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Introduction

This thesis is on certain aspects of differential geometry of principal fibre bundles
and vector bundles. Our results are not new (some well known, others only to ex-
perts), but for many of them the proofs are not or not easy to find in the literature.

A first example of this is the following. Let V' be a finite dimensional vector
space, P (M, Q) a principal fibre bundle with structure group G = Aut(V') over a
manifold M, and 7 : E — M a vector bundle with fibre V', associated to P (M, G)
via the standard representation of Aut(V) on V. Consider a connection A on
P (M, G) with curvature form 4 and let R4 be the curvature of the correspond-
ing connection D4 on E. Both €24 and R4 can be viewed as forms with values in
the endomorphism bundle of F, and as such they are equal. We give a proof of
this natural fact, which we (surprisingly) were not able to find elsewhere.
Another (also quite general, but more involved) example is the Chern correspon-
dence, which is the central topic of this thesis. In particular, in Section 3.2 we
discuss an important formula, which is used in [19]. The proof of this formula is
in [19] extremely sketchy; we present here a detailed one, for which we make use
of a great portion of the results of the previous chapters.

In the following we give some comments about the contents of the thesis. For
more details on the contents of the chapters, we refer also to the introductions
heading each of them.

In the first chapter we gather basic definitions and results on vector and prin-
cipal fibre bundles, in particular about reductions, connections and curvature.
Special attention is payed to the relation between principal fibre bundles and vec-
tor bundles associated to them via representations. We try to present the material
in such a way that our text could be used as a basis for an advanced course (MSc-
level), compiling facts otherwise scattered about the literature. However, for the
sake of brevity, where results appear in standard textbooks (mainly [14] and [13]),
we mostly refer to these for proofs. In Chapter 2, besides giving some background
information about complex manifolds and complex reductive Lie groups, we show
how the material of the first chapter should be generalized to complex fibre bun-
dles, and we present some results specific of the complex case. In particular, the
main topics of this chapter are holomorphic and almost holomorphic structures



on complex principal fibre bundles and the Chern correspondence in the vector
bundle case.

In the following we discuss in some detail the contents of Section 3.1.

Let G be a complex reductive Lie group with a compact real form K and
let P (M,G) be a principal fibre bundle over a complex manifold M, with a K-
reduction @ (M, K). Denote by G& and G¥ the groups of gauge transformations
of P(M,G) and @ (M, K) respectively, i.e. the groups of sections of the adjoint
bundles P x 4q G and Q x 44 K. Note that G can be regarded as a subgroup
of GP. Consider the set C(P) of almost holomorphic structures on P (M, G) and
the subset C(P) of integrable ones. We have a natural action of G on C(P),

leaving C(P) invariant, and C(P)/gp (resp. C(P)/gp) is the set of isomorphism
classes of (almost) holomorphic structures on P (M, G). Finally, consider the set

A(Q) of connections on Q (M, K) and the subset A%!(Q) of integrable ones, i.e.
connections whose curvature is of type (1,1). We have a natural action of G2 on

A(Q), leaving A% (Q) invariant, and A(Q)/Q,Q (resp. AI’I(Q)/QQ) is the set of

gauge equivalence classes of (integrable) connections on @ (M, K).

The main result of Section 3.1 is the following (Chern correspondence).
Theorem 1 There is a natural 1-1 correspondence C(P) AL A(Q), equivariant
with respect to the action of G2, such that the elements of C(P) correspond pre-
cisely to the elements of AM(Q). In particular, the GP-action on A(Q) extends
via this correspondence to a G -action, and we get natural bijections

c(P
(P) /g
This result is known, and used for example in [19] and [23], but a rigorous proof
seems not available in the literature. The goal of Section 3.1 is not only to present
a proof of it, but also to show that the correspondence in Theorem 1 is a general-
ization of the classical Chern correspondence in the vector bundle case (as treated
for example in [13]), i.e. the bijection between semiconnections (resp. holomorphic
structures) and (integrable) h-connections for a complex vector bundle 7 : E — M
(where M is a complex manifold) with an Hermitian metric h. Having this in mind,
from the beginning the treatment of vector bundles is developed parallel to that
of principal fibre bundles, and very much emphasis is placed throughout the thesis
in the relation between principal fibre bundles and associated vector bundles (see
in particular Example 1.2.10, Example 1.2.17, Proposition 1.4.9, Lemma 1.4.13,
Example 1.4.22, Proposition 2.5.5 and Example 3.1.2). It should be noticed, how-
ever, that the results regarding principal fibre bundles are proved directly, without
using the corresponding facts over vector bundles. The only exception of this is

the proof that under the bijection C(P) LL A(Q) the holomorphic structures

P XL, A(Q)/gp and C(P)/gp XL AM(Q)/QP,



on P (M, G) correspond precisely to the integrable connections on @ (M, K) (see
Proposition 3.1.5). Here, by reducing to the vector bundle case via a holomorphic
faithful representation of G on C™, we make use of a deep integrability theorem
which is proved in the classical paper [1] (see Theorem 2.3.10).

Given a fixed holomorphic structure J on P (M,G), we denote by A ¢ the
extension to P (M, G) of the connection on @ (M, K) corresponding to J under
the Chern correspondence. Note that by Theorem 1 its curvature Q4, , is a (1,1)-
form. One of the main goals in [19] is to show that, if M is compact, under certain
conditions on J and for certain elements C' in the center of the Lie algebra of G,
there exists a K-reduction Q) (M, K) of P (M, Q) for which the Hermite-Einstein
equation

Ay (Qu,,)=C

is satisfied, where A, is the contraction operator associated to a fixed Hermitian
metric g on M, mapping (1, 1)-forms on M to 0-forms. The proof and even the
precise statement of this result go far beyond the scope of this thesis. We will
only be concerned, in Chapter 4, in a necessary condition on C in order to have a
solution of the Hermite-Einstein equation.

Ounly a general knowledge of differentiable manifolds (including differential
forms) and Lie groups is required to read this thesis. However, we give complete
references for all non-trivial results we use. The treatment of fibre bundles and
the material we need on complex manifolds and Lie groups are developed from
the first principles.

Notation and conventions

Throughout the thesis, "manifold” stands for ”differential (i.e. C*°) manifold”.
The tangent bundle of a manifold M will be denoted by T'M and the tangent
space at a point p by T,M. When a vector X € T, M is regarded as an element
of TM, it is denoted by (p, X). If X is a vector field on M, i.e. a smooth sec-
tion M — TM, then for a point p of M we denote by X, the element X (p) of
T, M, but we prefer the second notation for vector fields with too many subscripts
(e.g. (th ) 4 )- We denote the space of differential forms of degree r on M by
A"(M). Given a smooth map f : N — M, we write f, for the differential and
f* for the pullback on forms. In this thesis a smooth map f: N — M is called
an embedding if it is an injective immersion; thus, with this definition, the image
f(N) of an embedding is not necessarily a submanifold of M (but this is the case
when f : N — f(N) is a homeomorphism, where f(N) C M has the relative
topology, see for example [9, Theorem 3.1 of Chapter 1]). Given a cover (i.e. open
cover) {U;, i € I} of a manifold M, we denote by U;;, for i, j € I, the intersection
U; NU;. All vector spaces in this thesis are real or complex finite dimensional




vector spaces. Given a vector space V' and its dual V*, we denote by (, ) the dual
pairing V x V* — R (resp. C). The wedge product /\k V* x /\l V* — /\k+l v,
(a, B) — a A B is defined for us by

1 ag
(aAB) (V1. .y Ukyy) = m Z(—l) o (vo(l), .. ,vg(k))/@ (vg(k+1), e ,vg(k_H))

for vi,...,vk4; € V, where the summation is taken over all permutations o of
(1,...,k+1); note that the factor ﬁ does not appear in the definition given by
some textbooks. Finally, we denote by ey, ..., e, the canonical basis of R" or C".

Ik wil mijn afstudeerdocent Dr. M. Liibke van harte bedanken voor de aandacht
waarmee hij mij heeft begeleid en omdat zijn aanmoediging op een moment kwam
dat ik het echt nodig had en mij veel heeft geholpen.

Ik ben mijn vrienden Federica en Sorin ook dankbaar voor hun hulp en steun.
Een speciale dank ben ik tot slot Prof. Dr. H. Geiges verschuldigd.



Chapter 1

Fibre bundles

Definition 1.0.1 Let F' and M be manifolds. A fibre bundle over M with typical
fibre F' consists of a manifold E and a smooth map 7 : E — M (projection) such
that the condition of local triviality is satisfied, i.e. there exist a cover {U;, i € I }
of M and diffeomorphisms

0; : 71'71(1/{1‘) — U; X F

(local trivializations) making the following diagram commutative.

71'71(1/{@') L) U; x F

\ lprl

U;

E is called the total space of the fibre bundle and M the base space. Usually we
will write m : E — M (or simply E) for a fibre bundle over M with total space
E and projection m : E — M. A section of a fibre bundle 1 : E — M 1is a
smooth map o : M — E such that mo o =idyy, i.e. o(p) € E, for allp € M. If
there is a global trivialization 0 : E — M X F, then E is called a trivial bundle.
A homomorphism between two fibre bundles g : B — M and 7p : FF — N
consists of two smooth maps f: E — F and f' : M — N such that

mpo f=[fomp.

If M = N, f': M — M is the identity and f : E — F is a diffeomorphism,
then f is called an tsomorphism between the fibre bundles mp : E — M and
T F— M.

The set E, := 7! (p) is called the fibre of E over the point p € M. It is
a closed submanifold of F, diffeomorphic to F. In the two special cases of fibre
bundles that we will consider, the fibres will have an additional structure: a linear
structure in the case of vector bundles and the structure of a G-space, where G is
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some Lie group, in the case of principal fibre bundles.

In the first two paragraphs of this chapter we will give an outline of those as-
pects of vector bundles and principal fibre bundles that are needed in the rest
of the thesis. In particular, we will focus on the correspondence between vector
bundles and principal fibre bundles with structure group GL (n, R).

A connection on a vector bundle is a geometric structure which enables us to
differentiate sections in the direction of vector fields of the base manifold. A con-
nection on a principal fibre bundle is a horizontal distribution on the total space
which is invariant by the action of the structure group. In Paragraphs 1.3 and
1.4 we will treat connections on vector bundles and on principal fibre bundles and
we will show that these two concepts coincide when we consider principal fibre
bundles with structure group GL (n,RR) and the associated vector bundles.

Standard references for this chapter are for example [14], [11], [27], [28], [29],
[22] (for 1.1. and 1.3), and [13] (for 1.3).

1.1 Vector bundles

Definition 1.1.1 A (real) vector bundle of rank n over a manifold M is a
fibre bundle m: E — M with typical fibre R™ and local trivializations

92' : W_l(ui) — Z/lz x R™
such that for alli,j € I and for all p € U;; the map

1
5007 [ (pyxrn

o~ 0 ~
R" =, [p} x R™ (p} xR" = R™ (1.1)

is linear, where we identify R™ with {p} x R™ by v — (p,v).

Linearity of (1.1) allows us to give to each fibre E,, the structure of a real vector
space. We can do this by requiring the composition

03 Bp

Qip:Ep—>{p}><R"iR”

to be an isomorphism of vector spaces for some (and hence for all) ¢ € I with
pE U;.

Example 1.1.2 The tangent bundle TM of a manifold M is a vector bundle
over M with rank n = dim(M).

11



The set of all sections of a vector bundle 7 : E — M is denoted by I'(E). It
has a natural structure of a real vector space '. Note that every vector bundle
m: F — M has a zero section, i.e. the section 0 : M — FE, p+— 0 € E,. It is the
zero vector of the vector space I'(E).

Definition 1.1.3 A homomorphism (or vector bundle map) between two
vector bundles 7 : E — M and g : F — M owver the same base space M is
a smooth map f : E — F such that f(E,) C F, for allp € M and f|g, : E, — F),
is linear. If f : E — F is a diffeomorphism, then f is called a (vector bundle)
tsomorphism.

Lemma 1.1.4 Let 7 : E — M and g : F — M be vector bundles and let
[+ E — F be a vector bundle map such that f|g, : E, — F, is an isomorphism
for allp e M. Then f is a vector bundle isomorphism.

For a proof of this, see [11, Theorem 2.5 of Chapter 3.

Denote by Hom (E, F') the set of all vector bundle maps £ — F'. It has the struc-
ture of a real vector space in a natural way.

Let 7 : E — M be a vector bundle and let {6; : 7= Y(U;) — U x R* , i € I}
be local trivializations with respect to a cover {U;, ¢ € I } of M. For every p € U;;
we can define a vector space isomorphism 6;; (p) : R™ — R" to be the composition
bip © 93‘;1' The functions {6;; : Uj; — GL(n,R)} are called the transition
functions of the vector bundle 7 : E'— M with respect to the cover {U;, i € I'}
and the trivializations {6;}. Note that they are smooth and that they satisfy the
cocycle condition 2
Hij ij =0, (1.2)
where multiplication is in GL (n,R). In particular, from (1.2) it follows that 6;; = I
and 0j; = 0,

We can use transition functions to construct global objects on vector bundles
by gluing together local definitions given on the domain of the trivializations. In
the next examples we will show how to do this for sections and vector bundle
maps.

Example 1.1.5 Let m : E — M be a vector bundle with local trivializations
{6; : 7= YU;) — U; x R, i € T} with respect to a cover {U;, i € I} of M. Then
any set of smooth functions {o; : U; — R™, i € I} induces a well-defined global
section 0 : M — E, provided that 0;; 05 = o;: for p € M, choose i € I with p € U;
and define o (p) := Giljl( oi(p)).

! See [11, Proposition 1.6 of Chapter 3] for more details.

2 Equations of this type are always to be understood as holding on the common domain of
definition.
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Example 1.1.6 Let 7 : E — M and wp : F — M be two vector bundles over
the same base space M with trivializations {0F : n ;' (U;) — U x R™, i € T}
and {0 : 7 (Us) — U x R™, i € I} with respect to a cover {U, i € I} of
M 3. Then any set of smooth maps { f; : Uy — M(n x m), i € I} determines a
well-defined vector bundle map f : E — F, provided that 95 fi="rfi 05 onU;j;: for

v € E, choosei € I withp = g (v) € U; and define f(v) := (91.1;)71 (f,;(p) 05(1})).

Example 1.1.7 Suppose now that the vector bundles E and F of Fxample 1.1.6
both have rank n and that a set of smooth maps { f; : Uy — GL(n,R), i € I}
is given such that 95 fi =1 QZ-JE on Uij. Then we have also the smooth maps
{f;1 :U; — GL (n,R), 1 € I} which satisfy 95 f;l = f;l 95 on Ui;. It follows
that we get vector bundle maps f : E — F and f' : F — E induced by the { f;,
iel} and {f;l, i € I} respectively. It is easy to see that f and [’ are inverse
of each other, so in particular E and F are isomorphic vector bundles.

Transition functions can also be used to reconstruct the whole bundle, as explained
in the following proposition.

Proposition 1.1.8 Let M be a manifold and let {U;, i € I} be a cover of M.
Suppose a set of smooth maps {0;; : Ui;; — GL(n,R)} is given satisfying the
cocycle condition (1.2). Then there is a unique (up to isomorphism) vector bundle
of rank n over M with the {0;;} as transition functions with respect to some system
of local trivializations.

Proof Define .

E:=JuxR",_,

i€l

where (i,p,2) ~ (j,q,y) by definition if p = ¢ € U;; and = = 6;; (p) (y) (note
that the cocycle condition implies that this is a well-defined equivalence rela-
tion on the set |J U; x R™). Denote by (i,p,z),. € E the equivalence class of
(i,p,z) € JU; x R"™.
Define a map 7 : £ — M by (i,p,x) . +— p and let 6; : YW U) — U x R?
be the bijection (i,p,z) /. = (p,x) for all i € I. We can define a differentiable
structure on F by requiring the 6;’s to be diffeomorphisms: this makes sense since
¢; can be obtained from a different 0; (with U;; # () by composing it with the
smooth map U;; x R" — U;; x R™, (p,x) — (p, Hij(p)a:).
Then 7 : E — M becomes a vector bundle, with the {6;;} as transition functions.

Uniqueness follows from the fact that two vector bundles over the same mani-
fold having the same transition functions on a given cover are isomorphic (put
{fi:Ui — GL(n,R), p— I} in Example 1.1.7). O

3 Without loss of generality we can use the same cover {U;, i € I} of M for the trivializations
of £ and F'.
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It is possible to prove that every (multi-)linear operation on vector spaces (for
example V — V* (VW) — V ®W etc) induces in a natural way a corresponding
operation on vector bundles. For a proof of this general principle see [17, §3.4],
[11, §5.6] or [22, §3(f)]. We will just give a few examples of this.

Example 1.1.9 Let 7 : E — M be a vector bundle with transition functions
{0;ij : Uij — GL (n,R) } with respect to a cover {U;, i € I} of M. Define

« —1
0,;" Ui — GL(n,R), p— (Qij(l?)t)

The {Qij*} satisfy the cocycle condition (1.2), thus by Proposition 1.1.8 they are
the transition functions of a real vector bundle E* over M, called the dual bundle
of E. We have (E*), = (Ep)* in a canonical way. The isomorphism is defined as
follows. For (i,p,x) . € (E*)p and (i,p,y) /~ € E} (notation as in the proof of
Proposition 1.1.8) we set
< (ivpvx)/wv (iapvy)/'\/ > = Y

(note that this is well-defined). Observe that the construction of E* does not
depend on the set of transition functions defining E. Indeed, suppose that another
set of transition functions {0;; : Ui; — GL (n,R) } (without loss of generality we
can assume the cover to be the same as above) determines the same vector bundle
E. Consider the functions { f; : Uy — GL (n,R), p — 0;, o Ggpfl, i € I}, where
{0; ;77X (U) - Uy xR, i€ T} and {0 : 7= (U;) — Us xR™ , i € I} are some
systems of local trivializations for E, inducing the transition functions { 6;; } and
{0;; } respectively. Then it holds 0;; f; = fi 0;; and so Gij* (fjt )_1 =(ft )_1 92’-]-*.
By Example 1.1.7, this implies that {eij* } and {0}, } determine the same vector
bundle E* (up to isomorphism). A similar argument can be used to show that if
E and E' are isomorphic vector bundles, then so are E* and E'*.

Example 1.1.10 Let g : E — M and 7 : F' — M be vector bundles with
transition functions {05 : Uiy — GL (n,R)} and {95 : Uiy — GL(m,R) } with
respect to a common cover {U;, i € I} of M. Define

QZ-Ep 0
ezjZ/{l]—)GL(’I’L—FTTL,R),pl—)@zf(p)@ezf(p):( ]()‘ >

The {0;;} satisfy the cocycle condition (1.2), thus by Proposition 1.1.8 they are
the transition functions of a real vector bundle E ® F over M, called the direct
(or Whitney) sum of E and F. We have (E & F), = E, & F, in a canonical
way. The isomorphism is given by the well-defined map E, & F, — (E & F),,

((i,p,2) s (40,9) ) = (451, (‘;))/N

14



(notation as in the proof of Proposition 1.1.8). Note that the construction of E®F
does not depend on the sets of transition functions defining E and F. Moreover,
if B, E' and F, F' are isomorphic vector bundles, then so are E®F and E' & F'.
The proof of this is similar to that in Fxample 1.1.9.

Example 1.1.11 Let ng : E — M and np : FF — M be vector bundles as in
Example 1.1.10. Define

0ij : Uy — GL(nm,R) , p— 605 (p) = 91-;-5 (p) ® Qif (p).

The {0;;} satisfy the cocycle condition (1.2), thus by Proposition 1.1.8 they are
the transition functions of a real vector bundle £ @ F over M, called the tensor
product of E and F. We have (E ® F), = E, ® F), in a canonical way. To see
this, apply the universal factorization property of the tensor product to the bilinear
(well-defined) map E, x F, — (E® F),,

((iapal')/wv (Z7p>y)/w) = (vaa1:®y)/~

(notation as in the proof of Proposition 1.1.8) °. Note that the construction of
E ® F does not depend on the sets of transition functions defining E and F.
Moreover, if E, E' and F, F' are isomorphic vector bundles, then so are E @ F
and E' @ F'. The proof of this is similar to that in Example 1.1.9.

Example 1.1.12 Let 7 : E — M be a vector bundle as in Example 1.1.9 and let
r < n be a positive integer. Define ©

T n T
A\ 9¢j2Uij—>GL(<T>aR),P'—>/\ (0i () -
The { \" 0;; } satisfy the cocycle condition (1.2), thus by Proposition 1.1.8 they

are the transition functions of a real vector bundle \" E over M, called the r-th
exterior power of E. We have ( /\TE)p =~ A" E, in a canonical way. To see

* Given two matrices A = (ai;) € M(n x n,R) and B = (b;;) € M(m x m,R), the matrix
A® B € M(nm x nm,R) (Kronecker product of A and B) is defined by

Abir | ... | Abim

A®B =

Abmi | ... | Abmm

We have (A1 ® Bl)(Az ® Bz) = A1A; ® B1B> (see [20, §43])

® Given ¢ = (z1,...,2,) € R" and y = (y1,...ym)" € R™, 2 ®y € R™™ is defined to be
(T1Y1, - o TnYls e oy T1Ymy + -+ s TlYm )

5 Given a matrix A = (a;;) € M(n x n,R) and a positive integer r < n, the matrix A" (4) in

: X : ,R (r-adjugate of A) is defined as follows. Denote by az.ll"fé-’r' the r-rowed inner

M

determinants of A. Then the entries of A" (A) are the numbers a’*“" in lexicographic order.

We have A" (AB) = A" (4) A (B) (see [20, §45)).

15



this, apply the universal factorization property of the exterior power to the r-linear
alternating (well-defined) map Ep, x ... x E, — ( \" E)p ,

((iap,SUl)/N, a(iapwrr)/fv) = (ivpv/\T (5(31,...,.%‘7=))/N

(notation as in the proof of Proposition 1.1.8) 7. Note that the construction of
A" E does not depend on the set of transition functions defining E. Moreover, if
E and E’ are isomorphic vector bundles, then so are \" E and \" E'. The proof
of this is similar to that in Fxample 1.1.9.

Iterating the constructions of Examples 1.1.9 - 1.1.12, we can get any combination
of direct sum, tensor product and exterior power of two or more vector bundles
over the same manifold M and of their duals.

Example 1.1.13 Given vector bundles g : E — M and wp : F — M, we can
define the vector bundle E* @ F over M. We have

(E*® F), = (Ep)" ® Fp, = Hom (E), F}) .

This gives a correspondence between sections of E* ® F and vector bundles maps
E — F, and this correspondence is actually a vector space isomorphism

I'(E*® F) ~Hom (E,F) .8

Example 1.1.14 Given a vector bundle w : E — M and an integer r as in
FEzample 1.1.12, we can define the vector bundle \" E* (called the bundle of
r-forms of E). We have

( N E* )p =N (Bp)*.

Thus a section of \" E* gives an r-linear alternating form at each fibre E, of E,
varying smoothly with p. In particular, T (N\"TM*) = A" (M).

Example 1.1.15 Given a vector bundle m : E — M, we can define the vector
bundle E* @ E*. We have

(E*® E")p = (Ep)* ® (Ep)” = 2—Lin (E)p x Ep,R).

Thus a section of E* @ E* gives a bilinear map E, x E, — R on each fibre of E,
varying smoothly with p. A Riemannian metric on 7 : B — M is a section h
of E* @ E* such that h(p) is an inner product on E, for allp € M. °

7 Given x1 = (211, ., 1)’ oy e = (T19y ..., Tnr)" € R, the vector A" (z1,...,2,) is
defined to have as entries the r-rowed inner determinants of the matrix (z;;) € M(n x r,R) in
lexicographic order.

8 The notation Hom (F, F) is often used in the literature to denote the vector bundle E* @ F.
In this thesis instead by Hom (E, F') we will always mean the vector space of vector bundle maps
from F to F.

® The smoothness condition for a Riemannian metric h can equivalently be formulated as
follows: given two sections o1, o2 : M — E, the function M — R", p — h(p) o1(p),o2(p)
should be smooth.
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Finally, in the following example we show how to construct the pullback bundle
f*FE of a vector bundle 7 : E — M, given a smooth map f: N — M.

Example 1.1.16 Let 7 : E — M be a vector bundle and f a smooth map from
a manifold N to M. Consider the set f*E := {(p,v) € N x E / f(p) = n(v) }
and the surjective map @' : f*E — N, (p,v) — p. Then we have a commutative
diagram

rFE-L-p

'

N—— M

where f : f*E — E is given by (p,v) — v. Let {0; : 7= (U;) — Ui xR"™ , i € T} be
a system of local trivializations for m: E — M, with respect to a cover {U;, i € I}

of M. Consider the cover { f~1(U;), i € I} of N and let
0 7 (W) — £ (U) x R”

be the bijection (p,v) — (p, ;i £(p) (v)) for alli e I. We can define a differentiable
structure on f*E by requiring the 6,’s to be diffeomorphisms: this makes sense
since 0 can be obtained from a different 93- (with Us; # 0) by composing it with
the smooth map f~1(Ui;) x R™ — f~H({U;;) x R™, (p,z) — (p, 0:;(f(p)) x) Then
7' f*E — N becomes a vector bundle (the pullback bundle of 7 : E — M with
respect to the map f: N — M) and f : f*E — E a vector bundle map. Note that

the transition functions of f*E with respect to the local trivializations {0, i € I}
are given by 0;; = f* 0;;.

We conclude this section with a lemma that will be needed in §3.

Lemma 1.1.17 Let 7 : E — M and g : F — M be vector bundles. Then we

have:
NE*®F) = Hom(E,F)={\:T(E)— I(F) linear over C*(M) }
= I(E") ®coo(an) T'(F)
where "=" means "isomorphic as C*°(M)-module”. In particular, T (E @ F) =

L(E) @ceo(ary L(F).
To prove this we need the following lemma.

Lemma 1.1.18 Let g : E — M and np : I — M be vector bundles and let
A:T(E) — T'(F) be a C®°(M)-linear map. Then for all o € T'(E) and p € M the
value of A\(o) at p depends only on o(p).
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Proof Let p € M. We have to show that if o, n are sections of E with
o(p) = n(p) then A(o) (p) = A(n) (p), or equivalently that if o is a section of FE
with o(p) = 0 then A(o) (p) = 0. Observe first that if A : I'(E) — I'(F) is linear
over C*°(M), then X is a local operator, i.e. for o € I'(E) the value of A(o) at p
depends only on the value of ¢ in a neighborhood of p, i.e. if we have o, n € I'(E)
with o]y = n|y for some U C M with p € U, then (o) (p) = A(n) (p). To see this,
take a function ¢ € C*°(M) with supp (¢0) C U and ¢(p) = 1; then ¢ o = ¢y and
Y Ao) = Ayo) = ANyo) = A(n), in particular A(o) (p) = A(n) (p). Consider
now a section o € I'(E) with o(p) = 0. Let Y C M be a neighborhood of p
and uq,...,u, a local frame of E on Y. Then o|y = > o;u; where the o;’s are
functions on U with o; (p) = 0. Take a function ¢ € C*°(M) with supp () C U
and ¢|y = 1 for some open V C U with p € V. Let ¢/ := > o}u}, where
oilu == Yoi, of | m\u = 0 and uj |y = Pui, ui|p\y := 0. Then o'y = oy

thus (o) (p) = A(0’) (p) = M X ojuf) (p) = X 0i(p) uj(p) = > 04(p) ui(p) = 0,

as we wanted. O
Proof of Lemma 1.1.17 For I'(E* ® F') = Hom (£, F'), see Example 1.1.13.

Hom (E,F) = {\ : I'(E) — I'(F) linear on C>*°(M) } can be proved as follows.
Let ¢ € Hom (E, F) and define Ay, : I'(E) — I'(F) by 0 — (p+ ¢ ((p)) ). Then
Ay, is linear over C*° (M) and ¢ +— A, is a homomorphism of C*° (M )-modules. Con-
versely, let A : I'(E) — I'(F') be linear on C*°(M) and define ¢y € Hom (E, F') by
©x (V) = A(0y) (7(v)), where oy is a section of E with o, (7(v)) = v. By Lemma
1.1.18 this is well-defined. Observe that ¢ is smooth, so ¢, € Hom (E, F'), and
that A\,, = A and ¢y, = ¢. Thus ¢ +— ), is an isomorphism of C*°(M)-modules.

Finally, we can prove as follows that { A : I'(E) — I'(F) linear over C*°(M) }
and I'(E*) ®ceo(ary I'(F) are isomorphic. Let § = 7* @ n € T(E*) ®coo(ar) ['(F)
and define A¢ : T'(E) — T'(F) by 0 — (p+— (7*(p),o(p))n(p) ). Then )¢ is
linear over C*°(M) and £ — X¢ is a homomorphism of C*°(M)-modules. Con-
versely, given a map A : I'(F) — I'(F) which is linear over C>*(M), we can
define {x € I'(E™) ®coe(ary I'(F) as follows. Let {U;, i € I} be a cover of
M and for i € I let uj,...,u;, be a local frame on U;. Observe that since
A I(E) — I'(F) is a local operator (see Lemma 1.1.16) it induces a map
Ai @ T(E|y,) — I'(F|y,) (which is linear over C*°(l;)) for all ¢ € I. Define
£\ = Egzl(ug)* ® )\(ug) € F(E*|ui) Qoo ;) F(F‘ui). Then )‘fi = )\‘z,{i and
ff\< = (forall ¢ € T'(E*|1;)®coo 04, [ (F[1s;), 80 § = A¢ gives an isomomorphism be-
tween { A : I'(Ely,) — I'(F|y;) linear over C*°(U;) } and I'(E* |y, ) @ceo 04,y U'(F|u;)-
In particular it follows that §§\ and fi coincide on U;;, so if we piece the {fg\, iel}
together using a partition of unity of M we get an element §\ € I'(E*)®¢eo () I'(F)
such that &y (p) = & (p) for all ¢ € I and p € Y;. Thus it holds A\¢, = X for all
A I(E) — T'(F) linear on C*°(M) and &), = § for all £ € ['(E”) ®coo(ary I'(F).
This implies that £ — A¢ is an isomomorphism of C*°(M )-modules. O
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Remark 1.1.19 FEverything what we did in this paragraph for real vector bundles
can also be done for complex vector bundles. All definitions, examples and
results (except Examples 1.1.2 and 1.1.15) carry over to the complex case just
substituting "R” and “real” with "C” and ”complex” throughout (in particular,
C>®(M) becomes C*°(M,C)). Analogues of Examples 1.1.2 and 1.1.15 will be given
in Chapter 2.

1.2 Principal fibre bundles

Definition 1.2.1 Let G be a Lie group. A principal fibre bundle with structure
group G consists of a manifold P and an action of G on P on the right such that:

1. M = P/G has a manifold structure which makes the canonical projection
w: P — M smooth;

2. the condition of local triviality is satisfied, i.e. there exist an open cover
{Ui, i € I} of M and diffeomorphisms

0, : m N (U) — Uy x G, (m(u), @i(u))

where @; : 7 H(U;) — G satisfies @; (ug) = @; (u) g for all u € 7= H(U;) and
gea@qG.

