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B CDEFG FHIJ KD KLMNI OP QERJSTHQDS MNG MGTHQDS USV WV GJ XOHK YDS MFF
KLJ QERRDSK MNG KLJ MKKJNKHDN KLMK LJ RMHG KD OJ MNG KD OP CDSI GESHNZ KLJ
GJTJFDRHNZ MNG KLJ CSHKHNZ DY KLHQ OMQKJS KLJQHQVB CDEFG FHIJ KD KLMNI MFQD [SDYV \JNQKSM MNG [SDYV ]M^^LHNH CLD MZSJJG KD
SJMG OP KLJQHQ MNG _J RMSK DY OP ^DOOHKKJJ MNG CLD QEZZJQKJG HNKJSJQKHNZ
^DOOJNKQV
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a bcdefghidjfc a
k lfcfjgm n
oVp [SJFHOHNMSHJQ MNG _MQH^ GJqNHKHDNQ V V V V V V V V V V V V V V V V roVo sJGE^JG ODNDHG SHNZQ V V V V V V V V V V V V V V V V V V V V V V toVu \MKKH^JQ V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V voVr XKSE^KESJ KLJDSJO YDS qNHKJ ^DOOEKMKHTJ SJGE^JG ODNDHGQ V V pwoVw UEMFHKP DY ODNDHGQ V V V V V V V V V V V V V V V V V V V V V V V V ou

x yz{ |fcfjg (Z/nZ)◦
k}

uVp sJGE^KHDN DY KLJ ODNDHG SHNZ (Z/nZ)◦ V V V V V V V V V V V V V o~uVo UJ^DORDQHKHDN HN FD^MF SHNZQ DY C[(Z/nZ)◦] V V V V V V V V V V V up
n �cjdm jc �efh� ejc�m xn
rVp �NHKQ MQ M Z�ODGEFJ V V V V V V V V V V V V V V V V V V V V V V V urrVo �DNQKSE^KH_FJ ENHKQ V V V V V V V V V V V V V V V V V V V V V V V V uv
rVu �DNQKSE^KH_FJ MNG ^HS^EFMS ENHKQ V V V V V V V V V V V V V V V V V rw
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\JK A _J M qNHKJ M_JFHMN ZSDER� KLJ OMHN ZDMF DY KLHQ KLJQHQ HQ KD MNMFP�J
Z[A]× MQ M ODGEFJ DTJS M FMSZJ SHNZ DY DRJSMKDSQV �D GD KLHQ CJ GD NDK FDDIMK KLJ M^KHDN DY KLJ MEKDODSRLHQOQ ZSDER DY A DN KLJ ZSDER DY ENHKQ� _EK CJ^DNQHGJS M FMSZJ QJK DY DRJSMKDSQ KLMK LMQ M ODNDHG QKSE^KESJ� HN KLHQ CMP CJ
LMTJ MN M^KHDN KLMK OMIJQ KLJ ENHK ZSDER HNKD M ODGEFJ DTJS M ODNDHG SHNZV
�LJ QKEGP DY ENHKQ DY M ^P^FDKDOH^ qJFGQ(ζn)� CLJSJ ζn HQ M RSHOHKHTJ n�KLSDDK DY ENHKP� HQ MN HNKJSJQKHNZ MNG CJFF�INDCN RSD_FJOV XHN^J GJQ^SH_HNZ KLJCLDFJ ZSDER DY ENHKQ KESNQ DEK NDK KD _J JMQP� KLJ ODQK NMKESMF KLHNZ KD GDqSQK HQ KD QKEGP M QE_ZSDER OMGJ _P JFJOJNKQ CHKL MN JMQP QKSE^KESJ� CLMK

HQ EQEMFFP ^DNQHGJSJG� YDS n NDK ^DNZSEJNK KD o ODGEFD r HQ KLJ QE_ZSDER DYKLJ QD�^MFFJG ^P^FDKDOH^ ENHKQ� OMGJ _P ENHKQ ^DNKMHNJG HN KLJ OEFKHRFH^MKHTJZSDER ZJNJSMKJG _P ±ζn MNG JFJOJNKQ DY KLJ YDSO 1 − ζa
n
� YDS 1 ≤ a ≤ n− 1 V�LHQ HQ M QE_ZSDER DY YEFF SMNI HN Z[ζn]× MNG HK HQ RDQQH_FJ KD J�RFH^HK M Z�_MQHQDY HKV �P^FDKDOH^ ENHKQ LMTJ MFQD M QKSE^KESJ DY ODGEFJ DTJS KLJ SHNZ Z[G]�CLJSJ G = (Z/nZ)× HQ KLJ �MFDHQ ZSDER DY KLJ ^P^FDKDOH^ qJFG Q(ζn) DTJS Q�_EK MFSJMGP CLJN n HQ NDK M RSHOJ RDCJS KLHQ QKSE^KESJ HQ NDK QD JMQP� ODSJGJKMHFQ M_DEK KLHQ ^MN _J YDENG HN KLJ CDSIQ DY �DNSMG �w� MNG XDFDODN �ow�V

BY C HQ M qNHKJ ^P^FH^ ZSDER DY DSGJS n MNG CJ ^DNQHGJS HKQ MQQD^HMKJG ZSDERSHNZ� CJ ZJK M SHNZ DY KLJ YDSO Z[C] ∼= Z[x]/(xn − 1)� KLMK HQ ^DNKMHNJG HN KLJOM�HOMF DSGJS DY KLJ RSDGE^K DY NEO_JS qJFGQ Q[x]/(xn − 1) ∼=
∏

d|n Q(ζd)
�CLJSJ ζd HQ M RSHOHKHTJ d�KL SDDK DY ENHKPVBN KLHQ CMP CJ JQKM_FHQL M ^DNNJ^KHDN _JKCJJN ENHKQ HN M ZSDER SHNZ MNG

ENHKQ HN ^P^FDKDOH^ qJFGQV �J ^MN KSP KD EQJ KLHQ ^DNNJ^KHDN HN _DKL GHSJ^�KHDNQ� CJ ^MN EQJ CLMK HQ MFSJMGP INDCN M_DEK ^P^FDKDOH^ ENHKQ KD GJGE^J
HNYDSOMKHDN M_DEK ENHKQ HN ^P^FH^ ZSDER SHNZQ DS� DKLJSCHQJ� KSP KD JNFHZLKJN
KLJ QJKKHNZ DY ^P^FDKDOH^ ENHKQ _P J�RFMHNHNZ KLJ QKSE^KESJ DY ENHKQ HN M ^P^FH^
ZSDER SHNZV�Q HK HQ YDS ^P^FDKDOH^ ENHKQ� ZJNJSMF ENHKQ HN M ^P^FH^ ZSDER SHNZ MSJ NDK
JMQP KD GJQ^SH_J JHKLJS� QD CLMK DNJ NJJGQ KD GD HQ KD SJQKSH^K KD M QE_ZSDER
OMGJ _P ENHKQ� CLH^L CHFF _J ^MFFJG ^DNQKSE^KH_FJ� KLMK ^MN _J J�RSJQQJG _P
MN J�RFH^HK YDSOEFMV�NJ ^MN MQI CLMK KLJ ZMHN HQ _P RMQQHNZ KD ENHKQ HN ZSDER SHNZQ HNQKJMG
DY CDSIHNZ GHSJ^KFP CHKL ^P^FDKDOH^ ENHKQV �LMK CJ ZJK HQ KLMK� YDS MNP
RSHOJ p� CJ ^MN FHYK KLJ ]SD_JNHEQ OMR ODGEFD p KD KLJ CLDFJ SHNZ� QHN^J
πp : x → xp _JFDNZQ KD KLJ JNGDODSRLHQOQ DY Z[x]/(xn − 1)V BN KLHQ CMPCJ ZHTJ KD Z[x]/(xn − 1) KLJ QKSE^KESJ DY Λ�SHNZ� KLHQ NDKHDN CMQ HNKSDGE^JG_P �SDKLJNGHJ^I� KD ZHTJ MN M_QKSM^K QJKKHNZ YDS QKEGPHNZ KLJ QKSE^KESJ DN

p



�SDKLJNGHJ^I ZSDERQ HNLJSHKJG YSDO J�KJSHDS RDCJS DRJSMKHDNQV �DCJTJS� HK
QJJOQ KLMK KLJ QKEGP DY M_QKSM^K Λ�SHNZQ CHFF LMTJ QDOJKLHNZ KD QMP M_DEKNEO_JS KLJDSPV ]DS KLHQ CJ SJYJS KD KLJ RMRJS _P WMSK GJ XOHK MNG �MOJQ
WDSZJS� ��MFDHQ KLJDSP MNG HNKJZSMF ODGJFQ DY Λ�SHNZQ� ���V�GGHNZ KLJ ODSRLHQOQ πp : x → xp � YDS MNP RSHOJ p|n� KD KLJ ZSDER DYMEKDODSRLHQOQ (Z/nZ)×

CJ D_KMHN MN M^KHDN DY KLJ ODNDHG (Z/nZ)◦ � CLJSJKLJ ◦ HNGH^MKJQ KLMK CJ MSJ ^DNQHGJSHNZ KLJ OEFKHRFH^MKHTJ QKSE^KESJ DY KLJ
SHNZV WP GDHNZ KLHQ CJ ZJK M qNJS ODGEFJ QKSE^KESJ� CLH^L ZHTJQ M NH^JS GJ�Q^SHRKHDN DY KLJ ENHKQV
UJMFHNZ CHKL M^KHDNQ DY KLJ ODNDHG (Z/nZ)◦ � CJ MSJ HNKJSJQKJG HN INDCHNZODSJ M_DEK

Z[(Z/nZ)◦]�ODGEFJQ MNG KLJSJYDSJ� _JYDSJ GDHNZ KLHQ� CJ NJJG KDINDC QDOJKLHNZ ODSJ M_DEK KLJ SHNZ HKQJFYV �NJ �EJQKHDN KLMK ^MN MSHQJ HQCLJKLJS KLJ SHNZ HQ SJGE^JG� HVJV HY HK GDJQ NDK ^DNKMHN NDNKSHTHMF NHFRDKJNKQ�
MNG� HY KLHQ HQ KLJ ^MQJ� CLMK HKQ GHQ^SHOHNMNK DTJS Z

HQV�K KLHQ RDHNK HK CMQ �EHKJ NMKESMF KD QKMSK GJMFHNZ CHKL M ZJNJSMF qNHKJ
^DOOEKMKHTJ ODNDHGV �LHQ HQ MFQD M SJMQDNM_FJ KLHNZ KD GD YDS KLJ YDFFDCHNZ
SJMQDN� MQ (Z/nZ)× � KLMK HQ KLJ �MFDHQ ZSDER DY KLJ ^P^FDKDOH^ J�KJNQHDN
Q(ζn) DTJS Q� HQ KLJ QJK DY HNTJSKH_FJ JFJOJNKQ DY KLJ ODNDHG (Z/nZ)◦ � KLJSMP ^FMQQ ZSDER DY M NEO_JS qJFG K HQ KLJ QJK DY HNTJSKH_FJ JFJOJNKQ DY M
ODNDHG� ^MFFJG KLJ UJFHZNJ�sH_JK ODNDHG �t�V�J YDENG MN JMQP ^SHKJSHDN KD GJ^HGJ HY KLJ HNKJZSMF ODNDHG SHNZ Z[M ]DY M qNHKJ ^DOOEKMKHTJ ODNDHG M HQ SJGE^JG� HY KLHQ HQ KLJ ^MQJ� CJ ^MFF MHKQJFY SJGE^JGV �LJ ^SHKJSHDN GJMFQ �EQK CHKL KLJ JFJOJNKQ DY KLJ ODNDHG MNG
QLDCQ ^FJMSFP LDC SJGE^JG ODNDHGQ MSJ M ZDDG ZJNJSMFH�MKHDN DY qNHKJ M_JFHMN
ZSDERQV �LHQ ^DOJQ DEK KD _J KSEJ HN M SJMFFP QESRSHQHNZ CMP� QHN^J KLJSJ HQ MN
J�EHTMFJN^J DY ^MKJZDSHJQ _JKCJJN qNHKJ SJGE^JG ^DOOEKMKHTJ ODNDHGQ MNG
YEN^KDSQ YSDO M qNHKJ FMKKH^J KD qNHKJ M_JFHMN ZSDERQV
�LMNIQ KD KLHQ J�EHTMFJN^J DY ^MKJZDSHJQ� CJ MSJ MFQD M_FJ KD J�KJNG GEMFHKP

DY M_JFHMN ZSDERQ KD SJGE^JG ODNDHGQV �LHQ CHFF KESN DEK KD _J M NH^J KDDF�
ZHTHNZ EQ MNDKLJS JMQP ^SHKJSHDN KD GJ^HGJ HY M ODNDHG SHNZ HQ SJGE^JG MNG� HY
KLHQ HQ NDK KLJ ^MQJ� KD ^DOREKJ HKQ SJGE^KHDNV
�LJ ^DOREKMKHDN DY KLJ GHQ^SHOHNMNK DY KLJ ODNDHG SHNZ ^DOJQ GHSJ^KFP

YSDO KLJ GJQ^SHRKHDN DY KLJ ODNDHG M MQ M FMKKH^J DY qNHKJ M_JFHMN ZSDERQ
MNG HK HQ JMQHFP QJJN KD _J M QFHZLK ZJNJSMFH�MKHDN DY KLJ qNHKJ M_JFHMN ZSDER
^MQJV�DSJDTJS� QHN^J C[M ]� YDSM M qNHKJ ^DOOEKMKHTJ ODNDHG� HQ MN MSKHNHMN
SHNZ� HK MGOHKQ M GJ^DORDQHKHDN HNKD M RSDGE^K DY MSKHNHMN FD^MF SHNZQV �D EN�GJSFHNJ KLMK KLJ ODNDHG (Z/nZ)◦ LMQ QDOJ RMSKH^EFMS RSDRJSKP� CJ ^DOREKJHKQ ^DORDNJNKQ MNG CJ GJGE^J KLMK C[(Z/nZ)◦] HQ M ^DORFJKJ HNKJSQJ^KHDNSHNZV

o



BN KLJ FMQK QJ^KHDN� CJ GJMF CHKL ENHKQ HN M ZSDER SHNZV BY A HQ M qNHKJM_JFHMN ZSDER� KLJ ENHKQ DY KLJ SHNZ Z[A]� ^DNQHGJSJG MQ M Z�ODGEFJ� ^MN _JGJ^DORDQJG HN KLJ KDSQHDN RMSK 〈−1〉 ×A KHOJQ M YSJJ M_JFHMN ZSDERVBY A HQ M qNHKJ M_JFHMN ZSDER DY J�RDNJNK n� KLJ SHNZ Z[A] MNG MFQD KLJENHK ZSDER
Z[A]× MSJ JNGDCJG CHKL MN M^KHDN DY KLJ ODNDHG (Z/nZ)◦ MNGKLJSJYDSJ KLJP LMTJ M QKSE^KESJ DY Z[(Z/nZ)◦]�ODGEFJQV �Q CJ QMHG M_DTJ�GJQ^SH_HNZ KLJ QKSE^KESJ DY KLJ CLDFJ ZSDER KESNQ DEK NDK KD _J JMQP� QD CLMK

DNJ KSHJQ KD GD HQ KD ^DNQKSE^K MNG ENGJSQKMNG KLJ QKSE^KESJ DY QE_ZSDERQ DYqNHKJ HNGJ� HN KLJ CLDFJ ZSDER DY ENHKQV
�LJ qSQK QKJR HN KLHQ RSD^JQQ HQ KD SJQKSH^K KD ^P^FH^ QE_ZSDERQ C ⊆ AV�LJ QJ^DNG HQ KD SJQKSH^K KD ENHKQ KLMK LMTJ M QKMNGMSG YDSO MNG ^MN _J �^DN�QKSE^KJG� HN M JMQP CMPV �LHQ CMQ GDNJ qSQK _P WMQQ� HN �o�� CLJSJ LJ ZMTJ MCMP KD ^DNQKSE^K M QJK DY OEFKHRFH^MKHTJ HNGJRJNGJNK ENHKQ DY YEFF SMNIV �Y�KJSCMSGQ �DJ^LQOMNN MNG sHKKJS� HN �p~�� ZMTJ M CMP KD _EHFG� YDS p�ZSDERQ�M QJK DY YEFF SMNI DY OEFKHRFH^MKHTJFP HNGJRJNGJNK ENHKQ� ^MFFJG ^DNQKSE^KH_FJ�

HN QE^L M CMP KLMK KLJ HNGJ� CMQ OE^L QOMFFJS KLMN KLJ DNJ D_KMHNJG _P
WMQQ� KCD PJMSQ FMKJS �DJ^LQOMNN HORSDTJG LHQ ^DNQKSE^KHDN MNG J�KJNGJG
HK KD JTJSP qNHKJ M_JFHMN ZSDER �p �V
�LMK CJ CMNK KD ENGJSFHNJ HQ KLJ SDFJ KLMK KLJ Z[(Z/nZ)◦]�ODGEFJ QKSE^�KESJ RFMPQV �LHQ CMQ MFSJMGP NDKH^JG _P �DJ^LQOMNN MNG sHKKJS HN KLJHS

RMRJS OJNKHDNJG M_DTJ� _EK CJ KSP KD GD HK HN M ODSJ QPQKJOMKH^ CMP� ^LMNZ�HNZ M FHKKFJ _HK KLJ RDHNK DY THJCV �LJ OMHN SJQEFK CJ D_KMHN HN KLHQ QJ^KHDN
HQ KLJ YDFFDCHNZ� QERRDQJ A HQ ^P^FH^ DY DSGJS n MNG (Z/nZ)◦/〈−1〉 HQ ^P^FH^�KLJN KLJ M_DTJ OJNKHDNJG ZSDER DY ^DNQKSE^KH_FJ ENHKQ HQ M ^P^FH^ Z[(Z/nZ)◦]�QE_ODGEFJ DY Z[A]× V

u
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BN KLHQ qSQK ^LMRKJS CJ GJMF CHKL qNHKJ ^DOOEKMKHTJ ODNDHGQ MNG KLJHS HNKJ�ZSMF ODNDHG SHNZQ µYSDO NDC DN CJ CHFF QIHR KLJ MG�J^KHTJ HNKJZSMF� MFF ODNDHG
SHNZQ LMTJ KD _J ^DNQHGJSJG DTJS Z� HY KLJSJ HQ ND YESKLJS QRJ^Hq^MKHDN¶V �LJFMKKJS MSJ �EQK M ZJNJSMFH�MKHDN DY HNKJZSMF ZSDER SHNZQ DY qNHKJ M_JFHMN ZSDERQ�CLH^L MSJ MFF SJGE^JG� CLHFJ ODNDHG SHNZQ HN ZJNJSMF MSJ NDK� QD� CJ CMNK M
^SHKJSHDN KLMK KJFFQ EQ CLH^L ODNDHG SHNZQ MSJ SJGE^JG MNG CLH^L DNJQ MSJ
NDK� KLHQ CHFF _J KLJ D_�J^K DY KLJ qSQK OMHN KLJDSJOV
�HKL KLJ QJ^DNG KLJDSJO CJ GJQ^SH_J M CMP KD ^DOREKJ KLJ SJGE^KHDN DY

M ODNDHG SHNZ� CLH^L CJ CHFF qNG DEK KD _J MFQD M ODNDHG SHNZ� CLJSJ KLJ
ODNDHG FHTJQ HN KLJ QE_^MKJZDSP DY KLJ QD�^MFFJG SJGE^JG ODNDHGQV �N KLHQ^MKJZDSP KLJSJ HQ MFQD M GEMFHKP ZHTJN _P ^LMSM^KJSQ MNG� CHKL KLHQ KDDF� CJ
^MN qNG MNDKLJS ^SHKJSHDN YDS

Z[M ] KD _J SJGE^JG MNG CJ ^MN ^DOREKJ KLJSJGE^JG ODNDHG KLMK ZHTJQ KLJ SJGE^KHDN DY KLJ ODNDHG SHNZV ]ESKLJSODSJ�CJ CHFF ZHTJ M GJQ^SHRKHDN DY KLJ ^MKJZDSP DY SJGE^JG ODNDHGQ HN KJSOQ DY
FMKKH^JQ DY M_JFHMN ZSDERQ� KLHQ CHFF MFQD J�RFMHN KLJ GEMFHKP CJ OJNKHDNJG
M_DTJ HN KJSOQ DY KLJ GEMFHKP DY M_JFHMN ZSDERQV
·{¸cjdjfc k¹a¹ � º»¼»½¾ HQ M KSHRFJ (M, ∗, e)� CLJSJ M HQ M QJK� ∗ : M ×
M →M HQ MN MQQD^HMKHTJ _HNMSP DRJSMKHDN CHKL M ENHK JFJOJNK eV� º»¼»½¾ º»¿ÀÁ½Âº f : M → M ′ _JKCJJN KCD ODNDHGQ (M, ∗, e) MNG
(M ′, ∗′, e′) HQ M OMR YSDO M KD M ′ QE^L KLMK

• f(m1 ∗m2) = f(m1) ∗
′ f(m2)

YDS MNP KCD JFJOJNKQ m1
�m2

DY M V
• f(e) = e′ V� ODNDHG (M, ∗, e) HQ QMHG KD _J Ã»ººÄÅÆÅ½ÇÈ HY m1 ∗m2 = m2 ∗m1

YDS MNP
KCD JFJOJNKQ m1

�m2
DY M V�J QMP KLMK MN JFJOJNK� KLMK CHFF _J GJNDKJG _P  � DY M ODNDHG (M, ∗, e)HQ M �JSD YDS M HY m ∗ 0 = 0 ∗m = 0 YDS JTJSP m ∈M V

]SDO NDC DN CJ CHFF GSDR KLJ QKMS KD HNGH^MKJ KLJ RSDGE^K HN KLJ ODNDHG
(M, ∗, e)� GJqNHNZ m1m2

KD _J m1 ∗m2
YDS JTJSP m1, m2 ∈M V�{|ÉeÊ k¹k¹ BY KLJSJ HQ MNDKLJS JFJOJNK e′ ∈ M KLMK QMKHQqJQ KLJ M�HDO

DY KLJ ENHK JFJOJNK e DY M � HVJV e′m = me′ = m YDS JTJSP m ∈ M � KLJN
e = ee′ = e′ V �DSJDTJS HY MN JFJOJNK m ∈ M MGOHKQ MN HNTJSQJ� HVJV MN
JFJOJNK m′ QE^L KLMK mm′ = m′m = e� KLJN KLHQ JFJOJNK HQ ENH�EJ� HNGJJG HYMFQD m′′ HQ MN HNTJSQJ DY m� CJ LMTJ KLMK m′ = m′e = m′mm′′ = em′′ = m′′ V
�J CHFF HNGH^MKJ CHKL M× KLJ QJK DY HNTJSKH_FJ JFJOJNKQ DY M ODNDHGM V� ZSDER HQ �EQK M ODNDHG QE^L KLMK JTJSP JFJOJNK MGOHKQ MN HNTJSQJV

r



]SDO NDC DN CJ CHFF SJQKSH^K KD ^DOOEKMKHTJ ODNDHGQ� QD� MFQD HY CJ YDSZJK
KLJ MG�J^KHTJ� KLJ ODNDHG OEQK _J ^DNQHGJSJG ^DOOEKMKHTJV
ËÌÉ|�Í{ k¹x¹ • �HTJN M SHNZR � ^DNQHGJSHNZ DNFP HKQ OEFKHRFH^MKHTJ QKSE^�KESJ CJ D_KMHN M ODNDHG CLH^L CJ CHFF HNGH^MKJ CHKL KLJ QPO_DF R◦

•
� QHORFJ ^FMQQ DY ODNDHGQ HQ KLJ DNJ OMGJ _P ^P^FH^ ODNDHGQ� HVJV ZJN�JSMKJG _P DNJ JFJOJNKV � ^P^FH^ ODNDHG ^MN _J HNqNHKJ� MNG KLJSJYDSJ
HQDODSRLH^ KD KLJ ODNDHG ^DOHNZ YSDO KLJ MGGHKHTJ QKSE^KESJ DY NMKE�SMF NEO_JSQ CHKL KLJ �JSD HN^FEGJG� DS HK ^MN _J qNHKJ MNG HN KLHQ ^MQJ
HK OEQK _J DY KLJ YDSO 〈x | xn1 = xn2〉 � CLJSJ n1 > n2

MSJ GHQKHN^K
NDN�NJZMKHTJ HNKJZJSQ� KLHQ OJMNQ KLMK M = {1, x, ..., xn1−1}

CHKL KLJ
OEFKHRFH^MKHDN GJqNJG _P MGGHKHDN DY KLJ J�RDNJNKQ� CLJSJ CJ ^DNQHGJS
n1 = n2

V
�J ^MN SJRSJQJNK M qNHKJ ^P^FH^ ODNDHG CHKL KLJ YDFFDCHNZ ρ�QLMRJGRH^KESJ� CLJSJ KLJ MSSDCQ QKMNG YDS OEFKHRFH^MKHDN _P xV

1 - x - ... - xn2 - xn2+1

xn1−1

6

� ...?·{¸cjdjfc k¹n¹ BY R HQ M ^DOOEKMKHTJ SHNZ MNG M HQ M ODNDHG CJ GJ�qNJ KLJ º»¼»½¾ ¿½¼Î R[M ] KD _J KLJ YSJJ R�ODGEFJ CHKL _MQHQ M V �LJN
R[M ] HQ NMKESMFFP M SHNZ CHKL MGGHKHDN GJqNJG _P MGGHKHDN HN KLJ ODGEFJV�EFKHRFH^MKHDN _JKCJJN KCD JFJOJNKQ∑

l∈M all
MNG∑

m∈M bmm
HQ GJqNJG _P

(
∑

l∈M all)(
∑

m∈M bmm) =
∑

l,m∈M(albm)lm� KLMK HQ J�KJNGHNZ _P FHNJMSHKPKLJ RSDGE^K DY KLJ ODNDHGV
ËÌÉ|�Í{ k¹�¹ ]DS M qNHKJ ^P^FH^ ODNDHG M = 〈x | xn1 = xn2〉 � HKQ ODNDHGSHNZ DTJS M ZHTJN ^DOOEKMKHTJ SHNZR HQ D_THDEQFP KLJ RDFPNDOHMF SHNZR[x]/(xn1−
xn2)V·{¸cjdjfc k¹Ï¹ �N JFJOJNK r DY M ^DOOEKMKHTJ SHNZR HQ QMHG KD _J ¼½ÐÀ»ÅÈ¼ÅHY KLJSJ J�HQKQ M RDQHKHTJ HNKJZJS n QE^L KLMK rn = 0 V� ^DOOEKMKHTJ SHNZ R HQ ^MFFJG ¿È¾ÄÃÈ¾ HY HK LMQ ND NDN��JSD NHFRDKJNKJFJOJNKQV� ODNDHGM HQ ^MFFJG ¿È¾ÄÃÈ¾ HY HKQ ODNDHG SHNZ Z[M ] HQ SJGE^JGVËÌÉ|�Í{ k¹Ñ¹ ]DS M qNHKJ ^P^FH^ ODNDHG M = 〈x | xn1 = xn2〉 � HKQ HNKJZSMFODNDHG SHNZ

Z[x]/(xn1 − xn2) HQ SJGE^JG HY MNG DNFP HY KLJ QOMFFJQK _JKCJJN
n1
MNG n2

HQ QKSH^KFP FJQQ KLMN oV BN YM^K� QERRDQHNZ n1 > n2
� CJ LMTJ KLJ

GJ^DORDQHKHDN
Z[x]/(xn1 − xn2) ∼= Z[x]/(xn2) × Z[x]/(xn1−n2 − 1)

w



_P KLJ �LHNJQJ SJOMHNGJS KLJDSJOV �LJ DNFP NHFRDKJNK JFJOJNK DY KLJ QJ^DNG
^DORDNJNK DY KLJ SHZLK LMNG QHGJ HQ  � QHN^J M ZSDER SHNZ HQ SJGE^JG� CLHFJ
Z[x]/(xn2) LMQ M NDN KSHTHMF NHFRDKJNK JFJOJNK HY MNG DNFP HY n2 ≥ 2 VBN KLJ SJRSJQJNKMKHDN CHKL KLJ ρ�QLMRJG GHMZSMO� n2 < 2 OJMNQ KLMK KLJKMHF DY KLJ ρ LMQ FJNZKL MK ODQK pV
£¤£ Ò¨¯Ó±¨¯ «´¬´ª¯ §ª¬Ô®
BN KLHQ QJ^KHDN CJ CMNK KD ZHTJ M ^SHKJSHDN KD GJ^HGJ CLJKLJS M ODNDHG SHNZ
HQ MFSJMGP SJGE^JG MNG� HY HK HQ NDK� M CMP KD ^DOREKJ HKQ SJGE^KHDNV
Õ{||É k¹Ö¹ ×ÈÅM Æ¼¾M ′ ØÈ Ù¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Â

•
½Ú ÅÁÈ¿È ½Â Æ ÂÄ¿Û ÈÃÅ½ÇÈ º»¿ÀÁ½Âº f : M → M ′

Æ¼¾M ½Â ¿È¾ÄÃÈ¾Ü ÅÁÈ¼ÆÐÂ»M ′ ½Â ¿È¾ÄÃÈ¾Ý
•
½Ú
M
Æ¼¾M ′

Æ¿È ¿È¾ÄÃÈ¾Ü ÅÁÈ¼ ÆÐÂ»M ×M ′ ½Â ¿È¾ÄÃÈ¾Þ
ßeff�
• ]HSQK CJ ^FMHO KLMK Z[M ] HQ SJGE^JG HY MNG DNFP HY Q[M ] HQV �_TH�DEQFP� HY Z[M ] LMQ M NDN KSHTHMF NHFRDKJNK JFJOJNK� KLJN KLJ QMOJ JF�JOJNK HQ M NDN KSHTHMF NHFRDKJNK MFQD HN Q[M ]V ]DS KLJ DKLJS HORFH^M�KHDN� KMIJ ∑

m∈M amm
� CHKL am = bm/cm ∈ Q� KD _J NHFRDKJNK� KLJN

(
∏

m∈M cm)
∑

m∈M amm
HQ M NHFRDKJNK JFJOJNK DY Z[M ]VàDC CJ CMNK KD RSDTJ KLMK C[M ] ∼= C⊗Q[M ] HQ SJGE^JG HY MNG DNFP HY

Q[M ] HQV �Q M_DTJ� M NDN KSHTHMF NHFRDKJNK HN Q[M ] HQ MFQD M NDN KSHTHMFNHFRDKJNK HN
C[M ]V �D RSDTJ KLJ ^DNTJSQJ HORFH^MKHDN� CJ NDKH^J KLMK

