projector. For two objects (X, p) and (Y, ), define

Homc,,a. ((X7 p)7 (K Q)) = qumC(X7 Y)p g HOIHC(X, Y) .

The composition of morphisms in Cps is induced by composition in C. The identity
in Home,, (X, p), (X, p)) is the morphism p = p o Id op.

Let’s prove that C,s is pseudo-abelian.

Let ¢ : (X, p) — (X, p) be a projector. Since ¢ is of the form ¢ = pfp with
f € Home(X, X), we have gp = pq = q = ¢*. It follows that p —q : X — X is
a projector in C. The kernel of ¢ in Cps is the object (X, p — ¢) together with the
natural morphism

ri:=poldxo(p—q)=p—q: X,p—q — (X,p).
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Tt is readily seen that ¢r; = 0. Further, if v : (Y, s) — (X, p) is a morphism such
that gu = 0, we have (p — ¢)u = pu = u € Hom¢ (Y, X). Thus, the morphism

w:=(p—¢q)ouos=u: (Y,s)— (X,p—q)

satisfies u = rw. If w' : (Y, s) — (X, p — q) is another morphism such that
u = ryw’, then we have

w=u=rw ={p-qu =uw
since w’ is of the form w’ = (p — q)vs for some v € Home(Y, X). This proves
Ker(q) = (X, p—4q), 1)
in Cps. Likewise, we find that (X, ¢) together with the morphism
rp:=poldyoq: (X, q) — (X, p)
is the kernel of the morphism
dix,9—q: (X, p) — (X, p).
Now let’s prove that the natural morphism
p=(r,m): (X,p-q@(X, q— (X p)

is an isomorphism. We need find the inverse v of . Note that we have natural
morphisms

rpi=p-1ocldyop=p—q: (X,p)— (X,p—q)

and
ry:=gqoldyop=q: (X, p)— (X, q)

which induce a morphism
(bl (X7p)—>(X)p_q)H(Xa q)7

which satisfies m¢ = 7| and ma¢ = 15, where m; ,mo are projections from the
product (X, p — q) [[(X, ¢) onto its factors.

Let t1: (X, p—q) — (X, p—q@)® (X, q) and 15 : (X, q) — (X, p—q)® (X, q)
be the natural morphisms. Then there is a canonical isomorphism

L1 A+ LTy (X,p—q)H(X, Q) — (X, p—q@)® (X, q).
The composition ¢ yields a morphism
v (Xop) = (Xp—9)@ (X, q).
Now

Yopou =1or; = (1m +tam)oPor
=11 0(m1@) 0T + Lo 0 (M2p) 019

=10(rjory)+ieo(ryory).
But rjory =(p—q)o(p—q) =1d(x,p—q and rhor; = q(p — q) = 0. So we get
Ypopor =tio(rpor)+po(rhory) = oldix pq =t1.
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Similarly, we have 1) o ¢ 0 15 = 19, hence 1) o ¢ = Id. On the other hand,

poth=po(um+iam)og = (pu1)o(m¢e)+ (pi2) o (m20)
=rior+reory =p—q+qg=p=1Idix ) -
So ¢ is indeed an isomorphism.
Finally, the assignment X — (X ,Idx) defines obviously an additive fully faithful

functor 7 : C — Cps and the universal property can be easily checked for the pair
(Cps, m). The proof is thus completed. O

Definition 3.2.3. The category of effective Chow motives over k, denoted
QDJT; is defined to be the pseudo-abelian envelop of the category €.

The composite functor L — EW;, — QE))T: will be denoted by h:
h(X) = (X, Idx) € €M, for X €Y,.
The category €9, inherits from €%}, a tensor product which is defined as
X, peX,q:=EXeY,peq).
Clearly, one has
MXUOY)=hX)®h(Y), (X xY)=hX)®h()

for all X, Y € ;. We denote by 1 := h(Spec k) the neutral object for the tensor
product.

Example 3.2.4. Let X = P! be the projective line over k. Let p = [P! x {pt }]
and g = [{ pt } x P!] be the elements in CH; (P! x P!) corresponding to the 1-cycles
P! x {pt} and {pt} x P!, where “pt” designates a rational point of P1. Then p,q
define two morphisms P* — P' in €;,. We claim that they are projectors in €,
and p 4+ g = Idp:. In fact,

P’ =g ([P x {pt} x P']- [P x P* x {pt}]) = [P! x {pt}] =p.
Similarly, one proves ¢?> = ¢q. Note that
Idp:1 = [Ap1] € Hom(P', P").
We have
Idps —(p + @) = [Ap] = ([P* x {pt }] + [{ pt} x P']) = [div(¢)]
where ¢ is the rational function on P! x P! given by

T1Y2 — T2Y1

([w1 2 @2], [y1  yo]) = o

Hence, Idp1 = p + ¢ in Hom(E1 , El).
The motive (P!, q) is called the Tate motive and will be often denoted by L.

Proposition 3.2.5. With notation as in Fxample 3.2.4, we have canonical isomor-
phisms
B',p)=1; h(P)=10L.
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Proof. (P*, p) is the kernel of the projector
¢: (B, Idp) — (B, Idp).
Hence, in the pseudo-abelian category QEDTZ, one has
h(P') = (B!, Idp) = (B, p) @ (B', q).

It remains to show 1 = h(Spec k) = (P, p). Indeed, the correspondence [{ pt } x
{pt}] € Cor(Spec k, P!) gives a morphism

p:=pol[{pt}x{pt}o[{pt}x{pt} =[{pt}x{pt}

from 1 = (Spec k, [{pt} x {pt}]) to (P*, p). On the other hand, the correspon-
dence [P! x {pt }] € Cor(P!, Spec k) provides a morphism

7:=[{pt} x {pt}o[P' x {pt} op=[P" x{pt}]

from (P!, p) to 1. Now

Top=[{pt}x{pt}j=1d: 1 —1

and
poT=p=poldp op=1Idp1 , : (El,p)—>(E1,p).
This proves the proposition. O]

Clearly, if X, Y € U with X irreducible, then
Homggn  (h(X) , h(Y)) = CHain x (X x Y).
In particular,
Hom@n:(ﬂa h(Y)) = Hom@n:(h(Spec k), h(Y)) = CHy(Y),

and
Hom gy + (R(P), h(Y)) = CHy (P! x Y).

Prop. 3.2.5 also implies that
Homcm:(h(IE”l)) , M(Y')) = Homggpt (1, h(Y)) & Homggy+ (L, h(Y))
and we know from Thm. 2.4.5 that
CH;(P' xY) = CHy(Y) @ CHy(Y).
From this, we are reasonably convinced that
Hom@ﬁ; (L, A(Y)) = CHy(Y).
For higher dimensional projective spaces, one has (cf. [21, §6, Formula (8))]):
hP™")=1®oLa®---dL®", Vm>1.
So it is not a surprising fact that
Hom gy (L&, h(Y)) =CH,(Y), Vm>1.
In like manner, we obtain

Homggn+ (h(X), 1) = CHaim x (X) = CH*(X),
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and
Homcsm;r(h(X)a L®™) = CH™(X), Vm>1.

Since

Hom@ﬁg (L™, 1) = CH,,(Spec k) =0, Vm>1,
we have for m > 1,

Homggy+ (L9, L) = Homggy+ (L™, h(P'))

Z if m=1
0 if m>1

= CH,,(P") = {

As a matter of fact, we have in general

Z if m=n

, Vm,n>0.
0 if m#n

Hom ggy (L&, L&) = {

Definition 3.2.6. The category of Chow motives over k, denoted €M, is con-
structed as follows:

(i) the objects of €My, are couples (M, m) where M is an object of €M} and
m € Z;

(ii) the set of morphisms between two objects (M, m) and (N, n) is defined as

Homeon, (M, m), (N, n)) := lim Hom gy ¢ (M QL®HM  NQLeE+))

i>max(—m, —n)

where the transition maps for the inductive system on the right are naturally ob-
tained by applying the functor — ® L.
We will often write M (m) for the object (M, m).

Morphisms between motives that come from varieties have explicit descriptions.
For X, Y € Uy, one has

Homean, ((X)(r), h(Y)(s)) = @D CHaim x,4r—s(Xi X V), Vr,s€Z

i=1

where X1 ,..., X, are all the irreducible components of X.

The category €M is again additive. A motive M € €M, is called split if it is
isomorphic to a motive of the form ®7_.(1, d;), d; € Z.

The next two results indicates somewhat links between Chow motives and Chow
groups, that will be later useful for us. (See Appendix A for basic information about
K-theory.)

Lemma 3.2.7 ([23, Lemma 1.4]). Let X € Uy, and suppose the Chow motive h(X)
is split. Then the product map

CHP(X) & K, (k) — HP(X, Hps,)
is an isomorphism for any p, q.

Here for X € Uy, the structure morphism X — Spec k induces natural maps
K,(k) — Kq4(X). We then have natural maps (cf. Remark A.3.4)

Kp(X) @ Kq(k) — Kp(X) ® Ko(X) — Kpiq(X),
which induce product maps on the K-cohomology groups
The product map in Lemma 3.2.7 is obtained by identifying CH? (X)) with HP (X, 7).
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Proposition 3.2.8 ([23, Prop. 1.5]). Let X be an irreducible variety in By. Then
the Chow motive h(X) is split if and only if the following two conditions are satisfied:
(i) the Chow group CH(X) is free of finite rank over Z and the natural map
CH(X) — CH(XL) is an isomorphism for every field extension L/k;
(i) the intersection pairing

CHP(X) ® CH,(X) — Z; a® 3+ deg(a- )

s a perfect duality for every p.
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Chapter 4

R-Equivalence and
Zero-cycles on Tori

4.1 Some Reviews

The study of algebraic groups over not necessarily algebraically closed fields usually
involves theories of group schemes or Galois descent. According to what is most
convenient, we may employ both tools to a certain extent to make the exposition
as clear and elementary as possible. The present section is thus aimed at a brief
sketch of some basics in these spirits that may be helpful for our later discussions.
For systematic exposition and detailed proofs, one may refer to monographs such

as [14], [9] and [10].

4.1.1 Field of Definition and Galois Descent

In arithmetic geometry, one often hopes that a variety, probably also with various
objects attached to it, defined over a larger field can be defined over a smaller field,
and wants at the same time if possible that nice properties are preserved by this
kind of descent. In this subsection, we give statements of useful facts in this respect.
Basic references are [14, TV.4.8-4.9] and the very nice exposition of Galois descent
in [18, §2].

Let k be a field, X, Y (algebraic) k-schemes, #, ¢4 quasi-coherent €x-modules,
and K/k a field extension. Let &(X) be the set of all subschemes of X, and let
®(.F) be the set of all quasi-coherent submodules of .%.

For any subextension k’/k of K/k, we have canonical maps:

O(F k') — O(F @ K); H—r'H,
Hom(Z @i k', 4 @1 k') — Hom(F @1 K, 9 @, K);  ur— 7*(u),
S(Xp) — 6(Xk); Z—1 Y 2)=Zx, K,
Morg/ (X, Yir) — Morg (Xk, Yk);  f+— fx1d,

(4.1)

where 7 : X — X denotes the natural projection, .% ®j, k' denotes the pull-back
of .Z by the natural morphism X+ — X and similarly for .% ®; K and so on. All
the above maps are injective.

We say an object in ®(.# @y, K), resp. Hom(# ®j K, ¥ ®;, K), resp. 6(Xk),
resp. Morg(Xg, Yi), is defined over &/, or k' is a field of definition of the
corresponding object if it is in the image of the corresponding map in (4.1). If
{ X} is an open covering of X, such an object is defined over &’ if and only if its
restriction to each X, is defined over k’. Moreover, such an object always has a
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smallest field of definition in K/k. If Z is a closed subscheme of X, the smallest
field of definition of 7 is finitely generated over k. The same statement holds for
any f € Morg(Xk, Yi). If & and & are coherent, the smallest field of definition
of an object in ®(F ®, K), or in Hom(F @, K, 4 ® K), is finitely generated over
k.
_ If a closed subscheme Z of Xk is defined over a subfield &’ , the open subset
U := Xg \ Z is also defined over k'. When K/k is an algebraic extension, the
smallest field of definition of any closed subscheme Z of Xg is a finite separable
extension of k. So any quasi-projective K-scheme X can be defined over a subfield
k' which is finitely generated over k, and if moreover K/k is an algebraic extension,
X can be defined over a finite separable extension of k.

Let L/k be a Galois extension and g = Gal(L/k) the Galois group. For any o €
g, denote by S(o) the k-isomorphism Spec L — Spec L given by the isomorphism
o' L - L. Let #, = IdxS(0) : X; — X denote the natural morphism
determined by the fibre square

XLL’XL

l l

Spec L S, Spec L

This x, is a k-automorphism on X . So g operates as k-automorphisms of X,
and many objects attached to Xy thus admit a natural g-action. For example,
the Chow groups CH?(X) have a natural g-action, and since a closed subscheme
can be defined over a finite subextension of L/k, this action is continuous for the
discrete topology on CHP(X},) and the natural profinite topology on g.

If Y is another k-scheme, the set Mory, (X, Y7) has a g-action given by

o-f=ysofoux;t; VfeMorp(Xy,Y), oc€g.

Since any f € Mory, (X, Y1) can be defined over a finite subextension of L/k, this
g-action is also continuous. Furthermore, f € Mory (X, Y7) is defined over k if
and only if o - f = f for all ¢ € g. In particular, for any k-algebra A, one has
X(A) = X(A®; L)S.

Here is a good place to introduce the following definitions.

Definition 4.1.1. Let I' be a profinite group. By a I'-set we mean a set S
equipped with a left I'-action that is continuous for the discrete topology on S
and the profinite topology on I'. A T'-group is a discrete group equipped with a
continuous left action of I' which is compatible with the group structure of A, i.e.
~v(ab) = v(a)y(b) for all y €' ;a,b € A. A T'-module is a commutative I'-group.

So in the case discussed above, the Chow groups CHP(X},) are g-modules and
Morp, (X, Y1) and X (A ®j L), A € Ulg;, are [-sets.

