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1 Introduction

Finding the rational points on an elliptic curve is an example of solving a Diophantine equation.
This is one of the oldest problems in mathematics, dating back to ancient Greece, in which one
attempts to find integer or rational solutions of polynomials in n variables. Since an elliptic curve
E is not only a geometric object (a curve) but also an arithmetic object (an abelian group), we
can use the arithmetic of elliptic curve to determine E(K), the points of E that are defined over
a number field K. An important early result is the following theorem that was proven for K = Q

by Mordell and generalised to number fields by Weil.

Theorem 1.1 (Mordell-Weil [Mor22|, [Wei28|). Let K be a number field and E/K be an elliptic
curve. Then the group E(K) is finitely generated.

In Appendix [A] we prove that for any integer n > 2, the quotient

is finite. This is referred to as the weak Mordell-Weil Theorem, and implies Theorem after
an argument with heights.

Every finitely generated abelian group G is isomorphic to F' x Z" for some non-negative in-
teger r and finite group F. The integer r is called the rank of G, and F' is called the torsion
subgroup of G. Hence the study of the arithmetic of elliptic curves splits into two different areas:
determining the rank r(E(K)) and determining the torsion subgroup FEios(K) over a certain

number field K. In this thesis, we consider torsion subgroups over K = Q.

1.1 Rational torsion

Both the rank and torsion of elliptic curves are extensively studied. Much is still unknown about
the rank, for instance whether it is uniformly bounded. However, the torsion structure over Q is

completely classified, due to Mazur’s theorem from 1977.

Theorem 1.2 (Mazur [Maz77al, Theorem 1.8). Let E/Q be an elliptic curve. Then the torsion
subgroup Fios(Q) is isomorphic to one of the following 15 groups:

Z/nZ with 1 <n <10 orn = 12,
Z/27 x Z/2nZ with 1 <n < 4.

It was long known that these 15 subgroups can occur [Lev08], but the hard part was showing

that other groups could not occur, in particular Z/nZ where n is a prime bigger than 7.



The case of 13-torsion was settled by Mazur and Tate [MT73|, and was the stepping stone
to proving Theorem [I.2] We follow Mazur’s approach to this problem by studying the modular
curve X1(n). This is the compactification of Y;(n), which is the moduli space of elliptic curves
with a point of order n up to isomorphism. Unlike Mazur and Tate, we compute explicit equa-
tions for Xj(n), by computing the n-division polynomial from the coordinates of a point on an
elliptic curve in Tate normal form. The curve X;(n) is in some sense easier to study than Y;(n),
but one has to account for the cusps X1(n)\Y1(n), that do not correspond to elliptic curves with

a point of order n.

The genus of the curve X;(n) gives information about the possible structure of the set of
rational points on the curve. If it has genus 0 and contains a rational point, then it is isomorphic
to P! and it has infinitely many rational points. If it has genus 1, then it is an elliptic curve
and there may be finitely many or infinitely many K-rational points on Xj(n), in accordance
with Theorem Lastly, we know since Faltings’ proof of the Mordell conjecture [Mor22|] that
a curve of genus at least 2 contains only finitely many rational points [Fal83]. This distinguishes

three possible cases, where as usual the complexity of the matter increases with the genus.

1.2 Contribution

The goal of this thesis is to give an overview of the methods of determining X (n)(Q) for differ-
ent genera. We investigate the curves Xi(n) for n € {11,12,13}, and we will see that the three
genera 0, 1 and 2 occur here. However, the methods of finding rational points on the curves

differ significantly, which can be attributed to the different genera.

In Chapter 2, we show how to compute equations for the modular curves Xj(n), and find
smooth models for n € {11,12,13}. For n = 12, we determine a parametrisation of the set
of elliptic curves with a point of order 12 up to isomorphism. In Chapter [3| we continue with
the study of the elliptic curve X;(11). We develop the method of irreducible 2-descent based
on theory that is included in appendix [Al We apply the 2-descent to find that X;(11)(Q) only
contains cusps, and conclude that there are no elliptic curves over Q with a point of order 11.
In Chapter , we consider the curve X;(13) of genus 2. We discuss aspects of the proof of Mazur
and Tate that the rank of the Jacobian of Xj(13) is zero, and hence that the only rational
points on X7 (13) are cusps. Furthermore, we highlight more recent methods that prove the same
statement. A theorem of Kolyvagin-Logachev [KLI0| and Kato [Kat04] shows that the Jacobian
has rank zero, and then a theorem by Stoll [Sto06] about the method of Chabauty gives a quick
proof that X7(13)(Q) only contains cusps.



2 The modular curve X;(n)

The goal of this chapter is to find equations for X;(n). For n € {11,12,13}, we desingularise the

equations and find smooth models. We prove the following theorem.
Theorem 2.1. There are infinitely many elliptic curves over Q with a rational 12-torsion point.

In we define the elliptic curve Tate normal form and explain how to use this to define
a singular curve C,, with the same function field as X (n). The resolution of singular points of
algebraic varieties in general is a rich subject. For our purpose of desingularising the curves C,,,
it is not necessary to know a lot of theory. We will see that it suffices to perform a few blow-ups,
and that the procedure is in fact very similar for different n. In §2.2] we find the smooth curves
that are birationally equivalent to C,, for n € {11,12,13}, and they serve as models for X;(n).
In agreement with Mazur’s theorem, the case of 12-torsion proves to be the easiest and is worked
out in We study the curves X;(11) in Chapter [3]and X;(13) in Chapter [4]

2.1 Tate normal form

If n > 4, then an elliptic curve with a point P of order n can be written in a Weierstrass form with
2 parameters called the Tate normal form. From the addition formula, one can find a necessary
and sufficient condition on w,v for P to have order n. We use this to define a not necessarily
smooth curve C), that parametrises pairs (E, P) where P € E has order n. From here, X;(n)
can be obtained by resolving a finite number of singularities. We refer to [Sil09, Chapter III| for

the necessary addition, doubling and substitution formulas.

Proposition 2.2. Let n € N>4, K be a number field and E/K an elliptic curve with a point P

of order n. Then there are u,v € K such that E is isomorphic over K to the curve
Eyy: y2 +uzy + vy = 2 4 va?
and P is mapped to the point (0,0) under this isomorphism.
Proof. The translation of P to (0,0) allows one to write E in the form
E y2 + a1xy + azy = 3+ a2x2 + aqx.

Since P does not have order 2, we know that P # —P = (0, —ag3) so a3z # 0. Hence we can make

/

the substitution z +— 2’ and y — 3/ + Z—gac to find the isomorphic curve

2a asa a?
y2+<a1+4>xy+a3y=m3+<az— - 1—3>$2-
as as as




Let by, bo, bs denote these coefficients, i.e.

— a4
by = (a1 + 2a3)
by = (a9 — %4 — o
2 2 as ag
b3 = as.

The point P is still at (0,0), so 2P = (—ba, baby — b3) and —P = (0, —b3). Since P does not have
order 3, these points are not equal, and by # 0. Hence t = b3/by is well-defined and nonzero.
We can make the substitution = — t?2’ and y — ¢33/ and divide by t® to obtain the isomorphic
curve

Y2+t thizy + t3bgy = 2B + t2bya?

Let u =t"1b; and v = t~2by = t~3b3. We finally have

Euy: y? + uzy + vy = 2 + v’

The discriminant A, , of E, , factors over Q(u,v) as
Ay = —3. (u4 — u? + 8uv — 36uv + 1602 + 27v).

If £, is an elliptic curve, then nP = 0 if and only if the denominator of y(nP) is zero. This
denominator is the third power of the n-division polynomial 1, [Eng99]. One can compute the
division polynomials from the elliptic divisibity sequence as in [Sil09, Exercise 3.7, but for our
purpose it is easy enough to compute the coordinates of nP in Sage.

For n € N>y, let F}, be v, with all factors in common with A, , or F,, for m < n removed.
Define

Cp: F,(P)=0.

