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Abstract

Inflation is a period of accelerated expansion of the universe, taking place a fraction of a
second after the Big Bang. The expansion is driven by one or more scalar fields acting on
spacetime. The possibility of multiple such scalar fields is motivated by existing results
from for example string theory. In multifield inflation, the field-space has a non-trivial
Riemannian geometry, generalising single-field inflation. As the evolution of the scalar
fields is governed by differential equations, it may be analysed as a dynamical system.
In this thesis, two-field models of inflation are studied in the mathematical context of
dynamical systems and differential geometry. This is based on the fundamentals of
general relativity, which are introduced from both a mathematical and physical point
of view. A dynamical system is derived from the background equations of motion in
a FLRW spacetime, based on concepts from dynamical systems theory and following
examples in existing literature. This in done in two distinct ways. First, the existence
of an attractor for rapid-turn inflation is studied. Second, different types of scaling
solutions are studied, which are trajectories in field-space along which the rate of change
of the inverse Hubble parameter is constant. The two different approaches are then
compared.
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Chapter 1

Introduction

The evolution of the universe is the main concern of the field of cosmology. Cosmol-
ogy encompasses a wide variety of topics; from the formation of the first stars to the
coagulation of black holes. One particular concept of interest is inflation: the exponen-
tial expansion of the universe, taking place a fraction of a second after the Big Bang.
The concept of inflation provides solutions to several problems associated with stan-
dard Big Bang cosmology, such as the horizon problem and the flatness problem (see
e.g. the discussion in [Baumann, 2012]). In addition, it provides an elegant mechanism
for generating density fluctuations in the primordial universe, transforming microscopic
quantum fluctuations into the anisotropies observed in the cosmic microwave background
(CMB) [Mukhanov and Chibisov, 1981]. Accidentally discovered in 1965, the CMB con-
sists of microwave radiation that fills up the entire observable universe. It is understood
to be an afterglow of the Big Bang, and is thus an important source of data for the early
universe. The fluctuations in the CMB in turn led to the formation of the large-scale
structures observed in the universe today (see e.g. [Durrer, 2008]). At the basis of the
theory of cosmology lies General Relativity. First formulated by Albert Einstein, general
relativity provides the mathematical framework for the dynamics and structure of space-
time. Concepts such as the spacetime manifold, its metric and differential structure are
defined, supported by the rigorous mathematical theory of differentiable geometry.

Inflationary models posit that very shortly after the Big Bang, the universe underwent
a period of exponential expansion. In the simplest models for inflation, the expansion
is driven by a single hypothetical scalar field ¢ (the inflaton) rolling down a potential
[Linde, 1982], [Albrecht and Steinhardt, 1982]. To ensure the occurrence of accelerated
expansion, the scalar field must slowly roll down the potential, hence these models are
called single-field slow-roll models. A minimal requirement for this is that the inverse
of the Hubble parameter (H~!) must be near-constant. These types of models have
been very successful; being consistent with for example observations of the CMB by the
Planck satellite (see for example [Akrami et al., 2020]).

In light of recent observational and theoretical developments, it has become relevant
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to consider more complex models of inflation. One way to extend single-field inflation
models, is by considering models with not one, but multiple scalar fields driving the
inflation. The existence of these multiple scalar fields is suggested by high-energy theories
(as discussed by [Baumann and McAllister, 2014]). When considering a model with n
scalar fields, these fields are seen as coordinates on an n-dimensional smooth manifold,
called field-space (see e.g. [Gong, 2017]). In general, the metric on field-space is assumed
to be non-flat, as suggested by many of the high-energy theories.

In this work, two-field models of inflation are considered. The mathematical theory of
dynamical systems is used to study the models, by writing them as a system of ordinary
differential equations. In order to reduce the complexity of the analysis, the existence of
two specific types of solutions is studied. The first approach (in Chapter 5) focuses on
finding an attractor solution with a large, slowly varying turn rate. The second approach
is to study the stability of so-called scaling solutions; solutions that are characterised
by the time-derivative of the inverse Hubble parameter H ! being constant along the
solution.

This thesis is organised as follows. In Chapter 2, the foundations of differential geom-
etry are described. Concepts needed for understanding the mathematical structure of
general relativity are introduced, such as smooth manifolds, tensors and the Christoffel
connection. In addition, the connection between these abstract mathematical concepts
and the formulation of general relativity is made. Chapter 3 gives an introduction in
cosmology, and specifically (multifield) inflation. Next, in Chapter 4, a short introduc-
tion in the theory of dynamical systems is given, explaining concepts, such as attractors,
that are needed for the analysis of the inflationary models. In Chapters 5 and 6, the
analysis of two-field models of inflation is approached in two ways, as described above.
Finally, in Chapter 7differences between the two approaches are highlighted. In Chapter
8, conclusions and an outlook are offered.



Chapter 2

General Relativity as Geometry

General relativity is a geometric theory of gravity, in which gravity is considered to be
a property of four-dimensional spacetime instead of as a force. One of the fundamen-
tal ideas of general relativity is that time and space are not seen as separate variables,
but rather as part of a four-dimensional spacetime manifold. This means that general
relativity has a solid basis in differential geometry. In this chapter the basic geometric
concepts underlying general relativity are introduced. We will for example see the def-
inition of a manifold, along with its tangent and cotangent spaces. After that, we will
consider several notions defined on a manifold, like tensors, the metric and the covariant
derivative. Finally, we will relate all these mathematical concepts to the theory of gen-
eral relativity. In this chapter, we follows the exposition in [Lee, 2003] (Sections 2.1-2.4)
and [Lee, 2019] (Sections 2.5-2.7).

Remark. Before starting with the construction of a manifold, we introduce an important
convention, the Finstein summation convention. The statement of this convention is that
every repeated index in an equation should be summed over. For example, if i € {1,2, 3},
we write

3
y =z’ tomean y= chxl (2.1)
i=1

2.1 Manifolds

Roughly speaking, a manifold is a topological space that resembles (is diffeomorphic to)
Euclidean space at each point. An important subset of manifolds are smooth manifolds,
on which calculus can be done in a standard way. The four-dimensional spacetime
manifold is an example of this class. We now define the concept of a manifold in a more
rigorous way. Starting with the definition of a topological manifold, we impose some
additional structure on it, which is then used to define a smooth manifold.

Definition 2.1.1. A topological space M is called a topological manifold of dimension
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n if it satisfies:
1. M is Hausdorfl.

2. M is second-countable, i.e. there exists a collection U = {U;} of countably many
open sets U; C X, such that every openset V C X can be writtenas V = UUin Us;.

3. M is locally Euclidean of dimension n, i.e. each p € M has a neighbourhood that
is homeomorphic to an open subset of R™.

Definition 2.1.2. Let M be a topological manifold of dimension n. A coordinate chart
is a pair (U,¢), where U C M is open and ¢ : U — V is a homeomorphism with
V =¢(U) CR" open.

A coordinate chart is thus only a function on a certain open subset of the manifold.
In order to impose a useful structure on the entire topological manifold, we need to
completely cover it with coordinate charts, such that those charts are compatible in a
certain sense. We now formalise these notions.

Definition 2.1.3. Suppose that (Uy, ¢1) and (Us, ¢2) are coordinate charts for a topo-
logical n-manifold M, such that U; N Uy # (. Then the homeomorphism given by

P20 ¢t 1 o1 (U1 NU2) — o (U1 N ) (2.2)

is called the transition map from ¢ to ¢o.

Definition 2.1.4. Two coordinate charts (Ui, ¢1) and (Us, ¢2) on a topological n-
manifold M are smoothly compatible if either Uy NUs = (), or the transition map ¢9 oqbl_l
and ¢1 0 ¢y Lis a diffeomorphism.

Remark. Recall the following definitions: If U C R™ and V' C R™ are open, then a
function F': U — V is smooth or C'* if every component function of F' has continuous
partial derivatives of every order. Furthermore, F' is called a diffeomorphism if F is a
homeomorphism with smooth inverse.

Definition 2.1.5. A collection of coordinate charts {(Ua,¢o)} on a topological n-
manifold M is called an atlas for M if the charts cover M, ie. |J,Us = M. An
atlas A is smooth if any two charts in A are smoothly compatible.

Having defined a smooth atlas, we now need to account for the fact that there are
different possibilities for defining a smooth atlas on M. This is done by defining a
specific atlas that contains ’all’ compatible coordinate charts.

Definition 2.1.6. Let M be an n-dimensional topological manifold, A a smooth atlas
on M and (U, ¢) any chart that is smoothly compatible with all charts in A. Then A is
called mazimal if (U, ¢) € A.

Having eliminated the technical issue of having different possible smooth atlases on M,
we can finally define a smooth manifold:
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Definition 2.1.7 (Smooth Manifold). Let M be an n-dimensional topological manifold
and A a maximal smooth atlas. Then A is called a smooth structure on M and the pair
(M, A) is called a smooth manifold or differentiable manifold.

Remark. Often we will simply refer to M as ’being’ the smooth manifold.

2.1.1 Coordinate Representation

Now that the smooth structure on a manifold M has been defined, we can consider a
convenient way of expressing points on the manifold. This is done by using a (local)
coordinate representation, supplied by the charts in the smooth structure on M:

Definition 2.1.8. Let M be a differentiable manifold and A the maximal smooth atlas.
If (U,¢) € A, then it is called a smooth chart and the coordinate map ¢ is called a
smooth coordinate map.

Having chosen a certain smooth chart (U, ¢) on M, the smooth coordinate map ¢ : U —
V gives a certain identification between U and V. Using this identification, a point
p € U C M can be represented by its coordinates ¢(p) = (331,...,:1;”). The n-tuple
(:):1, . ,x") is then said to be the (local) coordinate representation for p.

2.1.2 Smooth Functions and Maps

It is useful to not only define when a manifold is smooth, but also when a mapping on
the manifold is smooth.

Definition 2.1.9. Let M be a n-dimensional smooth manifold and k£ > 1 an integer.
A function f : M — R¥ is called smooth if for every p € M there exists some smooth
coordinate chart (U, ¢) such that p € U and such that the composition fo¢~! is smooth
on ¢ (U) CR™.

Remark. An important class of smooth functions is that where k = 1. We denote the
set of all such real-valued functions f : M — R by C*° (M). This is, in fact, a vector
space over R under summation and scalar multiplication.

Just like points p € M, functions f : M — R* can be represented in terms of the
local coordinates associated with some coordinate chart for M. Suppose we have a
function f : M — R* and a chart (U, ¢), then the function f ¢ (U) — R* given by
f(m) = fo¢ !(x) is called the coordinate representation of f. Note that by definition
2.1.9, f is smooth if and only if its coordinate representation f is smooth for some chart
around each point p € M.

A generalisation of the notion of a smooth function f : M — R on a manifold, is the
definition of a smooth map between manifolds (as R¥ is a smooth manifold itself).

Definition 2.1.10. Let M, N be differentiable manifolds. A map F': M — N is smooth
if for every p € M, there exist smooth charts (U, ¢) and (V,v) with p € U, F(p) € V
and F (U) C V, such that the composition ¢y o F o ¢t : ¢ (U) — 1 (V) is smooth.
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2.2 Tangent Space

We have seen the basic definition of a smooth manifold, and have defined functions on
it. However, in order to perform basic calculus, we need to define some more structure.
This we will now introduce, in the form of a tangent space T, defined at every point
p on a manifold. The tangent space is a vector space over R that is spanned by the
tangent vectors to M at p.

Definition 2.2.1 (Tangent Space). Let M be an n-dimensional smooth manifold and
p € M. A linear map D : C*° (M) — R is called a derivation at p if D obeys the Leibniz
rule:

Vf,ge C*(M): D(fg)=D(f) g(x)+ f(z) - D(g). (2.3)
The tangent space T,M to M at p is the set of all derivations at p and an element of
T,M is called a tangent vector at p.

As the definition of the tangent space is somewhat abstract, it can be helpful to be able
to visualise the tangent vectors as arrows that attached to the base point p and are
tangent to the manifold M, see Figure 2.1.

TeM

Figure 2.1: A smooth manifold M with the tangent space T, M to the point z € M. In
addition, v € T, M is a tangent vector at x.
Credit: Wikipedia Tangent space (consulted 13 Juni 2024).

Settting the operations (for Dy, D derivations, f,g € C*° (M) and A € R)
(D1+ D2) (f) = D1 (f)+ D2(f), and (2.4a)
(A-D1)(f)=Xx-D(f), (2.4b)

the tangent space is turned into a vector space of dimension n. We do not prove this.
However, it is worth noting that the proof makes use of the coordinate charts that map
open subsets U C M onto open subsets V' C R".

2.2.1 Coordinates on the Tangent Space

As the tangent space is a vector space, it is natural to define a basis for it. The standard
way of doing this, is by using local coordinates that correspond to a certain coordinate

10
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map:

Definition 2.2.2 (Coordinate Basis). Let M be an n-dimensional smooth manifold.

Given a coordinate map ¢ = (azl,xQ, e ,x") :U — R" with U C M open and p € U,
the coordinate basis for T,M is given by {01,...,0,} = {%}p R %!p}, such that
for every smooth f: M — R and for all i € {1,...,n} one has
0 0 1 8f R
. = . = . 2.5
], (0= (g oo™ ) 00 = 3L 0, (25)
where f and p = (pl, e p") are the coordinate representations of f and p, respectively.

Using the coordinate basis, any tangent vector v € T, M can be uniquely written as a
linear combination

o,
v=0v"—| , (2.6)
dz' |,
where the components v of v are given by v* = v (:U’) = ) % (p). Note that the

Einstein summation convention was used in equation 2.6.

We have seen how the coordinate basis is defined for a choice of coordinate chart (U, ¢)
and how the components of a vector can be determined for this coordinate basis. How-
ever, what if we were to choose another coordinate chart (V,), leading to another
coordinate basis and other vector components? How can the two different coordinate
representations for some tangent vector to a point p on the manifold be related?

Suppose we have the smooth coordinate charts (U, ¢) and (V,¢) on M and p e UNV.
Denote the coordinate functions of ¢ by z* and those of 1) by 2", The basis vectors for
the coordinate bases are then related as follows:

/ -/

i _8:1:i ) 0 _ox'
Ozt p_ oz’ P oz p_ ozt

Oy, (2.7)

and the components of a vector v € T, M, given by v = v'd; = v'' 9y transform as

s/

-/ 31‘2

(A
vt o= "))
ox’

(2.8)

2.2.2 The Tangent Bundle

Thus far, we have only defined the tangent space per point on a manifold. It would,
however, be useful to extend these notions to the entire manifold. This is where the
notion of a tangent bundle becomes useful.

Definition 2.2.3 (Tangent Bundle). Let M be a smooth manifold. The tangent bundle
TM of M is the disjoint union of the tangent spaces to all points of M, that is

T™ = | | T,M = | {p} x T, M. (2.9)
peEM peM

11
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We will not go into much detail about the tangent bundle, but it is worth noting that
if M is a smooth n-dimensional manifold, then the tangent bundle T'M comes equipped
with a natural topology and smooth structure, such that it is again a smooth manifold,
although of dimension 2n instead of n.

2.2.3 Vector Fields

The concept of a vector field is well-known for Euclidean spaces: a vector field is a
continuous map that attaches an ’arrow’ to each point. We now need to extend this
concepts to smooth manifolds. In this context, a vector field is some continuous map
assigning a tangent vector (an element of the tangent space) to each point (see Figure
2.2):

Figure 2.2: A vector field (visualised by the red arrows) defined on a manifold. In this
case, the manifold is a simple 2-sphere.
Credit: Wikipedia Tangent space (consulted 13 Juni 2024).

Definition 2.2.4 (Vector Field). Suppose M is a smooth manifold. A vector field is a
continuous map X : M — T'M, where p — X,,, such that X, € T,M for every p € M.

Remark. In addition, we can define a smooth vector field as a vector field with a smooth
map X : M — TM.

Just like we did before for any vector in a tangent space, we can define the component
functions of a vector field X:

Definition 2.2.5. Suppose M is a smooth manifold of dimension n and X : M — T M
a vector field. If (U, ¢) is a smooth coordinate chart for M, the value X, can be written
in terms of n coordinate basis vectors and component functions X' : U — R as

0

i
c%sp

Xp=X"(p) = X'(p)0;, (2.10)

where (%) are the local coordinates associated to ¢.

12
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Not only can the vector field be expressed in terms of components, but in fact the
smoothness of the field is directly related to the smoothness of its component functions.
This fact is expressed in the following Lemma:

Lemma 2.2.6.

Let M be a smooth manifold and X : M — TM a vector field. Suppose that (U, ) is
a smooth coordinate chart on M, then the restriction X, : U — TM is smooth if and
only if the component functions X* : U — R with respect to this chart are smooth.

An important example of a vector fields are the coordinate vector fields we previously
used to define the coordinate basis for the tangent space:

Example 2.2.7.
Let (U, ¢) be a smooth coordinate chart on M. The mapping

p—

. 2.11
oxt » ( )
defines the i-th coordinate vector field on U. Obuviously, the component functions are

constant, as the coordinate vector fields precisely define the coordinate basis. Using this
and Lemma 2.2.6, we see that the coordinate vector fields are trivially smooth.

2.3 Cotangent Space

In Section 2.2, a vector space called the tangent space was defined at each point p on a
smooth manifold M. Another space that can be defined at each point p is the cotangent
space. The cotangent space does not consist of vectors, but of linear functionals, and its
definition makes use of that of the tangent space. Before defining the cotangent space,
we define the dual vector space and consider a lemma about the bases for a vector space
and its dual:

Definition 2.3.1. Let V be a vector space over a field F. Then the dual space V* is
the set of all linear functionals ¢ : V — F.

Elements of the dual space are called covariant vectors, or dual vectors. The dual V*
also becomes a vector space over F' if it is equipped with the following addition and
scalar multiplication:

(e + ) () = p(z) + P(z) (2.12a)
(ap)(z) = alp(x)), (2.12b)
for all p,p e V¥, x € V and a € F.

In addition, if V' has some finite dimension n, its dual V* is of the same dimension (see
e.g. [Rynne and Youngson, 2000]). Since the dual consists of linear functionals acting
on elements of V, the bases for V and its dual V* are related to each other in a specific
way, as stated by the following Proposition.

13



CHAPTER 2. GENERAL RELATIVITY AS GEOMETRY 14

Proposition 2.3.2.
Let V' be an n-dimensional vector space and_denote its dual by V*. Suppose that
{é(ys -+ €y} is a basis for V and let W ....00) € V* such that

0w (é(,) = oL (2.13)

Then {é(l),...,é(”)} is a basis for V*, called the dual basis to (é(l,)), and therefore
dimV* =dimV = n.

Definition 2.3.3 (Cotangent Space). Let M be a smooth manifold. For every p € M,
the cotangent space at p T,y M, is defined to be the dual space of the tangent space T),M:

oM = (T,M)", (2.14)
such that every f € T;M is a linear map f : T, M — R.

Since the cotangent space is defined as the dual of the tangent space, the basis vectors
for T), M give rise to the set of dual basis vectors for Ty M as discussed in Proposition
2.3.2.

2.3.1 Coordinates on the Cotangent Space

Following Proposition 2.3.2, we know that the basis of the cotangent space is induced
by the basis of the tangent space. Suppose we have smooth coordinates z* on an open
subset U C M. Then at every point p € M, the coordinate basis for 7;, M induces a dual
basis for Ty M. For the moment, we do not yet know what the dual basis vectors induced
by the coordinate basis are given by, so we denote them by ()\i|p). In Section 2.3.4, we
will see that the dual basis vectors are in fact given by the differentials of the coordinate
functions 2. Using the dual basis vectors, any covector w € T » M can be decomposed
in terms of its components as w = w;\’|, which are given by (using Proposition 2.3.2)

d
Wi =w <8xi p) . (2.15)

Now suppose we choose another set of smooth coordinates (x") on another open subset
U’ C M such that p € U’. How are the components 9/dz" and 8/9z" of some covector
w € Ty M then related?

Since the dual basis is induced by the basis for the tangent space, we can use equation

Wi = w 4 =w 8xi’()i
R AN A P

2.3.2 The Cotangent Bundle

oz
p) = i (p)wir. (2.16)

Just as for the tangent spaces, it is useful to be able to think about cotangent spaces as
something defined on the whole manifold. For this, the notion of a cotangent bundle is
used:

14
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Definition 2.3.4 (Cotangent Bundle). Let M be a smooth manifold. The cotangent
bundle T*M of M is the disjoint union of cotangent spaces to all points of M, i.e.

T°M = | | TyM = | {p} x Ty M. (2.17)
peEM peM

As with the tangent bundle, the cotangent bundle comes with a natural topology and
smooth structure, turning it in a 2n-dimensional smooth manifold.

2.3.3 Covector Fields

Using the cotangent bundle, we can now define a covector field, which assigns a covector
to each point on the manifold in a continuous way.

Definition 2.3.5 (Covector Field). Suppose M is a smooth manifold. A covector field
is a continuous map w : M — T"M, where p — wy, such that w, € T M for every
pe M.

Remark. In the same way as for vector fields, smooth covector fields can be defined,
depending on the continuity and smoothness of the function w.

In any smooth coordinate chart, we can define component functions of the covector field:

Definition 2.3.6. Let M be a smooth manifold and suppose we have smooth local

coordinates on an open subset U C M. A covector field w can then be written in terms

of coordinate coordinate fields ()\’) as w = w;A". Here, we have n functions w; : U — R,
0

called component functions of w, given by
wi(p) = wp < , ) . (2.18)
oz' |,

In fact, the smoothness of the covector field w is directly related to the smoothness of
its component functions:

Lemma 2.3.7.
Let M be a smooth manifold and w : M — T*M a covector field. Then w is smooth if
and only if the component functions w; : U — R are smooth in every smooth coordinate

chart (U, ¢).
Finally, we will introduce a convenient concept for bases of the (co)tangent space:

Definition 2.3.8 ((Co)frame). Let M be a smooth manifold and U C M open. A local
frame for M over U is an ordered tuple of vector fields (E1,...,E,) on U such that
(Eilp) is a basis for T,M at every p € U. Completely analogous, a local coframe for
M over U is an ordered tuple of covector fields (gl,...,&") on U such that (¢%],) is a

basis for Ty M at every p € U. The tuple of (co)vector fields forms a global (co)frame if
U=M.

15
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Example 2.3.9.

Let (U, ®) be any smooth chart on M. Then the coordinate vector fields (0;) form a
local frame over U, called the coordinate frame, just as the coordinate (co)vector fields
()\i) form a local coframe over U, called the coordinate coframe. Since the component
functions of the fields are constants, the coordinate (co)frame is smooth by Lemma 2.5.7.

As we saw before, the bases of a vector space and its dual are closely related. So, let
U be an open subset of a smooth manifold M and (Ej,..., E,) a local frame for TM
over U. Then there is a unique local coframe (g!,...,£") over U such that (5i|p) is the
basis dual to (Ej;|,) for every p € U. This coframe is then dual to the frame (E;). For
example, the coordinate frame and coordinate coframe are dual to each other.

2.3.4 The Differential of a Function

For a function f on the Euclidean space R", the gradient is given by <%, e 887];),

so by a vector field of which the components consist of the partial derivatives of f.
However, this form of the gradient is strongly dependent of the choice of coordinates.
To consider partial derivatives in a coordinate-independent way, we may interpret them
as components of a covector field, which we defined in Section 2.3.5.

Definition 2.3.10. Let M be a smooth manifold and f : M — R a smooth function.
The differential of f is a covector field df defined by

dfp(v) =vf forwveT,M. (2.19)

It can be shown that the covector field d f is smooth. Having seen the abstract definition,
we can investigate what the coordinate representation of the differential looks like: Let
o= (mz) be a smooth coordinate map on an open subset U C M and (\?) the coordinate
coframe associated with the coordinates. Now suppose that df can be written as df, =
Ai(p)\'|, for some functions A; : U — R. Using the definition of the differential, the
functions A; are then given by

0 0 of
A;(p) = — = — = —(p), 2.2
(p) =dfy (8301 p) oz’ pf oz’ (p) (2.20)
so the coordinate representation is given by
Of i
dfp = @(p))\ Ip- (2.21)

Thus, we see that the component functions of the differential are the partial derivatives of
f with respect to the coordinates of the chosen coordinate chart. Therefore we can indeed
interpret the differential as a coordinate-independent generalisation of the Euclidean
gradient.

