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Introduction

Studying the size of infinite sets goes back to the 1880’s, when the German mathematician Georg
Cantor introduced the concepts of countable and uncountable sets. This was done in his series of
articles called “Über unendliche, lineare Punktmannichfaltigkeiten” [3]. In these articles, he stated
that the set of rational numbers is countable, meaning it belongs to a smaller class of infinity than
the real numbers. He proved this by means of his famous diagonal argument, which shows that there
does not exist a one-to-one correspondence between the integers and the real numbers. In order to
prove that the rationals are countable, he showed how to construct an enumeration of the rational
numbers. He did not, however, explicitly give one [3]. The first time an explicit enumberation was
constructed was in 1999, by the American mathematicians Neil Calkin and Herbert Wilf. In their
paper [2], they described an object called the Calkin-Wilf tree, which they then used to construct an
explicit enumeration of the positive rational numbers. This enumeration, the Calkin-Wilf sequence,
was based on Stern’s sequence, which denotes the number of ways an integer n can be written as
a sum of powers of 2, each power being used at most twice [2]. These two sequences and their
combinatorial properties have been studied extensively in the past, for example in [6, 10, 17]. In
2003, a paper by the American mathematician Donald Knuth sought to find a generating function
of the Calkin-Wilf sequence, that is, a function T such that T (an) = an+1 for all n ≥ 0, where
(an)n denotes the Calkin-Wilf sequence. The function in question depends on the so-called ruler
function ρ, where ρ(n) = k if n is divisible by 2k but not by 2k+1. Multiple proofs of this generating
function are contained in this article [7], one by C.P. Rupert and one by Alex Smith and Richard
Strong. The article ends by crediting the Israeli private mathematics teacher Moshe Newman with
finding a way to eliminate the ruler function out of the equation of T , meaning he found a way to
express an+1 in terms of an [7].

Similar to this map T is the Gauss map, which has been studied in the context of ergodic
theory. This field has evolved from the field of dynamical systems, which has been around since
the development of calculus by Isaac Newton and the formulation of his laws of motion [9]. By
the end of the nineteenth century, the French mathematician Henri Poincaré changed the way we
look at dynamics by considering the set of all solutions to a dynamical system, rather than specific
solution curves. This qualitative approach could often yield more general information about the
system [9]. Combining this line of thinking with measure theory and probability theory, American
mathematicians George David Birkhoff and John von Neumann laid the foundations of the field of
ergodic theory, by stating their ergodic theorems in 1931 [1, 13]. Using ergodic theory, it can be
shown that the Gauss map is a particularly interesting generator of continued fractions. In this
thesis, we will extend the generating function of the Calkin-Wilf sequence to a piecewise continuous
map T : R+ → R+, called the Calkin-Wilf map, and motivated by the similarity between this map
and the Gauss function, we apply ergodic theory to establish a link between T and minus continued
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fractions. As the main results in this thesis, we will show that the Calkin-Wilf map has no periodic
points, and we will construct an absolutely continuous invariant measure which is ergodic for T .

The motivation of this thesis is to study the statistical properties of this specific dynamical
system, and by doing this provide stepping stones to studying the same dynamical system as a
generator of minus continued fractions. Much research has already been done in continued fractions,
see for example [12, 14, 16]. In this thesis, we aim to provide sufficient preliminary work to continue
this line of research.

We will start this thesis by collecting the necessary preliminaries and notations used within
this thesis. In order to be able to apply ergodic number theory, we will need to establish several
concepts from measure theory, ergodic theory and graph theory. This will be done in Chapter 1.

In Chapter 2, we will discuss some previous literature on the Calkin-Wilf tree. Specifically, we
will review the definitions of the Calkin-Wilf tree, sequence and function as presented in [2]. In
addition, we will see that the Calkin-Wilf sequence is an enumeration of the positive rationals and
present the proof as given in [10]. We will then define the Calkin-Wilf function using the proof by
C.P. Rupert given in [7].

After completing our review of the most relevant previous results, we will start presenting our
own results in Chapter 3. In this chapter, we explore the iterative behaviour of T : R+ → R+,
providing some results for sets T k[n− 1, n) for positive integers k and n. Our first main result will
appear in this chapter as well, as we show that T admits no periodic points in R+.

The measure theoretic and ergodic aspects of this thesis will play a major role in Chapter 4.
Here, we will study the behaviour of our system (R+, T ) and use Carathéodory’s extension theorem
to construct a measure µ on the Borel σ-algebra B such that the dynamical system (R+,B, µ, T )

is not only measure preserving, but also ergodic. This reflects the fact that any orbit under T is
dense in the state space R+.

Finally, in Chapter 5, we will provide the reader with a link between our ergodic dynamical
system and minus continued fractions. Although this thesis will not contain any results regarding
the convergence of such continued fractions, we will compute the arithmetic and geometric means
of the digit sequences produced by T .
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1 Preliminaries

In this section we collect the necessary preliminaries and notations used within this thesis.
Let A ⊆ R and y ∈ R. The notation A+ y is used to denote the set {x+ y : x ∈ A}. Also, we

will use the shorthand notations R+ = {x ∈ R : x ≥ 0} and Q+ = R+ ∩Q. Throughout this thesis,
we will denote a disjoint union by

⊎
.

1.1 Measure theory

The reader is assumed to be familiar with the basic notions of measure theory. Here, we repeat
some important concepts as found in most standard text books on measure theory. We refer to
[11] for most of these definitions and theorems. Paraphrasing Definition 5.1 from [11], we define a
Dynkin system as follows.

Definition 1. Let X be a set with power set P(X). A Dynkin system D ⊆ P(X) is a collection
of sets such that

1.a. X ∈ D ,

1.b. D ∈ D implies DC ∈ D , and

1.c. If (Dn)n ⊆ D are pairwise disjoint, then
⊎∞

n=0 Dn ∈ D .

For any collection G ⊆ P(X) there exists a smallest Dynkin system δ(G ) that contains G (see
Proposition 5.3 in [11]). We denote the smallest σ-algebra containing G by σ(G ). The following
theorem is stated as Theorem 5.5 in [11].

Theorem 1. If G ⊆ P(X) is stable under finite intersections (or ∩-stable), then δ(G ) = σ(G ).

On page 63 in [11], a semi-ring is defined. We summarise this in the following definition.

Definition 2. Let X be a set. A semi-ring is a family S ⊆ P(X) such that

a. ∅ ∈ S ,

b. S is ∩-stable,

c. for any S, T ∈ S there exist finitely many disjoint S1, . . . , Sn ∈ S such that S \T =
⊎n

k=1 Sn.

Semi-rings are useful for constructing measures. This can be done by Carathéodory’s Extension
Theorem, which is stated in [11] as Theorem 6.1. In this thesis, we will apply this theorem only to
define probability measures. Therefore, the theorem below is written with this in mind.

Theorem 2. If S ⊆ P(X) is a semi-ring and µ∗ : S → [0,∞] a pre-measure, that is, a set
function such that
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a. µ∗(∅) = 0 and

b. if (Sn)n ⊆ S are pairwise disjoint and
⊎∞

n=0 Sn ∈ S then µ∗(
⊎∞

n=1 Sn) =
∑∞

n=1 µ
∗(Sn),

then µ∗ has a unique extension to a measure µ on σ(S ).

1.2 Ergodic theory

Let X be a non-empty set and T : X → X a transformation. The map T ◦T will be denoted by T 2,
and similarly, Tn is the nth iterate of T . For any A ⊆ X, we write T−1A = {x ∈ X : T (x) ∈ A} for
the inverse image of A under T . Finally, we define T−n = T−1(T−n+1A) recursively for any n > 1.
We use the convention that T 0 is the identity map. The next definition is quoted verbatim from
Definition 1.2.12 in [4].

