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Introduction

As the title indicates, this thesis consists of two parts. In the first part (§§1-3), we study Green
functions for the Laplace operator on Riemann surfaces. The Green function on a Riemann surface
is an integral kernel which solves the Poisson equation

2i00f = ¢.

More precisely, let X be a compact connected Riemann surface, and let pu be a smooth differential
2-form on X satisfying [ + # = 1. Intuitively speaking, p plays the role of a volume form on X,
but at this point it need not be positive or even real. The Green function is a smooth function g,
defined outside the diagonal on X x X such that for any smooth 2-form ¢ on X, the function

fa) = / gu(@9)d(y) (@€ X)
yeX\{z}

satisfies 2i00f = ¢ — (fX qb) . In particular, f is a solution to the Poisson equation in the case
where [ + @ = 0. The function g, is not unique; we normalise it by requiring that

/ Gu()u(y) =0 (z € X).
yeX\{z}

In §1 (inspired mainly by de Rham’s book [17] on differentiable manifolds) we state some pre-
liminaries on Riemannian manifolds, most importantly the existence and smoothness of a Green
form which inverts the Laplace-de Rham operator on differential forms of arbitrary degree. We
use these results in § 2 to deduce the existence and smoothness of the Green function for Riemann
surfaces.

The main result of this thesis is proved in § 3. Suppose we have a compact connected Riemann
surface X with a non-negative 2-form f satisfying [ « = 1. Consider a finite atlas {(UI, 20 ))}?:1,
and suppose that real numbers ¢; > 0, M > 1, r € (1/2,1) are given such that the following
hypotheses hold:

(1) Each 20)UJ contains the open unit disc in C.

(2) Write = iF7 dz0) Adz0) on UJ. Then 0 < FJ(x) < ¢; for all & € U7 with |z(z)| < 1.
(3) The discs {x € U7 | |29 (x)| < 7} cover X.
(4)

4) For all indices j and k, the function |dz)/dz*®)| on the set of all x € U’ N U* such that
|29)(z)| < 1 and |29)(x)| < 1 is bounded by M.

Under these assumptions, we will prove that there exists a real number C' > 0 such that for any
compact connected Riemann surface satisfying the above hypotheses for certain values of ¢;, r and
M, the inequality

o COn L (8] S S
su O, — 10, — | nc (0]
xoma S Ao BTy T 3RS )T Ty 08

holds. This result was first proved by F. Merkl, but without the dependence on r and without
explicit constants. In the proof of this inequality, we mostly follow Merkl’s approach, described in
Edixhoven et al. [5].

In the second part (§§4-10), we describe how the estimate obtained in §3 can be used in the
setting of Arakelov’s intersection theory for divisors on arithmetic surfaces. An arithmetic surface
is a regular two-dimensional scheme X together with a projective flat morphism p: X — B, where
B is the spectrum of the ring of integers of some number field K. For simplicity, we will assume
moreover that the generic fibre X = X Xp Spec K of X is geometrically connected. To get a
useful intersection theory, we take our divisors to be Weil divisors on X together with an R-linear
combination of the ‘infinite fibres’ of X, i.e. the curves over R or C obtained by changing the base
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to the completion of K with respect to an Archimedean valuation. As is the case for non-singular
varieties over a field, there is a correspondence between divisors and line bundles.

In §§4-8, we describe Arakelov’s intersection theory, as well as Faltings’ analogue for arith-
metic surfaces of the Riemann—Roch formula. The contribution ‘at infinity’ to the Arakelov inter-
section number of two horizontal divisors can be expressed using Green functions on the Riemann
surfaces obtained from our arithmetic surfaces by changing the base to the complex numbers. This
provides the connection with the first part of this thesis. The concept of height functions is briefly
explained in § 4, where we also state the conventions on valuations of number fields that we will use.
We collect some analytic preliminaries for Arakelov theory, such as the Arakelov—Green function
and the concept of an admissible line bundle, in §5. To state the Riemann—Roch—Faltings formula
we also need an algebraic tool, called the determinant of cohomology, which is defined in §7. The
actual intersection theory is described in § 8.

In §§9-10 we study a particular application of Arakelov theory. If D is a horizontal divisor
on an arithmetic surface, the height of D with respect to a fixed B-valued point P of X is the
Arakelov intersection number (D.P) of D and P. The problem we consider in §9 is the estimation,
on an arithmetic surface X of genus g > 1, the height of a divisor on the generic fibre of the form
D' — D with D and D’ effective divisors of degree g such that some integer multiple of D’ — D is
rationally equivalent to the zero divisor. We will prove a formula (Theorem 9.3) which relates this
height to intersection properties of the horizontal divisors obtained by taking the closure in X of
the divisors D and D’. After that, we bound one of the terms in this formula using a method which
estimates the extrema of solutions of Poisson’s equation on a graph; this method is described in
Appendix A. Finally, in § 10, we consider the case where X is the semi-stable model over Spec Z|[(;]
of the modular curve X;(!). In Theorem 10.7 we give an asymptotic bound for I — oo of one of
the other terms in the height formula of Theorem 9.3 by applying the methods of § 3, although an
upper bound for the Arakelov (1,1)-form on X () still needs to be inserted into our expression.

I should note that more sophisticated methods than those in this thesis (using the spectral
theory of the Laplace operator) have already been used to compute (special values of ) the Arakelov—
Green function on the modular curves Xo(N) for squarefree N; see Abbes and Ullmo [1]. In
a related direction, estimates for the difference between the Arakelov—Green function and the
‘hyperbolic Green function’ (which is associated to the hyperbolic (1,1)-form (dz dy)/y? from the
complex upper half-plane) have been obtained by Jorgenson and Kramer [10].



1. Manifolds and currents

In this section we give a brief overview of currents on differentiable manifolds. Currents are a
kind of functionals on differential forms with compact support invented by de Rham [17]. They
generalise the concept of distributions on Euclidean space, developed by Schwartz, to the setting
of differentiable manifolds.

The theory in this section is more general than will be useful to us in the next section, but
it does not seem to me that specialising to the case of Riemann surfaces leads to more clarity
at this point. We do restrict ourselves to oriented manifolds in order to eliminate the need for
distinguishing between so-called even and odd forms (see de Rham [17], §5).

Definition. By a (real) differentiable manifold we mean a second-countable Hausdorff space with
a smooth (i.e. C°°) differentiable structure.

Let X be a differentiable manifold of dimension n. We write £%., or simply £?, for the sheaf
of smooth p-forms on X. For each open subset U C X we write DP(U) for the R-vector space of
smooth p-forms with compact support in U. Note that the D?(U) do not constitute a sheaf (not
even a presheaf) unless n = 0; instead there are natural inclusions D?(U) C DP(U’) for U C U’
open subsets of X. Furthermore, we write

Ex=EPek  and  DWU)=ED"(U) (U< X open).
p=0 p=0

Then (X, EY) is a locally ringed space and Ex is a sheaf of graded-commutative £%-algebras.

Let X be an oriented differentiable manifold of dimension n. In this section, we will use the
convention that for any differential form o on X, the integral [ y @ is understood as the integral
over X of the degree n component of «.

Besides the usual differential forms on manifolds, we will need double forms on a product of
two manifolds X and Y. These play the role of integration kernels for linear operators £x — Ey.

Definition. Let X and Y be differentiable manifolds. Let p1: X XY — X and po: X xY — Y
denote the first and second projections, respectively; note that these are open mappings. We define
piEx to be the sub-£% . y-module of Ex«y generated by the pull-backs of differential forms on X
via p1, and we define p3€y analogously. The sheaf of double forms on X x Y is the £%, y-module

Exy =pi€x ®gy  PrEy.
This sheaf is in a natural way a direct sum

— * op * 0q
Exy = @ P€x Qe Pa€x
p,920

so that a double form can be decomposed in its components of degree (p, q) for p,q > 0.

Remark. Suppose X and Y are oriented differentiable manifolds of dimension m and n, respectively.
If (x1,...,2m) and (y1,...,Ym) are coordinates on open subsets U C X and V C Y, then a double
form ¢ on U x V can be written uniquely as

0<p<m i1 <--<ip
0<g<n j1<:<jq

where the ¢;, ... i,......j, are smooth functions on U x V. Notice that the wedge product induces
an isomorphism
Exyy — Exxy

a®@pr—anf’

however, this isomorphism changes by a sign (—1)P? on the component of degree (p, ¢) if X and Y
are interchanged.



There is an obvious way to take the wedge product of double forms on X x Y with differential
forms on X and on Y. We will only need the wedge product of a double form on X x Y with a
form on Y. This is the unique £% y-bilinear map

Exy X Py — Exy
(,B) — a N2 B

which satisfies
(pia1 ® psaz) A2 p3f8 = pian @ p3(az A B)

for all differential forms a; on X and s, 5 on Y. We will sometimes write a(x,y) A G(y) for the
value of the form a A p5f5 at a point (z,y) € X x Y.

Double forms can be integrated over subsets of one (or both) of the manifolds X and Y. Let
y be a point of Y, and write 4, for the map X — X x Y defined by z — (z,y). Then we can
identify the pull-back i;Ex y with Ex ®r €y (y); here Ey (y) is the fibre of & at Y, which is a
finite-dimensional R-vector space. More precisely, there are natural isomorphisms

iyExy Zi,pi€x ®gg iyD2Ey

1%

(p10y)"Ex ey (P2 01y)"Ey
= Ex Dy (Ex Bey Evy)
~Ex ®g€/7y Eyy

>~ Ex QR Ey (y).

For any open subset U C X and any double form ¢ defined on an open subset of X X Y containing
U x {y}, we can therefore write the element i ¢ of Ex(U) ®@r €y (y) as a finite sum

ip=> a;®p;

with a; € Ex(U) and §; € Ey (y), and we put

[ o= (o)

which is an element of €y (y) (provided the integrals [, o; converge). It is clear that for fixed
¢, the definition of szU ¢(x,y) does not depend on the choice of the a; and §;. We note that
fl cU ¢(x,y) does not necessarily define a smooth differential form on an open subset of Y.

Definition. Let X be an oriented differentiable manifold of dimension n. For 0 < p < n, a
(real-valued) current of degree p on X is an R-linear map

T:D"7(X) - R

which is continuous in the following sense: if U C X is a coordinate chart, K C U is compact and
{$i}22, is a sequence of smooth (n — p)-forms with support in K such that every partial derivative
of every coefficient of the form ¢; (expressed in terms of the coordinates on U) converges uniformly
to 0 as ¢ — oo, then T'(¢;) — 0 as i — oo. The R-vector space of currents of degree p on X is
denoted by (D')?P(X). We write

D'(X) =P (x)

p=0

for the space of (real-valued) currents on X. If T = 37" (TP is a current and ¢ = > 7 ¢¥ is a
differential form with compact support (with 7?7 € (D')P(X) and ¢” € DP(X)), then we put

T()=> TP(¢"P).
p=0

4



Let X be an oriented differentiable manifold of dimension n. Important examples of currents
on X include the currents [a] of degree p for o € EP(X), which are defined by

l](¢) = /X ahe forall € D"P(X).

We call [a] the current represented by «. More generally, we say that a current T of degree p is
represented on an open subset U C X by a p-form a € EP(U) if

T(¢) = /Ua AN¢ forall g € D"7P(U) C D" P(X).

A current is called smooth on an open subset U C X if it is represented by a smooth differential
form on U.

Another important example is the current d, of degree n at a point a € X (widely known as
the ‘Dirac delta function’), defined by

Currents can be differentiated: the derivatives of a current T' of degree p are defined by
dT(¢) = (~1)PT'T(dg).

If T is represented by a p-form «, this definition becomes the formula for integration by parts:

/Xdaw:(q)w/xawgb.

Let X be an oriented n-dimensional Riemannian manifold, i.e. an oriented differentiable man-
ifold of dimension n equipped with a Riemannian metric { , ). Let * be the Hodge star operator
on X. This £%-linear map £x — Ex sends forms of degree p to forms of degree n—p and is defined
in the following way. The metric gives rise to canonical isomorphisms

b: TX ; 5)1(
f: 8% — Tx
between the tangent sheaf and the cotangent sheaf; these are inverses of each other. Taking exterior

powers gives isomorphisms

b NP Tx — EX
LR N T

for 0 < p < n. From this we get perfect pairings

EL x L — €%

(@, B) — (. B),

where
(a, B) = a(tP) = B(Hev).

Furthermore, we have a canonical isomorphism

50;)571

1 wx,
where wx is the volume form of X, i.e. the unique n-form on X such that
(WX(Z'>)(€15 LRRE €n> =1
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for every point & € X and every positively oriented orthonormal basis (e, ..., e,) of the tangent
space of X at x. The star operator on forms of degree p is now defined as the unique isomorphism
EP = £77P such that
a A *6 = <Oé, 6>WX
for all open subsets U C X and all «, 5 € EP(U).
For any differential form « of degree p, the identity
xxar = (—1)P Py

holds; this can easily be checked at each point z € X using an orthonormal basis of the tangent
space at x. Thus the inverse of the star operator is given by
*xta = (=1)P" Py for a of degree p.
If @ and 3 are two forms of the same degree p, we have
aA*f = {a,flwx = B A*a,
and hence, by the anticommutativity of the wedge product,
*xa A B = (1P P axj
=aAx15.
This last formula implies that the current [xa] representing a form x« satisfies
(xa)(8) = [a](x~*B).
We extend the star operator to a linear map on the space of currents on X, in such a way that
(D")P(X) is sent to (D')"P(X) for 0 < p < n, by putting
(*T)¢ =T (x"'¢).
A differential form a € £(X) is said to be square-integrable if the integral fX o A xq exists
(recall that the integral is defined as the integral of the degree n component of o A *«). This is

the case if o has compact support, for example. We define an inner product ( , ) on the R-vector
space of square-integrable forms by putting

(a, B) :/Xom*ﬁ;

it is easy to check that this satisfies the axioms for an inner product (see de Rham [17], § 24).
We let § be the codifferential on differential forms and currents on X, defined by
Sa=(—1)Pxtdrxa=(=1)""P wd+xta for a of degree p;

the second equality follows by an easy computation. This operator, which sends p-forms to (p—1)-
forms, is the metric dual of d, in the sense that

(a, dB) = (dax, B)
for all square-integrable forms « and g such that the intersection of the supports of o and 3 is
compact. An easy computation shows that the codifferential on currents satisfies

6T (¢) = (=1)PT'T(6¢) for T of degree p.

We let
A =db+dd

be the Laplace—-de Rham operator on forms and currents on X. The fact that ¢ is the metric dual
of d implies that A is its own metric dual, i.e.

(a, AB) = (Aa, B)
for all forms « and 3 such that the intersection of the supports of o and 3 is compact. Furthermore,
it follows easily from the definitions of d and § for currents that

AT(¢) =T(A9)
for any current 7" and any differential form ¢ with compact support, and that
*A = Ax.

A form (or current) « is called harmonic if Aa = 0; the identity *A = Ax implies that * takes
harmonic currents to harmonic currents.



Theorem 1.1 (Elliptic regularity). Let X be an oriented Riemannian manifold, and let T be a
current on X. If AT is smooth on an open subset U C X, and in particular if T' is harmonic on U,
then T is smooth on U.

Proof. De Rham [17], § 29, corollaire 1.

Corollary 1.2. Let X be a compact oriented Riemannian manifold. Then every harmonic current
of degree 0 on X is represented by a locally constant function.

Proof. Let T be a harmonic current of degree 0 on X. Then T is represented by a harmonic
function f because of Theorem 1.1. Now

and the fact that ( , ) is positive definite implies df = 0, i.e. f is locally constant. O

Let X be an oriented Riemannian manifold. We are interested in the global solutions of the
Poisson equation
AS =T,

where T is a given current on X. For the equation to have a solution S, the current 7" will have to
vanish on the harmonic forms ¢ with compact support on X, as the following computation shows:

T(¢) = AS(¢) = S(Ad) = S(0) = 0.
Proposition 1.5 below shows that if X is compact, this condition is also sufficient. Note that
D(X) =&(X) if X is compact.

Definition. Let X be a Riemannian manifold, and let A C X x X be the diagonal. Let W C X x X
be an open subset containing A such that the geodesic distance r(x,y) is defined for all (z,y) € W
(see de Rham [17], §27). Let k be a real number. A function f: W\ A — R is said to be O(r*) as
r — 0 if there exists an open subset W’ C W, containing A, such that r—* f is bounded on W’ \ A.
A differential form or double form « is said to be O(r*) if the components of a with respect to
any chart of the form (U x U, ¢ x ¢), where (U, ¢) is a chart on X, are O(r¥).

Theorem 1.3. Let X be a compact oriented Riemannian manifold of dimension n. There exist
linear operators H and G on D’'(X) which preserve degrees, take smooth forms to smooth forms
and satisfy the relations

dH =Hd=0, 6H=H6=0, «H=H* H? =H,
dG = Gd, 6G =G, *G =G, GH =HG =0,
AG=GA=1-H.

These operators are self-dual in the sense that for all T € D'(X) and ¢ € £(X),
GT(¢) = T(G) and HT(¢)=T(Ho).
Furthermore, there exist double forms
heélxx(X xX) and ge€&xx(X xX\Ax),

with Ax the diagonal in X x X, such that the following holds. The form g is O(r*~™), where r?="
is to be interpreted as logr if n = 2. For all o € £(X) we have

Ho(z) = /EX h(z,y) Axay) and Galx) = /EX\{ }g(:c,y) A xa(y).