Let .# be a quasi-coherent (resp. coherent, resp. locally free of rank r) sheaf
on X. Suppose .# is defined over a finite subextension of L/k so that we may
assume L/k itself is finite. The so-called “Galois descent” for sheaves answers the
question when .# can be defined by a quasi-coherent (resp. coherent, resp. locally
free of rank r) sheaf over k. A sufficient and necessary condition is that there exists
a system (i, )oeg Of isomorphisms o : €} — M satisfying v, o £%(15) = 1o for
all o, 7 € g. B

Now suppose given a quasi-projective scheme X over L. As it can be defined
over a finite subextension of L/k, we may assume L/k is already finite. The Galois
descent for schemes asserts that X can be defined over k if and only if there is a
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system (T)seg of k-isomorphisms X — X such that for every o € g the following
diagram commutes:

X L X

! l

Spec L HIC/IN Spec L

Basically, as the question is local, descent for sheaves or schemes reduces to
descent of purely algebraic structures. To be precise, suppose L/k is finite and A
is a vector space (resp. an algebra) over L. Then there is a vector space (resp.
an algebra) A over k such that A=A ®y L if and only if Ais equipped with a
semi-linear g-action, i.e., A admits a g-action such that for each o € g, the map
A — A given by a — o(a) satisfies

o(aa) = o(a)o(a), VaeL, acA.

4.1.2 Algebraic Groups

Let k be a field. For our use, an algebraic k-group (or simply a k-group) is
an algebraic k-group scheme, where by a k-group scheme we mean a k-scheme
X for which the functor of points X (—) := Mory(—, X) : 2lg,, — Get is given a
factorization through the category &toup of groups.

Let G, H be algebraic k-groups. A homomorphism of algebraic groups from
H to G is a morphism ¢ : H — G of k-schemes such that for each A € g, the
natural map ¢4 : H(A) — G(A) is actually a group homomorphism. In contrast to
the set Morg (H, G) of morphisms of schemes, the set of homomorphisms of algebraic
groups from H to G will be denoted by Homy (H, G).

Let G be an algebraic k-group. An algebraic subgroup of G is a homomor-
phism ¢ : H — G such that ¢4 : H(A) — G(A) is an injective group homomor-
phism for every A € lg k- I ¢ is moreover a closed immersion, we say H is a
closed subgroup of G.

In what follows, algebraic subgroups are tacitly assumed to be closed subgroups
unless otherwise stated.

Any group scheme over a field is separated, so algebraic k-groups are k-varieties.
Group-theoretic and algebraic-geometric notions may be spoken of for algebraic
groups. For example, a k-group G is called commutative if for every A € 2lg Ik
G(A) is a commutative abstract group, an algebraic subgroup H is called normal
in G if for every A € Ulg,;,, H(A) is normal in G(A) as abstract subgroups, and G
is called smooth if it is smooth as a k-variety.

Examples 4.1.2. Let k be a field.

(1) Spec k is an algebraic k-group which takes any A € Alg ), to the trivial
group. We will usually denote this k-group by 1. Note that for any k-group G,
there are two natural homomorphisms G — 1 and 1 — G the first one is given by
the structural morphism G' — Spec k and the second one is given by the identity
element of the group G(k).

(2) Spec k[t] is an algebraic k-group whose functor of points is given by A €
Alg,, — (A, +) € Group, where (A, +) means the underly additive group of A.
The standard notation for this k-group is G, , or simply G, when the ground field
is clear from the context, and it is called the additive group over k.

(3) Spec k[t, t~1] is an algebraic k-group with functor of points given by A — A*.
This k-group is called the multiplicative group over k, and the standard notation
is Gy, i, or simply G,.
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(4) The n-th general linear group over k is the algebraic k-group GL,, de-
termined by the k-scheme Spec (k[t, xijl1<i, j<n/(t det(z;;) — 1)). It represents the
functor

A GLo(A) = { g € M, (A)]| det(g) € A*}.

Note that GL; = G,,.
(5) Assume here chark = 0. For any n > 1, Spec (k[t]/(t" — 1)) is a k-group,
usually denoted pu.,, such that

pn(A) ={a€ Ala" =1}, VAecUg,.

We call p,, the group of n-th roots of unity. Since k is assumed to have char-
acteristic 0, p, is smooth.

(6) Let G be a finite abstract group. Define G := ][ .o Sy where S, = Spec k
for all g € G. Then for each A € 2lg,;,, G(A) is the set of locally constant functions
from Spec A to G. So G becomes an algebraic k-group and G(K) = G for any field
extension K /k. We call this G the constant group associated to G. The constant
groups associated to the groups Z/nZ will be simply written Z/nZ.

If G and G’ are algebraic k-groups, then G x; G’ also has a natural structure of
algebraic k-groups, and for any A € 2lg

(G %1 G')(A) = G(A) x G'(A).

More generally, given homomorphisms of algebraic groups ¢ : G — H and ¢ : G’ —
H, the fibre product G x g G’ is an algebraic group and for A € Alg ks

(G xu G')(A) = G(A) x4 G'(A) = {(a, b) € G(A) x G'(A) | p(a) = (b) } .

For a homomorphism of k-groups ¢ : G — H, the kernel of ¢ exists as an
algebraic group. In fact, this kernel is represented by the fibre product G/ = Gx g1
of p: G — H and e : 1 — H, where e is the natural homomorphism defined by
the identity element of H(k). The natural projection a : G' — G identifies for
each A € g/, the group G'(A) with the kernel of the group homomorphism
wa: G(A) — H(A). This kernel is a closed subgroup of G, and is smooth if ¢ is
smooth.

Definition 4.1.3. A sequence of homomorphisms of algebraic k-groups
; B "
1—G —G—G"—1

is said to be exact if « is a closed immersion identifying G’ with the kernel of 3
and £ is a faithfully flat morphism. (This implies that for an algebraic closure k¢
of k, the corresponding sequence

1 SN Gl(kac) N G(kdc) SN G//(kaC) N 1

is an exact sequence of abstract groups. When k has characteristic 0, this condition
is also sufficient for the exactness of the above sequence of algebraic groups.) The
group G” is called the quotient of G by G'.

Although much more subtle, the existence of quotients by normal subgroups in
the category of k-groups can be proved. In other words, if a : N — G is a closed
normal subgroup of G, there is a homomorphism 3 : G — H such that the sequence

1—N-%¢ 2 m—1

is exact.
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A Ek-group G is called a linear algebraic group over k if it is a smooth closed
subgroup of some GL,. This is equivalent to saying that G is a smooth affine
k-group. All the k-groups given in Examples 4.1.2 are linear. The additive group
G, can be embedded into GLy via the matrix representation:

}_}1(1
a 0 1)

A algebraic k-torus (or simply a k-torus) is a k-group T such that T = G &
as k-groups. In particular, a torus is a linear algebraic group.

4.1.3 Torsors and Cohomology

The objective of this section is to review basic notions and facts on torsors. For a
friendly introduction to this subject, we refer to [15].

Let k be a field, k a fixed separable closure of k and g = Gal(k/k) the Galois
group. Let X be a k-variety and G a smooth algebraic k-group. A torsor under
G over X (or a G-torsor over X) is a k-variety Y, equipped with a surjective flat
k-morphism f : Y — X and a right action (defined over k) of G on it: (y,9) — y-g
such that the morphism

Y x,G—Y xxY, (y,9)— (y,y-9)

is an isomorphism of k-varieties. This means that the action of G on Y preserves
the fibres of f, and the action on each geometric fibre is faithful and transitive: for
any yi, yo € Y (k) with f(y1) = f(y2), there exists a unique g € G(k) such that
Y1 - g = y2. A torsor over Spec k will be called simply a torsor over k.

Two G-torsors f:Y — X and f': Y’ — X are said to be isomorphic if there
is an isomorphism of k-varieties ¢ : Y — Y such that f'op = f and ¢(yg) = ¢(y)g

for all y € Y(k), g € G(k).

Examples 4.1.4. (1) Let X be a k-variety and G a smooth k-group. ¥ = X x;, G
together with the natural projection Y — X is a G-torsor over X. The G-action is
given by (z, g) - ¢’ := (x, gg’). A torsor isomorphic to X x; G is called trivial. A
trivial G-torsor over k is isomorphic to G.

(2) Assume chark # 2. Let X = A1\ {0}, and let Y C A? be the subvariety
defined by y? = x,x # 0. The projection (z, y) — z makes Y into a torsor over X
under the finite constant group G = Z/2Z. The action of the nontrivial element of
G is given by (z, y) — (x, —y).

(3) Let X = Spec k. A torsor Y over k is simply a k-variety, equipped with
a faithful and transitive action of G(k) on Y (k) which is compatible with the left
action of g = Gal(k/k), namely, v(yg) = v(y)v(g) for all y € Y (k), g € G(k) and
v € g. (The last condition means that the action of G is defined over k, as may be
seen by using Galois descent.)

If G is finite (meaning that G(k) is finite), then Y is a finite k-variety since
there is a faithful and transitive action of G(k) on Y (k). So Y = Spec A for some
finite-dimensional k-algebra A. The set Y (k) is just the set Homgyyg , (A4, k). Thus
Y = Spec A is equipped with a G-torsor structure as soon as Homg[g/k(A, k) is

given a faithful and transitive action of G (k) which is compatible with the left action
of g.

For a specific example, consider a finite Galois extension L/k. Let G be the
finite constant k-group associated to Gal(L/k), i.e., G(k) = Gal(L/k) and the
g-action on G(k) is trivial. Then Y = Spec L is a G-torsor over k. Indeed,
Y(k) = Homayg,, (L, k) = Gal(L/k) and we can define the action of G(k) on
Y (k) = Homgyg , (L, k) by the product in the group Gal(L/k). For any v € g and
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yeYk) = Homayg , (L, k), v(y) = 7y, where ¥ is the image of vy in Gal(L/k).
Thus

Yy -9) =y9 =7W)g =~1W)(g), YyeY(k), geGk), veg

where the last equality holds because g acts trivially on G(k).

(4) Take k = Q and L = Q(v/2). Fix a primitive cubic root of unity & in
Q. Then Homgug/Q (L, Q) = {00, 01,02 } where o; sends V2 to €°3/2. The cyclic
group C5 of order 3 acts faithfully and transitively on Homgyg , (L, Q). But to
obtain a Galois-compatible action, C's must be equipped with the nontrivial action
of Gal(Q(¢)/Q). So Spec L is a torsor over Q under the finite nonconstant group
3, but it is not a torsor under the constant group Z/3Z.

A G-torsor Y over k is trivial if and only if Y (k) # (). Indeed, if Y (k) # 0, we
can pick a point yg € Y (k). Then G is isomorphic to Y via the morphism g — yog.
So any torsor over an algebraically closed field is trivial.

More generally, a G-torsor Y over a variety X is trivial if and only if the struc-
tural morphism f :Y — X has a section over k. Indeed, if s is a section of f, then
the trivial torsor X xj, G is isomorphic to Y via the morphism (z, g) — s(z)g.

We want to relate torsors to cohomology sets. For this purpose, let’s first review
some basics on non-abelian group cohomology. For more details, see for example
[29].

Let I" be a profinite group and let A be a I'-group. We will often denote by Ya
the element y(a) for v € I',a € A. Define the set

HT, A):=A" ={ac A|"a=a,VyeT}.

A cocycle is a continuous map ¢ : I' = A, v +— ¢, such that ¢, 4, = ¢y, "¢, for all
v1, 72 € I. Let ZY(T', A) denote the set of cocyles. For a given element a € A, the
map y > Cy = a~17a defines a cocycle. Such a cocycle is said to be trivial. We
define an equivalence relation on Z!(T', A) by setting

¢~ ¢ <= there exists a € A such that ¢, = ate,’a, YyeT.

The first cohomology set H'(T', A) is by definition the quotient of Z}(T", A)
divided by this equivalence relation. The class of trivial cocycles forms a distin-
guished element of H'(I', A). When A is abelian, namely a '-module, the sets
HY(T, A),i = 0,1 have naturally an abelian group structure.

Now we take I' = g = Gal(k/k) and A = G(k), where as before G is a smooth
k-group and k is a fixed separable closure of k. We write H'(k, G) (resp. Z'(k, G))
in place of Hi(g, G(k)) for i =0, 1 (resp. Z'(g, G(k))) .

The cohomology set H'(k, G) has the following functorial behaviours:

(1) A field extension k; C ks induces a continuous map Gal( kg /ko) — Gal( k1 /ks).
Since G( k1) C G(k3), we obtain a map Z'(k1, G) — Z'(ko, G), which is compat-
ible with the equivalence relation defining H'. Hence the field extension k; C ks
induces a map of pointed sets H!(ky, G) — H(kq, G).

(2) If G — G’ is a homomorphism of k-groups, then an element of Z!(k, G) can
be pushed to Z!(k, G’). So there is an induced map H'(k, G) — H'(k, G").

For torsors there are similar functorial behaviours.

(1) Let k& C k' be a field extension and let Y be a G-torsor over k. Then
Y’ :=Y xj k' is a torsor under G’ := G x, k' over k.

(2) Let G — G’ be a homomorphism of k-groups. Although more subtle, there
is a natural way to associate to each G-torsor Y over k a G'-torsor Y/ over k. When
G’ = G/ H is the quotient of G by a normal subgroup H, then Y” is just the quotient
of Y by the action of H.
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Now we are ready to relate torsors over k to cohomology sets. Let TkG be the set
of isomorphism classes of G-torsors over k. The trivial torsors define a distinguished
element of 7,¢. Given a G-torsor Y over k, and fix an element yo € Y (k). For any
v € g = Gal(k/k), there exists a unique ¢, € G(k) such that y(yo) = yoc,. It’s easy
to check that ¢ is a cocycle and that if one replaces yo by ¥ = yog with g € G(k),
then cy is replaced by g_lcﬂg. Thus, the class [c] of ¢ in H!(k, G) does not depend
on yo. If ¢ : Y — Y’ is an isomorphism of torsors, then the equality v(yo) = yocy
implies v(¢(y0)) = ©(yo)cy, so the class [c] € H(k, G) does not change when Y is
replaced by any other isomorphic torsor. We obtain in this way a well-defined map
A TE — HY(k, G).

Theorem 4.1.5. With notation as above, the map X\ : T.X — HY(k, G) is an
isomorphism of pointed sets that is functorial in k and G.

For torsors over a general variety X, there is an analogous result in which the
étale cohomology set H}, (X, G) has to be introduced as a generalization of H'(k, G)
and some additional assumptions (which are satisfied if G is a linear algebraic group)
are needed.

Theorem 4.1.6. Let G be a linear k-group and let T be the set of isomorphism
classes of G-torsors over a k-variety X. Then there is an isomorphism of pointed
sets T¢ = H},(X, G) that is functorial in X and G.

For a proof of Thms. 4.1.5 and 4.1.6, see for example [25, p.123, Prop. 4.6].
Standard facts on cohomology sets include the following.

Theorem 4.1.7. Let 1 — G' — G — G" — 1 be an exact sequence of smooth
k-groups. Then there is an exact sequence of pointed sets:

1— G (k) — G(k) - G"(k) — H*(k, G') — H'(k, G) — H'(k, G").