16
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Using the coordinate representation of the differential, we can finally find a better ex-
pression for the dual of the coordinate basis. Suppose we take f to be a coordinate
function, i.e. f=a':U — R, then

ot

Ozi (p))‘j‘p = 5;/\j‘p = /\i|p~ (2.22)

d:ci\p =

This means that the coordinate covector field A¢ is exactly the differential da* and we
may write the coordinate representation of the differential as

P 4
afy = 2L (p)aa, (2.23)

Concluding this section, we thus find that the dual of the coordinate basis is given by
{dat,... da"}.

2.4 Tensors

A tensor is an object that can be seen as a generalisation of vectors and dual vectors. Al-
though tensors can be hard to visualise, they can be thought of as a higher-dimensional
matrix. We first introduce the definition of tensors on a vector space, where we define a
tensor as a real multilinear function. We will see two special types of tensor: symmet-
ric and antisymmetric tensors, which possess certain symmetries under permutations
of their arguments. Finally, we define tensor fields and tensor bundles, which are a
generalisation of the (co)vector fields and bundles we saw before.

2.4.1 Tensors as Multilinear Functions

We define a tensor as a real-valued multilinear function. For this, it is useful to first see
the formal definition of such a function:

Definition 2.4.1. Let Vi,..., Vi, W be vector spaces. A map F : V) x...x Vp — W is
called multilinear if it is linear in all its arguments, i.e. when for each ¢

F(vy,...;av; +avl,...,01) = aF(vi, ... 05 ...,08) + @ Fug, ..o v o0 o). (2.24)

Remark. We denote the set of all multilinear maps V3 x...xVy — W by L(V4,..., Vi; W).
This is a vector space under pointwise addition and scalar multiplication.

An important example of such a multilinear map is the tensor product:

Example 2.4.2.
Let Vi, ..., Vi, Wy, ..., W, be vector spaces over R and suppose F' € L(Vi,...,Vi;R)
and G € L(W1,...,W;;R). The tensor product of F and G is defined as a map

FRG:Vix..VpxWyx...xW =R (2.25)

17
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given by
F®Gvi,...,v5,wi,...,w;) = F(vy,...,05)G(wi,...,w). (2.26)

Also note that F @ G € L(Vy,... Vi, Wy,..., W;R).
We have previously stated that the space of all multilinear functions of a certain type

is a vector space. The tensor product seen Example 2.4.2 above proves to be useful in
defining a basis for this space:

Lemma 2.4.3.
Let Vi, ..., Vi be real vector space of dimensions ni,...,nk, respectively. Suppose that,

foreveryjel,... k, (Efj), e ,Eﬁf}) is a basis for V; and (5%1), . ,5%) the associated
basis for V*. Then a basis for L(Vi,..., Vg R) is given by

B= {8211)(@...@57&) 1<ip<ng,...,1<i Snk} (2.27)
and thus the vector space L(V1,...,Vi;R) has dimension ny - - - ny.

Having seen general multilinear functions, we can define tensors:

Definition 2.4.4 (Tensor). Let V' be a finite-dimensional real vector space. A (mized)
tensor of rank (k,l) is a multilinear function

T:V'x---xV*xVx.-xV =R (2.28)
k times [ times
The space of all tensors of rank (k,1) is denoted by T (V) and given by
T(k’l)(V):V®-~®V®V*®-"®V*- (2.29)
k times l ti\r;es

Note that a vector can thus be seen as a rank (0, 1) tensor, while a dual vector is a rank
(1,0) tensor.

Since a tensor is a special case of a multilinear map, a basis for 7" (V) can be derived
directly from Lemma 2.4.3.

Corollary 2.4.5.
Let V' be a vector space over R with dimV = n. Suppose the basis for V is given by
(E;) and (&%) is the dual basis for V*. A basis for T®D (V) is then given by

(B, ®  ®FE, @ @ @ :1<dy,... 05 j1,.... 51 < n}, (2.30)
so dim T*D (V') = phtt,

Using the basis definition, the tensor components of A can be defined by the action of
the tensor on basis and dual basis vectors:

Tt =T (e",...,e" Ej,....Ej), (2.31)
such that any arbitrary tensor can be written in terms of its components as
T=T"" Ey®  ®E,@® . (2.32)

18
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2.4.2 (Anti)symmetric Tensors

In this section we will consider two special classes of tensors: symmetric and antisym-
metric ones. A symmetric tensor does not change its value when its arguments are
rearranged. A notable example of a symmetric tensor it the dot product. An antisym-
metric tensor, such as the determinant, simply changes sign under permutation of its
arguments. We will now formalise these notions.

Definition 2.4.6. Let V' be a finite-dimensional vector space. A tensor T" of rank (0,1)
(a covariant [-tensor) is symmetric if (for 1 <i < j <1):

T(’Ul,...,Ui,...,vj,...,’l)l) :T(’Ul,...,Uj,...,’l)i,...,’ul). (233)

Definition 2.4.7. Let V be a finite-dimensional vector space. A covariant [-tensor is
antisymmetric if for every i # j it holds that

T(Ul,...,'l)i,...,’Uj,...,vl) = —T(vl,...,vj,...,vi,...,vl). (234)

2.4.3 Tensor Bundles and Tensor Fields

Having defined the tangent and cotangent bundles in Sections 2.2.2 and 2.3.2, respec-
tively, we now see the generalisation of both concepts. This generalisation comes in the
form of the tensor bundle:

Definition 2.4.8. [Tensor Bundle| Let M be a smooth manifold. The bundle of tensors
of type (k,l) is given by
T¢OTM = | | 7D (T,M) . (2.35)
peEM

For any choice of k,I € N, such a bundle is called a tensor bundle over M. Note that
a tensor bundle is precisely the disjoint union of the spaces of all tensors of rank (k,1)
(denoted by T (T, M)) defined at every point p € M.

Remark. By choosing (k,1) = (1,0), we get TUOTM = TM, the tangent bundle. In
addition, (k,1) = (0,1) yields TODTM = T*M, so the cotangent bundle.

Analogous to (co)tangent bundles, a tensor bundle can be used to define a tensor field,
which continuously assigns a tensor to each point on the manifold M. This is formally
formulated as follows:

Definition 2.4.9. [Tensor Field] Suppose M is a smooth manifold. A tensor field (of
type (k,1)) is a continuous map A : M — THEDTM with p — Ap, such that A, €
7D (T, M) for every p € M. We call A a smooth tensor field if the map A : M —
THEDT M is smooth.

Using the bases for the tangent and cotangent spaces, we can define component functions
of a tensor field with respect to these bases:
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Definition 2.4.10. Let M be a smooth manifold of dimension n and suppose we have
smooth local coordinates on an open subset U C M. A tensor field A : M — T®EDT M
can then be written in terms of coordinate vector fields and coordinate covector fields as

A= A" lkjl---jl 5 R R e Qdr' @ - @ dalt. (2.36)
The functions Ail"'i’“j1 s U — R are called the component functions of A, and are

given by (analogous fo the tensor components of equation 2.31)

0

Oxit

0

IR e
i
» ox

) . (2.37)

Finally, we can relate the smoothness of the tensor field to the smoothness of its com-
ponent functions:

ATt (p) = A (dﬂ?“ lps - - da™ |,

Lemma 2.4.11.

Let M be a smooth manifold and let A : M — T(k’l)TM be a tensor field. Then A is
smooth if and only if the component functions A”"'ijlmjl are smooth in every coordinate
chart.

In (physics) literature, the distinction between tensors T' (acting on a single point p € M
or, more generally, an arbitrary vector space V') and tensor fields A is often not made
very clear. A tensor field is often simply referred to as a ’tensor’ and denoted by T.
Therefore also the tensor field components A" * 1o are often referred to as ’being’

k

the tensor components 7' e

2.5 DMetrics

In any arbitrary vector space V, the inner product allows us to make sense of geometric
quantities such as the lengths of vectors and the distances between them. In order to
extend these notions to smooth manifolds, we define a metric on them. We first introduce
the Riemannian metric, which is the most straightforward generalisation of the inner
product. Later, generalise this notion to pseudo-Riemannian metrics.

2.5.1 Riemannian Metrics

Definition 2.5.1 (Riemannian Manifold). Let M be a smooth manifold. A Riemannian
metric on M is a smooth tensor field of type (0,2), such that it is an inner product
gp : TpyM x T,M — R at each p € M. In addition, a Riemannian manifold is a pair
(M, g), where M is a smooth manifold and ¢ is some Riemannian metric on M.

By definition, g, is an inner product, so we use the following notation for v,w € T}, M:

gp(v,w) = (v, W)y (2.38)

The length of a vector v € T, M is then given by |v|, = (v, v>§/2.
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Example 2.5.2.

The most standard example of a Riemannian manifold is (R™,q), where g is called the
Euclidean metric. The value of § at each x € R™ is simply the dot product: writing
v,w € T,R™ in terms of the standard coordinates (331, .. .,m”) as vy, V0|, and w =
> w0z, we get

n
(v,w)g = Z viw'. (2.39)
i=1
From now on, when we use R™ as a Riemannian manifold, we always assume the metric
on it is the Euclidean metric g.

Later, in Section 2.7 we will introduce a rigorous notion of curvature of manifolds. For
now, we start with a definition of flatness. For this, we first define isometries between
manifolds.

Definition 2.5.3. Suppose (M, g) and (M, §) are Riemannian manifolds. We say that
(M, g) and (M, ) are isometric, if there exists an isometry between them, i.e. a smooth
bijection ¢ : M — M such that each differential dop : TyM — T¢(p)]\;[ is a linear
isometry (which preserves inner products, i.e. (v,v) = (d¢p(v),ddp(v))).

Furthermore, we say that a map ¢ : M — M is a local isometry if every point p € M
has a neighbourhood U C M, such that ¢(U) C M is open and ¢|y is an isometry.

The notion of flatness makes use of isometries:

Definition 2.5.4. Let M be an n-dimensional Riemannian manifold. We say that M
is flat if it is locally isometric to R™ with the Euclidean metric.

Before considering the more general case of pseudo-Riemannian metrics, we first define
two properties of a Riemannian manifold that are very useful in cosmology and that we
will see in Chapter 3:

Definition 2.5.5 (Isotropy). Let (M, g) be a Riemannian manifold. Let p € M, and
let Iso,(M, g) denote the set of all isometries ¢ : M — M that fix p, i.e. for which
¢(p) = p. For each ¢ € Iso,(M,g), the differential is a map d¢, : T,M — T,M. In
addition the map I, : Iso, (M, g) — GL(T,M), given by I,(¢) = d¢,, is a representation
of Iso, (M, g), called the isotropy representation. We say that M is isotropic at p if the
isotropy representation I, acts transitively on the set of unit vectors in T,,M.

Definition 2.5.6 (Homogeneity). Let (M, g) be a Riemannian manifold. We say that
M is homogeneous if for every pair p,q € M, there is an isometry ¢ : M — M such that

o(p) =q.

The two properties are related in the following way: if a manifold is isotropic everywhere,
then is is homogeneous, and if it is homogeneous and isotropic at (at least) one point,
then it is isotropic everywhere. In words, isotropy means that a manifold looks the same
in every direction, while homogeneity means that it looks the same at every point on
the manifold.
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2.5.2 Pseudo-Riemannian Metrics

Although the Riemannian metric is a useful generalisation of the inner product, it needs
to be generalised even further to be useful for applications in general relativity. The
direct generalisation of the Riemannian metric is the pseudo-Riemannian metric. Before
defining this, however, some preliminary concepts from linear algebra need to be covered.

Lemma 2.5.7.

Let V' be a finite-dimensional vector space and suppose that q is a symmetric bilinear
form, i.e. a symmetric tensor of rank (0,2) on V. Then there exists a linear map
q:V = V*, given by

d(v)(w) = q(v,w) forall v,weV. (2.40)

If ¢ is an isomorphism, we say that q is nondegenerate.

The nondegeneracy of the linear map ¢ is related to some other concepts, as captured
by the following Lemma:

Lemma 2.5.8.
Let V' be a finite-dimensional vector space and q a symmetric bilinear form defined on
it. Then the following are equivalent:

1. q is nondegenerate.
2. For every nonzero v € V, there is a w € W such that q(v,w) # 0.

3. If, for some basis (5’) of V*, q can be written as q = qijsiaj, then the matriz (¢;;)
is invertible.

An inner product is in fact an example of a nondegenerate symmetric bilinear form, a
fact which allows us to define the pseudo-Riemannian metric. From now on, we use
the term scalar product for a general nondegenerate symmetric bilinear form on a finite-
dimensional vector space V', and denote it by (-,-). A vector space V with a scalar
product defined on it is then a scalar product space. Just like for the inner product, we
say that two vectors v,w € V are orthogonal if (v,w) = 0.

An important property of the scalar product is that it can be decomposed in a unique
way:

Lemma 2.5.9.
Let (V,q) be a scalar product space of dimension n. Then there exists a basis (B’) for
V*, such that q can be written as

2 2 2
g= (8" 4 (5) = () = (5770), 2.41)
with respect to this basis. Here, r,s > 0 are integers such that r + s = n.

It can in fact be shown that the numbers » and s do not depend on the choice of basis.
The integer s is called the indez of ¢, while the pair (r, s) is called the signature of q.
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Using the decomposition in Lemma 2.5.9 and the definition of nondegeneracy, we may
now define the pseudo-Riemannian metric:

Definition 2.5.10 (Pseudo-Riemannian Manifold). Suppose that M is a smooth man-
ifold. A pseudo-Riemannian metric (sometimes called a semi-Riemannian metric) is a
smooth symmetric tensor field of rank (0, 2) that is nondegenerate at each point p € M
and has the same signature everywhere. The pair (M, g), where M is a smooth manifold
and g a pseudo-Riemannian metric, is called a pseudo-Riemannian manifold.

Remark. Since the inner product is a special case of the scalar product, every Riemannian
metric is also pseudo-Riemannian.

Example 2.5.11.

A generalisation of Euclidean space is pseudo-Euclidean space, which is a simple example
of a pseudo-Riemannian manifold. A pseudo-Euclidean space of signature (r,s) (denoted
by R™ ), is the manifold R 5 with standard coordinates (51, Y L S ,7'5), and the

pseudo-Riemannian metric %) given by

g = (de")* + -+ (dg")? = (dr!)* = — (dr)? (2.42)

For every point p on a (pseudo-)Riemannian manifold M, a local frame can be found
that is orthonormal in a neighbourhood of p:

Definition 2.5.12. Let (M, g) be a (pseudo-)Riemannian manifold and U C M open.
A local frame (E;) on U is called an orthonormal frame if the vectors Eilp, ..., Ey|,
form an orthonormal basis for T,M at every p € U.

Lemma 2.5.13.
Let (M, g) be a (pseudo-)Riemannian manifold. For everyp € M, there exists a smooth
orthonormal frame on a neighbourhood U C M of p.

As stated before, a Riemannian metric is a special case of a pseudo-Riemannian metric.
From a geometric point of view, Riemannian metrics form the most interesting cate-
gory of pseudo-Riemannian metrics. There is however another category of the pseudo-
Riemannian metrics that is of (almost) equal importance, especially in physics. This
category is formed by the Lorentz metrics, which are just pseudo-Riemannian metrics of
signature (r,1). In particular, the pseudo-Euclidean metric g™V is called the Minkowski
metric, and the Lorentz manifold R is called (r + 1)—dimensional Minkowski space.
In general relativity, the Lorentz metric is allowed to vary from point to point to account
for gravitational effects. As it so happens, most results from Riemannian metrics also
apply to pseudo-Riemannian metrics and thus to Lorentz metrics.

2.5.3 Local Representation of the Metric

Usually, we the metric is represented as some n x n matrix. We will now see how this
matrix form is derived. Let (M, g) be a (pseudo-)Riemannian manifold and suppose
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(wl, . ,x”) are smooth local coordinates on an open subset U C M. The metric g can
then be written as ' ‘

g = gijda’ @ da’. (2.43)
Here, we have n? smooth components functions g;; (for 4,5 € {1,...,n}). The compo-

nents form a symmetric n xn matrix (g;;), with components given by g;;(p) = (9ilp, 9jp),
such that they depend smoothly on p. In addition, the matrix is nonsingular everywhere:
if v € T,M such that g;;(p)v? = 0, then (v,v) = g;;(p)v'v/ = 0, implying v = 0.

The expression for the metric in terms of its components can be simplified further by
using the symmetric product (see for example [Lee, 2003], Chapter 12), yielding

g= gijd:ci ®da! = gijdxidxj. (2.44)

In physics, the metric on a manifold is often denoted in the following way:
ds? = g;;da’da, (2.45)

where ds? describes the (square of) the distance between two infinitesimally close points
on the manifold.

We can write the metric components even more generally than in equation 2.44. Suppose
that (E;) is a smooth local frame for TM on an open subset U C M, with dual coframe
(¢"). Then a local decomposition of g is given by

9 = gije'e’, (2.46)
where the components are given by

9i5(p) = (Eilp, Ejlp)- (2.47)

Again, the matrix (g;;) is nonsingular, smoothly dependent on p, and symmetric.

2.5.4 Raising and Lowering Indices

Although vectors and covectors are defined quite differently, they can be easily trans-
formed into each other by applying a (pseudo-)Riemannian metric. We discuss the
construction below.

Let (M, g) be a (pseudo-)Riemannian manifold. Defining a bundle homomorphism (see
also Lemma 2.5.7) g : TM — T*M by

9(0)(w) = gp(v, w) (2.48)

for all p € M and v,w € T,M, it follows that for any two smooth vector fields X,Y on
M
9X)(Y) = g(X.Y). (2.49)
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As it turns out, the function § is smooth, and §(X) is a smooth covector field on M.

Given a smooth local frame (FE;) and its dual (¢*), we use the local expression for g, so
g = gije'e’. In addition, let X = X"FE; be a smooth vector field. The covector field §(X)
can then be written in terms of its components as

§(X) = X;8 = (g X")el. (2.50)

We thus used the metric g;; to lower the components of the vector field X. Analogously,
we say that g (X) is obtained from X by lowering an index and we call g (X) X flat, or
X’

Before we continue with raising an index, note that the map § is invertible, since the
matrix (g;;) is nonsingular everywhere. Thus, the inverse G~ ! corresponds to the inverse
matrix (g*), of which the components satisfy ¢ g;i = grjg’* = 9},

Now, given a covector field w = wje’, we find a vector field given by

97 (w) = W'E; = (¢"w))Ei, (2.51)
which we call w sharp and denote by wf. It is obtained from w by raising an index. It
is worth mentioning that b and # are called musical isomorphisms.

Not only the indices of (co)vector fields be lowered and raised. In fact, this can be done
with tensors of any rank. We shall not go into too much detail about this and just show
an example:

Example 2.5.14.
Suppose that A is a tensor (field) of rank (1,2), written is terms of a local frame by

A=A/ £ ®E;®e" (2.52)

We can then lower the middle index to obtain (the components of) a rank (0,3) tensor:
Aijk = gleijk~ (253)

Besides rasing and lowering indices, the musical isomorphisms can be used to take the

trace of (0, k) tensor fields that are defined on (pseudo-)Riemannian manifolds (for k£ >
2). By raising an index, a (1,k — 1) tensor field is obtained:

Definition 2.5.15. Let (M, g) be a pseudo-Riemannian manifold and h a (0,k) (k > 2)
tensor field defined on M. The trace of h with respect to g is defined as

Tr, h == Tr(h¥). (2.54)

Without going into detail about what the trace of hf looks like, we consider the simple
case k = 2, which is the most important for applications. It then holds that

Tryh = g h; = R, (2.55)
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which is equal to the ordinary trace of the matrix (h;;) if the frame is orthonormal.

The final application of the musical isomorphisms we discuss is taking the inner(/scalar)
product of covectors:

Definition 2.5.16. Suppose (M, g) is a (pseudo-)Riemannian manifold and let p € M.
A scalar product on the cotangent space T; M is defined by

(w,mg = (wh,nf)g. (2.56)
Remark. Using the definition above (2.5.16) and equation 2.51, we find that
(w,n)g = gn (g’“wi> (g” m) = 619" win; = g”win;. (2.57)
This can also be written as ‘ '
(w,mg = win' = w’n;. (2.58)

As an aside, note that it is also possible to take inner products of tensors.

2.6 Connections and Covariant Derivatives

When working on an arbitrary (pseudo-)Riemannian manifold, the standard directional
derivative loses much of its power (as described in [Lee, 2019], Section 4.1). Therefore,
a new kind of derivative must be introduced; the connection (and the closely related
covariant derivative). In this section, we give the definition of a connection and highlight
some of its applications. To properly define a connection, we first need to introduce a
generalisation of the (co)tangent and tensor bundles we saw in Sections 2.2.2,2.3.4 and
2.4.3; a smooth vector bundle:

Definition 2.6.1. A smooth vector bundle consists of two smooth manifolds M and FE,
together with a smooth surjection 7 : £ — M. In addition, for every p € M, there exists
an open neighbourhood U C M of p, a k € N and a diffeomorphism ¢ : U xR*¥ — 71 (U)
that satisfies for all x € U:

1. (ro¢)(z,v) =2 VveRF
2. v+ $(x,v) is a linear isomorphism between R* and 7#~! ({z}).
The definition of a connection makes use of vector bundles:

Definition 2.6.2 (Connection). Let M be a smooth manifold, and let 7 : E — M be
a smooth vector bundle over M. Denote the space of all smooth maps ¢ : M — FE
satisfying mo o = Idp; by I' (E) and the space of all smooth vector fields on M by X. A
connection in FE is a map

V:X(M)xT(E) =T (E), (2.59)

given by (X,Y) — VxY, that satisfies the following properties:
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1. For any two functions fi, fo € C*°(M) and X, Xo € X (M),
Viaxi+pxY = [1iVx,Y + oV, Y. (2.60)

2. For any a;1,a2 € R and Y;,Ys € I' (E),
Vx (CL1Y1 + ang) =a1VxY1 +aaVxYs. (2.61)

3. V satisfies the product rule: for any smooth function f on M,

Vx (fY) = fVxY + (X[)Y. (2.62)

The operation VxY is called the covariant derivative of Y in the direction of X.

Although a connection is globally defined, it is actually a local operator. In particular,
the value of VxY at a point follows directly from the values of X and Y at that point.
This statement is made precise by the following Lemma:

Lemma 2.6.3.

Let V be a connection in a smooth vector bundle w: E — M. For every smooth vector
field X € X(M), every smooth map Y € I'(E), and any p € M, the value VxY|, only
depends on the values of Y in a neighbourhood of p and the value of X at p. By writing
X in terms of its components with respect to the coordinate vector fields, we obtain

VxY|p=Vyxig,Y|p = X' (p)Va,Y |, (2.63)

Remark. Using Lemma 2.6.3, we can introduce some notation. Let X be a vector field
defined on a neighbourhood of p, such that X|, = v, i.e. v € T,M. In addition, suppose
that Y is a smooth function Y : M — F satisfying m o Y = Idys that is defined in
a neighbourhood of p. Lemma 2.6.3 shows that the value VxY|, does not depend on
whether and how Y is defined on the entire manifold. We set

VoY = VY], (2.64)

2.6.1 Connections in the Tangent Bundle

Thus far, we have seen the general definition of a connection in any smooth manifold F.
However, we are interested in (pseudo-)Riemannian geometry, in which the focus lies on
connections in the tangent bundle. Often, this is simply called a connection on M, or
sometimes an affine connection. Note that it is only possible to define a connection in
TM because it is in fact a smooth manifold (see Section 2.2.2).

A connection in the tangent bundle T'M is a map
V:iX(M)xX(M)— X(M), (2.65)

which satisfies the properties in Definition 2.6.2. For every smooth manifold M, the
tangent bundle T'M admits a connection. We now investigate what a connection on the
tangent bundle looks like when a local frame is chosen:
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Proposition 2.6.4.

Let M be a smooth n-manifold and U C M an open subset. Suppose that (E;) is a
smooth local frame for TM on U. For any i,j € {1,...,n}, the vector field Vg, E; can
be expanded as

Vg Ej =T} Ey. (2.66)

As i3,k € {1,...,n}, we get n® smooth functions Ffj : U — R, which are called
connection coefficients of V.