The fact that g is O(r?>~™) implies that the second integral converges for any a € £(X).
Proof. De Rham [17], §31, théoreme 23.



Corollary 1.4. Let T be a current on a compact oriented Riemannian manifold. Then the
equation AS =T has a solution S if and only if HT = 0.

Proof. If AS = T for some current S, then HT = HAS = 0 since Hd = 0 and H§ = 0. Conversely,
if HT = 0, the current S = GT satisfies AS =T O

The operator H should be thought of as giving the ‘harmonic component’ of a current. It
follows from dH = 0 and §H = 0 that AH = 0, so HT is harmonic (and hence, by Theorem 1.1,
smooth) for every current T'. The operator G inverts the Laplace operator in the sense that if T is
a current with HT = 0 (which, by the following lemma, means that T is ‘orthogonal to harmonic
forms’), then S = GT is a solution to AS =T.

Proposition 1.5. Let X be a compact oriented Riemannian manifold, and let T be a current
on X. Then HT = 0 if and only if T(¢) = 0 for all harmonic forms ¢. Consequently, the equation
AS =T has a solution S if and only if T' vanishes on harmonic forms.

Proof. If HT = 0 and ¢ is a harmonic form, then
T(¢) = AGT(¢) = GT(Ag) = 0.

Conversely, suppose T vanishes on harmonic forms. For every form ¢, the form H¢ is harmonic,
so that
HT(¢)=T(H¢)=0 for all ¢ € E(X).

We conclude that HT = 0. O

Corollary 1.6. Let X be a compact connected oriented Riemannian manifold of dimension n,
and let T be a current of degree n on X. Then HT = 0 is equivalent to T'(1) = 0. Consequently,
the equation AS =T has a solution S if and only if T(1) = 0.

Proof. This follows from Proposition 1.5 since the only harmonic functions on X are the constant
functions by Corollary 1.2. O

In the next section, it will be more natural to work with complex-valued differential forms
instead of real-valued forms. We therefore introduce the notion of a complez-valued current, which
is entirely analogous to that of a real-valued current except that complex-valued currents act on
complex-valued differential forms and take complex values.

Definition. Let X be an oriented differentiable manifold. For 0 < p < n, a complex-valued current
of degree p on X is an R-linear map

T:D" P(X) - C

such that the real and imaginary components of T" are real-valued currents on X. If ¢ = R + iS¢
is a smooth complex-valued (n — p)-form on X with compact support, where R¢ and J¢ are
real-valued (n — p)-forms, we put

To=T(Ro)+iT(S¢),

and in this way we view T as a C-linear map from the space of complex (n—p)-forms with compact
support to C. Like for real-valued currents, we define

dT(¢) = (~1)"*'T(dg)

for all complex-valued currents T' of degree p and smooth complex-valued (n — p)-forms ¢ with
compact support. If X is an oriented Riemannian manifold, the operators x, § and A are defined
for complex-valued forms and currents by C-linearity. If in addition X is compact, the operators
H and G from Theorem 1.3 are also extended to complex-valued forms and currents by C-linearity;
it is then clear that the theorem remains true (with the same functions h and g) if real-valued
forms and currents are replaced by complex-valued ones.



2. Green functions on Riemann surfaces

In this section, we will give the definition of the Green function of a compact connected Riemann
surface X equipped with a smooth (1,1)-form p which satisfies [, u = 1. We begin by recalling
some facts about Riemann surfaces; for proofs, we refer to Forster’s book [8].

Definition. By a Riemann surface we mean a second-countable Hausdorff space with a one-
dimensional complex analytic structure.

For any Riemann surface X, we fix an orientation on X (as a two-dimensional real differentiable
manifold) by requiring that for every € X and for some (hence every) identification of the complex
tangent space Tx (z) of X at 2 with C, the R-basis (1,7) of Tx () is positively oriented.

On any Riemann surface X we have the sheaves of complex-valuedt C> differential forms and
the differential d between them:

d

ev -4 d

et -4 e,

The sheaf of 1-forms can be decomposed as
gL = g0 g g0

where £1:9 and £(01) consist of the functions that are locally of the form fdz and f dz, respec-
tively, with z a holomorphic coordinate. Complex conjugation induces involutions on all the £%;
they are given by L
f(z) = f(2),
Fdz+gdz=gdz+ fdz,
fdzNdz=—fdzNdz

on &£°, €' and £2, respectively. The real differential forms on X are those that are invariant under
complex conjugation; they correspond to the usual real-valued differential forms on X viewed as a
real differentiable manifold.
We define differential operators
9,0:° — &t

by requiring that for all U C X open and f € £°(U) we have
df =8f +0f with 8f € EXO(U) and af € £V (U).

Furthermore, we define -
9,0:&1 — &2

by
O(fdz+gdz) =0gANdz and O(fdz+gdz) =0f Ndz.

We define an automorphism of £1, called the (conformal) star operator, by
s(a+ ) = —ia+ i3 for U C X open, a € ELO(U), g e EOV(U).

The star operator can be viewed as rotation by /2 in the (complexified, suitably oriented) cotan-
gent space: if z = x + iy is a local coordinate with = and y real, then

xdr =dy and xdy = —dx.
The (conformal) Laplace operator is the differential operator
dxd=2i00:£° — &2.

The kernel of the Laplace operator is the sheaf of harmonic functions.

T Note that this differs from the notation in the previous section, where £ was used for real
differential forms.



Remark. We will see in the proof of Theorem 2.2 how the star operator * is related to the Hodge
operator x on oriented Riemannian manifolds. Notice that although the operators x, § and A are
not defined for a Riemann surface without further structure, the conformal structure of a Riemann
surface allows us to define the conformal Laplace operator, which takes 0-forms to 2-forms (in
contrast to the Laplace—de Rham operator, which preserves degrees).

Let X be a Riemann surface. Without further notice, by a current we will mean a complex-
valued current. In a similar way as for the differential d, we can also take the holomorphic and
antiholomorphic differentials 0 and 0 of currents T" of degree p on X:

oT(¢) = (-1)P*'T(99)

3T (6) = (—1)"HT(3) for all ¢ € £17P(X).

Furthermore, we transfer the star operator to currents 7" of degree 1 by means of the formula
*T(¢) = —T(x¢) for all ¢ € EL(X).

The Laplace operator is defined for currents of degree 0 in the same way as for smooth functions,

namely as the operator ~
d*d=2i00.

A simple calculation shows that for all currents T of degree 0 and all f € £°(X),
(d*dT)(f) =T(dx*df).

Suppose T is a current of degree 2 on a compact connected Riemann surface X. Theorem 2.2
below gives a necessary and sufficient condition for the existence of a current S of degree 0 such that
d*dS ="T. To prove the theorem, we will apply Theorem 1.3 to X equipped with a Riemannian
metric which is compatible with the complex structure in a sense which we now explain. The
tangent sheaf of X has an automorphism * which is uniquely defined by the requirement that
a(xv) = —(xa)v for all vector fields v and all 1-forms «. In a holomorphic coordinate z = x + iy,
this automorphism is given by

*(Vg0p + vyOy) = —Vy0y + 50y,

i.e. it rotates tangent vectors by 7/2 with respect to the orientation and conformal structure defined
by the complex structure on X.

Definition. A Riemannian metric ( , ) on a Riemann surface X is called compatible with the
complex structure if the operator * on the tangent sheaf of X is an isometry.

Let (U, x4+ iy) be any holomorphic chart. Then ( , ) is compatible with the complex structure
if and only if the matrix of { , ) with respect to the real coordinates (x,y) at every point of U is

of the form (8 2) with a > 0. This follows directly by writing out the definition.

Lemma 2.1. Let X be a Riemann surface. Then there exists a Riemannian metric ( , ) on X
which is compatible with the complex structure.

Proof. We choose an atlas {(Uj, zj) }jer on X and a smooth partition of unity {¢;};er subordinate
to the covering {U;};er. For each ¢ € I, let x; and y; be the real coordinates on U; such that
zj = xj+iy;, and write 87 and 9] for the partial derivatives with respect to z; and y;. For any C*
vector field v on Uj, we denote by v and vJ the real C> functions on Uj such that v = v187 +v]dJ.
We define a Riemannian metric { , ) on X by putting

(ww) = ;- (vhwl + vjw)).

Jjel
Now the star operator is given in the real coordinates (z;,y,) by *v = —’Ué@% + v%@i. Therefore
(v, 5w) = Y - ((—v)) (—w)) + viwl)
jeI
= (v, w),
and we conclude that the star operator is an isometry. O
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Theorem 2.2. Let X be a compact connected Riemann surface, and let . be a smooth (1, 1)-form
on X such that fX i = 1. For any current T' of degree 2 on X, there exists a unique current G, T
of degree 0 such that

d+dG,T=T-T()-[p] and G,T(n)=0.

If T is represented on an open subset U C X by a 2-form ¢ € £2(U), then G,T is represented on U
by a function f € E°(U). Write Ax for the diagonal in X x X. There is a unique C'*° function

g (X x X)\Ax — R,

having a logarithmic (hence integrable) singularity along Ax, such that for all ¢ € £*(X) the
current G ,[¢] is represented by the function G,¢ € E°(X) given by

G () = / o, 0O

Proof. Using Lemma 2.1 we choose a Riemannian metric { , ) on X which is compatible with the
complex structure. If z = x + 14y is a holomorphic coordinate on an open subset U C X, the Hodge
operator x on 1-forms is given in the coordinates (z,y) by

*dx = dy, *dy = —dz,

because of the definition of x (see §1) and the compatibility of { , ) with the complex structure.
Because & is generated over ) by dz and dy, the £ -linear operators x and * have the same
effect on 1-forms. Now the codifferential is given by § = —%~!dx on forms and currents of degree 1.
For any current S of degree 0 we therefore have

d*dS = —x8dS = —xAS,

where A is the Laplace—de Rham operator. In particular, our two definitions of harmonic functions
(as functions annihilated by the operators A and d x d, respectively) coincide.

Let M be the smooth function G (%), and let G, be the linear operator on currents of degree 2
defined by

G.T =—xGT+[T(M)|+1T(1) [M—/ M,u} .
X
Then
AG,T =—-xAGT +T(1)AM
= —xT+*HT +T(1) - [xu — xH p)
= (T =T(Q)[u] = H(T = T(1) - [u])))
— (T = T(1) - [u]);
the last equality follows from Corollary 1.6 and the fact that

(T - 7(0) )V =T(1) - 7(1) [ n=0.

Therefore,

Furthermore,

GT(w) ==+ GT() + [ TO0u+T() [ du=701) [ My [

= -T(G(xp)) + T(M)
=0,

11



so we see that the current G,1" has the required properties. Clearly G,T" is unique up to a
harmonic current S satisfying S(u) = 0. By Corollary 1.2, such a current is represented by a
constant function h. The only such h satisfiying f + hpp=01is h = 0, from which we conclude that
G, T is unique. The equality

AG,T = —+(T (1) - [u])

implies that if T is smooth on an open subset U C X, then so is G, T because of Theorem 1.1.
Let ¢ € £2(X) be a smooth 2-form. Then for all z € X,

Go(x) = ~Gx0)(x /M¢+/ o- (210~ [ 31n)
Lo s o s )
/yex\{z} <g0(x,y)+M(y)+M($)/XMM> o(y)

- / gy DO,

where ¢° is the component of degree (0,0) of the double form g and where

gu(z,y) = —g°(z,y) + M(x /Mu

This proves the existence of g,; the uniqueness is clear. O

Definition. Let X be a compact connected Riemann surface, and let p be a smooth (1, 1)-form
on X such that fX i = 1. The function g, occurring in Theorem 2.2 is called the Green function
associated to the Laplace operator on X.

Note that if p is real (i.e. invariant under complex conjugation), then the Green function
g is real as well; this can be seen for example from the formula given for g, in the proof of
Theorem 2.2. Furthermore, g,(z,y), viewed as a function of y for a fixed value of x, represents the
current G, (0, ), as the following lemma shows.

Lemma 2.3. Let X be a compact connected Riemann surface, and let u be a smooth (1,1)-form
on X such that [, p = 1. For allz € X, let g, , be the C*° function on X \ {z} sending y to
gu(z,y), and let [g, ] be the current defined by

[92,u](0) = / Guu®  for all ¢ € E2(X).
X\{z}
Then g, is the unique smooth function on X \ {«} satisfying
d * d[gz,#] =0y — [,U'] and / Gz, ulb = 0.
X\{z}
Proof. To prove that d * d[g, ] = 6, — [u], we have to show that

/X\{}gz,ud*df f(z /f,u for all 2 € X and f € £°(X).

By Theorem 2.2, the function f given by

f(z) = /X\{z} G pud * df

is the unique function in £%(X) satisfying
d«df =dxdf and / fu=0.
X

12



But f — fX fu also satisfies these equations, so we are done. To prove that fX\{z} Jo,upt = 0, we
note that Theorem 2.2 implies that the function m given by

m(:c) = /X\{ }gx,u,u

is the unique function in £°(X) such that d « dm = 0 and [, mu = 0; but m = 0 satisfies these
equalities, so we are done. The uniqueness of g, , is clear from the fact that the difference of any
two solutions is a harmonic (hence constant) function h with [y hy = 0. O

Let (U, z) be a coordinate chart on X, let « € U, and let 4 and g, , be as in Lemma 2.3.
Let I, be a C* function on X \ {z} which is of the form y — 5= log|z(x) — z(y)| in some open
neighbourhood U’ C U of x. A computation shows that in U’ we have

d*d[l] = 6,

as currents of degree 2. Therefore d * d[g,,, — ;] is represented by a smooth (1, 1)-form on X, and
now Theorem 2.2 implies that g, , — [, can be extended to a smooth function on X. It follows
that g, can be decomposed as

1
u(,1) = 5108 |2(2) — 2(0)] + hia )
outside the diagonal on U’ x U’, where h is a smooth function on U’ x U’ (depending on the choice
of 2).

Proposition 2.4. Let X be a compact connected Riemann surface, and let {1 be a smooth (1,1)-
form on X such that [, p=1. Then g,(x,y) = gu(y, ) for all x # y.

Proof. Arakelov [2], Proposition 1.1.

3. Estimation of Green functions

In this section we describe a method invented by F. Merkl (see Edixhoven et al. [5], §18) of
estimating the maxima of Green functions on Riemann surfaces. Theorem 3.1 below was proved
by Merkl, but without explicit bounds on the various constants appearing in the estimate; most
importantly, the parameter r; was assumed to be fixed once and for all, and the dependence of
the estimate on 71 is not apparent from the original formulation of Merkl’s theorem (Edixhoven
et al. [5], Theorem 18.1.1). Except in a few places, we follow Merkl’s proof quite closely, while also
doing the necessary computations to make the r;-dependence of the constants explicit.

The situation is as follows. Let X be a compact connected Riemann surface, and let u be a
smooth real-valued (1,1)-form on X such that [, u = 1. We consider a finite atlas {(U7, 2()}"_, .
For any index j with 1 < j <n and any r > 0, we define the open set

Ul ={zeU| |20 (z)] < r}.
We assume that there exist real numbers

1/2<rm <1, ¢>0, M>1

such that our atlas satisfies the following hypotheses:

(1) Each 20)UJ C C contains the closed unit disc.

(2) Write = iF7 dz@) A dz() on U7, Then 0 < F(z) < ¢ for all 2 € U7,

(3) The open sets U, with 1 < j < n cover X.

(4) For all j and k, the function |dz¥) /dz¥)| on U{ N U} is bounded by M.

Our goal in this section is to provide an explicit upper bound for the Green function g, in terms

of the parameters n, ¢1, 1, and M. We will prove the following result:

13



Theorem 3.1. There exists a positive real number C such that the following holds. Let X be a
compact Riemann surface, and let u be a smooth (1,1)-form on X such that fX 1 = 1. Consider
an atlas on X consisting of n charts and fulfilling the above hypotheses (1)—(4) for certain values
of 71, ¢1 and M. Then the Green function g, on X x X \ A, where A is the diagonal, satisfies

< Cn 1 1 L 81 2_’_1 +n—11 Y
su O — 10 — | nc O .
xoma S Ao BTy T\ ) T T 8

Furthermore, for every index j and all x # y € Uﬂl the inequality

. . Cn 1 8 1 n—1
—1 @ (x) — 20 < 1 2log 2 4+ = 1
|gu(x,y) —log |2 (x) — 2 (y)|| < e o8 Tt glos2 4 g mer+ = og M

holds.

Remark. Theorem 3.1 remains true if hypothesis (1) is replaced by the weaker hypothesis that
each z)U7 contains the open unit disc. Namely, if we replace z() by (1+ €)zU) with € > 0 so
small that (14 €)r1 < 1, we can apply the theorem with 1 replaced by (1 + €)r; and with the
same values for n, ¢c; and M; letting € tend to zero gives the desired result.