Definition 3. Let X be a nonempty set, A a σ-algebra on X and µ a probability measure, so that
(X,A , µ) is a probability space. A measurable transformation T : X → X is measure preserving
with respect to µ (equivalently: µ is T -invariant, or µ is an invariant measure for T ), if
µ(T−1A) = µ(A) for all A ∈ A .

Paraphrasing Definition 1.2.17 in [4], we define a dynamical system as follows.

Definition 4. A dynamical system is a quadruple (X,A , µ, T ), where X is a non-empty set, A

is a σ-algebra on X, µ is a probability measure on (X,A ) and T : X → X is a measure preserving
transformation with respect to µ.

Summarising page 16 in [4], we get the following definition.

Definition 5. Let (X,A , µ, T ) be a dynamical system and x ∈ X. The set

{x, T (x), T 2(x), . . . }

is called the T -orbit of x. In case T−n(x) exists for all n ≥ 1, the two sided T -orbit of x is

{. . . , T−1(x), x, T (x), . . . }.

Definition 5.3 in [15] states the following.

Definition 6. A point x ∈ X is a periodic point of T if Tnx = x for some integer n > 0. The
least positive n with this property is called the period of x.

If the period of x is 1, we call x a fixed point. The following definition can be found as
Definition 3.1.4 in [4].
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Definition 7. Let (X,A , µ, T ) be a dynamical system. Then T is called ergodic if for every
µ-measurable set A satisfying T−1A = A (such a set is called T -invariant) one has that µ(A) = 0

or µ(A) = 1.

Proposition 3.1.9 of the same book gives us the following useful characterisation of ergodicity.

Proposition 1. Let (X,A , µ, T ) be a dynamical system. Then T is ergodic if and only if every
measurable function f : X → R with f = f ◦ T is constant almost everywhere.

Finally, we paraphrase the ergodic theorem which is stated in Theorem 3.1.7 in [4].

Theorem 3. Let (X,A , µ, T ) be a dynamical system where T : X → X is ergodic. Then, for any
f in L1(X,A , µ), we have

lim
n→∞

1

n

n−1∑
i=0

f(T i(x)) =

∫
X

f dµ

for µ-a.e. x ∈ X.

1.3 Graph theory

In this section, we will outline some definitions from graph theory as found in [5]. We find the
definition of a graph in Section 1.1.

Definition 8. A graph is a pair of sets (V ,E ) such that E ⊆ V × V . We call V our set of
vertices and E is the set of edges.

We will need the notions of paths and cycles. The following definitions are paraphrased from
Section 1.3 of [5].

Definition 9. Let G = (V ,E ) be a graph. A path is a subgraph P = (VP ,EP ) ⊆ G of the form

VP = {x1, x2, . . . , xn},EP = {(x1, x2), (x2, x3), . . . , (xn−1, xn)}.

As the vertices VP of P can be deduced from the set of edges EP , we can instead use the
shorthand notation P = ((x1, x2), (x2, x3), . . . , (xn−1, xn)). The empty path will be denoted by
ε. We write the collection of all paths as

E ∗ := {P ⊆ G : P is a path}.

Definition 10. Let G = (V ,E ) be a graph. A cycle of length n is a path

P = ((x1, x2), (x2, x3), . . . , (xn−1, xn), (xn, x1).

A loop is a cycle of length 1.
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The next two definitions are taken from Section 1.4 of [5].

Definition 11. A graph (V ,E ) is called connected if for any x, y ∈ V there exists a path P ∈ E ∗

that starts at x and ends at y.

Definition 12. A connected graph (V ,E ) is a tree if it contains no cycles.

Finally, this definition is taken form Section 1.10 of [5].

Definition 13. A graph (V ,E ) is called undirected if each edge e ∈ E is an unordered pair of
vertices, and directed if each edge e ∈ E is an ordered pair of vertices.
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2 The Calkin-Wilf function

In the 1999 paper by Calkin and Wilf [2], in Section 1, the Calkin-Wilf sequence is constructed by
building a binary tree, such that:

• the root of the tree is 1
1 and

• every node a
b of the tree has two children: a left child a

a+b and a right child a+b
b = a

b + 1,

see Figure 1.

1/1

1/2 2/1

1/3 3/2 2/3 3/1
...

...
...

...

Figure 1: A visualisation of the Calkin-Wilf tree.

Now, if we were to read this graph from left to right, top to bottom, we get the following
sequence:

1

1
,
1

2
,
2

1
,
1

3
,
3

2
,
2

3
,
3

1
,
1

4
,
4

3
,
3

5
,
5

2
,
2

5
,
5

3
,
3

4
,
4

1
, . . . .

Definition 14. The Calkin-Wilf sequence (an)n is given by reading the Calkin-Wilf tree breadth-
first, that is, a1 = 1 is the root of the tree, and an+1 is the node to the right of an, or the leftmost
node of the next depth if an has no right neighbour. We put a0 = 0.

The depth of a node an, as used in the previous definition, refers to the number of edges in the
path from an to 1. The depth of a1 is zero, and as the Calkin-Wilf tree is a binary tree, every depth
level d contains precisely 2d nodes. Each number n can be decomposed as n = 2m + b by taking
b = n mod 2m, so we call m the depth and b the breadth of an = a2m+b.

The main result Calkin and Wilf found in Section 1 of [2] is the following.

Theorem 4. The function that takes n to an is a bijection between the positive integers Z≥0 and
the positive rationals Q+.

There are several ways to prove this. An elegant method given in Sections 2.1 and 2.2 of [10]
makes use of the following observation. Any map F : S → S of a countable set to itself can be seen
as a directed graph, where the nodes are the elements of S and the edges are arrows from x ∈ S to
F (x). This graph has loops at all of the fixed points of F , and it might also have cycles. Making
use of these concepts, the next result is proven in Theorem 2.1 of [10].
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Lemma 1. If S is countable, F : S → S is a function with a set S0 of fixed points and Φ : S → Z>0

is such that Φ(F (x)) < Φ(x) whenever x 6∈ S0, then by removing the loops at all of the fixed points
of F from the graph of F as above we obtain a union of disjoint directed trees, and S0 is the set of
their roots.

Proof. We let E be the set of edges (x, F (x)), where x ranges over S. Consider the directed graph
G = (S,E ). Fix x ∈ S. The sequence (Φ(Fn(x)))n is decreasing by definition of Φ. To see that,
notice that F k(x) 6= F k−1(x) whenever F k−1(x) 6∈ S0, and this gives us Φ(F k(x)) < Φ(F k−1(x)).
On the other hand, if F k(x) = F k−1(x), then Φ(F k(x)) ≤ Φ(F k−1(x)).

However, as any subset of Z>0 has a smallest element, the sequence (Φ(Fn(x)))n cannot be
strictly decreasing. Thus, there must be some minimal N > 0 and a z ∈ S0 such that for all n ≥ N

we have Φ(Fn(x)) = Φ(z). We see that there exists a path from x to z of length N . Also, as F

is well-defined, every x ∈ S has no more than one outgoing edge. This means that the path from
x to z is unique, and the connected component of G containing x must be a tree with root z ∈ S0

after removing the loop in z.

Using this theorem, the proof of Theorem 4 follows quickly.

Proof of Theorem 4. Let S = Q+ \ {0}, and let F : S → S and Φ : S → Z>0 be given by

F (x) =

max
{

x
1−x , x− 1

}
x 6= 1

1 x = 1

and
Φ
(a
b

)
= a+ b,

where we assume gcd(a, b) = 1. Note that the set of fixed points is S0 = {1}.
Further notice that for any element of S, we have

F−1
{a
b

}
⊇
{

a

a+ b
,
a+ b

b

}
,

as

F

(
a

a+ b

)
= max

{
a

a+b

1− a
a+b

,
−b

a+ b

}
=

a

b

and

F

(
a+ b

b

)
= max

{
a+b
b

1− a+b
b

,
a

b

}
=

a

b
.