If G, G,G" are commutative, the above sequence is an exact sequence of abelian
groups. Similar results hold for the étale cohomology.

Proof. See [25, p.122, Prop. 4.5]. O
Theorem 4.1.8 (Hilbert’s Theorem 90). For any field k, one has
H'(k, G,,)=0.
More generally, H}, (A, G,,,) =0 for any local ring A.
Proof. See [25, p.124, Lemma 4.10]. O

4.1.4 The Welil Restriction

Let F/k be a field extension. The usual base change procedure enables us to extend
a k-scheme to an F-scheme. The so-called “restriction of scalars”, introduced
by Weil in [35], is a kind of operation in the opposite direction. For simplicity, we
restricted here to the case where F'/k is a finite separable extension.

Let X be an (algebraic) F-scheme. It gives a functor X(—): Alg,p — Get. By
composing it with the tensor product functor — ®j F': Ulg,, — Alg,p, we obtain
a functor

RpjpX @ AUlg), — Get; A X(A®y F).

It often happens that this functor is representable by a k-scheme, namely, there is
a k-scheme X' such that Rp/, X = X'(—) as functors from 2lg,, to Get. In that
case, the k-scheme which represents this functor is also denoted by Rp/,X and is
called the Weil restriction, or the restriction of scalars, of X from F to k. It
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turns out that the scheme Rp/, X always exists for any quasi-projective F-scheme
X. Here let us work in a bit more details only in the affine case.
Suppose

X =Spec B, with B=Flzq, ...,z,)/(f1, s fm), fi € Flx1, ..., 0]
For any A € gy,
(Re/pX)(A) = {(a1,...,a,) € (A®k F)" | filar,...,0n) =0, Vi}.

Fix a basis vy, ..., v, for F as a k-module, and write

o = Zﬁlﬂ}p B € A.

j=1

Then f;(aq,...,a,) can be developed into the following form:
filar, ... an) = Z@j(ﬂlj)l}j
j=1

where ¢;; are polynomials with coefficients in k in the variables 3;;. Hence, the
functor Rp/, X may be represented by the k-scheme Spec (k[B;]/(¢i5)).-

In what follows, when we write down Rp/, X we will always assume that it can
be represented by a scheme.

Some more properties of the Weil restriction are listed below.

Let X be an F-scheme and F/k a finite separable field extension.

(1) There is an isomorphism

Mory(—, Rp/pX) = Morp((—) xx F', X)

of functors from k-schemes to sets.
(2) For any quasi-projective F-varieties X7, Xo,

Rpjp(X1 xr X2) = (RpjpX1) Xi (Rp/X2) .

(3) For a morphism u : X — Y of F-schemes, there is a natural k-morphism
Rp/k(u) : RF/kX — RF/kY.

(4) If X is affine, so is Ry, X; if X is smooth, so is Rp/p X. Rp/ AR = A"
with n = [F: k]. dim R/, X = [F: k| dim X.

(5) If U is an open subset of X, then Rp /U is an open subset of Rp/,X.

(6) For any field extension L/k, writing L&y F' = [[;_, M; as a product of fields,
there is a canonical isomorphism of L-schemes:

(RpjuX) xi L =[] Raz,yn(X ¢ M;).

i=1

(7) If G is an F-group, then Rp/,G is a k-group; G is connected if and only if
RpyiG is connected; if G is commutative, then so is Rp/,G.

(8) If T'is a F-torus, then Ry /T is k-tours and (Rp)pT) X k = T1 Xp - - X3 T,
with n = [F : k].

9 If1 — G — G — G" —1is an exact sequence of F-groups, then the
corresponding sequence of k-groups

1 — Rp/G' — Rp/G — Rp;G" — 1

is also exact.
(10) (Shapiro’s Lemma.) For any F-group G, one has H'(k, Rp/,G) = H'(F, G).
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4.1.5 Tori and Lattices

As before, let k be a field and k a fixed separable closure of k and g = Gal(k/k)
the Galois group. For a k-torus T, define its group of characters to be T :=
Homy(T, G,, ;). The Galois group g = Gal(k/k) acts continuously on T and thus
makes it into a g-module. As an abelian group, we have

T = Homg/(T, Gm,fc) = HomE(GZ,Ev Gm,l}) > 7",

So T is free of finite rank as a Z-module. We call such a g-module a g-lattice. The
precise definition is as follows.

Definition 4.1.9. Let I' be a profinite group. By a I'-lattice we mean a I'-module
M that is free of finite rank as a Z-module. The dual of a I'-lattice M is the lattice
MY := Homgz (M , Z) with the T'-action given by

(v-f)(m):=f(y'm), Yyel,feM’, meM.

A remarkable fact is that the functor T +— 7' from the category of k-tori to the
category of g-lattices is an anti-equivalence. So up to isomorphism there is a unique
k-torus T°, called the dual torus of T', whose character group is the dual of T.

Now let F/k be a finite separable extension contained in k/k. Consider the k-
tours T' = Rp/,Gy,. The g-module T is isomorphic to Z[g/p], where h = Gal(k/F).
There is an surjective homomorphism of g-modules, called the augmentation
map, given by

€=¢q/p : Llg/b] — Z; 5<Zniei) :Zni.

where (e;) is a fixed set of representatives for g/h and Z is regarded as a trivial
g-lattice. Let I/, = Ker (¢4/5). One has the exact sequence of g-lattices

0— Iy, — Z[g/h] — Z — 0. (4.2)

Passing to dual lattices, we get an exact sequence

0 — Z =5 Zlg/b] — Jyp — 0

where Jg/y = Ig/h and €%(1) = ey + - + e, with n = [F : k]. These two exact
sequences induce exact sequences of k-tori

1—)Gm,k—>T:RF/}ch—>T1—>1

and N
1—T, —T=Rp);Gp — Gy — 1.

The torus T' = Rp/, G, is an open subset of RF/kAl = A} and thus T can be
embedded as an open subset of the projective space ]P’Z_l. Hence T} is rational
over k. From this point of view, the torus 75 is much more interesting. For each
k-algebra A, the natural map

N i RppG(A) = (A@y F)* — Gpp(A) = A*
is the usual norm map, and T5(A) is equal to the kernel of this map. Fix a k-basis

v1,...,0, for F/k, there is a universal polynomial N(z1,...,z,) € k[z1,...,z,],
which is homogeneous of degree n, such that

N <Zai®vi> =N(a17...,an).
=1
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As a variety, 75 may be represented as a hypersurface in A} defined by the norm
equation:
N(zy, ...,z,) =1

where x7, ..., %, denote the coordinates of an element of F' with respect to some
k-basis of F. We use the standard notation R}; /ka for the torus 75, and often
call it the norm one torus for F/k. It is Chevalley who first discovered that the
torus Ry, G, may be not k-rational for some F/k.

4.2 R-Equivalence on Tori

Let k be a field and let X be an algebraic k-scheme. Two rational points z, y € X (k)

are said to be directly R-equivalent, written x % y, if there is a k-rational map

f: P! -—— X and two points a, b € P!(k) such that f(a) = z and f(b) = y. We
may always choose the points a, b to be 0, co.

Let O denote the ring of all rational functions h(t) = f(t)/g(t) over k with
g(0)g(1) # 0. This is the ring of rational functions on A} that are regular at two
given rational points 0 and 1. The evaluation maps Op — k, h(t) — h(i) for
1= 0,1 give two homomorphisms of k-algebras. The direct R-equivalence between
x, y € X (k) amounts the same as to saying that there is a point a(t) € X(Oy) such
that «(0) = 2 and a(1) = y.

The R-equivalence on X (k) is the equivalence relation generated by direct

R-equivalence. Namely, two points z, y € X (k) are R-equivalent, written Z y, if

and only if there are points zg, 1,...,2, € X (k) such that
r=ao o a R X By, =
0oy Iy S In Y

The set of R-equivalence classes will be denoted by X (k)/R. When it is a singleton,
we write it as X (k)/R = 0. For a field extension L/k, we will simply write X (L)/R
for the set X (L)/R of R-equivalence classes of the L-scheme X. The following
facts immediately follow from the definition.

Proposition 4.2.1. Let X, Y be two k-schemes and let K/k be a finite separable
extension.

(i) All rational points on an affine space A™ are directly R-equivalent to one fized
point xg € A"(k). The same is true for any open subset of A™.

(ii) X(k)/R =0 for X = A™ or P™.

(iii) Any k-morphism f : X — Y induces a map of sets fr : X(k)/R — Y (k)/R.

(iv) The natural map (X x Y)(k)/R — X(k)/R x Y (k)/R is a bijection.

(v) If X" is a K-scheme and X = Ry, X" is the Weil’s restriction of scalars to
k, one has a bijection X (k)/R = X'(K)/R.

Proof. (i) If X is an open subset of A" and z, 1 € X (k), we can find a line £ = A!
in A™ connecting g, z;. Viewing X N¢ as an open subset of A', there is a k-rational
map f : P! --» X which restricts to the identity map on X N ¢.

(ii) This follows immediately from (i).

(iii) Clearly, two directly R-equivalent points in X (k) are mapped to directly
R-equivalent points in Y (k). Hence the natural map X (k) — Y (k) respects R-
equivalence.

(iv) Identify (X x Y)(k) with X (k) x Y (k). Let zo = (20, yo) and 21 = (x1, y1)

be two points in (X xj; Y)(k). One sees easily from the definition that z § z if

and only if xg SJ x1 and yo SJ Y1-
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(v) We have an isomorphism of functors Mor(—, X) = Morg ((—) x; K, X').
So there is a bijection ¢ : X'(K) = X(k). Let o',y € X'(K) and let z =
o), y = ¢y') € X(k). Suppose x ,1\; y. There is an open subset of V of P} and
a k-morphism f : V — X such that f(0) = z and f(oo) = y. Then we have the
following commutative diagram

Morg (Vi, X') —— Mork(V, X)

l l

Morg (K, X') —%— Mory(k, X)

where the vertical maps can be the evaluation at 0 or co. If follows that z’ § Y.

Hence the natural map X’(K) — X (k) — X (k)/R induces a bijection X'(K)/R =
X (k)/R. O

Proposition 4.2.2. Let X be any (algebraic) k-scheme. Let x, y € X (k) be rational
points of X. We can also regard them as elements in Zo(X). Then

mgy in X(k) = 2%y in Zo(X).

Proof. We may assume x and y are directly R-equivalent. There is a k-rational map
f: P! --» X such that f(0) = x and f(co) =y. Let U be the domain of definition
of f. Let V. =Ty C P! x X be its graph. The first projection induces a birational
morphism p: V — U. We have

z—y=[V(0)] = [V(c0)]

where, as in Prop. 1.2.6, V(Q) is the image of p~!(Q) under the second projection
q:P'x X — X for Q =0 or co. So Prop. 1.2.6 implies that z " yin Zo(X). O

According to the above proposition, there is a well-defined map X (k)/R —
CHo(X). Let Ag(X) denote the subgroup of CHy(X) consisting of classes of degree
0 and fix a point xg € X (k). There is a well-defind map X (k)/R — Ao(X) sending
a point x to [z] — [zg]-

As to the birational invariance of the set X (k)/R, one has the following result
due to Colliot-Thélene and Sansuc.

Proposition 4.2.3 ([7, p.195, Prop. 10]). Let X, Y be smooth, projective, irre-
ducible k-varieties. Any k-rational map f: X --+Y defines a map fr: X(k)/R —
Y (k)/R which coincides with the natural one everywhere f is defined. If f : X — Y
is a birational map, then fr : X(k)/R — Y (k)/R is a bijection. So X(k)/R is a
birational invariant in the category of smooth projective irreducible k-varieties, and
if such a variety X is k-rational, one has X (k)/R = 0.

Definition 4.2.4. Let X be a smooth irreducible k-variety. A smooth compact-
ification of X, if it exists, is an open immersion 7 : X — X’ from X into a smooth
projective irreducible variety X'.

By Hironaka’s theorem (cf. [17]), a smooth compactification exists when char k =
0.

Corollary 4.2.5. Let X be a smooth irreducible k-variety. Supppose X has a
smooth compactificationi : X — X'. Then the property that the map igr : X (k)/R —
X'(k)/R is bijective (resp. injective, resp. surjective) does not depend on the choice
of smooth compactifications.
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Proof. Ifi: X — X’ and j : X — X" are two smooth compactifications of X, there
is a birational map f : X’ --» X’ such that foi = j as birational maps. The result
then follows from Prop. 4.2.3. O

Let G be an algebraic k-group. There is a well-defined map
G(k)/Rx G(k)/R=(Gx G)(k)/JR— G(k)/R

induced by the group multiplication. So the set G(k)/R can be equipped naturally
with a group structure. Let R(k, G) be the R-equivalence class of the identity
element 1 € G(k). This is a normal subgroup of G(k) and G(k)/R is isomorphic to
G(k)/R(k, G).

Proposition 4.2.6. Let G be an algebraic k-group. Any two R-equivalent points
in G(k) are directly R-equivalent.

Proof. Let g, g € G(k) and g 2 g'. There is a chain of elements gg, g1, ..., gn of
G(k) such that go = g, g, = ¢’ and g; § girq foralli =0, 1,...,n—1. By induction,

we may assume n = 2 and go = 1. There exist points fo(¢), f1(t) € G(Of) such

that fo(0) = 1, fo(1) = g1, f1(0) = g1, f1(1) = g2. Let h(t) = fi(t)fo(1 —t)~".
Then h(0) =1 = gg and h(1) = go. This proves the proposition. O

The set G(k)/R for algebraic groups is birationally invariant in a somewhat
weaker sense. This is the content of the following proposition.

Proposition 4.2.7 ([7, p.197, Prop. 11]). Let k be an infinite field. Let G and G’
be connected linear k-groups that are k-unirational. If G and G’ are k-birationally
equivalent, then there is a bijection of sets G(k)/R — G'(k)/R.

Here, an integral k-variety X is said to be k-unirational if there is a dominant
k-rational map P™ --+ X. Using Chevalley’s theorem on fibre dimensions, one can
choose such a rational map with n = dim X (cf. [22, p.51, Def. 12.8]). A connected
linear k-group G is k-unirational if G is reductive (meaning that G(k) # 1 and the
maximal connected normal unipotent subgroup of G(k) is trivial) or if k is perfect
(cf. [33, §4.1]). In particular, any k-torus is unirational.

Remark 4.2.8. After making translations, we may suppose the bijection G(k)/R —
G'(k)/R respects the identity elements of groups. But it’s not evident a priori that
the map is a group isomorphism.

Proposition 4.2.9 ([7, p.203, Prop. 13]). Let T be a k-torus.