In particular m : P — M s fibre bundle with typical fibre G. We will write
P(M,G,x) or P(M,G) (or simply P) for a principal fibre bundle m : P — M.
The action P x G — P will be denoted by (u,g) — ug.

Note that from 2. above it follows that the action of G on P is differentiable and
free 10,

For g € G, denote by R, : P — P the map u — ug. Then we have R, = idp
and Ry 4, = Ry, o Ry . In particular it follows that R, : P — P is a diffeomor-
phism for all g € G. Given u € P with 7(u) = p, we have 7= 1(p) = {ug, g € G}
and the map o, : g — ug is a diffeomorphism between G and the fibre of P over

p-

A trivial bundle M x G admits a global section, for example M — M x G,
p+— (p,e). The converse is also true: if a principal fibre bundle P (M, G) admits
a section ¢ : M — P, then it is trivial. A global trivialization is given by the
inverse of the smooth map M x G — P, (p,g) — o (p) g, which is also smooth
as can be seen using local trivializations. In particular, condition 2. in Definition
1.2.1 is equivalent to requiring the existence of an open cover {U;, i € I} of M
and local sections { o; : U; — P }. This will be used in the next example.

10 Te., if ug = u for some u € P, then g = e.
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Example 1.2.2 Let np : E — M be a vector bundle with local trivializations
{0F : ' (W) — U x R™} with respect to a cover {U;, i € I} of M. Define
L(E) to be the set of all linear frames '* on g : E — M. We will show that
L(E) has the structure of a principal fibre bundle over M with structure group
GL (n,R). Define the projection w : L(E) — M to be the map sending a frame at
p to p. Let GL (n,R) act on L(E) on the right by (u, A) +— w-A. Then we have

L(E)/GL (n,R) = M. Define sections o; : U; — L(E) by

pru(p) = ((68) " (peer). oo, (68) (pien)).

The {o; :U; — P} induce bijections {6; : =1 (U;) — U; x GL (n,R), i € '} and
we can define a differentiable structure on L(E) by requiring these bijections to be
diffeomorphisms: this makes sense since 0; can be obtained from a different §; (with
Uij # D) by composing it with the smooth map Usj x GL (n,R) — U;; x GL (n,R),
(p,A) — (p, 95 (p) A). Then L(E) (M,GL (n,R)) becomes a principal fibre bun-
dle over M, called the frame bundle of the vector bundle ngp : E — M. Note
that L(E) is trivial if E is.

Definition 1.2.3 A homomorphism of a principal fibre bundle Q (N, H) into
another principal fibre bundle P (M, G) consists of a smooth map f : Q — P and a
Lie group homomorphism f': H — G such that f (ug) = f(u) f'(g) for all u € Q
and g € H.

Note that a homomorphism ( f, f’) as in Definition 1.2.3 induces a smooth '2 map
f":N— M.

Definition 1.2.4 A homomorphism (f,f') : Q(N,H) — P (M,G) is an em-
bedding if the induced f” : N — M is an embedding and f' : H — G a
monomorphism (then, in particular, f : Q — P is an embedding). Then we
call f(Q) (f(N), f(H)) a subbundle of P (M,G). If moreover N = M and the
induced " : M — M 1is the identity, then (f,f'): Q(M,H) — P (M,Q) is called
a reduction (relative to f' : H — G) of (the structure group of) P (M,G) to H or
an extension (relative to f': H — G) of (the structure group of ) Q (M, H) to G.
The bundle Q (M, H) is called a reduced bundle of P (M,G). Given P (M,G)
and a Lie subgroup '3 H of G, we say that P (M, G) is reducible to H if there is a

1A linear frame on a vector bundle 7y : E — M is a point p of M together with a basis of
the fibre E),.

12 Indeed, locally it is the composition f”/ = wp o fo 6! os, where 6 : wél(l/l) — U X H is
a local trivialization for Q (N, H) and s : U — U x H is the map p— (p,e).

13 A Lie subgroup of a Lie group G consists of a Lie group H and an embedding f : H — G
which is also a group homomorphism. We can (and usually will) identify H with f(H) < G, but
note that the topology of f(H) induced by the identification with H is in general not the relative
topology with respect to G. This is the case if and only if f(H) is closed in G (see [31, 3.21]).
Moreover, if H is a closed subgroup of the Lie group GG, then H has a unique manifold structure
making it into a Lie subgroup of G (see [31, 3.42]). Note that the topology of this manifold
structure must then be the relative topology.
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reduced bundle Q (M, H). An isomorphism between two principal fibre bundles
Q(M,G) and P (M,QG) is a homomorphism (f, ) : Q(M,G) — P (M,G) such
that f' and the induced f" are the identity on G and M respectively. In particular,
f:Q — P is a diffeomorphism. An isomorphism P (M,G) — P (M, G) is called
an automorphism of P (M,G).

Denote by Aut(P) the set of all automorphisms of a principal fibre bundle P (M, G).
It is a group, with respect to composition of maps.

Definition 1.2.5 We say that two reductions ( f1,f') : Q1 (M,H) — P (M,G)
and (fa, f') : Q2 (M,H) — P (M,G) are equivalent if there is an isomorphism
f:Q1(M,H) — Q2 (M, H) making the following diagram commutative.

QlLP

N

Q2

Similarly, we say that two extensions ( f1, ') : Q (M,H) — P (M,G) and ( fa, f') :
Q(M,H) — P, (M, Q) are equivalent if there is an isomorphism f : Py (M,H) —
Py, (M, H) making the following diagram commutative.

QAPQ

v

P

Let P(M,G) be a principal fibre bundle and let {6; : 7= 1(U;) — U; x G,
u— (m(u), ¢; (u)) } be local trivializations with respect to a cover {U;, i € I} of
M. Define maps 6;; : Ui; — G by p — 0, (p) := ¢; (u) p; (u)~t, where u € 7~ 1(p).
The functions { 6;; : U;; — G } are called the transition functions of P (M, G)
with respect to the cover {U;, i € I } and the trivializations {6;}. Note that they
are smooth and that they satisfy the cocycle condition 14

91‘]‘ ij = 9@'k7 (1.3)

where multiplication is in G. In particular, from (1.3) it follows that 6;; = e and
Hji = 02;1

Example 1.2.6 Let g : E — M be a vector bundle and let L(E) (M,GL (n,R))
be the frame bundle of E. Then it is easy to see that the tramsition functions
{95 Uiy — GL (n,R) } of E with respect to a system of local trivializations { 0F
o (Us) — Uy x R™ | i € T} are equal to the transition functions of L(E) with
respect to the induced local trivializations { 0; : 7= (U;) — Ui x GL (n,R) , i € I }.

14 See footnote 2.
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As for vector bundles, we can use transition functions to reconstruct a whole
principal fibre bundle, as explained in the following proposition.

Proposition 1.2.7 Let M be a manifold and G a Lie group. Suppose we have
a cover {Ui, i € I} of M and a set of smooth maps {6;; : Usj — G} satisfying
the cocycle condition (1.3). Then there is a unique (up to isomorphism) principal
fibre bundle P (M,G) with the {0;;} as transition functions with respect to some
system of local trivializations.

Proof Define: .

P .= U Z/[z x G )~

el

where (i,p,91) ~ (J,¢,92) by definition if p = ¢ € U;; and g1 = 0;; (p) g2 (note
that the cocycle condition implies that this is a well-defined equivalence rela-
tion on the set |J U; x G). Denote by (i,p,g) /. € P the equivalence class of
(i,p,x) e UU x G.
Define an action of P x G — P by ((i,p,gl)/w, 92) — (i,p,9192) j~- Then
P/G = M and the canonical projection 7 : P — M is given by (i,p,g) /o = p.
Let 0; : w1 (U;) — U x G be the bijection (i,p,g) /. — (p,g) for all i € I. We
can define a differentiable structure on P by requiring the 6;’s to be diffeomor-
phisms: this makes sense since 0; can be obtained from a different 0; (with U;; # ()
by composing it with the smooth map U;; x G — U;; x G, (p,g) — (p, 0i5 (p) 9).
Then P (M, G) becomes a principal fibre bundle, with the {6;;} as transition func-
tions.

Uniqueness follows from the fact that if two principal fibre bundles P (M, G) and
Q (M, G) have a system of local trivializations {0/ : 7' (U;) — U; x G} and
{GZQ : ﬂc_gl(l/{i) — U; x G } with respect to the same cover {U;, i € I} of M such
that the transition functions coincide, then they must be isomorphic. An isomor-
phism f: P — @ is defined as follows: for u € P choose ¢ € I with 7p (u) € U;
and let f(u):= (62)7 (6F (u)). 0

Example 1.2.8 Let P (M,G, ) be a principal fibre bundle, N a manifold and
f:+ N — M a smooth map. Consider the set f*P := {(p,u) € N x P/ f(p) =
m(u) } and the action f*P x G — f*P, ((p,u),g9) — (p,ug). Then f*P/G =N
and the canonical projection @' : f*P — N is given by (p,u) — p. Thus we have
a commutative diagram

L. p
N*f>M

where f : f*P — P is given by (p,u) — wu. Let {0; : 7= (U;) — U x G,
u (m(u),pi(u)), i € I} be a system of local trivializations for P (M,G), with
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respect to a cover {U;,i € I} of M. Consider the cover { f~Y(U;),i € I} of N
and let 0} : 7' ! (f71Us)) — f71(Ui) x G be the bijection (p,u) — (p,pi(u)), for
alli € I. We can define a differentiable structure on f*P by requiring the 0;’s to
be diffeomorphisms: this makes sense since 0. can be obtained from a different 9;-
(with Us; # 0) by composing it with the smooth map f~*(U;j) x G — f~1U;;) x G,
(p,g) — (p, 0 (f(p)) g). Then f*P (N, G) becomes a principal fibre bundle (the
pullback bundle of P (M,G) with respect to the map f : N — M) and (f,id) :
f*P(N,G) — P(M,G) a homomorphism. Note that the transition functions
of f*P(N,G) with respect to the local trivializations {0, i € 1} are given by
0. = £ 0,

17 ¥

Let P (M,G) be a principal fibre bundle and let F' be a manifold on which G
act differentiably on the left. There is a standard construction that associates with
P (M, Q) a fibre bundle over M with fibre F’; this fibre bundle will be denoted by
E = P X F and its construction goes as follows (see [14] for more details).

Consider the following action of G on P x F'
(PXxF)xG—PxF, ((uf)g)(ug, g7 f)

Define E := P Xg F := (P x F)/G, and denote by (u, f) /. the equivalence class
of (u, f) € PxFin E. Define g : E — M to be the map (u, f) /. + 7(u), where
T is the projection P — M. Let {60; : 7 1(U;) — U; x G, u — (7(u), i (u)) }
be local trivializations of P (M, G) with respect to a cover {U;, i € I } of M and
define for all ¢ € I a bijection

0F g (Us) — Ui X Fy (u, f) jo = (m(w), 01 () f). (1.4)

We can define a differentiable structure on E by requiring the 67’s to be dif-
feomorphisms: this makes sense since HlE can be obtained from a different 9}5
(with U;; # 0) by composing it with the smooth map U;; x F — U;; x F,
(p,f) — (p,0i;(p)f). Then E = P xg F becomes a fibre bundle over M
with fibre F'.

Lemma 1.2.9 Let P (M,G) be a principal fibre bundle, F' a manifold with a left
G-action and P Xg F' the associated fibre bundle. We say that a map ¢ : P — F
is G-equivariant if ¢(ug) = g~ ¢(u) for allu € P and g € G. Then we have a
correspondence:

{ sections of P x¢ F'} RN { G-equivariant smooth maps P — F'}.

Proof Given a section 0 : M — P Xg F, define a map ¢ : P — F by the
relation o (7(u)) = (u,6(u)) Jn for w € P. Then ¢ is G-equivariant and smooth.

Smoothness can be seen as follows. Observe first that if {0; : 771 (1) — U; x G,
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i € I} are local trivializations of P (M, G) with respect to a cover {U;, i € I}
of M, then for p € U; we can write o(p) = (Q;I(p,e),fi(p) ) In for some map

fi + U; — F which is smooth because it is the composition HlE o o, where HZE
is given by (1.4). Since ¢ is locally the composition of the map U; x G — F,
(p,g) — g~ 'fi(p) with the trivialization 6;, it follows that it is smooth.
Conversely, given a smooth G-equivariant map ¢ : P — F, the map

¢0:M—>P><GF,p'—>(Ua¢(u>)/N

is well-defined and smooth, thus it is a section of P x¢g F.
Clearly, ¢pg = ¢ for all G-equivariant maps P — F and (6)¢ = o for all section o
of P xg F. O

Example 1.2.10 Suppose we have a representation of the structure group G of a
principal fibre bundle P (M,G) on a vector space V, i.e. a Lie group homomor-
phism o : G — Aut(V). We can consider the action of G on 'V on the left given
by (g,v)+— 0(g) (v). Then E = P xgV is a vector bundle over M. To see this,
it s enough to show that the maps
E

0F o (6F) ipyxv

V= {prx v 2 (pyxV =V

are linear for all p € U;j. But these maps are given by v — o (Qij (p)) (v), where
{0ij : Ui; — G} are the transition functions of P (M, G) with respect to an open
cover {U;, i € I} of M, i.e. they are the linear maps o (Qij(p)) € Aut(V).

Note that to give E a vector bundle structure in the form required in Definition
1.1.1, we still have to choose a basis (vi,...,v,) of V', thus a bijection a, : V. — R"
(which will also induce an isomorphism o, : Aut(V) — GL (n,R)). If we do that,
then the local trivializations of E induced by (1.4) are:

oF . 7751(1/{,-) — Uy xR", (u,w) s (ﬂ(u), a@(g(gpi (u))) av(w))

where as usual p; = pry o 0; : 7L (U;) — G, with {0;, i € I'} local trivializations of
P (M,G). In particular, it follows that the vector space structure on each fibre E,
is given by A1 (u,w1) 0+ A2 (u,w2) )0 = (u, w1 + Aawz ) /o, for A1, Ao € R,
thus for every u € 7 (p) the map V. — E,, w (w,w) /~ is a vector space
isomorphism. Note that E = P xg F' is trivial if P is. If {0;; : U;; — G} are
the transition functions of P (M, G) with respect to the trivializations { 6;, 1 € I },
then the transition functions {95 : Uiy — GL(n,R)} of E with respect to the
trivializations {0F, i € I'} are given by Hg(p) = a, (g(@ij (p))) for p € Uj;.

We will now construct a homomorphism from P (M,G) to the frame bundle L(E)
of E = P xgV and show that if the representation ¢ : G — Aut(V) is faithful

(i.e. injective), then this homomorphism gives a reduction of L(E) to G. Note
first that for u € P with w(u) = p, the vectors (u,v1) /s -, (W,vn) /o form a
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basis of the fibre E,, since they are sent by 95 to the vectors o, (g((pi (u))> e,
., ol (g(cpi (u))) en, which are a basis of R™. Thus we can consider the map

fo:P—=LE), ur ((w01) /s (U 00) ).

Locally f, is the composition of local trivializations of P and L(E) with the map
U x G — U; x GL(n,R), (p,g) — (p, a;(g(g))), so it is smooth. An easy
calculation shows that

fulug) = fu(u) ay,(e(9))
so fy induces a homomorphism ( fo, f,) : P(M,G) — L(E) (M,GL (n,R)), where

fi:G— GL(n,R), g+ a(o(g))-

If 0: G — Aut(V) is injective, then f : G — GL (n,R) is a Lie group monomor-
phism; since f!! : M — M is the identity, we get that in this case P (M,G) is a
reduced bundle of L(E).

Example 1.2.11 As a particular case of Example 1.2.10, consider a principal
fibre bundle P (M,GL (n,R)) with structure group GL (n,R). We can identify P
with the frame bundle L(E) of the associated vector bundle E = P X g, (n,r) R" by
the isomorphism:

f:P—L(E), u— ((u,el)/w,...,(u,en)/w).

Under this identification, we can consider an element u € P as a basis of the fibre
Ey (where p = w(u)), and an element (u,v),. € Ej, can be interpreted as the
vector of the fibre E, which has coordinates x € R™ with respect to the basis u.
Similarly, given a vector bundle g : E — M and its frame bundle L(E), we can
identify B with the associated vector bundle L(E) X g, (n,r)R™ by the vector bundle
isomorphism:

LE) Xgr(np) R" = B, (u,z) /0 —u-x.

Combining what was said in Example 1.2.2 and in Example 1.2.10, we see that
a vector bundle is trivial if and only if its frame bundle is, or equivalently if and
only if its frame bundle has a section. In particular it follows that we can identify
local trivializations of a vector bundle with local sections of its frame bundle.

In the next two examples we will need the following facts about Lie groups.
Let G be a Lie group with Lie algebra g. FEvery element g € G induces an
automorphism c(g) of G, defined by ¢(g) (¢') = g¢’g~!. Denote the differential of
¢(g) by Ad(g) € Aut(g); then the map Ad : G — Aut(g) is a representation of G
on g (see [31, 3.45]), called the adjoint representation.

Denote by exp the exponential map of the Lie algebra of a Lie group to the Lie
group. Then for any Lie group homomorphism f : G — H we have

f (exp(B)) = exp (f+(B)) (1.5)
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for all B € g (see [31, 3.32]). In particular, we can apply this to the homomorphism
¢(g) : G — G and get

c(9) (exp(B)) = exp (Ad(g) (B)) (1.6)
for all g € G and B € g.

Lemma 1.2.12 Let f : G — H be a Lie group homomorphism. Then for g € G
and B € g it holds:

£ (Ad(g) (B)) = Ad(f(9)) (£(B))-
Proof We have, using (1.5) and (1.6):

£ (A (B) = S| flgespB)g ) = | T f(exn(tB)) f(s7)
= 2| 7)) (FlewwtB)))
W] o(s(9) (exp( £:(B)))
WL ep(Ad(7(9) (£0B)))
= 2| ew(r Ad(f(9) (£.(B))) = Ad(7(0)) (1-(B)

Consider the Lie group Aut(V'), where V is a vector space. Its Lie algebra is
End(V) (see [31, 3.10]) and the adjoint representation Ad : Aut(V) — Aut(End(V))
is given by:

Ad(A)(X) = AXA™? (1.7)

for A € Aut(V) and X € End(V), where the operation on the right hand side is
composition of maps (see [31, 3.46]).

Example 1.2.13 Let P (M,G) be a principal fibre bundle and let g be the Lie
algebra of G. Denote by P X aq g the associated fibre bundle obtained by letting
G work on g via the adjoint representation Ad : G — Aut(g). By what was said
in Example 1.2.10, P X a4 @ 1s a vector bundle over M. It is called the adjoint
bundle of P (M,G).

Suppose that there is a representation o : G — Aut(V) of G on a vector space V
and let E = P xXq V' be the associated vector bundle. Then we can construct a
vector bundle map ¢ : P X a9 § — E* ® E as follows.

Observe first that the differential of o gives a representation of g on V, i.e. a Lie
algebra homomorphism o, : g — End(V).

Let (u, B) /o € (P X 4q 8)p and deﬁneqﬁ( u,B),.) € (B*® E), = Hom(E,, E,)
by ¢ ((u,B) ) ((wv)/0) = (u,04(B) (v ) (use (1.7) and Lemma 1.2.12
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to see that this is well-defined). We have to check that ¢ is smooth. By Lemma
1.1.17, it is enough to show that, given s € T'(P X aq @), the map M — E*® E,
D ¢(S(p)) is a section of B* ® E, i.e. a vector bundle map E — E. For
this, again by Lemma 1.1.17, it is enough to show that, given o € T'(E), the map
M—E,p~— qﬁ(s(p)) (a(p)) is smooth, thus a section of E. Locally on some open
U C M we can write s(p) = (u(p), B(p) ) /~ and o(p) = (u(p),v(p) ) /~, where u
is a local section of P and consequently B : U — g and v : U — V are smooth
maps. Then for p € U we have qb(s(p)) (J(p)) = (u(p), 0 (B(p)) v(p) ) Jo thus

it follows that the map p — gb(s(p)) (a(p)) 18 smooth, as we wanted to show. So
¢: P Xaq9— E*®FE is a vector bundle homomorphism.

Consider now the frame bundle L(E) (M,GL (n,R)) of a vector bundle 7 : E — M
and let L(E) X aq gl (n,R) be the adjoint bundle. Then we have

L(E) x 44 gl (n,R) = E* ® E.

To see this, define ¢ : L(E) X a4 gl(n,R) — E*® E as above and observe that it
induces a vector space isomorphism on each fibre. Conclude using Lemma 1.1.4.

Example 1.2.14 Let P (M, G) be a principal fibre bundle and consider the action
of G on G on the left given by (g1,92) — c(g1) (92). Denote by P X aq G the
associated fibre bundle. It is a fibre bundle over M with fibre G.

We will show that we can identify the set of sections of P X aq G with the set of
automorphisms of P. Given a section o € I'(P X aq G), define fo : P — P by
fo (u) :=ug, where g € G is determined by o(m(u)) = (u,g) 0. Then we have
fo(ug') = fo(u) g, thus fo € Aut(P). Conversely, given f € Aut(P), define a
section oy of P xaq G by o¢(p) := (u,g) ~, where u € 7~ (p) and g € G is
determined by f(u) = ug. Use local trivializations of the various bundles to see
that fo and oy are smooth if o and f are. Since fo, = f for all f € Aut(P) and
of, =0 forall o € T'(P x 44 G), it follows that we have a bijection

T(P x 44 G) <5 Aut(P).

Define a group structure on I'(P x aq G) as follows. For o1, o093 € T'(P X4q G)
with o1 (p) = (u7gl)/~ and o2 (p> = (U,gg)/,\,, deﬁne 0102 € F(P X Ad G) by
o102(p) = (u,9192) /~- Then the bijection I'(P xq G) RER Aut(P) defined
above gives a group isomorphism I'(P x aq G) = Aut(P). The group T'(P X 4q G)
(usually denoted by G) is called the gauge group of P (M,G).

Note that we have also a third description of the gauge group as the group of G-
equivariant maps P — G, i.e. maps ¢ : P — G such that ¢ (ug) = g~ ¢ (u) g (cf.
Lemma 1.2.9). The group structure is given by ¢1 - ¢2 (u) := ¢1 (u) - ¢2 (u), where
the operation on the right hand side is multiplication in G.

The natural isomorphisms of this group with Aut(P) and T'(P X a9 G) are given
by ¢ = fy where fy(u) = u¢(u), and ¢ — oy where oy (p) = (u,d (u)) /o for
u € n(p).
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Example 1.2.15 Let Q (M, H) be a principal fibre bundle and o : H — G a Lie
group monomorphism. We will construct an extension of Q to G relative to a,
i.e. a principal fibre bundle P (M, G) and a homomorphism (f,a) : Q (M, H) —
P (M,G). Define P := Q xg G, where the action of H on G on the left is given
by (h,g) — a(h)g. P is a fibre bundle over M with fibre G. Define an action
PxG— P by ((u,gl)/N, gz) — (u,9192) /~- Then P/G = M and the local
trivializations (1.4) of P given by the general construction of the associated fibre
bundle are in the form required in Definition 1.2.1. Thus P (M, Q) is a principal
fibre bundle. The map f : Q@ — P, u — (u,e)/N induces a homomorphism
(f,a): Q(M,H) — P(M,G), thus makes P (M,G) an extension of Q (M, H) to
G relative to .

Any other extension (f',a) : Q(M,H) — P'(M,QG) is equivalent to P (M,QG).
Indeed, the map ¢ : P = Q xyg G — P’ defined by (u,g) /o +— f'(u)g is an
isomorphism P (M,G) = P' (M,G) and makes the diagram

QLP/

| A

P

commutative. Observe that, using Proposition 1.2.7, we can also define an exten-
sion of Q (M, H) to G relative to « to be the principal fibre bundle over M with
structure group G and transition functions { 0 0;; : U;; — G } with respect to the
cover {U;, i € 1} of M, where {0;; : Uj; — H } are the transition functions of
Q (M, H) with respect to {U;, i € I }.

Let P (M, G) be a principal fibre bundle and let H be a closed subgroup of G.
From classical results about closed subgroups of a Lie group !°, we know (see for
example [31, 3.58 and 3.63]):

1. the set G/ H = 19H,g € G} has a unique manifold structure such that the
natural projection G — G/ H> 9 — gH is smooth and such that there exist
local smooth sections of G/ I in G;

2. the action G x G/H — G/H, (g1,92H ) — g1 g2 H is smooth.

In particular, we can construct the fibre bundle £ = P xg G/ f7- It is a fibre bundle

over M with fibre G/H and it can be identified with the set P/H ={uH,ue P}
by the bijection

P xqa G/H—>P/H, (u,gH)/NHugH.

15 See also footnote 13.
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Proposition 1.2.16 The structure group G of a principal fibre bundle P (M, G)
is reducible to a closed subgroup H of G if and only if the associated fibre bundle
E =P xg G/H has a section. In fact, we have a bijection:

{ sections of E = P xg G/H EP/H}<£> { reductions of P (M,G) to H}/N

”»

where “~” is the equivalence relation of Definition 1.2.5.

Proof (sketch) Given a section 0 : M — E = P/H, let PP={ueP/uH=
o (w(u)) }. Then P’ (M, H) is a reduced bundle of P (M,G) (a proof of this uses

the existence of local smooth sections of G/ 7 in G, see 1. above).

Conversely, suppose a reduced bundle P’ (M,H) of P(M,G) is given, ie. a
principal fibre bundle P’ (M, H) and a smooth map f : P — P’ such that
fW'h)= f(u)h for v/ € P and h € H and such that the induced map M — M
is the identity. Then we can define a section 0 : M — E = P X¢ G/H = P/H by
o(p) := f(u') H, where u’ is some element in the fibre of P’ at p (the proof that o
is smooth uses the fact that the map G — G/H, g — gH is smooth, see 1. above).
See [14, Proposition 5.6 of Chapter I] for more details. O

Example 1.2.17 Let L(E) (M, GL (n, R)) be the frame bundle of a vector bundle
mg : E — M and consider the closed subgroup O(n) of GL (n,R). We will show
that there is a correspondence:

{ Riemannian metrics on E '} A2, {reductions of L(E) to O(n) }/N (1.8)

where "~” is the equivalence relation of Definition 1.2.5. From Proposition 1.2.16,

it will follow that there is also a correspondence:
{ Riemannian metrics on E } AL { sections of L(E)/O(n) }.

The correspondence (1.8) is constructed as follows.

Let h be a Riemannian metric on E and define Op(E) C L(E) to be the set of
h-orthonormal linear frames on @ : E — M. Then O(n) works on Ox(E) on
the right and Oh(E)/O(n) = M. Let mg be the restriction of m : L(E) — M
to Op(E). Consider sections {o; : Ui — L(E), i € 1}, where {U;,i € 1} is
a cover of M. For i € I and for all p € U; apply the Gram-Schmidt process to
gi (p) and h(p) to obtain an h-orthonormal basis u; (p) of the fibre E,. The new
sections {w; : Ui — L(E), i € I} are still smooth, so they induce trivializations
7 Y U;) — U; x GL (n,R) and these trivializations send 77521(?/{1') toU; x O(n) and
so induce a differentiable structure on Op(E) making it a reduced bundle of L(E).
Conversely, suppose we have a reduction of L(E) to O(n), i.e. a principal fibre
bundle Q (M, O(n)) with a smooth map f : Q — L(E) such that f(uA) = f(u) A
for all A € O(n) and uw € @Q and such that the induced map M — M is the
identity. For all p € M, let h(p) be the metric on E, which has matriz I with
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respect to a basis f(u) of E,, where u is some element of the fibre of Q over
p. Note that the definition of h(p) does not depend on the choice of u and that
an element of the fibre of L(E) over p is an h-orthonormal basis of E, if and
only if it is the image of some element of Q. To conclude that p — h(p) gives
a Riemannian metric on E, we have to prove that it is smooth, i.e. that if o1
and oy are two smooth sections M — E, then the function h(o1,02) : M — R,
p — h(p) (o1 (p),02(p)) is smooth. But if we write o1 (p) = (f(u),x1(p))
and o2 (p) = (f(u), 72 (p)) )~ (where we identify E with L(E) Xgr, (n,r) R"), then
h(o1,09) is the map p— 1 (p)t - 22 (p), which is smooth.

Fibre bundles associated with a principal fibre bundle P (M, G) do not change
under reduction or extension of the structure group of P (M, G). This is explained
in the following proposition.

Proposition 1.2.18 Let Q (M, H) be a reduction of the principal fibre bundle
P (M, G) relative to a monomorphism « : H — G. Suppose F is a manifold on
which G acts on the left and let H act on F' on the left by (h,a) — «a(h)a. Then
the associated fibre bundles E = P X F and E' = Q xg F are isomorphic.

Proof Let f : Q — P be the map inducing the reduction and define a map A
between the total spaces of P xg F and Q xy F by (u,a) /o — (f(u),a) /. It
is easy to see that A is well-defined and bijective. Let {952 : 71631 (U;) — U; x H,
i € I} be local trivializations of @ (M, H) with respect to a cover {U;, i € I } of
M and let {o; : U; — 7rc_21 (U;), i € I} be the associated local sections of @, i.e.
o ip— (HZQ )"t (p,e). Then { foo; : U — mp" (Us), i € T} are local sections of
P (M,G) and they induce local trivializations {0 : 75" (U;) — U x G, i € I}
of P(M,G) such that 67 (f oo;(p)) = (p,e). Let {6F : o (Ui) — U x F,
iel}and {0F T (Us) — U; x F, i € T} be the induced local trivializations of
E = PxgF and E' = Qx g F respectively. Then locally A = (87 )~ toid| gy, xro GZQ,
thus in particular A gives a diffeomorphism between the total spaces of P xg F
and Q xg F and so, since the induced map on the base spaces is the identity, a
fibre bundle homomorphism. O

We have proved in Example 1.2.15 that extensions of principal fibre bundles
always exist and are unique up to equivalence. This is not the case for reductions:
they do not always exist and, if they do, they are in general not unique. For
example, a reduction of the frame bundle L(M) of the tangent bundle of a manifold
M to GL (n,R)* gives an orientation of M (and vice versa), but not all manifold
are orientable and, if they do, there are two possible choices of an orientation, i.e.
two different reductions of L(M) to GL (n,R)™.

The following lemma gives a description of reductions of a principal fibre bundle
in terms of transition functions.
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Lemma 1.2.19 Let P (M,G) be a principal fibre bundle and let H be a Lie sub-
group of G. Then P (M, Q) is reducible to H if and only if there is a cover of M
with a set of transition functions for P (M,G) which take their values in H.

For a proof of this, see [14, Proposition 5.3 of Chapter I].

In the following proposition we summarize all facts that were proved or men-
tioned in this section about reductions of a principal fibre bundle P (M, G) to a
closed Lie subgroup H < G (cf. Definition 1.2.4, Proposition 1.2.16, Lemma 1.2.9
and Lemma 1.2.19).

Proposition 1.2.20 Let P (M, G) be a principal fibre bundle and let H be a closed
Lie subgroup of G. Then a reduction of P (M, G) to H can be described equivalently
as:

1. a principal fibre bundle Q (M, H) with an embedding ( f,v) : Q(M,H) —
P (M, G) inducing the identity on M, where v is the inclusion H — G;

2. a system of local trivializations of P (M, G) such that the transition functions
have values in H;

3. a section of P xX¢g G/H;
4. a G-equivariant map P — G/H.