Our approach to proving Theorem 3.1 is as follows. For all a,b € X, we write gq for the
unique C* function on X \ {a, b} representing the current G, (d, — 0p), i.e. gqp satisfies

d * d[g%b] = 5,1 — (Sb and / Ja, bt = 0.
X\{a,b}

We choose a function I, which looks like 5= log|z — z(a)| in a neighbourhood of a, where z is a
holomorphic coordinate, and we do the same for b. Then the function g, — lo + I is bounded
on X. We give an explicit bound for it in Lemma 3.5 for the case where a and b lie in the same
open subset U/, for one of the charts (U7, 2)) of our atlas, and subsequently in Lemma 3.6 for
general a and b. Then for all a € X we consider the function g, , on X \ {a} defined by

ga,u(-r) = /beX\{ }ga,b(‘r):u’(b)

A straightforward computation using Fubini’s theorem shows that this function satisfies
dvdlgan) =6~ and [ gup=0,
X\{a}

Using Lemma 2.3, we see that g, ,(b) = gu(a,b) with g, the Green function for the Laplace operator
on X. Using the definition of g, , as the integral of gq u(b), we will be able to derive an upper
bound for g,, from the bound for |g,, — I, + lp| given in Lemma 3.6.

We begin by restricting our attention to one of the charts of our atlas, say (U, z). By assump-
tion, z gives a homeomorphism between U; and the open unit disc in C. Let r3 be a real number
such that

r<ro <1,

and write
ry = (1 +T2)/2.

We choose a C*° function
)ZZ Rzo — [0, 1]
such that x(r) =1 for r < ry and x(r) = 0 for r > 1 (see Figure 1). We also define a function
x € EY(X) by putting
x(@) = x(|2(z)])  for z € Uy

14



0 r T 1

Figure 1: The function y.
and extending by 0 outside U;. Furthermore, we put
X =1-x

We replace U by Uy, = {z € U | r1|z(x)| < 1}; note that the hypotheses (1) to (4) remain
fulfilled when we shrink the charts in this way. Then for all a,b € U,.,, the function

is defined on U\ {a, b}. Moreover, f,; is harmonic on U\ {a, b}, since the logarithm of the modulus
of a holomorphic function is harmonic. We extend x°f,,, to a smooth function on U by defining
it to be zero in a and b.
Let A be the open annulus
A=U\T,.

Let (p, ®) be real polar coordinates on A such that z = pexp(i¢). A straightforward calculation
shows that in these coordinates the star operator is given by

d
wdp = pdo, +dp—=—2L.
p

We let ( , )4 be the inner product

(o, B)a = /Aa/\ *03.

on the R-vector space of square-integrable real-valued 1-forms on A (see §1). Furthermore, we
write

2
el = (e, @) a-
We begin the proof of Theorem 3.1 with a general fact about harmonic functions on A.
Lemma 3.2. For every real harmonic function g on A such that ||dg||a exists,

2ym
max g — min g < VT
|z|=r3 |z|=rs 1-— 79

lldg |l a-

Proof. By the formula for the star operator in polar coordinates,

dg A xdg = (0,9 dp + Dpg dp) N (pd,g de — p~"Dyg dp)
= ((9,9)% + (p™1059)*) pdp d¢.
Using the mean value theorem, we can bound the left-hand side of the inequality we need to prove

by

max g — min g <7 max |Jyg|
|z|=ra |z|=r3 |z|=r3

= 7|0pg|(z) for some x with |z(z)| = 3.
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Write R = (1 —13)/2, and let
D={zeU|lz—z(x) <R} CA

be the open disc of radius R around x (recall that r3 = (1 + r2)/2). Choose polar coordinates
(0,9) on D such that z — z(x) = oexp(iy). Because g is harmonic, so is 049, and Gauss’ mean
value theorem implies that

1
Opg(x) = W—RQ/D@(bgadodw.

On the space of real continuous functions on D, we have the inner product
(hl, hg) = / hthO'dO'dw.
D

Applying the Cauchy—Schwarz inequality with hy = p~19,g and ha = p gives

- ) 1/2 1/2
/ 0¢gadad1/}’ < / (pflad,g) adadz/;] . {/ pQUdade]
D L/D D
- 1/2 1/2
< /(pl%g)%dﬁdsb] U ododzlf]
LA D
- 1/2
< / dg/\*dg] [ R2)/?
LA
= /7 R||dg]| a.
Combining the above results finishes the proof." O

Lemma 3.3. For all a,b € U,,, there exists a function g, , € £°(X) such that

- f[d*xd(X°fap) onU
d*dga’b{() on X\ U;.

It is unique up to an additive constant and fulfills

1dga.plla < [1d(X" fap)lla-

Proof. First we note that the expression on the right-hand side of the equality defines a smooth
2-form on X, because d * d(x fq,») vanishes for |z| > 1; this follows from the fact that there x° is
constant and f, is harmonic. Since moreover x°f,» = 0 on U,,, we see that the support of this
2-form is contained in the closed annulus A. By Stokes’ theorem,

/,4d * d(X° fap) = /M #d(X° fa,p)-

Notice that f, 4 is invariant under the substitution z +— 1/Z; this implies that d,f,(z) = 0 for
|z| = 1. Furthermore, x°(z) = 1 and dx°(z) = 0 for |z| = 1, so we see that

d(X“fap)(2) = X (2)dfa,p(2) = (Og fap dP)(2) if [2] = 1.
Likewise, since x° = 0 and dx°(z) = 0 for |z| = rq,
d(x“fab)(2) = X“(2)dfap(2) =0 if |2 =r2.
This means that for z on the boundary of A,

*d(X°fap)(2) = { —(Opfapdp)(z) if|z|=1

0 if |z| = ra.

T 1 wish to thank R. van der Hout for a helpful suggestion for the proof.
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In particular, xd(x¢f,») vanishes when restricted to the submanifold A of X. From this we
conclude that

fﬁ*ﬂfﬁw=/lmumwpm.

A

Applying Theorem 2.2 now shows that a function g, with the required property exists.
To prove the inequality ||dga.plla < [|d(x®fap)|l 4, Wwe note that

Id(X® fap)I% = ldFab + A(X° fap — Fap) |2
= ||dGaplI% + 2(dGa.b, AX farp — Gap))a + [|[A(XE Farp — Fap) -

The last term is clearly non-negative. Furthermore, integration by parts using Stokes’ theorem
gives

Aoy A Fary — Gas))a = /A das A *d(C fat — o)

= / - ga,b *d(XCfa,b - ga,b) - / ga,b d* d(XCfa,b - ga,b)'
3] A

A

The second term vanishes because d * dgqp = d * d(Xx° fap) on A. From our earlier expression for
*d(X° fa,p)(2) on the boundary of A, we see that

/ Jap*d(X° fap) = 0.
a

A

Finally, because 94 is also the (negatively oriented) boundary of X \ A and because d * dg, » = 0

on X \ A,
—/ Ja,b ¥dGa b = / dgab N *dgap > 0.
0A X\A

(dGa,bs A(X° fap — Gap))a >0,

which proves the inequality. O

Thus we have

Lemma 3.4. Write A = max,,<,<1 |X'(r)|. Then

m;(lxﬁa,b - H}}H Gap < c3(r1,72, A),

/1 1 1 1
e3(ri,re, A) =4 T2 Alog + Alog + + "
L= T2 —1 1—=r r9o—711 1-—1m

4 1 1
+ — | log + log .
T ro — 171 1—r

Proof. First of all, we note that

where

X Urg X\Upyg

17— mind inf & f .
H}%nga,b mln{blls Ga,by l\nm ga,b}
Furthermore,
SUp Ja,b < SUP(Ja,b — X°fa,b) +SUpP X fab
o U, U,
= max (Ja,p — X fap) + max X fap

|z|=r3 ra<|z|<rs3
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because of the maximum principle (§q,6 — X°fa,b is harmonic on U) and because x°(z) = 0 for
|z| < re. In the same way, we find

inf gop > min (gap — Xfap) + min X fap.

Urg |z|=r3 ro<|z|<r3

We extend x fq.» to a smooth function on X \ {a,b} by putting (xfe)(z) = 0 for z ¢ U. Then
Ja.b + X fab is harmonic on X \ {a, b}, and the same method as above gives us

SUp Ga,b < Max (Ga,p + Xfap) — min_ Xfap
X\Unrg |z|=r3 r3<]z|<1

S max (ga,b - cha,b) + max fa,b — min Xfa,b
|z|=r3 |z|=r3 r3<|z|<1

and

inf  Gap > min (Gap — X fap) + min fop— max xfap.
X\Urg |z|=r3 |z|=r3 rs<|z|<1

These estimates imply that
max Ja,b < max (Jab — X fa,p) +25up | fapl,
X Z|:T3 A
min Go,5 = min (Ga,p — X“fap) — 25up | fal,
X |z|=r3 A

and hence

max Gq,p — Min go,p < max (ga,p — X fa,p) — Min (Gap — X fap) + 4sup|fasl-
X X |z|=r3 A

|z|=rs

By Lemma 3.2 and Lemma 3.3,

G

max (Ja,p — X fap) — min (Jap — X fap) < T
— 12

|z|=r3 [z|="3
2\/m

177’2

Ay

1—7“2

ldga,p — d(X° fan)lla

IN

([l[dgablla + [|d(X° fab)ll4)

1d(X® fa.p)ll a-

We have
(X fap)lla < (X)) faplla + X dfaplla

<X (p) fan dplla + lldfaslla
< Alldpllasup [fap] + dfasll 4

Now
ldplfy = [ dpnsdo

= / pdp N do
A
=7(l—73).
Furthermore, for all a,b € U,, we have

1
|fab(2)] = 5~ |log|z — z(a)| +log|z(a)z — 1] — log|z — 2(b)| — log|z(b)z — 1]|.

The triangle inequality gives

ro—r <lz—z(a)|<1+4+r and 1—-r; <|z(a)z—1]<1+m

for all € U,, and all z € A. From this we see (keeping in mind that 1/2 < r; < ry < 1) that

— 1
1 — 1 d |l —1]| <1 .
llog |z — z(a)|| < log — and |log|z(a)z — 1| < log T
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We conclude that for all a,b € U,.,,

1

1 1
sup | fap| < — <10g — + log T ) .
A ™ T2 —T1 T1

Finally we estimate the quantity ||dfss||a. Because f, is a real function, we have
dfa,b = azfa.,b dz + azfa,b dz.
Therefore,

|‘dfa7b||?4:[4dfa,bA*dfa,b

:21‘/ 10, fan|® dz A dZ
A

27 pl
4 [ [ ofasl pipas
0 T

2

< 4r(1 — r2) sup |0, fa bl
A

A straightforward computation gives

N () . 0
azfa,b* 47‘(‘ (Z—Z(a) +m2’71 Z—Z(b) MZ:l) .

Using our previous estimates for |z — z(a)| and |z(a)z — 1|, we see (again keeping in mind that
1/2 <7 <re <1) that

1 1 r
sup |0z fa| < o ( + = )
A ™

To —T1 1—7“1

1— 2 1 r
ldfaplla < 2 ( + —1 ) .

™ To — 11 1—m

From this we obtain

Combining the estimates for sup 4 | fa,5| and ||dfa ]| a vields the lemma. O

From now on we impose the normalisation condition

/ Gapit =0
X

on g, for all a,b € U,,; this can be attained by adding a suitable constant to g, ;. Then the
function g, defined earlier is equal to

Ga b = ga,b + Xfa,b - / Xfa.,bﬂ
X

for all a,b € U,,; note that the logarithmic singularities of f,; are integrable. Indeed, it follows
from the definition of g, that the equations

d*d[gap] =0, —0p and / Gapit =0
X

that define g, uniquely also hold when g, is replaced by Gap + X fa,p — f « Xfa,ppt. Furthermore,

we define
L { 3 loglz —2(a)] onU
@ 0 on X \ Uy;
note that the right-hand side defines a smooth function on X \ {a} which is bounded from above
by
x(2)

1
ng(g)l ?log|z— z(a)| < %bg(l + 7).
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Lemma 3.5. For all a,be U,,,

1 1 8 1
m)?x|ga,b —la+ 1) <es(ri,re, )+ %bg 11—:1 + (g log2 — Z) .

Proof. By the above equation for g, and the definitions of f,; and [,, we get

z(a)z — 1
mz -1

where the last term is extended to zero outside U. We estimate each of the terms on the right-hand
side. From [ ga.ppt = 0 and hypothesis (2) (i = iF dz A dz with 0 < F(z) < ¢1) it follows that

)

Ga,b — la + lb = ga,b - / Xfa,b,LL + 21 10g
X m

max Gq.p > 0 > min g, p;
X Gab = U = bd YGa,b;

together with the estimate for maxx g, — minx gq» from Lemma 3.4, this implies

max |Gap| < c3(ri,ra, A).

Because the support of x is contained in Uj, hypothesis (2) together with the definition of fg
gives

[ xtusn= [ 55 (oglz - 2(@)] + log @ ~ 1] ~ log |2 ~ )] ~ log 20}z 1] .
X U, 4T

Now

X C1 . _
=1 — < — 1 — dw N dw.
/Ul 5 0gle —z(a)lp < o et og|w — z(a)| i dw A dw

lw—z(a)|>1
In order to bound this expression independently of 1, we look at all @ with |z(a)| < 1. Tt is easy
to see that the maximum of the expression is attained when |z(a)| = 1; by rotational symmetry
we can take a = 1. In this case we have to integrate over the crescent-shaped domain
{weC||w <1and |w—1|>1},

which is contained in
{1+ rexp(i¢) | 1 <r<2,21/3 < ¢ < 4r/3}.

Y c1 27 /3 2
/ —log|z — z(a)| n < —/ / log(r) r dr d¢
U, 2T T Jr/3 J1

Therefore, we get

In a similar way, we find

X
X Jog |z — > —¢1/2
/1 2 Og|2 z(a)|,u_ Cl/ N

— 4 1
/U1 %10g|z(a)27 1p < <§log2 §> c1,

X WY
= I — 1l pu> —eci /4.
/1 ) og|z(a)z | = Cl/

The same estimates hold for b; combining them, we get

8 1
/XXfa,bM < (glog2—1) c1.

Finally, we have

z(a)z — 1 1 z(a)z — 1
max — log | == — suplog | ==
z(b)z — 1 2m z(b)z — 1
< i 1 + T1
27 1—7r
which finishes the proof. O
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We are now going to apply Lemma 3.5 (which holds for any chart (U, z) satisfying the hy-
potheses (1) and (2)) to our atlas {(U7,2)) | 1 < j < n}. Besides including the index j in the
notation for the coordinates, we denote by l,(lj) and () the functions I, and y defined for the
coordinate (U7, 2(4)).

The following lemma is a generalisation of Lemma 3.5 to the situation where a and b are
arbitrary points of X.

Lemma 3.6. For all a,b € X and all j, k such that a € Uﬂl and b € Ufl,

Sup’ga,b - ll(lj) + ll(jk)’ S CS(TI; T2, A,TL, C1, M)7
X

where

1 1 8 1
es(ri,re, \nye1, M) =n <C3(7°1,7°2,)\) + %log 14::1 + <§1og2 — Z) cl)

n—1
2T

+ (logM + log +log(1+ 7“1)) )

T2 —T1

Proof. We first show that for any two coordinate indices j and k and for all a € UTk1 N Uﬂl,

. 1
sup|I(F) — l((lJ)‘ < o (1ogM + log + log(1 + 7“1)) . (%)
X 7T

T2 —T

To prove this, let y € X. We distinguish three cases to prove that l,(lk)(y) Y (y) is bounded from
above by the right-hand side of (x); the inequality then follows by interchanging j and k.

Case 1: Suppose y € U{ with |z0)(y) — 20)(a)| < (ra — r1)/M. In this case we have

To —

|z(j)(y)‘ < ‘z(j)(a)| + Tﬁ < 7Ta,

hence a,y € UJ,. Let [a,y]’ denote the line segment between a and y in the z(9)-coordinate, i.e.
the curve in Uﬂ‘2 whose z)-coordinate is parametrised by

20 =1 —1)2D(a) +tz0(y) (0<t<1).

We claim that this line segment also lies inside UfZ. Suppose this is not the case; then, because
the ‘starting point’ (29))=1(20)(0)) = a does lie in U, there exists a smallest t € (0,1) for which
the point

y = ) () € U3,

lies on the boundary of UfQ. It follows from the hypothesis (4) imposed on the coordinates that
29 () — 20 (a)| < M|z (/) - 20)(a).

On the other hand, ‘ ‘ ‘ ,
129(y) = 29 ()| = t|29 (y) — 2/ (a)|
< (TQ - Tl)/Mv

by assumption, and
’z(k) (y') — 2z (a)‘ >y —7

by the triangle inequality. This implies
2By — 29 (@)] > MO () - 20 (),

a contradiction. Therefore, the line segment [a,y]’ lies inside Uﬂz N Ufz. By hypothesis (4),
|20(y) — 20(0)| < M| (y) - 20(a)].
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Because x7) (y) = x®) (y) = 1, we find

. 1 2(k) (y) — Z(k)(a)
(k) _ 1) —— _ -
la (y) la (y) - 21T lOg Z(]) (y) — z(J) (a,)

1
< —log M,
27

which is bounded by the right-hand side of (x).
Case 2: Suppose y & UJ. Then l,(lj)(y) =0, and thus

log(1 + r1)

1(k) ) — (F) <
o W) =l (y) =17 (y) = —

Case 3: Suppose y € UJ and |20)(y) — 2U)(a)| = (ry — r1)/M. Then

log(1+m1) X9 (y) log re — 711

) (1Y — 1) () <
() = 1" (y) = = o M

which is also bounded by the right-hand side in (x).
According to the hypothesis (3) imposed on our atlas, the open sets U7 , cover X. Furthermore,

X is connected. For arbitrary a,b € X and indices j and k such that a € UJ and b € Ufl, we can
therefore choose a finite sequence of indices j = j1, j2, ..., jm = k with m S n and points a = ag,
ai, ..., Gy = bsuch that a; € U,Zj NUZH for 1 <4 <m — 1. Using
m
Ga,b = Zgai,hai
i=1
we get
) m m—1
suplgas — 17 + 1P| = 500 > (gasar — 190, +100) + 3 (1500 —13)
X X iz i=1
m m—1
<3 s g,y — 10, 15+ 3 sup ) 1)
i=1 X i=1 X
The lemma now follows from Lemma 3.5 and the inequality (k). O

Using the preceding lemma, we can now prove Theorem 3.1. We choose a continuous partition
of unity {¢’ }7_1 subordinate to the covering {UJ 1. Let a € X and let j be an index such that
ac UJ1 By the definition of g, , we have

Ja,u(T) — ll(lj)

S
!