(i) The rational equivalence on T(k) coincides with the R-equivalence.

(ii) If T — X is a smooth compactification of T, then the natural map T(k)/R —
X (k)/R is bijective. So if T is rational, T(k)/R = 0.

4.3 Flasque Resolution of Tori

Let T be a profinite group. Recall that a I-lattice is a [-module M that is free of
finite rank as a Z-module. The T'-action on the dual lattice M° = Hom(M, Z) is
given by

(y-f)(m):=f(v"'m), Vyel,feM’, meM.

Definition 4.3.1. A T'-lattice M is said to be

(1) a permutation lattice if it admits a Z-basis X = {ej, ...,e, } that is
stable under I'-action (this implies that for any v € T, the map X — X ; x — x
is bijective. Indeed, if ye; = veq, then we get a contradiction: e; — ey = v~ ty(e; —
e2) = 0);
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(2) invertible if there is another I'-lattice N such that M & N is a permutation
I'-lattice;

(3) coflasque if H (I, M) = 0 for all open subgroup I/ of T;

(4) flasque if its dual lattice M? is coflasque.

Proposition 4.3.2.
(i) A permutation lattice is isomorphic to its dual.
(ii) An invertibel lattice is both flasque and coflasque.

Proof. (i) Let M be a permutation lattice with a Z-basis X = {ej1,...,e, } stable
under I'. MY has a Z-basis Y = { fi, ..., fn } dual to X, that is, f;(e;) = d;j.
Since the T'-action is given by (v - f)(m) = f(y~*m), Y is stable under T'. In fact,
if ve; = e; then vf; = f;. The map M — M? sending e; to f; is therefore an
isomorphism of I'-lattices.

(ii) It is enough to prove the result for permutation lattices. In view of (i), we
need only prove a permutation lattice M is coflasque. We want to show that for
any open subgroup IV =T of ', HY(I'", M) = 0. Without loss of generality, we may
assume IV =T since M is also a permutation I'-lattice. Let X = {ey, ..., e, } be
a ['-stable Z-basis for M, and let X = X; U X5 Ll --- U X, be the decomposition of
X into disjoint I'-orbits. Then we have M = M1 & My & - - - & M,., where M, is the
permutation I-lattice with Z-basis X;. It suffices to prove H(T', M;) = 0 for each
. So we may assume I' acts transitively on X. Now let IV := {~v € T'|ve; = e; } be
the stablizer of e;. This is an open subgroup of I'. We have M = Zey @ - - - & Ze,, =
Z|T'/TV] since T-acts transitively on X = {ej, ..., e, }. It follows that M = Z[['/T”|
is isomorphic to the induced module

Indll:,(Z) := { continuous map f:T —Z|f(v's)= f(s), V7 €l”,sel}
where Z is given the trivial I'-action. By Shapiro’s lemma, we obtain
HY T, M) = HYI", Z) = Homeons (T, Z) .
The last group vanishes because I" is profinite and
Homeont (T, Z) = liLnHom(F’/F;, Z)=0,

where the limit is taken over all the open subgroups I'/, of I. This completes the
proof. O

Let M be a I'-lattice. A flasque resolution of M is a short exact sequence of
I'-lattices
0O—M-—P—F—0

in which P is a permuation lattice and F is a flasque lattice; a coflasque resolution
of M is a short exact sequence of I'-lattices

0—Q@Q—R—M—0

in which R is a permuation lattice and @ is a coflasque lattice.
The following lemma, of primary importance, was already used by Lenstra in
[20] (in the proof of Prop. 1.2).

Lemma 4.3.3. Every I'-lattice has a flasque resolution and a coflasque resolution.

Proof. By duality, we need only consider the existence of a coflasque resolution. We
may assume [ is finite. For a surjective homomorphism of I'-lattices R — M with
R a permutation lattice, its kernel Q is coflasque if and only if for any subgroup I
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of ', the induced R M s again surjective. For each subgroup I, let T" act
on Z[T'/T') @z MT" by

c-(F®m):=o9®@m Voel,yel/I',meM" .

We have a natural map Z[[/T'] ®z MY — M ;5 ® m — ~-m. To obtain a
coflasque resolution of M, it is therefore sufficient to take R — M to be the direct
sum, over all subgroups I'" of T, of the maps Z['/T'] ®z M* — M. O

We say two I'-lattices M and N are equivalent if there are permutation I'-
lattices P and @ such that M & P 2 N @ Q. The flasque resolution of a given
lattice M is unique in the following sense ([7, p.181, Lemme 5]): for any flasque
resolution

0O—M-—P—F—0

the equivalence class of F' depends only on M, which we will denote by p(M).

Now we take I' = g = Gal(k/k). Let T be an algebraic k-torus. We denote by
T its group of characters, i.e. T := Hom(T, G, ). The functor T' — T establishes
an anti-equivalence between the category of algebraic k-tori with the category of
g-lattices.

Definition 4.3.4. Let T be an algebraic k-torus. We say T is

(1) trivial, or split (“déployé” in French) over k, if T'is a trivial g-lattice (this
is equivalent to saying that 7" is k-isomorphic to a product G, 5 X - -+ X Gy, k3

(2) quasi-trivial, or quasi-split, if T is a permutation g-lattice;

(3) flasque (resp. coflasque) if T is a flasque (resp. coflasque) g-lattice.

Note that a quasi-trivial k-torus 7" is an open subset of an affine space A}, hence
is k-rational. Indeed, the decomposition of a permutation basis of T gives rise to a
decomposition T =T} x - - - x T} in which each T} & Z[g/h;] for some open subgroup
h; of g. If K; := Ebi is the subfield of k consisting of invariants under b;, we have
T; = Ry, /kGm , k,, where R, /i denotes the Weil restriction of scalars. So a quasi-
trivial torus 7" is isomorphic to a finite product of tori of the form Ry /Gy, k, where
K /k is a finite separable extension K /k. As a variety, Ri /G, k is an open subset
of Ry /kA}( =~ A? with d = [K : k]. Hence, a quasi-trivial torus T is k-isomorphic
to an open subset of some A}.

A flasque resolution of a k-torus T is a short exact sequence of k-tori

1—85—P——T—1

with P quasi-trivial and S flasque. The anti-equivalence between the k-tori and
g-lattices establishes a bijective correspondence between flasque resolutions of T
and those of the g-lattice T. Lemma 4.3.3 tells us that every k-torus has a flasque

resolution. The equivalence class p(T') will be also denoted by p(T).

Lemma 4.3.5. Let P be a k-torus. If there is a torus P’ such that P x P’ is
quasi-trivial, then H(k, P) = 0.

Proof. We may assume P is quasi-trivial and is of the form Rg /,G,,. Then
H'(k, P) = H'(k, Rx/1Gy) = H'(K, G,,) =0
by Shapiro’s lemma and Hilbert’s theorem 90. O

Ifl1-S—P—T—1land1— S — P’ — T are two flasque resolutions of T,
then there exist quasi-trivial tori @, @’ such that S x Q = S’ x @’. Lemma 4.3.5
implies that, for any flasque resolution

1—S—P—T—1,
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the group H'(k, S) depends only on p(T).

The class p(T) characterizes an important invariant of the torus 7. Here we
need the notion of stably rationality. Two integral k-varieties X and Y are said
to be stably k-rationally equivalent if X xj, A? 2Y x;, A" for some n,m > 1. An
integral k-variety X is said to be stably rational if it is stably rationally equivalent
to some affine space A}.

Note that for any k-variety X, the absolute Galois group g = Gal(k/k) acts on
X, hence also on various objects attached to X, e.g. the Chow groups and so on.

Theorem 4.3.6.

(i) Let Ty, Ty be k-tori. Then p(Ty) = p(T3) if and only if Ty and Ty are stably
k-rationally equivalent.

(ii) Suppose X is a smooth compactification of a k-torus T. There is a flasque

resolution of T
1—S—P—T—1 (4.3)

in which S = CHl(Y) andf is the permutation g-lattice with Z-basis the set of all
irreducible components of X \ T.

Proof. See [7, pp.189-190] or [3, pp.19-21]. O

Let X be a functor from the category 2lg;, of k-algebras to the category Set of
sets, for example X = H},(—, G) where G is an algebraic group. For a field extension
L/k, we can define the R-equivalence on X(L) as follows. Let Op be the semi-
local ring of rational functions h(t) = f(t)/g(t) € L(t) such that ¢g(0)g(1) # 0.
For ¢ = 0 or 1, there is a natural map O, — L sending h(t) to h(i). We say two
points z, y € X(L) are directly R-equivalent if there is an «(t) € X(Op) such that
a(0) = z and a(1) = y. The R-equivalence on X(L) is defined to be the equivalence
relation generated by the direct R-equivalence. If X is the functor of points X (—)
defined by a k-scheme X, this definition of R-equivalence coincides with the old
one.

Let 1 - S — P — T be an exact sequence of tori flasque with P quasi-trivial.
There is an étale k-algebra E such that P = Rp/,Gy,. For any semi-local ring A
in Alg /1, one has

HY(A, P) 2 HY(A oy B, Gy) =0

by Shapiro’s lemma and Hilbert’s theorem 90. So for any field extension L/k we
have the following commutative diagram with exact rows

P(OL) —— T(0p) —— H}Y(0p, 8) —— 0

l ! l

pP(L)y —— T(L) —— HYL,S) —— 0
where the vertical maps can be the evaluation at 0 or 1. It follows that there is an
induced exact sequence
P(L)/R — T(L)/R — H'(L. S)/R — 0.
Since the quasi-trivial torus P is rational, we have P(L)/R = 0. Hence T(L)/R =
HY(L, S)/R.
The following result, due to Colliot-Théléne and Sansuc and fundamental for

our later use, reveals an important link between flasque resolutions and the R-
equivalence for tori.

Theorem 4.3.7 ([7, p.199, Thm. 2]). Let T be a k-tori. Any flasque resolution
1—-8S—P—>T—1ofT induces an isomorphism of groups

T(k)/R= H\(k, S).
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Corollary 4.3.8. For algebraic tori the group T(k)/R is birationally invariant.

Proof. The group H!(k, S) depends only on p(T). The result follows immediately
from Thm. 4.3.6 and Thm. 4.3.7. The group T'(k)/R is even invariant under stably
rational equivalence. O

4.4 Functors related to R-Equivalence and Zero-
Cycles

In this section, let T" be an algebraic k-torus and let X be a smooth compactification
of T.
For each field extension L/k, there is a well-defined map

or :T(L)/R — Ao(XL); [t]— [t] —[1]. (4.4)

Proposition 4.4.1. With notation as above, the property that ¢y, is bijective (or
injective, or surjective) does not depend on the choice of the smooth compactification
X.

Proof. We may assume L = k. Let T — X and T — X' be two smooth compacti-
fications. There are mutually inverse birational maps X --» X’ and X’ --» X that
are identical on T. Their graphs define two correspondences a € Cor(X, X') =
CH,(X x X') and 8 € Cor(X’, X) = CH, (X' x X). There are induced homomor-
phisms «a,. : CHyp(X) — CHy(X’) and 8, : CHo(X') — CHy(X), mutually inverse,
that are compatible with the map ¢ (cf. [11, §16.1]). O

Questions we are interested are: is ¢ a group homomorphism and is it an isomor-
phism? The two questions are easily solved for the cases dim7T = 1 or 2, because all
tori of dimension < 2 are rational ([33, §4.9]), and the group A (X) is birationally
invariant for smooth projective varieties ([11, Example 16.1.11], there the hypothe-
sis that the ground field is algebraically closed is useless). So if dim 7T < 2, we have
T(k)/R =0 and Ag(X) = Ag(P") = 0 where n =1 or 2.

The main result discussed in this thesis is that in the 3-dimensional case it can
also be proved that ¢ is a group isomorphism (cf. Thm. 4.6.4).

Let Field/;, be the category of field extensions of k and let Get be the category
of sets. We may regard L — T(L)/R and L +— Ag(Xy) as functors from Field;, to
Get. Then ¢, : T(L)/R — Ao(X1) can be viewed as a morphism of functors.

Consider the flasque resolution in (4.3):

1—85—P—T—1.

The Sp-torsor Pr, over T}, can be extended to an Sp-torsor q : U — X over Xy,
by [7, p.194, Prop. 9]. For a closed point x;, of Xy, the fiber U,, of ¢ over zj, is a
torsor under Sy(,, ) over £(zr). Denote by [U,, ] its class in H'(k(z), S). By [7,
p.198, Prop. 12], the map

Y CHo(Xp) — H'(L, S) =T(L)/R; 21+ Nyyy(Us.]), (4.5)

where the norm map Ny (,, )/ is the usual one in Galois cohomology (it is called
the “corestriction” in [29]), extends to a well-defined group homomorphism. Let
1ZJL = r|a(x,) be its restriction to Ag(Xr). It is obvious that zﬁL opr =1Id. Tt
follows that the map ¢y is injective, and when ¢y, is bijective, it is an isomorphism
of groups since ﬁL is a group homomorphism.

We may regard the assignments L — CHo(Xp), L — H'(L, S) as functors from
Sield ), to Get, and ¢y, as a morphism of functors. We now start the study of ¢,
and vy, as morphisms of functors.
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Definition 4.4.2. Let A : Fielo ), — Get be a functor. We say

(1) A is a functor with norms, if for any finite extension F/F with E, F €
Sield /, there is a given norm map Ng/p : A(E) — A(F) such that (i) Ng/p = Id
and (ii) if L/E is another finite extension, one has Ny ,p = Ng/p o Ni/g;

(2) Ais a functor with specializations, if for any DVR over k of geometric
type (i.e., a DVR that is a localization of a finitely generated k-algebra) O, with
quotient field L and residue field K, there is a given map sa o : A(L) — A(K)
called a specialization map.

Definition 4.4.3. Let A, B : Fielo ;. — Get be two functors and let a: A — B be
a morphism.

(1) Assume that A and B have norms. We say a commutes with norms if for
any finite extension £/F in §ield, the following diagram

A(E) —%2_, B(E)

NE/FJV J/NE/F

A(F) £ B(F)

is commutative.

(2) Assume that A and B have specializations. We say a commutes with
specializations if for any DVR O of geometric type with quotient field L and
residue field K, the following diagram

is commutative.

Examples 4.4.4. (1) The usual norm (or corestriction) map in Galois cohomology
endows the functor H!(L, S) with norms.
(2) Let E/F be a finite extension in §ield,;. We have

T(E) = T(E ®y k)® = Homgg , (4, E @4 k)®
= Homauy , (A @k k, E @ k)® = Homaug . (k(T), E @} k)®
= Homy (T, E")® = (T° @z E")®

where A is the coordinate ring of the torus T, E = E ®, k and k(T) is the group
algebra based on 7. There is a natural norm map

Ng/p:T(E)=(I°@E)® —T(F)=(IT°®F )®

induced by the usual norm for the field extension E/F. Thus the functor L — T'(L)
is equipped with norms. The functor L +— T(L)/R therefore inherits norms from
L+— T(L).