Since for x ∈ (0, 1) ∩ Q, F (x) = x
1−x , it follows that F ((0, 1) ∩ Q) ⊆ S. Similarly, for we have

x ∈ [1,∞) ∩ Q, F (x) = 1 − x, so F ([1,∞) ∩ Q) ⊆ S. As F is strictly increasing on (0, 1) ∩ Q and
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on [1,∞) ∩ Q, this means that F−1{a
b } contains no more than two elements except if a

b = 1. We
conclude for any a

b ∈ S \ {1} that

F−1
{a
b

}
=

{
a

a+ b
,
a+ b

b

}
.

We let E be the set of edges (x, F (x)) for x ∈ S and G = (S,E ). For a
b 6= 1, we have that

Φ(F−1{a
b }) = Φ({ a

a+b ,
a+b
b }) = {2a+b, a+2b}. Both 2a+b and a+2b are larger than Φ(ab ) = a+b,

so Φ(x) < minΦ(F−1{x}). This means Φ(F (x)) < Φ(x) and so by Lemma 1, G is a union of disjoint
trees with roots in S0 = {1} after removing the loop in 1. As S0 contains only one element, G must
be a tree. Therefore, every x ∈ S appears exactly once in G.

As each node a/b ∈ S except for 1 has one edge connecting it to F (a/b) and two edges connecting
it to a/(a+b) and (a+b)/b, G is the Calkin-Wilf tree by construction, and the enumeration S → Z>0

obtained by reading G breadth-first is precisely the Calkin-Wilf sequence.

The following lemma will prove to be useful later.

Lemma 2. Let n ≥ 1. The left child of an is a2n and the right child of an is a2n+1.

Proof. For n ≥ 1, let m ≥ 0 and 0 ≤ b < 2m be integers such that n = 2m + b. Let k be the
index of the left child of n. Notice that b is the number of nodes to the left of n. As each of
the a2m , . . . , a2m+b−1 has two children of its own, ak has 2b nodes to its left. Also, we have that
the depth level of ak is m + 1, so that k = 2m+1 + 2b = 2n. The right child of an has index
k + 1 = 2n+ 1.

Corollary 1. Let n ≥ 1 be an integer and suppose n = ak and 1
n = al for some k, l ≥ 1. We have

l = 2n and k = 2n − 1.

Proof. For n = 1, we have n = a1, and so the base case follows. Now suppose n ≥ 1 is such that
n = a2n−1 and 1

n = a2n+1 . As 1 and n are coprime, the left child of 1
n is 1

n+1 , so 1
n+1 = a2n+1 by

Lemma 2. Similarly, the right child of n
1 is n+1

1 = n + 1, so n + 1 = a2n+1−1 by the same lemma.
The statement follows by induction.

The main subject of study in this thesis will be the generating map of the Calkin-Wilf sequence.
This map, which we will call the Calkin-Wilf map, is given by T : R+ → R+, with

T (x) =
1

2bxc − x+ 1
.

See Figure 2a for its graph.
A proof of the following theorem is given by C.P. Rupert in [7]. We repeat the proof here, as it

gives us some insight in the fundamental properties of T .
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(a) Graph of T (b) Graph of T 4

Figure 2: Two graphs showing the iterative behaviour of T .

Theorem 5. The restriction T |Q+
is such that T (an) = an+1 for all n ≥ 0, or equivalently,

an = Tn(0), where (an)n is the Calkin-Wilf sequence.

Idea of the proof. To prove the above theorem, we need to relate the paths in the Calkin-Wilf tree
to the values on its nodes. As this proof will be quite involved, we first outline its structure in four
steps.

Step 1. Define a labeling of the paths g : E ∗ → Z of the Calkin-Wilf tree, and write the labels as
their binary expansions. We provide some recurrence relations for g, which we will use later
in Step 3.

Step 2. Describe the path from 1 to any rational an = xn

yn
in the Calkin-Wilf tree, in terms of some

sequence (ρ(n))n.

Step 3. Write xn in terms of xn−1, and write yn in terms of yn−1 and ρ(n). By assuming that
gcd(xn, yn) = 1 for all xn

yn
in the Calkin-Wilf tree, this will give us an expression of xn

yn
in

terms of xn−1

yn−1
and ρ(n).

Step 4. Finally, as xn

yn
is equal to an by assumption, we now only need to express ρ(n) as a function

of an.

After the last step, we will end up with an expression of an in terms of an−1 for all n ≥ 1, and we
will be able to conclude that an = T (an−1) for all n ≥ 1.
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Proof. First, we introduce the sequence (ρ(n))n which we will need in Step 2. Let ρ : Z>0 → Z≥0

be defined by ρ(n) = max{k ∈ Z≥0 : 2k divides n}. For any n, we have ρ(2n+ 1) = 0 and

ρ(2n) = max{k ∈ Z≥0 : 2k divides 2n} = max{k ∈ Z≥0 : 2k−1 divides n} = ρ(n) + 1.

Now, let us proceed by following the steps outlined above.

Step 1. For any node in the Calkin-Wilf tree, we define an edge labeling as follows. Let E be the set
of edges in the Calkin-Wilf tree. We define ` : E → {0, 1} by

`

((
a

b
,

a

a+ b

))
= 0,

`

((
a

b
,
a+ b

b

))
= 1.

By Theorem 4, for every m ∈ Q+ a corresponding path from 1 to m exists in the Calkin-Wilf
tree. We define a function g : E ∗ → Z>0 by

g(e1, e2, . . . , en) = 2n +

n−1∑
k=0

2k`(en−k).

As the empty path ε leads to 1, we have g(ε) = 1, and g is well defined. Also notice g is
bijective, as the 2n nodes on depth n all have different labels. Let π = (e1, e2, . . . , en) be the
path from 1 to a

b , then we have two recurrence relations

g

(
π,

(
a

b
,

a

a+ b

))
= 2n+1 +

n∑
k=1

2k`(en−k) + `

((
a

b
,

a

a+ b

))
= 2g(π)

and

g

(
π,

(
a

b
,
a+ b

b

))
= 2n+1 +

n∑
k=1

2k`(en−k) + `

((
a

b
,
a+ b

b

))
= 2g(π) + 1,

which will be useful later. We will denote the binary representation of g(π) by

g(π) = (`(e1)`(e2) . . . `(en))2.

Step 2. Now for any n ≥ 1, let xn

yn
be the rational such that g−1(n) is the path from 1 to xn

yn
. Notice
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that xn

yn
= an by Definition 14. If n is a power of 2, we have n = 2ρ(n), so

n = 2ρ(n) = (1 00 . . . 00︸ ︷︷ ︸
ρ(n) zeroes

)2,

so we can follow the path from 1 to xn

yn
by taking the left child ρ(n) times, so xn

yn
= 1

1+ρ(n) .

In addition, we have
n− 1 = 2ρ(n) − 1 = (111 . . . 11︸ ︷︷ ︸

ρ(n) ones

)2.

So the path from 1 to xn−1

yn−1
can be followed by taking the right child ρ(n)− 1 times, and we

find xn−1

yn−1
= ρ(n)

1 = ρ(n).

Now suppose n is not a power of 2. Then there exists some maximal i such that the ith digit
of the binary representation of n is 1. We can write

n = (1α1α2 . . . αi−11 0 . . . 0︸ ︷︷ ︸
ρ(n) zeroes

)2

and
n− 1 = (1α1α2 . . . αi−10 1 . . . 1︸ ︷︷ ︸

ρ(n) ones

)2.

We see that the last common ancestor of xn

yn
and xn−1

yn−1
is given by xm

ym
, where m = (1α1α2 . . . αi−1)2.

The path from xm

ym
to xn−1

yn−1
is given by taking the left child first, followed by taking the right

child ρ(n) times. The left child of xm

ym
is xm

xm+ym
, so we find

xn−1

yn−1
=

xm + ρ(n)(xm + ym)

xm + ym
.

On the other hand, the path from xm

ym
to xn

yn
is given by taking a right child, and ρ(n) left

children after. This yields
xn

yn
=

xm + ym
ym + ρ(n)(xm + ym)

.