Now smooth points on C,, correspond canonically to isomorphism classes of elliptic curves with
a point of order n. Hence the unique smooth curve, up to isomorphism, that is birationally
equivalent to Cy,, is a smooth model for X;(n). We denote this model by X;(n) for convenience.
A cusp of Xj(n) is a point that is mapped under this birational equivalence to zero or pole of
Ay . Equivalently, the cusps of X (n) are exactly the points that do not correspond to an elliptic
curve with a point of order n. Since F;, does not have factors in common with A, ,, there are

finitely many cusps on Xi(n).

Definition 2.3. The curve Yj(n) is the open subcurve of X;(n) of non-cuspidal points.



We then have a bijection

~

{(E,P): E an elliptic curve, P € E[n]} /= — Yi(n)
(Eyw,(0,0)) +— (u:v:1).

Two pairs (E, P), (E’, P') are isomorphic if and only if there is an isomorphism ¢ : E — E’ of
elliptic curves with ¢(P) = P’. Under the bijection above, elliptic curves defined over a field K
correspond precisely to the points of Yi(n) defined over K. So for any number field K we get a
bijection
{(E, P) : E an elliptic curve over K, P € E(K)[n]} /{£1} — Yi(n)(K)
(Buwv,(0,0)) — (u:v:1).

This reduces the question of finding all elliptic curves over K with a point of order n, to finding
all K-rational points on the curve Yi(n). In practice, we determine X;(n)(K) and check which

points are cusps.

2.2 Smooth equations for X;(n)

In this section, we describe how to desingularise C), to find an explicit equation for X;(n). In

the second part, we compute equations for X;(n) for n € {11,12,13}.

The curve C), is smooth for n < 6, but it is singular at (1,0) for 7 < n < 13, and presumably
for all n > 7. It turns out that resolving the singularity of C7 is the first step in resolving the
singularity of C), for n > 7. To show this, we rewrite C7 to X1(7) step by step, and use this

C7-substitution to desingularise C1s for illustration.
The curve C7 is
C’7:u3—3u2—uv+v2+3u—|—v—1:0

with a node at (1,0) and no other singularities (see Figure. The birational equivalence u — b+1
and v — b(a + 1) gives the curve
Ch:a’>+a+b=0

which is a smooth equation. It is isomorphic to a line by a — ¢ and b — (d — 1)¢, which gives
CYl:c+d=0.

The full substitution is u = (d — 1)c+ 1 and v = (¢ + 1)(d — 1)c.



Figure 1: C7(R) around (1,0)

Figure 2: C12(R) around (1,0) Figure 3: C{5(R) around (0,0)

Now consider
Cha: ub — 6u® — utv + w0 + 16u — wdo + 10u?0? — 11uw® + 30t

— 244 + 9u?v — 20uwv? + 100° + 21u? — 11uw + 100 — 10u + 4v + 2 = 0.

Indeed, the point (1,0) is a nodal singularity (see Figure 2} the plot is of poor quality, but one can
check that both partial derivatives vanish at (1,0)). With the Cr-substitution u = (d — 1)c+ 1

and v = (¢ + 1)(d — 1)c, we find the birationally equivalent curve
Cly s *d +2¢% + 3cd + d*.

This equation is singular at (0,0) (see Figure , but has degree 3 instead of 6, which is evidence
that the C7-substitution was a useful step. Resolving the singularity (0,0) with ¢ = g/h and



d = g, we obtain the smooth curve
Cly:h*+g+3h+2=0

of genus 0. We continue with the analysis of Cio in §2.2.2]

In the following sections, we only give the full substitutions that desingularise C,, immediately.
The method is the same as above: use the C7-substitution and keep blowing up singularities until

one finds a non-singular equation.

2.2.1 Equation for X;(11)

\_J -
I I 1

0.5

Figure 4: C11(R) around (1,0) Figure 5: C;(R) around (0,0)

The curve Cq; is defined as
Ciy : u'v — 1008 + 3uPv? — w8 + 45u°v — 24uv? + 4uPv® + 64’ — 110u

+65u3v? — 9u0® — 3uv? + v° — 15u? + 1550w — 81u?v? + 6uv® + 3v* + 2003
—126u%v + 48uv? — v® — 15u® + 55uv — 11v? + 6u — 10v — 1 =0

The only singular point is (1,0) (see Figure . The Cr-substitution gives the birational equiva-
lence with the curve
Chyied® +d* 4+ +cd

with a node at (0,0) (see Figure|5)). The substitution ¢ — y?/23 and d — y/z gives the birational

equivalence with the curve

O iy +y=a%— 22



This is an elliptic curve with discriminant —11, and indeed the common model for X;(11)

[ILME23| Elliptic Curve 11.a3]. We study X;(11) in Chapter [3| The full substitution is
u = o7t (2t +2y? +¢P)
= -z " (z+y) -y (-2®+4?).
In the variables z,y, the discriminant of E, , equals

Au(ar,y),'u(av,y) = ‘,17737 : (JZ + y)4 : yll : (_x3 + y2)3 ' F(%, y)

where F(z,y) is an irreducible polynomial of degree 8.

2.2.2 Parametrisation of X;(12)
We already found that the substitution

u = ht-(¢® —g+h)
vo= hg(g-1)-(g+h)

gives the non-singular curve
Cly:h?>+g+3h+2=0.

Since g = —(h 4+ 1)(h + 2) on Cf,, we can write
u(h) = h7'-(h*+6h% + 14h* + 16h + 6)
v(h) = —h 2. (h+1)-(h+2)-(h2+2h+2)- (k% +3h+3).
In the variable h, the discriminant of E,, , equals
Ay =h7 0 (h+2)° - (h+ 1) (h* + 6h+6) - (h* +2h +2)° - (h* + 3h + 3)".
We get an isomorphism of curves
P! — X1(12) : (h: 1) — (BEun)um, (0,0))

which means that X7(12) is a curve of genus 0. The curve Ey,) (1) is the universal elliptic curve
with a point of order 12. The rational cusps of X;(12) are the images of points (h : 1) where the
discriminant is zero or undefined: these are (0 :1),(—1:1),(=2:1),(1:0). In particular, the
map

Q\{0,-1,-2} — N(12)(Q)

h — (Bum)wn), (0,0))
is a bijection. This proves Theorem

10


https://www.lmfdb.org/EllipticCurve/Q/11.a3

Similarly, one can find for all 4 < n < 10 that X;(n) is a curve of genus 0 with a rational
point. One can always make a parametrisation P! — X;(n) for those n, and this is done in for
example [Wie23|. This proves that all the subgroups Z/nZ for those n occur infinitely many
times, as stated by Levi in [Lev08].

2.2.3 Equation for X;(13)

]

| 1 | | 05
7‘1 1.1 12 1.3 1.4
-0.5 0 0.5

Figure 6: C13(R) around (1,0) Figure 7: C4(R) around (0,0)

The curve Ci3 is
—u?v? — ' + 15602 — 5uTv? + 100° + 6uBv — 105070 + 59ubv? — 9uPvt — 45u® — 514w
+412u50% — 2706503 + 60utv? — 4udv® + 1206”7 + 190u’v — 987w v? + 655utv® — 170u3v?
+27u%0® — 6uv® + 07 — 2100’ — 405uPv + 1506u*v? — 925uv3 + 240u%v* — 42uv® + 60°
+252u° 4 540utv — 1475u0? + 765uv® — 165uv? + 190° — 210u* — 461u3v + 900u>v?
—344uv® + 440" + 1200 4 246u*v — 312uv? + 650° — 45u® — THuw + 47v? + 10u 4 100 — 1 = 0.

The only singular point is (1,0) (see Figure @ The C7-substitution gives the birational equiva-

lence with the curve
15 dh + PP 4 2edt + ed® + d — & —3¢%d — 3ed? — d® =0

with a singularity at (0,0) (see Figure [7]). Blowing up this singularity leaves a node at (0,0),

which can also be blown up to find the smooth curve
Cls: Sf -2 +efd—eS+efit+e2—f=0.

11



Rewriting this to the form y? = f(z), we obtain
O y? = a8 + 20° 4 2t 4 203 + 627 + 4 + 1.