/ dup(@)(d) — 19 (z)
beX

S [y 0 aaste) 10 @)ty

n

_ 2) — 19 (2) + 1 (& _ B ® () (D).
Z e OO0t =@ 4@ -3 [ SO @t

k=1

For all j we have, by the same method as in the proof of Lemma 3.5,

sup <e1/2.

reX

/ (O (@) u(b)
beUf
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Together with Lemma 3.6, this gives the inequality

Sip Ya,p — lt(zj)‘ < C5(7’1, T2, >\a n,c, M) Z/ gb](b)u(b) + 261/2
j=1"? j=1

evl,

205(7”1,7”27)\,71701,]\4)+ncl/2
(11,72, 0) + o log —— + ( Slog2 + 1/4

=n|cs(r,r —lo 1o c
3(r1, T2, o gl—rl 5 log L

n—1
2T

+

<logM + log +log(1 + T1)) .

To —T1
We also have ) ]
SUp Ga,u < sup(ga,u - lgj)) + sup ll(f)

X X X

. log(1 +
< Sup(ga,p _ lgj)) + g(2 T1).
X T

By varying the choice of y, we can choose A\ as close to 1/(1 — r3) as we want. Substituting
A =1/(1 —r3) shows that

4T+ 19 1 1 1—ry 1—ro
Cg(Tl,TQ, /( TQ)) (1—T2)3/2 (Og Ty — 11 + Ogl*Tl + ro —T1 +T11*7’1

4 1 1
+ — | log + log .
T To — 11 1—7r

We choose r2 = (1 4 r1)/2; then we see that

B 1
c3(r,re,1/(1—1rg)) < (1—r)3/2 log 1—7r

for some constant B > 0. Finally,

Cn 1

8 -
< =
Sl)lgpga,p_ (177’1)3/2 1Og17T1 + (310g2+1/4) ncy +

1
log M
21 8

and, since ) = log 120) — 20 (a)| on UY,,

a

Sup|ga,u — log |z(J) — z(ﬂ)(a)” < s;p |ga,;¢ _ l(])|

Ul
Cn 1 8 n—1
< 1 —log2+1/4 log M
= A=) Og1r1+(3 g2+ /)”C”L or 8
for some constant C' > 0, which ends the proof of Theorem 3.1. O
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4. Valuations and height functions

Let K be a number field. A valuation on K is a function

K—)RZO

which for some positive constant ¢ and all x,y € K satisfies

|z] =0 < z =0,

lzy| = [=[[y],
|z +y| < emax{|z], [y]}.

The properties of valuations on number fields are well known; for them we refer to texts on algebraic
number theory, such as Neukirch [16]. We only state our conventions and the results that we will
use.

For any valuation | | on K we have [0] = 0 and |1| = 1. A valuation | | is called trivial if
|z] =1 for all x € K*, and non-trivial if it takes values other than 0 and 1. Any valuation | |
defines a Hausdorff topology on K, a basis of which consists of the sets {y eK ‘ ly — x| < r} for
r € X and r > 0.

By a place of K we mean an equivalence class of non-trivial valuations on K, two valuations
being equivalent if they define the same topology on K. We will denote the completion of K with
respect to a place v by K,. For each place v of K the valuation | |, on K extends uniquely to a
continuous valuation on K,, which we also denote by | |,. We will refer to the places corresponding
to ultrametric and Archimedean valuations as finite and infinite places, respectively.

If v is a finite place of K, we will denote the valuation ring by Ok , and the residue class field
(which is finite) by k,. Each valuation | | in the class corresponding to a finite place v is discrete,
and for exactly one of them the function —log| | gives rise to a surjective group homomorphism

ord,: K* — Z.

The intersection of the Ok, is the ring of integers of K, denoted by Og. If on the other hand v
is an infinite place, K, is isomorphic to R or C, and therefore equipped with a standard absolute
value | |. For every place v of K, we fix a distinguished valuation | |, in the class v by

(#ky) (@) if ¢ is discrete;
|zl = 9 2| if K, > R;
|| if K, = C.
Remark. For any place v of K, the additive group of K, is commutative and locally compact as
a topological group, so there exists a Haar measure u, on K,; it is unique up to a constant scalar

factor. Our choice of the valuations | |, is equivalent to requiring that multiplication by « changes
volumes by a factor |zl,, i.e.

po(xV) = |2y (V')
for every measurable subset V' C K, such that u, (V') is finite.

Proposition 4.1. If K — K’ is an extension of number fields, then for every place v of K we
have the identity

H ||y = |2| ) for all z € KX,

v’ |v
where v' runs over the (finitely many) places of K’ extending v. Furthermore, for any © € K*
there are only finitely many places v of K such that |z|, # 1, and we have the product formula
H|x|v =1 forallz € K*,
v
where v runs over all places of K.

Proof. Neukirch [16], §IIL.1.
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If a and b are two coprime integers (in particular, not both zero), the height of the point
(a:b) € P1(Q) (or of the rational number a/b, if b # 0) is defined by

ha((a: b)) = log max{lal, [b]}.

This definition can be generalised to arbitrary number fields, but first we have to get rid of the
special role that the Archimedean valuation on Q plays in this definition. Note that we have in
fact

hq((a:b)) =) logmax{lal,,[bl.},

where v runs over all places of Q (i.e., the finite and infinite places defined earlier). This last
identity holds because max{|al,, |b],} = 1 for all finite places v if @ and b are coprime. If a and b
are multiplied by an element of Q*, the sum ) logmax{|al,,|b|,} does not change; this follows
by a simple calculation using the product formula. Therefore, the second formula for hq((a : b))
makes sense without the restriction that a and b are coprime integers.

We generalise the above idea to a height function on P™(K), for any number field K, by
putting

hic((zo s+ wp)) = Y logmax{|zo|u, ..., |Tnlu}

with v running over the places of K. Again, this is a well-defined quantity by the product formula.
If K — K’ is an extension of number fields, Proposition 4.1 implies that

hi/(x) = [K': K|hk(z) for all x € P"(K).
We can now define an absolute height function h on P™(Q) by setting

1

"

hi(x) if z € P*(K);

the definition does not depend on the choice of the number field K containing . We note that &
is invariant with respect to the action of Gal(Q/Q) on P™(Q).
Let K be a number field, and let X be a quasi-projective variety over K. For each embedding

0 X — Pk

and each point P € X (K), we define the height of P with respect to the embedding i as

This definition obviously depends on the choice of the embedding. A more intrinsic description of
heights can be given in terms of line bundles on arithmetic varieties; we will see this in more detail
in §9.
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5. Analytic part of Arakelov theory

In the intersection theory on arithmetic surfaces that we are going to describe in § 8, the contribu-
tions to the intersection number coming from the infinite places are defined with the help of the
so-called Arakelov—Green function for the Riemann surfaces associated to the arithmetic surface
(see the introduction). Furthermore, the metrised line bundles on arithmetic surfaces that we will
consider have to satisfy an analytic criterion called admissibility. In this section, we will define
these concepts.

For any compact connected Riemann surface of positive genus, we can define a metric on
Oxxx(—A), the sheaf of holomorphic functions vanishing on the diagonal in X x X, by means of
the Arakelov—Green function. Furthermore, denoting the sheaf of holomorphic differentials on X
by Qﬁ(, we have a natural isomorphism A*Oxy x(—A) = Q}( of sheaves of Ox-modules, called
the adjunction isomorphism. Via this isomorphism, we can therefore provide Q% with a natural
metric; in the second part of this section we give the details of this construction.

Definition. Let X be a compact connected Riemann surface of genus g > 1. The g-dimensional
complex vector space Q! (X) of holomorphic 1-forms on X is equipped with an inner product given

by .
<a,ﬁ>=%/XomB.

We choose an orthonormal basis (w1,ws,...,w,) of 21(X), and we define a volume form ux €
E%(X), called the canonical (1,1)-form or Arakelov (1,1)-form, by

- g
1 _
px = % ‘_E w; N wj.

It is easy to check that this definition does not depend on the choice of orthonormal basis and that
Jxpx =1.

Definition. The Arakelov—Green function of a compact connected Riemann surface X of positive
genus is the real symmetric C*° function

JAr = 270Gy

outside the diagonal on X x X.

Definition. Let X be a Riemann surface, and let £ be a holomorphic line bundle on X equipped
with a C° Hermitian metric || ||. The curvature of (£,| ||) is the (1,1)-form defined locally by

1
curv) | = —%d*dlogHsH,

where s is a local generating section of £. This definition does not depend on the choice of s
because the logarithm of the modulus of a holomorphic function is harmonic.

Definition. Let X be a compact connected Riemann surface, and let u be a smooth (1, 1)-form
on X satisfying [, = 1. A line bundle £ on X equipped with a Hermitian metric || || is called
admissible with respect to p if || || is smooth and

CurV” = (deg ,C);L

Let X and p be as in the above definition, and let £ be a line bundle on X. Any two metrics
on L which are admissible with respect to p are related by multiplication by a strictly positive
C* function ¢ satisfying d x d(log¢) = 0. Because the only harmonic functions on X are the
constant functions, we see that any two admissible metrics on £ differ by multiplication by a
positive constant. The following proposition claims that admissible metrics do exist.
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Proposition 5.1. Let X be a compact Riemann surface equipped with a smooth (1,1)-form
such that fX w =1, and let £ be a line bundle on X. Then there exists a metric on £ which is
admissible with respect to p.

Proof. Because Pic X = C1 X, it is enough to prove the claim for line bundles of the form Ox (D)
with D = pcx npP a divisor on X. Viewing 1 as a meromorphic section of Ox (D), we define

Il by

log||1]|(z) =2 ) npg,(P,z)
PeX

for x outside the support of D, i.e. in the open subset of X where 1 is a generating section
of Ox (D). The fact that g, has singularities of the form 5-log|z(x) — z(P)| for x in a coordinate

neighbourhood (U, z) of P (see §2) implies that || || extends in a unique way to a C'*° metric
on Ox (D). Writing gp . (z) = gu(P,z) and applying Lemma 2.3, we see that
CurVH = —dx*d Z npgp,u
PeX
= (deg D)
= (deg Ox (D))p
outside the support of D, and by continuity this equality holds on the whole of X. O

Let X be a Riemann surface, and let Q% be the sheaf of holomorphic 1-forms on X. Let
A: X — X x X be the diagonal embedding, and let Oxxx(—A) be the sheaf of holomorphic
functions vanishing on the diagonal. We are going to construct an isomorphism

al A*OXXx(fA) ; Qﬁ(

of line bundles on X, called the adjunction isomorphism. Since morphisms of sheaves can be defined
locally, it is sufficient to consider a chart (U, z) on X. Let p1,p2:U x U — U be the projections
onto the first and second coordinates, respectively, and write z;1 = z o p; and z2 = z 0o pa. Then
Ouxu(—A) is the free Oy «py-module of rank 1 generated by (z; — 22), and we have a morphism

Ouxv(—A) — AQY
(21 = 22)f ¥ fladz

of Oyxy-modules. It is easy to check that it does not depend on the choice of the coordinate z.
From the fact that A* and A, are adjoint functors, we get a well-defined morphism

ay: A" Oyxu(—A) — Qp
((z1 — 22)f)|a — fladz

of line bundles on U. It is easy to check that ay is an isomorphism. Because the ay are defined
in a canonical way, we obtain the desired isomorphism « by glueing the o for U running through
the chart domains of some atlas on X.

Suppose that X is a compact connected Riemann surface of positive genus. We put a metric
I || on the sheaf Oxxx(—A) using the Arakelov—Green function: outside the diagonal, we define
I Il by

log [|1]|(z,y) = —gar(z,y)

and we extend by continuity. In particular, for a chart (U,z) on X, the generator z; — 2o
of Ouxu(—A) (with z; and 29 as above) satisfies

log [|z1 — 22| = log |21 — 22| — ga:

on U x U. By the description of g, in §2, the function ga, can be written as log |21 — 22| + h with
h a smooth function on U x U, so we see that log ||z; — 22| can be extended to a smooth function
on U x U. Via the isomorphism «, we now get a metric on Q% which on the chart domain U is
given by

log ||dz| () = lim (log |(z) — 2(y)| — gas(,y))-

It can be shown that the metric on Q) is admissible with respect to the canonical (1, 1)-form ux
(see Arakelov [2], Theorem 4.1).
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Suppose K is a topological field which is isomorphic to C. Let n be a positive integer.
Analytic functions from open subsets of K™ to K™ can be defined independently of the choice
of an isomorphism K — C, namely as functions represented locally by a vector of n convergent
power series in n variables. Therefore we can define an n-dimensional analytic variety over K
as a second-countable Hausdorff space which can be covered by charts z: U — U’, where z is a
homeomorphism between open subsets U € X and U’ C K", such that the glueing functions are
holomorphic. An analytic variety of dimension 1 over K is called a Riemann surface over K.

Let X be a compact connected Riemann surface over K. The definitions in this section apply
to X as they do to Riemann surfaces over C, except that we have to choose an element i € K
such that 72 = —1. If we replace i by —i (and simultaneously replace y by —u in Theorem 2.2, to
comply with the requirement [ « 1= 1), it is clear from the definitions that the following things
change sign: the orientation on X, the star operator x, the Laplace operator d * d, the current [a]
representing a differential form «, the canonical (1, 1)-form px (if X has positive genus), and the
curvature of a line bundle. The Arakelov—Green function ga, and the concept of admissibility are
independent of the choice of . This fact will be useful in the following sections, when we deal with
Riemann surfaces over fields of the form K, where K is a number field, K, is its completion with
respect to an Archimedean valuation v and K, is an algebraic closure; these fields are isomorphic
to C, but not in a canonical way.

6. Arithmetic curves and surfaces

In this section we introduce arithmetic curves and surfaces, the main objects of interest in Arakelov
theory. We will assume knowledge of the basic concepts from algebraic geometry treated in the
books by Hartshorne [9] and Liu [12].
For the whole of this section, we fix a number field K. Let O be its ring of integers, and
write
B = SpecOx.

Definition. An arithmetic variety over B is an integral regular projective flat B-scheme. Arith-
metic curves and arithmetic surfaces are arithmetic varieties of Krull dimension 1 and 2, respec-
tively.

Remark. If X is an arithmetic variety over B, then X is Noetherian because B is Noetherian and
X is of finite type over B.

Remark. In this context, flatness is equivalent to surjectivity of the underlying continuous map of
topological spaces (see Liu [12], Proposition 4.3.9).

Examples of arithmetic curves over B include the curves Spec Or with L a finite extension of
the number field K. The following proposition implies that these are in fact the only ones.

Proposition 6.1. Let f: C' — B be a proper flat morphism with C a regular integral scheme of
Krull dimension 1. Let L be the function field of C. Then L is a finite extension of K, and C' is
isomorphic to Spec Or,, where Oy, is the ring of integers of L.

Proof. Let Cxg = C' xp Spec K be the generic fibre of C. It is non-empty because f is flat; we
can therefore choose a non-empty affine open subset U = Spec A of Ck. Since C is of finite type
over K and integral, A is a finitely generated integral K-algebra; the field of fractions of A equals
L. The transcendence degree of L over K is equal to the Krull dimension of A (see Eisenbud [6],
§13.1, Theorem A), which is 0 because f is flat and the dimensions of B and C are equal (see
Liu [12], Theorem 4.3.12). This implies that L is a finite extension of K.