We conclude the section with a concept that plays an important role in the
theory of connections on principal fibre bundles. Let P (M, G) be a principal fibre
bundle and let g be the Lie algebra of G. We can assign to each B € g a vector
field B* € I'(TP) (called the fundamental vector field corresponding to B) as
follows (see [14] for more details). For u € P, let o, : G — P be the map g — ug

and define (B*), := (o)« (B) € Ty, P. In other words, (B*), = % ooV EXP (tB).
The map g — I'(TP), B — B* is a Lie algebra homomorphism a;ld, since the
action of G is free, B* never vanish on P if B # 0 (see [14, Proposition 4.1 of
Chapter I]). Since the action of G sends each fibre of P into itself, we have that
(B*), is tangent to the fibre through u for every uw € P. The map g — T,P,
B +— (B*), is a linear monomorphism; since the dimension of each fibre is equal
to the dimension of G, it follows that B +— (B*),, is a linear isomorphism of g into
the tangent space at u of the fibre through .

Lemma 1.2.21 Let P (M,G) be a principal fibre bundle and let B* € I'(T'P)
be the fundamental vector field corresponding to B € g. Then for each g € G,
(Ry)« B* is the fundamental vector field corresponding to Ad (¢~ ) (B).

For a proof of this, see [14, Proposition 5.1 of Chapter IJ.
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1.3 Connections on vector bundles

Let m: E — M be a vector bundle and r a positive integer. Define
A'(E) :=D(E) ®ceo () A"(M) =T (E®@ \" T*M)

(cf. Lemma 1.1.17). In particular, A°(E) = I'(E). Elements of A"(E) are called
(smooth) r-forms on M with values in E; they can equivalently be defined as
C°° (M )-multilinear alternating maps

I(TM) x...xI'(TM) —T'(E). '

Definition 1.3.1 A connection on a vector bundle 7 : E — M 1is an R-linear
map D : A°(E) — AY(E) which satisfies the Leibnitz rule, i.e. for f € C®(M)
and o € T'(E) it must hold

D (fo)=c®df + f D(o). (1.9)

Connections exist on every vector bundle, as can be proved using a partition of
unity on the base space (see [22, Lemma 2 of Appendix C]).

Given a connection Dy on 7 : E — M, every other one is of the form Dy + &,
where ¢ € A'(E* ® E). This is explained in the next proposition.

Proposition 1.3.2 Let m: E — M be a vector bundle and denote by Dg the set
of connections on it. Then Dg is an affine space modeled on AY(E* ® E), i.e.:

Dgp = Do+ AY(E" @ E)
where Dq is a fixed connection on w: E — M.

Proof Let D; and D3 be connections on 7 : B — M. For X € I'(TM) and
o€ I(E), (D1—D2)(X) (0) := Di(0) (X)—D2(0) (X) is an element of I'(E). The
map (D1 —D3)(X) : T'(E) — I'(E) is linear over C*°(M), thus by Lemma 1.1.17 we
have (D1 —D»)(X) e I'(E*®FE). The map D1—D : I'(TM) — I' (E*®FE) is linear
over C*°(M), thus D1 — Dy € AY(E* ® E). In particular, Dg C Dy + A (E*® E).
Conversely, let ¢ € AY(E* ® E). We have to prove that Dy + ¢ € Dg. But
since ¢ is a C>°(M)-linear map A°(E) — AY(E), it follows that Do + & is a map
A°(E) — AY(E) which satisfies the Leibnitz rule, thus Do + ¢ € Dg. O

A connection D : A%(E) — AYE) on a vector bundle 7 : E — M is a
local operator, i.e. if two sections o1 and o3 € A%(E) coincide on some open
U C M, then D(o1) and D(o3) € AY(E) also coincide on U. To see this, let
p € U and take a function f € C*°(M) with f(p) = 1 and supp (f) C U. Then
fo1 = fog, so D(fo1) = D(foz). Applying (1.9) and evaluating at p gives

6 A proof of this is similar to the second part of the proof of Lemma 1.1.17. See [31, 2.18] for
the proof of an analogous statement for real differential forms.

32



D(01) (p) = D(02) (p). Thus a connection D : A°(E) — A!(E) induces a connec-
tion D]y : A%(E|y) — AY(E|y) on each open U C M, in such a way that it holds
D|y (o|lu) = (D(0))|u for o € A°(E). The induced connection D|y will be also
denoted by D.

Let w = (uq,...,u,) be a local frame of a vector bundle 7 : E — M (i.e. a
local section of the frame bundle L(E)) over an open Y C M and let D be a
connection on E. Then we can write D(u) = u ® wy, i.e.

D (uq) = Zuﬂ ® (wu) Ba (1.10)
p=1

where wy, = ((wu)ag) is a matrix of 1-forms on U called the connection form
of D with respect to the local frame w. If 0 = "7 _| vq uq is a section of E over

U (where v, € C*®(U)), then from (1.9) and (1.10) we get:
Do) =) ua® (dva+2(wu)a5 Uﬁ). (1.11)
a=1 /=1

To simplify notation we can identify £ with L(E) Xqr (n,r) R" and consider u
as a local section of L(E) over Y. Then we can write 0 = (u,v) ., where
v=(v1,...,v,)"% and (1.11) becomes (by abuse of notation):

D(o) = (u,dv+wyv) ).

Consider a system of local trivializations {6; : 7= Y(U;) — Us x R" , i € [} of E
with respect to a cover {U;, i € I} of M and let {u’, i € I } be the corresponding
local frames, i.e. u’, (p) = 01-_1(p, eq ) for p € U;. For every i € I let w; be the
connection form of D with respect to the local frame v, i.e. D(u') = u’ ® w;.
Then on U;; it holds:

wj = jS Wi 92']‘ + jS d@ij (1.12)

where {0;; : U;; — GL (n,R)} are the transition functions of the trivializations
{6;,i € 1}. This can be checked using (1.9), (1.10) and the relation u/ = u’ 6;;.
Conversely, we have the following lemma.

Lemma 1.3.3 Let m : E — M be a vector bundle with local trivializations { 6; :
7 YW U;) — Uy x R™ | i € I} with respect to a cover {U;, i € I} of M. Suppose
we are given for each i € I an n X n matriz w; of 1-forms on U; in such a way
that (1.12) is satisfied on each U;j # 0. Then there is a unique connection D on
E with the {w;, 1 € I} as connection forms with respect to the local frames

{u' = (u'y,...,u'y) cp— (07 (pyer), ... .07 (pyen) ), i €T}

induced by the trivializations { 6;, i € I }.

33



Proof Let o € I'(E). On U; we have oy, = > n_, ob ul, for some of, € C®(U)
and by (1.11) we must define

D (olu) =Y uty® (ot + Y (@i)as 75 ).
a=1 /=1

A long but straightforward calculation is needed to see that D (o|y;,) and D (o|y;)
coincide on U;;. So the local definitions of D(o) glue together to give a well defined
element of A'(E). It is easy to see that the Leibnitz rule is satisfied. O

Given a connection D : A°(E) — A!(E) on a vector bundle 7 : E — M, we can
extend it for every positive integer r to a R-linear operator D : A"(E) — A™t1(E)
by forcing the Leibnitz rule

D(c®w)=0®dw+ D(o) ANw (1.13)

for 0 € T(E) and w € A"(M) and by linear extension '7. The exterior product
AS(E) x A"(M) — A""$(E) on the right hand side is defined as follows: for
E=ouweA(F)and ' € A" (M), ENW =0 @ (wAW).

Definition 1.3.4 Given a connection D : A°(E) — A'(E) on a vector bundle
7 E — M, the curvature of D is the operator R = Do D : AY(E) — A%(E).

It is easy to check that R : A%(E) — A%(E) is linear over C*°(M); then by
Lemma 1.1.17 it follows that R is a vector bundle map £ — E ® /\2 T*M i.e.
ReT(B*®@ E® N> T*M) = A*(E* ® E). We can also consider R = D o D as
a map A" (E) — A"T2(E), for every integer r > 0. Then it is easy to check that

R(c®w)=R(0) \Nw (1.14)
for 0 € A°(F) and w € A"(M).

In general, given vector bundles 7 : ¥ — M and 7p : F' — M, we can consider
every form in A"(E* ® F) as a map A%(E) — A""*(F) by defining

(90®w1) (0®w2) = <p(a)®(w1 /\WQ) (1.15)

for p € A%E*® F), 0 € A°(E) and wy, wa € A(M), and linear extension. Be-
cause of (1.14), for R € A%(E*®E) this is consistent with the definition R = DoD.

Let u = (u1,...,uy) be a local frame of a vector bundle 7 : E— M over an
open Y C M and let D be a connection on E with curvature R. Then we can
write R(u) = u ® Qy, i.e.

R(ua) =Y ug® () ga (1.16)
B=1

7 Note that this is well-defined, since for f € C*°(M) we have D (fo)®w =D o® (fw) .
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where Q, = ( () a,@) is a matrix of 2-forms on U called the curvature form of

D with respect to the local frame u. If 0 = > _| v, uq is a section of E over U

(where vy € C®(U)), then from (1.13) and (1.16) we get:

n

R(o) = Xn:ua @ (D ()asvs ) (1.17)
a=1

p=1

If we identify E with L(E) Xgr, (n,r) R" and write o = (u,v) /. as above, then
(1.17) becomes (by abuse of notation):

R(o) = (u, Quv) /.

Let {0; : 7= Y(U;) — U; x R™ , i € I} be local trivializations of E with respect to
a cover {U;, i € I} of M and let {u’, i € I} be the corresponding local frames.
For every ¢ € I let €2; be the connection form of D with respect to the local frame
u', ie. R(u') = u' ® ;. Then on U;; it holds:

Qj = Gﬂ Qz gij (1.18)

where {0;; : U;; — GL (n,R)} are the transition functions of the trivializations
{6;,i € I}. This can be checked using (1.13), (1.16) and the relation v/ = u’ ;.

The connection and curvature forms w, and €2, of a connection D on a vector
bundle F with respect to a local frame v over Y C M are related by the structure
equation

Qu = dwy + wy A wy (1.19)

ie
(Qu )aﬁ = d(wu)aﬂ + Z(wu)ak A (Wu)k,b’-
k=1
This can be proved using (1.16), (1.10) and (1.13) (see also [13]).
Exterior differentiation of (1.19) gives the Bianchi identity:
dQy = Qu A wy — wy A Q. (1.20)

Given connections on two vector bundles 7g : £ — M and wp : ' — M, one
can define induced connections on the bundles E*, E® F, E®Q F and \" FE in a
natural way (and get then also connections on the bundles obtained by iterating
these operations). In the next examples we will describe how to do it for dual and
tensor bundles. See [13, §5 of Chapter 1] for more details and for the other cases.

Example 1.3.5 Let D be a connection on a vector bundle w: E — M. Define a
connection D* on the dual bundle E* by:

(D*(n"),0) =d(n",0) —(n",D(0)) (1.21)
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forn* € A°(E*) and o € A°(E). It is easy to see that the Leibnitz rule is satisfied.
Letuw = (uq,...,uy) be alocal frame of E over some openUd C M and take the dual
frame u* = (uj,...,u}) of E* over U. Then the connection and curvature forms
of D* with respect to u* are given by (w*) . = — (wu)" and (Q*)u* = — ()
Example 1.3.6 Let Dg and Dp be connections respectively on the vector bundles
g B — M and 7p : F — M. Define a connection Dggr on the tensor bundle
E®F by:

Dpgr(o ®n) = Dp(o) ®n+0 @ Dr(n) (1.22)
for o € A°(E) and n € A°(F) and linear extension 8. It is easy to see that the
Leibnitz rule is satisfied. Let u¥ = (uf’ ... uE) and u¥ = (uf',... ul)) be local

frames of E and F over some open U C M and consider the frame
uE®uF:{uf®uf, i=1,...,n,j=1,...,m}

of E® F over U, where the {ufE ®uf} are ordered lexicographically. Let wg, wp,
wper and Qg, QrF, Qpgr be the connection and curvature forms of Dg, Dp and

Dger with respect to the frames u?, u™ and uF®F respectively. Then we have:

wWeeoF = WE Q@ Iy + I Q@ wr

and
Qper =Qe®@In+1,2Qp.

Example 1.3.7 Let Dg and Dp be connections respectively on the vector bundles
mg:E— M and mp : F — M. Define a connection Dg=gr on the bundle E* @ F
by

Dg+gr (¢) :=Dpoyw—poDg (1.23)
i.e.

Dper (9)(X) (0) := Dp(p(0))(X) — ¢ (De(0)(X))

forp € AAE*® F), X € T(TM) and o € A°(E), where ¢ and Dg+gr (p)(X)
are regarded as C*°(M)-liner maps A°(E) — AY(F) (see Lemma 1.1.17). This
definition coincides with the one that is obtained by combining (1.22) and (1.21),
as one can see by checking it for elements ¢ € AY(E*®F) of the form ¢ = 7* ®n,
where 7 € A°(E*) and n € A°(F).
For the extended operator Dg+gp : A"(E* @ F) — A™™YE* ® F) it holds

Dpegr (§) = Dro&+ (=)' €0 Dg (1.24)

; Dig-sr (€) (0) = Dr (£(0)) + (=1)*1 € (D (o))

18 Note that this is well defined since Dpgr (fo)®n = Dggr o® f(n) .
19 Gee footnote 4.
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foré € A/(E*®F) and o € A°(E), where the second term on the right hand side
is defined by (1.15). Formula (1.24) can be proved by checking it for elements of
the form & = ¢ ® w and using (1.13).

In particular, let m : E — M be a vector bundle and let R € A*>(E* @ E) be the
curvature of a connection D on E. Then

Dpgp(R)=DoR—-RoD=DoDoD—-DoDoD=0

(see the remark following (1.15)). We can interpret this in local coordinates as
follows. Consider a local frame u = (uy,...,u,) of E over some open U C M
and let w, and €, be the connection and curvature forms of D with respect to u.
Then on U we can write R =37 5_1 (uj ® ua) ® (Qu), 4 and a straightforward

af
calculation gives

n

Dpor(R) =Y (uj®u,) ® (dQu Fwg AQy — QA wu)

a,B=1 op

So we see that the formula Dg+gr (R) = 0 obtained above is a global version of
the Bianchi identity (1.20).

Example 1.3.8 Let D be a connection on a vector bundle m : E — M. Combining
(1.23) and (1.21), we get a connection Dg+gp+ on the bundle E* ® E*, which
can be expressed as follows. Observe first that we can consider an element h of
AY(E* @ E*) either as a C°(M)-linear map A°(E) — A°(E*) or as a C®°(M)-
bilinear map A°(E) x A%(E) — C®(M); these two interpretations are related by
the formula h (o1,09) = {h(0o1),02) for a1, o2 € A°(E). We have

Dpg+gp+(h) (01,02) = (Dprgp+(h) (01),02) = (D*(h(01)) — h(D(01)),02)
= (D*(h(01)),09) — (h(D(a1)),02)
= d(h(a1),02) — (R(o1), D(02)) — (h(D(a1)),02)
= dh(o1,02) — h (01, D(02)) — h (D(01),02). (1.25)

Definition 1.3.9 Let h be a Riemannian metric on a vector bundle m: B — M.
A connection D on E is said to be compatible with h (or to be an h-connection)
if Dprgp-(h) =0, i.e. if for all o1, o2 € A°(E) it holds:

dh(al,ag) :h(Ul,D(O'Q))—i—h(D(O’l),UQ). (1.26)

Let D be an h-connection on a vector bundle 7 : £ — M with a Riemannian
metric h. Then the connection form w, of D with respect to an h-orthonormal
local frame u = (uq,...,uy) is skew-symmetric. This can be seen by applying
(1.26) to the local sections w;, u; for i,j € I. In particular, w, (X) € o(n) for all
p in the domain of the local frame and X € T,M. Using the structure equation
(1.19), we see that the curvature form €, is also skew-symmetric. Conversely, let
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D be a connection on F and suppose that each p € M has an open neighbor-
hood with a local h-orthonormal frame v = (uq, ..., uy) such that the connection
form of D with respect to u is skew-symmetric. Then D is an h-connection, as can
be seen by writing o1 = Y 1, 0} u; and 09 = > b u; in (1.26) and using (1.11).

Finally, in the next example we describe how a connection on a vector bundle
m : E — M induces a connection on the pullback bundle f*FE, given a smooth
map f: N — M.

Example 1.3.10 Let # : E — M be a vector bundle and let f : N — M be a
smooth map. Observe first that every section o of E induces a section f*o of
f*E, which is defined by f*o (p) = (f|(f*E)p)_1 (0(f(p))) for p € N, where
f: f*E — E is the homomorphism defined in Example 1.1.16. Consider a system
{10; : 7Y U;) — Uy x R™ | i € I} of local trivialization of E over a cover
{U,i € T} of M and let {u® : U; — L(E), i € I} be the corresponding local
frames. Suppose D is a connection on E with connection forms {w;, i € I} with
respect to the {u’, i € I}. Then we can define f*D to be the connection on
[*E with connection forms { f*w;, i € I} with respect to the local frames { f*u',
i € I'}. This makes sense, since the { f*w;, i € I} and the transition functions
{0i50f : f~1(Uij) — GL (n,R) } corresponding to the frames { f*u', i € I} satisfy
(1.12). Note that the diagram

A(E) L~ 40 E)

o

AYE) L A (FE)

commutes, where the map f* : AY(E) — AL (f*E) is defined by f*(oc ® w) =
(o) ® f*(w) for o € A%(E) and w € AL (M).

1.4 Connections on principal fibre bundles

Let P (M,G) be a principal fibre bundle. For each u € P we will denote by
TP C T,P the tangent space at u of the fibre of P through w. TP is the
kernel of the linear map 7 : T,P — Ty(,)M (where 7 is the projection P — M)
and is called the vertical subspace of T,,P. A vector X € T, P is called vertical if
X e T)P. The map u — T,/P is a smooth distribution on P, spanned by the
fundamental vector fields corresponding to a basis of the Lie algebra of G.

Definition 1.4.1 A connection A on a principal fibre bundle P (M,G) is a
smooth distribution u — (TuhP)A on P such that:

1. T,P=T P& (TP), for alluec P;
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2. (ThP),=(Ry)+ (TP), for alluec P and g € G.

(TuhP)A 1s called the horizontal subspace of T, P with respect to the connection
A. A vector X € T,P is called horizontal (with respect to the connection A) if
Xe(T)P),

Connections exist on every principal fibre bundle, as can be proved using a parti-
tion of unity on the base space (see [14, Theorem 2.1 of Chapter II}).

By property 1. in Definition 1.4.1, every vector field X € I'(T P) can be writ-
ten uniquely in the form X = (X¥), + (Xh)A, where (XV) , (u) € T,YP and
(Xh)A (u) € (TuhP)A for all u € P; (X”)A and (Xh)A are called the wvertical
and horizontal components of X with respect to the connection A. Note that
the smoothness condition for the distribution u — (T,'P) 4 Is equivalent to re-

quiring that (X") , and (x") 4 are smooth vector fields of P for every X € I'(T'P).

For each w € P, the map m, : T,P — Ty, M has kernel T,/ P. Thus, since
T.P=T/P® ( ThpP ) 4 1t follows that 7. gives an isomorphism between (TuhP ) A
and Z}F(u)M . For Y € T (,)M we will denote the corresponding vector of (TuhP ) A
by (Y 4 and we will call it the horizontal lift of Y at u. Given a vector field
Y € I'(T'M), there exists a unique horizontal vector field (?h) 4 EL(TP) (called
the horizontal lift of X) such that (Yh)A
that the only possible definition of (Yh)A, Le. (Yh)A (u) :== <(Ywﬁ(u))Z>A foru € P
indeed gives a smooth vector field on P. Since smoothness is a local question, we
can assume that P (M, G) is trivial and take a vector field X € I'(T'P) such that
7« X =Y. But then it follows that (Yh)A = (Xh)A is smooth. Notice that (f/h)A
is invariant by R, for all g € G (this follows from property 2. of Definition 1.4.1).
Conversely, every horizontal vector field X on P which is invariant by R, for all
g € G is the horizontal lift of a vector field Y € I'(T'M). Just define Y, := m, X,
for some u € 771(p).

=Y. To see this, we have to check

Lemma 1.4.2 Let A be a connection on a principal fibre bundle P (M,G). Then
forY, Y1 and Yo € (T'M) and f € C*°(M) it holds:

(e, = ("), + (%)
2. (ﬁh)A:(foﬂ)(?h)A;
5. (val), = ([0 4 (%2")4]")

~h ~h

Proof 1. and 2. are clear. For 3., observe that since (Y1 )A, Y; and (YQ )A,
~h ~h

Y5 are w-related, then so are [(Yl )A’ (Y2 )A] and [Y7,Ys]. 20 O

20 Given manifolds M and N and a map f : N — M, two vector field X € I'(TN) and
Y € I'(T'M) are called f-related if Y f(p) = f« X(p) for all p € N. If X; € I'(TN) and
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Let A be a connection on a principal fibre bundle P (M, G). We can define a
1-form wy on P with values in the Lie algebra g of G as follows 2! . For u € P,
let 0, : T,/ P — g be the inverse of the isomorphism g — 7,’P, B — (B*), and
define

wa (X) = 0,((X")a)
for X € T,P. Since T,P = T'P& (TP )A’ it follows that (7,1 P )A is the kernel
of wy at u. The 1-form wy is called the connection form of the connection A.

Lemma 1.4.3 Let wa be the connection form of a connection A on a principal
fibre bundle P (M,G). Then w4 is smooth and

1. wy ((B*)u) =B for allu e P and B € g;
2. Ry*wa=Ad(g7 ) wa forallgeG.

Conversely, given a smooth g-valued 1-form w on P satisfying 1. and 2., there is
a unique connection A, on P (M,G) whose connection form is w.

Thus we have a 1-1 correspondence between the set of connections on P (M,G)
and the set of g-valued 1-forms on P satisfying 1. and 2. (such forms are called
connections form on P).

Proof 1. follows directly from the definition of w4.

To prove 2., let g € G, u € P and X € T,,P; set wa (X) = B, for some B € g.
Then we have:

((By), X) = (R)), (X)) = (Ro). ((B),) = (Ad(s™) (B))

ug

where the first equality follows from 2. of definition 1.4.1 and the last from Lemma
1.2.21. Thus wy ((Rg)*X) = Ad(g7") (wa(X)).

Y; e T(TM) are f-related for ¢ = 1,2, then so are [X1, X2] and [Y1, Y2] (see [31, 1.55]).

2L A (smooth) r-form on a manifold M with values in a vector space V is defined to be a
smooth r-form on M with values in the trivial vector bundle M x V or equivalently a C*°(M)-
multilinear alternating map I'(T'M) x ... x I'(T'M) — C*>°(M, V). If we choose a basis v1, ..., v,
of V, then any w € A"(M x V) can be written uniquely in the form w = > 7, w; v;, where

wi € A"(M). We can define an exterior derivative d : A"(M x V) — A" (M x V) by

n n
w= E wiv; — dw = E dw; v;.
i—1 i=1

Note that this definition does not depend on the choice of the basis of V.
If A\:V — W is a linear map and w € A"(M x V), then we will denote by A (w) € A"(M x W)
the W-valued r-form on M defined by

Aw) (X1, X)) =X w(Xy,..., X,)

for X1,..., X, € D(TM).

40



Smoothness of wq will follow if we prove that for every vector field X € I'(T'P)
the function wa (X) : P — g is smooth. Since w4 (X) is the composition

u u

we Xy = (X)) 4 = 0 (X))

and the map P — TYP, u — (Xu”)A is smooth, it is enough to prove that
TP — g, (u, X) — 6, (X) is smooth. Since P (M, G) is locally trivial, we just
have to show this for the bundle & x G, for some open U C M.
Let w = (p,g) €U x G and X € T, (U x G) = T4G. Then by Lemma 1.2.21 we
have

Ou (X) = Ad (971 ((Ry-1)« (X))
since 6, : T(;’e)(u x G) 2 TG = g — g is the identity. So it is enough to
prove that the map TG — g, (9,X) — Ad(g") ((Ry-1)« (X)) is smooth, or
equivalently that so is the map TG — g, (g, X) +— (R,-1)« (X). But this last map
is the composition

T X id

7G XY o wra 29 o x e Y 1o« TG S TG

where g : TG — G is the canonical projection (g, X) — g, ¢ : G — G is the
map g = gil, o : G — TG is the section g — (g,0) and 7, : TG x TG — TG,
((91,X1), (92, X2) ) — (91 92, (Rgy)+(X1) 4 (Lg,)+(X2) ) is the differential of the
map n: G x G — G, (g91,92) — 91 9o

Suppose now that w is a smooth g-valued 1-form on P satisfying 1. and 2. and
define a connection A, on P (M,G) by (TuhP)Aw ={XeT,P/wX)=0}
(note that this is the only possible definition if we want ws, = w). The map
U — (TuhP) AL defines a smooth distribution because it is the kernel of a smooth
1-form (see [27, Proposition 5.1 of Chapter 2]) and it is easy to see that properties
1. and 2. of Definition 1.4.1 are satisfied. O

2 Here for all (g1, g2) € Gx G we identify Ty, 4,) G x G with Ty, G x Ty, G via the isomorphism
X — pry, X,pr,, X , where pr; : G x G — G and pr, : G x G — G are the projections
respectively on the first and second argument.

Note that for X = (X1, X2) € Ty, 4,) G X G 2Ty G x Ty,G and f € C (G x G) we have

(X1, X2) (f) = Xa (foir) + Xa(foi2)

where i1 : G — G x G and 42 : G — G X G are respectively the maps g — (g, g2) and g — (91,9)-
In particular, we can apply this to calculate the differential at (g1,g2) of the map n: G x G — G,
(9.9') — g9’ Let (X1,X2) € Ty, ,9,) G X G and ¢ € C*(G), then

(X1, X2) (p) = (X1,X2)(pon) =Xi(ponoiir)+ Xa(ponoiz)
(Rgy)+(X1) (¢) + (Lgy )« (X2) ()

thus
N+ (X1, X2) = (Rgy )« (X1) + (Lgy )« (X2).

41



Consider a principal fibre bundle P (M, G) with a system of local trivializations
{6; : 7Y U;) — U; x G, i € I} with respect to a cover {U;, i € I} of M. In
the next proposition we will show that every connection form w on P (M, G) can
be expressed as a family of local 1-forms {w; € A'(U; x g),i € I} on M. Two
different w; and w; will be related by a transformation formula that involves the
Maurer-Cartan form on G, i.e. the smooth left-invariant g-valued 1-form wg on
G defined by wg(X) := (Ly-1)«(X) for g € G and X € T,G (see also [27, §1 of
Chapter 3]). We will need the following lemma.

Lemma 1.4.4 Let P (M,G) be a principal fibre bundle with local trivializations
{0; : 7Y (U;) — Uy x G, i € 1} with respect to a cover {U;, i € I} of M. Let
we € AYG x g) be the Maurer-Cartan form on G and for i,j € I with U;; # )
define

(wa)ij == Gij* wg
where the {6;; : Uj; — G} are the transition functions of the trivializations
{0;,i€1}. Then we have:

(wg )ji = —Ad (0;) ((wa )ij )-

Proof Let peU;j andY € T, M. Then:

(w6) (V) = we (851,()) Dosc (= Loy (R (0::(1) ) )
= - (Reji(p))* ( (91])*(Y) ) =—-Ad (ezg(p)) (wG ( (91])*(Y) ) )
= —Ad(0i(p) ((wg)ij (Y)).

The equality (x) follows from the fact that 6 : U;; — G is the composition
t o 6;;, where + : G — G is the map g — ¢! whose differential is given by
(X)) ==Ly (Ry-1 (X)) for g € G and X € T,G. % O

Proposition 1.4.5 Let P (M, G) be a principal fibre bundle with local trivializa-
tions {0; : 71 (U;) — U; x G, i € I} with respect to a cover {Ui, i € I} of M.
Let w € AY(P x g) be a connection form on P (M,G) and for all i € I define a
form w; € AY(U; x g) by

wi = (u;)*w

23 Recall that the differential of the map n: G x G — G, (g9,¢") — g¢ is given by
N (X1, X2) = (Rgy )« (X1) + (Lgy ) (X2)

for g1, g2 € G and X € Ty, G, X2 € Ty, G. From this we can derive the differential of the map

t:G — G, g g ' as follow. Observe that the composition G Xt G x G G is the constant

map g — e, so for g € G and X € TyG we have
0= (id x )on (X) = ne(X,0X) = (Ry—)e(X) + (L) 1x(X) .

Thus we get tx (X) = — (Lg-1)« (Ry-1)«(X) .
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where u' : U; — P is the local section p — «9;1(]), e). Then on U;; it holds:
wj = Ad (05:) (wi) + (wa )ij, (1.27)

where the {0;; : Uj;; — G} are the transition functions for the trivializations
{0;,ie 1} and where (wg)ij = 92-]-* we-

Conversely, suppose we have a family of 1-forms {w; € AY(U; x g), i € I} such
that (1.27) is satisfied on allU;; # 0. Then there exists a unique connection form
w on P(M,G) such that w; = u*w for alli e 1.

Proof Let w be a connection form on P (M,G). We have to show that for
p €U;j and Y € T, M it holds:

w; (Y) = Ad (05i(p)) (wi (YV)) + (wa)ij (V)

i.e.
w(u', (Y)) = Ad (0i(p)) (w(u's (Y))) +we ((055)«(Y)). (1.28)
On U;; the map v/ is the composition U;; hlal N “YU;j) x G L w1 (U5), where

n: 7w Y Uj) x G — 71 (Uy;) is the map (u,g) — ug. Using the Leibnitz rule 24
we have

W (V) = (V) (6)(Y))
= (R )- (0, (V) + (Lo ((035)- (1))

*

. 1.29
uJ (p) ( )

Equation (1.28) follows from (1.29), applying w to both sides and using properties
1. and 2. in Lemma 1.4.3.