In fact, the connection can be completely described in terms of its connection coeflicients
on the neighbourhood U, as stated in the following Proposition:

Proposition 2.6.5.

Let M be a smooth manifold, U C M open and V a connection in TM. Suppose that
(E;) is a smooth local frame over U, and let {Ff’]} be the connection coefficients of V
with respect to it. For any two vector fields X,Y , we have

VxY = (X (Y*) + XYIT)) By (2.67)

The connection coefficients of a connection with respect to one local frame can easily be
related to the connection coefficients with respect to some other local frame:

Proposition 2.6.6.
Let M be a smooth manifold and V a connection in the tangent bundle T M. Suppose

that (E;) and <E~Z) are two smooth local frames for TM on an open subset U C M.

Denote the connection coefficients of V with respect to the two frames as I’fj and f’fj

If the two frames are related by E; = AgEj for some matrix (Az), then the connection
coefficients are related by

I = (A7), ATATTS, + (A7)E ALE, (A7), (2.68)

2.6.2 Connections in Tensor Bundles

Before, in Section 2.6.1, the connection in the tangent bundle was introduced and used
to compute the covariant derivative of vector fields. However, it can also be indirectly
used to compute the covariant derivatives of any tensor field A of rank (k,!) for some
k,l > 0, as it induces connections in all tensor bundles over a smooth manifold M. The
covariant derivative V x A is linear in X. Therefore, all covariant derivatives can be taken

together in a new tensor field of rank (k,l + 1), called the total covariant derivative of
A.

Proposition 2.6.7 (Total Covariant Derivative).
Let M be a smooth manifold with a connection V in the tangent bundle T M. Denoting
the space of all smooth covector fields w by T*(M), the total covariant derivative of A
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for a smooth tensor field A of rank (k,l), may be defined as a map

VA: THM) x - x THM) x £(M) x --- x £(M) — C®(M), (2.69)

ktimes l+1times

that is given by
(VA (W', ..., wF Y1, Y, X) = (Vx AW, ..., o, Y1, .. Y), (2.70)

such that VA is a smooth tensor field of rank (k,1+ 1).

The components of the total covariant derivative may be straightforwardly calculated
with the following Proposition:

Proposition 2.6.8.

Let M be a smooth manifold and V a connection in T M. Suppose that (E;) is a smooth
local frame for TM, with {Ff’]} the connection coefficients of V with respect to it. If A
is a (k,l) tensor field, the components of the total covariant derivative are given by

k l
i1l _ i1-ig L1epeiy is i1l P
AT jym = Em (A jl-m) +_ A il = 2 AT i T,
s=1 s=1
(2.71)

Remark. For a covector field w, equation 2.71 reduces to

(2.72)

k
Wizm = Epw; — wil'y;.

In equations 2.71 and 2.72, the semicolon indicates that the indices after the semicolon
are the result of differentiation.

2.6.3 The Covariant Directional Derivative

Having seen how to take the 'normal’ covariant derivative, we will also define the covari-
ant directional derivative; a covariant derivative along a curve. First we define vector
and tensor fields along a curve:

Definition 2.6.9. Let M be a smooth manifold and suppose that v : I — M is a
smooth curve.

o A (smooth) vector field along ~y is a continuous (smooth) map V' : I — T'M such
that V(t) € T, for every t € I. It is said to be extendible if there is a smooth

vector field V on a neighbourhood of ~(I) such that V =V o~.

e More generally, a (smooth) tensor field along 7 is a continuous (smooth) map
o : I — TWDTM such that o(t) € T®D (T, M) for each t € I. Extensibility is
defined in the same way as for vector fields.
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The set of all smooth vector fields along the curve v is denoted by X(7), and is a real
vector space under pointwise vector addition and scalar multiplication.

Now we are in a position to define the covariant directional derivative:

Theorem 2.6.10 (Covariant Directional Derivative).

Let M be a smooth manifold and V a connection in TM. Suppose that V,W are
smooth vector fields along . For every smooth curve v : [ — M, V determines a unique
operator

Dy : X(v) = X(7), (2.73)
called the covariant directional derivative along . It satisfies the following properties:

1. It is linear over R: for every a,b € R

2. Product rule: for every smooth function f on I

D, (fV) = fV + fD,V. (2.75)

3. If V is extendible, then for every extension V of V,

DV (t) = VsV, (2.76)

A (nearly) equivalent definition of the covariant directional derivative is captured in the
following formula:

DV (1) = VI1) 0y + VIO 51,0 = (VEO) + 7 OVIOTE (1)) el
(2.77)
Here, the V7(t) terms are the derivatives of the components of V, which are given by
V(t) = VI(t) 0j|7(t). More generally, for any smooth tensor field there is an analogous

covariant directional derivative along «. In particular, for covector fields w = w;dz?, the
covariant directional derivative is given by

Da(t) = (n(t) = 4 (B (DTS (4(2) ) da® (2.78)

2.6.4 The Levi-Civita Connection

In Section 2.2.3, it was established that every tangent bundle TM admits a connection.
In fact, many different connections can be defined. We shall now describe two proper-
ties, metric compatibility and symmetry, that determine a unique connection on every
(pseudo-)Riemannian manifold; the Levi-Civita connection.

The first property, metric compatibility, essentially means that a connection satisfies the
product rule:
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Definition 2.6.11. Let (M, g) be a (pseudo-)Riemannian metric. A connection V on
TM is said to be compatible with g if it satisfies the product rule for all XY, Z € X (M):

Vx(Y,Z) = (VxY, Z) + (Y,VxZ). (2.79)

If a connection satisfies 2.79, it is also said to be a metric connection. Metric com-
patibility can be defined in a number of equivalent ways, as stated by the following
Proposition:

Lemma 2.6.12.
Let (M, g) be a (pseudo-)Riemannian manifold and suppose that V is a connection in
TM. Then the following are equivalent:

1. V is a metric connection.
2. The total covariant derivative of the metric vanishes identically: Vg = 0.

3. If (E;) is any smooth local frame, the connection coefficients {Ffj} satisfy
T} + Fi;jgz'z = Ey (9i5) - (2.80)

4. If V.W are smooth vector fields along some smooth curve -y, it holds that

%(V, W) = (D,V, W) + (V, D,W). (2.81)

As it turns out, many different metric connections can be defined for all (pseudo-
JRiemannian manifolds. Therefore, this property is now sufficient for defining the unique
Levi-Civita connection. The other property required for this is symmetry:

Definition 2.6.13. Let (M, g) be a smooth manifold. A connection V on the tangent
bundle is symmetric if it satisfies

VxY —VyX =[X,Y] forall X,Y €X(M). (2.82)

Remark. In Definition 2.6.13, the object [X, Y] is a Lie bracket, of which the coordinate
expression is given by

0
ozt

0

[(X,Y] =X (Y e

—-Y (X"

(2.83)

We are now ready to define the Levi-Civita connection. The Theorem that guaran-
tees the existence of this connection is called the Fundamental Theorem of Riemannian
Geometry:

Theorem 2.6.14 (The Levi-Civita Connection).
Let (M, g) be a (pseudo-)Riemannian manifold. Then there exists a unique connection
V on T M that is compatible with g and symmetric. This connection is called the .
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The next Proposition gives us some useful formulas for computing the Levi-Civita con-
nection:

Proposition 2.6.15.
Let (M, g) e a (pseudo-)Riemannian manifold and V the Levi-Civita connection on it.
The following then holds:

1. If X,)Y,Z € X (M), then

(VxY,Z)=- (XY, 2)+Y(Z, X)-Z(X,Y) = (Y,[X,Z]) - (Z,[Y, X]) + (X, [Z,Y])) .

(2.84)

N =

2. In any smooth coordinate chart for M, the connection coefficients are given by
1
FZ = 59“ (Oigji + 0594 — D1gij) - (2.85)

These coefficients are called Christoffel symbols. As the Levi-Civita connection is
symmetric, the Christoffel symbols are symmetric in the lower two indices.

3. Suppose that (E;) is some smooth local frame on an open subset U C M. Writing
cfj for the n® smooth functions U — R defined by

[E;, Ej] = c}; Ey. (2.86)

In this frame, the coefficients of the Levi-Civita connection are then given by

1
Tiy = 59" (Bigjt + Ejgit — Bigij — 9jmCi — Qimc5; + gimclj) - (2.87)

From now on, we shall always use the Levi-Civita connection, without explicitly stating
so. A final interesting results about this connection is that its total covariant derivative
commutes with the musical isomorphisms:

Lemma 2.6.16.
Suppose that A is some smooth tensor field of rank (k,l) on a (pseudo-)Riemannian
manifold M. If k > 1, then

v (Ab> = (VA) . (2.88)
Similarly, if | > 1, then

v (Aﬁ) = (VA) . (2.89)
2.7 Curvature

In this Section, we will define what it means for a manifold to have curvature. Recall that
in Section 2.5.1, we defined that a Riemannian manifold is flat if it is locally isometric
to some Euclidean space (see Example 6.14). Similarly, a pseudo-Riemannian manifold
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is said to be flat if it is locally isometric to some pseudo-Euclidean space (see 2.5.11).
We will see that there is a more rigorous way of checking whether a manifold is flat,
namely by using the Riemann curvature tensor. Starting with the flatness criterion, we
will show the steps that motivate the definition of this tensor.

Definition 2.7.1. If V is any connection on a smooth manifold M, it is said to satisfy
the flatness criterion, if for any smooth vector fields X,Y, Z on an open subset U C M,
it holds that

VxVyZ —VyVxZ =V xyZ, (2.90)

where the expression on the right hand side involves a Lie bracket and simply means
Vixy)Z =Vxy-vxZ.

Remark. As we saw in Section 2.6.14, the Levi-Civita connection is a unique connection
that is especially 'well-behaved’. It also satisfies the flatness criterion.

2.7.1 The Riemann Curvature Tensor

We are not only interested in flatness, but also in curvature. To this end, we make the
following definition:

Definition 2.7.2. Let (M, g) be a (pseudo-)Riemannian manifold. We define the Rie-
mann curvature endomorphism as the map R : X (M) x X (M) — X (M), given by

R(X,Y)Z = VxVyZ - VyVxZ - VixyZ. (2.91)

Remark. This map R defines a (1,3) tensor field on M. For any X,Y € X (M), the
map R(X,Y) : X (M) — X (M) given by Z — R(X,Y)Z is a smooth bundle endo-
morphism, called the curvature endomorphism determined by X and Y. Therefore, the
name Riemann curvature endomorphism is justified.

Since it is a (1, 3) tensor field, the Riemann curvature endomorphism can be written in
terms of any local frame as

R=R B ®c®dx (2.92)
Its coefficients are then defined by
R(Ei.E)) B = Ry B (293)

In equations 2.92 and 2.93 we adopted the convention that the upper indices come
first. We will continue to use this convention from now on. As stated by the following
Proposition, there is a straightforward way of computing the coeflicients Rli ik

Proposition 2.7.3.
Let (M, g) be a (pseudo-)Riemannian manifold. For any set of smooth local coordinates,
the components of the Riemann curvature endomorphism are given by
Ry = 0%y, — 0;Th, + TT), — TRIS . (2.94)

ijk i
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A more useful way to work with the components Rlijk of the Riemann curvature endo-
morphism, is by encoding them in a tensor of rank (0,4), which is derived from R as
follows:

Definition 2.7.4 (Riemann Curvature Tensor). Let (M, g) be a (pseudo-)Riemannian
manifold and R the Riemann curvature endomorphism. Then the Riemann (curvature)
tensor is the rank (0,4) tensor field Rm = R°.

In any choice of smooth local coordinates, the coefficients R;;r; = glmRmijk are given by
Rigie = gum (O — ;0% + T4,I — THT) (2.95)

which follows immediately from equation 2.94.

As stated before, the Riemann tensor can be used to rigorously check whether a manifold
is flat:

Theorem 2.7.5.
A (pseudo-)Riemannian manifold is flat if and only if its curvature tensor vanishes
identically.

The Riemann tensor has a number of symmetries, making computations of its compo-
nents significantly easier. The following Proposition summarises all symmetries.

Proposition 2.7.6.
Let (M, g) be a (pseudo-)Riemannian manifold and suppose that W, X,Y, Z are vector
fields on M. Then the Riemann tensor satisfies the following statements:

1. Skew-symmetry in the first two arguments: Rm (W, XY, Z) = —Rm (X, WY, Z).

In terms of the tensor components, this means Ry;jr = — Ry,
2. Skew-symmetry in the last two arguments: Rm (W, X,Y,Z) = —Rm (W, X, Z)Y),
or Ryji = —Rykj in terms of the tensor components.

3. Symmetry in permutation of the two pairs of arguments:
Rm (W7X7Y7 Z) = Rm (}/’ Za VVaX): or Rll]k = Rjklz

4. Rm (W, XY, Z)+ Rm (X, Y,W,Z)+ Rm (Y, W, X,Z) =0, or
Ryiji + Riji + Rjir = 0.

2.7.2 The Ricci Tensor

As the Riemann curvature tensor is of rank (0,4), it can be quite complicated to work
with. Thus, it is useful to construct a simpler tensor based on it, while retaining some
of the information carries by the Riemann tensor. To this end, the Ricci tensor is
constructed.
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Definition 2.7.7 (The Ricci Tensor). Let (M, g) be a (pseudo-)Riemannian manifold
and X,Y vector fields on M. Then the Ricci tensor is a map

Re(X,)Y)=Tr(Z— R(Z,X)Y), (2.96)
of which the components R;; are given by

Ri; = Rkkij = "™ Ry (2.97)

Derived from the Ricci tensor is the Ricci scalar:

Definition 2.7.8. Let (M, g) be a (pseudo-)Riemannian manifold and X, Y vector fields
on M. Then the Ricci scalar, sometimes called the scalar curvature, is the trace of the
Ricci tensor. It is denoted by R or S and given by

R =TryRc = R;' = " R;;. (2.98)

2.8 Connecting Differential Geometry to General Relativ-
ity
Thus far, we have seen a great number of concepts that are of importance in differential

geometry, such as tensors and covariant derivatives. In order to apply these concepts to
general relativity, it is necessary to understand the geometrical structure of spacetime.

In short, in general relativity, spacetime is modeled as a four-dimensional smooth man-
ifold, equipped with a Lorentz metric (as defined in Section 2.5.2). Unless explicitly
stated otherwise, we assume that the (co)tangent bundle is equipped with the coordi-
nate (co)frame (see example 2.3.9).

The connection on the Lorentz metric that is used in general relativity is always the
Levi-Civita connection (defined in Section 2.6.14). Since the standard (co)frame on the
manifold M is taken to be the coordinate (co)frame, the connection coefficients of the
Levi-Civita connection are always the Christoffel symbols, as follows from Proposition
2.6.15.

In addition, an extra condition is imposed on the Lorentzian metric g: its Ricci curvature
R has to satisfy Einstein’s equation (explained in [Lee, 2019], [Choquet-Bruhat, 2009]),

given by
87G

1

where ¢ is as usual the metric, Rc the Ricci tensor and R the Ricci scalar. The constants
in this equation are the speed of light in vacuum, which has the value [Mohr et al., 2022]

c~3.00-108ms™, (2.100)
and the gravitational constant G, which has the value

G~6.67-107"m?kg!s72 (2.101)

35



CHAPTER 2. GENERAL RELATIVITY AS GEOMETRY 36

In addition, T is a symmetric 2-tensor field called the stress-energy tensor, which de-
scribes the density and flux of energy and momentum at each point in spacetime. We
shall see this tensor field in more detail in Section 3. Furthermore, Rc in this equation
denotes the Ricci curvature tensor, and R denotes the Ricci scalar, which is the trace of
the Ricci tensor.

In addition, we shall from now on follow the convention that the signature of the Lorentz
metric g is given by (3,1), or, in the language of physics, the signature (— + +-+).

Later, in Section 3.6, we will see the definition of another smooth manifold; the field-
space manifold. We leave the explanation of this concept until then, but it is worth
noting that this is a Riemannian manifold with metric tensor G.

Besides establishing the geometric structure of spacetime, it is useful to introduce the
most important conventions that are used in general relativity. The first convention is
the Einstein summation convention, which we have already been using in the entirety
of this Section. Recall that the statement of the Einstein summation convention is
that every repeated index should be summed over, see equation 2.1. Another standard
practice is to refer to (co)vectors or tensors in terms of their components. As the basis
on the (co)tangent space is always understood to be the coordinate basis (or its dual), it
is not necessary to explicitly mention the basis vectors. Thus, a tangent vector v € T, M,
written in terms of the coordinate basis as
d

s , 2.102
0= gl (2.102)

is simply written as v’. Anaogously, a tensor (field)

g Bn @ QE, @' ®---®¢, (2.103)

where (E;) and (¢7) are the coordinate frame and coframe respectively, is referred to as

i1
T Ji--Jit
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Chapter 3

General Relativity, Cosmology
and Inflation

Having introduced all mathematical concepts that form the framework of general relativ-
ity, we turn to the physics behind inflation. We start with a Section on general relativity,
in which Einstein’s equation and the stress-energy tensor are introduced, amongst other
things. Then, in Section 3.2, a general introduction of the field of cosmology is given. Af-
ter starting with a discussion about homogeneity and isotropy, the Friedmann-Lemaitre-
Robertson-Walker is introduced and the Friedmann equations are derived. Unless stated
otherwise, [Carroll, 2019] is used as a source for these two sections. In Section 3.3, the
need for a period of inflation in the very early universe is motivated by two problems
with standard Big Bang cosmology: the horizon and flatness problems. Next, in Section
3.4, it is explained how inflation solves those problems and how it helps to generate
cosmological perturbations. Finally, in Sections 3.5 and 3.6, single-field and multifield
inflation are introduced, respectively.

Remark. Unless specifically stated otherwise, we from now on use natural units, meaning
that the speed of light ¢ and the the reduced Planck constant & are set to 1. Furthermore,
the reduced Planck mass My = 1/(87@G) is also set to 1.

Remark. When referring to the components of some object (the metric, a tensor, etc.),
we use Greek indices (e.g. u,v) for quantities related to spacetime, Latin indices such
as 1, j for quantities related to the spatial part of spacetime, and Latin indices (e.g. a,b)
for quantities related to field-space (which is introduced in Section 3.5).

3.1 Physics of General Relativity

The physical idea behind the concept of a curved spacetime manifold is that curvature
s gravity. Gravity influences the behaviour of matter, and in turn matter determines
the gravitational field. The larger the effects of gravity are in a certain region of space,
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the more strongly curved spacetime is in that region. In the vicinity of a black hole, for
example, spacetime is strongly curved.

More specifically, spacetime (or the metric on it) responds to the presence of energy
and momentum (both carried by matter). The field equation that the spacetime metric
must satisfy is ultimately a postulate, motivated by the known physics of Newtonian
mechanics and special relativity. It turns out that this postulate agrees extremely well
with experimental tests (as explained in [Will, 2014], for example). In terms of the Ricci
tensor R, the Ricci scalar R (see 2.7.2) and the stress-energy tensor T}, the Finstein
field equation, or just Finstein’s equation, is given by

1
R,uy - iRg;w = dpv, (3'1>

where we have used 8mG = 1 (see also equation 2.99). Note that we have used the
convention of referring to tensors in terms of their components (as introduced in Section
2.8) in equation 3.1. An important feature of the Einstein field equation, and of general
relativity as a whole, is that the energy-momentum tensor is the source of the gravita-
tional field (and thus of the curvature of spacetime). In words, Einstein’s equation can
be stated as follows [Baez and Bunn, 2005]: ” The expansion of the volume of any set of
particles initially at rest is proportional to (minus) the sum of the energy density and
the three components of pressure.”

To understand how the stress-energy tensor is defined, we consider the derivation of
Einstein’s equation through the principle of least action (see [Rindler, 2018], [Lee et al.,
2018] for a more detailed explanation of this method). We start by defining an action
that is suitable for general relativity. As proposed by Hilbert, the simplest choice for a
Lagrangian is the Ricci scalar R. Assuming that we our working on a 4-manifold with
a Lorentzian metric, the action corresponding to this Lagrangian is

Sy = / V—gRd*z, (3.2)

which is called the Einstein-Hilbert action. Here, g denotes the trace of the metric g,
(and not the metric function, as it often was in Chapter 2). In fact, the choice for the
Lagrangian is unique in some way (see [Carroll, 2019] for a more in-depth discussion).
The Einstein-Hilbert action encodes for the gravitational part of the action on spacetime.
To account for matter, we must consider an action of the form

1
S=§SH+SM, (3.3)

where Sps is the action corresponding to matter. Varying this action with respect to
the inverse metric (as the metric is the dynamical variable on the spacetime manifold)

yields
1 65 1 1 1 6Sy
2 - (Ru—ZRgu )+ —2M 4

V=gdgn 2 (R“ 3" ) T g0 " (34)
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Rearranging the terms and defining the stress-energy tensor as
9 1 6Su
V=g g’

we recover the Einstein field equation (see equation 3.1).

T, = (3.5)

If we consider matter in the form of a scalar field ¢ acting on spacetime (see also Section
3.5), it follows that the associated stress-energy tensor is given by

1 68
TW@) _ 9 = T9¢
“” V=g g

= vu¢vu¢ - %gw/gapvpva(l5 - guuv((b)' (36)

Additionally, for a perfect fluid the stress-energy tensor reduces to (given as a tensor of
rank (2,0))
T" = (p + p)U*U" + pn!*, (3.7)

where 7, = diag(—1,1, 1, 1) is the Minkowski metric and U* is the four-velocity (vector
field) of the fluid.

3.2 Basic Ideas of Cosmology

Cosmological models are based on the assumption that the universe looks the same
everywhere, at least on the largest scales. This is usually expressed by saying that the
universe is homogeneous and isotropic, and the combination of these properties is known
as the cosmological principle. Isotropy means that, on the largest scales, space looks
the same in every direction, while homogeneity refers to space looking geometrically the
same at every point. Although these are very intuitive concepts, they are actually also
properties that can be formally assigned to a manifold M, as defined in Chapter 2.

3.2.1 The FLRW Metric

A very useful property of homogeneity and isotropy is that together they imply that a
manifold is maximally symmetric. Observational evidence shows that space is homoge-
neous and isotropic. Since space is a part of the four-dimensional spacetime-manifold,
one might assume that all of spacetime is in fact maximally symmetric. This turns out
to not be the case, as this results in solutions to the Einstein field equation that are only
valid if there is no matter present in the universe (see e.g. [Carroll, 2019], Section 8.1).
Therefore, it is necessary to restrict the analysis to that for which we have observational
evidence, namely that the universe is spatially homogeneous and isotropic. Spacetime
is therefore modelled as R x 3, with R representing the time coordinates and > being a
maximally symmetric three-dimensional Riemannian manifold (see also [O’Neill, 1983]
for the decomposition of spacetime in this way). Note that the definitions of isotropy
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(Definition2.5.5) and homogeneity (Definition 2.5.6) are thus sufficient for the present
discussion. The metric on spacetime is therefore of the form

ds? = —dt* + R%(1) (%j(u)duiduj) , (3.8)
where the three-dimensional metric v;; has to satisfy
@ Riint = k(varvjt — Yarvin) (3.9)

and defining k = ®)R/6. The coordinates used in equation 3.8 are called comoving
coordinates, meaning that there are no cross terms dtdu’ and that the dt? coefficient
does not depend on the u’.

Any two dimensional metric of the form 3.8 can be put in the form (see for example
[Carroll, 2019], Chapter 5)

do? = 22D ar? + 72(d6? + sin? fdg?). (3.10)

By computing the components of the Ricci tensor, it can be deduced that § = —1/2In(1—
k72). In addition, we define a dimensionless scale factor (with R(to) = Ro)

R(1)
t) = — 3.11
aft) = 20, (3.11)
and a curvature parameter
k

which have dimensions of distance and 1/length?, respectively. Also note that the defi-
nition of the scale factor implies that in the present a(tp) = 1. This way, we obtain

2

2 2 . 2
ds® = —dt” + a“(t) <1_m2

+72d6? + r? sin? 0d¢2> : (3.13)
as the metric for a spatially homogeneous and isotropic universe. This is know as the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. The scale-factor a(t) governs
the size of the spatial slice 3. Its evolution will be discussed in the next section. Before
moving on, we note that the nonzero components of the Ricci tensor for the FLRW
metric are given by

Y
Rop = —2, (3.14a)
a
ad + 262 + 2k
Ryy=——"—35— 3.14b
1 1—kr? ( )
Roy = 1% (ad + 2a* + 2k), (3.14c)
Rs3 = 12(ad + 2a* + 2k) sin? 0. (3.14d)
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3.2.2 The Friedmann Equations

In order to determine anything about the evolution of the universe, one needs to know
the behaviour of the scale factor a(t). We will derive this behaviour by considering
Einstein’s equation.