By the regularity of C, each ring O¢(U) with U a non-empty open subset of C' is a domain
which is integrally closed in its field of fractions L. In particular, every such O¢(U) contains Oy,
which is the integral closure of Z in L. This means that there is a natural morphism ¢: C' — Spec Oy,.
The composition C' = Spec Oy, — B equals f, and since f is proper and Spec O;, — B is separated,
i is proper as well (see Hartshorne [9], Proposition I11.4.8(e)). Since C is regular of Krull dimension 1,
for each point x € C' the stalk O¢ , is a valuation ring of L. Conversely, let R be a valuation ring
of L; because Oy, is the intersection of all valuation rings of L, there exists a canonical morphism
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Spec R — Spec Oyp,. The valuative criterion of properness (Hartshorne [9], Theorem I11.4.7) implies
that there is a unique morphism Spec R — C' making the diagram

Spec L —=C

Spec R —— Spec O,

commutative; here the morphism Spec L — C is given by the inclusion {n} — C, where 7 is the
generic point of C. The morphism Spec R — C' induces a canonical isomorphism R = O¢ ., where
x is the image of the closed point of Spec R under the morphism Spec R — C' (see Hartshorne [9],
proof of Theorem I1.4.7). This means that x — Oc¢ ; gives a bijection between the points of C
and the valuation rings of L when we view each O¢ , naturally as a subring of L. The valuation
rings of L correspond in turn bijectively to the points of Spec Oy, so the continuous map sp(7)
of topological spaces that underlies i is bijective. On any one-dimensional Noetherian scheme,
the closed sets are the whole space and finite sets of closed points, so sp(i) is a homeomorphism.
Finally, for each z € C' the map on stalks i7: OLi(x) — Oc,z is a local homomorphism between
valuation rings of L, hence it is an isomorphism (see Hartshorne [9], Theorem 1.6.1A). We conclude
that ¢ is an isomorphism. O

Let X be an arithmetic variety over B. It follows from the definition of regularity that the
generic fibre Xx = X xp Spec K is regular (and therefore smooth over K, since K is perfect).
For simplicity we will from now on require that moreover Xy is geometrically connected. This is
always the case for the arithmetic surfaces we are interested in (which are models of geometrically
connected curves). In general we can make sure this condition is fulfilled by replacing K by its
algebraic closure inside the function field of X (see Liu [12], Proposition 8.3.8).

Our goal in this section and the next two is to describe an intersection theory for arith-
metic surfaces, resembling classical intersection theory on surfaces over a field (see for example
Hartshorne [9], § V.1), in particular on fibred surfaces (i.e. surfaces which are proper and flat over
a projective curve). When trying to do this, one runs into trouble if the ‘infinite fibres’ of the
projection X — B are not taken into account. We write Sg, and Siys for the sets of finite and
infinite places of K, respectively (see §4). The fibres of X over finite places of K are defined by

X, =X xpSpeck, forevery v € Sgy,

where k, is the residue class field of v and the map Speck, — B is induced by the canonical
ring homomorphism Ok — k,. We define fibres over the infinite places of K (the Archimedean
valuations) in a similar way by putting

X, =X xpSpec K, forevery v € Siyt.

Furthermore, for each infinite place v we fix an algebraic closure K, of K,; note that K, is a
topological field isomorphic to C. We let X, be the projective analytic variety over K, associated
to X x g Spec K,, (see Serre [18], §2). If F is a coherent sheaf of Ox-modules, we write F, for the
analytic sheaf on X, obtained by pulling back F by the natural morphism X, — X.

Like in the case of varieties over a field, we can define divisors and line bundles on an arithmetic
variety X, and (at least for curves and surfaces) they are in a sense equivalent. We could use the
customary definition of these objects if it weren’t for the fact that this does not lead to a satisfactory
intersection theory; more precisely, it is impossible to define the degree of divisors on curves in such
a way that a principal divisor has degree zero. We therefore ‘enhance’ our varieties by viewing the
infinite places of K as extra points of B and by placing the infinite fibres of X defined above on a
more or less equal footing with the fibres above closed points of B. Because of the occurrence of the
infinite places, the divisors and line bundles that are relevant to us have to be defined somewhat
differently than usual.

Definition. A metrised line bundle on an arithmetic variety X is a pair (£, || ||), where £ is a
line bundle on X and || || is a family {|| ||, | v € Sint}, where each || |, is the norm associated
to some continuous Hermitian metric on the analytic line bundle £, on X,. An isometry between
metrised line bundles (£, || ||z) and (M, ]| |la) is an isomorphism of line bundles £ —~ M such
that for all v € Siys the induced isomorphism £, — M, of analytic line bundles is an isometry
with respect to || ||z and || ||m-
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If there is no risk of confusion, the metric will often be omitted from the notation for a metrised
line bundle, i.e. a metrised line bundle (£, | ||) is also denoted simply by L.

The structure sheaf Ox is metrised in a natural way: if v is an infinite place, (Ox), is the
structure sheaf of the analytic variety X,, and its metric is defined by

1£1lo(z) = 1f ()] T,

where | |, is the unique extension of the valuation on K, (defined in §4) to K,. (Notice that
| fllo() is just the usual absolute value of the complex number f(z) when K, is identified with C.)
The tensor product of two metrised line bundles (£, | ||z) and (M, || |m) is obtained by taking
the usual tensor product of line bundles and defining the metric on the (£® M), using the formula

Is @ tllcormo = Islle.o - [t a0,

where s and t are local generating sections of £ and M, respectively. For any metrised line bundle
(L, |l 1), the dual LY of £ is made into a metrised line bundle by requiring the natural isomorphism

LeLY = 0x

to be an isometry.

Let f: X — Y be a morphism of arithmetic varieties over B. Then metrised line bundles on Y
can be pulled back to X via f in the following way. For any metrised line bundle (£, ]| ||) onY,
we write f*L for the usual inverse image of the line bundle £ (see Hartshorne [9], §IL1.5). Let v be
an infinite place of K, let 9),, be the projective analytic variety associated to Y x g Spec K,,, and
let f,: %, — 2, be the analytic map associated to f x id: X x g Spec K, — Y x  Spec K,. Then
we have (f*L), = frL,, and we define the metric on (f*L), as the pull-back of the metric on L,.

Definition. The group of Arakelov divisors on an arithmetic variety X is the Abelian group

DivX =Pze P R
Y

vESing

with Y ranging over the integral closed subschemes of codimension one in X and with Siys the set
of infinite places of K, as before. In other words, an Arakelov divisor is a finite formal sum

D:ZnyYJrZaUXU
Y v

with the ny € Z and the a,, € R. (Here Y and X, are just formal symbols.) We call

Dﬁn = ZnYY and Dinf = ZGUXU;
Y v

the finite and infinite components of D.

After this general description of arithmetic varieties, we will now consider the simplest kind
of arithmetic variety, namely the spectrum of the ring of integers of a number field. Since K is
an arbitrary number field and since we have assumed our arithmetic varieties to be geometrically
connected, it is enough to consider the case X = B = Spec Ox. We take a look at metrised line
bundles, the Picard group, divisors, and the class group in this setting.

A metrised line bundle (£, | ||) on the base scheme B consists of an invertible Ox-module
L and Hermitian metrics on the one-dimensional K,-vector spaces L R0k K,. Such a module is
called a metrised O g -module.

Definition. The Picard group of B, denoted by Pic B, is the group of isometry classes of metrised
line bundles on B under the tensor product.
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Like in the case of curves over a field, we can define the degree of a line bundle. This is done
by taking a non-zero rational section

seLly,=2K®og L,
where 7 is the generic point of B; this gives an isomorphism

ii L, — K

s+— 1.
For each finite place v of K, the stalk
ﬁv = OK,U ®OK L

is a free Ok ,-module of rank one. When mapped into K via the O ,-linear map
L, — L, K,

it coincides with some power of the maximal ideal m, of Ok ,, say m?*. The degree of (L,] ||) is
now defined as

deg(L, || ) == > nolog#hk, — Y [K,: R]loglls]l,,

VE Stin VE Sinf
where s is viewed as an element of each L ®¢,, K, via the natural map
Ly, — L, Ok K, = L ®oy K,.

Suppose we start with another rational section, say xs with x € K*. Then the map £, — K
changes by multiplication by =, so each n, changes by

—ordy(z) = log(|x|y)/ log(#ky).
Furthermore, for every infinite place v our normalisation of the valuation | |, on K implies that
sl = |l s,

The expression defining the degree therefore changes by
— > loglzly — Y loglal, =0
vE Stin VE Sinf

because of the product formula. It follows that our definition of the degree is independent of the
choice of s.
The Arakelov divisors on B are easy to describe: a divisor is a finite formal sum

D= Z NV + Z AV

vESkin vESinf

with n, € Z and a, € R. The degree of such a divisor is defined as

deg D = Z Ny, log #k, + Z ay[Ky : R];

VE Stin vESins

thus we obtain a surjective group homomorphism deg: Div B — R. For z € K*, the divisor of z

is defined as )
div(z) = Y ordy(z)v— Y mlog(mv)v.

VE Stin vESint

Divisors of the form div(x) are called principal divisors.
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Definition. The (divisor) class group of B, denoted by Cl B, is the Abelian group
Cl B = Div B/(principal divisors).

For every Arakelov divisor

D = Z NV + Z AyV

VE Stin VESint

we define a metrised line bundle (Op(D),| |p) as follows: Op(D) is the usual line bundle
Op(Dgy) defined by

Op(D)(U)={x € K* |ordy(z) +n, >0 for allv e U} U{0} (U C B open),

where v € U means that the prime ideal of O associated to v lies in U; for every v € Sgy, the
metric on the one-dimensional K,-vector space (Op (D)), is defined by

lzllpw = eXp(—av)|$|11}/[Ku:R].
Proposition 6.2. The association D — Opg(D) induces a group isomorphism
¢:C1 B — Pic B.

Proof. For all Arakelov divisors D and D’ on B, there is an isomorphism Op(D + D’) 2 Op(D) ®
Op(D') as ordinary line bundles, and it follows from the definition of the metric on the tensor
product that this isomorphism is an isometry. Therefore ¢ is a group homomorphism; to show that
it is an isomorphism, we will construct an inverse. Let (£,|| ||) be a metrised line bundle on B.
Let s be a non-zero rational section of £, i.e. an element of the stalk £, of L at the generic point
of B; then we get an isomorphism
L, =5 K
s+ 1.

For every v € Sgy, the image of the stalk £, under the composed map
Ly — Ly — K

is a sub-Opg ,-module of K which is free of rank 1, so it coincides with some power of the maximal
ideal m,, of Op ,, say m; ™. Then £ = Op (Zv nvv) as line bundles, and there is a unique Arakelov
divisor D with finite part ), n,v such that (Z,|| ||) = (Op(D),|| |p) as metrised line bundles.
We let ¢~1(L) be the class of D in Cl1B. This class is independent of the choice of s, because
changing s comes down to multiplication by an element of K*, and hence to changing D by a
principal divisor. It is now clear that ¢ o ¢! is the identity on Pic B, and it is also easy to check
that ¢~! o ¢ is the identity on Cl B. We conclude that ¢ is a group isomorphism. O

The product formula implies that the degree of a principal divisor is zero, so the degree
map on divisors induces a map deg: C1 B — R. It is a matter of straightforward computation to
check that the degree maps on both sides of the isomorphism Cl B == Pic B are compatible, i.e.
deg D = deg Op(D) for all Arakelov divisors D on B.

Remark. Let Div® B and C1° B denote the kernels of the degree maps DivB — R and C1B — R,
respectively. Then C1° B can be viewed as an extension of Clg, the ideal class group of K, in the
following way. Let V' be the hyperplane in . s,.; R defined by

VE Sint VESint

this is in a natural way a subgroup of Div® B. Write I for the group of fractional ideals of Ok.
There is a canonical surjective group homomorphism

Div’ B — I

S v+ Dt ] o0

VE Sfin vE Sfin
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Figure 2: Artist’s impression of an arithmetic surface over Spec Z.

with kernel V| where p, is the prime ideal of Ok associated to the finite place v. We therefore
have the following commutative diagram with exact rows:

1 () KX K*/Op —1
]
0——=V——=Div’B Ik 0.

Here the map O} — V sends an element € O% to the vector (—[K, : R]7'log|z|y)ves,.,, and
the map K> /O — Ik is induced by the map that associates to an element a € K* the fractional
Ok-ideal aOk. Since K*/O% — Ik is injective, the snake lemma gives us an exact sequence of
cokernels

0 V/A C1I° B—— Clg —=0,

where A is the image of O in V. Via this exact sequence we can express at once two important
results from algebraic number theory, namely the finiteness of the ideal class group and Dirichlet’s
unit theorem, by saying that C1° B is a compact topological group.

We now turn to the next simplest species of arithmetic variety, namely arithmetic surfaces.
They can be viewed as models of regular projective curves over K. Arakelov’s intersection theory
on arithmetic surfaces, which we will describe in § 8, can be used to compute heights of points on
these curves.

Figure 2 depicts an arithmetic surface over Z, the generic fibre of which has genus 2. This
surface has a smooth fibre at 3 and a singular fibre at 7.

For every regular projective curve X over K, the following theorem asserts that there exists
a model of X over B, i.e. an arithmetic surface over B of which X is the generic fibre.

Theorem 6.3. Let Xy be a geometrically connected regular projective curve over K. Then there
exists an arithmetic surface X over B such that

X xpSpec K = Xg.

Proof. Liu [12], Proposition 10.1.8.

Let X be an arithmetic surface whose generic fibre X has positve genus. Just as for curves,
we have divisors and line bundles, and they are in a certain sense equivalent.
The integral closed subschemes of codimension 1 of X come in two kinds. If Y is such a
subscheme, the composed map
Y —X -5 B
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is either constant or surjective on the underlying topological spaces. In the first case Y is an
irreducible component of a finite fibre of p. In the second case Y is flat and finite over B and equal
to the closure in X of a closed point of Xk (see Liu [12], Proposition 8.3.4). A divisor which is
a linear combination of irreducible components of fibres (finite or infinite) is called vertical; one
whose components are flat over B is called horizontal.

If f € K(X) is a non-zero rational function, we define the divisor of f as

div(f) = ordy(f)Y + Y ordy(f) X,
Y VE Sing
where ordy is the normalised discrete valuation associated to Y, and ord,(f) (the ‘order of van-
ishing of f at X,’) is defined as

omAﬂz—/l%unm.

v

Here p, is the Arakelov (1,1)-form on X,. The Arakelov divisors of the form div(f) are called
principal divisors.

Definition. The (divisor) class group of X, denoted by Cl X, is the Abelian group
Cl X = Div X/(principal divisors).

Definition. Recall from §5 that a line bundle £ on a compact connected Riemann surface X
equipped with a metric || || is admissible with respect to a smooth (1,1)-form p with [ p =1 if
|| || is smooth and

curv | = (deg £)p.
Let X be an arithmetic surface whose generic fibre has positive genus, and let (L,] ||) be a
metrised line bundle on X. Then (£, ||) is called admissible if for every infinite place v of K, the
metrised line bundle (L., ]| ||v) on %, is admissible with respect to the Arakelov (1,1)-form fi,,.

According to Proposition 5.1, any line bundle £ on X can be made into an admissible line
bundle by equipping each analytic line bundle £, with an admissible metric. Each of these metrics
is unique up to scaling by a positive constant. The structure sheaf Ox with its natural Hermitian
metric is an admissible line bundle of curvature 0. If (£, | ||z) and (M, || ||m) are two admissible
line bundles on X, the definition of the metric on the tensor product £ ® M implies that £ ® M
is again an admissible line bundle, and that the dual of an admissible line bundle is admissible.

Definition. The Picard group of X, denoted by Pic X, is the group of isometry classes of admis-
sible line bundles on X under the tensor product.

To every Arakelov divisor
D =D+ > ayX,

VE Sinf

we associate an admissible line bundle (Ox(D),| |/p) in the following way. Disregarding the
metric, Ox (D) is the usual line bundle Ox (Dsy) (see Hartshorne [9], §11.6). For each infinite
place v, let D, denote the divisor Dg, pulled back to X,, and write
D, = Z npP  with np € Z.
pPex,
Then we define || ||p.» to be the unique admissible metric on Ox,(D,) satisfying

/1%wam=%m

note that the logarithmic singularities of log ||1||p,, are integrable. More explicitly, this metric is
given by the formula

IOngHDﬂ/ = Z nPgAr(Pax) — Qu,
pPex,

which follows by applying Lemma 2.3 in a similar way as in the proof of Lemma 5.1.

Proposition 6.4. The association D — Ox (D) induces an isomorphism
ClX = Pic X.

Proof. This is done in the same way as for curves (Proposition 6.2).
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7. The determinant of cohomology

Let A be a field or a Dedekind ring, let Z = Spec A, and let f:Y — Z be a projective morphism
of schemes. We will introduce a concept of ‘relative cohomology’ of Y over Z. The case where
A = Og and Y is an arithmetic variety over Spec Ok will be needed in §8 to formulate one of the
key results of Faltings’ paper [7], namely the Riemann—Roch formula for arithmetic surfaces.

The cohomology functors are the right derived functors of the global sections functor T'(Y, ).
This functor can be decomposed as I'(Z, ) o f., where f, is the direct image functor. We are
going to concern ourselves with the right derived functors of the direct image functor f.. If Z
is affine (as it is in the case of arithmetic surfaces), this is actually equivalent to studying the
cohomology of Oy-modules, at least for coherent Oy-modules. Our approach extends more easily
to the case where the base scheme is any Dedekind scheme (i.e. a normal integral Noetherian
scheme of dimension 0 or 1), however.

Definition. Let A be a commutative ring, and let M be a projective A-module of finite rank r.
Then M is locally free of rank r, so the maximal antisymmetric tensor power

det M = \"M
is locally free of rank 1. It is therefore an invertible A-module, called the determinant of M.

Lemma 7.1. Let A be a commutative ring, and let

0—M MM —o

be a short exact sequence of finitely generated projective A-modules. Suppose M' and M" are of
rank r and s, respectively. Then there is a canonical isomorphism of A-modules

¢:det M' @4 det M == det M
(I A ANZ) @ Ao AYs) — axy A AN ame AL A A T,
where 1; denotes an arbitrary element of M such that (y; = y;.

