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Chapter 1

Introduction

Let G be a finite group of order g. For this group we will construct two commutative
rings, which we will compare in this thesis. One of these rings, the representation
ring, is built up from the representations of G. A representation of the group G is
a finite dimensional C-vector space M together with a linear action of G, that is a
homomorphism G — GL(M). With this action M becomes a C[G]-module.

For each representation M of G and an element ¢ € G we look at the trace
of the map M — M : m +— om, which we will denote by Tr/(o) If o and 7 are
conjugate elements of G, then Trys(0) = Tras (7). Let G/~ be the set of conjugacy
classes of G. We obtain a map

xm:G/~ — C
x — Trp(o),

with ¢ € x. This map is called the character of M. So we have a map

{representations of G} — C&/~
M - xum.

The representation ring R(G) is the subring of C&/~ generated by x s for all
representations M. Two representations are isomorphic if they have the same image
in CG/~. We have two identities one for addition: XM+ XN = Xmen and the other
for multiplication: xas - XN = XMaN-

We can write every C[G]-module in a unique way as a direct sum of simple
modules, that is, non-zero modules without proper submodules. The representation
ring is a free Z-module, with a basis S consisting of the isomorphism classes of the
simple modules, we have

RG) =Pz xs.

Ses

The number of simple modules is #(G/~), so R(G) ® C is isomorphic to C&/~.

The other ring is the center of the group ring Z[G], which we will call A(G). This
ring is free with basis {Z o:x € G/N}. For this ring we have an embedding

oEx
into CS:
AG) — C°
ZO’ — <#x Xs(x)) )
= dim¢ S ses

where (diﬁﬁxg(a)) is the scalar with which > __ o acts on S.

oEx



For an abelian group G these two rings are isomorphic. The ring A(G) is
equal to Z[G] and the representation ring can be identified with Z[G], where G
is Hom(G,C*), the dual of G. For other groups they are not always isomorphic,
but they have some similarities, for example, they are both a free Z-module of rank
n = #(G/~). In this thesis we will compare these two rings on several aspects. We
will compare their discriminants, their spectra and the Q-algebra they generate.

In the second chapter we compare the discriminants of these rings. The only
primes which divide the discriminant of R(G) are the primes which divide the order
of G. The same is true for the discriminant of A(G). For groups of order less than

512 the quotient % is in Z. We ask whether this is true for all groups. and

shall prove this for groups of order p* and pq, where p and ¢ are primes and k < 4.

In the third chapter we will give a description of the spectra of R(G) and A(G)
over A, the subring of C generated by the g-roots of unity. Since all characters
have images in A, the spectra of R(G) ® A and A(G) ® A are easier to compute
than the spectra of R(G) and A(G). We will get surjective maps Spec(A™) —
Spec(R(G) ® A) — Spec(A) and Spec(A™) — Spec(A(G) ® A) — Spec(A), such
that for all primes p of A not dividing #G there are n points of Spec(R(G) ® A)
respectively Spec(A(G) ® A) which map to p. For R(G) ® A we will calculate the
spectrum and show that it is connected. For A(G) ® A we will give a description of
a spectrum between Spec(A™) and Spec(A(G) ® A); it remains a question whether
this spectrum is in fact equal to Spec(A(G) ® A). The spectrum of A(G) is also
connected.

The rings R(G) and A(G) are connected by the pairing
R(G)xAG) — C
xs(0)
(XS’ZU> ~ dimcs SeS,reG/~.

oEx

If we view R(G) and A(G) over Q, we see that they are the row span respectively
the column span of the matrix

< - xs ( ))
- s(o )
dimc S SES,[0]€G A~

In the last chapter we will generalize this setting and make an equivalence be-
tween two categories. For the first category the objects are matrices with entries
in C of which both the row and column span over Q are rings. For the other cat-
egory the objects are two abelian finite étale algebras, that is, finite étale algebras
for which the Galois group is abelian, with a pairing. From this we will derive
that R(G) ® Q and A(G) ® Q are abelian finite étale algebras which are Brauer
equivalent; see section 4.5 for the definition. Furthermore, we have an action of
I' = Gal (Q®/Q) on them, which satisfies (yM,c) = v(M,c) = (M,~c) for all
M e R(G)®Q,ce A(G)®Q and v € T', where (-, ) is the Q-bilinear pairing

RGA)®QxAG®Q — C
(Xs@l,Zo@l) — XS(U) SeS,reG/~.

dun@ S
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Chapter 2

Comparison of discriminants

In this chapter we will introduce the representation ring R(G) and the center of
the group ring A(G) of a finite group G. Using the characters, we will give an
ring embedding into C", where n is the number of conjugacy classes of G. With
this embedding we can calculate the discriminant of these rings. The question we
want to answer, is whether these discriminants divide each other. We will prove for
groups of order p* or pg, with p and ¢ prime and k < 4 that this indeed the case.

2.1 The representation ring and the center of the
group ring

First we define the representation ring and center of the group ring and describe
their ring structure.

Let G be a finite group of order g.

Let X = G/~ be the set of conjugacy classes of G.

Let S be a set of representatives for the isomorphism classes of simple C[G]-mo-
dules.

For each finitely generated C[G]-module M we have x5 : G — C, the character
of M, defined by xap (o) = Te(M — M : m — om). If 0 and 7 are conjugate
elements of G, then x (o) = xa (7). We define xpr(x) = xam (o) for z € X, where
o is an element of z. Furthermore, if M and N are isomorphic modules, then
XM = XN-

Let R(G) be the Grothendieck group of finitely generated C[G]-modules, that
is, the abelian group given by generators the set of isomorphism classes of finitely
generated C[G]-modules and relations {[Ms] = [Mi] + [M3] : 0 — My — My —
Ms — 0 a short exact sequence}. We will write [M] for the isomorphism class
of M. One can prove that [M] = [N] if and only if M and N are isomorphic

The group R(G) becomes a ring with the multiplication [M] - [N] = [M ®&c¢ N]
for M and N finitely generated C[G]-modules [4, sect. 1.5]. As a group R(G) is a
free Z-module on {[S]: S € S}.

Let A(G) be the center of the group ring Z[G]. As a group it is a free Z-module
on{c; =) ,c,0:x€X}

Example 2.1.1.

If G is an abelian group, then X = G and we can take S = {S, : x € Hom(G,C*)},
where S, is C with G-action gz = x(g)z for g € G and z € C.



Now, R(G) as a group is @gesZ[S] and for the multiplication we have [S,,] -
[Sxz] = [Sx: ®@c Sy.] = [Sxi-x2]- So, We obtain the ring isomorphism R(G) =
Z[Hom(G, C*)].

Furthermore, A(G) = Z[G]. Since G and Hom(G, C*) are isomorphic groups,
R(G) and A(G) are isomorphic rings.

We will see that in general R(G) and A(G) are non-isomorphic. To better
understand these rings, we are going to give an explicit description of their structure.
To do this, we first define the ring homomorphism

qf) : (C[G] — HSGSEDdc(S)

o = (s 08)ses,
which sends an element of C[G] to all its actions on the simple modules. From
representation theory we know that ¢ is an isomorphism [3, chap. XVIII, sect. 4].

So, the centers of C[G] and IIgesEndc(S) are isomorphic. Using the notation Z(R)
for the center of the ring R, we have

Z(ClG) = @ ¢ C and
xeX
Z(IlsesEndc(S)) = IlsesZ(Endc(S)) = IlsesisC,

with Ig the identity on S.
On the center, we can write

o(cz) = (asls)s, where

as = — Tr(action of ¢, on S)
dimc

1 #x

n dim(c S (; XS(U) N dim(c SXS(x).

The isomorphism of the centers @ czC — IgesIsC is given by the matrix

reX

#x
(dimc SXS(x)>ses,xex. 21)

It follows that this matrix is invertible. By restricting the isomorphism of the centers
on the left side to A(G), we have proved the following lemma.

Lemma 2.1.2. The map
AG) — C°
#x
2 - . 2.2
o <d1m<CSXS(x))SeS 22)

is an injective ring homomorphism.

A similar description for R(G) is given by the following lemma.

Lemma 2.1.3. The map

is an injective ring homomorphism.



Proof. First note that if M and N are isomorphic modules, then x ;s = xn. So this
map is independent of the choice of S.

Furthermore, for all finitely generated C[G]-modules M, N, we have xa + xn =
Xmen and Xar-XN = XMecN, Which can be seen by writing down the corresponding
matrices or looking at [4, sect. 2.1, prop, 2].

Finally, since the matrix (2.1) is invertible, the matrix (Xs(2))gcs 1ex IS invert-
ible, so the C-linear map

R(G)®C — C¥
[S] = (xs(@))wex-

is a bijection. After restricting the left side to R(G), we obtain an injection. O

The matrix (Xs(2))ges qcx I8 called the character table of G.

