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Introduction

Edwards curves, named after Harold Edwards who studied them in 2007, are a family of elliptic
curves. They are mostly used in cryptography since curves of Edwards form provide some
advantages over curves in Weierstrafs form, mostly in terms of computational speed. Indeed,
one of the most time-consuming processes in elliptic curve cryptography is adding points on the
curve and Edwards curves provide a more convenient formula for the group law which enables
that process to be done faster, without compromising any security. For this reason, public-key
signatures such as the EADSA, which are based on Edwards curves, were developed in the last
decade by mathematicians such as Tanja Lange or Daniel J. Bernstein.

Because of their wide use in cryptography, most papers on Edwards curves focus on their role in
cryptography and are usually quite computational. The goal of this thesis is to study Edwards
curves in a more abstract way, focusing on their arithmetic properties.

We will start by stating some characteristics and properties of Edwards curves. In particular,
we will give explicit formulas for the group law on Edwards curves (see Theorem 1.42). Then,
in the second section, we will show that Edwards curves correspond to elliptic curves admitting
a 4-torsion point (see Corollary 2.15 and Corollary 2.16). In the third section, we will perform
descent by 2-isogeny on Edwards curves and show that the Edwards form of the curve allows
some computations to be done more quickly than when performing descent on general elliptic
curves (see Theorem 3.11). Finally, we will in the last section explicitly construct a 4-isogeny
from a general Edwards curve to a related Edwards curve as well as its dual (see Theorem 4.1
and Theorem 4.10).



1 Introduction to Edwards curves: definition and charac-
teristics.

In this section, we will define the concept of an Edwards curve and study some of its character-
istics.

Definition 1.1. Let k be a field with char(k) # 2. An open twisted Edwards curve E over the
field k is a curve in A%(z,y) defined by an equation of the form

2% + ay® = a + da*y?

for some elements d in &\ {0,1} and a in k*, together with a point O given by the coordinates
(0,1).

Remark. When a = 1, we call such a curve an open Edwards curve.

Here are some examples of open twisted Edwards curves.

Figure 1: Open twisted Edwards curves over R with a =3 and d =5 (red), a =1 and d = —50
(blue) and a =2 and d = 0.5 (green).

Consider now an open twisted Edwards curve E°: 22 + ay? = a + dz?y? over a perfect field k
with char(k) # 2. Let & be a root of the polynomial X2 — d and a a root of the polynomial
X? — a. Tt is then clear that the point (c,0) is on the twisted Edwards curve E°. This point
(cr,0) will be denoted by T.

We will start by studying the points at infinity of open twisted Edwards curves. To do so, we
consider the natural completion of E? in P?(X,Y, Z) where we identify A%(z, y) with the standard
affine part of P2(X,Y, Z) given by Z # 0, through x = % and y = %

Theorem 1.2. The natural completion of E° in P?(X,Y, Z) has two points at infinity given by
the coordinates (1:0:0) and (0:1:0) and those are singular points.

Proof. By embedding A?(z,y) into P?(X,Y, Z) through = = % and y = %, the equation of E°
becomes
Z°X? +aZ°Y? = aZ* +dX?Y.

Now, define the homogeneous polynomial F(X,Y,Z) = Z2X? + aZ?Y? — aZ* — dX?Y?. At
infinity the coordinate Z is equal to 0 and setting Z = 0 yields F(X,Y,0) = —dX?Y 2. Moreover
a point (X : Y :0) is on the curve if and only if F(X,Y,0) = 0, i.e., if and only if X = 0 or
Y = 0, since d # 0. Therefore the points at infinity on the curve are given by (0 : 1 : 0) and
(1:0:0).

We now want to know if those points are singular or not. We start with the point (0:1:0). In
this case we have that Y # 0. As such we can consider the affine patch with variables 2’ =

<P



and 2/ = % In this patch, the point at infinity becomes (0,0) and the equation of the curve is
given by

222”4+ a2 = a2 + d2”?.
Let f(z',7') = 2%2"? + az'? — az’* — dz'? and consider the derivatives
of
= 2222 — 2da’
oz’ ’
of

3 = 2222 + 2az — 4az"?
2

At the point (0,0), both derivatives are zero, meaning that the point (0 : 1 : 0) at infinity is a
singular point of the curve. For the point at infinity (1: 0 : 0), we have X # 0 so this time we
will work in the affine patch with variables § = % and Z = % In this patch, the point at infinity
becomes (0,0) and the equation of the curve is given by

22 4 aZg? = az* + dit.
Let g(7,2) = 22 4+ az%§? — az* — dj? and consider the derivatives
—Z = 2az%) — 2dj,
5 =25+ 2aj°% — 4az®.
Again, at the point (0,0), both derivatives are zero, so the point (1 : 0 : 0) at infinity is also a

singular point of the curve. O

Hence the completion in P? of a general open twisted Edwards curve has two singular points at
infinity. The following theorem shows us that those points are the only singular points of such a
curve.

Theorem 1.3. The open twisted Edwards curve E° C A%(z,y) is smooth.
Proof. Consider the function F(x,y) = 2? 4+ ay? — a — dz?y? and the derivatives

oF

e 20 — 2dy’x
F

a— = 2ay — 2dz>y

dy

We have ?Tl; =0 if and only if z = 0 or 1 — dy?® = 0, i.e., if and only if z = 0 or y? = 57 and we
have%infandonlyifyzOorﬁ:f
Therefore, the only points to check for smoothness are the points (0,0) and (:I:

clear that the point (0,0) is not on the Edwards curve. Now, for the points
that

%, +1). It is quite
( 5 :I:%), we see

2
e a a a a
(5+a(> <)<:>d+da+d<:>da<:>d
Since d # 1, the points (:I:% j:%) can therefore not be on the curve, and so we get that E° is
smooth.



O

Hence E° is smooth on the affine plane but has a singularity at the points of infinity when
completed in P?(X,Y, Z).

Theorem 1.4. The completion of E° in P1(Xy, X3) x PL(Y1,Ys), where we put x = % and
Yy = %, s smooth.

Proof. The equation of this completion of the curve E° is
XIY3 4 aYPEX3 = aX3YE + dXPYE

Let now P = ((p1 : p2), (q1 : g2)) be a point on P! x PL. If p; = 0 and ¢z = 0, then P is the point
((0:1),(1:0)) which is not on the curve since we have then

pigs + agips = agips # 0

but

apyds + dpiai = 0.
If g1 = 0 and p2 = 0, then P is the point ((1:0),(0: 1)) which is also not on the curve since we
have then

Pias + agips =1
but

ap3q; + dplqi = 0.

Hence if P = ((p1 : p2),(q1 : g2)) is a point on the curve then we have either p; # 0 and ¢; # 0,

or ps # 0 and g2 # 0.
Consider the case where p; # 0 and ¢; # 0. We then look at the affine part A%(z',y') C
P(X1, X5) x PL(Y1,Ys) where 2/ = % and y' = % By rescaling, we may assume p; = q; = L.
This yields

g5 + ap3 — apygs —d =0

Define now the function f(p2,q2) := ¢3 + ap3 — ap3q5 — d and consider the derivatives

(9f1 2
—— =2 -2

Opa ap2 apaqs
3f1 2
—— =2qy — 2

94s q2 aqzps

For such a point ((1 : p2),(1 : g2)) to be singular, we need both derivatives to be zero. This
yields the equations p2(q3 — 1) = 0 and gz2(ap3 — 1) = 0. Hence the possible singular points are
given here by ((1:0),(1:0)) and (a: £1),((1:£1)). But the first point is not on the curve
because d # 0 and the other points are not on the curve because d # 1.

Now, if we are in the case p, # 0 and ¢y # 0, then we already know by Theorem 1.3 that E° is
smooth at the point P.

Hence the closure of the curve is smooth in P! x P!, (]

We see that the natural completion of an open (twisted) Edwards curve E° in P2 is singular but
that the completion of such a curve E? in P! x P! as given in the previous theorem is smooth.
This leads to the following definition.

Definition 1.5. The completion of a (twisted) open Edwards curve over k in P'(X;, X5) x
P1(Y7,Y3) as defined in Theorem 1.4 is called a (twisted) Edwards curve over k.



From now on, we will denote by E the completion of EY in P*(X7, X5) x P(Y7,Y3).

Lemma 1.6. The only points which are on E but not on E° are the points given by ((1:0), (1 :
+9)) and ((£a :6),(1:0)).

Proof. The points which are on E but not on E° are the points at infinity, i.e., the points where
X5 =0or Y; =0. The equation of FE is given by

X337 +aYEX3 = aX3Ys + dXTYE.
If X5 = 0, then this equation becomes
X3V = XY
Because X2 = 0, we necessarily have X; # 0 and so we get
Y? = dY3

Because d # 0, neither Y7 nor Y5 can be zero and so we may assume Y; = 1. This gives the
points ((1:0),(1:4)) and ((1:0),(1:—=0)).
If Y5 = 0, then the equation of F becomes

aY2X3 =dXiY?.
Since Y] # 0, this yields
aX?=dX?.
Because neither a nor d are equal to 0, we must have X; # 0 and X5 # 0 and so we may assume
X1 = 1. This gives the points ((«:6),(1:0)) and ((—a: 5),(1:0)). d
Because those points will often be used, we introduce the following notation.

Definition 1.7. We denote the points ((1 : 0),(1 : §)) and ((1 : 0),(1 : —0)) on E by ooz +
and oo, _, respectively, and the points ((o: ¢),(1:0)) and ((—a: 6),(1:0)) on E by oo, + and
004, —, respectively.

We will now compute the divisors of z and y.

Definition 1.8. Let C be a curve over a field k. Let D = > p. () np(£) be a divisor on C.
We say that D is effective if np > 0 for all P on C'. We denote it by D > 0.

Definition 1.9. Let C be a curve over a field k. Let D be a divisor on C. We say that D is
principal when D = div(f) for some function f in x(C).

Theorem 1.10. Let D be a principal divisor on a smooth projective curve C. Then the degree
of D is equal to 0.

Proof. See [6, Chapter II, Proposition 3.1].

Theorem 1.11. The divisors of x = % and y = % are given by

1)) = (00g,4.) = (00z,-)

div(z) = (0) + ((0, -
+ (=, 0)) = (00y,4) = (00y,-).

div(y) = (T)

Proof. We will first compute the divisor of . We can easily check, using the equation of the
curve that the only points on E satisfying = 0 are O = (0, 1) and (0, —1). Let us first compute



the order of z at O: the maximal ideal of the local ring corresponding to the point O is given by
mo = (z,y — 1). On the curve we have

% + ay® = a + da*y?

so we have
_ 2P (dy? - 1)

 aly+1)

Since d # 1 and a # 0 both dy? — 1 are a(y + 1) are units here, hence (y — 1) C (2?) in the local
ring. Therefore mp = (z), meaning that = is a uniformiser at that point. Hence, ordp(z) = 1.
With a similar argument, using the maximal ideal m¢, _1) = (=,y + 1) and the fact that

z?(dy® — 1)
tl="
Y a(y —1)

we also have ord(y _1)(7) = 1.

Now, the poles of the function = are given by the points where X5 = 0 which correspond to the
point 0o, + and oo, — as seen in the proof of Lemma 1.6. Since we must have deg(div(z)) = 0
and ordp(z) = 1 and ord(g,_1)(z) = 1, the divisor of x must be given by

div(z) = (0) + ((0, =1)) = (00,4) — (004, -)-

For the function y, we can see, by using the equation of the curve, that its zeroes are given by
the points T' = («,0) and (—a,0). Let us first have a look at the order of y at the point 7. The
maximal ideal corresponding to the point T is mp = (x — «, ). The equation of the curve yields

2 + ay® = a + da*y?
which implies

y*(da? — a)
T+«

r— o=

and since d # 1 and « # 0, we have that dz? — a and = + « are units here, so mr = (y). Hence
y is a uniformiser at T', so ordr(y) = 1. For the point (—«,0), we can use a similar reasoning by
rewriting the equation of the curve as

y*(da* — a)
r—«

T+ a=

which again yields m(_, ) = (y), so we get ord(_q 0)(y) = 1 as well. The poles of y are given by
the points where Y5 = 0 which correspond to the point co,  and oo, _ as seen in the proof of
Lemma 1.6. We must have deg(div(y)) = 0 and we know that ordp(x) = 1 and ordy _1y(z) = 1.
Hence

div(y) = (T) + (=, 0)) = (00y,4.) — (00y,-)
which completes the proof. O

Remark. Even though the points ooy 4, 00;,—, 00y + and oo, — depend on the choice of o of
d, the divisors (coz +) + (00z,—) and (0oy,+) + (00,,—) do not since the points would just be
permuted for different choices of a and §.

Similarly we also get the following.



Lemma 1.12. On E, we have
div(z — @) = 2(T) ~ (00r,4) ~ (004, ),
div(z + @) = 2(—a,0) — (c0g,+) — (00z,—)
div(y — 1) = 2(0) — (00y,4) — (00y,-).

Proof. The only point on the curve with z = « is the point 7' = («, 0) and so the point T is the
only zero of x — a. The equation of the curve yields

y*(dz® — a)
r+a

The maximal ideal corresponding to the point T is given by mr = (z — o, y). Because a # 0 and
d # 1, both  + a and dz? — a are units here and so we see that my = (z — «, y) = (y). Hence
ordr(xz — «) = 2. Moreover, the function  — o and = have the same poles, so

div(z —a) = 2(T) — (0054 — (005, )-

The reasoning is similar for « + a: the only point on the curve with 2 = « is the point (—a;,0).
The maximal ideal at that point is m(_, 0y = (z + a,y) and we have

y*(dz® — a)
r—a

T+a=

Because a # 0 and d # 1, both 2 — a and dz? — a are units and so y is a uniformiser and
ord(_q,0)(z + ) = 2. Since the function 2 + « has also the same poles as x, we therefore get

div(z + a) = 2((—a,0)) — (00z +) — (00g,—)-
Finally, the equation of the curve also yields

27,2 _
a(y +1)

The maximal ideal corresponding to the point O is the ideal mp = (z,y — 1). Since a # 0 and
d # 1, both a(y + 1) and dy? — 1 are units and so we have mp = (z). Hence ordp(y — 1) = 2.
Moreover, the function y — 1 has the same poles as the function y and so we get

div(y — 1) = 2(0) — (c0y, +) — (o0y,-)-
]

We want in this section to give the group law on E. We will do so by using the Riemann-Roch
theorem which we will restate here together with the necessary definitions.

Definition 1.13. Let C be a smooth projective curve over a field k and D a divisor on C'. Then
the Riemann-Roch space of D is defined as

L(D)=A{fer(C)":div(f)+ D >0} uU{0}.
It is a finite-dimensional k-vector space and its dimension is denoted by

I(D) = dimg(L(D)).



Lemma 1.14. Let C be a smooth projective curve over a field k. Then 1(0) = 1.

Proof. Let f be in k(C)*. Since deg(div(f)) = 0, we have that f is either constant or admits at
least one pole. If f has a pole then div(f) is not effective and so f is not in L(0). Hence f is in
L(0) if and only f is constant. Therefore I(0) = dimy(L(0)) = 1. O

Definition 1.15. Let C be a smooth projective curve over a field k& and K¢ a canonical divisor
on C. The genus of the curve C is defined as the integer g = [(K¢).

