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Chapter 1

Introduction

Given the central role elliptic curves play in number theory and algebraic geometry,
it is desirable to describe all isomorphism classes of elliptic curves, i.e. construct a
moduli spaces for elliptic curves. In algebraic geometry, an elliptic curve E over a
field £ may be defined as a smooth projective connected curve of genus 1 over k
together with a k-rational point O € E(k). They are most interesting because there
is a unique structure of k-group variety on the curve E for which O is the identity
section.

Over the field C of complex numbers elliptic curves can be studied from an ana-
lytic point of view as complex tori. A k-dimensional complex torus C¥/L is a compact
Lie group that is the quotient of C* by a co-compact lattice L inside C*, i.e. a discrete
Z-submodule L of C that is free of rank 2k. To an elliptic curve £ — Spec C, the
analytification functor defined in Section 2.6 attaches a compact Riemann surface
E?", The uniformization theorem asserts that E?" is isomorphic to a 1-dimensional
complex torus C/A for a co-compact lattice A in C unique up to homothety (scaling
by a nonzero complex number). In fact, (-)** provides an equivalence of categories
between that of elliptic curves over Spec C and 1-dimensional complex tori. In the
remainder of this introduction, the term complex elliptic curve will be used as syn-
onym for 1-dimensional complex torus.

The uniformization theorem lies at the heart of the construction of the coarse
moduli spaces of elliptic curves Y(1), a (1-dimensional, connected, noncompact)
complex manifold whose points are in bijection with isomorphism classes of elliptic
curves (see Section 5.1 for a discussion of moduli spaces). Ideally there should exist a
holomorphically varying family of elliptic curves over Y (1), called a universal elliptic
curve, which effectuates this bijection.

An obstacle hereto is that every elliptic curve F/k admits at least one nontrivial
isomorphism, namely inversion, and even more if £ has complex multiplication by
C. A fundamental technique in moduli theory is to rigidify the objects under study
through the endowment of an extra structure. For a 1-dimensional complex torus
E = C/A we have a canonical isomorphism H;(F;Z) = A. An H;-structure on E
is an isomorphism v : Z? — H,(E;Z). The set of H;-structures on E is denoted
[Hy—str], and has a natural action of SLy(Z) = Aut (Z?) given by

SLy(Z) x [Hy-str], — [Hy-—str],, 7 =1 oyt



where ~* is the transpose of .

Let ' be a congruence subgroup. Then a I'-structure on E' is defined to be an
element of the orbit space I'\ [H;-str|;. We have that I'(V)-structures correspond
to isomorphisms ¢ : (Z/NZ)?> — E[N] such that ex(¢(0,1),%(1,0)) = (y, where
ey is the Weil pairing on the N-torsion subgroup E[N]. We have that 'y (NV)- and
[y (NV)-structures correspond to points resp. cyclic subgroups of order N on E.

To formulate the existence of a fine moduli space for the moduli problem of el-
liptic curves with an Hi-structure, we are led to consider holomorphically varying
families of elliptic curves. Given a complex manifold M, an elliptic curve over M is
a proper submersive holomorphic map f : £ — M with a section e : M — E such
that for every point m € M the fibre (E,,,e(m)) is an elliptic curve. In Section 4.2
we describe a construction of such relative elliptic curves as quotients V/L of a holo-
morphic line bundle V' on M by a co-compact lattice L inside V.

Again, an M-elliptic curve may admit nonidentity morphisms over M. In Sec-
tion 4.1, following | ], we give a construction, functorial in elliptic curves E/M,
of a local system H,(E /M) of rank-2 free Z-modules on M whose fibre over m € M
is the first homology group of the fibre FE,, with Z-coefficients, that is, one has
H,(E/M),, = H, (En; Z). An H;-trivialized elliptic curve over M is, by definition,
an elliptic curve E/M together with an isomorphism Z% x M — H,(E/M) of local
systems over M. In Section 5.2 we define a functor [H;—str] : CMan® — Set send-
ing M to the set of Hj-trivialized elliptic curves over M up to isomorphism over

M.