Conversely, let {w; € A'(U; x g), i € I} be a family of 1-forms satisfying (1.27).
Suppose there is a connection form w on P (M,G) with w; = u;*w for all i € I.
Then for p € U; and X € Ti,) P we have

w (X) = wi (1(X)) + Ouip) <X —u, (”*(X))>

24 Recall the Leibnitz rule for the differential of a map ¢ : N1 x No — M. For (p,q) € N1 x Na
identify T(, ¢y(N1 x N2) with T, N1 x TyNo via the isomorphism Z +— (pr,, Z,pr,,Z ) where
pry : N1 X N2 — Nj and pry, : N1 X N2 — N> are the projections respectively on the first and on
the second argument. Then the differential of ¢ at (p, q) is given by

Px(X,Y) = (poi1)«(X) + (poiz)«(Y)

where i1 : N1 — Ni X Ny and 2 : No — Ni x N are the maps * — (z,q) and y — (p,y)
respectively (see [14, Proposition 1.4 of Chapter I]). Notice that footnote 22 describes a particular
case of it.
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since X = u', (m.(X)) + (X —ul, (m(X))), with X — o', (m(X)) € T4, ,P. Let

u'(p)
now u = u‘(p) g for some g € G and X € T,,P. Then we have:

w(X) = w ((By) (By)-(X))) = Ad(g7) (@ ((By1)-(X)) )
= Ad (g—l) (Wi (W*((RgA)*(X)))

= Ad(g7") (wz‘ (m(X))

+ 04 ) ((Rgfl)*(X) — i, (me(X)) )) (1.30)

This proves the uniqueness part. To prove existence, define w € A (P x g) by
(1.30). We have only to check that this is well-defined. Then by construction it
will follow that w is a connection form and that w; = u;,*w for all i € I. Let
p € Ui, u=u'(p) g = (p)b;i(p) g and X € T,,P. We have to show that

Ad (9_1 Gij(p)) <wj (W*(X)) + Oui(p) ((Rg‘l%(p))*(X) - “j* (W*(X)) ))

= Ad(g™) (wi (7(20) + B ( (By2)-(X) =, (ma(X)) ))

thus that
A4 (0509)) (5 (1.0) + ) ((Ry-s )00 — o, (7(X)) ) )

— Wi (X)) + i) ( (Ry=1)o(X) — i, (ma(X)) )
But this follows from (1.27), (1.29) and Lemma 1.4.4. O

We will show later that there is a correspondence between connections on a vector
bundle 7 : E — M and connections on its frame bundle L(E) (M, GL (n,R)). We
will then see that the forms {w; € A (U; x gl(n,R)), i € I} associated with a
connection and a system of local trivializations on L(F) are just the connection
forms of the corresponding connection on F, with respect to the local frames
induced by the local trivializations of L(E). Formula (1.27) will then appear to
be a generalization of formula (1.12).

Definition 1.4.6 Let P (M,G) be a principal fibre bundle and suppose we have
a representation ¢ : G — Aut(V') of G on a vector space V.. A V-valued r-form
w on P is called G-equivariant if R,"w = o(¢~')w for all g € G. It is called
horizontal if for u € P and X1,...,X, € T,P, w(X1,...,X,) =0 when at least
one of the X;’s is vertical.
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Lemma 1.4.7 Let P (M,G) be a principal fibre bundle and suppose we have a
representation o : G — Aut(V) of G on a vector space V. Let P xg V be the
associated vector bundle. We have a 1-1 correspondence

A"(P xgV) AL { horizontal G-equivariant V -valued r-forms on P }.

In particular, for every principal fibre bundle P (M,G) we have a 1-1 correspon-
dence

A" (P X 44 9) L1 { horizontal G-equivariant g-valued r-forms on P}
where P X a4 g is the adjoint bundle of P (M,G) (see Example 1.2.13).
Proof Given £ € A"(P x¢ V), define a V-valued r-form € on P by the relation
E(me(X1), o (X)) = (u, €(X, ... X)) )

foru € P and Xq,...,X, € T,,P. Then é is horizontal and G-equivariant, the last
since

5(W*(Rg*(Xl)),...,w*(Rg*(XT))) = & (m(X1), ... (X))
= (w€(X1,00 0, X)) o= (ug 0(97) €N, X0)) s

thus & (R, (X1),..., Rg,(X,)) =0 (g7 £(Xa,..., X,).
Conversely, let w be a horizontal G-equivariant V-valued r-form on P and define
wo € A"(P xg V) by

wo (Yi,...,Y,) == (u,w ((P)us s (V) ) ) N
forpe M and Yi,...,Y, € T,M, where u is some element in the fibre of P over p
and (f/l)u, e (Yl)u are vectors in T;, P such that m((f@)u) =X;fori=1,...,7.
Since w is horizontal and G-equivariant, the definition of wy does not depend on
the choice of the vectors (Yl)u, R (Y,n)u € T, P and of the element v in the fibre
over p.

Clearly, Wy = w for all horizontal G-equivariant V-valued forms w on P and

(o=¢Eforall £ € A"(P xg V). 0

We will need Lemma 1.4.7 to prove the next proposition, which is an analogue of
Proposition 1.3.2 and which will appear to be a generalization of it.

Proposition 1.4.8 Let P (M,G) be a principal fibre bundle and denote by Ap
the set of connections on it. Then Ap is an affine space modeled on A'(P X 44 g),
1.€.

Ap = Ao+ AN(P x a4 9),
where Ay is a fixred connection on P (M, G) and where we identify connections with
the corresponding connection forms and elements of AY(P X aq @) with the cor-
responding G-equivariant horizontal forms on P in the way described in Lemmas

1.4.8 and 1.4.7.
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Proof Let A; and Ay be connections on P (M, G) with connection forms w; and
wo respectively. Then wy and wy are G-equivariant g-valued 1-forms on P that take
the same values on vertical vectors. Thus w; — ws is a G-equivariant horizontal
g-valued 1-forms on P, so by Lemma 1.4.7 we have w; — wy € AY(P x 44 g). In
particular, Ap C Ag + AY(P xaq g).

Conversely, let ¢ € A'Y(P x4q g). We have to prove that wg + ¢ is a connection
form on P, where wy is the connection form of Ag. But this follows from the fact
that, by Lemma 1.4.7, £ is a G-equivariant horizontal g-valued 1-forms on P. [

Proposition 1.4.9 Let P (M, G) be a principal fibre bundle and suppose we have
a representation o : G — Aut(V) of G on a vector space V. Let E = P xgV
be the associated vector bundle. Then every connection A on P (M,G) induces a
connection D on E, which is defined as follows. LetY € T'(TM) and o € A°(E).
Denote by 6 : P — V the G-equivariant map corresponding to o in the sense of
Lemma 1.2.9. Then Da(o) (Y) € A°(E) is defined by

Da@) (V) () = (1w (V") ,() @) ) _ (1.31)

for p € M, where u is some element of the fibre of P over p.

Proof Observe first that the map M — E, p — (u, (Yh )A(u) (o) )/ is well-
defined, since

(Y") 4 (ug) (3) = RQ*((?h)A(U’)) (6) = (V") , () (6 0 Ry)

N ~

= (V") ) (e(g™)08) = olg™) (V") ,(w) (@),
where the last equality follows from the fact that o (¢7!) : V — V is linear.
The map D4(o) : I(TM) — A%(E) is C*°(M)-linear, thus Da(c) € AYE). To
conclude that Dy : A%(E) — AY(E) is a connection, we have to check that the

Leibnitz rule is satisfied. For this, let 0 € A°(E), f € C*°(M), Y € I'(TM) and
p € M. Then

Da(fo)(¥)(p) =

ie. Dy (fo)=o®df + fDa(o). O
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Proposition 1.4.10 Let A be a connection on a principal fibre bundle P (M, G).
Suppose we have a representation o : G — Aut(V) of G on a vector space V and
let E = P xqaV be the associated vector bundle. Let Dy be the connection on
E induced by A, as described in Proposition 1.4.9. Then the extended operator
A" (E) — A™Y(E) works as follows. Let Y1,...,Y, € T(TM) and ¢ € A"(E).
Denote by é the horizontal, G-equivariant V -valued r-form on P corresponding to
¢ in the sense of Lemma 1.4.7. Then D(§) (Y1,...,Y;) € A°(E) is given by

DA©) (Vo110 ) = (1 a6 (1) 400 oo, (7 4(0)) )/ (1.52)

for p € M, where u is some element of the fibre of P over p.

Proof It is enough to consider an element £ of the form & = o ® w, where
o€ A°E) and w € A"(M). We have

Dp(§) =0 ®@dw+ Da(o) Nw

thus
Da(€) (Y1,..., Y1) (p) = dw (Y1,...,Yoy1) (p) o(p)

+(7“—i1)' Z(_l)TDA(U)(YT(I)) (p) w (YT(2)7 s Yr(r+1))
= (u, dw (Yl, U )(p) a(u)

+<7'_i1)| Z(_l)T(YTIh) )A(u) (&) w (YT(2)7 ) Yq—(r+1)) >

So we have to show that

A

d€ (V1) o) s (V) 4(0) ) = o (Vi o1 ) (9) 6(u)
ot 2 (DT (Vg ) /() () 0 (Yeg@ys- s Yogrr)-
But this follows from the fact that é =6 1w, S0

dé = do N T¥w + 6 d (T*w) = dé A T w + 6 T dw.

The following lemma will be proved in the Appendix.

Lemma 1.4.11 Let P (M,G) be a principal fibre bundle and suppose we have a
representation o : G — Aut(V) of G on a vector space V. Let E = P xgV
be the associated vector bundle. Consider a local section o : U — P of P over
some open U C M and the induced local frame w = f,o0 : U — L(E) of E
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over U, where f, : P — L(FE) is the map defined in Example 1.2.10, relative to
a basis v of V.. Let A be a connection on P (M,G) with connection form wa and
let D be the connection on E induced by A, as described in Proposition 1.4.9.
Then the connection form w, of D with respect to the local frame u is given by
wy = (o) (0 (0% wa)) ?°, where (a)s is the isomorphism End(V) — gl (n,R)

induced by the choice of the basis v of V.

We are now in a position to prove the correspondence between connections on
a vector bundle and connections on its frame bundle.

Theorem 1.4.12 Let 7 : E — M be a vector bundle and let L(E) (M,GL (n,R))
be its frame bundle. Then we have a 1-1 correspondence between the spaces Ar )
and Dg.

Proof Identify £ with L(E) Xgr, (n,r) R". Then every connection A on L(FE)
induces a connection D4 on E, as described in Proposition 1.4.9.

Let {0; : 7Y (U;) — U; x GL (n,R), i € I} be local trivializations of L(E) and let
{u', i € I'} be the associated local frames of E, i.e. u’ (p) = Gfl(p,I) for p € U;.
Then by Lemma 1.4.11 it follows that for all ¢ € I the connection form of D4 with
respect to the local frame u’ is (w4 ); = (u®)* (wa ), where w4 is the connection
form of A.

Suppose now that we have a connection D on E and let {w;, i € I} be the
connection forms of D with respect to the local frames {u’, i € I'}. Regard the
w;’s as gl (n,R)-valued 1-forms on the U;’s. By (1.12) it holds
wj = jS Wi 91']‘ + jS d@ij
But 9]‘@‘ Wi 92']‘ =Ad (QJ) (wl) by (17) and 93'1‘ d@ij = (WGL (n,R) )ij7 since for pE Ui]‘
and Y € T, M we have
(wermm )ij V) = warmr) ((0i)«(Y)) = (Lo, ()« ((0i5)(Y))
= (Lo 003), (V) =Y (Lo, p) 0 0i5) = 0i(p) Y (01)-
Thus the {w;, i € I} satisfy
wj = Ad (0ji) (wi) + (wa )i

so by Lemma 1.4.5 they induce a unique connection Ap on L(E) such that its

connection form wy,, satisfies (wa, )i = w;. 26

25 Here we regard gl (n, R)-valued 1-forms as matrices of real 1-forms.
26 The horizontal distribution T"L(E) A, CaN be described as follows. For a point b of
L(E) , choose a local frame u = (u1,...,un) of E around p such that u(p) = b and D(uq)(p) =0
for « = 1,...,n; such frame exists. Then

T L(E) =u. T,M

Ap

where we regard u as a local section of L(E). Indeed, for Y € T, M we have wap (u.Y) =
wy(Y) = 0, where w, is the connection form of D with respect to u, thus (by dimensions)
ue TpM =ker way(p) .
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By what we said above, the connection Dy4,, on E induced by Ap has the {(wa,, ),
i € I'} as connection forms with respect to the local frames {u’, i € I}, thus by
the uniqueness part in Lemma 1.3.3 we have Dy, = D.

Similarly, Ap, = A for all A € Ap(g), so the map Ay gy — Dg, A — Dy is a
bijection. 27 O

Let 7 : E — M be a vector bundle and let L(E) (M,GL (n,R)) be its frame
bundle. We know that Dg and Ajg) are affine spaces modeled respectively on
AYE* @ E) and A'(L(E) xaq g!(n,R)) (cf Propositions 1.3.2 and 1.4.8). In
the Appendix we will show that the bijection Appy — Dg, A — D4 of Theo-
rem 1.4.12 is actually an affine isomorphism, whose associated linear isomorphism
AYL(E) x a4 gl (n,R)) — AY(E* @ E) is the map induced by the isomorphism
¢: L(E) X aq gl (n,R) — E* ® E described in Example 1.2.13.

Let P (M,G) be a principal fibre bundle and let V' be a vector space. Given
a connection A on P (M,G) and a V-valued r-form w on P, define a V-valued
(r+1)-form dgqw on P by

daw (X1, Xpin) = dw ( (Xf)A,...,(XfH)A)

for w € P and Xy,...,X,4+1 € T,P. Observe that if we have a representation
0: G — Aut(V) of G on V and if the form w is G-equivariant, then dsw is a
horizontal G-equivariant V-valued form on P, thus by Lemma 1.4.7 we have in
this case

dpw e ATHP xg V).

In particular, consider the representation Ad : G — Aut(g) and denote by (DA4) 4
the connection on P X 44 g induced by A. Then by Proposition 1.4.10 we have
da& = (D)4 (€) for all € € A™(P x aq ).

Let w4 be the connection form of a connection A on a principal fibre bundle
P (M,G). The g-valued 2-form Q4 = dqwy4 on P is called the curvature form
of A. It is an element of A%(P x 44 g). The following lemma will be proved in the
Appendix.

Lemma 1.4.13 Let P (M,G) be a principal fibre bundle and suppose we have a
representation o : G — Aut(V') of G on a vector space V. Let A be a connection

27 Another, more intuitive approach to see the correspondence between Dy and App) is as
follows. One can prove that the concepts of connection on a vector bundle 7 : E — M and on
a principal fibre bundle P (M, G) are equivalent respectively to assigning a parallel translation
To * Eao) = Eaq (t € [0,1]) along each curve a : [0,1] — M and to a unique G-equivariant
path lifting property on P (M,G). If P(M,G) is the frame bundle of 7 : £ — M, then these
two concepts are equivalent, since parallel translation along a curve « : [0,1] — M can also be
thought of as carrying a frame at «(0) to a frame at a(t), for all ¢ € [0,1]. See for example [21]
and [14, §1 of Chapter III].
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on P(M,G). Then the curvature of the connection D4 on the associated vector
bundle E = PxgV is ¢ (Q4) € A2(E*®@F), where ¢ : A2(Px 449) — A*(E*®F)
1s induced by the map P X 49 ¢ — E*QFE defined in Example 1.2.13. In particular,
if A is a connection on the frame bundle L(E) (M, GL (n,R)) of a vector bundle
7 : B — M, then under the identification L(E) Xqr, (nr) 8l(n,R) = E* @ E we
have Q4 = R4, where Ry is the curvature of the connection D4 on E induced by
A.

Proposition 1.4.14 Let A be a connection on a principal fibre bundle P (M, G)
and let wa and Q4 be the connection and curvature forms of A. Then for u € P
and X1, X9 € T,,P it holds:

duws (X1, Xs) = —% lwa (X1),wa (X2)] + Qu (X1, Xs). (1.33)

Equation (1.33) is called the structure equation for a connection on a principal
fibre bundle. It can be proved by checking it separately for the three cases that
X1,Xo are both vertical, both horizontal or X; vertical and X» horizontal (see
[14, Theorem 5.2 of Chapter II]. In the case when P (M, G) is the frame bundle
L(E) (M,GL (n,R)) of a vector bundle 7 : E — M, (1.33) reduces to the structure
equation (1.19) for vector bundles. To see this, let u : U/ — L(E) be a local frame
of F on some open U C M. Then by Lemma 1.4.11 and by Lemma 1.4.13, the
connection and curvature forms of a connection D on E with respect to the local
frame w are given by w, = u* w4, and Q, = u* Q4,. Equation (1.33) implies

i (i, ¥2) = = 5 [ (Y1), 00 (Y3)] + O (¥1,Y5)

for p e U and Y1, Yo € T, M. But this is equivalent to equation (1.19), since

1 1
(wWu Awy) (Y1,Y2) = B (WU(YI) wy(Y2) — wu(Y2) wu (Y1) ) =3 [wu (Y1), wy (Y2) ].
Proposition 1.4.15 Let Q4 be the curvature form of a connection A on a prin-
cipal fibre bundle P (M,G). Then it holds:

daQy =0. (1.34)

Equation (1.34) is called the Bianchi identity for a connection on a principal
fibre bundle. We refer for a proof to [14, Theorem 5.4 of Chapter II]. We will
show instead that (1.34) reduces to the Bianchi identity (1.20) for vector bun-
dles, when P (M, G) is the frame bundle L(E) (M,GL (n,R)) of a vector bundle
7:E — M. Let (DA) 4 and D4 be the connections on L(E) x 44¢! (n,R) and E =
L(E)Xar (nr)R" induced by A. Regard 24 and da 24 as forms on the vector bun-
dle L(E) x agg! (n,R). Then by Proposition 1.4.10 we have da Q4 = (DA) 4 (Q24),
as was observed above. By Lemma 1.4.13, 24 is equal to the curvature R4 of the
connection D4 on F, under the identification L(E) X 440! (n,R) =& E*®FE described
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in Example 1.2.13. If we show that under this identification (D)4 = (Da)p e £,
then from (1.34) it will follow (Da)g+gr Ra = 0, which is the Bianchi identity
for vector bundles (cf. Example 1.3.7). This is done in the following lemma.

Lemma 1.4.16 Let A be a connection on the frame bundle L(E) (M,GL (n,R))
of a vector bundle 7 : E — M and let (D)4 and D4 be respectively the connec-
tions on L(E) X a4 9l(n,R) and E = L(E) Xqr, (nr) R" induced by A, as described
in Proposition 1.4.9. Identify L(E) X 448l (n,R) with E* ® E, as done in Example
1.2.13. Then we have:

(Da)p-ee = (D )a.

Proof Let ¢ € A°(L(E) xaq gl(n,R)) = A°(E* @ E) = Hom (E,E) and
o € AY(E). Denote by ¢ : L(E) — gl(n,R) and 6 : L(E) — R™ the corresponding
GL (n,R)-equivariant maps. Recall that for p € M we have

e (0(p) = (. 3w 6(u)) (1.35)

where u is some element in the fibre of L(E) over p and where the operation on
the right hand side is matrix multiplication gl(n,R) x R®” — R"™ (cf. Example
1.2.13). Let Y € I'(T'M) and regard ¢ and (Da)g+ar (¢)(Y) as C*°(M)-linear
maps A" (F) — AY(E). Then by (1.23), (1.31) and (1.35) we have

(Da)zrep (P)(Y)(0) () = Da(p(0)(Y)(p) = ¢ (Da(o)(Y) (p)
= (W VW) G@) .~ (u 6w Yhw) )
= (u.Yi(w) (p(0)) = ¢(u) Yi(u)5) .
On the other hand, by (1.31) and (1.35) we have

(DAY A (9)(Y)(0) (p) = (u, YA (u) () 6(u)) -

But
YA () (p(0)) — $(u) Yi(u) (6) = Vi (u) (£) 6 (u)
by the Leibnitz rule, since by (1.35) we have go/(a\) =¢o. O

Let (f,f"): Q(N,H) — P(M,G) be a homomorphism of principal fibre bun-
dles. If the induced map f” : N — M is a diffeomorphism, then every connection
on @ (N, H) induces a connection on P (M, @) in a natural way. If f/: H — G
is an isomorphism, then every connection on P (M, &) induces a connection on
Q@ (N, H) in a natural way. This will be needed in Chapter 4 and is explained in
the next two propositions.

Proposition 1.4.17 Let (f,f") : Q(N,H) — P (M,G) be a homomorphism of
principal fibre bundles such that the induced map f" : N — M 1is a diffeomorphism.
Let A be a connection on Q (N, H) with connection and curvature forms wa and
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Q4. Then there is a unique connection f(A) on P (M,G) such that the horizontal
subspaces of Q (N, H) with respect to A are mapped by f to horizontal subspaces
of P(M,G) with respect to f(A). If wya)y and Q) are the connection and
curvature forms of f(A), then

frwpay = fi(wa) (1.36)

and
FrQpa) = fi (Qa)- (1.37)

The connection f(A) on P (M, G) is defined as follows. For u € P with 7(u) =p
choose an element v in the fibre of Q over f~!(p); then u = f(u')g, for some
g € G. Define

(TLP) oy = (Ro)e (1 (TQ),,)-

This definition does not depend on the choice of u’ in the fibre of Q over f~!(p)
and the distribution u — (T, P) £(4) indeed defines a connection, whose connec-
tion and curvature forms satisfy (1.36) and (1.37). See [14, Proposition 6.1 of
Chapter II] for a proof of this.

In particular, Proposition 1.4.17 holds for a reduction @ (M, H) of a principal
fibre bundle P (M,G): every connection on @ (M, H) induces a connection on
P (M, G) in such a way that the two connections coincide on ), when we consider
Q as a subset of P. We will denote the two connections by the same letter.

Definition 1.4.18 Let P (M,G) be a principal fibre bundle and let Q (M, H) be
a reduction of P(M,G). A connection on P (M,G) is said to be reducible to
Q (M, H) if it is induced by a connection in Q (M, H) in the way described in
Proposition 1.4.17.

Note that a connection A on P (M,G) is reducible to Q (M, H) if and only if
w4 (X) is an element of the Lie algebra of H, for all u € Q and X € T,,Q.

Proposition 1.4.19 Let (f,f') : Q(N,H) — P (M,G) be a homomorphism of
principal fibre bundles such that f' : H — G is an isomorphism. Let A be a con-
nection on P (M, G) with connection and curvature forms wa and Q4. Then there
exists an unique connection f*(A) on Q (N, H) such that the horizontal subspaces
of Q(N,H) with respect to f*(A) are mapped by f to horizontal subspaces of
P (M, G) with respect to A. If wpeay and Qg 4y are the connection and curvature
forms of f*(A), then

frwa=fi (wp=a)) (1.38)
and

F Qa = i (Qpea))- (1.39)
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The connection f*(A) on @ (N, H) is defined by

(TuhQ)f*(A) = (f*)_l ((Tffzu)P)A)

for u € Q. Then the distribution u — (TuhQ)f*(A)

whose connection and curvature forms satisfy (1.38) and (1.39). See [14, Proposi-
tion 6.2 of chapter II] for a proof of this.

indeed defines a connection,

In particular, Proposition 1.4.19 holds for the pullback bundle f*(P)(N,G) of
a principal fibre bundle P (M, G), where f is a smooth map N — M: every con-
nection on P (M, G) induces a connection on f*(P) (NN, G) whose connection and
curvature forms are the pullback of the connection and curvature forms of the
connection on P (M, G).

Example 1.4.20 Let P (M,G) be a principal fibre bundle and f : N — M a
smooth map. Suppose we have a representation o : G — Aut(V) of G on a vector
space V. Then the vector bundle E' = f*(P) xg V associated with the pullback
bundle f*(P)(N,G) is the pullback of the vector bundle E = P xg V associated
with P (M, Q). This follows from the fact that the vector bundles f*(P) xgV and
1* (P xg V) both have transition functions

{al 00080 f: f 1 (Uyj)— GL(n,R)}

over the cover { f~1(U;),i € 1} of N, where o, : Aut (V) — GL (n,R) is the
isomorphism induced by the choice of a basis v of V, {0;; : U;j — GL(n,R)}
are the transition functions of a system of local trivializations of P (M, G) over a
cover {U;, i € I} of M and where we consider the systems of local trivializations
naturally induced on f*(P)xgV and f* (PxgV'), as described in Examples 1.1.16,
1.2.8 and 1.2.10. By Propositions 1.4.9 and 1.4.19 and by Example 1.5.10, given
a connection A on P (M,G) we get connections Da on E, f*(A) on f*(P)(N,G)
and f*(Da), Dg«ay on f*(E) = f*(P) xg V. By Proposition 1.4.19 and Lemma
1.4.11, both connections f*(Da) and Dy« 4y have connection forms { (oo f)* wa,
i € I} with respect to the local frames on f*(E) induced by a system of local frames
{o; : Uy — P,ie€l} of P(M,G). By the uniqueness part in Lemma 1.3.3, it
follows that f*(Da) = D (4.

Example 1.4.21 Let P (M,G) be a principal fibre bundle and let Q (M, H) be a
reduction of P (M,G). Suppose that we have a representation o : G — Aut(V) of
G on a vector space V. Then, by Proposition 1.2.18, the associated vector bundles
P xgV and Q xg V are isomorphic. Let A be a connection on P (M,G) which
is reducible to Q (M, H). Then it is easy to see that the connections induced by A
on PxgV and Q xg V', as described in Proposition 1.4.9, are equal.

Example 1.4.22 Let 1 : E — M be a vector bundle and let h be a Rieman-
nian metric on E. Consider the reduction Oy(E) (M,O(n)) of the frame bun-
dle L(E) (M,GL (n,R)) of E corresponding to h (see Example 1.2.17). We will
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show that a connection A on L(E) is reducible to On(E) if and only if the in-
duced connection Dy on E is an h-connection. Suppose first that D4 is an
h-connection. Let ug € Op(E) and Xo € Ty,On(E); we need to show that
wa (Xo) € o(n) (then it will follow that the connection A is reducible to Op(FE)).
Let u: U — On(E) be a local h-orthonormal frame of E over some open U C M
with w(ug) € U. Let X € Tyir(ug))On(E); then X — uy(me (X)) € Tu”(ﬂ(uO))Oh(E),

thus wa (X — Uy (m(X))) € o(n). Denote by w,, the connection form of D4 with
respect to u. Then by Lemma 1.4.11 we have

wa (X o, (m(X))) = wa (X) — wy (T (X))

Since D4 is an h-connection and u is an h-orthonormal frame, it follows that
wy (m(X)) € 0(n), so wa (X) € o(n). Let ug = u(m(ug))g for some g € O(n).
Then

wa (Xo) = wa (Rg*(Rgl*(Xo))) — Ad(g™") wa (R;"(X0)) € o(n),

as we wanted. Suppose now that A is a connection on L(E) reducible to Op(E).
Then for all uw € Op(E) and X € T,,On(E) we have wa (X) € o(n). Consider a
local h-orthonormal frame u : U — OR(E) of E over some open U C M. Denote
by wy the connection form of Da with respect to u. Then by Lemma 1.4.11 we
have wy (X) = wa (us(X)) € o(n) for allp € U and X € TyM. So wy is skew-
symmetric and it follows that D4 is an h-connection.
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Chapter 2

Complexifications

In the rest of the thesis we will consider complex vector bundles over complex
manifolds and principal fibre bundles with complex structure group and complex
base space. All results of Chapter 1 apply to these objects, with only minor
changes. In this chapter we will make this statement more precise and we will
take a closer look at some properties of connections which strictly depend on the
complex structures of the base spaces and of the fibres.

Paragraph 1 contains linear-algebraic preliminaries, while in Paragraph 4 we will
collect some results over complex reductive Lie groups that are needed later.

General references for this chapter are [15, Chapter IX] for 2.1 and 2.2, [32,
Chapters I and III] and [2] for 2.1, 2.2 and 2.3, [16, pages 70-81] and [6, §2, §5 and
§7 of Chapter 0] for 2.2 and 2.3, [13, Chapter I] for 2.3 and [25, §7 of Chapter 1
and §2 of Chapter 4], [10], [12] and [30] for 2.4.

2.1 Complexification of a real vector space with a com-
plex structure

All results of this section will be applied in Paragraph 2.2 to tangent spaces of com-
plex manifolds. We follow [15, §1 of Chapter IX]. Proof of all unproven statements
can be found there.

Definition 2.1.1 A complex structure on a real vector space V is a linear
automorphism J of V such that J?> = —idy .

If a real vector space V' has a complex structure J then it must be even-dimensional.
Indeed, the automorphism J of V has no eigenvalues and thus the characteristic
polynomial of J has no zero. Since the degree of the characteristic polynomial
is equal to the dimension of V, it follows that V is even-dimensional. If J is a
complex structure on a 2n-dimensional real vector space V', then we can find a
basis of V' of the form { vy, J(v1),...,vn, J(vp) }.
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Let V be a real 2n-dimensional vector space and J a complex structure on V.
Then we can turn V into a complex vector space, denoted by (V,J), by setting
(a+ib)v:=av+bJ(v) forveVand a+ibe C. If {vy,J(v1),...,0n,J(vs) } is
a basis of V over R, then {v1,...,v, } is a basis of (V,J) over C. In particular,
dime (V, J) = 3 dimg V.

Conversely, let W be a complex n-dimensional vector space. Then we can de-
fine a complex structure .J on the underlying real vector space W= by J(w) := iw
for w € W. The map (W%, J) — W, w + w is then a C-linear isomorphism.

The complex vector space W := (W=, —.J) is called the conjugate of W. Ob-
serve that every conjugate-linear map W — C can be obtained by composing a
C-linear map W — C with the conjugate-linear map W — W, w — w. Thus the
space of conjugate-linear maps W — C can be identified with W ". Similarly, the
space of sesquilinear maps W x W — C can be identified with the space of bilinear
maps W x W — C.

If V, V' are real vector spaces with complex structures J and J’ respectively,
then an R-linear map f : V — V' induces a C-linear map f : (V,J) — (V',J') if
and only if J o f = foJ.

Given a complex structure J on a real vector space V, we can define a complex
structure J* on the dual V* by the relation

(J7(v1),02) 1= (o1, J(v2))
for vj € V* and v € V.

Definition 2.1.2 Let V be an n-dimensional real vector space and consider the
2n-dimensional real vector space VC := V ®@r C. Define a scalar complex mul-
tiplication on VC by pu(v @ \) := v @ p) forv € V and p, A € C and R-linear
extension. Then VC becomes an n-dimensional complex vector space, called the
complexification of V.

Observe that if we identify V with the image of the monomorphism V — VC,
v — v® 1, then we can write VC = { vy +ivy,v1,v2 € V'} (briefly, VE = V@i V);
the scalar multiplication on VC takes then the form

(a + ib) (v + tve) = avy — bug + i (ave + buy)
for a + ib € C and vq + vy € VC.

Let V' be a real vector space. We have an R-linear map Ve - Vve w— w
(called conjugation) defined by v @ X := v ® A (or equivalently vy + ivy := vy —ivy
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for v1,v9 € V). Observe that the map Ve - W, w +— w is a C-linear isomor-
phism.

Let V* be the dual of a real vector space V. Then its complexification is canoni-
cally isomorphic (over C) to the (complex) dual of the complexification of V, i.e.
(V)€ = (V&)* = Hom(VC,C). The dual pairing (V*)€ x V€ — C is given by
(v @ N\ vg @ ) = A (vj,vg) for \, u € C, vi € V* and vy € V. Note that for
wi € (V¥)E and wy € VC we have (wi,we ) = (wh, Wy ).

Observe that for every real vector space V' we have a canonical C-linear isomor-
phism (A" V)(C =~ A" VC (thus in particular ( A" V*)C =N (V*)(C =N\ (VO).
It is obtained by applying the universal factorization property of the exterior power
to the r-linear alternating map VC x ... x V€ — (/\T V)(c,

(V1 @A, 0, @A) S VLA AU R AL Ay

From now on, till the end of the section, V will be a 2n-dimensional real vector
space with a complex structure J and VC its complexification.