We model matter and energy as a perfect fluid, which is at rest in comoving coordinates,
and therefore has four-velocity
U* =(1,0,0,0). (3.15)

We offer some more insight into perfect fluids in Section 3.2.3. Recalling the expression
for the stress-energy tensor for a perfect fluid (equation 3.7), we see that it straightfor-
wardly reduces to T}' = diag(—p, p, p,p) for the given four-velocity, so the trace is

T=T=-p+3p. (3.16)
To deduce the Friedmann equations, recall that Einstein’s equation can be written as

1

Ry, = 87G (TW - ng,T> : (3.17)

Using equation 3.14a and the components of the FLRW metric, 4 = v = 0 yields the
(first) Friedmann equation

. 2

a 8tG K

Z) ===, = 1
(a> . (3.18)

while u, v € {1,2,3} leads to the second Friedmann equation, given by

a drG
-=—— 3p). 3.19
" 3 (p+3p) (3.19)

All choices for p,v # 0 lead to the same equation, due to the isotropy of the spatial
slices of the spacetime manifold.

The rate of expansion is typically characterised by the Hubble parameter, defined as
a(t
H = @. (3.20)

At the present time, the value of the Hubble parameter is known as the Hubble constant
Hj, which has been measured to be Hy = 70 & 10 km/sec/Mpc.

3.2.3 Perfect Fluids

In the previous section, we modelled all matter and radiation in the universe as a perfect
fluid. A perfect fluid is an idealised material that can be completely characterised by
the mass density and isotropic pressure (pressure that is uniform in all directions). But
what sorts of perfect fluids are relevant in cosmology and how do they contribute to the
energy density in the universe?
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To obtain a relation between the energy density in the universe and the scale factor,
consider the zeroth component of the equation for conservation of energy. It can be
derived using the Christoffel symbols associated with the FLRW metric:

0=v,T"
A A
= 9T, + T T — T T"

Z*bfﬂp+m%- (3.21)

To solve this equation, we need to introduce an equation of state, i.e. a relation between
p and p. For perfect fluids relevant in cosmology, the equation of state is given by

p = wp, (3.22)

where w is constant. Sometimes w itself is said to be *the equation of state’. Substituting
this in equation 3.21, we obtain

p__ '
; 3(1+w). (3.23)

Integrating this gives p o« a=31+®) Three kinds of important cosmological fluids are

matter, radiation, and vacuum energy, which we shall now discuss separately.

e Matter consists of non-colliding, non-relativistic particles with negligible pressure.
Ordinary stars and galaxies are examples of matter. Thus, it holds that w = 0, and
the energy density is given by pas o< a™3. This can be interpreted as the decrease
of particle density as the universe expands. A universe in which matter makes the
greatest contribution to the energy density is said to be matter dominated.

¢ Radiation is a term used to describe for instance electromagnetic radiation, but
also massive particles that move at near-relativistic speeds. The equation of state
for radiation is pr = 1/3pg, so the energy density decreases as pr o< a~*. This can
be explained in the following way: the number density of the particles of which
radiation consists falls of as a3, just as for matter. In addition, the particles lose
energy as a~ ' due to redshifting.

e Vacuum energy is the energy density associated with empty space, or vacuum.
Due to quantum fluctuations, space always has a nonzero energy density, even in
the absence of matter or radiation. Unlike for matter and radiation, the vacuum
energy density is constant: pp o< 1.

It is thought that at early times, the universe was radiation-dominated, as the universe
was much smaller then. At future times, the universe might become vacuum-dominated,
since the matter and radiation densities decrease as the universe expands, but the vacuum
energy density remains constant.
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3.3 Motivation for Inflation

An important challenge in cosmology is specifying the ’initial conditions’ for the universe
that could have led to the universe as it can be observed today. This is called the Cauchy
problem in general relativity (see e.g. the discussion in [Ringstrom, 2009]). As we will see
in this section, ordinary Big Bang theory requires a very specific set of initial conditions
that would have allowed the universe to evolve to its state today. We consider two
specific cases (the Big Bang puzzles) that lead to the requirement of such specific initial
conditions. The standard Big Bang model neither explains nor predicts the need for such
specific initial conditions. But how does specifying the initial condition of the universe
even work? To do this, a spatial slice X of the four-dimensional spacetime manifold must
be considered. On ¥, the positions and velocities of all particles must then be defined,
after which the known laws of gravity and fluid dynamics can be used to study the time
evolution of the system defined on X.

3.3.1 The Horizon Problem

For the Cauchy problem in general relativity, the initial distribution of matter may be
described by using functions p(x) and p(x) to define the matter density and pressure,
respectively. Observations of the cosmic microwave background imply that the inhomo-
geneities in the matter distribution were very small in the past (see e.g. [Akrami et al.,
2020]). Since inhomogeneities grow in time (see [Bretén et al., 2010], for example), it
reasonable to assume that they were even smaller at the earliest times. Thus, the early
universe must have had a high degree of homogeneity. However, in the conventional Big
Bang picture, this early universe consisted of many patches of space that were causally
disconnected, and so there is no explanation for why all these patches evolved so simi-
larly. The problem of explaining the large-scale homogeneity of the observed universe is
thus called the horizon problem.

To make these statements a bit more precise, we define the comoving (particle) horizon
7 as the causal horizon, or the maximum distance travelled by a light ray in a time ¢:

t ¢ / t / a
s / 1 4 — / 1 ‘ 1 da(t )dt' _ / 1 1 daf(t )dt' _ / dlna.
o a(t’) o a(t)a() d¢ o a?(t) H(t) dt’ o aH

(3.24)
In this equation, we also see the term (aH)~!, which is called the comoving Hubble radius.
From equations 3.21 and 3.23, it follows that the comoving Hubble radius (aH)~! evolves
as

(aH) ™! = Hy 'qz(1+30), (3.25)

where w is the equation of state of the fluid dominating the universe. Thus, using
equation 3.24, it follows that
7 o q2(1H3w), (3.26)

In the standard Big Bang picture, it holds that w > 0, as described in Section 3.2.3, and
thus both the comoving Hubble radius (aH)~! and the comoving horizon 7 monotonically
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increase with time. This means that, as the time increases, the fraction of the universe
that is in causal contact increases as well. Therefore, patches of the universe that
are currently coming into causal contact with each other, were not causally connected
when the CMB was formed, even though the CMB shows that there was very little
inhomogeneity in the universe at that time.

3.3.2 The Flatness Problem

Another part of the Cauchy problem of the universe is the specification of the fluid
velocities at all points in space. In order for the universe to evolve homogeneously, those
velocities need to have had very precise initial conditions. If they had been slightly too
small, the universe would have collapsed within moments. On the other hand, it would
have expanded far too rapidly if the initial velocities had been slightly too large (see the
discussion in e.g. [Ryden, 2017]).

As the presence of energy and momentum determines the local curvature of space, and
thus the precise specification of the initial velocities is referred to as the flatness problem.
The problem can also be formulated in the following way: per general relativity, space-
time curves in the presence of matter. Why then is the universe observed to be almost
Fuclidean? Let us now quantify this problem. Consider the first Friedmann equation,
rewritten in the convenient form

—k p(a) pla)
1—-Q(a) = —— where Qa):= = . 3.27
(a) a?H? (a) perit(a)  3Ha? ( )
As before, the comoving Hubble radius is monotonically increasing in standard cosmol-
ogy, causing the quantity |Q2(a) — 1| to also increase with time. The near-flatness of the
universe today corresponds to 2(ap) ~ 1, meaning that € must have been extremely
close to 1 in the early universe. But why would this have been the case?

3.4 The Basics of Inflation

As we will see, the concept of inflation solves both the horizon and the flatness problem
in an elegant way. We saw before that the monotonic increase of the Hubble radius
(aH)~! leads to problems in standard Big Bang cosmology. The idea behind inflation
is therefore: what if the Hubble radius simply did decrease at some time in the early
universe?

Before investigating inflation further, it is important to first stress the relation between
the comoving horizon 7 and the comoving Hubble radius (aH)~!: Since the comoving
horizon is an integral of the comoving Hubble radius, a separation greater than 7 means
that objects have never been in causal contact, while a separation greater than (aH)™!
only means that they are not causally connected at this time. So it may happen that
objects were in causal contact in the early universe but not now, if (aH)~! was much
larger in the early universe, after which it decreased for a certain period of time. As
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an aside, we note that inflation not only solves the Big Bang puzzles, but also explains
the fluctuations seen in the CMB, as cosmological perturbations are generated during
inflation.

Comoving Scales
A

. . horizon re-entr s
horizon exit Y Comoving

\ / g / Horizon

density fluctuation

Inflation Hot Big Bang

-

Time [log(a)]

Figure 3.1: Schematic of the decrease of the comoving horizon 7 with respect to time.
The blue line represents the (quantum) density fluctuations that are ’frozen’ when they
exit the horizon during inflation (see Section 3.4.2), i.e. when they come to lie above
the comoving horzion in the figure.

Credit: [Baumann, 2012].

3.4.1 The Big Bang Puzzles Solved

The decreasing of the comoving Hubble radius during inflation gives an elegant solution
for the Big Bang puzzles. For the horizon problem, consider the comoving horizon.
Since it decreased during inflation, patches of space that were causally connected before
inflation, ’lost’” connection during inflation due to the decreasing of 7, and are just now
becoming connected again as 7 is again increasing. So the homogeneity that is seen in
for instance the CMB was in fact established before inflation. For the flatness problem,
recall the Friedmann equation, as written in equation 3.27. As the comoving Hubble
radius (aH)~! decreases during inflation, the quantity |Q(a) — 1| does the same (see
equation 3.27. This means that €2 need not necessarily have been so close to 1 in the
very early universe!

3.4.2 Quantum Generation of Cosmological Perturbations

As we have seen, inflation is a mechanism that helps solve the Big Bang puzzles. How-
ever, there is a second way in which inflation helps to form the universe as we know it.
The decrease of the comoving horizon during inflation is namely exactly the mechanism
by which quantum fluctuations generated during inflation lead to macroscopic density
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fluctuations in the universe. Before and during inflation, quantum fluctuations are cre-
ated on all length scales, i.e. with a spectrum that includes all comoving wavenumbers
kco. Here, the comoving wavenumber is related to the standard wavenumber k as follows:

2w
N
and the comoving wavelength X is related to the comoving wavelength A, by A = a(t)Aco.
Thus, the comoving wavenumber is defined in terms of the scale factor a(t). As the
physical wavelength changes along with the scale factor, the comoving wavelength and
wavenumber remain constant during the expansion of the universe, and specifically also
during inflation.

keo = a(t)k = a(t) - (3.28)

Quantum fluctuations that are relevant for cosmology are generated inside the horizon,
so when they are generated it holds that k& > aH. However, the comoving Hubble
radius (aH)~! shrinks during inflation, and so aH increases. Therefore, as k., remains
constant, at some point the fluctuations must exit the horizons, i.e. k£ < aH. When
outside the horizon, the fluctuations are not influenced by causality, are thus ’frozen’
until they re-enter the horizon at late times, i.e. as the comoving horizon increases again.
This freezing of the perturbations results in the anisotropies that are observed in the
CMB. It also explains the large-scale homogeneity of the anisotropies, as the fluctuations
were in causal contact when they were formed.

The computation of the spectrum of the quantum fluctuations is beyond the scope of
this work. For a fully detailed calculation, the reader might consult TASI Lectures on
Inflation [Baumann, 2012], especially Section 12. Important to note is that, for any
model of inflation (be it single-field of multifield), the spectrum of quantum fluctuations
generated during inflation must be consistent with observations of the CMB. This means
that any model that is not consistent with the CMB observations must be ruled out.

3.4.3 Conditions for Inflation

Before, we defined inflation as a period of time in which the comoving Hubble radius
decreases, so %(aH )~1 < 0. We shall now derive two equivalent conditions:

1. Accelerated expansion Differentiating the comoving Hubble radius (aH)™!, we
get

d 1 o d a a d%a

—(aH) " =—(aH) "= |a-— | =———= <0 — > 0. 3.29

az(H) (H)™; (“ a> 22 S0 Y T (3:29)
from which it follows that d/d¢t(aH)~! < 0 if and only if G > 0. Therefore, inflation
can also be defined as a period of accelerated expansion of space. In addition, the
second derivative of the scale factor a can be related to the derivative of the Hubble
parameter. Using equation 3.29, we obtain

a . 1 1 .
S _aH?. _ <H H):H2 — .aH+ —H
a “ a?H? ata aH? “ +aH2
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H

= H? (Z - e) = H(1-9), with c=——. (3.30)
Accelerated expansion therefore corresponds to the condition
H dln H
= =——x<1. 31
€ e < (3.31)

Here we use a new derivative, namely the derivative with respect to e-folds N of
the expansion during inflation. The e-folds are a measure for time in the sense
that if expansion has been going on for an e-fold, then the size of the universe has
increased by a factor e. It holds that d/dN = d/(Hdt) = d/(d1lna).

2. Using the second Friedmann equation (equation 3.19), it immediately follows that
d/a > 0 implies that p < —3p, meaning that the pressure should be negative.

3.5 Single-field Inflation

In some of the simplest models of inflation, a scalar field ¢ drives the inflation. In the
more general case of multifield inflation, which we will discuss later, the inflation is
driven by n scalar fields ¢*, that are the (smooth) components of a smooth function
¢ : S — F, where § denotes the spacetime manifold and F an n-dimensional field-
space manifold. In the case of a single scalar field, there is just one component and the
field-space manifold is simply the Fuclidean space R. The single scalar field is called
the inflaton. The nature of the field is not specified, but it is used to parametrise the
evolution of the energy density in the universe during inflation. We assume that the
field is minimally coupled to gravity. In this case, the action of the field is given by

1 1
5= [dte | SvTaR+ (V75 | 390,00, - V(O)| | . (3.32)
SH 5

such that it is the sum of the Einstein-Hilbert action Sy and the action Sy of the scalar
field, which has a canonical kinetic term.

Using the definition of the stress-energy tensor 7', recall (see Section 3.1) that the tensor
components for a single scalar field ¢ are

T,uu = 6u¢81/¢ — Guv <;ag¢acr¢ + V(¢)> : (3‘33)

Note that g denotes the metric on spacetime.

In addition, the evolution of the field is described by
0Se 1
P _ 0u(v/—goH o) + V4 = 0. 3.34
5 V=g #( ) N ( )
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These equations originate from classical field theory, which is beyond the scope of this
thesis. For a more in-depth discussion of this topic, the reader is advised to consult
Introduction to Classical Field Theory [Torre, 2022], for example.

We now assume the metric g to be the FLRW metric (see equation 3.13) and take
the field to be spatially homogeneous, so ¢(t,x) = ¢(t). The zeroth component of the
stress-energy tensor is given by

1
TOO = goaTaO = 90a8a¢80¢ - goaga() <290b80¢8b¢ + V(¢)>

= g% 00¢00¢ — 5§ <;90050¢30¢ + V(¢)>

00_

I P L v(e) = -2 V(0. (3.35)

and for 7 € {1,2,3} we have
A : ~ 1
T} = 0,000~ o 5070,006 + V(0))
3 /1
= 9"0i90;¢ — 6; (290030¢30¢ + V(¢)>

=0+ 58~ V(9) = 58 - V(o) (3.30)

Note that the calculation is significantly simplified due to the diagonality of the FLRW
metric tensor. We thus see that the stress-energy tensor takes the form of that for a
perfect fluid, with py, = -1 = %qﬁQ +V(¢) and py = TY = 3¢* — V(). The resulting
equation of state for the scalar field is therefore
12 _ v
wy =10 = M (3.37)
Ps 50>+ V()

Therefore, if the potential energy V' dominates over the kinetic energy term %gf), the pres-
sure becomes negative (if wy < 0) and the expansion of the universe indeed accelerates
(wy < —1/3, see equation 3.19).

Before continuing our study of single-field inflation, it is necessary to know by which
equations it is governed. Two equations are particularly important. The equation of
motion for the scalar field follows from equation 3.34, and is given by

¢+3Ho+Vy=0. (3.38)

The second is the Friedmann constraint, which follows by combining the second Fried-
mann equation (equation 3.19) with the expressions for the matter density and pressure
corresponding with the scalar field (see equation 3.37):

1

H? = _
3

<;¢'>2 + V(gzb)) . (3.39)
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Worth noting is that for large values of the potential, the 'rolling’ of the field down the
potential is slowed down by Hubble friction, which comes from the term 3H ¢.

3.5.1 The Slow-roll Parameters

The rate of the expansion of space can be captured by the so-called slow-roll parameters
€ and 7. The name of these parameters is inspired by the fact that the parameters must
be small if slow-roll inflation is to occur. The first slow-roll parameter is defined as

dln H )i
and the second slow-roll parameter as (see e.g. [Christodoulidis and Gong, 2024])
dlne
=— A1
=N (3.41)

where d/dN = d/(Hdt) is the derivative with-respect to e-folds N. Note that the
definition of 7 is not universal; it may be defined in a number of different, but related
ways (in [Baumann, 2012], for example, it is define as n = —¢/(H¢)). The slow-roll
regime is defined by the slow-roll conditions, which state that

e<1l and |n <1, (3.42)

and ensure that accelerated expansion is sustained for a sufficiently long period of time.
The slow-roll parameters will be crucial to the analysis in Chapters 5 and 6.

When the slow-roll parameter e becomes equal to 1 (€(¢peng) = 1), the slow-roll conditions
are violated and inflation ends. As an e-fold is defined as the time in which space expands
by a factor e, the number of e-folds that inflation lasts for can be calculated from the
scale factor:

tend Pend @
N(¢) :=In % = Hdt = / H g - j;i. (3.43)
t @ ¢end €

In order to solve the horizon and flatness problems, inflation needs to last for at least
60 e-folds. Furthermore, the density fluctuations observed in the CMB were generated
approximately 40 to 60 e-folds before inflation ended ( as described by e.g. [Baumann,
2012)).

3.6 Multifield Inflation Models

As was described in the previous section, in single-field inflation a single scalar field,
called the inflaton, drives inflation. For this inflaton, multiple candidates exist, for
example superpartners in supersymmetric theories (see for example [Antoniadis et al.,
2017], [Aldabergenov et al., 2024]) and moduli fields in string theory (see e.g. [Cicoli
and Quevedo, 2011], [Abe et al., 2023]). As such, multiple fields have been identified
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as possible contributors to inflation. It is therefore logical to consider models in which
more than 1 field contributes to inflation (as discussed in e.g. [Gong, 2017]), which
we do in this section. Such models give rise to a great number of new inflationary
mechanisms, such as hyperinflation [Brown, 2018|, sidetracked inflation [Garcia-Saenz
et al., 2018] and angular inflation [Christodoulidis et al., 2019a]. Observations of for
example the CMB may be used to impose constraints on possible models of inflation
or to confirm certain properties of multifield inflation models. Another motivation for
multifield inflation is that analysis has shown that for single-field inflation models, quite
specific parameter values are needed to make the models compatible with observations.
Thus, multifield inflation offers the possibility of constructing models that are compatible
with observation, without the need for such fine-tuning of parameters [Mukhanov and
Steinhardt, 1998].

We consider a system of n scalar fields. The scalar fields ¢ = (¢%) are described as
coordinates on an n-dimensional smooth manifold F on which a general Riemannian
metric tensor G, is defined (see [Nibbelink and van Tent, 2000], [Christodoulidis et al.,
2019b], for example). As for single-field inflation, we assume that the scalar fields are
minimally coupled to gravity. The action is then given by (as in e.g. [Bjorkmo and
Marsh, 2019])

S = / dzy/—g <R - %gabgﬂ”amaamb V(g ... ,¢")> . (3.44)

As described in Section 3.1, the stress-energy tensor corresponding to the fields can
be obtained by varying their action with respect to the inverse spacetime metric g+,
resulting in [Abedi and Abbassi, 2017]

1
T = gab8u¢aau¢b — 9w <2gab9pgap¢a80¢b + V(¢1, cee ¢n)> . (3.45)

As usual, the 00 and ¢j (for 7,5 € {1,2,3}) components of this stress-energy tensor then
give the Friedmann equations. For multifield inflation, these are given by (as described
by [Christodoulidis et al., 2019b])

BH = LGud"d +V, (3.46a)
) 1 ..
H = —§gab¢“¢”. (3.46b)

Finally, the background equations of motion for the scalar fields ¢* can be obtained by
varying the action with respect to ¢%, i.e. 654,/d¢. This results in

Dy + 3HP* + GV = 0, (3.47)

where D; is the covariant directional derivative (see Section 2.6.3) with respect to a
smooth curve ¢% in field-space, i.e.

D" = ¢* + T40¢". (3.48)
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Another useful covariant directional derivative is the one with respect to e-folds; Dy. It
is related to D; as
(3.49)

As an aside, note that these (3.47) are called the background equations of motion because
they correspond to a homogeneous and isotropic spacetime with the FLRW metric. In
practice, the FLRW spacetime is subject to perturbations, but these are not taken into
account in the derivation of 3.47. Thus, they are in a way the zeroth order of equations
of motion for the scalar fields and are called the background equations of motion.

The slow-roll parameters € and 7 are defined in exactly the same way as for single-field
inflation (see equations 3.40 and 3.41). For slow-roll inflation to occur, the conditions
€, |n| < 1 should be satisfied.

3.6.1 The Kinematic Basis

As stated before, the fields ¢® are seen as coordinates on the field-space manifold F. As
described in Chapter 2, a suitable frame for the (co)tangent bundle would therefore be
the coordinate (co)frame. However, since each (co)tangent space is just a vector space,
we are free to introduce some other frame. A possible choice is a local orthogonal frame,
meaning that the basis vectors of each tangent space are orthogonal with respect to the
metric. Such a frame is sometimes called a vielbein basis (as described in [Carroll, 2019]).
While we shall not discuss the vielbein formalism in detail, we do highlight an important
example; the kinematic basis. The kinematic basis is a local orthonormal frame, that is
defined tangent and perpendicular to the inflationary trajectory (as in [Gong, 2017], for
example). The unit tangent vector is defined as

Ta = L,
gab¢a¢b

and the unit normal as the unit vector orthogonal to the tangent, i.e. as the vector N¢
that satisfies

(3.50)

GuT*N® = 0. (3.51)

From this, it follows that the derivative of T is proportional to N¢, so D;T% x N®. In
Chapter 5, we will see another example of such a local orthogonal basis, the gradient
basis.
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Chapter 4

Dynamical Systems Background

In Chapter 3, we have seen the equations governing multifield inflation (3.46a, 3.46b,
3.47). In Chapters 5 and 6, these equations are used to define a system of ordinary
differential equations, i.e. a dynamical system. The analysis focuses on the stability of
solutions, and in particular on attractor solutions. Therefore, we first need to introduce
these concepts as defined by the mathematical theory of dynamical systems. First, in
Section 4.1, we introduce the flow of a dynamical system. Then, in Section 4.2, the
stability of sets and specifically of orbits is studied. Finally, attractors are defined in
Section 4.3 and in Section 4.4, the theory of this chapter is related to the analysis in
Chapter 6. Throughout this chapter, [Meiss, 2007] is used as a reference.

4.1 Flow and Orbits

Generally speaking, a dynamical system is a rule that defines a trajectory on a set of
states (the phase space) as a function of one parameter (which we call time). The phase
space is some manifold M, which is often taken to be R™. The time ¢ may be either
discrete or continuous. In the case that ¢ is discrete, the dynamical system is called a
mapping (see e.g. [Alligood et al., 2000]). We, however, focus on systems in which the
time variable is continuous, i.e. t € R.

