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Introduction
Edwards curves, named after Harold Edwards who studied them in 2007, are a family of elliptic
curves. They are mostly used in cryptography since curves of Edwards form provide some
advantages over curves in Weierstraß form, mostly in terms of computational speed. Indeed,
one of the most time-consuming processes in elliptic curve cryptography is adding points on the
curve and Edwards curves provide a more convenient formula for the group law which enables
that process to be done faster, without compromising any security. For this reason, public-key
signatures such as the EdDSA, which are based on Edwards curves, were developed in the last
decade by mathematicians such as Tanja Lange or Daniel J. Bernstein.
Because of their wide use in cryptography, most papers on Edwards curves focus on their role in
cryptography and are usually quite computational. The goal of this thesis is to study Edwards
curves in a more abstract way, focusing on their arithmetic properties.
We will start by stating some characteristics and properties of Edwards curves. In particular,
we will give explicit formulas for the group law on Edwards curves (see Theorem 1.42). Then,
in the second section, we will show that Edwards curves correspond to elliptic curves admitting
a 4-torsion point (see Corollary 2.15 and Corollary 2.16). In the third section, we will perform
descent by 2-isogeny on Edwards curves and show that the Edwards form of the curve allows
some computations to be done more quickly than when performing descent on general elliptic
curves (see Theorem 3.11). Finally, we will in the last section explicitly construct a 4-isogeny
from a general Edwards curve to a related Edwards curve as well as its dual (see Theorem 4.1
and Theorem 4.10).
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1 Introduction to Edwards curves: definition and charac-
teristics.

In this section, we will define the concept of an Edwards curve and study some of its character-
istics.

Definition 1.1. Let k be a field with char(k) ̸= 2. An open twisted Edwards curve E over the
field k is a curve in A2(x, y) defined by an equation of the form

x2 + ay2 = a+ dx2y2

for some elements d in k \ {0, 1} and a in k∗, together with a point O given by the coordinates
(0, 1).

Remark. When a = 1, we call such a curve an open Edwards curve.

Here are some examples of open twisted Edwards curves.

Figure 1: Open twisted Edwards curves over R with a = 3 and d = 5 (red), a = 1 and d = −50
(blue) and a = 2 and d = 0.5 (green).

Consider now an open twisted Edwards curve E0 : x2 + ay2 = a + dx2y2 over a perfect field k
with char(k) ̸= 2. Let δ be a root of the polynomial X2 − d and α a root of the polynomial
X2 − a. It is then clear that the point (α, 0) is on the twisted Edwards curve E0. This point
(α, 0) will be denoted by T .
We will start by studying the points at infinity of open twisted Edwards curves. To do so, we
consider the natural completion of E0 in P2(X,Y, Z) where we identify A2(x, y) with the standard
affine part of P2(X,Y, Z) given by Z ̸= 0, through x = X

Z and y = Y
Z .

Theorem 1.2. The natural completion of E0 in P2(X,Y, Z) has two points at infinity given by
the coordinates (1 : 0 : 0) and (0 : 1 : 0) and those are singular points.

Proof. By embedding A2(x, y) into P2(X,Y, Z) through x = X
Z and y = Y

Z , the equation of E0

becomes
Z2X2 + aZ2Y 2 = aZ4 + dX2Y 2.

Now, define the homogeneous polynomial F (X,Y, Z) = Z2X2 + aZ2Y 2 − aZ4 − dX2Y 2. At
infinity the coordinate Z is equal to 0 and setting Z = 0 yields F (X,Y, 0) = −dX2Y 2. Moreover
a point (X : Y : 0) is on the curve if and only if F (X,Y,O) = 0, i.e., if and only if X = 0 or
Y = 0, since d ̸= 0. Therefore the points at infinity on the curve are given by (0 : 1 : 0) and
(1 : 0 : 0).
We now want to know if those points are singular or not. We start with the point (0 : 1 : 0). In
this case we have that Y ̸= 0. As such we can consider the affine patch with variables x′ = X

Y
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and z′ = Z
Y . In this patch, the point at infinity becomes (0, 0) and the equation of the curve is

given by
z′2x′2 + az′2 = az′4 + dx′2.

Let f(x′, z′) = z′2x′2 + az′2 − az′4 − dx′2 and consider the derivatives

∂f

∂x′
= 2z′2x′ − 2dx′,

∂f

∂z′
= 2x′2z′ + 2az′ − 4az′3.

At the point (0, 0), both derivatives are zero, meaning that the point (0 : 1 : 0) at infinity is a
singular point of the curve. For the point at infinity (1 : 0 : 0), we have X ̸= 0 so this time we
will work in the affine patch with variables ỹ = Y

X and z̃ = Z
X . In this patch, the point at infinity

becomes (0, 0) and the equation of the curve is given by

z̃2 + az̃2ỹ2 = az̃4 + dỹ2.

Let g(ỹ, z̃) = z̃2 + az̃2ỹ2 − az̃4 − dỹ2 and consider the derivatives

∂g

∂ỹ
= 2az̃2ỹ − 2dỹ,

∂g

∂z̃
= 2z̃ + 2aỹ2z̃ − 4az̃3.

Again, at the point (0, 0), both derivatives are zero, so the point (1 : 0 : 0) at infinity is also a
singular point of the curve. □

Hence the completion in P2 of a general open twisted Edwards curve has two singular points at
infinity. The following theorem shows us that those points are the only singular points of such a
curve.

Theorem 1.3. The open twisted Edwards curve E0 ⊂ A2(x, y) is smooth.

Proof. Consider the function F (x, y) = x2 + ay2 − a− dx2y2 and the derivatives

∂F

∂x
= 2x− 2dy2x

∂F

∂y
= 2ay − 2dx2y

We have ∂F
∂x = 0 if and only if x = 0 or 1− dy2 = 0, i.e., if and only if x = 0 or y2 = 1

d , and we
have ∂F

∂y = 0 if and only if y = 0 or x2 = a
d .

Therefore, the only points to check for smoothness are the points (0, 0) and
(
±α

δ ,±
1
δ

)
. It is quite

clear that the point (0, 0) is not on the Edwards curve. Now, for the points
(
±α

δ ,±
1
δ

)
, we see

that(
±α
δ

)2
+ a

(
±1

δ

)2

= a+ d
(
±α
δ

)2(
±1

δ

)2

⇐⇒ a

d
+
a

d
= a+

a

d
⇐⇒ a

d
= a ⇐⇒ d = 1.

Since d ̸= 1, the points
(
±α

δ ,±
1
δ

)
can therefore not be on the curve, and so we get that E0 is

smooth.
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□

Hence E0 is smooth on the affine plane but has a singularity at the points of infinity when
completed in P2(X,Y, Z).

Theorem 1.4. The completion of E0 in P1(X1, X2) × P1(Y1, Y2), where we put x = X1

X2
and

y = Y1

Y2
, is smooth.

Proof. The equation of this completion of the curve E0 is

X2
1Y

2
2 + aY 2

1 X
2
2 = aX2

2Y
2
2 + dX2

1Y
2
1 .

Let now P = ((p1 : p2), (q1 : q2)) be a point on P1×P1. If p1 = 0 and q2 = 0, then P is the point
((0 : 1), (1 : 0)) which is not on the curve since we have then

p21q
2
2 + aq21p

2
2 = aq21p

2
2 ̸= 0

but
ap22q

2
2 + dp21q

2
1 = 0.

If q1 = 0 and p2 = 0, then P is the point ((1 : 0), (0 : 1)) which is also not on the curve since we
have then

p21q
2
2 + aq21p

2
2 = 1

but
ap22q

2
2 + dp21q

2
1 = 0.

Hence if P = ((p1 : p2), (q1 : q2)) is a point on the curve then we have either p1 ̸= 0 and q1 ̸= 0,
or p2 ̸= 0 and q2 ̸= 0.
Consider the case where p1 ̸= 0 and q1 ̸= 0. We then look at the affine part A2(x′, y′) ⊂
P1(X1, X2)× P1(Y1, Y2) where x′ = X2

X1
and y′ = Y2

Y1
. By rescaling, we may assume p1 = q1 = 1.

This yields
q22 + ap22 − ap22q

2
2 − d = 0

Define now the function f1(p2, q2) := q22 + ap22 − ap22q
2
2 − d and consider the derivatives

∂f1
∂p2

= 2ap2 − 2ap2q
2
2

∂f1
∂q2

= 2q2 − 2aq2p
2
2

For such a point ((1 : p2), (1 : q2)) to be singular, we need both derivatives to be zero. This
yields the equations p2(q22 − 1) = 0 and q2(ap

2
2 − 1) = 0. Hence the possible singular points are

given here by ((1 : 0), (1 : 0)) and (α : ±1) , ((1 : ±1)). But the first point is not on the curve
because d ̸= 0 and the other points are not on the curve because d ̸= 1.
Now, if we are in the case p2 ̸= 0 and q2 ̸= 0, then we already know by Theorem 1.3 that E0 is
smooth at the point P .
Hence the closure of the curve is smooth in P1 × P1. □

We see that the natural completion of an open (twisted) Edwards curve E0 in P2 is singular but
that the completion of such a curve E0 in P1 × P1 as given in the previous theorem is smooth.
This leads to the following definition.

Definition 1.5. The completion of a (twisted) open Edwards curve over k in P1(X1, X2) ×
P1(Y1, Y2) as defined in Theorem 1.4 is called a (twisted) Edwards curve over k.
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From now on, we will denote by E the completion of E0 in P1(X1, X2)× P1(Y1, Y2).

Lemma 1.6. The only points which are on E but not on E0 are the points given by ((1 : 0), (1 :
±δ)) and ((±α : δ) , (1 : 0)).

Proof. The points which are on E but not on E0 are the points at infinity, i.e., the points where
X2 = 0 or Y2 = 0. The equation of E is given by

X2
1Y

2
2 + aY 2

1 X
2
2 = aX2

2Y
2
2 + dX2

1Y
2
1 .

If X2 = 0, then this equation becomes

X2
1Y

2
2 = dX2

1Y
2
1 .

Because X2 = 0, we necessarily have X1 ̸= 0 and so we get

Y 2
2 = dY 2

1 .

Because d ̸= 0, neither Y1 nor Y2 can be zero and so we may assume Y1 = 1. This gives the
points ((1 : 0), (1 : δ)) and ((1 : 0), (1 : −δ)).
If Y2 = 0, then the equation of E becomes

aY 2
1 X

2
2 = dX2

1Y
2
1 .

Since Y1 ̸= 0, this yields
aX2

2 = dX2
1 .

Because neither a nor d are equal to 0, we must have X1 ̸= 0 and X2 ̸= 0 and so we may assume
X1 = 1. This gives the points ((α : δ) , (1 : 0)) and ((−α : δ) , (1 : 0)). □

Because those points will often be used, we introduce the following notation.

Definition 1.7. We denote the points ((1 : 0), (1 : δ)) and ((1 : 0), (1 : −δ)) on E by ∞x,+

and ∞x,−, respectively, and the points ((α : δ) , (1 : 0)) and ((−α : δ) , (1 : 0)) on E by ∞y,+ and
∞x,−, respectively.

We will now compute the divisors of x and y.

Definition 1.8. Let C be a curve over a field k. Let D =
∑

P∈C(k̄) nP (P ) be a divisor on C.
We say that D is effective if nP ≥ 0 for all P on C. We denote it by D ≥ 0.

Definition 1.9. Let C be a curve over a field k. Let D be a divisor on C. We say that D is
principal when D = div(f) for some function f in κ(C).

Theorem 1.10. Let D be a principal divisor on a smooth projective curve C. Then the degree
of D is equal to 0.

Proof. See [6, Chapter II, Proposition 3.1].

Theorem 1.11. The divisors of x = X1

X2
and y = Y1

Y2
are given by

div(x) = (O) + ((0,−1))− (∞x,+)− (∞x,−)

div(y) = (T ) + ((−α, 0))− (∞y,+)− (∞y,−).

Proof. We will first compute the divisor of x. We can easily check, using the equation of the
curve that the only points on E satisfying x = 0 are O = (0, 1) and (0,−1). Let us first compute

7



the order of x at O: the maximal ideal of the local ring corresponding to the point O is given by
mO = (x, y − 1). On the curve we have

x2 + ay2 = a+ dx2y2

so we have

y − 1 =
x2(dy2 − 1)

a(y + 1)
.

Since d ̸= 1 and a ̸= 0 both dy2 − 1 are a(y+ 1) are units here, hence (y− 1) ⊆ (x2) in the local
ring. Therefore mO = (x), meaning that x is a uniformiser at that point. Hence, ordO(x) = 1.
With a similar argument, using the maximal ideal m(0,−1) = (x, y + 1) and the fact that

y + 1 =
x2(dy2 − 1)

a(y − 1)

we also have ord(0,−1)(x) = 1.
Now, the poles of the function x are given by the points where X2 = 0 which correspond to the
point ∞x,+ and ∞x,− as seen in the proof of Lemma 1.6. Since we must have deg(div(x)) = 0
and ordO(x) = 1 and ord(0,−1)(x) = 1, the divisor of x must be given by

div(x) = (O) + ((0,−1))− (∞x,+)− (∞x,−).

For the function y, we can see, by using the equation of the curve, that its zeroes are given by
the points T = (α, 0) and (−α, 0). Let us first have a look at the order of y at the point T . The
maximal ideal corresponding to the point T is mT = (x−α, y). The equation of the curve yields

x2 + ay2 = a+ dx2y2

which implies

x− α =
y2(dx2 − a)

x+ α

and since d ̸= 1 and α ̸= 0, we have that dx2 − a and x+ α are units here, so mT = (y). Hence
y is a uniformiser at T , so ordT (y) = 1. For the point (−α, 0), we can use a similar reasoning by
rewriting the equation of the curve as

x+ α =
y2(dx2 − a)

x− α

which again yields m(−α,0) = (y), so we get ord(−α,0)(y) = 1 as well. The poles of y are given by
the points where Y2 = 0 which correspond to the point ∞y,+ and ∞y,− as seen in the proof of
Lemma 1.6. We must have deg(div(y)) = 0 and we know that ordO(x) = 1 and ord(0,−1)(x) = 1.
Hence

div(y) = (T ) + ((−α, 0))− (∞y,+)− (∞y,−)

which completes the proof. □

Remark. Even though the points ∞x,+, ∞x,−, ∞y,+ and ∞y,− depend on the choice of α of
δ, the divisors (∞x,+) + (∞x,−) and (∞y,+) + (∞x,−) do not since the points would just be
permuted for different choices of α and δ.

Similarly we also get the following.
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Lemma 1.12. On E, we have

div(x− α) = 2(T )− (∞x,+)− (∞x,−),

div(x+ α) = 2(−α, 0)− (∞x,+)− (∞x,−)

div(y − 1) = 2(O)− (∞y,+)− (∞y,−).

Proof. The only point on the curve with x = α is the point T = (α, 0) and so the point T is the
only zero of x− α. The equation of the curve yields

x− α =
y2(dx2 − a)

x+ α
.

The maximal ideal corresponding to the point T is given by mT = (x−α, y). Because a ̸= 0 and
d ̸= 1, both x+ α and dx2 − a are units here and so we see that mT = (x− α, y) = (y). Hence
ordT (x− α) = 2. Moreover, the function x− α and x have the same poles, so

div(x− α) = 2(T )− (∞x,+)− (∞x,−).

The reasoning is similar for x+ α: the only point on the curve with x = α is the point (−α, 0).
The maximal ideal at that point is m(−α,0) = (x+ α, y) and we have

x+ α =
y2(dx2 − a)

x− α
.

Because a ̸= 0 and d ̸= 1, both x − α and dx2 − a are units and so y is a uniformiser and
ord(−α,0)(x+ α) = 2. Since the function x+ α has also the same poles as x, we therefore get

div(x+ α) = 2((−α, 0))− (∞x,+)− (∞x,−).

Finally, the equation of the curve also yields

y − 1 =
x2(dy2 − 1)

a(y + 1)
.

The maximal ideal corresponding to the point O is the ideal mO = (x, y − 1). Since a ̸= 0 and
d ̸= 1, both a(y + 1) and dy2 − 1 are units and so we have mO = (x). Hence ordO(y − 1) = 2.
Moreover, the function y − 1 has the same poles as the function y and so we get

div(y − 1) = 2(O)− (∞y,+)− (∞y,−).

□

We want in this section to give the group law on E. We will do so by using the Riemann-Roch
theorem which we will restate here together with the necessary definitions.

Definition 1.13. Let C be a smooth projective curve over a field k and D a divisor on C. Then
the Riemann-Roch space of D is defined as

L(D) = {f ∈ κ(C)∗ : div(f) +D ≥ 0} ∪ {0}.

It is a finite-dimensional k-vector space and its dimension is denoted by

l(D) = dimk(L(D)).
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Lemma 1.14. Let C be a smooth projective curve over a field k. Then l(0) = 1.

Proof. Let f be in κ(C)∗. Since deg(div(f)) = 0, we have that f is either constant or admits at
least one pole. If f has a pole then div(f) is not effective and so f is not in L(0). Hence f is in
L(0) if and only f is constant. Therefore l(0) = dimk(L(0)) = 1. □

Definition 1.15. Let C be a smooth projective curve over a field k and KC a canonical divisor
on C. The genus of the curve C is defined as the integer g = l(KC).

Theorem 1.16. (Riemann-Roch theorem) Let C be a smooth projective curve over a field k and
KC a canonical divisor on C. Then for any divisor D on C, we have

l(D)− l(KC −D) = deg(D)− g + 1

where g denotes the genus of the curve C.

Proof. See for instance [2, Chapter IV, Theorem 1.3]. □

From the theorem, we can deduce the following useful lemma.