We can extend J to a C-linear automorphism of VC by J (v ® \) := J(v) ® A
(equivalently, J (v1 + ivg) := J(v1) + iJ(ve) for v1,ve € V). Consider the polyno-
mial o(z) = 22 +1 = (z+14)(x—1i). Since p(J) = 0and J+i # 0 # J —i, it follows
that ¢(x) is the minimal polynomial of J, thus +i and —i are the eigenvalues of
J. We will denote by V10 (respectively V1) the eigenspace of +i (respectively
—i). Then V€ = V10 @ VOl Given a vector w € VC, we will denote by w!'?
(respectively w®!) the projection of w into V1 (respectively V%!). Then we have

2 2

The proof of the following lemma is immediate.
Lemma 2.1.3 Let VC = V19 g VO s above. Then:
1.V ={v—iJ(w),veV} and VO ={v+iJ(v), v eV };

2. the R-linear isomorphism VC — VC, w — W induces a conjugate-linear map

Vl,O — VO,l’.

3. the maps (V,J) — V', v =50 and (V,=J) — VO, v 2550 are

C-linear isomorphisms. !

The above observations apply to the dual space V* and the induced complex
structure J*. Thus we can write

(VC)* = (V*)C =Vi,0® W1 (2.2)

! The motivation for the factor % will appear in Section 2.2.
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where Vi = {w* € (V ) / JH(w*) = iw*} = {v* —iJ*(v*), v € V*}
and Vo1 = {w* € (V ) / J*(w*) = —iw*} = {v" +iJ*(v"), v* e V]
It is easy to see that Vi = {w* € (V*)(C / (w*w') =0, V' € Vo) and
Vou = {w* € (V) / (w'w') =0, Vo' € VX0}. Thus Vig = (V10)* and
Voa = (VO1)* (complex duals).

Remark 2.1.4 Observe that, using the conjugate-linear map V0 — VO of
Lemma 2.1.3, we can identify Vo1 with the vector space of conjugate-linear maps
V0 — C (ie. for a € Vo,1 we define a conjugate-linear map ¢ : V0 — C by
a(w) := a(w)). This identification will be always tacitly assumed in the following.

The decomposition (2.2) induces a decomposition of the exterior algebra /\ (VC)*
as follows. For integers s, ¢ > 0 define

AT (VO i=<anBe N (VO Jae N Vip, BN Vou >c

where < > ¢ denotes the C-linear span. Then for every integer r > 0 we have
AN (VE) =B,y N7 (V)" (2.3)

Complex conjugation in (VC)* = (V"‘)(C can be extended to A (Vc)ﬁk in a natural
way. In particular we obtain an R-linear isomorphism between A*Y (Vc)* and
A?? (V(C)*. Note that if « € \" (V(C)* and wi, ..., w, € VC, then

a(wy,...,wy) =a(wr,..., ).
The proof of the following proposition is straightforward.

Proposition 2.1.5 Let h be an Hermitian inner product on V1 and denote
by h the Hermitian inner product on (V,J) induced by h, via the isomorphism

(V,J) = VIO, y o 220 ey

Z.Themapﬁ Re
h(J(v1),J(v2)) =

e(h) : V xV — R is an inner product on V such that
h (v1,v2) for all vy, vo € V. It holds

Q(vl,vg) ﬁ(vl,vg)—i— h(vl,J(vg)).

2. The C-linear extension of h : V xV — R to VC is a C-bilinear symmetric
non-degenerate map h:VExVC = C such that for w, wy and wy € VC it
holds

1
=

w1, wr) = h(wi,w2);
w,w) >0 if w # 0;

(
(
(wi,wz) =0 if wy, wa € VIO or wy, we € VO,
(

1
=

- h
h(wy,wy) = 2h(w1,w2) for wy, wy € V1O,
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3. For every positive integer r, h o ‘N/(C x V€ — C extends to a C-bilinear
symmetric non-degenerate map \"h: N'(VE) x A"(VE) — C by defining

/\Tﬁ(wl/\.../\wr,w’l/\.../\w;)::det((ﬁ(wi,wé))ij>

forwi, ... wpwl, .. W € VC and linear extension. Then we have

A" h (@, 8) = A"k (a, )
fora, B N (VE).

4. The map —3Im (k) : V x V — R is an element of A’ V* and its C-linear
extension k to VC is an element of /\1’1 (VC)*. It holds

il (wl, J(wg))

N =

k (wl,wg) = —

for wy, wy € VE.

2.2 Complex and almost complex manifolds

Definition 2.2.1 A complex n-dimensional manifold consists of a topological
manifold M together with a family { (U;, i), i € I} such that:

-{U;,i €1} is a cover of M;

- for every i € I, ; is a homeomorphism between U; and an open subset of
C?’L;

- for every i, j € I with U;; # (), the transition function ¢; o <p;1 s (Usy) —
@i (Uij) is holomorphic.

A chart for the complex manifold M consists of an open subset U of M and a
homeomorphism ¢ between U and an open subset of C™ such that for every i € I
with U NU; # O the map @; 0 ™t : o (U NU;) — @i UNU;) is holomorphic. A
continuous map f between two complex manifolds N and M is holomorphic if for
every p € N and some (and hence all) charts (U, ) of N around p and (V,1))
of M around f(p) the map 1 o f ot : go(f_l(V) ﬂZ/l) — w(V N f(u)) is
holomorphic.

Note that every complex n-dimensional manifold has the structure of a real 2n-
dimensional manifold and that a holomorphic map between complex manifolds is
in particular a smooth map between the underlying real manifolds.

Let M be a complex manifold and p € M. We will denote by T;,CM the holo-

morphic tangent space of M at p, i.e. the complex vector space of C-linear deriva-
tions of germs of holomorphic functions on M, and by T Il}{M the tangent space
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at p of the underlying smooth manifold, thus the real vector space of R-linear
derivations of germs of smooth functions on M. If ¢ = (21,...,2,) : U —
C™ is a chart of M around p then {862 ,...,8‘2 2 is a basis of TCM over C

(see [7, p. 152]) and {8%1,6%1,...,% ’ay } a basis of TRM over R, where

zj = xj +y; for j = 1,...,n. Note that we have a canomcal R-linear isomor-
phism ¢ : TEM — (TEM)¥, defined by ¢(X) (f) := X (Re(f)) + i X (Im(f)) for
X € TEM and for a holomorphic germ f on M. In local coordinates we have,

using the Cauchy-Riemann equations, qﬁ(a%j) = (%j and qb(a%j) = iaizj. The

complex structure of T, I‘?M induces a complex structure on (TZ(,CM )R as explained

in §1 and thus, via the R-linear isomorphism ¢ : TEM — (TI(,CM )R, a complex

structure J on TEM (i.e., we define J to be the unique complex structure on

TIE{M turning ¢ : (TPRM ,J) — T;)CM into a C-linear isomorphism). Locally we
o\ _ 0 L

have J(Wj) = By forj=1,...,n.

All results of Section 2.1 apply now to the real vector space T, SM with the com-
plex structure J. We will denote by T,M the complexification of TEM (and
call it the tangent space of the complex manifold M) and by T,M and T,/ M re-
spectively the eigenspaces of +¢ and —¢ for the endomorphism J of T,M. Then
T,M = T;M & T,)M. Note that we can identify T, M with the complex vector
space of C-linear derivations of germs of smooth C-valued functions on M, by

defining (X @ \) (f) := A (X(Re(f)) +z’X(Im(f))) for X ® A € T,M and for a
smooth germ f.

Consider a chart ¢ = (z1,...,2 ) I/l — (C” of M around p, and let z; = x; + iy,
for j =1,...,n. Define elements 57— and of T,M by

1,0 9 o 1
e (Ze1- = =
o =3 lay, O g, @) ad =g

0 0

— ®1+ — 2.4
(8%@9 +ayj®2) (2.4)
Then, by Lemma 2.1.3, {8%1 ..,az } and {6z1 ..,g } are bases over C of
M and T,/ M respectively. Note that the a— € Tp,M just defined is an exten-

sion of 7j € TI(,CM since, because of the Cauchy-Riemann equations, the two
Operators coincide on holomorphic functions. Observe that when we identify
az € 1, CM with 82 € TZQM we are actually applying the inverse of the iso-
morphism ¢ : (TEM ,J)— T I(,CM defined above composed with the isomorphism
(TEM, J) — T,;M of Lemma 2.1.3. From now on, the identification T;CM =T,M

2 By abuse of notation, we write % for the element of T;FM defined by
J

0 0 1
afzj(f) -—afzj(fow )

for f : U — C holomorphic. Similarly for % and %
J
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will be always tacitly assumed.

Let {dz,...,dz, } and {dz1,...,dz, } be the dual bases for T, M * and TpM *

of { 8%1, e %} and {6%1, e £n } respectively. Then we have

for j = 1,...,n, where {dx,dyi,...,dzy,,dyy, } is the basis of T,M* dual to
0 0 o) 0

{TM’TM""7E’@ .

Given a complex manifold M, we will denote by TR M the tangent bundle of
the real manifold underlying M and by TM := Upe v IpM the tangent bundle
of M. The last is a complex vector bundle and its construction is analogous to
that of the tangent bundle of a real manifold. Similarly, we obtain complex vector
bundles T®M := Upenr TyM and (T®M,J) := UpeM(TII;R]W7 J). Note that the
C-linear isomorphisms ¢ : (TI[)RM ,J) — T;,CM (p € M) defined above induce a
vector bundle isomorphism ¢ between (T®M, J) and TCM.

We can now apply Example 1.1.14 to TM (see also Remark 1.1.19) and con-
struct the complex vector bundle A" TM *. We define A"(M) :=T (N TM*).
Elements of A(M) := @, ., A"(M) are called complex differential forms on M.
It is easy to see that the decomposition (2.3), applied to the tangent spaces of M,
yields a decomposition
A'(M) = @ A% (M)
s+q=r

where A% (M) :={w e A" (M) / w(p) € N> (T,M)*,Vp € M }. We will denote
by 757 the projection A" (M) — A%9(M). On the domain of local holomorphic
coordinates (z1,. .., z,) of M, every differential form w € A% (M) can be written
in the form

w = Z fLJ dzy Ndz g (2.6)
[|=s,]J]=q

where the f7 ; are smooth C-valued functions.

Conjugation on I'(T'M) and A(M) is defined pointwise as described in Section

2.1 (note in particular that in local coordinates we have % = % and dz; = dz;
J J

forj=1d,...,n). fwe A% (M), then w € A9 (M) and
E(Xl,...,XT) :w(yl,...,yr)
for Xi1,..., X, € T'(TM). In local coordinates, if w is given by (2.6) then

w= Z fTde]AdZJ. (2.7)
l=s,|J|=q

61



Note that conjugation commutes with the wedge product, i.e. for wy, wy € A(M)
we have wi A wy = w1 A Ws.

The exterior derivative d on real differential forms is extended to A(M) by com-

plex linearity. Then for a differential form w € A7 (M) which is locally given by
(2.6) we have, using (2.4) and (2.5):

dw = Z(afI’J dx; + 0 /1.1 dyj) ANdzy Ndzy

al‘j 8yj
0 f1g _ L O0frg _
= o, dzj Ndzr Ndzy + oz, dzj Ndzr NdzZy . (2.8)

It follows that
d (As’q (M)) c Astha (M) & At (M).

We will denote by 9 : A% (M) — A*Th4 (M) the operator 7519 o d and by
9: A% (M) — A®9TY (M) the operator 759t od. Then d = 0 + 0.

Note that the exterior derivative commutes with conjugation, i.e. for allw € A(M)
we have dw = dw. This is easy to see, using (2.7) and (2.8).

Let h be an Hermitian metric on M, i.e. a C* field of Hermitian inner products
in the fibres of TCM. Via the vector bundle isomorphism ¢ : (T®M, J) — TCM,
we obtain then an Hermitian metric h on (T®M, J). By Proposition 2.1.5 it follows
that h := Re (h) is a Riemannian metric on the real manifold underlying M and
that the C-linear extension k of —% Im (h) is an element of Ab! (M) (the associated
(1,1)-form of the metric).

Definition 2.2.2 Let h be an Hermitian metric on a complexr manifold. Then the
associated (1,1)-form k is called the Kéhler form of h. The metric h is said to be
a Kahler metric if its Kahler form is closed, i.e. if dk = 0. A complex manifold
admitting a Kdhler metric is called a Kahler manifold.

Let ¢ = (21,...,2,) : U — C™ be a chart for M. Then an Hermitian metric h can
be written on ¢ in the form

h=>"hg dza ® dZs
a’ﬂ

where (hag (p) )a,@ = (h(%, %) (p) )a,@ is a positive-definite Hermitian matrix

for every p € U and where we regard the dzg’s as conjugate-linear maps TZ(,CM —C
(see Remark 2.1.4). 3

3 It can be shown that h is a Kéhler metric if and only if it approximates the Euclidean
metric up to order 2 at each point, i.e. if and only if we can find around each p € M a chart
¢ = (#1,...,2n) with ¢(p) = 0 and such that hag(p) = I and dhag(p) = 0 for all o, 5. See
[6, p. 107].
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Let k = Za,ﬂQk(%, %) dzq N dzg € AVY(M) be the Kéhler form of h. Using
0 o) ): i ( 0 o) )

the relations in Proposition 2.1.5, it is easy to see that k(%, 975 1Moz,

Thus we have

i _
k=3 zﬁ: hag dza A dZs. (2.9)

Definition 2.2.3 An almost complex structure on a real manifold M is a tensor
field J € T (TM* @ TM) such that J?> = —id. An almost complex manifold is
a real manifold with an almost complex structure.

If a real manifold admits an almost complex structure, then it must be even-
dimensional and orientable (for the last, see [15, Proposition 2.1 of Chapter IX]).

Given a complex manifold M, we can define a tensor field J € T'(TRM * @ TR M)
pointwise as described in the beginning of the paragraph. This gives an almost
complex structure on the underlying real manifold.

Definition 2.2.4 Let (M, J) and (M’,J') be almost complex manifolds. A smooth
map f: M — M’ is said to be almost holomorphic if fyoJ = J o f4.

Proposition 2.2.5 A smooth map f : M — M’ between complex manifolds is
holomorphic if and only if it is almost holomorphic with respect to the induced
almost complex structures on M and M’'.

This can be proved locally, using the Cauchy-Riemann equations (see [15, Propo-
sitions 2.2 and 2.3 of Chapter IX]).

Definition 2.2.6 Let J be an almost complex structure on a real manifold M.
The torsion of J is the tensor field Ny € I' (TM* @ TM* @ TM) given by

Ny (X,Y):=2 ([J(X), JY)] - [X, Y] - J([X,J(Y)]) — J([J(X), Y]))

for X, Y € T(TM). The almost complex structure J is said to be integrable if
Ny =0.

The induced almost complex structure on a complex manifold is integrable. For
a proof of this, see [15, Theorem 2.5 of Chapter IX]). The converse is a classical
result due to Newlander and Nirenberg (see [24]).

Theorem 2.2.7 Let J be an integrable almost complex structure on a real mani-

fold M. Then M has a unique complex structure which induces the almost complex
structure J.
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Observe that some of the definitions in this section also make sense when M is
a real manifold. For every p € M we can consider the complexification (T M )(C of
the tangent space and interpret it as the space of C-linear derivations of germs of
smooth C-valued functions on M. We can construct the complex vector bundles

TME i= Uyepy (M) and A" (TM)". We define A"(M)€ := D A" (TME)")
and call elements of A(M)® := D50 A (M )€ complex differential forms on M.
Conjugation on TM® and A(M)® and the exterior derivative

d: A"(M)® — A (M)C

are defined as above. Finally, if Y1 ® A1, Yo ® Ao € TM (C, we can define the Lie
bracket [Y; ® A\, Y2 ® Ao] € TMC as usual by

Y1 @M, 2@ ] (f) == (Y1 @ M) (Ya®X2) () — (Ya®A2) (Y1 ®@N)(f))

for f € COO(M7C) Then D/l ®>‘15Y2 ®)‘2] = [Yia}/Q] ®)‘1)\2-

2.3 Connections on complex vector bundles

Let m : E — M be a complex vector bundle over a real (respectively com-
plex) manifold. A (smooth) r-form on M with values in F is an element of
A"(E) :=T(E) ®coo(ar,c) A" (M)T (respectively A™(E) :=T'(E) ®coo(ar,c) A" (M)).
A connection on E is a C-linear map D : A°(E) — A'(FE) which satisfies the
Leibnitz rule (for C-valued smooth functions on M). Observe that all results of
Paragraph 1.3, with the exception of Example 1.3.8 and Definition 1.3.9, also ap-
ply to connections on complex vector bundles. In this section we will first show
how those two points have to be changed in the complex case, and then we will de-
scribe some specific properties of connections on complex and holomorphic vector
bundles over complex manifolds.

Example 2.3.1 Let 7: E — M be a complex vector bundle with transition func-
tions { 6;; : Usj — GL(n,C) } with respect to a cover {U;, i € I} of M. The func-
tions {0;; : Ui; — GL(n,C)} satisfy the cocycle condition (1.2), thus by Propo-
sition 1.1.8 (see Remark 1.1.19) they are the transition functions of a complex
vector bundle E over M, called the conjugate bundle of E. We have Ep ~FE,
in a canonical way. The isomorphism is given by the well-defined C-linear map
(i,p,2) jn = (i,p,T) s~ (notation as in the proof of Proposition 1.1.8). Note that
the construction of E does not depend on the set of transition functions defining
E. Moreover, if E and E' are isomorphic vector bundles, then so are E and E'.

The proof of this is similar to that in Fxample 1.1.9.

Example 2.3.2 Letw: E — M be a complex vector bundle. Combining Ezamples
2.3.1, 1.1.9 and 1.1.11, we can define the complex vector bundle E* @ E*. Since
(E*®@ FE*)p, = (Ep)* @ (Ep)* for allp € M, we see that a section of E* ® E* gives
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a sesquilinear map E, x E, — C on each fibre of E, varying smoothly with p. An
Hermitian metric on 7 : E — M is a section h of E* ® E* such that h(p) is an
Hermitian inner product on E,, for all p € M.

Example 2.3.3 Let 7 : E — M be a complex vector bundle and let E be the
conjugate bundle. Observe first that sections of E can also be regarded as sections
of E (and vice versa) because for every p € M the sets underlying the vector
spaces Ey, and Ep are equal (under the canonical isomorphism Ep >~ E, described

in Ezample 2.3.1) We define a map Q : A™(E) — A™(E) by

RQo®yp)=0p

for o0 € AYE), ¢ € A"(M) and linear extension (in particular, note that for
f €C®(M,C) we have Q (fo) = f - o, where the operation on the right hand side
is pointwise scalar multiplication in the fibres of E). Given a connection D on E,
define a connection D on E by

D(o) :=Q (D(0)) (2.10)

for o € A°(E). If w, and Q, are the connection and curvature forms of D with
respect to a local frame u of E, then wy, and €, are the connection and curvature
forms of D with respect to the same u, considered as a frame of E.

Example 2.3.4 Let 7 : E — M be a complex vector bundle and let D be a con-
nection on . Combining (1.23), (1.21) and (2.10), we get a connection D g p-
on the bundle E* @ E*. With a calculation similar to that in Example 1.3.8 we
get, for h € A°(E* @ E*) and o1, 02 € A%(E)

DE*®E* (h) (0'1,0’2) = dh(O‘l,O’Q) —h (0'1, D(O’Q)) —h (D(O‘l), 0'2)

where h is considered as a C*° (M, C)-sesquilinear map A°(E)x A°(E) — C>®(M,C)
and where the extensions h : A°(E) x AY(E) — AY(M) and h : AY(E) x AY(E) —
AY (M) on the right hand side are defined by h(o1,00 @ @) := h(o1,02)% and
h(o1 ® p,09) := h(o1,02) ¢ for o1, oo € AYE) and ¢ € AY(M) and by linear
extension.

Definition 2.3.5 Let w: E — M be a complex vector bundle with an Hermitian
metric h. A connection D on E is said to be compatible with h (or to be an
h-connection) if Dg.gp-(h) =0, i.e. if for all o1, 09 € A(E) it holds

dh(o1,02) = h (01, D(02)) + h (D(01),02). (2.11)

If D is an h-connection, then its connection and curvature forms w, and €2, with
respect to an h-orthonormal frame v are skew-Hermitian 4 (in particular, we have
wy(X) € u(n) for every real vector X). Conversely, if around each point of M

1 Te Wap = —Wpa and Qup = — Qp, for all o, G.
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there is a local h-orthonormal frame u such that the connection form w,, of a con-
nection D with respect to it is skew-Hermitian (equivalently, if w,,(X) € u(n) for
every real vector X), then D is an h-connection. This all can be seen similarly to
the real case.

Let m : E — M be a complex vector bundle over a complex manifold. For
integers s, ¢ > 0, define

AY(E) :=T(E) ®coo(pm,c) A (M).

Then for every integer r > 0 we have A"(F) := P
by 7% the projection A" (E) — A%(E).

stqr ATU(E). We will denote

Let D : A°(E) — A'(E) be a connection on E. We can write
D=D + D" (2.12)

where D' = 7100 D : AYE) — AYY(E) and D" = %' o D : A%(E) — A%Y(E).
Extend D’ and D" to operators A"(E) — A""(E) by defining

D'(c®w)=0®0w+ D'(0) N\w

and
D" (0 ®@w)=0®0w+ D"(0) Nw

for 0 € AY(E), w € A"(M) and linear extension. Then we have
D'(A%9(E)) c A*tHY(E) and D"(A%(E)) C A*HY(E).

Note that (2.12) holds also for these extended operators. Let R € A%(E* ® E) be
the curvature of D. Using (2.12) we get

R=D oD +(D'oD"+D"oD)+D"oD" (2.13)

where D' o D' € A*Y(E*®@ E), D'o D"+ D" o D' € AVY(E*® E) and D" 0o D" €
A(E*® E).

Definition 2.3.6 A holomorphic vector bundle is a complex vector bundle
over a complex manifold which has a system of local trivializations with holomor-
phic transition functions.

Example 2.3.7 The complex tangent bundle TCM of a complex manifold M is
a holomorphic vector bundle.

Note that we can define a complex manifold structure on the total space of a
holomorphic vector bundle 7 : E — M by requiring the local trivializations in
Definition 2.3.6 to be biholomorphic. Then the projection 7 : E — M becomes
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a holomorphic map. A local frame for 7 : & — M over an open U C M is said
to be holomorphic if so is the induced map 7~ (Uf) — U x C™ with respect to the

complex structure on E just defined. Let uw = (uy,--- ,u,) be a local holomorphic
frame for E over an open & C M. Then a section 0 = Y »_; vqun of E over
U is holomorphic if and only if so are the functions vy,...,v, : U — C. If u' is

another local holomorphic frame for E over U, then we can write v’ = ua, where
a:U — GL(n,C) is a holomorphic map.

Let 7 : E — M be a holomorphic vector bundle. We can define an exte-
rior derivative @ on the space of differential forms with values in E as follows.
Every £ € A"(E) can be written locally in the form £ = >0 _| uy ® wy, where

a=1
u = (ug, - ,uy) is a local holomorphic frame for E' and where the w,’s are local
r-forms on M. We define 0¢ := Zgzl Uy @ Owy. Note that this definition does

not depend on the choice of the local holomorphic frame. Indeed, given another
holomorphic frame v’ = ua, where a is a GL(n,C)-valued holomorphic map, we
have € = 370 51 U} ® apq Wa and

n n n
Z u%@g(amwa): Z ub@agagwa:Zua(@gwa,
a’/8:1 a,ﬂzl a=1

since 5@50 = 0. In particular, the local definitions of O¢ glue together to give a
well-defined differential form. Note that O satisfies the Leibnitz rule

d(fo)=0®0f + fOo (2.14)

for f € C°(M,C) and o € A°(E), that 8~ = 0 and that 8 (A%9(E)) C A%+ (E).
Observe also that a section ¢ of E is holomorphic if and only if do = 0, thus 9
determines the holomorphic structure of 7 : £ — M.

Definition 2.3.8 A semiconnection on a complex vector bundle m : . — M
over a complex manifold is an operator § : A°(E) — A%\(E) which satisfies the
Leibnitz rule (2.14).

We will denote by D(E) the space of semiconnections on 7 : E — M. Note that
D(E) is an affine space modeled on A%!(E* ® E) (the proof of this is similar
to that of Proposition 1.3.2), and that every semiconnection § € D(E) can be
extended to operators 6 : A%(E) — A%I*1(E) by forcing the Leibnitz rule, just
in the same way we have done for connections (see page 34).

Definition 2.3.9 A semiconnection § on a complex vector bundle over a complex
manifold is said to be integrable if 6 o § = 0.

Let m : E — M be a complex vector bundle over a complex manifold. Note
that the operator 0 associated to a holomorphic structure on 7 : E — M is an
integrable semiconnection. Conversely, we have the following theorem (see for a
proof [1, Theorem 5.1]).
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Theorem 2.3.10 Suppose we have an integrable semiconnection § on a complex
vector bundle m : E — M over a complex manifold. Then there exists a unique
structure of a holomorphic vector bundle on E such that 6 = 0.

From Theorem 2.3.10 it follows that we can identify integrable semiconnections
on a complex vector bundle over a complex manifold with holomorphic structures
on it.

We conclude this section by proving the Chern correspondence in the vector
bundle case.

Proposition 2.3.11 Let 7 : E — M be a complex vector bundle over a complex
manifold and let h be an Hermitian metric on it. Then the map D — D" gives
a bijection between the space of h-connections on @ : E — M and D(E). Under
this bijection, integrable semiconnections on w : E — M correspond precisely to
h-connections with curvature of type (1,1).

Proof Observe first that if D is an h-connection then by (2.11) we have
8h(0’1,02) :h(Ul,D”(Jg)) —i—h(D/(Ul),Jg) (2.15)

for 1,00 € A°(E). This shows that an h-connection D is uniquely determined by
D", and thus that the map D — D" is injective.

To show surjectivity, let D” be a semiconnection on 7 : E — M and define D’ by
(2.15). Then D := D' + D" is easily seen to be an h-connection.

For the last statement, recall that D" o D" is the (0, 2)-component of the curvature
Rp of a connection D (see (2.13)). From this it follows immediately that if Rp
has type (1,1) then D” is integrable. Conversely, suppose that D" is integrable.
Then Rp has no (0, 2)-component. Applying 0 to both sides of (2.15) we get

0=h (01, D" o D”(Jg)) +h (D' o D'(01), 02)

for all 01,09 € A°(E), thus we see that the (2,0)-component D' o D’ of Rp also
vanishes, so Rp is a (1,1)-form. O

Note that by Theorem 2.3.10 the bijection in Proposition 2.3.11 induces a 1-1
correspondence between holomorphic structures on 7 : ¥ — M and h-connections
with curvature of type (1,1).

Definition 2.3.12 Given an Hermitian metric h on a complexr vector bundle
m: E — M over a complex manifold, the h-connection corresponding to a semi-
connection 0 is called the Chern connection on m : E — M with respect to the
metric h and the semiconnection d, and is denoted by Dy, 5.

We will see in Chapter 3 how the 1-1 correspondences in Proposition 2.3.11 gen-
eralize to principal fibre bundles.
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2.4 Complexification of Lie algebras and Lie groups

Let g be a complex Lie algebra, i.e. a complex vector space with a Lie bracket
operation [, | : g X g — g which is bilinear over C, antisymmetric and which
satisfies the Jacobi identity. Then multiplication by 4 induces on the underlying
real vector space a complex structure J such that

[J(Ul),vg] = J([Ul,vg]) (2.16)

for all vy, vo. Conversely, let g be a real Lie algebra with a complex structure J
such that (2.16) holds for all vy, va. Then the complex vector space (g,.J) with
the induced Lie bracket becomes a complex Lie algebra.

A complex Lie group G is by definition a complex manifold with a group

structure such that the group operations are holomorphic. Since in particular
for all g € G the left translation L, : G — G is holomorphic, it follows that if
X € I'(TRG) is a left invariant vector field, then so is J(X), where J is the natural
almost complex structure on the real manifold underlying G. Thus J induces a
complex structure on the Lie algebra g® of the real Lie group underlying G. We
will now show that condition (2.16) is satisfied, and thus that the complex vector
space ( gk J ) has the structure of a complex Lie algebra. We know that for all
g € G the automorphism ¢(g) : G — G is holomorphic, thus Ad(g) is a C-linear
automorphism of (g®,.J). From this it follows that ad(X) is a C-linear endomor-
phism of (g®,.J) for all X € g®, where ad : g& — End(g®) denotes the differential
of Ad : G — End(g®) at the identity. Since ad(X) (Y) = [X,Y] (see [31, 3.47)),
we get that [X, J(Y)] = J([X,Y]) for all X,Y € g®, which is equivalent to (2.16).
The complex Lie algebra (g®, J ) will be denoted by g and called the Lie algebra of
the complex Lie group G. We will often identify it with the holomorphic tangent
space of GG at the identity, with induced Lie bracket.
We have seen that ad(J(X))(Y) = [J(X),Y] = J([X,Y]) = J(ad(X)(Y)) for all
X,Y € g®. From this it follows that ad : g — End(g) is C-linear, and thus that
the representation Ad : G — Aut(g) is holomorphic. It can be shown that the
exponential map exp : g — G is also holomorphic, for example by checking that
its differential (see [30, 2.14]) is C-linear.

Let g be a real Lie algebra. If we define a Lie bracket on the complex vector
space g& by [v1 ® A1, va ® Aa] := [v1,v2] ® A1Ag, then g€ becomes a complex Lie
algebra, called the complexification of g. Let now g be a complex Lie algebra and
denote by g® the underlying real Lie algebra. A real form of g is a Lie subalgebra
go of g such that go(c = g, in the sense that the inclusion gy — g induces a
C-linear isomorphism go‘C ~ g. Observe that the conjugation on g with respect
to a real form gy (i.e. the conjugation on g = go(C defined in Section 2.1) is an
R-linear automorphism o of g such that ¢ = idg, o(Av) = Ao(v) for A € C,
v € g and o([v1,v2]) = [o(v1),0(v2)] for vy, v2 € g. Conversely, given an R-
linear automorphism ¢ of g which satisfies the three conditions above, the set

69



go:={veg/o(v)=wv}isareal form of g and o is the conjugation with respect
to go. Note that if we drop the conditions involving the Lie algebra structure in
the discussion above, we get a 1-1 correspondence between real forms of a complex
vector space W (i.e. real subspaces V such that V¢ = W) and conjugations on
W (i.e. automorphisms ¢ of W with 0% = idy and o(Aw) = Ao(w) for X € C,
weW).

Example 2.4.1 X — X and X — —X! are conjugations on the complex Lie
algebra gl (n,C) and the corresponding real forms are respectively gl (n,R) and
u(n).

From now on, all Lie groups are assumed to be connected.

Definition 2.4.2 A real form of a complex Lie group G is a real Lie subgroup of
G whose Lie algebra is a real form of the Lie algebra of G. A complex reductive
Lie group is a complex Lie group which has a compact real form.

Example 2.4.3 From Ezample 2.4.1 we see that GL (n,R) and U(n) are real
forms of GL(n,C); since U(n) is compact (see [3, Theorem 1, §1 of Chapter 1]),
it follows that GL(n,C) is a complez reductive Lie group.

Theorem 2.4.4 Let K be a compact real Lie group. Then there erists a unique
complex reductive Lie group G (called the complexification of K ) such that K
is a real form of G. Moreover, K is a mazximal compact Lie subgroup of G and
any other real form K' of G is of the form K' = gKg~!, for some g € G.