The flow of a dynamical system is essentially the collection of all solutions to the system.
More formally, this is defined as:

Definition 4.1.1. Suppose we have a dynamical system for which the phase space is
some manifold M. A complete flow ¢i(z) is a differnetiable mapping ¢ : R x M — M
that satisfies the following properties:

1. go(z) =z for all z € R,
2. props = iqs forall t, s € R.
Here, the composition o is given by ¢; o 4(x) = p(ps(x)).
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Remark. The second property (p: o s = @rys), is called the group property. If this
property is not satisfied (but the first property is), the flow is not complete. From the
group property, the useful result can be derived that two trajectories cannot cross if the
flow is complete. Furthermore, it follows that for every t € R

P_t0opr =yt = o = 1d, (4.1)

1

so ()~ = p_¢ is also differentiable (and in particular continuous).

A vector field f : M — R", defined by

) = )| (4.2

is associated with the flow ¢. The following Lemma explains the exact connection:

Lemma 4.1.2.
If pi(x) is a flow on a manifold M, then it is a solution of the initial value problem
d
g #t(@o) = flee(wo)),  wolzo) = 2o, (4.3)

for the vector field defined by 4.2.

Intrinsically connected with dynamical systems is the concept of an orbit. An orbit is
the collection of all states that correspond to a specific initial condition:

Definition 4.1.3. Let M be a manifold and let ¢ : R x M — M be the flow of some
dynamical system. Suppose that xg € M is some initial condition. The orbit of z¢ is
then defined as

[(zo) = {¢t(x0) : t €RY, (4.4)

and the forward orbit is defined as

It (z0) == {@s(z0) : t >0} (4.5)

Related to the forward orbit is the concept of an omega-limit set, which captures the
behaviour of the flow ¢; as t — co.

Definition 4.1.4. Suppose that M is a manifold and let ¢ : R x M — M be a flow
on M. We say that y € M is a limit point of TV (x) if there exists a strictly increasing
sequence {t;}22; such that ¢, (z) — y as j — oo.

Definition 4.1.5. Under the assumptions of the previous definition, the omega-limit
set of I'F(x) is defined as the set of all limit points of I'"(z) and denoted by w(z).

Especially interesting types of orbits are equilibria and periodic orbits. An equilibrium
or fized point is a point & € M such that ¢;(Z) = Z for all t € R. It follows that its orbit
is given by I'(Z) = {Z}. A periodic orbit -y is essentially a closed loop in phase space.
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Each point z, on a periodic orbit has the property that there is a time 7" > 0 such that
the obit of x, returns to itself:
o1(T4) = 1. (4.6)

An orbit is in fact a special case of an invariant set, which is defined as follows.

Definition 4.1.6. Let M be a manifold with a flow ¢ : R x M — M defined on it. A
set A C M is called invariant under the flow ¢ if p;(A) = A for all ¢ € R, or if for all
x € A it holds that ¢ (x) € A for all ¢ € R. Analogously, the set A is forward invariant
if pi(A) C A for all ¢ > 0.

4.2 Stability and Lyapunov Exponents

Equilibrium points are of specific interest when studying a dynamical system. Making
the connection between flows and their associated vector fields, we see that is x* is an
equilibrium of the flow, then it holds that f(x*) = 0. The following important Theorem
about (the stability) of equilibrium points is well-known:

Theorem 4.2.1 (Hartman-Grobman).

Let z* be a hyperbolic equilibrium point of a C' vector field f : M — R, where M ia an
arbitrary manifold. Then, there exists a neighbourhood N of x* such that the flow of the
system @ = f(x) is topologically conjugate to the flow of its linearisation & = D f(x*)E.

This Theorem allows us to classify the stability of a hyperbolic equilibrium z* by cal-
culating the eigenvalues of the matrix D f(z*); if the real parts of all eigenvalues are
negative, x* is stable, while z* is unstable if one of the eigenvalues has positive real part.

In case we are interested in the stability of an orbit, we need a more general notion of
linear stability, which allows us to compute some quantity that serves as the analogue
of the eigenvalues corresponding to an equilibrium. Suppose we are interested in the
stability of a particular trajectory ¢;(x*), which we call the fiducial trajectory (and we
call z* the fiducial point). For the stability of the fiducial trrajectoy, consider a trajectory
or(x* + evg) starting near the fiducial point. Assuming that the initial deviation vy
evolves as v(t), its evolution is described by

o = Df(pe(a*))v = A(t)o, (4.7)

where Df is the Jacobian as usual. The matrix A(t) = Df(pi(x*)) may be seen as
a linear operator, that acts on a vector v(t) € T, ()M, to give the velocity at the
point y(t) = @i(z) + ev(t) for € sufficiently small. Here, T, )M is the tangent space
to the point ¢pi(x) € M, as defined in Section 2. The fundamental matrix solution
of the differential equation 4.7 is given by ®(t;x) = D,pi(z) and is a linear operator
(I)(t; a:) : TxM — Tcpt(x)M'

Informally, the Lyapunov exponents of an orbit are defined as the asymptotic growth
rate of the length of the tangent vectors v(t):

|®(t; x)v| ~ e'u]. (4.8)
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However, it is not a priori clear that the length of the tangent vector grows approximately
exponentially. This is however ascertained by the following Lemma;:

Lemma 4.2.2.

Let M be a manifold with a flow ¢ on it. Let pi(z*) be the fiducial trajectory and
or(x* + evg) a trajectory starting near the fiducial point. Suppose that ®(t;x) is the
fundamental matriz solution of

= A(t)® = Df(¢e(a*))v, @(0;2) =1, (4.9)

where I is the identity matriz. In addition, suppose that ||A(t)|| < k for allt > 0. Then
for any tangent vector v there exists constants c¢,¢ > 0 such that for all t > 0

ce Bt < |0(t; )| < ce (4.10)

From this, it follows that the function In|®v|/t is bounded for every ¢ > 0. Since any
bounded function has limit points, this allows us to make the following definition:

Definition 4.2.3. Under the assumptions of Lemma 4.10, the set of limit points of
In |®v|/t is called the Lyapunov spectrum:
1

Sp(z,v) = {A = lim t—ln |®(t;;x)v| : sequences {t;} with t; — oco}. (4.11)
Two limits of special interest are the liminf and limsup. Using these, it can be shown
that the Lyapunov spectrum is a closed interval. In particular, when the limits coincide
the spectrum is reduced to a single point. Now recall that a fixed point is asymptotically
stable if the (real part of the) largest eigenvalue corresponding to it is negative. In

analogy to this, when considering Lyapunov exponents we are interested in the value of
the largest growth rate. The Lyapunov exponents are therefore defined as follows:

Definition 4.2.4 (Lyapunov exponents). Let M be a manifold with a flow ¢ on it. Let
or(x*) be the fiducial trajectory and ¢ (x* + evg) a trajectory starting near the fiducial
point. Suppose that ®(¢;z) is the fundamental matrix solution and v € T,«M. Then
the Lyapunov exponent is defined as the supremum limit of In |[®v|/t, i.e.

1
p(x,v) = limsup n In |®(t; x)v|. (4.12)

t—o0
Two useful results are that an orbit has a maximum and that almost every orbit has one
zero Liyapunov exponent, as captured by the following Lemma:

Lemma 4.2.5.
Let M be an n-manifold with a flow ¢ defined on it. Suppose that ¢i(x) is a bounded
trajectory of the flow. Then the following results hold:

1. The trajectory has at most n distinct Lyapunov exponents.
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2. If, in addition, ¢i(x) does not converge to an equilibrium of the flow, then the
trajectory has at least one zero Lyapunov exponent.

In fact, this zero Lyapunov exponent corresponds to v = f((z)), so it is in the direction
of the flow.

4.3 Attractors

The analysis in Section 5 is mostly concerned with finding attractor solutions for the
dynamical system that describes multifield inflation. Roughly speaking, an attractor is
an invariant set towards which all trajectories in the vicinity move. We now discuss the
more formal construction of an attractor, starting with the definition of stability of an
invariant set:

Definition 4.3.1. Let M be a manifold and let ¢ be a flow on M. An invariant set A
is stable if for any neighbourhood N of A there exists another neighbourhood N C Nof
A such that if z € N, then ¢ (x) € N for all ¢ > 0.

In particular, A is asymptotically stable if it is stable and there is a neighbourhood U
of A such that for every x € U, the distance between ¢:(z) and A goes to zero, i.e.
plpi(x),A) = 0 as t — oo.

The definitions of stability both refer to some neighbourhood of the invariant set A.
Therefore, it is only natural that the definition of the attractor involves a special type
of neighbourhood around it; the trapping region.

Definition 4.3.2. A subset NV of a manifold M with a flow ¢ defined on it is called a
trapping region if it is compact and ¢; (N) C int (N) for all ¢ > 0.

In this Definition, the notation int(/N) refers to the interior of the set N. Inside a
trapping region, there exists some maximal invariant set, called an attracting set:

Definition 4.3.3. Suppose that M is a manifold with a flow ¢ defined on it. A set
A C M is an attracting set is there is a trapping region N such that A C N and

A=) (N). (4.13)

t>0

Note that it follows from the definition that any attracting set is an invariant set. In
addition, since N is closed and both ¢; and ¢, L are continuous, A is closed. Thus, the
set {¢r (IV)} is closed for every ¢ > 0.

The following Lemma relates asymptotically stable sets and attracting sets:

Lemma 4.3.4.
Every attracting set is asymptotically stable. Conversely, if an asymptotically stable set
s also compact, it is an attracting set.
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For any attracting set, a maximal trapping region can be found, which is called the basin
of attraction and is defined as follows:

Definition 4.3.5. Let M be a manifold with a flow ¢ defined on it and suppose that A
is an invariant set. The basin of attraction W* (A) of A is the set

{r e M : p(et(x),A) > 0ast — oo}. (4.14)

In other words, it is the collection of all points that converge to A.
All the definitions above now finally allow us to define an attractor:

Definition 4.3.6. Let M be a manifold with a flow ¢ defined on it. A set A C M is an
attractor if it is an attracting set and there is some point z € M for which A = w(z).

Remark. Every asymptotically stable equilibrium is an attractor, see Figure 4.1 for an
example. However, not every asymptotically stable set is an attractor. An example of
this is the following: consider a two-dimensional system given by

{5C = ol =a) (4.15)

y:_yv

where phase-space is R?. Tt can easily be shown that A = {(2,0) : z € [~1,1]} is an
attracting set. However, a trajectory starting in (Z,0) for & # —1,0,1 will eventually
converge to either = 1 or z = —1. Thus, A is not the w-limit set of any 2 € R? and
therefore cannot be an attractor.
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Figure 4.1: An attractor in a two-dimensional phase space. The attractor is the asymp-
totically stable fixed point (0,0). Since the flow spirals inward around the equilibrium,
(0,0) is called a sink.
Credit: [Layek, 2024].
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4.4 Preview to Chapter 6: on the Stability of Trajectories

In Section 6, scaling solutions will be studied. This is a specific type of solutions to
multifield inflation models, for which the slow-roll parameter € is constant along the
trajectory. In particular, two-field models will be studied, resulting in a four-dimensional
system of differential equations. In analysing this system, often the potential and/or
metric on field-space will be chosen in a way such that two or three (k) of the differential
equations ’decouple’, i.e. such that they no longer depend on the variables of which
the evolution is governed by the other equation(s). It will then follow that the phase-
space of this subsystem consists of a k-dimensional invariant subspace of the original
four-dimensional dynamical system.

Of this k-dimensional subsystem of decoupled equations, the critical points will be de-
termined. Since the subsystem is part of a larger four-dimensional system, these critical
points correspond to a trajectory or family of trajectories in the four-dimensional phase
space. In principle, the stability of trajectories must be studied with Lyapunov expo-
nents (see Section 4.2). However, we will not do this. Instead, we will either calculate
the eigenvalues in the subsystem, or, if the eigenvalues depend on variables that can
only be found in the original system, calculate the ’eigenvalues’ in the original system.
In the latter case, it will turn out that there are 4 — k zero eigenvalues, corresponding
to eigenvectors that are orthogonal to the k-dimensional invariant subspace. We will
assume that those zero eigenvalues correspond to the zero Lyapunov exponents along
the trajectory, and that they therefore do not influence the stability of the solution. We
will thus simply say that the solution is stable if all its nonzero eigenvalues have nega-
tive real part in the lower-dimensional subsystem, as is done in [Christodoulidis et al.,
2019b]. Nonetheless, the exact relation between the eigenvalues of the critical points in
the subsystem and the stability of the corresponding trajectory in the original system
remains unclear and a further analysis of the correspondence is required.
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Chapter 5

Attractors in Rapid-turn Inflation

Having gathered all prerequisite knowledge in the previous chapters, we are now in a
position to start the analysis of two-field models of inflation. The goal of this chapter
is to find an expression for an attractor solution that has a large, and slowly varying,
turn rate w. The turn rate is a quantity that measures the the rate at which the
inflationary trajectory turns in field-space (see equations 5.11 and 5.13). To do this, we
first (Section 5.2) determine a solution to the background equations of motion (equation
3.47 in Chapter 3) that satisfies the slow-roll conditions (e, |n| < 1) and has a large
turn rate (w? > O(¢)) that slowly varies (v == Dylnw < 1). See Figure 5.1 for an
example of an inflationary trajectory with a large turn rate. After determining such
a solution, we study its stability (Section 5.3) by considering spatially homogeneous
perturbations. Finally, in Section 5.5 we compare the results of the analysis to several
known models of inflation. Throughout this chapter, the analysis of the paper Rapid-
Turn Inflationary Attractors [Bjorkmo, 2019] is followed. The derivation in Section 5.1
is inspired by [Bjorkmo and Marsh, 2019].

5.1 Deriving the Equations of Motion

Starting from the background equations of motion, we derive equations of motion for
the scalar field velocities <]5U and d}w (equations 5.4a and 5.4b) , which are defined using
a gradient basis for the tangent spaces to field-space. First, recall that the background
equations of motion for multifield inflation (in this case two-field) are given by

D + 3HP* + GV, = 0, (5.1)
and the two Friedmann equations by
. 1,
H = _§gab¢ (b ) (52&)

3H? — ggabgbaqbb LV (5.2b)
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Figure 5.1: Example of a hypothetical inflationary trajectory. The inflationary trajectory
(in blue), slowly spirals down towards the minimum of the potential V' (p, 0) = (92/2)% +

(9y/2)%.

The (potential) gradient basis constitutes of two orthonormal basis vectors v* and w?,
which are defined in the following way:
Ve

frg ?’U,

a

v where V,, = 1/ VbV, (5.3)

The vector w® is then defined as a vector that is orthonormal to v%, ie. v%w, =
Gapv®w® = 0 and w*w, = 1. Using these basis vectors, we decompose the field ve-
locity ¢% as ¢ = v%¢p, + Wy, where

bv = 1,07, (5.4a)
b = Wad®. (5.4b)
Using the background equations of motion (5.1) and the Friedmann equations (5.2a,

5.2b), we start with the derivation of equations of motion for the scalar field velocities
¢, and ¢,,. Using the chain rule, we see that

d;v = Dt(ﬁi)v) = UaDt(d)a) + Dt(va)qgav (5‘53)
bw = Di(dw) = waDy(¢") + Dy(wa )" (5.5b)

The D;(¢®) term can be readily rewritten in terms of H, ¢ and V, but for the Dy(v)
and Di(w,) terms, a little more work needs to be done. Using the definitions of the
covariant directional derivative for dual vectors (equation 2.78 in Chapter 2) and the
vector v® (5.3) we see that

2.78) -
Dyivg ( = ) ¢b(vbva)
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o (Va V.,
=g’ ( "/Ub — V¢ "/Ub)
o ‘/;abqlsb . 'UbV;chBC

= v Vg v (5.6)

To simplify this expression, we use the identity v® - v, + w® - w, = 6y. Note that the
notation here is not meant to imply any summation, so the v*v;, term for example is just
an ordinary multiplication of two (dual) vector components. This identity can easily
be derived from the condition for an orthonormal basis of the tangent space, given by
G (v,w) = 67, Thus, substituting v,v° = 6 — wew® yields

Vabéb Vbcgbc wbvbc(bc wbvbcéc
Dy = — — 0p— — 0 = w,—————. 5.7
tVa V. b 7 + wgq 7 Waq, v, ( )
Now, differentiating the orthogonality condition v,w® = 0, we find that
b ic
w’V,
0 = Dy(va)w® + v,GDy (wp) = w“wai‘}bc(ﬁ + 0aGDy (wy), (5.8)
v
yielding
b ic
wVoped
Di(wa) = —vq ‘}C ) (5.9)
v

as v,v® = 1 and w,w® = 1. Finally, using equations 5.5a, 5.5b and 5.1, we can derive
the equations of motion for the velocities ¢, and ¢,,:

(z)v — ,Dt(qsv) = v, <_3H¢a . v,a) 4 (waw‘/,bc(b> (z)a

|2
. . ay/ b
— —3Hd, — V, + a2 % 0 ; (5.10a)
. . .a a 'LUbeCQ&c .a
¢w = Dt(gf)w) = Wgq <—3H¢ -V ) + <—Ua‘/:u ¢
. . ays . Ab
= _3Hy — gyt “/}“”QZ’ : (5.10b)
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A quantity that will be important for our analysis, is the turn rate, which is defined as
w = N,DNT* (5.11)

Here Dy is the covariant directional derivative with respect to e-folds. Recall that
Dy = H'D;. In addition, we use that s* and n® are the two basis vectors of the
kinematic basis (see Section 3.6.1), which is related to the potential gradient basis as
[Bjorkmo and Marsh, 2019]

T"=¢*/p, and N®=(—dv" + pou")/o. (5.12)

Using the potential gradient basis, we may rewrite the turn rate as follows:

W = —Puwa + QZ)UwaDt (Qb(l)

Ho ¢
1 . . o 1 ... 1
= Hid')Q(_wava + vawa)Dt(Qb ) + ﬁ(_¢w¢v + ¢v¢w)Dt <¢>
1 ) ) ) )
= Hiq'ﬂ(_gbw[_SH(bv - Vv] + ¢v[_3H¢w])
_ bV
— 7 (5.13)

5.2 Finding a Candidate for an Attractor Solution

Equations 5.10a and 5.10b together form a two-dimensional dynamical system with
many solutions. However, our goal is to find a solution that is consistent with existing
insights into inflation. We do this in the following way: first a condition that guarantees
the smallness of 7 is imposed, and (using w? > O(¢)), expressions for the field-space
velocities are derived. Then, we require v < 1, such that the solution has a slowly
varying turn rate. This allows us to derive a constraint on where in field-space (or phase
space) the rapid-turning attractor might be. In Section 5.3, the stability of the solution
that we have derived will be considered.

For a sustained period of inflation, it is necessary for the slow-roll parameter 7 to be
small. For this, we require that the scalar field velocities satisfy

b; = O(e)Hep; for i = v, w, (5.14)
or, equivalently (as P? = (1512} + <Z>12U), that the total field velocity satisfies
Dip? = O(e)H¢?. (5.15)
From equation 5.15, it follows that

_dlne _ 12H°d ( ¢ ) _Dd) G H DI, 619 50 (51

Hdt  H ¢2 dt

77 : H¢2 H2 H¢2

2H2 - CH?
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Since € < 1, we find that 7 is indeed small. To somewhat simplify equations 5.10a and
5.10b, we define

wavabéb
Qy=—— 5.17
o (5.17)
and
Vee = C%"Vap for (€ € {o,w}. (5.18)
Also note that we can thus write
V’U’Ujé’U + V’UJUJQ'S’U)
Q, = : 5.19
- (5.19)
Multiplying equations 5.10a and 5.10b by gbv and (ﬁw, respectively, we see that
1 ) . . oo
§Dt(¢12)) = _3H¢12; - ‘/v¢v + de)w¢v (520&)
1 i . -
5Du(éy) = —3H, — Dududy. (5.20b)

In addition, since ¢? = ¢2 4 ¢2,, it follows that %Dt(q'ﬁz) = %Dt(dﬁ,) + %Dt(qﬁﬁj) This
results in the following:
1 o 1 9\ a2 1 Lo 9 o
2O(€)H¢ - 2Dt(¢ ) - 3H¢v Vv¢v + Qv¢w¢v 3H¢w Qv¢w¢v
= —3H(¢; + 01) — Vo

From this it straightforwardly follows that

uVe

H¢?
Now, using the expression for the turn rate w in equation 5.13, equation 5.22 and as-

suming w? > O(¢), we may find expressions for the field-space velocities in terms of the
turn rate. It holds that

12 12 94+ 0O H2 2p2 H2
¢v ;—4¢w _ ( + V(Qﬁ)) + CU‘/;)Q _ (9+w2 —|—O(6)) V7U2 (523)

v

= -3+ 0(e). (5.22)

In addition, it holds that (¢2 + ¢2)/¢? = 1, so (9 +w? + O(e)) ($*H?)/(V;?) = 1. This
implies that

oH 1

. 2 y
= , or (using w” > O(e)), = —. 5.24
Vo o /94 w?+ Ofe) (using ©), ¢ HV9 + w? (5:24)
The expression for (;'Sv now follows from 5.22:
Q‘sv ¢H 1 w2>0(e) 3 0(6)
—=(=34+0(¢)) =— =(-3+0O(e = — .
) ( (€)) Vs ( (€)) 9+ w2+ O(e) VI+w?  VI+w?

(5.25)
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Analogously, for ¢,, it follows that

(bfw w(iﬁH_ w w2>>:(’)(6) w . O(e)
b Vi /94 w?+0O(e) VIFw? VI+w?

(5.26)

Thus, we find the following expressions for ¢, and ¢,, in terms of the turn rate and Vj:

(3—0(e))V, 3V, N R ENI05)) R 7

S T DY) HO+W?) T HO+W?) C HO T

(5.27)

Looking at the equation of motion for qBv (equation 5.10a) and substituting equations
5.24, 5.27, we get

-3V, —-3Vy wVy
o (e Y = o (e ) ea g

which, after rearranging the terms, results in

% =w+ O(e/w). (5.29)

From this, it is possible to derive a constraint on the attractor solution in terms of
the potential V' and the turn rate w. Later (see equation 5.51), we will see that this
constraint can be written entirely in terms of the potential. Substituting equation 5.27
in the previous result we derived (equation 5.29), it follows that

V;)wﬁz.bv + wad.)w 1 =3V Vow WV Viw
= = . 5.30
w+Ole/w) v, v, <H(9+w2) H(9+w2)> (5-30)
After rearranging the terms, we find that
Vw 3 Vow 2 o\ w2>0(e) o
T LI =9+w?+0(e) + O(e/w?) " =" w’+ 94 O(e). (5.31)

Using the equation of motion for (ﬁw (equation 5.10b), we can derive an equation analo-
gous to 5.31:

. . wVy, wVy, 3Vva
w = H w — H — = —3H . 5.32
O = O0(HOw = O Frg 0o HO+o?) T HO+w?) (532)
This results in the condition O
ﬁ” =w+ O(ew). (5.33)

We see that equation 5.31 is written entirely in terms of the potential derivatives Vi,
and Vy,, and the turn-rate w. In order to derive a constraint for the attractor entirely
in terms of potential derivatives, we need to express w in terms of these quantities. For
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this, we now impose a second condition; the slowly varying turn rate (v := Dy lnw).
Using the definition of the turn rate (equation 5.13), and the conditions on the field
velocities (5.14, 5.15) we simplify this expression:

‘o .
v=Dylhw= H¢ Dn (Qﬁqu;)

SuVo  \ Ho?
— Z}f (DN}%”QM - Z‘;Z;DN(H) ~ Q:;;Z - 20D (¢) + %ZZ)(Q%)) .
= Zﬁ (H‘;’qpéw — Z‘;Z;H — flﬁ;m(ﬁ)) +DyInV,
oo (s lotoma] - S - e fooms]) + Dyia:
=0(e)+e+O(e) + DyIn'V,,. (5.34)

From this, we see that imposing v = O(e) immediately implies leads to the condition
DyInV, = O(e). (5.35)

Condition 5.35 then allows us to derive a second equation that relates the turn rate to
the derivatives of the potential:

1
DN InV, = W/Dt\/ V’a‘/,a

v

1 1

_ b
= av 2Vv¢ ViV

ng
— . 2 sC
v 2V Ve

o V’bécvzbc
= 7HV;]2
b
1
= — ‘/:U’U -
v, ( H(9+ w?)