Proof. Tt follows from the alternating property of the wedge product that the image of an element
(1 Ao ANZp) @ (1 A ... Ays) € det M does not depend on the choice of the g;, so ¢ is a well-
defined map which is clearly A-linear. To prove that it is an isomorphism, it suffices to check
that this is locally the case, so we may assume A is a local ring. Since projective A-modules
are free, we can choose bases {z1,...,2,} and {y1,...,ys} of M’ and M", respectively; then
{axy, ...,z J1,-..,s} is a basis of M, where each §; € B~ {y;} is arbitrary. Now {z =
1 A...Ax.}and {y = y1 A...Ays} are bases of det M and det M, respectively, so that {x ® y}
is a basis of det M’ ® 4 det M. This basis is sent to the basis {ax1 A ... Aax, Ag1 A ... AJs}
of det M by the map ¢, which is therefore an isomorphism. O

If A is a Dedekind ring, not all finitely generated A-modules are projective; a finitely generated
A-module is projective if and only if it is torsion-free. We still need to define a determinant for
these modules, however. The following lemma shows how to do this.

Lemma 7.2. Let A be a Dedekind ring, and let M be a finitely generated A-module. Then there
exists a short exact sequence of A-modules

0—F—F—M-—70
with E and F finitely generated projective A-modules. The invertible A-module
det M = det F @ (det E)Y

is, up to canonical isomorphism, independent of the choice of F and F and of the morphisms
E—F—M.

Proof. Choose a finitely generated free A-module F' and a surjective A-linear map F' — M; this
is possible because M is finitely generated. Then E = ker F' is torsion-free, hence projective; this
shows the existence of the desired short exact sequence. If

0 E F 0 M 0,
B/
0 E F M 0
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are two such sequences, we consider the short exact sequence

0 E/I FII M 0,
where E” = E x E' and where F” is the torsion-free (hence projective) A-module

F'={(},f) e FxF'|B(f) = B'(f)}-

We have a commutative diagram

ker p — ker ¢

L

0 E" F” M 0
S
0 E F M 0,

where p: E” — E and ¢: F”” — F are the natural surjections. According to Lemma 7.1, there are
canonical isomorphisms

det F” @ (det E”)Y = det(ker ¢) ® det F ® (det(ker p) @ det E)V
=~ det FF @ (det E)",
and similarly with F and F replaced by E’ and F’. This gives a canonical isomorphism
det F @ (det )Y = det F' @ (det E')Y,
and we conclude that det M is unique up to canonical isomorphism. O

Remark. With this definition, any short exact sequence

0—M MM —o

of finitely generated modules over a Dedekind ring A gives rise to a canonical isomorphism
det M' @ 4 det M"" = det M

like in Lemma 7.1.

Definition. Let A be a Dedekind ring, and let F be a coherent Ogpec 4-module, so that F = M
with M a finitely generated A-module. The determinant of F is the invertible sheaf det F on Spec A
defined by

det F = (det M)™;

by the previous lemma, it is unique up to canonical isomorphism.

Definition. Let f:Y — Z be a continuous map of topological spaces. The direct image functor
f« is a left exact functor from the category of sheaves of Abelian groups on Y to the category
of sheaves of Abelian groups on Z. Its right derived functors are called the higher direct image
functors and denoted by R’ f, for i > 0.

Let A be a Dedekind ring, let Z = Spec A, and let f:Y — Z be a projective morphism
of schemes. Suppose F is a quasi-coherent sheaf of Oy-modules. Then the higher direct image
sheaves look as follows (see Hartshorne [9], §II1.8): for every affine open subset U C Z and all
i >0,

(R'AF)U) = H(f7IU, Fly-10).
The R'f.F are quasi-coherent sheaves of @z-modules. In particular, because in our case Z =
Spec A is itself affine, _ _
R'f.F 2 H(Y,F)"~.
If Y is of dimension n, then R'f.F = 0 for all i > n by Grothendieck’s vanishing theorem
(Hartshorne [9], Theorem II1.2.7). Moreover, if F is coherent, all the R’ f,F are finitely gener-

ated Oz-modules (hence coherent) as a consequence of Serre’s finiteness theorem (Hartshorne [9],
Theorem II1.5.2).
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Definition. Let A be a Dedekind ring, let f:Y — Spec A be a projective morphism, and let F
be a coherent sheaf of Oy-modules. The determinant of cohomology of F is the line bundle on
Spec A defined by

det R F = RQ(det R £ 7)),
i=0
where n is the dimension of Y. Similarly, if Y is an n-dimensional projective scheme over a field k,
and G is a coherent sheaf of Oy-modules, the determinant of cohomology of G is the one-dimensional

k-vector space
n

det H(Y, 9) = () (det H'(v,6)) * )"

i=0

8. Arakelov intersection theory

In this section we describe the intersection pairing constructed by Arakelov [2] on arithmetic
surfaces. We also state Faltings’ arithmetic analogue of the Riemann—Roch theorem from classical
intersection theory on surfaces.

Classical two-dimensional intersection theory (see for example Hartshorne [9], §5.1) is con-
cerned with intersection numbers of curves on a non-singular projective surface X over a field.
In the case where the ground field is algebraically closed, the intersection number of two integral
curves meeting transversally is just the number of intersection points. In general, care is to be
taken of the degrees of the intersection points and of the intersection multiplicities at points of X;
furthermore, one also wants to define the self-intersection of a curve. This leads to the definition
of an intersection number for any two integral curves on X. Once this is done, there is a unique
way to extend this intersection number to a symmetric bilinear pairing

DivX xDivX — Z
(D,E)— (D . E);

here Div X is the group of Weil divisors on X. The assumption of projectivity implies that the
intersection number of any divisor with a principal divisor is zero. The intersection pairing therefore
induces a bilinear map Cl1 X x Cl X — Z, where Cl X is the divisor class group of X.

Now let K be a number field with ring of integers Ok, and let X be an arithmetic surface
over B = Spec Ok whose generic fibre has positive genus. If C and D are two distinct integral
curves on X, and P is a closed point of X, it is still possible to define the intersection multiplicity
of C and D in P. However, we can no longer define global intersection numbers in such a way
that the intersection number of a principal divisor with any other divisor is zero. The problem
originates from the fact that there is no definition of the degree of a divisor on the base scheme B
such that the degree of every principal divisor vanishes. The solution is to add ‘points at infinity’
to B by considering the infinite places of K as well as the finite places, which correspond to the
closed points of B. It was shown by Arakelov that a useful intersection theory can be constructed
in the context of Arakelov divisors and admissible line bundles on X.

Let Div X be the group of Arakelov divisors on X. We are going to define an intersection
pairing

DivX xDivX — R
(D,E)— (D . E).

We require this map to be bilinear, so we immediately reduce to the case where D is an infinite
fibre X,, an integral component of a finite fibre X,,, or an integral horizontal curve on X. Let ip
denote the composed map D — D — X, where D — D is the normalisation of D and D — X is
the canonical morphism. We define

deg(i5,Ox(E)) -log #k, if D is an irreducible component of X, with v € Sgy;
(D.E) = { deg(it,Ox(E)) - [K, : R] if D= X, with v € Siu.
deg(iHOx(E)) if D is horizontal.
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Here deg denotes the usual degree over k, in the first case, the usual degree over K, in the second
case, and the Arakelov degree on D in the third case; note that D is the spectrum of the ring of
integers of a number field by Proposition 6.1. It follows immediately that (D .FE) =0 if E is a
principal divisor. Furthermore, it can be shown that this intersection pairing is symmetric (see
Arakelov [2], §1). Because the class group of X is isomorphic to Pic X, the Picard group of X, we
conclude that there is a symmetric bilinear intersection pairing

PicX xPicX — R
(L,M) — (L. M).

The following lemma gives some first properties of this intersection pairing in the case where
one of the line bundles is the pull-back of a line bundle on the base curve.

Lemma 8.1. Let X be an arithmetic surface over B, , and let (L,]| ||) be a metrised line bundle
on B.
(a) For every Arakelov divisor D on X which is the image of some section of p, we have

(Ox (D) .p"L) = deg L.
(b) For every vertical Arakelov divisor E on X, we have
(Ox(E).p*L)=0.

(c) For every admissible line bundle M on X such that the intersection of M with every fibre
has degree 0 (by which we mean that (Ox(X,). M) =0 for all v € Sg, U Sint), we have

(M .p*L)=0.
Proof. If D is the image of a section S, then
(Ox (D) .p"L) =degS™p*L
=deg L,

which proves (a). For (b), we write i for the canonical morphism Xx — X, and i} for the
functor which associates to any metrised line bundle (M, || ||) on X the restriction of the ordinary
line bundle M to Xg. Because of the commutative diagram

Xy —— Spec K

-,

X—>B

and the fact that every line bundle on Spec K is trivial, the line bundle i}.p*(L, || ) is trivial. In
particular, the restriction of £ to X, is trivial for every infinite place v of K. A similar argument
using the commutative diagram

¢ — Spec ky

.
X—2 =3B

shows that for any irreducible component C of a finite fibre X,, the line bundle i&,p*L is trivial,
where i¢ is the natural map C' — C — X (C' — C again being the normalisation of C). For any
vertical Arakelov divisor E on X the definition of the intersection product gives us

(Ox(E) . p*L) = 0.

To prove (c), we choose an Arakelov divisor

D= Z NV + Z QAyV

vESkin vESinf
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on B such that £ = Op(D). Then p*L is the admissible line bundle Ox (p~! D), where
p_lD: Z Ny Xy + Z ay Xy;
vEStin VE Sint
for all v € Sgn, we view X, as a divisor on X by identifying it with the sum of its integral

components (counted with multiplicities). This implies that for every admissible line bundle M
having degree 0 on each fibre,

M.pL)= Y n(M. X))+ > ay(M.X,).
VE Stin VE Sint
Each term vanishes by the definition of the intersection pairing. O

One of the fundamental theorems of Arakelov intersection theory that we will use, namely Falt-
ings’ equivalent of the Riemann—Roch formula for arithmetic surfaces, makes use of a metrisation
of the line bundles det Rp,L on B for admissible line bundles £ on X.

Theorem 8.2. Let X be a Riemann surface of genus g > 1. There is a unique way to assign
metrics to the one-dimensional complex vector spaces det H(X, L), for every admissible line bundle
L on X, such that the following axioms hold:

(1) Any isometry f: L — M of admissible line bundles on X induces an isometry
det f:det H(X, £) — det H(X, M)
of metrised one-dimensional C-vector spaces.
(2) If the metric on L is changed by a factor o > 0, the metric on det H(X, £) changes by a factor
aX()  where
X(£) = dimH(%, £) — dim H (X, £)
is the Euler characteristic of L.
(3) For every admissible line bundle £ on X and every point P € X, the canonical exact sequence
0— L — L(P)— P.P*L(P)—0
induces an isometry
det H(X, L(P)) = det H(X, L) ® P*L(P),
where L(P) is metrised such that the canonical isomorphism L(P) — L ®¢, Ox(P) is an
isometry.
(4) The metric on det H(X, Q%) (which is canonically isomorphic to \? H° (X, Q%) by Serre duality)
comes from the inner product (a, 3) — % [ a A B on HO(X,Q%).
Proof . Faltings [7], Theorem 1.

In this way, we obtain a metrised line bundle det Rp,L on B for any admissible line bundle £
on the arithmetic surface X.

Proposition 8.3 (Projection formula). Let X be an arithmetic surface over B whose generic fibre
has positive genus. For all admissible line bundles £ on X and £ on B, we have

degdet Rp. (L @ p*E) = degdet Rp. L + x(L) deg &,

where
X(L£) = ranko, H*(X, £) — ranko, H'(X, L)

is the Euler characteristic of £ along the fibres of p.
Proof. There are canonical homomorphisms of coherent Op-modules
(Rlp*‘c) ®og &— Rip*(ﬁ Kox p*g) (Z =0, 1);

which are isomorphisms because £ is flat over B (see Liu [12], Proposition 5.2.32). This implies
that there is a canonical isomorphism

det(Rp. L) @0, EXE) =5 det Rp. (£ @0, p*E). (%)
For all v € Sjut, pulling back these sheaves to X, gives a canonical isomorphism
det H(X,, Lo) @, EXXE) =5 det H(X,y, L, @, &)

This isomorphism is an isometry because &, is isomorphic (albeit not canonically) to K, as a
metrised K,-vector space. Taking the degree on both sides of (x) gives the projection formula. O
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Let wx,p be the relative dualising sheaf of X over B (see Liu [12], §6.4). For every point
b € B such that the fibre X} is regular, the restriction of wy,p to X; is canonically isomorphic to
the sheaf of differentials Qx, /1), where k(b) is the residue field of B at b. The case where b is the
generic point of B implies that for every infinite place v of K, the analytic line bundle (wx/p)»
on X, is canonically isomorphic to Q%EU, which we have provided with a metric in §5. Via this
isomorphism each (wX/ B)v acquires an admissible metric, and in this way we make wx,p into an
admissible line bundle on X.

Theorem 8.4 (Adjunction formula). Let C' be a section of the projection map X — B, and
denote its image also by C. Then

(0Ox(C) .wx/p®Ox(C)) =0

or, equivalently,

Proof. Because X is regular, each fibre X, with v € Sg, intersects C' at a single point, and X, is
regular at that point (see Liu [12], Corollary 9.1.32). The theorem now follows from Theorem 4.1
in Arakelov’s paper [2], which does not assume that X is regular but requires that C' does not pass
through singular points of the fibres. O

Definition. Let C' be a reduced curve over a field, and let 7: C' — C be the normalisation of C.
Consider the sheaf & = 1,05/O¢ on C. For every closed point x of C, the stalk S, is of finite
length over O¢ ;, and vanishes if z is a regular point of C' (see Liu [12], §7.5). We define

Op = lengthocym Se.

A closed point z of C is called an ordinary double point if 7= {x}, which is a finite scheme over
the residue field k(x) of C' at x, has exactly two points over an algebraic closure of k(z) and if
0, = L.

Definition. An arithmetic surface X over B is said to be semi-stable if for every finite place v
of B, the fibre X, is geometrically reduced and the only singular points of X, are ordinary double
points.

If X is a semi-stable arithmetic surface over B, the relative dualising sheaf wx,p ‘behaves
nicely’ (see Liu [12], Lemma 10.3.12). Moreover, if X is a smooth geometrically connected
projective curve over K, the semi-stable reduction theorem (see Liu [12], Remark 10.4.2 and
Theorem 10.4.3) shows that there exists a semi-stable model of X over the spectrum of the ring
of integers of some finite extension of K. In many situations where wx,p plays a role, we therefore
restrict ourselves to the case where X is semi-stable. An example of this is Faltings’ version of the
Riemann—-Roch formula:

Theorem 8.5 (Riemann-Roch—Faltings). Let X be a semi-stable arithmetic surface over B whose
generic fibre has positive genus. Then for any admissible line bundle £ on X,

1
degdet Rp, L = E(ﬁ L ®w}/(/B) + degdet p.wx, .

Proof. Faltings [7], Theorem 3; see also Moret-Bailly [14], théoréme 6.13, for the formulation used
here.
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9. The height of a torsion line bundle

Let K be a number field with ring of integers O, write B = Spec Ok, and let p: X — B be an
arithmetic variety. The K-valued points of the generic fibre X g correspond bijectively to the Og-
valued points of X, i.e. to the sections of p; this follows from the valuative criterion of properness.
Let S: B — X be such a section. For any metrised line bundle £ on X, we define the height of S
with respect to L as

he(S) = deg S*L,

1
[k(5) : Q]
where k(S) is the function field of S and deg S* L denotes the Arakelov degree of the metrised line
bundle S*£ on B. It can be shown that if i: X — P7% is a closed immersion, the height function
hc is equal to the height h; defined in §4 if we take £ to be the line bundle i*Opr (1) equipped
with a suitable metric (see Szpiro [19], §3). We extend this idea of heights to arbitrary divisors
on Xg by linearity.

Now suppose X is an arithmetic variety whose generic fibre has positive genus. From the
definition of the Arakelov intersection product, we see that S*L£ = (Ox(S) . £); this gives a very
useful interpretation of heights as intersection numbers. In this section we will estimate the height
of a torsion line bundle on X, or more accurately speaking of a divisor on X possessing an integer
multiple which is rationally equivalent to zero.

Height estimates of torsion line bundles play a role in determining the asymptotic running
time of a recent algorithm by Edixhoven et al. [5] to compute Galois representations associated to
a modular form. The main problem is computing the field of definition of certain torsion points of
the Jacobian variety J of the modular curve X;(I) for a prime number [. This is done numerically,
and to estimate the necessary precision for the computations, bounds on the heights of these torsion
points are needed. There is a canonical height function on J, the Néron—Tate height, but this is
not useful since the Néron—Tate height of a torsion point is zero. Still, height functions in the above
sense, i.e. the functions h, associated to a fixed model of J over B and a metrised line bundle L,
can be expected to assume ‘small’ values at the torsion points, since the difference between any
two height functions on a variety over K is bounded (see Szpiro [19], lemmes 3.1-3.4).

The estimation of heights on J is reduced in [5] to the estimation of heights on a semi-stable
model of X () over the ring of integers Z[(;] of the cyclotomic field Q(¢;). In this section and the
next, we will describe some aspects of this estimation. We will start by considering a more general
situation; we specialise to the case of modular curves in § 10.