This is an equation of a hyperelliptic curve of genus 2, and will be our model for X;(13). It is
studied in Chapter [4l The full substitution is

u = 27 @+ D)2 (et -2+ y+ 1)
'(x7+4x6+x5+2x4y—103:4+43:3y—12x3+2x2y+my2—4x2+4xy+3x+2y—|—2)
v = 27 @+ )b (2t -2ty + )2 (B2 Y+ 1)

(B+a?—22+y—1)- (23 + 322+ 20 +y+1).
In the variables z,y, the discriminant of E, , equals

Au(:p,y),v(:):,y) = _277 ’ ($ + 1)711 : ‘T5 : F(J:?y)

where F(z,y) is a polynomial of degree 83 with irreducible factors of degree 3 and 11.

12



3 The elliptic curve X;(11)

In this section, we prove the following theorem.
Theorem 3.1. There are no elliptic curves over Q with a rational point of order 11.

This is a special case of Mazur’s theorem The approach is the same as that of Mazur in
[Maz77a] and [Maz77b| (in the latter he calls it an ‘extremely intriguing technique’): we prove
that all rational points on X (11) are cusps. In §2.2.1] we showed that X;(11) is an elliptic curve

with the equation
y2 fy= 23 g2
or in the form that we will use: )
3 2
-+ .
4

The standard method of descent by 2-isogeny, as described in for example [Sil09], requires the

v =

existence of a rational 2-torsion point. However, the curve X;(11) does not have a rational point
of order 2. Therefore we need to extend the method to the case of irreducible 2-torsion. Devel-
oping irreducible 2-descent is done in . We apply this method to X;(11) in Finally, we
show that all the rational points of X;(11) are cusps in

3.1 Irreducible 2-descent

We develop the method of irreducible 2-descent based on [Sil09} exercise 10.9]. This is not treated
in the main texts of Silverman [Sil09] or Milne [Mil06]. A more computation-heavy version is
described in the book [Cre97], but the author leaves part of the proof to a previous paper of his;
his focus lies on implementability in computer algorithms. Also Cassels provides an irreducible
2-descent for K = Q in his book [Cas91]. We provide both an explicit proof of the method, and

a cohomological interpretation in Remark that is not present in any of the mentioned works.

Consider an elliptic curve E : y? = f(z) over a number field K, such that F(K)[2] = 0. Fix

aT € BE(K)[2] and define L = K(T) = K[X]/f(X). Let ey denote the Weil pairing on E|[2]

([Sil09, Section II1.8]). For P € E(K), let Qp € E(K) be a point such that 2Qp = P. We define

the following maps:

p1: E(K) — H'(K, E[2]) : Pr—lo— Q% - Qp]
oot HY(K,E[2]) — HY(L,E[2]): &+— &g,

@3 : HY(L,E[2]) — H'(L,pi2) : &+ [0 — e2(§(0),T)]
pat L*/(L*)? — H'(L, p2) : b [0 — Vb /V)

13



Here ¢ is the boundary map of the long exact sequence of cohomology corresponding to the
multiplication-by-2 map on E(K); the map o is the restriction map; the map ¢4 is the Kummer

map.
Definition 3.1. The descent map for E/K and T is
BT =¢; opzopyop BE(K) — L*/(L*)%.
It is easy to compute g 7(P) in terms of the coordinates of P € E(K).
Lemma 3.2. Let P € E(K). Then we have op7(P) = x(P) — x(T) mod (L*)?.

Proof. Let fr € L(E) such that div(fr) = 2(T) — 2(0) and fr o [2] = g% for some gr € L(E)*.
It is proven on [Sil09, page 313] that fr(P) = x(P) — z(T) € L*/(L*)?. Tt is clear that the
composition 3z o @9 0 1 maps P to the cocycle class [0 — e2(Qp — Qp,T)]. It is left to show
that this is equal to w4 (fr(P)).

With the definition of the Weil pairing and [Sil09, Proposition I11.8.1(d)] we have that

e2(Qp — Qp,T) = gr(QF)/97(Qpr) = 97(QP) /97 (QP).

Since fr(P) = gr(Qp)?, we have

es(fr(P)) = [0 — /fr(P)’ /\/fr(P)] = [0 = g7(Qp)° /9r(Qp)]-

We now investigate the image of the descent map ¢g 7.

Definition 3.3. Let K C L be a finite extension of number fields, and let S C Mp, be a finite

subset of places containing at least the archimedean places. Define
L(K,S)={ac L*/(L*)%: Npk(a) € (K*)2,Yv € M\S : ordy(a) =0 mod 2}.
By Lemma we know that L(K,S) is finite.

Lemma 3.4. Let S C My, be the set of archimedean places, places dividing 2 and places where
E has bad reduction. Then the image of ¢p 1 is contained in L(K,S).

Proof. First we show that for any P € F(K) and v € M1 \S we have ord,(¢g,r(P)) =0 mod 2.
Let P € E(K) and v € M \S, and @ satisfy 2Q) = P. We have that

ord, (g1 (P)) = ord,(fr(P)) = ord,(gr(Q)?) mod 2.

14



Suppose that v is unramified in L(gr(Q)). Then for all places v’ of L(gr(Q)) extending v,

we have

ord, (97(Q)?) = ordy (97(Q)?) = 2 - ordy (97(Q)) =0 mod 2.

So it suffices to show that v is unramified in L(g7(Q)), and we will do this by showing that v is
unramified in the field L(Q), which contains L(g7(Q)).

Let v" € M, @) extend v € Mp, and let !, /I, be the corresponding extension of residue fields.
Let Iy, C GZ/L be the inertia group for v'/v. We will show that Q7 — @ = O, which means
that I,y /, acts trivially on @, hence on L(Q), so that L(Q) is unramified at v.

E has good reduction at v by assumption, so it has good reduction at v’. Hence we have a

reduction map E(L(Q)) — E(I,), and since v { 2 we have an injection

g: E(L(Q))[2] — E(l).

Let o € Iy/,. Then Q7 — Q € E(L(Q))[2]. Also, o acts trivially on E(l’), so

hence Q7 — @Q = O.

Secondly, we show that for every P € E(K), we have
Nix(epr(P)) € (K*)%.

Since pp,r(P) = - (2(P)—x(T)) for some ¢ € L*, it suffices to show that Ny i (x(P)—z(T)) €
(K*)?. Let A={0:L — K
y? = f(x), we have

| Ve € K : o(z) = z}. Since F is in short Weierstrass form

Npjx(@(P) = 2(T)) = [] o(«(P) - 2(T))

c€EA

O

Lastly, we show that the kernel of pp 1 is 2E(K), so that we get an injection ¥g r from
E(K)/2E(K) into a finite group, which we will also refer to as a descent map. The following

lemma is based on [Cas91, Lemma 15.2].

Lemma 3.5. The kernel of pg 1 is equal to 2E(K).

15



Proof. Let P € E(K) be such that z(P) —z(T) € (L*)?. Write z = 2(P) and § = x(T). We will
show that P € 2F(K) by constructing a point R € E(K) such that —2R = P.
There are pg, p1,p2 € K such that
z—0 = (p26® +p16 + po)* € (L)

with ps # 0, or otherwise 6 would satisfy a quadratic polynomial over K.

We can find four values rg,r1, sg, s1 € K not all zero such that
(510 + 50)(p20* + p10 + po) = 116 + 1o

since the quadratic coefficient on the left-hand side is sgps + s1p1. Since pa # 0, we cannot have
both s; = 0 and sy # 0. Neither sg = s; = 0 is possible, hence s; # 0, and multiplying all r;
and s; with the same appropriate scalar, we can assume that s; = —1. We will now show that
the point R = (so,r150 + 70) lies on E(K) and satisfies —2R = P.

Squaring the previous equation gives

(50— 0)*(x — ) — (r10 +70)* = 0.

In this equation, we can substitute all § with the variable X, modulo a K-scalar multiple of
fE(X) = f(X). Hence there exists an a € K such that

(mX +79)% = (so — X)*(z — X) =a- f(X).
Since the coefficient of X3 on the left side is equal to 1, we have a = 1.
This means that the line Y = r; X + rq intersects our elliptic curve Y2 = f(X) exactly in the

points where (sg — X)?(z — X) = 0, which is twice in the point R € E(K) and once in the point
P. Hence P = —2R € 2E(K). O

We summarise the previous statements in the following theorem.