Lemma 1.17. Let C be a curve of genus 1 and D a divisor on C such that deg(D) > 0. Then

l(D) = deg(D).

Proof. Let KC be a canonical divisor on C. The Riemann-Roch theorem yields

l(Kc)− l(KC −KC) = deg(KC)− g + 1

with g = l(KC) the genus of the curve. Here we have g = l(KC) = 1 so this equation becomes

1− l(0) = deg(KC).

Lemma 1.14 gives us that l(0) = 1 and so we have deg(KC) = 0. Because deg(D) > 0, this
implies in particular

deg(KC −D) < 0.

So by definition 1.13, we must have l(KC −D) = 0 since deg(div(f)) = 0 for all f ∈ κ(C̄). The
Riemann-Roch theorem now yields

l(D)− 0 = deg(D)− 1 + 1

and so we see
l(D) = deg(D).

□

Lemma 1.18. The genus of E is equal to 1.

Proof. Let g be the genus of E. Since E is a smooth curve in P1 × P1 of type (2, 2), we have by
[2, Chapter V, Example 1.5.2] that its genus is equal to

g = (2− 1)(2− 1) = 1.

□

Lemma 1.19. The curve E together with the point O is an elliptic curve.

10



Proof. This follows immediately from Theorem 1.4 and Lemma 1.18.

A consequence of the above lemmas is the following corollary.

Corollary 1.20. Let Dx be the divisor (∞x,+) + (∞x,−) on E and Dy the divisor (∞y,+) +
(∞y,−). Then L(Dx +Dy) = ⟨1, x, y, xy⟩.

Proof. By Lemma 1.17 and 1.18, we have

l(Dx +Dy) = deg(Dx +Dy) = 4.

Moreover, it is clear that ⟨1, x, y, xy⟩ ⊆ L(Dx +Dy) since

div(x) = (O) + ((0,−1))−Dx

and
div(y) = (T ) + ((−α, 0))−Dy.

We are therefore only left to prove that the functions 1, x, y and xy are linearly independent.
Suppose that c1, c2, c2, c4 are constants such that

c1 + c2x+ c3y + c4xy = 0. (1)

Then, in particular
c1 + c2x(O) + c3y(O) + c4(xy)(O) = 0.

This yields the equation c1 + c3 = 0 for O = (0, 1). Now, evaluating (1) at the point (0,−1) also
yields c1− c3 = 0. We conclude c1 = c3 = 0. Finally, evaluating (1) at the point T = (α, 0) gives
us the equation c2α = 0 which implies c2 = 0 since α ̸= 0. But then, necessarily, we also have
c4 = 0 which completes the proof. □

Definition 1.21. Let C be a smooth curve over a perfect field k. Write Div0(C) for the group
of divisors on C over k̄ of degree 0 and PDiv(C) for the group of principal divisors on C. We
define the group Pic0(C) as the quotient

Pic0(C) = Div0(C)/PDiv(C).

With this definition, we can now state the following theorem.

Theorem 1.22. There is a one-to-one correspondence between E and Pic0(E) given by

P 7→ [(P )− (O)].

Proof. This follows from Lemma 1.19 and [2, Chapter IV, Example 1.3.7]. □

This theorem shows that we can endow the curve with a group structure where the point O acts
as the identity element.

Lemma 1.23. Let C be an elliptic curve and D =
∑

P∈C(k̄) nP (P ) be a divisor of C. Then D
is a principal divisor if and only if∑

P∈C(k̄)

nP = 0 and
∑

P∈C(k̄)

nPP = 0.

11



Proof. See [6, Chapter III, Corollary 3.5]. □

We can now use the divisors computed in Theorem 1.11 and Lemma 1.12 to find out how maps
like the translation by T or the [−1]-map sending a point P on E to its opposite −P are given
on coordinates.

Theorem 1.24. The map ι : E → E given by (x, y) 7→ (−x, y) corresponds to the automorphism
P 7→ −P .
The map τT : E → E defined by (x, y) 7→

(
αy,− x

α

)
corresponds to the automorphism P 7→ P+T .

The map ρ : E → E given by (x, y) 7→ (x,−y) corresponds to the automorphism P 7→ 2T − P .
Moreover, the point T is a point of order 4 and the coordinates of the points 2T and −T are
respectively given by (0,−1) and (−α, 0).

Proof. We know by Theorem 1.11 that

div(y) = (T ) + (−α, 0)− (∞y,+)− (∞y,−)

and by Lemma 1.12 that

div(y − 1) = 2(O)− (∞y,+)− (∞y,−).

Hence, we have

div

(
y

y − 1

)
= (T ) + (−α, 0)− 2(O)

so by Lemma 1.23, on the curve, we get

T + (−α, 0) = 2O

which implies
−T = (−α, 0).

Together with Lemma 1.12, this implies

div(x− α) = 2(T )− (∞x,+)− (∞x,−)

div(x+ α) = 2(−T )− (∞x,+)− (∞x,−).

Hence
div

(
x− α

x+ α

)
= 2(T )− 2(−T ).

On the curve this yields
2T − (−2T ) = O

which implies
4T = O

and 2T ̸= O, since T ̸= −T , so T has order 4.
Consider now the map ι : E → E given by (x, y) 7→ (−x, y). This map is well-defined for x only
occurs in the equation of the curve to an even power. Let P = (p, q) be a point on the curve.
The zeroes of the function y− q are clearly (p, q) and (−p, q) and its poles are the same as those
of y so we get

div(y − q) = ((p, q)) + ((−p, q))− (∞y,+)− (∞y,−)

= (P ) + (ι(P ))− (∞y,+)− (∞y,−)
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since deg(div(y − q)) must be equal to zero. Hence

div

(
y − q

y − 1

)
= (P ) + (ι(P ))− 2(O)

which, on the curve, implies
(P ) + (ι(P )) = 0

giving us in turn
ι(P ) = −P.

Therefore ι must be the map that sends a point P on the curve to its opposite −P . Now, since
T has order 4, we know that 2T must be equal to −2T , in other words we have 2T = ι(2T ). This
implies that x2T must be equal to 0. By using the equation of the curve, we then see that y2T
can only be either 1 or −1, and since 2T can not be O, the only possibility left is 2T = (0,−1).
Consider now the map s : E → E given by (x, y) 7→

(
αy, xα

)
. It is well defined since

(αy)2 + a
(x
α

)2
= x2 + ay2

= a+ dx2y2

= a+ d
(x
α

)2
(αy)2.

Let now P = (p, q) be a point on the curve which is neither O, T, 2T nor −T and define

f = (xy − pq) + c(x+ αy − (p+ αq))

where c = pq
α−(p+αq) . It is quite clear that both P = (p, q) and s(P ) =

(
αq, p

α

)
are zeroes of f .

Moreover, we see that
f(O) = −pq + c(α− (p+ αq))

= −pq + pq

α− (p+ αq)
(α− (p+ αq))

= 0

and
f(T ) = −pq + c(α− (p+ αq))

= −pq + pq

α− (p+ αq)
(α− (p+ αq))

= 0.

Now, since f is a polynomial that is linear in x and linear in y, we know that it has simple poles
at ∞x,+, ∞x,−, ∞y,+ and ∞y,−. Hence the multiplicities of f at the points O, T, P and s(P )
are all equal to 1 and

div(f) = (O) + (T ) + (P ) + (s(P ))− (∞x,+)− (∞x,−)− (∞y,+)− (∞y,−).

So we get on the curve

T + P + s(P ) = ∞x,+ +∞x,− +∞y,+ +∞y,−.

But since div(x) = (O) + (2T )− (∞x,+)− (∞x,−) and div(y) = (T ) + (−T )− (∞y,+)− (∞y,−),
we know that ∞x,+ +∞x,− = 2T and ∞y,+ +∞y,− = O, so eventually we have

T + P + s(P ) = 2T
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which implies
s(P ) = T − P.

Since any rational map from a smooth projective curve to itself extends uniquely to a morphism
we have s(P ) = T −P for all P on E. This means in particular that the map s ◦ ι sends a point
P to s(−P ) = P + T and therefore corresponds to the translation by T . We will therefore from
now on denote this map by τT . By the definition of ι and s on the coordinates of points of the
curve, we see that τT : E → E is given by

(x, y) 7→
(
αy,−x

α

)
.

Finally, the map ρ : E → E sending a point P on the curve to 2T − P is equal to the composite
τ2T ◦ ι and so we have

ρ(x, y) = τ2T ((−x, y)) = τT

(
αy,

x

α

)
= (x,−y).

□

Corollary 1.25. We have
∞y,+ = ∞x,+ + T,

∞x,− = ∞x,+ + 2T,

and
∞y,− = ∞x,+ − T.

Proof. The point ∞x,+ is given by ((1 : 0), (1 : δ)). Applying τT yields

τT ((1 : 0), (1 : δ)) = ((α : δ), (1 : 0)) = ∞y,+.

Now, applying τT to ∞y,+ yields

τT ((α : δ), (1 : 0) = ((α : 0), (−1 : δ)) = ((1 : 0), (−1 : δ)) = ∞x,−.

Finally
τT (∞x,−) = τT ((1 : 0), (−1 : δ)) = ((−α : δ), (1 : 0)) = ∞y,−.

□

Moreover, we can also state the following.

Lemma 1.26. We have
∞x,+ +∞x,− = 2T

and
∞y,+ +∞y,− = O.

Proof. By Theorem 1.11, we have

div(x) = (O) + (2T )− (∞x,+ +∞x,−)

and
div(y) = (T ) + (−T )− (∞y,+ +∞y,−).

14



By Theorem 1.22, this yields on the curve

O + 2T = ∞x,+ +∞x,−

and
T − T = ∞y,+ +∞y,−.

Hence, we have indeed
∞x,+ +∞x,− = 2T

and
∞y,+ +∞y,− = O.

□

Corollary 1.27. The points ∞x,+ and ∞x,− have order 2.

Proof. Lemma 1.26 yields
∞x,+ +∞x,− = 2T

and by Corollary 1.25, we have
∞x,− = ∞x,+ + 2T.

Hence, when put together, those results yield

∞x,+ +∞x,+ + 2T = 2T

and
∞x,− − 2T +∞x,− = 2T.

This in turn directly implies
2∞x,+ = 0

and
2∞x,− = 0

since T has order 4. □

We want to give a general formula for the sum of two points on the curve in terms of their
coordinates. To do so, we will first state the following lemma.

Lemma 1.28. Given P,Q in E(k), there exists, up to scalar multiplication, a unique function
f contained in ⟨1, x, y, xy⟩ such that the divisor

div(f)− ((P ) + (Q) + (O)) +Dx +Dy

is effective. Moreover, there is a unique R ∈ E(k) such that

div(f) = (P ) + (Q) + (O) + (R)−Dx −Dy

and this R satisfies 2T −R = P +Q.

Proof. Consider the Riemann-Roch space L(Dy + Dx − (P ) − (Q) − (O)). Because the degree
of the divisor Dy + Dx − (P ) − (Q) − (O) is one, we get by Lemma 1.17 that this space has
dimension one. In other words there exists a unique f (up to scaling) such that

div(f)− (P )− (Q)− (O) +Dx +Dy ≥ 0.
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Now we also have

deg(div(f)− (P )− (Q)− (O) +Dx +Dy) = 0− 3 + 4 = 1

so there is a point R such that div(f)− (P )− (Q)− (O) +Dx +Dy = (R). In other words there
exists a unique f (up to scaling) such that

div(f) = (P ) + (Q) + (O) + (R)−Dx −Dy.

By Theorem 1.22, this gives on the curve

P +Q+R+O = ∞x,+ +∞x,− +∞y,+ +∞y,−

which by Lemma 1.26 implies
P +Q = 2T −R.

Moreover, since f is contained in L(Dy + Dx − (P ) − (Q) − (O)), it is in particular contained
in L(Dy + Dx) which we have proven in Corollary 1.20 to be equal to ⟨1, x, y, xy⟩. Hence f is
contained in ⟨1, x, y, xy⟩. □

We now have the necessary tools to give the formula in terms of the coordinates for the group
law of the curve.

Theorem 1.29. Let P = (x0, y0) and Q = (x1, y1) be two points on E0 such that a+dx0x1y0y1 ̸=
0 and a− dx0x1y0y1 ̸= 0. Then their sum P +Q is given by

P +Q =

(
a(x0y1 + x1y0)

a+ dx0x1y0y1
,
ay0y1 − x0x1
a− dx0x1y0y1

)
.

Proof. By Lemma 1.28, we know that for points P and Q in E(k) there exists, up to a scalar, a
unique function f such that

div(f) = (P ) + (Q) + (O) + (R)−Dx −Dy

for some point R in E(k) which then satisfies

R = 2T − (P +Q).

This means that finding this function f would enable us to find the point P +Q. Moreover, we
also know by Lemma 1.28 that this function f is of the form

f = β + γx+ λy + µxy

for some constants β, γ, λ and µ. To find those constants, we need to use the facts that O,P and
Q are zeroes of f . This gives us the following equations

β + λ = 0

β + γx0 + λy0 + µx0y0 = 0

β + γx1 + λy1 + µx1y1 = 0.

The first equation yields λ = −β, so the two others equations become

β + γx0 − βy0 + µx0y0 = 0

β + γx1 − βy1 + µx1y1 = 0.

There are four cases.
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• Suppose first that P ̸= ±Q, and suppose that P and Q are not equal to O, T , 2T or −T .
If β = 0, then there is no solution to the system of equations. Indeed this would gives us
the system {

x0(γ + µy0) = 0

x1(γ + µy1) = 0.

Now, since P and Q are not equal to O or 2T , we have x0x1 ̸= 0 and so this would imply
µ(y0 − y1) = 0. Because P ̸= −Q, we also have y0 ̸= y1 and so we get µ = 0 and therefore
also γ = 0. Hence β ̸= 0. Moreover, we can scale the constants β, γ and µ and so we take β
to be the non-zero constant given by x0x1(y0− y1). The equations f(P ) = 0 and f(Q) = 0
are distinct in this case and, when substituting the expression β = x0x1(y0−y1) into those
equations, they become{

x0x1(y0 − y1) + γx0 − x0x1(y0 − y1)y0 + µx0y0 = 0

x0x1(y0 − y1) + γx1 − x0x1(y0 − y1)y1 + µx1y1 = 0.
(⋆)

The first equation yields

x0y0µ = x0x1(y1 − y0)− γx0 + y0x0x1(y0 − y1).

Subtracting x1y1 times the first equation in (⋆) from x0y0 times the second equation yields

0 = x20y0x1(y0 − y1) + γx0x1(y0 − y1)− x20y0x1y1(y0 − y1)

+ x0x
2
1y1(y1 − y0) + y0x0x

2
1y1(y0 − y1).

By dividing by β = x0x1(y0 − y1) ̸= 0, we then get

γ = x1y1 − x0y0 + y0y1(x0 − x1)

which in turn yields

x0y0µ = x0x1(y1 − y0)− x0(x1y1 − x0y0 + y0(x0y1 − x1y1)) + y0x0x1(y0 − y1)

and so we have
µ = x0 − x1 + x1y0 − x0y1

since x0y0 is non zero when P is not in ⟨T ⟩. Hence when P ̸= ±Q and P and Q are not in
⟨T ⟩, the function f can be given by

f = x0x1(y0−y1)+[x1y1−x0y0+y0y1(x0−x1)]x−[x0x1(y0−y1)]y+[x0−x1+x1y0−x0y1]xy.

Let S be the point given by the coordinates(
a(x0y1 + x1y0)

a+ dx0x1y0y1
,
ay0y1 − x0x1
a− dx0x1y0y1

)
as stated in the theorem. By Lemma 1.28, we are now left to check that f(R) is indeed
equal to 0, where R = 2T − S. Now, by theorem 1.24, the map κ : E → E,P 7→ 2T − P is
given on the coordinates by (x, y) 7→ (x,−y), therefore the coordinates of the point R are(

a(x0y1 + x1y0)

a+ dx0x1y0y1
,
x0x1 − ay0y1
a− dx0x1y0y1

)
.
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We are now left to check that f(R) is equal to 0, so we must compute

f(R) = x0x1(y0 − y1) + [x1y1 − x0y0 + y0y1(x0 − x1)]
a(x0y1 + x1y0)

a+ dx0x1y0y1

+ x0x1(y0 − y1)
ay0y1 − x0x1
a− dx0x1y0y1

+ [x0 − x1 + x1y0 − x0y1]
a(x0y1 + x1y0)

a+ dx0x1y0y1

x0x1 − ay0y1
a− dx0x1y0y1

.

We want to prove that the numerator of this expression is indeed zero. We will therefore
first multiply the entire expression by the non-zero factor (a+ dx0x1y0y1)(a− dx0x1y0y1).
This gives us

f(R)(a+ dx0x1y0y1)(a− dx0x1y0y1) = a2x0x1y0 − a2x0x1y1 − d2x30x
3
1y

3
0y

2
1 + d2x30x

3
1y

2
0y

3
1

+ a2x0x1y
2
1 + a2x21y0y1 − a2x20y0y1 − a2x0x1y

2
0

+ a2x20y0y
2
1 + a2x0x1y

2
0y1 − a2x0x1y0y

2
1 − a2x21y

2
0y1

− adx20x
2
1y0y

3
1 − adx0x

3
1y

2
0y

2
1 + adx30x1y

2
0y

2
1

+ adx20x
2
1y

3
0y1 − adx30x1y

2
0y

3
1 + adx0x

3
1y

3
0y

2
1

+ a2x0x1y
2
0y1 − ax20x

2
1y0 − a2x0x1y0y

2
1 + ax20x

2
1y1

− dx30x
3
1y

2
0y1 + dx30x

3
1y0y

2
1 + ax30x1y1 − ax20x

2
1y1

− ax30x1y
2
1 + ax20x

2
1y0 − ax0x

3
1y0 + ax0x

3
1y

2
0

− a2x20y0y
2
1 + a2x0x1y0y

2
1 + a2x20y0y

3
1 − a2x0x1y

2
0y1

+ a2x21y
2
0y1 − a2x21y

3
0y1.