Step 3. Assuming that gcd(xm, ym) = 1, all of the above fractions are reduced. To write xn and yn
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in terms of xn−1 and yn−1, we need to solve the following system of equations.

xn = xm + ym

yn = ym + ρ(n)(xm + ym)

xn−1 = xm + ρ(n)(xm + ym)

yn−1 = xm + ym.

Solving this gives us

xn

yn
=

yn−1

yn−1(1 + 2ρ(n))− xn−1
=

1

2ρ(n)− xn−1

yn−1
+ 1

.

As xn

yn
= an for all n ≥ 1, we can write

an =
1

2ρ(n)− an−1 + 1
,

which leads us to the final step in this proof.

Step 4. Now let us consider the behaviour of banc for n ≥ 1. Let an = a
b with a, b ≥ 1 coprime. Recall

that the left child of an is a
a+b < 1, and the right child is a+b

b = a
b + 1. By Lemma 2, we

have that a
a+b = a2n and a+b

b = a2n+1. This means that ba2nc = 0 and ba2n+1c = banc + 1,
with ba1c = 1. We see that the sequence (banc)n satisfies the same recurrence relation as
(ρ(n+ 1))n, so we find ban−1c = ρ(n).

Finally, we conclude

an =
1

2ρ(n)− an−1 + 1
=

1

2ban−1c − an−1 + 1
= T (an−1).

Notice that T (an) = an+1 implies that T k(an) = an+k. This leads us to the following corollary.

Corollary 2. For any integer n ≥ 1, we have n+ 1 = T 2n(n) and 1
n+1 = T 2n( 1n ).

Proof. Let n ≥ 1 be an integer. By Corollary 1 we have n = a2n−1 and 1
n = a2n . This gives us

T 2n(n) = T 2n(a2n−1) = a2n+1−1 = n+ 1

and
T 2n

(
1

n

)
= T 2n(a2n) = a2n+1 =

1

n+ 1
.

14



Some observations are immediately clear from the graphs in Figure 2. We list them below.

(i) T : R+ → R+ \ {0} is invertible and its inverse is given by T−1(x) = 2d1/xe − 1/x − 1. We
have T−1 = r ◦ T ◦ r on R+ \ Z, where r : (0,∞) → R+ is the map r(x) = 1

x . In other words,
we have the equality 1

T−1(x) = T
(
1
x

)
.

(ii) T is smooth on R+ \ Z, and the derivative can be calculated to be T ′(x) = 1
(2bxc−x+1)2 =

(T (x))2 whenever it exists.

(iii) T has no fixed points, as we have T [0, 1) = [1,∞) and T [1,∞) = (0, 1). We also have
T (0, 1) = (1,∞).

15



3 Recurrence

As we can see in Figure 2, some interesting patterns occur when taking iterates T k, where k is a
positive integer. In this section we will explore this behaviour and prove some results concerning
the sets T k(n− 1, n), where k and n are positive integers.

We already noted before that T has no fixed points. In addition, a close inspection of the graph
in Figure 2b reveals that T 4 does not appear to have any fixed points either. At the end of this
section, we will show that T has no periodic points.

Lemma 3. We have T 2n(x) = Tn(x− 1) + 1 for all x > 1 and n > 0.

Proof. We prove the statement by induction. For n = 1 and x ∈ (1,∞) it holds that

T (x− 1) + 1 =
1

2bx− 1c − (x− 1) + 1
+ 1

=
1

2bxc − x
+ 1

=
2bxc − x+ 1

2bxc − x
.

On the other hand, since T (x) < 1, we have

T 2(x) =
1

2bT (x)c − 1
2bxc−x+1 + 1

=
2bxc − x+ 1

2bxc − x
= T (x− 1) + 1.

Now suppose T 2n(x) = Tn(x− 1) + 1 for some n ≥ 1 and all x ∈ (1,∞). Then for n+ 1 we have

T 2(n+1)x = T 2nT 2x

= T 2n(T (x− 1) + 1)

= Tn(T (x− 1)) + 1

= Tn+1(x− 1) + 1.

The claim follows by induction.

A notable consequence of this lemma is the following.

Corollary 3. We have T 2n−1

(n− 1, n) = (n,∞) and T 2n−1

[n− 1, n) = [n,∞) for all n ≥ 1.

Proof. From Figure 2, we know that T (0, 1) = (1,∞). Suppose we have T 2n−1

(n − 1, n) = (n,∞)

16



for some n ≥ 1, then by Lemma 3 we have

T 2n(n, n+ 1) = T 2n−1

(n− 1, n) + 1 = (n,∞) + 1 = (n+ 1,∞),

so the first statement follows by induction. In particular, by Corollary 2 we have T 2n−1

(n− 1) = n

for any integer n ≥ 1, so

T 2n−1

[n− 1, n) = T 2n−1

(n− 1, n) ∪ {T 2n−1

(n− 1)} = (n,∞) ∪ {n} = [n,∞).

If we wish to work more with the images of intervals, it will prove useful to show some more
basic properties of T k(n− 1, n) for all integers n ≥ 1 and k ≥ 0.

Lemma 4. For all n ≥ 1, we have the following properties for T .

(i) For all 0 ≤ k, l < 2n such that k 6= l, T k[n− 1, n) ∩ T l[n− 1, n) = ∅.

(ii) For all 0 ≤ k < 2n with k 6= 2n−1, there exists some j ≥ 1 such that T k[n− 1, n) ⊆ [j − 1, j).

(iii) For all 0 ≤ k < 2n, T k[n− 1, n) is equal to an interval.

Proof. (i) We first cover the base case where n = 1. As 0 ≤ k, l < 21, it follows by T [0, 1) = [1,∞)

that T [0, 1) ∩ [0, 1) = ∅.

Now suppose (i) holds for some n ≥ 1. We show that this implies (i) for n+1 with l = 0. As
[n, n+1) ⊆ [1,∞), we have that T 2k+1[n, n+1) ⊆ [0, 1) for any integer 0 < 2k+1 < 2n+1 by
property (iii) on page 15. In particular, this means that T 2k+1[n, n+1)∩ [n, n+1) is empty.
Similarly, it follows from Lemma 3 that

T 2k[n, n+ 1) ∩ [n, n+ 1) = [T k[n− 1, n) + 1] ∩ (n, n+ 1)

= (T k[n− 1, n) ∩ [n− 1, n)) + 1 (1)

= ∅

by the induction hypothesis, so for all 0 < 2k < 2n+1 we have T 2k(n, n+ 1) ∩ (n, n+ 1) = ∅.
Hence for any n ≥ 1 and any 0 < k < 2n+1, we find that T k(n, n+ 1) ∩ (n, n+ 1) = ∅.

Now choose l > 0 and assume k > l without loss of generality. Then some m > 0 exists such
that k = l +m, and by injectivity of T ,

Tm+l(n, n+ 1) ∩ T l(n, n+ 1) = T l(Tm(n, n+ 1) ∩ (n, n+ 1)) = T l(∅) = ∅,
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where the penultimate equality follows from (1). We conclude that

T k(n, n+ 1) ∩ T l(n, n+ 1) = ∅

for all k 6= l and k, l < 2n+1.

(ii) For our base case n = 1, we only have to check k = 0. This follows as T 0[0, 1) ⊆ [0, 1). Now
suppose (ii) holds for some n ≥ 1. We show that this implies (ii) for n+ 1.

First, we show the case for even iterations of T [n, n+ 1). For any 0 ≤ 2k < 2n+1, we have

T 2k[n, n+ 1) = {T 2k(x) : x ∈ [n, n+ 1)}

= {T k(x− 1) + 1 : x ∈ [n, n+ 1)}

= {T k(x) + 1 : x ∈ [n− 1, n)}

= T k[n− 1, n) + 1,

where the second equality follows from Lemma 3. As T k[n− 1, n) ⊆ [j − 1, j) for some j ≥ 1

and k 6= 2n−1 by assumption, we see that T 2k[n, n+ 1) ⊆ [j, j + 1) if 2k 6= 2n.