Theorem 1.0.1. The functor [Hy—str] is represented by (€ =V /L, V) — §, where

Z2x ML Li={(mr+n,7): (mn) € r€H} CV:=Cx9,

((m,n),7) — (m7 +n,7).

We paraphrase this result by saying that (£, V) — §) is the universal H;-trivialized
elliptic curve.

Now let I" be a congruence subgroup of SLy(Z). As in the absolute case we define
a notion of I'-structure on a relative elliptic curve £ — M, and interpret I'(N)-,
['1(N)- and T'o(N)-structures in terms of N-torsion data for integers N > 1. All
elliptic curves with a I['-structure are rigid if and only if I' is torsion-free. If this
holds, a universal elliptic curve with a I'-structure (&r,I'V) — Y/(I') is constructed
as the quotient of (£,I'V) — § by I'.

We next turn to constructing a complex surface Dr that compactifies Er. At a
regular cusp of I, say of width h, the family of elliptic curves & — Y (I') degenerates
to a so-called Néron polygon

C, = (CP' x Z/hZ) /((0,i) ~ (c0,i+ 1))

a cycle of h transversally intersecting projective lines. This is a singular complex
analytic space, whose regular locus C}*® = C* x Z/hZ has a group structure that
extends to an action on C},. A generalized elliptic curve is, roughly speaking, a family
of elliptic curves but allowing Néron polygons as degenerate fibres; see Chapter
Chapter 9 for a precise definition.



Theorem 1.0.2. Let I' be a torsion-free congruence subgroup of SLo(Z) such that
all cusps of T are reqular. Then there exists a generalized elliptic curve Dr — X (I')
extending Er — Y (I') whose fibre over a cusp t € Cusps(I') is a Néron hi-gon, where
h is the width of t.

The Shioda modular surfaces Dr(yy provide the following modular interpretation of
the set of cusps of X (N).

Theorem 1.0.3. Let N > 3 be an integer. Then there exists a generalized elliptic
curve Drvy — X(N) whose singular fibres are Néron N-gons, together with an
isomorphism Uy : (Z/NZ)* x X(N) — Di™[N], such that we have a bijection

| X (N)| — {elliptic curves or Néron N-gons with a level-N structure }/ = .

We prove this result as Proposition 9.2.1, and the analogue for I'; (V) as Proposi-
tion 9.3.2.

Suppose that I' is a subgroup of I'. Then any I-structure defines also a T'-
structure, and there is a natural map pz - : Y (T') — Y(I) given by I't — I'r, which
extends to a holomorphic map X (T') — X (T') mapping Cusps(T") onto Cusps(T"). We
show this lifts to a holomorphic map of the corresponding Shioda modular surfaces.

Theorem 1.0.4. Let T C T be congruence subgroups of SLs(Z). Suppose that T' is
torsion-free with no irregular cusps. Then there exists a holomorphic map Dy — Dr
extending the natural map & = '\E — I'\E = Er. The map

Df — DF XX(I‘) X(F)
15 a projective desingularization.

Now let k& > 2 be an integer. Then the k-fold fibre power

55 =¢&r Xy (1) Er Xy(@) Xy (@) Er

is a complex torus of relative dimension k over Y (I'). Under the same hypothesis
on I' as in Theorem 9.1.1, we show there is a (k + 1)-dimensional complex manifold
KSE compactifying £F, called the k-th Kuga-Sato variety attached to the congruence
subgroup I'.

Theorem 1.0.5. Let I' C SLy(Z) be a torsion-free congruence subgroup such that
all cusps of I' are reqular. Let k > 1 be an integer. Then there exists a projective-
algebraic (k + 1)-dimensional complex manifold together with a proper holomorphic
map f : KSE — X(T), and a multiplication map m : KSE*™ x x(r) KS§ — KS| that
restricts over the open modular curve Y (I') C X (T) to the Y (T')-complex torus EE of
relative dimension k that is the k-th power of the universal elliptic curve Er — Y (I).