Theorem 3.6. Let K be a number field and E/K be an elliptic curve with no 2-torsion over K.

Let T € E(K)[2]\{O}, and L = K(T'). Then there is an injective homomorphism
Ve E(K)/2E(K) — L(K, S)

given by
P x(P) —z(T) mod (L*)2
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Remark 3.7. For the reader who thinks that the maps ¢; and the composition g 7 are somewhat
ad hoc, we provide a more cohomological perspective that we did not find in other literature.
Let Pi, Py, P3 be the nontrivial 2-torsion points of F, and let T'= P, and L = K(P;) = K(T).

We construct an exact sequence of G g-modules
0 — E[2] — Indf (n2) — pz — 0
as follows. There is a group homomorphism
) E[2] = F3: P (e2(P, Pi))izi,2,3-

By the properties of the Weil pairing, the image consists of the triples with product equal to 1,
hence the map Fg — pg : (a1, a2,a3) — ay - ag - ag makes the above sequence of groups exact.

To make this a map of G x-modules, we define the following permutation action on F3. Let
o(i) be defined as P,(;) = P{’fl. Then

o ((ai)i€{1,2,3}) = (aa(i))i€{1,2,3}~
We show that this makes F3 isomorphic to Ind¥ (us) as G g-modules. Recall that
Ind® (u9) = {f : Gx — p2: Vg € G, h € G, we have f(gh) = hf(g)}.

If we equip po with the trivial Gp-action, then we have h(f(g)) = f(g) for all g € Gk, h € GL.
This means that all maps f € Ind¥ (uz) are constant on the G -cosets of Gg. For i € {1,2,3},
let 0; € Gk be such that o;(P;) = P;. Then the following map is an isomorphism of G g-modules:

Indf(m) - F% s fe (f(Ui))ie{1,2,3}-
This means that the sequence
0 — E[2] — Indf (n2) — pz — 0

is indeed a short exact sequence of G g-modules. Hence it induces a long exact sequence. We
can simplify that sequence with Shapiro’s lemma [NSWO8|, Proposition 1.6.4], which implies that
HY(K,Ind¥(M)) = H'(L, M) for all i > 0. Hence the long exact sequence is

0 —— H°K,E[2]) —— H(L,us) —— HO(K, u2)

HYK,E[2]) —— HY(L,p2) —— HY(K, o).

Applying Kummer theory, we know that in the commutative diagram
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E(K)/2B(K) s H'(K,E[2]) —— H(L js) —— H"(K.p»)

§ §

Ty L*/(L*)2 N K*/(K*)2

the row is exact at H'(L, ). We observe that the dotted arrow is precisely the map Ye1, and
that the map L*/(L*)? — K*/(K*)? is the norm map. This shows that the map

Ypr: E(K)/2E(K) — L*/(L*)?: P — z(P) — x(T)

is well-defined and injective and that it lands in the subgroup of elements with square norm in
K. If we assume Lemma then it proves Theorem [3.6]in a different way.

3.2 Rational points on X;(11)

We are now ready to apply the 2-descent to the elliptic curve E = X;(11). In this section, we
show that F(Q)/2E(Q) = 0.

The Weierstrass equation that we use for X;(11) is

1
E:y2:aj3—m2+1.

The polynomial on the right-hand side is irreducible over Q, so E(Q)[2] = {O}. Let T' = (5,0)
be a nontrivial 2-torsion point. Let f = 2% — 222 + 2 € Q[z], such that f(28) = 0. Let
a =28, and L = Q(a) = Q(T). Writing a point P € E(Q) as (z/t?,y/t®) with z,y,t € Z and
ged(z,t) = ged(y, t) = 1, the descent map as in Theorem |3.6| is
ver: B(Q)/2E(Q) — L*/(L*)
(z/t%,y/t3) — [x/t? — B] = [4o — 2t%a).

We now want to construct the set S C My of archimedean places, places dividing 2 and
places where E has bad reduction, and then determine the subgroup L(Q,S) c L*/(L*)%. We
state some easily verifiable facts about the number field L in Table

Let po = (a), p11 = (o — 3) and q11 = (a? — 3), so that (2) = p3 and (11) = p11 - q3; in Of.

Then S = {co,, 00, P2, P11, q11}- Since Of, is a unique factorisation domain, the generators of

{a€ L*/(L*)* : Vv e M[\S :ordy(a) =0 mod 2} = L(L, S)
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Generating polynomial 3 — 222 42

Discriminant -44
Signature (1,1)
Unit group (-1,a—1)
Class number 1

Factorisation of 207, (a)?
Factorisation of 110, | (o —3) - (a? — 3)?

Table 1: Properties of the number field Q[X]/(z% — 22 + 2)

are the generators of the primes in S, so
L(L,S)=(-1,a— 1,a,a — 3,a® — 3) C L*/(L*)*.

We are left with the question of which of the elements of this subgroup have norm in (Q*)?.

Hence we compute the norms of the generators in Table 2] It is clear from table [2] that the

Element | Norm
-1 -1
a—1 —1
« —2
a—3 —11
a?—3 —11

Table 2: Norms of the generators of the ideals in S

elements with square norm are generated by —1 - (o — 1) and (o — 3)(a? — 3). So we have
L(Q,S) = {1—a,—a®—3a+7).
Hence we have an injection
opr B(Q)/2B(Q) — (1 —a,—a? —3a+7) C L*/(L*)?
(z/t%,y/t3) — [4z — 2t%a].

Clearly the zero class in F(Q)/2E(Q) contains O, which is mapped to 1 € L*/(L*)%. We
want to show that there are no other classes in the image by showing for every x € Q that
4z — 2t%a ¢ L(Q,S)\{1}. This will be done by finding for all three 6 € L(Q,S)\{1} local

obstructions to the equation

dr — 220 =06- (X +Ya+ Za?)2
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We express the right-hand side of these equations as
QX.Y,2) + QUX,Y, Z) - a + Q(X,Y, Z) - o
which translates the equation to the system of equations

QYX,Y,Z) = 4x
QX,Y,Z) = —22
QYX,Y,Z) = 0.

Our method will be to find either a local obstruction to Qg or a point on Qg In the latter
case, we parametrise the curve Q3 as (f(X,Y, 2),g(X,Y,Z),h(X,Y, Z)) and substitute it in Q}
to find a local obstruction for that equation. This way, we do not have to deal with the variable

x. We use Sage [The23| to determine the conics Q?, and to parametrise and substitute Qg.

We will repeatedly use the following fact.

Lemma 3.8. Let K be a non-archimedean local field with discrete valuation v. Let aq,...,a, € K.
If there is a k such that for all j, we have v(a) < v(a;), then

v (Z ai) = 1I<nz'i£ny(ai) = v(ag).
i=1 ==

In this case, we call ap uniquely minimal for v among a1, ..., ay,.

The following proposition proves that E(Q)/2E(Q) = 0.

Proposition 3.9. The image of
¢ BE(Q)/2E(Q) = (1 —a,—a” =3a+7) C L*/(L*)?

is trivial. Therefore

E(Q)/2E(Q) = 0.

Proof. We show that the three nontrivial elements of the codomain are not in the image.

Let us start with 61 = 1 — . We have
(XY, Z)=—2XY - Y2 —2XZ —4Y Z — 277

which has a global solution (1,0,0). Parametrising and substituting this in Qfl, we get an

equation that is isomorphic to

—9t? = —5w?t — 1203 — 4w? + 8w + 4.
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Clearly the 2-adic valuation ords(—2t2) of the left-hand side is odd.
It is easily verified that, depending on ords(w), either —5w* or 4 is uniquely minimal for ordsy
among the terms of the right-hand side. Also ordy(—5w?), ords(4) € 2Z so ords(—5w* — 12w? —
4w? + 8w + 4) € 2Z, but ordy(—2t?) ¢ 2Z.
We conclude that the equations

MX,Y,Z) = -2t

S(X,Y,Z) =0

do not have a mutual nontrivial rational solution (X,Y, Z,t) € Q*, hence 1 — « is not in the

image of g 1.