The isomorphism of functors T'(L)/R = H'(L, S) induced by the natural maps
T(L) — HY(L, S) clearly commutes with norms.

(3) For a finite extension E/F in Field,, the natural morphism 7 : Xgp — Xp
is proper. We take the norm map Ng,p : CHo(Xg) — CHo(XF) to be the proper
push-forward .. In this way the functor L — CHy(Xp) is endowed with norms.
There is a natural way to equip the functor L +— Ag(X) with norms such that the
inclusion Ag(Xr) — CHo(X) commutes with norms.
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(4) Let 1 = S — P — T — 1 be any flasque resolution of the torus 7. Let «
be an endomorphism of the torus S. It induces an endomorphism of functors

T(L)/R=H'(L, S) — T(L)/R=H'(L, S); t a(t)
that commutes with norms.

Example 4.4.5. T Let O be a DVR of geometric type over k with quotient field L
and residue field K. The specialization map s : CHy(X1) — CHy(Xk) is defined
as follows (cf. [11, §20.3]). There is an exact sequence (a variant of Prop. 1.3.6 in
the relative case)

CH; (X) = CHy (Xo) - CHo(X1) — 0

where i, and j* denote the push-forward and pull-back induced by the natural
morphisms X — Xo and X — Xo. For an element o € CHy(X,), we pick o’ €
CH;(Xo) such that j*(a’) = a. Then define s(a) = i'(a’), where i* : CH;(Xp) —
CHy(Xk) is the Gysin homomorphism (cf. [11, §6.2]). The map s is well-defined
since 7' 04, = 0 ([11, Thm. 6.3]). Thus, the functor F' +— CHy(XF) can be equipped
with specializations. The subfunctor F' — Ag(Xr) inherits specializations such that
the inclusion Ag(Xp) — CHo(XF) commutes with specializations.

Example 4.4.6. Let O be a DVR of geometric type over k with quotient field L
and residue field K. Let 1 - S — P — T — 1 be any flasque resolution of the
torus 7. By [8, Coro. 4.2], the natural homomorphism H} (0, S) — H'(L, S) is
an isomorphism since S is flasque. The compostion

s: T(L)/R=HY(L, S)= H}(0, S) — HY K, S)=T(K)/R

gives a specialization map. The group H!(L, S) is uniquely determined by the class
p(T) (Lemma 4.3.5), so the specialization map s is independent of the choice of a
flasque resolution. Further, the natural map 7'(0) — H},(O, S) is surjective since
H},(0, P) = H'(L, P) = 0. We have thus the following commutative diagram

T(L)/R T(L) 7(0) T(K) T(K)/R
Hl(L, S) = Hét(O7 S) Hl(K, S)

which implies in particular that the composition T(0O) — T(L) — T(L)/R is surjec-
tive. Let p € T(L)/R and let ¢ € T(O) be a lift of p. It follows easily from the defi-
nition that s(p) is the image of ¢ under the composition T(0) — T(K) — T(K)/R.

Lemma 4.4.7. Let T be an algebraic k-torus. Let t, t' € T be two elements such
that t' specializes to t (i.e. t € {t'}). Suppose that the local ring O = Oy ; is a
DVR. Let s = so : T(k(t'))/R — T(k(t))/R be the specialization map with respect
to O. Then s(t') =t.

Proof. Let A = k[T] be the coordinate ring of T" and let p and p’ be prime ideals of
A corresponding to ¢t and t respectively. Then O = A, /p’A,,

k(t) = Ap/pA, = Frac(A4/p) and k(') = Frac(A,/p’Ap) = Frac(A/p').

Let £ € T(O) = Homgyg , (A, O) be the point given by the natural homomorphism

A — O. The images of £ under the maps T(O) — T(x(t)) and T(O) — T(k(t'))
coincide with ¢ and ¢’ respectively. The result then follows from Example 4.4.6. [

TThis example involves intersection theory about general schemes rather than algebraic
schemes over a field. For details, see [11, Chapt.20]. Also, be careful that our notations here
use absolute dimensions.
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Now look at the morphisms of functors ¢ : T(—)/R — A¢(X(_y) and 9 :
CHo(X(_)) — H'(—, S).

Proposition 4.4.8. Let T be a k-torus and X a smooth compactifiaction of T.
Then the morphism v in (4.5) commutes with norms.

Proof. Let E/F be a finite extension in Jield,,, g a closed point of Xp and zp
the projection of zg to Xp. We have

Ng/p([rg]) =mlzp] in CHo(Xp) with m = [k(zg): s(zFp)].

The torsor U,, over x(zg) in the definition of ¢ can be obtained by the base
extension of the torsor U,, over k(xp) to k(xg). The class [U,,] is the image of

[Uy,] under the restriction map H(k(zr), S) — H'(k(zg), S) of cohomology
groups. By [29, p.119, Prop. 6], we have

Hence,
Ng/r(VE[rE]) = NgjpNa@er)/E([Uss]) = Neer)/r([Uzg])
= Nn(mp)/FNn(rE)/n(zF)([UIE]) = Nn(zp)/F(m[UzF])
= Yr(m[Us.]) = ¥r(Ng/r([E])) -
This finishes the proof. O

Proposition 4.4.9. Let T be a k-torus and X a smooth compactification of T.
Then the functor ¢ in (4.4) commutes with specializations.

Proof. Let O be a DVR of geometric type over k with quotient field L and residue
field K. For a point p € T(O), let [p] denote the element in CH;(Xo) determined
by the graph of the morphism p : Spec O — T — X. We need prove that the
following diagram is commutative

T(L) «—— T(0) —— T(K)
S"Ll wol YK (4.6)
CH()(XL) <— CHl(Xo) —> CH()(XK)

where the map ¢o is defined by ¢o(p) := [p] — [1], and the maps i', j* on the
bottom are as in Example 4.4.5.

Let E be either L or K. Let p be a point in T'(O) and let ¢ € T'(F) be its image.
We also regard p and ¢ as morphisms p : Spec O — X and ¢ : Spec £ — Xg. By
(a generalization of) [11, Thm. 6.2], the following diagram is commutative

CH; (Spec O) AN CHy(Spec E)

| |

CH,(Xo) —2— CHy(Xg)

where f is the map induced by the natural morphism Spec E — Spec O and g = j*
if E=Lorg=1if E= K. It follows that

4] = ¢.(1p) = ¢.f(10) = gp-(10) = g([p])

proving the commutativity of the diagram (4.6). O
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CHAPTER 4. R-EQUIVALENCE AND ZERO-CYCLES ON TORI

Lemma 4.4.10. Let A be a Noetherian regular ring. Let p be a prime ideal with
height htp > 1. Then there exists a prime ideal p’ C p such that A,/p'A, is a
1-dimensional regular local ring (or equivalently, a DVR).

Proof. The ring A, is a regular local ring of dimension n = htp > 1. Choose el-
ements Z1,...,%T,—1 from the maxmial ideal m := pA, such that their images in
m/m? is linearly independent over the residue field A, /pA,. Then Ay /(21 ..., Tp-1)
is a regular local ring of dimension 1 ([30, p.79, Prop. 22]). There exists a corre-
sponding prime ideal p’ of A satisfying the required properties. O

Proposition 4.4.11. Let T be a k-torus, B : Field . — Get a functor with spe-
cializations, and 0, 0" : T(=)/R — B two morphisms of functors commuting with
specializations. If the two maps Oy(ry and H;C(T) coincide at the generic point of T,
then 6 = 6.

Proof. Let L/k be a field extension and p € T'(L). We want to show 61, (p) = 6% (p).
Let t € T the the element that lies in the image of the morphism p : Spec L — T.
We view t as an element of T'(k(t)). Then the natural map T'(x(t)) — T'(L) sends
t € T(k(t)) to p € T(L). It suffices to show that 0, (t) = Hé(t) (t).

We use induction on the codimension of ¢ in 7. By assumption, the result holds
if ¢ the generic point of T. Now suppose codim;7 > 0. By Lemma 4.4.10, there
exists a t’ € T which specializes to t such that the local ring &y is a DVR. Since
and 6’ commute with specializations, it follows from Lemma 4.4.7 and the induction
hypothesis that

Oty () = Ou(y(s(t') = s8(Ox(er) (') = 580111y (') = 1) (') = 0,4 (1) -

The proposition is thus proved. O

4.5 K-Theory of Toric Models

Let k be a field and k a fixed separable closure of k.

Definition 4.5.1. Let T be an algebraic k-torus. A smooth projective toric
model of T is a smooth compactification T' — X such that the translation action
of T on itself extends to an action on X.

It is known that any torus admits a smooth projective toric model in arbitrary
characteristic (cf. [6]).

Let T be a k-torus and X a smooth projective toric model of T. We are going
to use K-theory of schemes. A survey of main results on this topic is given in
Appendix A. Recall that the K-groups and K’-groups make no distinction for X
since it is smooth.

For each K-group K, (X), the i-th term of the topological filtration on K, (X)
will be denoted by K,,(X)®. The quotient K,,(X)® /K, (X)) will be denoted by
K, (X)) or gr, K,,(X). The absolute Galois group g = Gal(k/k) acts naturally
on the K-groups K, (X ) and the subgroups K, (X)) are stable under g-action.
We have the BGQ-spectral sequence

EYI(X) = K_py(X)

which converges to the K-groups of X with the topological filtration. The Es-terms
E¥? are canonically isomorphic to the K-cohomology groups H?(X, J¢_,), which
may be computed via the Gersten resolution. Further, we have

qu:(), ifp<0, or p+¢>0, or p>dimX
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45. K-THEORY OF TORIC MODELS

and EY 7P = HP(X, J#,) = CHP(X). So the Es-terms are as follows:

CH(X) 0 0 0
HO(X, .5) CH'(X) 0 0
HO(X, ) HY(X, 5) CH?*(X) 0
HO(X, A3) HY(X, #3) H?(X, #53) CH?*(X)

Useful information we can draw from the above spectral sequence includes the
following.
Firstly, by Thm. A.3.12, the differential map

dEY = @B Kis@) =k(X)" — By = @ Ko(s(x) = 2'(X)
zeX () zeXx (1)

is given by f € k(X)* — [div(f)] € Z}(X). It follows that
HY(X, #7) = B9 ' = Ker (k:(X)* i, Zl(X)) = k.
Secondly, we have
CH'(X)=Ey "= EL ™' = Ko(X)V/2. (4.7)

Further, we have on the one hand a pull-back homomorphism « : k* = K5 (k) —
K1(X) induced by the structural morphism X — Spec k, and on the other hand
an edge homomorphism 3 : K;(X) — HY(X, J#) = k*. As a matter of fact, the
composition § o « is the identity on k£*. Since the edge homomorphism 3 factors as

Ki(X) = K (X)© - E% ' = Ky (X)/Y) — B!

which is a surjection followed by an injection, it follows that the map E% =1 »—
Eg » 1 is also surjective, hence bijective. This implies that all the differentials start-
ing at E2 =1, r > 2 are zero maps. From this we see immediately that

CH*(X) = By 2= B2 72 = Ko(X)®/9). (4.8)

Proposition 4.5.2. Let X be a smooth projective toric model of a k-torus T'. Then
the Chow motive X € EMy, is split.

Proof. By [19, Prop. 3, Coro. 2], X satisfies the conditions (i) and (ii) of Prop. 3.2.8.
The result then follows. O

By Lemma 3.2.7, we get the following corollary.

Corollary 4.5.3. Let X be a smooth projective toric model of a k-torus T'. Then
the product map o B o
CHY(X) ® K, (k) — H(X, Hyry)

s an isomorphism for all p, q.
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CHAPTER 4. R-EQUIVALENCE AND ZERO-CYCLES ON TORI

In the following theorem, we collect main results on K-theory of toric models
that are useful for later discussion.

Theorem 4.5.4 ([24] and [23, §2.1]). Let X be a smooth projective toric model of
a k-torus. Let d = dim X.

(i) Ko(X) and Ko( X )M are invertible g-lattices.

(ii) Ko( X )D is isomorphic to the trivial g-lattice Z, with a generator [0,] where
x is a rational point of X. The natural inclusion Ko( X )4 — Ko(X) is a split
homomorphism of g-lattices.

(iii) The natural maps

Ki(X) — K;(X)% and Ki(X)ﬂ)_)(Ki(y)(l))g

are isomorphisms for i < 1.
(iv) The product maps

Ko(X)® Ki(k) — Ki(X) and Ko X)W @ Ky(k) — K (X)®
are isomorphisms.
(v) The natural map H*(X, #5) — HY (X, #3)® is an isomorphism.
4.6 Zero-Cycles on 3-dimensional Toric Models

In this section, let T be a 3-dimensional k-torus and X a smooth projective toric
model of T.
The EL? being 0 for all p > 3, the BGQ-spectral sequence

EPU(X)=HP(X, #_,) = K_,_4(X)
yields an exact sequence (cf. [2, p.328, Thm. 5.11])
K (X)V — HY(X, #) — CH3(X) -4 Ky(X) (4.9)

where g is the edge homomorphism.
Consider the flasque resolution of T" in (4.3)

1—S—P—T—1

where Pi is the permutation g-lattice with Z-basis the set of irreducible components
of X \T and S = CH'(X ). The pairing

CHY(X)®CH*(X) —Z; a®f— deg(a-pj)

induces a perfect duality of g-lattices (Erop. 4.5.2 and Prop. 3.2.8). Hence, GO0 o~
CH?(X ). Applying (4.7) and (4.8) to X, we get isomorphisms

Ko( X)W/ ~CcHY(X)=8, KoX)*¥~CH*(X).
Thus, the exact sequence
0 — Ko( X)) — Ko( X)) — Ko(X)1/2 — 0
gives rise to an exact sequence of tori

1—85 —Q— 8 —1 (4.10)
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4.6. ZERO-CYCLES ON 3-DIMENSIONAL TORIC MODELS

where S° is the dual torus of S, S = Ko(X)® and Q° = Kyo(X)®. By
Thm. 4.5.4 (ii), we have isomorphisms

SV = Ko(X)P 2 Ky(X)¥Vapz2CHY(X)0Z=2858" 3 7.