Theorem 1.16. (Riemann-Roch theorem) Let C' be a smooth projective curve over a field k and
K¢ a canonical divisor on C'. Then for any divisor D on C, we have

I(D)—l(K¢ — D) =deg(D)—g+1

where g denotes the genus of the curve C'.
Proof. See for instance [2, Chapter IV, Theorem 1.3]. (|
From the theorem, we can deduce the following useful lemma.

Lemma 1.17. Let C be a curve of genus 1 and D a divisor on C such that deg(D) > 0. Then

I(D) = deg(D).

Proof. Let K¢ be a canonical divisor on C'. The Riemann-Roch theorem yields
U(K.) — (Ko — Kc) = deg(Kc) —g +1
with g = [(K¢) the genus of the curve. Here we have g = [(K¢) = 1 so this equation becomes
1—1(0) = deg(K¢).

Lemma 1.14 gives us that {(0) = 1 and so we have deg(Kc) = 0. Because deg(D) > 0, this
implies in particular

deg(KC — D) < 0.

So by definition 1.13, we must have I(Kc — D) = 0 since deg(div(f)) = 0 for all f € x(C). The
Riemann-Roch theorem now yields

I(D)—0=deg(D)—1+1

and so we see
I(D) = deg(D).

Lemma 1.18. The genus of E is equal to 1.

Proof. Let g be the genus of E. Since E is a smooth curve in P! x P! of type (2,2), we have by
[2, Chapter V, Example 1.5.2] that its genus is equal to

g=02-1)2-1) =1

Lemma 1.19. The curve E together with the point O is an elliptic curve.

10



Proof. This follows immediately from Theorem 1.4 and Lemma 1.18.
A consequence of the above lemmas is the following corollary.

Corollary 1.20. Let D, be the divisor (0og ) + (005, —) on E and D, the divisor (oo, 1) +
(00y,—). Then L(Dy + Dy) = (1, z,y, zy).

Proof. By Lemma 1.17 and 1.18, we have
I(Dy + Dy) = deg(Dy + Dy) = 4.

Moreover, it is clear that (1,z,y,zy) € L(D, + D,) since

div(z) = (0) + ((0,~1)) - D,
and

div(y) = (T) + (=, 0)) = Dy.
We are therefore only left to prove that the functions 1, x, y and xy are linearly independent.
Suppose that ¢y, ca, ca, ¢4 are constants such that

c1 + cox + c3y + cuxy = 0. (1)

Then, in particular
c1 + c2x(0) + c3y(O) + ca(zy)(O) = 0.

This yields the equation ¢; + ¢g = 0 for O = (0, 1). Now, evaluating (1) at the point (0, —1) also
yields ¢; — ¢z = 0. We conclude ¢; = ¢3 = 0. Finally, evaluating (1) at the point T = (a, 0) gives
us the equation coa = 0 which implies ¢ = 0 since a # 0. But then, necessarily, we also have
¢4 = 0 which completes the proof. ([

Definition 1.21. Let C' be a smooth curve over a perfect field k. Write Div" (C) for the group
of divisors on C over k of degree 0 and PDiv(C) for the group of principal divisors on C. We
define the group Pic’(C) as the quotient

Pic’(C) = Div’(C) /PDiv(C).

With this definition, we can now state the following theorem.

Theorem 1.22. There is a one-to-one correspondence between E and PicO(E) given by

P [(P) - (O)].

Proof. This follows from Lemma 1.19 and [2, Chapter IV, Example 1.3.7]. O

This theorem shows that we can endow the curve with a group structure where the point O acts
as the identity element.

Lemma 1.28. Let C be an elliptic curve and D =} p oz np(P) be a divisor of C. Then D
is a principal divisor if and only if

Z np=0 and Z npP = 0.

PeC(k) PeC(k)

11



Proof. See [6, Chapter III, Corollary 3.5]. O

We can now use the divisors computed in Theorem 1.11 and Lemma 1.12 to find out how maps
like the translation by T or the [—1]-map sending a point P on F to its opposite —P are given
on coordinates.

Theorem 1.24. The map t: E — E given by (x,y) — (—x,y) corresponds to the automorphism
P— —P.

The map 7r: E — E defined by (x,y) — (ay, —%) corresponds to the automorphism P+— P+T.
The map p: E — E given by (z,y) — (x, —y) corresponds to the automorphism P+ 2T — P.
Moreover, the point T is a point of order 4 and the coordinates of the points 2T and —T are
respectively given by (0,—1) and (—a,0).

Proof. We know by Theorem 1.11 that
div(y) = (T) + (=, 0) = (00y 1) — (00,
and by Lemma 1.12 that
div(y — 1) = 2(0) — (00y,+) — (00y,-)-

Hence, we have

div <y> = (T) + (—a,0) — 2(0)

y—1
so by Lemma 1.23, on the curve, we get
T+ (—a,0) =20
which implies
T = (—,0).
Together with Lemma 1.12, this implies

div(z — ) = 2(T) — (00s.4) — (00s,)
div(z + a) =2(-T) — (00z,+) — (00g,—)-

)

Hence

On the curve this yields

which implies
4T =0

and 27T # O, since T' # —T, so T has order 4.
Consider now the map ¢: E — E given by (x,y) — (—=z,y). This map is well-defined for x only
occurs in the equation of the curve to an even power. Let P = (p,q) be a point on the curve.
The zeroes of the function y — g are clearly (p, ¢) and (—p, ¢) and its poles are the same as those
of y so we get
div(y — q) = ((p,9) + ((=p, q)) — (00y 1) — (00, -)
— (P)+ (UP)) = (50.4) — (00y,-)

12



since deg(div(y — ¢)) must be equal to zero. Hence

i (L22) = (P + () - 20)

which, on the curve, implies
(P)+ («(P)) =0
giving us in turn
t(P)=—P.

Therefore ¢+ must be the map that sends a point P on the curve to its opposite —P. Now, since
T has order 4, we know that 27" must be equal to —27", in other words we have 27" = +(2T"). This
implies that xor must be equal to 0. By using the equation of the curve, we then see that yor
can only be either 1 or —1, and since 2T can not be O, the only possibility left is 27" = (0, —1).
Consider now the map s: E — E given by (z,y) — (ay, %) It is well defined since

2 T2 2 2
b (2) =y
= a + dx*y?
2
=a+d (E) (o).
@
Let now P = (p,q) be a point on the curve which is neither O, T, 2T nor —T and define

f=(zy—pg) +c(x+ay—(p+aq))

where ¢ = It is quite clear that both P = (p,q) and s(P) = (aq, 5) are zeroes of f.

Pq
a—(pt+aq)”

Moreover, we see that
f(0) = —pq + c(a = (p+ aq))

P (a—(p+aq))

=-pq+ —F—
a—(p+aq)

=0

and
f(T) = —pg+cla - (p+aq))

> )(a —(p+aq))

= — +7
P " (p+aq

=0.
Now, since f is a polynomial that is linear in x and linear in y, we know that it has simple poles
at 00z 4, 00z, 00y 4 and oo, . Hence the multiplicities of f at the points O,T, P and s(P)
are all equal to 1 and

div(f) = (O) + (T) + (P) + (s(P)) = (00z,+) — (00z,) = (00y,+) — (00y,-).
So we get on the curve
T+ P+ s(P) = 00g4,4+ + 00g,— + 00y + + 00y .

But since div(z) = (O) + (2T') — (00g,+) — (004,—) and div(y) = (T) + (=T') — (00y,+) — (00y,—),
we know that ooy 4 + 00, — = 2T and ooy 4 + 00,,— = O, so eventually we have

T+ P+s(P)=2T

13



which implies
s(P)=T-P.

Since any rational map from a smooth projective curve to itself extends uniquely to a morphism
we have s(P) =T — P for all P on E. This means in particular that the map so ¢ sends a point
P to s(—P) = P+ T and therefore corresponds to the translation by 7. We will therefore from
now on denote this map by 7r. By the definition of ¢ and s on the coordinates of points of the
curve, we see that 7p: E'— FE is given by

(z,y) = (ay, —g) :

Finally, the map p: E — FE sending a point P on the curve to 27" — P is equal to the composite
72 01 and so we have

pla.y) = 73((~2,y)) = 7r (a9, =) = (2, —y).

(Il
Corollary 1.25. We have
00y, + = 00,4+ + T},
g, — = Qg+ + 2T,
and
00y, — = 00z 4 — T
Proof. The point 0o, 4 is given by ((1:0),(1:46)). Applying 7 yields
rr((1:0),(1:8) = (a: 6),(1: 0)) = o0y 1.
Now, applying 77 to ooy 4+ yields
Tr((@:0),(1:0)=((a:0),(=1:0))=((1:0),(=1:0)) = 00g,—.
Finally
T7(00g,—) = mr((1:0),(=1:9)) = (- :9),(1:0)) = o00,,—.
O

Moreover, we can also state the following.

Lemma 1.26. We have
00z, 4+ + 00z, = 2T

and
00y, + + 00y,— = O.

Proof. By Theorem 1.11, we have
div(x) = (O) + (2T) — (004 + + 004 )

and
div(y) = (T) + (=T) — (00y,+ + 00y, ).
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By Theorem 1.22, this yields on the curve
O+ 2T =00y 4 + 004, —

and
T —T = 00y,4+ + 00y, .

Hence, we have indeed

00y 4 + 005, = 2T
and
OOy7+ + OOyv_ = O
O
Corollary 1.27. The points 0o, 1 and 0o, — have order 2.
Proof. Lemma 1.26 yields
00y 4 + 005, = 2T
and by Corollary 1.25, we have
00g,— = 004 4+ + 2T
Hence, when put together, those results yield
OO:L’,+ + OOIWF + 2T = 2T
and
00y - — 2T+ 00, — =2T
This in turn directly implies
QOOL_A,_ =0
and
200, =0
since 7' has order 4. O

We want to give a general formula for the sum of two points on the curve in terms of their
coordinates. To do so, we will first state the following lemma.

Lemma 1.28. Given P,Q in E(k), there exists, up to scalar multiplication, a unique function
f contained in (1,z,y,xy) such that the divisor

div(f) = ((P) + (Q) + (0)) + Dz + Dy
is effective. Moreover, there is a unique R € E(k) such that
div(f) = (P) +(Q) + (0) + (R) — D» — D,

and this R satisfies 2T — R =P 4+ Q.

Proof. Consider the Riemann-Roch space L(Dy + D, — (P) — (Q) — (O)). Because the degree
of the divisor Dy + D, — (P) — (Q) — (O) is one, we get by Lemma 1.17 that this space has
dimension one. In other words there exists a unique f (up to scaling) such that

div(f) - (P)—(Q) —(O)+ D, + D, > 0.

15



Now we also have
deg(div(f) - (P)—(Q)—(O)+D,+D,)=0-3+4=1

so there is a point R such that div(f) — (P) —(Q) — (O) + Dy + D, = (R). In other words there
exists a unique f (up to scaling) such that

div(f) = (P)+ (Q) + (0) + (R) — D, — D,
By Theorem 1.22, this gives on the curve
P4+ Q+R+0 =00, 1 + 00, + 00y, 4 + 00y, _

which by Lemma 1.26 implies

P+Q=2T—R.
Moreover, since f is contained in L(D, + D, — (P) — (@) — (O)), it is in particular contained
in L(Dy + D,) which we have proven in Corollary 1.20 to be equal to (1,z,y,zy). Hence f is
contained in (1,z,y, xy). O

We now have the necessary tools to give the formula in terms of the coordinates for the group
law of the curve.

Theorem 1.29. Let P = (z0,10) and Q = (z1,y1) be two points on E° such that a+dxor1yoy: #
0 and a — dxoz1yoy1s # 0. Then their sum P + Q is given by

P+Q= (a(xoyl +21%0)  ayoyr — ToT1 >
a+dzoziyoyr a — dxoziyoys )

Proof. By Lemma 1.28, we know that for points P and @ in E(k) there exists, up to a scalar, a
unique function f such that

div(f) = (P) +(Q) + (0) + (R) = Dz — Dy
for some point R in E(k) which then satisfies
R=2T—(P+Q).

This means that finding this function f would enable us to find the point P 4+ ). Moreover, we
also know by Lemma 1.28 that this function f is of the form

f=B8+yr+ Ay + pry

for some constants 3,, A and p. To find those constants, we need to use the facts that O, P and
Q are zeroes of f. This gives us the following equations

B+A=0
B+ yxo + Ayo + pxoyo =0
B+ vx1 + Ayr + pxriyr = 0.

The first equation yields A = —f, so the two others equations become
B+ yro — Byo + Hroyo =0
B+yx1 — Byr + priyr = 0.

There are four cases.
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e Suppose first that P # £+@Q), and suppose that P and @ are not equal to O, T', 2T or —T.
If 8 = 0, then there is no solution to the system of equations. Indeed this would gives us
the system

xo(y + pyo) =0
z1(y 4+ py1) =0,

Now, since P and @ are not equal to O or 2T, we have zgx; # 0 and so this would imply
w(yo —y1) = 0. Because P # —@Q, we also have yy # y; and so we get u = 0 and therefore
also v = 0. Hence 8 # 0. Moreover, we can scale the constants 3, and u and so we take (3
to be the non-zero constant given by zox1(yo — y1). The equations f(P) =0 and f(Q) =0
are distinct in this case and, when substituting the expression 8 = xox1 (yo —y1) into those
equations, they become

zox1(Yo — Y1) + vro — ox1 (Yo — y1)yo + proyo =0 (%)
zox1 (Yo — Y1) +yr1 — 021 (Yo — y1)y1 + pr1yr = 0.

The first equation yields
Toyok = ToT1(¥1 — Yo) — Yo + YoZoT1(Yo — Y1)-
Subtracting x1y; times the first equation in (x) from zyo times the second equation yields
0 = xgyox1 (Yo — 1) + Y21 (Yo — Y1) — 25yo1y1 (Yo — Y1)
+ zoziy1 (Y1 — o) + yozorTyr (yo — v1)-
By dividing by 8 = xoz1(yo — y1) # 0, we then get
v = T1y1 — ToYo + Yoy1(To — 1)
which in turn yields
zoYop = To1(Y1 — Yo) — To(T1y1 — Toyo + Yo(Toy1 — T1Y1)) + YoTox1(Yo — Y1)

and so we have
=29 — 1+ T1Yo — ToY1

since xoyo is non zero when P is not in (T'). Hence when P # +@Q and P and @ are not in
(T'), the function f can be given by

[ =20z1(yo—y1)+[T191 —Toyo+yoy1 (zo—z1)|r—[Toz1 (Yo —y1)|y+[T0—T1+T1Y0 —Toy1]TY.