Let us continue with do = (1 — a)(—a? — 3a + 7) = 4a? — 10a + 5. We have
(XY, Z) =4X? —4XY + Y2 42X 7 —12Y Z — 82>

which has a global solution (1,2,0). Parametrising and substituting this in Q?, we get the
equation that is isomorphic to
11#* = g(w)

for g(w) = w* — 2w? + 44w? — 160w + 108. Then
glw —5) = w* — 22w + 220w? — 1210w + 2783.

It is easily verified that, depending on ordy;(w), either w* or 2783 = 112 - 23 is uniquely min-
imal for ord;; among the terms of g(w — 5). Also ordy;(w?),ordy1(2783) € 2Z so ord;(g(w —
5)),ord1(g(w) € 2Z for any w, but ordy; (11¢?) ¢ 2Z.
We conclude that the equations
%2(X,Y,Z) = —2t>
2(X,Y,2)=0
do not have a mutual nontrivial rational solution (X,Y, Z,t) € Q*, hence 4a® — 10a + 5 is not

in the image of ¢ 7.

Let us finish with 63 = —a? — 3a + 7. We find that Qg3 (X,Y, Z) = 0 diagonalises to
—2w® + 44v° + 112° = 0.

We will show that this conic has no nontrivial solutions in Q.
Suppose that w, v,z € Q}; are such that —2w? + 44v? 4+ 1122 = 0. Then ordy; (44v? + 112%) =
ordy; (2w?) € 2Z. Hence ordi(44v?) = ordy;(1122) and ordyi(v) = ordyi(z). Without loss of
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generality, we can assume that ordj;(v) = ord;1(z) = 0. Then there is a k € Z such that we can

assume that ord;;(w) = 0 and
—2- 117 ? + 40? + 22 = 0.
Since ordyq (4v? + 22) > 0 and ordy (4v? + 22) # 0, we know that k > 0. Hence we have that
—4v? = 2% mod 11.

But —4 is not a square modulo 11, which gives a contradiction.
We conclude that the equation
5(X,Y,Z) =0
does not have a nontrivial rational solution (X,Y,Z,t) € Q*, hence a® — 3o — 7 is not in the

image of g 7.
O

3.3 Elliptic curves with rational 11-torsion

We have shown that E(Q)/2E(Q) = 0, but that only implies that the rank of F is zero and that
there is no rational 2-torsion. To find other torsion points, we reduce £ modulo 2, where E has

good reduction, and use the fact that the non-2-primary part of E(Q)sors injects into E(Fy).

The discriminant of E : y? + y = 23 — 2% equals A(E) = —11, so E has good reduction at
2. For all #,7 € Fa, we have 4% +§ = % — #2 = 0. Hence all the 4 affine points in P?(Fy) lie
on the curve E(Fg), in addition to the point at infinity. Note that the Hasse upper bound for
the number of points of an elliptic curve over Fy, is equal to p 4 1 + 2,/p [Sil09, Theorem V.1.1|.
For p = 2, the largest integer below 3 + 2v/2 is 5. So this elliptic curve contains the maximum

number of points over Fy, namely |E(F3)| = 5.

Now we know that #E(Q) | 5. Since (0,0) € E(Q), we have that #E(Q) = 5. The points
in E(F3) have easy lifts to E(Q), so we list all the points of F(Q).

We return to the substitutions we made in to find the curve E. Recall that the

discriminant of Ey ;) v(z,y) 18
Au(az,y),v(az,y) = CL'_37 : ($ + y)4 : yll : (—1’3 + y2)3 : F(ZL‘, y)

where F'(x,y) is an irreducible polynomial of degree 8. With this substitution, all points of F(Q)
give an undefined or zero discriminant. Hence all the points are cusps. We conclude that the 5
rational points on

E:y?+y=2a®—2a°

22



Point Order
(0:1:0) 1
(0:0:1) 5
(0:—-1:1) 5
(1:0:1) 5
(1:-1:1) 5

Table 3: The points of E(Q)

do not correspond to a pair of an elliptic curve with a rational point of order 11, and that
Y1(11)(Q) = (. This completes the proof of Theorem

Theorem 3.1. There are no elliptic curves over Q with a rational point of order 11.
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4 The curve X;(13) and the Jacobian

In section we determined that X;(13) has genus 2. This means that neither the methods
from X (12) with genus 0 and X;(11) with genus 1 can directly be applied to X;(13) to find its
rational points. Falting’s theorem [Fal83| states that a curve of genus 2 or higher has finitely
many rational points. However, the proof of the theorem is not constructive, and it does not

help us find the rational points.

In 1973, Mazur and Tate [MT73| attacked this problem with the help of Ogg, by embedding
X1(13) into its Jacobian J;(13). Ogg |[Ogg73| had found a rational point of order 19 on J;(13),
and Mazur and Tate conjectured that this made J;(13) ‘not entitled to have any other points’.
They proved themselves correct by using a 19-descent on the Jacobian to show that it has rank

0 over Q, which was the key to proving the following theorem.
Theorem 4.1. There are no elliptic curves over Q with a rational point of order 13.

This section is intended to give an overview of some methods that can be used to prove this
theorem. The main goal is to illustrate some of the ideas of the proof of Mazur and Tate. Going
in-depth requires more machinery, for example in the fppf-cohomology, than we are willing to
develop. The secondary goal is to discuss how one can prove the same statement using newer

techniques, that were not available to Ogg, Mazur and Tate in the 70’s.

In section we discuss the set of cusps Xj(n) as well as their rationality and show that
X1(13) contains 6 rational cusps. Then we show that a slight improvement of the theorem of
Chabauty-Coleman by Stoll [Sto06] shows that, conditional on the fact that J;(13) has rank 0,
there are exactly 6 rational points on X;(13). In section we give part of the argument of
Mazur and Tate to show that the rank of .J;(13) is 0. Then we show that a theorem of Kolyvagin-
Logachev [KL90] and Kato [Kat04], which proves a special case of the conjecture of Birch and

Swinnerton-Dyer, proves the same statement.

Throughout this chapter, we denote X = X;(13) and J = J;(13).

4.1 Rank-conditional proof

We prove the following proposition in two ways.

Proposition 4.2. If the rank of J is 0, then there are no elliptic curves over Q with a rational

point of order 13.
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First, we describe the classical modular construction of Xj(n) in section [4.1.1, Then we
illustrate how Ogg used this to find the rational point of order 19 on J(Q) in section and
give the first proof of the proposition. Lastly, we show in section [.1.3] that a theorem of Stoll

gives an effective bound on | X7 (n)| that also proves the proposition.

4.1.1 Cusps on X;(n)

The following section is adapted from [Ogg73]. More extensive theory can be found in for exam-
ple [Ste82]. Most of the statements below hold for any integer n > 2, but for us it is enough to

assume that n is prime.

Let PSL(2,Z) be the full modular group, that is, the group of 2 x 2 integer-valued matrices
with determinant 1 modulo the subgroup {£1}. Define the following subgroups of PSL(2,Z):

{9+ =
mn):{(j g) (; j) modn}.

Then PSL(2,Z) and its subgroups act on the upper half plane of C. Then Y (n) and Yi(n)
are the quotients of the upper half plane under the action of I'(n) and I';(n) respectively, and

and

X (n) and Xy(n) are the compactifications. Then Y;(n) parametrises elliptic curves with a point

of order n. The complement X;(n)\Y;(n) is exactly the set of cusps of Xj(n).

The cusps of X (n) are pairs +(z,y) with z,y € Z/nZ coprime, and the cusps of X;(n) can
be regarded as orbits under G1(n) =T'1(n)/T'(n). We have

Gi(n) = {((1) i) tbe Z/nZ}

so a cusp of X1(n) is an orbit +(z + by, y).

This allows us to count the number of cusps of X1(n) for any n by counting the orbits, but
it is simpler for n prime, which is the case for n = 13. Any nonzero y € Z/nZ is a unit, so
+(z,y), £(2', y) are in the same orbit for any x,2’ € Z/nZ and y € (Z/nZ)*. In particular, we
can represent the orbits by +(0,y). This gives (n — 1)/2 orbits for y # 0. On the other hand, if
y = 0, then clearly there are again (n — 1)/2 orbits +(z,0).
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As for rationality, all the cusps are defined over Q((,). The Galois group Gal(Q(¢,)/Q),
which is naturally isomorphic to (Z/nZ)*, acts on the cusps of Xj(n) by +(z,y)? = £(ox,y),
i.e. multiplication on the first coordinate. Hence the (n — 1)/2 cusps +(0,y) are fixed by this
action, which means that they are defined over Q. The (n — 1)/2 cusps +(z,0) are conjugate
under this action, and they are defined over Q((,)".