Example 2.1.4.
Take G = S, the symmetric group on three elements. Then X = {(1), (12), (123)}
and S = My, M., Ms, where M7 and M, are 1-dimensional C-modules, with the
following actions

G x Ml — M1
(o,m) +— m
Gx M, — M,
(o,m) +— ¢e(o)m where €(o) is the sign of 0.

Let S3 act on C3 = v,C @ voC @ v3C by permuting the coordinates. Now, S; acts
trivially on the vector space (v1 +vg +v3)C. The module Ms is C3/(vy + v +v3)C.
Now we can calculate the character table:

XM1(J) = 1
xm. (o) = €(o)
1) = T 1 0 _9
X M- - t 0 1 N
0 1
X (12) = Tr<1 0)_0
0o -1
X, (123) = Tr( 1 -1 >:_1
So M 12) (193
(1) (12) (123)
M 1 1 1
(xs(0))ses jolex = Mi 1 -1 1
M2 2 0 _]-

We obtain the following ring isomorphism

R(S3) =2 7Z(1,1,1) ® Z(1,-1,1) ® Z(2,0, —1) C Z>.

Furthermore,
1) (12) (123)
dime 5™ ) e Mo |1 -3 2
M, \ 1 0 -1



Which gives the ring isomorphism

1 3 2
ASs =z 1 ozl -3 |oz| 2 | czi.
1 0 -1

2.2 Discriminants

In this section we calculate the discriminants of R(G) and A(G). First the definition
of discriminant.

Definition 2.2.1. Suppose R = ®]_,Z - w; is a ring, then the discriminant A(R)
is defined as the Z-ideal generated by det(Trg,z(wiw;))i j=1...n-

In this section we will prove the following two propositions.

Proposition 2.2.2. Let G be a finite group of order g. The discriminant of R(G)

. g#X
is generated by T %
rzeX

Proposition 2.2.3. Let G be a finite group of order g. The discriminant of A(G)
g#X'HIEX #x

is generated by (Mocs dime 5)°
ses

For the proof of these propositions we first give some lemmas.

Lemma 2.2.4. Suppose R = &} 7 - w; is a ring, then #Homying(R,C) < n and
#Homying(R,C) = n if and only if R is a reduced ring, that is, a ring without
nilpotent elements.

Proof. By extending every morphism of R to R ® Q, we see that Hom,ing (R, C) =
Homying (R ® Q,C). The ring R ® Q = &} ,Q - w; is artinian and therefore it
is a finite product of artinian local rings [1, thm. 8.7]. Write R ® Q = []; R;,
where the R; are artinian local rings. Let m; be the maximal ideal of R;. From
[3, chap. X, cor. 2.2] we know that m; consists of all the nilpotent elements of R;.
So we have Hom,ing(R ® Q,C) = ]_[j Homying(R;,C) = ]_[j Homying (R /mj, C).
Therefore

#Hom,ing(R,C) = > #Homying(R;/m;,C)
i

> #dimg R;/m; < #dimg R; =n,
J

where the second equality come from the fact that R;/m; is separable over Q
[3, chap. V, sect. 4]. Equality holds if and only if m; = 0 for all j, that is, R
has no nilpotent elements. O

Lemma 2.2.5. Suppose R = @ Z-w; is a reduced ring. Then A(R) is generated
by det(fwi)?)f, where i ranges from 1 ton and f over F' = Homying (R, C).

Proof. Since R is reduced, we have the following ring isomorphism

ReC — CF
w = (f(w);-

Restricting this morphism to R and taking the trace on both sides, we obtain
Trr/z(w) =32 f(w) for all w € R.

So we have (Trg/z(wiw;))i; = Q2 flwiw;))iy = (f(wi))ig - (f(w)))ss-

Therefore A(R) is generated by det(f(w;))i,f - det(f(w;))s; = det(fwlv)f’f. O



Lemma 2.2.6. For all z,y € X we have
. g/#x ifr=y
> xs(@) xs(y) = { :
= 0 ifz#y
where xs(z)* is the complex conjugate of xs(x).
Proof. [4, sect. 2.5, prop. 7] d
Proof of proposition 2.2.2. The representation ring R(G) = ®gecsZ[S] satisfies

#Hom,ing (R(G),C) = #S, since we have the following distinct ring homomor-
phisms from lemma 2.1.3

R(G) — C
[S] — xs(z) forallze X.

So R(G) is reduced and we can apply lemma 2.2.5. Its discriminant is generated by
det(XS(x))?S‘eS,zeX' For some number k we have

det(xs(2))es rex = (—1)" det ((xs(2)")§es vex (X5(2))ses yex) -
Using lemma 2.2.6, the generator of A(R(G)) is
(

det ((xs(7)*)Ses,nex (xs(2))ses yex)

det (Z xs(x )
Ses z,yeX

#w1 0
= det 0o . 0 where the x; run over X
0 0 #g'n.
_ 9
HIGX #{E

O

Proof of proposition 2.2.3. The center of the group ring A(G) = ®,exZ- ¢, satisfies
#Hom,ing (A(G),C) = #X, since we have the following distinct ring homomor-
phisms from lemma 2.1.2
AG) — C
#z
dimc S
So A(G) is reduced and we can apply lemma 2.2.5. The discriminant of A(G) is

xs(z) forall SeS.

Cx

A(MG)) = det ( diflz SxS(x))

SeS,xeX

It follows that % is generated by

2
d t( H#o )
ot { Tmc 5 X5(0) Ses,zeX :( Myex#x )2

det(XS(U))%eS)[O_]eX Ilgesdime S

and A(A(G)) by

( e x #fa )2 g g7 aex #o
lses dime S [Lex#2  ([[gesdime 5)2




Example 2.2.7.
Take G = S5, then A(R(G)) = (%) = (36) and SO) — (123)® — (9), 50
A(A(G)) = (324).

We see that A(G) and R(G) are not isomorphic as rings, since they have different

discriminants. The quotient % is an integer ideal and we can ask ourselves
whether this is always the case.

2.3 Divisibility of discriminants

To ease the notation we will use A(R) = r for “A(R) is generated by r”.
For every g € N we consider the following statement

Statement 2.3.1. For each finite group G of order g, we have W Y/

R(G)/2

In this section we will prove the following theorems

Theorem 2.3.2. Let p be a prime. If g = p* with k < 4 then statement 2.3.1 is
true.

Theorem 2.3.3. Let p,q be primes. If g = pq then statement 2.5.1 is true.

To show this we will prove the following statement, which is a sufficient condition
for statement 2.3.1 to be true, for g = p*¥ and g = pq.

Statement 2.3.4. For all ¢1,...cs,dq,...d; € N such that
1. s=t,

Zci = Zd? =g,

¢ | g for all i,

d; | g for all j,

#Hilei=1}19,

m 1§ not prime,

7. #{ildi=1} g,

[;ci
we have T4, cZ

S v

Theorem 2.3.5. For every g € N statement 2.3.4 implies statement 2.5.1.
For the proof we need the following lemma.

Lemma 2.3.6. Let G be a finite group and Z(G) its center. The indez [G : Z(G)]
18 not prime.

Proof. If |G : Z(G)] is prime, then G/Z(Q) is cyclic. We will prove that if G/Z(G)
is cyclic, then G/Z(G) is trivial.

Let o € G such that & generates G/Z(G). Let h € G be an element, then we can
write h = o*h’ for some k € N and b’ € Z(G). Now, oh = oo*h/ = o*h'c = ho, so
o € Z(G) and G/Z(G) is trivial. O

Proof of theorem 2.3.5. Let G be a group of order g. Denote by ¢; the number of
elements of the i-th conjugacy class of G' and by d; the C-dimension of the j-th
simple C[G]-module.

Then we have



1. s=#X =#S =1t,
2. ) ¢ =) ,cx #r =gand

g = dimg C[G] = dim¢ MgesEndc(S) = 3 ges dim? S =Y d2,
3. ¢; | g, since for the corresponding x € X we have #z | g,

4. d; | g, since for the corresponding S € S we have dim¢ S | g
[3, chap. XVIII, cor. 4.8],

5. #{i | ¢, =1} = #Z(G) | g, where Z(G) is the center of G,

6. #{i|gi:1} = #Zg(G) is not prime, see lemma 2.3.6,
7. #{i | di =1} = #G% | g, where G is the abelianized G.

According to statement 2.3.4, we have % € Z. Therefore
j @i

2
Aneyz _ (Hi cz‘> ez

ARz I1;4d;

O
We shall now prove theorem 2.3.2 and 2.3.3 by proving statement 2.3.4 for g = p*

and g = pq.

Theorem 2.3.7. Let p be a prime. If g = p* with k < 4 then statement 2.3.4 is
true.

Proof. Let Cy, = #{i | ¢;, = m} and D,, = #{i | d; = m} for all m € N.
Suppose statement 2.3.4 is not true for g = p¥, then

1. Y,Cn=>,Dp,

2. pF=32,Cp -1,

3. pF =32, Dy - p?,

4. Cy = ple with I, < k and I, # k — 1,
5. D = pl* with Ig < F,

6. 3,1 Cp <31+ Dy

If [, or g is equal to k, then both of them are, because of equation (1), (2)
and (3), then inequality (6) becomes an equality, contradiction. So I, < k — 2 and
lg < k—1. Therefore k > 1.+ 2 > 2.