Hence S1 2 S X G,,. By Thm. 4.5.4 (i), QO is an invertible g-lattice, so there exists
a k-torus @ such that @ x @ is a quasi-trivial torus. As a product of flasque tori,
S1 x @ is also flasque. The exact sequence

1— 85 xQ—QxQ— S —1
is thus a flasque resolution of S°. By Thm. 4.3.7 and Lemma 4.3.5, we have
S°(L)/R=H' (L, S; x Q) = H'(L, S) = H'(L, S) = T(L)/R (4.11)
for any field extension L/k. It follows from the exact sequence (4.10) that

Coker (Q(k) — 8°(k)) = S°(k)/R. (4.12)

Remark 4.6.1. We have the following interpretation of R-equivalence on a 3-
dimensional torus T": there is a natural isomorphism

T(k)/R= H'(k, T°)/R

where T° is the dual torus of T. Indeed, the dual of the flasque resolution (4.3)
gives an isomorphism S°(k)/R = H'(k, T°)/R (cf. §4.3, p.55). Using (4.11), we
get

T(k)/R= S°(k)/R= H"(k, T°)/R.

The edge homomorphism ¢ : CH*(X) — Ko(X) factors as
CH*(X) == E% % = Ko(X)® — Ko(X)

where 7 sends the class of a closed point z to the class [€,], and the composition
CH*(X) — CH}(X) L Ko(X)® =7

is the degree map (cf. [24, §5]). Since the map Ko(X)®) — Ky( X )®) is injective
by Thm. 4.5.4, taking into account the following commutative diagram

CH}(X) —1— Ky(X)®

| !

CH}(X) —1— Ko(X)®

we conclude that
Ker (g) = Ap(X). (4.13)

Using Thm. 4.5.4 (iii)—(v) and Coro. 4.5.3, we obtain isomorphisms

g

K (X)W = (5, (X)0) = (Ko(D)V @ Ka(B)” = (@00 F) = Q(k) (4.14)

and

HY(X, ) = H(X, A58 = (CH'(X) Kl(lé))El = (B@k)® =5°(k). (4.15)
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It follows from the fact that the BGQ-spectral sequence is compatible with
products (cf. [12, §7]) that, the map K;(X)®" — H'(X, %) in (4.9) coincides
with the map Q(k) — S°(k) given by (4.10) under the identifications (4.14) and
(4.15). Hence, by (4.9), (4.12) and (4.13), we have

S°(k)/R = Coker (Q(k) — S°(k))

( (4.16)
= Coker (K1(X)Y — HY(X, #)) = Ker (g) = Ao(X).
Combined with (4.11), this yields
T(k)/R = S°(k)/R = Ay(X). (4.17)

We have thus proved the following result.

Proposition 4.6.2. Let T be a 3-dimensional k-torus and X a smooth projective
toric model. Then there is an isomorphism of functors from §ield . to Get

pi T(=)/R 5 Ay(X(_)) (4.18)

For each L € Field )y, pr, : T(L)/R = Ag(XL) is in fact a group isomorphism.

Remark 4.6.3. When the field k is finitely generated over its prime field, or over
C, or is a p-adic field, the group T'(k)/R is known to be finite (cf. [7] and [5]). In
all these cases, the isomorphism (4.17) implies finiteness of the group Ay(X).

Theorem 4.6.4 (Main Theorem). Let T be a k-torus of dimension < 3 and X
a smooth compactification of T. Then the map

p:T(k)/R — Ao(X); t—[t] =[]
is an isomorphism of groups.

First proof of main theorem. As mentioned earlier, we need only prove the the-
orem for 3-dimensional tori.

The field & is the union of all the subfields k¥’ that are finitely generated over its
prime field. There exists a subfield ky that is finitely generated over the prime field
such that 7' and X are defined over kq. If k¥'/kq and k" /kq are two subextensions of
k/ko such that k', k" are finitely generated over the prime field and k' C k", then
the natural maps T'(k")/R — T(k")/R and Ag(Xy) — Ao(Xg~) are compatible
with . If g : T(K')/R — Ao(Xy) is an isomorphism for every k', then so is the
map ¢y : T'(k)/R — Ap(X)). So we may assume that the field & itself is finitely
generated over the prime field.

By [7, p.192, Thm. 1], T'(k)/R is finite. Then (4.18) shows that A¢(X) is a finite
group of the same cardinality. Since ¢ : T'(k)/R — Ao(X) is injective, it is also
bijective. It has an inverse ¢ which is known to be a group homomorphism. So ¢
is an isomorphism of groups. O

The above proof is straightforward and does not use the machinery of norms
and specializations of functors. But it is based on deep, albeit classical, arithmetic-
geometric result. We are going to give an alternative proof of our main theorem in
the next section.

4.7 Second Proof of Main Theorem

Proposition 4.7.1. Let T be a k-torus of dimension 3 and X a smooth projective
toric model of T. Then the isomorphism of functors p in (4.18) commutes with
norms.
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Proof. In view of Examples 4.4.4 (2), one finds easily that the isomorphism T'(L)/R =
S°(L)/R in (4.11) commutes norms. It is therefore sufficient to prove the isomor-
phism S°(L)/R = A¢(X1) given by (4.16) commutes with norms.

Let E//F be a finite extension in §ield ;. We need only prove that the following
diagram is commutative

S°(E) —=— HY(Xg, #;) —— CH*(Xp) = CHy(Xg)
NE/Fl NE/Fl NE/Fl (419)
S°(F) —=— HY(Xp, #;) —— CH*(Xp) = CHy(Xr)

The functor f, : M(Xg) — M(Xp) induced by the natural projection f :
Xg — Xr takes MP(Xg) into MP(XF). So f. induces a morphism of the BGQ-
spectral sequences for Xg and Xp. Thus the commutativity of the right square in
(4.19) follows from the functoriality of the BGQ-spectral sequences.

By Thm. 4.5.4 (v), the left square in (4.19) injects into the following diagram

§(E) —— H'(Xg. Ha)

NE/FJV lNE/F

SUF) —— H'(Xp. H5)

Hence, to prove the left square is commutative, we may assume the torus S° splits.
Then the square becomes

S®E* —— HY(Xg, %)

NE/Fl J/NE/F

S®@F* —— HY(Xp, %)

where the horizontal maps are product maps under the identification S = CHl(X ).
The commutativity then follows from the projection formula in K-cohomology (cf.
[28, §14.5]). O

Proposition 4.7.2. Let T be a 3-dimensional k-torus and X a smooth projective
toric model of T. Then the isomorphism of functors p in (4.18) commutes with
specializations.

Proof. Note that the isomorphism in (4.11) commutes with specializations. We
need only prove that the isomorphism S°(L)/R = Ag(Xpr) in (4.16) commutes
with specializations.

Let O be a DVR of geometric type over k with quotient field L and residue field
K. We first consider the diagram

Hl(XK7 L%/Q) A — Hl(XO7 %) - Hl(X[m *%/2)

l l l (4.20)

CH*(Xg) «——— CH3(Xp) —— CH*(X})

where the vertical maps are the differentials in the corresponding BGQ-spectral
sequences. The right square is commutative because the natural morphism g :
X1 — Xo is flat, it induces an exact functor M(Xp) — M(Xr) that respects
the topological filtration, hence a pull-back homomorphisms of the BGQ-spectral
sequences.

Note that X is projective over O. X admits an ample invertible sheaf. So
the natural morphism f : Xx — Xo induces an exact functor f*: M(Xop, f) —
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M(Xk) that respects the topological filtration (cf. §A.3.1, p.76). It follows that
f induces a pull-back homomorphism of the BGQ-spectral sequences for Xy and
Xk, whence the commutativity of the left square in (4.20).

It remains to show the following diagram is commutative

SO(K)  e——  §°(0) ——  S°(L)

| l l

HY Xk, H2) «—— H'(Xo, H2) —— HY (X, H)

As in the proof of Prop. 4.7.1, we may assume the torus S° splits. Then the
vertical maps in the above diagram are the product maps under the identifications
S5°(A) =S ®A* = CH (X) ® A* for A= K, O or L. The commutativity is then a
consequence of the projection formula in K-cohomology (cf. [28, §14.5]). O

Let T be a k-torus and let 1 — § — P — T be a flasque resolution of T.
Let Endy(S) be the group of endomorphism of the k-torus S. An element a €
Endg(S) determines an endomorphism of the functor T'(—)/R = H*(—, S), and this
morphism of functors commutes with norms and specializations (cf. Examples 4.4.4
(4) and Example 4.4.5).

Proposition 4.7.3. Let T be a k-torus, 1 - S — P — T — 1 a flasque resolution
and & the generic point of T. Then every element of the group T (k(T))/R is of the
form t-a(§), where t € T(k)/R and o € Endg(S).

Proof. Consider the exact sequence
0— k[T]* — E(T)* — Div(T) — 0.
The group of units k[T ]* of the ring of regular functions k[T] on T is the direct

product of k* with T' (see, e.g., [3, p.6, Prop. 4.1]). Tensoring with SO yields an
exact sequence

0— (S°@F) x (S°@T) — S°® ];:(T)* — Div(T) — 0.
Taking Galois cohomology gives an exact sequence
HY(k, S) x H'(k, S° @ T) — HY(K(T), S) — H*'(k, 5° @ Div(T)).

Note that S° is a coflasque lattice and Div(T) is a (usually infinite) direct sum
of permutation lattices. So we have H!(k, S° @ Div(T)) = 0 ([7, p.179, Lemme 1
(vi)]), whence a surjection

HY(k, S) x H'(k, S° @ T) — H'(K(T), S). (4.21)
Similarly, by tensoring the exact sequence
0—T—P—8§—0
with S° and taking Galois cohomomogy, we get a surjection
Endy(S) = H(k, S°® S) — H'(k, S°®T) (4.22)

since H'(k, $° @ P) = 0. Combining the two surjective homomorphisms in (4.21)
and (4.22), we obtain a surjective homomorphism

(T(k)/R) x Endi(S) — T(k(T))/R.

After a careful inspection on the construction of this map, we see that the image of
an element (1, a) € (T(k)/R) x Endg(S) in T(k(T))/R is equal to a(§). The result
then follows. O
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Corollary 4.7.4. Let T be a 3-dimensional k-torus, 1 — S — P — T — 1 the
flasque resolution in (4.3) and X a smooth projective toric model of T. There is an
a € End(S) such that p=! o ¢ = a as endomorphisms of the functor T(—)/R.

Proof. By Prop. 4.7.3, there is an a € Endi(S) and a ¢ty € T(k)/R such that
p~tow(€) =ty a(f), where ¢ is the generic point of 7. By Props. 4.4.9 and 4.7.2,
the morphism p~! o ¢ commutes with specializations. So Prop. 4.4.11 implies that
p~top =ty a as morphism of functors. Since p~to (1) = 1 = a(l), we get
to = 1. O

Proposition 4.7.5. Let T be a 3-dimensional k-torus and X a smooth compacti-
fication of T. Then the morphism of functors ¢ in (4.4) is an isomorphism if and
only if it commutes with norms.

Proof. If ¢ is an isomorphism, then it commutes with norms because its inverse 1
does by Prop. 4.4.8.

Conversely, suppose ¢ commutes with norms. We may assume X is a toric
model. Then Coro. 4.7.4 implies that pr : T(F)/R — Ao(XF) is a group homo-
morphism for each F' € §ield . We already know that ¢ is injective. It remains
to show g is surjective. By Prop. 1.5.1, every closed point of X is rationally
equivalent to a zero-cycle with support in 7. Since ¢ is a group homomorphism,
it suffices to show that for any closed point z in T', with deg[z] = n, the element
[z] —n[l] € Ao(XF) is in the image of pp. Let E = k(x) and let 2’ € T(E) be the
natural point over z. By the commutativity of ¢ with norms, we get

[z] = n[1] = Ng/p([2'] — [1]) = Ng/r(ep(@') = or(Ng/p(a')) .
Hence, ¢F is surjective. O

Second proof of main theorem. We may assume X is a smooth projective toric
model. By Coro. 4.7.4 and Prop. 4.7.1, the morphism of functors ¢ commutes with
norms. It follows from Prop. 4.7.5 that ¢ is an isomorphism. O

4.8 Chow Groups of Lower Dimensional Tori

We are interested in the Chow group CHy(T') of zero-cycles of a torus T over a field
k.

Consider first the easiest case: dim7T = 1. If T = G,,, we have CHy(T) = 0
since CHg(A') = 0 and as an open subset of A! there is a surjection CHp(Al) —
CHo(G,,). Now suppose T = R}{ /ka for a quadratic extension K/k. For sim-
plicity, assume chark # 2. Then K = k(y/a) for some a € k* \ k*?. Using the
k-basis {1, y/a} of K, one finds easily that T = Spec (k[z, y]/(z* — ay® — 1)) as
k-varieties. Then the conic X defined by z? — ay? = 2% in P is a smooth com-
pactification of 7. Since X has a rational point (1 : 0 : 1), we have X = P} so
that CHo(X) = Z - [1], where 1 denotes the neutral element of the group T'(k).
The complement Z := X \ T is isomorphic to Proj (k[z, y, 2]/(2* — ay?, z)) =
Proj (k[z, y]/(2* — ay?)). So Z consists of a single point P = (y/a : 1 : 0) with
residue field x(P) = K. The natural map CHy(Z) — CHy(X) = Z-[1] sends P to
(degP) - [1) = 2 - [1]. Hence, from the exact sequence

CHo(Z) — CHo(X) = Z — CHo(T) — 0

it follows that CHy(T') = Z/2Z.

So CHy(T) can be easily computed if dimT = 1. However, it seems that the
question is so easy only for 1-dimensional tori. A recent theorem (Thm. 4.8.6), due
to Merkurjev, provides a method for computing CHg(T) for tori T with dim 7" < 3.
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Definition 4.8.1. Let T" be a k-torus. We say T is anisotropic over k if 19 = 0,
where g = Gal(k/k) is the absolute Galois group of k and T' is the group of characters
of T'. If T' is not anisotropic, we also say it is isotropic.

Lemma 4.8.2. Let T be an isotropic k-torus. Then
(i) T contains a (closed) subgroup isomorphic to Gy, ;
(ii) T is stably birational to an anisotropic torus Th with dim Ty < dim T'.

Proof. Let K/k be a finite Galois extension such that T splits over K. Let G =
Gal(K/k) and we may regard 1" as a G-lattice. Define N = > scc 8- The image of
multiplication by N on T is a G-sublattice of T" with trivial G-action. Its kernel is
a lattice L such that L& = 0. So T can be put into an exact sequence of tori

1—Ty —T —T, —1

where Tp is split and T} is anisotropic. By Hilbert’s theorem 90, any torsor under
G,y, is locally trivial for the Zariski topology. So there is a k-birational equivalence
between T and Ty X Ty. T is isomorphic to a product of copies of G,, and T} is
anisotropic of dimension less than dim 7. This finishes the proof. O

Lemma 4.8.3. Let T be a k-torus, X a smooth compactification of T and Z = X\T.
Then T s isotropic over k if and only if Z(k) # 0.