Let S be the point given by the coordinates

(a(l’oyl + T1y0)  ayoy1 — ToT1 )
a+dzoz1yoyr - a — droziyots

as stated in the theorem. By Lemma 1.28, we are now left to check that f(R) is indeed
equal to 0, where R = 27— S. Now, by theorem 1.24, the map x: £ — E,P— 2T — P is
given on the coordinates by (z,y) — (z, —y), therefore the coordinates of the point R are

(G(T/oyl +21Y0) ToT1 — ayoy1 >
a+ droriyoyr ~ a — dvoriyoyr )
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We are now left to check that f(R) is equal to 0, so we must compute

a(zoy1 + 1Y0)
f(R) = zox1(yo — y1) + [21y1 — ZoYo + Yoy1(zo — 21)] PR E——
) aYoyir — ToT1

a — dzoT1yoy1
a(Toy1 + T1Yo) ToT1 — ayoyi

a + droriyoyr a — dxoT1yoyr

+ zoz1(Yo — 1

+ [z — 21 + 1Yo — Toy1]

We want to prove that the numerator of this expression is indeed zero. We will therefore
first multiply the entire expression by the non-zero factor (a 4+ dxoz1yoy1)(a — droz1yoy1)-
This gives us
f(R)(a+ dzoziyoyr)(a — dwoziyoyr) = a’moz1yo — a’mozyr — d afaiysy; + dadatydyl
+ a2$01171y% + a2x%yoy1 - azxgyoyl — a2x0x1y(2)
+ a*ziyoyt + a’zozrygyr — a’zomiyoyt — a’zTygm
— adx%x%yoyi)’ — admoxi’y(z)yf + adm%xlygyf
+adw§rtyoyy — adzgziygy) + adzoriyy;
+ d*wor1ygyr — axgriyo — a*zoziyoyi + axgrivy
— dajatysys + dagaiyoyt + axgaiy — axgaty:
— azjaiyi + azgaiyo — azortyo + azoriyp

2

2. .2 2 2 2 2. 2 3 2
— a"TpYoy1 + A" ToT1YoY1 + A TpYoYy — @ ToT1YoY1

2.2 9 2.2 3
+aT1Yoy1 — a"TIYp Y-

We now make use of the equations dr2y2 = 22 + ay? — a and dx?y? = 2? + ay? — a. This
indeed yields
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f(R)(a + dzoz1yoyr)(a — dxoz1yoy1) = a’zoziyo — a’roTiyr — a:gx:{’yo — axgxlyoyf

2 3,2 2 3
ToT1Yo¥Y1 + a"ToZ1Yy

+ amf’)xlyo — axox‘;’yg’ —a
+ axoxi’yo + azxoxlyoyf - anoxlyo + a:gx‘r{’yl

+ axjT1y} — axjTiyy + avoriyoyr + a’zor1ygyy

— a’moz1ydyr — azoxiyr — a*zoz1y; + alzoziys

+ a’zoz1y} + a’ziyoyr — A’ xGyoyr — A xom1yy

+ a*xqyoyi + a*zor1yiyr — a*ToT1yoy; — a*TTYgY
— azgriyoys — a’zyoyi + a’zgyoyr — azoriyy

— d*zor1yyl + dProriy + axgaryi + aroriyhyl
— a’woz1y; + axgaiyoys + a*xiygyr — a’xTyoy

— ax%xlyi’ - a2m0m1y3yi’ + a2x0x1y§ + awom‘;’yg

2 3 2 2 2 2
ToT1Yy + A" ToT1YgY1 — ATHTIYo

2 3,2
+ a“xox1Ypyr —a
2 2 2 2 3.3 3,2
—a"2oT1Yoyy + aTHEIY1L — THTIY1L — AToTIYH Y1
3 3.3 3 2 3
+ azoriyr + Tpx 1Yo + aTpT1YoY] — ATpT1Yo
3 2 2 3. .2 2 2
+ aryr1y1 — aruTIY1 — axoT1Y; + aryxiYo
3 3.2 2.2 92 2 2
— axTpx Yo + aToTIYy — A TyYoyi + A ToT1YoY]

2

2. 2 3 2 2 2.2 2 2.3
+ a"xpyoy] — a"Tox1YgY1 + A" T1YoY1 — A TIY Y1

=0.

e Suppose now that P = @Q and P # O,T,2T,—T. We need to prove

op — 2ax0Yo ayg — x%
- dz202’ a — da2u? )
a4+ axyyy  a THYo

Let us again denote the point given by those coordinates by S.
We have again f(O) = 0 and f(P) = 0 which gives us the following equations

B+A=0
B+ w0 + Ayo + pxoyo = 0.

But here we have that P must be a zero of f with multiplicity 2, hence we also get the

equation
(#), - ()

Let F denote the function that defines the curve E, i.e. we have F' = a + dx?y? — 22 — ay?.
Then (d—y)E (P) can be rewritten as

dx
(dy) (P) = — 2:5 (P) = ( 2z — 2dxy? )(P)— o(1 — dy3)
dr ) o N or — \ —2ay + 2dz?y ~ yo(drd —a)

Similarly, we have
dy o Y + 1Yo
(dx) f (P) ( or | (P) A+ pxg

9y
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So the equation (%)E (P) = <%)f (P) becomes

Azo(dyg — 1) + plays — z5) + vyo(a — dzg) = 0.

Using the fact A = —f, the equation f(P) = 0 yields the following expression for u in
and ~

Blyo — 1) — ymo

ZoYo
Together with the equation Azo(dyd — 1) + p(ayd — 23) + yyo(a — dzd) = 0, we get the
following expression for 7 in terms of 3

_ Blayd + dadys — a3 — ayg)
x3(1 — dyg)

We see that if 3 is zero, then v and A is also zero and so we have f = v =pu = XA = 0.
Therefore, [ is non-zero and since we can scale the constants 3, yu and A\, we now take (3
to be the non-zero constant (1 — dy2). It is non-zero because the equation of the curve
yields 23(a — dy?) = axo(1 — y2) and axo(1 — y3) # 0, for P is neither O nor 27. We then
get

v = ayy + dufys — xf — ayg = ayg +yo(xg + ayg — a) — af — ayg = (#f + ayo)(yo — 1)
since P is on the curve. For the same reason, we can also rewrite 3 as
B =@y — wo(wy + ayg — a) = azo(1 — y3)
Using those expressions of v and 3, we get for p

2 3 3 2 3
—axg + axoyy + 2aT0Yo — aToYy — TyYo — AToYy + T
ZoYo

2
TH5—a
=2 +2a — 23 — ay?.
Yo

Hence, the function f is given by

1'2 —a
fla,y) = azo(1—y3) + (2§ + ayo) (yo — D + azo(yg — 1)y + ( OyO +2a — af — ay%) zy

We are left to show that f(R) =0 for

2axoyo w3 — ay} _ 2ax0Yo x3 — ay}
a+dzdyt’ a — dady? 23 +ayd’2a— 23 —ay} )’

R—2T—S_<

Since we assume a + dzdyg # 0 and a — dzdy? # 0, in particular, we also have 3 +ay3 # 0
and 2a — 23 — ay? # 0. We get

2ax0Yo 2 — ay?
R) = axo(1 — 12 2 +a — 1) 4azo(yp — 1) —4 2
f(R) of Yo) + (@5 + ayo) (o )xg+ay(2) + axo(¥o )QG—Z% —ay?
2 2 2
5 —a 2ax 5 —a
+< 0 +2a—x§—ay§) 5 Oy02 o Y% 5.
Yo g+ ayg 2a — xf — ayg
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This gives us

(w5 + ayg) (2a — o — ayg) f(R) = 20%x — axf — da”a(y; + 2a°zoy; — 3a’zoy;
+ axyd + 2a2x3yy + aProys + 4axdyd — 2axdyl
—2a%x3yd + 4axoyp — 203 Ty — 4a’ iy + 2axiyo
—dazoys + 2a*x3yd + 2a3zoyy + axdys — ax)
— d*xoyS + aProyy + 2axf — 2a’xdyd — 202
+2a3xoy2 + 4a’xdyo — 4aPzoyd — 2a0adyo + 203 Toy)
=0.

So we have indeed )

op 2awoyo  ayg — T
a+dzdyd’ a — dxdy}

for P#0,T,2T,-T.

If P = —@ then the sum P+ must be equal to O = (0,1). If P = (2, y0) and Q = (z1,y1)
then we know by Theorem 1.24 that 1 = —x¢ and y; = yg. Now we have

a(royr + r1y0) ayoyr — Tox1 _ a(zoyo — oYo) ay(Q) + 35% = (0,1)
a+ droriyoyr  a — droT1yoy: a—dzdy: T a+ dadyd ’

since 3 + ay? = a + day?. Hence the formula holds for P = —Q.

For P € {O,T,2T,—T}, we have the following.
If P = O, we know that for all points @ = (x1,y1) on E the sum O + @ must be equal to
Q itself. Now, for P = (z¢,y0) = O = (0,1) and Q = (z1, 1), we have

a(zoyr + 1y0) ayoy: — Tox1 \ _ (@ @) _ B
( =)=y =0

a+ dzxoziyoyr  a — dxoziyoys ’

so the formula holds for P = O.

If P =T, we know by Theorem 1.24 that for every point @ = (x1,y1) on E, we must have
that T4+ @Q = (ayl, f%) On the other hand when we have P = (xg,y0) = (a,0) = T,
then

<a(x0y1 + @) ayoys — Tom ) _ <a(ay1) oz:z:l) = (o)

) ) @ y T T
a+dror1yoyr @ — droT1Yoy1 a a LA

which proves the statement of the theorem for P =T.
Similarly, if P = 2T, then we know by Theorem 1.24 that the coordinates of P are given
by (0, —1). Hence

(a(xoyl +T1y0) ayoyr — To¥1 > _ (-afﬁ —ayl) — (—a1,—y1)
a+ dzxoriyoyr  a — droxiyoyn a  a ’

which, again by Theorem 1.24, is indeed equal to the sum 27 + Q.
Lastly, if P = —T', then Theorem 1.24 gives us that P is equal to (—«,0). hence, we have

a+ dzoziyoyr @ — dxoz1yols a ' a

a(roy: +T1yo) ayoyr — ToT1 _ a(—ay) ary ) _ (—a ﬁ)
Y1, o
which is equal to the sum —7 4+ @ by Theorem 1.24. O
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We have given here a formula for the group law that works in most situations. However we
have excluded some cases. For instance this formula does not give the coordinates of the point
P + @ when P or @ is one of the points in {00, 4,004, —, 00, 4,00, _} and excludes the points
P = (x0,y0) and Q = (x1,y1) for which a + dxoz1yoyr = 0 or a — dxoz1yoyr = 0. The aim for
the rest of the section is to give a complete formula for the group law of E. This will be stated
as Theorem 1.42.

Lemma 1.30. Let 6 be an be an automorphism of E fixzing the point O which is not the identity.
Suppose that 6™ =1 for some n in Zso and that 6(S) = S for some point S on E. Then there is
an integer d|n, d # 1, such that S € E[®4(1)] where ®4 denotes the d-th cyclotomic polynomial.

Proof. By assumption, we have " — 1 =0, i.e Hdm ®,(0) = 0. By [6, Chapter III, Proposition
4.2(c)] the endomorphism ring End(E) has no zero divisors, so the previous equation implies
that ®4(6) = 0 for some d|n, with d > 1 since 6 # 1 by assumption. Now, evaluating the latter
equation on S yields ®4(1)S = 0 because 6(S) = S. Hence S is in E[®4(1)]. O

Lemma 1.31. Let 6 be an be an automorphism of E such that 0(O) = O and 6(T) =T. Then
0 is the identity morphism.

Proof. The curve E is defined on a field k& with char(k) # 2 so by [6, Chapter ITI, Theorem 10.1.],
we have either § = 1,602 =1,62=1,0* =1 or #5 = 1. Assume 0 # 1. If 2 = 1, then by the
previous lemma, 7' must be in E[®3(1)] = E[2] but this is not possible for 2T = (0, —1) # Og.
Similarly, if 3 = 1, or §* = 1, or #% = 1, then the previous lemma yields either T € E[3], or
T € E[2) or T = Opg. But T does not satisfy any of those conditions, so we must have § = 1. O

Theorem 1.32. The map T,  : E — E sending a point P to P + 0o,y is given on the
coordinates by
(2,1) > a 1
x — = .
Y Sz’ Oy

Proof. Define x: E — E to be the map (z,y) — (6%, %) The map is well defined since

= —at
da2y? da2y? a da2y?

ox

( a )2 iy (1)2 _a(@?+ay®)  ala+day?) a?
Sy)

and )
N d( a )2 1 N a?
a — — ] =a+—-—5=.
ox oy dx2y?
Consider now the map = 7_, , ox where 7_, . denotes translation by —oo, 4. Since x(O) =
00z,+, we have §(0) = O so 6 is an isogeny. Moreover, we have x* =id and 7_, , 0T, , = id

so 0 is a bijection with inverse y o 7o, .. Hence 6 is an element of Aut(£). Now, we have
X(T) = 00y, = 0044+ + T and so we get

O(T) = T-o0, , (X(T)) = T-00, . (a4 +T) =T.
Hence by Lemma 1.31, § must be the identity. Hence x = 7o, - O
Corollary 1.33. The map 7o,  : £ — E, P+ P+ 00, 1 is given by

22



The map Too, _: E — E, P+ P+ 00, _ 1is given by

The map 7o, _: B — E, P+ P+ 00, 1 is given by
a o«
-, — .
(z,9) ( 5y75x)

Proof. By Corollary 1.25, we have oo, = 00, 1 + 7. Hence we have 7, , = 71 0 T, . and
so, for a point P = (z,y) on E, we get by Theorem 1.24 and Theorem 1.32 that

(z,y) = a1\ (o o
Tooy, ¢\ Y) =TT ox’ oy ) \oy oz )’

Similarly, using the fact that oo, _ = 00, + 4+ 27" and coy — = 00, 4 + 3T = oo, 4 — T', we find

a 1
Tooz,_(xay) = <_5JI7 _5y>

(2.1) a o
Too,, T, =\ ——< >~ )-
v Y oy’ oz
Corollary 1.34. The map 0, , sending a point P on E to oo, y — P is given by
a 1
= == -
(z,y) ( 5 5y)

Proof. The map 0, , is given by the composition 7, , o+ and so for a point P = (x,y) on E
we have by Theorem 1.24 and Theorem 1.32 that

and

a 1
To0s,+ (Z‘,y) = Toow.+(_$’y) = <_5x’ 52!) .

Corollary 1.35. The map 0, _: E — E, P+ 00, — P is given by

The map 0w, .+ E — E, P 00, + — P is given by

The map 0, _: £ — E, P 00, — P is given by
a o«
= -, ].
(z,9) < 5 M)
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Proof. Combine Corollary 1.25 and Corollary 1.34. O

In particular, we now have a formula for the sum P 4+ @) when at least one of the points P
and Q is a point which is not on E°. We are now left to find a formula for the sum P + Q
when P = (zg,y0) and Q = (x1,y1) are points on the curve such that a + dxozoyoyrs = 0 or
a — dxor1yoyr = 0.