For a proof of this, see [25, Theorem 2.7 of Chapter 4] and [10, Theorem 5.1 of
Chapter XVII].

From now on, till the end of the section, G will be a complex reductive Lie
group, K a compact real form of G , € and g = ¢ @it the Lie algebras of K and G.

Note that in particular K is a closed Lie subgroup of G °, thus G/ K has a natural
manifold structure making the projection G — G/K smooth (see p. 28). It turns

out that the map ¢ — G/ K> B — exp(B) K is a diffeomorphism: it follows easily
form the next theorem, which is proved in [8, 2.1].

Theorem 2.4.5 Let P :=exp(it). Then P is a closed submanifold of G and the
maps exp : it — P and K x P — G, (k,g) — kg are diffeomorphisms.

Example 2.4.6 Consider the complex reductive Lie group GL(n,C) with the com-
pact real form U(n). Then iu(u) and exp (zu(u)) are respectively the spaces of Her-
mitian matrices and of positive definite Hermitian matrices. Every A € GL(n,C)

® Continuous images of compact spaces are compact and compact subspaces of Hausdorff
spaces are closed.
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can be written uniquely in the form A = XY, with X € U(n) and Y € exp(iu(u))
(polar decomposition of GL(n,C)) . The maps exp : iu(u) — exp(iu(uv)) and
U(n) x exp(iu(u)) — GL(n,C), (X,Y) — XY are diffeomorphisms. This all can
be also proved directly, by concrete calculations with matrices (see [3, §IV and §V
of Chapter 1]).

We want to define a conjugation, which will be used in the proof of Theorem
3.2.5, on the holomorphic tangent spaces of G at points of P = exp(it). We will
first define a natural conjugation on the holomorphic tangent bundle of GL(n,C),
and then generalize it to G.

Consider first the conjugation o on the complex vector space gl (n,C) given by
X — X' The corresponding real form is the real subspace iu(n) of Hermitian
matrices 7. Note that o(XY) = o(Y) o(X).

Since GL(n,C) is an open submanifold of gl (n,C), for every A € GL(n,C) we
can identify 7§ GL(n,C) with T gl (n,C) = gl (n,C) and get thus a conjugation
o on the holomorphic tangent bundle of GL(n,C). Then it holds

0 ((La-1)« (X)) = (Ra-1)«(0(X))

for A € exp(iu(n)) and X € T GL(n,C). To see this, let t — A, be a curve in
GL(n,C) with Ag = A and % ‘ ()At = X then
t=

A4 =AY L

d -1
) = %L:O =| _A=AT'x. (2.17)

(L) (X

Similarly, (R4-1)«(c(X)) = o(X)A™!. Since A~ € exp(iu(n)) is Hermitian (see
Example 2.4.6), we have

o (La-1)s(X)) =0 (A'X)=0(X)o(A™) =a(X) A7 = (Rp-1).(0(X)).

Consider now the complex reductive Lie group G. Define a conjugation ¢ on the
complex vector space g = T.G to be the reflexion about the real form ¢ and on

T,G, for g € P = exp(it), to be the map X — (Ry)« (a ((qu)*(X))).

Lemma 2.4.7 For g € P = exp(it), the conjugation o on T,G defined above is
the reflexion about the tangent space of P at g.

To prove this, we will need the following theorem and lemma.

6 Note that for n = 1 this reduces to the representation of a complex number as the product
of its absolute value and a unitary number .

" Note that it is a natural choice to consider iu(n) instead of u(n) as real form of the wvector
space gl (n, C), since for every Hermitian matrix X € iu(n) there exists a unitary matrix A € U(n)
such that AXA™! is diagonal with real eigenvalues. Note also that gl(1,C) = C and u(1) = R.
Observe, on the other hand, that 7u(n) is not a real form of the Lie algebra gl (n,C).
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Theorem 2.4.8 Fvery complex reductive Lie group G with compact real form K
has a holomorphic faithful representation o : G — GL(n,C) with o (K) C U(n).

Proof It is a classical result that a compact Lie group K can be embedded in
some U(n) by a faithful representation gy : K < U(n) (see [26, Theorem 6.1.1])
and it can be shown that g9 can be uniquely extended to a holomorphic faithful
representation g : G — GL(n,C) (see [12, Remark after Proposition 7.12] and [10,
Theorem 5.2 of Chapter XVII]). O

Lemma 2.4.9 Let o : G — GL(n,C) be a representation as in Theorem 2.4.8
and let o be the conjugation on the holomorphic tangent bundle of GL(n,C) and
on T,G (for g € P = exp(it)) defined above. Then for X € TyG we have

O (J(X)) =0 (Q*(X))
Proof Consider first a vector Y € T.G = g; write Y = Y] + ¢ Y5, with Y7,
Y5 € it. Then, since p is holomorphic, we have
0« (0(Y)) = 0k (Y1 =1 Y2) = 04 (Y1) —i04(Y2) = 0 (0x (Y1) +i0s(Y2)) = 0 (04(X)).
Using this and (2.17) we get, for X € T,G

0 (000) = o () (o ((2y)-00)) ) = (Rag) (- (o (2,).(x)) )
= (g ( (o0 (24 0.000)
= () (o (- (2-(xD)) ) =0 (eta™)e-)) o)

= o (0:(X)) o (e(g™h) e(g) = o (e+(X))

where the last equality follows from the fact that o(g!) € exp(iu(n)) is an Her-
mitian matrix. O

Proof of Lemma 2.4.7 Let g = exp(X), for some X € i¢. Since exp : it — P
is a diffeomorphism (see Theorem 2.4.5), we have a vector space isomorphism exp,
between Tyt and T,P. Thus we have to show that o (exp,(Y)) = exp,(Y) for
all Y € Txit.

Consider first the conjugation on the holomorphic tangent bundle of GL(n,C).

Let A € iu(n), B € iu(n) = Ta(iu(n)) and write B = 4 O(A + tB). Then

dt
t=
exp(A+tB)—exp(A) exp(A+tB)—exp(A)
t t

. Since

exp,(B) = % . Oexp(A +tB) = lim;_o

is an Hermitian matrix for all ¢, we have o (exp,(B)) = exp,(B).
Let now Y € Tx (i) and consider a representation p : G — GL(n,C) as in

Theorem 2.4.8. Then o, (exp,(Y)) € exp,(iu(n)), thus o <Q* (exp*(Y))> =

0+ (exp*(Y)). But o (Q* (exp*(Y))> = 04 (a(exp*(Y))> by Lemma 2.4.9, thus
o (exp*(Y)) = exp,(Y), as we wanted. O
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2.5 Complex principal fibre bundles

A principal fibre bundle is said to be a complex principal fibre bundle if the
base space is a complex manifold and the structure group a complex Lie group.
When we apply results of Paragraph 1.2 to complex principal fibre bundles, we
always mean that we apply them to the underlying real principal fibre bundles.
For example, by a reduction of a complex principal fibre bundle P (M, G) we mean
a principal fibre bundle @ (M, H), where H is a Lie subgroup of the real Lie group
underlying GG, with a smooth map f : P — @ and a Lie group monomorphism
f'+ H— @G, as required in Definition 1.2.4.

All examples in Paragraph 1.2 which describe relations between real vector bun-
dles and real principal fibre bundles can be modified in order to obtain relations
between complex vector bundles over complex manifolds and complex principal
fibre bundles. So, by substituting R with C in Examples 1.2.2, 1.2.10 and 1.2.11,
we see that there is a 1-1 correspondence between complex vector bundles (over
complex manifolds) and (complex) principal fibre bundles with structure group
GL(n,C) (in Example 1.2.10, V has to be a complex vector space and Aut(V') the
group of C-linear automorphisms of V).

Given a complex principal fibre bundle P (M, G), we can define the adjoint bun-
dle P x44 g®, as done in Example 1.2.13. If we consider the Lie algebra of
G as a complex vector space, then P X 44 g becomes a complex vector bundle.
Let o : G — Aut(V) be a holomorphic representation of G on a complex vec-
tor space V. Then g, : g — End(V) is a C-linear homomorphism and the map
¢: P xXuaq9— F*®F defined in Example 1.2.13, where E = P xg V, is a ho-
momorphism of complex vector bundles. In particular, for every complex vector
bundle 7 : E — M we have

L(E) x4 gl (n,C) 2 E*® E.

In Example 1.2.17, we substitute O(n) and GL (n,R) with U(n) and GL(n,C) and
”Riemannian metric” with ”Hermitian metric”. Then for every complex vector
bundle 7w : E — M we get 1-1 correspondences

{ Hermitian metrics on F } A1, {reductions of L(E) to U(n) } I~

L1 { sections of L(E)/U(n) } (2.18)

We will denote by Uy (FE) the bundle of h-orthonormal frames of a complex vector
bundle 7 : E — M with an Hermitian metric h.

Let P (M, G) be a complex principal fibre bundle and let A be a connection on
the underlying real principal fibre bundle. For every p € M and u € 7~ 1(p), we
can extend the horizontal lift T, J]DRM —-T,P, Y — (Yuh) 4 to the complexifications

T,M and (T, P)° by defining
(YoN!), =", o
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for Y € TI]}{M and A € C and linear extension. Similarly, we can do so for the
horizontal and vertical projections T,,P — T,,P, X — (ij)A and X — (ij)A.
Observe that Lemma 1.4.2 also holds for these extended maps.

Consider the connection form w4 of A. It is a 1-form on P with values in the real
vector space gt and it extends to a complex g-valued 1-form on P by complex
linearity (i.e. for X ® A € TP® we define wa(X ® \) := Awa(X)). Note that
properties 1. and 2. in Lemma 1.4.3 also hold for the complex form wy. In 2., R,"
has to be interpreted as the C-linear extension to the space of complex differential
forms (and the property holds because Ad(g~!) is a C-linear automorphism of g).
The formulation of 1. remains the same as in the real case (indeed, (B*), is a
real vector). Conversely, given a complex g-valued 1-form w on P satisfying prop-
erties 1. and 2., we can restrict it to a real gR-valued 1-form which still satisfies
properties 1. and 2. and thus determines a connection A, on P (M,G). Then the
complex connection form of A, is the initial w. Thus we see that there is a 1-1
correspondence between the set of connections on a complex principal fibre bundle
P (M,G) and the set of complex g-valued 1-forms on P satisfying properties 1.
and 2. of Lemma 1.4.3. In the following, by connection form of a connection on
a complex principal fibre bundle we will always mean the complex form. Observe
that Lemma 1.4.4 and Proposition 1.4.5 also hold in the complex case (after ex-
tending the Maurer-Cartan form to a complex 1-form on G). In particular, given
a system of local trivializations {0; : 7= 2(U;) — U; x G, i € I}, we can express
every connection form w on P (M, G) as a family of local complex g-valued 1-forms
{wi,iel}on M.

In Definition 1.4.6 and Lemma 1.4.7, we can consider a complex vector space
V and the complex vector bundle P xg V. Then we get a 1-1 correspondence
between A"(P X V') and the set of horizontal G-equivariant V-valued complex
r-forms on P (M, G). Using this, we can extend Proposition 1.4.8 to the complex
case. Similarly, all other results of §1.4 are easily seen to hold also for complex
principal fibre bundles (but note that for all facts proved in the Appendix we need
the representation ¢ : G — Aut(V) to be holomorphic). In Example 1.4.22 we
consider a complex vector bundle w : E — M with an Hermitian metric A and
substitute O(n), GL (n,R) and Oy (E) with U(n), GL(n,C) and Uy(E).

The following definitions and results are specific of the complex case.

Definition 2.5.1 An almost holomorphic structure on a complex principal
fibre bundle P (M, Q) is an almost complex structure J in the total space P such
that the projection m: P — M and the action A : P x G — P are almost holomor-
phic, i.e.

1. myoJ = Jp oy
2. J(A(Y,B)) = \(J(Y),Ja(B)) forue P, Y € T,P and g € G, B € T,G

where Jy; and Jg are the natural almost complex structures of the complex mani-

folds M and G.
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Applying the Leibnitz rule to the map A : P x G — P on both sides of 2., we
obtain
T((By)e(Y)) + J((wG(B)*)u> = (Ry).(J(Y)) + <wG(JG(B))*>u (2.19)

forue P, Y € T,P and g € G, B € T,G, where wg is the Maurer-Cartan form
on G. In particular, for B = 0 € T;G this gives

J((Rg)«(Y)) = (Rg)«(J(Y)) (2.20)

foru € P, Y € T,P, thus the almost holomorphic structure J is G-invariant.
Moreover, from formulas (2.19) and (2.20) we see that condition 2. is equivalent
to

J((B*)u) = (Ja(B)"), (2.21)

for all B € g and u € P, i.e. to requiring the restriction of J to the vertical
subspaces to coincide with the almost complex structure induced on them by the
identification of their tangent spaces with g.

We will denote the set of almost holomorphic structures on a complex principal
fibre bundle P (M, G) by C(P).

Definition 2.5.2 A holomorphic structure on a complex principal fibre bundle
s an integrable almost holomorphic structure on it.

Using Theorem 2.2.7 and Proposition 2.2.5, we see that a holomorphic structure on
a complex principal fibre bundle P (M, G) can be equivalently defined as a complex
manifold structure on the total space P such that the projection 7 : P — M and
the action P x G — P are holomorphic. A third equivalent description is given
by the following proposition.

Proposition 2.5.3 A complex principal fibre bundle admits a holomorphic struc-
ture if and only if it has a system of local trivializations with holomorphic transition
functions.

Proof Suppose that P (M,G) is a complex principal fibre bundle which has
a system of local trivializations with holomorphic transition functions. We can
define a complex manifold structure on P by requiring these local trivializations
to be biholomorphic. Then the projection 7 : P — M and the action P x G — P
become holomorphic maps, thus we get a holomorphic structure on P (M, G).

Conversely, suppose that the total space P of a complex principal fibre bundle is a
complex manifold and that the projection 7 : P — M and the action P x G — P
are holomorphic. Let dim¢M = n and dim¢G = r. Since 7 : P — M is a holomor-
phic map of constant rank n, for every point ug of P we can find complex charts
(V,¢) for P around ug and (U,1) for M around py := 7m(ug) with ¢(ug) = 0,
¥(po) = 0, m(V) C U and such that om0t : C"" — C" is the projection
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(x,9) — (x,0) 8. Define a local section of P around py by p — ((w(p), 0))

Since this can be done around each point of M, we get a system of local holomor-
phic sections of P (M, G), thus a system of local trivializations with holomorphic
transition functions. O

We will denote the set of holomorphic structures on a complex principal fibre
bundle P (M, G) by C(P).

Example 2.5.4 Let m: E — M be a complex vector bundle over a complex mani-
fold and let L(E) be its frame bundle. Since every system of local trivializations
of E induces a system of local trivializations of L(E) with the same transition
functions and vice versa, we see that L(E) has a holomorphic structure if and only
if m: B — M is a holomorphic vector bundle. More generally, let P (M,G) be a
complex principal fibre bundle and assume we have a holomorphic representation
0:G — Aut(V) of G on a complex vector space V. Suppose that P (M,G) has
a holomorphic structure and let {0; : 7= (U;) — U x G, i € I} be a system of
local trivializations with holomorphic transition functions { 0;; : U;j — G }. Then
the transition functions {957 =aj 0p00; Uy — GL(n,C)} of the induced local
trivializations on the associated complex vector bundle E = P xg V' (with respect
to a basis v of V) are also holomorphic, thus E = P xg 'V is a holomorphic vector

bundle.

The previous example can be generalized even more, as explained in the next
proposition.

Proposition 2.5.5 Let P (M,G) be a complex principal fibre bundle and suppose
that we have a holomorphic representation ¢ : G — Aut(V) of G on a complex
vector space V. Then every almost holomorphic structure J on P (M, G) induces a
semiconnection 05 on the associated vector bundle E = Px gV, which is defined as
follows. LetY € T(TM) and o € A°(E). Denote by 6 : P — V the G-equivariant
map corresponding to o in the sense of Lemma 1.2.9. Then 6;(c) (Y) € AY(E) is
defined by

510) (V) (p) = (7,1 0))
for p € M, where u is some element of the fibre of P over p and ?u s any vector
of Ty P with 7,(Y,) =Y, .

Proof We will first show that the map M — FE, p — <u, y, %1 (&)) is well-

/~

defined. Two vectors of T, P that both project to Y, differ by a vertical vector

8 A proof of an analogous statement for real manifolds and smooth maps can be found for
example in [27, Theorem 1.31 of Chapter 1]. The complex case can be proved similarly, using the
Inverse Function Theorem for holomorphic functions between open subsets of C™ (see [6, p.18]).
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(B*)u, where B is some element of g. But by (2.1), (2.21) and Lemma A.1, and
since p is holomorphic, we have

_ —o(B) (6(w) —ies (Ja(B)) (6(u)
2
(B () + 0B (o) _

This shows that the definition of p — (u,?u 0.1 (5’)) does not depend on the

J~
choice of Y,, € T,,P. It also does not depend on the choice of w in the fibre of P
over p, since for g € G we can take Yy, 01— (R 9)% (Y,), and so by (2.20) we have

Vi " 0) = (Be)e (V)™ (8) = (By)e (V,2) (0
= Y% (60Ry) = YOI(( “oes) = ( N(Y. %)
where the last equality follows from the fact that o (¢') : V — V is linear.
The map §;(c) : T(TM) — A°E) is C°°(M,C)-linear, thus §;(c) € AY(E).

In fact, we have 6;(0) € A™(E) because if Y € T)M then by Lemma 2.1.3 we
have Y = Z — i Jy(Z), for some Z € TI]JRM and thus, since

T (Zy—iJ(Zu)) =2 -~ (i J(Z)) = Z —iJu(Z) =Y

by condition 1. of Definition 2.5.1, we have
5 NN B
51(0) (YV) = (u (Zu—iJ(Za)) " (5) )/N _0

To conclude that 6 : A°(E) — A%!(E) is a semiconnection, we have to check that
the Leibnitz rule is satisfied. For this, let 0 € A°(E), f € C*°(M,C),Y € I'(TM)
and p € M. Then

U)W = (wF" ((fem)s))
= (wo@V M (fom) + S0V, @)
= (w oY% () + )V @)
= o(p) () + S(0) 85(0) (Y) ()
ie. 65 (fo)=0®@0f + f6;(0). O

Note that if J € C(P) then Proposition 2.5.5 reduces to the case described in
Example 2.5.4. Indeed, we will now show that if J € C(P) then §; = 9, where 0
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denotes the operator associated to the holomorphic structure induced by J on E,
in the sense of Example 2.5.4. Let 0 € A(E) and write it on some & C M as
o= (u,z) /., where u : U — P is a local holomorphic section of P (M,G) and
x a function 4 — V. We have to prove that 9o (Y) = §;(0) (Y) for p € U and
Y € T,M. Let ( fy,al00): P(M,G) — L(E)(M,GL(n,C)) be the reduction
described in Example 1.2.10, with respect to a basis (v1,...,v,) of V; note that
the map f, : P — L(E) is holomorphic, with respect to the holomorphic structure
induced by J on m : E — M and on L(E), as described in Example 2.5.4. If
we identify £ with L(E) Xgr(n,c) C", then we can write o = (folu), ay(z)) In
(where now ”~" denotes the equivalence relation on the set L(E) x C™). This is
clear from the way the map f, : P — L(E) is defined. Observe that f(u) is a
local holomorphic frame of 7 : E — M, with respect to the holomorphic structure
induced by J. Thus we have

do (V) = (fv (U(P)) , Daw(z) (Y) ) J~

= (S, 07 @) ) = (u0), Y™ (@)

and
65(0) (V) = (ulp), w (1) (0)) -
But YO (2) = YO (6 0u) = ue(YO) (6) = u(Y) %! (6), because u is holomor-

phic.

Let P (M, G) be a complex principal fibre bundle and let G = Aut(P) be its
gauge group (see Example 1.2.14). We define an action of G on C(P) on the right
by (J, ) > (), where

(1) (X) = 0.7 (T (X))
foru e Pand X € T, P.

Proposition 2.5.6 Let G be the gauge group of a complex principal fibre bundle
P (M,G). Then the action C(P) x G — C(P) defined above leaves C(P) invariant.

Proof Let J € C(P) and ¢ € G. We have to show that ¢(J) € C(P). Let Xi,
Xo € I(T'P). A straightforward calculation shows that

Ny (X1, X2) =, 7" (NJ (@u(X1), pu(X2) ))

where N; and N, () are the torsions of J and ¢(J) respectively (see Definition
2.2.6). Since N; = 0, it follows that N,y = 0 and thus ¢(J) € C(P). O

Definition 2.5.7 Two (almost) holomorphic structures Ji and Jo on a complex
principal fibre bundle P (M, G) are isomorphic if they are in the same G-orbit with
respect to the action C(P) x G — C(P) defined above, i.e. if there exists p € G
such that p(J1) = Jo (equivalently, such that Jy o @, = ps 0 J2).
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Chapter 3

The Chern correspondence

Throughout this chapter, G will be a complex reductive Lie group with a compact
real form K and P (M, G) a complex principal fibre bundle.

In Paragraph 3.1 we will consider a fixed K-reduction @ (M, K) of P (M,G) and
we will show that there is a 1-1 correspondence between the set of almost holomor-
phic structures on P (M, G) and the space of connections on @ (M, K). We will
prove that this is an extension of the 1-1 correspondence, described in Proposition
2.3.11, between semiconnections and h-connections on a complex vector bundle
with an Hermitian metric h. Using the second part of Proposition 2.3.11 and
Theorem 2.3.10 we will then derive that connections on @ (M, K) with curvature
form of type (1, 1) correspond precisely to the holomorphic structures of P (M, G).

In Paragraph 3.2 we will consider a fixed almost holomorphic structure J on
P (M, G) and the corresponding connection, regarded as a connection on P (M, G),
with respect to a K-reduction. We will describe the way this connection changes
when we vary the reduction.

In this chapter we will always regard K as a subset of G. Note that K will
have then the relative topology, because it is a closed subgroup !. The Lie alge-
bras of G and K will be denoted respectively by g and £. We will identify g with
£ @ it and, in particular, denote the almost complex structure Jg of G simply as
multiplication by ¢. Given a reduction @ (M, K) of P (M, G), we will consider the
total space ) as a subset (with the relative topology) of P.

3.1 The Chern correspondence

Throughout this section, @ (M, K) will be a fixed K-reduction of P (M, G).

1 See footnotes 13 of Chapter I and 5 of Chapter II.
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Theorem 3.1.1 Let J be an almost holomorphic structure on P (M, G). Then the
distribution u € Q — T,Q N J(TUQ) defines a connection Ay on Q (M, K). The
map J — Ay gives a 1-1 correspondence (the Chern correspondence) between
the set C(P) of almost holomorphic structures on P (M, G) and the space A(Q) of
connections on Q (M, K).

Proof Let.J € C(P) and define (TuhQ )AJ =T,QN J(TuQ) for u € Q. We have
to show that the distribution v +— (TJ‘Q) A, is smooth and satisfies conditions
1. and 2. of Definition 1.4.1. Observe first that (TuhQ)AJ N T,/ Q = (0). Indeed,
suppose that we have an X € (TuhQ)AJ N T7,/Q and write X = (B*),, for some
B € t. Then by (2.21) we have J(X) = (i¢B*),. But J(X) € T,Q because

X e J(TuQ), thus it must be iB € ¢ so B € ¢Nit = (0) and X = 0. To conclude
that (TuhQ )AJ eT,Q =T,Q, observe that

dim ((TuhQ ) AJ) — dim (TUQ n J(TuQ))

= dim (T,Q) + dim (J(T,Q) ) — dim (T,Q + J(T.Q) )
> dimpM

thus (TJ‘Q ) A, @T,Q has the required dimension. Property 2. of Definition 1.4.1
can be easily proved using (2.20), thus it remains to show that u +— (TuhQ ) A, is a
smooth distribution. For this, let (Xi,..., X;4,) be a local frame of the tangent
bundle of @) over some open U C @, where m = dimgM and r = dimK. Con-
sider X1, ..., Xp4r and J(X1), ..., J(Xpmtr) as smooth maps U — TP and let
ug € U; since X1 (ug), - - ., Xmgr(uo) span Tp,,Q and J(X1)(uo), - - -, J(Xmtr)(uo)
span J(TUOQ) and since T,,,Q + J(TuOQ) = Ty, P, there must be r elements
of the set { J(X1)(uo), - .., J(Xmsr)(wo) }, say J(Xms1)(wo), -y J (Xmtr)(uo),
such that Xi(uo), .., Xmtr(uo), J(Xm+1)(wo), -, J(Xmsr)(up) is a basis of
Ty, P; the same then holds in a small neighborhood V of uy. Thus J(X3), ...,
J(X,,) can be written in V as combinations of Xi, ..., Xpir, J(Ximt1), --
J(Xmgr). Let J(Xi) = Y70 aii X5 + 35y bijd (Xinyy) on V, for i = 1,...,m.
Then {7 aijX; = J(Xi) = Y'_y bijJ (Xmij), i = 1,...,m} span the distri-
bution u — (TuhQ ) Ay showing that the distribution is smooth.

We will now construct the inverse of the map J — Aj;. Let A be a connec-
tion on @ (M, K) and define an almost holomorphic structure J4 on P (M, G) as
follows. Extend first A to a connection on P (M, G) (see the remark after Proposi-
tion 1.4.17). Then, for v € P and X € T}, P, with (X"V)4 = (B*), for some B € g,
define

— h
T4 (X) = (iB*)u + (JM (Tr*(X))u>A. (3.1)

Note that J4 is indeed an almost holomorphic structure on P (M, G), since it
satisfies (2.21) and condition 1. of Definition 1.4.1.
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The two constructions are inverse of each other. Consider first a connection A
on @ (M,K); we need to show that A = Aj,, i.e. that for u € @ we have
(T'Q) , =TuQ N Ja(TuQ). Let X € (T;,'Q) ,. Then using (3.1) we get

X=J4 ((—JM/(E(X))Z) A>

thus X € T,,Q N JA(TUQ). Since (TuhQ)A and T,,QQ N JA(THQ) have the same
dimension, it follows that they are equal.

Consider now an almost holomorphic structure J on P (M, G); we have to show
that J = Ja,. It is enough to show that J(X) = Ja,(X) for u € @ and
X e (TuhQ) A, since both J and J4, are G-invariant and since they coincide
on vertical vectors. By (3.1) we have

—

Ia, 00 = (0 (X)), )|

But we have also .
J(X) = (Ju (w*(X))u>AJ.

Indeed, J(X) € (TJ‘Q)AJ =T,Q N J(T.Q) since X does and, by condition 1. of
Definition 1.4.1, m, (J(X)) = Ju (m(X)). O

Example 3.1.2 Let o : G — GL(n,C) be a holomorphic faithful representation
of G with o(K) C U(n) (see Theorem 2.4.8). Suppose that we have an almost
holomorphic structure J on P (M,G). Then J induces a semiconnection §; on
the associated vector bundle E = P xg C", as described in Proposition 2.5.5. Let
(fio0): P(M,G) — L(E) (M, GL(n, (C)) be the reduction described in Example
1.2.10. The reduction Q (M, K) — P (M,G) induces a metric h on E, which is
defined as follows. For all p € M, h(p) is the metric on E, which has matriz I
with respect to a basis f(u) of E,, where u is some element of the fibre of Q over
p (see also Example 1.2.17). Let Ay be the connection on Q (M, K) corresponding
to the almost holomorphic structure J of P (M,G) under the Chern correspon-
dence and extend it to a connection on P (M,G), as explained in the remark after
Proposition 1.4.17.

We will show that the induced connection Dy, is the Chern connection of E with
respect to the metric h and the induced semiconnection d .

Ay can be extended to a connection on L(E) (M, GL(n,C)), which is then reducible
to Up(FE) (M, U(n)); so0, using Examples 1.4.21 and 1.4.22, we see that D 4, is an
h-connection. Thus it remains to show that Da,” = ;. Let 0 : M — E be a
section of E = P xg C". It is enough to prove that §;(c) (Y) = Da," (o) (Y) for
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peEMandyY € TI],RM. By Proposition 2.5.5 and Proposition 1.4.9 we have
85(0) (V) = (u, ¥, %(6)) .

and

D, (@) (V) = Day (o) (V") = (w, (¥017) @) @) .

where & is the G-equivariant function on P corresponding to o, u some element
in the fibre of P over p and Y, some vector of T,P with m.(Y,) =Y. So we have

~ —— h
to show that Y, ' = (Yol )AJ (u). We know that

m (7,00) = v =, (Y017) (),

thus it is enough to prove that Y, 0 e (TuhP)AJ. Using (2.1) and complex
linearity of wa, (see page 74), we have

- Yo +iJ (Y,
WA, (Yu0’1> - wAJ( +ZJ( )>

Set (?u”)AJ = (B*)y, for some B € g. Since

J((Thr),,) = (TP),,
we have, using (2.21)
(7(7) )AJ =7 (V")) =7 ((B)) = (iB* ).
Thus wa, (}/}u) =B and wy, <J(}/}u)> =1iB, so from (3.2) we get
WA; <}/}u0’1> = 0,
ie. Y, e (TuhP)AJ, as we wanted.

Note that to prove D4,” = d; in the previous example we have only used the fact
that J ((T2P), ) = (T/P), (in particular, we didn’t need the injectivity of
the reduction ¢ : G — GL(n,C)). Thus exactly the same argument can be used
to prove the statement of the next example.
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Example 3.1.3 Suppose we have a holomorphic representation o : G — Aut(V)
of G on a vector space V' and consider the associated vector bundle E = P xg V.
Let J be an almost holomorphic structure on P (M,G) and A a connection satis-

fying J (( hp) ) (T, hP) , for allu € P. Then we have Dy," = 65, where

D4 and 65 are the connection and the semiconnection on E induced by A and J
respectwely In particular, if J is a holomorphic structure on P (M,G) then we
have Dy," = = 0, where O is the operator associated to the induced holomorphic
structure on E.

Example 3.1.4 Let m : E — M be a complex vector bundle over a complex
manifold and let h be an Hermitian metric on it. Consider the frame bundle
L(E) (M,GL(n,C)) and the U(n)-reduction Uy(E) (M,U(n)) associated to h,
under the correspondence (2.18). By Theorem 3.1.1, Theorem 1.4.12, Ezample
1.4.22 and Proposition 2.5.11 we have 1-1 correspondences

C(L(E)) AL A(Un(E)) AL { h-connections on 7w : E — M } AL D(E).

By Example 3.1.2 the composition of these correspondences sends an element J
of C(L(E)) to the induced semiconnection 65 on E = L(E) Xgrpmc) C*. In
particular we see that the map J — &5 described in Proposition 2.5.5 gives a
1-1 correspondence between semiconnections on a complex vector bundle over a
complex manifold and almost complex structures on its frame bundle.

We will use Example 3.1.2 to prove the next proposition, which is a generalization
of the second part of Proposition 2.3.11.

Proposition 3.1.5 Under the Chern correspondence C(P) «—— A(Q), the ele-
ments of AYY(Q) := {A € AQ) / Q4 € AVY(P xaq g)} correspond precisely
to the integrable almost holomorphic structures of P (M,G), i.e. we have a 1-1

correspondence C(P) AL ALL(Q).