Taking equation (2) modulo p, we get C; = 0 mod p, so I, > 1. Taking equa-
tion (3) modulo p?, we get D1 = 0 mod p?, so lq > 2. Therefore k > 1. +2 > 3.

When we subtract equation (1) from inequality (6), we get

L5z

k
S U-1)-Cp<pe—pt+ Y (1-1)-Dy. (2.4)

1=2 =2

The left hand side of 2.4 is non-negative, so the right hand side needs to be greater
than 0. For k < 4 the right hand side is equal to p'c — pl¢, so we need I, > lg, s0
2 <lg<l.<k—2<2. This is a contradiction, so there are no solutions for k < 4.

O

10



Theorem 2.3.8. Let p,q be primes. If g = pq then statement 2.5.4 is true.

Proof. Let Cy, = #{i | ¢; = m} and D,,, = #{i | d; = m} for all m € N.

If p = q, then 2.3.7 tells us this theorem is true, so without loss of generality we
can assume p < q.

Suppose statement 2.3.4 is not true for g = pq, then

1. C1+Cp+Cq =D+ Dy + Dy,

2. pg = C1 +pCy + qCy,

3. pg = D1+ p*’D, + ¢*Dy,

4. C1 | pq and Cy # p,q,

5. D1 | pg,

6. pPrqPa t pCrq©se, which means D, > C, or D, > C,.

If Cy or Dy is equal to pg, then both of them are, because of equation (1), (2)
and (3) then inequality (6) becomes an equality, so C; = 1 and D7 # pq.
Since pg < ¢* we have D, = 0, because of equation (3), and therefore D, > C,,.

Taking equation (3) modulo p, we get D; = 0 mod p, so D1 = p and D, = %.
We are left with the following equations
-1
Cp+Cy = pri— -1
pCp+qCy = pg—1.
For which the solution is C), = q;pl =Dj,and Cqg =p—1.
We needed D, > C), so there are no solutions. (|

For g = 12 is statement 2.3.4 not true. We can take (¢1...¢5) = (1,1,1,3,3,3)
and (dy...ds) = (1,1,1,1,2,2). Then all the conditions are satisfied, but % =

9 ) 9 ) )
g

3—2 ¢ Z. Through exhaustive search, we can prove that this is the only counterex-
ample for g = 12 for statement 2.3.4. Statement 2.3.4 is also false for g = 18 and
for g = 3°. The following tables give all counterexamples for g = 18 and for g = 35,
where we use the same notation as in the proof of theorem 2.3.8.

g=18

4 Cy C3 Cg Co | Dy Dy Dg
1 1 3 1 0 2 4 0
2 2 1 0 1 2 4 0
2 8 0 0 0 9 0 1

3 0 1 2 0 2 4 0
3 0 2 0 1 2 4 0
g=3"

Cy C3 Cyg Cyr Cgzi | Dy D3 Dy
27 0 0 8 0 9 26 0
27 0 3 4 1 9 26 0
27 0 6 0 2 9 26 0
27 3 2 1 2 9 26 0

A computer program has checked statement 2.3.1 for g < 512, so for the above
examples, the ¢; and d; are not the conjugacy class sizes respectively dimensions of
simple modules of existing groups.

The way to improve this method would be to give more or better conditions for
the ¢; and d; in statement 2.3.4.

11



Chapter 3

Comparison of spectra

In this chapter we are going to calculate the spectra of R(G) and A(G). We view
the rings over the subring of C generated by the g-th roots of unity, with g the
order of G. We will this ring A. Since all characters of representations of G have
images in A, the spectra of R(G) ® A and A(G) ® A are easier to compute than
the spectra of R(G) and A(G). After some general notions about spectra we will
calculate the spectrum of R(G) ® A. For the spectrum of A(G) ® A we will give an
‘approximation’.

3.1 Spectra

First some general theory about spectra.

Definition 3.1.1. Let R be a commutative ring. The spectrum of R, denoted by
Spec(R), is the topological space consisting of all prime ideals of R, with topology
defined by the closed sets C(I) = {p prime : p D I}, for each ideal I of R. This
topology is called the Zariski topology.

Proposition 3.1.2. If
¢:Ri — Ry

is a ring homomorphism, then we have an induced continuous map
¢ : Spec(Ry) —  Spec(Ry)
P 0 ()
Proof. We need to prove that ¢~!(p) is a prime ideal of R;. The map
¢': Ry — Ry — Ra/p
gives to following injection into the domain Ry /p
Ri/ker(¢') — Ra/p.

So R;/ker(¢') is also a domain and ker(¢’) = ¢~1(p) is a prime ideal.
Furthermore, to see that ¢, is continuous, let V; = {p € Spec(R1) : f & p}
for every element f € Ri. These sets are open in Spec(Ry), since V§ = C(fR),
where V¢ is the complement of the set V. They also form a basis for the topology
of Spec(R1), since C(1)¢ = Uy Vy for every ideal I. Let Wy = {p € Spec(R>) :
g & p} for every element g € Rs.
Now we have

o7 (Vy) = {p € Spec(Ry): ¢u(p) € Vy}

12



{p:f o ()}
= {p:o'of ¢ o™ 1( )}
{p:of €0} =Wy

So, ¢, is continuous. O

Proposition 3.1.3. If Ry and Ry are commutative rings, then Spec(R; X Rg) =
Spec(R1) [ Spec(R2).

Proof. If p; is a prime ideal of Ry, then (R X Ra)/(p1 X R2) = R1/p1 is a domain.
So (p1 X Rs) is a prime ideal of (R; X Rz). In the same way, if po is a prime ideal
of Ro, then Ry X (p2) is a prime ideal of (R x Ra2).

If p is a prime ideal of Ry X Ry, then (R; X R2)/p is a domain. In this domain we
have (1,0) - (0,1) = (0,0), so (1,0) = (0,0) or (0,1) = (0,0). If (1,0) = (0,0), then
Ry x0 C p, sop = Ry xpa, where ps is a prime ideal of Ry. Since (Ry X R2)/(R1 X p2)
is a domain, po is a prime ideal of Ry. In the same way if (0,1) = (0,0), then
p =p1 X Ra, where p; is a prime ideal of R;. O

Definition 3.1.4. Let R be a commutative ring. Let po C p1 S ... C pg be a chain
of prime ideals of R. We call k the length of such a chain. Define the dimension
of R to be the maximal length of all such chains.

Now, let A be an order in a number field and let B be a ring such that we have a
finite set V and injective A-algebra morphisms A < B < A", such that the index
[AV : B] is finite.

Since each non-zero prime ideal of A is maximal, the dimension of 4 is 1. We can
think of Spec(A) as a line. Furthermore, by proposition 3.1.3, we have Spec(AY) =
V x Spec(A), so we can think of Spec(AY) as #V lines.

We want to determine Spec(B). We have ring homomorphisms A — B — AV,
so according to proposition 3.1.2, we have continuous maps Spec(A") — Spec(B) —
Spec(A). Let 7 be the map Spec(A)” — Spec(B).

Proposition 3.1.5. The map Spec(AY) — Spec(B) is surjective.
Proof. Examine the extension

A c AV

a +— (a,a,...,a).

Let a = (a1,az,...,a,) € AV and f = I;(X — a;) € A[X], then f(a) = 0. So
A c AV is integral. So AV is also integral over B. According to the going-up-
theorem [1, thm. 5.10] Spec(A"") — Spec(B) is surjective. O

We now know that Spec(B) is a quotient set of Spec(AY). If two elements
(v1,p1), (v2, p2) € Spec(A") are in the same equivalence class, then p; = po.

The following proposition tells us for which primes p the equivalence class (v, p)
consists of one point, for all v € V.

Proposition 3.1.6. Let p be a non-zero prime ideal of A and p the characteristic
of A/p. Suppose pt[AV : B] =t, then B is totally split at p, which means that the
equivalence class (v,p) consists of one point, for allv € V.

Proof. We have tAY ¢ B C AV and since localisation is exact, we have tA;/ C
B, C AY. Now, since ptt, we have t € (4y)*, so B, = A}. Therefore we have the
following ring isomorphisms

® (Ap/pp) = A;‘)/ ® (Ap/Pp)-
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So, we have

B/p=By/pp = Bp @ (Ap/pp) = A;‘)/ @ (Ap/pp) = (Ap/Pp)V =(A/p)".

Therefore is the number of primes of B which map to the prime p of A equal to #V'.
O

The following proposition gives us a way of computing Spec(B) in case we have
an explicit description.

Proposition 3.1.7. Suppose B can be written as B = @Z‘i‘; c; - A, with ¢; =
(cui)w € AV The points (v1,p), (va,p) € Spec(AY) have the same image in Spec(B)
if and only if we have cy,; = Cyyi mod p for all i.