Q[M ] HQ MN MSKHNHMN SHNZ MNG KLJSJYDSJ HK HQ M qNHKJ GHSJ^K RSDGE^K DYFD^MF MSKHNHMN SHNZQV BY Q[M ] HQ SJGE^JG HK GJ^DORDQJQ HN M RSDGE^K DYNEO_JS qJFGQ MNG� KJNQDSHNZ CHKL C� CJ �EQK ZJK M NEO_JS DY ^DRHJQ DY
C
� KLJSJYDSJ

C[M ] HQ SJGE^JGVàDC� QERRDQHNZ C[M ] KD _J SJGE^JG� CJ LMTJ KLMK C[M ] ∼= C× ...×C
�CJ ^DNQHGJS KLJ OMR C[M ] → C[M ′] HNGE^JG _P f V áTJSP �EDKHJNK

C�MFZJ_SM DY C× ...×C
HQ MZMHN DY KLJ YDSO C× ...×C

� KLHQ QMPQ KLMK
C[M ′] HQ MFQD SJGE^JG MNG ZDHNZ _M^I CHKL KLJ HORFH^MKHDNQ M_DTJ CJJTJNKEMFFP D_KMHN KLMK Z[M ′] HQ SJGE^JGV

• �J �EQK QMC KLMK M SJGE^JG HQ J�EHTMFJNK KD C[M ] SJGE^JGV BK HQQKSMHZLKYDSCMSG KD QJJ KLMK KLJ OMR
C[M ] ⊗C C[M ′] → C[M ×M ′]

m⊗m′ 7→ (m,m′)

t



HQ MN HQDODSRLHQO DY C�MFZJ_SMQV ]SDO KLHQ CJ ^MN ^DN^FEGJ KLMKM ×
M ′ HQ SJGE^JG� QHN^J KLJ KJNQDS RSDGE^K DY YM^KDSQ DY KLJ YDSO C× ...×CHQ MZMHN DY KLMK YDSOV

yz{fe{| k¹}¹ ×ÈÅ M ØÈ Æ Ù¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Ý ÅÁÈ¼ ÅÁÈ Ú »ÐÐ»â½¼ÎÆ¿È ÈãÄ½ÇÆÐÈ¼Åä
åÞ

Z[M ]
½Â ¿È¾ÄÃÈ¾Ý

æÞ Ú »¿ ÈÇÈ¿ç m ∈M
Èè½ÂÅÂ Æ¼ n ∈ N>1

ÂÄÃÁ ÅÁÆÅ mn = m
Þ

ßeff� XERRDQJ KLMK YDS JTJSP m ∈M J�HQKQ MN n ∈ N>1
QE^L KLMK mn =

m� KLHQ OJMNQ KLMK KLJ ODNDHG SHNZ Z[〈m〉] ∼= Z[x]/(xn − x) ∼= Z × Z[Cn−1]
�CLJSJ 〈m〉 HQ KLJ ODNDHG ZJNJSMKJG _P m MNG Cn−1

HQ KLJ ^P^FH^ ZSDER CHKL
n− 1 JFJOJNKQ� HQ SJGE^JGV�_QJSTHNZ KLMK M HQ M LDODODSRLH^ HOMZJ DY KLJ ODNDHG ∏

m∈M〈m〉 �KLMNIQ KD KLJ RSJTHDEQ FJOOM CJ ^MN ^DN^FEGJ KLMK Z[M ] HQ SJGE^JGV]DS KLJ SJTJSQJ HORFH^MKHDN� QERRDQJ KLMK KLJSJ J�HQK MNm ∈M QE^L KLMK
mn 6= m YDS MNP HNKJZJS n > 1 � QHN^J KLJ ODNDHG HQ qNHKJ KLJSJ OEQK J�HQK KCDGHQKHN^K HNKJZJSQ n1

MNG n2
_HZZJS DS J�EMF KLMN KCD QE^L KLMK mn1 = mn2 V�LHQ OJMNQ KLMK KLJ ODNDHG SHNZ Z[M ] ^DNKMHNQ MQ M QE_SHNZ Z[〈m〉]� CLH^L_P J�MORFJ oV� HQ NDK SJGE^JG� MNG KLJSJYDSJ HK HQ NDK SJGE^JG HKQJFYV

àDC KLMK CJ LMTJ MN JMQP ^SHKJSHDN KD ^DOREKJ CLJKLJS M qNHKJ ODNDHG
HQ SJGE^JG� CJ ^MN ^DNQKSE^K� QKMSKHNZ YSDO M ZJNJSMF qNHKJ ODNDHG M � M�EDKHJNK ODNDHG KLMK SJMFH�JQ KLJ SJGE^KHDN DY KLJ ODNDHG SHNZ Z[M ]V ]HSQKDY MFF� FJK EQ OMIJ M SJOMSI KD �EQKHYP CLMK CJ MSJ ZDHNZ KD GDV
�{|ÉeÊ k¹aé¹ \JKM _J M ^DOOEKMKHTJ ODNDHGV BYm1

MNGm2
MSJ JFJOJNKQ

HNM KLMK LMTJ KLJ QMOJ JTJNKEMF RDCJSQ� HVJV KLJSJ J�HQKQ MN n QE^L KLMK YDSJTJSP n ≥ n �mn
1 = mn

2
� KLJN KLJ JFJOJNK m1 −m2

DY KLJ MQQD^HMKJG ODNDHG
SHNZ HQ NHFRDKJNKV BN YM^K CJ LMTJ KLMK (m1 − m2)

2n = 0 � KLHQ ^DOJQ YSDOKLJ YM^K KLMK JTJSP ODNDOHMF HN KLJ J�RMNQHDN DY (m1 −m2)
2n CHFF LMTJ KLJ

J�RDNJNK DY m1
DS KLJ DNJ DY m2

KD _J MK FJMQK n� KLJSJYDSJ MFF KLJ ODNDOHMFQMSJ J�EMF MNG QEOOHNZ DTJS MFF KLJ ^DJê^HJNKQ DY KLJ _HNDOHMF J�RMNQHDN CJCHFF ZJK  V
�LJSJYDSJ� HY CJ CMNK KD MTDHG NDNKSHTMF NHFRDKJNKQ �EQK _P RMQQHNZ KD M

�EDKHJNK ODNDHG� M NJ^JQQMSP ^DNGHKHDN KLMK CJ LMTJ KD QMKHQYP HQ KLMK RMHSQ
DY JFJOJNKQ MQ HN KLJ RSJTHDEQ SJOMSI NJJG KD _J HGJNKHqJGV �LHQ KESNQ DEK
KD _J JNDEZLV
yz{fe{| k¹aa¹ ×ÈÅM ØÈ Æ Ù¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Þ ëÈÙ¼½¼Î »¼M ÅÁÈÈãÄ½ÇÆÐÈ¼ÃÈ ¿ÈÐÆÅ½»¼ m1 ∼ m2

½Ú
m1

Æ¼¾ m2
ÁÆÇÈ ÅÁÈ ÂÆºÈ ÈÇÈ¼ÅÄÆÐ À»âÈ¿ÂÜÅÁÈ¼M/ ∼

½Â Æ ãÄ»Å½È¼Å º»¼»½¾ Æ¼¾
Z[M/ ∼]

½Â ÅÁÈ ¿È¾ÄÃÅ½»¼ »Ú
Z[M ]

Þ
�



ßeff� ]HSQK CJ NJJG KD NDKH^J KLMK∼ HQ SJMFFP MN J�EHTMFJN^J SJFMKHDN MNGKLMKM/ ∼
HQ QKHFF M ODNDHG QHN^J KLJ J�EHTMFJN^J SJFMKHDN HQ ^DORMKH_FJ CHKL

KLJ ODNDHG DRJSMKHDNV �J NJJG KD TJSHYP KLMK� HYm1 ∼ m2
MNGm3 ∼ m4

� KLJN
m1m3 ∼ m2m4

� QERRDQJ mn
1 = mn

2
YDS JTJSP n ≥ n12

MNG mn
3 = mn

4
YDS JTJSP

n ≥ n34
� KLJN CJ LMTJ KLMK (m1m3)

n = (m2m4)
n YDS JTJSP n ≥ max{n12, n34}

V
XHN^JM HQ M qNHKJ ODNDHG� CJ INDC KLMK YDS JTJSP m ∈M KLJSJ OEQK J��HQK n1, n2 ∈ Z≥0

QE^L KLMK n1 > n2
MNGmn1 = mn2 V �J NDKJ KLMK OEFKHRFPHNZ_P mn1−n2 M^KQ MQ KLJ HGJNKHKP DN KLJ JFJOJNKQmi � YDS n2 ≤ i < n1

� KLJSJYDSJ�
HY CJ ^LDDQJ n′ MNG k QE^L KLMK n′ = 1 + k(n1 −n2)

MNG n2 ≤ n′ < n1
� CJ ZJK

KLMK
(mn′

)n2 = mn2(mn1−n2)kn2 = mn2 .
�J KLJN LMTJ KLMKm ∼ mn′ QHN^J OEFKHRFH^MKHDN _P mn′ M^KQ �EQK MQ OEFKHRFH�^MKHDN _P m DN KLJ JFJOJNKQ mi � YDS n2 ≤ i < n1

� MNG KLJSJYDSJ CJ ^MN KMIJ
n = n2

V àDC� QHN^J KLJ ^SHKJSHDN ZHTJN HN KLJ RSJTHDEQ KLJDSJO HQ QMKHQqJG�CJ ZJK KLMK
Z[M/ ∼] HQ SJGE^JGV�D RSDTJ KLMK Z[M/ ∼] HQ M^KEMFFP KLJ SJGE^KHDN DY Z[M ]� HK HQ JNDEZL KDRSDTJ KLMK KLJ IJSNJF DY KLJ �EDKHJNK OMR HQ NHFRDKJNK MNG KLHQ ^DOJQ GHSJ^KFP

YSDO KLJ RSJTHDEQ SJOMSIV
ËÌÉ|�Í{ k¹ak¹ ]SDO CLMK CJ �EQK RSDTJG� CJ ^MN D_KMHN MZMHN KLMK M qNHKJ
^P^FH^ ODNDHG M = 〈x | xn1 = xn2〉 � CLJSJ 0 ≤ n2 < n1

� HQ SJGE^JG HY MNG
DNFP HY n2 ≤ 1 V BY KLHQ HQ NDK KLJ ^MQJ� HVJV 2 ≤ n2

� CJ ^MN EQJ DES FMQK KLJDSJO
KD ^DOREKJ KLJ SJGE^KHDN DY KLJ SHNZ� MRRFPHNZ KLJ OJKLDG GJQ^SH_JG KLJSJCJ QJJ KLMK CJ CHFF HGJNKHYP xn2−i CHKL xn1−i � YDS i = 1, ..., n2 − 1 V �LJ SJQEFKDY KLHQ CHFF _J KLJ ODNDHG 〈x | xn1−n2+1 = x〉 � CLDQJ ODNDHG SHNZ CHFF ZHTJ EQKLJ SJGE^KHDN DY KLJ QKMSKHNZ DNJV
�SMRLH^MFFP� CLMK CJ GD HQ �EQK �SDFFHNZ ER� KLJ KMHF DY KLJ ρ MSDENG HKQ^P^FJ ENKHF KLJ KMHF LMQ FJNZKL DNJV

ËÌÉ|�Í{ k¹ax¹ \JK EQ ^DNQHGJS NDC KLJ ODNDHG M = (Z/nZ)◦ V �J CMNKKD QLDC KLMK HKQ ODNDHG SHNZ HQ SJGE^JG HY MNG DNFP HY n HQ Q�EMSJ�YSJJVBY n = p HQ RSHOJ KLJN (Z/pZ)◦ = F◦
p
HQ SJGE^JG QHN^J JTJSP JFJOJNK DY

KLJ ODNDHG QMKHQYP KLJ ^DNGHKHDN ZHTJN HN KLJDSJO oV~V XERRDQJ NDC KLMK
n = p1 · ... · pk

� KLJN M = (Z/nZ)◦ HQ J�EMF KD ∏

i=1,...,k F◦
p
MNG KLJSJYDSJ� _P

KLJ QJ^DNG RMSK DY FJOOM oVv� HQ SJGE^JGV BY n HQ NDK Q�EMSJ�YSJJ� KLJN KLJODNDHG SHNZ HQ D_THDEQFP NDN SJGE^JGV BNGJJG� FJK n = d2e
CHKL d > 1 � KLJN

de HQ M NDN KSHTHMF NHFRDKJNK JFJOJNKV
£¤ì í­³³ª±¨®
[SD^JJGHNZ KDCMSGQ KLJ QKSE^KESJ KLJDSJO YDS qNHKJ ^DOOEKMKHTJ SJGE^JG
ODNDHGQ� CJ NJJG KD HNKSDGE^J MNG GHQ^EQQ KLJ ^DN^JRK DY FMKKH^JV �J CHFF

v



GJqNJ HK HN KLSJJ GHîJSJNK CMPQ MNG RSDTJ KLMK KLJ KLSJJ GJqNHKHDNQ MSJ
J�EHTMFJNKV �LHQ CHFF _J LJFRYEF CLJN CJ CMNK KD RMQQ YSDO DNJ ^DNKJ�K KD
MNDKLJSV
·{¸cjdjfc k¹an¹ \JK (S,≤) _J M RMSKHMFFP DSGJSJG QJKV �LJ ZSJMKJQK FDCJS_DENG DY M QE_QJK S ′ ⊆ S HQ MN JFJOJNK s ∈ S QE^L KLMK s ≤ s′ YDS JTJSP
s′ ∈ S ′ MNG s ≤ s YDS JTJSP JFJOJNK s ∈ S QE^L KLMK s ≤ s′ YDS JTJSP s′ ∈ S ′ VBK HQ M ÂÈº½ÐÆÅÅ½ÃÈ HY YDS MFF JFJOJNKQ s1, s2 ∈ S � KLJ ZSJMKJQK FDCJS _DENG DYKLJ QJK {s1, s2}

J�HQKQV �LJ ZSJMKJQK FDCJS _DENG DY KLJ QJK {s1, s2}
HQ ^MFFJG

KLJ ºÈÈÅ DY s1
MNG s2

� GJNDKJG _P s1 ∧ s2
V� QJOHFMKKH^J HQ Ø»Ä¼¾È¾ HY HK LMQ M ZSJMKJQK JFJOJNK� CLH^L CHFF _J ^MFFJGÅ»ÀV

·{¸cjdjfc k¹a�¹ � ÆÐÎÈØ¿Æ½Ã ÂÈº½ÐÆÅÅ½ÃÈ HQ MN MFZJ_SMH^ QKSE^KESJ (S,∧)^DNQHQKHNZ DY M QJK S CHKL KLJ _HNMSP DRJSMKHDN ∧� ^MFFJG ºÈÈÅ� QE^L KLMK YDSMFF OJO_JSQ x, y � MNG z DY S � KLJ YDFFDCHNZ HGJNKHKHJQ LDFG�
•
�QQD^HMKHTHKP� x ∧ (y ∧ z) = (x ∧ y) ∧ z �

•
�DOOEKMKHTHKP� x ∧ y = y ∧ x�

•
BGJORDKJN^P� x ∧ x = xV

�N MFZJ_SMH^ QJOHFMKKH^J (S,∧) HQ Ø»Ä¼¾È¾ HY S HN^FEGJQ KLJ GHQKHNZEHQLJGJFJOJNK p QE^L KLMK YDS MFF x HN S � x ∧ 1 = xV
�{|ÉeÊ k¹aÏ¹ WDENGJG MFZJ_SMH^ QJOHFMKKH^JQ MSJ J�M^KFP KLJ ^DOOEKMKHTJ
ODNDHGQ HN CLH^L JTJSP JFJOJNK HQ HGJORDKJNKV
ËÌÉ|�Í{ k¹aÑ¹ �D ZHTJ MN J�MORFJ DY QJOHFMKKH^J KLMK CHFF _J EQJG FMKJS�
FJK M _J MNP ^DOOEKMKHTJ ODNDHG� CJ GJqNJ I(M) KD _J KLJ QE_ODNDHGDY M ^DNQHQKHNZ DY MFF HKQ HGJORDKJNK JFJOJNKQV BK HQ ^FJMSFP MN HGJORDKJNK
^DOOEKMKHTJ ODNDHG MNG KLJSJYDSJ HK ^MN _J QJJN MQ M _DENGJG MFZJ_SMH^
QJOHFMKKH^JV
�Q DNJ ^MN QEQRJ^K� KLJ KCD GJqNHKHDNQ ZHTJN M_DTJ MSJ J�EHTMFJNKV

ßef�fmjdjfc k¹aÖ¹ ï ÂÈº½ÐÆÅÅ½ÃÈ (S,≤) Î½ÇÈÂ ¿½ÂÈ Å» Æ Ø½¼Æ¿ç »ÀÈ¿ÆÅ½»¼ ∧≤ÂÄÃÁ ÅÁÆÅ (S,∧≤)
½Â Æ¼ ÆÐÎÈØ¿Æ½Ã ÂÈº½ÐÆÅÅ½ÃÈÞ ð»¼ÇÈ¿ÂÈÐçÜ Æ¼ ÆÐÎÈØ¿Æ½Ã ÂÈº½ñÐÆÅÅ½ÃÈ (S,∧) Î½ÇÈÂ ¿½ÂÈ Å» Æ Ø½¼Æ¿ç ¿ÈÐÆÅ½»¼ ≤∧

ÅÁÆÅ ÀÆ¿Å½ÆÐÐç »¿¾È¿Â òÞó»¿È»ÇÈ¿Ü ÅÁÈ ¿ÈÐÆÅ½»¼≤∧
½¼Å¿»¾ÄÃÈ¾ ½¼ ÅÁ½Â âÆç ¾ÈÙ¼ÈÂ Æ ÀÆ¿Å½ÆÐ »¿¾È¿½¼Î

ÂÄÃÁ ÅÁÆÅ Λ = Λ≤Λ

Þ ð»¼ÇÈ¿ÂÈÐçÜ ÅÁÈ »¿¾È¿ ½¼¾ÄÃÈ¾ Øç ÅÁÈ ÆÐÎÈØ¿Æ½ÃÆÐÐç ¾ÈÙ¼È¾ÂÈº½ÐÆÅÅ½ÃÈ (S,∧≤) Ã»½¼Ã½¾ÈÂ â½ÅÁ ÅÁÆÅ ½¼¾ÄÃÈ¾ Øç ≤ Þ
~



ßeff� \JK (S,≤) _J M QJOHFMKKH^J� YDS JTJSP s1, s2 ∈ S FJK s1 ∧≤ s2
_J KLJ

ZSJMKJQK FDCJS _DENG DY s1
MNG s2

V �J LMTJ KLMK�
• s1 ∧≤ (s2 ∧≤ s3) = (s1 ∧≤ s2)∧≤ s3

YDS JTJSP s1, s2
MNG s3

HN S � _J^MEQJ_DKL KJSOQ MSJ J�EMF KD KLJ ZSJMKJQK FDCJS _DENG DY KLJ QJK {s1, s2, s3}
�

• s1 ∧≤ s2 = s2 ∧≤ s1
YDS JTJSP s1

MNG s2
HN S � _J^MEQJ _DKL KJSOQ MSJJ�EMF KD KLJ ZSJMKJQK FDCJS _DENG DY KLJ QJK {s1, s2}

�
• s ∧≤ s = s YDS JTJSP s ∈ S � QHN^J KLJ ZSJMKJQK FDCJS _DENG DY KLJ QJK
{s} HQ s HKQJFYV

�LHQ RSDTJQ KLMK M QJOHFMKKH^J ZHTJQ SHQJ KD MN MFZJ_SMH^ QJOHFMKKH^JVàDC FJK (S,∧) _J MN MFZJ_SMH^ QJOHFMKKH^J MNG FJK EQ GJqNJ x ≤∧ y ⇐⇒
x = x ∧ y V �J QLDC KLMK (S,≤∧) HQ M QJOHFMKKH^J�

• x ≤∧ x
QHN^J x = x ∧ x _J^MEQJ DY KLJ HGJORDKJN^P DY (S,∧)�

• x ≤∧ y
MNG y ≤∧ x

HORFHJQ x = y QHN^J KLJ OJJK DRJSMKHDN HQ ^DOOE�KMKHTJ�
• x ≤∧ y

MNG y ≤∧ z
HORFHJQ x ≤∧ z

QHN^J KLJ OJJK DRJSMKHDN HQ MQQD^HM�KHTJ�
• YDS MNP RMHS DY JFJOJNKQ x, y ∈ S � KLJHS ZSJMKJQK FDCJS _DENG HQ x ∧ yQHN^J x ∧ y = (x ∧ y) ∧ x MNG x ∧ y = (x ∧ y) ∧ y � ODSJDTJS� HY z ∈ SHQ QE^L KLMK z ≤∧ x MNG z ≤∧ y

CJ ZJK KLMK z ≤∧ (x ∧ y) QHN^J CJ^MN GJGE^J z = z ∧ (x ∧ y) YSDO z = z ∧ x MNG z = z ∧ y EQHNZ KLJMQQD^HMKHTHKP DY KLJ OJJK DRJSMKHDNV
[MQQHNZ YSDO M QJOHFMKKH^J KD MN MFZJ_SMH^ QJOHFMKKH^J MNG YSDO MN MFZJ_SMH^
QJOHFMKKH^J KD M QJOHFMKKH^J HN KLJ CMP GJQ^SH_JG M_DTJ MSJ HNTJSQJ DRJSMKHDNQVBN YM^K� HY CJ QKMSK YSDO M QJOHFMKKH^J� CJ LMTJ KLMK s1 ≤ s2 ⇐⇒ s1 =
s1∧≤ s2 ⇐⇒ s1 ≤∧≤

s2
� ^DNTJSQJFP� HY CJ QKMSK YSDO MN MFZJ_SMH^ QJOHFMKKH^J

(S,∧)� CJ ZJK KLMK x∧ y = x∧≤∧
y QHN^J x∧ y HQ KLJ ZSJMKJQK FDCJS _DENG DY

x MNG y HN KLJ RMSKHMF DSGJS ≤∧
V

�{|ÉeÊ k¹a}¹ �_THDEQFP� MFQD KLJ _DENGJGNJQQ ^DNGHKHDNQ HN QJOHFMKKH^JQ
MNG MFZJ_SMH^ QJOHFMKKH^JQ MSJ J�EHTMFJNKV BN YM^K� FJK (S,≤) _J M _DENGJGQJOHFMKKH^J CHKL s MQ KDR� KLJN� YDS MNP DKLJS JFJOJNK s ∈ S

CJ LMTJ KLMK
s ≤ s ⇒ s ∧≤ s = s� RSDTHNZ KLMK (S,∧≤) HQ M _DENGJG MFZJ_SMH^ QJOHFMKKH^JCHKL 1 = sV�DNTJSQJFP� FJK (S,∧) _J M _DENGJG MFZJ_SMH^ QJOHFMKKH^J ^DNKMHNHNZ MNJFJOJNK p QE^L KLMK x∧1 = x YDS JTJSP x ∈ S � KLHQ OJMNQ J�M^KFP KLMK x ≤∧ 1YDS JTJSP x ∈ S � HVJV (S,≤∧) HQ M _DENGJG QJOHFMKKH^J CHKL p MQ KDRV

p 



�K KLHQ RDHNK CJ ^MN MTDHG KLJ EQJ DY KLJ MG�J^KHTJ MFZJ_SMH^ MNG CJ CHFF
KMFI DNFP DY QJOHFMKKH^J� EQHNZ CHKLDEK GHîJSJN^J DNJ DY KLJ KCD GJqNHKHDNQ
ZHTJN M_DTJV
�D ZHTJ M GJQ^SHRKHDN DY KLJ ^MKJZDSP DY _DENGJG QJOHFMKKH^JQ� CJ NJJG

KD GJQ^SH_J CLMK KLJ ODSRLHQOQ MSJV XHN^J M _DENGJG QJOHFMKKH^J HQ �EQK MN
HGJORDKJNK ^DOOEKMKHTJ ODNDHG� KLJ ODSRLHQOQ MSJ KLJ DNJ DY KLJ ^MKJZDSP
DY ODNDHGQ� KLHQ OJMNQ KLMK M ODSRLHQO f : S → S ′ � _JKCJJN KCD _DENGJG
QJOHFMKKH^JQ (S,∧, 1) MNG (S ′,∧′, 1′)� NJJGQ KD SJQRJ^K KLJ YDFFDCHNZ M�HDOQ�

• f(x ∧ y) = f(x) ∧′ f(y)�
• f(1) = 1′ V
àDC CJ CMNK KD HNKJSRSJK JTJSPKLHNZ CJ QMHG M_DTJ M_DEK QJOHFMKKH^JQ

HN KJSO DY ^MKJZDSHJQV WJYDSJ QKMKHNZ KLJ SJQEFK� CJ NJJG KD GJqNJ M NJC
^MKJZDSPV
·{¸cjdjfc k¹ké¹ �J GJqNJ ôò ÃÆÅÈÎ»¿ç KD _J M QOMFF ^MKJZDSP CHKL QJK DY
D_�J^KQ S QE^L KLMK�

• YDS JTJSP RMHS DY D_�J^KQ s1
MNG s2

HN S � ]Hom(s1, s2) ≤ 1 �
• HY KLJSJ J�HQK ODSRLHQOQ f ∈ Hom(s1, s2)

MNG g ∈ Hom(s2, s1)
� KLJN

s1 = s2
�

• HK MGOHKQ qNHKJ ^DRSDGE^KQ�
• HK LMQ MN HNHKHMF D_�J^KV

�DSJDTJS CJ GJqNJ KLJ ^MKJZDSP DY BS ^MKJZDSHJQ KLJ ^MKJZDSP KLMK LMQ MQD_�J^KQ KLJ ^FMQQ DY BS ^MKJZDSHJQ MNG YDS ODSRLHQOQ YEN^KDSQ _JKCJJN BS^MKJZDSHJQ KLMK SJQRJ^K KLJ ^DRSDGE^K MNG QJNG KLJ HNHKHMF D_�J^K KD KLJ HNHKHMF
D_�J^KV
ßef�fmjdjfc k¹ka¹ õÁÈ¿È ½Â Æ¼ ÈãÄ½ÇÆÐÈ¼ÃÈ »Ú ÃÆÅÈÎ»¿½ÈÂ ØÈÅâÈÈ¼ ÅÁÈ ÃÆÅÈÎ»¿ç»Ú Ø»Ä¼¾È¾ ÂÈº½ÐÆÅÅ½ÃÈÂ Æ¼¾ ÅÁÈ ÃÆÅÈÎ»¿ç »Ú BS ÃÆÅÈÎ»¿½ÈÂÞ
ßeff� �HTJN M _DENGJG QJOHFMKKH^J (S,≤, 1)

CLJSJ ≤ HQ KLJ RMSKHMF DSGJSDN S CHKL p MQ KDR� CJ ^MN HNKJSRSJK HK MQ M BS ^MKJZDSP KMIHNZ S MQ KLJ QJKDY D_�J^KQ MNG QJKKHNZ ]Hom(s1, s2) = 1 HY MNG DNFP HY s2 ≤ s1
� KLJ OJJK DY KLJ

QJOHFMKKH^J QMKHQYP KLJ RSDRJSKP DY KLJ ^DRSDGE^K MNG p ZHTJ SHQJ KD MN HNHKHMF
D_�J^KV �LJ MNKHQPOOJKSP DY ≤ MQQESJQ KLMK KLJSJ MSJ ND DKLJS HQDODSRLHQOQJ�^JRK KLJ HGJNKHKHJQVBY CJ MSJ ZHTJN M BS ^MKJZDSP HNQKJMG� CJ ^MN DSGJS HKQ QJK DY D_�J^KQ _PKLJ SJFMKHDN s1 ≤ s2 ⇐⇒ ]Hom(s2, s1) = 1 V �LJ OJJK DY KCD JFJOJNKQ CHFF

pp



_J KLJHS ^DRSDGE^K MNG KLJ KDR DY KLJ QJOHFMKKH^J CHFF _J KLJ HNHKHMF D_�J^K DY
KLJ ^MKJZDSPV
BN KLHQ QJKKHNZ CJ QJJ KLMK M ODSRLHQO DY _DENGJG QJOHFMKKH^JQ ^DSSJ�QRDNG KD M ODSRLHQO DY BS ^MKJZDSHJQ MNG ZHTJN M YEN^KDS _JKCJJN KCD BS^MKJZDSHJQ CJ ^MN NMKESMFFP ZJK M ODSRLHQO _JKCJJN KLJ MQQD^HMKJG _DENGJG

QJOHFMKKH^JQV
�LJSJ HQ MFODQK ND NJJG KD TJSHYP KLMK CHKL KLJQJ ^DSSJQRDNGJN^JQ CJ LMTJ

MN J�EHTMFJN^J DY ^MKJZDSHJQ� QHN^J CJ MSJ �EQK ^MFFHNZ KLHNZQ HN KCD GHîJSJNK
FMNZEMZJQ MNG KLJ GH^KHDNMSP KLMK CJ ZMTJ MFFDCQ EQ KD RMQQ YSDO DNJ KD KLJ
DKLJS SJMFFP JMQHFPV

·{¸cjdjfc k¹kk¹ � ÐÆÅÅ½ÃÈ HQ M QJOHFMKKH^J (S,≤) QE^L KLMK YDS JTJSP RMHSDY JFJOJNKQ s1
MNG s2

� KLJ QJK {s1, s2}
MGOHKQ M FJMQK ERRJS _DENG� KLMK CHFF

_J ^MFFJG KLJ Û »½¼ DY s1
MNG s2

MNG GJNDKJG _P s1 ∨ s2
V � Ø»Ä¼¾È¾ ÐÆÅÅ½ÃÈ

HQ M _DENGJG QJOHFMKKH^J KLMK HQ M FMKKH^J MNG LMQ M Ø»ÅÅ»º� HVJV M QOMFFJQK
JFJOJNK� KLMK CHFF _J GJNDKJG _P  V

ËÌÉ|�Í{ k¹kx¹ • ]DS MNP QJK S � KLJ ^DFFJ^KHDN DY MFF QE_QJKQ DY S ^MN_J DSGJSJG THM QE_QJK HN^FEQHDN KD D_KMHN M FMKKH^J _DENGJG _P S HKQJFYMNG KLJ NEFF QJKV XJK HNKJSQJ^KHDN MNG ENHDN HNKJSRSJK OJJK MNG �DHN�
SJQRJ^KHTJFPV

• ]DS MNP ZSDERG� KLJ ^DFFJ^KHDN DY MFF QE_ZSDERQ DYG ^MN _J DSGJSJG THMHN^FEQHDN KD D_KMHN M FMKKH^J _DENGJG _P G HKQJFY MNG KLJ KSHTHMF ZSDERVBN KLHQ FMKKH^J� KLJ �DHN DY KCD QE_ZSDERQ HQ KLJ QE_ZSDER ZJNJSMKJG _P
KLJHS ENHDN� MNG KLJ OJJK DY KCD QE_ZSDERQ HQ KLJHS HNKJSQJ^KHDNV