Let X be a semi-stable arithmetic surface over B whose generic fibre X has genus g > 1. Let
Tk be a line bundle on X whose class in Pic Xk is a torsion element; in particular, deg 7x = 0.
Suppose we are given a divisor D of degree g on Xx such that dimyx H*(Xk, 7k (D)) = 1 (and
hence, by Riemann-Roch, H! (X, 7x (D)) = 0). Let D’ be the divisor of any non-zero global
section of Tk (D); since such a section exists and is unique up to multiplication by an element
of K*, we see that D’ is the unique effective divisor on X such that 7x = Ox, (D' — D).

We denote the closure of {D} in X by D as well, and similarly for D’. Furthermore, let P be
a section of p, i.e. a B-valued point of X. We view the intersection number (P. D) as the height
of D with respect to the line bundle Ox (P). The problem we are going to attack is the following:
we know an estimate for the height of D and we want to derive from this an estimate for the height
of D’. In other words, we want to bound the real number

(P.D')— (P.D) = deg P*Ox (D' — D).
Lemma 9.1. Let (L,|| ||) be an admissible line bundle on X, and let Lx denote the restriction
of L to Xk. Suppose the class of E}@(” in the Picard group of X is trivial for some integer

n > 1. Then there exists a vertical divisor E on X such that L®" = Ox (E). Furthermore, for any
metrised line bundle M on B, we have

(L.p*"M)=0.
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Proof. Let s be a rational section of £L®™ such that s|x, is a trivialising section of £%". Writing
FE for the divisor of s, we get an isomorphism

Ox(E) = Lo
1+—s.
of admissible line bundles on X . Restricting both sides to the generic fibre X g, we get isomorphisms
Ox(E)lxx — LF" = Ox,
1 — S|XK — 1

of line bundles on X, so the support of E does not contain horizontal prime divisors. In other
words, F is a vertical divisor. Moreover, the equality

L. L) = %((’)X (B). L))

holds for all admissible line bundles £’ on X. In particular, for every metrised line bundle M on B
we have

(£.p"M) = - (Ox(B) .p" M),
which vanishes by Lemma 8.1(b). O
We define a metrised line bundle
T =0x (D' — D)®p*P*Ox (D' — D)¥

on X. We will see later (in the proof of Proposition 9.4) that a tensor power of 7 is isomorphic
to the line bundle Ox (®), where ® is a divisor consisting of irreducible components of finite fibres
of X which do not intersect P. If X is smooth over B, or more generally if the fibres of X
are irreducible, there are no such components; we therefore think of 7 as ‘almost’ a torsion line
bundle (note that the restriction of 7 to Xk is isomorphic to 7x) and of ® as a ‘correction’ for

the non-smoothness of X. The following lemma summarises some useful properties of the line
bundle 7.

Lemma 9.2. There is a canonical isomorphism
P*T =2 Op.

Furthermore, the identity
(T .Ox(E))=(D'-D.E)

holds for any vertical Arakelov divisor E on X, and we have
(T.7)=(T.Ox (D - D)).
Proof. The fact that p o P is the identity on B implies that
P*T = P*Ox (D' — D) ® P*Ox (D' — D)",
which is naturally isomorphic to Op; this proves the first claim. For the second claim, note
that the restriction of 7 to X is isomorphic (in a non-canonical way) to the torsion line bundle
Ox, (D' — D), since the restriction of p* P*Ox (D’ — D) to X is trivial. Therefore, Lemma 8.1(b)
implies that if E is a vertical divisor, then
(D'—=D.E)—(T.0x(FE))=(®"P*Ox(D'—D).E)
=0.
Finally, let n > 1 be such that the restriction to 7®"|x,. is trivial, and let F be a vertical divisor
with 7%" 2 Ox(F) as in Lemma 9.1. Then we have

(T.T)= (Ox(E) . T)

1
—(E.D'— D)
n

(T .Ox (D" — D)),

which proves the last formula. O
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Theorem 9.3. Let wx,p be the relative dualising sheaf of X over B, made into an admissible
line bundle as in §8. Then

2(P.D' = D) = (0Ox(D").Ox(D") @ wy,5) — (Ox (D). Ox (D) ®w}/(/B)
—(T.0x(D'+D)®wy/p)-
Proof. To compute the number (P. D’ — D) = deg P*Ox (D’ — D), we apply the projection formula
(Proposition 8.3) with & = P*Ox (D’ — D)V and £ = Ox(D’). This gives
degdet Rp.(T ® Ox (D)) = degdet Rp.(Ox(D') @ p*P*Ox (D' — D))
= degdet Rp.Ox (D') + x(Ox(D")) deg P*Ox (D' — D)V
= degdet Rp.Ox (D') — deg P*Ox (D' — D).

On the other hand, the Riemann-Roch-Faltings theorem applied to 7 ® Ox (D) and Ox (D’) gives

degdetRp.(7 ® Ox (D)) = %(T@ Ox(D).T ® Ox(D) ®w}/(/3) + deg det p.wx/B,
deg det Rp.Ox (D') = %((’)X(D’) LOx(D') @ wy/p) + degdet p.wx/p-
Thus we find
deg P*Ox (D' — D) = %(ox(m O (D). ) — %(T ® 0x(D) . T ® Ox(D) 2 w¥,p)
= 3(Ox (D). Ox (D) ®Y, ) — 5(Ox(D) . Ox(D) ®¥, )
— %(T.T@ Ox(2D) ® wy/p)-

The theorem now follows by applying the formula (7.7) = (7 .Ox (D’ — D)) from Lemma 9.2. [

Remark. The equation of Theorem 9.3 can be proved more easily by noting that it can be rewritten
as
(Ox (D' + D —2P) ®w}’(/3 .p*P*Ox (D' — D)) =0,

where we have used that

(P.D' — D) = deg P*Ox (D' — D)
= deg P*p*P*Ox (D' — D)
= (Ox(P).p"P*Ox (D' — D)).

The equation now follows from Lemma 8.1(c) since Ox (D' + D — 2P) ® w}’(/B is of degree 0 on
each fibre (cf. Liu [12]; Ox (D’ + D — 2P) is of degree 2g — 2 on each fibre by Proposition 9.1.30
and wx,p has the same property by Proposition 9.1.35). Although the derivation just given is
more elementary, we have also retained the first proof, since it illustrates the way in which the
Riemann—Roch theorem relates properties of the push-forward of sheaves via the map X — B
to intersection theory on X. This principle has been taken to great height by Grothendieck (see
Hartshorne [9], Appendix A).

Each of the terms on the right-hand side in the formula of Theorem 9.3 is estimated from
above by Edixhoven and de Jong in §§ 15-18 of the paper [5]. The term (Ox (D’).Ox (D) ®@wy, )
is rewritten using the Riemann—Roch—Faltings formula:

1

3 (Ox (D). Ox(D")® w}/(/B) = degdet Rp,Ox(D') — deg det p.wx/p.
Next, Faltings’ characterisation of the determinant of cohomology on a compact Riemann surface
X as a fibre of the metrised line bundle O(—0) on the variety J9~!(X) parametrising divisor classes

of degree g — 1 on X (with the metric changed by a factor exp(—d(X)/8), where §(X) is Faltings’

43



0-invariant) is applied, as well as the arithmetic Noether formula (see Moret-Bailly [15]). This
leads to the inequality

HOx(D).Ox (D) @) = Y 1R [ tog6],(1D - Q@)

VESins QeX,
1 1
+ 3 degdetpuwy/p — §(WX/B .Wx/B)
1 g
~3 Z §(X,) log #k, + §[K : Q]log 2w
VEStin
—log #R'p.Ox (D)

1
< E [K,:R] sup log||f]l, + - degdet p.wx/p
vESins JIH(Xw) 2

+ g[K : Q] log 2,

where we have used that (wx,p,wx,/5) > 0 (see Faltings [7], Theorem 5). In the above inequality,
0(Xv) = sex, [k() 1 ky]d, is the number of singular points of X, (counted with degrees), p, is
the canonical (1,1)-form on X,, and ||0]|, is a real-valued function on J9~1(X,) derived from the
f-function.

In [5], the right-hand side of the above inequality is estimated from above in the case where
X is the semi-stable model of a modular curve of the form X;(pl), with p and [ distinct prime
numbers. The result is that

(Ox (D). Ox(D") ® wk ) = O((p1)°) as pl — oo;

we do not go into the details, since the methods used are beyond the scope of this thesis.

As for the other terms in the equation of Theorem 9.3, we we will give an estimation of the
term —(Ox (D). Ox (D) ®wy ) in the next section for the case where X is the semi-stable model
over Spec Z[(;] of a modular curve X (I), with [ a prime number such that X;(!) has genus g > 1,
and where D is an effective divisor of degree g with support in the cusps of the modular curve.

Furthermore, we are now going describe the estimation of the term —(7.Ox (D' + D) ®w}/(/B).
There is a curious resemblance to the subject of the first three sections: namely, pursuing a line
of thought in [5], we will use bounds on the solutions of the Poisson equation on a graph. We will
apply the following proposition.

Proposition 9.4. Let D™ and D~ be effective horizontal divisors of degree d > 0 such that the
class of Ox (D" — D7)|x, in the Picard group is a torsion element. Let P be a section of X — B,

and put
V=0x(D"-D7)®p*P*Ox(Dt — D).

Then for any admissible line bundle £ on X, we have

(V.L)<d > #W,—1) > [(0x(C). L),
VE Stin CeWw,

where W, is the set of integral components of the fibre X, for every finite place v of K.

Proof. Choose a positive integer n such that Ox(nDT —nD7)|x, is trivial, and let s be a rational
section of Ox(nD* — nD™) such that s|x, is a trivialising section of Ox(nDT — nD7)|x,-
Furthermore, let ¢ be the rational section s ® p* P*s of the line bundle

V& = Ox(nDt —nD7) @ p*P*Ox(nDT —nD™)Y;

since s is determined up to multiplication by an element of K *, the section ¢ is independent of the
choice of s. Let ® be the divisor of t. Then we get a canonical isomorphism

Ox(®) = y&r
11—t
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of admissible line bundles on X. Restricting both sides to Xk, from the fact that t|x, is a
canonical trivialising secton of V®"|x, we get canonical isomorphisms

Ox(®)|xx — V" |xx — Ox

1 — tx, — 1

of line bundles on Xy . Therefore, the support of ® does not contain horizontal prime divisors.
Furthermore, we have a canonical isomorphism

P*VE" = P*Ox (nDT — nD™) ® P*Ox(nD* —nD™)"
=~ OB

sending P*t to 1, from which we conclude that the support of ® consists of irreducible components
of finite fibres of X which do not intersect P.
We write

1
=) ng(C)C with ¢(C) € ~Z,
n
C
where C runs over the irreducible components of finite fibres of X. Then we get

V.L)=—-(0x(®).L)

$(C)(0x(C) . L).

S|~

7]

In order to estimate |(V . L)|, we need a bound on the numbers |¢(C')|. We have seen before that
@(C) = 0 for all C which intersect P. Now let v be a closed point of B, and let C' be an integral
component of X,,. By Lemma 8.1,
(0Ox(C).Ox(D" —D7)) — (0x(C).V) = (0x(C).Ox (DT — D)@ V)
= (0Ox(C) .p"P*Ox (D" = D7))
=0.

This implies .
Y. (€.CNe(C) =—(C. @)

= (0x(C).V)
= (C.D* - D).

To bound the numbers ¢(C), we interpret the system of equations

dcrew, (C.CNO(C") = (C. Dt — D7) forall C eW, (%)
o(C)=0 if P intersects C

as the Poisson equation on a graph in order to apply the estimates from Appendix A. Let T" be
the intersection graph of X, i.e. the graph whose vertices are the irreducible components of X,
and where two vertices C' and ¢ are connected by an edge if and only if C' and C’ are distinct
intersecting components of X,,. By the connectedness principle (Hartshorne [9], Corollary I111.11.3),
this graph is connected. We arbitrarily assign a direction to each edge to make I' into a directed
graph. Furthermore, we fix a metric on I" (in the sense of Appendix A) by defining o(a) to be the
positive integer

o(a) = (C.C")/log #k,

for any arrow a connecting two vertices C' and C’. Then the function 7 defined in Proposition A.1
is given by
/ 3 !
c.c :{(C’.C)/log#kv if C £,
TG =1, ifC=c
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According to Proposition A.1,

ddp(C) = Y 7(C,C")((C) - $(C"))

where we have used that ),y (C. C") = 0 for all C € W, (see Liu [12], Proposition 9.1.21).
Substituting this into our system of equations (x), we see that the function ¢ is a solution of the
equation

d*d¢ = p,

where
p(C)=—(C.D" —D7)/log#k, forall C €W,

under the normalising condition that ¢(C) = 0 for the unique component C which intersects P.
In order to estimate the ¢(C), we apply Proposition A.2. Since D™ and D~ are effective divisors
of degree d, the number p™* is bounded by d (with equality if and only if no irreducible component
C intersects both DT and D~). Furthermore, the fact that 7(C,C’) > 1 for all intersecting
components C' and C’ implies that R(C,C’) < #W, — 1 for all C,C" € W,,. Therefore,

max [¢(C)| < d(#W, — 1),

CeW,
and finally
v.ol< Y > 18(O)1(0x(C). L)
VEStin CEW,
< D0 d#WL-1) Y |(0x(C) . L),
VE Stin ceWw,
which is the inequality we had to prove. O

We can now bound the intersection number (7 .Ox (D'+ D) ®w}/(/B) occurring in Theorem 9.3.

Because (C'. D'+ D) > 0 (since D’ + D and C' are effective divisors without common components)
and (C'.wx/p) > 0 (since X — B is minimal and C' is effective; see Liu [12], Corollary 9.3.26),

> 0x(C).Ox(D'+ D) wyp)| < Y (C.D'+D)+ Y (C.wx/p)
CceWw, CceWw, CeW,

The first term equals deg (D' + D) log #k, = 2glog #k, (see Liu [12], Proposition 9.1.30), while
the second term equals (2g — 2) log #k, ([12], Proposition 9.1.35). Applying Proposition 9.4, we
find

(T.O0x(D'+D)@w¥,p)| < (4g—2)g Y (#W, — 1)log#k,,

VE Skin

which finishes the estimation of the last term in Theorem 9.3.
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10. The case of a modular curve

In this section we study the asymptotic behaviour (as N — oo) of the intersection number
—(Ox(D) . Ox(D) ® wX(/B) appearing in Theorem 9.3, in the case where X is the semi-stable
model over Z[(y] of the modular curve X;(N), where N > 3 is an integer such that X;(N) has
genus g > 1, and where D is a divisor of the form Y 7 | P; with each P;: B — X a cusp of X. At
the end we specialise (for simplicity) to the case where N is a prime number. The material in this
section serves as an illustration of the method of §3 and is somewhat more sketchy than the rest
of this thesis. Our approach is based on § 18 of Edixhoven’s article [5], but we use a different atlas
on the modular curves X (V).

We start with the complex analytic description of modular curves; we refer to Miyake’s
book [13] on modular forms for details.

Let H= {7 € C| 37 > 0} be the complex upper half-plane, and define

H*"=HUPY(Q)=HUQU {0},
made into a Hausdorff space by taking the open subsets of H together with all sets of the form

Do(R)={r€H | ST > R} U {oc0} (R > 0),
Dy(ry={reH|Rr—2)*+ (St -r)2 <r?}u{z} (ze€Q,r>0)
as a basis for the topology. Notice that this is a finer topology than the subspace topology

from P1(C), and that P!(Q) has the discrete topology as a subspace of H*.
The group SL2(Z) acts on H via Mébius transformations:

atr +b a b
V=g or (c d)eS 2(Z) and 7 €

This action can be extended in a unique way to a continuous action on H*, and P*(Q) is permuted
transitively under this action.

For every positive integer N, the modular curve Xo(N) is defined as the quotient T'o(N)\H*,
where T'o(V) is the group

To(N) = {(Z 2) € SLy(Z)

Similary, we define X;(N) =T'1(N)\H* and X (N) =T'(V)\H*, where

c=0 (modN)}.

Fl(N):{(Z 2) €SLy(Z) |a=d=+1 (modN),czO(modN)}

" I(N) = {(Z Z) € SLy(Z)

The image of P}(Q) in a modular curve is a finite set, called the set of cusps of the curve. The
cusp which is the image of oo is also denoted by oo.

Each of the modular curves Xo(N), X1(N), X(N) is in a natural way a compact Riemann
surface (see Miyake [13], § 1.8). The inclusions

a=d=+l1 (modN),bECEO(modN)}.

L(N) CT1(N) CTo(N) C SL2(Z)
induce natural ramified coverings
X(N) — Xi(N) — Xo(N) — P'(C),
where we have identified SLy(Z)\H* with P1(C) using the modular j-function
j:H" — PY(C)
T— ¢ '+ 744 + 196884q + - - -,
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where ¢ = exp(27i7). For any modular curve X, the function j induces a function X — P(C),
which is also denoted by j.

We will describe an atlas for X (V) explicitly using discs around the cusps. Although we
will ultimatly need to estimate the Arakelov—Green function on X;(N), computations are easier
on X (N) because the ramified covering j: X(N) — P1(C) is normal. Let us start with the cusp
at infinity. We define a continuous map ze: Doo(1/N) — C by

2o (7) = {exp(Qm'T/N +27/N?) if 7 # oo,
Oo 0 if 7= 0.