Proof. Suppose ¢y,; = ¢y mod p for all i. Let b € 7(v1,p) be an element, we can
write b = ). a;c; = (D, aicyi), with a; € A and ), a;cy,s € p. Since ) ; aicy,i =
> i @iCy,i mod p, we have ) . a;cy,; € p. Therefore b € mw(ve,p) and 7(vi,p) =
7T(U2, p)

On the other hand, if 7(v1,p) = w(ve,p), then ¢; — cpyi - 1 = (Coi — Coyi)o
m(v1,p) = 7(ve,p) for all i, 80 Cyyi — Cuys € p for all 4.

Om

Example 3.1.8.

Let G be S3, the symmetric group on three elements. From example 2.1.4 we have
the following ring isomorphism

1 3 2
A=z 1 |ez| -3 |ez| 2 |czZ.
1 0 —1

The points (M7, p) and (M., p) are in the same equivalence class if and only if
(1,3,2) = (1,-3,2) in (Z/pZ)3, that is, when p is 2 or 3.

The points (M7, p) and (Ma,p) are in the same equivalence class if and only if
(1,3,2) = (1,0, —1) in (Z/pZ)?, that is, when p is 3.

The points (M, p) and (Ma,p) are in the same equivalence class if and only if
(1,-3,2) = (1,0, —1) in (Z/pZ)?, that is, when p is 3.

3.2 The spectrum of the representation ring

Let G be a finite group of order g and A the subring of C generated by the g-th
roots of unity.

First we calculate the spectrum of R(G) ® A. We are going to embed R(G) ® A
in AX, for this we use the following lemma.

Lemma 3.2.1. Let M be a representation of G and o € G, then x (o) € A.

Proof. We have x (o) = Tr(M — M : m — om), which is the sum of the eigenval-
ues counted with their multiplicity. Since (M — M : m — om) has order a divisor
of g, all its eigenvalues have order a divisor of g. So all eigenvalues are a g-th root
of unity. O

So, we can embed R(G) ® A in AX by the injective A-algebra morphisms

A— RG@A — AX
a+— 1®a
M]@1 = (xam(2))zex-
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So we have continuous maps
Spec(AX) = X x Spec(A) 5 Spec(R(G) @ A) — Spec(A)

and Spec(R(G) ® A) is a quotient space of Spec(AX). We want to know which
equivalence classes of Spec(R(G) ® A) consist of more than one point.
First a lemma which restricts the primes we need to look at.

Lemma 3.2.2. If a prime p divides [AX : R(G) ® A], then it divides g = #G.

Proof. For this proof we use the generalized notion of discriminant from a book
by Serre, which defines the discriminant and index for lattices over a Dedekind
domain [5, chap. III, sect. 2]. We will denote the discriminant of a lattice L over
the Dedekind domain A as A4 (L) and the index of lattice L and L’ as [L : L] 4.

From [5, chap. III, sect. 2, prop. 5] we have the following formula for lattices
L' C L over A

AA(L") = Aa(D)L : L'A. (3.1)
Using this formula for L = A% and L' = R(G) ® A and proposition 2.2.2, we

obtain

#X
[A* 1 R(G) ® A]* = [A¥ : R(G) ® A} = AA(Ai((GXX@)) - <H ; X #’I) '

O

So, according to proposition 3.1.6, if a prime p of A does not divide the order of
G, then the equivalence classes of Spec(R(G) ® A) above p consist of one element.
Next, we will calculate Spec(R(G) ® A) in the same way as [4, sect. 11.4].

Lemma 3.2.3. Let p be a prime number and G a finite group, then each x € G can
be written in a unique way as T = x,x, where T, is a p-unipotent element, that is,
it has order a power of p and x, is a p-regular element, that is, it has order prime
to p.

Proof. To see that there is a pair x,, and z,, decompose the cyclic subgroup gener-
ated by x as a direct product Hy x Hs of two subgroups, where the order of H; is
a power of p and the order of Hj is prime to p.

To see this is the only way, suppose x = x,x,, with =, a p-unipotent element
and x, a p-regular element. Let H; be the subgroup generated by = and let Hy be
the subgroup generated by z, and z,. Both H; and Hs are cyclic of order ord(z).
Since x € Hy, we have Hy = Hs, so x, and x, are powers of x.

O

The element x, (respectively x,.) is called the p-component (respectively the
p’-component) of z. Note that z, and z, commute.

Lemma 3.2.4. Let p be a prime of A with char(A/p) = p, let x be the image of an
element of R(G) ® A in AX, let x € G, and let x, be the p'-component of x. Then

x(z) = x(z,) mod p.

Proof. The character x is also the character of an element of R(H) ® A for every
subgroup H of G. We will prove the lemma using the subgroup generated by =,
which we will call H. Now x = x|g = >, aiXi, with a; € A and x; running over
the distinct characters of degree 1 of H. If ¢ is a sufficiently large power of the
norm of p, we have 27 = 2 and thus x;(z)? = x;(x,)? for all 7. Therefore x(z)? =
(5 ana(@)t = 3, alxi(@)? = 5, alxilw,)? = (3, aixi(@)? = x(@,)? mod p,
hence x(z) = x(x,) mod p, since a? = a mod p for all a € A. O
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Lemma 3.2.5. Let x be a p'-element of G, that is, an element of order coprime
to p. Then there is an element M € R(G) ® A for which the character has the
following properties:

x(z) # Omodp
x(s) = 0 for each p'-element of G which is not conjugate to x.

Proof. [4, sect. 10.3, lemma 8] O

Theorem 3.2.6. Let p be a prime ideal of A and p the characteristic of A/p,
furthermore let ¢c1 and co be conjugacy classes of G. Let ¢} (respectively c) be the
class consisting of the p’-components of the elements of ¢1 (respectively co). Let
be that map X x Spec(A) — Spec(R(G) ® A) defined previously. Then we have
mw(e1,p) = w(ca, p) if and only if ¢| = cb.

Proof. According to proposition 3.1.7, the two primes m(c1,p) and 7(ca,p) are the
same if and only if for all simple C[G]-modules S we have xs(c1) = xs(c2) mod p.
If ¢} = ¢}, lemma 3.2.4 shows that for every C[G]-module M we have Trps(c1) =
Tra(c)) = Tras(ch) = Tras(c2) mod p, hence m(c1,p) = 7(ca, p).
If ¢} # b, then lemma 3.2.5 gives an element M € R(G) ® A, such that its
character y satisfies

x(c1) # Omodp

X(C/Q) = 0,
which implies there is a simple module S for which xs(c1) # xs(c2) mod p, hence
m(c1,p) # m(c2,p). [

Example 3.2.7.

Let G be Ss, the symmetric group on three elements, then #G = 6, so according
to lemma 3.2.2 it suffices to look at primes of residue-characteristic 2 or 3. In the

following table are the p’-components for p equal 2 or 3 for all conjugacy classes
of G.

conjugacy class | (1) (12)
n O
1

1

1
1)

[\)

3
3

—~
~—

\V]

—~
~—
—~
—~
~—

p=2
p=3

12)

—~
~—
—~
—~

So, for all p of A of residue-characteristic 2, we have 7((1),p) = m((12),p) and
for all p of A of residue-characteristic 3, we have 7((1),p) = 7((123),p).

We could also have calculated this spectrum using proposition 3.1.7. Since all
the characters of S3 have image in Z3, we would have gotten the same result for
R(S3). So the spectrum of R(S3) looks like
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(1)

(12)

(123)

The spectrum of R(S3 ® A) looks the same, with the exception that there are
more primes of residue-characteristic 2 or 3.

The spectrum we obtained in the previous example is connected. The following
theorem tells us this is the case for all finite groups.

Theorem 3.2.8. The spectrum Spec(R(G)®A) is connected in the Zariski topology.

Proof. Let x be an element of G and let plfl pSQ e pfl be the prime decomposition

of the order of z.

The element x can be written as x = z,x,, where =, has order a power of p
and z, has order prime to p. Using this for every prime, we get x = zp, 2}, ... Zp,,
where x,, has order pl.

Since  and xp, ... xp, have the same p’-components, theorem 3.2.6 tells us that
(T, p1) and (Tp, ---Tp,, P1) are in the same equivalence class of R(G) ® A.

Furthermore 7({y} x Spec(A)) is connected for all y € X, since it is isomorphic to
Spec(A4). So, continuing in the same way, we obtain that (T, Spec(A)) is connected
to m(1, Spec(A)). So Spec(R(G) ® A) is connected.

Corollary 3.2.9. The spectrum Spec(R(G)) is connected in the Zariski topology.

Proof. From the ring homomorphism R(G) — R(G) ® A we obtain a surjective
continuous map Spec(R(G) ® A) — Spec(R(G)). The spectrum Spec(R(G)) is the
image of a connected space under a continuous map and is therefore connected. O

3.3 The spectrum of the center of the group ring
For the spectrum of A(G) ® A we will give a criterion for when an equivalence class

certainly consists of more than one element.
We want to embed A(G) ® A in AS, for that we will use the following lemma.