Proof. The sufficiency part is a restatement of [7, p.203, Lemme 12] or [33, Prop. 17.3].
Now suppose T is isotropic. By Lemma 4.8.2, T' contains a subgroup isomorphic

to G,,. The embedding of G,, into T extends to a morphism f : P! — X. Since f

is nonconstant, f(P') ¢ T. Thus f(0) or f(co) is a rational point of Z. O

Let X be a smooth compactification of a torus 7" and Z = X \ T. Define
i := ged{ [L : k]| L/k a finite extension such that T is isotropic over L},

and
ny :=ged{ [L : k]| L/k a finite extension such that Z(L) # 0 }.

Corollary 4.8.4. With notation as above, the number it coincides with ny. There-
fore, the integer ny does not depend on the choice of the smooth compactification.

Proof. This is immediate from Lemma 4.8.3. O

Proposition 4.8.5. Let T be a k-torus. The class [1] of 1 € T'(k) is an element of
order ip in the group CHo(T).

Proof. 1f T is isotropic, there is a closed subgroup Ty of T' isomorphic to G,,. As
CHy(Gp,) = 0, we have [1] = 0 in CHy(7p) and hence also in CHy(T').

In the general case, let L/k be any finite field extension such that T is isotropic
over L. Then we have [1] = 0 in CHy(7%), and hence applying the norm map Ny,
yields [L : k] - [1] = 0 in CHo(T). So ir - [1] = 0 and [1] € CHy(T) is an element of
finite order. Let m be its order in CHo(T"). Then the cycle m - [1] € CHp(X) lies in
the image of the natural push-forward map CHy(Z) — CHy(X). In particular, there
is a zero-cycle on Z that has degree m. This implies that there exist integers m; € Z
and finite extensions L;/k such that Z(L;) # () for every i and m =3, m;[L; : k.
It follows that nz = ir divides m. Hence i7 = m as required. O

Theorem 4.8.6 (Merkurjev). Let T be a k-torus of dimension at most 3. Then
the map

wr (T(R)/R) @ (Z/igZ) — CHo(T); (&, 1) — [f] — [1] + - [1]

is an isomorphism.
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Proof. The map pr is well-defined according to Prop. 4.8.5.
Since X has a rational point, we have a natural exact sequence

0 — Ag(X) — CHo(X) X5 7 — 0
which yields CHo(X) = Aog(X)®Z-[1]. Let z € Z be a closed point and let F' = k(z)
be its residue field. By Lemma 4.8.3, TF is isotropic. Lemma 4.8.2 shows that T
is stably birational to a torus of dimension < 2. So Ty is stably rational and thus
T(F)/R = 0 (Coro. 4.3.8). Using (4.18), we get Ag(Xr) = 0. Consider now the
following commutative diagram

CH()(ZF) e CH()(XF)

NF/kJ( J{NF/k

CHo(Z) —— CHy(X)

where the horizontal maps are the natural push-forward maps. Let 2z’ € Zr be
the canonical rational point lying over z € Z. The image of 2’ in CHy(XF)
Ao(Xp) @ Z-[1] is equal to ([2'] — [1], [1]) = (0, [1]). The diagram shows that the
image of z in CHy(X) = Ag(X) @ Z - [1] is equal to (0, [F : k] - [1]). It follows that
the image of CHy(Z) in CHy(X) = Ao(X) B Z - [1] is equal to 0 ®nzZ = 0 & irZ.
Thus, the natural exact sequence

together with Thm. 4.6.4 gives the desired result. O

Now let us compute the group CHy(T') for some examples of lower dimensional
tori, using Merkurjev’s theorem.

Examples 4.8.7.

(1) Let K/k be a quadratic extension and T' = R}(/k(Gm. We have seen that
if chark # 2, T is isomorphic to a plane curve given by an equation of the form
2% —ay? —1 =0, where a € k* \ k*?. The conic X defined by 22 —ay? = 22 in ]P’% is
a smooth compactification of T and Z = X \ T may be defined by 22 —ay? = 0 = 2.
Clearly, nz # 1 and nz|2. So nz = 2. Moreover, T is a rational curve, hence
T(k)/R = 0. So Merkurjev’s theorem gives the same result as it should be.

It is also easy to compute directly the number i7. In this way, we can even
work in arbitrary characteristic. Indeed, let G = Gal(K/k). T can be regarded as
a G-module and it may be put into an exact sequence

0—2Z—Z|G) — T —0.

Clearly, TS =0 so that T is isotropic over K but not over k. Hence ip = 2.

(2) Let K/k be a cyclic Galois extension of degree 3 and let T' = Rk /,Gy,. As
an open subset of A3, we have CHo(T) = 0. Now look at what Merkurjev’s theorem
gives us. We have T'(k)/R = 0 since T is rational. The character group is 7' = Z[G]
where G = Gal(K/k) = {00, 0102} = Z/3Z. Since TS = Z(oo + 01 + 02) # 0,
T is isotropic over k and hence i = 1. So Merkurjev’s theorem gives indeed the
expected result: CHo(T') = 0.

(3) Assume chark = 0. Let a € k* \ k*3, K = k(¢/a) and T = R}(/k(Gm. Then

dimT = 2 and T is rational. Using the k-basis {1, /a, Va2 } of K, one finds that
T = Spec (k[zy, xa, x5/ (2} + ax} + a®a3 — 3azizo23 — 1)) .

Let
X' :=Proj (k[z1, 22, z3, y]/(2} + axd + a’z} — 3az1 2025 — y*))
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and Z' := X'\ T. Then Z'(k) = 0, because if there was (a; : as : a3 : 0) € Z'(k),
one would get a nonzero element a@ = a1 + asVa + a3\3/a>2 in K which satisfies
Nk /i (a) = 0, but this is absurd since K is a field.

Let X be a desingularization of X’ that respects the open set T and let Z = X\T.
Then Z(k) = . Moreover, Z(K) # () since there exists a point P = (Ja : —1 :
0:0) € Z'(K) which is nonsingular in X’. It follows that nz # 1 and nz|3, ie.
nz = 3. So by Merkurjev’s theorem, CHy(T") = Z/3Z, generated by [1] € CHy(T).

(4) Let K/k be a cyclic Galois extension of degree 3 and let T' = Ry, /5Gm- Then
dim T = 2, T is rational and therefore T'(k)/R = 0. The exact sequence

0—7572[G] — T — 0
yields an exact sequence
O—>ZiZ[G]G—>TG—>O

since H'(G, Z) = 0. We know that Z[G]¢ = £°(Z), so T¢ = 0. Hence iy = 3 and
CH,(T) = Z/3Z.

(5) Suppose K = k(y/a, vb) is a Galois extension of k with group G =
Gal(K/k) = (Z/27)?. Let T = R}{/ka. Write G = {€;;|0<4i,j <1} insucha
way that e;; — (i, j) € (Z/2Z)? is an isomorphism. Considering the exact sequence

O—»ZE—O>Z[G]—>T—>0

we see that Z[G]¢ = €°(Z) which implies 7¢ = 0, and that Z[G]¢" = Z(eg +
eo1) + Z(eyg + e11) # €Y(Z) which implies Treor # 0. So we get ir = 2 and thus
CHo(T) = (T(k)/R) ®Z/2Z. In this case, to know CHo(T) is to know T'(k)/R. By
using an exact sequence which involves the “Shafarevich groups”, one may prove
that if k is a number field, then T'(k)/R = (Z/2Z)*~! for some s > 1.

As a specific example, if K/k = Q(v/—1,v2)/Q, one has T(Q)/R = 0 (cf. [33,
p.183, Example 1]). So in that case, we have CHy(T) = Z/2Z.

(6) Let K/k be a cyclic Galois extension of degree 4 and let T = R}, /5Gm-
We have T'(k)/R = 0 by [33, p.182, Prop. 2 or Thm. 1]. Write G = Gal(K/k) =
{00, 01,02,03 }. Considering the exact sequence

0—>ZE—O>Z[G]—>T—>O
we find that Z[G]¢ = €°(Z) which implies T¢ = 0, and that Z[G]?> = Z(oo +

03) + Z(0oy + 03) # €°(Z) which implies 77> # 0. Therefore, ip = 2 and we get
CHy(T) = Z/2Z by Merkurjev’s theorem.
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Appendix A

Survey on Higher Algebraic
K-Theory

In this appendix, we collect basic facts and results on Quillen’s higher algebraic
K-theory. Things of greatest interest for us will be the insights to the Chow groups
this theory has led to. The basic reference is Quillen’s paper [27].

A.1 Classifying Space of a Category
A.1.1 Simplicial Sets
For each nonnegative integer n, let

n:={0<1<---<n}

be the ordered set consisting of 0,1, ..., n. Form a category /A by taking the ordered
sets n as objects and taking as morphisms the maps f : m — n with the property
that f(i) < f(j) for all ¢ < j.

For each positive integer n, we have n + 1 morphisms in A:

O':n—1—mn, i=0,...,n
given by
. j if 7 <4
or () =", R
7+1 if 5>

We call these 9] the face maps. On the other hand, we have n maps

s?_lsgﬁnfl, i=0,...,n—1

given by
Iy J ifj<i
si ) =47 L
j—1 if >4
These are called degeneracy maps.

Definition A.1.1. A simplicial object in a category C is a (covariant) functor
from A to C. A morphism of simpicial objects in C is a natural transformation
of functors. A simplicial set (resp. simplicial space) is a simplicial object in
Get (resp. Top).
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Let F': A°? — Get be a simplicial set. Then for each nonnegative integer n, the
set F'(n) is called the set of n-simplices of F. The maps 9" give rise to (n + 1)
maps of sets F(O") : F(n) — F(n — 1), called the face maps, which associate to
each n-simplex in F'(n) a collection of (n — 1)-simplices in F'(n — 1). Similarly, the

n maps s;' ! give maps F(s! ') : F(n—1) — F(n), associating to each (n — 1)-
simplex a collection of “degenerate” n-simplices; these maps F (5?71) are called

degeneracies.
For 6 € F(n), we call F(9")(0) € F(n — 1) the i-th face of ¢, and F(s")(d) €
F(n+ 1) the i-th degenerate simplex of §.

A.1.2 Geometric Realization

To each simplicial set F' : A°? — Get, one can associate a topological space |F,
called the geometric realization of F. It is defined as the quotient space of
[L,50 F(n) x A, modulo a suitable equivalence relation (cf. [31, §3]), where F(n)
is given the discrete topology and A, is the standard n-simplex in R™*!, i.e.

An ::{(t07...,tn)€Rn+1|tiZOand Ztlzl}

This construction of geometric realization is functorial in the sense that if ¥ — G
is a morphism of simplicial sets, there is a corresponding continuous map |F| — |G|
of topological spaces. If F' x G denotes the simplicial set whose n-simplices are
F(n) x G(n), with obvious maps, then the natural map |F x G| — |F| x |G| is
a continuous bijection. When |F| or |G| is compact, it induces a homeomorphism
from |F x G| to |F| x |G].

A.1.3 Classifying Space

Let C be a small category. The nerve of C, denoted NC, is the simplicial set defined
as follows: an n-simplex of NC is a diagram

Ag oAy Lp, Lo g, (A1)

with A; € C, f; € Morc(A4;—1, 4;); given a morphism f : m — n in A, the
corresponding morphism NC(n) — NC(m) maps the above n-simplex to the m-
simplex

By -2 B, 2B, %, ... 2 B
where Bj = Ay;) and g;j41 @ Bj — Bjy1 is the composite map Af;y — -+ —

Agj+1) where if f(j) = f(j + 1), let Apjy — Ap(41) be the identity map. In
particular, the i-th face of the n-simplex in (A.1) is the (n — 1)-simplex

fi f2 firaofs fn
Ag— A1 — - — A= A — - Ay

and the i-th degenerate simplex of (A.1) is the (n + 1)-simplex
AOLA1£>~-~*>AZ-£>AZ»JC£> i+1*}...£> .

The classifying space of C is defined to be the geometric realization of NC and is
denoted by BC, i.e. BC := |NC|.

If F: C — D is a functor between small categories, then there is an induced map
of simpicial sets NC — ND, and hence an induced continuous map BF' : BC — BD.

Lemma A.1.2 ([27, p.92, Prop. 2]). Let F',G : C — D be functors between
small categories such that there is a natural transformation F — G, then the maps

BF, BG : BC — BD are homotopic.
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Corollary A.1.3. Let F : C — D be a functor between small categories. Suppose F
has a left adjoint or a right adjoint. Then BF is a homotopy equivalence of BC and
BD. In particular, if C is a small category with an initial object or a final object,
then BC is contractible.

Proof. If F has a left adjoint G, then there are natural transformations GF' — Id
and Id — F'G. The first assertion follows from Lemma A.1.2. If C has an initial
object «, let D be the small category with only one object . Then the constant
functor F' : C — D has a left adjoint, which is the inclusion D — C. Thus the
second assertion follows from the first one. O

We say a small category is contractible if its classifying space is; and a functor
F is a homotopy equivalence if BF is one.

A.2 Exact Categories and Quillen’s ()-Construction

For our purposes, an exact category is an additive category C embedded as a full
subcategory of an abelian category .4, which is closed under extension in the sense
that if

0— M —M-—M"—0 (A.2)

is an exact sequence in A with M’ , M"” € C, then M is isomorphic to an object
in C. An ezxact sequence in C is then defined to be a sequence of the form (A.2)
which is exact in A such that all the terms lie in C. An exact functor F':C — D
between exact categories is an additive functor such that if

0— M —M-—M—0
is an exact sequence in C, then
0— F(M') — F(M) — F(M") — 0

is an exact sequence in D.

Let C be an exact category. Define a new category QC as follows: let the objects
of QC be the objects of C, but a morphism X — Y in QC is an isomorphism class
of diagrams of the form

xLzly (A.3)
where 7 is an admissible monomorphism and q is an admzissible epimorphism;
by definition, this means that there are exact sequences

0—Z7-5Y —Y' —0
and
0—X —27-5LX-—50

in C; and we say another diagram

x&z 5ty
is isomorphic to the diagram (A.3) if there is an isomorphism Z = Z’ in C making
the diagram

X<——/7>——>Y

»

|
X-«LZ’>i—>Y

q 7
’
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commute. Composition of morphisms in QC is defined as follows. Given morphisms
X « Z—Y and Y« VT, form the following diagram in the ambient abelian

category A
X
Z

ZXYV

> >

)

T

Since C is closed under extension, and
Ker (Z xy V—-2)=Ker(V —-Y),

we have Z xy V € C,and Z xy V — X, Z xy V — T are respectively admissible
epimorphism and monomorphism. Hence the diagram X « Z xy V — T defines
a morphism in QC from X to 7. One checks that the isomorphism class of this
diagram depends only on the isomorphism classes of X« Z—Y and Y« V—T, so
that we have a well-defined composition rule for morphisms. Next, one verifies that
the composition is associative. Thus, when the isomorphism classes of diagrams of
the form (A.3) always form a set (e.g. if for every object of C, its subobjects form
a set), then QC is a well-defined category. In particular, for a small exact category
C, the category QC is defined and is small.