Theorem 1.36. Let P = (19,90) and Q = (x1,y1) be two points on EY such that their sum
P+ Q is on E°. Let P+ Q be given by (v2,y2). If xow1 + ayoyr # 0, then

_ a(zoyo + x1y1)
ToT1 + ayolr

Proof. We introduce the following notation:

fo = +ayg —a — drgys
fi =i +ayf —a—daty;
g = ZoY1 + T1Yo
J = ZoYo + x141
h = a+ dzoz1yoys
k= xor1 + ayoy:-
Notice that we have
kg — jh = z1y1 fo + Toyo f1-
For P = (x0, o) and @ = (z1,y1) on E, we have fo = 0 and f; = 0, hence we get

kg —jh =0.
In particular, when h = a + dzoz1yoy1 # 0 and k = zox1 + ayoyr # 0, this implies

ag _aj
Lok
Notice that
ag _ a(zoy1 + x1Y0)
h a + dror1Yoy1

which is equal to the first coordinate of the sum P 4 @ by Theorem 1.29 and so we have
ag _ aj
h k-’

Hence, for a fixed point P = (xg,yo), we get that for almost all Q = (x1,y1) with k = zoz1 +
ayoy1 7 0, the coordinate s is given by

To =

a(royo + T1y1)

ToT1 + ayoyr
Since the translation by P is uniquely extensible to all @), we have that for points P and @ on
E for which the expression 9 is well defined, i.e., for which we have k = zox1 4 ayoy: # 0, the
coordinate x5 is indeed given by

_a(zoyo + 71y1)

© mory +ayoyr |
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We now have a formula to compute the first coordinate of the sum of two points P = (x¢, o)
and @ = (z1,y1) when either a4+ dzxoz1y0y1 # 0 or xox1 +ayoys # 0. We also have the following.

Lemma 1.37. Let P = (x9,y0) and Q = (z1,y1) be points on E° such that a + dwoz1yoy1 = 0.
Then P+ @Q € {00g,4,005 —} or P —Q € {00y 4,00, _}.

Proof. Let h be the function given by h(z,y) = a + dzoyozy. It is clear that h has four poles
given by 00, 4,004 —,00, 4+ and oo, . Since deg(div(h)) = 0, the function h must therefore
have four zeroes, counted with multiplicities. We see that the points

a 1
oy —P=[——, —
oox,-‘r ( (5{E0’ 5y0>

a 1
o —P=—,——
0z, (5%0 5y0)

a 1
—_ d —_— = —_ = 0.
a ZoYo 51‘0 5y0 a a

and

are zeroes of h since

Moreover the points

@] 8]
j Y
o < 5yo’5£v0)

« «
P—ooy_=(—,——
Ooy’ <5y0, (51‘0)

o
(Z*dxoyo%a =a

and

are also zeroes of h, for
—a=0.

If those four points are distinct, then they are the only four zeroes of h since h has four poles
and so we have that a + dzoz1y0y1 = 0 if and only if Q = ooy, — P or Q = oo, — P or
Q=P—-ooyrorQ=P—o00,_,ie,if P+Q =00;4,0r P+Q =00, _ or P—Q =00, 4 or
P—Q =o00y_.

The points 0o, + — P and oo, — P can not be equal since 0o, 4 7# 00, —, for d # 1. Similarly
the points P — oo, 4 and P —oo, _ can also never be equal. Suppose that co,  —P = P —00, 4.
Then we have 2P = T. In other words, P is invariant under the map P — T — P which is equal
to the composite 77 o+ and thus given by (x,y) — (ay, £). Hence we get the equation

Zo
(%0,%0) = (Olyo, *)
«

and so we have in this case
o = AYo-.

Moreover we then also automatically have

00z, —P =00y 4427 —P = (00;4++T)+ (T —P)=00y4+ +P =P —o00, .

Hence the function has two zeroes given here by —%, ﬁ) and (—ﬁ, —ﬁ). We want to

show that each of those points occur with multiplicity 2.

Take Q = (21,y1) = 005+ — P = (—ﬁ, ﬁ) Let m be the maximal ideal in the local ring
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corresponding to the point @, i.e., m = (z — 21,y —y1). We want to know the value of h modulo
m2. For (z,y) on E, we have the following equations:

z2 + ay2 =a-+ da:QyZ,
o} +ayi = a+ daiyi.

Subtracting the second from the first now yields the equation

2® — 2t +a(y? — y7) = d(z®y® — 23yf)

= d(y*(2* = 27) + 21(y* — v1))

which we can rewrite as

(2% = 2)(1 = dy?) = (dai — a)(y* — ¥7)

and so we have
1 1
1—dy?x+x;
Now, ﬁ = ﬁ modulo m and m_:zl = i modulo m. Since y — y; is in m, this means that
modulo m?, we get

x =z + (do] — a)(y® — u7)

1 1
=z + (de? —a)(y+y1)(y — yl)?dyQTxl
1
B 5 1 1
=11 + (de? — a)2u1 (y — yl)mﬂ'
1

Hence, the function h modulo m? is given by
h = a + dxoyoxy
= a+ dzoyor(y — y1 + Y1)
= a + droyoy1r + droyo(y — y1)71

1 1
= a+ dzoyoun (171 + (daf — a)2y1(y — yl)l—dy%%l) + dzoyo(y — y1)z1

11
= a+ dzoyoyrz1 + (y — y1) |dzoyoyr (daf — a)yr ——— — + dzoyoxs | -
1 —dyi =,

T dwo’ byo

1 [a? 1 42 bz —a
— — d — Z _ — _J0 T 4 -
a—a+(y—uy) { ToYo 5% <x§ a) Sy 2 — 1 —a + dzoyo 5560]

We now use that (z1,y1) = ( a1 ) Modulo m?, we get

h

(v —w) ((xﬁ —a) yzyi 10— aéyo) :

0

Finally we use 2o = ayo. This gives us the following expression for A modulo m?.

h=(y—w) (a(yg -1) 2y0 0 — a6y0> =0.
Yo — 1

So, we have h = 0 mod m2. This implies that h has a zero of order at least 2 at the point
Q = 005+ — P. Similarly, we have that the point oo, — — P has order at least 2. Because
h has four poles, they must both have order exactly 2. Hence we have then that those zeroes
are the only zeroes of h, and they are counted with multiplicity 2. The same holds when
00g,+ — P = P — 00, _. In that case, we have 2P = —T and we also automatically have that
004, — P = P — 0oy and the proof goes analogously. (I
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Lemma 1.38. Let P = (xq,y0) and Q = (x1,%1) be points on E° such that xox1 + ayoy; = 0.
Then P+ @Q € {00g,4,00, _} or P—Q € {T,-T}.

Proof. Let g be the function given by zox + ayoy. It is clear that g has four poles given by oo, 4,
00z,—, 00y 4+ and oo, . Since deg(div(g)) = 0, this means that the function g must also have

4 zeroes, counted with multiplicities. The points oo, + — P = (—&, ﬁ) and oo, - — P =
(%, —ﬁ) are zeroes of g since
a n 1 a n a 0
—rn —— a _ = —— — = 0.
510 5y~ 53

Moreover the points P — T = (—ayo, 22) and P + T = (ayo, —*%2) are also zeroes of g, for

Zo
—ZToyo + ayo-_~ = ~QToYo + axoyo = 0.

We are left to show that those are the only zeroes of g. If those four points are distinct, it
is surely the case since g has four poles and so we have that zgx; + ayoy; = 0 if and only if
Q=001 —PorQ =00, —PorQ=P—-TorQ=P+T,ie, if P+Q = 00,4, oOr
P+Q=00p_or P-Q=TorP-Q=-T.
The points co,, 4 — P and 0o, — — P can not be equal since oo, 4 # 00, — and the points P —T
and P+ T can also never be equal since T'= —T, for a # 0. So, two of those four points can only
be equal when oo,  —P =P —T or oo,  — P = P+1T,ie., when 2P = oo, 4 or 2P = oo, _ If
004+ — P = P—T, then automatically we have also oo, - —P = P+T andif oo, 4 —P = P+T,
then we must also have co, - — P = P —T. Suppose that 2P = oo, . Then P is invariant
under the map o, , : P+ 00, — P. By Corollary 1.35, this means that we have
@
ToYo = 5

Set Q@ = (z1,4y1) = 00y + — P = P — T, and let m be the maximal ideal of the local ring
corresponding to this point, i.e., m = (z — z1,y — y1). Again for (z,y) on E we have the
equations

22 4 9% = a + dz?y?
and

i +yi = a +daiy;.
and so modulo m?, we get again
1 1

=z + (d2? — —y) s —.

P =+ (] = Oy~ ) g
And so the function g modulo m? is given by

11
zox + ayoy = o ( 21+ (daf — a)y1(y — 1) ———— | +ayo(y —v1 + v1)
1— dyl I

1 1
_ B de? —q)—— & :
zox1 + ayoyr + (Y — y1) <x0y1( 71— a) 1 —dy; =, " ayo)

We use now (x1,y1) = (ﬁ, %) This yields

2 2

2
_ Lo a—Tp Yo
9=y —y)| ———a +ay()>
( ) ( ayo x5 yg—1

=(y—w) (—(a - ity + ayo> :

Yo —1
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Notice that since P is on E°, we have z3 = v
0

. We therefore get

= (y —y1)(—ayo + ayo) = 0.

Hence the point () = oo, 4 — P has order at least 2. Similarly, the point oo, — — P has order at
least 2. Because the degree of the divisor of g is zero and g has four poles, those are then the
only zeroes of g.

The proof goes analogously for when oo,  — P =P+ T and oo, — P =P —T. O

We can also give another formula for the second coordinate of the sum of two points on the
curve E°.

Theorem 1.39. Let P = (xq,y0) and Q = (x1,y1) be two points on EY such that their sum
P+Q is on E°. Let P+ Q be given by (va,y2). If xoy1 — x1y0 # 0, then

ToYo — T1Y1
Yo = ——————.
ToY1 — T1Yo

Proof. Consider the map E — E given by P +— T — P. It is equal to the composite 77 o ¢ and
so by Theorem 1.24 is given on coordinates by (z,y) — (ay, %) In particular, we have

ayy = (T = (P+Q)) =z((T — P) + (-Q))

where 2(T — (P + Q)) denotes the first coordinate of the point T'— (P + Q). The coordinates
of T — P are given by (z/,y') = (ayo, ) and those of —Q by (&,§) = (—z1,y1). Moreover, we
have
Zo

Y1 = a(Toy1 — T1Yo)

'T+ay'y = —ayors + a—
o

which is non-zero by assumption, and so by Theorem 1.36, the coordinate z((T' — P) + (—Q)) is

given by
a(z'y’ +27)  alzoyo — x1y1)  a(xoyo — T1Y1)

Pr+ay'y  a(zoyr — x1y0) ToY1 — T1Yo

Hence we have indeed
_ ZToYo — L1Y1

Ya = .
ToY1 — T1Yo
O

Lemma 1.40. Let P = (x9,90) and Q = (z1,y1) be points on E° such that a — dwoz1yoy1 = 0.
Then P+ Q € {00y 4,00y _} or P —Q € {004,4,00,,_}.
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Proof. The proof is similar to the one of Lemma 1.37. Take this time h = a — dzoyory. Then
the poles of h are given by oo, 4,00, —,00, + and oo, — and the zeroes are given by the points

a o
e S R _Pp
(51/0’ (5330) w5

and
1
I
dzo’  dyo
When two of those zeroes are equal, then either 2P = T or 2P = —T and one can show,
analogously as in the proof of Lemma 1.37 that those zeroes then also have multiplicity 2. O

Lemma 1.41. Let P = (z0,y0) and Q = (z1,y1) be points on E° such that xoy, — x1y0 = 0.
Then P+ @Q € {00y 1,00, _} or P—Q € {O,2T'}.

Proof. The proof is similar to the one of Lemma 1.38. Take this time g = 2oy — yox. Then the
poles of g are given by 0o, 4,00, —,00,4,+ and 0o, _ and the zeroes are given by the points

and
(—xo,yo) =P -2T.

When two of those zeroes are equal, then either 2P = oo, 4 or 2P = 0o, _ and one can show,
analogously as in the proof of lemma 1.38 that those zeroes also have with multiplicity 2. O

To summarize, we get the following formulae for the group law.

Theorem 1.42. Let P = (xq,y0) and Q = (x1,y1) be two points on E°. If P+ Q in on E°,
then we write (xa,y2) for the coordinate of the point P+ Q). We then have the following.

o If a+ drox1yoyr # 0, then
_a(woy1 + x1%0)

a+droriyoyr
o Ifxox1 + ayoyr # 0, then
_ a(xoyo + T1Y1)
ZTox1 + aYoy1
o [fa—dryriyoyr # 0, then
aYolyir — Tox1
Yo = —— .
a — dzoz1yoy1
o Ifxoy1 — w1yo # 0, then
Yo = ToYo — T1Y1
y = 070 21I1

ToY1r — T1Yo
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Moreover if a + drozi1yoyr = 0 and xox1 + ayoyr = 0, then dy%y% =1 and
o P+Q =00, if yoy1 = %,
o P+Q =00, if yoy1 = —3,
and when a — drox1yoyr = 0 and xoy1 — x1yo = 0, we have dm%y% =a and
o P+Q =00, if xoy1 = —F.

Proof. This follows directly from Theorem 1.29, Corollary 1.34, Corollary 1.35, Theorem 1.36,
Theorem 1.39, Lemma 1.37, Lemma 1.38, Lemma 1.40 and Lemma 1.41. O

|

* P+ Q =00y if xoyr =

Remark. Some of these results can also be found in [3].

Remark. Whenever d and ad are not squares then the points 0oy 4, 005,—, 00y + and oo, _ are
not rational and so the cases where we have P + @ € {oo, 4,004, —,00y 4,004 _} or P —Q €
{00g,+,005,—, 00y 4,00, _ for P = (z9,y0) and @ = (z1,y1) rational points on the curve can not
occur. Therefore, we always have in this case that a + dzoz1yoy1 # 0 and a — dxox1yoy1 # 0
and so Theorem 1.29 is sufficient and we have only one simple formula for the group law. This
is the reason why Edwards curves are widely used in cryptography.

2 Identifying Edwards curves.

Let E be an elliptic curve over a perfect field k& with char(k) # 2. Let O be the neutral element
of the group law of the curve. Assume that E admits a point 7' € E(k) of order 4 such that for
C = (T) and for all 0 € G = Gal(k/k), we have ¢(C) = C. Because C = (T) = {O,T,2T, T}
where ord(O) = 1, ord(2T) = 2 and ord(T") = ord(—T) = 4, this means that for all ¢ € G we
have 0(0O) = O, 0(2T) = 2T and o(T) = £T. Hence O and 2T are in E(k) and T is either in
E(k) or in E(I) where [ is a quadratic extension of k.

We can then state the following theorem.
Theorem 2.1. The elliptic curve E is isomorphic to a twisted Edwards curve.

The goal of this section is to prove the above theorem.

Theorem 2.2. There exist points R and R’ such that the 2-torsion subgroup E(k)[2] of E is
given by -
B(W)2) = (0,27, R, R'}.

Proof. We have that F is an elliptic curve over k where char(k) # 2 so we know that the 2-torsion
subgroup E(k)[2] of E is isomorphic to Z/27Z x Z/27Z so #(E(k)[2]) = 4. Since 2T has order 2
and O has order 0, they are both necessarily contained in that subgroup. Hence, the 2-torsion

group must be given by -
E(k)[2] ={0,2T, R, R'}

where R and R’ are two distinct points of order 2 on the curve that are neither O nor 27. O
We can now state the following theorem.