• �HTJN M KDRDFDZH^MF QRM^J� KLJ ^DFFJ^KHDN DY HKQ DRJN QE_QJKQ HQ M _DENGJGFMKKH^J CHKL HNKJSQJ^KHDN MQ OJJK MNG ENHDN MQ �DHN� KLJ CLDFJ QJK MQ KDR
MNG KLJ JORKP QJK MQ _DKKDOV

�{|ÉeÊ k¹kn¹ �J CMNK KD D_QJSTJ KLMK KLJ FMKKH^J OMGJ _P DRJN QJKQ DY M
KDRDFDZH^MF QRM^J HQ GHQKSH_EKHTJ� HVJV x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z) YDS JTJSP
x, y MNG z JFJOJNKQ DY KLJ FMKKH^JVàDK JTJSP FMKKH^J LMQ KLHQ RSDRJSKP� YDS J�MORFJ� HY CJ ^DNQHGJS KLJ qNHKJ
SJGE^JG HGJORDKJNK ^DOOEKMKHTJ ODNDHG 〈x, y, z | x2 = x, y2 = y, z2 =
z, xy = xz = yz〉 � KLMK HQ QLDCN MQ M FMKKH^J HN KLJ YDFFDCHNZ GHMZSMO� CJ
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LMTJ KLMK x ∧ (y ∨ z) = x 6= xy = (x ∧ y) ∨ (x ∧ z)

1

x y z

xy

� ODSRLHQO _JKCJJN KCD FMKKH^JQ HQ �EQK M ODSRLHQO DY QJOHFMKKH^JQ KLMK
SJQRJ^KQ KLJ �DHN� KDDV
�{|ÉeÊ k¹k�¹ �J NJJG KD NDKJ KLMK EQEMFFP KLJ GJqNHKHDN DY ODSRLHQO
_JKCJJN KCD _DENGJG FMKKH^JQ SJ�EHSJQ MFQD KLMK KLJ  � HVJV KLJ _DKKDO� HQ
RSJQJSTJGV �J GD NDK GD KLHQ QHN^J CJ MSJ ^DNQHGJSHNZ FMKKH^JQ MQ RMSKH^EFMS
D_�J^KQ HN KLJ ^MKJZDSP DY ODNDHGQ MNG QD CJ EQJ KLJ ODSRLHQOQ HN KLHQ
^MKJZDSPV
�J QMC M_DTJ KLMK MN HGJORDKJNK ^DOOEKMKHTJ ODNDHG HQ M _DENGJG

QJOHFMKKH^JV àDC CJ CMNK KD INDC CLH^L ^DNGHKHDNQ KLJ ODNDHG OEQK QMKHQYP
KD _J M FMKKH^J MNG M _DENGJG FMKKH^JV
�{|ÉeÊ k¹kÏ¹ �D ZJK M _DKKDO� CJ NJJG MN JFJOJNK m QE^L KLMK m ≤ mYDS JTJSP m ∈ M � KLHQ HQ J�EHTMFJNK DY MQIHNZ YDS MN JFJOJNK m QE^L KLMK
mm = m� KLMK HQ M   YDS KLJ ODNDHGV�LJSJYDSJ HY MN HGJORDKJNK ^DOOEKMKHTJ ODNDHG M HQ M FMKKH^J� KLJN HK
HQ _DENGJG HY MNG DNFP HY HK LMQ M  V
ßef�fmjdjfc k¹kÑ¹ ×ÈÅM ØÈ Æ¼ ½¾ÈºÀ»ÅÈ¼Å Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Þ õÁÈ¼M½Â Æ ÐÆÅÅ½ÃÈ ½Ú Æ¼¾ »¼Ðç ½Ú ÅÁÈ ÂÈÅ S(x, y) = {a | x ≤ a, y ≤ a} ÁÆÂ Æ Î¿ÈÆÅÈÂÅÐ»âÈ¿ Ø»Ä¼¾ Ú »¿ ÈÇÈ¿ç ÀÆ½¿ »Ú ÈÐÈºÈ¼ÅÂ x, y ∈M

Þ
ßeff� BY M FJMQK ERRJS _DENG DY KCD JFJOJNKQ x MNG y � CLH^L CJ GJNDKJ_P x∨ y � J�HQKQ� KLJN HK _JFDNZQ KD KLJ QJK S(x, y) MNG HK HQ KLJ ZSJMKJQK FDCJS_DENG DY S(x, y)V BN YM^K x ≤ a MNG y ≤ a HORFP KLMK x ∨ y ≤ a MNG HY z ≤ aYDS JTJSP a ∈ S(x, y) KLJN z ≤ x ∨ y QHN^J x ∨ y ∈ S(x, y)V�DNTJSQJFP� QERRDQJ KLMK KLJ ZSJMKJQK FDCJS _DENG DY KLJ QJK S(x, y)�CLH^L CJ CHFF HNGH^MKJ _P ∧

S(x, y)� J�HQKQ YDS JTJSP RMHS x, y DY JFJOJNKQ HN
M V �LJN CJ ^MN GJqNJ x ∨ y KD _J ∧

S(x, y)� HN YM^K�
• x ≤ a YDS JTJSP a ∈ S(x, y) HORFHJQ KLMK x ≤

∧

S(x, y)V �LJ QMOJ YDS
y �

pu



• x ≤ z MNG y ≤ z HORFHJQ KLMK ∧

S(x, y) ≤ z QHN^J z ∈ S(x, y)V
�{|ÉeÊ k¹kÖ¹ �J �EQK CMNK KD QLDC KLMK KLJ M_DTJ ^DNGHKHDN YDSM KD _J MFMKKH^J GDJQ NDK HORFP KLJ J�HQKJN^J DY M ZSJMKJQK FDCJS _DENG YDS MNP QE_QJK
S DY M V �DNQHGJS KLJ YDFFDCHNZ RMSKHMFFP DSGJSJG QJKV \JK M = {xi | i ∈
N} ∪ {yj | j ∈ N}

CHKL KLJ KDKMF DSGJS ZJNJSMKJG _P KLJ YDFFDCHNZ SJFMKHDNQ�
• xi1 ≤ xi2 ⇐⇒ i1 ≥ i2

�
• yj1 ≤ yj2 ⇐⇒ j1 ≤ j2

�
• yj ≤ xi YDS MNP i MNG j V

�J ^MN SJRSJQJNK KLHQ KDKMFFP DSGJSJG QJK HN KLJ YDFFDCHNZ CMP�

x0 ≥ x1 ≥ x2 ≥ ... ≥ xi ≥ ... ≥ yj ≥ ... ≥ y2 ≥ y1 ≥ y0

�LJN JTJSP RMHS DY JFJOJNKQ LMQ M OJJK MNG M �DHN� x0 HQ KLJ KDR� y0 HQ KLJ
_DKKDO� _EK KLJ QE_QJK {xi | i ∈ N} GDJQ NDK LMTJ M ZSJMKJQK FDCJS _DENGV
BY CJ CMNK KD KSMNQFMKJ KLJ ^DN^JRK DY FMKKH^J HNKD KLJ FMNZEMZJ DY ^MKJ�ZDSHJQ CJ ^MN �EQK NDKJ KLMK� EQHNZ KLJ GH^KHDNMSP J�RFMHNJG M_DTJ� KLJ M�HDOQ

DY KLJ �DHN KSMNQFMKJQ HNKD KLJ DNJQ DY KLJ RSDGE^K MNG TH^J TJSQM MNG KLJ ND�KHDN DY _DKKDO ^DSSJQRDNG J�M^KFP KD KLJ DNJ DY KJSOHNMF D_�J^KVBY ODSJDTJS CJ MQQEOJ KLMK M QJOHFMKKH^J HQ qNHKJ� HVJV HKQ GJqNHNZ QJK HQqNHKJ� KLJN MEKDOMKH^MFFP HK MGOHKQ �DHN� KDR MNG _DKKDO MNG KLJSJYDSJ HK HQ
HN YM^K M _DENGJG FMKKH^JV
ßef�fmjdjfc k¹k}¹ öÇÈ¿ç Ù¼½ÅÈ ÂÈº½ÐÆÅÅ½ÃÈ ½Â Æ Ø»Ä¼¾È¾ ÐÆÅÅ½ÃÈÞ
ßeff� \JK (S,≤) _J M qNHKJ QJOHFMKKH^JV ]DS JTJSP RMHS x MNG y DY JFJ�OJNKQ DY KLJ QJOHFMKKH^J KLJ QJK S(x, y) HQ qNHKJ MNG KLJSJYDSJ� _P HNGE^KHDN� HKMGOHKQ M ZSJMKJQK FDCJS _DENG� KLJSJYDSJ� _P RSDRDQHKHDN oVo�� S HQ M FMKKH^JVBK HQ _DENGJG QHN^J CJ ^MN KMIJ KLJ KDR MNG KLJ _DKKDO KD _J SJQRJ^KHTJFP

∧

S MNG ∨

S V�D ^DN^FEGJ KLHQ QJ^KHDN CJ NJJG KD QKSJQQ M YM^K KLMK CJ CHFF EQJ FMKJSV
�J QLDC KLMK HN KLJ ^MKJZDSP DY qNHKJ FMKKH^JQ CJ LMTJ M GEMFHKP� KLHQ HQ ZHTJN
_P KLJ ^DNKSDTMSHMNK YEN^KDS op KLMK QJNGQ M FMKKH^J L KD HKQ DRRDQHKJ FMKKH^J
Lop MNG M ODSRLHQO DY FMKKH^JQ f : L1 → L2

KD KLJ ODSRLHQO DY FMKKH^JQ
f op : Lop

2 → Lop
1

y 7→
∧

f(x)≥y x

ßef�fmjdjfc k¹xé¹ õÁÈ ÚÄ¼ÃÅ»¿ op ½Â Æ¼ ½¼Ç»ÐÄÅ½»¼Þ
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�LJ qSQK KLHNZ KLMK CJ NJJG KD ^LJ^I HQ KLMK KLJ YEN^KDS op HQ CJFF GJqNJG�
MNG KD GD KLHQ CJ NJJG KD TJSHYP KLMK� HY f : L1 → L2

HQ M ODSRLHQO DY FMKKH^J�
KLJN KLJ ODSRLHQO f op : Lop

2 → Lop
1
GJqNJG M_DTJ HQ M ODSRLHQO DY FMKKH^JQ�

KDDV
UDHNZ KLHQ HQ J�EHTMFJNK KD QLDC KLMK KLJ OMR f ∗ : L2 → L1

� GJqNJG MQ
f op � RSJQJSTJQ KLJ �DHN MNG KLJ _DKKDOV ]DS KLJ FMKKJS HQ JNDEZL KD NDKH^J KLMK
KLJ HOMZJ DY KLJ   DY L2

HQ KLJ OJJK DY MFF KLJ JFJOJNKQ DY L1
MNG KLJSJYDSJ

HK HQ KLJ   DY L1
V

XERRDQJ NDC KLMK CJ LMTJ KCD JFJOJNKQ y MNG y′ DY L2
KLMK OMRQ KLSDEZL

f ∗ SJQRJ^KHTJFP KD s =
∧

{l ∈ L1 | f(l ≥ y)} MNG KD t =
∧

{l ∈ L1 | f(l ≥ y′)} V�J ^MN JMQHFP D_QJSTJ KLMK {l ∈ L1 | f(l ≥ y)} = {l ∈ L1 | l ≥ s} MNGQHOHFMSFP YDS y′ MNG tV ]SDO KLHQ CJ ^MN GJGE^J KLJ HORFH^MKHDNQ

f(l) ≥ y∨y′ ⇐⇒ f(l) ≥ y MNG f(l) ≥ y′ ⇐⇒ l ≥ s MNG l ≥ t ⇐⇒ l ≥ s∨t.

KLMK QMP KLMK f ∗ RSJQJSTJQ KLJ �DHNV
�D RSDTJ KLMK DES YEN^KDS HQ MN HNTDFEKHDN� CJ NJJG KD RSDTJ KLMK ∧

{y ∈
L2 |

∧

{a ∈ L1 | f(a) ≥ y} ≥ x} = f(x)V ]HSQK CJ NDKH^J KLMK f(x) HKQJFY_JFDNZQ KD KLJ QJK QHN^J ∧

{a ∈ L1 | f(a) ≥ f(x)} = x� ODSJDTJS� KLJSJ^MNNDK _J MN JFJOJNK ≤ f(x) _J^MEQJ KLHQ CDEFG ^DNKSMGH^K KLJ ^DNGHKHDNKLMK GJqNJQ DES QJKV �LHQ RSDTJQ KLMK MRRFPHNZ KLJ YEN^KDS op KCD KHOJQ CJ
ZJK KLJ HGJNKHKP YEN^KDS MNG KLJSJYDSJ KLJ YEN^KDS HKQJFY HQ MN HNTDFEKHDNV

£¤÷ ø³§Ó±³Ó§¨ ³ù¨´§¨« ú´§ ²¬ª³¨ ±´««Ó³­³ªû¨ §¨¯Ó±¨¯
«´¬´ª¯®

�NJ �EJQKHDN KLMK ^MN MSHQJ CLJN CDSIHNZ CHKL ODNDHGQ HQ LDC KD ^DNQKSE^K
KLJO� DNJ CMP KD GD HK HQ KD QKMSK CHKL JMQP ODNDHGQ� YDS J�MORFJ ^P^FH^ DNJQ
DS MFQD ZSDERQ� MNG JNFMSZJ KLJOV
]DS J�MORFJ� QKMSKHNZ CHKL M ODNDHG M � CJ ^MN MGG KD HK M �JSD� �EQK^DNQHGJSHNZ KLJ NJC ODNDHG M .

⋃

{0} � CLJSJ D_THDEQFP KLJ DRJSMKHDN HN MSJOMHNQ KLJ QMOJ MNG m0 = 0m = 0 YDS JTJSP m ∈M
.
⋃

{0} VXHOHFMSFP� QKMSKHNZ CHKL M ODNDHG M � CJ ^MN MGG KD HK M GHîJSJNK HGJN�KHKP� ^DNQHGJSHNZ KLJ NJC ODNDHG {1}
.
⋃

M � CLJSJ KLJ DRJSMKHDN HQ GJqNJGJ�KJNGHNZ KLJ DRJSMKHDN DY KLJ ODNDHG M CHKL 1m = m1 = m YDS JTJSP
m ∈ {1}

.
⋃

M V BK HQ ^FJMS KLMK HN KLHQ CMP KLJ HGJNKHKP DY M HQ ND ODSJ KLJ
HGJNKHKP DY KLJ NJC ODNDHG� QHN^J HK GDJQ NDK QKM_HFH�J 1 V�J ^MN ZJNJSMFH�J KLJ ^DNQKSE^KHDNQ ZHTJN M_DTJ HN KLJ YDFFDCHNZ CMP�
FJK (M, ?) MNG (M ′, ?′) _J KCD ODNDHGQ MNG f : M → M ′ M ODSRLHQO DY
ODNDHGQV �J ^MN D_KMHN M NJC ODNDHG JNGDCHNZ KLJ QJK M .

⋃

M ′ CHKL KLJ
pw



OEFKHRFH^MKHTJ DRJSMKHDN KLMK ^DHN^HGJ CHKL ? DNM ×M � CHKL ?′ DNM ′×M ′

MNG HQ GJqNJG _P f(m) ?′ m′ YDS (m,m′) ∈M ×M ′ V
�LHQ ^DNQKSE^KHDN ^MN _J YESKLJS ZJNJSMFH�JG KD FMKKH^JQ DY ODNDHGQ� MNG

KLJ OMHN SJQEFK CJ CHFF D_KMHN HN KLHQ QJ^KHDN HQ KLMK ^DNQKSE^KHNZ ODNDHGQ
HN KLHQ CMP QKMSKHNZ YSDO qNHKJ M_JFHMN ZSDERQ MFFDCQ EQ KD D_KMHN J�M^KFP MFF
KLJ qNHKJ SJGE^JG ^DOOEKMKHTJ ODNDHGQVBN YM^K� CLMK CJ CHFF GD HQ KD RSD^JJG HN KLJ DRRDQHKJ GHSJ^KHDN� ZHTJN MqNHKJ SJGE^JG ^DOOEKMKHTJ ODNDHG CJ CHFF ^DNQKSE^K M FMKKH^J MNG M YMOHFP
DY M_JFHMN ZSDERQ� HNGJ�JG _P KLJ JFJOJNKQ DY KLJ FMKKH^J� YSDO CLH^L CJ ^MN
SJ^DNQKSE^K KLJ DSHZHNMF ODNDHGV
Õ{||É k¹xa¹ ×ÈÅ M ØÈ Æ Ù¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Ý ÅÁÈ¼ I(M) = {e ∈
M | e2 = e}Ü ÅÁÈ ÂÈÅ »Ú ½¾ÈºÀ»ÅÈ¼ÅÂ »Ú M Ü ½Â Æ Ø»Ä¼¾È¾ ÐÆÅÅ½ÃÈÞ
ßeff� �Q CJ QMHG HN KLJ RSJTHDEQ QJ^KHDN� I(M) HQ M _DENGJG QJOHFMKKH^JVXHN^J HK HQ qNHKJ� _P RSDRDQHKHDN oVo~� HK HQ MFQD M _DENGJG FMKKH^J CHKL p MQ

KDR MNG ∏

e∈I(M) e
MQ _DKKDOV

ËÌÉ|�Í{ k¹xk¹ BYM = 〈x | xn1 = xn2〉 � CLJSJ 0 ≤ n2 < n1
� HQ M qNHKJ ^P^FH^

ODNDHG� KLJN I(M) HQ J�EMF KD {1, xk} � CLJSJ k HQ KLJ OEFKHRFJ DY n1 − n2_JKCJJN n2
MNG n1

V �LJ DSGJS SJFMKHDN HQ xk ≤ 1 QHN^J xk = 1 · xk V BY n2 = 0 �KLJN k = 0 MNG p HQ KLJ DNFP HGJORDKJNKV
BY M HQ M SJGE^JG ODNDHG CJ ^MN D_KMHN KLJ QE_ODNDHG I(M) MFQD MQ M�EDKHJNK ODNDHGV

·{¸cjdjfc k¹xx¹ \JKM M qNHKJ ^DOOEKMKHTJ ODNDHG� CJ GJqNJ KLJ À¿½¼Ã½ñ
ÀÆÐ ½¾ÈÆÐ º»¼»½¾M KD _J KLJ QJK {mM | m ∈M}

CHKL KLJ DRJSMKHDN HNGE^JG
YSDO KLMK DY M V
ßef�fmjdjfc k¹xn¹ ×ÈÅ M ØÈ Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Þ õÁÈ¼ÅÁÈ ÃÆ¼»¼½ÃÆÐ ºÆÀ Ú¿»º I(M)

Å»
M
½Â Æ¼ ½Â»º»¿ÀÁ½ÂºÞ

ßeff� �LMK CJ LMTJ KD QLDC HQ �EQK KLMK JTJSP q_JS DY KLJ ^MNDNH^MF
OMRM →M ^DNKMHNQ J�M^KFP DNJ HGJORDKJNK e ∈ I(M)VXHN^J M HQ SJGE^JG CJ INDC KLMK YDS JTJSP m ∈ M J�HQKQ MN n ∈ N>1QE^L KLMK mn = m� KLHQ KJFFQ EQ KLMK mn−1 HQ MN HGJORDKJNK JFJOJNK KLMK
_JFDNZQ KD KLJ QMOJ q_JS DY mVXERRDQJ NDC KLMK CJ LMTJ KCD GHîJSJNK HGJORDKJNKQ e1 MNG e2 HN KLJ QMOJq_JS� KLHQ OJMNQ KLMK e1 = m1e2

MNG e2 = m2e1
YDS QDOJ m1

MNG m2
HN M V]SDO KLHQ CJ ^MN GJGE^J KLMK e1 = m1e2 = m1e

2
2 = e1e2 = m2e

2
1 = m2e1 = e2

V
�LJSJYDSJ HN JTJSP q_JS DY KLJ ^MNDNH^MF OMR M → M

CJ LMTJ J�M^KFP DNJ
HGJORDKJNK MNG KLHQ OJMNQ KLMK M HQ HQDODSRLH^ KD KLJ FMKKH^J I(M)V

pt



�{|ÉeÊ k¹x�¹ �NJ ^MN KSP KD ^DNQHGJS M MFQD YDS M NDN SJGE^JG ODNDHG
M � _EK HK LMRRJNQ KLMK HK HQ NDK MFCMPQ M FMKKH^JV�DNQHGJS HN YM^K KLJ ODNDHGM = 〈x, y, z | x3 = x2, y3 = y2, z3 = z2, xz =
yz〉 � CJ D_KMHN KLMK _DKL xy MNG xz = yz MSJ ≤ x MNG y � _EK MN JFJOJNK ≤ xMNG ≤ y KLMK HQ _HZZJS KLMN _DKL xy MNG xz = yz GDJQ NDK J�HQKV �LHQ OJMNQKLMK CJ ^MN NDK GJqNJ KLJ OJJK DY x MNG y MNG KLJSJYDSJ M ^MN NDK _J M
FMKKH^JV
�LJ GHMZSMO _JFDC GJRH^KQ KLJ RMSK DY KLJ ZHTJN ODNDHG KLMK GJQ^SH_JQ

KLJ HORDQQH_HFHKP DY GJqNHNZ M ZSJMKJQK FDCJS _DENG DY KLJ QJK {x, y}
1

x y z

xy xz = yz

�LJ DNJ RDHNKJG DEK M_DTJ HN RSDRDQHKHDN oVur HQ NDK KLJ DNFP RSDRJSKP
^LMSM^KJSH�HNZ SJGE^JG ODNDHGQ� HY CJ SJQKSH^K KD KLJO HN YM^K� CJ MFQD LMTJ
KLMK JTJSP q_JS DY KLJ ^MNDNH^MF OMRM →M KESNQ DEK KD _J M ZSDERV
ßef�fmjdjfc k¹xÏ¹ ×ÈÅ M ØÈ Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Ü ÅÁÈ¼ÈÇÈ¿ç ÙØÈ¿ »Ú ÅÁÈ ºÆÀ M →M

½Â Æ Î¿»ÄÀÞ
WJYDSJ RSDTHNZ DES RSDRDQHKHDN CJ NJJG KD ENGJSFHNJ KLMK CJ ^MNNDK J��RJ^K KLJ q_JSQ KD _J ZSDERQ CHKL KLJ QMOJ HGJNKHKP MQ KLJ ODNDHGV XHN^J KLJq_JSQ MSJ GHQ�DHNK� DNFP DNJ DY KLJO� KLMK KESNQ DEK KD _J M× � CHFF LMTJ KLJ

HGJNKHKP DY KLJ ODNDHG MQ HGJNKHKPV �FF KLJ DKLJS HGJNKHKHJQ CHFF _J RSDTHGJG
_P KLJ HGJORDKJNKQ DY M V
ßeff� �J �EQK QLDCJG KLMK JTJSP q_JS ^MN _J HGJNKHqJG CHKL KLJ DNFP

HGJORDKJNK HK ^DNKMHNQ� KLJSJYDSJ CJ ^MN ^LDDQJ MN HGJORDKJNK e MNG QLDCKLMK HKQ q_JS HQ M ZSDER CHKL e MQ HGJNKHKPV
•
�EFKHRFH^MKHTHKP� eM = m1M

MNG eM = m2M
HORFP KLMK m1m2M =

e2M = eM �
•
BGJNKHKP JFJOJNK� eM = mM HORFHJQ KLMK m = em � YSDO KLHQ HK YDFFDCQKLMK em = e2m = em = m�

•
BNTJSQJ� eM = mM HORFHJQ KLMK e = mm′ MNG KLHQ QMPQ KLMK em′ HQ KLJ
HNTJSQJ DY mV

p�



]DS qNHKJ SJGE^JG ^DOOEKMKHTJ ODNDHGQ� CJ ^MN GJqNJ KLJ ZSDERQ ^DOHNZ
MQ q_JSQ �EQK _P QMPHNZ KLMK KLJP MSJ KLJ _HZZJQK OEFKHRFH^MKHTJ ^FDQJG QE_QJKQ
KLMK MSJ ZSDERQ CHKL KLJ HGJORDKJNKQ MQ HGJNKHKP JFJOJNKQ� KLHQ HQ GDNJ MQ
YDFFDCQV
·{¸cjdjfc k¹xÑ¹ \JK e ∈ I(M)� CJ GJqNJ Me = {m ∈ M | m = em}KLJ _HZZJQK OEFKHRFH^MKHTJ ^FDQJG QE_QJK DY M CHKL e MQ HGJNKHKP JFJOJNK�
Ne = {m ∈M | ∃ m′ ∈M QE^L KLMK mm′ = e} MNG Ge = Me ∩Ne

V
�LJN CJ LMTJ KLMK KLJ q_JS DY e HQ J�EMF KD Ge

V �D RSDTJ KLHQ HK HQ
JNDEZL KD QLDC KLMK m ∈ Ge ⇐⇒ mM = eM V BY mM = eM � KLJN
m = em ⇒ em = e2m = em = m QMPQ KLMK m ∈ Me

MNG e = mm′ KJFFQ EQ
KLMK m ∈ Ne

� QD m ∈ Ge
V �N KLJ ^DNTJSQJ� HY m ∈ Ge

� KLJN m = em MNG
e = mm′ OJMN KLMK mM = eM V
�{|ÉeÊ k¹xÖ¹ �J ^MN GJqNJ Ge

HN KLJ QMOJ CMP YDS MN HGJORDKJNK e MFQDYDS M NDN SJGE^JG ODNDHGV �FQD HN KLHQ ^MQJ Ge
KESNQ DEK KD _J M ZSDER MNG

MFF KLJ Ge üQ MSJ QKHFF GHQ�DHNK� _EK KLJP GD NDK ^DTJS MFF KLJ ODNDHGV
�QHNZ KLJ OJKLDGQ KLMK CJ �EQK GJQ^SH_JG CJ D_KMHN M CMP KD ^DNQKSE^K

KLJ SJGE^KHDN DY M qNHKJ ^DOOEKMKHTJ ODNDHGM MQ M QE_ODNDHGV
ßef�fmjdjfc k¹x}¹ ×ÈÅ M ØÈ Æ Ù¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Þ õÁÈ¼ ÅÁÈ ÂÄØñº»¼»½¾Mr

Ã»¼Â½ÂÅ½¼Î »Ú ÅÁÈ ÈÐÈºÈ¼ÅÂ ½¼ ÅÁÈ Î¿»ÄÀÂ Ge Ü âÁÈ¿È e ∈ I(M)Ü ½Â½Â»º»¿ÀÁ½Ã Å» ÅÁÈ ¿È¾ÄÃÈ¾ º»¼»½¾M/ ∼
ÅÁÆÅ Î½ÇÈÂ ÅÁÈ ¿È¾ÄÃÅ½»¼ »Ú M Ü Ç½ÆÅÁÈ ÃÆ¼»¼½ÃÆÐ º»¿ÀÁ½ÂºMr ↪→ M � M/ ∼
Þ

ßeff� �J NJJG KD RSDTJ KCD KLHNZQ�
• JTJSP JFJOJNK DY M HQ J�EHTMFJNK KD MN JFJOJNK DY Mr

YDS KLJ SJFMKHDN
∼
KLMK GJqNJQ KLJ SJGE^KHDN DY M ODNDHG�

• Mr
HQ SJGE^JGV

�D RSDTJ KLJ qSQK� FJK m ∈ M � QHN^J M HQ qNHKJ� KLJSJ J�HQK n1
MNG n2GHQKHN^K NDN�NJZMKHTJ HNKJZJSQ QE^L KLMK mn1 = mn2 � KLHQ HORFHJQ KLMK mk HQ

HGJORDKJNK� CLJSJ n2 ≤ k < n1
MNG k ≡ 0 mod n1 − n2

� MNG KLMK (mk+1)n =
mn YDS JTJSP n ≥ k � HVJV m ∼ mk+1 � CLJSJ ^FJMSFP mk+1 ∈ Gmk

V
]DS KLJ QJ^DNG RDHNK� FJK m ∈ Gem

� QHN^J Gem

LMQ qNHKJ DSGJS� KLJN KLJSJ
J�HQKQ M RDQHKHTJ HNKJZJS k QE^L KLMK mk = em

� KLHQ HORFHJQ KLMK mk+1 = mV�LJSJYDSJ KLJ ^SHKJSHDN ZHTJN HN KLJDSJO oV~ HQ QMKHQqJG MNG Mr
HQ SJGE^JGV

ýfefÍÍÉeþ k¹né¹ ×ÈÅM ØÈ ÆÙ¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Ý ÅÁÈ¼Ü ½Ú âÈ Ã»¼Â½¾È¿ÅÁÈ ÃÆ¼»¼½ÃÆÐ ºÆÀ f : M →M Ü âÈ ÃÆ¼ ¿ÈÃ»ÇÈ¿ ÅÁÈ ¿È¾ÄÃÅ½»¼Mred

»Ú
M
ÛÄÂÅ

Øç ÅÆÿ½¼Î ÅÁÈ ½¼ÇÈ¿ÂÈ ½ºÆÎÈ ÅÁ¿»ÄÎÁ f »Ú ÅÁÈ ½¾ÈºÀ»ÅÈ¼ÅÂ »Ú M Þ

pv



ßeff� BK HQ JNDEZL KD NDKH^J KLMK MN JFJOJNK DY M HQ HGJORDKJNK HY MNG
DNFP HY HKQ q_JS ENGJS KLJ OMR M → M ^DNKMHNQ MN HGJORDKJNKV BNGJJG
HY e ∈ I(M)� KLJN (eM)2 = e2M = eM HQ HGJORDKJNK MNG� ^DNTJSQJFP� HY
(mM)2 = m2M = mM � YDS m ∈ M � KLJN mkM = mM YDS JTJSP RDQHKHTJ
HNKJZJS k V BY CJ ^LDDQJ k KD _J KLJ OEFKHRFJ DY n1 − n2

� CLJSJ mn1 = mn2 �_JKCJJN n1
MNG n2

� KLJN mk HQ MN HGJORDKJNK HN KLJ QMOJ q_JS DY M V�LJSJYDSJ KLJ HNTJSQJ HOMZJ DY KLJ HGJORDKJNKQ DY M HQ J�M^KFP KLJ QE_�ODNDHG DY M OMGJ _P KLJ ZSDERQ Ge
� YDS e ∈ I(M)V

ýfefÍÍÉeþ k¹na¹ õÁÈ º»¼»½¾ Mr
¾ÈÂÃ¿½ØÈ¾ ÆØ»ÇÈ ½Â ÅÁÈ ÂÄØº»¼»½¾ »Ú MºÆ¾È Øç ÅÁÈ ÈÐÈºÈ¼ÅÂ m ∈M ÂÄÃÁ ÅÁÆÅ m2M = mM