For the odd iterations, we have for all 0 ≤ 2k + 1 < 2n+1 that T 2k+1[n − 1, n) ⊆ [0, 1) by
property (iii) on page 15. We have now proven that (ii) holds for n+ 1 for all 0 ≤ k < 2n+1

with k 6= 2n, and the statement follows by induction.

(iii) The restriction of T to any interval [j − 1, j) with j ≥ 1 a positive integer is given by a
continuous and monotone function, namely T (x) = 1

2(j−1)−x+1 for x ∈ [j − 1, j). Therefore,
if A ⊆ [j − 1, j) is an interval, then so is T (A).

For n = 1, we have T [0, 1) = (1,∞), so T k[0, 1) is an interval for all 0 ≤ k < 21. Now choose
n > 1. By (ii), T k[n − 1, n) is contained in an interval [j − 1, j) for all 0 ≤ k < 2n with
k 6= 2n−1, so as [n − 1, n) is an interval we see that T [n − 1, n), . . . , T 2n−1−1[n − 1, n) are
intervals as well. By Corollary 3, T 2n−1

[n− 1, n) = [n,∞) is an interval as well. We have

T 2n−1+1 = T [n,∞)

=

∞⋃
k=n

T [k, k + 1)

=
∞⋃

k=n

[
1

k + 1
,
1

k

)
= (0, 1/n).

Thus, both T 2n−1

[n− 1, n) and T 2n−1+1[n− 1, n) are intervals, and T 2n−1+1[n− 1, n) ⊆ [0, 1).
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We see that T 2n−1+2[n − 1, n), . . . , T 2n−1[n − 1, n) are also intervals, so (iii) follows for all
n ≥ 1.

The restrictions 0 ≤ k, l < 2n in (i) and (ii) of Lemma 4 are necessary, as T 2(0, 1)∩ (0, 1) is not
empty. In fact, as we will show here, each of the intervals (n − 1, n) is recurrent, with a period of
2n.

Lemma 5. For any n ≥ 1 we have T 2n [n− 1, n) = (n− 1, n).

Proof. For n = 1, we have
T 2[0, 1) = T [1,∞) = (0, 1).

Now suppose T 2n [n− 1, n) = (n− 1, n) for some n ≥ 1. Then for n+ 1 we have by Lemma 3 that

T 2n+1

[n, n+ 1) = {T 2n+1

(x) : x ∈ [n, n+ 1)}

= {T 2n(x− 1) + 1 : x ∈ [n, n+ 1)}

= {T 2n(x) + 1 : x ∈ [n− 1, n)}

= T 2n [n− 1, n) + 1 = (n, n+ 1).

The statement follows by induction.

We see that while [n−1, n) is almost recurrent, the difference [n−1, n)\T 2n [n−1, n) is nonempty.
As we will see in the next lemma, we must generally be careful with our equalities.

Lemma 6. We have
2n−1⊎
m=0

Tm[n− 1, n) = R+ \ {a0, . . . , a2n−1−2}

for all n ≥ 1.

Proof. For n = 1, {a0, . . . , a2n−1−2} is empty, and indeed [0, 1) ∪ T [0, 1) = [0, 1) ∪ [1,∞) = R+ as
follows from the properties on page 15.

For n = 2, we have

3⋃
m=0

Tm[1, 2) = [1, 2) ∪ [1/2, 1) ∪ [2,∞) ∪ (0, 1/2) = (0,∞) = R+ \ {a0}

and 22−1−2 = 0. Let n ≥ 2 and suppose the we have
⊎2n−1

m=0 Tm[n−1, n) = R+ \{a0, . . . , a2n−1−2}.

19



Then for n+ 1 we have

2n+1−1⋃
m=0

Tm[n, n+ 1) =

(
2n−1⋃
m=0

T 2m[n, n+ 1)

)
∪

(
2n−1⋃
m=0

T 2m+1[n, n+ 1)

)

=

(
2n−1⋃
m=0

(Tm[n− 1, n) + 1)

)
∪ T

(
2n−1⋃
m=0

Tm([n− 1, n) + 1)

)
= (1 + R+ \ {a0, . . . , a2n−1−2}) ∪ T (1 + R+ \ {a0, . . . , a2n−1−2})

= ([1,∞) \ {a0 + 1, . . . , a2n−1−2 + 1}) ∪ T ([1,∞) \ {a0 + 1, . . . , a2n−1−2 + 1}),

where the second equality follows from Lemma 3 and the third equality follows from the induction
hypothesis. Notice that

T ([1,∞) \ {a0 + 1, . . . , a2n−1−2 + 1}) = ((0, 1) \ {T (a0 + 1), . . . , T (a2n−1−2 + 1)}.

Since the right child of ak is ak + 1 = a2k+1 by Lemma 2, it follows that

{a0 + 1, . . . , a2n−1−2 + 1} = {a2k+1}2
n−1−2

k=0 = {a1, a3, . . . , a2n−3},

so
{T (a0 + 1), . . . , T (a2n−1−2 + 1)} = {a2k+2}2

n−1−2
k=0 = {a2, a4, . . . , a2n−2}.

As {a0 + 1, . . . , a2n−1−2 + 1} ⊆ [1,∞) and {T (a0 + 1), . . . , T (a2n−1−2 + 1)} ⊆ (0, 1), it follows that

2n+1−1⋃
m=0

Tm[n, n+ 1) = R+ \ {a0, . . . , a2n−2}

and this union is in fact disjoint by (i) from Lemma 4. By induction, we conclude that

2n−1⊎
m=0

Tm[n− 1, n) = R+ \ {a0, . . . , a2n−1−2}

for all n ≥ 1.

Finally, we have enough tools to show the first of the main results of this thesis.

Theorem 6. T has no periodic points.

Proof. Let x ∈ R+. If x is rational, suppose some p > 0 exists such that T p(x) = x. Then the
function that takes n to an is not injective, and this is in contradiction with Theorem 4.
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Assume x is irrational. In Lemma 6, we established for each n ≥ 1 that

R+ \
2n−1⊎
m=0

Tm[n− 1, n) ⊂ Q+

meaning that for any n ≥ 1 there exists a 0 ≤ kn < 2n such that x ∈ T kn [n − 1, n). As T is
injective, we have

Tm
(
T kn [n− 1, n)

)
∩ T kn [n− 1, n) = T kn (Tm[n− 1, n) ∩ [n− 1, n)) = ∅

for any 0 < m < 2n by (i) from Lemma 4. Now choose any n ≥ 1. If x is a periodic point, its period
p must satisfy p ≥ 2n. As n is arbitrary, we find that no such p can exist, so x is not a periodic
point. Therefore, we conclude that T cannot have any periodic points.
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4 Measure theoretic properties

So far, we have studied the behaviour of the Calkin-Wilf function and its iterates. Despite every
interval of the form T k(n− 1, n) for positive integers k and n returning to itself after 2n iterations,
T has no periodic points whatsoever.

In this section, we will study R+ equipped with the transformation T through a measure the-
oretic lens. By constructing measures related to T , we might not be able to make claims about
the individual orbits under T , but we will have the tools to discuss more general behaviour of the
system.

Our first step is to construct an invariant measure for T .

Proposition 2. Let τ be the counting measure on R+ \Q+. On the measure space (R+,P(R+), τ),
T is a measure preserving transformation.

Proof. Suppose A is a subset of R+ \ Q+. As T : R+ → R+ \ {0} is invertible, and as we have
T (R+ \ Q+) = T (R+) \ T (Q+) = R+ \ Q+ by injectivity and Theorem 4, there exists a bijection
between A and its preimage T−1A (namely T ). By bijectivity we have τ(T−1A) = τ(A).