We now make use of the equations dx20y20 = x20 + ay20 − a and dx21y
2
1 = x21 + ay21 − a. This

indeed yields
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f(R)(a+ dx0x1y0y1)(a− dx0x1y0y1) = a2x0x1y0 − a2x0x1y1 − x30x
3
1y0 − ax30x1y0y

2
1

+ ax30x1y0 − ax0x
3
1y

3
0 − a2x0x1y

3
0y

2
1 + a2x0x1y

3
0

+ ax0x
3
1y0 + a2x0x1y0y

2
1 − a2x0x1y0 + x30x

3
1y1

+ ax30x1y
3
1 − ax30x1y1 + ax0x

3
1y

2
0y1 + a2x0x1y

2
0y

3
1

− a2x0x1y
2
0y1 − ax0x

3
1y1 − a2x0x1y

3
1 + a2x0x1y1

+ a2x0x1y
2
1 + a2x21y0y1 − a2x20y0y1 − a2x0x1y

2
0

+ a2x20y0y
2
1 + a2x0x1y

2
0y1 − a2x0x1y0y

2
1 − a2x21y

2
0y1

− ax20x
2
1y0y1 − a2x20y0y

3
1 + a2x20y0y1 − ax0x

3
1y

2
0

− a2x0x1y
2
0y

2
1 + a2x0x1y

2
0 + ax30x1y

2
1 + a2x0x1y

2
0y

2
1

− a2x0x1y
2
1 + ax20x

2
1y0y1 + a2x21y

3
0y1 − a2x21y0y1

− ax30x1y
3
1 − a2x0x1y

2
0y

3
1 + a2x0x1y

3
1 + ax0x

3
1y

3
0

+ a2x0x1y
3
0y

2
1 − a2x0x1y

3
0 + a2x0x1y

2
0y1 − ax20x

2
1y0

− a2x0x1y0y
2
1 + ax20x

2
1y1 − x30x

3
1y1 − ax0x

3
1y

2
0y1

+ ax0x
3
1y1 + x30x

3
1y0 + ax30x1y0y

2
1 − ax30x1y0

+ ax30x1y1 − ax20x
2
1y1 − ax30x1y

2
1 + ax20x

2
1y0

− ax0x
3
1y0 + ax0x

3
1y

2
0 − a2x20y0y

2
1 + a2x0x1y0y

2
1

+ a2x20y0y
3
1 − a2x0x1y

2
0y1 + a2x21y

2
0y1 − a2x21y

3
0y1

= 0.

• Suppose now that P = Q and P ̸= O, T, 2T,−T . We need to prove

2P =

(
2ax0y0
a+ dx20y

2
0

,
ay20 − x20
a− dx20y

2
0

)
.

Let us again denote the point given by those coordinates by S.
We have again f(O) = 0 and f(P ) = 0 which gives us the following equations

β + λ = 0

β + γx0 + λy0 + µx0y0 = 0.

But here we have that P must be a zero of f with multiplicity 2, hence we also get the
equation (

dy

dx

)
E

(P ) =

(
dy

dx

)
f

(P ).

Let F denote the function that defines the curve E, i.e. we have F = a+dx2y2−x2−ay2.
Then

(
dy
dx

)
E
(P ) can be rewritten as(
dy

dx

)
E

(P ) = −

(
∂F
∂x
∂F
∂y

)
(P ) =

(
2x− 2dxy2

−2ay + 2dx2y

)
(P ) =

x0(1− dy20)

y0(dx20 − a)

Similarly, we have (
dy

dx

)
f

(P ) = −

(
∂f
∂x
∂f
∂y

)
(P ) = − γ + µy0

λ+ µx0
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So the equation
(

dy
dx

)
E
(P ) =

(
dy
dx

)
f
(P ) becomes

λx0(dy
2
0 − 1) + µ(ay20 − x20) + γy0(a− dx20) = 0.

Using the fact λ = −β, the equation f(P ) = 0 yields the following expression for µ in β
and γ

µ =
β(y0 − 1)− γx0

x0y0
.

Together with the equation λx0(dy
2
0 − 1) + µ(ay20 − x20) + γy0(a − dx20) = 0, we get the

following expression for γ in terms of β

γ =
β(ay20 + dx20y

3
0 − x20 − ay30)

x30(1− dy20)
.

We see that if β is zero, then γ and λ is also zero and so we have β = γ = µ = λ = 0.
Therefore, β is non-zero and since we can scale the constants β, γµ and λ, we now take β
to be the non-zero constant x30(1 − dy20). It is non-zero because the equation of the curve
yields x30(a− dy20) = ax0(1− y20) and ax0(1− y20) ̸= 0, for P is neither O nor 2T . We then
get

γ = ay20 + dx20y
3
0 − x20 − ay30 = ay20 + y0(x

2
0 + ay20 − a)− x20 − ay30 = (x20 + ay0)(y0 − 1)

since P is on the curve. For the same reason, we can also rewrite β as

β = x30 − x0(x
2
0 + ay20 − a) = ax0(1− y20)

Using those expressions of γ and β, we get for µ

µ =
−ax0 + ax0y

2
0 + 2ax0y0 − ax0y

3
0 − x30y0 − ax0y

2
0 + x30

x0y0

=
x20 − a

y0
+ 2a− x20 − ay20 .

Hence, the function f is given by

f(x, y) = ax0(1− y20) + (x20 + ay0)(y0 − 1)x+ ax0(y
2
0 − 1)y+

(
x20 − a

y0
+ 2a− x20 − ay20

)
xy

We are left to show that f(R) = 0 for

R = 2T − S =

(
2ax0y0
a+ dx20y

2
0

,
x20 − ay20
a− dx20y

2
0

)
=

(
2ax0y0
x20 + ay20

,
x20 − ay20

2a− x20 − ay20

)
.

Since we assume a+ dx20y20 ̸= 0 and a− dx20y20 ̸= 0, in particular, we also have x20+ay20 ̸= 0
and 2a− x20 − ay20 ̸= 0. We get

f(R) = ax0(1− y20) + (x20 + ay0)(y0 − 1)
2ax0y0
x20 + ay20

+ ax0(y
2
0 − 1)

x20 − ay20
2a− x20 − ay20

+

(
x20 − a

y0
+ 2a− x20 − ay20

)
2ax0y0
x20 + ay20

x20 − ay20
2a− x20 − ay20

.
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This gives us

(x20 + ay20)(2a− x20 − ay20)f(R) = 2a2x30 − ax50 − 4a2x30y
2
0 + 2a3x0y

2
0 − 3a3x0y

4
0

+ ax50y
2
0 + 2a2x30y

4
0 + a3x0y

6
0 + 4a2x30y

2
0 − 2ax50y

2
0

− 2a2x30y
4
0 + 4a3x0y

3
0 − 2a3x0y

5
0 − 4a2x30y0 + 2ax50y0

− 4a3x0y
2
0 + 2a2x30y

2
0 + 2a3x0y

4
0 + ax50y

2
0 − ax50

− a3x0y
6
0 + a3x0y

4
0 + 2ax50 − 2a2x30y

2
0 − 2a2x30

+ 2a3x0y
2
0 + 4a2x30y0 − 4a3x0y

3
0 − 2ax50y0 + 2a3x0y

5
0

= 0.

So we have indeed

2P =

(
2ax0y0
a+ dx20y

2
0

,
ay20 − x20
a− dx20y

2
0

)
for P ̸= 0, T, 2T,−T .

• If P = −Q then the sum P+Qmust be equal to O = (0, 1). If P = (x0, y0) and Q = (x1, y1)
then we know by Theorem 1.24 that x1 = −x0 and y1 = y0. Now we have(

a(x0y1 + x1y0)

a+ dx0x1y0y1
,
ay0y1 − x0x1
a− dx0x1y0y1

)
=

(
a(x0y0 − x0y0)

a− dx20y
2
0

,
ay20 + x20
a+ dx20y

2
0

)
= (0, 1)

since x20 + ay20 = a+ dx20y
2
0 . Hence the formula holds for P = −Q.

• For P ∈ {O, T, 2T,−T}, we have the following.
If P = O, we know that for all points Q = (x1, y1) on E the sum O +Q must be equal to
Q itself. Now, for P = (x0, y0) = O = (0, 1) and Q = (x1, y1), we have(

a(x0y1 + x1y0)

a+ dx0x1y0y1
,
ay0y1 − x0x1
a− dx0x1y0y1

)
=
(ax1
a
,
ay1
a

)
= (x1, y1) = Q

so the formula holds for P = O.
If P = T , we know by Theorem 1.24 that for every point Q = (x1, y1) on E, we must have
that T + Q =

(
αy1,−x1

α

)
. On the other hand when we have P = (x0, y0) = (α, 0) = T ,

then (
a(x0y1 + x1y0)

a+ dx0x1y0y1
,
ay0y1 − x0x1
a− dx0x1y0y1

)
=

(
a(αy1)

a
,
−αx1
a

)
=
(
αy1,−

x1
α

)
which proves the statement of the theorem for P = T .
Similarly, if P = 2T , then we know by Theorem 1.24 that the coordinates of P are given
by (0,−1). Hence(

a(x0y1 + x1y0)

a+ dx0x1y0y1
,
ay0y1 − x0x1
a− dx0x1y0y1

)
=

(
−ax1
a

,
−ay1
a

)
= (−x1,−y1)

which, again by Theorem 1.24, is indeed equal to the sum 2T +Q.
Lastly, if P = −T , then Theorem 1.24 gives us that P is equal to (−α, 0). hence, we have(

a(x0y1 + x1y0)

a+ dx0x1y0y1
,
ay0y1 − x0x1
a− dx0x1y0y1

)
=

(
a(−αy1)

a
,
αx1
a

)
=
(
−αy1,

x1
α

)
which is equal to the sum −T +Q by Theorem 1.24. □
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We have given here a formula for the group law that works in most situations. However we
have excluded some cases. For instance this formula does not give the coordinates of the point
P + Q when P or Q is one of the points in {∞x,+,∞x,−,∞y,+,∞y,−} and excludes the points
P = (x0, y0) and Q = (x1, y1) for which a + dx0x1y0y1 = 0 or a − dx0x1y0y1 = 0. The aim for
the rest of the section is to give a complete formula for the group law of E. This will be stated
as Theorem 1.42.

Lemma 1.30. Let θ be an be an automorphism of E fixing the point O which is not the identity.
Suppose that θn = 1 for some n in Z>0 and that θ(S) = S for some point S on E. Then there is
an integer d|n, d ̸= 1, such that S ∈ E[Φd(1)] where Φd denotes the d-th cyclotomic polynomial.

Proof. By assumption, we have θn − 1 = 0, i.e
∏

d|n Φd(θ) = 0. By [6, Chapter III, Proposition
4.2(c)] the endomorphism ring End(E) has no zero divisors, so the previous equation implies
that Φd(θ) = 0 for some d|n, with d > 1 since θ ̸= 1 by assumption. Now, evaluating the latter
equation on S yields Φd(1)S = 0 because θ(S) = S. Hence S is in E[Φd(1)]. □

Lemma 1.31. Let θ be an be an automorphism of E such that θ(O) = O and θ(T ) = T . Then
θ is the identity morphism.

Proof. The curve E is defined on a field k with char(k) ̸= 2 so by [6, Chapter III, Theorem 10.1.],
we have either θ = 1, θ2 = 1, θ3 = 1, θ4 = 1 or θ6 = 1. Assume θ ̸= 1. If θ2 = 1, then by the
previous lemma, T must be in E[Φ2(1)] = E[2] but this is not possible for 2T = (0,−1) ̸= OE .
Similarly, if θ3 = 1, or θ4 = 1, or θ6 = 1, then the previous lemma yields either T ∈ E[3], or
T ∈ E[2] or T = OE . But T does not satisfy any of those conditions, so we must have θ = 1. □

Theorem 1.32. The map τ∞x,+
: E → E sending a point P to P + ∞x,+ is given on the

coordinates by

(x, y) 7→
(
a

δx
,
1

δy

)
.

Proof. Define χ : E → E to be the map (x, y) 7→
(

a
δx ,

1
δy

)
. The map is well defined since

( a
δx

)2
+ a

(
1

δy

)2

=
a(x2 + ay2)

dx2y2
=
a(a+ dx2y2)

dx2y2
= a+

a2

dx2y2

and

a+ d
( a
δx

)2( 1

δy

)2

= a+
a2

dx2y2
.

Consider now the map θ = τ−∞x,+
◦χ where τ−∞x,+

denotes translation by −∞x,+. Since χ(O) =
∞x,+, we have θ(O) = O so θ is an isogeny. Moreover, we have χ2 = id and τ−∞x,+ ◦ τ∞x,+ = id
so θ is a bijection with inverse χ ◦ τ∞x,+ . Hence θ is an element of Aut(E). Now, we have
χ(T ) = ∞y,+ = ∞x,+ + T and so we get

θ(T ) = τ−∞x,+(χ(T )) = τ−∞x,+(∞x,+ + T ) = T.

Hence by Lemma 1.31, θ must be the identity. Hence χ = τ∞x,+ . □

Corollary 1.33. The map τ∞y,+
: E → E,P 7→ P +∞y,+ is given by

(x, y) 7→
(
α

δy
,− α

δx

)
.
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The map τ∞x,− : E → E,P 7→ P +∞x,− is given by

(x, y) 7→
(
− a

δx
,− 1

δy

)
.

The map τ∞y,− : E → E,P 7→ P +∞y,+ is given by

(x, y) 7→
(
− α

δy
,
α

δx

)
.

Proof. By Corollary 1.25, we have ∞y,+ = ∞x,+ + T . Hence we have τ∞y,+ = τT ◦ τ∞x,+ and
so, for a point P = (x, y) on E, we get by Theorem 1.24 and Theorem 1.32 that

τ∞y,+(x, y) = τT

(
a

δx
,
1

δy

)
=

(
α

δy
,− α

δx

)
.

Similarly, using the fact that ∞x,− = ∞x,+ + 2T and ∞y,− = ∞x,+ + 3T = ∞x,+ − T , we find

τ∞x,−(x, y) =

(
− a

δx
,− 1

δy

)
and

τ∞y,−(x, y) =

(
− α

δy
,
α

δx

)
.

□

Corollary 1.34. The map σ∞x,+
sending a point P on E to ∞x,+ − P is given by

(x, y) 7→
(
− a

δx
,
1

δy

)
.

Proof. The map σ∞x,+
is given by the composition τ∞x,+

◦ ι and so for a point P = (x, y) on E
we have by Theorem 1.24 and Theorem 1.32 that

σ∞x,+
(x, y) = τ∞x,+

(−x, y) =
(
− a

δx
,
1

δy

)
.

□

Corollary 1.35. The map σ∞x,− : E → E,P 7→ ∞x,− − P is given by

(x, y) 7→
(
a

δx
,− 1

δy

)
.

The map σ∞y,+ : E → E,P 7→ ∞y,+ − P is given by

(x, y) 7→
(
α

δy
,
α

δx

)
.

The map σ∞y,− : E → E,P 7→ ∞y,− − P is given by

(x, y) 7→
(
− α

δy
,− α

δx

)
.

23



Proof. Combine Corollary 1.25 and Corollary 1.34. □

In particular, we now have a formula for the sum P + Q when at least one of the points P
and Q is a point which is not on E0. We are now left to find a formula for the sum P + Q
when P = (x0, y0) and Q = (x1, y1) are points on the curve such that a + dx0x0y0y1 = 0 or
a− dx0x1y0y1 = 0.

Theorem 1.36. Let P = (x0, y0) and Q = (x1, y1) be two points on E0 such that their sum
P +Q is on E0. Let P +Q be given by (x2, y2). If x0x1 + ay0y1 ̸= 0, then

x2 =
a(x0y0 + x1y1)

x0x1 + ay0y1
.

Proof. We introduce the following notation:

f0 = x20 + ay20 − a− dx20y
2
0

f1 = x21 + ay21 − a− dx21y
2
1

g = x0y1 + x1y0

j = x0y0 + x1y1

h = a+ dx0x1y0y1

k = x0x1 + ay0y1.

Notice that we have
kg − jh = x1y1f0 + x0y0f1.

For P = (x0, y0) and Q = (x1, y1) on E, we have f0 = 0 and f1 = 0, hence we get

kg − jh = 0.

In particular, when h = a+ dx0x1y0y1 ̸= 0 and k = x0x1 + ay0y1 ̸= 0, this implies

ag

h
=
aj

k
.

Notice that
ag

h
=
a(x0y1 + x1y0)

a+ dx0x1y0y1

which is equal to the first coordinate of the sum P +Q by Theorem 1.29 and so we have

x2 =
ag

h
=
aj

k
.

Hence, for a fixed point P = (x0, y0), we get that for almost all Q = (x1, y1) with k = x0x1 +
ay0y1 ̸= 0, the coordinate x2 is given by

a(x0y0 + x1y1)

x0x1 + ay0y1
.

Since the translation by P is uniquely extensible to all Q, we have that for points P and Q on
E for which the expression aj

k is well defined, i.e., for which we have k = x0x1 + ay0y1 ̸= 0, the
coordinate x2 is indeed given by

x2 =
a(x0y0 + x1y1)

x0x1 + ay0y1
.

□
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We now have a formula to compute the first coordinate of the sum of two points P = (x0, y0)
and Q = (x1, y1) when either a+dx0x1y0y1 ̸= 0 or x0x1+ay0y1 ̸= 0. We also have the following.