Proof Let p: G — GL(n,C) be a holomorphic faithful representation of G with
o(K) C U(n). Consider the associated vector bundle F = P xg C" = Q xx C"

and the metric h on E defined in Example 3.1.2. Recall that we have a reduction
(f,0): P(M,G) — L(E) (M,GL(n,C)).

Let J be a holomorphic structure on P (M,G) and let Ay be the correspond-
ing connection of @ (M, K). By Example 3.1.2 we know that the connection Dy,
on F induced by Aj is the Chern connection of E with respect to the metric h
and the holomorphic structure on E induced by J. Then, by Proposition 2.3.11,
the curvature R4, of Dy, is an element of AM(E* ® E). Since, by Lemma
1.4.13, Ra, = ¢(Qu4,), where ¢ : A*(P x4 g) — A*(E* ® E) is induced by
the injective map P X 44 g — E* ® E defined in Example 1.2.13, it follows that
QAJ S AI’I(P X Ad g), thus Aj € AI’I(Q).
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Conversely, let A € A% (Q) and extend it to a connection on L(E) (M, GL(n,C)),
which is then reducible to U,(E) (M,U(n)). By Examples 1.4.21 and 1.4.22, the
connection D4 on F induced by A is an h-connection and by hypothesis its cur-
vature R4 = ¢ (Q4) is of type (1,1). Consider the holomorphic structure on E
corresponding to D4, in the sense of Proposition 2.3.11 and Theorem 2.3.10. This
holomorphic structure on E induces a holomorphic structure J on L(E), as ex-
plained in Example 2.5.4. Then (the extension of) A is the connection on U (E)
corresponding to J under the Chern correspondence.

Let w € Pand X € T,P. Write X = (B*), + (Xh)A, for some B € g. Then, since

£ ((T2P) ) = (Tf L(E)) ;. we have £.(X) = (0.(B)*), + (fo(X)") , and
by (3.1)

J(f(X) = (iQ*(B>*)f<u>+<JM<m/(\MX)))h >

A
= (0:(iB)") jyy + o <(JM (mp.(X) :)A>

Y <(Z~B*)u+(JM(7r:(X))Z)A>
= fu(Ja(X)) o

where 7 denotes the projection L(E) — M and mp the projection P — M. Let
Nj, and N; be the torsions of the almost holomorphic structures J4 and J on P
and L(F) respectively (see Definition 2.2.6). Then for X;,X, € I'(T'P) we have,
using (3.3) and the fact that J is integrable,

fe (N, (X1, X2)) = Ny (fo(X1), fu(X2)) =0.

Since f: P — L(E) is an immersion, it follows that Ny, (X1, X2) = 0, thus Jg4 is
integrable. O

Let G =T(P x 44 G) and G? = T'(Q x 44 K) be the gauge groups of P (M, G)
and @ (M, K) respectively. By Proposition 1.2.18, we know that P X, G =
Q X aq G. Since the natural inclusion @ X9 K C Q Xaq G induces a group
monomorphism T'(Q X 4 K) — T'(Q xaq G) = T'(P x4q G), we can regard G
as a subgroup of GF. Equivalently, the inclusion G® C GF can be described as
follows. For ¢ € G? = Aut(Q) and u € P with u = u'g, for some v’ € Q and
g € G, we define p(u) := p(u) g.

We have a natural action of G® on A(Q) on the right, given by (A4, ) — ¢*(A),
where ¢*(A) is defined by

(TuhQ)w*(A) = (90*)71 ((Tgph(u)Q)A>
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for u € @, as in Proposition 1.4.19. Note that AY(Q) is invariant under this
action. This can be seen as follows. Let A € AY(Q) and ¢ € G9. Let Qyu,
Q- (a) € A*(P X 4q g) be the curvature forms of A and ¢*(A) respectively and de-

note the corresponding G-equivariant horizontal forms on P by @ and Q/(p*(\A). By
Proposition 1.4.19 we know that m) = * ((/21\4) Let pe M and Y3, Y2 € T, M.
Then Qg «(4)(Y1,Y2) = (¢*1(u),@(1}1,1?2) ) Jot where u is some element in the
fibre of p over P and Yl, Ys are vectors of T, P with . (YZ) =Y; (i =1, 2). Suppose
that Y1, Y € T)M (or Y1, Y € T)M). Then, since Q4 € A% (P x 44 g), we have
0=0Qa(Y1,Y2) = (u,Qa(V1,Y2)) /s thus Q4(Y1,Y2) = 0 and Q(4y(Y1,Y2) = 0.
This proves that Q- (4) € AV (Px 44 G) and thus ¢*(A) € AY(Q), as we wanted.

We have seen at the end of Section 2.5 that G works on the right on C(P) by
(J,0) — @(J) := ¢, toJo p and that this action leaves C(P) invariant. Using the

Chern correspondence C(P) R A(Q) (and the restriction C(P) LR ALLHQ)) we
get an action

A(Q) X gP - A(Q) ) (A7 SD) = A«p(JA)
which can be restricted to A (Q) x GF — AM(Q).

Proposition 3.1.6 The action of G on A(Q) defined above extends the natural
GQ-action on A(Q).

Proof Let A€ A(Q) and ¢ € G¥. Then for u € Q we have

(TuhQ )ASP(JA) = TuQ N (P(JA) (TuQ) = TuQ N 90*71 (JA (SO*(TUQ)))
= ¢ (T¢<u>Q N Ja (T¢<u>Q)) =0, ((TJ‘(U)Q )A)
= (T/'Q) i)
thus 90*(_/4) = AsD(JA)‘ Il

Recall that two (almost) holomorphic structures on P (M, G) are said to be
isomorphic if they are in the same G'-orbit. From what was said above, we
conclude that we can identify the moduli space of isomorphism classes of (almost)

1,1
holomorphic structures on P (M, G) with the quotient A (Q)/Q p (respectively
AQ)/ o)

3.2 Chern connections

Definition 3.2.1 Given an almost holomorphic structure J on P (M,G) and a
reduction Q (M, K) — P (M,G), the connection on Q (M, K) corresponding to J
under the Chern correspondence, extended to a connection on P(M,Q), is denoted
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by Ajq and is called the Chern connection of P(M,G) with respect to the
reduction Q (M, K) and the almost holomorphic structure J.

In this section we want to study the dependence of A g on the reduction Q (M, K)
of P(M,G), when J is fixed.

Given a reduction Q (M, K) of P (M,G), we will denote by T,,Q*, for u € Q,
the linear subspace { (B*), / B € it} of T,P. Then T,P = T,Q ® T,Q".

Lemma 3.2.2 Let Aj g be the Chern connection of P (M,G) with respect to a
reduction Q (M, K) and an almost holomorphic structure J. Then for u € Q and
X € T,,Q we have

(X°) 4, , == (prrge (7(X))).

Proof We have to prove that J (prTuQL (J(X))) € T,)P and

X+ J (pro,u(J(X)) € (TLP) ., = TQNJ(TQ).

Let pro, o1 (J(X)) = (B*)y, for some B € it. Then by (2.21) we have
J (pro,u (J(X))) = J ((B')) = (iB*), € Q.

Thus J (prTqu (J(X))) €T /P and X +J (prTuQL (J(X))) € T,,Q. It remains
to show that X + J (prTqu (J(X))> € J(T,Q). But this holds, because it is
equivalent to J(X) — prp, o1 (J(X)) € TuQ. O

Consider the adjoint representation Ad : G — Aut(g). Since Ad(g) : g — g is
C-linear for all ¢ € G and since Ad(K) C Aut(€), we see that Ad : G — Aut(g)
induces an action K x it — i, (k,iB) — Ad(k)(:B) = i Ad(k)(B). If we have
a reduction @Q (M, K) of P(M,G), we can then consider the associated vector
bundle @ X a4 i€. Given a section s € T'(Q x a4 7€), we will denote as usual
by § the corresponding K-equivariant map @) — €. Let e® be the composition
expo§:Q — G. Using (1.6) we get, for u € Q and k € K

¢ (uk) = & @) = AT (50) — ¢ (51) (@) = ¢ (k7)) ((w).  (3.4)

Thus e® : Q — G is K-equivariant with respect to the action K x G — K,
(k,g) — c(k)(g) and so it induces a section e® of Q X494 G = P X 44 G, thus an
element e* € G . Consider now the map pr(e) : Q — G/K, u +— e(u)K. For
u € @ and k € K we have

pr(e®) (uk) = e*(uk)K =c(k™1) (es(u)) K=k'uwK
= k7 lpr(e®) (u). (3.5)
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Thus pr (e°) is K-equivariant, with respect to the action K x G/K, (k,gK) — kgK
and so it induces a section pr (e®) of the fibre bundle Q X x G/ K- This will be used
in the proof of the next proposition.

Proposition 3.2.3 Let Qo (M, K) be a fivred K -reduction of P (M,G). Then for
every s € T'(Qo X aq i€) the set Qs := €® (Qo) := {ue*™ , u € Qo} defines a K-
reduction of P (M, G). Moreover, every K-reduction of P(M,G) can be written
in this form.

Proof We will show that there is a canonical bijection between I' (Qo X 44 i)
and the set of K-reductions of P (M, G), and that under this bijection a section s
of Qo X aq it corresponds to the reduction of P (M, G) with total space Qs.

By Propositions 1.2.16 and 1.2.18 we already know that there are natural 1-1
correspondences

{reductions of P (M,G) to K } AL I'(P xg G/K) ALy (Qo xx G/K) .

We claim that the natural map I' (Qog X a4 it) — I'(Qo Xk G/K), s — pr(e®)
defined above is the 1-1 correspondence that we need to conclude the proof.

We will first show that composition with proexp : it — G/ K gives a bijection
¢ — pr (e?) between the set of K-equivariant maps Qg — i€ and of K-equivariant
maps (Qp — G/ F > and thus induces a 1-1 correspondence between I' (Qo X a4 i€)
and ' (Qo X G/K) Since we know that proexp : it — G/K is a bijection (see
the remark before Theorem 2.4.5), we only have to check that a map ¢ : Qo — it
is K-equivariant if and only if so is pr(e?) : Qo — G/ F - Suppose first that ¢
is K-equivariant. Then by (3.4), with ¢ replacing 5, we see that pr(e?) is K-
equivariant. Conversely, suppose that pr (e?) is K-equivariant, then for u € Qg
and k € K we have, reversing the calculations of (3.4) and (3.5), with ¢ in the
place of §

e®Wk) ¢ = pr (e¢) (uk) = k™ pr (e¢) (u) = c (k1) (e¢(u)) K = eAEH W)

Since pro exp : it — G/K is bijective, it follows that ¢(uk) = Ad(k~!) ¢(u), so
¢ : Qo — it is K-equivariant. Thus I' (o X aq 7€) — I' (Qo Xk G/K), s+ pr(e®)
is a bijection.

Let s € I'(Qo xaq it) and p € M. Then the fibre over p of the K-reduction of
P (M, G) corresponding to s under the canonical bijections described above can
be written as ug pr (€®)(ug) = uge*0) K, for some ug in the fibre of Qg (M, K)
over p. But upe®0) K = {uef™ / u € Qo with w(u) = p}, since for k € K we
have ug e*(0) k = (ugk) e¥(“0%) Thus indeed the total space of this reduction is
Qs = {ue’™ u e Qo}, as we wanted. O

Example 3.2.4 Let hg be a fizred Hermitian metric on a complex vector bun-
dle m : E — M and consider the U(n)-reduction Up,(E) of the frame bundle
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L(E) (M,GL(n,C)), corresponding to ho under (2.18). Under the identification
of Ezample 1.2.13, given s € I' (Upy(E) X aq iu(n)) we can consider

e’ € GUB) =T (L(E) x 40 GL(n,C)) C T (L(E) x 44 8l (n,C))

(see also (1.7)) as a section of E* @ E, i.e. an endomorphism of E. Consider the
U(n)-reduction

Un(B) = ¢ (Un(B)) = {ue"™, u € Uy, (B) )

of L(E), corresponding to a metric h on m : E — M. Then, for every p € M,
h(p) has matriz I with respect to the basis ug eS(o) of E,, where ug s some hg-
orthonormal basis of E,. In other words, the automorphism e*(p) of E, sends an
ho-orthonormal basis ug to an h-orthonormal basis ug eé(“(’), thus it is an 1sometry
between (Ep, ho) and (E,, h). It is easy to see that h can be equivalently defined by

h (68(0'1), 02) = ]’Lo (0'1, 0'2)
fOT' o1, 09 € .AO(E)
Let J be an almost holomorphic structure on P (M, G) and let Aj g be the
Chern connection of P (M,G) with respect to a reduction @ (M, K). Given an

element ¢ € G (regarded as a G-equivariant map P — G), we define a g-valued
complex 1-form dg ¢ on P by

dg ¢ (X) == we <¢* ("), ))

for u € P and X € (T,P)®, where wg is the Maurer-Cartan form on G, ex-
tended to the complexified tangent bundle of G. Then dg ¢ is horizontal and
G-equivariant, the last since

lgo ((R)-(X)) = wa (o (((R.0)M),,,) )

= o (o (1m(01,,.) )

= wg <(Lg_1)* (Rg)« <¢* ((Xh)AJ,Q > ) )

= adlg e (0 (X7, ) ) = A4l (dgo ()
for ¢ € G. Thus by Lemma 1.4.7 we have dg¢ € A (P x4q g). We define
Og¢ € AYW(P xaq g) and 9g¢ € A (P x44 g) to be the (1,0) and (0,1)

components of dg ¢. Note that dg ¢ and g ¢ remains of type (1,0) and (0,1)
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also when considered as forms on P. Indeed, suppose we have X € T, P; then
J(X) = —1X and, by property 1. of Definition 2.5.1,

Tur (m(X)) = m (J(X)) = m (= iX) = —ima(X),

thus 7.(X) € T;r/(u)M. Similarly, if X € T}, P then m.(X) € qur(u)M' Thus we have

9 ¢ (X) =0 for all X € T;/P and g ¢ (X) = 0 for all X € T, P and this means
that g ¢ and 0¢ ¢ are respectively of type (1,0) and (0, 1).

We are now in a position to formulate and prove the following theorem, which
is the main result of this section.

Theorem 3.2.5 Let Qo (M, K) and Q (M, K) be reductions of P (M, G) and write
Q = e* (Qo), for some s € I' (Qo X aq it), as described in Proposition 3.2.3. Let J
be an almost holomorphic structure on P (M, G) and consider the associated Chern
connections A := Ay g and Ay := Aj g, on P(M,G). Then the connection forms
w and wy of A and Agy are related by the formula

w—wp =g, e

(recall that e=2% € GP, see page 86).

2

Proof Since w—wp and dg, e~*® are both horizontal G-equivariant forms on P,

it is enough to prove
(w —wo) (Xo) = dg, €™ (Xo)

for ug € Qo and Xg € (Tug‘QO)AO = (Tu(flP)AO.

Let e® be the K-equivariant map Qy — G corresponding to e®, and f, the map
Qo — Q, u— ue®(u). Denote by uu: P x G — P the action (u,g) — ug. Then f,
is the composition p o (id x €*). By the Leibnitz rule 2, the differential of f, at
ug is given by

*

FoulX) = pa (X, (€9) (X)) = (Resug) ) (X) + (“G ((eg)*(X))>fs(u0)

for X € T,,Q. For Xy € (Tug‘Qo) . this becomes

A

*

oo (X0) = (Resup) )o(Xo) + (day e (X0) ), - (3.6)

Since J(Xo) € (T2 Qo )Ao too, we also have

*

For (J(X0)) = (Resug) )= (J(X0)) + (dQO e* (J(X0)) )fs(uo) .37

2 See footnote 24 of Chapter I.
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By (3.6) and since ( R.s(,,) )«(Xo) is Ap-horizontal, we have

ES

(w— wo) (fs *(XO)) i <(Re§(uo) )«(Xo) + (dQO ¢ (Xo) >fs(u0)

) — dg, € (Xo) .

(3.8)
Using Lemma 3.2.2, (2.20), (2.21) and (3.7) we get

o))
‘ A
_ <prTuOQL (7 (Pt 50+ (e 00 ) ) )

fs(uo)

=—J (IDIVTuOQL ( - <on ¢ (J(X0)) );(uo) * (idQO " (Xo) >;S(u0)> )
——J <prTu0Ql ((‘ dg, €* (J(Xo)) + idg, e’ (X0>)* >>

fs(uo)

__J ( (prie(— doy e (J(X0)) + idg, e’ (X°)>>;<u >>

*

_ < — i pry ( — dg, €* (J(Xo)) + idg, €* (XO)) >fs(uo) '

Thus
w ((Reg(uo) )«(Xo) + (on e® (Xo) );S(u0)>
= —ipr < — dg, ¢® (J(Xo0)) + idg, e (XO))

— ipr, (% dg, € (XO)-i-i;iQo et (J(X0)) ) — _ipry <2z' Ja, € (Xo)> :

since

dg, €* (Xo) +idg, e* (J(Xo)) dg, €* (Xo) + dg, €* (i J(Xo))
2 2

S Xotid(Xo), =
= dQOe (02(0))26(206 (XO)

We claim that

pr (20 9qq €° (Xo) ) = 10, € (Xo) — i Ad (¢ (u0)) (9gy ¢ (X0))  (3.9)
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(we will prove this later). Using this and (3.8) we get

(W —wo) (fs.(X0))
— i (ZEQO e* (Xo) — i Ad (e%(uo)) (g, € (X0)) ) — dgye(Xo)
= — g, €° (Xo) — Ad (e(uo)) (Dg, €* (Xo) ) - (3.10)

So, using (3.6) and the fact that w — wq is a G-equivariant horizontal form, we
have

(w—w0) (Xo) = Ad(*(u0) (((w —w0) ((Res(up))=(X0)) )

What we need to show is thus
D0y ¢ (Xo) = — Ad (¢*(uo)) (9gp € (X0)) — Ad (e (u0)*) (Dgy € (X0)) -

Since dg, e 2% (Xo) = dg, e ** (XO%J(XO)) and since Xy and J(X) are Ag-
horizontal vectors, it is enough to prove

dgo ™ (X) = — Ad (¢* (u)) (dg, €* (X)) — Ad (€ (uo)”) (dg, €* (X))

for all X € (Tu;‘Qo)AO.

For this, observe first that e=25 : Qg — G is the composition

3 -1 2
e g—g g—g
Qo — G G G

and thus its differential T,,Qo — T ; ()2 G is given by the composition 3

Yo ) = Ly s (Bsgu 1)+ (1))
— Ry (= Csy )+ (R (200)) )
L) ( Ly )+ ( By 2)e (E4(0)) )) |

3 See footnotes 22 and 23 of Chapter 1.
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Thus for X € (Tu(szo )Ao we have

dgy e (X) = we (7). (X))

= — Ad (e(u0)?) (dgy €* (X)) — Ad (e*(ug)) (dgy € (X)),
as we wanted.
It remains to prove formula (3.9),
PTie (Qi g, €° (Xo) > =i9q, * (Xo) — i Ad (e*(up)) (Dg, * (Xo) ) -

For this, we will use the conjugation o on the holomorphic tangent spaces of
G at points of exp (i€) which was defined in Section 2.4. Recall that on T,G,
for g € exp (it), o is the reflexion about the tangent space of exp (i¢) at g (in
particular, on g = T, G the reflexion about i) and that for X € T,G it holds

o(X) = (By). (7 ((Ly-)4 (X)) ) . (3.11)
Thus we have

= 2i g, e (X 2ido, €* (X,
Prie<2i8Qo€8(X0)> _ 2idgy e 0)+;( 10, * (Xo))

= i0g,€® (Xo) —io (g, e (Xo)),

so we need to show that o (dg, €* (Xo) ) = Ad (e*(ug)) (g, €* (Xo) ). But, using
(3.11), we have

o (Dgy e (Xo)) =0 (on es (Kot J(Xo) ) —0 (d@o e (Xo)idgy (J(x0)) )

o (dQO e’ (Xo))—ia (dQO e’ (J(Xo)) )
2

o ((Leé(u()),l)* (ef.(X0)) )_ io ((Leg(uo)ﬂ* (e (7(x0)) ))

- 2
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(R

(Reg(uo),l)*(o(eé*(xo))) it ug) < ¢t (7(x0)) )
- (o (o))

= (¢ <%%W>> - A () <dw s
= Ad (¢*(u0)) (g, € (X)),

as we wanted. O

8 (ug) )" (e-(X0) ) s es<u0> 1)

Corollary 3.2.6 Suppose that J in Theorem 3.2.5 is a holomorphic structure on
P(M,G). Then the curvature forms Q and Qo of A and Ay are related by the
formula

Q—Qy=0(dg,e*)

where O is the operator associated with the holomorphic structure induced by J on
the vector bundle P X 44 g.

Proof We have Q) = d w and Qp = da, wo, thus
O —Qp=dy (w—w0)+(dA—dA0) ((,U(]). (3.12)

Denote by (DA9) 4 the connection induced by A on P x 44 g. Then we know that
(DAY 4 = d4 (see page 49). We will now calculate the second term of the right
hand side of (3.12). Let X;, Xy € I'(T'P). Then, using the structure equation
(1.33) and the fact that Qg is a horizontal form, we get

(da — dag) (w0) (X1, X) = dy ( (X1) 0 (4) ) — e ( (1) 0. (X8) )
4 e (061.0) o (6),) |+ 90 (K10 (68,
=00 (X) 45 (X8) 5, )
e (1)) n (21 ) |- (3.13
Note that for X € TP we have

(Xh)A_(Xh)AO = X_(XU)A_(Xh)AOZ(XU)AO_(Xv)A
— o () —w(X)" = (wo—w) (X)",

thus

wo ( (Xh)A) = wo ( (X7) 4 + (wo —w) (X)*) = (wo — w) (X).
Using this, (3.13) becomes

(= dag) (w0) (X1, X2) = = 2 [ (w0 = w0) (X1),, (= w0) (Xa)],
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briefly
1
(da —da,) (wo) = —5 [w—wo, w—wg].

Thus we have

1
Q—Qoz(DAd)A(w—wo)—§[w—wo,w—wo].

We know that w — wp = 9g, e~ € AY9(P x 44 g) and, by Proposition 3.1.5, that
Qo — Q€ AP x 44 9). Thus we get

Q- Q= (D) 4" (w — wp).
But (D)4 ” = 9, as explained in Example 3.1.3, thus we conclude
Q—Qy=0(w—wp) =09 (g, e ).
O

Proposition 3.2.7 Let Qo (M, K) and Q (M, K) be reductions of P (M,G) and
write Q@ = e (Qo), for some s € I'(Qo X aq 1€). Let A:=Ajqg and Ay :== Aj g,
be the Chern connections with respect to an almost holomorphic structure J on
P (M,G). Denote by fs the map Qp — Q, u — wes™ and consider the connection
fS(A) on Qo (M, K), as defined in Proposition 1.4.19. Then the connection and
curvature forms wg«(ay and Qypx(ay of f(A) are given by

Wr(A) — Wo = ng e’ — Ad (eg) (3@0 es)

where wq 1s the connection form of Ag, and
Qfs*(A) = Ad (6_§) (Q)

where § is the curvature form of A. In particular, if J is integrable then

Q) = Ad(e7) (Q0+8 (00,7 ).
Proof For the first equality, it is enough to prove that

(Wrx(a) — wo) (X) = g, € (X) — Ad (™)) (9g, €* (X))
foru € Qg and X € (Tuth ) Ay’ We have seen in the proof of Theorem 3.2.5 that
w (fs*(X)) = 5Qo e’ (X) — Ad (eé(u)) (aQo e’ (X) )7

where w is the connection form of A (see formula (3.10)). Since wysa) = fJ"(w)
(see Proposition 1.4.19), we get

(Wrray —wo) (X) = w(fsu(X)) —wo(X) =w
= Do, e® (X) — Ad (™) (9g, e* (X)),
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as we wanted.
Let now X7, X9 € T;,Qo. Then, since €2 is G-equivariant and horizontal, we have,
using (3.6)
Ad (e ¥ (Q(X1,X2)) = Q ((Reé<u>)*(X1)7 (Reém))*(Xz))
= Q([foulX1), fou(X2)) = f2 (X1, X2)
Qfs*(A) (XlaXQ) ’

where the last equality follows from Proposition 1.4.19.
The last statement is then a consequence of this and Corollary 3.2.6. g
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Chapter 4

The Hermite-Einstein equation

The aim of this chapter is to discuss some aspects of an important application of
the Chern correspondence and in particular of Theorem 3.2.5 and its corollary.

Let G be a complex reductive Lie group with a compact real form K and let
P (M,G) be a complex principal fibre bundle over a compact base space. One
is interested in finding a K-reduction @ (M, K) of P (M, G) such that the curva-
ture form €4, of the corresponding Chern connection with respect to a fixed
holomorphic structure J on P (M, G) satisfies the Hermite-FEinstein equation

Mg (Q,,)=C (4.1)

for some constant C' in the center of g. Here A, is the contraction operator asso-
ciated to an Hermitian metric g on M, which maps (1,1)-forms to O-forms.

In [19] it is proved that under certain conditions on J and for certain values
of C' the Hermite-Einstein equation has a solution. The strategy of the proof is
to fix a reduction Qo (M, K) and to write an arbitrary reduction @ (M, K) as
Q = ¢°(Qo), for some s € I'(Qp X aq t). Then, using the formula we obtained
in Corollary 3.2.6, (4.1) becomes a differential equation for s, which is solved. In
this chapter we will not go into this, but we will only give a necessary condition
for C in order to have a solution. In the vector bundle case, we will show that
this condition determines C'. We will only consider the case when ¢ is a Kahler
metric on M, but we will mention that actually only a much weaker assumption
on g is needed. We refer to [18] and [19] for a discussion of how this fact can be
used to generalize the results of this chapter to the Hermitian case.

The condition on C is obtained in the last section of this chapter, using the
results of Paragraphs 4.2 and 4.3. Section 4.1 contains some algebraic preliminar-
ies. General references for the first three sections of this chapter are [15, Chapter
XII], [2, Appendix on Geometry of Characteristic Classes|, [4, Chapter 4] and,
only for 4.3, [22, Appendix C], [6, §3 of Chapter 3], [32, §3 of Chapter III], [13, §2
of Chapter II] and [11, Chapter 19].
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4.1 Invariant polynomials

Throughout this section, V' will be a complex n-dimensional vector space .

Let k be a positive integer. A linear map V ® ... ® V — C is said to be symmetric
—_———
k
if f (va(l) ®...Q0 va(k)) =f (1)1 ®R...0 ’Uk), for all permutations o of (1,...,k).
The vector space of symmetric linear maps f: V ®...®V — C will be denoted
—_———

k
by S*(V*). We set S°(V*) := C and

S*(V*) = és’“(v*).
k=0

We define a product in S*(V*) as follows. For f; € S¥(V*) and fo € S{(V*),
f1 - fo is an element of S*+!(V*), given by

1
fi-f2 (’1)1®. - QU4 ) = m Z fi (va(1)®' % 'Ua(kz)) fo (va(k+1)®. ..®& Vo (k-+1) )

for vy,...,vp4; € V, where the summation is taken over all permutations o of
(1,...,k+1). The product is extended to S*(V*) by distributivity. This gives
S*(V*) the structure of a C-algebra.

Let v, ... v} be a basis of V*. A (homogeneous) polynomial function on V
is a function f : V — C that can be expressed as a (homogeneous) polynomial of
v, ...,v,. This concept does not depend on the choice of the basis of V*. Ob-
serve that the set of polynomial function on V has a natural C-algebra structure.

Proposition 4.1.1 Given a map f € S¥(V*), define a polynomial function f on
V by f(v) = f (v ® ...®v), for v e V. Then f — [ is a vector space isomor-
phism between S*(V*) and the vector space of homogeneous polynomial functions
of degree k on V. The linear extension of this map gives an algebra isomorphism
between S*(V*) and the algebra of polynomial functions on V.

Proof It is clear that f — f is linear and that f1 - fo = f1+ fo. To complete the
proof we will exhibit the inverse of f — f. Let P be a homogeneous polynomial
function of degree k on V' and write it as P = ZKih Qi .. U .05, where

ik,
ai,.. i, € C. Define Py € S¥(V*) by

1
Py (Ul X...R Uk) = E Z iy, i, Z ’U;; ('Ua(l)) e Ui*k (Ug(k))

1<i1,...t.<n o

*
Lie<n i1 "

1 Of course, all result of the first three paragraphs of this chapter (except Proposition 4.3.3
and Remark 4.3.4) also hold in the real case: Paragraph 4.1 for real vector spaces, Paragraph 4.2
for real principal fibre bundles and Paragraph 4.3 for complex vector bundles over real manifolds.
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where the second summation is taken over all permutations o of (1,...,k). Then
it is easy to see that Py = P for all homogeneous polynomial functions P of degree
konV,and (f)g = f for all f € S¥(V*), thus P — P is the inverse of f +— f. [

Let G be a Lie group and suppose we have a representation ¢ : G — Aut(V)
of G on V. Then a map f € S¥(V*) is said to be G-invariant if it holds

flolg) ()@ ... ®o(g) () =f (11 ®...0v)

for all ¢ € G and vy,...,vx € V. A polynomial function P on V is said to be
G-invariant if P (o(g) (v)) = P(v), for all g € G and v € V.

Note that the G-invariant forms are a subalgebra of S*(V*) and that, under the
isomorphism of Proposition 4.1.1, they correspond to G-invariant polynomial func-
tions of V.

Example 4.1.2 Let G be a complex Lie group with Lie algebra g and consider
the representation Ad : G — Aut(g). We will denote by I*(G), for a non-negative
integer k, the vector space of G-invariant forms in S*(g*), and by I(G) the algebra
of G-invariant forms in S*(g*). Elements of I(G) are called invariant polynomial
functions (or simply invariant polynomials) on G.

Example 4.1.3 The maps det : gl(n,C) — C and trace: gl(n,C) — C are
invariant polynomials on GL(n,C).

4.2 The Weil homomorphism

Let P (M,G) be a complex principal fibre bundle and let A be a connection on

it, with curvature form 4. Regard Q24 as a complex g-valued 2-form on P and

consider the g ® ... ® g -valued complex form QAk =QaA...AQq0n P2 Given
A —

an invariant polynomial f € I*(G), we get then a form f(Q,*) € A% (P)C; note

that f(QAk) projects to a unique 2k-form f(QAk)O on M, which is given by

FUF) g (1, Yag) o= (%) (X0, Xog)

2 The wedge product for vector-valued differential forms on a manifold N is defined as follows.
Let V and W be two vector spaces. Given a V-valued k-form w; and a W-valued I-form w2 on
N, w1 Aws is a V ® W-valued (k + l)-form on N, defined by

1 o
(w1 Aw2) (X1, ey Xitt) i= G zo:(—l) w1 Xo1),- o Xok)y Qw2 Xorg1), -+ Xo(ktl)
for X1,..., Xky1 € I'(T'N), where the summation is taken over all permutations o of (1,...,k+1).
It is easy to see that the wedge product is associative and that it holds
d(w1 A\ wz) = dwl N w2 + (—1)kW1 A du}g

where d is the exterior derivative defined in footnote 21 of Chapter 1.
See for example [27, §5 of Chapter I] for more details over differential forms with values in a
vector space.
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forpe M and Y7,...,Yy, € T,M, where X1, ..., Xy, are vectors in T, P, for some
u in the fibre of P over p, with 7.(X;) =Y}, for i = 1,...,2k. Observe that this is
well-defined, because f (Q Ak) is horizontal (since so is 24) and because for g € G
it holds Ry" f(QAk) = f(QAk) (since Q4 is G-equivariant and f is G-invariant).
In the following, f(QAk)O € A?(M) will be also denoted by f(QAk). It will be

clear from the context when f (Q Ak) will be regarded as a form on P and when
as a form on M.