Moreover, we show in Theorem 1.0.4 that KSF is projective-algebraic, i.e. it origi-
nates from a projective C-variety. Furthermore, we show in Section 10.3 that if Lcr
is an inclusion of groups satisfying the hypotheses of Theorem 1.0.5 then there is a
natural holomorphic map ICSf'f — KSE.



We conclude this introduction by giving an overview of the method employed to
construct the Kuga-Sato variety KSE. Chapter 1 lists the various objects we en-
counter on the way. Its first column indicates the category in which the objects in
that row live. We start in the top row, and with each step move one row down until
we arrive at the desired compact complex spaces in the bottom row.

The construction of a local model for KSE at a regular cusp of width h is ini-
tiated in the algebraic category of algebraic varieties over C. In Chapter 7 we dis-
cuss how in toric geometry one constructs complex toric varieties from combina-
torial data consisting of cones in a finite-dimensional real vector space, called a
rational partial polyhedral decomposition. This yields an equivalence of categories
F : RPPD — CTorVrt from the category of rational partial polyhedral decompo-
sitions to the category of complex toric varieties, used to pass from the first row to
the second.

As the notation suggests, G¥ = G Xgo G Xgo -+ Xgo G is the k-fold fibre power of
G — G°. This is a (k + 1)-dimensional toric variety corresponding to a fan ¥* in a
(k + 1)-dimensional real vector space, which is singular for £ > 2. Following | ]
we perform a sequence of blowups centered at nonsingular closed subvarieties

Qk<k5— 1) — g’“(k —2)—>...— g’“<1> — gk<0) =gF

corresponding to a sequence of star-subdivisions X*(k —1) — ... — 2*(1) — ¥*(0),
see Section 2.5 and Section 7.5 for the definition of the italicized terms.

The reduced analytic spaces in the third row are obtained from the algebraic
objects in the second row by applying the analytification functor (-)*" described in
Section 2.6, restricting to the open unit disk A and then taking a suitable quotient.
The objects in the final row are obtained by glueing the objects in the third row and
the fourth row together, along the open cover of X (I') provided in Theorem 3.5.4.

RPPD (NO,3%) (NLSD) (NFEF) (NESED)) (NFSFE - 1))
CTorVrt gl g G* G" (1) GH (k- 1)
CAnSp /A A Tatey, Tate] Tate} (1) KS}
CMan /Y (I') Y(I) Er Er EF EX
CAnSp /X(I') | X(I) Dr Dk, DE(I) ICSE

Table 1.1: An overview of the various objects encountered in this thesis. The first
column indicates in which category the objects live. Here k > 1and 0 <[ <k —1
are integers.



Chapter 2

Preliminaries

In this section we discuss the background results from complex-analytic and alge-
braic geometry. The toric construction of Shioda modular surfaces and Kuga—Sato
varieties runs through the category of algebraic C-varieties and that of complex-
analytic spaces. In Section 2.1 we introduce the category of (reduced) complex(-
analytic) spaces CAnSp and its full subcategory of complex manifolds, and defines
Section 2.2 various properties of morphisms in CAnSp: proper, finite, flat and sub-
mersive. In Section 2.3 we discuss quotients by proper and free actions in (categories
admitting a forgetful functor to) the category of topological spaces.

Then we flip to the algebraic category, introduce the category of C-varieties. We
define projective morphisms of schemes in Section 2.4, and define the Spec and
Proj construction. In Section 2.5 we include a dicussion of desingularizations and
blowups.

In Section 2.6 we show how a C-variety X gives rise to a complex space X"
through a process called analytification. and show how a C-variety functorially gives
rise to a C-analytic space.

2.1 Complex spaces

In this section we define complex(-analytic spaces), which for us will always be
reduced. A more detailed treatment can be found in | |[Chapter 0].