Lemma 1.37. Let P = (x0, y0) and Q = (x1, y1) be points on E0 such that a+ dx0x1y0y1 = 0.
Then P +Q ∈ {∞x,+,∞x,−} or P −Q ∈ {∞y,+,∞y,−}.

Proof. Let h be the function given by h(x, y) = a + dx0y0xy. It is clear that h has four poles
given by ∞x,+,∞x,−,∞y,+ and ∞y,−. Since deg (div(h)) = 0, the function h must therefore
have four zeroes, counted with multiplicities. We see that the points

∞x,+ − P =

(
− a

δx0
,

1

δy0

)
and

∞x,− − P =

(
a

δx0
,− 1

δy0

)
are zeroes of h since

a− dx0y0
a

δx0

1

δy0
= a− a = 0.

Moreover the points

P −∞y,+ =

(
− α

δy0
,
α

δx0

)
and

P −∞y,− =

(
α

δy0
,− α

δx0

)
are also zeroes of h, for

a− dx0y0
α

δy0

α

δx0
= a− a = 0.

If those four points are distinct, then they are the only four zeroes of h since h has four poles
and so we have that a + dx0x1y0y1 = 0 if and only if Q = ∞x,+ − P or Q = ∞x,− − P or
Q = P −∞y,+ or Q = P −∞y,−, i.e., if P +Q = ∞x,+, or P +Q = ∞x,− or P −Q = ∞y,+ or
P −Q = ∞y,−.
The points ∞x,+ − P and ∞x,− − P can not be equal since ∞x,+ ̸= ∞x,−, for d ̸= 1. Similarly
the points P −∞y,+ and P −∞y,− can also never be equal. Suppose that ∞x,+−P = P −∞y,+.
Then we have 2P = T . In other words, P is invariant under the map P 7→ T −P which is equal
to the composite τT ◦ ι and thus given by (x, y) 7→ (αy, xα ). Hence we get the equation

(x0, y0) =
(
αy0,

x0
α

)
and so we have in this case

x0 = αy0.

Moreover we then also automatically have

∞x,− − P = ∞x,+ + 2T − P = (∞x,+ + T ) + (T − P ) = ∞y,+ + P = P −∞y,−.

Hence the function has two zeroes given here by
(
− a

δx0
, 1
δy0

)
and

(
− a

δx0
,− 1

δy0

)
. We want to

show that each of those points occur with multiplicity 2.
Take Q = (x1, y1) = ∞x,+ − P =

(
− a

δx0
, 1
δy0

)
. Let m be the maximal ideal in the local ring
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corresponding to the point Q, i.e., m = (x−x1, y− y1). We want to know the value of h modulo
m2. For (x, y) on E, we have the following equations:

x2 + ay2 = a+ dx2y2,

x21 + ay21 = a+ dx21y
2
1 .

Subtracting the second from the first now yields the equation

x2 − x21 + a(y2 − y21) = d(x2y2 − x21y
2
1)

= d(y2(x2 − x21) + x21(y
2 − y21))

which we can rewrite as

(x2 − x21)(1− dy2) = (dx21 − a)(y2 − y21)

and so we have
x = x1 + (dx21 − a)(y2 − y21)

1

1− dy2
1

x+ x1
.

Now, 1
1−dy2 ≡ 1

1−dy2
1

modulo m and 1
x+x1

≡ 1
2x1

modulo m. Since y− y1 is in m, this means that
modulo m2, we get

x ≡ x1 + (dx21 − a)(y + y1)(y − y1)
1

1− dy21

1

2x1

≡ x1 + (dx21 − a)2y1(y − y1)
1

1− dy21

1

2x1
.

Hence, the function h modulo m2 is given by

h = a+ dx0y0xy

= a+ dx0y0x(y − y1 + y1)

= a+ dx0y0y1x+ dx0y0(y − y1)x1

≡ a+ dx0y0y1

(
x1 + (dx21 − a)2y1(y − y1)

1

1− dy21

1

2x1

)
+ dx0y0(y − y1)x1

≡ a+ dx0y0y1x1 + (y − y1)

[
dx0y0y1(dx

2
1 − a)y1

1

1− dy21

1

x1
+ dx0y0x1

]
.

We now use that (x1, y1) =
(
− a

δx0
, 1
δy0

)
. Modulo m2, we get

h ≡ a− a+ (y − y1)

[
dx0y0

1

δy0

(
a2

x20
− a

)
1

δy0

y20
y20 − 1

δx0
−a

+ dx0y0
−a
δx0

]
≡ (y − y1)

(
(x20 − a)

y0
y20 − 1

δ − aδy0

)
.

Finally we use x0 = αy0. This gives us the following expression for h modulo m2.

h ≡ (y − y1)

(
a(y20 − 1)

y0
y20 − 1

δ − aδy0

)
= 0.

So, we have h ≡ 0 mod m2. This implies that h has a zero of order at least 2 at the point
Q = ∞x,+ − P . Similarly, we have that the point ∞x,− − P has order at least 2. Because
h has four poles, they must both have order exactly 2. Hence we have then that those zeroes
are the only zeroes of h, and they are counted with multiplicity 2. The same holds when
∞x,+ − P = P − ∞y,−. In that case, we have 2P = −T and we also automatically have that
∞x,− − P = P −∞y,+ and the proof goes analogously. □
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Lemma 1.38. Let P = (x0, y0) and Q = (x1, y1) be points on E0 such that x0x1 + ay0y1 = 0.
Then P +Q ∈ {∞x,+,∞x,−} or P −Q ∈ {T,−T}.

Proof. Let g be the function given by x0x+ay0y. It is clear that g has four poles given by ∞x,+,
∞x,−, ∞y,+ and ∞y,−. Since deg(div(g)) = 0, this means that the function g must also have
4 zeroes, counted with multiplicities. The points ∞x,+ − P =

(
− a

δx0
, 1
δy0

)
and ∞x,− − P =(

a
δx0

,− 1
δy0

)
are zeroes of g since

−x0
a

δx0
+ ay0

1

δy0
= −a

δ
+
a

δ
= 0.

Moreover the points P − T = (−αy0, x0

α ) and P + T = (αy0,−x0

α ) are also zeroes of g, for

−x0αy0 + ay0
x0
α

= −αx0y0 + αx0y0 = 0.

We are left to show that those are the only zeroes of g. If those four points are distinct, it
is surely the case since g has four poles and so we have that x0x1 + ay0y1 = 0 if and only if
Q = ∞x,+ − P or Q = ∞x,− − P or Q = P − T or Q = P + T , i.e., if P + Q = ∞x,+, or
P +Q = ∞x,− or P −Q = T or P −Q = −T .
The points ∞x,+ −P and ∞x,− −P can not be equal since ∞x,+ ̸= ∞x,− and the points P − T
and P +T can also never be equal since T = −T , for a ̸= 0. So, two of those four points can only
be equal when ∞x,+ −P = P −T or ∞x,+ −P = P +T , i.e., when 2P = ∞y,+ or 2P = ∞y,− If
∞x,+−P = P −T , then automatically we have also ∞x,−−P = P +T and if ∞x,+−P = P +T ,
then we must also have ∞x,− − P = P − T . Suppose that 2P = ∞y,+. Then P is invariant
under the map σ∞y,+

: P 7→ ∞y,+ − P . By Corollary 1.35, this means that we have

x0y0 =
α

δ
.

Set Q = (x1, y1) = ∞x,+ − P = P − T , and let m be the maximal ideal of the local ring
corresponding to this point, i.e., m = (x − x1, y − y1). Again for (x, y) on E we have the
equations

x2 + y2 = a+ dx2y2

and
x21 + y21 = a+ dx21y

2
1 .

and so modulo m2, we get again

x ≡ x1 + (dx21 − a)y1(y − y1)
1

1− dy21

1

x1
.

And so the function g modulo m2 is given by

x0x+ ay0y ≡ x0

(
x1 + (dx21 − a)y1(y − y1)

1

1− dy21

1

x1

)
+ ay0(y − y1 + y1)

≡ x0x1 + ay0y1 + (y − y1)

(
x0y1(dx

2
1 − a)

1

1− dy21

1

x1
+ ay0

)
.

We use now (x1, y1) =
(

−a
δx0

, 1
δy0

)
. This yields

g ≡ (y − y1)

(
− x20
ay0

a
a− x20
x20

y20
y20 − 1

+ ay0

)
≡ (y − y1)

(
− (a− x20y0)

y20 − 1
+ ay0

)
.
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Finally, we use the equation x0y0 = α
δ , we get

g ≡ (y − y1)

(
−ady

2
0 − 1

y20 − 1

1

dy0
+ ay0

)
≡ (y − y1)

(
−a2 dy20 − 1

a(y20 − 1)

1

dy0
+ ay0

)
.

Notice that since P is on E0, we have x20 =
a(y2

0−1)

dy2
0−1

. We therefore get

g ≡ (y − y1)

(
−a2 1

x20

1

dy0
+ ay0

)
≡ (y − y1)

(
− a2

dy0

dy20
a

+ ay0

)
≡ (y − y1)(−ay0 + ay0) = 0.

Hence the point Q = ∞x,+ − P has order at least 2. Similarly, the point ∞x,− − P has order at
least 2. Because the degree of the divisor of g is zero and g has four poles, those are then the
only zeroes of g.
The proof goes analogously for when ∞x,+ − P = P + T and ∞x,− − P = P − T . □

We can also give another formula for the second coordinate of the sum of two points on the
curve E0.

Theorem 1.39. Let P = (x0, y0) and Q = (x1, y1) be two points on E0 such that their sum
P +Q is on E0. Let P +Q be given by (x2, y2). If x0y1 − x1y0 ̸= 0, then

y2 =
x0y0 − x1y1
x0y1 − x1y0

.

Proof. Consider the map E → E given by P 7→ T − P . It is equal to the composite τT ◦ ι and
so by Theorem 1.24 is given on coordinates by (x, y) 7→

(
αy, xα

)
. In particular, we have

αy2 = x(T − (P +Q)) = x((T − P ) + (−Q))

where x(T − (P + Q)) denotes the first coordinate of the point T − (P + Q). The coordinates
of T − P are given by (x′, y′) =

(
αy0,

x0

α

)
and those of −Q by (x̃, ỹ) = (−x1, y1). Moreover, we

have
x′x̃+ ay′ỹ = −αy0x1 + a

x0
α
y1 = α(x0y1 − x1y0)

which is non-zero by assumption, and so by Theorem 1.36, the coordinate x((T − P ) + (−Q)) is
given by

a(x′y′ + x̃ỹ)

x′x̃+ ay′ỹ
=
a(x0y0 − x1y1)

α(x0y1 − x1y0)
=
α(x0y0 − x1y1)

x0y1 − x1y0
.

Hence we have indeed
y2 =

x0y0 − x1y1
x0y1 − x1y0

.

□

Lemma 1.40. Let P = (x0, y0) and Q = (x1, y1) be points on E0 such that a− dx0x1y0y1 = 0.
Then P +Q ∈ {∞y,+,∞y,−} or P −Q ∈ {∞x,+,∞x,−}.
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Proof. The proof is similar to the one of Lemma 1.37. Take this time h = a − dx0y0xy. Then
the poles of h are given by ∞x,+,∞x,−,∞y,+ and ∞y,− and the zeroes are given by the points(

α

δy0
,
α

δx0

)
= ∞y,+ − P,(

− α

δy0
,− α

δx0

)
= ∞y,− − P,(

− a

δx0
,

1

δy0

)
= P −∞x,+

and (
− a

δx0
,− 1

δy0

)
= P −∞x,−.

When two of those zeroes are equal, then either 2P = T or 2P = −T and one can show,
analogously as in the proof of Lemma 1.37 that those zeroes then also have multiplicity 2. □

Lemma 1.41. Let P = (x0, y0) and Q = (x1, y1) be points on E0 such that x0y1 − x1y0 = 0.
Then P +Q ∈ {∞y,+,∞y,−} or P −Q ∈ {O, 2T}.

Proof. The proof is similar to the one of Lemma 1.38. Take this time g = x0y − y0x. Then the
poles of g are given by ∞x,+,∞x,−,∞y,+ and ∞y,− and the zeroes are given by the points(

α

δy0
,
α

δx0

)
= ∞y,+ − P,(

− α

δy0
,− α

δx0

)
= ∞y,− − P,

(x0, y0) = P

and
(−x0, y0) = P − 2T.

When two of those zeroes are equal, then either 2P = ∞y,+ or 2P = ∞y,− and one can show,
analogously as in the proof of lemma 1.38 that those zeroes also have with multiplicity 2. □

To summarize, we get the following formulae for the group law.

Theorem 1.42. Let P = (x0, y0) and Q = (x1, y1) be two points on E0. If P + Q in on E0,
then we write (x2, y2) for the coordinate of the point P +Q. We then have the following.

• If a+ dx0x1y0y1 ̸= 0, then

x2 =
a(x0y1 + x1y0)

a+ dx0x1y0y1
.

• If x0x1 + ay0y1 ̸= 0, then

x2 =
a(x0y0 + x1y1)

x0x1 + ay0y1
.

• If a− dx0x1y0y1 ̸= 0, then
y2 =

ay0y1 − x0x1
a− dx0x1y0y1

.

• If x0y1 − x1y0 ̸= 0, then
y2 =

x0y0 − x1y1
x0y1 − x1y0

.
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Moreover if a+ dx0x1y0y1 = 0 and x0x1 + ay0y1 = 0, then dy20y
2
1 = 1 and

• P +Q = ∞x,+ if y0y1 = 1
δ ,

• P +Q = ∞x,− if y0y1 = − 1
δ ,

and when a− dx0x1y0y1 = 0 and x0y1 − x1y0 = 0, we have dx20y21 = a and

• P +Q = ∞y,+ if x0y1 = α
δ ,

• P +Q = ∞y,− if x0y1 = −α
δ .

Proof. This follows directly from Theorem 1.29, Corollary 1.34, Corollary 1.35, Theorem 1.36,
Theorem 1.39, Lemma 1.37, Lemma 1.38, Lemma 1.40 and Lemma 1.41. □

Remark. Some of these results can also be found in [3].

Remark. Whenever d and ad are not squares then the points ∞x,+, ∞x,−, ∞y,+ and ∞y,− are
not rational and so the cases where we have P + Q ∈ {∞x,+,∞x,−,∞y,+,∞y,−} or P − Q ∈
{∞x,+,∞x,−,∞y,+,∞y,− for P = (x0, y0) and Q = (x1, y1) rational points on the curve can not
occur. Therefore, we always have in this case that a + dx0x1y0y1 ̸= 0 and a − dx0x1y0y1 ̸= 0
and so Theorem 1.29 is sufficient and we have only one simple formula for the group law. This
is the reason why Edwards curves are widely used in cryptography.

2 Identifying Edwards curves.
Let E be an elliptic curve over a perfect field k with char(k) ̸= 2. Let O be the neutral element
of the group law of the curve. Assume that E admits a point T ∈ E(k̄) of order 4 such that for
C = ⟨T ⟩ and for all σ ∈ G = Gal(k̄/k), we have σ(C) = C. Because C = ⟨T ⟩ = {O, T, 2T,−T}
where ord(O) = 1, ord(2T ) = 2 and ord(T ) = ord(−T ) = 4, this means that for all σ ∈ G we
have σ(O) = O, σ(2T ) = 2T and σ(T ) = ±T . Hence O and 2T are in E(k) and T is either in
E(k) or in E(l) where l is a quadratic extension of k.
We can then state the following theorem.

Theorem 2.1. The elliptic curve E is isomorphic to a twisted Edwards curve.

The goal of this section is to prove the above theorem.

Theorem 2.2. There exist points R and R′ such that the 2-torsion subgroup E(k̄)[2] of E is
given by

E(k̄)[2] = {0, 2T,R,R′}.

Proof. We have that E is an elliptic curve over k where char(k) ̸= 2 so we know that the 2-torsion
subgroup E(k̄)[2] of E is isomorphic to Z/2Z × Z/2Z so #(E(k̄)[2]) = 4. Since 2T has order 2
and O has order 0, they are both necessarily contained in that subgroup. Hence, the 2-torsion
group must be given by

E(k̄)[2] = {O, 2T,R,R′}

where R and R′ are two distinct points of order 2 on the curve that are neither O nor 2T . □

We can now state the following theorem.

Theorem 2.3. The divisor (O) + (2T )− (R)− (R′) of Ek̄ is a principal divisor of E.
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Proof. Let σ be an element in G = Gal(k̄/k). We know already that σ(O) = O and σ(2T ) = 2T .
Because R and R′ are the points of order 2 of E that are neither O or 2T , we thus have that σ
either leaves R and R′ invariant or σ exchanges them. In any of those cases, the divisor (R)+(R′)
remains therefore invariant under G so we have that (R) + (R′) is defined over k. Now, the sum
R + R′ in E(k̄) must still have order 2 and therefore also be one of the points inside E(k̄)[2].
We see that the only possibility here is that R+R′ = 2T since every other configuration would
imply either that R = O or R′ = O or R = R′ which is impossible for they must all be distinct
points. Hence R + R′ = 2T so by Lemma 1.23 the divisor given by (2T ) + (O) − (R) − (R′) is
indeed principal. □

Corollary 2.4. There exists a function in κ(E) whose divisor is equal to (O)+(2T )−(R)−(R′).

Proof. This follows immediately from Theorem 2.3. □

Throughout this section, we let x be such a function. So, up to scalar multiplication, the function
x is the unique function satisfying div(x) = (O) + (2T )− (R)− (R′).

Now, from Theorem 2.2, we also get the coset

T + E(k̄)[2] = {T,−T,R+ T,R′ + T}.

We claim the following.