Þ
ßeff� �J �EQK RSDTJG KLMK Mr =

∐

e∈I(M)Ge
V �J QMC MFQD KLMK Ge =

{m ∈ M | mM = eM} MNG KLJSJYDSJ Mr
HQ OMGJ _P KLJ JFJOJNKQ m ∈ MQE^L KLMK mM = eM YDS QDOJ HGJORDKJNK e ∈ M � KLHQ HQ J�EHTMFJNK KD QMP

m2M = mM � HNGJJG� HY mM = eM � KLJN m2M = e2M = eM = mM � DNKLJ DKLJS LMNG� HY m2M = mM � KLJN mnM = mM YDS JTJSP RDQHKHTJ n� MNGCJ INDC KLMK QDOJ RDCJS DY m HQ HGJORDKJNK QHN^J M HQ qNHKJV
ËÌÉ|�Í{ k¹nk¹ \JK M = 〈x | xn1 = xn2〉 � CLJSJ 0 ≤ n2 < n1

� _J M qNHKJ
^P^FH^ ODNDHGV BY n2 = 0 KLJN p HQ KLJ DNFP HGJORDKJNK MNG M HQ MFSJMGP M
ZSDERV BY n2 > 0 � KLJN KLJSJ MSJ KCD HGJORDKJNKQ� p MNG xk � CLJSJ k HQ KLJOEFKHRFJ DY n1 − n2

_JKCJJN n2
MNG n1

� KLJN G1 = {1} MNG Gxk
HQ KLJ ^P^FH^

ZSDER {xn | n2 ≤ n < n1}
ZJNJSMKJG _P xk+1 V

�LJ ENHDN DY KLJ KCD ZSDERQ HQ KLJ CLDFJ M HY MNG DNFP HY n2 < 2 V
�{|ÉeÊ k¹nx¹ \JK M _J M qNHKJ ^DOOEKMKHTJ ODNDHG MNG e, e′ ∈ I(M)V]HSQK CJ NDKJ KLMK e′ ∈ Me ⇐⇒ e ∈ Ne′

V BN YM^K e′ ∈ Me
HORFHJQ KLMK

e′e = e′ MNG KLHQ OJMNQ KLMK e ∈ Ne′
� DN KLJ ^DNKSMSP� HY e ∈ Ne′

� KLJN KLJSJ
J�HQKQ MN m ∈M QE^L KLMK em = e′ � MNG KLHQ HORFHJQ� EQHNZ KLJ HGJORDKJN^PDY e� KLMK e′ = em = e2m = ee′ � KLMK HQ e′ ∈Me

V
�LJQJ J�EHTMFJNK ^DNGHKHDNQ MSJ MFQD J�EHTMFJNK KD QMP KLMK e′ ≤ e HN KLJDSGJS ZHTJN ^DNQHGJSHNZ I(M) MQ M RMSKHMF DSGJSJG QJKV�^^DSGHNZ KD RSDRDQHKHDN oVop� CJ ^MN HNKJSRSJK KLHQ MFQD HN KLJ ^MKJZDSP

KLJDSP FMNZEMZJ� e′ ≤ e OJMNQ KLMK CJ LMTJ M ENH�EJ ODSRLHQO YSDO e KD e′ V�HKL KLHQ OMR CJ MQQD^HMKJ M ZSDER LDODODSRLHQO ·|e′ : Ge → Ge′
GJqNJG

_P OEFKHRFH^MKHDN _P e′ V
�J ^MN QEOOMSH�J CLMK CJ GHG M_DTJ HN KLJ YDFFDCHNZ KLJDSJOV WJYDSJ

QKMKHNZ KLHQ� HK HQ _JKKJS KD ZHTJ M YESKLJS GJqNHKHDNV
·{¸cjdjfc k¹nn¹ � ÐÆÅÅ½ÃÈ »Ú ÆØÈÐ½Æ¼ Î¿»ÄÀÂ HQ M RMHS (L, F )

CLJSJ L HQ MFMKKH^J MNG F HQ M YEN^KDS YSDO L� KLDEZLK MQ M ^MKJZDSP� KD M_JFHMN ZSDERQV
p~



� ODSRLHQO _JKCJJN KCD FMKKH^JQ DY M_JFHMN ZSDERQ (L, F ) → (L′, F ′) HQM RMHS (G,α)
CLJSJ G : L → L′ HQ M ODSRLHQO DY FMKKH^JQ MNG α HQ M NMKESMFKSMNQYDSOMKHDN _JKCJJN KLJ YEN^KDSQ F MNG F ′GV

yz{fe{| k¹n�¹ õÁÈ ÃÆÅÈÎ»¿ç »Ú Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾ ½Â ÈãÄ½ÇñÆÐÈ¼Å Å» ÅÁÈ ÃÆÅÈÎ»¿ç »Ú Ù¼½ÅÈ ÐÆÅÅ½ÃÈÂ »Ú Ù¼½ÅÈ ÆØÈÐ½Æ¼ Î¿»ÄÀÂÞ
ßeff� BY CJ MSJ ZHTJN M qNHKJ SJGE^JG ODNDHG CJ ^MN MQQD^HMKJ KD HK KLJ

FMKKH^J DY M_JFHMN ZSDERQ (I(M), G)� CLJSJ G HQ KLJ YEN^KDS YSDO KLJ qNHKJFMKKH^J I(M) KD qNHKJ M_JFHMN ZSDERQ KLMK QJNGQ e ∈ I(M) KD KLJ M_JFHMNZSDER Ge
MNG M ODSRLHQO e′ ≤ e KD KLJ ODSRLHQO ·|e′ : Ge → Ge′

GJqNJG _P
OEFKHRFH^MKHDN _P e′ VBY CJ LMTJ M qNHKJ FMKKH^J DY qNHKJ M_JFHMN ZSDERQ (L, F )� CLJSJ F HQ MYEN^KDS KLMK KD JTJSP JFJOJNK i ∈ L MQQD^HMKJQ M qNHKJ M_JFHMN ZSDER F (i)MNG KD M ODSRLHQO i ≤ j M ODSRLHQO ·|i : F (j) → F (i)� CJ ^MN ^DNQKSE^K KLJYDFFDCHNZ qNHKJ SJGE^JG ODNDHG� FJK M =

∐

i∈L F (i) MNG YDS m ∈ F (i) MNG
m′ ∈ F (j)

CJ ^MN GJqNJ KLJHS RSDGE^K KD _J mm′ = m|i∧jm
′|i∧j

CLJSJ KLJ
RSDGE^K HQ ^DOREKJG HN F (i∧j)� KLJNM HQ M ODNDHG CHKL HGJNKHKP KLJ HGJNKHKPDY KLJ ZSDER ^DSSJQRDNGHNZ KD KLJ HNHKHMF D_�J^K DY LV BK HQ ^FJMSFP qNHKJ MNGHK HQ SJGE^JG QHN^J YDS JTJSP JFJOJNK m ∈ F (i)

CJ LMTJ KLMK m]F (i)+1 = mMNG KLJSJYDSJ KLJ ^SHKJSHDN DY KLJDSJO oV~ HQ QMKHQqJGV
�LJQJ KCD OMRQ MSJ DNJ KLJ HNTJSQJ DY KLJ DKLJSV BNGJJG� HY CJ MSJ ZHTJN MqNHKJ FMKKH^J DY qNHKJ M_JFHMN ZSDERQ (L, F )

CLJSJ F HQ M YEN^KDS KLMK KD JTJSPJFJOJNK i ∈ L MQQD^HMKJQ M qNHKJ M_JFHMN ZSDER F (i) MNG KD M ODSRLHQO i ≤ jM ODSRLHQO ·|i : F (j) → F (i)� CJ LMTJ KLMK KLJ FMKKH^J DY KLJ HGJORDKJNKQDY KLJ ^DSSJQRDNGHNZ ODNDHG M =
∐

i∈L F (i) HQ J�EMF KD L MNG KLJ YEN^KDSYSDO L KD qNHKJ M_JFHMN ZSDERQ KLMK CJ D_KMHN HN KLJ CMP GJQ^SH_JG M_DTJ HQ�EQK KLJ QKMSKHNZ DNJVBY CJ QKMSK YSDO M ODNDHGM � CJ NJJG KD ^LJ^I KLMK KLJ DRJSMKHDN GJqNJGDN KLJ ODNDHG∐

e∈I(M)Ge
HQ KLJ QMOJ ZHTJN DNM V \JKm ∈ Ge

MNGm′ ∈ Ge′
�

KLJN m = em MNG m′ = e′m′ MNG KLJHS RSDGE^K HQ mm′ = ee′mm′ � CJ LMTJ
KLMK KLJ OMR ·|e∧e′ : Ge → Ge∧e′

HQ �EQK OEFKHRFH^MKHDN _P e′ MNG KLJ OMR
·|e∧e′ : Ge′ → Ge∧e′

HQ ZHTJN _P OEFKHRFH^MKHDN _P eV �LJSJYDSJ

m|e∧e′m
′|e∧e′ = ee′mm′ = mm′.

�D QLDC KLMK KLJSJ HQ MN J�EHTMFJN^J DY ^MKJZDSHJQ CJ OEQK QLDC KLMK KLJ
_JLMTHDS HQ ZDDG MFQD MK KLJ FJTJF DY ODSRLHQOQVBY f : M1 → M2

HQ M ODSRLHQO DY qNHKJ SJGE^JG ^DOOEKMKHTJ ODNDHGQ
KLJN CJ ^MN D_KMHN M ODSRLHQO DY FMKKH^JQ f : I(M1) → I(M2)

�EQK _P
SJQKSH^KHNZ KD I(M1)

� MNG f MFQD HNGE^JQ ODSRLHQOQ fe : Ge → Gf(e)
_P

SJQKSH^KHNZ KD Ge
� ZHTHNZ KLJ GMKM DY KLJ SJ�EHSJG NMKESMF KSMNQYDSOMKHDNV

o 



�N KLJ ^DNTJSQJ� FJK (L1, F1)
� CLJSJ F1

HQ M YEN^KDS YSDO KLJ qNHKJ _DENGJG
FMKKH^J L1

KD qNHKJ M_JFHMN ZSDERQ QJNGHNZ i ∈ L1
KD F1(i)

MNG M ODSRLHQO
i ≤ j KD M ODSRLHQO ·|i : F1(j) → F1(i)

� MNG (L2, F2)
� CLJSJ F2

HQ M YEN^KDS
YSDO KLJ qNHKJ _DENGJG FMKKH^J L2

KD qNHKJ M_JFHMN ZSDERQ QJNGHNZ i ∈ L2
KD

F2(i)
MNG M ODSRLHQO i ≤ j KD M ODSRLHQO ·|i : F2(j) → F2(i)

� KCD qNHKJ
FMKKH^JQ DY qNHKJ M_JFHMN ZSDERQV �DNQHGJS NDC M ODSRLHQO DY FMKKH^JQ DY
M_JFHMN ZSDERQ (g, α)

CLJSJ g : L1 → L2
HQ M ODSRLHQO DY FMKKH^JQ MNG α HQM NMKESMF KSMNQYDSOMKHDN _JKCJJN F1

MNG F2g
KLMK ZHTJQ OMRQ αi : F1(i) →

F2(g(i))
� CJ LMTJ KD QLDC KLMK KLJ OMR KLMK QJNGQ m ∈ F (i) KD αi(m) HQM OEFKHRFH^MKHTJ OMR YSDO ∐

i∈L1
F1(i)

KD ∐

i∈L2
F2(i)

V \JK m ∈ F1(i)
MNG

m′ ∈ F1(j)
� CLMK HQ KD RSDTJ HQ KLMK

αi∧j(m|i∧jm
′|i∧j) = αi(m)|g(i)∧g(j)αj(m

′)|g(i)∧g(j).

�LHQ HQ KSEJ QHN^J αi∧j
HQ OEFKHRFH^MKHTJ MNG KLJ ^DOOEKMKHTHKP αi∧j(m|i∧j) =

αi(m)g(i)∧g(j)
HQ ZHTJN _P KLJ GJqNHKHDN DY NMKESMF KSMNQYDSOMKHDNV

�D ^DN^FEGJ KLJ RSDDY CJ CMNK KD QJJ KLMK MFQD MK FJTJF DY ODSRLHQO KLJ
^DORDQHKHDN DY KLJ KCD ZHTJN YEN^KDSQ HQ KLJ HGJNKHKPV
\JK f : M1 → M2

M ODSRLHQO DY qNHKJ SJGE^JG ^DOOEKMKHTJ ODNDHGQV
�LJ ^DORDQHKHDN DY KLJ KCD YEN^KDSQ CHFF ZHTJ KLJ OMR

(M1
f
→M2) → (fe : Ge → Gf(e))e∈I(M1) → (

∐

e∈I(M1)

Ge →
∐

e′∈I(M2)

Ge′).

�LJ FMQK OMR CHFF OMR MN JFJOJNK m ∈M _JFDNZHNZ KD KLJ ZSDER Ge
KD KLJ

JFJOJNK fe(m)� CLJSJ fe
HQ KLJ SJQKSH^KHDN DY f KD Ge

V�DNTJSQJFP� HY CJ QKMSK CHKL M ODSRLHQO DY FMKKH^JQ DY M_JFHMN ZSDERQ MQ
M_DTJ� MNG CJ ^DORDQJ CHKL DES KCD YEN^KDSQ� CJ CHFF ZJK KLJ QKMSKHNZ ODS�RLHQO QHN^J CLMK CJ GD HQ �EQK KMIHNZ KLJ SJQKSH^KHDNQ KD KLJ ZSDERQ F1(i)MYKJS ^DO_HNHNZ KLJO KD ^DNQKSE^K KLJ ODNDHG QKSE^KESJV
�LJ QKSE^KESJ KLJDSJO YDS qNHKJ SJGE^JG ^DOOEKMKHTJ ODNDHGQ ZHTJQ EQ

MFQD M NH^J GJQ^SHRKHDN DY KLJ ODNDHG SHNZ DY QE^L M ODNDHGV
ßef�fmjdjfc k¹nÏ¹ ×ÈÅ M ØÈ Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾ ÆÂÂ»Ã½ñÆÅÈ¾ Å» ÅÁÈ ÐÆÅÅ½ÃÈ »Ú ÆØÈÐ½Æ¼ Î¿»ÄÀÂ (L, F )

Þ õÁÈ¼ ÅÁÈ º»¼»½¾ ¿½¼Î
Z[M ]

½Â½Â»º»¿ÀÁ½Ã Å» ÅÁÈ À¿»¾ÄÃÅ »Ú Î¿»ÄÀ ¿½¼ÎÂ ∏

i∈L Z[F (i)]
Þ

ßeff� �D RSDTJ KLHQ KLJDSJO CJ CMNK KD QLDC KLMK KLJ OMR

ϕ : Z[M ] →
∏

i∈L Z[F (i)]
a 7→ (ai)

,

op



CLJSJ a ∈ F (ı) MNG ai = a|i
HY i ≤ ı� MNG   DKLJSCHQJ� HQ MN HQDODSRLHQO DYSHNZQV

]HSQK CJ CMNK KD RSDTJ KLMK ϕ HQ MN LDODODSRLHQO DY SHNZQV \JK a ∈ F (ı)CHKL HOMZJ ϕ(a) = (ai)i∈L
CHKL ai = a|i

HY i ≤ ı MNG   DKLJSCHQJ� MNG b ∈ F ()CHKL HOMZJ ϕ(b) = (bi)i∈L
GJqNJG HN KLJ QMOJ CMPV �J LMTJ KD QLDC KLMK

(ai)(bi) = ((ab)i) = ϕ(ab)� CLJSJ HK HQ ^FJMS KLMK ab ∈ Gı∧
V �J LMTJ KD RSDTJ

KLJ J�EMFHKP DNFP HN KLJ ^MQJ i ≤ ı ∧ � QHN^J DKLJSCHQJ _DKL KJSOQ MSJ J�EMFKD �JSDV XD CJ MSJ FJYK KD QLDC KLMK a|ib|i = (ab)|i
YDS i ≤ ı ∧ V�ES QHKEMKHDN HQ GJQ^SH_JG _P KLJ YDFFDCHNZ GHMZSMO

F (ı)

F (ı ∧ )

·|ı∧
-

·|i - F (i)

·|i

-

F ()

·|i

-
·|ı∧

-

CJ LMTJ KLMK
(ab)|i = a|ı∧|ib|ı∧|i

= a|ib|i
CLJSJ KLJ qSQK J�EMFHKP HQ KSEJ QHN^J ·|i HQ MN ODSRLHQO DY ZSDERQ MNG KLJQJ^DNG _J^MEQJ KLJ KSHMNZFJQ DY KLJ GHMZSMO M_DTJ ^DOOEKJV �LHQ QLDCQ
KLMK ϕ HQ MN LDODODSRLHQO DY SHNZQVàDC CJ NJJG KD RSDTJ KLMK ϕ HQ MN HQDODSRLHQOV BY CJ SJqNJ KLJ DSGJS DYKLJ FMKKH^J L KD M KDKMF DSGJS� CJ ^MN SJRSJQJNK ϕ THM M OMKSH� DY KLJ YDSO







Id 0V V V
? Id







�LHQ HQ M FDCJS KSHMNZEFMS OMKSH� KLMK LMQ MFF p DN KLJ GHMZDNMF� KLHQ OJMNQ
KLMK KLJ OMR ϕ HQ HNTJSKH_FJ MNG KLJSJYDSJ MN HQDODSRLHQOV
ýfefÍÍÉeþ k¹nÑ¹ ×ÈÅ M Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾ ÆÂÂ»Ã½ÆÅÈ¾ Å»ÅÁÈ ÐÆÅÅ½ÃÈ »Ú ÆØÈÐ½Æ¼ Î¿»ÄÀÂ (L, F )

Þ õÁÈ¼ ÅÁÈ ÆØÂ»ÐÄÅÈ ÇÆÐÄÈ »Ú ÅÁÈ ¾½ÂÃ¿½º½ñ
¼Æ¼Å »Ú ÅÁÈ º»¼»½¾ ¿½¼Î

Z[M ]
»ÇÈ¿

Z
½Â ÈãÄÆÐ Å»∏

i∈L(]F (i))]F (i) Þ
ßeff� �LJ RSDDY HQ OMGJ _P KCD NDK QD GHê^EFK D_QJSTMKHDNQ�
• KLJ GHQ^SHOHNMNK DY M RSDGE^K HQ KLJ RSDGE^K DY KLJ GHQ^SHOHNMNKQ µ�oo��RMZVtop¶�

oo



• KLJ M_QDFEKJ TMFEJ DY KLJ GHQ^SHOHNMNK DY MN HNKJZSMF ZSDER SHNZ Z[G]�CLJSJ G HQ M qNHKJ ZSDER DY DSGJS n� HQ J�EMF KD nn �r�V

£¤� �Ó­©ª³� ´ú «´¬´ª¯®
BN KLHQ QJ^KHDN CJ J�RFMHN LDC CJ ^MN J�KJNG KLJ EQEMF NDKHDN DY GEMFHKP DYqNHKJ M_JFHMN ZSDERQ KD ODNDHGQ MNG LDC KD EQJ KLHQ NDKHDN KD ZHTJ M ^SHKJSHDN
YDS _JHNZ SJGE^JG MNG M CMP KD ^DOREKJ KLJ SJGE^KHDNV
·{¸cjdjfc k¹nÖ¹ \JKM _J M ODNDHGV � ÃÁÆ¿ÆÃÅÈ¿ DYM HQ M OMR DY ODNDHGQYSDOM KD

C◦ V
�LJ ^DFFJ^KHDN DY KLJ ^LMSM^KJSQ DY M YDSO M ODNDHG� ^MFFJG KLJ ¾ÄÆÐº»¼»½¾ DY M MNG GJNDKJG _P M∨ = Hom(M,C◦)� CHKL MQ HGJNKHKP KLJKSHTHMF ODSRLHQO KLMK QJNGQM KD p MNG OEFKHRFH^MKHDN GJqNJG _P f1f2(m) =

f1(m)f2(m)V
�{|ÉeÊ k¹n}¹ �J NDKJ KLMK HY M HQ M ZSDER� KLJN M∨ HQ HKQ GEMF ZSDERV
�{|ÉeÊ k¹�é¹ BY M HQ M qNHKJ ODNDHG JTJSP JFJOJNK DY KLJ GEMF ODNDHG
M∨ OMRQ M KD KLJ QE_ODNDHG DY C

ZHTJN _P {0} ∪ µ∞
� CLJSJ CHKL µ∞

CJ
GJNDKJ KLJ QJK DY MFF SDDKQ DY ENHKP� QHN^J JTJSP JFJOJNK m ∈ M QMKHQqJQ MN
J�EMKHDN DY KLJ YDSO mn1 = mn2 � CLJSJ n1

MNG n2
MSJ GHQKHN^K NDN�NJZMKHTJHNKJZJSQV

Õ{||É k¹�a¹ �Ú M ½Â Æ Ù¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Ü ÅÁÈ¼ ½ÅÂ ¾ÄÆÐ M∨ ½Â
¿È¾ÄÃÈ¾Þ
ßeff� BY CJ KMIJ f ∈M∨ � HK QJNGQ JTJSP JFJOJNKm ∈M JHKLJS KD   DS KDM SDDK DY ENHKP� QMP DY DSGJS nm

� FJK n _J KLJ FJMQK ^DOODN OEFKHRFJ DY MFF KLJ
nm
V �LJN CJ LMTJ KLMK fn+1(m) = f(m) YDS JTJSP m ∈M MNG QD fn+1 = f V�LHQ HORFHJQ KLMK KLJ ODNDHG SHNZ Z[M∨] HQ SJGE^JG� KLMNIQ KD KLJDSJO oV~V
�LJSJ HQ M NMKESMF LDODODSRLHQO YSDO M KD HKQ GDE_FJ GEMF M∨∨ =

Hom{M∨,C◦} GJqNJG _P

M → M∨∨

m 7→ m∨∨ : M∨ → C◦

f 7→ f(m)

WP KLJ RSJTHDEQ FJOOM CJ LMTJ KLMK M∨∨ HQ MFQD SJGE^JG MNG QD KLJ OMR
M → M∨∨ YM^KDSQ KLSDEZL KLJ SJGE^KHDN Mred

DY M V

ou



BK HQ CJFF�INDCN KLMK DN KLJ ^MKJZDSP DY qNHKJ M_JFHMN ZSDERQ KLJ OMRGJQ^SH_JG M_DTJ ZHTJQ M ^MNDNH^MF HQDODSRLHQO _JKCJJN M ZSDER MNG HKQ GDE�_FJ GEMFV �LMK CJ CMNK KD GD NDC HQ KD QLDC KLMK KLHQ HQ KSEJ MFQD DN KLJ
^MKJZDSP DY qNHKJ SJGE^JG ODNDHGQV
�D GD KLHQ CJ CHFF RSDTJ KLMK HY M qNHKJ SJGE^JG ODNDHG M HQ MQQD^HMKJG

KD KLJ FMKKH^J DY M_JFHMN ZSDERQ (L, F ) KLJN HKQ GEMF M∨ ^DSSJQRDNGQ KD KLJ
FMKKH^J DY M_JFHMN ZSDERQ (Lop,∨ ◦F )� CLJSJ KLJ FMQK ∨ GJNDKJQ GEMFHKP HN qNHKJM_JFHMN ZSDERQV XHN^J _DKL GEMFHKP HN qNHKJ M_JFHMN ZSDERQ MNG KMIHNZ KLJ
DRRDQHKJ FMKKH^J MSJ HNTDFEKHDN� CJ CHFF ZJK KLMK MFQD HN SJGE^JG ODNDHGQ HK HQ
QDV
WJYDSJ RSDTHNZ KLHQ CJ NJJG KLSJJ EQJYEF FJOOMQV

Õ{||É k¹�k¹ ï º»¼»½¾ ÃÁÆ¿ÆÃÅÈ¿ »Ú Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾
M
½ÂÜ ¿ÈÂÅ¿½ÃÅÈ¾ Å» Æ¼ç Î¿»ÄÀ Ge Ü Ú »¿ e ∈ I(M)Ü È½ÅÁÈ¿ ÅÁÈ � º»¿ÀÁ½Âº »¿ ÆÎ¿»ÄÀ ÃÁÆ¿ÆÃÅÈ¿Þ
ßeff� �LJ DNFP GHîJSJN^J _JKCJJN M ODNDHG ^LMSM^KJS MNG M ZSDER ^LMS�M^KJS HQ KLMK KLJ qSQK ^MN MQQEOJ MFQD   MQ M TMFEJV XHN^J Ge

HQ qNHKJ� YDS
MNP g ∈ Ge

KLJSJ J�HQKQ M RDQHKHTJ HNKJZJS n QE^L KLMK gn = e� KLJSJYDSJ� HYMN JFJOJNK g ∈ Ge
HQ NDK OMRRJG KD  � KLJN MFQD KLJ HGJNKHKP DY Ge

HQ NDK
OMRRJG KD �JSDV �DSJDTJS� QHN^J MNP JFJOJNK g ∈ G HQ HNTJSKH_FJ� HK OEQK _JQJNK KD MN JFJOJNK KLMK GHTHGJQ KLJ HOMZJ DY KLJ HGJNKHKP DY Ge

� KLJSJYDSJ KLJ
TMFEJ   ^MN NDK _J MQQEOJGV
Õ{||É k¹�x¹ ×ÈÅM ØÈ Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Þ �Ú Æ º»¼»½¾
ÃÁÆ¿ÆÃÅÈ¿ f : M → C◦ ¾»ÈÂ ¼»Å ºÆÀ Å» �È¿» ÅÁÈ Î¿»ÄÀÂ Ge1

Æ¼¾ Ge2
Ü ÅÁÈ¼ ½Å¾»ÈÂ ¼»Å ºÆÀ Å» �È¿» ÆÐÂ»Ge1e2

Þ
ßeff� BY m1 ∈ Ge1

MNG m2 ∈ Ge2

MSJ JFJOJNKQ DY M QE^L KLMK f(m1) 6=
0 6= f(m2)

� KLJN m1m2
HQ MN JFJOJNK HN Ge1e2

KLMK HQ NDK OMRRJG KD  V
�LJQJ KCD FJOOMQ HORFP KLMK YDS MNP ^LMSM^KJS f ∈M∨ KLJSJ HQ M QOMFFJQK

HGJORDKJNK ef
QE^L KLMK f SJQKSH^KJG KD Gef

HQ M ZSDER ^LMSM^KJS DY KLJ ZSDER
Gef

V
�J CHFF GJNDKJ KLJ SJQKSH^KHDN DY M ^LMSM^KJS f KD KLJ ZSDER Gef

QHORFP
_P KLJ QPO_DF f |
Õ{||É k¹�n¹ ï º»¼»½¾ º»¿ÀÁ½Âº f

Ú ¿»º Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈº»¼»½¾ ½Â ¾ÈÅÈ¿º½¼È¾ Øç ½ÅÂ ¿ÈÂÅ¿½ÃÅ½»¼ f | Å» ÅÁÈ Î¿»ÄÀ Gef

Þ
ßeff� WP GJqNHKHDN DY ef

JTJSP JFJOJNK HN M ZSDER Ge′
� CLJSJ e′ HQ NDK

≥ e� HQ OMRRJG KD  V XHN^J f | HQ M ZSDER ODSRLHQO� ef
OEQK _J OMRRJG

KD p _P f | � ZHTJN MNP DKLJS JFJOJNK m ∈ Ge′
� YDS e′ ≥ e� CJ LMTJ KLMK

f(m) = f(m)f(ef) = f(mef ) = f |(mef)
V

or



yz{fe{| k¹��¹ ×ÈÅM ØÈ Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾ ÆÂÂ»Ã½ÆÅÈ¾ Å»ÅÁÈ ÐÆÅÅ½ÃÈ »Ú ÆØÈÐ½Æ¼ Î¿»ÄÀÂ (L, F )Ü âÁÈ¿È F ÂÈ¼¾Â Æ º»¿ÀÁ½Âº i ≤ j
Å» ÅÁÈº»¿ÀÁ½Âº ·|i : F (j) → F (i)Ý ÅÁÈ¼ ÅÁÈ ¾ÄÆÐM∨

»Ú
M
½Â ÅÁÈÙ¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ºñºÄÅÆÅ½ÇÈ º»¼»½¾ ÆÂÂ»Ã½ÆÅÈ¾ Å» ÅÁÈ ÐÆÅÅ½ÃÈ »Ú ÆØÈÐ½Æ¼ Î¿»ÄÀÂ (Lop,∨ ◦F )Ü âÁÈ¿ÈÅÁÈ ÐÆÂÅ ∨ ¾È¼»ÅÈÂ ¾ÄÆÐ½Åç »Ú Ù¼½ÅÈ ÆØÈÐ½Æ¼ Î¿»ÄÀÂÜ ÅÁÆÅ ÂÈ¼¾Â ÅÁÈ º»¿ÀÁ½Âº

j ≤ i
Å» ÅÁÈ º»¿ÀÁ½Âº ·|∨i : F (i)∨ → F (j)∨ Ü ¾ÄÆÐ »Ú ·|i Þ

ßeff� �Q M ^DNQJ�EJN^J DY KLJ M_DTJ FJOOMQ� CJ ^MN GJqNJ KLJ OMR
χ : M∨ → N

f 7→ f | ∈ G∨
ef

CLJSJ N HQ KLJ ODNDHG MQQD^HMKJG KD KLJ FMKKH^J DY M_JFHMN ZSDERQ (Lop,∨ ◦F )V\JOOM oVwr KJFFQ EQ KLMK KLHQ OMR HQ HN�J^KHTJV
]DS KLJ QES�J^KHTHKP CJ LMTJ KLMK� HY f ∈ N HQ MN JFJOJNK DY G∨

e
� KLJN CJ

^MN GJqNJ KLJ YDFFDCHNZ JFJOJNK DY M∨

M → C◦

m 7→

{

f(em) HY mM ⊇ eM
0 DKLJSCHQJ

KLMK ^DHN^HGJ CHKL f DN Ge
V

�J MSJ FJYK KD RSDTJ KLMK χ HQ M ODSRLHQO DY ODNDHGQ�
• HK QJNGQ KLJ KSHTHMF ^LMSM^KJS KD KLJ KSHTHMF ^LMSM^KJS DY KLJ ZSDER Ge

�CLJSJ e HQ KLJ _DKKDO HN KLJ FMKKH^J I(M)� KLMK HQ KLJ HGJNKHKP HN KLJODNDHG N �
• YDS KLJ OEFKHRFH^MKHTHKP� ^DNQHGJS KCD ^LMSM^KJSQ g, h ∈M∨ � CJ LMTJ KD
QLDC KLMK χ(gh)(m) = (χ(g)χ(h))(m) YDS MNP m ∈ Gegh

= Geg∨eh

V WP
GJqNHKHDN CJ LMTJ KLMK

χ(gh)(m) = (gh)|(m) = g(m)h(m)

MNG
(χ(g)χ(h))(m) = (g|h|)(m).