Theorem 2.3. The divisor (O) 4+ (2T) — (R) — (R’) of Ej, is a principal divisor of E.
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Proof. Let o be an element in G = Gal(k/k). We know already that o(O) = O and ¢(27) = 2T
Because R and R’ are the points of order 2 of FE that are neither O or 2T, we thus have that o
either leaves R and R’ invariant or o exchanges them. In any of those cases, the divisor (R)+ (R’)
remains therefore invariant under G so we have that (R) + (R') is defined over k. Now, the sum
R+ R’ in E(k) must still have order 2 and therefore also be one of the points inside E(k)[2].
We see that the only possibility here is that R + R’ = 2T since every other configuration would
imply either that R = O or R = O or R = R’ which is impossible for they must all be distinct
points. Hence R + R’ = 2T so by Lemma 1.23 the divisor given by (2T) + (O) — (R) — (R') is
indeed principal. O

Corollary 2.4. There exists a function in k(E) whose divisor is equal to (O)+(2T)—(R)—(R/).
Proof. This follows immediately from Theorem 2.3. O

Throughout this section, we let z be such a function. So, up to scalar multiplication, the function
x is the unique function satisfying div(z) = (O) + (2T) — (R) — (R').

Now, from Theorem 2.2, we also get the coset
T+ Ek)2 ={T,-T,R+T,R +T}.
We claim the following.
Theorem 2.5. The divisor (T')+ (=T)— (R+T) — (R' +T) of E} is a principal divisor of E.

Proof. Let o be an element of G = Gal(k/k). Then we have that o(R+ T) = o(R) + o(T) so
o(R+T) is either R+T or R—T or R'+T or R’ —T. However, we also know that R+ R’ = 2T,
so we get that RF — T =2T - R—-T =R+Tand R—T =2T—-R —T = R + T since R
and R’ have order 2. Hence o(R + T)) is either equal to R+ T or to R’ + T and by a similar
argument, the same holds for o(R' + T). Now, if o(R+T) =R+ T, theno(R' +T)=R + T
and if o(R+T) = R + T, then o(R'+7T) = R+ T, so in any case we get on the divisor that
o((R+T)+(R'+T)) = (R+T)+ (R'+T). Hence the divisor (R+T)+ (R'+T) is defined over k
itself. Similarly as for E(k)[2], we see here that on E(k) we have that T—T —(R+T)—(R'+T) =
—R—T— R —T = —4T = O so the divisor defined by (T')+ (-T) — (R+T) — (R’ —T) is again
principal by Lemma 1.23. (]

Corollary 2.6. There exists a function in k(E) whose divisor is equal to (T) + (=T) — (R +
T)— (R +71).

Proof. This follows immediately from Theorem 2.5. ]

Throughout this section, we let y be such a function. Hence y is, up to scalar multiplication, the
unique function satisfying the condition div(y) = (T) + (-T) — (R+T) — (R' + T).

The aim of this section is to find a relationship between = and y which would yield the equation
of an Edwards curve. We will do so by using the Riemann-Roch theorem, which we stated in
the previous section.

First, it gives us the following result, where we denote respectively by D, and D, the divisors
(R)+ (R) and (R+T)+ (R +T) corresponding to the poles of z and y.

Theorem 2.7. The Riemann-Roch spaces L(D,) and L(D,) are respectively equal to (1,x) and
(Ly).

Proof. Since E is an elliptic curve we get directly by Lemma 1.17, that both L(D,) and L(D,)
must have dimension 2. Moreover, we know that both 1 and z are inside L(D.) and that
those two functions must be linearly independent since div(x) # 0. Similarly, we have that the
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functions 1 and y are linearly independent and both contained in L(D,). Hence L(D,) = (1,z)
and L(Dy) = (1,y). O

Theorem 2.8. The Riemann-Roch spaces L(D, + D,)) is equal to (1,z,y, xy).

Note that this theorem is consistent with Corollary 1.20 in section 1, and again its proof will
follow from the following result.

Lemma 2.9. The functions 1, x, y and xy are linearly independent.

Proof of the lemma. Let a,b, c,d be constants such that axy 4+ bz 4+ cy +d = 0.
Assume that a # 0. By scaling the equation if necessary, we can assume without loss of generality
that @ = 1. This yields the following equation:

2y+br+cy+d=0=(z+c)(y+b)=bc—d

meaning that the expression (z + ¢)(y + b) must be equal to a constant e = be — d.

If e = 0 then either x + ¢ = 0 or y + b = 0, which would mean that either 1 and x, or 1 and y
are linearly dependent. This is not the case, so necessarily e # 0. Hence x + ¢ = ﬁ with e # 0.
In terms of divisors, this implies that we have the following equation:

div(z 4+ ¢) = —div(y + b)

However we know that div(z +¢) = (S) + (") — (R) — (R’) where S and S’ are points such that
z(S) = —¢ = 2(5”). Besides, since div(z + ¢) = (S) + (5) — (R) — (R'), we must have on the
curve that S+ S =R+ R =2T.

Now, we also know that div(y+b) = (Q) +(Q') — (R+T) — (R’ 4+ T) where Q and Q' are points
such that y(Q) = —b = y(Q’), so with the previous equation div(z 4+ ¢) = —div(y + b), this
implies that {S,5'} = {R+ T, R + T}. However since S+ S’ =2T and R+ T+ R + T = O,
this would mean that 27" = O, which is impossible, since T" has order 4.

Hence a = 0 and we now have the equation bx + cy +d = 0.

Assume now that b # 0. With the same argument we can take b = 1 and get:

r4+cy+d=0=>zr=—cy—d

This gives us:
div(z) = div(cy + d)

which is again impossible because x and cy + d do not have the same poles.

Therefore b = 0 and we are left with the equation cy + d = 0. Now, since 1 and y are linearly
independent, this immediately implies that ¢ = 0 and d = 0.

Hence a = b = ¢ =d =0 and the functions 1, z, y and xy are linearly independent. ([

Proof of Theorem 2.8. By Lemma 1.17, the space L(D, + D,) has dimension 4. Moreover
we know that the functions 1, x, y and xy are all contained in L(D, + D,) since div(zy) =
div(z) +div(y) = (O) + (2T) + (T') + (-T) — D, — D,,. So the space (1,z,y,xy) is contained in
the Riemann-Roch space L(D, + D,) of dimension 4. Now, by Lemma 2.9, we know that the
space (1, x,y,zy) also has dimension 4, since the functions 1, z, y, xy are linearly independent.
Hence the spaces L(D, + Dy) and (1, z,y, zy) must be equal. O

Consider now the following theorem which states that on a smooth projective curve, a divisor of
large enough degree is very ample.

Theorem 2.10. Let C' be a smooth projective curve of genus g. Let D be a divisor on C' such
that deg(D) > 29+ 1 and let (so, ... sn) be a basis for L(D). Then the map ¢: C — P™ given by
P (so(P):---:8,(P)) is an embedding.
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Proof. See for instance [2, Chapter IV, Corollary 3.2]. O
This theorem can be used to get the following result.

Theorem 2.11. The map
¢: E — Pt x P!

P ((x(P):1),(y(P): 1))
is an embedding.
Proof. Since deg(D) =4 > 2-1+ 1 by lemma 1.17, we can apply Theorem 2.10 to the divisor
D = D, + D,. This yields us an embedding ¢: E — P3 given by
P (1:a(P):y(P) : (zy)(P))

since L(D) = (1,z,y,zy) by Theorem 2.8. In particular, we have an isomorphism E — im(y).
It is also quite clear that if a point P = (2 : 21 : 22 : 23) in P? is contained in im(y), then P
satisfies the equation zpz3 = 2122 since P is then of the form (1: x : y : xy) for some z and y.
Hence im(p) € @ where Q is the quadric in P3(zy : 21 : 22 : z3) defined by the equation
2023 = z122. Now, we also have an isomorphism between @ and P! x P! which is induced by the
Segre embedding defined by
¢ : P! x P! — P3
((wo = 1), (yo 1 y1)) = (T1y1 : ToY1 : T1Yo © ToYo)

whose inverse y : Q — P! x P! is given by
(20 : 21 : 22,23) = ((21 : 20), (22 : 20)).
Now the composition x o ¢ eventually yields an embedding

¢:E— Pl xP!

which completes the proof. O

We can use this embedding to prove interesting results about some maps on the function field
k(FE). Consider for example the involutions defined by

c: K —-FE, P— —P

and
T:E—FE, P—2T—P.

Those maps induce maps c*: k(E) — k(FE) given by f — foo and 7*: k(EF) — «(F) given by
f— f o7 on the function field, as well as maps

o*: Div(E) = Div(E), (P) = > er(Q) - (Q)

Qea—1(P)

7 Div(E) = Div(E), (P)— Y. e(Q)-(Q)

QerT—1(P)
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on the divisors groups. Here e, and e, denote the ramification index of ¢ and 7, respectively.
Now since o and 7 are automorphisms on F we know that their ramification indexes are simply
equal to 1. Hence for every divisor D of the form ) n,(P), we get

(D) =" (Y np(P)) = Y ny(o™ (P) = > np(~P)

and

(D) = r* (Z np(P)> =Y n, (7 (P) = Y np(2T - P),
Corollary 2.12. Let 0*: K(E) — k(E) and 7*: k(E) — k(E) be the maps defined above. Then

o"(z) =—z, 0" (y) =y

and
() =z, T(y) = —y.

Proof. We will start by looking at the map ¢*. To know how ¢* acts on y, let S be a point on £
which is neither R+T nor R'+ T, set yo = y(5) and consider the function y —yo. We know that

div(y —yo) = (8) + (9) = (R+T) = (R +T)

where S and S’ are the (not necessarily distinct) points on the curve such that y(S) = y(S’) = yo.
On the curve, this means that S+5' = R+R'+2T = 4T = O. Hence we see that S" = —S = ¢(.5)
and therefore y(S) = y(o(S)) = yo. Since this holds for almost all S, we conclude that o*(y) = y.
Now, to know how it acts on = we can start by computing the divisor of o*(x). We get

div(e™(x)) = 0" (div(z)) = 0™((0) + (2T) — (R) — (R')) = (=0) + (=2T) — (-R) — (-R')

= (0) + (2T) — (R) — (R) = div(x).

div ( "*f)) = 0.

Therefore, there exists a constant A such that o*(x) = Az. Moreover, since (¢*)?= id, we know
that this constant A must be either 1 or —1.

We will now use the embedding ¢: E — P! x P! that we defined in Theorem 2.11. Because it
is an embedding, we know in particular that ¢(P) = ((z(P) : 1, (y(P) : 1)) can not be equal to
¢(—P) = ((x(=P) : 1), (y(=P) : 1)) whenever ord(P) > 2, as is for instance the case for P =T
But since we have seen that y(—P) = y(P) this implies that we must have x(P) # z(—P) on
those points. Hence, 0*(x) # x, so the only possibility is o*(z) = —z.

For 7%, we can use a similar reasoning. To know how 7* acts on z, let ) be a point on E which
is neither R nor R', set o = (Q) and consider the function x — zyg. We know that

div(z — z0) = (@) + (@) = (R) — (R')

where @) and Q' are the (not necessarily distinct) points on the curve with z(Q) = x(Q’) = 0.
On the curve, this means that @ + Q' = R+ R’ = 2T so Q' = 7(Q). Therefore z(Q) = z(7(Q))
for almost all @, so 7*(z) = =.

In order to see what 7*(y) is, we can start by computing the divisor of 7*(y). We get

This means in particular that

div(r*(y)) = 7*(div(y)) = 7°((T) + (=T) = (R+T) — (R' +T))

34



=2 -T)+Q2T+T)-(2T—R-T)— (2T —R —-T) = (T)+(-T)— (R+T) — (R +T) = div(y),

since R and R’ have order 2 and T has order 4. So again, in particular we have that

div <T*y(y)> =0

meaning that there exists a constant p such that 7*(y) = py which must be either 1 or —1, since
(7*)?= id. Using the embedding 1, we see this time that ¢(P) = ((z(P) : 1), (y(P) : 1)) can not
be equal to ¥(2T' — P) = ((z(2T'—P) : 1), (y(2T' — P) : 1)) whenever P ¢ {T,-T,R+T,R' +T}.
Now, since z(P) = x(2T — P), this means that y(P) # y(2T — P) for such point. Therefore
w=—1and 7*(y) = —v. O

Now that we know how ¢* and 7* act on x and y, we can see how they act on some Riemann-
Roch spaces and use that to show that E is isomorphic to a twisted Edwards curve. To do so,
we will use the following theorem from linear algebra.

Theorem 2.13. Let V be a finite-dimensional vector space and let fi,..., f : V. — V be diag-
onalizable endomorphisms that commute in pairs. Then fi,...,fr : V — V are simultaneously
diagonalizable, i.e., there exists a basis for V consisting of vectors that are eigenvectors for all
the f; at the same time.

Proof. See [7, Theorem 5.14]. O

Theorem 2.14. There exists a linear relation between 1, 22, y? and zy?.

Proof. Since (1,z) and (1,y) are bases of the spaces L(D,) and L(D,) respectively, and since
we have o*(2) = —z and o*(y) = y as well as 7*(z) = x and 7*(y) = —y, the spaces L(D,) and
L(D,) are invariant under both ¢* and 7*. The restriction of ¢* to L(D,) is the identity on
L(D,), while its restriction to L(D,) has eigenvalues 1 and —1. By switching L(D,) and L(D,),
we get the analogous statement for 7*. Moreover, for P on F, we notice

o(r(P))=0(2T — P)=-2T'+P=2T+ P

and
T(oc(P))=7(-P)=2T+ P

so 7 and ¢ commute, which implies that ¢* and 7* commute as well.

We can therefore use Theorem 2.13 on o* and 7* restricted to various subspaces of x(FE) and list
for each element z'y” with ¢,r € {0,1,2} in the Riemann-Roch spaces L(D,), L(D,)), L(D,+D,)
and L(2D, + 2D,) in which intersection of eigenspaces of ¢* and 7* they lie in. This yields the
following table.

eigenvalue of ¢* and 7* B B q
L(D) +1,41 L4+1 | +1,-1 | —1,-1
L(D,) 1 T 0 0
L(Dy) 1 0 Y 0
L(D; + D,) 1 x y Ty
L(2D, + 2D,) La?y? 2y | woay® | g2y | wy

Using this table, we see in the last column that the subspace corresponding to the intersection of
the eigenspaces E_q(c*) and E_1(7*) with ¢* and 7* acting on L(2D, + 2D, ) has dimension at
least 1. Moreover, since 1 and 2 are linearly independent, the elements y and yz2 in the third
column are also linearly independent. Hence the subspace in the third column corresponding to
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the intersection of the eigenspaces E1(¢c*) and E_;(7*) with ¢* and 7* acting on L(2D, + 2D,)
must have dimension at least 2. Using the fact that 1 and y? are also linearly independent we
can prove similarly that the subspace in the second column corresponding to the intersection of
the eigenspaces E_q(c*) and E;(7*) with ¢* and 7* acting on L(2D, + 2D,) must also have
dimension at least 2. Now, by Lemma 1.17, we have

dim(L(2D, + 2D,)) = deg(2D, + 2D,) =8

so the subspace in the first column corresponding to the intersection of the eigenspaces E;(c*) and
E, (%) with o* and 7* acting on L(2D,+2D,) cannot have dimension bigger than 8 —2—2—1 = 3.
But we see in the table that it contains at least 4 elements so there must exist a linear relation
between those elements. ([

The linear relation that we get in Theorem 2.14 will now give us the equation of an Edwards
curve for E.