Theorem 2.5. The divisor (T ) + (−T )− (R+ T )− (R′ + T ) of Ek̄ is a principal divisor of E.

Proof. Let σ be an element of G = Gal(k̄/k). Then we have that σ(R + T ) = σ(R) + σ(T ) so
σ(R+T ) is either R+T or R−T or R′+T or R′−T . However, we also know that R+R′ = 2T ,
so we get that R′ − T = 2T − R − T = R + T and R − T = 2T − R′ − T = R′ + T since R
and R′ have order 2. Hence σ(R + T ) is either equal to R + T or to R′ + T and by a similar
argument, the same holds for σ(R′ + T ). Now, if σ(R + T ) = R + T , then σ(R′ + T ) = R′ + T
and if σ(R + T ) = R′ + T , then σ(R′ + T ) = R + T , so in any case we get on the divisor that
σ((R+T )+(R′+T )) = (R+T )+(R′+T ). Hence the divisor (R+T )+(R′+T ) is defined over k
itself. Similarly as for E(k̄)[2], we see here that on E(k̄) we have that T−T−(R+T )−(R′+T ) =
−R−T −R′ −T = −4T = O so the divisor defined by (T )+ (−T )− (R+T )− (R′ −T ) is again
principal by Lemma 1.23. □

Corollary 2.6. There exists a function in κ(E) whose divisor is equal to (T ) + (−T ) − (R +
T )− (R′ + T ).

Proof. This follows immediately from Theorem 2.5. □

Throughout this section, we let y be such a function. Hence y is, up to scalar multiplication, the
unique function satisfying the condition div(y) = (T ) + (−T )− (R+ T )− (R′ + T ).

The aim of this section is to find a relationship between x and y which would yield the equation
of an Edwards curve. We will do so by using the Riemann-Roch theorem, which we stated in
the previous section.
First, it gives us the following result, where we denote respectively by Dx and Dy the divisors
(R) + (R′) and (R+ T ) + (R′ + T ) corresponding to the poles of x and y.

Theorem 2.7. The Riemann-Roch spaces L(Dx) and L(Dy) are respectively equal to ⟨1, x⟩ and
⟨1, y⟩.

Proof. Since E is an elliptic curve we get directly by Lemma 1.17, that both L(Dx) and L(Dy)
must have dimension 2. Moreover, we know that both 1 and x are inside L(Dx) and that
those two functions must be linearly independent since div(x) ̸= 0. Similarly, we have that the
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functions 1 and y are linearly independent and both contained in L(Dy). Hence L(Dx) = ⟨1, x⟩
and L(Dy) = ⟨1, y⟩. □

Theorem 2.8. The Riemann-Roch spaces L(Dx +Dy) is equal to ⟨1, x, y, xy⟩.

Note that this theorem is consistent with Corollary 1.20 in section 1, and again its proof will
follow from the following result.

Lemma 2.9. The functions 1, x, y and xy are linearly independent.

Proof of the lemma. Let a, b, c, d be constants such that axy + bx+ cy + d = 0.
Assume that a ̸= 0. By scaling the equation if necessary, we can assume without loss of generality
that a = 1. This yields the following equation:

xy + bx+ cy + d = 0 ⇒ (x+ c)(y + b) = bc− d

meaning that the expression (x+ c)(y + b) must be equal to a constant e = bc− d.
If e = 0 then either x + c = 0 or y + b = 0, which would mean that either 1 and x, or 1 and y
are linearly dependent. This is not the case, so necessarily e ̸= 0. Hence x+ c = e

y+b with e ̸= 0.
In terms of divisors, this implies that we have the following equation:

div(x+ c) = −div(y + b)

However we know that div(x+ c) = (S) + (S′)− (R)− (R′) where S and S′ are points such that
x(S) = −c = x(S′). Besides, since div(x + c) = (S) + (S′) − (R) − (R′), we must have on the
curve that S + S′ = R+R′ = 2T .
Now, we also know that div(y+ b) = (Q)+ (Q′)− (R+T )− (R′ +T ) where Q and Q′ are points
such that y(Q) = −b = y(Q′), so with the previous equation div(x + c) = −div(y + b), this
implies that {S, S′} = {R + T,R′ + T}. However since S + S′ = 2T and R + T + R′ + T = O,
this would mean that 2T = O, which is impossible, since T has order 4.
Hence a = 0 and we now have the equation bx+ cy + d = 0.
Assume now that b ̸= 0. With the same argument we can take b = 1 and get:

x+ cy + d = 0 ⇒ x = −cy − d

This gives us:
div(x) = div(cy + d)

which is again impossible because x and cy + d do not have the same poles.
Therefore b = 0 and we are left with the equation cy + d = 0. Now, since 1 and y are linearly
independent, this immediately implies that c = 0 and d = 0.
Hence a = b = c = d = 0 and the functions 1, x, y and xy are linearly independent. □

Proof of Theorem 2.8. By Lemma 1.17, the space L(Dx + Dy) has dimension 4. Moreover
we know that the functions 1, x, y and xy are all contained in L(Dx + Dy) since div(xy) =
div(x) + div(y) = (O) + (2T ) + (T ) + (−T )−Dx −Dy. So the space ⟨1, x, y, xy⟩ is contained in
the Riemann-Roch space L(Dx + Dy) of dimension 4. Now, by Lemma 2.9, we know that the
space ⟨1, x, y, xy⟩ also has dimension 4, since the functions 1, x, y, xy are linearly independent.
Hence the spaces L(Dx +Dy) and ⟨1, x, y, xy⟩ must be equal. □

Consider now the following theorem which states that on a smooth projective curve, a divisor of
large enough degree is very ample.

Theorem 2.10. Let C be a smooth projective curve of genus g. Let D be a divisor on C such
that deg(D) ≥ 2g+1 and let (s0, . . . sn) be a basis for L(D). Then the map φ : C → Pn given by
P 7→ (s0(P ) : · · · : sn(P )) is an embedding.
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Proof. See for instance [2, Chapter IV, Corollary 3.2]. □

This theorem can be used to get the following result.

Theorem 2.11. The map
ϕ : E → P1 × P1

P 7→ ((x(P ) : 1), (y(P ) : 1))

is an embedding.

Proof. Since deg(D) = 4 ≥ 2 · 1 + 1 by lemma 1.17, we can apply Theorem 2.10 to the divisor
D = Dx +Dy. This yields us an embedding φ : E → P3 given by

P 7→ (1 : x(P ) : y(P ) : (xy)(P ))

since L(D) = ⟨1, x, y, xy⟩ by Theorem 2.8. In particular, we have an isomorphism E → im(φ).
It is also quite clear that if a point P = (z0 : z1 : z2 : z3) in P3 is contained in im(φ), then P
satisfies the equation z0z3 = z1z2 since P is then of the form (1 : x : y : xy) for some x and y.
Hence im(φ) ⊆ Q where Q is the quadric in P3(z0 : z1 : z2 : z3) defined by the equation
z0z3 = z1z2. Now, we also have an isomorphism between Q and P1 ×P1 which is induced by the
Segre embedding defined by

ψ : P1 × P1 → P3

((x0 : x1), (y0 : y1)) 7→ (x1y1 : x0y1 : x1y0 : x0y0)

whose inverse χ : Q→ P1 × P1 is given by

(z0 : z1 : z2, z3) 7→ ((z1 : z0), (z2 : z0)).

Now the composition χ ◦ φ eventually yields an embedding

ϕ : E → P1 × P1

P 7→ ((x(P ) : 1), (y(P ) : 1))

which completes the proof. □

We can use this embedding to prove interesting results about some maps on the function field
κ(E). Consider for example the involutions defined by

σ : E → E, P 7→ −P

and
τ : E → E, P 7→ 2T − P.

Those maps induce maps σ∗ : κ(E) → κ(E) given by f 7→ f ◦ σ and τ∗ : κ(E) → κ(E) given by
f 7→ f ◦ τ on the function field, as well as maps

σ∗ : Div(E) → Div(E), (P ) 7→
∑

Q∈σ−1(P )

eσ(Q) · (Q)

τ∗ : Div(E) → Div(E), (P ) 7→
∑

Q∈τ−1(P )

eτ (Q) · (Q)
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on the divisors groups. Here eσ and eτ denote the ramification index of σ and τ , respectively.
Now since σ and τ are automorphisms on E we know that their ramification indexes are simply
equal to 1. Hence for every divisor D of the form

∑
np(P ), we get

σ∗(D) = σ∗
(∑

nP (P )
)
=
∑

np(σ
−1(P )) =

∑
nP (−P )

and
τ∗(D) = τ∗

(∑
nP (P )

)
=
∑

np(τ
−1(P )) =

∑
nP (2T − P ).

Corollary 2.12. Let σ∗ : κ(E) → κ(E) and τ∗ : κ(E) → κ(E) be the maps defined above. Then

σ∗(x) = −x, σ∗(y) = y

and
τ∗(x) = x, τ(y) = −y.

Proof. We will start by looking at the map σ∗. To know how σ∗ acts on y, let S be a point on E
which is neither R+T nor R′+T , set y0 = y(S) and consider the function y−y0. We know that

div(y − y0) = (S) + (S′)− (R+ T )− (R′ + T )

where S and S′ are the (not necessarily distinct) points on the curve such that y(S) = y(S′) = y0.
On the curve, this means that S+S′ = R+R′+2T = 4T = O. Hence we see that S′ = −S = σ(S)
and therefore y(S) = y(σ(S)) = y0. Since this holds for almost all S, we conclude that σ∗(y) = y.
Now, to know how it acts on x we can start by computing the divisor of σ∗(x). We get

div(σ∗(x)) = σ∗(div(x)) = σ∗((O) + (2T )− (R)− (R′)) = (−O) + (−2T )− (−R)− (−R′)

= (O) + (2T )− (R)− (R′) = div(x).

This means in particular that

div

(
σ∗(x)

x

)
= 0.

Therefore, there exists a constant λ such that σ∗(x) = λx. Moreover, since (σ∗)2= id, we know
that this constant λ must be either 1 or −1.
We will now use the embedding ϕ : E → P1 × P1 that we defined in Theorem 2.11. Because it
is an embedding, we know in particular that ϕ(P ) = ((x(P ) : 1, (y(P ) : 1)) can not be equal to
ϕ(−P ) = ((x(−P ) : 1), (y(−P ) : 1)) whenever ord(P ) > 2, as is for instance the case for P = T .
But since we have seen that y(−P ) = y(P ) this implies that we must have x(P ) ̸= x(−P ) on
those points. Hence, σ∗(x) ̸= x, so the only possibility is σ∗(x) = −x.
For τ∗, we can use a similar reasoning. To know how τ∗ acts on x, let Q be a point on E which
is neither R nor R′, set x0 = x(Q) and consider the function x− x0. We know that

div(x− x0) = (Q) + (Q′)− (R)− (R′)

where Q and Q′ are the (not necessarily distinct) points on the curve with x(Q) = x(Q′) = x0.
On the curve, this means that Q+Q′ = R+R′ = 2T so Q′ = τ(Q). Therefore x(Q) = x(τ(Q))
for almost all Q, so τ∗(x) = x.
In order to see what τ∗(y) is, we can start by computing the divisor of τ∗(y). We get

div(τ∗(y)) = τ∗(div(y)) = τ∗((T ) + (−T )− (R+ T )− (R′ + T ))
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= (2T −T )+(2T +T )−(2T −R−T )−(2T −R′−T ) = (T )+(−T )−(R+T )−(R′+T ) = div(y),

since R and R′ have order 2 and T has order 4. So again, in particular we have that

div

(
τ∗(y)

y

)
= 0

meaning that there exists a constant µ such that τ∗(y) = µy which must be either 1 or −1, since
(τ∗)2= id. Using the embedding ψ, we see this time that ψ(P ) = ((x(P ) : 1), (y(P ) : 1)) can not
be equal to ψ(2T −P ) = ((x(2T −P ) : 1), (y(2T −P ) : 1)) whenever P /∈ {T,−T,R+T,R′+T}.
Now, since x(P ) = x(2T − P ), this means that y(P ) ̸= y(2T − P ) for such point. Therefore
µ = −1 and τ∗(y) = −y. □

Now that we know how σ∗ and τ∗ act on x and y, we can see how they act on some Riemann-
Roch spaces and use that to show that E is isomorphic to a twisted Edwards curve. To do so,
we will use the following theorem from linear algebra.

Theorem 2.13. Let V be a finite-dimensional vector space and let f1, . . . , fk : V → V be diag-
onalizable endomorphisms that commute in pairs. Then f1, . . . , fk : V → V are simultaneously
diagonalizable, i.e., there exists a basis for V consisting of vectors that are eigenvectors for all
the fi at the same time.

Proof. See [7, Theorem 5.14]. □

Theorem 2.14. There exists a linear relation between 1, x2, y2 and x2y2.

Proof. Since ⟨1, x⟩ and ⟨1, y⟩ are bases of the spaces L(Dx) and L(Dy) respectively, and since
we have σ∗(x) = −x and σ∗(y) = y as well as τ∗(x) = x and τ∗(y) = −y, the spaces L(Dx) and
L(Dy) are invariant under both σ∗ and τ∗. The restriction of σ∗ to L(Dy) is the identity on
L(Dy), while its restriction to L(Dx) has eigenvalues 1 and −1. By switching L(Dx) and L(Dy),
we get the analogous statement for τ∗. Moreover, for P on E, we notice

σ(τ(P )) = σ(2T − P ) = −2T + P = 2T + P

and
τ(σ(P )) = τ(−P ) = 2T + P

so τ and σ commute, which implies that σ∗ and τ∗ commute as well.
We can therefore use Theorem 2.13 on σ∗ and τ∗ restricted to various subspaces of κ(E) and list
for each element xtyr with t, r ∈ {0, 1, 2} in the Riemann-Roch spaces L(Dx), L(Dy), L(Dx+Dy)
and L(2Dx + 2Dy) in which intersection of eigenspaces of σ∗ and τ∗ they lie in. This yields the
following table.

L(D)
eigenvalue of σ∗ and τ∗

+1,+1 −1,+1 +1,−1 −1,−1

L(Dx) 1 x 0 0
L(Dy) 1 0 y 0
L(Dx +Dy) 1 x y xy
L(2Dx + 2Dy) 1, x2, y2, x2y2 x, xy2 y, x2y xy

Using this table, we see in the last column that the subspace corresponding to the intersection of
the eigenspaces E−1(σ

∗) and E−1(τ
∗) with σ∗ and τ∗ acting on L(2Dx +2Dy) has dimension at

least 1. Moreover, since 1 and x2 are linearly independent, the elements y and yx2 in the third
column are also linearly independent. Hence the subspace in the third column corresponding to
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the intersection of the eigenspaces E1(σ
∗) and E−1(τ

∗) with σ∗ and τ∗ acting on L(2Dx +2Dy)
must have dimension at least 2. Using the fact that 1 and y2 are also linearly independent we
can prove similarly that the subspace in the second column corresponding to the intersection of
the eigenspaces E−1(σ

∗) and E1(τ
∗) with σ∗ and τ∗ acting on L(2Dx + 2Dy) must also have

dimension at least 2. Now, by Lemma 1.17, we have

dim(L(2Dx + 2Dy)) = deg(2Dx + 2Dy) = 8

so the subspace in the first column corresponding to the intersection of the eigenspaces E1(σ
∗) and

E1(τ
∗) with σ∗ and τ∗ acting on L(2Dx+2Dy) cannot have dimension bigger than 8−2−2−1 = 3.

But we see in the table that it contains at least 4 elements so there must exist a linear relation
between those elements. □

The linear relation that we get in Theorem 2.14 will now give us the equation of an Edwards
curve for E.

Corollary 2.15. Assume that the point T on E is rational. Then x(T ) ̸= 0 and y(O) ̸= 0 and
the functions x′ = λx with λ = x(T )−1 and y′ = µy with µ = y(O)−1 induce an isomorphism
P 7→ ((x′(P ) : 1), (y′(P ) : 1)) from E to an Edwards curve sending the point T ∈ E(k) to (1, 0)
and the point O ∈ E(k) to (0, 1).

Proof. Since div(x) = (O) + (2T )− (R)− (R′), we know that x(T ) ̸= 0 and since T is rational,
we have that λ = x(T )−1 is a constant in k. So we can define the function x′ = λx in κ(E) which
is a function satisfying x′(T ) = 1. For the same reason, we can set µ = y(O)−1 and define the
function y′ = µy with the property y′(O) = 1. We now also know by Theorem 2.14 that there is
a linear relation between 1, x′2, y′2 and x′2y′2, so there are constants α, β, γ, δ ∈ k such that

α+ βx′2 + γy′2 + δx′2y′2 = 0.

On the points T and O, we thus get the following equations{
α+ β = 0

α+ γ = 0.

This means in particular that none of those constants can be zero because otherwise all of α, β, γ, δ
would be zero and the functions would be linearly independent, which is impossible because of
Theorem 2.14. We can therefore scale all of those constants and for instance set α = 1, which
yields γ = β = −1. So the equation becomes

1− x′2 − y′2 + δx′2y′2 = 0

which yields
x′2 + y′2 = 1 + δx′2y′2

which is exactly the equation of an Edwards curve as seen in section 1. □

Corollary 2.16. We have y(O) ̸= 0 and the function y′ = µy with µ = y(O)−1 induces an
isomorphism P 7→ ((x(P ) : 1), (y′(P ) : 1)) from E to a twisted Edwards curve.

Proof. The proof is very similar to the previous one, however this time for T non-rational, we
can not take a λ such that x′(T ) = 1 for x′ = λx. But since O is always rational, we can still
set µ = y(O)−1 and define the function y′ = µy with the property y′(O) = 1. Now again by
Theorem 2.14 there exist constants α, β, γ, δ ∈ k such that

α+ βx2 + γy′2 + δx2y′2 = 0
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so, on O we still get the equation
α+ γ = 0.