Given any irrational x, we can construct an invariant measure by restricting τ to the two-sided
T -orbit Γx of x. Notice that for a rational number y ∈ Q+ we have 0 ∈ Γy, so τ |Γy

({0}) = 1, while
on the other hand τ |Γy

(T−1{0}) = τ |Γy
(∅) = 0. Thus, the restriction of τ to Γy is not an invariant

measure if y is rational.

4.1 An ergodic measure

Although we have just built an invariant measure, it is infinite and therefore not as workable as
one would like. To remedy this, we will construct a different measure using Theorem 2.

First, let S0 = {∅} ∪ {{x} : x ∈ Q+} and define

Sn = {[n− 1, n), T [n− 1, n), . . . , T 2n−1[n− 1, n)}

for n ≥ 1. We let S =
⋃∞

n=0 Sn and show this is a semi-ring. Before we can do this, we show some
properties of the elements of S .

Lemma 7. Let R,S ∈ S . If S ∩R 6= ∅, we either have S ⊆ R or R ⊆ S.

Proof. Let n,m ≥ 0 be integers such that S ∈ Sn and R ∈ Sm. If m = 0, R contains at most a
single element, so we either have S ∩R = ∅ or R ⊆ S. In case n = m ≥ 1, we have that S ∩R = ∅
or S = R by (i) from Lemma 4. Therefore, we assume n > m > 0 for the rest of this proof. There
exist some 0 ≤ k < 2n so that S = T k[n − 1, n) and some 0 ≤ l < 2m so that R = T l[m − 1,m).
We separately consider the cases k = l, k < l and k > l.
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Suppose k = l. Then

S ∩R = T k[n− 1, n) ∩ T k[m− 1,m) = T k([n− 1, n) ∩ [m− 1,m))

by injectivity, and this is empty. Now, let us assume that k < l. Then

T k[n− 1, n) ∩ T l[n− 1, n) = T k([n− 1, n) ∩ T l−k[m− 1,m)).

Note that 0 < l−k ≤ l < 2m. If l−k = 2m−1, then we have T l−k[m−1,m) = [m,∞) by Corollary 3.
As n > m, we have [n − 1, n) ⊆ T l−k[m − 1,m), so S = T k[n − 1, n) ⊆ T l[m − 1,m) = R. If
l−k 6= 2m−1, we have by (ii) from Lemma 4 that T l−k[m−1,m) ⊆ [j−1, j) for some integer j ≥ 1,
meaning that either [n − 1, n) ∩ T l−k[m − 1,m) is empty or T l−k[m − 1,m) ⊆ [n − 1, n), and so
R = T l[m− 1,m) ⊆ T k[n− 1, n) = S.

Finally, suppose l < k, so that T k[n − 1, n) ∩ T l[m − 1,m) = T l(T k−l[n − 1, n) ∩ [m − 1,m)).
Once again we notice 0 < k − l ≤ k < 2n. If k − l = 2n−1, then T k−l[n − 1, n) = [n,∞) by
Corollary 3, so by m < n we find R ∩ S = ∅. If k − l 6= 2m−1, we have by (ii) from Lemma 4 that
T k−l[n− 1, n) ⊆ [j− 1, j) for some integer j ≥ 1, so that either T k−l[n− 1, n)∩ [m− 1,m) is empty
or T k−l[n− 1, n) ⊆ [m− 1,m), and so S = T k[n− 1, n) ⊆ T l[m− 1,m) = R.

Lemma 8. Let S ∈ Sn for some n > 0 and suppose m > n is an integer. Then S is a disjoint
union of 2m−n sets in Sm and finitely many sets in S0.

Proof. Let S ∈ Sn for some n > 0 and let 0 ≤ k < 2n be such that S = T k[n−1, n). For m = n+1,
we can write [n− 1, n) as

[n− 1, n) = (n− 1, n− 1/2) ∪ [n− 1/2, n) ∪ {n− 1}.

Suppose first that 0 ≤ k < 2n−1. We have {n− 1} ∈ S0, so we need to show that the intervals are
contained in Sm. For the first of these sets, we can use n− 1 applications of Lemma 3 to obtain

(n− 1, n− 1/2) = (0, 1/2) + n− 1

= T 3[1, 2) + n− 1

= T 6[2, 3) + n− 2

...

= T 3·2n−1

[n, n+ 1) + n− n ∈ Sn+1.
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We can apply the same process on the second set to find

[n− 1/2, n) = [1/2, 1) + n− 1

= T [1, 2) + n− 1

= T 2[2, 3) + n− 2

...

= T 2n−1

[n, n+ 1) + n− n ∈ Sn+1.

As S = T k[n− 1, n), we can use the injectivity of T to find

S = T k((n− 1, n− 1/2) ∪ [n− 1/2, n) ] {n− 1})

= T k+2n−1

[n, n+ 1) ∪ T k+3·2n−1

[n, n+ 1) ∪ {T k(n− 1)}.

These sets are disjoint by (i) from Lemma 4 as 0 ≤ k + 2n−1 < k + 3 · 2n−1 < 2n, so S is a disjoint
union of 2 sets in Sn+1 and finitely many sets in S0. Now suppose 2n−1 ≤ k < 2n. We have
T 2n−1

[n− 1, n) = [n,∞) by Corollary 3, and

[n,∞) = [n, n+ 1) ∪ [n+ 1,∞).

We have [n+ 1,∞) = T 2n [n, n+ 1), so now

S = T k[n− 1, n)

= T k−2n−1

[n,∞)

= T k−2n−1

([n, n+ 1) ∪ [n+ 1,∞))

= T k−2n−1

[n, n+ 1) ∪ T k+2n−1

[n, n+ 1).

As 0 ≤ k − 2n−1 ≤ k + 2n−1 < 2n, these sets are disjoint by (i) from Lemma 4, so in this case
S is a disjoint union of 2 sets in Sn+1 and finitely many sets in S0 as well. This shows that the
statement holds for the base case m = n+ 1.

Now suppose m > n is an integer such that any S ∈ Sn can be written as a disjoint union of
2m−n sets S1, S2, . . . , S2m−n ∈ Sm and finitely many sets in S0. Then by the above, we can write
each of the Si as a finite disjoint union of two sets Si,1, Si,2 ∈ Sm+1 and finitely many sets in S0,
so S is a disjoint union of 2m+1−n sets in Sm+1 and finitely many sets in S0. The claim follows
by induction.

Using Lemma 8, we can make a refinement to Lemma 7.
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Corollary 4. Suppose 0 < n < m are integers and let S ∈ Sn and R ∈ Sm. Then either R ⊆ S

or S ∩R = ∅. Also, we have R 6= S.

Proof. Let S ∈ Sn and R ∈ Sm for integers 0 < n < m. By Lemma 8, S can be written as a finite
union of sets in Sm ∪S0. Now as the sets in Sm are disjoint by (i) from Lemma 4, we either have
R ⊆ S or S ∩R = ∅. This proves the first claim.

Each of the sets in Sm is nonempty. As S can be written as this finite disjoint union of at least
2m−n ≥ 2 sets in Sm ∪ S0, the difference S \R is nonempty, and so R 6= S.

We are now ready to prove the following theorem.

Theorem 7. The collection S is a semi-ring.

Proof. Definition 2 lists three conditions which we must show to hold true for S .

a. By definition, we have ∅ ∈ S .

b. We show that S is ∩-stable. Let R,S ∈ S and suppose S ∩ R 6= ∅. Then by Lemma 7, we
either have R ⊆ S or S ⊆ R. In the first case, we have S ∩R = S ∈ S , and in the other case
we have S ∩R = R ∈ S . Thus, S is ∩-stable.

c. First, let S ∈ S0 and R ∈ S . As S contains at most one element, we either have S \R = S

or S \R = ∅, so S \R is a finite union of elements in S .