Remark 4.3. For n = 11, this result is in agreement with what we found in Chapter [3} the curve
X1(11) contains 5 rational cusps. One can find the non-rational cusps that are predicted above
by analysing the irreducible factor F'(x,y) of degree 8 of the discriminant A, , defined in section
2.2.1l The non-rational cusps of X;(11) are exactly the points on the curve that also lie on
F(z,y), and they can be found by computing the resultant of F'(z,y) and the defining equation
of X71(11). The splitting field of the resultant is Q(¢11)™.

4.1.2 Classical approach

We state the two main results of Ogg [Ogg73|: that Jios(Q) = Z/19Z and that X (Q) N Jiors(Q)

only contains cusps.

We now know that for n = 13, the modular curve X;(13) = X contains 12 cusps in total, 6
of which are rational and 6 of which are defined over Q({13)". Ogg then uses Eisenstein series
to find linear relations on the images of the cusps in J, and deduces from them that the cusps
generate a rational group of order 19 in J. He finds that the Jacobian contains 19 points over

the fields Fo and F3 where it has good reduction, which proves the following lemma.

Lemma 4.4. The torsion subgroup of J(Q) is isomorphic to Z/19Z, and generated by the dif-

ference of any two rational cusps.
The last part is the following lemma.
Lemma 4.5. The intersection X(Q) N Jiors(Q) only contains the 6 cusps.

Proof. We know that all the cusps are contained in the intersection, which is true in general by
the Manin-Drinfeld Theorem [Man72, [Dri73| and in this case by Lemma It is left to prove
that there are no other points. To do this, we show that a non-cuspidal rational point of X maps

to a non-torsion point in J.

Suppose that x € X(Q) is not a cusp. Then z corresponds to a pair (E, P) where E is
an elliptic curve over Q and P a point of order 13. Then we know that F has bad reduction
modulo 3, because otherwise there would be a point P € E(F3) of order 13, which contradicts
the Hasse-Weil bound.
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Suppose that E has potential good reduction at 3. Recall that Ey(Qj3) is the set of points on
E(Q3) that reduce to non-singular points on Fg. Then the quotient E(Qs)/Ep(Qs) has order
at most 4 [Sil09, Theorem VIIL.6.1], and cannot contain a point of order 13. Then E(Q3) does
not contain a point of order 13, which is a contradiction. Hence E has (potential) multiplicative

reduction at 3.

Hence modulo 3, we have that x = y where y is a rational cusp. Without loss of generality,
for example by applying a diamond operator that we can define in we can assume that
y = 00. Since z = oo mod 3, we have that (z) — (co) is contained in the kernel of reduction
mod 3. This is isomorphic to Z% as formal groups, hence torsion-free. Hence the image of = in J

has infinite order. O

This proves Proposition [4.2

4.1.3 Modern approach

We use an improvement of the theorem of Chabauty-Coleman [Col85|, namely a special case of
Corollary 6.7 of [Sto06].

Lemma 4.6 (|Sto06], Corollary 6.7). Let C' be a curve of genus g over Q. Let p be prime of
good reduction, and suppose that r(J(C)) < g and p > 2r(J(C)) +2. Then

IC(Q)| < [C(Fyp)| +2r(J(C)).

If we assume that (.J) = 0, then we have that | X (Q)| < | X (F,)| for p > 2 of good reduction.
For p = 3, we can iterate over P?(F3) using the equation from section to find that

X(F3) ={(0,1),(0,-1),(1,1),(1,-1),(1:1:0),(1: =1:0)}

which contains 6 points. Hence |X(Q)| < 6. We also find that all the points over F3 lift easily

to points over Q, so that

X(Q)={(0,1),(0,-1),(1,1),(1,-1),(1:1:0),(1: =1:0)}.

Hence X (Q) contains 6 points, all of which are cusps. This proves Proposition .

4.2 Rank of the Jacobian

In this section we show that J has rank 0. For elliptic curves, the main way to show such state-

ments is by 2-descent, as we did for X;(11). However, descent is in general a complex method
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that is only well studied for curves of genus 1 and the prime 2. Some authors have developed
or even used methods for higher descent on elliptic curves [Fis00, [Sta05, [Crel0), [Gro19]. On the
Jacobian of a hyperelliptic curve of genus 2, which is an abelian surface, descent is significantly

harder than on elliptic curves.

Long before Magma or Sage came around, Ogg, Mazur and Tate had to avoid using equations
for X and J or direct computations at all. However, the existence of a rational 19-torsion point
on J prompted the idea of a 19-descent. The beauty of the argument of [MT73] is exactly in the
absence of these computations. We show some of the ideas in section

In section [4.2.2] we state a case of a theorem of Kolyvagin-Logachev and Kato, that proves
the conjecture for modular abelian varieties over Q and rank 0. This gives another proof of the
fact that X (Q) is finite.

4.2.1 Introduction to 19-descent

The full 19-descent by Mazur and Tate is beyond the scope of this thesis. This section aims to
introduce the ideas of the article. We study the 19-torsion subgroup of J, which is an important
prerequisite for the 19-descent. This already shows some differences with the 2-descent we did
in Chapter

In order to apply a 19-descent, it is important to understand the 19-torsion V' = J[19]. We
describe V' by describing the action of the twisted dihedral group A on the rational line in V.

The group (Z/13Z)* acts on X by m(E, P) = (E,mP). Since (E, P) = (E,—P), this action
is actually an action of I" := (Z/13Z)*/{%1} and it is faithful. If m € Z is coprime to 13, we
write 7, for the image of m in I'. Note that 9 is a generator of I'. These operators are called
the diamond operators.

We extend the group I" with a coset I'' = {7¢ : ( € i3, 7¢ = T¢-1} with the relations

2 —
¢ =1
YmT¢ = T¢m

— -1
TImTc = (Ym)

Now A =T UT" is a dihedral group of order 12 with a Gq-action, where elements of I' act
on I' as inversion. Mazur and Tate call this the twisted dihedral group. The elements of I act

on X as follows. If ¢ € uy3 and (E, P) € X, then there is a @ € E[13], unique up to multiples of
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P, such that e13(P,Q) = (. Then 7¢(F, P) = (E/(P),Q). Mazur and Tate leave the verification

that this defines an action of A to the reader, so we verify it.
Lemma 4.7. The above action is indeed a group action of A on X.

Proof. 1t is clear that 1(F, P) = v1(E, P) = (E, P) and that

V(v (E, P)) = (E,ImP) = (yiym)(E, P)

so that it defines a group action of I' on X. Now we only need to check that the action satisfies
the three relations on A from above.
We have

72(E,P) = 7(E/(P),Q) = (E/(P,Q), R)
where R € (E/(P))[13] is such that e13(Q, R) = ¢. Then the map

E— E/(P,Q)

is the multiplication-by-13 map on E, because it has kernel E[13] = (P,Q). Since the Weil-
pairing is isogeny-invariant, we have for a R mapping to R under E — E/(P) that e13(Q, R) =
e13(Q, R) = ¢ = e13(Q, P)~!. By the non-degeneracy of the Weil pairing, we have R = —P.
Secondly, since e13(P,m@Q) = e13(P, Q)™ = ("™ we have that
(YT (B, P) = ym(E/(P),Q) = (E/(P),m - Q) = (E/{P),mQ) = 7¢n(E, P).