Now, of the terms 1, x2, y′2 and x2y′2, only x2 and x2y′2 have poles at the points R and R′.
So, in a linear relation, either both those terms occur, or neither. If neither occur, then 1 and
y2 would be linearly dependent, which is not possible. So both x2 and x2y2 occur in the linear
relation, meaning that both β and δ are nonzero. After scaling, we may assume β = 1 and so we
have

α+ x2 − αy′2 + δx2y′2 = 0

which yields
x2 − αy′2 = −α− δx2y′2.

Setting a = −α and d = −δ, we therefore get

x2 + ay′2 = a+ dx2y′2

which is indeed the equation of a twisted Edwards curve. □

3 A 2-descent on Edwards curves.
In this section we will apply descent by 2-isogeny on Edwards curves. We will start by recalling
the method of descent by 2-isogeny for general elliptic curves C defined over Q in short Weierstraß
form. Let C be such an elliptic curve with a 2-torsion point. Possibly after a suitable change of
variables, we can assume its 2-torsion point to be the point (0, 0) and its equation to be of the
form

v2 = u(u2 + cu+ e)

with c, e ∈ Z and we have e ̸= 0 and c2 − 4e ̸= 0 for C is non-singular.

Theorem 3.1. There is a second elliptic curve C ′ over Q and an isogeny ϕ : C → C ′ having
kernel {OC , (0, 0)}. Specifically, C ′ can be given by

v′2 = u′(u′2 + c′u′ + e′)

with c′ = −2c and e′ = c2 − 4e; and ϕ can be given by

ϕ(u, v) =

{
(u+ c+ e/u, v − ev/u2) if u ̸= 0,

OC′ if (u, v) = (0, 0).

Proof. See [6, Chapter III, Example 4.5]. □

Theorem 3.2. Under the conditions of Theorem 3.1, there is a second isogeny ϕ̂ : C ′ → C
defined by

ϕ̂(u′, v′) =

{(
1
4 (u

′ + c′ + e′/u′) , 18
(
v′ − e′v′/(u′)2

))
if u′ ̸= 0,

OC if (u′, v′) = (0, 0)

such that ϕ ◦ ϕ̂ = [2]C′ and ϕ̂ ◦ ϕ = [2]C where [2]C′ and [2]C denote multiplication by 2 on C ′

and C, respectively.

Proof. See [6, Chapter III, Example 4.5]. □
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We seek to understand the image of C(Q) inside C ′(Q) where C ′ is the curve defined in the
previous theorem. For this, we introduce a map from C ′(Q) to the quotient group Q∗/(Q∗)2 as
follows.

Lemma 3.3. Let q : C ′(Q) → Q∗/(Q∗)2 be the function defined by

q((u′, v′)) = [u′] if u′ ̸= 0,

q((0, 0)) = [e′],

q(O) = [1].

Then q is a group homomorphism and the sequence

C(Q)
ϕ−→ C ′(Q)

q−→ Q∗/(Q∗)2

is exact.

Proof. See [1, Lemma 6]. □

In particular, the previous lemma implies that coker(ϕ) = C ′(Q)/ϕ(C(Q)) is equal to im(q). We
are therefore interested in finding the elements of Q∗/(Q∗)2 that lie in the image of q. To do so,
we have the following useful proposition.

Proposition 3.4. Let C ′ : v′2 = u′(u′2+ c′u′+ e′) with c′ and e′ in Z be an elliptic curve over Q
and q the corresponding homomorphism from Lemma 3.3. Let b be a square-free integer. Then
the class [b] in Q∗/(Q∗)2 lies in the image of q if and only if the equation

b2l4 + c′bl2m2 + e′m4 = bn2

admits a non-zero solution (l,m, n) with l,m, n ∈ Z. Furthermore, this can only happen if b
divides e′.

Proof. First of all, since q(O) = [1] and q((0, 0)) = [e′], the class [b] lies in the image of q whenever
b = 1 or b = e′ and we see that in those cases, the equation

b2l4 + c′bl2m2 + e′m4 = bn2

admits (1, 0, 1) or (0, 1, 1) respectively as a solution. Suppose now that b is a square-free integer
such that [b] ̸= 1 and [b] ̸= e′ and that there exists a (u′, v′) on C ′ such that q((u′, v′)) =
[b]. Since [b] ̸= e′, we have u′ ̸= 0 and [u′] = [b]. Because the equation of C ′ is given by
v′2 = u′(u′2 + c′u′ + e′), we have in particular that u′(u′2 + c′u′ + k′) is a square, so we also
have [u′2 + c′u′ + e′] = [u′] = [b]. In other words, there exist s, t in Q such that u′ = bt2 and
u′2 + c′u′ + e′ = bs2. Together with the first equation, we get

(bt2)2 + c′bt2 + e′ = bs2

Now, t in in Q, so we can write t as t = l
m with l,m coprime integers. This yields the equation

b2l4 + c′bl2m2 + e′m4 = bs2m4

Write now n = sm2. Then the previous equation becomes b2l4+c′bl2m4+e′m4 = bn2. Moreover
n = sm2 must be an integer: indeed, the left-hand side of the equation is clearly an integer so
the right-hand side of the equation must be one as well. But the right-hand side is equal to bn2

with b being square-free, so this can only happen if n is itself also an integer. Hence, if b is in
the image of q, the equation

b2l4 + c′bl2m2 + e′m4 = bn2 (1)
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must have a solution with l,m, n ∈ Z and l,m coprime. Conversely if the equation (1) has a
non-zero solution (l,m, n) with l,m, n ∈ Z, then setting u′ = b( l

m )2 gives us a point (u′, v′) on
C ′ such that q((u′, v′)) = [b]. We are left to prove that the class [b] in Q∗/(Q∗)2 can only lie in
the image of q if b divides e′. Suppose that we have a solution (l,m, n) in Z3 such that there is
a prime p dividing b but not e′. Then from the equation (1) we see that p must divide e′m4 and
so it must divide m. Hence every term in the left-hand side of the equation (1) is divisible by
p2, and so bn2 is divisible by p2. This implies that p divides n, for b is square-free. In particular,
we see now that the terms c′bl2m4, e′m4 and bn2 are all divisible by p3, so b2l4 must also be
divisible by p3. Using again the fact that b is square-free, we thus have that p divides l. But l
and m are coprime so this leads to a contradiction. Hence b must divide e′. □

While this proposition gives necessary and sufficient conditions for a class [b] in Q∗/(Q∗)2 to lie
in the image of the map q defined in Lemma 3.3, we will show that for Edwards curves, there
exist some necessary conditions that are easier to verify, thus often making it quicker to narrow
down the image of q and hence the cokernel of ϕ. To show this we will want to apply some
the theorems and isogenies mentioned above, so we first introduce the following isomorphism
between a general twisted Edwards curve and a Weierstraß curve.

Theorem 3.5. Let E : x2 + ay2 = a + dx2y2 be a twisted Edwards curve and let EW then be
the Weierstraß curve given by the equation η2 = ξ(ξ2 + 2a(d+ 1)ξ + a2(d− 1)2). Then we have
an isomorphism χ : E → EW sending the 2-torsion point 2T of E to the 2-torsion point (0, 0) of
EW given by

(x, y) 7→
(
a(d− 1)

y + 1

y − 1
, 2a2(d− 1)

y + 1

x(y − 1)

)
.

Proof. We are looking for an equation of the form

EW : η2 = ξ(ξ2 + pξ + q)

with p and q constants and we know that on a Edwards curve E, the point 2T = (0,−1) is a
rational 2-torsion point of E. Hence, we want the function ξ in the equation of EW to satisfy
the condition

div(ξ) = 2(2T )− 2(O).

Consider the function y+1
y−1 . Since div(y + 1) = 2(2T ) − (R + T ) − (R − T ) and div(y − 1) =

2(O)− (R+ T )− (R− T ) by section 1, we get that

div

(
y + 1

y − 1

)
= 2(2T )− 2(O)

as desired. We therefore set ξ = c y+1
y−1 where c is a constant to be determined.

We have that E[2] = {O, 2T,R,R′} so we need η to be a function such that:

div(η) = (2T ) + (R) + (R′)− 3(O)

Firstly, note that with this we get:

div

(
η

ξ

)
= (R) + (R′)− (O)− (2T ) = div

(
1

x

)
Hence, we have η = c′ ξx = c̄ y+1

(y−1)x with c′ and c̄ = c′ · c constants.
Assume for now that these constant are all equal 1. Then we get

x =
ξ

η
, y =

ξ + 1

ξ − 1
,
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and so the equation of the curve
x2 + ay2 = a+ dx2y2

yields
ξ2

η2
+ a

(
ξ + 1

ξ − 1

)2

= a+ d

(
ξ2(ξ + 1)2

η2(ξ − 1)2

)
which in turn gives us the equation

ξ2(ξ − 1)2 + a(ξ + 1)2η2 = aη2(ξ − 1)2 + dξ2(ξ + 1)2

which implies
4aξη2 = ξ2

[
(d− 1)ξ2 + 2(d+ 1)ξ + d− 1

]
.

Now, multiplying both sides of the equation by a3(d−1)2

ξ yields

(2a2(d− 1)η)2 = a3(d− 1)2ξ
[
(d− 1)ξ2 + 2(d+ 1)ξ + d− 1

]
and this gives us the equation

(2a2(d− 1)η)2 = a(d− 1)ξ
[
(a(d− 1)ξ)2 + 2a(d+ 1)(a(d− 1)ξ) + a2(d− 1)2

]
.

Setting c = a(d− 1) and c′ = 2a2(d− 1), i.e. setting η = 2a2(d− 1) y+1
x(y−1) and ξ = a(d− 1) y+1

y−1
we get

η2 = ξ(ξ2 + 2a(d+ 1)ξ + a2(d− 1)2)

which is the desired Weierstraß form with constants p = 2a(d+ 1) and q = a2(d− 1)2. □

For the rest of this section we fix a twisted Edwards curve E : x2 + ay2 = a + dx2y2 and
we denote by EW : η2 = ξ(ξ2 + 2a(d + 1)ξ + a2(d − 1)2) the isomorphic Weierstraß curve from
Theorem 3.5. We see that the map χ : E → EW given by (x, y) 7→ (a(d−1) y+1

y−1 , 2a
2(d−1) y+1

x(y−1) )

from Theorem 3.5 is an isogeny as it sends the neutral element OE of E to the point at infinity.
By Lemma 3.3 we have a homomorphism φ : EW (Q) → Q/(Q∗)2 defined as

P = (ξ, η) 7→ [ξ] if P ̸= (0, 0),

(0, 0) 7→ [a2(d− 1)2],

OEW 7→ [1].

Now through the identification χ : E → EW , we get a map ψ : E(Q) → Q/(Q∗)2 and for a point
P = (x, y) on E which is not in E[2], we have

ψ(P ) =

[
a(d− 1)

y + 1

y − 1

]
= [a(d− 1)(y2 − 1)] = [(d− 1)(dy2 − 1)]. (2)

Since χ(2T ) = (0, 0), we have ψ(2T ) = [1]. When the points ∞x,+ and ∞x,− are rational then
we have ψ(∞x,±) = [−a(1 ± δ)2] = [−a]. When ∞y,+ and ∞y,− are rational, then we have
ψ(∞y,±) = [a(d − 1)]. We want to identify the elements of Q∗/(Q∗)2 which lie in the image of
ψ. To do so, we introduce the following notion which will later yield a necessary condition for
an element of Q∗/(Q∗)2 to be in the image in ψ.
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Definition 3.6. Let k be a number field and let ν be a place of k. Let a and b be two elements
of k∗ν . The Hilbert symbol (a, b)ν of a and b at ν is defined as

(a, b)ν =

{
1 if the conic ax2 + by2 = z2 has a kν-rational point,
−1 otherwise.

The Hilbert symbol has many useful properties.

Proposition 3.7. Let k be a number field, let ν be a place of k and let a, b, c be in k∗ν . Then

(i) (a, b)ν = (b, a)ν and (a, c2)ν = 1;

(ii) (a,−a)ν = 1;

(iii) If a ̸= 1 then (a, 1− a)ν = 1;

(iv) If (a, b)ν = 1 then (ac, b)ν = (c, b)ν .

Proof of properties (i)-(iii). Symmetry of Hilbert symbol follows from symmetry of the equation
of the conic in the definition. If b = c2 for some c ∈ k∗ν , then (x, y, z) = (0, 1, c) is a kν-rational
point on the conic. This proves property (i). Now if b = −a, the conic admits (x, y, z) = (1, 1, 0)
as a rational point, and the same can be said for the point (1, 1, 1) whenever a ̸= 1 and b = 1−a.
This proves (ii) and (iii). □

Property (iv) can be proven using the following proposition.

Proposition 3.8. Let k be a number field and let ν be a place of k. Let a, b be in k∗ν . Then
(a, b)ν = 1 if and only if a is a norm from kν(

√
b).

Proof. Is b is a square, then by property (i) of the previous proposition (a, b)ν = 1 and we have
kν(

√
b) = kν so a ∈ k∗ν is clearly a norm from kν(

√
b). So let now b to be a element which is

not a square in k∗ν and let β be a square-root of b. Then all elements of kν(
√
b) can be written

as u+ βv with u, v ∈ kν . Assume that a is the norm of such an element u+ βv. Then we have
a = u2 − bv2 and hence the conic ax2 + by2 = z2 admits (x, y, z) = (1, v, u) as rational point, so
(a, b)ν = 1. Now assume that (a, b)ν = 1, i.e., that there are x, y, z ∈ kν not all zero such that
ax2 + by2 = z2. If x is zero, then y must be non-zero so b would be equal to (z/y)2 which is a
square and we are back to the first case. Now, if x is non-zero, we have that a = (z/x)2−b(y/x)2,
so a is the norm of the element (z/x) + β(y/x)2 in kν(

√
b). □

Proof of property (iv). If (a, b)ν = 1, then by the previous proposition a is a norm from kν(
√
b).

So, for c ∈ k∗ν , we have that ac is a norm if and only if c is a norm since the norm map is
multiplicative. □

For k a completion of Q, there are explicit formulae to compute the Hilbert symbol.

Proposition 3.9. (i) Let a, b be in R∗. Then:

(a, b)∞ =

{
1 if a > 0 or b > 0,

−1 if a < 0 and b < 0.

(ii) Let p an odd prime and a, b ∈ Q∗
p. Write a = pαu and b = pβv with u and v in Z∗

p and
define ϵ(p) = (p− 1)/2. Then

(a, b)p = (−1)αβϵ(p)
(
u

p

)β (
v

p

)α
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where (up ) denotes the Legendre symbol.

(iii) Let p = 2 and a, b ∈ Q∗
2. Write a = 2αu and b = 2βv with u and v in Z∗

2. For x ∈ Z∗
2,

define ϵ(x) = (x− 1)/2 (mod 2) and ω(x) = (x2 − 1)/8 (mod 2). Then

(a, b)2 = (−1)ϵ(u)ϵ(v)+αω(v)+βω(u).

Proof. See [4, Chapitre III, Théorème 1.]. □

For odd primes in particular, we may notice the following property.

Proposition 3.10. Let p is an odd prime and a, b be elements in Z∗
p. Then (a, b)p = 1.

Proof. This follows directly from (ii) of Proposition 3.9 since we have then the decomposition
a = p0a and b = p0b.

We can now state the following theorem.

Theorem 3.11. Let b be a square-free integer. If the class [b] in Q∗/(Q∗)2 lies in the image
of ψ, then (b, a)∞ = (b, d)∞ = 1 and (b, a)p = (b, d)p = 1 for all primes p.

Proof. If b = 1, then [b] lies in the image of ψ since ψ(O) = [1] and we have (a, 1)∞ = (d, 1)∞ = 1
and (a, 1)p = (d, 1)p = 1 for all primes p by property (i) of Proposition 3.7 since 1 = 12. Let now
b ̸= 1 be a square-free integer. For b to be in the image of ψ, there has to be a rational point
(x, y) ∈ E(Q) such that

[a(d− 1)(y2 − 1)] = [(d− 1)(dy2 − 1)] = [b].

Here (x, y) is not in {O, 2T} since ψ(O) = ψ(2T ) = [1]. In other words, we must have

a(d− 1)(y2 − 1) = bz2

for some z ∈ Q∗.
Consider now the curve Cb defined by the previous equation and the equation for E, i.e., the
curve Cb defined by the equations

Cb :=

{
a(y2 − 1) = x2(dy2 − 1),

a(d− 1)(y2 − 1) = bz2.

We have that if (x, y) is a rational point on E with ψ(x, y) = [b], i.e., with a(d− 1)(y2− 1) = bz2

for some z ∈ Q∗, then the point (x, y, z) is a rational point on Cb.
Write X = abz

x , Y = a(d−1)y, Z = bz and W = a(d−1). Then, multiplying the second equation
by ba(d− 1) yields the equation

bY 2 = bW 2 + a(d− 1)Z2. (Cb,1)

Subtracting (d− 1) times the first equation from the second then and multiplying both sides by
a2b(d− 1) also gives us the following equation

bdY 2 = bW 2 + (d− 1)X2. (Cb,2)

Now, removing the variable Y by computing dCb,4 − Cb,2 and then dividing by (d− 1), we get

X2 = bW 2 + adZ2 (Cb,3)
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and removing W by computing Cb,2 − Cb,4 and then dividing by (d− 1), we get

X2 = bY 2 + aZ2. (Cb,4)

Every equation (Cb,i) with i ∈ {1, 2, 3, 4} defines a conic Cb,i and so we get four conic Cb,1, Cb,2,
Cb,3 and Cb,4 as well as projections Cb → Cb,i for i ∈ {1, 2, 3, 4}. Hence, if one of those conic
admits no rational points, then necessarily, Cb admits no rational points and therefore b can not
lie in the image of ψ. Now, for Cb,4 to have rational points, we must have (b, a)ν = 1 for ν = ∞
and ν = p for all p prime. Similarly, Cb,3 can only have rational points if (b, ad)ν = 1. Using
property (iv) pf Proposition 3.7, this implies that we must have (b, a)ν = 1 and (b, d)ν = 1 for
ν = ∞ and ν = p for all prime numbers p. □

Remark. The conics Cb,1 and Cb,2 do not give any extra conditions. Indeed the point (Y,Z,W ) =
(1, 1, 0) always lies on Cb,1 so Cb,1 surely admits rational points. As for Cb,2 we notice that
multiplying (Cb,2) by b yields the equation

(bW )2 = d(bY )2 + b(1− d)X2

which defines a conic that admits rational points over kν if and only if (d, b(1 − d))ν = 1. By
properties (iii) and (iv) of Proposition 3.7, that is if and only if (d, b)ν = 1 which is a condition
we already have.