Corollary 2.15. Assume that the point T on E is rational. Then x(T) # 0 and y(O) # 0 and
the functions ' = Az with A = x(T)~! and y' = py with u = y(O)~' induce an isomorphism
P (' (P):1),(y/(P): 1)) from E to an Edwards curve sending the point T € E(k) to (1,0)
and the point O € E(k) to (0,1).

Proof. Since div(z) = (O) + (2T) — (R) — (R'), we know that x(T) # 0 and since T is rational,
we have that A = z(T)~! is a constant in k. So we can define the function 2’ = Az in x(E) which
is a function satisfying /(T) = 1. For the same reason, we can set u = y(O)~! and define the
function y’ = py with the property y'(O) = 1. We now also know by Theorem 2.14 that there is
a linear relation between 1, 22, 4’2 and z'2y'2, so there are constants «, 3,7, € k such that

a+ﬁx/2 +,yy/2 +(5$’2y’2 =0.
On the points T and O, we thus get the following equations
a+6=0
a+v=0.

This means in particular that none of those constants can be zero because otherwise all of o, 3,7, 0
would be zero and the functions would be linearly independent, which is impossible because of
Theorem 2.14. We can therefore scale all of those constants and for instance set a = 1, which
yields v = f = —1. So the equation becomes

1— x/Q _ y/2 +5$/2y/2 =0

which yields
2?4y =1+ 6a%y”

which is exactly the equation of an Edwards curve as seen in section 1. (I

Corollary 2.16. We have y(O) # 0 and the function y' = py with u = y(O)~! induces an
isomorphism P+ ((x(P): 1), (y'(P): 1)) from E to a twisted Edwards curve.

Proof. The proof is very similar to the previous one, however this time for 7" non-rational, we
can not take a A such that 2/(T") = 1 for ' = Azx. But since O is always rational, we can still
set = y(O)~! and define the function 3 = py with the property y’(O) = 1. Now again by
Theorem 2.14 there exist constants «, 8,7,d € k such that

Oé+5$2 +’7y/2+(5$2y12 =0
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so, on O we still get the equation
a+~v=0.

Now, of the terms 1, 22, y2 and z?y'2, only 22 and z2y? have poles at the points R and R'.

So, in a linear relation, either both those terms occur, or neither. If neither occur, then 1 and
y? would be linearly dependent, which is not possible. So both x? and x?y? occur in the linear
relation, meaning that both 8 and § are nonzero. After scaling, we may assume 8 = 1 and so we
have

a+z? —ay? 4+ 62%y? =0

which yields

2

22 —ay’? = —a — d2%y"%.

Setting a = —« and d = —4, we therefore get
22+ ay? = a + da?y?

which is indeed the equation of a twisted Edwards curve. (I

3 A 2-descent on Edwards curves.

In this section we will apply descent by 2-isogeny on Edwards curves. We will start by recalling
the method of descent by 2-isogeny for general elliptic curves C' defined over QQ in short Weierstrafs
form. Let C be such an elliptic curve with a 2-torsion point. Possibly after a suitable change of
variables, we can assume its 2-torsion point to be the point (0,0) and its equation to be of the

form

v = u(u?® 4 cu + )

with ¢, e € Z and we have e # 0 and ¢ — 4e # 0 for C is non-singular.

Theorem 3.1. There is a second elliptic curve C' over Q and an isogeny ¢: C — C' having
kernel {O¢,(0,0)}. Specifically, C" can be given by

v/2 :u'(ul2+c’u’+e')

with ¢ = —2¢ and ¢’ = c® — 4e; and ¢ can be given by

J(u+cte/u,v—ev/u?) ifu#0,
olu,v) = {Oc/ if (u,v) = (0,0).

Proof. See [6, Chapter III, Example 4.5]. O

Theorem 3.2. Under the conditions of Theorem 3.1, there is a second isogeny ¢E: ' - C
defined by

bl o) = {(}l (W4 +e/u), 5 (W —ev/@W)?)) ifu #0,

OC Zf (’U/, U,) = (Oa O)

such that ¢ o ¢ = [2]cv and ¢ o ¢ = [2]¢ where [2]¢cr and [2]¢ denote multiplication by 2 on C'
and C, respectively.

Proof. See [6, Chapter III, Example 4.5]. O
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We seek to understand the image of C(Q) inside C’(Q) where C’ is the curve defined in the
previous theorem. For this, we introduce a map from C’(Q) to the quotient group Q*/(Q*)? as
follows.

Lemma 3.3. Let q: C'(Q) — Q*/(Q*)? be the function defined by

q((u',v')) = [u'] if u’ #0,
Q((Ovo)) = [6/]7
q(0) = [1].

Then q is a group homomorphism and the sequence

c@) % (@ % Q@)
15 exact.
Proof. See [1, Lemma 6]. O

In particular, the previous lemma implies that coker(¢) = C'(Q)/#(C(Q)) is equal to im(q). We
are therefore interested in finding the elements of Q*/(Q*)? that lie in the image of q. To do so,
we have the following useful proposition.

Proposition 3.4. Let C': v"? =/ (u? + '’ +€') with ¢’ and €' in Z be an elliptic curve over Q
and q the corresponding homomorphism from Lemma 3.3. Let b be a square-free integer. Then
the class [b] in Q*/(Q*)? lies in the image of q if and only if the equation

B2t + bI’m? + e'm* = bn?

admits a non-zero solution (I,m,n) with l;m,n € Z. Furthermore, this can only happen if b
divides €.

Proof. First of all, since ¢(O) = [1] and ¢((0,0)) = [¢], the class [b] lies in the image of ¢ whenever
b=1or b= ¢ and we see that in those cases, the equation

BA* + b’m? + e'm* = bn?

admits (1,0,1) or (0, 1,1) respectively as a solution. Suppose now that b is a square-free integer
such that [b] # 1 and [b] # € and that there exists a (v/,v") on C’ such that ¢((v',v")) =

[b]. Since [b] # €', we have u' # 0 and [u/] = [b]. Because the equation of C’ is given by
02 = o/ (u? + v + €'), we have in particular that u'(u? + v/ + k') is a square, so we also
have [u'? + c'u’ + €] = [u'] = [b]. In other words, there exist s,¢ in Q such that v’ = bt? and

w2 + v’ + e = bs?. Together with the first equation, we get
(bt2)? + /bt? 4+ ¢’ = bs?
Now, t in in QQ, so we can write t as t = % with [, m coprime integers. This yields the equation
WA+ bPm? + e'm? = bs?m?

Write now n = sm?. Then the previous equation becomes b?1* + ¢'bl>m* +e'm* = bn?. Moreover
n = sm? must be an integer: indeed, the left-hand side of the equation is clearly an integer so
the right-hand side of the equation must be one as well. But the right-hand side is equal to bn?
with b being square-free, so this can only happen if n is itself also an integer. Hence, if b is in

the image of ¢, the equation
VA 4 IbPm? + e/'m?* = bn? (1)
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must have a solution with I,m,n € Z and [, m coprime. Conversely if the equation (1) has a
non-zero solution (I, m,n) with I,m,n € Z, then setting v’ = b(#)2 gives us a point (u',v’) on
C’ such that q((u/,v")) = [b]. We are left to prove that the class [b] in Q*/(Q*)? can only lie in
the image of ¢ if b divides ¢/. Suppose that we have a solution (I,m,n) in Z® such that there is
a prime p dividing b but not e’. Then from the equation (1) we see that p must divide e’m* and
so it must divide m. Hence every term in the left-hand side of the equation (1) is divisible by
p?, and so bn? is divisible by p?. This implies that p divides n, for b is square-free. In particular,
we see now that the terms c¢/bl?m?*, e‘'m* and bn? are all divisible by p?, so b%[* must also be
divisible by p®. Using again the fact that b is square-free, we thus have that p divides I. But I
and m are coprime so this leads to a contradiction. Hence b must divide e’. O

While this proposition gives necessary and sufficient conditions for a class [b] in Q*/(Q*)? to lie
in the image of the map ¢ defined in Lemma 3.3, we will show that for Edwards curves, there
exist some necessary conditions that are easier to verify, thus often making it quicker to narrow
down the image of ¢ and hence the cokernel of ¢. To show this we will want to apply some
the theorems and isogenies mentioned above, so we first introduce the following isomorphism
between a general twisted Edwards curve and a Weierstrafs curve.

Theorem 3.5. Let E: 2% + ay? = a + dz?y? be a twisted Edwards curve and let EW then be
the Weierstraf} curve given by the equation n* = £(£2 + 2a(d + 1)€ + a®(d — 1)?). Then we have
an isomorphism x: E — EW sending the 2-torsion point 2T of E to the 2-torsion point (0,0) of
EW given by

y+1

(z,y) — (a(d ~)I 2 1):C(yy+_11)> .

Proof. We are looking for an equation of the form
EW o = (€ + pt +q)

with p and ¢ constants and we know that on a Edwards curve E, the point 27" = (0,—1) is a
rational 2-torsion point of E. Hence, we want the function ¢ in the equation of EW to satisfy
the condition

div(&) = 2(2T) — 2(0).
Consider the function z—ﬂ Since div(y +1) = 2(2T) = (R+T) — (R—T) and div(y — 1) =
2(0) = (R+T)— (R—T) by section 1, we get that

diV&l:22T—20
(1) =261 - 20

as desired. We therefore set £ = c% where c is a constant to be determined.
We have that E[2] = {O,2T, R, R’} so we need 7 to be a function such that:

div(n) = (2T) + (R) + (R') — 3(0)
Firstly, note that with this we get:

1
div (Z) =(R)+ (R) - (0) — (2T) = div (a:)
Hence, we have n = c’g =c y+1.
Assume for now that these constant are all equal 1. Then we get
p_§
- ) Yy = é. — 1,

with ¢’ and é = ¢ - ¢ constants.
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and so the equation of the curve
22 + ay?® = a + dz*y?

€2 e+1\? £2(€ +1)?
772+a<£—1> ‘”d<n2<g—1>2)

yields

which in turn gives us the equation
(€ -1 +al+1)** =an’(§ — 1) +d¢* (€ +1)°

which implies
dagn® =& [(d—1)§* +2(d+ 1) +d — 1] .
Now, multiplying both sides of the equation by M yields
(2a%(d — 1)n)* = a®(d — 1)*¢ [(d — 1)€* + 2(d + 1) + d — 1]

and this gives us the equation

(2a*(d — 1)n)* = a(d — 1)¢ [(a(d — 1)€)* + 2a(d + 1) (a(d — 1)) + a*(d — 1)?] .

Setting ¢ = a(d — 1) and ¢’ = 2a%(d — 1), i.e. setting n = 2a*(d — 1)IZJyt11) and £ = a(d — 1)5—‘:1
we get

0 =¢(& +2a(d + )¢ +a’(d - 1)?)
which is the desired Weierstrafl form with constants p = 2a(d + 1) and q = a?(d — 1)2. O

For the rest of this section we fix a twisted Edwards curve E : 22 + ay® = a + dz?y® and
we denote by EW : % = £(€2 + 2a(d + 1)¢ + a?(d — 1)?) the isomorphic Weierstraf curve from
Theorem 3.5. We see that the map x: E — E" given by (x,y) — (a(d— 1)5—1“}, 2a%(d—1) w(y;r_ll))
from Theorem 3.5 is an isogeny as it sends the neutral element Og of F to the point at inﬁnity.
By Lemma 3.3 we have a homomorphism ¢: EV (Q) — Q/(Q*)? defined as

P =(&n) = [§]if P # (0,0),

(0,0) = [a*(d - 1)?],
Opw — [1].

Now through the identification y : E — E"W, we get a map 1 : E(Q) — Q/(Q*)? and for a point
P = (z,y) on E which is not in E[2], we have

0(P) = fald - )27 | = fa(d = 1) = )] = (@ = (e - 1) )
Since x(27") = (0,0), we have 1(27) = [1]. When the points co, + and oo, _ are rational then
we have 9(00z 1) = [—a(l £ 6)?] = [-a]. When oo, 4 and oo, _ are rational, then we have
P(ooy 1) = [a(d — 1)]. We want to identify the elements of Q*/(Q*)? which lie in the image of
1. To do so, we introduce the following notion which will later yield a necessary condition for
an element of Q*/(Q*)? to be in the image in 1.
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Definition 3.6. Let k be a number field and let v be a place of k. Let a and b be two elements
of k%. The Hilbert symbol (a,b), of a and b at v is defined as

(a,b) {1 if the conic az? + by? = 22 has a k,-rational point,
a7 v — .
—1 otherwise.

The Hilbert symbol has many useful properties.

Proposition 3.7. Let k be a number field, let v be a place of k and let a,b,c be in k). Then
(i) (a,b), = (b,a), and (a,c?), = 1;

(ii) (a,~a), = 1;

(iii) If a # 1 then (a,1 —a), = 1;

(i) If (a,b), =1 then (ac,b), = (¢,b),.

Proof of properties (i)-(ii). Symmetry of Hilbert symbol follows from symmetry of the equation
of the conic in the definition. If b = ¢? for some ¢ € k};, then (z,y,2) = (0,1,¢) is a k,-rational
point on the conic. This proves property (i). Now if b = —a, the conic admits (z,y, z) = (1,1,0)
as a rational point, and the same can be said for the point (1,1,1) whenever a # 1 and b =1—a.
This proves (ii) and (iii). O

Property (iv) can be proven using the following proposition.

Proposition 3.8. Let k be a number field and let v be a place of k. Let a,b be in k},. Then
(a,b), = 1 if and only if a is a norm from k, (/D).

Proof. Is b is a square, then by property (i) of the previous proposition (a,b), = 1 and we have
kjy(\/g) =k, so a € k} is clearly a norm from k;V(\/E) So let now b to be a element which is
not a square in k% and let 8 be a square-root of b. Then all elements of &, (v/b) can be written
as u + fv with u,v € k,. Assume that a is the norm of such an element u + Sv. Then we have
a = u? — bv? and hence the conic ax? + by? = 22 admits (z,y, z) = (1,v,u) as rational point, so
(a,b), = 1. Now assume that (a,b), = 1, i.e., that there are z,y,z € k, not all zero such that
ax? + by? = 2%, If x is zero, then y must be non-zero so b would be equal to (z/y)? which is a
square and we are back to the first case. Now, if x is non-zero, we have that a = (z/z)% —b(y/x)?,
so a is the norm of the element (z/z) + B(y/z)? in k,(V/b). O

Proof of property (iv). If (a,b), = 1, then by the previous proposition a is a norm from k, (v/b).
So, for ¢ € k}, we have that ac is a norm if and only if ¢ is a norm since the norm map is
multiplicative. ([

For k a completion of QQ, there are explicit formulae to compute the Hilbert symbol.

Proposition 3.9. (i) Let a,b be in R*. Then:

1 ifa>0o0rb>0,
(avb)oo: .
-1 ifa<0andb<D0.

(ii) Let p an odd prime and a,b € Q. Write a = p*u and b = pPu with w and v in Z; and
define e(p) = (p — 1)/2. Then

= () ()

41



where (%) denotes the Legendre symbol.