WP LDC KLJ RSDGE^K M^KQ HN N CJ LMTJ KLMK
(g|h|)(m) = (g|)|∨eg

(m)(h|)|∨eh
(m)

= g|(egm)h|(ehm)

= g(egm)h(ehm) = g(m)h(m)

QHN^J KLJ HGJORDKJNKQ MSJ OMRRJG KD pV
ow



ýfefÍÍÉeþ k¹�Ï¹ �Ú M ½Â Æ Ù¼½ÅÈ ¿È¾ÄÃÈ¾ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Ü ÅÁÈ¼ ÅÁÈ ºÆÀ
M →M∨∨ ¾ÈÂÃ¿½ØÈ¾ ÆØ»ÇÈ ½Â Æ¼ ½Â»º»¿ÀÁ½ÂºÞ
ßeff� BK HQ JNDEZL KD NDKH^J KLMK KMIHNZ KLJ GEMF HQ MN HNTDFEKHDN _DKL

DN FMKKH^JQ MNG DN M_JFHMN ZSDERQ MNG KD EQJ KLJ QKSE^KESJ KLJDSJO YDS qNHKJ
SJGE^JG ^DOOEKMKHTJ ODNDHGQV
àDC KLMK CJ INDC ODSJ M_DEK LDC GEMFHKP CDSIQ DN qNHKJ SJGE^JG

ODNDHGQ� CJ ^MN RSD^JJG _P J�RFMHNHNZ KLJ SDFJ DY M∨∨ HN KLJ SJGE^KHDN
DY M qNHKJ ^DOOEKMKHTJ ODNDHGM V
ßef�fmjdjfc k¹�Ñ¹ �Ú M ØÈ ÆÙ¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Ü ÅÁÈ¼M∨∨ ∼= Mred

Þ
ßeff� �LMK CJ RSDTJ HN YM^K HQ KLMK KLJ GEMF OMR M∨

red → M∨ DY KLJ
^MNDNH^MF OMR M → Mred

HQ MN HQDODSRLHQO� KLJN� GEMFH�HNZ KLHQ OMR� CJCHFF ZJK MN HQDODSRLHQOM∨∨ →M∨∨
red

∼= Mred
VàDC� FJK f ∈ M∨

red
� HY f 6= 1 � KLJSJ HQ MN JFJOJNK HN Mred

KLMK HQ NDK
OMRRJG KD p _P f V XHN^J M → Mred

HQ QES�J^KHTJ� KLJSJ J�HQKQ MN m′ ∈ MKLMK HQ OMRRJG KD m MNG KLJSJYDSJ HQ NDK OMRRJG KD p _P KLJ HOMZJ DY f HN
M∨ � KLHQ OJMNQ KLMK M∨

red → M∨ HQ HN�J^KHTJV
�D RSDTJ KLJ QES�J^KHTHKP� CJ NJJG KD QLDC KLMK JTJSP ^LMSM^KJS DY MYM^KDSQ KLSDEZL Mred

V �LHQ HQ KSEJ _J^MEQJ KCD JFJOJNKQ DY M KLMK LMTJ KLJ
QMOJ HOMZJ HNMred

LMTJ KLJ QMOJ JTJNKEMF RDCJSQ MNG KLJSJYDSJ KLJP OEQK
LMTJ KLJ QMOJ HOMZJ HN C◦ V
�Q M ^DNQJ�EJN^J DY KLHQ RSDRDQHKHDN� CJ LMTJ MNDKLJS ^SHKJSHDN KD GJ^HGJCLJKLJS M ODNDHG HQ SJGE^JG DS NDKV

ýfefÍÍÉeþ k¹�Ö¹ ×ÈÅM ØÈ Æ Ù¼½ÅÈ Ã»ººÄÅÆÅ½ÇÈ º»¼»½¾Þ õÁÈ¼M ½Â ¿È¾ÄÃÈ¾½Ú Æ¼¾ »¼Ðç ½Ú ]M = ]M∨ Þ
ßeff� ]HSQK CJ LMTJ KD NDKH^J KLMK ]M∨ = ]M∨∨ � QHN^J KLHQ HQ KSEJ MK KLJ

FJTJF DY M_JFHMN ZSDERQ MNG M∨ HQ M SJGE^JG ODNDHGVBY M HQ SJGE^JG� MQ CJ QMHG M_DTJ� KLJ OMR KLMK QJNGQ m ∈M KD m∨∨ ∈
M∨∨ HQ MN HQDODSRLHQOVBY M HQ NDK SJGE^JG KLMN CJ QMC KLMN ]Mred < ]M � QHN^J Mred

HQ M �ED�KHJNK ODNDHG DY M GHîJSJNK YSDOM V
�D ^DN^FEGJ KLJ QJ^KHDN CJ CMNK KD ZHTJ QDOJ J�MORFJQV

ËÌÉ|�Í{ k¹�}¹ \JK M = 〈x | xn1 = xn2〉 _J M qNHKJ ^P^FH^ ODNDHG� QERRDQJMFQD KLMK 0 < n2 < n1
KD MTDHG KLJ ^MQJ CLJSJ M HQ KLJ ^P^FH^ ZSDER DY DSGJS

n1
V

ot



�D GJqNJ M ^LMSM^KJS DN M CJ LMTJ DNFP KD GJ^HGJ CLJSJ KD QJNG x� KLJ^LDH^J OEQK _J GDNJ HNQHGJ KLJ QJK DY KLJ ^DORFJ� NEO_JSQ z KLMK QMKHQqJQKLJ GJqNHNZ J�EMKHDN YDS x� HVJV zn1 − zn2 = zn2(zn1−n2 − 1) = 0V �LJSJYDSJMFF KLJ RDQQH_FJ ^LMSM^KJSQ MSJ KLJ YDFFDCHNZ�
g : x 7→ 0

fi : x 7→ ζ i
n1−n2YDS i = 0, ..., n1−n2−1 � CLJSJ ζn1−n2

HQ M RSHOHKHTJ (n1−n2)�KL SDDK DY ENHKPV�DSJDTJS CJ LMTJ g · fi = g MNG fi · fj = fi+j mod n1−n2

V �LJSJYDSJ CJ ^MN
SJRSJQJNK KLJ ODNDHGM∨ CHKL KLJ FMKKH^J DY M_JFHMN ZSDERQ

Cn1−n2 → C1

CLJSJ Cn
HNGH^MKJQ KLJ ^P^FH^ ZSDER DY DSGJS nVWP GEMFH�HNZ KLHQ GHMZSMO� CJ ZJK KLMK M∨∨ HQ MQQD^HMKJG KD KLJ FMKKH^J

DY M_JFHMN ZSDERQ
C1 → Cn1−n2KLMK HQ ^FJMSFP KLJ ODNDHGM = 〈x | xn1−n2+1 = x〉 V�J LMTJ MFQD

1∨∨ : M∨ → C◦

f 7→ f(1) = 1CLJSJ f HQ MNP JFJOJNK HNM∨ � MNG
(xj)∨∨ : M∨ → C◦

g 7→ g(xj) = 0

fi 7→ fi(x
j) = ζ ij

n1−n2

�FJMSFP 1∨∨(xj)∨∨ = (xj)∨∨ MNG (xj1)∨∨(xj2)∨∨ = (xj1+j2 mod n1−n2)∨∨ � OMIHNZHN KLHQ CMP J�RFH^HK KLJ HQDODSRLHQO _JKCJJN Mred
MNG M∨∨ V

ËÌÉ|�Í{ k¹Ïé¹ �J CMNK KD ^DOREKJ KLJ GEMF DY KLJ ODNDHGM = (Z/4Z)◦ =
{0, 1, 2,−1} KLMK HQ NDK SJGE^JGV�LJ SJGE^KHDN HQ JMQHFP QJJN KD _J Mred = {0, 1,−1}

CLJSJ KLJ �EDKHJNK
OMR HGJNKHqJQ   MNG o� QHN^J 2−0 HQ NHFRDKJNK HN KLJ ODNDHG SHNZ Z[(Z/4Z)◦]VBKQ MQQD^HMKJG FMKKH^J DY M_JFHMN ZSDERQ HQ ^FJMSFP

C2
- C1

MNG KLJSJYDSJ� GEMFH�HNZ KLJ ZSDERQ MNG KLJ FMKKH^J� CJ D_KMHN KLMK M∨ HQ
C1

- C2

o�



CLH^L HQ KLJ ^P^FH^ ODNDHG 〈x | x = x3〉 V�D OMIJ KLJ KLHNZQ J�RFH^HK� KLJ NDN KSHTHMF ^LMSM^KJSQ DY M MSJ
χ : M → C◦

0, 2 7→ 0
1 7→ 1
−1 7→ −1

MNG
χ2 : M → C◦

0, 2 7→ 0
1,−1 7→ 1

ov



� ��< ?989�= (Z/nZ)◦

�J CMNK KD GJGH^MKJ M CLDFJ ^LMRKJS KD KLHQ QRJ^HMF ^FMQQ DY ODNDHGQ KD
JORLMQH�J KLJHS SDFJ MNG KD EQJ KLJO MQ M _SHGZJ _JKCJJN KLJ RSJ^JGHNZ MNG
KLJ YDFFDCHNZ ^LMRKJSV
�J MFSJMGP INDC YSDO KLJ qSQK ^LMRKJS� J�MORFJ oVpu� KLMK M ODNDHG DY

KLJ YDSO (Z/nZ)◦ HQ SJGE^JG HY MNG DNFP HY n HQ Q�EMSJ�YSJJV �JSJ CJ CMNK KDMRRFP KLJ KLJDSP GJTJFDRJG M_DTJ KD J�RFH^HKFP GJQ^SH_J CLMK KLJ SJGE^KHDN
DY (Z/nZ)◦ HQ� CLMK HKQ MQQD^HMKJ FMKKH^J I((Z/nZ)◦) HQ MNG CLMK KLJ ZSDERQ
Ge
MSJ� YDS e ∈ I((Z/nZ)◦)V�DSJDTJS� CJ RDHNK DEK MNDKLJS RMSKH^EFMSHKP DY KLJ ODNDHGQ (Z/nZ)◦ � HNKLJ GJ^DORDQHKHDN DY C[(Z/nZ)◦] MQ M GHSJ^K RSDGE^K DY FD^MF SHNZQ� CJ D_KMHNDNFP SHNZQ DY KLJ YDSO C[x1, ..., xl]/(x

k1
1 , ..., x

kl

l )V
ì¤¥ Ò¨¯Ó±³ª´¬ ´ú ³ù¨ «´¬´ª¯ §ª¬Ô (Z/nZ)◦

]HSQK CJ D_QJSTJ KLMK KLJ q_JSQ DY KLJ OMR (Z/nZ)◦ → (Z/nZ)◦ ^MN _JHGJNKHqJG THM MN JMQP ^SHKJSHDNV
Õ{||É x¹a¹ ×ÈÅ M = (Z/nZ)◦

Þ õÁÈ¼ m1M = m2M ⇔ gcd(m1, n) =
gcd(m2, n)

Þ
ßeff� �J �EQK NJJG KD SJ^MFF KLMK KLJ SHNZ Z/nZ

HQ M RSHN^HRMF HGJMF SHNZ
MNG KLJ ZSJMKJQK ^DOODN GHTHQDS DYm ∈ Z/nZ

CHKL n HQ KLJ QOMFFJQK JFJOJNKDY KLJ HGJMF mM = (m,n) HY CJ ^LDDQJ {1, ..., n} MQ SJRSJQJNKMKHTJQ YDS Z/nZMNG CJ DSGJS KLJO HN KLJ EQEMF CMPV
�D OMIJ KLHNZQ JMQHJS� CJ NDKH^J KLMK KLJ ODNDHG (Z/nZ)◦ � CLJSJ n =

pν1
1 · ... · pνk

k
HQ KLJ RSDGE^K DY KLJ ODNDHGQ (Z/pνi

i Z)◦ V BNGJJG KLJ OMR

f : (Z/nZ)◦ →
∏

i=1,...,k(Z/p
νi

i Z)◦

m 7→ (m mod pνi

i )

HQ OEFKHRFH^MKHTJ MNG HK HQ M SHNZ HQDODSRLHQO _P KLJ �LHNJQJ SJOMHNGJS KLJ�DSJOV
�LHQ MFFDCQ EQ KD GJMF qSQK CHKL n M RSHOJ RDCJS� MNG KLJN GJGE^J SJQEFKQYDS M ZJNJSMF nVàDC CJ CMNK KD ZHTJ M ^SHKJSHDN KD GJQ^SH_J KLJ HGJORDKJNKQ DY M =

(Z/nZ)◦ V WJYDSJ GDHNZ KLHQ CJ NJJG M GJqNHKHDNV
·{¸cjdjfc x¹k¹ � GHTHQDS d DY MN HNKJZJS n HQ ^MFFJG Ä¼½ÅÆ¿ç HY d HQ ^DRSHOJCHKL n/d V

o~



ßef�fmjdjfc x¹x¹ ×ÈÅ M = (Z/nZ)◦ Ý ÅÁÈ¼ ÅÁÈ ½¾ÈºÀ»ÅÈ¼ÅÂ »Ú M Æ¿È ÅÁÈÈÐÈºÈ¼ÅÂ ÅÁÆÅ Æ¿È Ã»¼Î¿ÄÈ¼Å È½ÅÁÈ¿ Å» � »¿ Å» å â½ÅÁ ¿ÈÂÀÈÃÅ Å» ÈÇÈ¿ç Ä¼½ÅÆ¿ç¾½Ç½Â»¿ »Ú n ÅÁÆÅ ½Â Æ À¿½ºÈ À»âÈ¿Þ
ßeff� BY n = pν HQ M RSHOJ RDCJS KLJN KLJ DNFP HGJORDKJNKQ DY M MSJ  

MNG p QHN^J KLJQJ KCD MSJ KLJ DNFP QDFEKHDNQ DY KLJ ^DNZSEJN^J m2 ≡ m mod
pν V
]DS M ZJNJSMF n� CJ LMTJ �EQK KD KMIJ KLJ RSDGE^K DY MFF KLJ (Z/dZ)◦ � YDS

d ENHKMSP GHTHQDS DY n� MNG EQJ KLJ �LHNJQJ SJOMHNGJS KLJDSJOV�DSJDTJS� CJ ^MN NDKH^J KLMK KLJ áE^FHGJMN MFZDSHKLO ZHTJQ EQ MN J�RFH^HKCMP KD qNG KLJ QDFEKHDNQ DY KLJ QJK DY ^DNZSEJN^JQ MNG KLJSJYDSJ MFF KLJ
HGJORDKJNKQ DY (Z/nZ)◦ V
�{|ÉeÊ x¹n¹ ]SDO KLHQ RSDRDQHKHDN CJ ZJK MFQD KLMK KLJ FMKKH^J I(M) DYHGJORDKJNKQ YDS M ODNDHG M = (Z/nZ)◦ HQ J�M^KFP KLJ FMKKH^J DY ENHKMSPGHTHQDSQ DY nV �LHQ FMKKH^J HQ ^FJMSFP KLJ k�KL LPRJS^E_J� CLJSJ k HQ KLJNEO_JS DY RSHOJQ GHTHGHNZ nV
�LJ NJ�K QKJR KD GJQ^SH_J KLJ QKSE^KESJ DY M = (Z/nZ)◦ HQ KD ZHTJ MGJQ^SHRKHDN DY KLJ M_JFHMN ZSDERQ Ge

YDS e ∈ I(M)V]HSQK CJ ^MN OMIJ M ZJNJSMF SJOMSI M_DEK KLJ ^MSGHNMFHKP DY M q_JS DY
KLJ OMRM →M V
�{|ÉeÊ x¹�¹ �J QMC M_DTJ KLMKm1M = m2M ⇔ gcd(m1, n) = gcd(m2, n)�KLHQ HORFHJQ KLMK KLJ ^MSGHNMFHKP DY KLJ q_JS GJKJSOHNJG _P M GHTHQDS d DY nHQ J�EMF KD KLJ NEO_JS DY JFJOJNKQ HNM KLMK LMTJ ZSJMKJQK ^DOODN GHTHQDSCHKL n J�EMF KD d V�LHQ NEO_JS HQ ^FJMSFP J�EMF KD ϕ(n/d) QHN^J KLJSJ HQ M _H�J^KHDN YSDO
(Z/(n/d)Z)× KD DES q_JS ZHTJN _P OEFKHRFH^MKHDN _P d V
�LHQ _H�J^KHDN HQ NDK MFCMPQ M ODSRLHQO DY ODNDHGQ� _EK� CLJN d HQ MENHKMSP GHTHQDS� CJ ^MN ODGHYP HK KD _J QDV

ßef�fmjdjfc x¹Ï¹ ×ÈÅ M = (Z/nZ)◦
Æ¼¾ e ∈ I(M)

Æ¼ ½¾ÈºÀ»ÅÈ¼Å »Ú M ÞõÁÈ¼ ÅÁÈ Î¿»ÄÀ Ge
½Â ½Â»º»¿ÀÁ½Ã Å» ÅÁÈ Î¿»ÄÀ (Z/(n/gcd(n, e))Z)×

Þ
ßeff� �J INDC KLMK MN HGJORDKJNK e ∈ I(M) HQ HN KLJ ^FMQQ DY M ENHKMSPGHTHQDS d = gcd(n, e)VBY CJ ODGHYP KLJ OMR YSDO (Z/(n/d)Z)× KD Ge

HN KLJ RSJTHDEQ SJOMSI
QE_QKHKEKHNZ OEFKHRFH^MKHDN _P d _P OEFKHRFH^MKHDN _P e CJ QKHFF D_KMHN M _H��J^KHDN� _EK� QHN^J e HQ HGJORDKJNK� HN KLHQ ^MQJ HK HQ MFQD M ODSRLHQO DY ZSDERQV
�D ^DN^FEGJ CHKL KLJ GJQ^SHRKHDN DY Ge

� YDS e ∈ I(M)� CJ ^MN SJ^MFF KLMK
(Z/nZ)× HQ ^P^FH^ HY MNG DNFP HY n = 1, 2, 4, pν, 2pν YDS p MN DGG RSHOJ MNG

u 



ν > 0 � CLHFJ YDS n = 2k � CHKL k > 2 � (Z/nZ)× ∼= C2 ⊕C2k−2
� YDS KLJ DKLJS nüQHK HQ JNDEZL KD EQJ KLJ �LHNJQJ SJOMHNGJS KLJDSJO KD GJGE^J KLJ QKSE^KESJ

DY (Z/nZ)× V
�{|ÉeÊ x¹Ñ¹ �J ^MN D_QJSTJ KLMK MFF KLJ ODNDHGQ (Z/pνZ)◦ � YDS p MN DGGRSHOJ� MSJ ^D�^P^FH^� CHKL KLHQ OJMNHNZ KLMK KLJHS GEMF HQ ^P^FH^V BNGJJG KLJFMKKH^J DY M_JFHMN ZSDER MQQD^HMKJG KD (Z/pνZ)◦ HQ

Cϕ(pν)
- C1

MNG KLJSJYDSJ HKQ GEMF HQ
C1

- Cϕ(pν)

KLMK HQ MQQD^HMKJG KD KLJ ^P^FH^ ODNDHG 〈x | xϕ(pν) = xϕ(pν)+1〉 V
ì¤£ �¨±´«	´®ª³ª´¬ ª¬ ©´±­© §ª¬Ô® ´ú

C[(Z/nZ)◦]
�LJ SHNZ

C[(Z/nZ)◦] HQ MN MSKHNHMN SHNZ QHN^J HK HQ M qNHKJ GHOJNQHDNMF TJ^KDSQRM^J DTJS M qJFGV �J SJ^MFF KLMK JTJSP MSKHNHMN SHNZ HQ ENH�EJFP� ER KD
HQDODSRLHQO� M GHSJ^K RSDGE^K DY FD^MF MSKHNHMN SHNZQ� YDS ODSJ GJKMHFQ CJ
SJYJS KD �p�V
Õ{||É x¹Ö¹ õÁÈ º»¼»½¾ ¿½¼Î

C[(Z/nZ)◦]Ü âÁÈ¿È n = pν1
1 · ... ·pνk

k
Ü ½Â ½Â»º»¿ñÀÁ½Ã Å» ÅÁÈ ÅÈ¼Â»¿ À¿»¾ÄÃÅ »Ú ÅÁÈ º»¼»½¾ ¿½¼ÎÂ

C[(Z/pνi

i Z)◦]Ü Ú »¿ i = 1, ..., k
Þ

ßeff� á�KJNGHNZ _P FHNJMSHKP DN JM^L ^DORDNJNK KLJ HNTJSQJ DY KLJ OMR
f GJQ^SH_JG HN KLJ _JZHNNHNZ DY KLJ RSJTHDEQ QJ^KHDN� CJ ^MN ^DNQKSE^K MOEFKHFHNJMS OMR

∏

i=1,...,k C[(Z/pνi

i Z)◦] → C[
∏

i=1,...,k(Z/p
νi

i Z)◦] ∼= C[(Z/nZ)◦]

(ai) 7→ f−1((ai)i=1,...,k)

KLMK HNGE^JQ MN HQDODSRLHQO _JKCJJN⊗

i=1,...,k C[(Z/pνi

i Z)◦] MNG C[(Z/nZ)◦]V
�LJSJYDSJ CJ ^MN SJQKSH^K KD KLJ ^MQJ CLJSJ n HQ M RDCJS DY M RSHOJ pV

ßef�fmjdjfc x¹}¹ öÇÈ¿ç Ð»ÃÆÐ Æ¿Å½¼½Æ¼ ¿½¼Î ½¼ ÅÁÈ ¾ÈÃ»ºÀ»Â½Å½»¼ »Ú ÅÁÈ º»¼»½¾
¿½¼Î

C[(Z/pνZ)◦]
½Â »Ú ÅÁÈ Ú »¿º

C[x]/(xk)
Ú »¿ Â»ºÈ À»Â½Å½ÇÈ ½¼ÅÈÎÈ¿ k ¾ÈÀÈ¼¾ñ½¼Î »¼ ÅÁÈ Ã»ºÀ»¼È¼ÅÞ

ßeff� ]HSQK KLHNZ KD NDKH^J HQ KLMK CJ LMTJ M QES�J^KHTJ ODNDHG ODSRLHQO
Cν × (Z/pνZ)× → (Z/pνZ)◦

(xa, b) 7→ pab

up



CLJSJ Cν
HQ KLJ ^P^FH^ ODNDHG 〈x | xν+1 = xν〉 V BY CJ ^DNQHGJS KLJ ODNDHGSHNZ DTJS KLJ ^DORFJ� NEO_JSQ DY KLJ FJYK�LMNG QHGJ� CJ QJJ KLMK

C[Cν × (Z/pνZ)×] ∼= C[Cν ] ⊗ C[(Z/pνZ)×].

�LJ KCD YM^KDSQ DY KLJ SHZLK�LMNG QHGJ MSJ

C[Cν ] ∼= C × C[x]/(xν)

MNG
C[(Z/pνZ)×] ∼= C × ...× C

QHN^J M ZSDER SHNZ HQ SJGE^JGV
�MIHNZ KLJ KJNQDS RSDGE^K DY KLJQJ KCD� CJ ZJK KLMK C[Cν × (Z/pνZ)×] HQKLJ RSDGE^K DY ^DORDNJNKQ DY KLJ YDSO C[x]/(xk) YDS QDOJ RDQHKHTJ HNKJZJS kGJRJNGHNZ DN KLJ ^DORDNJNKV �LJ QES�J^KHDN KLMK CJ RDHNKJG DEK qSQK KJFFQ

EQ KLMK C[(Z/pνZ)◦] HQ �EQK M �EDKHJNK DY C[Cν × (Z/pνZ)×] MNG� QHN^J JTJSP�EDKHJNK DY
C[x]/(xk) LMQ KLJ QMOJ YDSO� DES QKMSKHNZ ODNDHG SHNZ OEQK _JM RSDGE^K DY FD^MF SHNZQ DY KLHQ YDSO� KDDV

�DHNZ _M^I KD M ZJNJSMF n� �EQK KMIHNZ KLJ KJNQDS RSDGE^K DY KLJ ^DO�RFJ� SHNZQ C[(Z/pνZ)◦] YDS pν ENHKMSP GHTHQDS DY n� CJ ZJK KLMK JTJSP FD^MFMSKHNHMN SHNZ HN KLJ GJ^DORDQHKHDN DY KLJ ODNDHG SHNZ C[(Z/nZ)◦] HQ DY KLJYDSO
C[x1, ..., xl]/(x

k1
1 , ..., x

kl

l )V�LHQ HORFHJQ KLMK KLJ SHNZ C[M ] HQ M ^DORFJKJ HNKJSQJ^KHDN SHNZV ]DS KLHQGJqNHKHDN DY ^DOOEKMKHTJ MFZJ_SM� MNG KLJ DNJQ KLMK CHFF YDFFDC� CJ SJYJS KD
�v�V
�D QJJ KLMK KLHQ HQ SJMFFP M SJQKSH^KHTJ ^DNGHKHDN DNM � CJ ZHTJ MN J�MORFJDY M ODNDHG CLDQJ ODNDHG SHNZ DTJS C

HQ NDK M ^DORFJKJ HNKJSQJ^KHDNV
ËÌÉ|�Í{ x¹aé¹ \JK M = {1, 0, x, y}

CHKL KLJ SJFMKHDNQ x2 = y2 = xy = 0 VXDOJ ^DOREKMKHDNQ ZHTJ KLMK KLJ GJ^DORDQHKHDN HN FD^MF SHNZQ DY C[M ] HQ

C[M ] ∼= C × C[x, y]/(x, y)2.

�LJ QJ^DNG ^DORDNJNK DY KLJ SHZLK LMNG QHGJ HQ NDK M ^DORFJKJ HNKJSQJ^KHDN
QHN^J HK HQ M �JSD GHOJNQHDNMF FD^MF SHNZ KLMK HQ NDK �DSJNQKJHN� HNGJJG _JHNZ
�DSJNQKJHN HQ J�EHTMFJNK KD LMTHNZ M QHORFJ QD^FJ� CLJSJ KLJ FMKKJS HQ KLJ
MNNHLHFMKDS DY KLJ OM�HOMF HGJMF� MNG KLJ MNNHLHFMKDS DY KLJ OM�HOMF HGJMF
(x, y) HQ KLJ HGJMF (x, y) HKQJFY� KLMK HQ NDK QHORFJV
�{|ÉeÊ x¹aa¹ �J NJJG KD D_QJSTJ KLMK CLMK CJ RSDTJG YDS C

HQ ND ODSJ
KSEJ HY CJ ^DNQHGJS Z

DS M qNHKJ qJFGV ]DS J�MORFJ� HY CJ ^DNQHGJS KLJ ODNDHG
uo



(Z/4Z)◦ MNG CJ KMIJ HKQ ODNDHG SHNZ DTJS KLJ qJFG F2
DY KCD JFJOJNKQ� CJ

D_KMHN KLMK KLJ OMR
F2[(Z/4Z)◦] → F2 × F2[x, y]/(x, y)

2

0 7→ (1, 0)
1 7→ (1, 1)
−1 7→ (1, y + 1)
2 7→ (1, x)

HQ MN HQDODSRLHQOV WP M SJMQDNHNZ QHOHFMS KD KLJ DNJ HN KLJ RSJTHDEQ J�MORFJCJ LMTJ KLMK KLJ QJ^DNG ^DORDNJNK DY KLJ SHZLK�LMNG QHGJ HQ NDK �DSJNQKJHNMNG KLJSJYDSJ
F2[(Z/4Z)◦] HQ NDK M ^DORFJKJ HNKJSQJ^KHDN SHNZV�LHQ HORFHJQ KLMK MFQD Z[(Z/4Z)◦] HQ NDK M ^DORFJKJ HNKJSQJ^KHDN SHNZ� HYHK CMQ� HN YM^K� HK CDEFG _J JNDEZL KD ^DNQHGJS JTJSPKLHNZ ODGEFD o KD RSDTJ

KLMK MFQD F2[(Z/4Z)◦] HQ ^DORFJKJ HNKJSQJ^KHDNV

uu




 �8�@A �8 >�9�� ��8>A
BN KLHQ FMQK ^LMRKJS CJ CMNK KD QKEGP ENHKQ HN M ZSDER SHNZ Z[A]� CLJSJ A HQM qNHKJ M_JFHMN ZSDERV
]HSQK CJ CHFF GJQ^SH_J KLJ QKSE^KESJ DY KLJ ZSDER DY ENHKQ DY Z[A] MQ MNM_JFHMN ZSDER� HGJNKHYPHNZ HKQ KDSQHDN RMSK MNG ^DOREKHNZ KLJ SMNI DY KLJ

KDSQHDN YSJJ DNJV � _HZ ZDMF CDEFG _J KD qNG M _MQHQ YDS KLJ KDSQHDN YSJJ RMSKV�Q HK HQ HN ^P^FDKDOH^ qJFGQ� KLHQ KESNQ DEK KD _J SJMFFP LMSG MNG QD CLMK DNJ
GDJQ HQ KSP KD ZHTJ M _MQHQ DY M QE_ZSDER DY YEFF SMNI� RDQQH_FP CHKL M QOMFF
HNGJ� HN KLJ YEFF ZSDER� MQ HN ^P^FDKDOH^ qJFGQ KLJSJ MSJ ^P^FDKDOH^ ENHKQ� CJCHFF GJMF CHKL ^DNQKSE^KH_FJ ENHKQV�DNKHNEHNZ HN KLJ RMSMFFJF _JKCJJN ^P^FDKDOH^ qJFGQ MNG ZSDER SHNZQ� MQ
^P^FDKDOH^ ENHKQ LMTJ M QKSE^KESJ DY (Z/nZ)×�ODGEFJ� RMQQHNZ KD ZSDER SHNZQCJ ZJK ODSJ QKSE^KESJ� QHN^J CJ ZJK MN M^KHDN DN ^DNQKSE^KH_FJ ENHKQ DY KLJ
YEFF ODNDHG (Z/nZ)◦ KLMK ZHTJQ KLJO M ^P^FH^ ODGEFJ QKSE^KESJ HY A HQ ^P^FH^MNG H HQ ^P^FH^� CLJSJ H HQ KLJ �EDKHJNK DY KLJ ZSDER DY MEKDODSRLHQOQ DY
A _P KLJ HNTDFEKHDN ? : x→ x−1 VBNQHGJ M ZSDER SHNZ� CJ ^MN GJqNJ M ODSJ NMKESMF ZJNJSMFH�MKHDN DY ^P^FD�KDOH^ ENHKQ� ^DNQHGJSHNZ �EQK ENHKQ KLMK OMR KD ^P^FDKDOH^ ENHKQ ENGJS JTJSP
^LMSM^KJS� D_KMHNHNZ KLJ ZSDER DY KLJ QD�^MFFJG ^HS^EFMS ENHKQV �LJ FMQK QJ^�KHDN DY KLHQ ^LMRKJS CHFF GJMF CHKL KLJ GHîJSJN^J _JKCJJN ^DNQKSE^KH_FJ ENHKQ
MNG ^HS^EFMS DNJQ HN KLJ ^MQJ DY MN M_JFHMN p�ZSDER� QLDCHNZ KLJ SDFJ KLMK KLJSJZEFMSHKP DY p RFMPQV
÷¤¥ 
¬ª³® ­® ­