In particular if (a, b)ν = −1 with ν = ∞ or ν = p for some prime number p, then b does not
lie in the image of ψ. Hence, thanks to a simple computation of the Hilbert symbol, we may
discard some values of b a bit quicker than with the usual method as in Proposition 3.4. We
shall illustrate this with an example.

Theorem 3.12. Let E be the twisted Edwards curve over Q given by

x2 + 5y2 = 5 + 2x2y2.

Then E(Q) is an abelian group of rank 1.

Proof. We work with the twisted Edwards curves E : x2+5y2 = 5+2x2y2 meaning we have a = 5
and d = 2. We want to compute the group E(Q)/2E(Q). By Theorem 3.5, the corresponding
Weierstraß equation is given by

C : η2 = ξ(ξ2 + 30ξ + 25).

and Theorem 3.1 and 3.2 give us a second elliptic curve C ′ over Q given by

C ′ : v2 = u(u2 − 60u+ 800)

together with isogenies ϕ : C → C ′ and ϕ̂ : C ′ → C. Moreover by Lemma 3.3 we have a
homomorphism φ : C(Q) → Q∗/(Q∗)2 given by

P = (ξ, η) 7→ [ξ] if P ̸= (0, 0),

(0, 0) 7→ [25],

OEW 7→ [1]

and through the identification χ : E → C, we have a map ψ : E(Q) → Q∗/(Q∗)2 such that for a
point P on E which is not in E[2], we have

ψ(P ) = [5(y2 − 1)] = [2y2 − 1]
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as seen in equation (2).
We will first compute C(Q)/ϕ̂(C ′(Q)). By Lemma 3.3, it is isomorphic to im(ψ). The square-
free integers b for which the class [b] ∈ Q∗/(Q∗)2 may lie in the image of ψ are the square-free
integers which divide a(d − 1), so which divide 5 in this case, hence we only have to look at
the integers ±1 and ±5. Now, the necessary conditions we have found in Theorem 3.11 on the
Hilbert symbols for b to be in the image of ψ are here given by (5, b)ν = 1 = (2, b)ν for all places
ν of Q , i.e., for ν = ∞ and for ν = p with p any prime. Since both 2 and 5 are positive integers,
those conditions are satisfied for every b when ν = ∞ by Proposition 3.9.
Take now b = −5 and p = 2. We have 2 = 21 · 1 and −5 = 20 · (−5), so we get:

(2,−5)2 = (−1)ϵ(1)ϵ(−5)+ω(−5) = (−1)ω(−5) = −1

because ϵ(1) = 1−1
2 (mod 2) = 0 and ω(−5) = 25−1

8 (mod 2) = 3 (mod 2) = 1. Therefore, for
b = −5, we know directly with this simple computation that [−5] is not contained in the image
of ψ by Theorem 3.11.
For b = 5, we find that (5, 2)2 = (−1)ω(5) = −1 so by Theorem 3.11 we can also discard 5 right
away.
For b = −1, we see that for the point (−5,−2/3) on the curve E, we have

ψ((−5,−2/3)) = [5 · 1 · (4/9− 1)] = [5 · (−5/9)] = [−1]

so [−1] is in the image of ψ. Therefore im(ψ) is the group {±1}.
We now want to find the order of C ′(Q)/ϕ(C(Q)). Let q be the map given in Lemma 3.3.
By proposition 3.4 we need to look at the square-free integers b dividing 800, i.e., at b ∈
{±1,±2,±5,±10}. All negative b can not give a non-zero solutions to the equation

bl4 − 60l2m2 +
800

b
m4 = n2

for the left-hand side will always be negative and the right-hand side positive. Moreover, we
have [800] = [2 · 102] = [2] in Q∗/(Q∗)2, so [2] = q((0, 0)). Hence [2] is in im(q), meaning that
im(q) is either the group {1, 2} or {1, 2, 5, 10}. Now for b = 5, we see that for the point (20, 0)
on C ′ we have

q((20, 0)) = [20] = [5]

So [5] is in the image of q and so im(q) = {1, 2, 5, 10}. Hence C ′(Q)/ϕ(C(Q)) has order 4.
Write now r for the rank of E(Q). By [5, Section 3.6], we have

2r =
#(C(Q)/ϕ̂(C ′(Q)))#(C ′(Q)/ϕ(C(Q)))

4
=

2 · 4
4

= 2.

Hence, we have indeed r = 1. □

Remark. We could have found the same result using the method described in Proposition 3.4,
but it would have required some work. For instance, when computing C(Q)/ϕ̂(C ′(Q)), we have
discarded the value b = −5 quickly by noticing that (2,−5)2 = −1, and so that the conic Cb,3 for
b = −5 has no Q2-adic points. But then Cb has no Q2-adic points either, which can be verified
using Proposition 3.4. However, this is a bit more tedious, even if already know that p = 2 is a
useful prime to consider. Indeed, to see that Cb for b = −5 has no Q2-adic points, we then need
to look at the equation

bl4 + 2a(d+ 1)l2m2 +
a2(d− 1)2

b
m4 = n2
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so in this example at the equation

−5(l4 − 6l2m2 +m4) = n2.

We want to show here that this equation admits no solutions in Q2. Modulo 2 and 4, this equation
admits (l,m, n) = (1, 1, 0) as solution, so we must at least look at the equation modulo 8. Take
l = 1 and m = 1 modulo 8, then

−5(l4 − 6l2m2 +m4) = −5(1− 6 + 1) = 20 = 4 (mod 8) = 22 (mod 8)

so (1, 1, 2) is a solution here. Modulo 16, when taking l = m = 1, we have again that

−5(l4 − 6l2m2 +m4) = −5(1− 6 + 1) = 20 = 4 (mod 16) = 22 (mod 16)

so (1, 1, 2) is again a solution. Consider now the equation modulo 32. Suppose first that l is even
and m is odd. Then, modulo 8, we have that l2 must be either 0 or 4 so in any case 6l2 must
be congruent to 0 modulo 8. Moreover, we have then also that l4 is congruent to 0 modulo 8,
so modulo 8 we get the equation −5m4 ≡ n2 which has no solutions since −5 is not a square
modulo 8 and m4 ≡ 1 modulo 8. Hence the equation −5(l4 − 6l2m2 +m4) = n2 can not have
solutions modulo 32 for l even and m odd. By symmetry of the equation, the same happens for
l odd and m even. Assume now that both l and m are odd. For x and odd integer, we have
that x2 is congruent to either 1, −7, 9 or 17 modulo 32. So the possible values of l2 modulo 32
are 1, −7, 9 or 17 and the same holds for m2 modulo 32. In every case, we get that the value of
l4−6l2m2+m4 is congruent to −4 modulo 32. Hence, for any possible value of l and m, we have
that −5(l4−6l2m2+m4) is congruent to 20 modulo 32 so the equation −5(l4−6l2m2+m4) = n2

becomes 20 = n2 modulo 32 and this equation has no solution modulo 32 since 20 is not a square
modulo 32. Hence the equation

−5(l4 − 6l2m2 +m4) = n2

has no rational solution, therefore the class [−5] does not lie in the image of ψ by Proposition
3.4. We get the same result but we here had to look at the equation −5(l4 − 6l2m2 +m4) = n2

modulo 32 for this.
In a similar way, one can show that to discard the value b = 5 with the method in Proposition
3.4, we would have had to look at the equation 5(l4 + 6l2m2 +m4) = n2 modulo 16 to find that
it has no solution in Q2.

4 Constructing a 4-isogeny.
Throughout this section, E will denote a twisted Edwards curve E : x2 + ay2 = a+ dx2y2 over
a perfect field k with char(k) ̸= 2. Let α be a root of the polynomial X2 − a and δ a root of
X2 − d. Denote by T the 4-torsion point T = (α, 0) and by G the group of order 4 generated by
T .

Theorem 4.1. There is a second twisted Edwards curve Ẽ over k and an isogeny ψ : E → Ẽ
whose kernel is equal to G. Specifically, Ẽ can be given by the equation

Ẽ : x̃2 + ãỹ2 = ã+ d̃x̃2ỹ2

with ã = − 1
a and d̃ = 1− d; and ψ can be given by

(x, y) 7→
(

2xy

x2 − ay2
,

x2 + ay2

2a− x2 − ay2

)
.
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Proof. First of all, we need to verify that for (x, y) ∈ E, the image ψ(x, y) is indeed a point on
the given curve Ẽ, so we need to prove that(

2xy

x2 − ay2

)2

− 1

a

(
x2 + ay2

2a− x2 − ay2

)2

+
1

a
− (1− d)

(
2xy

x2 − ay2

)2(
x2 + ay2

2a− x2 − ay2

)2

= 0.

Using the identity 2a− x2 − ay2 = a− dx2y2 and multiplying the previous expression by a(a−
dx2y2)2(x2 − ay2)2, this is equivalent to proving that the expression

A = 4ax2y2(a− dx2y2)2 − (x4 − a2y4)2 + (x2 − ay2)2(a− dx2y2)2 + 4a(d− 1)x2y2(x2 + ay2)2

is equal to zero. We have

A = 2a3x2y2 + 2ad2x6y6 − x8 + 2a2x4y4 − a4y8 + a2x4 − 2a3x2y2 + a4y4 − 2adx6y2

+ 4a2dx4y4 − 2a3dx2y6 + d2x8y4 + a2d2x4y8 + 4adx6y2 − 4ax6y2 − 8a2x4y4

+ 4a3dx2y6 − 4a3x2y6

= −2a3x2y2 + 3adx6y4 + 3a2dx4y6 − 2a2dx4y4 − x8 + 2a2x4y4 − a4y8 + a2x4 − 3a4y4

− 2ax6 + 6a2x4y2 + 2a2x4 + 6a3x2y4 + 2a4y6 + 2a4y4 + dx8y2 − adx6y2 + a3dx2y8

− a3dx2y6 + 4ax6 − 4a2x4 − 4ax6y2 − 8a2x4y4 − 4a3x2y6

= −2a3x2y2 + 3ax6y2 + 3a2x4y4 − 3a2x4y2 + 3a2x4y4 + 3a3x2y6 − 3a3x2y4 − 2a2x4y2

− 2a3x2y4 + 2a3x2y2 − x8 + 2a2x4y4 − a4y8 + a2x4 − 3a4y4 − 2ax6 + 6a2x4y2 + 2a2x4

+ 6a3x2y4 + 2a4y6 + 2a4y4 + x8 + ax6y2 − 2ax6 − a2x4y2 + a2x4 + a3x2y6 + a4y8

− a4y6 + a4y4 + 4ax6 − 4a2x4 − 4ax6y2 − 8a2x4y4 − 4a3x2y6

= 0

using the equality dx2y2 = x2 + ay2 − a when needed. Hence the map ψ is well-defined on the
affine points (x, y) where x2 − ay2 and a − dx2y2 do not vanish. Because rational map from a
smooth curve to a projective curve extend uniquely to a morphism, the map ψ is a well-defined
morphism E → Ẽ.
We are left to prove that its kernel is equal to G = ⟨T ⟩. The curve Ẽ is a twisted Edwards curve
with identity element given by OẼ = (0, 1). For a point ((x0 : x1), (y0 : y1)) on E, we have

ψ((x0 : x1), (y0 : y1)) = ((2x0y0x1y1 : x20y
2
1 − ay20x

2
1), (x

2
0y

2
1 + ay20x

2
1 : 2ax21y

2
1 − x20y

2
1 − ay20x

2
1))

and so we see that the points at infinity ∞x,+, ∞x,−, ∞y,+ and ∞y,− on E are all sent to the
point (0,−1) on Ẽ under ψ. Hence they are not in the kernel of ψ. For a point P = (x, y) to lie
in the kernel, we need to have(

2xy

x2 − ay2
,

x2 + ay2

2a− x2 − ay2

)
= (0, 1).

If x2−ay2 = 0, then from x2+ay2 = a+dx2y2, we get 2ay2 = a+dx2y2 = a+ady4 = a(1+dy4),
so dy4 = 2y2 − 1. Hence we then have y ̸= 0 and x ̸= 0, so 2xy ̸= 0 and therefore (x, y) is sent
to a point at infinity and is therefore not in the kernel of ψ.
If 2a − x2 − ay2 = 0 then from x2 + ay2 = a + dx2y2, we have a − dx2y2 = 0 and so x2y2 ̸= 0.
Hence x2 + ay2 = a + dx2y2 ̸= 0 and so (x, y) is sent to a point at infinity and is therefore not
in the kernel of ψ.
If x2 − ay2 ̸= 0 and 2a− x22− ay2 ̸= 0, then for (x, y) to be in the kernel, we need to have

2xy = 0.
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This can only happen when x = 0 or y = 0, i.e., when P is equal to either OE , T , 2T or −T .
Hence ker(ψ) ⊆ G. It is not difficult to see that we also have G ⊆ ker(ψ) since for all P ∈ G, we
have

ψ(P ) =
(
0,
a

a

)
= (0, 1) = OẼ .

Hence ker(ψ) = G. In particular we have ψ(OE) = OẼ so ψ is indeed an isogeny. □

Remark. In the proof above, we have simply verified that the given map satisfies the required
conditions but it may be interesting to get a idea on how we might have found this map ψ and
the curve Ẽ to begin with. One way to do it is to state that if there was an isogeny ψ from
E to an elliptic curve Ẽ, then the image under ψ of the point R = ((1 : 0), (1 : δ)), which is a
two-torsion point on E would still be a 2-torsion point on Ẽ as R is not contained in G and so the
image of a point S on E satisfying 2S = R would be a 4-torsion point on Ẽ. Now, we notice that
E[k̄][4] is isomorphic to (Z/4Z)2 and is invariant under Gal(k̄/k). Hence the image ψ(E[k̄][4])
is also fixed under Gal(k̄/k) and this image is isomorphic to E[k̄][4]/G ∼= (Z/4Z)2/G ∼= Z/4Z.
By section 2, this means that Ẽ is a twisted Edwards curve and can therefore be defined by an
equation of the form x̃2 + ãỹ2 = ã + d̃x̃2ỹ2. We are now left to find the functions x̃, ỹ and the
constants ã and d̃. The group Ẽ[2] consists of the points OẼ , ψ(R), ψ(Q) and ψ(Q) + ψ(R)
where Q is a point on E satisfying 2Q = T and by section 2, we therefore know that

divẼ(x̃) = (OẼ) + (ψ(R))− (ψ(Q))− (ψ(Q) + ψ(R))

and
divẼ(ỹ) = (ψ(S)) + (ψ(R)) + ψ(S))− (ψ(Q) + ψ(S))− (ψ(Q) + ψ(R) + ψ(S)).

Hence we have
divE(ψ

∗(x̃)) = (OE) + (T ) + (2T ) + (−T ) + (R) + (R+ T ) + (R+ 2T ) + (R− T )

− (Q)− (Q+ T )− (Q+ 2T )− (Q− T )− (Q+R)− (Q+R+ T )

− (Q+R+ 2T )− (Q+R− T )

and
divE(ψ

∗(ỹ)) = (S) + (S + T ) + (S + 2T ) + (S − T ) + (R+ S) + (R+ S + T ) + (R+ S + 2T )

+ (R+ S − T )− (Q+ S)− (Q+ S + T )− (Q+ S + 2T )− (Q+ S − T )

− (Q+ S +R)− (Q+ S +R+ T )− (Q+ S +R+ 2T )− (Q+ S +R− T )

We are left to find the points Q and S. The coordinates of Q can be found by looking at the
points which are invariant under the map E → E,P 7→ T − P which is given on the coordinates
by (x, y) 7→

(
αy, xα

)
. The coordinates of S can also be found by looking at the points invariant

under the map E → E,P 7→ R − P which is given on the coordinates by (x, y) 7→
(
− a

δx ,
1
δy

)
.

Using this, we get ψ∗(x̃) = λf and ψ∗(ỹ) = λ′g with f(x, y) = xy
x2−ay2 and g(x, y) = x2+ay2

2a−x2−ay2

and λ, λ′ constants. Now, ã corresponds to the square of the first coordinates of ψ(S) so we
can find its value by evaluating f(S)2. Similarly we can find the value of d̃ by evaluating g(Q)2.
Setting λ = 2 and λ′ = 1, we find ã = − 1

a and d̃ = 1− d.

Consider now the elliptic curve E′ ⊂ P3(p, q, r, s) defined by the affine equations in the affine
patch with s = 1 {

q2 = pr

p+ ar = a+ dq2

with base point OE′ = (0, 0, 1) and consider the isogeny ϕ : E → E′ given by

ϕ : ((x : 1), (y : 1)) 7→ (x2 : xy : y2 : 1).
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Lemma 4.2. The curve E′ ⊂ P3(p, q, r, s) is smooth.