Theorem 4.2.1 Let P (M,G) be a complex principal fibre bundle and I(G) the
algebra of invariant polynomials on G. Then:

1. for each f € I*(G) and each connection A on P (M, G), the 2k-form f(Q4*)

on M defined above is closed;

2. for each f € I*(Q), the element [f(QAk)] of the De Rham cohomology
group H**(M,C), where A is any connection on P (M,Q), is well-defined,
i.e. it does not depend on the choice of A;

3. the map 1(G) — H*(M,C), f— [ f(Q4*)] (where A is any connection on
P (M,G) and where k = deg(f)) is an algebra homomorphism (the Weil
homomorphism).

Proof We follow [15] for 1. and [22] for 2. See these references for more details.

Let f € I*(G) and let A be a connection on P (M, G), with curvature form Q4.
We will show that df(QAk) = 0, where f(QAk) is regarded as a form on P. Then
the same will be true, also when we regard f (Q Ak) as a form on M.

Observe first that if $ € A"(M) and ¢ = 7* ¢, where 7 is the projection P — M,
then dy = dap. Indeed, for X1, ..., X, € I'(T'P) we have

dp(X1,...,X,) = d(@*¢)(Xy,...,X,) =7 dp (X1,...,X})
= e (X[ 4o (X))
a(m @) (X goees (X1 )

_ dgp((th)A,...,(th)A) = dup (X1,..., X))

Thus we have to show that d4 f(QAk) = 0. But, using the the Bianchi identity
da Q4 =0 (see Proposition 1.4.15), we have

da f(UF) = f(da Q") =k f(daQan Q7)) =0.

Let now Ay and A; be connections on P (M, G), with connection and curvature
forms wp, wy and Q, Q; respectively. We have to show that for f € I*(G) it holds
[f(QOk)] = [f(Qlk) ] Consider the map pr; : M x R — M, (p,t) — p and the
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pullback bundle pr*(P) (M x R,G,7") (see Example 1.2.8). Let Aj and A} be
the connections induced on pr{*(P) (M x R,G) by Ay and A; respectively (see
Proposition 1.4.19) and let wj and wj be their connection forms. Then we have
w(, = Pry"wp and w] = Pry* w; where pr : pry*(P) — P is the map between total
spaces inducing the homomorphism pr;*(P) (M xR, G) — P (M, G), as described
in Example 1.2.8. Define a connection A on pr,*(P) (M x R,G) with connection
form w4 by
wa 1= w + (pry o 7') (w) — wp)

where pr, is the projection M x R — R. Note that, by Proposition 1.3.2, w4
is indeed a connection form. Consider the maps ig : M — M x R, p — (p,0)
and i1 : M — M xR, p — (p,1). Then P(M,G) is the pullback bundle of
pr*(P) (M x R, G) with respect to ig and with respect to i; and the connections
on P(M,QG) 1nduced by A are AO and Ay respectively; indeed, an easy calculation
shows that wg = zo waandwy = i1 w4, where ig and 71 are the maps P — pr1 *(P)
corresponding to ig and i; respectively. In particular, we have Qy = ig “Q4 and

0 = H* Q 4, where 4 is the curvature form of A, and so f(QOk) = 1iy" (f(QAk) )
and f(Qlk) =" (f(QAk) ) Since ig and i1 : M — M x R are homotopic, it
follows that [ £(2%5)] = [ £(2,%)].

3. can be seen as follows. Given a permutation o of (1,...,k+1), denote by T, the
automorphism of g ® ... ® g defined by T, (B1®...® Byy1) = By1)® . .. By(j41)-
—_—
k+1
Then, since 24 has degree 2, we have QAk+l =T,o0 QAk+l. Thus for f; € I*(G)
and f» € I'(G) it holds

Ji-f2 (QAkH) = Z(f1®f2)OTgoQAk+l

g

e S ® f2) 0 M = (f1 @ f2) Q4F A QY

g

= fi(") A L2(2).

4.3 Chern classes of a complex vector bundle

Let m : E — M be a complex vector bundle of rank n over a complex manifold
and let D be a connection on it, with curvature Rp. Consider a system of local
trivializations {60; : 7=Y(U;) — U; x C", i € I} of E with respect to a cover
{Ui, i € I} of M and let {u’, i € I} be the corresponding local frames, i.e.
u',(p) = 0, (p,eq) for p€U and a = 1,...,n. For every i € I, let (2p); be the
curvature form of D with respect to the 1ocal frame u'. Given an invariant polyno-
mial f € I*(GL(n,C)), we can consider the local forms { f((Q2p),*) € A**(U;),
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i€ l}. By (1.18) we have (Qp); = 0 (2p); ;5 on U;j and so, since f is GL(n, C)-
invariant, it follows that f( (QD)jk) = f((92p);*) on U;; (recall that the adjoint
representation of GL(n,C) is given by Ad(A)(X) = AXA™! for A € GL(n,C)
and X € gl(n,C), see (1.7)). Thus the { f((Q2p);*), i € I'} glue together to give
a well-defined global 2k-form on M, denoted by f ( R Dk).

The following theorem is an immediate consequence of Theorem 4.2.1, Theorem
1.4.12 and Lemma 1.4.13. A direct proof can be found for example in [22, p.
296-298] or [13, p. 37-38].

Theorem 4.3.1 Letw: E — M be a complex vector bundle of rank n over a com-
plex manifold and I(GL(n,C)) the algebra of invariant polynomials on GL(n,C).
Then:

1. for each f € I*(GL(n,C)) and each connection D on m : E — M, the
2k-form f(RDk) on M defined above is closed;

2. for each f € IF (GL(n,C)), the element [f(RDk)] of the De Rham coho-
mology group H?*(M,C), where D is any connection on = : E — M, is
well-defined, i.e. it does not depend on the choice of D;

3. the map I(GL(n,C)) — H*(M,C), f — [f(Rp")] (where D is any con-

nection on m: E — M and where k = deg(f)) is an algebra homomorphism.

For k = 1,...,n, define homogeneous polynomial functions f; of degree k on
gl(n,C) by

det(In+%X) =14 fi(X) + f2(X) + -+ + fu(X)

for X € gl(n,C). Since

det (I, + 5= AXA™) = det (A(Ly + 5= X) A1) = det (I, + 5= X)
™ T

27

for all A € GL(n,C) and X € gl(n,C), it follows that the f;’s are GL(n,C)-
invariant, thus f, € I* (GL(n,(C)),‘ for k = 1,...,n. For example, note that
J1:9l(n,C) — Cis given by X > o-tr (X).

Definition 4.3.2 Let m : E — M be a complex vector bundle of rank n over a
complex manifold and for k = 1,...,n let fr € I* (GL(n,C)) be the invariant
polynomial defined above. The k-th Chern form of m : E — M with respect to a
connection D is the closed 2k-form ci(E, D) := f (RDk) on M. The k-th Chern
class of m: E — M is cx(E) := [ fu(Rp") | € H*(M,C).

Proposition 4.3.3 Let M be a compact m-dimensional Kdahler manifold with
Kihler metric g and denote by k, € AVY(M) the associated Kdihler form (see
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page 62). Let m : E — M be a complex vector bundle over M and consider the
first Chern form c1(E, D) of E with respect to a connection D. Then

deg (E) :—/ c1(B,D) A k™!
M

does not depend on the connection D. It is called the degree of the vector bundle
m:E— M.

Proof Let D’ be another connection on 7 : E — M. Then by Theorem 4.3.1
we have ¢;(E,D') = c¢1(E, D) + da, for some o € A*(M). Thus

/ Cl(E, D/) A k‘gm_l = / (Cl(E,D) +dOé) A k‘gm_l
M M

= / a(E,D) A kgm_l +/ do A kgm_l,
M M
so we need to show that [,, da A k™" = 0. But this follows from the Theorem
of Stokes, since, using the fact that k, is closed, we have

/da/\k:gm_lz/ d(a Ak,
M M
O

Remark 4.3.4 Let g be an Hermitian metric on a complex m-dimensional mani-
fold M and let ky € AVY(M) be its Kdhler form. Then g is called a Gauduchon
metric if 00 k:gm_l = 0. Note that if g is a Kahler metric, then in particular it is
Gauduchon, because from dky = 0 it follows that Ok, = 0 and 90 kgm_l =0.

In Proposition 4.3.3 we have defined the degree of a complex vector bundle over a
compact Kdahler manifold. We will now show that if we have a fized holomorphic
structure on a complex vector bundle over a compact manifold then, in order to
define its degree, we only need the metric on the base space to be Gauduchon.

Let m: E — M be a holomorphic vector bundle over a compact complex manifold
and suppose that we have a Gauduchon metric g on M, with Kdhler form k,. Let
h be an Hermitian metric on w: E — M and consider the Chern connection Dy,.
Define deg (E) := [,,c1(E, Dp) A k:gm_l. We claim that this definition does not
depend on the choice of the Hermitian metric h onm: E — M. Indeed, let Dy be
the Chern connection on 7 : & — M with respect to another Hermitian metric h'.
Then it can be shown that ci(E, Dy) = c1(E, Dy) + 008, for some 3 € C®(M)
(see [18, Lemma 1.1.18]). Thus

/ c1(E,Dp) A k‘gm_l = / (Cl(E,Dh) +58ﬂ) A\ kgm_l
M M

- / c1(B, D) A k" + / 908 A k",
M M
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so all we need to show is that [, 008 A kgm_l = 0. We have

0B Nk, = (9B Ak +08 A Dk,
= 0(B ANk +O(BAIK ) =B A0k,
= 0(B ANk +O(BADET)

where in the last equality we use 00 kgmfl = 0. Since G N k:gmfl and B N gk:gmfl

are respectively of type (m,m — 1) and (m — 1,m) and by the Theorem of Stokes

we have

Y m—1y\ __ m—1y\ __
/M@(aﬁ/\k‘g )—/Md(aﬁ/\kg )=0
and

/ (B Ak :/ d(B Ak, )=0.
M M
Thus fM 003 A k:gmfl =0, as we wanted.

It can be shown (see [5, p.502]) that if M is compact then for every Hermitian
metric g there exists a positive function @ € C*°(M) such that gy := ¢-g is Gaudu-
chon. If M is connected and m > 2, then go is unique up to a positive constant.
This fact can be used to define the degree of holomorphic vector bundles on arbi-
trary compact Hermitian manifolds. See [18, Remark 1.3.17] for a discussion of
this.

4.4 The contraction operator A

Let g be an Hermitian metric on a complex manifold M (i.e. an Hermitian met-
ric on the vector bundle TCM = T'M). Denote by g the Hermitian metric on
(T® M, J) induced by g via the vector bundle isomorphism ¢ : (T®M, J) — TCM
described in Section 2.2, and by g* the dual metric on (TRM*, J*), which is de-
fined pointwise by requiring the dual of a g-orthonormal frame on (T®M,.J) to
be g*-orthonormal. By Proposition 2.1.5, g;induces a C-bilinear symmetric non-
degenerate map §* : TM* x TM* — C, and this can be extended to a C>®(M,C)-
bilinear symmetric non-degenerate map A g* : A" (M) x A" (M) — C>(M,C), for
every positive integer 7. Recall that we have A §* (o, 8) = A §* (&, B), for all a,
B € A"(M) and note that if o € A5 (M), 3 € A5T(M) and A g* (o, 3) # 0, then
B e AL (M).

Definition 4.4.1 Let M be a complex manifold and g an Hermitian metric on
it, with Kdihler form kg € A% (M). The Lefschetz operator associated to g is the
map Ly : A(M) — A(M), o — a N'ky. The contraction operator associated to g
is the map Ay : A"(M) — A"2(M) defined by

/\g* (Ag(()é),ﬁ) :/\g* (O‘7Lg(ﬁ))
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forr>2, ac A"(M) and 3 € A""2(M) and by

Ag(a) = NG" (e, ky)
for a € A%2(M).
Lemma 4.4.2 Let M be an m-dimensional complex manifold with an Hermitian

metric g. Let k, € AML(M) be the Kdihler form, L, the Lefschetz operator and A,
the contraction operator associated to g. Then:

1. Ay maps A>9(M) to AS~H971(M);

2. Ly and Ay are real operators, i.e. Lg(a@) = Lg(c) and Ag(a) = Ag(c) for
all o € A(M);

3. for every a € A2(M) we have

m— 1 m
L, Ya) = EAg(a) k™.

Proof Let a € A%I(M), for s + q > 2; then either Ay(a) = 0 € AS~L7H(M),
or we can find a form 8 € A%t9=2(M) such that

/\g>k (a’Lg(B)) = /\g* (Ag(a)vﬁ) 7é 0
In this last case, by what was observed before Definition 4.4.1, we must have
Ly(B) € A%¥(M) and thus 8 € A 157 1(M) and again Ay(a) € AL H(M).
Let now a € A%4(M), for s + ¢ = 2; then either Ay(a) = 0 € A~1471(M), or
ANg* (o, ky) = Ag(a) # 0. In this last case we must have then o € ALL(M).
Since Ay(a) € AY(M), 1. is proved also in this case.

Let o« € A"(M). Then Ly(a) = Ly(c), since k, = ky (as can be seen using the
local expression of k, given in formula (2.9)). The second equality in 2. follows if
r > 2 from the fact that

NG* (Ag(@),B) = Ng* (a,Ly(B)) = Ng™ (e, Ly(B))
=Ng* (o, Lg(B) ) = Ng* (Ag(a), ) = Ng* (Ag(a), B)
for all B € A""2(M), and if 7 = 2 from

Ag(d) =Ng" (a, k‘g) =N\g* (a, k'g) = Ag(a)-

Let 8%1, cee 6fm be a local orthonormal frame of M. With respect to this frame

the local expression of k; given in (2.9) becomes
Z. m
k=7 ; dz A dz,.
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We will prove 3. for a form o = dz A dzg, for k € {1,...,m}. This is the only
case we need to consider, because for forms of the type dzi A dz; and dzi A dzj, for
k,le{l,...,m} ordzy ANdz, for k,l € {1,...,m} with k # [, both sides of the
equality vanish. We have

Lgmfl(a): (m—Ddey ANdzT A ... Ndzp A dZy,

2m—1

and
N

1 m 1 {
EAg(a)kg :EAg(a)m!Q—mdzl/\dﬁ/\.../\dzm/\d%,
thus we need to show that Ayj(a) = —24. But

Ag(e) = NG* (dzp Ndz s kg) = £ 300 NG* (dz Adzy, dzyg A dz)

_ i —m g (dzg,dz1) g*(dzg,dz) \ _ i <m o
R det<g*<dzk,dzw g (e dz) ) =2 = A =2

O

Let # : E — M be a complex vector bundle over a complex manifold and let
g be an Hermitian metric on M. Then the associated contraction operator A,
on M can be extended in a natural way to the space of differential forms on M
with values in E. Let £ € A"(E) and write it locally as £ = """ | u; ® w;, where
(u1,...,uy) is a local frame of 7 : E — M and where every w; is a local r-form on
M. Then Ay(§) is defined locally by Ag(§) := > i, ui ® Ag(w;). This definition
does not depend on the choice of the local frame, because A, is C*°(M, C)-linear.

4.5 The Hermite-Einstein equation

Let G be a complex reductive Lie group with a compact real form K and let
P (M,G) be a complex principal fibre bundle. Suppose that M is compact and
Kahler and let k; and Ay be the Kéahler form and the contraction operator asso-
ciated to a Kahler metric g. Let J be a fixed holomorphic structure on P (M, G)
and consider the Chern connection Aj g on P (M,G) corresponding to a K-
reduction @ (M, K). By Proposition 3.1.5 we know that the curvature form Q4 50
is an element of A (P x 44 g); using point 1 of Lemma 4.4.2, we see thus that
Ag(Qa,q) € AXP xaa89).

Lemma 4.5.1 Let 3(g) .= {C €g/ [C,X]| =0,V X € g} be the center of g.
Then we have 3(g) = {C € g / Ad(g)(C) = C, ¥V g € G}. In particular, every
C € 3(g) can be regarded as an element of A°(P X q ).

Proof Let C € g with Ad(g) (C) = C, for all ¢ € G. Then for all X € g we
have

[C, X]=[-X,C] = ad(—X) (C) = 4

= ‘ _, Ad (exp(-£)) (©) = 0,
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thus C € 3(g).

To prove the other inclusion we need the following fact (see [31, 3.50(a)]). Let
Z(G)={9geG/cd)(9) =g, Vg € G} be the center of G. Then Z(G) is a
closed subgroup of G and its Lie algebra is 3(g).

Let C € 3(g). Then exp(tC) € Z(G) for all t € R, and so using (1.6) we have

exp(tC) = c(g) (exp(tC’)) = exp (Ad(g)(tC’)) = exp (tAd(g)(C))

for all g € G. Since this hold for all ¢t € R, it follows that C' = Ad(g) (C), for all
g €aqG.

For the last statement, observe that , given C' € 3(g), the function P — g, u — C
is G-equivariant and thus induces a section of P X 44 g. O

The Hermite-Einstein equation is the equation
Ay (Qa,,)=C (4.2)

where C' is some element of 3(g) and where 4, , is the curvature of the Chern
connection corresponding to a variable K-reduction Q (M, K) of P (M, G), with
respect to the fixed holomorphic structure J. Using the results of Section 4.2,
we will give now a necessary condition for C' in order to have a solution of this
equation.

Suppose that (4.2) holds, for some K-reduction @ (M, K) of P(M,G). Then
for every f € I'(G) we have, using point 3. of Lemma 4.4.2,

[ smr = [ r(a0u )= [ (1 (00,0)) 87
- m/Mf(QAJ,Q)/\/{gm_I

where m is the dimension of M. We claim that 6;(P) := [}, f(Qa,,) A kg™
does not depend on the reduction @ (M, G). Indeed, let A and A’ be two connec-
tions on P (M, @), with curvature forms  and €. Then by Theorem 4.2.1 we
have f(Q) = f(Q) + da, for some a € A (M), and this allows us to conclude, as
in the proof of Proposition 4.3.3, that [,, f () A /€9m71 = [u F(EQ)A k‘gmfl.

Thus we see that (4.2) can have a solution only if

(o) =)

" Tk (43)

for all f € IY(G).

Example 4.5.2 Let m : E — M be a holomorphic vector bundle over a com-
pact Kihler manifold and let L(E) (M,GL(n,C)) be its frame bundle, with in-
duced holomorphic structure J. To every Hermitian metric h onm : E — M
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there corresponds a U(n)-reduction Uy (E) (M,U(n)) of L(E) (M,GL(n,C)) (see
page 73). Consider the Chern connections D on 7 : E — M and Ajy, ) on
L(E) (M,GL(n,C)). By Ezample 3.1.4 we know that Dy, is the connection on
7 B — M associated to Ay, k), in the sense of Theorem 1.4.12. Thus, by
Lemma 1.4.13, the curvature Ry, of Dy, is equal to the curvature form 4, U (E) of
Aj v, (e)- The Hermite-Finstein equation becomes in this case

Ay (Ry) = C (4.4)

where C' is some element ofg,(g[(m (C)) and where the Hermitian metric h plays

the role of the K -reduction Q (M,G) of P (M,G) in (4.2). Observe that
3(0l(n,C)) ={X €gl(n,C) /XY =YX, VY €gl(n,C)} ={AI, /e C}.

Since Ay (Rp,) is a map L(E) — gl(n,C) that on U, (E) takes values in u(n) (by
the remark after Definition 2.3.5 and by point 2. of Lemma 4.4.2), we must have
A € iR. Equation (4.4) thus becomes

Ag (Rh) = iCIn y (4.5)

for some c € R. Consider the invariant polynomial tr € I' (g[(n,(C)). Condition

(4.3) gives in this case
_ m 27 deg(E)

where m is the dimension of M.

Note that, by Remark 4.3.4, in the previous example we only need the metric g
to be Gauduchon. The same is true in the general case of principal fibre bundles.
This can be seen as follows.

Let G be a complex reductive Lie group with a compact real form K and P (M, G)
a complex principal fibre bundle. Consider two K-reductions Qo (M, K) and
Q (M,K) of P(M,G), with Q = €°(Qg) for some s € I' (Qo X a4 i¢). Then, by
Corollary 3.2.6, the curvature forms 4, o, and 4, o of the Chern connections
Ay, and A ¢ with respect to a fixed holomorphic structure J on P (M, G) are
related by the formula Q4, , = Qa, , + 9 (0g, €2). Thus, for every invariant

polynomial f € I'(G) we have f (R4, 4) = f (4,4, ) +5(f(aQ0 6—28)). It
can be shown that f (9g, e ) = 9 (f(—2s)) (see [19, p. 28]), where f(—2s) is
regarded as a function on M. So we have f (QAJ’Q ) =f (QAJaQO ) +00 (f(—2s))
and this allows us to conclude, as in Remark 4.3.4, that

/M f (QAJ,Q) A kgm_l :/ f (QAJ,QO ) A kgm_l

M

if g is a Gauduchon metric. Thus also in this case we see that the number
54(P) = [y f(Qa,4) Aky™ ! does not depend on the choice of the K-reduction

107



Q (M, K) used to define it.

This fact is particularly important, since, as mentioned in Remark 4.3.4, every
compact complex manifold admits a Gauduchon metric (while there are topo-
logical obstructions for the existence of a Kéahler metric on a compact complex
manifold, see for example [32, p.191]).
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Appendix A

Let P (M,G) be a principal fibre bundle, o : G — Aut(V) a representation of G
on a vector space V and £ = P xg V the associated vector bundle. We will prove
here some results that are stated in Paragraph 1.4. Throughout this appendix we
will need the following lemma.

Lemma A.1 Let ¢ : P — V be a G-equivariant map, i.e. a map such that
¢ (ug) = 0(g7 ") (¢(u)) for alluw € P and g € G. Then for B € g and u € P we
have

(B*)u (¢) = — 0x(B) (¢(u))
where B* € T'(T'P) is the fundamental vector field corresponding to B and where
0« : § — End(V) s the differential of o.

Proof Recall that (B*), = 4 ‘ JU exXP (tB). We have
t—

(B0 = | o(uepB) =S| o(entB)™) (6(u))

- %Lzog(exp(—w)) (6(u)) = — 0.(B) (6(u)).
O

We proved in Paragraph 1.4 that every connection A on P induces a connection
D4 on E. This is defined by

Da@) (V) () = (w (V") ,() @) ) _ (A1)

for 0 € A°%(E), Y € T(TM) and p € M, where u is some element of the fibre of

P over p and where 6 denotes the G-equivariant map P — V corresponding to o
(see Lemma 1.2.9).

Recall that if we choose a basis v = (v1,...,v,) of V, then the map f, from
P to the total space of the frame bundle of E defined by

fo:P—=LE), u— ((w01) /0 (U,00) )

induces a homomorphism of principal fibre bundles (see Example 1.2.10).
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Proposition A.2 Consider a local section o : U — P of P over some open
U C M and the induced local frame uw = f,o0 : U — L(E) of E over U, relative
to a basis v of V.. Let A be a connection on P with connection form wa and let
Dy be the connection on E induced by A. Then the connection form w, of D4
with respect to the local frame w is given by wy = (a},)«(0s (0" wa)), where (al)s
is the isomorphism End(V') — gl(n,R) induced by the basis v of V (see Example
1.2.10).

Proof Observe first that if we write u = (uq,...,u,) then for all p € U and
a=1,...,n we have uy(p) = (a(p),va)/N, in other words
ta (0(p)) = va . (A.2)

We have to show that

Ba

Dy (ua) = Zn: ug @ ((042)*(0* (U*WA))) :
A=1

thus that for Y € T'(T'M) and p € U we have

DA (ua)(Y) (p) = i ug(p) <(a;)* (Q* <wA (U*(Yp) ))))

B=1 Ba

By (A.1), Lemma A.1 and (A.2) we have

Dawa)) () = (o), (V") (c()) () ) .
- <a(p),(0*(Yp)— (wA (‘7*(Yp))>* )) Wa))

o(p

/~

= (o % (i 00) + 22 (04 (05) (i o) )
— <o—(p)7 0+ (wA (U*(Yp))) (Ua)>

J~
J~
On the other hand, since ug(p) = (o (p),vs) /. we have

Sy us(p) ((aw* (g* (wa (0u(%) ))))
Ba

- <o<p>, Sy s (“‘”*(Q* (v “’*(Yp”))) )
Ba/ [~

_ (a(p% 0 (WA (U*(Yp))) (va)) ' )

/~
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Recall that the space Dg of connections on E and the space Ap of connections
on P are affine spaces modeled on A!'(E* ® E) and A!(P x 44 g) respectively (see
Propositions 1.3.2 and 1.4.8). We have a vector bundle map

¢:Pxpgg—E"QF
which is defined by
6 ((0.B) ) ((00) 1) = (w0 B) ) (A3

forpe M, (u,B) /. € (P Xaq 8)p and (u,v) ;. € B, (see Example 1.2.13). We
will denote the induced maps A" (P X 44 g) — A"(E* ® E) also by ¢.

Proposition A.3 The map Ap — Dg, A — D4 is an affine homomorphism with
associated linear map ¢ : AY(P x 44 g) — AYE* ® E).

Proof Let ¢ € AY(P x4q g) and denote by ¢ the corresponding G-equivariant
horizontal g-valued 1-form on P (see Lemma 1.4.7). Recall that for Y € I'(T'M)
and p € M we have

g(Y;?) = (uv é(Yu) ) o~ (A-4)

where u is some element in the fibre of P over p and Y is a vector field of P such

~

that m.(Y) =Y. Let A be a connection on P. We have to show that
Date = Da+ (&)
Observe first that for Y € I'(T'M) we have
(V") aie = (V)= (€0 (A-5)

since

= V= (wa()) + (wa (V) —waye (V)
- (Yh)A_(f(Y))*'
The last equality follows from the fact that by definition A + £ is the connection

on P with connection form wsy¢ = wa +&. Let now 0 € A°(E) and p € M. Then
by (A.1), (A.5), Lemma A.1, (A.3) and (A.4) we have:

N

Pase@M @ = (w ()4 @)



Recall that the curvature form of a connection on P (M,G) is an element
of A%2(P x a4 g) and that the curvature of a connection on E is an element of
A2(E* @ E).

Proposition A.4 Let A be a connection on P with curvature form Q4. Denote
by Ra the curvature of the connection Dy on E. Then we have

Ry =0 (04).
Proposition A.4 is an immediate consequence of the next two lemmas.

Lemma A.5 Let A be a connection on P with curvature form Qa and let D4 be
the connection on E induced by A. Then for Y1, Yo € T(TM) and o € A°(E) we

have

¢ (24) (Y1,Y2)(0)
=3 (DA (D4 (0)(Y2)) (Y1) = Da (Da(0)(Y1)) (Ya) — Da (0)([Y1,Y2]) )

Lemma A.6 Let w: F' — M be a vector bundle and let R be the curvature of a
connection D on F. Then for Y1, Yo € I(TM) and o € A°(F) it holds:

1

R(11,Y2)(0) = 5 (D(D(0)(¥2) ) (Y1) = D(D(0)(1)) (¥2) = D(o)([11. Y2 ) ).

Proof of Lemma A.5 Let p € M and let u be some element in the fibre of P
over p. By (A.1) we have D4 (0)(Y2) = (f@h )A (6) and

DA(DA@)12) 00) @) = (. (") 0 (7)1 @) )/ .

Similarly

thus
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Recall that ([m]h) [(Ylh)A, (th)A]h)A (see Lemma 1.4.2). Using

this, Lemma A.1 and (A.3) we get:

hS

(DA (Da(0)(Ya)) (Y1) = Da (Da(0)(Y1)) (Y2) — Da (0)([Y1,Y2]) >(P)

= (w [0 ), Jw@) = (e (F") @)

—o (w080 (5, 10)) ) (o)
Thus we have to show that
1 5 h 5 h
040599 ) = (o~ ya (105", (1)4]0) )
But this follows from

Q4 (Y1, Ys) (p) = <u, dwa ((Ylh)A(u): (}}Qh)A(U)>>/N

sincewA<(th)A):wA<(}}1h)A):O.1 O

Proof of Lemma A.6 Let p € M and let u : Y — L(F) be a local frame of
F over an open U C M with p € Y. Identify F' with L(F) X (n,r) R" and write
o= (u, v) /o O U, where v is a smooth function &/ — R™. Let w, and £, be the
connection and curvature forms of D with respect to u. Recall the relations

D(o) = (u,dv +wyv) (A.6)

1 For a 1-form w on a manifold M with values in a vector space V and for Y1, Y2 € I'(T M)
it holds: )
dw (YLYQ) = 5 Y1 w(YQ) — Y2 w(Yl) —w [Yl,yvg}

(see [14, Proposition 3.11 of Chapter I] or [27, Lemma 5.15 of Chapter 1]).
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R(o) = (u, Quv) /n (A7)
and the structure equation

Oy = dwy + wy A wy . (A.8)
By (A.6) we have D(0)(Y2) = (u, Y2(v) + wy(Y2)v) /o on U and

D(D(o)(Y2)) (Y1) (p) = (U(p%Y1(p)(Y2(v)+wu(Y2)v)
o (50) (1) 0) 0 (0509) 101 ) )
- (u(p), Yi(p) (Ya(v)) + Yi(p) (wu(Y2)) v(p)
+ wu (Ya(p)) Y1(p)(v) + wu (Y1(p)) Ya(p) (v)

(v
) Y
o (¥i() @ (%0) vl0) ) |

Similarly

D(DE@)(V)) (V2) () = (ulp), Yalp) (Vi(0)) + Ya(p) (wul¥)) v(p)
+wu (Y1(p)) Ya(p) (v )+wu (Ya(p)) Yi(p) (v)
+wu (YQ( )) wu Y1 )/
and

Do) (1¥1,Y2]) () = ((ulp). [¥1, Ya] (0)(0) + u([¥2, Yal0) ) v(2) )

Thus the right hand side in the statement is equal to
(- (3509 (012)) = Vo) (1))

o (050, 050) ] e (5.9519)) )

On the other hand, using (A.7) and (A.8) we get:

R, %2)(0) (p) = (u(p), 2 (Yilp) Ya(p)) o) )

= (9. (20 (50, 500) + 1 (00 1500)) 00 )

= (6o, § (309 (ul32) = Yalp) (1)

[l 050 (05000) ] = 023200 )
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where the last equality follows from

dwy (Yi(p), Ya(p)) = % <Y1(p) (wu(Y2)) = Ya(p) (w(Y1)) — wu ([Y1;Y2](P))> 2

and

wa A (Yi(p) Ya(p)) = § (wa (i(9) wu (Ya(p)) —wu (Yap)) w0 (i(p)))

[wu (Yi(p)),wu (Y2 (P))} :

DO|— N[

2 See footnote 1.
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