(i4i) Let p = 2 and a,b € Q}. Write a = 2°u and b = 2°v with w and v in Z%. For v € Z},
define €(z) = (x — 1)/2 (mod 2) and w(z) = (2* — 1)/8 (mod 2). Then

(CL, b)g — (_1)e(u)e(v)+aw(v)+ﬁw(u).

Proof. See [4, Chapitre ITI, Théoréme 1.]. O
For odd primes in particular, we may notice the following property.

Proposition 3.10. Let p is an odd prime and a,b be elements in Zy. Then (a,b), = 1.

Proof. This follows directly from (ii) of Proposition 3.9 since we have then the decomposition
a =p%a and b = pYb. O
We can now state the following theorem.

Theorem 3.11. Let b be a square-free integer. If the class [b] in Q*/(Q*)? lies in the image
of ¥, then (b,a)oo = (b,d)os =1 and (b,a), = (b,d), =1 for all primes p.

Proof. If b =1, then [b] lies in the image of ¢ since ¥(0) = [1] and we have (a,1)o = (d,1)oo =1
and (a,1), = (d,1), = 1 for all primes p by property (i) of Proposition 3.7 since 1 = 12. Let now
b # 1 be a square-free integer. For b to be in the image of 1, there has to be a rational point
(z,y) € E(Q) such that

[a(d = D)(y* = 1)] = [(d — 1)(dy* — 1)] = [b].
Here (z,y) is not in {0, 2T} since ¥(0) = (2T) = [1]. In other words, we must have
a(d —1)(y* — 1) = bz?

for some z € Q*.
Consider now the curve C} defined by the previous equation and the equation for E, i.e., the
curve (Y defined by the equations

_ Jaly? = 1) =a*(dy* - 1),
G = {a(d S 1)(y? - 1) = b22

We have that if (z,y) is a rational point on E with ¢(z,y) = [b], i.e., with a(d — 1)(y? — 1) = b2?
for some z € Q*, then the point (z,y, z) is a rational point on C.
Write X = “sz, Y =a(d—1)y, Z = bz and W = a(d—1). Then, multiplying the second equation
by ba(d — 1) yields the equation

bY? = bW? +a(d —1)7% (Cp1)

Subtracting (d — 1) times the first equation from the second then and multiplying both sides by
a®b(d — 1) also gives us the following equation

bdY? = bW?2 + (d—1)X2 (Ch.2)

Now, removing the variable Y by computing dCj, 4 — Cp 2 and then dividing by (d — 1), we get

X% =bW? + adZ? (Cb3)
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and removing W by computing Cj, 2 — Cj 4 and then dividing by (d — 1), we get

X% =bY?+aZ?. (Ch,a)

Every equation (Cj ;) with ¢ € {1,2,3,4} defines a conic C}; and so we get four conic Cp 1, Cj 2,
Ch,3 and Cy 4 as well as projections C, — Cy; for i € {1,2,3,4}. Hence, if one of those conic
admits no rational points, then necessarily, Cj, admits no rational points and therefore b can not
lie in the image of 9. Now, for C} 4 to have rational points, we must have (b,a), =1 for v = 00
and v = p for all p prime. Similarly, Cp 3 can only have rational points if (b, ad), = 1. Using
property (iv) pf Proposition 3.7, this implies that we must have (b,a), = 1 and (b,d), = 1 for
v = oo and v = p for all prime numbers p. (I

Remark. The conics Cy 1 and C, 2 do not give any extra conditions. Indeed the point (Y, Z, W) =
(1,1,0) always lies on Cp1 so Cp 1 surely admits rational points. As for C, 2 we notice that
multiplying (Cy2) by b yields the equation

(bW)2 = d(bY)* + b(1 — d) X

which defines a conic that admits rational points over k, if and only if (d,b(1 — d)), = 1. By
properties (iii) and (iv) of Proposition 3.7, that is if and only if (d,b), = 1 which is a condition
we already have.

In particular if (a,b), = —1 with ¥ = oo or v = p for some prime number p, then b does not
lie in the image of 1. Hence, thanks to a simple computation of the Hilbert symbol, we may
discard some values of b a bit quicker than with the usual method as in Proposition 3.4. We
shall illustrate this with an example.

Theorem 3.12. Let E be the twisted Edwards curve over Q given by
2%+ 5y* = 5 + 22%y°.
Then E(Q) is an abelian group of rank 1.

Proof. We work with the twisted Edwards curves E : 22 +5y? = 5422232 meaning we have a = 5
and d = 2. We want to compute the group E(Q)/2E(Q). By Theorem 3.5, the corresponding
Weierstraf equation is given by

C:n? = £(&% + 30¢ + 25).
and Theorem 3.1 and 3.2 give us a second elliptic curve C’ over Q given by
C":v? = u(u® — 60u + 800)

together with isogenies ¢ : C — C’ and QAS : ¢’ — C. Moreover by Lemma 3.3 we have a
homomorphism ¢ : C(Q) — Q*/(Q*)? given by

P =(&n) = []if P #(0,0),
(0,0) — [25],
OEW — [1}

and through the identification y : E — C, we have a map v : E(Q) — Q*/(Q*)? such that for a
point P on E which is not in E[2], we have

»(P) =[5(y* — 1)] = [2y° — 1]

43



as seen in equation (2).

We will first compute C(Q)/¢(C’(Q)). By Lemma 3.3, it is isomorphic to im(t). The square-
free integers b for which the class [b] € Q*/(Q*)? may lie in the image of 1 are the square-free
integers which divide a(d — 1), so which divide 5 in this case, hence we only have to look at
the integers £1 and £5. Now, the necessary conditions we have found in Theorem 3.11 on the
Hilbert symbols for b to be in the image of ¢ are here given by (5,b), = 1 = (2, ), for all places
vof Q,i.e., for v = co and for v = p with p any prime. Since both 2 and 5 are positive integers,
those conditions are satisfied for every b when v = oo by Proposition 3.9.

Take now b = —5 and p = 2. We have 2 =2!.1 and —5 = 2° - (=5), so we get:

(2,5)2 = (~1) A5 — (_)e(-9) =

because €(1) = 351 (mod 2) = 0 and w(—5) = 251 (mod 2) = 3 (mod 2) = 1. Therefore, for
b = —5, we know directly with this simple computation that [—5] is not contained in the image
of ¢ by Theorem 3.11.

For b = 5, we find that (5,2); = (—1)¥®®) = —1 so by Theorem 3.11 we can also discard 5 right
away.

For b = —1, we see that for the point (—5,—2/3) on the curve E, we have

P((=5,-2/3)) = [5-1-(4/9 =1 = [5- (=5/9)] = [-1]

so [—1] is in the image of . Therefore im(¢)) is the group {+1}.

We now want to find the order of C'(Q)/é(C(Q)). Let g be the map given in Lemma 3.3.
By proposition 3.4 we need to look at the square-free integers b dividing 800, i.e., at b €
{+£1,£2,£5,+10}. All negative b can not give a non-zero solutions to the equation

bt — 60%m> + #M‘ =n?

for the left-hand side will always be negative and the right-hand side positive. Moreover, we
have [800] = [2-10%] = [2] in Q*/(Q*)?, so [2] = ¢((0,0)). Hence [2] is in im(g), meaning that
im(q) is either the group {1,2} or {1,2,5,10}. Now for b = 5, we see that for the point (20,0)
on C’ we have

q((20,0)) = [20] = [5]

So [5] is in the image of ¢ and so im(q) = {1,2,5,10}. Hence C'(Q)/¢(C(Q)) has order 4.
Write now r for the rank of E(Q). By [5, Section 3.6], we have

o _ #CQ/HCQ@QNHC(Q/3(C@)) _2:4 _,
4 i

Hence, we have indeed r = 1. O

Remark. We could have found the same result using the method described in Proposition 3.4,
but it would have required some work. For instance, when computing C(Q)/$(C’(Q)), we have
discarded the value b = —5 quickly by noticing that (2, —5)2 = —1, and so that the conic C 3 for
b = —5 has no Qs-adic points. But then Cj has no Qs-adic points either, which can be verified
using Proposition 3.4. However, this is a bit more tedious, even if already know that p =2 is a
useful prime to consider. Indeed, to see that C} for b = —5 has no Q2-adic points, we then need
to look at the equation
a’(d—1)* 2

bt + 2a(d + 1)Pm? + — ' =n
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so in this example at the equation
—5(1* — 61°m? + m*) = n?.

We want to show here that this equation admits no solutions in Q. Modulo 2 and 4, this equation
admits (I,m,n) = (1,1,0) as solution, so we must at least look at the equation modulo 8. Take
Il =1 and m = 1 modulo 8, then

—5(1* = 61°m? + m*) = =5(1 — 6+ 1) = 20 = 4 (mod 8) = 22 (mod 8)
so (1,1,2) is a solution here. Modulo 16, when taking [ = m = 1, we have again that
—5(1* = 61°m? + m*) = =5(1 — 6+ 1) = 20 = 4 (mod 16) = 2% (mod 16)

so (1,1,2) is again a solution. Consider now the equation modulo 32. Suppose first that [ is even
and m is odd. Then, modulo 8, we have that {2 must be either 0 or 4 so in any case 6/ must
be congruent to 0 modulo 8. Moreover, we have then also that {* is congruent to 0 modulo 8,
so modulo 8 we get the equation —5m* = n? which has no solutions since —5 is not a square
modulo 8 and m* = 1 modulo 8. Hence the equation —5(I* — 6/2m? + m*) = n? can not have
solutions modulo 32 for [ even and m odd. By symmetry of the equation, the same happens for
l odd and m even. Assume now that both [ and m are odd. For x and odd integer, we have
that 22 is congruent to either 1, —7, 9 or 17 modulo 32. So the possible values of [? modulo 32
are 1, —7, 9 or 17 and the same holds for m? modulo 32. In every case, we get that the value of
I1* —61°m? +m* is congruent to —4 modulo 32. Hence, for any possible value of [ and m, we have
that —5(1* —61>m? +m?*) is congruent to 20 modulo 32 so the equation —5(I* — 61>°m? + m*) = n?
becomes 20 = n? modulo 32 and this equation has no solution modulo 32 since 20 is not a square
modulo 32. Hence the equation

—5(* — 61*°m? + m*) = n?

has no rational solution, therefore the class [—5] does not lie in the image of ¢» by Proposition
3.4. We get the same result but we here had to look at the equation —5(I* — 612m? + m*) = n?
modulo 32 for this.

In a similar way, one can show that to discard the value b = 5 with the method in Proposition
3.4, we would have had to look at the equation 5(I* + 6/°m? + m*) = n? modulo 16 to find that
it has no solution in Q5.

4 Constructing a 4-isogeny.

Throughout this section, E will denote a twisted Edwards curve E : 22 + ay? = a + dz?y? over
a perfect field k with char(k) # 2. Let a be a root of the polynomial X2 — a and § a root of
X2 —d. Denote by T the 4-torsion point 7' = (c, 0) and by G the group of order 4 generated by
T.

Theorem 4.1. There is a second twisted Edwards curve E over k and an isogeny ¢: E — E
whose kernel is equal to G. Specifically, E can be given by the equation

E: 3 +ay® = a+ di*y?
with a = 7% andd=1— d; and 1 can be given by

2xy 2 + ay?
22 —ay? 2a — 22 —ay? )’

(@,y) — (
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Proof. First of all, we need to verify that for (z,y) € E, the image ¢(z,y) is indeed a point on
the given curve F, so we need to prove that

2vy  \? 1 22 +ay? \° N 1 (1) 2vy  \° 22 +ay? \° _0
2 — ay? a \2a —x2 — ay? a 2 — ay? 20— 22 —ay?)
Using the identity 2a — 22 — ay? = a — dx?y? and multiplying the previous expression by a(a —
dz?y?)?(x? — ay?)?, this is equivalent to proving that the expression

A = 4ax?y?(a — d2®y?)? — (2* — a®y?)? + (2% — ay®)?(a — d2*y?)? + da(d — 1)z?y* (2 + ay?)?
is equal to zero. We have
A = 2a32%y? + 2ad?2%y° — 28 + 2a%2y? — a?y® + a®at — 2a32%y? + a'y? — 2adaCy?

+ 4a?dxty? — 2a3da®y® + 22yt + a?d?ay® + dadaSy? — daxSy? — 8a’xty?

+ 4a3da?y® — 4a32?y°

= —2a32%y? + 3adx®y* + 3a®daty® — 2a%daty? — 2 + 2622yt — ay® + a2t — 3aty?

—2az% + 6a22*y? + 2a%a* + 64322yt + 2a*y® + 2aty* + day? — adaSy? + addx?y®

— a3dz?y® + 4aa® — 4a%a* — 4axSy? — 8ty — 4az?y0

= —2a32%y? + 3az%y? + 3a%zy? — 3a%zty? + 32ty + 3aP2?yS — 3ada?yt — 2a22ty?

—2a322%yt + 2a%2%y? — 2 + 2a%xtyt — aty® + a2t — 3a'y? — 228 + 6a2ty? + 2022t

160322yt + 205 + 20ty + 28 + ax®y? — 2020 — axly? + a2t + P20 + atyd

—a*y® + aty* + daz® — 4a%z* — daxby? — 8artyt — 4aPx?yS

=0
using the equality dz?y? = 22 + ay® — a@ when needed. Hence the map 1) is well-defined on the
affine points (z,y) where 22 — ay? and a — dz?y? do not vanish. Because rational map from a
smooth curve to a projective curve extend uniquely to a morphism, the map ¢ is a well-defined
morphism E — FE. ~
We are left to prove that its kernel is equal to G = (T"). The curve E is a twisted Edwards curve
with identity element given by Oz = (0,1). For a point ((zo : 1), (o : ¥1)) on E, we have

V(o 21), (yo 1 1)) = ((2zoyor1yr = x3y; — ayga?d), (xgys + ayga? : 2aaiy; — ady; — ayda?))

and so we see that the points at infinity co, 4, 00, —, 00y 4+ and ooy — on E are all sent to the
point (0,—1) on F under ¢. Hence they are not in the kernel of 4. For a point P = (x,y) to lie

in the kernel, we need to have
2 2 2
W Tt = (0,1).
22 — ay?’ 2a — 22 — ay?

If 22 —ay? = 0, then from 22 +ay? = a+dx?y?, we get 2ay* = a+dz?y? = a+ady* = a(1+dy?),
so dy* = 2y% — 1. Hence we then have y # 0 and = # 0, so 22y # 0 and therefore (z,y) is sent
to a point at infinity and is therefore not in the kernel of .

If 2a — 22 — ay? = 0 then from 22 + ay? = a + dz?y?, we have a — dz?y? = 0 and so x%y? # 0.
Hence 22 + ay? = a + dz?y? # 0 and so (x,y) is sent to a point at infinity and is therefore not
in the kernel of .