The image of 24 equals the open unit disc. Suppose two points 7 and 7 of D, (1/N) are identified
by the action of I'(V). Then there is an element v = (¢ Z) € T'(N) such that y7 = 7. If ¢ =0,
then 7/ = 7 4 b; otherwise, c is a non-zero multiple of N and

ST’:SGT+b _ Ris
et+d et +dJ?
ST 1

~ (eQT)2 T N2GTT

a contradiction since both $7 and §7’ are greater than 1/N by assumption. Therefore, two points
7,7 € Do(1/N) are identified by the quotient map H* — X (N) if and only if 7/ = 7 + Nk for
some k € Z. The same holds for the map z.,, and by the uniqueness of the quotient space we see
that z. induces a homeomorphism from an open subset Uy, C X (V) to the open unit disc in C.

The action of SLy(Z) on H* induces an action on X (N) with kernel I'(N); the action is
transitive on the cusps. For every cusp x we choose an element v,, € SLa(Z) such that y.,00 = Kk
(with the convention v,, = 1), and we put

Uka:'}/kano; Zn:Zooofyn_l-

A different choice for 7, comes down to multiplying 7, on the right by an element of the stabiliser

of the cusp oo, i.e. a matrix of the form :I:((lJ 117) with b € Z, and multiplying z, by exp(F27ib/N).

In particular, the set U, does not depend on the choice of ~,.

From now on we suppose that N > 1. Fix a real number R with 1/2 < R < v/3/2, let U’_ be
the image of Doo(R) in X (), and write U], = 7, U~ for every cusp x. Note that the assumption
N > 1 implies U, C U,.

Lemma 10.1. The open sets U}, with « running over the cusps of X (N), cover X (N). For every
cusp K, the image of U], under the map z, is the disc

{we Clluwl <mn()},

where
r1(N) = exp(—27R/N + 27 /N?).

Proof. To prove the first assertion it is enough to show that the open sets YD (R) with v € SLy(Z)
cover H*. This follows directly from the fact that the standard fundamental domain

{reH|-1/2<Rr<0and |7|>1}U{r e H|0<RT <1/2and |7| > 1} U {oo}

for the action of SLy(Z) on H* is contained in Dy, (R) since R < v/3/2. The second claim follows
from the definition of z. O

Lemma 10.2. For every integer N > 3, the number of cusps of X (N) equals 1 N* [LnA-p7?),
where p runs over the prime divisors of N.

Proof. Miyake [13], Theorem 4.2.10.
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Lemma 10.3. For any two cusps x and A, we have

dz,.

| < N?exp (2r(1 —1/N?))  on U, NU,.
2N

Proof. This is obvious in the case kK = A. Otherwise, we first apply 7;1 to reduce to the case
A =00. Then for all 7 € Do (1/N) N~y - Doo(1/N), we have

271 271 2
dzoo(T) = % exp (%T + N—ﬂ;) dr,

271 271 2
d(r) = 2 exp (ﬂv;% n —”) dly o),

N N N2
so that p d 1)
2 _ 2, 4 Vo T
) oy () 257

(¢ Z) with ¢ # 0, we have

From this it follows by a simple calculation that for v *

dz,.

)= e (R (er-90: ) ).

Now both 7 and v, 17 are in Dy (1/N), so we have 37 > 1/N and (v, 17) > 1/N; furthermore,

dZso

/1 :(\aT—i—b: ST
S(r7) JCTer leT + d|?
ST
<SG <N

and similarly we find 37 < N. From this we see that

5;; (1) < NZexp (%”(N - 1/N)) ,

which proves the claim. O

Proposition 10.4. Let S be an infinite set of integers greater than 2. For all N € S, let un be
a smooth real-valued (1, 1)-form on X (N) satisfying fX(N) un = 1. Suppose that for each N € S

a real number ¢(N) > 0 is given such that for any cusp k of X(N), the function f, on the disc U,
around the cusp k such that
w=1ifsdzs NdzZ,
satisfies
0 < fu(x) <e(N) forallx € U,.

Then we have
sup Jun :O(N7/210gN+N20(N)) as N — oo,
X(N)xX(N)\A

and for all cusps k and all x # y € U/, we have
| 9w (@, y) = log |z () — 2:(y)]| = O(N7/2 log N 4+ N%c(N)) as N — cc.

Proof. As before, we fix a real number R with 1/2 < R < v/3/2, and for all N € S and every
cusp k of X (N) we write U, for the image of the set v, Do (R) under the natural map H* — X (N),
where 7, is any element of SLy(Z) with v,00 = k. For every N € S we apply Theorem 3.1 with
the following parameters, provided by Lemmata 10.1, 10.2 and 10.3:

n= %NQ [Ta-p7),
pIN
r1 = exp(—2nR/N + 21/N?),
M = N?exp(27(1 — 1/N?)),
¢1 = ¢(N).
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It is clear that
n=0(N?) and M = O(N?) as N — oo,
and a simple calculation gives
1
1—mr

=O0O(N) as N — 0.

Therefore, Theorem 3.1 gives the bounds
Cn

IN

1 8 1 n—1
) log T + <§10g2+ Z) ney + o log M

(1
O(N? - N3/?1og N + N?¢(N) + N*log(N?))
O(N"/?1og N + N%¢(N)) as N — oo

sup 9un
X(N)xX(N)\A

and
| 9w (2, ) —10g |20 () — 24 (y)]| = O(N7/2 log N 4+ N%¢(N)) as N — oo
for all cusps k and all @ # y € UL. O

Remark. To improve the above bound, it could be advantageous to take smaller discs U, (but the
same U].) when more is known about the asymptotic behaviour of ¢(N). Although this has the
effect that the parameter r; gets closer to 1, thereby increasing the exponent 7/2, this does not
have to be a problem if ¢(N) can be estimated more sharply on smaller discs.

Corollary 10.5. Let S be the set of integers N > 3 such that X1(N) has positive genus. For
each N € S, define

N = N7 h* pay,
where pa, is the canonical (1,1)-form on X1 (N) and where h is the natural map X (N) — X1 (N).
Then py satisfies fX(N) pun = 1. Let ¢(N) be as in Proposition 10.4. Then

sup guAr:O(nglogN—i—N?’c(N)) as N — oo
X1 (N)x X1 (N)\A
and
|log [|dg||(00)| = O(N/?1log N + N3c(N)) as N — oo,
where the first co denotes the cusp at infinity of X (N).
Proof. A straightforward check using Lemma 2.3 shows that for all ¢ € X1(V) and all x € X(N),
a,uar (M(2)) = Z e(b)gb,un (),

bEX(N)
h(b)=a

where e(b) is the ramification index of h at b. The first claim now follows from Proposition 10.4
since 3, )=, €(b) = N for all a. Furthermore, since h is totally ramified at oo,

9ar(00,1(2)) = Goo,pa, (1(7)) = Ngoo un (2) = Nguy (00, ).
From the description of the metric on the sheaf of holomorphic differentials in §5, we get
log||dg]|(c0) = lim (log|q(z)| — gar(o0,z)).
Now ¢ = zY exp(—27/N); letting = tend to the cusp oo in X (V) this implies
log dgl (o0) = , Tim_(log a(h(x))] ~ ga:(o0: ()
= zlLHOlo(N log |zee(z)| — 27 /N — N, (00, ),
and the second claim now follow from Proposition 10.4. O

Remark. In order to find a more explicit bound for the asymptotic behaviour of the Arakelov—
Green function on X (N) as N — oo, we should also estimate ¢(NN). Unfortunately, this does not
appear to be easy. In the case where N = pl, where p and [ are distinct odd prime numbers, we can
slightly adapt the proof of Lemma 18.2.8 in Edixhoven’s paper [5] to prove that c¢(N) = O(N¥).
We do not give the details, since that would expand this thesis too much; therefore, we leave an
unknown expression ¢(N) in our estimates.
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Let N > 3 be a squarefree integer such that the modular curve X;(N) has positive genus.
Consider the number field K = Q({y) with {y a primitive N-th root of unity; it is well known
that the ring of integers of K is Z[(n]. Suppose we have a semi-stable model X of X1(IN) over
B = SpecZ[(n]. If N is a prime number, such a model is provided by the paper [3] by Deligne
and Rapoport.! We want to estimate the term —(D . D — wy,/p) from Theorem 9.3 in the case
where D is an effective divisor of degree g with support in the cusps of X;(N), using X — B as
our arithmetic surface. We write v

D=> P,
i=1

where the P; are (not necessarily distinct) cusps of X7 (N).

Lemma 10.6. For all ¢, we have

—(0x(D).Ox(D)®@wy,p) = (9 +1) ZOX wx/p)+ > _(Tij - Ox(Pi = Py)).

1<J
where 7; ; is the admissible line bundle
Tij = Ox(P; — Pj) @ p"P*Ox(P; — P;)"
on X.
Proof. Since Ox(P; — P;) has degree 0 on each fibre (see Liu [12], Proposition 9.1.30), Lemma 8.1
implies that
(Ox(Pi— P)) ® T, . Ox(P; — Pj)) = (p*P*Ox(P; — P;) . Ox(Pi — Py))
=0.
We rewrite this as
1 1 1
(P Py) = 5(Pi. ) + 5 (B - By) = 5(Tij - Ox(Fi = Fy)).
The desired formula now follows by writing out —(Ox (D).Ox(D)®w}, ,p) and applying the above
formula for (P; . P;) and the adjunction formula. O

For simplicity, we restrict ourselves in the following theorem to the case where IV is a prime
number, so that we can use the results on the semi-stable model X of X;(N) in the article [3] of
Deligne and Rapoport (we use the scheme which is denoted by My, () in [3], with p = N).

Theorem 10.7. For N running through the odd prime numbers such that X;(N) has positive
genus, we have

—(0x(D).Ox(D)®wY,5) = O(N'¥/?log N + N°¢(N)) as N — oc.
Proof. We claim that for any cusp P of X,
(Ox(P).wx/B) = O(Nl?’/2 log N + N5c(N)) as N — oco.

After applying a modular automorphism of X', we may assume that P is the cusp at infinity. The
line bundle P*wy,p on B is free and generated by P*d(1/j), where j: X — P is the modular
j-function (see Deligne and Rapoport [3]). By the definition of the Arakelov intersection pairing

and the fact that %(oo) =1 for every v € Sins, we get

(Ox(P).wX/B) :degP*wX/B
=~ Y [Kv:Rllog | P d(1/)]s

VE Sinf

=~ ) [K.:R]log | P*dql.,

VE Sinf

=— > [K, : Rlog |ldgl|,(c0).

VE Sinf

T Katz and Mazur [11] give similar results for general N, but I haven’t studied these.
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Using Corollary 10.5 and the fact that > [K, :R] =[Q(¢{n) : Q] < N, we obtain

VESinf
(Ox(P).wx/p) = O(N'"/2log N + Ni¢(N)) as N — cc.

The genus of X;(N) is O(N?) (see Miyake [13], Theorems 4.2.5 and 4.2.11), so we find
9
(g+1) ZP .Wx/B) O(N15/210gN+N6c(N)) as N — oo.
i=1

Finally, we estimate the term 3, (7 ; . Ox(P; — P;)). By the Manin-Drinfeld theorem
(Drinfeld [4], Theorem 1), the restriction of Ox(P; — P;) to Xk is a torsion line bundle. Using
Proposition 9.4, we find

(Tij - Ox(Pi—P)| < > (#W,—1) > [(C.P—P)

VE Stin CeWw,
<2 ) (#Wo —1)log#k,.
vEStin

According to Deligne and Rapoport [3], théoréme V.2.12; the arithmetic surface X is smooth
over Z[{n,1/N], and the fibre above the point (N) € Spec Z[(y] has two irreducible components
intersecting transversally. Therefore,

Z(ZJ .Pi— Pj) = 0(¢*log N) = O(N*log N) as N — oo,

i<j
and by Lemma 10.6 we get
—(0x(D) . Ox(D) @ wY,5) = O(N'"?log N + NOc¢(N)) as N — o,

which ends the proof of Theorem 10.7. o
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Appendix A. The Poisson equation on a graph

Let T" be a finite connected directed graph given by a set V' of vertices, a set A of arrows, and two
maps s,t: A — V, the source and target maps (i.e. each arrow a € A goes from the vertex s(a) to
the vertex t(a)). We define a linear map d: RY — R4 by

dp =¢pot—¢gos,

so that for every function ¢ € RY, the change in ¢ across an arrow a € A equals d¢(a).
Suppose o is a metric on T, i.e. a function o: A — R taking strictly positive values.” We equip
RY with the standard inner product ( , ) and R4 with the inner product { , ) defined by

(f.9) = Y ola)f(@)g(a).

a€A

Let d* be the adjoint of d with respect to these inner products, i.e. the unique linear map R4 — RV
such that
(d"f,¢) = (f,d¢) forall f €RA, e R,

We consider the Laplace operator on I'; this is the self-adjoint operator
d*d:R" — RV.
The kernel of d*d contains the kernel of d; conversely, if € RY is annihilated by d*d, then

0= (¢, d"dp) = (do, d¢),

so d¢ = 0 since ( , ) is positive definite. Because I' is connected, the kernel of d (and of d*d)
consists of the constant functions. From the fact that d*d is self-adjoint and the finiteness of V' it
follows that for any function p € RV, the Poisson equation d*d¢ = p has a solution ¢ and only if
(p,1) = 0. The function ¢, if it exists, is unique up to addition of a constant function.

Proposition A.1. For all v, w € V, let 7(v,w) be the real number

T(v,w) =) ola),

a

where a runs over the arrows connecting v and w (in either direction). Then the Laplace operator
is given by

d*dp(v) = > 7(v,w)(¢(v) — $(w)).

weV

Proof. A straightforward computation shows that the operator d* is given by

df)= > o(afa)— Y ola)f(a)

acA acA
t(a)=v s(a)=v

Using this, another short computation gives

d'dp(v) = Y ala)(d(v) = $(s(a) + Y ola)(d(v) - é(t(a))),

a€A acA
t(a)=v s(a)=v

from which the stated formula follows. O

T We do not use o as a distance. Intuitively, we can view I' as an electric circuit consisting
of resistors, where resistor a has resistance 1/0(a). The functions denoted by ¢ correspond to
potentials, so that d¢(a) is the potential difference over resistor a.
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For every vertex v, we define a function §, € RV by d,(w) = 1 if v = w and §,(w) = 0 if
v # w. Fix a vertex vg € V. For any two vertices v,w € V, let ¢, ., be the unique solution of
d*dpy = 0y — Oy satisfying ¢y (vo) = 0. First suppose v and w are connected by at least one

arrow. Then
¢v,w(v) - ¢v,w (w) = <¢v,w; 51} - 5w> = <¢v,w7 d*d¢v,w>
= <d¢v,w7 d¢v,w> - Z U(b) d¢v,w(b)2

beA
< T('Ua w)((bv,w (U) - ¢v,w(w))2a
from which it follows that
0 < G, (V) = Py w(w) < 1/7(v,w).
From the expression for d*d from Proposition A.1, we see that if x is a vertex distinct from v and w,
so that d*de, w(z) = 0, then ¢, ., () is a weighted average of the values of ¢ in the points connected
to z. This implies that ¢, ., attains its extrema at v and w, and therefore

|pww(x) — Pv,w ()] < 1/7(v,w) forall z,y e V.

Definition. A chain of length n in I" is a sequence (vo, ..., v,) of vertices such that v;_; and v;
are connected by an arrow for ¢ =1, 2, ..., n. For any two vertices v and w, we define
n
R(v,w) = min Z 1/7(vie1, ).
(U07~~~avn) i=1
where the minimum is taken over all chains (vp,...,v,) with n > 0, vo = v and v,, = w.
Now let v and w be arbitrary vertices, and choose a chain (v = vg, v1,...,v, = w) for which

St 1/7(vi—1,v;) equals R(v, w). Then we have

n
¢v,w = Z vai,l,v-;v
1=1

and for any pair of vertices x,y € V this implies that

|¢v,w($) - ¢v,w(y)| < Z|¢U'L—17'Ui (T) = o,y 0, (y)‘
=1

< Z 1/7(vie1,v:)
i=1

= R(v,w).
Proposition A.2. Let I" be a finite connected directed graph with set of vertices V', equipped
with a metric o. Let p € R be a function with Y, .\, p(v) = 0. We define

pt=Y_ pv) <=— > p(U))-

veV veV
p(v)>0 p(v)<0

Then any solution ¢ to the Poisson equation d*d¢ = p satisfies
d(v) — p(w) < pTR(v,w) for all v,w € V.
In particular, if ¢ is normalised in such a way that it assumes both non-positive and non-negative

I;}ﬂaX|¢('U)| p max ('U,w)

)

Proof. For any two vertices v and w, we have
P(v) — p(w) = (¢, 00 — du) = (¢, d"dy,w)
= <d*d¢7 ¢U,w> = <pa¢v,w>-
Because ¢, ., attains its maximum and minimum in v and w, respectively, we can bound this as
(Ps Pvw) < p+(¢v,w(v) — Gu,w(w))
< p*R(v,w),

which proves the first inequality. The second inequality follows immediately from the first. O
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