Now suppose n,m > 0 are integers such that S ∈ Sn and R ∈ Sm. Without loss of generality,
assume n ≤ m. If S ∩ R = ∅, then S \ R = S and R \ S = R. Also, if n = m, then either
S = R or S ∩ R = ∅ by (i) from Lemma 4, so we can assume n < m. Suppose S ∩ R 6= ∅,
meaning that R ⊆ S by Corollary 4.

In Lemma 8, we have seen that S can be written as a finite disjoint union of 2m−n sets in Sm

and finitely many sets in S0. As all of the sets in Sm are disjoint by (i) from Lemma 4, R
must be one of those sets, so S \R is a finite union of 2m−n − 1 sets in Sm and finitely many
sets in S0. This gives us that S \R is a finite disjoint union of sets in S for all S,R ∈ S .

We have proven all properties, and conclude S is a semi-ring.

Now let µ∗ : S → [0, 1] be the set function defined by µ∗(A) = 2−n if A ∈ Sn for some n ≥ 1,
and zero otherwise. In order to extend this function to a measure µ : σ(S ) → [0, 1], we need to
show µ∗ is a premeasure. Notice that µ∗ is well defined by Lemma 8, as there are no sets A such
that A ∈ Sn and A ∈ Sm for n 6= m.
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By Lemma 8, we can write A = Rl ∪
⊎2l−k

i=1 Ai for sets A1, A2, . . . , A2l−k ∈ Sl for any integer
l ≥ k and Rl a finite union of sets in S0. This gives us

µ∗(A) = 2−k

= 2l−k · 2−l

=

2l−k∑
n=1

µ∗(An) +
∑
x∈Rl

µ∗({x}).

(2)

and so µ∗(A) =
∑m

n=1 µ
∗(An) if all An are in Sl ∪ S0 for some l ≥ k.

Theorem 8. µ∗ is a premeasure.

Proof. Recall the two conditions of Theorem 2. We will show both hold for µ∗.

a. By definition, we have µ∗(∅) = 0.

b. Let A ∈ Sk for some integer k > 0. Suppose A1, A2, . . . , Am ∈ S are sets such that
A =

⊎m
n=1 An. We first show that µ∗(A) =

∑m
n=1 µ

∗(An).

Let kn ≥ 0 be the integers such that An ∈ Skn
. We assume that k 6= 0. If there exists an n

such that 0 6= kn < k we find A ⊆ An, so A = An which is not possible by Corollary 4. Thus,
we have kn ≥ k or kn = 0 for all n ≥ 1. As there are only finitely many Ai, we can define the
maximum of the kn as k∞ = max{kn : 1 ≤ n ≤ m} ≥ k. We can write each of the An as a
finite disjoint union of 2k∞−kn sets in Sk∞ and Mn − 2k∞−kn sets in S0 for some Mn < ∞.
Denote these sets by B1,n, B2,n, . . . , BMn,n ∈ Sk∞ ∪ S0. Then notice that

A =

m⋃
n=1

Mn⊎
i=1

Bi,n,

and so by (2)

µ∗(A) =
m∑

n=1

Mn∑
i=1

µ∗(Bi,n) =
m∑

n=1

µ∗(An). (3)

Now let (An)n ⊆ S be a sequence such that
⊎∞

n=1 An = A ∈ S . For all n ≥ 1, we define
kn ≥ 0 such that An ∈ Skn

. Notice that for any n, we have An ⊆ A. Thus, if k = 0, we must
have kn = 0 for all n as A contains at most a single element. This means that

µ∗(A) = 0 =

∞∑
n=1

µ∗(An).
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We assume that k 6= 0. Once again notice that we have kn ≥ k or kn = 0 for all n ≥ 1. For
all l ≥ 0 we define Nl = {n : kn = k + l}. Now for any l ≥ 0, we can write A as a disjoint
union of 2l sets in Sk+l and Ml − 2l < ∞ sets in S0 by Lemma 8. We denote these sets by
B1,l, B2,l, . . . , BMl,l and write A =

⊎Ml

i=1 Bi,l. Let Il = {i : ∃ n ∈ Nl such that An = Bi,l}.
We have

µ∗(A) = µ∗

(
Ml⊎
i=1

Bi,l

)
=

Ml∑
i=1

µ∗(Bi,l) =
∑
n∈Nl

µ∗(An) +
∑
i 6∈Il

µ∗(Bi,l),

where the second equality follows from (3). Notice that
⊎

i 6∈Il
Bi,l =

⊎
i 6∈Nl

Ai. Therefore, for
any n ≥ 0 we can define

Jn =

n⋂
l=0

⊎
i 6∈Il

Bi,l =

n⋂
l=0

⊎
i 6∈Nl

Ai

and notice Jn+1 ⊆ Jn for all n ≥ 0. Suppose x ∈ limn→∞ Jn =
⋂∞

l=1

⊎
i 6∈Nl

Ai. As
⋃∞

l=1 Nl =

Z>0, we have that x 6∈ Ai for any i ≥ 1. Since A =
⊎∞

n=1 An and limn→∞ Jn ⊆ A, this x

cannot exist, so limn→∞ Jn = ∅.

As Jn+1 ⊆ Jn for all n ≥ 0, Jn is a finite union of sets in Sn+k ∪ S0. We also have Jn ⊆ A

for all n ≥ 0, so there exist finite index sets Kn ⊆ {1, 2, . . . ,Mn} such that Jn =
⊎

k∈Kn
Bk,n

by Lemma 8 and

A = Jn ∪
n⋃

l=0

⊎
i∈Nl

Ai =
⊎

k∈Kn

Bk,n ∪
n⋃

l=0

⊎
i∈Nl

Ai.

Since this is a finite union, we can use (3) to obtain

µ∗(A) =

n∑
l=1

∑
i∈Nl

µ∗(Ai) +
∑
k∈Kn

µ∗(Bk,n)

for any n ≥ 0.
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We have seen that Jn → ∅ as n → ∞. This means that #Kn → 0, so we finally conclude

µ∗(A) = lim
n→∞

(
n∑

l=1

∑
i∈Nl

µ∗(Ai) +
∑
k∈Kn

µ∗(Bk,n)

)

= lim
n→∞

(
n∑

l=1

∑
i∈Nl

µ∗(Ai) + 2−n ·#Kn

)

=

∞∑
l=1

∑
i∈Nl

µ∗(Ai)

=

∞∑
i=1

µ∗(An)

by
⋃∞

n=0 Nn = Z>0.

We conclude that µ∗ is a premeasure.

Finally, we can now use Theorem 2 to extend µ∗ to a measure µ : σ(S ) → [0,∞]. Notice that
µ is a probability measure, as

µ(R+) = µ({0} ∪ (0, 1) ∪ {1} ∪ (1,∞)) = 2−1 + 2−1 = 1.

In order to prove ergodicity of µ, we require one more lemma.

Lemma 9. Let x ∈ R+ \Q+, and suppose (An)n ⊆ S is a sequence of sets such that x ∈ An and
An ∈ Sn for all n ≥ 1. Then limn→∞ An = {x}.

Proof. First, notice that there exists an A1 ∈ S1 with x ∈ A1, as S1 = {[0, 1), [1,∞)}. Now
suppose there exists An ∈ Sn such that x ∈ Sn. For any n ≥ 1, we can rewrite An as a disjoint
union of sets in Sn+1 ∪ S0 for any n ≥ 1. As x is irrational, there is no set X ∈ S0 such that
x ∈ X, and thus there must exist a set An+1 ⊆ An with An+1 ∈ Sn+1 and x ∈ An+1. Therefore,
(An)n exists as desired, and we have A1 ⊇ A2 · · · ⊇ An ⊇ . . . .

Now let y ∈ R+ \ Q+. Without loss of generality, we let y > x. Let q ∈ Q+ be such that
x < q < y, and m ≥ 1 such that q = am. If we choose N such that m < 2N−1 − 2, then
q ∈ R+ \

⋃2N−1
k=0 T k[N − 1, N) by Lemma 6. As the An are intervals by (iii) from Lemma 4, we

must have that y 6∈ An for all n ≥ N . Hence, limn→∞ An =
⋂∞

n=1 An = {x}.