Lemma 3.3.1. Let x € X be a conjugacy class of G, then #zSXS(x) € A.

dimc
Proof. From lemma 3.2.1 we know that yg(z) € A. Furthermore, the characteristic
polynomial of the matrix of the map
AG) AG)
c

—
—  CzC.

is monic and ¢, is a zero of it and therefore is ¢, integral over Z. Since Tnc S xs(x) is

the scalar by which ¢, acts on S, we have diﬁ% Xs(x) integral over Z and therefore
it is an element of A. O
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So, we can embed A(G) ® A in A® with the A-algebra homomorphisms

A— AG)®A — AS
a— 1®a

#x
: ®1 - .
€z ® '_) (dlm(c SXS(Q:)> ses

So we have continuous maps

Spec(AS) = S x Spec(A) = Spec(A(G) @ A) — Spec(A).

We want to know for which elements of Spec(A®) we have 7(My,p) = 7(Ma,p).
First a lemma which restricts the primes we need to look at.

Lemma 3.3.2. If a prime p divides [AX : A(G) @ A], then it divides g = #G.

Proof. Using formula 3.1 for L = AX and L' = A(G) ® A, and proposition 2.2.3 we
obtain

X . s AaAG)®A) g** Tex #o
AT MDA =T T (e dime )7

O

So, according to proposition 3.1.6, if a prime p doesn’t divide the order of G,
then the equivalence classes of Spec(A(G) ® A) above p consist of one element.

Theorem 3.3.3. Let M and N be two A[G]-modules, such that M ®4 C and
N ®4 C are simple C[G]-modules and let p be a non-zero prime of A. Define
M=M®aA/pA and N = N @4 A/pA. If M and N have a common non-trivial
A/pA-subquotient then w(M,p) = w(N,p).

Proof. Each element ¢ € A(G) ® A acts as a scalar of A on M and N, therefore ¢
will act as a scalar of A/pA on M and N, say cy; and cy respectively.

According to proposition 3.1.7, the two primes (M, p) and 7(V, p) are the same
if for all ¢ € A(G) ® A we have ¢y = cn.

If M and N have a non-trivial common subquotient then each c acts as a scalar
on that subquotient, say cg. We get cpr = cs = cn. O

Note: if M and N have a non-trivial common subquotient, then they certainly
have a common simple subquotient, so it suffices to look at simple subquotients of
M and N.

It is proven in [4, section 15.2] that for each simple C[G]-module M¢ we can find
an A[G]-module M 4, such that M4 ® C = M¢ and that its simple subquotients do
not depend on the choice of My4. So it is sufficient to construct one A[G]-module
for each simple C[G]-module and compare only those modules.

Example 3.3.4.

Again, let G be S3, then #G = 6, so according to lemma 3.3.2 it suffices to look at
primes of residue-characteristic 2 or 3.

Recall from section 2.1 the three simple modules M7, M, and M3. The A[G]-mo-
dules we will use are the module generated by 1 for M; and M.. For Ms we will
use the A[G]-module generated by v; and vs.

For primes of residue-characteristic 2 the modules M; and M, are equal, since
(1,1,1) = (1,—1,1) in (Z/2Z)3. So they certainly have a common non-trivial sub-
quotient.

The module M, does not have a common non-trivial subquotient with M; or
M., since if it would, then there would be a submodule of dimension 1 for which
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(123) acts trivially. There is no such submodule, since My consists of four elements,
0,v1, v2 and vy + vg, and (12 3) acts as a cyclic permutation of vy, v and v1 + vs.

For primes of residue-characteristic 3, let N be the submodule of M; spanned by
v1 + 2vg, then G acts as the sign on N, since (12)-v1 4 2ve = va +2v1 = —(v1 +2v2)
and (123)- vy +2vy = vy + 203 = vg + 2(—v; — v2) = v1 +2v2. So My and M, have
a common non-trivial subquotient.

Furthermore, G acts on My/N trivially, since we have (12) - vy N = v N =
(v +v1 +2v2)N = vy N and (123)- vy N = vaN = v N. So My and M; also have
a common non-trivial subquotient.

Note that A; and M, do not have a common non-trivial subquotient, since

1,1,1) # (1,—1,1) in (Z/3Z)3. Still, for primes of residue-characteristic 3, we have
m(Mip) = m(Ma,p) = m(Me, p). .

Apparently, the relation ‘M and N have a common non-trivial subquotient’ is
not transitive, so we need to take the transitive closure to get an quotient space of
Spec(A®). This space is an approximation of Spec(A(G) @ A).

Let us call the spectrum we just calculated Spec(B’). From theorem 3.3.3 we
know we have surjective continuous maps Spec(AS) — Spec(B’) — Spec(A(S3)®A).

In fact we have Spec(B’) = Spec(A(S3) ® A), since we could also have cal-
culated the spectrum of A(S3) ® A using proposition 3.1.7. Since we know from
example 2.1.4 that A(S3)® A has image in Z3, we would have gotten the same result
for Spec(A(Ss3)), which we calculated in example 3.1.8.

Both Spec(A(S3)) and Spec(B’) look like

2 3

There are more groups for which theorem 3.3.3 gives not only a necessary, but
also sufficient condition, but it is not known to the author whether this is true for
all groups.

The example tells us that Spec(A(Ss3)) is connected. This is the case for all
groups as we shall see from theorem 3.3.8. First some lemmas we need to prove this
theorem.

Definition 3.3.5. A ring R is local if is has a unique mazimal left ideal and a
unique mazimal right ideal and these two ideals coincide [6, thm. 1.8.4).

Lemma 3.3.6. Let H be a group of order p* with p a prime. The ring F,[H] is a
local ring.

Proof. Let m be a maximal left ideal of F,[H]. Let I be the ideal generated by
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{h —1:h e H}; it is the kernel of the map

FplH] — F,

Zahh — Zah,
h h

so I is a maximal ideal. Let m be a maximal left ideal of F),[H]. Now, M =TF,[H|/m
is a simple left F,[H]-module. From [3, chap. I, thm 6.5] we know that the center
of H contains a non-trivial element ¢. Since ¢?* = 1, for some k, we have (c—l)p’c =0
in Fy[H]. So the left module automorphism

oM — M
m — (c—1)m

is not surjective. Therefore is the image of ¢ equal to 0. So ¢ acts trivially on M
and M is a simple F,[H/(c)]-module, where (c) is the subgroup of H generated
by c.

By induction to the order of H, we get that M is a simple Fp-module and
I'=(h—1:he€ H)Cm. Since I is maximal, we have I = m.

In the same way we prove that I is the unique maximal right ideal and therefore
is F,[H] a local ring. O

Lemma 3.3.7. Let G be a finite group and let P be a finitely generated projective
Z|G]-module, then #G divides the Z-rank of P.

Proof. Let p be a prime dividing the order of G. Let H be the Sylow-p-group of G,
then P is also a Z[H]-module.

The module P ® F,, is a projective F,[H|-module. From the above lemma we
know that F),[H] is a local ring, so P is a free module [6, th. 1.3.11] and the rank
of P is a multiple of #H. Since this is true for all primes p we have #G dividing
the Z-rank of P. O

Theorem 3.3.8. Let G be a finite group, then Spec(A(G)) is connected in the
Zariski topology.

Proof. Suppose Spec(A(G)) is not connected, then we can write A(G) = L1 @ Lo,
with L; and Ls proper quotient rings of A(G). Let e be the unit of L1, then we can
write A(G) =e- A(G) @ (1 — e)A(G), with e not 0 or 1.

The module e-Z[G] is a finitely generated projective Z[G]-module of rank which
does not divide #G. This is a contradiction with the previous lemma. O
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Chapter 4

Comparison of (Q-algebras

In this final chapter we view our rings over Q. We will give an equivalence between
two categories. The first will generalize the idea of a character table, the second
one will consist of a pairing between two abelian finite étale algebras. From this
equivalence we will see that R(G) ® Q and A(G) ® Q are abelian finite étale Q-
algebras which are Brauer equivalent. In this chapter we will use several notions
from category theory. For definitions, see [2, chap. 2].

4.1 Q-algebras

We are going to examine the rings R(G) ® Q and A(G) ® Q. By tensoring the
homomorphism 2.3 with Q, we obtain the following Q-algebra isomorphism

R(G) ®Q = Q-span rows (Trs(0)) g, € C¥.

Since we are taking the Q-span of the rows, we can multiply a row with a
number from Q, without changing the algebra, so we may replace (Trg(o))g , by

Trs(o) :
(dimc S)S i to obtain

R(G) ® Q = Q-span rows TL(U) c C¥.
dimc S /¢,

In the same way, by tensoring the homomorphism 2.2 with @, we obtain the
Q-algebra isomorphism

A(G) ® Q = Q-span columns <Tr5(a)%> c CS.
S,o

We can replace (Trs(cr) fi‘f}g)s by (‘;[:r‘iégg)s to obtain

s

A(G) ® Q = Q-span columns TITS(U) c CS.
dim S S.o

So the C-valued matrix (Td\riil(?)s has the property that both the Q-span of

the rows and the Q-span of the columns is a ring. We are going the study this kind
of matrices and see what we can tell about the Q-spans of rows and columns.
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4.2 Finite abelian étale algebras

First we need some new terminology and theory about abelian finite étale algebras.