Proof. The curve E′ is given in P3(p, q, r, s) by{
q2 = pr

ps+ ars = as2 + dq2.

Let F (p, q, r, s) be the function given by q2−pr and G(p, q, r, s) the function given by ps+ars−
as2 − dq2. We have

∂F

∂p
= −r; ∂F

∂r
= −p; ∂F

∂q
= 2q;

∂F

∂s
= 0

and
∂G

∂p
= s;

∂G

∂r
= as;

∂G

∂q
= −2dq;

∂G

∂s
= p+ ar − 2as.

So, if E′ is singular at a point (p : q : r : s) then the matrix

A =

(
−r −p 2q 0
s as −2dq p+ ar − 2as

)
has rank smaller than 2.
If q = 0, then we have pr = q2 = 0 and so either p = 0 or r = 0. Since the matrix

B =

(
−r −p
s as

)
has rank smaller than 2, we have

0 = det(B) = −asr − ps

and so we get
s(p+ ar) = 0.

Hence, we then have either s = 0 or p = ar. So either we have q = p = r = 0 or q = r = s = 0
or q = p = s = 0.
In the first case, the identity

ps+ ars = as2 + dq2

implies p = q = r = s = 0.
In the last two cases we also have p = q = r = s = 0 since A has rank smaller than two.
Now if q ̸= 0, then we have that the second row is −d times the first row. Hence we get
s = dr, as = dp and p + ar − 2as = 0. The first two yield p = ar, since d ̸= 0. Together with
p + ar − 2as = 0, we then get r = s, for a ̸= 0. Hence we have s = r and s = dr, so r = dr.
Since d ̸= 1, this implies that we have r = 0. Because q2 = pr, this then implies q = 0 which
contradicts q ̸= 0.
Hence the curve E′ is smooth. □

Lemma 4.3. Let C ′ ⊂ P2 be the elliptic curve defined by the Weierstraß equation

v2 = u(u− a)(u− ad).

Then we have an isomorphism χ′ : E′ → C ′ given by (p, q, r) 7→
(

a2

p ,
a2(p−a)

pq

)
with inverse

(u, v) 7→
(

a2

u ,
a(a−u)

v , a−u
u−ad

)
.
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Proof. The map χ′ is well-defined for

a2

p

(
a2

p
− a

)(
a2

p
− ad

)
=
a2

p

(
a(a− p)

p

)(
a(a− dp)

p

)
=
a4(a− p)(a− dp)

p3

=
a4(a− p)(ar − dq2)

p3r

=
a4(a− p)2

p2q2
.

It is an isogeny since it sends the base point OE′ = (0, 0, 1) to the infinity point and it is clearly
of degree 1, with inverse (u, v) 7→

(
a2

u ,
a(a−u)

v , a−u
u−ad

)
. □

Let C ⊂ P2 be the curve given by

η2 = ξ(ξ + 2a(d+ 1)ξ + a2(d− 1)2).

By Theorem 3.5, C represents the Weierstraß form of the twisted Edwards curve E and we have
an isomorphism χ : E → C given by (x, y) 7→

(
a(d− 1) y+1

y−1 , 2a
2(d− 1) y+1

x(y−1)

)
.

Lemma 4.4. The map ϕ̂ : C ′ → C given by (u, v) 7→
(
u− a(d+ 1) + a2d

u , v − a2dv
u2

)
is a well

defined isogeny of degree 2.

Proof. The map is well-defined, for(
u− a(d+ 1) +

a2d

u

)((
u− a(d+ 1) +

a2d

u

)2

+ 2a(d+ 1)

(
u− a(d+ 1) +

a2d

u

)
+ a2(d− 1)2

)

=
v2

u2

(
u− a2d

u

)2

=

(
v

(
1− a2d

u2

))2

.

Now, on P2(U, V,W ), the curve C ′ is given by the equation

V 2W = U(U − aW )(U − adW )

and we have

ϕ̂([U : V :W ]) =

[
U

W
− a(d+ 1) +

a2dW

U
:
V

W
− a2dVW

U2
:W

]
= [UV 3 − a(d+ 1)V 3W +

a2dV 3W 2

U
: V 4 − a2dV 4W 2

U2
: V 3W 2].

Now, using the equation of the curve, we can rewrite the first coordinate as

UV 3 − a(d+ 1)V 3W + a2dVW (U − aW )(U − adW )

and the second one as
V 4 − a2d(U − aW )2(U − adW )2

so ϕ̂ sends a point [U : V :W ] to the point

[UV 3 − a(d+1)V 3W + a2dVW (U − aW )(U − adW ) : V 4 − a2d(U − aW )2(U − adW )2 : V 3W 2].
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In particular, we see that ϕ̂([0 : 1 : 0]) = [0 : 1 : 0] and so it is indeed an isogeny. Finally, if (u, v)
is in C ′(k̄) and u ̸= 0, then ϕ̂((u, v)) is a well defined point on the affine part of C and so (u, v)

is not in the kernel of ϕ̂. We thus have

ker(ϕ̂) = {OC′ , (0, 0)}.

Hence ϕ̂ has indeed degree 2. □

Lemma 4.5. The morphism E → E given by the composition χ−1 ◦ ϕ̂ ◦ χ′ ◦ ϕ is equal to
multiplication by −2 in the group law of E.

Proof. Let C̄ be the elliptic curve given by the equation v̄2 = ū(ū2 − 4a(d + 1)ū + 16a2d) and
consider the map φ : C → C̄ given by(ξ, η) 7→

((
η
ξ

)2
, η − a2(d−1)2η

ξ2

)
, ξ ̸= 0

OC̄ , ξ = 0.

This map is well-defined by Theorem 3.1.

Set φ̂ = ϕ̂ and consider the diagram

C C̄

C ′

φ

ϵφ̂

where ϵ : C̄ → C ′ is the isomorphism given by (ū, v̄) 7→
(
ū
4 ,−

v̄
8

)
. Then, for (ū, v̄) ∈ C̄, we have

φ̂(ϵ(ū, v̄)) =

(
1

4
ū− a(d+ 1) +

4a2d

ū
,−1

8
v̄ +

2a2dv̄

ū2

)
=

(
1

4

(
ū− 4a(d+ 1) +

16a2d

ū

)
,−1

8

(
v̄ +

16a2dv̄

ū2

))
.

Therefore, by Theorem 3.2, the composite φ̂ ◦ ϵ ◦ φ is equal to multiplication by −2. Hence, we
are now only left to show that the diagram

E E′

C C ′

ϕ

χ χ′

ϵ◦φ

commutes. Indeed, if it commutes, then we have

χ−1 ◦ ϕ̂ ◦ χ′ ◦ ϕ = χ−1 ◦ ϕ̂ ◦ ϵ ◦ φ ◦ χ = χ−1 ◦ φ̂ ◦ ϵ ◦ φ ◦ χ = χ−1 ◦ [−2] ◦ χ = [−2].

So let (x, y) be on E. Then

χ′(ϕ(x, y)) = χ′(x2, xy, y2) =

(
a2

x2
,
a2(x2 − a)

x3y

)
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and

ϵ(φ(χ(x, y))) = ϵ

(
φ

(
a(d− 1)

y + 1

y − 1
, 2a2(d− 1)

y + 1

x(y − 1)

))
= ϵ

(
4a4(d− 1)2(y + 1)2(y − 1)2

a2(d− 1)2x2(y + 1)2(y − 1)2
, 2a2(d− 1)

y + 1

x(y − 1)

(
1− (y − 1)2

(y + 1)2

))
= ϵ

(
4
a2

x2
, 8a2

(d− 1)y

x(y2 − 1)

)
= ϵ

(
4
a2

x2
, 8a2

(d− 1)x2y2

x3y(y2 − 1)

)
= ϵ

(
4
a2

x2
, 8a2

(x2 + ay2 − a− x2y2)

x3y(y2 − 1)

)
= ϵ

(
4
a2

x2
, 8a2

(a− x2)

x3y

)
=

(
a2

x2
,
a2(x2 − a)

x3y

)
= χ′(ϕ(x, y)).

Hence, the diagram above commutes, which concludes the proof. □

Now, "symmetrically", we can define similar maps for the Edwards curve Ẽ. Denote by C̃ ⊂ P2

the curve given by the Weierstraß equation

η̃2 = ξ̃(ξ̃2 + 2ã(d̃+ 1)ξ̃ + ã2(d̃− 1)2)

and by χ̃ the isomorphism Ẽ → C̃ given by

(x̃, ỹ) 7→
(
ã(d̃− 1)

ỹ + 1

ỹ − 1
, 2ã2(d̃− 1)

ỹ + 1

x̃(ỹ − 1)

)
.

Let Ẽ′ ⊂ P3(p̃, q̃, r̃, s̃) be the elliptic curve defined by the equation{
q̃2 = p̃r̃

p̃+ ãr̃ = ã+ d̃q̃2

together with the base point OẼ′ = (0, 0, 1) and ϕ̃ be the morphism Ẽ → Ẽ′ given by

((x̃ : 1), (ỹ : 1)) 7→ (x̃2 : x̃ỹ : ỹ2 : 1).

Finally consider the curve C̃ ′ ⊂ P2 given by the equation

ṽ2 = ũ(ũ− ã)(ũ− d̃ã)

and the morphisms χ̃′ : Ẽ′ → C̃ ′ given by

(p̃, q̃, r̃) 7→
(
ã2

p̃
,
ã2(p̃− ã)

p̃q̃

)
and ˆ̃

ϕ : C̃ ′ → C̃ given by

(ũ, ṽ) 7→

(
ũ− ã(d̃+ 1) +

ã2d̃

ũ
, ṽ − ã2d̃ṽ

ũ2

)
.

By the previous part, it is clear that all those maps are well-defined isogenies.
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Lemma 4.6. Let n be in Z and E1 and E2 be elliptic curves. Let p : E1 → E2 and q : E2 → E1

be isogenies. If p ◦ q = [n]E2
, then q ◦ p = [n]E1

.

Proof. We have
(q ◦ p) ◦ q = q ◦ (p ◦ q) = q ◦ [n]E2 = [n]E1 ◦ q.

Because q is surjective, we get q ◦ p = [n]E1 . □

Lemma 4.7. The morphism C̃ ′ → C̃ ′ given by the composite χ̃′ ◦ ϕ̃ ◦ χ̃−1 ◦ ˆ̃
ϕ is equal to multi-

plication by −2 in the group law of C̃ ′.

Proof. Appply Lemma 4.5 to the twisted Edwards curve Ẽ, then use Lemma 4.6 with p = χ̃′ ◦ ϕ̃
and q = χ̃−1 ◦ ˆ̃

ϕ. □

Lemma 4.8. The isogeny σ : C ′ → C̃ ′ given by (u, v) 7→
(

u
a2 − 1

a ,−
v
a3

)
defines an isomorphism

between C ′ and C̃ ′. Its inverse is given by the morphism τ : C̃ ′ → C ′, (ũ, ṽ) 7→
(

ũ
ã2 − 1

ã ,
ṽ
ã3

)
.

Proof. We have(
u

a2
− 1

a

)(
u

a2
− 1

a
− ã

)(
u

a2
− 1

a
− d̃ã

)
=

(
u

a2
− 1

a

)
u

a2

(
u

a2
− d

a

)
since ã = − 1

a and d̃ = 1− d. Hence, we have(
u

a2
− 1

a

)(
u

a2
− 1

a
− ã

)(
u

a2
− 1

a
− d̃ã

)
=
u(u− a)(u− da)

a6

=
v2

a6

=
(
− v

a3

)2
and so the map σ is well defined.
The curve C ′ in P2(U, V,W ) is given by the equation

V 2W = U3 − a(d+ 1)U2W + a2dUW 2

and the map σ by
[U : V :W ] 7→ [−aU + a2W : V : −a3W ].

We see that σ(OC′) = σ([0 : 1 : 0]) = [0 : 1 : 0] = OC̃′ so σ is indeed an isogeny.

Let now (ũ, ṽ) be a point on C̃ ′. Then

σ(τ(ũ, ṽ))) = σ

(
ũ

ã2
− 1

ã
,
ṽ

ã3

)
=

(
ã2
(
ũ

ã2
− 1

ã

)
+ ã,−ã3−ṽ

ã3

)
= (ũ− ã+ ã, ṽ) = (ũ, ṽ).

so σ defines indeed an bijection C ′ → C̃ ′ with inverse τ . □

Consider now the map σ̃ : C̃ ′ → C ′ defined by (ũ, ṽ) 7→
(

ũ
ã2 − 1

ã ,−
ṽ
ã3

)
. We have σ̃ = −τ , so

σ ◦ σ̃ = σ̃ ◦ σ = [−1]. To summarize, we get the following diagram

E′ C̃

E C ′ C̃ ′ Ẽ

C Ẽ′

χ′ χ̃−1ϕ

ϕ̂

σ

ˆ̃
ϕ

σ̃

ϕ̃χ−1 χ̃′
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where going around the left square yields the map [−2] : E → E,P 7→ −2P , going around the
right square yields the map [−2] : Ẽ → Ẽ, P 7→ 2P and σ ◦ σ̃ = [−1].

Lemma 4.9. The morphism ψ : E → Ẽ is equal to the composition χ̃−1 ◦ ˆ̃
ϕ ◦ σ ◦ χ′ ◦ ϕ.

Proof. For (x, y) on E, we have

(σ ◦ χ′ ◦ ϕ)(x, y) = σ(χ′(x2, xy, y2)) = σ

(
a2

x2
,
a2(x2 − a)

x3y

)
=

(
a− x2

ax2
,−x

2 − a

ax3y

)
.

Now the map ˆ̃
ϕ : C̃ ′ → C̃ is given by (ũ, ṽ) 7→

(
ũ− ã(d̃+ 1) + ã2d̃

ũ , ṽ − ã2d̃ṽ
ũ2

)
, i.e. by

(ũ, ṽ) 7→
(
ũ+

(2− d)

a
+

1− d

a2ũ
, ṽ − (1− d)ṽ

a2ũ2

)
.

Hence for (x, y) on E, we get

ˆ̃
ϕ(σ(χ′(ϕ(x, y)))) =

ˆ̃
ϕ

(
a− x2

ax2
,−x

2 − a

ax3y

)
=

(
(a− x2)2 + (2− d)x2(a− x2) + (1− d)x4

ax2(a− x2)
,
(x2 − a)2 − (1− d)x4

ayx3(a− x2)

)
=

(
a2 − adx2

ax2(a− x2)
,−2ax2 − dx4 − a2

ayx3(a− x2)

)

=

a2 − a(x
2+ay2−a

y2 )

ax2(a− x2)
,−

2ax2 − x2 x2+ay2−a
y2 − a2

ayx3(a− x2)


=

(
1

x2y2
,− (a− x2)(x2 − ay2)

ay3x3(a− x2)

)
=

(
1

x2y2
,− (x2 − ay2)

ay3x3

)

and the map χ̃−1 is given by (ξ̃, η̃) 7→
(
2ã ξ̃

η̃ ,
ξ̃+ã(d̃−1)

ξ̃−ã(d̃−1)

)
, i.e. by (ξ̃, η̃) 7→

(
− 2ξ̃

aη̃ ,
aξ̃+d

aξ̃−d

)
. So we get

χ̃−1(
ˆ̃
ϕ(σ(χ′(ϕ(x, y))))) = χ̃−1

(
1

x2y2
,− (x2 − ay2)

ay3x3

)
=

(
2 · ay3x3

ax2y2(x2 − ay2)
,
a+ dx2y2

a− dx2y2

)
=

(
2xy

x2 − ay2
,

x2 + ay2

2a− x2 − ay2

)
.

Hence we have that χ̃−1 ◦ ˆ̃
ϕ ◦ σ ◦ χ′ ◦ ϕ = ψ. □

Define now ψ̃ : Ẽ → E be the morphism

(x̃, ỹ) 7→
(

2x̃ỹ

x̃2 − ãỹ2
,

x̃2 + ãỹ2

2ã− x̃2 − ãỹ2

)
.

This is well defined by Theorem 4.1.
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Theorem 4.10. The morphism E → E given by the composite ψ̃ ◦ ψ is equal to multiplication
by −4 in the group law of E.

Proof. By Lemma 4.9, we also have similarly that ψ̃ : Ẽ → E given by (x̃, ỹ) 7→
(

2x̃ỹ
x̃2−ãỹ2 ,

x̃2+ãỹ2

2ã−x̃2−ãỹ2

)
is equal to χ−1 ◦ ϕ̂ ◦ σ̃ ◦ χ̃′ ◦ ϕ̃. Hence from Lemma 4.5 and Lemma 4.7, we get

ψ̃ ◦ ψ = χ−1 ◦ ϕ̂ ◦ σ̃ ◦ χ̃′ ◦ ϕ̃ ◦ χ̃−1 ◦ ˆ̃
ϕ ◦ σ ◦ χ′ ◦ ϕ

= χ−1 ◦ ϕ̂ ◦ σ̃ ◦ [−2] ◦ σ ◦ χ′ ◦ ϕ

= [−2] ◦ χ−1 ◦ ϕ̂ ◦ [−1] ◦ χ′ ◦ ϕ

= [2] ◦ χ−1 ◦ ϕ̂ ◦ χ′ ◦ ϕ
= [2] ◦ [−2]

= [−4]

which completes the proof.

This implies that the map E → E given by the composite ι ◦ ψ̂ ◦ ψ, where ι : E → E is the map
(x, y) 7→ (−x, y), is equal to multiplication by 4 in the group law of E.
It could be interesting to use the 4-isogeny ψ constructed in this section to do a descent by
4-isogeny on Edwards curve. Unfortunately, this is beyond the scope of this thesis since the
computations appeared to be more cumbersome than expected.
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