Z�«´¯Ó©¨
·{¸cjdjfc n¹a¹ \JK A _J M qNHKJ M_JFHMN ZSDERV �J CHFF GJNDKJ KLJ ZSDERDY ENHKQ DY Z[A] _P U(A)V
�LJ qSQK KLHNZ KLMK CJ CMNK KD GD HQ KD GJQ^SH_J U(A) MQ MN M_JFHMNZSDER� ZHTHNZ HKQ KDSQHDN RMSK MNG KLJ SMNI DY HKQ YSJJ RMSKV

·{¸cjdjfc n¹k¹ �DNQHGJS KLJ SHNZ HNTDFEKHDN ? : Z[A] → Z[A]
CLH^L HQ

HNGE^JG _P OMRRHNZ JM^L JFJOJNK DY A KD HKQ HNTJSQJ� M ENHK u ∈ U(A)
CHFF

_J ^MFFJG ÂçººÈÅ¿½Ã HY HK HQ QKM_FJ ENGJS KLHQ HNTDFEKHDN� Æ¼Å½ñÂçººÈÅ¿½Ã HY
u? = u−1 V �LJ QE_ZSDERQ DY QPOOJKSH^ MNG MNKH�QPOOJKSH^ ENHKQ CHFF _JFM_JFJG _P U+(A) MNG U−(A)� SJQRJ^KHTJFPV
�K KLHQ RDHNK CJ NJJG KD SJOHNG KLMK� M^^DSGHNZ KD �MQ^LIJ KLJDSJO� M

ZSDER SHNZ DTJS M qJFG HQ QJOHQHORFJ HY MNG DNFP HY KLJ ^LMSM^KJSHQKH^ DY KLJqJFG GDJQ NDK GHTHGJ KLJ DSGJS DY KLJ ZSDERV �LJSJYDSJ M qNHKJ SDER SHNZ DTJS
Q
DS

C
HQ MFCMPQ QJOHQHORFJV

ur



�DSJDTJS� _P KLJ �SKHN��JGGJS_ESN KLJDSJO� M QJOHQHORFJ SHNZ HQ HQD�ODSRLH^ KD M RSDGE^K DY ni
_P ni

OMKSH� SHNZQ DTJS GHTHQHDN SHNZQ Di
� YDS

QDOJ HNKJZJSQ ni
� CLJSJ _DKL ni

MNG Di
MSJ ENH�EJFP GJKJSOHNJG ER KD RJS�OEKMKHDN DY KLJ HNGJ� iV �J CHFF ^MFF KLJ YM^KDSQ DY KLJ RSDGE^K �JGGJS_ESN^DORDNJNKQV

Õ{||É n¹x¹ õÁÈ Å»¿Â½»¼ ÂÄØÎ¿»ÄÀ »Ú U(A)
½Â U−(A)Ü ÅÁÆÅ ½Â ÆÐÂ» ÈãÄÆÐ Å»

〈−1〉 × A
Þ

ßeff� �LJ KDSQHDN QE_ZSDER DY U(A) HQ ^DNKMHNJG HN U−(A)� _J^MEQJ HNJM^L �JGGJS_ESN ^DORDNJNK DY
Q[A]� KLJ JFJOJNKQ DY qNHKJ OEFKHRFH^MKHTJDSGJS OEQK QMKHQYP KLJ ^DNGHKHDN |w| = ww = 1 V�N KLJ DKLJS LMNG CJ LMTJ KLMK U−(A) = ker[v → vv?] ⊆ 〈−1〉 × A�HNGJJG� HY v =

∑

z∈A azz ∈ Z[A]� KLJ ^DJê^HJNK DY HGJNKHKP HN vv? HQ∑
z a

2
z 6= 1 �ENFJQQ v HQ J�EMF KD z DS −z YDS QDOJ z ∈ AVXHN^J HK HQ ^FJMS KLMK 〈−1〉 × A HQ ^DNKMHNJG HN KLJ KDSQHDN RMSK DY U(A)�MFF KLJ HN^FEQHDN OEQK _J J�EMFHKHJQ MNG KLJSJYDSJ KLJ FJOOM HQ RSDTJGV

àDC CJ ^MN GJ^DORDQJ U(A) HNKD HKQ KDSQHDN QE_ZSDER U−(A) MNG M YSJJ
Z�ODGEFJV
·{¸cjdjfc n¹n¹ \JK ∆(A) _J KLJ MEZOJNKMKHDN HGJMF� KLMK HQ KLJ IJSNJF DYKLJ MEZOJNKMKHDN OMR

Z[A] → Z
KLMK QJNGQ JTJSP JFJOJNK DY A KD pV UJqNJ

Ui(A) = U(A) ∩ (1 + ∆(A)i)� YDS i = 1, 2 � KLJ QJK DY ENHKQ DY A KLMK MSJ^DNZSEJNK KD p ODGEFD KLJ i�KL RDCJS DY KLJ MEZOJNKMKHDN HGJMFV
Õ{||É n¹�¹ åÞ

U(A) = 〈−1〉 × U1(A)
Þ

æÞ õÁÈ ºÆÀ
eA :

∑

z∈A

czz 7→
∏

z∈A

zcz

Ú ¿»º ÅÁÈ Æ¾¾½Å½ÇÈ Î¿»ÄÀ »Ú
Z[A]

Å» ÅÁÈ ºÄÐÅ½ÀÐ½ÃÆÅ½ÇÈ Î¿»ÄÀ A ⊂ U1(A)Ü½Â ºÄÐÅ½ÀÐ½ÃÆÅ½ÇÈ »¼ U1(A)
Æ¼¾ ç½ÈÐ¾Â Æ ÂÀÐ½Å ÈèÆÃÅ ÂÈãÄÈ¼ÃÈ

1 → U2(A) → U1(A)
eA→ A→ 1.

�Þ ó»¿È»ÇÈ¿ U2(A) ⊆ U+(A)
Þ

ßeff�
pV �SHTHMF� QHN^J JTJSP ENHK LMQ MEZOJNKMKHDN p DS �pV

uw



oV ]HSQK CJ ^FMHO KLMK eA
QMKHQqJQ KLJ ^DNZSEJN^J eA(δ) ≡ 1 + δ mod

∆(A)2 � YDS δ ∈ ∆(A)V BK HQ JNDEZL KD RSDTJ HK YDS δ = z − 1 � QHN^J HY δ^DNKMHNQ ODSJ KJSOQ� CJ ^MN QRFHK HK HN RMHSQ DY KLJO MNG NDKJ KLMK
eA(x+ y − v − z) = eA(x− v)eA(y − z)

≡ (1 + x− v)(1 + y − z) mod ∆(A)2

≡ 1 + x+ y − v − z mod ∆(A)2

�J LMTJ NDC KLMK eA(z − 1) = z = 1 + (z − 1) MNG KLJSJYDSJ KLJ ^FMHOHQ KSEJV
BN RMSKH^EFMS CJ ^MN GJGE^J KLMK eA(δ) = 1 ⇐⇒ δ ∈ ∆(A)2 � KLJ
HORFH^MKHDN YSDO FJYK KD SHZLK ^DOJQ GHSJ^KFP YSDO KLJ M_DTJ� KLJ DKLJS
DNJ YSDO KLJ D_QJSTMKHDN KLMK HN KLJ J�RMNQHDN DY MN JFJOJNK DY ∆(A)2

JM^L KJSO DY A MRRJMS MQ OMNP KHOJQ CHKL QHZN � MNG �V �LHQ KJFFQ EQKLMK DES QJ�EJN^J HQ J�M^KV
�LJ OEFKHRFH^MKHTHKP DY eA

DN U1(A) HQ JQKM_FHQLJG _P KLJ YM^K KLMK
(1 + δ1)(1 + δ2) = (1 + δ1 + δ2 + δ1δ2)

HQ OMRRJG KD eA(δ1 + δ2) =
eA(δ1)eA(δ2)

V
áTJNKEMFFP� KLJ QJ�EJN^J HQ QRFHK QHN^J KLJ HGJNKHKP DNA HQ M SHZLK HNTJSQJDY eA

V
uV àDKJ qSQK KLMK u ∈ U(A) ⇒ v = u

u? ∈ U−
1 (A) = A _P FJOOM rVuV BY

u ∈ U2(A)� MFQD v ∈ U2(A)� QHN^J� _P RDHNK o�A∩U2(A) = {1} � CJ LMTJ
v = 1 ⇒ u = u? V
�J ^MN ^DN^FEGJ KLJ GJQ^SHRKHDN DY KLJ ENHKQ DY MN HNKJZSMF ZSDER SHNZ DY

M qNHKJ M_JFHMN ZSDER A _P QMPHNZ KLMK
U(A) = 〈−1〉 × A× U2(A),

U1(A) = A× U2(A),

U+
1 (A) = A2 × U2(A),CLJSJ A2

HQ KLJ QE_ZSDER DY A ZJNJSMKJG _P KLJ JFJOJNKQ DY DSGJS oV �LHQKJFFQ EQ KLMK U+
1 (A) = U2(A) YDS JTJSP ZSDER A DY DGG DSGJSV

�{|ÉeÊ n¹Ï¹ �HTJN M ^DOOEKMKHTJ ZSDER �� DNJ LMQ M QLDSK J�M^K QJ�EJN^J
1 → Gtor → G→ G/Gtor → 1

CLJSJ Gtor
GJNDKJQ KLJ KDSQHDN RMSK DY GV

ut



�LJ RSJTHDEQ FJOOM QMPQ HQ KLMK HY CJ ^DNQHGJS G = U(A) DS U1(A)� KLHQJ�M^K QJ�EJN^J QRFHKQV
�LJSJYDSJ� ENFHIJ� YDS J�MORFJ� HN ^P^FDKDOH^ ENHKQ� KD ^DNQHGJS KLJ KDSQHDN

RMSK CJ �EQK NJJG KD SJQKSH^K KD KLJ ^DORDNJNK U2(A)V
àDC CJ SJQKSH^K KD M ^P^FH^ ZSDER C V �LHQ HQ M SJMQDNM_FJ KLHNZ KD GDOMHNFP _J^MEQJ DY KCD SJMQDNQ�
pV HY A HQ M qNHKJ M_JFHMN ZSDER MNG CJ GJNDKJ _P U̇(A) KLJ ZSDER DY ENHKQDY

Z[A] ODGEFD KDSQHDN� CJ LMTJ KLMK KLJ NMKESMF LDODODSRLHQO

α̇ :
∏

C

U̇(C) → U̇(A)

CLJSJ KLJ RSDGE^K HQ GHSJ^K MNG C SENQ DTJS MFF ^P^FH^ QE_ZSDERQ 6= 1DY A� HQ DY qNHKJ HNGJ� �o� MNG� HY A HQ MN JFJOJNKMSP M_JFHMN p�ZSDER�YDS M SJZEFMS RSHOJ p� KLJN α̇ HQ MN HQDODSRLHQO �op�V
oV \JK C = Cn = 〈x〉 _J KLJ ^P^FH^ ZSDER DY DSGJS nV �J LMTJ

Q[C] =
∏

d|n

Q(ζd),

CLJSJ ζ = ζn
HQ M RSHOHKHTJ ^DORFJ� n�KL SDDK DY ENHKPV �NGJS KLJM_DTJ HGJNKHq^MKHDN� CJ LMTJ KLJ JO_JGGHNZ

Z[C] ⊂
∏

d|n

Z[ζd] = MC ,

CLJSJMC
HQ KLJ OM�HOMF DSGJS DY KLJ RSDGE^K DY NEO_JS qJFGQ Q[C]VBN KLHQ CMP CJ JQKM_FHQL M SJFMKHDN _JKCJJN DES ^P^FH^ ZSDER SHNZ MNG

^P^FDKDOH^ qJFGQ� KLJSJYDSJ CJ ^MN _DKL OMIJ EQJ DY KLJ KLJDSP YDS
KLJ FMKKJS MNG KSP KD GJGE^J QDOJKLHNZ M_DEK KLJO QKMSKHNZ YSDO KLJ
MNMFPQHQ DY ^P^FH^ ZSDER SHNZQV

�{|ÉeÊ n¹Ñ¹ �LJ RSJTHDEQ JO_JGGHNZ DY Z[C] HNKDMC
MFFDCQ EQ KD ^DO�REKJ KLJ SMNI DY U(C)� KLMK HQ KLJ r QE^L KLMK U̇(C) ∼= Zr V BN YM^K� GJNDKHNZ

_P M×
C
KLJ ZSDER DY HNTJSKH_FJ JFJOJNKQ HNMC

� _P KLJDSJO vVu HN �ot� CJ
LMTJ

rk U(C) = rk M×
C =

∑

2<d|n

(

ϕ(d)

2
− 1

)

.

u�



÷¤£ �´¬®³§Ó±³ª°©¨ Ó¬ª³®
�K KLHQ RDHNK CJ CMNK KD ^DNQKSE^K M QE_ZSDER DY KLJ YEFF ENHK ZSDER KLMK
^DNQHQKQ DY ENHKQ ZHTJN _P MN J�RFH^HK YDSOEFMV �D GD KLHQ FJK EQ QKMSK q�HNZ
M ^P^FH^ ZSDER C DY DSGJS n� CJ LMTJ Z[C] ∼= Z[x]/(xn − 1) MNG CJ CHFF ^MFF
G = Aut(C) = (Z/nZ)× KLJ ZSDER DY MEKDODSRLHQOQ DY C V\JK ξ _J KLJ HOMZJ DY x HN KLJ �EDKHJNK SHNZ Z[ξ] = Z[x]/(1+x+...+xn−1)V�J ^MN D_QJSTJ KLMK ξ HQ NDK QHORFP M RSHOHKHTJ n�KL SDDK DY p� _EK HK ^MNQRJ^HMFH�J KD M d�KL SDDK YDS MNP 1 6= d|nV BN YM^K Q[ξ] HQ KLJ GHSJ^K QEO DY
Q[ζd]

� YDS MFF 1 6= d|n MNG ζd GJNDKHNZ M RSHOHKHTJ d�KL SDDK DY p� KLHQ OJMNQKLMK
Q[ξ] HQ JQQJNKHMFFP Q[C]

CHKLDEK KLJ ^DORDNJNK ^DSSJQRDNGHNZ KD KLJ
KSHTHMF ^LMSM^KJSVàDKJ KLMK CJ LMTJ M q_JS RSDGE^K

Z[C] - Z

Z[ξ]
?

ε- Z/nZ
?

CLJSJ εOMRQ ξ KD p MNG MFF KLJ DKLJS OMRQ MSJ KLJ NMKESMF DNJQV �LHQ HQ M REFF�_M^I GHMZSMO QHN^J� ZHTJN a ∈ Z
MNG∑

i aiξ
i ∈ Z[ξ] QE^L KLMK∑i ai = a+kn�CJ ^MN ^DNQKSE^K KLJ ENH�EJ MN^JQKSMF JFJOJNK∑

i aix
i−k(1+x+...+xn−1) ∈

Z[C]V
]DS MNP x ZJNJSMKDS DY C � CLJSJMQ x − 1 HQ M �JSD GHTHQDS HN Q[C]� HKQHOMZJ ξ − 1 HQ M ENHK HN Q[ξ]V �JN^J HK OMIJQ QJNQJ KD CSHKJ (ξ − 1)σ−1 YDS

MNP σ ∈ G� MNG ODSJ ZJNJSMFFP (ξ − 1)δ YDS MNP δ ∈ ∆(G)V XHN^J

(ξ − 1)σ−1 =
ξc − 1

ξ − 1
= 1 + ξ + ... + ξc−1,

CLJSJ c > 0 HQ RSHOJ KD n MNG σ : x 7→ xc � KLJQJ JFJOJNKQ M^KEMFFP FHJ HN Z[ξ]V�DSJDTJS KLJP MSJ ENHKQ� _J^MEQJ (ξ − 1)1−σ = (ξσ − 1)τ−1 CHKL τ = σ−1 VBN KLHQ CMP CJ D_KMHN M NMKESMF G�LDODODSRLHQO
u : ∆(G) → U(ξ)

δ 7→ (ξ − 1)δ,
CLJSJ U(ξ) GJNDKJQ KLJ ENHK ZSDER DY Z[ξ]VÕ{||É n¹Ö¹ õÁÈGñºÆÀ u ç½ÈÐ¾Â Æ º»¿ÀÁ½Âº »Ú ÂÁ»¿Å ÈèÆÃÅ ÂÈãÄÈ¼ÃÈÂ

1 - ∆(G)2 - ∆(G)
eG - G - 1

1 - U1(C)
?

- U(ξ)

u

?
ε- (Z/nZ)×

?
- 1

uv



âÁÈ¿È ÅÁÈ ÅÁ½¿¾ ÇÈ¿Å½ÃÆÐ Ð½¼È ½Â ÅÁÈ ½¾È¼Å½Åç »Ú G = (Z/nZ)×
Þ

ßeff� UESHNZ KLJ RSDDY DY KLJ QJ^DNG RDHNK DY FJOOM rVw CJ QMC KLMK
∆(G)2 J�EMFQ KLJ IJSNJF DY KLJ QES�J^KHDN ∆(G) → GV WP KLJ REFF�_M^IRSDRJSKP DY KLJ RSJTHDEQ GHMZSMO� MN JFJOJNK DY U1(C) HQ ENH�EJFP GJKJSOHNJG_P KLJ RMHS 1 ∈ Z

MNG v =
∑

i aiξ
i ∈ Z[ξ] QE^L KLMK∑

i ai ≡ 1 mod n� KLMK HQ
v ∈ ker(ε)V �LHQ RSDTJQ J�M^KNJQQV�LJ ^DOOEKMKHTHKP DY KLJ FJYK LMNG Q�EMSJ HQ ^FJMSV ]DS KLJ SHZLK LMNG
Q�EMSJ HK HQ JNDEZL KD ^LJ^I DN M KPRH^MF ZJNJSMKDS δ = σ − 1 ∈ ∆(G)� HY
xσ = xc CHKL c > 0 � CJ LMTJ u(δ) = 1+ξ+ ...+ξc−1 � KLHQ ZDJQ KD c ∈ (Z/nZ)×ENGJS ε � CLH^L HQ KLJ QMOJ MQ e(σ − 1) = σ ∈ GV
�LMK CJ MSJ HNKJSJQKJG HN HQ KLJ HOMZJ DY KLJ SJQKSH^KJG OMR u : ∆(G)2 →

U1(C)V �DCJTJS� KD MTDHG KDSQHDN� CJ QLMFF QKHFF LMTJ KD ^DORDQJ HK CHKL KLJ^MNDNH^MF RSD�J^KHDN e′ : U1(C) → U2(C) ^DOHNZ YSDO KLJ QRFHKKHNZ U1(C) =
C × U2(C) ZHTJN _P FJOOM rVwVWJYDSJ RSDTHNZ KLJ NJ�K KLJDSJO CJ NJJG KLJ YDFFDCHNZ FJOOM� HK ^DNKMHNQ
M FDK DY MNMFPKH^ NEO_JS KLJDSP KLMK CJ CHFF �EQK EQJ CHKLDEK MNP YESKLJS
J�RFMNMKHDNV
Õ{||É n¹}¹ õÁÈ ºÆÀ u : (1 + ?)∆(G) → U(ξ)

½Â ½¼Û ÈÃÅ½ÇÈÞ
ßeff� \JK δ =

∑

σ aσσ ∈ ∆(G) _J QE^L KLMK aσ = a?σ
YDS MFF σ ∈ GV �JNJJG KD RSDTJ KLMK u(δ) = 1 HORFHJQ δ = 0]DS MNP QPQKJO {bτ | τ ∈ G} DY ^DORFJ� NEO_JSQ� MNG MNP ^LMSM^KJS

χ : G→ C× CJ LMTJ
∑

σ

aσχ(σ)
∑

τ

bτχ(τ−1) =
∑

ρ

χ(ρ−1)
∑

σ

aσbρσ

CHKL ρ� σ MNG τ SMNZHNZ DTJS GV [EK bσ = log|ζσ − 1| � CLJSJ ζ 6= 1 HQ MN n�KLSDDK DY p PJK KD _J ^LDQJNV �LJN u(δ) = 1 HORFHJQ∏σ(ζρσ−1)aσ = (ξ−1)δ = 1CLJSJ CJ QRJ^HMFH�J ξ KD _J ζρ V �JN^J� MRRFPHNZ FDZMSHKLO� KLJ SHZLK LMNG
QHGJ DY KLJ RSJTHDEQ HGJNKHKP HQ �JSD YDS MNP ^LDH^J DY ζ VBY δ 6= 0 � LDCJTJS� KLJSJ OEQK _J M χ 6= 1 QE^L KLMK ∑

σ aσχ(σ) 6= 0MNG χ(?) = 1. WEK _P ^LDDQHNZ ζ QD MQ KD _J RSHOHKHTJ CHKL SJQRJ^K KD KLJ^DNGE^KDS fχ
� CJ MFQD ZJK ∑

τ χ(τ−1)log|ζτ − 1| 6= 0 V BNGJJG KLHQ J�RSJQQHDNJ�EMFQ −fχL(1, χ)/τ(χ)� HNTDFTHNZ L�YEN^KHDNQ MNG �MEQQ QEOQ HN KLJ EQEMFNDKMKHDN DY MNMFPKH^ NEO_JS KLJDSP µ̂ YV _DDI �ot�� KLJDSJO rV~¶V
yz{fe{| n¹aé¹ õÁÈ Ã»ºÀ»Â½ÅÈ ºÆÀ

∆(G)2 u
→ U1(C)

e′
→ U2(C)

½¼¾ÄÃÈÂ Æ¼ ½¼Û ÈÃÅ½»¼ w : ∆(H)2 → U2(C)Ü âÁÈ¿ÈH = G/〈?〉
Þ

u~



ßeff� �D RSDTJ KLMK e′ ◦ u YM^KDSQ DTJS KLJ ^MNDNH^MF OMR h : ∆(G)2 →
∆(H)2 HNGE^JG _P KMIHNZG ODGEFD 〈?〉 � CJ OEQK QLDC KLMK u OMRQ ker(h) =
(?− 1)∆(G) HNKD ker(e′) = C V �LHQ YDFFDCQ YSDO KLJ KSHTHMF ^MF^EFMKHDN

(ξ − 1)?−1 =
ξ−1 − 1

ξ − 1
= −ξ−1

_P CLH^L u OMRQ (?− 1) KD M KDSQHDN JFJOJNKVBN�J^KHTHKP DY w YDFFDCQ YSDO FJOOM rV~� CLH^L ZSMNKQ KLHQ RSDRJSKP KD KLJSJQKSH^KHDN DY u KD KLJ H�ODGEFJ ∆?(G) = (? + 1)∆(G) ⊂ ∆(G)� ^DNQHQKHNZDY MFF δ ∈ ∆(G) QE^L KLMK δ = ?δ V�LJ ^MNDNH^MF LDODODSRLHQO h ^FJMSFP _H�J^KQ ∆?(G) DNKD 2∆(H) ⊂
∆(H)VBY MN JFJOJNK α ∈ ∆(H)2 FHJQ HN KLJ IJSNJF DY w � KLJN QD GDJQ 2α � CLH^L^DSSJQRDNGQ KD h(δ) YDS QEHKM_FJ δ ∈ ∆?(G)V XHN^J w ◦ h = e′ ◦ u � HK YDFFDCQKLMK e′(u(δ)) = 1 MNG KLJSJYDSJ u(δ) ∈ ker(e′) = C V �LHQ HORFHJQ nδ = 0_J^MEQJ u HQ HN�J^KHTJ DN ∆?(G)� CLJN^J δ = 0 MNG qNMFFP 2α = h(δ) = 0 V XD
α = 0 � RSDTHNZ KLMK w HQ HN�J^KHTJ� MQ ^FMHOJGV
�Q NJ�K QKJR� CJ CMNK KD ZHTJ J�RFH^HK YDSOEFMQ YDS u MNG w HN KJSOQ DYKLJ QEOQ si(t) = 1 + t + ... + ti−1 GJqNJG YDS MNP i > 0 V �HKLDEK SHQI DY^DNYEQHDN� CJ EQJ KLJ QMOJ NDKMKHDN YDS JFJOJNKQ HNG MNG KLJHS ^DENKJSRMSKQHN H V

ßef�fmjdjfc n¹aa¹ �»¿ ÈÇÈ¿ç σ, τ ∈ GÜ ÐÈÅ α = (σ − 1)(τ − 1) ØÈ Æ ÅçÀ½ÃÆÐÎÈ¼È¿ÆÅ»¿ »Ú ∆(G)2 â½ÅÁ σ : x → xc Ü Æ¼¾ ÐÈÅ b, k ØÈ À»Â½Å½ÇÈ ½¼ÅÈÎÈ¿Â â½ÅÁ
bc = 1 + kn

Þ õÁÈ¼

u(α)(x) = sb(x
σ)sc(x

τ ) − ksn(x)

Æ¼¾
w(α)(x) = x−(τ−1)(c−1)/2u(α)(x).

ßeff� �Q ZHTJN M_DTJ� u(α)(x) QMKHQqJQ u(α)(1) = 1 MNG u(α)(ξ) =
(ξ − 1)α � QHN^J α = (σ−1 − 1)σ + (σ − 1)τ V �D RSD�J^K KLHQ HNKD KLJ KDSQHDNYSJJ ^DORDNJNK U2(C)� CJ OEQK GHTHGJ HK _P eC(u(α)(x))V �RRFPHNZ eC

KD
sc(x

τ )sb(x
σ) =

∑

i,j x
jτ+iσ CJ ZJK ∏

i,j x
jτ+iσ � CHKL 0 ≤ i < b MNG 0 ≤ j < c�CLH^L PHJFGQ x SMHQJG KD KLJ RDCJS τbc(c− 1)/2 + σbc(b− 1)/2 V �LJ JFJOJNK

x(c−1)/2 HQ MFCMPQ CJFF�GJqNJG� QHN^J� HY c HQ DGG� KLJSJ HQ ND RSD_FJO GHTHGHNZKLJ JTJN NEO_JS c − 1 _P o� MNG HY c HQ JTJN� n OEQK _J DGG� MNG KLJSJYDSJCJ ^MN KMIJ KLJ Q�EMSJ SDDK DY MNP JFJOJNK DY C V �LJSJYDSJ KLJ J�RDNJNK DY
x MODENKQ KD τ(c− 1)/2 + σ(b− 1)/2 � _J^MEQJ bc = 1 + kn ^MN _J GSDRRJGV

r 



�D ^DORFJKJ DES ^DOREKMKHDN CJ LMTJ KD KMIJ HNKD M^^DENK KLJ KJSO
−ksn(x)� CJ ZJK

eC(−ksn(x)) = x−k n(n−1)
2 .�DNQHGJSHNZ KLMK EQHNZ H CJ ^MN HGJNKHYP n− 1 MNG 1 MNG SJOJO_JSHNZ KLMK

bc− kn = 1 � CJ ZJK KLJ GJQHSJG SJQEFKV
�{|ÉeÊ n¹ak¹ �FF KLHQ ^DEFG _J QHORFHqJG HN ^MQJ ]C HQ DGGV �LJN x1/2

OMIJQ QJNQJ� MNG CJ ^DEFG SJRFM^J u _P KLJ OMR v : ∆(G) → U+(ξ)
CLH^L

KMIJQ δ ∈ ∆(G) GHSJ^KFP HNKD KLJ ?�QPOOJKSH^ ENHK (ξ1/2 − ξ−1/2)δ V �Q HN KLJ
FJOOM rVv� CJ CDEFG ZJK M ODSRLHQO DY QLDSK J�M^K QJ�EJN^JQ

1 - ∆(G)2 - ∆(G)
eG - G - 1

1 - U+
1 (C)

w
?

- U+(ξ)

v
?

ε- (Z/nZ)×
?

- 1

_P KLJ QMOJ SJMQDNHNZ� _J^MEQJ ε ◦ v = ε ◦ u V ]DS JTJSP δ ∈ ∆(G)
CJ CDEFG

LMTJ v(δ)(ξ) = ξ−δ/2u(δ)(ξ) _P GJqNHKHDN� MNG w CDEFG _J D_KMHNM_FJ YSDO
v _P QHORFJ SJQKSH^KHDN KD ∆(G)2 V �LJSJ CDEFG _J ND NJJG KD OJNKHDN KLJ
RSD�J^KHDN e′ : U1(C) → U2(C)� CLH^L CDEFG _J HGJNKHKP DN U+

1
MNPCMPV

]DS α = (σ − 1)(τ − 1) ∈ ∆(G)2 � MNG b, c, k MQ HN RSDRDQHKHDN rVpp� CJCDEFG LMTJ KLJ QHORFJS YDSOEFM
w(α)(x) = vb(x

σ)vc(x
τ ) − ksn(x)

CHKL vc(x) = x
1−c
2 sc(x).