Let K be a field, K an algebraic closure of K. Let K*? be the maximal
separable extension of K within K and K% C K*° the maximal abelian extension
of K within K*P. Let T' and I'% be the Galois groups of K*/K and K%/K

respectively.

A finite étale K-algebra is a finite product | ; i where the E; are finite separable
field extensions of K. An abelian finite étale K-algebra is a finite étale K-algebra
where the field extensions are abelian over K.

Lemma 4.2.1. Let E be a abelian finite étale K -algebra.

1. There is a unique T'*-action on the set E, such that every K -algebra homo-
morphism E — K is T equivariant.

2. For this T%-action the map

E

E
e ve

N
N
is a K -algebra homomorphism for all v € T,

Proof. Let E; be a finite abelian extension of K. Let o1 : E; — K ab he a K -algebra
homomorphism.

1. The only action of I'®* on E; which satisfies the requirements is

r'*x g, — E

(v,e) +— 0'1_1"/016.

We want to prove that this action is independent of the choice of o;. Let
0y : B; — K be another K-algebra homomorphism. There is a 4 € T'%* such
that o9 = Yo1. We now have
I xEg, — E
(v.e) = o3 'qoze

=057 qone

= o7 "7 Fore

=0y Lvore.

So the action on F; is independent of the choice of o.

Since every K-algebra homomorphism E — K% is composed of a projection
E — FE; and a K-algebra homomorphism E; — K, the only action of I'#
on E which satisfies the requirements is the componentwise action on the F;.

2. A projection £ — E; and the map

I x g, — K

(v,e) — of'yoie

are K-algebra homomorphisms.
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4.3 Two categories

In this section we define two categories.

Let L be a field, such that K € L.

Define the category C in the following way. The objects of C are triples (S, T, A)
with S and 7" finite sets and A = [ast] c5,cr € Map(S x T', L) an invertible ma-
trix such that >, K(s-th row of A) C LT and Y, K(t-th column of A) C L* are
subrings.

A morphism (5,7, A) — (S’,T', A") consists of a map ¢g : S" — S and a map
¢r 2 T — T’ such that ayg sy = a;,¢T(t) forall s’ € S',teT.

It usually easier to think of a C-morphism as a diagram.

T L
¢s l ér l idg
A/
L
Example 4.3.1.

We take K = Q. Let a and b be non-zero natural numbers. Take for S and T the
set {1,2,3,4,5,6,7} and

1 1 1 1 0 0 O
va o Va  —Ja —/a 1 0 0
—/a —va a a1 .00
A= Vb Vb Vb —vb 0 1 0
b Vb —Vb Vb 0 1 0
Vab  —Vab —Vab Vab 0 0 1
—Vab  Vab  Vab —vab 0 0 1

Then (S,T, A) is an element of C. To see this we need to show:
1. the element (1,1,1,1,1,1,1) is in the row space.
2. the element (1,1,1,1,1,1,1) is in the column space.
3. if we multiply two rows we get a Q-linear combination of the rows.
4. if we multiply two columns we get a Q-linear combination of the columns.
5. the matrix A is invertible.
Let r; be the i-th row of A and ¢; the j-th column.
1. We have: (1,1,1,1,1,1,1) =ry + 3 (ra+r3+ra+rs5 + 76 +77).
2. We have: (1,1,1,1,1,1,1) = 1 (1 + ca + c5 + ca) + ¢5 + ¢ + 7.

3. There are several types of rows. Below is for every combination of types one

example.
reeTy = T1,
1
rieTey = 5(?‘2—7“3),
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1
ro Ty = aT1+§(T2+T3)7

ro-rg = ar4—§(7“4+7"5).

4. There are several types of columns. Below is for every combination of types
one example.

1

c1-cg = 1 (c1 + ca + ¢34+ ca) + acs — beg — abey,
1

Cc1:C = 1(01+C2+C3+64),

C5:C5 = Cs,

C;-Cg — 0.

5. The determinant of A is 128ab.

Now, define the category D. The objects of D are triples (E, F, (-,-)) where FE
and F are abelian finite étale K-algebras, and (-,-) is a non-degenerate K-bilinear
pairing

ExF &) ko,

which satisfies (ye, f) = (e,vf) = v(e,f) for all e € E,f € F and v € I'*.
A morphism (E, F,(-,-)) — (E’,F’,{-,-)’) consists of K-algebra homomorphisms
¢ : E' — E and ¢p : F — F’ such that (¢pg(e’), f) = (¢/,or(f)) for all ¢’ € E
and f € F.

It usually easier to think of a D-morphism as a diagram.

<'7'>
E x F—> Koab
¢E ¢F idKab
<'7 '>/

EI X F/ — > Kab

Example 4.3.2.
We take K = Q. Let a and b be two non-square integers. Take

E=Q x Q(va) x Q(vb) x Q(Vab)
and
F =Q(va, Vb) x Q°.
The pairing will be defined by setting
e = (t,u+vva,w+ zVb,y + zVab) € E

and
f={+vVa+a2'Vo+2Vabu' w',y) e F

and taking

(,):ExF — Q%
(e,f) — tt'+uu +ovv'va+ww + 22’ Vb +yy + z2'Vab.
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The triple (E, F,(-,)) is an element of D. To see this we need to show that

(ve, f) = (e,vf) = v(e, f) for all y € T*.
The only elements of I'*” we need to consider are

n: (Va—+a,vVb— —Vb),
Yo (\/E—>—\/E,\/E—> \/5) and
v (Va— —va,vb— —Vb).

We have

(e, f) = (e, f) = mle f) = tt' +ud’ + vv'Va+ww' —22'Vb+yy' — 22'Vab,
(pse ) = (esiaf) = valen f) = '+ ud — o0/ va + ww + 22V + gyl — 22'ab,
(vse, f) = (e,vsf) = ysle, ) = tt' + ' —vv'va+ ww' — 22’ Vb + yy' + 22'Vab.

4.4 An equivalence of categories

We are going to give an equivalence between the categories C and D, defined in the
previous section. First we will construct a functor C — D. Theorem 4.4.6 will later
tell us this functor is an equivalence.

Lemma 4.4.1. Let (S,T,A) be an object of C, define E = > K (s-th row of A)
and F =3, K(t-th column of A) then (E,F,(-,-)), with (-,-) defined through

ExF &l g

(s-th row of A,t-th column of A) +— ag forallse S,teT

is an element of D.

Proof. First observe that the rows of A generate a ring of finite dimension over K,
therefore, all of the elements of A are algebraic.

Write eg = s-th row of A for s € S, and f; = ¢-th column of A, for ¢t € T'. Write
X = Hompg-a,(E, L) and Y = Homg_a1g(F, L).

Let t € T and let m; : LT — L be the projection on the ¢-th coordinate. Define
a K-algebra morphism z; : E — L, such that the following diagram of K-algebra
morphisms commutes.

E——7T
Tt

Tt
K—> L

We have z4(es) = ag for all s € S and ¢t € T. All the z; are elements of X and
since no two columns of A are the same, all these maps are different. We obtain
#X >n=dimg F.

Since E is Artinian, we obtain from [3, chap. X, thm. 7.7] that E is the direct
product of local, Artinian rings, E = [], F;. Let m be the maximal ideal of E;.
The sequence m D m? D m3 O ... has a finite number of ideals, therefore we get
from Nakayama’s lemma [3, chap. X, lemma 4.1] that m* = 0 for some k. We get
m is nilpotent. Since L” has no nilpotent elements, £; has no nilpotent element.
Som = 0 and F; is a field. We obtain F is a finite product of finite field extensions
of K.
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‘We now have
dimK E S #X = #HomK—alg (E, L)
= Z #Homaig (B, L)

IA

> #Homg (E;, K)

(*)
< Y dimg E; = dimg E.

So we obtain equality at (*). Therefore all of the E; are separable [3, chap. V, sect. 4].
We now have ag € K*°P for all s € S,t € T
Observe that X = {x;, : t € T'}. We can let I" act on X in the following way.

I'xX — X
(v, @) = o

For all t € T we have f; = (ast)ses = (x1(es))ses. Let K[X] be the permutation
module of X, in other words the K[I']-module with basis X. We have a K-module
isomorphism

F C (K*)®
(m(es))ses

x
and since i(yz) = ((yz)(es))s = (v(z(es)))s = iz for all v € T, we see that ¢
is a K[I'J-module isomorphism. In the same way we can define a K[[']-module
isomorphism K[Y] — E C (K*°r)".