=3V + wViuw .

(Ubvc‘/;bcd)v + Ubwc‘/;bcd)w)

-3V LV wVy,
YH(9 4 w?)

This now results in

Vow 3 Vi . w2>>_(9(e)
L O(ew) + O(e/w) =" O(ew). (5.37)
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We can also substitute this in equation 5.31 to get the convenient expression

V'LU'UJ 9 V’UU

3
Jww <7 w2 9 _ 2
N ikl 9+ O(e) + wO(we) w”+ 9+ O(e). (5.38)

To derive an expression for the turn rate in terms of derivatives of the potential, we
consider two cases: one where V,, and V,,, are negligible, and one where they are not.
5.2.1 The Negligible Case

Suppose Vi, and Vi, are negligible, i.e. Vi,/H? < O(w2e) and Vi /H? < O(we). Both
equation 5.31 and 5.38 then straightforwardly yield

Vw w Vw w
w2=?ﬁw—9+0@):?ﬁw—9 (5.39)

Thus, for the scalar field velocities (equation 5.27) we find

. 3V, 3V, 3V, H
S _ _ s 5.40
¢ H(9+w2) H (‘;}”75") Viw ( )
and
_ 2
G WV _ P Vi — M 1)
CTHO+W) T H (%) U\ v '

This case is for example relevant for models of hyperinflation, see Section 5.5.

5.2.2 The Non-negligible Case

Now suppose that V,,, and V,,, are not negligible. The condition on V,, (equation 5.35)

is equivalent to
1 1 .
—DV, = ——V, = 0O(e), (5.42)

DyInV, = V. v,

since V, is just a scalar-valued function. In addition, equation 5.36 gives us that V, =
Vou®o + Vipwdw, so we find ' .
VUUQSU + vagi)w ~ 0. (543)

This way, we can find two expressions for w. Firstly, substituting the expressions for q'bv
and ¢,, of equation 5.27, we find

. CUVU Vu'u _3VU ‘/:l)’l)
. _ Vo _ v 5.44
0 HO T T Ve HO+W) - Vi (5.44)
o 3V,
= —. 5.45
W= (5.45)
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The second expression for w can now be obtained using equation 5.38:

V. 9V,
2 _ Vuww vV
Wi=gp o 910
V’LU’LU 9 %U
H?  [3y.\2 H? =9+ 0(e)
()
Vaw V2, Viw

These two expressions for w must then be matched in order for rapid-turn inflation to
take place. Note that after a solution is found, it must be verified that the assumption
w? > O(e) holds.

We can also use equations 5.45 and 5.46 to derive a ’constraint’ on rapid-turn inflation,
i.e. an equation that ’selects’ a region of field-space in which rapid-turn inflation may
take place (this constraint is also derived in [Wolters et al., 2024]). To derive this, we
substitute 5.46 into equation 5.38:

Viw 9 Voo~ Vaw Vi Vi

vw YUV
= - — —-94+0 5.47
H? Vww V2, Voo 9 H?2 H?2 ‘/;}21) H?2 + (6)7 ( )

H2 — V2 H?

which can be rewritten to give

9 1%
= 5.48)
V2, 27 (
wa - Voo - 9H2 VUUH
or 9
Viw Vow _ (Ve L 9V,
9VUU = Vva2 H2 - VU,U m - VUU . (5-49)

We rearrange some terms and use that V = (3—¢)H?, which follows from the Friedmann
equation (5.2a and 5.2b) as

. P>
V =3H? - ¢’ = (3 -3 H? = (3—¢)H?, (5.50)
to finally obtain
Viow Voo \? | V2
W 343 YW Oe). 5.51
v —sas () + g 00 (551)

This is the desired constraint for rapid-turn inflation in case the ’potential derivatives’
Vi and Vi, are non-negligible.
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5.3 Inspecting the Stability

In the previous section, we derived a constraint on rapid-turn inflation in terms of the
background equations of motion. In other words, we derived in which part of field-space
the desired form of inflation may take place. This therefore corresponds with finding
the leading order parts of the solutions QZBU = ¢, + (5(131, and d}w = ¢y + 5(;5w. In order
to inspect the stability of the background solution, we therefore now need to look at
precisely those terms 5@ and 5<;5w. In this section, we impose the same conditions on
the equations of motion for the perturbations as we did on the equations of motion for
the scalar field velocities. This way, we may determine the stability of the candidate
attractor solution that satisfies equation 5.51 (or equations 5.40 and 5.41).

When considering those perturbations, it is useful to use not the gradient basis {v*, w®},
but the (also orthonormal) kinematic basis {7'*, N*}. These basis can be directly re-
lated to each other, see equation 5.12. In this basis, the equations of motion for the
perturbations can be compactly written as (see e.g. [Achicarro et al., 2011], [Bjorkmo
and Marsh, 2019]), [Bjorkmo, 2019]

56 + [(3 = €)65 — 2wey] 08" + C(k) 308" = 0, (5:52)

where the matrix C(k)j is given by

2
C(k)*, = pn =P i W) (5.53)
px +w(B—e+v) ,us—wQ—FGQkT

In the previous two equations, we have denoted d/dN by ’s and defined

1

1 1
Ln HQT“TbMab, px = —=T*N°My,, and  pg = — N N My, (5.54)

H? H?
which are the projections of the dimensionless mass-matrix M, onto the kinematic basis
vectors. This matrix My, is defined as

Qba‘/,b + Va(éb

- 3—€. .
Map = Via = Racav®" ¢ + =75~ batdp + =1 (5.55)

where Rg.qp is the Riemann tensor (acting on field-space).

Equation 5.52 can also be written as a set of two equations; less compact but more
insightful:

>5¢T+(MX —w@B—e+v)dpN =0
(5.56a)

T T N 2
56T+ (3 — 04T — 2wbd +(un—w -

5" + (3 — €)6¢'T + 2w T + (us — w4 ) SN + (px +w(3 — e+ v))dpT = 0.

(5.56b)

a?H?
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5.3.1 Deriving Expressions for the Projections of the Mass Matrix

First, we deduce expressions for s, 1« and u, in terms of the gradient basis. For u, we
have

1 a 0 . . .
ur = ﬁT TbMab = H2¢2 (U v +w wa) (Ub¢v + wb¢w> V;ab
1 id 3—€r 1 GVt Vady
+ H2(252¢ o ( Racan®“ 9" + 2 GaP + q
52V + 2606w Vow + 95 Viow B—€.4, 420V
_ % A AT gt g2
H2¢2 H2¢2 H ¢2H
_ ¢12)VU'U + 2¢v¢w%w + éq%;vww ¢72 3—¢€ 2§.ba‘/,a
N H23? 2 \ g2 G2

h2 VU 2.v'w vw p2 ww - 2'a a
= uVon & 20000 Vow + Gy +2e<3 ‘ ¢V’>. (5.57)

H2¢? H? + HH

In the second step of this derivation, the antisymmetry of the Riemann tensor was used
(see Chapter 2). To simplify the last term in this equation, note that

éa‘/,a = (Uaév + waéw)vavv = ‘/vévy (558)

where we used the orthonormality of v* and w®. In addition, recall that the slow-roll
;2

parameter 1 can be written as (see also equation 5.16) n = %5:2) + 2¢. We now rewrite

the first term in this equation. In doing so, recall that d'>2 = gf)% + gf)?v, so using the

background equations of motion (5.10a and 5.10b), we find

Dt(i)2 = 2¢th¢y + 2éwptéw = _6H¢2 - 2¢v%- (5'59)
Thus, we obtain
Dy($? —6H¢? — 2¢,V, bV,
n= t(?ﬁ)+2e: ¢ . ¢UU—|—2€:—6—2¢U.U+26. (5.60)
H ¢? H ¢? H¢?

Now, we may use equations 5.60 and 5.58, to give

3—€ 209V, 3—¢

so that we obtain

p2 VU 2'v'w vw »2 ww -
R R )

i e (5.62)

n
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For iy, the derivation is analogous but a little less involved:
1 . .
Hx = 7TaNaM = HTgbZ (Ua¢v + wa¢w> ( ¢wv + ¢v ) ;ab

H?2
I bV + Va
+ HT¢2¢ s? < Racand " + HQ ¢a¢> bHéb>
_ *d.)vd)wv;w + ¢12;va B ¢%uvvw + évd)wvww
N H2¢?

+0

p)
+ 22 (duntdy + Do) + L (~bun Vit bV
WV .
¢H’(¢@+@%)
'2 '2 . .
( Vvv) ’UZUZ); ‘/Uw(qbv ¢w) + HqiqbQ <_¢wvb‘/,bvu + (z)vwbvbvv)

~ (Vaw = Vi) bobw + Vaw(92 — ¢2) % [ duV | 1
B 2 %H2<H¢2+fwﬁ*o
_ (wa - Vvv)¢v¢w + va(Qﬁ - ¢121;) o 26&). (563)

H2?
Here, we used the definition of the turn rate w in the last step. Now for the last projection
term py, we get
(252 b — (bv(bw(vawb + P ) + ¢2 agpb
H2
+¢5a‘/,b + ébVa) ?* b

3—€. .
UN = e NaNbM (V;ab + F(l)a(ﬁb

=" Rycan

H H?
‘/:U’U'2 _2.11'10‘/:011; ‘/1)'0.2 1 ! dRaC
_ Vot qbqb‘ + Vi @y, . .(O+O)+¢ss.nn db
H2¢2 H2¢2 ¢2H2
2 o 12 Ri&
_ Voud? = 26080 Vou + Vi + B8 (5.6
H2¢2

For a better overview, we summarise the results obtained thus far:

Qb?;‘/;)v + Q(évéwvvw + é%uvww 3—¢€
pr = 2 — 2¢ 7z 6—n+2€), (5.65a)
wa_Vvv 'v.w V:U'w '2_ b2
H2¢?
Vvv'2 _2.U‘le}w+%’U.2 +R
UN = O = 2000 . Guwt : (5.65¢)
H2¢?
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5.3.2 Rewriting the Perturbations

In the previous section, we found expressions for the components of the dimensionless
mass matrix. Using these, we now impose the conditions for rapid-turn inflation on the
equations of motion, in order to simplify those. Recall that w = éwVU /H <§2. We show
that Dyw = —px + w(—3 +€—n):

DN(¢w)VU (bw,DN(Vu) éwvv ¢wvzj 5
Dyw = Ho? + f7oe - 232 Dy(H) — T&DNﬁz’Q
V, - bu bV oo GuVo
- H24? Pw + Hd;q'bgpt( VVVa) - Z3¢2H a 22¢4Dt(¢2)
(559) Vi . . b ) .
- H2(l'52 (*3H¢w - Qv¢v) + H2¢2 <‘/vv¢v + %w¢w>

L ouVe 6 duVh
H¢?2 2H? {244

_ PVl
H¢?

—6H¢? — 2¢,V,
( )

QQBUVU 1 . .. o
(—3 +e+6+ 52 ) + 23 (QvVL)¢v + Vou®ouw + %w%)

= w(—3 +3e — 77) + <_(V;)w(év + waéw)év + Vvvévéw + vvw¢12u>

H2g?
1 oo ) i
- _sz)z <(wa ~ Vi) budw + Vou (7, — ¢12U)) +w(=3+4+3e—1n)
= —px +w(=3+¢e—n). (5.66)

Requiring v = Dy Inw ~ O(€) now yields

Dylnw = —HxF@(EBFe=m) i 5 00— o), (5.67)

w w

from which it follows that
tx = —3w + O(we). (5.68)

Using equations 5.37 and 5.38, we can derive an analogous condition for the pr compo-
nent of the mass matrix:

. o ., B
Al 2%%%“’ + fwVuw _ 2¢ (3 C6-n+ 2e>
H2¢2
Voo 02 Vow bvbw  Viow 02

= H2g+2H2 q.bQ +ﬁﬁ+0(€)

Kr

12

19 -
%U%—FQ(BVUU—FO(LUQ) ¢U.¢w+<9 %U+w2+9+0(6)>£+0(6)

T H? R w H? 3 w? H?
_ Vi 9 18w N 9w? 6wO(we)  w?(9+w?)  w?O(e)
COH2 \9+w? w9+ w?)  w?(9+w?) 9 + w? 9 4 w? 9+ w?
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72
=0+ 0O(e) +w? + O(e) + O(e)

= w? + O(e).

(5.69)
Finally, we derive such a condition for the py term of the mass matrix using equations
5.65¢ 5.37:

. 2 . 2 .
_M @ _9 vw¢v¢w @ +R(Z)2
WEE\G) TTHTG S

H2

p 2H?
_ Voo 30 Voo & R
H29+w?  H29+w?  2H2
527 9wa + 2@ 9 + Vvv w2 R¢2
H2(9 + w?) H29+w?

H2 9+ w2 tom +0(e)
W

_ Maw Ve 9 Y, Re?
-~ H%(9+w?)  H? 9+ w? 2H?'

(5.70)
We now reconsider equations 5.56a and 5.56b using the results we just derived for py
and pp. We define 07 = §¢'® for a € {T, N}. The perturbations can then be written
in matrix form as

0 0 1 1
o7 dor
; 0 0 0 1
6¢N _ 2 k2 6¢N
ol | _(NT_W +a2H2> —(ux —wB—€e+v)) —(3-¢) 2w omp
oy —(px —wB—€e+v)) - (MN—wQ—i— a2k}2{2> —2w —(3—¢) 0N
(5.71)
In this we follow the notation of [Bjorkmo, 2019] in denoting the components of the
perturbations. Using the equations for u, and ux we just derived, ignoring all O(e)
corrections and setting & = 0, we find that
dprn 0 0 1 1 0T
/
5¢]/V _ 0 0 0 1 03N ’ (5.72)
oty 0 6w + O(we) -3 2w omr
oy O(we) —py +w? —2w =3/ \Inn
seeing as
pr —w? = w? + 0(e) —w? = O(e) (5.73a)
px —w(3—€e+v)=—=3w—3w+ Owe) + ew — wr = —6w + O(we) (5.73b)
px Fw(3—e+v) =—=3w+ O(we) + 3w — ew + wr = O(we). (5.73c)
5.4 Discussion of Results

It is important to note that our results differ from the results in [Bjorkmo, 2019] at three
points:
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e For the TT-projection of the dimensionless mass matrix up, the result stated
in [Bjorkmo, 2019] is the following;:

02V + 20000 Vew + 02, Viow
N 242

wr —2e(3—€e+n), (5.74)

which significantly differs from our result (see equation 5.65a) in the second term.
Fortunately, the different results for this second term have no impact on the deriva-

tion of the condition on ur (see equation 5.69), as in both cases the second term
is of O(e).

e The results of the N N-projection of My, also differ. The result found in [Bjorkmo,
2019] is

_ Yaw | Vi | R$?

T OH2(9+w?) ' H? o

which again differs from our result (equation 5.70) in the second term. Although

the results are different, the terms on which py depends are still the same.

1N (5.75)

e A potentially more impactful difference is found in the equations of motion for
the perturbations, in this analysis represented as a matrix in equation 5.72. In
[Bjorkmo, 2019], the ij = 41 term is simply zero, while the ij = 32 term is 6w.
It is mentioned in [Bjorkmo, 2019] that the O(e€) terms are neglected. However,
per our analysis, this result can only be retrieved if either the O(we) terms our
neglected as well, or if the additional assumption is made that w = O(1) (which is
rather more restrictive than only w? > O(e)).

If one assumes that the analysis in [Bjorkmo, 2019] is correct, the eigenvalues of the
evolution matrix are given by

M=-3 X=0, A= % (—3 + /9 — 4y — 12w2> , (5.76)
where the eigenvector corresponding to the zero eigenvalue is vo = (1,0, 0,0), which thus
points along the trajectory (by definition of the kinematic basis vector 7%). Assuming
that these eigenvalues correspond to the local Lyapunov exponents of the trajectory
(see the discussion in Section 4.4), the trajectory is thus stable if uy > —3w?. This
should then imply that the solutions satisfying either of the constraints 5.39, 5.51 is an
attractor.

Assuming that our analysis is correct, however, yields

1
Asl =3 <_3 + \/9 — 20N — 6w? — 21/O0(w?e?) + O(w?e) + (un + 3w2)2> ;

Aiog = L (—3 + \/9 — 2N — 6w? + 2,/O(w2e?) + O(w2e) + (un + 3w2)2> . (5.77)

2
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These eigenvectors are of course equal to the ones in equation 5.76 if O(we) can be
neglected. The key difference between the two sets of eigenvalues is that the ones in 5.77
not only depend on uy and w, but also have (’)(w262), (’)(wze) terms.

To conclude the analysis of this chapter, we summarise the results that have been ob-
tained. Starting with the background equations of motion and the Friedmann equations
for two scalar fields, equations of motions for the scalar field velocities ¢, and ¢y, (equa-
tions 5.10a and 5.10b) were obtained. Imposing the conditions for a rapidly turning
solution (in particular w? > O(e)), a constraint was derived, restricting the region in
field-space where rapid-turn inflation may take place (equation 5.39) for the negligible
case and equation 5.51 for the non-negligible case). After this, the equations of mo-
tion for spatially homogeneous perturbations (see 5.52) were simplified using the same
conditions for a rapidly turning solution. In [Bjorkmo, 2019], it was then found that
the solution satisfying either of the constraints is an attractor. In the present analysis,
however, the eigenvalues of the evolution matrix were found to be more complicated.
Therefore it remains unclear whether the ’attractor’ solution is really an attractor.

5.5 Application to Hyperinflation

As an application of the analysis in this chapter, we discuss generalised hyperinflation.
Hyperinflation, first introduced in [Brown, 2018], is a phase of inflation during which
inflation occurs more rapidly then in standard slow-roll models. Usually, the metric
corresponding to hyperinflation has a constant negative curvature, given by

2 _ 3.2 212 (P 2
ds? = dp? + L2sinh (L) 462, (5.78)

The potential is taken to be a general function of 6 only, i.e. V(p,0) = V(p). In
[Bjorkmo and Marsh, 2019], it was shown that hyperinflation may be generalised by
simply requiring that the potential satisfies

Vi

Vww = I Vow =20, Vi < Vi (5.79)

From these conditions on the potential, it follows that (generalised) hyperinflation falls

under the 'negligible’ case, as discussed in Section 5.2.1. Using equations 5.40 and 5.41,
we find that the scalar field velocities as given by

by = 3V,H _ —3V,HL

0 Vaw Vo

. | Viow — 9H?
¢w:Vu TZVD

and the total field velocity thus by

= —3HL, (5.80a)

Vi
Vo _ 9H2
L = VV,L - 9HL?, (5.80b)

¢* = g2 + 92, = LV, (5.81)
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As a consistency check, we see that the conditions € < 1 and w? > O(e) thus correspond
with

¢* LV,
= = 1 . 2
“Tomr T am (5:82)
and thus )
SuVe 1
w? = ( He ) — Taz (VoL = 9HL?) > O(e), (5.83)

or 1/L*(V,L —9HL?) > 1/2LV,,. Following the results of [Bjorkmo, 2019], stability of
the attractor solution requires puy > —3w?. Using 5.75, we find that for hyperinflation
pun = —w? + O(e), so the background evolution is stable.
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Chapter 6

Scaling Solutions and their
Stability

In the previous section, a two-field model of inflation was studied and an equation was
derived for a constraint on a possible attractor in the system. In this section, again a
two-field model is studied. The approach, however, is different: the background equa-
tions of motion are transformed into a four-dimensional system of ordinary differential
equations for the scalar coordinates ¢ and the associated velocities (with respect to
e-folds) v*. Then, assuming a general two-dimensional Riemannian metric, a transfor-
mation is applied to the system, inspired by the functions that are used to define the
metric. With this transformed system, we will start the analysis of the system. In this
analysis, we focus a so-called scaling solutions: solutions for which the slow-roll param-
eter € is constant. We start with the scenario in which field-space is flat (Section 6.3).
Then, we consider systems in which the metric has an isometry corresponding to shifts
in the field-space coordinate 6 (Sections 6.4 and 6.5). For this scenario, the analysis is
divided amongst three cases, depending on the form of the potential V(p, ) acting on
field-space. Furthermore, the models of hyperinflation and angular inflation are briefly
discussed.

6.1 Deriving the System

To start the analysis, recall the background equations for the scalar fields ¢* and the
Friedmann equations. Recall that the background equations of motion are given by

Dyd® + 3HP* + GV, =0 (6.1)

and the Friedmann equations are

3H? = %Qabéad)b + V. (6.2a)
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. 1 ..
H = =2 Gad"d", (6.2b)

We now transform the background equations of motion into a system of first order
differential equations for the scalar coordinates ¢* and their velocities (with respect to
e-folds) v* = %. Here, we use the notation v* to distinguish this velocity from the
basis vector v® in the previous section.

O:thﬁa+3H¢“+g“bwb
:q'b'a_{_l—\gcg'sbd)c_’_gHQVa_i_v,a
d

d
== <HdN¢“> + H2TE 0 + 3HA + V0

. 1 -
= Hv+ H* (v*) + H*Tj. " + (2g,,c¢b¢c + V) v Vo

1 1
= —§H2vagbcvbvc + H? v + H2I’§vavc + <2H2§bcvbvC + V) v+ Ve

= H? (v + HT{ M + (3 —€) HH + V2. (6.3)
Rearranging these terms then yields
V a
) == (3 —¢€)v* — I"gcvbvC — ;2
= —(3—¢) (v +p?) — T2, (6.4)
where the definition p, = aggf ) has been used. This results in the following system:

(%) ="
{(Va)/ =—B—¢€) (W +p* — cmvva. (6.5)

Note that the slow-roll parameter € can be rewritten is terms of the velocities as

__H 620 10u0"d" _ 1GuwH@) H@) 1, 0
2 BT 2 R i

which will prove useful later on in the analysis.

1
= §vava7 (6.6)

6.2 Transforming the System

To make the system a bit more concrete, we will rewrite it in terms of the metric chosen
for field-space. The most general two-dimensional Riemannian metric can be written as

ds® = ¢*(p, 0)dp” + f*(p, 0)d6?, (6.7)

which follows from equation 2.45 in Chapter 2. The Christoffel symbols associated with
this metric are given by

re, =22 ph =20 o~
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_Jo po _fo o _ 998
- f pd — f pp f2
We introduce the coordinates (z,y) = (gvp, f’ue), so that the first slow-roll parameter
can be written as

0
Lo

(6.8)

1 1
€= ivava =3 (x2 + y2) , (6.9)

and the evolution equation for ¢ becomes
€ =z’ +yy. (6.10)

In our analysis, we consider scaling solutions, so solutions for which ¢ = 0. As seen in
the above equation, setting 2’ = 3y’ = 0 corresponds to such scaling solutions and we will
focus on this type of solutions.

Using the system 6.5, we can derive the evolution equations for z and y:

)V + p°) = gLy + (9,00 + 9,08") v
(:1: pgp> — gTh vV — 2gI‘g9v9v’) — gF§9v9V9 + <g,p"p + 9,9"6) Ve
<$+p> 90 0y 4 Loy2 | Doy 1 Hgy
g fg fg 9 fg
<3—2 —§y > <x+];”> - ?’Zmyjt‘;;;y?. (6.11)

For y we analogously obtain

y' = (O + 00

= —f3 =)0’ + ") = [Tov™ + (f' + fo0') V'
=—(3— < ) ff‘gv —2fI’9 vPy? —fT19 vpvp—i—(f vp—i—f9v> 0
- feo 2_9 49,6 22 [ Jo o2
- ( ) 72’ rg" Tt Y
_12 2>< P9> fp 960 2
<3 5%~ 5Y Y+ 7 Fa fgx' (6.12)
The full system is thus given by
p=",
g
v (bt L) () Ay Ty
y 9/ 1 ! (6.13)
o ==
f7
r_ _12_72 Po _f,p g6 o
V= (357 3) (v ) o v
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6.3 The Flat Field-space Case

We will now look at the simplest possible form of the system. We assume that field-space
is flat, so g, f = 1. Then metric is then simply the two-dimensional Euclidean metric

ds? = dp? + d6?, (6.14)

and the dynamical system reduces to

p =,
1 1
v = — (3 - 5302 - 23/2> (z + pp)
’ (6.15)
0=y
1 1
y = - (3 -5 - 2y2> (y + o).