If 22 — ay? # 0 and 2a — 222 — ay? # 0, then for (z,y) to be in the kernel, we need to have

2xy = 0.
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This can only happen when x = 0 or y = 0, i.e., when P is equal to either Og, T, 2T or —T.
Hence ker(¢)) C G. It is not difficult to see that we also have G C ker(¢)) since for all P € G, we
have

a
(P) = (0.2) = (0,1) = Op.
Hence ker(¢) = G. In particular we have ¥(Og) = O so 1 is indeed an isogeny. O

Remark. In the proof above, we have simply verified that the given map satisfies the required
conditions but it may be interesting to get a idea on how we might have found this map 1 and
the curve E to begin with. One way to do it is to state that if there was an isogeny 1 from
E to an elliptic curve E, then the image under v of the point R = ((1 : 0), (1 : §)), which is a
two-torsion point on E would still be a 2-torsion point on E as R is not contained in G and so the
image of a point S on E satisfying 25 = R would be a 4-torsion point on E. Now, we notice that
E[k][4] is isomorphic to (Z/4Z)? and is invariant under Gal(k/k). Hence the image v (E[k][4])
is also fixed under Gal(k/k) and this image is isomorphic to E[k][4]/G = (Z/4Z)* |G = 7./AZ.
By section 2, this means that F is a twisted Edwards curve and can therefore be defined by an
equation of the form #2 4+ aj? = a + d#2j2. We are now left to find the functions 7,7 and the
constants @ and d. The group E[2] consists of the points Oz, ¥(R), ¥(Q) and ¥(Q) + ¢(R)
where @ is a point on F satisfying 2¢) = T and by section 2, we therefore know that

divy(Z) = (Op) + (V(R)) — (¥(Q)) — (»(Q) + ¢(R))
and
divg(7) = (¥ (9)) + (L (R)) + ¥(5)) — (¥(Q) + ¥(5)) — (¥(Q) + P(R) + ¥(9)).
Hence we have
divg(* () =Op)+ (T)+2T)+ (-T)+ (R)+ (R+T)+ (R+2T)+ (R-T)
-@)-@+T)-(Q+2T)-(Q-T)—(Q@+R) —(Q+R+1T)
- (Q@+R+21)-(Q+R-T)
and
dive(@* @) =S+ S +T)+(S+2T)+(S—-T)+(R+S)+(R+S+T)+ (R+S+2T)
+R+S-T)—(Q+S)—(Q+S+T)—(Q+S+2T)— (Q+S—-T)
—(@+S5S+R) - (Q+S+R+T)-(Q+S+R+2T) - (Q+S+R-T)

We are left to find the points @ and S. The coordinates of @) can be found by looking at the
points which are invariant under the map £ — E, P — T — P which is given on the coordinates
by (z,y) — (ay, %) The coordinates of S can also be found by looking at the points invariant

under the map F — E, P — R — P which is given on the coordinates by (z,y) — (—%, é)
Using this, we get ¢*(Z) = A\f and ¢*(y) = Ng with f(z,y) = waZUQ and g(x,y) = %
and A, \" constants. Now, @ corresponds to the square of the first coordinates of 1 (S) so we
can find its value by evaluating f(5)2. Similarly we can find the value of d by evaluating g9(Q)%.
Setting A=2and ' =1, we find a = —L and d =1 —d.

Consider now the elliptic curve E’ C P3(p,q,r,s) defined by the affine equations in the affine
patch with s =1

¢ =pr
p+ar =a+dg?
with base point Og: = (0,0,1) and consider the isogeny ¢: F — E’ given by

o: ((z:1),(y:1)) — (:1:2:3t7y:y2 :1).
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Lemma 4.2. The curve E' C P3(p,q,r,s) is smooth.

Proof. The curve E’ is given in P3(p,q,r, s) by

¢ =pr
ps + ars = as® + dq>.

Let F(p,q,r,s) be the function given by ¢®> — pr and G(p, ¢, 7, s) the function given by ps +ars —
as? — dg®. We have

oF o or_OF _,  OF
dp or P dq & hs T
and
%*S‘ %*as %77251' %* + ar — 2as
op 7 or T 9q G 9s P '

So, if E’ is singular at a point (p: ¢ : r : s) then the matrix

A_ (7T P 2q 0
" \s as —2dqg p+ar—2as

has rank smaller than 2.
If ¢ = 0, then we have pr = ¢?> = 0 and so either p = 0 or r = 0. Since the matrix

=)
S as

0 = det(B) = —asr — ps

has rank smaller than 2, we have

and so we get
s(p+ar)=0.

Hence, we then have either s = 0 or p = ar. So either we have g =p=r=0o0org=r=s=20
orqg=p=s=0.
In the first case, the identity

ps + ars = as® + d¢>
impliesp=g=r=s=0.
In the last two cases we also have p = ¢ = r = s = 0 since A has rank smaller than two.
Now if ¢ # 0, then we have that the second row is —d times the first row. Hence we get
s =dr, as = dp and p + ar — 2as = 0. The first two yield p = ar, since d # 0. Together with
p+ ar — 2as = 0, we then get r = s, for a # 0. Hence we have s = r and s = dr, so r = dr.
Since d # 1, this implies that we have r = 0. Because ¢> = pr, this then implies ¢ = 0 which
contradicts g # 0.
Hence the curve E’ is smooth. O

Lemma 4.3. Let C' C P? be the elliptic curve defined by the Weierstraf§ equation
v? = u(u — a)(u — ad).

a® a*(p—a)

Then we have an isomorphism x' : E' — C' given by (p,q,r) — (p, o

(u,v) — (“2 ala—w) a-u )

u v ' u—ad

) with inverse

48



Proof. The map x’ is well-defined for

(555 (52 (252)

a*(a — p)(a — dp)

B
_ a(a—p)(ar —dg®)
pr
_ a*(a—p)®
P*¢?
It is an isogeny since it sends the base point Og = (0,0, 1) to the infinity point and it is clearly
of degree 1, with inverse (u,v) — (%, @, ﬁ) O

Let C' C P2 be the curve given by
0n* = &(€+ 2a(d + 1)¢ +a’(d - 1)%).
By Theorem 3.5, C' represents the Weierstrafs form of the twisted Edwards curve E and we have

an isomorphism x: E — C' given by (z,y) — (a(d - 1);%}7 2a?(d — 1)m('7’yt11)).

Lemma 4.4. The map ¢: C' — C given by (u,v) — (u —a(d+1)+ %,v - “i#) is a well
defined isogeny of degree 2.

Proof. The map is well-defined, for

<u—a(d+1)+azd> <<u—a(d+ 1)+aid)2+2a(d+1) (u—a(d—i— 1)+aid> +a2(d—l)2>

v? a?d 2 a?d 2
e\ ) =) )

Now, on P2(U, V, W), the curve C’ is given by the equation
VEW = UU — aW)(U — adW)

and we have

2 2
¢([U:V:WD=[g/—a(d+1)+adW_V_adVW.

: W

uowo o

dVIW? L, adVi?
v U?

Now, using the equation of the curve, we can rewrite the first coordinate as

= [UV3 —a(d+1)V3W + VAW
UV —a(d+ 1)V3W + a?>dVW (U — aW)(U — adW)

and the second one as
Vvt —a2d(U — aW)?(U — adW)?

$0 ¢ sends a point [U:V : W] to the point

[UV3 —a(d+ 1)V3W +a?dVW (U — aW)(U — adW) : V* — a?d(U — aW)*(U — adW)? : V3W?2].
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In particular, we see that ¢([0:1:0]) = [0: 1: 0] and so it is indeed an isogeny. Finally, if (u, v)
is in C'(k) and u # 0, then ¢((u,v)) is a well defined point on the affine part of C and so (u, v)
is not in the kernel of ¢. We thus have

ker(é) ={0¢,(0,0)}.

Hence ¢ has indeed degree 2. O

1

Lemma 4.5. The morphism E — FE given by the composition x~* o giA) ox' o ¢ is equal to

multiplication by —2 in the group law of E.

Proof. Let C be the elliptic curve given by the equation 9% = u(u® — 4a(d + 1)u + 16a%d) and
consider the map ¢: C — C given by

(&m) = ((Z)Q,n—W), §#0
O¢, §=0.

This map is well-defined by Theorem 3.1.

Set ¢ = (;3 and consider the diagram

c—FF——C

N A

C/

where € : C'— C” is the isomorphism given by (u,9) — (%, —2). Then, for (4,7) € C, we have

1 4a%d 1 2a2dv
@(e(ﬂ,@)):<4a—a(d+1)+ af ,— <0+ a U)

U 8 2

1/ 16a%d 1/ 16a%dv
_<4<u—4a(d+1)+ > >7—8<v+ o ))

Therefore, by Theorem 3.2, the composite ¢ o € 0 ¢ is equal to multiplication by —2. Hence, we
are now only left to show that the diagram

commutes. Indeed, if it commutes, then we have

1 1

X_1°<ZA5°XIO¢:X_ OQEO“’SDOX:X_ opoeopox=x"o[-2ox=[-2]

So let (x,y) be on E. Then
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and

_ BRI Y TR R A Sk
ettt = (o (ala - )2 2aa - ) 2L
4at(d —1)? 1)%(y —1)? 1 —1)?
_6( a*(d=1)*y+1)*@y—1) 2a(d— 1)L (1_(1/ )>>
a?(d—1)%x2(y +1)*(y — 1) x(y —1) (y+1)?
a o (d—1)y
=c(4—,8a®
6( P x(yzl))
2 C1)2,2
_ (4% gg2ld = D2y
22 g — 1)
2 2 2_ 2.9
. 4&78a2(x +ay® —a — z?y*)
27 Pyly? — 1)
2 2
a 5 (a— %)
=€ (4:1;278a x?)y)
_ an a?(x? — a)
\ a2’ 23y
= X' (¢(z,y)).
Hence, the diagram above commutes, which concludes the proof. (I

Now, "symmetrically", we can define similar maps for the Edwards curve E. Denote by C' C P2
the curve given by the Weierstrafs equation

i = E(& + 2a(d + 1)€ + a*(d — 1)%)
and by x the isomorphism E—C given by
L s y+1 o = y+1
Z,9) > (a d—1)=7——,2a°(d—1)—/——— | .
@9) = (ad - DI 282 - 1) s
Let E' C P3(p,§, 7, 5) be the elliptic curve defined by the equation

g = pr
p+ar =a+ dg?
together with the base point Oz, = (0,0,1) and & be the morphism E — E' given by

(Z:1),(F:1)) = @*:25:7°:1).

Finally consider the curve C' c p? given by the equation

By the previous part, it is clear that all those maps are well-defined isogenies.
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Lemma 4.6. Let n be in Z and F1 and E5 be elliptic curves. Let p: B1 — E5 and q: E5 — F4
be isogenies. If po q = [n]g,, then gop = [n]g,.
Proof. We have
(gop)og=qo(poq) =qon]m, =[nle cq
Because g is surjective, we get g op = [n]g,. O

1

Lemma 4.7. The morphism C' — C’ given by the composite Y o po Y * o ¢ is equal to multi-

plication by —2 in the group law of C'.
Proof. Appply Lemma 4.5 to the twisted Edwards curve E, then use Lemma 4.6 with p = ¥/ X
and g =y "to ¢~> O
1

a’

Lemma 4.8. The isogeny o: C' — C' given by (u,v) — (% -
between C' and C'. Its inverse is given by the morphism 7 : C' — C', (i, 0) — (

Proof. We have

v N w 1 AN uw LN _(u 1\ufu d
a? a a? a a? a “\a? a)a?\a® a

—a%) defines an isomorphism
L1 3)

since @ = —+ and d =1 — d. Hence, we have
u 1 w1 u 1 _ u(u — a)(u — da)
S Y (2 | )
a? a a2 a a? a a
02
B

and so the map o is well defined.
The curve C’ in P2(U, V, W) is given by the equation

VW = U? — a(d + 1)U*W + a*dUW?

and the map o by
[U:V: W] [—aU +a*W : V : —a*W].
We see that 0(Oc/) =0([0:1:0]) =[0:1:0] = Op, so o is indeed an isogeny.

Let now (@, ) be a point on C’. Then
51 B i1 -
so o defines indeed an bijection €’ — C” with inverse 7. O

Consider now the map 6: ¢’ — €’ defined by (4,?) — ([% — %,—i). We have & = —7, so

a3
006 =600 = [—1]. To summarize, we get the following diagram

E - C
SN e PN
/U\,l ~
E c’ C E
NS
E/

1

ANoATON
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where going around the left square yields the map [-2]: E — E,P — —2P, going around the
right square yields the map [-2]: E — E,P +— 2P and 0 05 = [—1].

1

Lemma 4.9. The morphism ¢: E — E is equal to the composition Y L odoo oy o .

Proof. For (z,y) on E, we have
2 2(n2 _ — 2 2 _
(00X o 0)p) = o () =o (5. HEZD) - (o T2

Now the map gZ: C'" — C is given by (@, ) — (ﬂ — &(a~l+ 1)+ a;‘i,ﬁ — 62‘215), i.e. by

(2-d) 1-d ﬁ_(l—d)ﬁ)

i e (6
(%,9) (u—|— a a2a

Hence for (z,y) on E, we get

. . 2 2
2 , _sfa-2* 2’-a
ot o) =6 (=i -2 50
Cfla—a?)P+2-d)2*(a—a?)+ (1 —d)z* (2®—a)®— (1 —d)z!
B az?(a — x2) ’ ayz3(a — x2)
[ a® —ada? _2aa:2 — dzt — a?
ar?(a —22)" ayx®(a — 22)
B a? — a(iw”‘;f*a) 2az? — 22 7‘”%2327& —a?
B ar?(a —x2) ayz3(a — z2?)
B 1 (a — 22)(2? — ay?)
- x2y?’ aydz3(a — x2)
1 (22 — ay?)
2242 ay3zd
and the map x ! is given by (£,7) — (2&%:, %), ie. by (&17) — (—g—f:’, %). So we get

o (X (D, 9))))) = ( 1 7_@2_@2))

X\ 22 ayias
B ( 2 - ayz? a+ dx2y2>

ax?y?(z? — ay?)’ a — dz2y>?
2xy 2 + ay?
22 —ay?’ 2a — 22 —ay? )’

Hence we have that Y L odoooy o¢p = 1. O
Define now 1/;: E — E be the morphism

o 21 7 + aj?
— .
(#9) (:z? —ai? 2a— 2% — ag?

This is well defined by Theorem 4.1.
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Theorem 4.10. The morphism E — E given by the composite 15 o1 1s equal to multiplication
by —4 in the group law of E.

Proof. By Lemma 4.9, we also have similarly that ¢: E — E given by (&, §) — ( 22y 2 +ag° )

T—aj?’ 2a—a2—ay?

1

is equal to x ™" o (;AS ogox' o QNS Hence from Lemma 4.5 and Lemma 4.7, we get

@oz/J:X_lo&o&of{oéoi_logooox'o¢
:X_loéo&o[—Z]oaoX/ogb
=[-2lox T odol-1ox 0¢
=[2JoxTogox 0¢
=[2] o [-2]
= -4

which completes the proof. O

This implies that the map F — E given by the composite ¢ o 1& o1, where v: E — FE is the map
(z,y) = (—z,y), is equal to multiplication by 4 in the group law of E.

It could be interesting to use the 4-isogeny 1 constructed in this section to do a descent by
4-isogeny on Edwards curve. Unfortunately, this is beyond the scope of this thesis since the
computations appeared to be more cumbersome than expected.
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