�LHQ YMHFQ YDS JTJN n _J^MEQJ (c−1)/2 HQ INDCN DNFP ODGEFD n/2 HY c HQ ZHTJNODGEFD nV
·{¸cjdjfc n¹ax¹ �LJ HOMZJ W (C) := w(∆(H)2)

CHFF _J SJYJSSJG KD MQ KLJ
ZSDER DY âÈÐÐ Ú »¿ºÈ¾ Ä¼½ÅÂ _JFDNZHNZ KD C V]DS MNP qNHKJ M_JFHMN ZSDER A� FJK Y (A) GJNDKJ KLJ RSDGE^K∏C W (C) ⊆
U2(A)� CHKL C ⊆ A SMNZHNZ DTJS MFF ^P^FH^ QE_ZSDERQ DY DSGJS > 2 � HK CHFF _J^MFFJG KLJ ZSDER DY Ã»¼ÂÅ¿ÄÃÅ½ØÐÈ Ä¼½ÅÂ DY AV
àDC CJ CMNK KD RSDTJ KLMK KLJ RSDGE^K DY KLJ W (C) HQ GHSJ^K MNG KLMKLMQ qNHKJ HNGJ� HN U2(A)V WJYDSJ GDHNZ KLMK CJ NJJG KD RSDTJ KLJ YDFFDCHNZFJOOMV

Õ{||É n¹an¹ ×ÈÅ A Æ Ù¼½ÅÈ ÆØÈÐ½Æ¼ Î¿»ÄÀÞ �È ¾È¼»ÅÈ Øç U1(MA)
ÅÁÈ Ä¼½ÅÂ»Ú ÆÄÎºÈ¼ÅÆÅ½»¼ å »Ú ÅÁÈ ºÆè½ºÆÐ »¿¾È¿MA

»Ú ÅÁÈ ¿½¼Î
Q[A]

Þ õÁÈ¼ ÅÁÈ¿È ½ÂÆ¼ ½¼Û ÈÃÅ½»¼ »Ú ÅÁÈ ¾½¿ÈÃÅ ÂÄº
⊕

C⊆A

∆?(GC) → U1(MA),

rp



âÁÈ¿È C ⊆ A ¿Ä¼Â »ÇÈ¿ ÆÐÐ ¼»¼Å¿½Ç½ÆÐ ÃçÃÐ½Ã ÂÄØÎ¿»ÄÀÂÜ Æ¼¾ ÅÁÈ Ã»ºÀ»¼È¼ÅÂ
∆?(GC) → U1(MC) ⊆ U1(MA)

Æ¿È ¾ÈÙ¼È¾ ÂÈ¼¾½¼Î δ Å» (ψ(x) − 1)δ Ü â½ÅÁ
ψ : C → C× ¿Ä¼¼½¼Î »ÇÈ¿ ÅÁÈ ¼»¼Å¿½Ç½ÆÐ ÃÁÆ¿ÆÃÅÈ¿Â »Ú C Þ
ßeff� ]DS JTJSP C DY DSGJS > 2 � KLJ SMNI DY ∆?(GC) HQ 1

2
]GC − 1 � CLH^LJ�EMFQ KLJ YSJJ SMNI DY KLJ ENHKQ HN KLJ SHNZ DY KLJ ]C�KL SDDKQ DY ENHKPV WPUHSH^LFJKüQ ENHK KLJDSJO� KLJ FJYK LMNG KJSO LMQ KLJ QMOJ SMNI MQ KLJ SHZLKLMNG KJSO KMIJN ODGEFD KDSQHDNV �JN^J KLJ FJOOM HQ J�EHTMFJNK KD QMPHNZ

KLMK KLJ OMR HN KLJ QKMKJOJNK LMQ MN HOMZJ DY qNHKJ HNGJ�V
WP M KLJDSJO DY WMQQ MNG �HFNDS �o� KLJ RSDGE^K DY KLJ HN^FEQHDNQU1(C) →

U1(A)� MQ C ⊆ A SENQ DTJS MFF ^P^FH^ QE_ZSDERQ� GDJQ LMTJ qNHKJ HNGJ�V �JN^JQD GDJQ KLJ ^DSSJQRDNGHNZ RSDGE^K DY HN^FEQHDNQ U1(MC) → U1(MA)V �DO�_HNHNZ KLHQ CHKL WMQQüQ HNGJRJNGJN^J KLJDSJO �o�� KLMK RSDTJQ KLJ ^MQJ A = CDY KLHQ FJOOM� PHJFGQ KLJ QKMKJG SJQEFKV
yz{fe{| n¹a�¹ �»¿ Æ¼ç Ù¼½ÅÈ ÆØÈÐ½Æ¼ Î¿»ÄÀ AÜ ÅÁÈ À¿»¾ÄÃÅ

Y (A) =
∏

C⊆A

W (C)

½Â ¾½¿ÈÃÅ Æ¼¾ ÁÆÂ Ù¼½ÅÈ ½¼¾Èè ½¼ U2(A)
Þ

ï¼ç Á»º»º»¿ÀÁ½Âº A→ A′
»Ú ÆØÈÐ½Æ¼ Î¿»ÄÀÂ ºÆÀÂ Y (A)

½¼Å» Y (A′) ØçÂÄ¿Û ÈÃÅ½¼Î ÈÆÃÁ W (C)
»¼Å»W (C ′)Ü âÁÈ¿È C ′ ¾È¼»ÅÈÂ ÅÁÈ ½ºÆÎÈ »Ú C Þ

ßeff� �LJ J�RFH^HK YDSOEFM QLDCQ KLMK w(α)(x)2 = w(α)(x)w(α)(x−1) =
u(α)(x)u(α)(x−1) = u(α+ ?α)(x)V �LJSJYDSJ KLJ Q�EMSJ DY MNP ^DNQKSE^KH_FJENHK y =

∏

C wC
HQ HN KLJ HOMZJ DY KLJ HN�J^KHDN QLDCN HN KLJ RSJTHDEQ FJOOM�

MNG y = 1 HORFHJQ wC = 1 YDS MFF C V�LJ qNHKJNJQQ DY KLJ HNGJ� YDFFDCQ _P KLJ QMOJ SMNI ^DOREKMKHDN MQ CMQ
EQJG HN KLJ RSDDY DY KLJ RSJTHDEQ FJOOMV
]DS KLJ QJ^DNG QKMKJOJNK� FJK x′ ∈ C ′ _J KLJ HOMZJ DY KLJ ZJNJSMKDS xDY C V áTJSP MEKDODSRLHQO σ : x 7→ xc DY C HNGE^JQ MN MEKDODSRLHQO

σ′ : x′ 7→ (x′)c DY C ′ � MNG HN KLMK QJNQJ JTJSP α ∈ ∆(H)2 RSDGE^JQ MN
α′ ∈ ∆(H ′)2 V XHN^J KLJ ^DSSJQRDNGJN^J α 7→ α′ HQ QES�J^KHTJ� MNG QHN^J JTJSP
w(α)(x) OMRQ KD w(α′)(x′)� KLJ QES�J^KHTHKP W (C) → W (C ′) YDFFDCQV
�J ^MN QMP ODSJ M_DEK KLJ ZSDER Y (A)� HY H LMRRJNQ KD _J ^P^FH^V �LHQHQ KLJ ^MQJ� YDS J�MORFJ� HY ]C = pν DS ]C = 2pν V �LJ YDFFDCHNZ RSDRDQHKHDN

^DOJQ YSDO KLJ YM^K KLMK KLJ HGJMFQ ∆(H) MNG ∆(H)2 MSJ RSHN^HRMF HY H HQ^P^FH^� HN YM^K� HY h HQ M ZJNJSMKDS DY H KLJN ∆(H) = (hi − 1 | i = 1, ..., ]H) =
(h− 1) MNG ∆(H)2 = ((hi − 1)(hj − 1) | 1 ≤ i, j ≤ ]H) = ((h− 1)2)V

ro



ßef�fmjdjfc n¹aÏ¹ òÄÀÀ»ÂÈ ÅÁÆÅ H ½Â ÃçÃÐ½Ã Æ¼¾ ÐÈÅ α ØÈ Æ ÎÈ¼È¿ÆÅ»¿ »Ú ÅÁÈ½¾ÈÆÐ
∆(H)2 Þ õÁÈ¼ Y (A)

½Â ÎÈ¼È¿ÆÅÈ¾ »ÇÈ¿
Z Øç ÅÁÈH ñÂÈÅ {w(α)(z) | z ∈ A}ÜâÁ½ÃÁ ÃÆ¼ ØÈ ¿È¾ÄÃÈ¾ Å» Æ Z

ñØÆÂ½Â »Ú Y (A) Øç »º½ÅÅ½¼Î »¼È ÈÐÈºÈ¼Å Ú¿»º ÈÆÃÁ»Ú ½ÅÂ H ñ»¿Ø½ÅÂÞ
ßeff� BY h HQ M ZJNJSMKDS DY H � OEFKHRFH^MKHDN _P h − 1 HNGE^JQ HQDODS�RLHQOQ

Z[H ]/Σ(H)
∼
→ ∆(H) MNG ∆(H)

∼
→ ∆(H)2,

CLJSJ Σ(H) GJNDKJQ KLJ HGJMF ZJNJSMKJG _P KLJ QEO DTJS MFF KLJ JFJOJNKQ DY
H V �MRRHNZ p KDw(α)(x)� CJ KLJSJYDSJ LMTJ MNH�HQDODSRLHQO DY Z[H ]/Σ(H)CHKLW (C) _P KLJDSJO rVp V �JN^J KLJ RSDGE^K DTJS KLJ H�DS_HK {w(α)(z) |
〈z〉 = C} HQ KSHTHMF� MNG M _MQHQ DY W (C) HQ D_KMHNJG YSDO KLHQ DS_HK _PKLSDCHNZ DEK MNP DNJ DY HKQ JFJOJNKQV
WP KLJDSJO rVpw� KLJ ^DSSJQRDNGHNZ JFJOJNK w(α)(z) ^MN QHOHFMSFP QJSTJKD ZJNJSMKJ W (C)� CLJSJ C = 〈z〉 YDS MNP z ∈ AV XHN^J JTJSP z ∈ A D^^ESQJ�M^KFP DN^J MQ M ZJNJSMKDS DY DNJ DY KLJ ^P^FH^ QE_ZSDERQ C ⊆ A� CJ KLEQD_KMHN JM^L DY KLJ ^DORDNJNKQ DY KLJ GHSJ^K RSDGE^K Y (A) =

∏

C W (C)V
ËÌÉ|�Í{ n¹aÑ¹ \JKC _J KLJ ^P^FH^ ZSDER DY DSGJS ~� KLJNG = {1, 2, 4, 5, 7, 8}HQ KLJ ^P^FH^ ZSDER DY DSGJS t� ZJNJSMKJG _P 2 MNG H = {1, 2, 4} HQ KLJ^P^FH^ ZSDER DY DSGJS uV �LJ JFJOJNK 2 HQ M ZJNJSMKDS DY H MNG KLJSJYDSJ
∆(H)2 = (2 − 1)2 V
\JK α = (2 − 1)2 V àDC CJ ^MN ^DOREKJ w(α)(x)

CHKL KLJ YDSOEFM ZHTJN
HN SJOMSI rVpoV �J QJK σ = τ = 2 � c = 2 � b = 5 MNG k = 1 V �J ZJK

w = w(α)(x) = v5(x
2)v2(x

2) − s9(x)

= x−4(1 + x2 + x4 + x6 + x8)x−1(1 + x2) − (1 + x+ ...+ x8)

= −1 + x− x2 + x3 + x6 − x7 + x8

= x−3 − x−2 + x−1 − 1 + x− x2 + x3

�LJN CJ INDC� _P KLJ RSDDY DY KLJ RSJTHDEQ RSDRDQHKHDN� KLMK Z[H ]/Σ(H) ∼=
W (C)� OMRRHNZ p KD w(α)(x)V �LJSJYDSJ

W (C) =
wZ · w2Z · w4Z

(w · w2 · w4)Z

�DSJDTJS CJ NDKH^J KLMK w(α)(x3) = 1 MNG KLHQ� M^^DSGHNZ KD KLJ RSJTHDEQRSDRDQHKHDN� KJFFQ EQ KLMK W (C3) = 1 MNG KLJSJYDSJ

Y (C) = W (C) ×W (C3) = W (C).

ru



�LJ JFJOJNK w · w2 · w4 KLMK CJ NJJGJG KD �EDKHJNK DEK KD D_KMHN W (C)M_DTJ� HQ �EQK KLJ NDSO DY w � HN YM^K CJ D_KMHN HK KMIHNZ KLJ RSDGE^K DY KLJ^DN�EZMKJ JFJOJNKQ DY w V�Q HK HQ ^FJMS YSDO RSJTHDEQ RSDRDQHKHDN� CJ MSJ QESJ KLMK KLHQ ^DNGHKHDN HQ
KLJ DNFP DNJ KLMK CJ NJJG YDSW (C)� QHN^J CJ LMTJ KD DOHK DNFP DNJ JFJOJNKYSDO JTJSP H�DS_HKV�_THDEQFP JTJSP JFJOJNK DY Y (A) OEQK QMKHQYP M NDSO ^DNGHKHDN� CLH^L HQZHTJN _P KLJ RSDGE^K DY MFF HKQ ^DN�EZMKJQ HN H V BN YM^K KLJQJ ^DNGHKHDNQ MSJKLJ DNFP DNJQ KLMK CJ NJJGV
yz{fe{| n¹aÖ¹ ×ÈÅ C ØÈ Æ ÃçÃÐ½Ã Î¿»ÄÀ »Ú »¿¾È¿ n ÂÄÃÁ ÅÁÆÅ H ½Â ÃçÃÐ½ÃÞõÁÈ¼ Y (C)

½Â Æ ÃçÃÐ½Ã ÂÄØº»¾ÄÐÈ »Ú U(C)
»ÇÈ¿ ÅÁÈ º»¼»½¾ ¿½¼Î

Z[(Z/nZ)◦]Æ¼¾ ½ÅÂ Æ¼¼½Á½ÐÆÅ»¿ ½Â Î½ÇÈ¼ ÛÄÂÅ Øç ÅÁÈ ¼»¿º Ã»¼¾½Å½»¼ÂÞ
ßeff� WP KLJ RSJTHDEQ RSDRDQHKHDN CJ INDC KLMK Y (C) HQ ZJNJSMKJG DTJS

Z
_P KLJ QJK {w(α)(xi) | 1 ≤ i < n} � CLJSJ x HQ M ZJNJSMKDS DY C MNG α HQM ZJNJSMKDS DY ∆(H)� KLHQ QJK HQ J�EMF KD w(α)(x)(Z/nZ)◦ QHN^J JTJSP JFJOJNK

xi DY KLJ ZSDER HQ HN x(Z/nZ)◦ V �LHQ OJMNQ KLMK Y (C) HQ M ^P^FH^ ODNDHG DTJSKLJ SHNZ
Z[(Z/nZ)◦] ZJNJSMKJG _P KLJ JFJOJNK w(α)(x)V�DSJDTJS CJ INDC KLMK Y (C) =

∏

C′ W (C ′)� CLJSJ C ′ SENQ DTJS KLJ ^P^FH^
QE_ZSDERQ DY C V XHN^J C HQ ^P^FH^� KLJN JTJSP C ′ HQ ZJNJSMKJG _P M RDCJS DY
x� MNG CJ ^MN D_KMHN MFF ^P^FH^ QE_ZSDERQ ^DNQHGJSHNZ KLJ JFJOJNKQ xd � CLJSJ
d SENQ DTJS MFF KLJ GHTHQDSQ DY nV]SDO KLJ RSDDY DY KLJ RSJTHDEQ RSDRDQHKHDN CJ QJJ MFQD KLMK W (C) ∼=
Z[H ]/Σ(H)V �LHQ HORFHJQ KLMK

Y (C) ∼=
Z[ (Z/nZ)◦

〈?〉
]

(d(Σ(H))
kd

| d|n)

CLJSJ kd = ϕ(n)/ϕ(n/d)V �LHQ HQ KSEJ QHN^J _P M^KHNZ CHKL KLJ d üQ CJ SJM^LMFF KLJ DKLJSQ ^DORDNJNKQ W (C ′)� YDS KLJ NDSO ^DNGHKHDNQ� Σ(H) HQ D_TH�DEQFP KLJ DNJ DY KLJ ^DORDNJNKW (C)V ]DS MNDKLJS ^DORDNJNK C ′ � KLJ NDSO
^DNGHKHDN HQ ZHTJN _P KLJ QEO DTJS MFF KLJ JFJOJNKQ DY (Z/nZ)◦/〈?〉 ^DSSJ�QRDNGHNZ KD KLJ JFJOJNKQ DY C ′ � SJMFH�HNZ KLMK KLJSJ HQ M QES�J^KHDN YSDO GKD G′ = Aut(C ′)� CLJSJ C ′ HQ ZJNJSMKJG _P xd � QE^L KLMK MFF KLJ q_JSQ LMTJ
KLJ QMOJ ^MSGHNMFHKP kd

� CJ ^MN ^DN^FEGJ KLMK KLJ NDSO ^DNGHKHDN YDS C ′ HQ
d(Σ(H))/kd

V
XHN^J CJ CHFF NJJG HK FMKJS� CJ CMNK KD J�RFH^HK KLJ SJFMKHDN _JKCJJNW (C)MNG W (Cp) HN KLJ ^MQJ C HQ M ^P^FH^ p�ZSDERVýfefÍÍÉeþ n¹a}¹ �Ú C ½Â Æ ÃçÃÐ½Ã Î¿»ÄÀ »Ú »¿¾È¿ pν Ü ÅÁÈ¼W (Cp) = W (C)π ÜâÁÈ¿È π ½Â ÅÁÈ È¼¾»º»¿ÀÁ½Âº »Ú C ÅÁÆÅ ÂÈ¼¾Â x Å» xp Þ

rr



ßeff� BK HQ JNDEZL KD NDKH^J KLMK� HY C HQ ZJNJSMKJG _P x� Cp HQ ZJNJSMKJG
_P xp � KLMK HQ SJM^LJG _P KLJ ODSRLHQO π : x 7→ xp V
ËÌÉ|�Í{ n¹ké¹ \JK C _J KLJ ^P^FH^ ZSDER DY DSGJS pwV �LJN G = Aut(C) =
{1, 2, 4, 7, 8, 11, 13, 14} ∼= C4 × C2

MNG H = {1, 2, 4, 7} ∼= C4
� ZJNJSMKJG _P 2 V�J ^MN ^DOREKJ w(α)(x) M^^DSGHNZ KD KLJ YDSOEFM DN SJOMSI rVpoV �J^MN ^LDDQJ σ = τ = 2 � c = 2 � b = 8 MNG k = 1 V

w = w(α)(x) = v8(x
2)v2(x

2) − s15(x)

= x8(1 + x2 + x4 + x6 + x8 + x10 + x12 + x14)x−1(1 + x2) +

−(1 + x+ ...+ x14)

= x−6 − x−5 + x−4 − x−3 + x−2 − x−1 + 1 − x+ x2 − x3 +

+x4 − x5 + x6

�MRRHNZ p KDw CJ D_KMHN MN HQDODSRLHQO DYW (C)
CHKL

Z[H ]/Σ(H)V �LMNIQKD DES FMQK KLJDSJO CJ ^MN ZHTJ KD Y (C) M ^P^FH^ ODGEFJ QKSE^KESJ DTJS KLJSHNZ
Z[(Z/15Z)◦] MQ YDFFDCQ

Y (C) ∼=
Z[ (Z/15Z)◦

〈?〉
]

(0,Σ(H), Σ(H)3

2
, Σ(H)5

4
)

∼=
0Z + 1Z + 2Z + 3Z + 4Z + 5Z + 6Z + 7Z

(0, 1 + 2 + 4 + 7, 3 + 6, 5)
BK HQ �EQK M OMKKJS DY ^DOREKMKHDN KD TJSHYP KLMK w HQ MNNHLHFMKJG _P (0, 1 +
2 + 4 + 7, 3 + 6, 5)

÷¤ì �´¬®³§Ó±³ª°©¨ ­¬¯ ±ª§±Ó©­§ Ó¬ª³®
BN KLHQ QJ^KHDN CJ SJQKSH^K KD M_JFHMN p�ZSDERQ� QHN^J HN KLHQ QJKKHNZ CJ ^MN ZDDN CHKL DES MNMFPQHQ MNG QMP OE^L ODSJ M_DEK ENHKQ HN ZSDERQ SHNZQV �LMKCJ CMNK KD GD HQ KD GJqNJ M ODSJ NMKESMF ZJNJSMFH�MKHDN DY ^P^FDKDOH^ ENHKQ
HN M ZSDER SHNZ� FDDIHNZ MK KLJ ENHKQ KLMK OMR KD ^P^FDKDOH^ ENHKQ ENGJS
JTJSP ^LMSM^KJS� MNG KSP KD ENGJSQKMNG CLMK HQ KLJ GHîJSJN^J _JKCJJN KLHQ
ZSDER MNG KLJ DNJ OMGJ _P ^DNQKSE^KH_FJ ENHKQVBK CHFF KESN DEK KLMK KLJ HNGJ� _JKCJJN KLJ KCD ZSDERQ HQ MFCMPQ M RDCJS
DY p MNG HN M FDK DY ^MQJQ KLJ KCD ZSDERQ MSJ J�EMF� CJ CHFF QJJ KLMK KLHQJ�EMFHKP GJRJNGQ DN KLJ SJZEFMSHKP DY KLJ RSHOJ pV�LMK CJ RSJQJNK LJSJ HQ M QEOOMSP DY CLMK HQ MTMHFM_FJ HN KLJ RMRJSQ
_P �DJ^LQOMNN �p �� �p~�� �pr�V �J CHFF EQJ M FDK DY SJYJSJN^JQ KD KLJO MNG
KD DKLJS RMRJSQ _J^MEQJ CJ CMNK KD RSJQJNK KLJ SJQEFK CHKLDEK RSDTHNZ JTJSP
QHNZFJ GJKMHFV
\JK EQ QKMSK CHKL M FJOOMV

rw



Õ{||É n¹ka¹ ×ÈÅ C Æ ÃçÃÐ½Ã Î¿»ÄÀ ÂÄÃÁ ÅÁÆÅ ]C = n = pν > 2 ØÈ Æ À¿½ºÈÀ»âÈ¿Ü Æ¼¾ ζ ¾È¼»ÅÈ Æ À¿½º½Å½ÇÈ nñÅÁ ¿»»Å »Ú Ä¼½ÅçÞ ð»¼Â½¾È¿ ÅÁÈ ºÆÀÂ ϕ :
ξ 7→ ζ

Æ¼¾ ψ : x 7→ ζ
»Ú
U(ξ)

Æ¼¾ U(C)Ü ¿ÈÂÀÈÃÅ½ÇÈÐçÜ ½¼Å» Z[ζ ]×
Þ õÁÈ¼

åÞ
ϕ ç½ÈÐ¾Â Æ¼ ½¼Û ÈÃÅ½»¼ »Ú ÅÁÈ Î¿»ÄÀ 〈ξ〉(1 − ξ)∆(G) ½¼Å» Z[ζ ]× Ý

æÞ Ú »¿ δ ∈ ∆(G)Ü âÈ ÁÆÇÈ (1 − ζ)δ ∈ ψ(U1(C)) ⇐⇒ δ ∈ ∆(G)2 Þ
ßeff� ]DS JM^L µ = 1, ..., ν FJK ψµ : C → C× _J KLJ pν−µ�KL RDCJS DY ψ �MNG Fµ
_J KLJ ψµ�HOMZJ DY Q[C]V BK HQ CJFF�INDCN KLMK ψµ(x) MNG 1 − ψµ(x)MSJ KLJ Fν/Fµ�NDSOQ DY ζ MNG 1− ζ � SJQRJ^KHTJFP �p~�V �JN^J MFF �JGGJS_ESN^DORDNJNKQ DY MNP JFJOJNK DY KLJ YDSO ξa(1 − ξ)δ MSJ GJKJSOHNJG _P HKQ

ψ�HOMZJ ζa(1 − ζ)δ V �LHQ HQ JNDEZL YDS KLJ qSQK RDHNKV
]DS KLJ QJ^DNG DNJ� QERRDQJ KLMK CJ LMTJ (1 − ζ)δ ∈ ψ(U1(C))V WP KLJqSQK RDHNK� HK LMQ HN U(ξ) J�M^KFP DNJ RSJ�HOMZJ� NMOJFP (1−ξ)δ � CLH^L OEQK

KLJSJYDSJ _J FHYKM_FJ KD MN JFJOJNK DY U1(C)V �LHQ GDJQ NDK OJMN KLMK CJINDC δ HKQJFY� _EK HK GDJQ OJMN KLMK ε((1 − ξ)δ) = 1 � _P FJOOM rVvV �JN^JHK YDFFDCQ KLMK eG(δ) = 1 MNG KLJSJYDSJ δ ∈ ∆(G)2 V �LJ DKLJS HORFH^MKHDN HQ
MFQD ^FJMS YSDO KLJ GHMZSMO DY FJOOM rVvV
·{¸cjdjfc n¹kk¹ ]DS MNP n > 2 � MNG MNP n�KL SDDK DY ENHKP ζ 6= 1 � KLJ^P^FDKDOH^ ENHKQ DY Q(ζ)+ MSJ

U⊕(ζ) = 〈ζ〉(1 − ζ)∆(G) ∩ R×.

�LJQJ MSJ KLJ DNFP JFJOJNKQ DY Z[ζ ]
CLH^L LMTJ M LDRJ DY KESNHNZ ER MQ

�JGGJS_ESN ^DORDNJNKQ DY ^DNQKSE^KH_FJ ENHKQVBY A HQ M_JFHMN DY J�RDNJNK n� HVJV An = {1} � CJ CSHKJ U⊕(A) YDS KLJZSDER DY MFF KLJ ENHKQ HN U(A)
CLH^L MSJ OMRRJG HNKD KLJ MRRSDRSHMKJ U⊕(ζ)_P JTJSP ^LMSM^KJS Z[A] → Z[ζ ]V XE^L ENHKQ MSJ ^MFFJG Ã½¿ÃÄÐÆ¿V

BK HQ �EQK M SJOMSI KD NDKJ KLMK MFF ^DNQKSE^KH_FJ ENHKQ MSJ MEKDOMKH^MFFP
^HS^EFMS� HVJV Y (A) ⊆ U⊕(A)V
àDC CJ CMNK KD J�RFMHN KLJ QRJ^HMF SDFJ RFMPJG _P W (C)� CLH^L KESNQDEK KD _J� ODGEFD KLJ QE_ZSDER C2 ⊂ C ZJNJSMKJG _P JFJOJNKQ DY DSGJS o�KLJ OM�HOMF QE_ZSDER DY U1(C) KLMK HN�J^KQ HN U⊕(ζ)V ]HSQK M EQJYEF FJOOM�

Õ{||É n¹kx¹ �Ú n = ]C = pν Ü â½ÅÁ ν ≥ 2Ü ÐÈÅ s1 = 1+ τ1 + ...+ τp−1
1 ∈ Z[G]â½ÅÁ τ1 : x 7→ x1+n/p Þ õÁÈ¼ w(ζp

n) = w(ζn)
s1
Ú »¿ Æ¼ç w(x) ∈ C2 ·W (C)

Þ
ßeff� BK HQ CJFF�INDCN KLMK (ζn−1)s1 = (ζp

n−1) MNG KLMK ζs1
n = ±ζp

n
� CHKL

KLJ OHNEQ QHZN D^^ESSHNZ DNFP YDS p = 2 �p~�V BK YDFFDCQ KLMK v(ζn)s1 = v(ζp
n)YDS MNP v(ζn) = ζa

n(ζn − 1)β � CHKL a ∈ Z
MNG β ∈ ∆(G)� MQ FDNZ MQ a HQ JTJN

rt



CLJN p = 2 V ]DS β = (σ − 1)(τ − 1) ∈ ∆(G)2 � HK KESNQ DEK KLMK v(ζn) HQ SJMFHY MNG DNFP HY 2a ≡ (1 − c)(1 − d) mod n� CLJSJ σ : x 7→ xc MNG τ : x 7→ xd VBY p = 2 � KLHQ OMIJQ 2a GHTHQH_FJ _P rV
ßef�fmjdjfc n¹kn¹ �Ú n = ]C

½Â Æ À¿½ºÈ À»âÈ¿ Æ¼¾ ζ ½Â Æ À¿½º½Å½ÇÈ nñÅÁ¿»»Å »Ú Ä¼½ÅçÜ ÅÁÈ ºÆÀ ψ : x 7→ ζ
½¼¾ÄÃÈÂ Æ Ø½Û ÈÃÅ½»¼

C2 ·W (C) → ψ(U1(C)) ∩ U⊕(ζ).

ßeff� ]DS w(x) ∈ C2 ·W (C) QERRDQJ KLMK w(ζn) = 1 V �LJN w(ζp
n) = 1MQ CJFF� JHKLJS _J^MEQJ MFF DYW (Cp) HQ KSHTHMF DS _J^MEQJ w(ζp

n) = w(ζn)
s1 = 1_P KLJ RSJTHDEQ FJOOMV WP HNGE^KHDN� w(ζd) = 1 YDS MFF d|n� CLJN^J KLJHN�J^KHTHKPV

]DS KLJ QES�J^KHTHKP� ^DNQHGJS M t ∈ U1(C) QE^L KLMK ψ(t) ∈ U⊕(ζ)V �LJN�_P KLJ QMOJ SJMQDNHNZ MQ M_DTJ� MFF �JGGJS_ESN ^DORDNJNKQ DY t MSJ SJMF�MNG LJN^J t ∈ U+
1 (C)V �LJ ^DNGHKHDN t ∈ U1(C) HORFHJQ KLMK t/xk ∈ U1(C)YDS MNP HNKJZJS k � CJ ^MN ^LDDQJ KLJ TMFEJ DY k QE^L KLMK ψ(t/xk) = (1− ζ)δ V

�LHQ� _P KLJ QJ^DNG RDHNK DY FJOOM rVop� HORFHJQ KLMK δ ∈ ∆(G)2 � KLJSJYDSJ
t ∈ C · u(∆(G)2)V áTJNKEMFFP t ∈ U+

1 (C) ∩ C · u(∆(G)2) = C2 ·W (C)V
�^^DSGHNZ KD KLJ FMQK RSDRDQHKHDN�W (C) HQ QLDCN KD _J� HN QDOJ QJNQJ�OM�HOMF� KD ^DN^FEGJ KLHQ QJ^KHDN CJ CMNK KD RSDTJ M KLJDSJO CLH^L ^FMHOQ M

QHOHFMS IHNG DY OM�HOMFHKP YDS Y (A) HQ ^MQJ A HQ M p�ZSDER YDS DGG SJZEFMS pV�D GD KLHQ CJ OEQK ZD KLSDEZL M QJSHJQ DY FJOOMQ MNG HNKJSOJGHMKJ SJQEFKQV
�J QKMSK YSDO ^P^FH^ ZSDERQ C MNG KLJN CJ GJGE^J KLJ SJQEFK YDS KLJ p�ZSDER
AV ]HSQK CJ CMNK KD HORSDTJ KLJDSJO rVpw HN KLJ ^MQJ DY M ^P^FH^ ZSDERV
ßef�fmjdjfc n¹k�¹ õÁÈ ½¼¾Èè [U⊕

1 (C) : Y (C)]
½Â Æ À»âÈ¿ »Ú p Þ

ßeff� WP KLJDSJO rVpw INDC KLMK KLJ OMR

λ :
m−1
∏

ν=0

W (Cpν

) → U⊕
1 (C)

HQ MN HN�J^KHDN CHKL qNHKJ ^DIJSNJFV �J �EQK LMTJ KD SJqNJ KLJ RSDDY KD QLDC
KLMK KLJ HNGJ� HQ M p�RDCJSVWP RSDRDQHKHDN rVor� KLJ QES�J^KHDN ϕ : U⊕

1 (C) → ϕ(U1(C))∩U⊕
1 (ζ) QRFHKQ�

U⊕
1 (C) = C2 ·W (C)× kerϕ V \JK w _J M Z[G]�ZJNJSMKDS DY W (C)V �LJ RSDDYCHFF _J _P HNGE^KHDN� CHKL NDKLHNZ KD GD HY m = 1 VWP FJOOM rVou CJ LMTJ KLMK KLJ IJSNJF DY ϕ ^DNKMHNQ KLJ JFJOJNKQ DY KLJYDSO wπν−sνπν−1 � YDS ν = 1, ..., m − 1 � KLJSJYDSJ CJ QLMFF _J GDNJ HY CJ ^MN

r�



RSDTJ KLMK KLJ JFJOJNKQ wπν−sνπν−1 � YDS ν = 1, ..., m−1 � ZJNJSMKJ DTJS Z[G] MQE_ODGEFJ DY p�RDCJS HNGJ� HN kerϕ V ]DS KLHQ RESRDQJ CJ HNKSDGE^J KLJ OMR

κ : W (C) ×W (C)π × · · ·W (C)πm−2

→ kerϕ,

CLDQJ ^DORDNJNKQ MSJ (π− s1), ..., (π− sm−1)
� CLJSJ sν = 1+ τν + ...+ τp−1

ν
�CHKL τν ∈ G DY DSGJS pν V�K KLHQ RDHNK CJ NJJG KD SJYJS KD KLJ YENGMOJNKMF REFF�_M^I GHMZSMO DYSHNZ OMRQ

Z[C]
ϕ- Z[ζ ]

Z[Cp]

π

?
ρ- Z

pZ
[Cp]

?