Theorem 9. The dynamical system (R+, σ(S ), µ, T ) is measure preserving and ergodic.

Proof. Let Dinv ⊆ σ(S ) be defined by

Dinv = {A ∈ σ(S ) : µ(A) = µ(T−1A)}.
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We show that this is a Dynkin system.

1.a As T−1R+ = R+, we have µ(R+) = µ(T−1R+), so R+ ∈ Dinv.

1.b If D ∈ Dinv, we can use the fact that µ is a probability measure to find

µ(DC) = µ(R+)− µ(D) = µ(R+)− µ(T−1D) = µ((T−1D)C) = µ(T−1(R+ \D)),

so DC ∈ Dinv.

1.c Suppose (An)n is a sequence of pairwise disjoint sets in Dinv, then (T−1An)n is a disjoint
sequence as well and

µ

( ∞⊎
n=0

An

)
=

∞∑
n=0

µ(An) =

∞∑
n=0

µ(T−1An) = µ

( ∞⊎
n=0

T−1An

)
.

Hence, Dinv is a Dynkin system.
Now let A ∈ S . Then there exists some n such that A ∈ Sn, and there exists a B ∈ Sn so

that T−1A ⊆ B and µ(B \ T−1A) = 0. This means that µ(T−1A) = 2−n = µ(A), so S ⊆ Dinv.
Notice that S is ∩-stable by Theorem 7. We now have δ(S ) ⊆ Dinv ⊆ σ(S ) and by Theorem 1

and the ∩-stability of S , we also see that σ(S ) = δ(S ). Hence we have µ(A) = µ(T−1A) for all
A ∈ σ(S ), and so T is measure preserving.

We now prove that T is ergodic. Suppose x, y ∈ R+ \Q+ are such that x < y. Define sequences
(An)n, (Bn)n ⊆ S as in Lemma 9 such that x ∈ An, y ∈ Bn and An, Bn ∈ Sn for all n ≥ 1.
Suppose f : R+ → R is a measurable function such that f = f ◦ T . As An, Bn ∈ Sn, there
exist integers 0 ≤ kn < 2n such that either An = T knBn or Bn = T knAn. Therefore, we have
f(An) = f(Bn) for all n ≥ 1. Taking the limit, we find

{f(x)} = lim
n→∞

f(An) = lim
n→∞

f(Bn) = {f(y)},

so T is ergodic by Proposition 1.

We can prove that σ(S ) = B, where B denotes the Borel σ-algebra. To do this, we first
paraphrase the following from page 35 from Chapter 42 of [8].

Theorem 10. Let (X,B, µ) be a measure space where B denotes the Borel σ-algebra. Suppose Σ

is a σ-algebra such that the following properties hold.

10.a We have Σ ⊆ B.

10.b There exists a countable collection of subsets A ⊆ P(X) such that Σ = σ(A ).
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10.c For all x, y ∈ X, there exist A,B ∈ Σ such that x ∈ A, y ∈ B and A ∩B = ∅.

Then Σ = B.

Theorem 11. We have σ(S ) = B.

Proof. We show that all properties of Theorem 10 hold for σ(S ).

10.a As every set A ∈ S is a Borel set, we have σ(S ) ⊆ B.

10.b We have that S is a countable collection of subsets of R+ by definition.

10.c Let x, y ∈ R+. By Lemma 9, there exists a sequence (An)n ∈ S such that An ∈ Sn, and
x ∈ An for all n ≥ 1, and we have limn→∞ An = {x}. Therefore, there exists an n ≥ 1 such
that y ∈ R+ \An.

Thus, we conclude that σ(S ) = B.
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5 Continued fractions

As we now have an ergodic measure, we can make a link between T and minus continued fractions.
Let x ∈ R+. We can rearrange our equation as follows.

T (x) =
1

2bxc − x+ 1

x = 2bxc+ 1− 1

T (x)
.

Similarly, we can use our expression of Tn(x) to find the following equality for all n ≥ 1.

Tn(x) =
1

2bTn−1(x)c − Tn−1(x) + 1

Tn−1(x) = 2bTn−1(x)c+ 1− 1

Tn(x)
.

For any n ≥ 0, we define a function bn : R+ → Z by bn(x) = 2bTn(x)c+ 1 and write

x = b0(x) +
−1

b1(x) +
−1

b2(x)+
−1

···+ −1

bn(x)+ −1

Tn+1(x)

.

By removing the tail part, we can define a sequence (pn(x)/qn(x))n by

pn(x)

qn(x)
= b0(x) +

−1

b1(x) +
−1

b2(x)+
−1

···+ −1
bn(x)

,

where the integers pn(x) and qn(x) are coprime. In this thesis, we will not show whether (pn(x)/qn(x))n
converges to x for any x ∈ R+, and we write this chapter assuming limn→∞ pn(x)/qn(x) = x for
µ-almost every x.

However, we can analyse some of the properties of the bn(x), and we will spend the remainder of
this chapter computing the arithmetic and geometric means of the bn(x) for almost every x ∈ R+.

The arithmetic mean of the digits is equal to

lim
n→∞

1

n

n−1∑
i=0

bi(x) = lim
n→∞

1

n

n−1∑
i=0

(
2bT i(x)c+ 1

)
.

Notice that the function f : R+ → R+ given by f(x) = 2bxc+ 1 is in L1(R+,B, µ), as

∫
R+

|f | dµ ≤
∫
R+

2bxc+ 1 µ(dx) = 1 +

∞∑
k=0

2kµ([k, k + 1)) = 1 + 2

∞∑
k=0

k2−k−1 < ∞.
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As the measure µ is ergodic, we can use Theorem 3 to see that for µ-almost every x ∈ R+,

lim
n→∞

1

n

n−1∑
i=0

2bT i(x)c+ 1 = 2

∫
bxc µ(dx) + 1

= 1 + 2

∞∑
k=0

kµ([k, k + 1))

= 1 + 2

∞∑
k=1

k2−k−1.

Notice that
∑∞

k=1 k2
−k−1 is the derivative of

∑∞
k=1 x

k for x = 1/2. This gives us

∞∑
k=1

k2−k−1 =
d

dx

[ ∞∑
k=1

xk

]
x=1/2

=
d

dx

[
1

1− x
− 1

]
x=1/2

=
1

(1− 1/2)2
= 4,

and we find limn→∞
1
n

∑n−1
i=0 bi(x) = 9 µ-almost everywhere.

Let us compute the geometric mean of the digits in the continued fraction of x. This is equal
to limn→∞ In(x), where In(x) :=

n
√

b1(x)b2(x) · · · bn−1(x). We have

lim
n→∞

log(In(x)) = lim
n→∞

1

n

n−1∑
i=0

log(bi(x)) = lim
n→∞

1

n

n−1∑
i=0

log(2bxc+ 1).

Define g : R+ → R+ by g(x) = log(2bxc + 1). As f ∈ L1(R+,B, µ) and |g| ≤ |f |, we have∫
|g| dµ ≤

∫
|f | dµ < ∞, so g ∈ L1(R+,B, µ). We can now once again use Theorem 3 to find
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lim
n→∞

log In(x) = lim
n→∞

1

n

n−1∑
i=0

log bi(x)

= lim
n→∞

1

n

n−1∑
i=0

log(2bT i(x)c+ 1)

=

∫
log(2bxc+ 1) µ(dx)

=

∞∑
k=0

log(2k + 1)µ([k, k + 1))

=

∞∑
k=0

log(2k + 1)2−k.

With the use of an online calculator like Wolfram|Alpha, we can see that limn→∞ log(In(x)) is
approximately equal to 1.49133. We then find that

lim
n→∞

In(x) = lim
n→∞

elog(In(x)) ≈ 4.44299

for µ-almost all x ∈ R+.
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