Recall that for an essentially small category C, its Grothendieck group Ky(C)
is defined as the quotient of the free abelian group on isomorphism classes of objects
of C, divided by the subgroup generated by elements of the form [M]— [M'] — [M"]
for each exact sequence

0— M —M-—M —20
in C.

Theorem A.2.1 ([27, p.102, Thm. 1]). Let C be a small exact category. Let 0 be a
zero object of C. Then the fundamental group 71 (BQC, 0) is canonically isomorphic
to the Grothendieck group Ko(C).

This motivates the following definition of K-groups.

Definition A.2.2. For a small exact category C, the K-groups are defined as
K,(C) = 7Ti+1(BQC, 0) y Vi > 0.

This definition for K-groups is in fact independent of the choice of the zero object
in C. Furthermore, note that the preceding definition extends to essentially small
categories: if C is an essentially small category, there exists a small subcategory C’
equivalent to C, so we can find define K;(C) to be K;(C’), the choice of C’ being
irrelevant by Lemma A.1.2. Note that higher homotopy groups of any topological
space are all abelian groups (see e.g. [13, p.30, Coro. 7.7]), so the K-groups are all
abelian.

From now on, exact categories will always be assumed to be essentially small,
except when mentioned otherwise.

If f:C — D is an exact functor between exact categories, there is an induced
functor from QC to QD, and hence a homomorphism of K-groups for each ¢, which
will be denoted
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Proposition A.2.3 ([27, p.106, Coro. 1]). Let 0 — F' — F — F” — 0 be an
exact sequence of exact functors C — D between exact categories (meaning that
there are natural exact sequences 0 — F'(M) — F(M) — F"(M) — 0 in D for all
M eC). Then

F.=F.+F:K;(C)— K;(D), Vi>0.

Theorem A.2.4 ([27, p.108, Thm. 3], Resolution Theorem). Let P be a full
additive subcategory of an exact category M which is closed under extension in M.
Then P is an exact category in a natural way such that the inclusion P — M is
an exact functor.

Assume further that

(i) if0 = M — M — M" — 0 is an exact sequence in M and M, M" € P,
then M' € P;

(ii) for each object M € M, there is a finite resolution

O—P,—-P,_1—--—FP—->M-—>0

with P; € P.
Then BQP — BQM is a homotopy equivalence, and hence K;(P) = K;(M) for
all i > 0.

A.3 K-Theory of Rings and Schemes

A.3.1 Basic Constructions

Let A be a Noetherian ring. Let M(A) denote the category of finitely generated
A-modules. It is essentially small and can be regarded as a full subcategory of
the abelian category of all A-modules which is closed under extension since A is
Noetherian. So the notion K;(M(A)) makes sense. Let P(A) denote the category
of finitely generated projective A-modules, so that P(A) is an exact category where
all exact sequences split. We define K(A) := K;(M(A)) and K;(A) := K;(P(A)).
The inclusion P(A4) — M(A) induces natural homomorphisms K;(A4) — K/(A).

Recall that a Noetherian ring A is called regular if every finitely generated
A-module has a finite resolution by finitely generated projective A-modules. This
definition coincides with the usual one for Noetherian local rings (cf. [30, p.76,
Thm. 9]).

Thus, the resolution theorem shows that if A is a regular Noetherian ring,
K;(A) = K[(A) for all 7.

Theorem A.3.1 ([27, p.122, Thm. 8]). Let A be a Noetherian ring. Then there
are natural isomorphisms for all i > 0,

Ki(A) = K{(A[t]) and Kj(Alt, t7']) = Kj(A) @ K]_,(4),
where for i =0, we set K’ {(A) = 0.
Corollary A.3.2. If A is a reqular Noetherian ring, then for all i > 0,
Ki(A) 2 K;(Alt]) and K;(Alt, t7']) 2 K;(A) @ K,_1(A),
where K_1(A) is defined to be 0.

Remark A.3.3. An important fact we shall use is that our definition of Kj(A)
coincides with the one in Milnor’s book [26]. In particular, K;(A) = A* for any
local ring A.
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Now turn to K-theory of schemes.

For the rest of this appendiz, we will assume all schemes to be Noetherian and
separated, unless explicitly mentioned otherwise.

Let X be a (Noetherian separated) scheme. Let P(X) be the category of locally
free sheaves of finite rank on X, and let M(X) be the category of coherent sheaves
on X. They are essentially small exact categories in the natural way, embedded as
full subcategories of the category of quasi-coherent sheaves of &'x-modules. Define
K;(X) = K;(P(X)) and K/(X) := K;(M(X)). If X is regular, then since X is
quasi-compact, every coherent sheaf on X is a quotient of a locally free sheaf of finite
rank, and hence has a finite resolution by locally free sheaves of finite rank. So we
have in this case K;(X) 2 K/(X) by the resolution theorem. If X = Spec A is affine,
then we have natural equivalence of categories P(X) ~ P(A) and M(X) ~ M(A).
Hence K;(X) = K;(A) and K/(X) = K/(A).

Given & in P(X), we have an exact functor & ® — : P(X) — P(X) which
induces a homomorphism of K-groups (& @ —), : K;(X) — K;(X). If 0 - &' —
& — &" — 0 is an exact sequence in P(X), then Prop. A.2.3 implies

(@)= =)+ (" ®—)x.
Thus we obtain multiplication maps
Ko(X) ®z Ki(X) — Ki(X), [£leon— (£ —)mn.

Since K(X) is a ring with the multiplication induced by tensor products of sheaves,
these maps make K;(X) into modules over the ring Ky(X). Similarly, we can make
K[(X) into modules over Ky(X).

Remark A.3.4. One can define product maps K;(X) ®z K;(X) — K,;1;(X) for
all 4, j, but this requires more machinery (cf. [31, p.58, Remark 5.7]).

Let f : X — Y be a morphism of schemes, then the inverse image functor
f*: PY) — P(X) is exact, hence it induces homomorphisms of K-groups f* :
K;(Y) — K;(X). Thus each K; becomes a contravariant functor from (Noetherian
separated) schemes to abelian groups.

If f: X — Y is flat, then the functor f*: M(Y) — M(X) is exact, so there are
induced homomorphisms: K/(Y) — K/(X). Thus, K/ is a contravariant functor on
the subcategory of schemes and flat morphisms.

Let f : X — Y be a morphism of schemes. We say f is of finite Tor-dimension
if there is an integer N > 0 such that Zor®” (6x, .#) = 0 for all i > N and all
F e M(Y). Let M(Y, f) C M(Y) be the full subcategory consisting of sheaves
F satistying Tor?¥ (Ox, F) = 0 for all i > 0. Then we have P(Y) C M(Y, f).
Assuming that every % € M(Y) is a quotient of a member in M(Y, f), the reso-
lution theorem implies that the inclusion M(Y, f) — M(Y") induces isomorphisms
K;(M(Y, f)) =2 K/(Y). Combining this isomorphism with the homomorphism in-
duced by the exact functor f* : M(Y, f) — M(X), we obtain a homomorphism
f*: K[(Y) — K[(X). The condition that every coherent sheaf on Y is a quotient
of an object of M(Y, f) holds if

(i) f is flat (whence M(Y, f) = M(Y));

or

(ii) every coherent sheaf on Y is a quotient of an object of P(Y) (e.g. if Y has
an ample invertible sheaf).

Let f: X — Y be a proper morphism now. The higher direct image functors
R f, carry coherent sheaves on X to coherent sheaves on Y. Let F(X, f) denote the
full subcategory of M(X) consisting of .# such that R'f,.# = 0 for all i > 0. As-
sume that every coherent sheaf on X is a subsheaf of a sheaf in F(X, f). Then there
will be an isomorphism K;(F (X, f)) & K/(X) for every ¢ (this is a consequence
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of the resolution theorem and the fact that there is an isomorphism QC = QC°P,
[31, p.104, Coro. 6.3]). Composing this isomorphism with the homomorphism in-
duced by the exact functor f, : F(X, f) — M(Y), we obtain a homomorphism
fe + K[(X) — K/[Y). The assumption that every coherent sheaf on X can be
embedded into an object of F(X, f) holds if

(i) f is finite (whence F(X, f) = M(X));

or

(ii) X has an ample invertible sheaf.

Proposition A.3.5 ([31, p.64, Prop. 5.12], Projection formula). Suppose f :
X — Y is a proper morphism which is of finite Tor-dimension. Assume X and Y
have ample invertible sheaves so that the maps

[ KiY) — Ki(X), and fo: K{(X) — K{(Y)
are defined. Then
(i) there is a well-defined homomorphism f, : K;(X) — K;(Y) giving a com-

mutative diagram
Ki(X) —— Kj(X)
fs

|-

Ki(Y) —— Ki(Y)
(ii) for any x € Ko(X), y € K[(Y), we have

(ili) for anyy € Ko(Y), ,z € K{(X), we have

F(F7(y) - 2) =y - ful).

Proposition A.3.6 ([27, p.127, Prop. 3.2]). Let Z be a closed subscheme of X, let
L2 Z — X be the inclusion, and let & be the ideal of Ox defining Z.

(i) If & is nilpotent, then v, : K/(Z) — K/(X) is an isomorphism for every i.
In particular, K[(Xyea) = K[(X).

(ii) Let U be the complement of Z in X, and let j : U — X be the inclusion.
Then there is a long exact sequence

— Kl — KJ(2) “ KI(X) L K(U) — -

The next two results reveal connections of the K’-groups of a scheme and those
of affine or projective bundles (cf. §1.4 and §2.1) on it.

Proposition A.3.7 ([27, p.128, Prop. 4.1]). Let f : P — X be a flat morphism
whose fibres are affine spaces. Then f* : K[(X) — K/(P) is an isomorphism for
every ¢ > 0.
Proposition A.3.8 ([27, p.129, Prop. 4.3]). Let E be a vector bundle of rank
r=ec¢+1 on a scheme X. Let P(E) be the associated projective bundle and let
f:P(E) — X be the projection. Then for each i > 0, we have a Ko(P(FE))-module
isomorphism

Ko(P(E)) @x(x) Ki(X) = K{(P(E))
given by

yer—y- fr(z).

Equivalently, if z € Ko(P(E)) is the class of the sheaf Og(—1) on P(E), then we
have an isomorphism

KI(X)®" 2 KI(P(E)), (25)osjce — 2 F(35).
7=0
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Concerned with the K-groups of projective bundles, we have the following the-
orem, as opposed to Prop. A.3.8.

Theorem A.3.9 ([27, p.142, Thm. 2.1]). Let E be a vector bundle of rank r = e+1
on a scheme X and let P(E) be the associated projective bundle, and f :P(E) — X
the natural projection. Then there are isomorphisms of Ko(P(E))-modules for all
i>0,

Ko(P(E)) @K, (x) Ki(X) = Ki(P(E)), y@z—y- [ ().

Equivalently, there are isomorphisms
Ki(X)¥ = IG(B(B)), (a)ozize = D 2 [ (ay),
3=0
where z € Ko(X) is the class of Og(—1).

A.3.2 BGQ-Spectral Sequence and Chow Groups

Let X be a (Noetherian separated) scheme. Let MP(X) C M(X) be the Serre
subcategory (meaning a subcategory which is closed under subobjects, quotients and
extensions) consisting of those coherent sheaves % whose support has codimension
> pin X. Define a decreasing filtration on K(X) = K;(M(X)) by

FPK[(X) := image of (K;(M?(X)) — Kj(X)).

This is called the filtration by codimension of support or the topological
filtration. This filtration is finite provided that dim X is finite.

There is a spectral sequence, called the Brown—Gersten—Quillen (BGQ) spectral
sequence, relating the K-groups of points on X with the K’-groups of the scheme
X.

Theorem A.3.10 ([27, p.131, Thm. 5.4], BGQ-Spectral Sequence). Let X
be a Noetherian separated scheme. Let X®) denote the set of x € X such that
codim({z }, X) = p. Then there is a spectral sequence

B = EY'(X) = P K-pqlnlz)) = K, ,(X)

—pP—q
zeX(®)

which is convergent when X has finite dimension. Here we set K, = K|, = 0 for
n < 0.

The Es-terms of the BGQ-spectral sequence is computable thanks to Gersten’s
resolution, which is stated in the following proposition.

Proposition A.3.11 ([27, pp.132-133, Props. 5.6, 5.8 and Coro. 5.10]). Let X be
a reqular separated scheme of finite type over a field.
(i) For every p > 0, there is an exact sequence

0— Kp(X) = EY (X)L oo — BN (X)L EPP(X) — 0

where the map

e Kp(X) — B} P(X)= P Ky(s(2))
e X (0)

is induced by the pull-backs by the canonical morphisms i, : Spec k(x) — X, and
the maps d are differential maps of the BGQ-spectral sequence.
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(i) Let &, denote the sheaf associated to the presheaf U — K, (U), and let
&7 = @ Los (K—p—q(K(2)))
reX ()

where K_,_,(k(x)) is regarded as the constant sheaf on Spec k(x) associated to the
group K_,_(k(x)). Then for every p there is a flasque resolution of J,:

0— &P L g L oepr L,
(iii) There is a canonical isomorphism
EPI(X) = HP(X, H_,).

for every p, q.

Note that for any z € X~V K;(k(x)) = r(x)* (cf. Remark A.3.3) may be
identified with k(W)*, where k(W) is the function field of W := {z }. Also, for any
z € X Ko(k(x)) can be identified with Z - [V] with V = {z }, so E?’ "P(X) can
be identified with the group ZP(X) of cycles of codimension p (cf. Chapt. 1).

Theorem A.3.12 ([27, p.137, Thm. 5.19]). For a reqular separated scheme X of
finite type over a field k, the differential map

d: EY"N7P(X) — BV TP(X)
in the BGQ-spectral sequence coincides with the map

P kW) —2P(X); @efi— Y [div(f)].

codim W=p—1
Consequently, there are canonical isomorphisms

E"P(X) =~ CHP(X), Vp>0.
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