Note in this system, the equations for 2’ and 3’ are quite symmetric, because there is no
distinction between the two coordinates in the metric. We focus on the case where the
potential is independent of 6, so where pg = 0, i.e.

Vip,0) = V(p). (6.16)

Specifically, we discuss two cases: the case in which p, is a constant and the case in which
it is not. If we were to choose a potential of the form V' (#), so a potential independent of p,
the results of the analysis would be exactly the same (as the transformation (p, z, 0, y) —
(0,y, p, x) does not intrinsically change the system).

6.3.1 The Case of an Exponential Potential

We start with the assumption that p, is constant, i.e. p, = ¢ for some c3 € R. Recall
that p, is defined as d(InV')/0p and that we had assumed that pg = 0. Thus, it follows
that the potential must take the form of an exponential:

Vip) = c1e?? for ¢; € R. (6.17)

In this case, the equations for 2’ and vy’ are independent of both p and 6. This then
implies that there is a two-dimensional subspace, spanned by = and ¥, that is invariant
under the flow. The two-dimensional subsystem takes the form

1 1
7 =— <3 — Zz? - y2> (x + ¢2),

2 2
(6.18)
y=—(3-1s2-1p2)y
2 2
It is now easy to see that a fixed point of this system requires 22 +y2 = 6 or © = —c»

and y = 0. We consider these two types of fixed points separately. Note that if |co| < v/6
we also have a fixed point for x = —cy and y = £1/6 — c3. However, this is just a point
on the circle 2 + 32 = 6, so we do not consider this critical point separately.
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e First, we consider the fixed point (—cg,0). For reasons that will be explained in
Section 6.4.1, we call this the gradient solution. Using the relation ¢ = 1/2x2 +
1/2y?, we find that the associated slow-roll parameter € is given by € = c3/2

e Next, consider the critical points given by
(2,9)cire = (Zeire, Yeire) for which 2 + y? = 6. (6.19)

For now, we call every such critical point a circle solution. It is easy to see that
e = 3 for every circle solution.

Having described the critical points of the system, we now consider their stability. The
Jacobian corresponding to the two-dimensional system 6.18 is given by

z(z+c2) — (3— 322 — 37 y(z —1|— c2) X > '
zy y' = (397" —3y%)

We consider the two types of critical points separately.

Tfiat2D = < (6.20)

e The eigenvalues that correspond to the gradient solution are given by A1 2 gred =
—3 4 c2/2. Thus, the gradient solution is asymptotically stable if |ca| < v/6 and
unstable if |ca| > /6. If |c2| = v/6, the stability does not follow from the lineari-
sation, since A2 grqq = 0. However, we may directly consider the equation for z’
in 6.18. From this, it follows that (—cz,0) is unstable also if |ca| = /6.

Since (—cz,0) is asymptotically stable for |ca| < v/6, it is an attractor of the two-
dimensional system 6.18 (see Section 4.3). In fact, it can be shown that the basin
of attraction is given by

{(z,y) € R? : 22 + 4% < 6}. (6.21)

e For the circle solutions, the corresponding eigenvalues are given by
Al,circ =6+ com, )\Z,Circ =0, (622)

Given that one eigenvalue is zero, it is necessary to consider the eigenvectors cor-
responding to it. It can be shown that the eigenvector vo cire corresponding to the
zero eigenvalue is always tangent to the circle 22 + y? = 6, while the eigenvector
U1,cire corresponding to the nonzero eigenvalue is not (except in a specific case,
which we will reflect on later). Thus, for stability we only need to consider the
value of A1 cre. We consider three separate cases: (a) |c2| = V6, (b) |ca] < V6
and (c) |ca| > v/6. We assume that ¢y > 0. The results for c; < 0 follow by the
transformation cg — —cs.

(a) If ca = V6, we have M, cire = 64++/6x. We see that AMcire < 0forz < —/6, so
nowhere on the circle. For z = /6, M,cire = 0, while A1 cire > 0 everywhere
else on the circle. From the discussion about the stability of the gradient
solution, it follows that the point (1/6,0) is also unstable.
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(b) If ca < /6, we have AM,cire < 0 nowhere on the circle, so A1 ¢ire > 0 every-
where. Thus, the whole circle is unstable.

(c) If ca > /6, it holds that

,

<0 forzxe [—\[,—6>
C2
6
Meire{ =0 for x =—— , (6.23)
C2
6
>0 forzxe <—,\/6}
c2

so the stability is clear for all z # —6/cy. In the point (z, y)eire = (—6/c2, F1/6 — 36/c3),
something interesting happens. Here, not only vs cir., but also vi i be-
comes tangent to the circle. However, we may still determine the stabil-
ity of this point by looking at the y’ equation in 6.18: for z = —6/cy
and y < —/6—36/c3 (so outside the circle), we have 3y < 0, while for
—4/6 —36/c3 <y <0, we have 3y > 0, so the point (—6/c2, —/6 — 36/c3) is

unstable. It analogously follows that (—6/c2, /6 — 36/c3) is unstable.

The results of the stability analysis can be captured in Figures 6.1, 6.2 and 6.3. In
each of these figure, the circle 22 + y? = /6 of fixed points and the fixed point (—cz,0)
(in blue) are displayed. In Figure 6.3, the blue dashed line at © = —c3/6 represents the
transition of the stability of the points on the circle from unstable (dashed line) to stable
(solid line).
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!
-4 L

Figure 6.3: Fixed points for |ca| > v/6

The point (c2,0) is asymptotically stable for |ca| < v/6. In the (p, #)-space, this corre-
sponds with a trajectory that only rolls down the potential in the p-direction and has no
motion in the #-direction. Thus, in the absence of field-space curvature, and for an ex-
ponential potential that only depends on one coordinate, the attractor (x,y) = (—cz,0)
(which can be seen as a kind of ’preferred trajectory’) is just a direct generalisation of
single field inflation. See Figure 6.4 for the inflationary trajectories corresponding to the
attractor in the two-dimensional system.
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Figure 6.4: The potential V' (p, ) = e~??" together with some trajectories (blue) corre-
sponding to the attractor (—cs,0).

6.3.2 The Case of Fixed Points

We now drop the assumption that p, is constant. It follows that the equations for z’
and y’ are no longer independent of p, but still independent of 6. Thus, we now have
a three-dimensional invariant subspace, spanned by p, x and y. The three-dimensional
subsystem takes the form

o = — (3 S 21/2) (@ +pp); (6.24)
1

We assume that the potential V' is such that there are countable many isolated points
Pgrad for which p,(per) = 0 holds, i.e. for which V" has an extremum, so we find the fixed
points

(p,2,9)2 = (pex,0,£V6) and (p,z,9)1 = (pex,0,0). (6.25)

We will now determine the stability of these points. For (p, x,y)2, one of the eigenvalues
is A = 6. Thus, this equilibrium is unstable.

For (p,x,y)2, the eigenvalues are given by \; = =3, Ap = 1/2 (—3 + /9 — 128ppp) =
1/2 (—3 + /9 — 12Vpp). Based on the value of d,p,, we have different scenarios:

o IfV,,>0,,9—-12V,, <3 or \/9—-12V,, € C, such that Re{A\+} < 0. Thus,

(Pex, 0,0) is asymptotically stable.

o If V,, <0, we have that /9 — 12V ,, > 3, so Ay > 0 and thus the fixed point is
unstable.
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6.4 Non-trivial Geometry for Specific Potentials

Having examined the system for a Euclidean metric, we now generalise the metric.
Suppose the metric has a transitively acting isometry. It can then be brought into the
form

ds* = dp? + f%(p)d6?, (6.26)
such that the isometry corresponds to shifts in . The flat plane can for example be writ-
ten in this form, if one parametrises it in polar coordinates (so with f = p). Another ex-
ample is the non-compact representation of the hyperbolic plane, with f = Lsinh(p/L).
With the example of the flat plane in mind, we refer to p as the radial coordinate and
to 0 as the angular coordinate. Using 7.12, we see that for this choice of metric the only
non-zero Christoffel symbols are

I I
TP = 7/’ - f f , 1-\ 0= P .

06 g P p f
In addition, we assume that the scalar potential preserves the isometry of the metric.
Since the metric has an isometry in the 6 direction, this requires a shift-symmetry in the

potential in this direction. It follows that pg = 0. In this case, the system is given by

(6.27)

(0 =z
1, 1 f
¥ =— (3 - 5952 - 2y2> (x+pp) + T’pr;
g _Y. (6.28)
f7
1 f
y’=—< 3 2—53/ + e )y

Note that the equations for p’, 2’ and 3y’ are all independent of . Having determined
the form of the dynamical system, we can now start with the classification of the scaling
solutions for which 2/ = 3/ = 0. We consider a variety of cases.

6.4.1 The Case of an Exponential Potential and Hyperbolic Metric

We start with the additional assumption that p, and f,/f are constants. A constant p,
corresponds to an exponential function

Vip,0) = c1e”, (6.29)

such that p, = c2, and a constant f,/f corresponds to a hyperbolic space with f(p) =
e?/L such that fp/f =1/L. In this case, the equations for z’ and y’ are independent
of both p and 6. Therefore, there exists an invariant two-dimensional subspace spanned
by x and y, and we may consider the two-dimensional subsystem given by
1 1 1

/ 2 2 2

r=—(3—z2°— 2 T+ c -y

( 5Y ) (& +c2) + 745

2 (6.30)
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We can distinguish three types of critical points of this subsystem:

e If the velocity in the 6-direction vanishes, we find a scaling solution along the
p-coordinate:

(.%', y)grad = (—pp,()) = (_CQa 0)- (6.31)

This leads to € = ¢2/2. The solution only has velocity in the radial direction, which
corresponds to the gradient direction of the potential V. Therefore we refer to this
scaling solution as the gradient solution. Note that this solution was also found in
a flat field-space (Section 6.3.1).

e If, like for the gradient solution, the velocity in the #-direction vanishes, the (3 —
1/22? — 1/2y?) terms vanish if 2 = ++/6. We refer to these solutions as kinetic
solutions:

(2, Y)hin = (£V6,0). (6.32)

For these solutions, we have ¢ = 3. We see that the kinetic solutions are just two
special cases of the gradient solution.

e In case the angular velocity does not vanish, we find scaling solutions given by

6 V6y/c3+22 —6

T2 ) 2
7 e 7 e

(ZC, y)hyper = s (633)

and
3LC2 . 3Lpp

T 24 Les 24 Lp,

€

(6.34)

Note that the hyperbolic solutions reduce to instances of the circle solutions found
in Section 6.3.1 for f = 1, i.e. for 1/L = 0. The solutions only exist if the
expressions in the roots are positive. Setting c% —2c9/L — 6 =0 gives

1—-+v1+6L? 14+ V1+6L?

CQeritl = ————5 ———» Cerit2 = ———— - (635)
L L

It follows that the solutions exist for ca < ¢ i1 and ca > c2 ¢rir2. These solutions

move in the angular direction 6, while the radial coordinate p decreases along

the trajectory. As we will see later, these solutions only exist if field space is

hyperbolic, otherwise the solution would be p-dependent. Hence we call them

hyperbolic solutions.

Next, we consider the stability of the critical points determined above. The Jacobian of
the two-dimensional subsystem is given by

(6.36)

—3+ 3%+ 1+ (24+z+c)y
J(z,y)2p =

(-z+2)y -3 -+ 327+ 3y

We can now determine the eigenvalues for each critical point we found before:
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e For the gradient solution, we have that

1 1 c
M grad = 3 (3—6), Xograa= 5(cg —6) — fz (6.37)

The gradient solution is asymptotically stable if A1, Ao < 0. Solving these inequal-
ities leads to:

1. If c5 € (—\/6, 0], then the gradient solution is asymptotically stable if L > 0

orif L <0 andc € (—% - \/@, 0} = (c2,erit1, 0]

2. If ey € (0, \/6), then the gradient solution is asymptotically stable if L < 0 or

if L >0andcy € (0, —% + \/@) = (0, c2,crit2)-

e For the kinetic solutions, we find the eigenvalues

V6
M gin = V6 (\/éi Cz) y A2 kin = T (6.38)
Thus, for the positive kinetic solution we have asymptotic stability if co < —v/6 and
L > 0. For the negative kinetic solution we have asymptotic stability if co > /6
and L < 0.

e For the hyperbolic solution, the eigenvalues are a bit more complicated, so we
shall not give them here. For both the positive and the negative solution, have
ALhyps A2,hyp < 0, so asymptotic stability, in the following two cases:

200  27—8c3 1 243 — 16¢3
e (- 6,0> A Lel- , — VB 2200 (639
“ < Ve ( c3 — 6 4ca(c3 —6) 4\f c3(c3 — 6)? (6.39a)

27—8c3 1 243 —16¢3  2co
e(0,v6) A Le| - V3 2 6.39b
@ ( V6 [402(03—6) 4\[ c3(c3—-6)2" -6 ( )
We now discuss how the three critical points (or the solutions) are related. First, note
that the kinetic solutions are just a special case of the gradient solution for the choices
¢y = £v6. We now inspect how the gradient solution is related to the hyperbolic
solutions.

We first consider the behaviour of the system around the point (cg¢rit1,0). In the case
that L < 0, we find a subcritical pitchfork bifurcation (see e.g. [Holmes, 2012] for a
introduction to bifurcations) at this point, which can be seen in the following way:
from equation 6.37, it was deduced that the gradient solution is asymptotically stable
if ¢co € (c2,erit1,0]. It can also be deduced that the gradient solution is unstable if
c2 < cacrit1- The hyperbolic solutions exist for ¢z < ca crir1 (see equation 6.35) and is
symmetric is y = 0. From equation 6.39a, it may be deduced that both branches of the
hyperbolic solution are stable on the interval (a1, 2 erit1) for some a; < ¢2 ¢rig1. Thus,
at (c2,crit1,0) we have a subcritical pitchfork bifurcation.
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For the (c2,crit2,0) the situation is similar. There is a supercritical pitchfork bifurcation
at this point if L > 0: from equation 6.37, it followed that the gradient solution is
asymptotically stable if co € (0, ca criz2). It also follows that the solution if unstable if
c27c2 crit2. From equation 6.35 is follows that the hyperbolic solutions exist for co >
c2,crit2- In addition, they are symmetric in y = 0 and stable on the interval (c2 crir2, a2)
for some ag > 2 ¢rit2 (which can be deduced from equation 6.39b). Therefore, there is a
supercritical pitchfork bifurcation at (2 erit2, 0).

6.4.2 The Case of an Exponential Potential and Nonhyperbolic metric

We relax the assumptions of Section 6.4.1. We still use an exponential potential V'(p, ) =
c1¢®?, but drop the assumption that f,/f is constant. Looking at 6.28, we see that
pp = cp. Although the equations for 2’ and 3’ are no longer independent of both p,
they are still independent of . Therefore, there exists an invariant three-dimensional
subspace spanned by z and y, and we may consider the three-dimensional subsystem

given by

p =
1 1 f

r_ I ) 2.

z = (3 295 2y>(m+02)—|—fy, (6.40)
1 1 f

I o2 =2 P

y = <3 5 2y+fx>y.

The p’ equation only vanishes for x = 0. Using the equation for 3, this implies that
either y = ++v/6 or y = 0, which in turn implies (from the requirement that 2’ = 0)
fp/f(p) =0 and ¢z = 0, respectively. The case where ¢ = 0 is not very interesting, as
it means that the potential is flat. The case (f,/f)(p) = 0 does yields fixed points of
interest, namely

(p.w,y) = (ﬁ, 0, ix/é) : (6.41)

where p is some p satisfying (f,/f)(p) = 0.

The Jacobian associated with the three-dimensional system is given by

£ o feo 2 3.2, 1,2 I
Tsp(p,z,y) = <—f+’7)y -3+ 352"+ 3y + (c2 + @)y + 2
2
(%-%)x(y y(x—%) —3+%x2+%y2—é’c—"x.

(6.42)
Evaluating at the fixed points (ﬁ, 0, :l:\/é) gives the following eigenvalues, which are the
same for both the positive and the negative solutions:

_ _ fﬂpp(ﬁ) o fﬂpp(ﬁ)
M =6, X=+6 ) A3 = —V6 ) (6.43)
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We see that the real part of the first eigenvalue is always positive. Thus is follows that
all fixed points of this form are unstable.

From the analysis above, we conclude that there are no stable fixed points of interest in
the three-dimensional subsystem (given by 6.40). However, the gradient solution (6.31)
and the kinetic solutions (6.32) do not depend on p, so these solutions may be defined
in the (z,y) subspace for any value of p. The Jacobian from equation 6.42 may be used
to calculate the eigenvalues. We assume that these eigenvalues correspond to the local
Lyapunov exponents (see the discussion in Chapter 4, Section 4.4).

e For the gradient solution, the eigenvalues are given by

1 (&) 1
Al,grad =0, )\2,grad =5 (_6 + C%) s )\B,grad =-3+ =4+ *C%, (644)
2 L, 2
with corresponding eigenvectors
2
Ul,grad = (17 07 0) ) U2,g7‘ad = <C267 17 0> ) US,grad = <O7 07 1) . (645)
=
Here, we defined
1
1 _ts (6.46)
L, p

Thus, we see that the eigenvalues are a direct generalisation of the eigenvalues
corresponding to the gradient solution in the case that 1/L, = 1/L, see equation
6.37. From the eigenvectors corresponding to the eigenvalues, we see that the zero
eigenvalue points only in the p-direction. This is a reflection of the fact that the
gradient solution is p-independent. The stability of the gradient solution thus only
depends on A 4rq¢ and A3 4rqq. The conditions on ¢z on L, are exactly the same as
for the case that field-space is hyperbolic (Section 6.4.1), only this time the value
of L, is different for each two-dimensional (x,y)-slice.

e The situation for the kinetic solutions is exactly the same as for the gradient so-
lution. The eigenvalues are a direct generalisation (with the replacement 1/L —
1/L,) of the eigenvalues in the hyperbolic case (see equation 6.38), with the ad-
dition of a zero eigenvalue of which the corresponding eigenvector points in the
p-direction.

6.4.3 Case Study: Hyperinflation

Now that we have discussed several types of scaling solutions, both for a hyperbolic
metric function and for a non-hyperbolic metric function f(p), we consider the model of
hyperinflation [Brown, 2018], and compare it to the hyperbolic solution that was found
in Section 6.4.1. In models of hyperinflation, the curvature of field-space is negative and
constant; recall that the metric can be written as

2 _ 3.2 212 P 2
ds? = dp? + L2 sinh ( L)de, (6.47)
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So with f(p) = Lsinh (p/L) and thus

1 coth(p/L)

— =" 6.48

= (6.48)
For large values of the radial coordinate p this metric function is approximately hyper-
bolic:

1 L1
f(p) = L? sinh? <%) = 5L (ep/L - e—p/L) 'z L/, (6.49)

where we have assumed that p/L > 0. If p/L < 0, we get f(p) ~ 1/2L%e "/ Using
equation 6.48, the expression for the x-component of the hyperbolic solution of Section
6.4.1 (equation 6.33) can be rewritten as

. —3HL

P= coth(p/L) + 3¢2L,
We now assume that the field-space curvature is large, which corresponds to L < 1. As

lim, o coth(p/L) = 1, the radial velocity reduces to p ~ —3H L. This is precisely the
expression of the ’attractor’ for the hyperinflation model in [Brown, 2018].

(6.50)

6.5 Systems with an Isometry and Generic Potentials

In the previous section, we assumed that the potential only depends on the radial co-
ordinate p. We now drop this assumption, such that we have a potential V' = V(p,0).
We then find a slightly more general system then the one we considered in the previous

section:

/_ .
p_xa

1 1
= <3— 5:102 — 2y2> (x+py) + Lo 2.

fy’

P Y. (6.51)
=%

R

In analysing this system, we focus on product-separable potentials with an exponential
dependence on either p or 6.

6.5.1 Exponential Dependence on the Radial Coordinate
We start with the case of an exponential dependence on the radial coordinate p;
V(p,0) = h(@)e™, (6.52)

which is a direct generalisation of the exponential potential we considered before (see
equation 6.29). In this case, we have p, = ¢z and py = h'(#)/h(). Note that the
equations for 2/, § and 3’ still depend on p through the terms f,/f and ps/f. We
distinguish two types of scaling solutions.
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e Suppose that the function h(¢) has an extremum for some value 6,,. We then have
a scaling solution that is similar to the gradient solution of the previous section,
given by

0,2,9)grad = (Bex, —C2,0), (6.53)

and with € = 3c3.

e We also retrieve the kinetic solution
with e = 3.

Having determined the critical points, we consider their stability. The Jacobian of the
full system is given by

JI(z,y) =
0 1 0 0
2
%:ﬁ —-3+e+x(c2+x) 0 (c2+x+2f’7p)y
2 _ 34 _
f,/? f-éfappxy _ ( 3+f%P9f,p :L,(y +p9) _ yqup ( 3“1’;)60179 -3 + e+ Yy (y + p79> _ "EfT,ﬁ
(6.55)
For the scaling solutions found above we then get the following:
e For the kinetic solution, the eigenvalues of the Jacobian are
Mokin = Mokin =0, Mg pin = V6(V6 £ ),  Aypin = ?Véf}p, (6.56)
where we have eigenvectors
U1,kin = (1707010)7 V2, kin = (0707 1>O)a (657)

The zero eigenvalues therefore correspond to the p and 8 directions and therefore
lie on the two-dimensional subspace consisting of kinetic solutions. It thus also
follows that the stability of the kinetic solution is determined by A3 rin and Ay gin-

For the positive kinetic solution, we see that A3, < 0 if V6 + ¢y < 0, so if
co < —V6. It follows that the positive kinetic solution is stable if ¢; < —v/6 and

Lo

- > 0. For the negative kinetic solution, we have A3 i, < 0 if V6 — ¢y <0, so if
¢y > /6. Thus it is stable if ¢5 > v/6 and % < 0.

e For the gradient solution, the eigenvalues are

1 1
)\l,grad = 07 )\2,grad = _5 (6 - C%) ) )\:I:,grad = 5 (Agrad + \/ A?]rad - Bg’/‘ad) )

(6.58)

90



CHAPTER 6. SCALING SOLUTIONS AND THEIR STABILITY 91

where we have defined

Agrad = —% (6-c) + oo’ 7 (6.59)
1 15) 9536 "(0)= 1 V. eez
Byraa =4 (5 (6= &) P ) OV (Fo- ) 0T ). 000

The eigenvalue corresponding to the zero eigenvalue is vi grqq = (1,0,0,0). Since
it points in the p direction and the gradient solution does not depend on p, the
stability depends on the other eigenvalues A3 4.4 and A+. It is easy to see that the
condition Mg grqq¢ < 0 implies ¢ € (—\/6, \/6) In addition, a necessary condition
for Ay graa < 01is Agpqq < 0, which corresponds to

1 2

C2 - -
—5 (6 — Cg) + f < 0,0r C2critl < €2 < C2,crit2, (6'61)
p

where €2 ¢ri11 and Ca crit2 are defined as

% _ ! 6 ! % ! 6 ! (6.62)
C2critl = — 75— — — 795 Cerit2 = —7 — — 73 .
L, L2 L, L2

These are thus the generalisation of the critical values defined in equation 6.35 for

non-constant L,. Stability furthermore requires that Re{Agmd—i— Agr ad — Bgmd} <

0, so Bgraa > 0. We already have the condition |ca| < V6, so for Bgraa > 0 the
only condition is that (Vgg/V)(fer) > 0. This is equivalent to the condition that
h(6) has a local minimum at 6.