Now we have v(es, ft) = v(x:(es)) = (yx+)(es) = {(es,vf+) and in the same way
v{es, fr) = (ves, ft) forally e, s € Sand t € T.

Since {es : s € S} and {f; : t € T} are bases for E and F, we can extend their
this property to E and F. So, we have (e,vf) = v{e, f) = {(ve, f) for all v € T,
ecFand feF.

i K[X]

—
—

Now, we have

nyele f) = rinef)
= (ne,7f)
= (e ef)
= mmle f) forally,ypel,ecE, feF.
The action of IT' factors via its abelian quotient I'**. Therefore we can factor all
our I'-actions through I'®. The algebras E and F are abelian finite étale algebras.
and our constructed ['**-action on E satisfies z(ve) = y(z(e)) forally € ' e € E

and x € X. So this action is the unique I'-action on F from lemma 4.2.1. The same
holds for the I'**-action on F. O

Given a morphism (S, T, A) — (8", 7", A") of C, let (E, F,{-,-)) and (E’, F’, (-, -)")
be the objects of D acquired via the process in lemma 4.4.1.
From the map ¢g : §" — S we define an induced map

o5 (K*)° — (k)
(as)ses — (apg(s')ses
For all columns f; of A we have ¢§(fi) = ¢5((ast)s) = (aps(s)t), = (a's'or(t))L,
which is the ¢7(t)-th column of A, so we can restrict ¢§ to F'. We have a map
¢ F — F.
In the same way, from the map ¢ : T — T’ we can construct amap ¢g : ' — E
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Lemma 4.4.2. The maps ¢ and ¢r are a morphism (E, F,{-,-)) — (E', F',(-,)")
of D.

Proof. First we shall prove that ¢p is a K-algebra homomorphism. It is a ring
homomorphism, since it is a restriction of ¢§. So it suffices to show that for all
y" € Hompg_a1g (F”, K%) we have ¢py’ € Hom ka1 (F, Kab).

From the proof of lemma 4.4.1 we know that every y’ € Homg_ag(F', K) is

L L . s
the restriction of a projection on one of the coordinates of (K “b) So we have the
following commutative diagram

C
F————> (k)

or lfg

C /
F/ — > (Kab) S
y 6
Kab

S

\

and since the map ¢§., is the projection on the ¢g(s’)-th coordinate, the map ¢py.,
is an element of Hom g_a1 (F, Kab).

In the same way, we prove that ¢p is a K-algebra morphism.

It remains to show that (pg(e’), f) = (¢/,or(f)) for alle’ € E' and f € F.

Let ey, € E' be the s’-th row of A’ and f; € F the t-th columns of A. We have
seen that ¢r(ft) is the ¢r(¢)-th column of A’ and in the same way is ¢g(es ) the
¢s(s’)-the row of A. So we have

<¢E(es’)a ft> = Qpg(s)t = As'pp(t) = <es’a¢F(ft)>

and since {ey : s’ € S’} are a basis of F and {f; : t € T} are a basis of F, the
identity (¢g(e'), f) = (¢, or(f)) is true for all ¢’ € E' and f € F
O

Define the functor ¢ : C — D as follows: on objects it applies the process in
lemma 4.4.1, on morphisms it applies the process in lemma 4.4.2.

Now we are going to construct a functor D — C. This functor will become the
inverse of 1. We first show that E and F' have a natural basis. The Gram-matrix
(-,-) with respect to these bases is the matrix of the associated element of C.

Let (E, F,{(-,-)) be an object of D.
We can give X = Hompg 1. (E, Ka) a I'®-action by

M xx — X
(v,z) = ~youwz.

From the pairing (-, ) we can define an isomorphism

F — Hompgra(E, K°)
fo= (em=de f)
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Since the action of T on F is the same via every x € X we have x(ye) = vx(e)
forall z € X,y €Ile € E. So X C HomK[Fab](E,K‘lb). For every x € X, let
fz € F be such that z(e) = (e, f,) for all e € E.

Furthermore, since #X = dimg E = dimg F and {f, : € X} is K-linearly
independent [3, chap. 6, sect. 4], the set {f, : € X} is a K-basis of F.

In the same way, for every y € Y = Homg_aig(F, K%), let ¢, € E be such that
y(f) = (ey, f) for all f € F. Then {e, : y € Y} is a K-basis for E.

Lemma 4.4.3. The triple (Y, X, A), with A = ({ey, fz))yev,zcx is an element of C.

Proof. Since {f, : ® € X} is a basis for F, a linear combination of the rows is 0 if
and only if the map F — K it represents, is the zero map. Since {e, : y € Y}
is linearly independent, this can only happen when all coefficients are 0. So A is
invertible.

We have a ring isomorphism

E — Y E(ley fo)

ey = ((ey fa))e

So the row span of A is a ring. The column span of A is isomorphic to F, so it is a
ring. O

Lemma 4.4.4. Let ¢ : E' — E and ¢p : ' — F' be K-algebra morphisms, such
that (E, F, (-,)) — (E', F',{-,-)") is a morphism of D, let (Y, X, A) and (Y', X', A")
be the objects of C acquired via the process in lemma 4.4.3.

The maps
oy Y — Y
y o~ y'ér
and
ox X X’

= oop
give a morphism (Y, X, A) — (Y', X', A") of C.
Proof. For all y € Y,z € X, we have

Uy ()e = oy () fo) = (eyor, fo) =V (br(f2)) = (ey, or(f2))
(DE(ey), fo) = x(dr(ey)) = (e, foor) = (v fox @)

o /
= Oygx(a)

O

Define the functor ¢’ : D — C as follows: on objects it applies the process in
lemma 4.4.3, on morphisms it applies the process in lemma 4.4.4.

Example 4.4.5.

The triple (S,7T, A) from example 4.3.1 is mapped by ¢ to an element isomorphic
to the triple (E, F, (-,-)) from example 4.3.2.
To see this we will first calculate Hom(F, Q“b). Then, using the isomorphism

F — Homppa)(E, K*)
o= (e=(e )
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we will find the appropriate basis of F'. Using the same notation as example 4.3.2
we have

Hom(E,Q%) | corresponding element of F
p—— 1,0,0,0)

e—u+uvya | (1a,1,0,0)

e—u—uvya | (—/a,1,0,0)

e—w+azvb | (vb,0,1,0)

er—w—azvb | (—vb,0,1,0)

ey +zvab | (Vab,0,0,1)

ey —zvab | (—Vab,0,0,1)

The same calculations for Hom(F, Q%*) and FE gives
Hom(F, Q) corresponding element of F
f=t+vVa+2'Vo+2'Vab | (1,/a, Vb, Vab)
f»—>t/+U/\/a—$l\/E—Z/\/% (1,\/6, \/Z_), \/%)
frt —v'\Ja+2'Vb—2'Vab | (1,—/a, b, —Vab)
fr=t —v'a—a'vVb+2Vab | (1,—/a,—vb,\ab)
f=u (0,1,0,0)
f=u (0,0,1,0)

(0,0,0,1

=y

For these two basis the matrix ({ey, fz)) is A.

Now we have all the ingredients for the following theorem.

Theorem 4.4.6. The functor ¢ is an equivalence between C and D and v’ is its
inverse.

Proof. We need to show the following:
1. The objects (S,T, A) and ' (S, T, A) are isomorphic.
2. The objects (E, F, (-,-)) and ¢/ (E, F, (-, -)) are isomorphic.

3. There is a natural isomorphism 7 : idc — 1'%, which assigns to every element
(8,7, A) of C a morphism of C, which we will denote by 7(s.7,4) : (S,T,A) —
Y'(S, T, A), such that for all C-morphism ¢ : (S,T,A4) — (5,7, A") the
following diagram commutes

T(S,T,A)
(S, T,A) ———> YP'Y(S,T,A)

lg lww@)
7-(S’,T/,A/)

(8,1, A") ——— Y'Y(S", T, A)

4. There is a natural isomorphism 7 : idp — 1)/, which assigns to every ele-
ment (E, F,(-,-)) of D a morphism of D, which we will denote by 7(g r,(...) :
(E,F,{(-,")) = ¢Y'¢(E, F,{-,-)), such that for all D-morphismd : (E, F, (-, ")) —
(E',F',{-,-)") the following diagram commutes
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T(B,F ()
(E7F7<'7'>) > ¢W(E1Fa<'a'>)

| o
T(EF'())

(E/vFlv <'7 >/) > '@[Jw/(ElaF/v <'7 >/)

1. Using notation from lemma 4.4.3, we write ¥(S,T,A) = (E,F,(-,-)) and
Y(EF,(0) = (Y, X, ((ey, f2)))-

Using the notation from lemma 4.4.1, we define the bijections

or:T — X
t — oz (4.1)
and
¢5':S — Y
S Y (4.2)

Observe that

SO €y, = €5 = €44(y,)- In the same way we have f; = fz, = f4,(1). Therefore
we have (ey, for (1)) = (Cps(ye)s ft) = Gpg(yoye forally €Y, t € T.

So (¢g, ¢r) is a C-isomorphism.