Thirdly, since e13(Q, R) = e13(mQ,m ' R) and (7,,) ™! = v,,-1 we have that

(evme)(E, P) = (1cvm)(E/(P), Q) = 7c(E/(P),mQ)
= (B/(P,Q),m™'R) = (BE,m™'P) = (ym) ' (E, P).
O

The Jacobian J is simple over Q, because if it was a product of two elliptic curves, then one
of those would have a rational point of order 19 over Fy, which is not possible due to the Hasse
bound. The action of 2 on J has order 6, which means that its characteristic polynomial is a
power of ®g(z) = 22—z + 1. Hence the principal ideal domain R = Z[z]/®¢ = Z|[(3] acts on J as
endomorphisms over Q. An important observation is that the rational prime 19 splits in R, i.e.
we can write 19 = 7 - T where 7,7 are primes in R. This is the starting point for decomposing

the vector space V.

Lemma 4.8. Let V; = ker (r € End(J)) and Vz = ker (7 € End(J)). Then

V=V,& Vs
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Proof. Since 7, T are coprime, there are o, 8 € R such that 1 = arm + g7 for o, 8 € R. Hence for
x € V we have that x = anx + B7x. Since 192 = 0, we have that anx € Vz and 87z € V,, so
that V =V, 4+ Vz.
Now suppose that z € V; N Vz. Then x € ker(ged(m, 7)) = ker(1) = 0. Hence V; N Vz = 0 and
V=V, Vz.

O

The subspaces Vi, Vz are stable under Gq and I', because 72 commutes with these groups.

However, conjugation with any 7¢ gives a non-trivial automorphism of R, hence permutes 7 and 7.

Let V(1) C V be the 1-dimensional rational torsion subgroup. Since it is stable under o, we
can without loss of generality assume that V(1) C Vz. Choose a surjective map Gq — I, and
write 7, for the image of @ € Gq. Let V(y) = {v € V : Va € Gq,v™ = 7,v}. Then any 7¢
permutes V(1) and V' (), so the latter is a 1-dimensional subspace of V;, and it is stable under
the action of Gq and T

Let V(x) be the Galois module p19. Now Mazur and Tate use Cartier duality of V; and Vz

to prove that the following sequence of Gg-modules is exact:
0—V(y) — Ve — V(x) —0.

The crux is that Vz and V, are self-orthogonal with respect to the Weil-pairing, because
e19(y2u, y2v) = eg(u,v), and Vi, Vi are eigen-spaces with eigenvalues the two primitive sixth
roots of unity in F9, which do not have square equal to 1. Also, V() and V(x) are not isomor-

phic because the Gq-action factors through Q(¢i3)" and Q((19) respectively.

This is a fairly precise description of the Galois module V' C J, which makes the 7-descent of
Mazur and Tate possible. However, it would be too much to ask to need only Galois cohomology
on J to get a good enough upper bound of the rank of J. In the case of a curve of genus 1 and
prime 2, this can be solved by eliminating the elements of the Selmer group by using explicit
equations for conics, as we did in For the abelian surface .J, this would be much harder.
That is why Mazur and Tate use the finer fppf-cohomology to improve the upper bound on the

rank, and they manage to show that it is in fact trivial.

4.2.2 Non-vanishing of L-function

When Mazur and Tate published their paper in 1973, the conjecture of Birch and Swinnerton-
Dyer was completely open. It was already verified by Ogg [Ogg73] that the conjecture predicts
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that the rank of J is 0. Since then, only special cases of the conjecture have been proven, mostly

for varieties of small rank (0 or 1) or genus (elliptic curves). For our case, we use a result due to

Kolyvagin-Logachev and Kato.

Theorem 4.9 (Kolyvagin-Logachev, Kato [KL90|, [Kat04]). Let A be a modular abelian surface
over Q. Let L(A/Q, s) be the L-series over A. If L(A/Q, s) does not vanish at s = 1, then A(Q)

is finite.

From LMFDB |[LMF24], we find that the special value L(J, 1) is approximately 0.09, hence
not equal to 0. It follows that .J;(13)(Q) is finite. This proves Theorem [4.1]
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A  Weak Mordell-Weil Theorem

In this appendix, we prove that for any number field K and integer n > 2 the weak Mordell-Weil
group E(K)/nE(K) injects into the Selmer group S (E/K), and that the latter is finite. This
is done in many textbooks, such as [Sil09] and [Mil06], and for K = Q in [Cas91]. We follow a
combination of the treatments of [Sil09] and [Mil06].

A.1 Galois cohomology

Let K be a number field, and K be an algebraic closure of K. Let G = Gal(K/K). Then Gk
is a profinite group, and we equip it with the induced profinite topology.

Definition A.1. A Gg-module is an abelian group M with the discrete topology, together with
a continuous action of G on M. A Gg-module homomorphism is a group homomorphism of

Gg-modules ¢ : M — N that commutes with the action of G .

We define the 0" and 1% cohomology groups of a G'x-module, because that is all the coho-

mology that we need for our purpose.

Definition A.2. Let K be a number field and M a Gg-module. The 0* cohomology group of
M is
HO(Gre, M) = MEx.

For the first cohomology group, we need to define cocycles and coboundaries.

Definition A.3. Let K be a number field and M a Gx-module. A continuous 1-cocycle from
Gk to M is a continuous map & : Gg — M such that for all 0,7 € Gx we have

§(o7) = &(0)" +&(7).

We denote the Abelian group of continuous 1-cocycles from G to M by Z} (G, M). From

now on, we mean continuous 1-cocycle when we say cocyle.

Definition A.4. Let K be a number field and M a Gg-module. A 1-coboundary from G to
M is a map & : Gg — M such that there is an m € M such that for all ¢ € G we have

(o) =m? —m.

We denote the Abelian group of coboundaries from G to M by BY(G, M). From now on,
we mean 1l-coboundary when we say coboundary. Since m?” —m = (m°” —m?) + (m? —m) =
(m? —m)™ + (m” —m), all coboundaries are cocycles. Continuity follows from the fact that the

map o — m? is continuous: it is exactly the Gx-action on M.
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Definition A.5. Let K be a number field and M a Gx-module. The first cohomology group of
M is
HY (G, M) = Z!

cont

(Gg,M)/BY(Gg, M).

Let

0 M N P 0

be an exact sequence of Gg-modules. Taking G-invariants is left exact but not right exact.

That is, the sequence
0 — H°Gg,M) —— H°(Gg,N) —— H°(Gg, P)

is exact but the map on the right need not be surjective. The first cohomology groups measure

the non-surjectivity of that map.

Lemma A.6. Let

0 M N P > 0

be an exact sequence of G -modules. Then there is an exact sequence of cohomology groups
0 — HY(Gk,M) —— H°(Gg,N) —— HY(Gk,P)

é
HI(GK,M) E— HI(GK,N) E— HI(GK,P).

Proof. The boundary map & is defined as follows. Let p € H(Gf,P) C P. Then there is an
inverse image n, € N of p. For any o € G, the value nj —n, maps to 0 in P, so it lies in the

image of M. Hence the map § : Gk — M : 0 — ny — ny is well-defined. Then ¢ is a 1-cocycle

from Gg to M, and we define §(p) to be the class of €.

Furthermore, we have [§(p)] = [0] if and only if o : nj — n, is a coboundary, if and only if
n, € H*(Gk, N), so the diagram is exact at H(Gg, P). Similarly, a cocycle class [¢] maps to
zero in HY (G, N) if and only if € : G — N is a coboundary, if and only if there is a n € N
such that £(o) = n? —n for all o, if and only if £ = d(p) for a p € P, which proves exactness at

Hl(GKaM) OJ

Let L/K be a finite Galois extension. Since G, is a finite index normal subgroup of G, a

Gi-module M is naturally a Gp-module. This gives a restriction map

res: HY (G, M) — HY (G, M).
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Since L/K is finite, the quotient group Gp,x = G /Gp is finite. The submodule MCr s
naturally a G/ g-module, so any cocycle § : G/ — MGCL extends to a cocycle G — M via

GK — GL/K —>MGL C M
This is the inflation map
inf : H' (G, M9") — H' (G, M)

Lemma A.7 (Inflation-restriction sequence). Let L/K be a finite Galois extension, and M be a

Gk -module. Then the following sequence is ezxact.
0 — H'(Gpyx, M) 25 HY (G, M) 2 HY(Gr, M)

From now, we will often write H*(K, M) for H'(Gx, M) to shorten notation.