CLJSJ ρ GJNDKJQ KLJ SJGE^KHDN DY KLJ ^DJê^HJNKQ ODGEFD p �ou�V�LHQ QLDCQ KLMK π HNGE^JQ MN HQDODSRLHQO kerϕ→ kerρV �J ^MN RSDGE^JM ^DOOEKMKHTJ Q�EMSJ

W (C)π × · · · ×W (C)πm−2 κ- kerϕ

U⊕
1 (Cp)

π
?

π−p - kerρ

π

?

CLDQJ SHZLK TJSKH^MF MSSDC HQ MN HQDODSRLHQO� KLEQ QLHYKHNZ KLJ RSD_FJO KD
QLDCHNZ KLJ ^FD^ICHQJ ^DORDQHKJ πκ HQ DY p�RDCJS HNGJ�V �LJ ^DOOEKMKHTHKPDY KLJ GHMZSMO HQ GEJ KD KLJ YM^K KLMK sνπ = pπ � YDS ν = 1, ..., m − 1 V �LHQMFFDCQ EQ KD ^DNQHGJS KLJ ^DENKJS�^FD^ICHQJ ^DORDQHKJ π(π − p) HNQKJMGV �DRSDTJ KLMK π : U⊕

1 (C) → U⊕
1 (Cp) MNG π − p : U⊕

1 (C) → kerρ LMTJ p�RDCJSHNGJ� CJ CHFF MFQD RSD^JJG _P HNGE^KHDNV
XHN^J W (Cp) = W (C)π � KLJ HNGE^KHDN LPRDKLJQHQ DN λ HORFHJQ KLMK

[U⊕
1 (Cp) : W (C)πZ[M ]]� CLJSJ M = (Z/pνZ)◦ � HQ M p�RDCJSV ]DS KLJ _DK�KDO MSSDC� FJK u ∈ U⊕

1 (C)
CHKL ρ(u) = 1 V WP HNGE^KHDN MQQEORKHDN� KLJSJJ�HQKQ M v1 ∈ U⊕

1 (Cp) QE^L KLMK uπpk

= vπ−p
1
YDS QEHKM_FJ k V XHN^J π LMQ

p�RDCJS HNGJ�� KLJSJ J�HQKQ M v ∈ U⊕
1 (C) QE^L KLMK vπ = vpl

1
YDS QEHKM_FJ l V�JN^J upk+lπ = v

pl(π−p)
1 = vπ(π−p) � MNG (upk+l

vp−π)π = 1 V�LJSJYDSJ
(upk+l

vp−π)p−π = upk+l+1

vp(p−π),

HVJV M ^JSKMHN p�RDCJS DY u HQ HN U⊕
1 (C)π−p V
rv



�{|ÉeÊ n¹kÏ¹ BK HQ M ^FMQQH^MF YM^K µ�ot�� KLJDSJO vVo¶ KLMK [U+
1 (ζµ) : U⊕

1 (ζµ)] =
h+

µ
� KLJ ^FMQQ NEO_JS DY Q(ζµ + ζ−1

µ )V [EKKHNZ h+(m) = h+
µ · · ·h+

µm
� HK HQ ^FJMS

KLMK U+
1 (C)h+(m) ⊆ U⊕

1 (C)V �JN^J [U+
1 (C) : U⊕

1 (C)] HQ qNHKJ MNG HNTDFTJQDNFP RSHOJ GHTHQDSQ D^^ESSHNZ HN h+(m)V BY h+
µ
HQ NDK GHTHQH_FJ _P p� KLJ RSHOJ

p HQ ^MFFJG ÂÈº½ñ¿ÈÎÄÐÆ¿V BN KLMK ^MQJ h+(m) MNG LJN^J [U+
1 (C) : U⊕

1 (C)] HQMFQD RSHOJ KD pV �MNGHTJSüQ ^DN�J^KESJ µ�ot�� SJOMSI MK RMZJ pw~¶� QMPQ KLMKKLHQ CDEFG _J KSEJ YDS MNP RSHOJ pV XD YMS HK LMQ _JJN TJSHqJG YDS p FJQQ KLMNpo OHFFHDNV
·{¸cjdjfc n¹kÑ¹ � RSHOJ NEO_JS p HQ QMHG KD _J ¿ÈÎÄÐÆ¿ HY HK GDJQNüK GHTHGJKLJ ^FMQQ NEO_JS DY KLJ YEFF ^P^FDKDOH^ qJFGQ(ζp)

� CLJSJ ζp HQ M p�KL RSHOHKHTJSDDK DY ENHKPV
]DS M RSHOJ NEO_JS p KD _J SJZEFMS HQ GJqNHKJFP M SJQKSH^KHTJ ^DNGHKHDN� KLJqSQK HSSJZEFMS RSHOJQ MSJ u�� w~� t�� p p� p u� pup� pr~V BK HQ SJFMKHTJFP JMQP

KD QLDC KLMK KLJSJ MSJ HNqNHKJFP OMNP HSSJZEFMS RSHOJQ� _EK KLJ HNqNHKEGJ DY
SJZEFMS RSHOJQ HQ QKHFF �EQK M ^DN�J^KESJV
ßef�fmjdjfc n¹kÖ¹ �Ú p ½Â Æ ¿ÈÎÄÐÆ¿ À¿½ºÈÜ Y (C) = U⊕

1 (C)
Þ

ßeff� �LJ OMHN SJMQDN YDS KLHQ HQ M ZJNJSMFH�MKHDN DY �EOOJSüQ FJOOM�po�� CLH^L YDS SJZEFMS p QMPQ KLMK u→ uπ−p PHJFGQ MN HQDODSRLHQO

U+
1 (C)

∼
→ kerρ,

KLJ OMR ρ NDC SJYJSSHNZ KD KLJ SJGE^KHDN ODGEFD p DN MFF DY U+
1 (C)V XLHYKHNZDES MKKJNKHDN YSDO U⊕

1 (C) KD U+
1 (C) HQ NDK GHê^EFK _J^MEQJ� _P RSJTHDEQSJOMSI� YDS SJZEFMS RSHOJQ� KLJ HNGJ� [U+

1 (C) : U⊕
1 (C)] HQ RSHOJ KD pV]DS MNP Z�ODGEFJ X � FJK X̂ = X ⊗ Zp

V �LJN CJ LMTJ Û⊕
1 (C) = Û+

1 (C)VXHN^J
Zp
HQ �MK DTJS Z� KLJ LMK YEN^KDS HQ J�M^KV �LEQ HK RSJQJSTJQ KLJ HQD�ODSRLHQO Û+

1 (C)
∼
→ kerρ̂� MQ CJFF MQ kerϕ̂ ∼

→ kerρ̂V �J ^MN NDC SJMG KLSDEZLKLJ RSDDY DY RSDRDQHKHDN rVow� REKKHNZ LMKQ DN JTJSPKLHNZ MNG SJRFM^HNZ KLJCDSGQ üp�RDCJS HNGJ�ü _P üHNGJ� püV �LHQ RSDTJQ KLMK λ̂ HQ MN HQDODSRLHQO�LJN^J KLMK KLJ HNGJ� DY λ HQ RSHOJ KD pV
ßef�fmjdjfc n¹k}¹ �Ú m ≥ 2

Æ¼¾ Y (C) = U⊕
1 (C)Ü ÅÁÈ¼ p ½Â ¿ÈÎÄÐÆ¿Þ

ßeff� �J LMTJ KLJ GHSJ^K GJ^DORDQHKHDN U⊕
1 (C) = C2 ·W (C)×kerϕ MNG

Y (C) = W (C) × imκ� CLJSJ κ HQ GJqNJG HN KLJ RSDDY DY RSDRDQHKHDN rVowV�JN^J U⊕(C)/Y (C) HQ HQDODSRLH^ KD kerϕ/imκV � ZFMN^J MK KLJ QJ^DNGGHMZSMO HN KLJ RSDDY DY RSDRDQHKHDN rVow QLDCQ KLMK π HNGE^JQ M QES�J^KHDNDY kerϕ/imκ DNKD kerρ/U⊕
1 (Cp)π−p V �JN^J Y (C) = U⊕

1 (C) HORFHJQ kerρ =
U⊕

1 (Cp)π−p V
r~



àDC CJ LMTJ _DKL OMRQ HNKD kerρ HN KLJ GHMZSMO SJYJSSJG M_DTJ _JHNZHQDODSRLHQOQV �JN^J KLJ QES�J^KHTHKP DY κ HORFHJQ KLMK DY

π : W (C) × · · · ×W (C)πm−2

→ U⊕
1 (Cp),

HVJV U⊕(Cp) = Y (Cp)VWP SJ^ESQHTJFP MRRFPHNZ KLHQ YM^K� CJ OMP MQQEOJ KLMK m = 2 V �LJN Cp

LMQ DSGJS p� MNG KLJ SJQEFK DN kerρ PHJFGQ MN J�M^K QJ�EJN^J

1 → U⊕
1 (Cp)p → U⊕

1 (Cp)
ρ
→ U+

1 (Cp),

HVJV KLJ HOMZJ ρ(U⊕
1 (Cp)) LMQ GHOJNQHDN (p− 3)/2 HN KLJ Fp�ODGEFJ U+

1 (Cp)�CLJSJ KLJ _MS GJNDKJQ KLJ SJGE^KHDN ODGEFD pV �LHQ HQ RSJ^HQJFP J�EHTMFJNKKD KLJ NDN�TMNHQLHNZ DY KLJ WJSNDEFFH NEO_JSQ B2, B4, ..., Bp−3
�ou�� HVJV KD

KLJ SJZEFMSHKP DY p µ�u�� ^LMRKJS �� �tVu¶V
]HNMFFP CJ ^MN GJMF CHKL M ZJNJSMF M_JFHMN p�ZSDER A DY J�RDNJNK q = pν V

\JK MA
_J KLJ OM�HOMF DSGJS HN KLJ SMKHDNMF ZSDER MFZJ_SM Q[A]V �J SJ�^MFF KLMK U⊕

1 (A) MNG U⊕
1 (MA) MSJ KLJ QPOOJKSH^ ENHKQ DY MEZOJNKMKHDN pDY� SJQRJ^KHTJFP� Z[A] MNGMA

� QE^L KLMK JTJSP �JGGJS_ESN ^DORDNJNK MR�RJMSQ MQ M ^P^FDKDOH^ ENHKV WJKCJJN KLJO FHJQ KLJ ZSDER U1(MA) DY KLDQJ^HS^EFMS ENHKQ CLH^L MSJ ^DNZSEJNK KD p ODGEFD KLJ HGJMF ∆(A)MA
� HKQ �JG�GJS_ESN ^DORDNJNKQ U1(ζµ) ⊆ U⊕

1 (ζµ)
^DNQHQK DY ENHKQ CLH^L MSJ ^DNZSEJNK

KD p ODGEFD KLJ RSHOJ HGJMF M_DTJ p HN Z[ζµ]
VàDC CJ CMNK KD RSDTJ KLMK KLJ ^DIJSNJF DY KLJ NMKESMF OMR

α1 :
∏

C

U1(Q[C]) → U1(Q[A]),

MQ C SENQ DTJS MFF ^P^FH^ QE_ZSDERQ DY A� HQ M qNHKJ p�ZSDERV �LHQ HQ KSEJRSDTHGJG KLMK KLJ YEN^KDS U1 QMKHQqJQ KLJ YDFFDCHNZ ^DNGHKHDN� YDS JTJSP p�QE_ZSDER Γ ⊂ G = Aut(A)� KLJ Γ�q�JG QE_ODGEFJ U1(Q[ζ ])Γ HQ KLJ HQDODS�RLH^ HOMZJ DY U1(Q[ζ ]Γ]) ENGJS KLJ NMKESMF HN^FEQHDN �pw�V �J ^LJ^I KLHQ HNKLJ YDFFDCHNZ FJOOMV
Õ{||É n¹xé¹ ×ÈÅ Γ ⊂ G ØÈ Æ pñÎ¿»ÄÀ Æ¼¾ ÀÄÅ η = ζ ]Γ Þ õÁÈ¼ u ∈ U1(ζ)

½ÂÙèÈ¾ Ä¼¾È¿ Γ
½Ú Æ¼¾ »¼Ðç ½Ú u ∈ U1(η)

Þ
ßeff� �LJ RSHOJ HGJMF M_DTJ p HN Z[η] HQ KLJ Γ�q�JG RMSK DY KLJ MNMFDZDEQHGJMF HN

Z[ζ ]V �JN^J KLJ FJOOM HQ �EQK QMPHNZ KLMK U⊕
1 (η) = U⊕

1 (ζ) ∩ Q[η]�KLMK HQ M CJFF�INDCN YM^K �p~�V
w 



Õ{||É n¹xa¹ õÁÈ Ã»ÿÈ¿¼ÈÐ »Ú

α2 :
∏

C

U⊕
1 (C) → U⊕

1 (A),

ÆÂ C ¿Æ¼ÎÈÂ »ÇÈ¿ ÆÐÐ ÃçÃÐ½Ã ÂÄØÎ¿»ÄÀÂ ½¼AÜ ½Â Æ Ù¼½ÅÈ pñÎ¿»ÄÀÜ âÁ½ÃÁ ½Â Å¿½Ç½ÆÐ½Ú
p
½Â ¿ÈÎÄÐÆ¿Þ
ßeff� �LJ OEFKHRFH^MKHTJ ZSDER Ep(A) = 1 + ∆p(A)� CLJSJ ∆p(A) GJ�NDKJQ KLJ IJSNJF DY KLJ p�MGH^ MEZOJNKMKHDN Zp[A] → Zp

� HQ DY qNHKJ HN�GJ� HN Ep(MA) = 1 + ∆p(MA)� CLJSJ ∆p(MA) = ∆p(A)MA
HQ KLJ GHSJ^K

QEO DY KLJ MRRSDRSHMKJ RSHOJ HGJMFQ HN KLJ �JGGJS_ESN ^DORDNJNKQV XHN^J
Ep(MA) HQ M Zp�ODGEFJ µ�o���BBVu� RSDRDQHKHDN ~¶� KLHQ HNGJ� HQ M p�RDCJSV]DS U1(MA) = U⊕

1 (MA) ∩ Ep(MA)� KLHQ HORFHJQ KLMK U1(MA)/U⊕
1 (A) HQ MqNHKJ p�ZSDERV BN YM^K YDS JTJSP u ∈ U1(MA) M QEHKM_FJ p�RDCJS v FHJQ HN

Ep(A)V �LEQ v LMQ SMKHDNMF ^DJê^HJNKQ KLMK MSJ HNKJZSMF CHKL SJQRJ^K KD pV�N KLJ DKLJS LMNG (]A)v ∈ Z[A] _J^MEQJ v ∈ MA
µ�or�� KLJDSJO rpVp¶ MNG

KLJSJYDSJ v ∈ Z[A] ∩ U⊕
1 (MA) = U⊕

1 (A)VàDC FDDI MK KLJ ^DOOEKMKHTJ Q�EMSJ
∏

C

U⊕
1 (C) - U⊕

1 (A)

∏

C

U1(MC)

?
- U1(MA)

?

�J LMTJ �EQK QJJN KLMK [U1(MC) : U⊕
1 (C)] HQ M p�RDCJS YDS JTJSP ^P^FH^QE_ZSDER C V �LMNIQ KD KLJ RSJTHDEQ FJOOM� CJ ^MN ^DN^FEGJ KLMK MFQD KLJ_DKKDO LDSH�DNKMF MSSDC LMQ p�RDCJS HNGJ�VXHN^J KLJ ^DIJSNJF HN �EJQKHDN HQ M p�ZSDER� HK HQ MFQD KLJ ^DIJSNJF DY KLJOMR

α̂2 :
∏

C

Û⊕
1 (C) → Û⊕

1 (A),

CLJSJ KLJ LMK GJNDKJQ p�MGH^ ^DORFJKHDN MQ _JYDSJV àDC� HY p HQ SJZEFMS�SJOMSI rVot QLDCQ EQ KLMK Û⊕
1 (A) = Û+

1 (A)� QD KLMK α̂2
QLDCQ ER MQ KLJ

LHZLJS LDSH�DNKMF MSSDC HN KLJ GHMZSMO
∏

C

Û+
1 (C) - Û+

1 (A)

∏

C

Û ′
p(C)

?
- Û ′

p(A),

?

wp



CLJSJ U ′
p(A) HQ KLJ ZSDER DY QPOOJKSH^ ENHKQ HN KLJ p�MGH^ ZSDER SHNZ Zp[A]CHKL MEZOJNKMKHDN p MNG G�NDSO pV �LJ FDCJS LDSH�DNKMF MSSDC DY KLHQGHMZSMO HQ QES�J^KHTJ �pu�V �LJ RSDDY HQ qNHQLJG _P SJOMSIHNZ KLMK� YDS SJZEFMS

p� KLJ TJSKH^MF MSSDCQ MSJ _H�J^KHTJ �o �V
ýfefÍÍÉeþ n¹xk¹ õÁÈ ¼ÆÅÄ¿ÆÐ ºÆÀ

λA :
∏

C

W (C) → U⊕
1 (A),

â½ÅÁ ÅÁÈ À¿»¾ÄÃÅ ¾½¿ÈÃÅ Æ¼¾ C ¿Æ¼Î½¼Î »ÇÈ¿ ÆÐÐ ÃçÃÐ½Ã ÂÄØÎ¿»ÄÀÂ »Ú AÜ ½Â Æ¼½¼Û ÈÃÅ½»¼ »Ú pñÀ»âÈ¿ ½¼¾ÈèÝ ½Å ½Â Ø½Û ÈÃÅ½ÇÈ ½Ú p ½Â ¿ÈÎÄÐÆ¿Þ
ßeff� �J MFSJMGP RSDTJG KLHQ YDS ^P^FH^ AV �LEQ� YDS JTJSP uC ∈ U⊕

1 (C)M ^JSKMHN p�RDCJS HQ ^DNQKSE^KH_FJ� HVJV HN Y (C)V WP RSJTHDEQ FJOOM� YDS JTJSP
u ∈ U⊕

1 (A) M ^JSKMHN p�RDCJS HQ M RSDGE^K DY QE^L uC
� LJN^J M RDQQH_FP LHZLJS

p�RDCJS CHFF _J ^DNQKSE^KH_FJV �LJQJ p�RDCJSQ MSJ KSHTHMF HN KLJ SJZEFMS ^MQJV
�{|ÉeÊ n¹xx¹ �J GJqNJG KLJ ZSDER DY ^DNQKSE^KH_FJ ENHKQ Y (A) KD _J
imλA =

∏

C W (C)V BN RMSKH^EFMS� HY B ⊆ A� HK YDFFDCQ KLMK

Y (A) = Y (B) ×
∏

C′*B

W (C ′).

�LHQ HORFHJQ KLMK KLJ NDKHDN DY ^DNQKSE^KH_HFHKP GDJQ NDK GJRJNG DN KLJ MO�_HJNK ZSDERV BN DKLJS CDSGQ� M ENHK u ∈ U⊕
1 (B) ^MN NDK _J OMGJ ^DN�QKSE^KH_FJ _P ZDHNZ KD M FMSZJS ZSDER� HVJV Y (A) ∩ U⊕

1 (B) = Y (B)V BN YM^K�HY u ∈ Y (A) ∩ U⊕
1 (B)� M ^JSKMHN RDCJS uN FHJQ HN Y (B)V àDC� HY CJ YM^KDS

u = v · v′
CHKL v ∈ Y (B) MNG v′ ∈ ∏

C′*B W (C ′)� KLJ N �KL RDCJS DY v′ CDEFG_J KSHTHMF� _EK KLJSJ HQ ND KDSQHDN� LJN^J v′ = 1 V
�J ^MN QEOOMSH�J CLMK CJ QMHG HN KLJ YDFFDCHNZ KLJDSJOV

yz{fe{| n¹xn¹ ×ÈÅ A ØÈ Æ¼ ÆØÈÐ½Æ¼ pñÎ¿»ÄÀ »Ú »¿¾È¿ > p
Þ õÁÈ¼ U⊕

1 (A)Ã»¼ÅÆ½¼Â Y (A)
ÆÂ Æ ÂÄØÎ¿»ÄÀ »Ú pñÀ»âÈ¿ ½¼¾Èè c(A)

Æ¼¾ c(A) = 1
½Ú Æ¼¾ »¼Ðç½Ú

p
½Â ¿ÈÎÄÐÆ¿Þ
ßeff� �FODQK JTJSPKLHNZ YDFFDCQ HOOJGHMKJFP YSDO CLMK CJ QMHG M_DTJVBK SJOMHNQ KD _J QLDCN KLMK Y (A) 6= U⊕

1 (A) HY p HQ NDN SJZEFMS MNG A HQ NDN^P^FH^� JFJOJNKMSP M_JFHMNV ]DS KLHQ CJ SJYJS KD �p�� MNG �p~� MNG CJ CHFF �EQK
ZHTJ MN J�MORFJV
ËÌÉ|�Í{ n¹x�¹ �J CMNK KD QLDC M NDN ^DNQKSE^KH_FJ ENHK� MQ RSDTHGJG _P
�DJ^LQOMNN HN �pt�V BY A HQ MN M_JFHMN ZSDER DY DSGJS p2 � CLJSJ p HQ MN

wo



HSSJZEFMS RSHOJ KLJSJ HQ M RSD^JGESJ KLMK ZHTJQ NDN ^DNQKSE^KH_FJ ENHKQ V �J
GD KLHQ HN KLJ JMQHJQK ^MQJ� ^LDDQHNZ p = 37 KLJ qSQK HSSJZEFMS RSHOJ� MNG AKD _J JFJOJNKMSP M_JFHMN DY DSGJS p2 V� NDN ^DNQKSE^KH_FJ ENHK HN KLHQ ^MQJ HQ

1 + (1 + xp + ...+ xp(p−1))
∑

i∈I

ci(x
i + x−i + x6i + x−6i − 4),

CLJSJ 〈x〉 = A� I = {1, 2, 3, 4, 5, 8, 9, 10, 15} MNG

c1 = +1826391438413288649 c2 = −1021466795253062642
c3 = +162246643879408744 c4 = +706070271863032512
c5 = −1501545774926023726 c8 = +878425477417643782
c9 = −280909292629400144 c10 = −328201689410415248
c15 = +106002969513013355

]DS KLJ KLJDSP M_DEK NDN ^DNQKSE^KH_FJ ENHKQ CJ SJYJS KD �pp� MNG �pt�V
�D ^DN^FEGJ� CJ CMNK KD QMP _SHJ�P CLMK HQ INDCN ODSJ KLMN CLMK CJ

J�RDQJG M_DEK KLJ HNGJ� c(A)V �DJ^LQOMNN LHOQJFY QKEGHJG HK YDS ^P^FH^ZSDERQ DY DSGJS pq � YDS p MNG q GHQKHN^K RSHOJQ� HN �p � MNG �pv�V �NJ DY LHQQKEGJNKQ� sV �V ]JSZEQDN� GJTDKJG LHQ [LU KLJQHQ KD KLJ QKEGP KLJ HNGJ� c(A)YDS ^P^FH^ ZSDER SHNZQ YDS DSGJS prqs MNG CMQ M_FJ KD qNG MN HNGE^KHTJ OJKLDG
KD ^DOREKJ HK �~�V

wu



�<�<�<86<A

�p� �KHPML� �V ]V� �M^GDNMFG� BV �V �¼Å¿»¾ÄÃÅ½»¼ Å» Ã»ººÄÅÆÅ½ÇÈ ÆÐÎÈñ
Ø¿Æ� �GGHQDN��JQFJP [E_FHQLHNZ �DV� sJMGHNZ� �MQQV�\DNGDN�UDN �HFFQ��NKV µp~t~¶

�o� WMQQ� �V õÁÈ ë½¿½ÃÁÐÈÅ Ä¼½Å ÅÁÈ»¿ÈºÜ ½¼¾ÄÃÈ¾ ÃÁÆ¿ÆÃÅÈ¿ÂÜ Æ¼¾ �Á½ÅÈÁÈÆ¾Î¿»ÄÀÂ »Ú Ù¼½ÅÈ Î¿»ÄÀÂ� �DRDFDZP r µp~tw¶ RRV u~p�rp 
�u� WDSJTȞc� �VBV� XLMYMSJTH^L� BVsV �ÄºØÈ¿ ÅÁÈ»¿ç� �^MGJOH^ [SJQQ� àJC�DSI µp~tt¶
�r� WSMIJNLDî� �V õÁÈ ¿ÈÀ¿ÈÂÈ¼ÅÆÅ½»¼ ¿½¼Î Æ¼¾ ÅÁÈ ÃÈ¼ñÅÈ¿ »Ú ÅÁÈ Î¿»ÄÀ ¿½¼Î� OMQKJS KLJQHQ µo  w¶ MTMHFM_FJ MKCCCVOMKLVFJHGJNENHTVNF�Q^SHRKHJQ�WSMIJNLDîVRGY
�w� �DNSMG� �V� sJRFDZFJ� UVsV �»¼Å¿½Ç½ÆÐ �ÆÐ»½Â º»¾ÄÐÈ ÂÅ¿ÄÃÅÄ¿È »Ú ÃçÃÐ»ñÅ»º½Ã ÙÈÐ¾Â� �MKLV �DORV �o µo  u¶� NDVoro� RRVv~p�v~~
�t� UJFHZNJ� [V� sH_JK� �V�V �ÆÐÄÈÂ »Ú ÆØÈÐ½Æ¼ LñÚÄ¼ÃÅ½»¼Â ÆÅ ¼ÈÎÆÅ½ÇÈ ½¼ÅÈñÎÈ¿Â »ÇÈ¿ Å»ÅÆÐÐç ¿ÈÆÐ Ù ÈÐ¾Â� BNTJNKV �MKLV w~ µp~v ¶� NDVu� RRV oo��ovt
��� GJ XOHK� WV� WDSZJS �V �ÆÐ»½Â ÅÁÈ»¿ç Æ¼¾ ½¼ÅÈñ
Î¿ÆÐ º»¾ÈÐÂ »Ú

Λ
ñ¿½¼ÎÂ� RSJRSHNK µo  �¶ MTMHFM_FJ MKCCCVOMKLVFJHGJNENHTVNF� GJQOHK�RSJR�ZFVRGY

�v� áHQJN_EG� UV ð»ººÄÅÆÅ½ÇÈ ÆÐÎÈØ¿Æ â½ÅÁ Æ Ç½Èâ Å»âÆ¿¾ ÆÐÎÈØ¿Æ½Ã ÎÈ»ºÈñÅ¿ç� XRSHNZJS��JSFMZ� àJC �DSI µp~~w¶
�~� ]JSZEQDN� sV �V  ¼½ÅÂ ½¼ ½¼ÅÈÎ¿ÆÐ ÃçÃÐ½Ã Î¿»ÄÀ ¿½¼ÎÂ Ú »¿ »¿¾È¿ lrps � EN�RE_FHQLJG µp~~�¶
�p � �DJ^LQOMNN� �V ð»¼ÂÅ¿ÄÃÅ½¼Î Ä¼½ÅÂ ½¼ Ã»ººÄÅÆÅ½ÇÈ Î¿»ÄÀ ¿½¼ÎÂ��MNEQ^SHRKM OMKLV �w µp~~o¶� NDVp� RRV w�ou
�pp� �DJ^LQOMNN� �V öè»Å½Ã Ä¼½ÅÂ ½¼ Î¿»ÄÀ ¿½¼ÎÂ »Ú ¿Æ¼ÿ p2 � �S^LV �MKLV wv

µp~~o¶� RRV ou~�or�
�po� �DJ^LQOMNN� �V �!¼!¿ÆÐ½ÂÆÅ½»¼ ¾ "Ä¼ ÐÈººÈ ¾È #ÄººÈ¿� �MNMGV �MKLV

WEFFV uo µp~v~¶� RRV rvt�rv~
�pu� �DJ^LQOMNN� �V �»¿ºÂ Æ¼¾ Å¿ÆÃÈÂ ½¼ pñÆ¾½Ã ÆØÈÐ½Æ¼ Î¿»ÄÀ ¿½¼ÎÂ �S^LV�MKLV wp µp~vv¶� RRV w �wr

wr



�pr� �DJ^LQOMNN��V $¼ ÅÁÈ Æ¿½ÅÁºÈÅ½Ã »Ú Ã»ººÄÅÆÅ½ÇÈ Î¿»ÄÀ ¿½¼ÎÂ HN �SDER
KLJDSP� MFZJ_SM MNG NEO_JS KLJDSP µXMMS_S%^IJN� p~~u¶� GJ �SEPKJS�
WJSFHN µp~~t¶� RRV prw�o p

�pw� �DJ^LQOMNN� �V $¼ ÅÁÈ ôÆÂÂñó½Ð¼»¿ ½¼¾Èè »Ú ÆØÈÐ½Æ¼ pñÎ¿»ÄÀÂ� �DN�KJORV �MKLV ~u µp~v~¶� RRV p�~�p~w
�pt� �DJ^LQOMNN� �V  ¼½Å ØÆÂÈÂ ½¼ ÂºÆÐÐ ÃçÃÐ½Ã Î¿»ÄÀ ¿½¼ÎÂ HN �JKLDGQ HN
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