2. Using notation from lemma 4.4.3, write ¢'(E, F, (-,-)) = (Y, X, ({ey, f2))) and
1# (K X, (<ey7 fw>)) = (Gv Hv <'7 >2)

Using the notation from lemmas 4.4.1 and 4.4.3, we define the K-linear maps

¢p:G — E
gy ey (4.3)
and
op:F — H
fo —  hg. (4.4)

Remember that g, is the y-th row of the matrix ((ey, fz)) and e, is the element
of E such that y(f) = (ey, f) for all f € F.

Observe that (¢p(gy), fo) = (ey, fa) = (9y, ha)2 = (9ydr(fs))2 for ally €Y,
x € X. Therefore (pr(g), f) = (g, ¢r(f))2 forall ge G, f € F.

Forallz € X, g € G, we have 20 (g) = (¢5(9), f2) = (9, 0r(f2))2 = (9, he)2,
so for all z € X is z¢r € Hom(G, K%). So ¢ is a K-algebra morphism. In
the same way we prove that ¢ is a K-algebra morphism.

3. Let 7(s,1,4) = (ds,¢7), With ¢ from 4.1 and ¢s from 4.2, for all C-objects

(S,T,A). Write g = (gs,9r) and ¥(g) = (9g, gr) and ¥'¢(g) = ((9v, 9x)).
Write ¢y (S", T, A") = (Y, X', B"). We need to prove that for all t € T we

have gx (ér)(t) = ¢/ g7(t).
We have gx (¢7)(t) = gx (z¢) = 2tgp. From the commutative diagram
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1Er B —> (Kab)T,

Kab T

C
E———> (K*)
JN /ﬁ
Kab
we see that 2:9r = T g7iE = Ty, (1)iE = Tgp(r) = T/ 97(1).
In the same way we prove that gsds: (v') = ¢psgy (y') for all y' € Y.

4. Let g, r(,)) = (¢, ¢r), with ¢p from 4.3 and ¢r from 4.4, for all D-
objects (E, F,(.,.)).Write d = (9g, gr) and ¥'(d) = (dy,dx) and ¥¢'(d) =
((dg,dg)). Write Yo' (E', F',(.,.)) = (G',H',{.,.)3) We need to prove that
for all f € F' we have ngbF(f) = ¢F/dp(f)

For all # € X we have dy¢p(f.) = dy(hs). With iy : H — KaY and

igr s H — K" the inclusions from lemma 4.4.3, we get
dyipg(he) = dy ((ey, fa))y = ((eq,(y)s fo))yey

(<ey’dpvfz>)y’ = (<€y’dpvfz>)y’ = (yldF(fz))y’
= (<ey’7 dF(fw)>/)y’ = iH’(bF’dF(fw)'

SO, dH(hz) = ¢F’dF(fgc) for all x € X. Therefore dH(bF(f) = ¢F/dp(f) for
all feF.

In the same way we prove that dpop/ (¢") = ¢rda(g’) for all ¢’ € G'.

imdp ()

4.5 Brauer equivalence

The category D is related to Brauer equivalence, as we show in the next section.
For this section we require char K = 0.

Let E and F be two finite etale K-algebras, then X = Hom(E, K*®P) and
Y = Hom(F, K*%) are I'-sets. Define for v € T the set XV = {z € X : y(z) = x}.

Definition 4.5.1. The finite etale algebras E and F are Brauer equivalent if X and
Y are linearly equivalent, which means that for all v € T' we have #X ) = #Y 1),

Lemma 4.5.2. If K[X] =g K[Y] then X and Y are linearly equivalent.

Proof. For all v € T let Trx(y) be the trace of v on K[X]. The action of v on
K[X] is a permutation of X, therefore Trx(y) = #X ). So #X(" = Trx(y) =
Try (v) = #Y 0. O
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Theorem 4.5.3. If (E,F,{(-,-)) € D, then E and F are Brauer equivalent.

Proof. According to lemma 4.5.2 it suffices to prove that K[X] =g K[Y]. Since
in this case E' and F' are abelian, we need to prove that K[X] =y pa K[Y].

Write E =[], E; as a product of fields and define X; = Hom(E;, K°). Accord-
ing to the normal basis theorem [3, chap. VI, thm 13.1] we have

B =B = [[ KX = K [H Xl} = K[X].

Furthermore, from the proof of lemma 4.4.1, we know that E = ra K[Y]. O

For a finite étale Q-algebra E = [[, E; we define the ring of integers Op as
[L; Of,, where Og, is the ring of integers of E;. Define the discriminant of Of as

[, AOg,.
If F and F are two finite étale algebras which are Brauer equivalent, then the
discriminants of their rings of integers are equal [5, chap. VI, sect. 3].

Example 4.5.4.
From example 4.3.2 we get that Q x Q(v/a) x Q(v/b) x Q(v/ab) and Q(\/a, vb) x Q3

are Brauer equivalent.
Furthermore, we have A ((’)Q(ﬁ)) ‘A (OQ(\/B)) -A (OQ(\/E)) =A (OQ(ﬁ,ﬁ))'
4.6 (Q-algebras, continuation

As we have seen in section 4.1, for every finite group G the triple

A(G) = (s, X, <’flifn(?>sx>

is an element of C. We now have the following corollaries from the theory in sec-
tions 4.3-4.5.

Corollary 4.6.1. The Q-algebras R(G) @ Q and A(G) ® Q are abelian finite étale
Q-algebras with a natural T*-action. The Q-bilinear pairing

(e RGO ®QXxAG)®Q — Q¥

satisfies ¥(M, c)g = (YM, c)g = (M, yc)g for all v € Gal (Q*/Q),M € R(G)®Q
and ¢ € A(G) ® Q.

Proof. The triple (R(G) ® Q,A(G) ® Q, (,-)¢) is the image of A(G) under ¢. Ac-
cording to lemma 4.4.1 it is an element of D. O

for Se S zxeX.

Note that a different scaling of the character table would not have the properties
we want, for example, the Q-span of the rows of (Trg(z)) 5. 18 a subring of C¥, but

the Q-span of the columns is not in general a subring of CS. In fact the only scaling
we can do which keeps both rows span and column span a subring, is multiplying
the entire matrix with a constant from Q.

Corollary 4.6.2. The Q-algebras R(G) ® Q and A(G) ® Q are Brauer equivalent.
Proof. The triple (R(G) ® Q,A(G) ® Q, (,")¢) is an element of D. Lemma 4.5.3
tells us that R(G) ® Q and A(G) ® Q are Brauer equivalent. O
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We now also have that the discriminant of the rings of integers of R(G)® Q and
A(G) ® Q are equal. Remember that the discriminants of R(G) and A(G) are not
always equal, as we have seen in section 2.2.

The rings R(G) ® Q and A(G) ® Q are not always isomorphic. Counterexamples
for 2-groups can be found in [7].

Finally, we give an example of morphisms of C and D which occur in represen-
tation theory.

Let N be a normal subgroup of G. Let &’ be a set of representatives for the
isomorphism classes of simple C[G/N]-modules and let X’ be the set of conjugacy
classes of G/N.

Lemma 4.6.3. The maps

¢s:Sl - S
S = S,

where S is the C-module S" with action G x S — S defined by (g,s) — (gN)s, and

ox: X — X'
z — xN={oN:c€x}

give a morphism A(G) — A(G/N) in C.

Proof. First we need to show that ¢g and ¢x are well defined.

Let S = ¢g5(9’) for some S’ € S'. A C-vector space with G-action such that
N acts trivially, is a C[G/N]-module. So any submodule of S is a submodule of
S’, since N acts trivially on the submodule. Therefore is S a simple C[G]-module.
Let S% be the kernel of this morphism. Since S5 = Sy as C-modules and for all
s € Sy we have gNs € Sy, we have gNs' € S for all s € §5. So S is a non-trivial
submodule of S’. Since this is a contradiction with S’ simple, S is a simple module.

Let o be an element of x. We have

aN ={ro7 'N:7€G}={roN7~': 7€ G/N}

So &N is a conjugacy class of G/N.

Furthermore, for all §" € &’ and = € X we have Try s (z) = Trygs)(0) =
Tr(s +— o8) = Tr(s — oNs) = Trg/(oN) = Trg/(xN). and dim¢g(S’') = dim S’.
So

Xos(sn(*) _ xs(dx(x))

dim ¢g(S”) dim S’

forall S’ € S and z € X.
O

Proposition 4.6.4. There exist Q-algebra homomorphisms ¢r : R(G/N) @ Q —
R(G)®Q and ¢ : A(G)®Q — A(G/N)®Q such that (pr(M), c)c = (M, da(c))a/n
for all M € R(G/N)® Q,c € A(G) ® Q.

Proof. The image under 1 of the map described in lemma 4.6.3, is a map (R(G) ®
QAG)®Q,(-,)a) = (R(G/N)®Q,A(G/N)®Q, (-,-)¢/n)- This map consists of
the maps ¢r and ¢x. O
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