A.2 Selmer group
The exact sequence of G g-modules
0— En](K)— E(K) % E(K)—0
induces by Lemma an exact cohomology sequence
0 — En](K) — E(K) % E(K) — HY(K,E[n)) - HY(K,E) > H' (K, E)
which induces the exact Kummer sequence
0 — E(K)/nE(K) — HY(K, E[n]) — HY(K, E)[n] — 0.

We want to show that the group E(K)/nE(K) is finite, so it would suffice if the group in the mid-
dle H'(K, E[n]) is finite. Unfortunately, this need not be true. For example, if all the n-torsion
is defined over K, then Kummer theory tells us that H'(K, E[2]) = H'(K, u3) = (K*/(K*)?)2.
What we want is an exact sequence as above, with F(K)/nE(K) on the left, but a finite group
in the middle. The Selmer group will be this group in the middle.

For any place v € M, we can view E as elliptic curve over K,,, which gives us the commu-

tative diagram

0 —— E(K)/nE(K) —— HY(K,E[n]) —— HY(K,E)[n] —— 0

| I |

0 — E(K,)/nE(K,) —— HYK,, E[n]) —— HYK,, E)[n] — 0.
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The map H'(K, E[n]) — H'(K,, E[n]) comes from the action of Gk, on K, which defines a
homomorphism Gk, — Gg. By composition, we can extend a cocycle Gx — E[n| to a cocyle
Gk, — Gg — E[n].

Taking the product over all places of K gives

0 — BE(K)/nE(K) ———+— HYK,E[n|) ———— HYK,E)[n] ——— 0

! I |

0 —— [] E(K,)/nE(K, — ][] HYK,,E[n) — [] HYK,,E)[n] — 0.
vEME vEME veEMg

This diagram induces the definitions of the Selmer group and Tate-Shafarevich group.

Definition A.8. Let E/K be an elliptic curve, and let n € N>9, and let [n] : E — E be the

multiplication-by-n map on E. The Selmer group corresponding to [n] is
S"M(E/K) =ker | H(K,E[n])) — [] H'(K..E)
veMg

In other words, the Selmer group is the subgroup of cocycle classes of v : Gxg — E|[n] such

that for all primes v, the image v, : Gk, — E[n| comes from a point in E(K,)/nE(K),).

Definition A.9. Let E/K be an elliptic curve, and let n € N>, and let [n] : E — E be the

multiplication-by-n map on E. The Tate-Shafarevich group corresponding to [n] is

MI(E/K) =ker | H(K,E) —» [] H'(K.,,E)
vEMK

The Selmer and Tate-Shafarevich group fit in an exact sequence as desired.

Corollary A.10. Let E/K be an elliptic curve, and let n € N>o, and let [n] : E — E be the

multiplication-by-n map on E. There is an exact sequence of G g-modules
0 — E(K)/nE(K)— S™(E/K) — II(E/K)[n] — 0.
Proof. Apply the kernel-cokernel lemma to the sequence

HY(K,En)) - HY(K,E)[n] » [[ H"'(K., E)n].
veEMK

35



We will prove the Selmer group to be finite, which implies the Weak Mordell-Weil Theorem.
It is unknown whether the Tate-Shafarevich group is always finite. It is however known that the

order of a finite Tate-Shafarevich group is always a square [Sil09, Theorem 4.14].

It is easiest to prove the finiteness of the Selmer group S (E/K) when u, C K* and
E(K)[n] = E(K)[n]. Hence we will extend to a finite Galois extension L/K where this is
satisfied. The following lemma proves that the finiteness of S (E/L) implies the finiteness of
S (E/K).

Lemma A.11. Let K be a number field, L O K be a finite Galois extension, and E be an elliptic
curve over K. If S™(E/L) is finite, then S (E/K) is finite.

Proof. We will show that ker (S "(E/K) — S™(E/ L)) is finite. The Selmer groups are sub-
groups of the respective first cohomology groups, so it suffices to show that the kernel of the
map H'(K,E[n]) — H'(L,E[n]) is finite. By Lemma [A.7, the kernel is precisely equal to
H'(Gal(L/K), E[n](L)). Since both Gal(L/K) and E[n](L) are finite, the number of cocycles
Gal(L/K) — E[n)(L) is finite, and it follows that ker(S" (E/K) — S™(E/L)) is finite. [

From now on, we may assume that our number field K contains pu,, and that all n-torsion of
FE is defined over K.

We will use without proof the following lemma. The proof uses at the core that multiplication

by n is an isomorphism on F1(K,) for a local field K,,.

Lemma A.12. Let E be an elliptic curve over K with discriminant A, and let S C Mg be
the set of places dividing 2nA. For any v € S™(E/K) and any v ¢ S, there exists a finite
unramified extension L of K, such that v maps to zero in H'(L, E[n]).

Proof. [Mil06, Lemma 3.6]. O

The proof of the finiteness of the Selmer group elegantly uses both finiteness results of alge-
braic number theory: the class group C' of an algebraic number field K is finite, and the unit

group U is finitely generated. In fact, we even use a stronger statement for S-unit groups.

Lemma A.13. Let K be a number field and S C Mg be finite. Let Ugs and Cg be defined by the
exactness of
0—-Ug— K*— @ Z— Cg— 0.
vEMK\S

Then Ug is finitely generated and Cyg is finite.

Proof. Tt follows from the kernel-cokernel sequence of L* — @ ,c5;. Z — D,c M \S L O
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The next lemma is an important step towards proving the finiteness of the Selmer group.
Lemma A.14. Let K be a number field, and S be a finite subset of My . Let
N={aec K*/(K")" :Yv € Mg\S :ordy(a) =0 mod n}.
Then N 1is finite.

Proof. The set N is precisely the kernel of the map

K*/(K*)" — @ Z/nZ : a — (ordy(a))penry\s-
vEMK\S

Consider the commutative diagram of exact sequences

0 K* n K* K*/(K*)" ——— 0

! | !

0 ®’UEMK\S Z = @UEMK\S Z ®’UEMK\S Z/nZ — 0.

The vertical maps map a to the order of a at the given places. Adding the kernels and cokernels

of these maps, we get the following diagram.

Us Ug N
0 K* n K* K* /(K )" —— 0

|

0— &P \sZ — Doer\s L/ —— 0

vEME

\S Z . @’UEMK

C S CS

Applying the Snake Lemma, one gets an exact sequence

0 Us n Us N Cs o Cyg
hence
0 —— Us/(Us)" —— N —— (Cs)[nl.
Since Ug is finitely generated and Cg is finite, all groups in this sequence are finite. O

We are now ready to prove the main goal of this section.

Theorem A.15. Let K be a number field, and E an elliptic curve over K, andn > 2 an integer.
Then the Selmer group S (E/K) is finite, and hence E(K)/nE(K) is finite.
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Proof. By Lemmal[ATI] we can assume that all n-torsion is defined over K. Let S C Mg be the
set of archimedean places, places dividing n, and primes where E has bad reduction.

Let 70 € S™(E/K). For each prime v € Mg\S, there exists by Lemma a finite un-
ramified extension K, (a,) of K, such that the image of vy under the map H(K, E[n]) —
H'(K,(a,), E[n]), which can be written as

L (K /(K" = (K (o) /(K (o))"
is zero. Consider the map
(K, (ow)* /(K (o0)%)™)? — (Z/nZ : (b1, bs) — (ord, (b1), ord, (b2)).

Since K, C K,(«a,) is unramified, we have for the natural inclusion i : K — K,(«,) and
a € K* that ord,(a) = ord,(i(a)). Since v { n, this means that for b € K*/(K*)" that ord, (b) =
ord,(I(b)) mod n. Hence the composition (K*/(K*)")? — (K (ow)*/(K (o, )*)")* — (Z/nZ)? is
the natural map (ord,,ord,) : (K*/(K*)")? — (Z/nZ)*. However, we do know now that ~q is
in the kernel of this map. We also know that this composition does not depend on the choice of
70, S0 in fact, all elements of the Selmer group are in the kernel.

Therefore we get a map

(KK = ] Eolew)/(Bola))) = T] (2/n2).

veEMK\S veEMpi\S

By Lemma the kernel of this map is finite. But we also know that S (E/K) is contained
in the kernel. Hence S (E/K) is finite. O
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