In short, for the gradient solution to be stable, we need

Voo

lcal < V6,  Gaeritt < c2 < Eaepirz,  and 7 (fex) > 0. (6.63)

Compared to the stability conditions of the gradient solution in Section 6.4.2, this
amounts to one extra condition.
6.5.2 Exponential Dependence on the Angular Coordinate

Having considered a variety of scaling solutions for which p, is constant, we turn to
scaling solutions for which py is constant. This corresponds with a potential that shows
exponential dependence on the angle-like coordinate 6:

V(p,0) = k(p)e?. (6.64)

In this case, we have pyg = ¢3 and p, = k'(p)/k(p). Since py is constant, we have a
three-dimensional invariant subspace, spanned by p, x and y. The three-dimensional
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subsystem is then

/

p=u,
1, 1 f

T P S S L. 2

= (3 57 2y>(m+pp)—|—fy, (6.65)

V(g ) (50 2) - Lo

From the equation for o/, it is immediate that any critical point requires x = 0. Looking
at the equations for 2/ and ¢/, we can distinguish a number of cases. For 3/ = 0, we
require either y = 4+v/6, or y = —c3/f. If y = —c3/f, the equation for 2’ yields

1 2 2
_<3_C3> py+ 125 g, (6.66)

f2=C§<1+2f’p>. (6.67)

Note that equation 6.67 may admit any number of solutions. Motivated by already
known models of inflation (such as shift-symmetric orbital inflation, see e.g. [Achucarro
et al., 2020]), we assume that the equation has either a maximum of two distinct solu-
tions, or a continuous curve of solutions. Looking at the equation for z’ (for z = 0),
we see that an additional critical point is found if both p, and f, vanish for some value
Pextr, 1.€. if f and k(p) have an extremum at this point. In this case, the condition
y =0 gives y = £/6 or y = —c3/f. Summarising the above, we have the following
critical points of the three-dimensional subsystem:

e If we assume that equation 6.67 has a maximum of up to two solutions pg, we
obtain a critical point

(P2 Y) fro. = (po,O, C;) : (6.68)

Since x = 0, the p-coordinate is constant along the trajectory corresponding to
this critical point, i.e. this coordinate is 'frozen’. Therefore we call this the frozen
solution. Using equation 6.67 again, the value of the slow-roll parameter ¢ can be
written independently of the value of cs, i.e. the gradient of the potential in the 8

direction: )

lc 3p,L

2 3 ptp

e=—ax"+ -y =04+ -—-5=—""—""—. 6.69
Y 212" 24p,L, (6.69)

Note that this is (almost) exactly the same expression for € as the one that was

obtained for the hyperbolic solution in Section 6.4.1, see equation 6.34. This is no

coincidence, as explained in 6, Section 5.3.
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e Another solution is obtained if we assume that equation 6.67 has an infinite number
of solutions, such that the critical points (perit, 0, —c3/f) form a continuous curve
in p. This also implies that we have a continuous curve of slow-roll parameters

_ A
2f(pcrit) ’

as f is continuous and unequal to zero everywhere.

€

(6.70)

e The assumption that f, and p, both vanish at the same p-coordinate corresponds
with f and V having an extremum at the same value pezs-. This solution is very
similar to the gradient solution of Sections 6.4.1, 6.4.2 and 6.5.1. This implies the
existence of a critical point

c3
(:0’ z, y)eqjt’r‘ = <peztr, 0, _f> . (6.71)
The value of the slow-roll parameter e corresponding to this solution is
2
€3
€= 577 3- 6.72
2f(pextr)2 ( )

e Setting 4/ = 0 also yields y = ++/6, which in turn results in fp = 0. Thus, if there
is some peytr for which f has an extremum, we find a type of kinetic solutions given

by
(p’x7y)kin = (pextr707 i\/é) . (6.73)

The assumption that f, and p, both vanish at pe.s, as was done to find the
extremum solution, also implies the existence of these kinetic solutions with ¢ = 3.

Having determined the critical points, we consider their stability. The Jacobian of the
three-dimensional subsystem is given by

0 1 0
2
J(x,y) = _y2<%_%>_(3_6)aﬂpﬂ —B =) +z(pp + ) y(pp + ) + 252y
x &_@ _‘_M T + @ _ Yl _(3_€)+ (_‘_573 _zfp
Y\rm ~ 71 72 y+9 % y(y+9 /
(6.74)

We determine conditions for the stability of all critical points found above.

e Making the substitutions z = 0 and y = —c3/f allows us to calculate the eigen-
values corresponding to the frozen solution. These are given by

1
)\1,f7‘oz = _Afroza )\:i:,froz = _5 (Afroz + \/ AQTOZ - Bfroz) ’ (675)

where we have defined

2
3ppL
Afros =3 —e=3— 3 =3 e

= —t 6.76a
2f2 2+p,L, ( )
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f;;g f4 §=pa 12000, - gig. (6.76b)
Of course, pp must be substituted for every instance of L,, p, and f and their
derivatives. For the frozen solution to be stable, we require that A1 fro., A+, fro. <
0. As the fraction 3p,L,/(2 + p,L,) is smaller than 3 for all values of p, and L,,
it follows that A, > 0, and thus A\ fro. < 0. The eigenvalue Re{\| ¢r0.} (and
thus also Re{A_ f,.}) is negative if and only if By.,. > 0.

Bfroz = 46:2;]?,;

We specifically consider the case where V(p,#) is a product exponential and f is
exponential in p. As before, this means that p, = ¢ and 1/L, = 1/L. It also
follows that 0,p, = 0 and 0,(1/L,) = f,p/f — ]”3)/]”2 = 0. Using the expression
for Byy,. (equation 6.76b), it follows that

fo o f ;

1 2 9. 7p )

2 11 2
_ ;?; (4@ +8L2+4<_ 7 fg’))

e
f2L2 (4dcaL + 8)
(6.67) 1 6
= ——— (4eaL +8)
LP1+ 2

N

In short, the stability of the frozen solution only requires By,,, > 0, which is in
general given by the expression in equation 6.76b. In the specific case that V' (p, )
is a product exponential and field space is hyperbolic (which corresponds to an
exponential f), we find that the frozen solution is stable is p,L, > 0.

e For the case that the solutions to 6.67 form a continuous curve in p, the results
of the stability analysis do not differ significantly from the results of the stability
analysis for the frozen solution. However, one of the eigenvalues will be zero, with
an eigenvector that points along the curve. Per the results above, every critical
point on this curve with p,L, > 0 will thus be stable, but not asymptotically stable.
Note that some of the critical points on the curve may have p,L, > 0. However,
for every critical point with p,L, > 0 we can by continuity find a neighbourhood
such that p,L, > 0 for all other critical points on the curve in this neighbourhood,
such that the critical point is stable.

e For the kinetic solutions, the eigenvalues are given by

V6 f 15
Al kin = 5 <\/6f + 03) . Adgin = V6 pp 72 (6.78)
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We see that Re{Ay rin} > 0 if (0,(1/Ly))(pextr) # 0, so the kinetic solutions are
always unstable, except possibly in the special case that 0,(1/L,))(pextr) = 0.
Note that the eigenvalues do not depend on p,, so that it does not matter whether
we assume Py (pextr) = 0 or not.

e Lastly, the eigenvalues corresponding with the extremum solution are given by

1 /
A1,890757“ = _Aextru )\:I:,extr = _5 <Aext7“ + Azxtr - Beztr) ) (679)

where we have introduced

62
Aczir = _(3 - 6) = - < - 2]:;)2) (680)
2 0
Begtr = 4¢3 f’[j — 2C§% +120,p, — 4¢3 "}gp, (6.81)

analogously to Ay,,. and By,,, for the frozen solution. We see that A\j czer < 0 if
Aextr > 0, so (from 6.80) if c3/2f? < 3. In addition, we require for stability that
At extr < 0 (from which it follows that A_ c.4). Thus, the conditions for stability
of the extremum solution are c% /2f% < 3 and By > 0.

6.5.3 Case Study: Angular Inflation

In general, models of inflation cannot be described by product-separable potentials.
However, there are systems with more general potentials that do exhibit behaviour
similar to the frozen solution that we found in Section 6.5.2. We specifically consider
a model of angular inflation, in which the inflationary trajectory is predominantly in
the angular 0 direction. In [Christodoulidis et al., 2019a], a model for angular inflation
described, where field-space is taken to be a so-called Poincare disc and the potential is
not a product-separable potential. This can be described in polar coordinates as

6

s (dp? + p*d6? 6.82
(1_p2)2(p+p ), (6.82)
for some a € R. We transform the system by setting p = tanh(p/v/6a), so that we
obtain

ds® =

B1e" 2
ds? = dp* + —sinh? [/ —p | . 6.83
s po 5 sin 307 (6.83)
Note that this is the same metric as in Section 6.4.3, under the identification L = /3«a/2.
Following [Christodoulidis et al., 2019a], the velocity in the angular direction is found
to be

. Vo
0~ ———. 6.84
Using the slow-roll approximation (¢ < 1), we have 3H? =V, so we obtain
Vo Ve _

0= =5 = Vi~

(6.85)
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In addition, it can be derived that in the slow-roll approximation, the radial coordinate
p must satisfy ,
2 2py
f 6poL, (6.86)
This equals equation 6.67, that must be satisfied by the radial coordinate for the frozen
solution if 1 < 2/(p,L,), i.e. if p,L, < 1, and py is non-constant in equation 6.67. The
condition p,L, < 1 holds if the hyperbolic field-space, described by 6.82, is strongly
curved. It now follows that the inflationary trajectory of angular inflation is an approx-
imate frozen solution, albeit with a slowly varying radius (so x # 0).

6.6 Discussion of Results

In this Chapter, two-field models of inflation were studied by transforming the back-
ground equations of motion into a four-dimensional dynamical system with two equa-
tions for the scalar coordinates p and 6 and two equations for the associated ’'velocities’
z=gv’ and y = fHrY.

The first case that was studied was a Euclidean metric (Section 6.3). Most notably,
under the additional assumption that V(p,0) = V(p) has an exponential dependence
on p, it was found that if |ca] < v/6, the equilibrium (—cg,0) is an attractor in the
two-dimensional subsystem that consists of equations for x and y.

Next, it was assumed that the metric has an isometry corresponding to shifts in the
f-coordinate and that V' (p) has an exponential dependence on p. When the additional
assumption of f,/f = const. was made, gradient, kinetic and hyperbolic solutions were
found, with the hyperbolic solutions being a generalised instance of the circle solution
in Section 6.3.1. Pitchfork bifurcations were found at two critical points c2 crit1, €2,crit2-
In addition, it was shown that hyperinflation may be approximated by a hyperbolic
solution.

Finally, more general potentials V' (p, 8) were studied. Assuming an exponential depen-
dence on # led to a new types of solutions; the frozen and extremum solutions. In the
context of those frozen solutions, angular inflation was briefly discussed.

Important to note is that some of the solutions that were found as scaling solutions
violate the slow-roll conditions. The most obvious examples are the circle and and
kinetic solutions, as we found that ¢ = 3 for these solutions. For other solutions, such
as the hyperbolic solutions, the slow-roll conditions are also violated for some choices
of the parameters (in this instance specifically ¢o and L). If the slow-roll conditions
are violated for some solution, this solution does not correspond to anything studied in
Chapter 5, as there is was assumed that ¢ < 1. In particular, the slow-roll parameter
corresponding to the attractor (—cg,0) is € = c3/2, and thus is still an attractor if the
slow-roll condition € < 1 is satisfied.
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Chapter 7

Comparison of the approaches

In Chapter 5, conditions for an attractor were derived, both for the case that V,,, and V,,,
are negligible and for the case when they are not. In the first case, the only constraint
on the attractor is a contraint on the velocities ¢y, ¢, given by

—3V,

¢v:ma d)’w:

wVy,

Ho 1) (7.1)

where w is given by
V.
2

w’ o~ % -9 (7.2)
Although there is a constraint for the velocity that the attractor might have, it may
be located anywhere is field-space. Thus, equation 7.1 restricts the attractor to a two-
dimensional subspace of the 4-dimensional phase space of solutions. In the non-negligible
case, equation 7.1 still holds, but an additional constraint was derived in the form of a
relation between the field-space coordinates p and 6:

Vo Voo N Vo (Viw \*
V_3+3(va)+ v <Vw> + O(e). (7.3)

On the other hand, in Chapter 6, stability analyses were done for specific choices for
the metric G, on field-space and potential V(p, ). The aim of this chapter is therefore
to relate the results of Chapters 5 and 6 to each other. In Section 7.1, we rewrite the
conditions for the attractor in terms of a general metric and potential. In addition, the
turn rates of the critical points/solutions of Chapter 6 are determined in Section 7.2.

7.1 Rewriting the Attractor Conditions

Although equation 7.3 is a very elegant expression, one first has to determine the terms
Vv, Vow and Vi, to get any meaningful result. Our aim in this section is therefore to
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‘unpack’ the result for any concrete choice of metric and potential. As in Chapter 6, the
most general metric for a two-dimensional field-space manifold is given by

ds® = g*(p, 0)dp” + f*(p,0)d6>. (7.4)

In addition, we assume a general potential V' = V(p, 6). Recalling the definition of for
example Vi, as Vi = v“wa;ab, our first goal will be to derive explicit expressions for
the orthonormal gradient basis vectors v® and w®. For future reference, note that

2 _1
~(9°(p,0) 0 ab _ | g%(p,9) 0
90“"( 0 f2(p,9)> g _< 0 7o) i

Starting out with v®, we first derive that

vz V2
VU:: \/VT‘/:(IZ\/M: 972/)_‘_7727 (76)
such that
S VP, OV VeV -
Voo Voo L s v [ N
ST Pyt
The orthogonality condition v®w, = 0 gives that
v Vv
gapvw® = g?vPw? + fRful = 24 00 =, (7.8)
vz V3 vz V3
Frg R E
or v
w? = fV—’pr. (7.9)
Normalising w?, i.e. using that gew®w® = 1, then gives
1 Vv
W — — .0 , (7.10a)
Joer () VR
7 |4
wd = — Vo S 0 (7.10D)

2 22 4 212
e+r(v)  VIVet IV

Next, we will derive the covariant derivatives of the potential V.,,, V.,0 = Vg, and Vigy,

using the definition
‘/;ab = Vab - ng‘/,(h (711)
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and the Christoffel symbols (see also section 6):

_9p p _ 990 p _ _Ifp
Ihp=7"" Th==" Th=—

g g g
Ty = f;’ 09 = 1 R *g]‘?;)- (7.12)
This gives us
Vioo = Viop = TppVie = Vipp = V g;]QGV, ; (7.13a)
Vips = Vigp = Voo =TV =V, g’e o — ";;” Vs (7.13b)
Vigo = Vigo — IggVe = Voo + == ff - (7.13c¢)

This now finally allows us to calculate V,,, Vi and V. We have

Vo = vavbv;ab = (Up)2v;pp + QUPUHVZPQ + (’UG)2‘/;99
1 1% 1% v, VoV, 1%4 1%
_ ( o <V,99—f’9 ,6+ff >+2 0 (Vpe_g,e » [t ,9)

V% " ‘;3 fA f g? f?g? g f
V2 1% 1%
+ gf (Vpp _ g,pg P + gg',]f2 ,9>> : (714&)

Vow = 0" Vigy = vPw Vi, + (v”w9 - vew”> V.0 + 7w Vigg
Vo 46V | ff,pV,p>

e (e
% ’ f g2
2‘/3 + f2v2 f2

vi o v? 9, f VeV, g 99,6
+ ’ L <V g — =V, — ’pV9> + ==L <V - ’pV, + =3 V9> ;
(f"’ g"’) gt g\ g

(7.14b)

Viw = wawa;ab = (w”)QV;pp + 2wPw’V. 9 4 (w 9)2‘/;99

(( O T N (o
3 <vr o+ 958 ,>>. -

7.1.1 Constraints for the Non-negligible Case

Combining the constraint in equation 7.3 with the expressions derived in 7.14a, 7.14b
and 7.14c, we obtain

1
v (evi+ )

(VioaV5 — 2Vipa VeV, + Vipo V)
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V2 V2
5 2V2+f2v2 Vggf—zf +2‘/;p0x§gxg —i—‘/;ppgf;f
= V2 V2 VoV V2 V2 -
f2 e Voo~ + Vipo (fg B 920) + Vipp—=gz*
2
Vi V2 (%
1 1 (VGO f2 L+ Vp@ <f2 g2 > + Vpp ’22 p)
TV RVIE v S (715)
0 P _‘/;90]07’4 + 2‘/;;)0 Fig2 + Vpp Pz

Here, V.,,, V.9 and V.gy are as in equations 7.13a,7.13b and 7.13c.

Having worked out the equation for the constraint on the field-space coordinates p and
0, we see that this equation is quite involved. However, the worked-out equation 7.15
is very useful for calculation purposes, as much of the terms immediately simplify upon

making a certain choice for metric and potential.

Furthermore, additional constraints can be derived for the field-space velocities gf)v and
¢w. Using equations 5.27 and the expressions for the turn rate 5.45 and 5.46 in Chapter

5, we obtain

P\ -3V, 3V, 1
COHO+) g4 Y YRy o) H v, - g
and
. wV, 3V, Voo
Ow = 77 = T ——

VW

H(9+ w?) Hy Vi — Y

Here, we do not fill in the terms V,,, Vi, Vi and V,, for the sake of clarity.

7.1.2 Constraints for the Negligible Case
In the case where V,,,/H? < O(w?€) and Vi/H? S O(we), we had that

2 wa

w Zﬁ—g,

which leads to constraints on the field-space velocities that are given by

. -3V —-3HYV,
¢v = 2 = 9
HO+w?)  Viw
and
Q'sw — erU Vv

-4 ,
H(9 + w?) vV Viw

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

where we again do not fill in the terms V,, and V,,, for the sake of clarity. Unlike the
non-negligible case, the negligible case does not lead to any constraint on the field-space

coordinates p and 6, other than the assumption that V,, and V,,, be negligible.
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7.2 Scaling Solutions and their Turn Rates

A quantity that played an important role in the analysis of Chapter 5, was the turn rate
w. We determine the turn rates of the scaling solutions found in Chapter 6. Recall that
w can be written as

SuVi
W= —\
H ¢?
Using the definitions of qu, V, and ¢2, we find that
" Gapw®dP\/GV
Hgab¢a¢b

. . [v2 \%
(g2wpp —+ f2w09> TQP + fig

H <g2/-)2 i f29‘2)

vz V2
(933‘/,9 — fyv,p) Tf + Tg
H? (22 + ) [PV + 2V
V2 V3

95V — fuVy) (3 — 32 — L) /B + 2
- : (7.22)

V(@24 y2) | Jo?VE+ 2V

As the scaling solutions were found in terms of (p, 6,) = and y, we may use equation
7.22 to determine the corresponding turn rates.

(7.21)

The scaling solutions with non-zero turn rates are the following:

e In Section 6.4.1, the turn rate corresponding to the hyperbolic solution is given by

2 02+ L( —6)) _ 6(c+2% —6) (7.23)
L(2 + C2L) 2+ Leg

Recall that ¢y is a constant that comes from the potential V(p) = c;e®”. Recall
that the first slow-roll parameter of the hyperbolic solution is given by
3L02

= . .24
€ 2+ LC2 (7 )

In Chapter 5, a minimal requirement for the attractor was that w? > O(e). Thus,
for the hyperbolic solution we require 6(c3 + 2c2/L — 6) > 3Lca.

e In Section 6.5.2, the turn rate corresponding to the frozen solution (pg, 0, —cs3/f)
is

o (B =61 (csklp) + K (p))°
. 42 2K (p)
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2c2 2
sor (BB =30 L) (cak(p) + K ()’

4c3 2k (p)
4C§ 1 / 2
217 ) (esk(p) + K (p))
_ p “p
4c3 f2k(p)
c2
A1z (K (p) + 2e3k(p)K (p) + (K (p))?)
- 122 (p)
2 2
gl (g
"B <f2 72 Ceser +p”)>
c3 1 < 6.L,pp 2)
=573\ 7 T 73 (2cpp+p
P2 L2 \2+p,L, f2( Py + 7))
21 6Ly + F (42 + 2651, 4+ pyL, +2)
= 2L 2t L (7.25)
o p ptp

Recall that k(p) and c3 are both part of the potential V(p,0) = k(p)e®?. In
addition, the first slow-roll parameter corresponding to the frozen solution was

found to be
3p,L,

- 2+4p,L,

Therefore, a minimum requirement for the frozen solution to be an attractor is

(7.26)

2

c; 1 1
]7%?% <6Lppp 7 ( +2¢3L, +ppL, + 2)) > 3p,L,. (7.27)

As highlighted before, the hyperbolic solutions can in fact be seen as a special case of the
frozen solution. Therefore, it is not surprising that precisely these two types of solutions
have non-zero turn rates.
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Chapter 8

Conclusion

In this thesis, an extensive introduction has been given into general relativity, and in
particular into cosmology of inflation. In Section 2, an overview was given of a number of
topics in differential geometry that form the basis of the theory of general relativity, such
as (co)tangent spaces, tensors, pseudo-Riemannian metrics, and the Levi-Civita connec-
tion. Some of the physical concepts of general relativity, and specifically of cosmology,
were introduced in Section 3. For example the Einstein field equation was introduced,
and the FLRW metric was motivated and introduced. Furthermore, single-field inflation
and the more general concept of multifield inflation were introduced in this section. In
Section 4, a number of mathematical concepts from dynamical systems theory, needed
to study the system of differential equations in multifield inflation, were defined.

Besides having introduced the required background knowledge, two-field models of in-
flation have been studied in two different ways and the different approaches have been
compared. In Section 5, a constraint was derived which must be satisfied by a possible
attractor in rapid-turn inflation, following the approach of [Bjorkmo, 2019]. In addition,
the stability of this possible attractor was studied by considering the equations of motion
for spatially homogeneous perturbations. However, a number of results have been found
that differ from the results in [Bjorkmo, 2019]. In [Bjorkmo, 2019], insightful results
about the stability of the background solution were found by calculating the eigenval-
ues of the evolution matrix of the perturbations. However, in our analysis, different
results were recovered, making these eigenvalues significantly less insightful. Therefore,
the results of the stability analysis remain unclear as of yet. In addition, it is not yet
clear if the eigenvalues of the evolution matrix indeed correspond to the local Lyapunov
exponents of the inflationary trajectory, as claimed in [Bjorkmo, 2019].

In Section 6, two-field models of inflation were studied in a different way. By deriving
a four-dimensional dynamical system from the background equations of motion, the
equations of motion for the scalar field coordinates and the associated velocities could
be studied for concrete choices of metrics and potentials on field-space, following the
approach of [Christodoulidis et al., 2019b]. Different types of solutions, characterised
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as critical points of two- or three-dimensional subsystems, were found, such as gradient
solutions, hyperbolic solutions, frozen solutions and kinetic solutions. However, as for
the analysis in Chapter 5, the exact stability of these solutions remains unclear. In
[Christodoulidis et al., 2019b], it is claimed that the eigenvalues of the critical points in
the subsystem correspond to the local Lyapunov exponents of the trajectory associated
with the critical points in the original four-dimensional dynamical system. However, this
is not necessarily the case and further research is needed to investigate this claim (see
the discussion in Chapter 4, Section 4.4).

Finally, in Chapter 7, the two methods of studying the models of inflation were compared.
The constraints for the attractor found in Chapter 5 were written in terms of the most
general two-dimensional Riemannian metric. In addition, the turn rates of the scaling
solutions found in Chapter 6 were calculated.

For further research, it would be interesting to make a more extensive comparison be-
tween the two approaches we have described. For example, in Section 5.5, (generalised)
hyperinflation was considered, using the constraint derived for the possible attractor.
It would be useful to consider the result of this analysis for hyperinflation in the four-
dimensional system used in Chapter 6, so that the possible stability can be studied more
directly. Another interesting topic would be to investigate how the local Lyapunov ex-
ponents are related to the eigenvalues of the evolution matrix for spatially homogeneous
perturbations (Chapter 5), and to the eigenvalues of critical points of a two- or three
dimensional subsystem (Chapter 6). Furthermore, it would be interesting to study how
the results of our stability analysis in Chapter 5 (as opposed to the results of [Bjorkmo,
2019]), impact the stability of the background solution that satisfies the constraint. Fi-
nally, the analysis can be extended to higher dimensional multifield inflation models,
although the approach for this is not immediately clear.

In conclusion, we have gained more insight into two-field models of inflation and have
established a solid foundation in general relativity, differential geometry and dynamical
systems. The analysis and comparisons done in this work contribute to a better un-
derstanding of the different approaches in analysing this crucial era in the very early
universe.
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