Definition 2.1.1. A C-ringed space is a pair X = (] X|, Ox) consisting of a topo-
logical space |X| and a sheaf of C-algebras Ox on |X| whose stalk Ox, at every
point p € | X| is a local C-algebra with trivial residue field C.

A morphism ¢ : X — Y of C-ringed spaces is a pair (|gb], gb#) consisting of a
continuous map |¢| : |X| — |Y| and a homomorphism of sheaves of C-algebras

Oy — [¢].0x

For every p € | X| the homomorphism Oy, 4/;) — Oxp is then a local homomorphism
of local C-algebras (i.e. ¢ is a morphism of locally ringed spaces).

Example 2.1.2. Every open subset W C C", together with the sheaf Oy, of holo-
morphic functions on W is a C-ringed space, which by abuse of notation will also
be denoted W.



Definition 2.1.3. Let n € Z>¢. A complex manifold M of dimension n is a C-ringed
space M = (|M], Oy) with |M| Hausdorff and such that each point p € |M| admits
an open neighborhood p € U C |M| with (U, Oy|y) isomorphic to the C-ringed
spaces (W, Oy ) constructed in Example 2.1.2 for an open subset W of C".

Definition 2.1.4. Let W C C" be an open subset. We say A C W is an analytic
subset if for every p € A there exist an open neighborhood p € U C W and

fi, f2y .oy fu € Ow (U) such that
ANU={z €U filz) = fo(z) = ... = fu(z) = 0}.
Note that any analytic subset of W is closed in W.

Example 2.1.5. Let A be an analytic subset of an open subset W of C". We define
the sheaf of ideals J4 C Oy by letting for every open subset U C W

JAU)={f€eOwU)| fl(x)y=0forallz € ANU}.

Then we have A := supp (Ow/Ja), and we set Oq4 = (Ow/Ja)|,. Then (A4,O,) is
a C-ringed space, which by abuse of notation will also be denoted A.

Definition 2.1.6. A complez-analytic space or complex space is a C-ringed space
X = (|X|,Ox) with |X| Hausdorff such that each p € |X| admits an open neigh-
borhood p € U C |X| that is isomorphic to one of the C-ringed spaces constructed
in Example 2.1.5, i.e. there exists an isomorphism (U, Ou|;) = (A, O4) for some
analytic subset A of an open subset W of C" for some n € Z,.

Definition 2.1.7. We denote C-RSp the category of C-ringed spaces, and CMan
and CAnSp its full subcategories of complex manifolds resp. (reduced) complex-
analytic spaces.

Note that a morphism ¢ : X — Y in CAnSp is determined by |¢|, because holo-
morphic functions separate the points of C". Therefore we will also call a morphism
in CAnSp or CMan a holomorphic map. An isomorphism in CAnSp will be called
a biholomorphism.

Consider local models A C W C C* and B C V C C™ as in Example 2.1.5. Then
a holomorphic map ¢ : A — B is a map of sets |¢| : A — B such that for every
p € A there exists an open subset p € U € W and a holomorphic map ¢ : U — C™

with ¢|an = @l anw-
Proposition 2.1.8. The category CAnSp has all finite fibre products.

Proof. As in the category of schemes, this is a local question. Let £ € Z>( and for
each i € {1,2,...,k} let A; be an analytic subset of an open subset W; of complex
n;-space C™ for some n; € Z>(. Let X be a C-analytic space and let f; : A; — X be
holomorphic maps.

The cartesian product W = W x Wy x - - - X W}, is an open subset, of Cm1Hn2+-- 47k

and the set-theoretic fibre product A = A; xx Ay Xx -+ Xx Ag is an analytic
subset of W. Thus we obtain the categorical fibre product of the morphisms f; as
in Example 2.1.5 from A and W. O]



2.2 Some classes of holomorphic maps

In this section we discuss four propeties a holomorphic map of complex-analytic
spaces could have: proper, finite, flat and submersive.

Definition 2.2.1. Let ¢ : X — Y be a continuous map of topological spaces. We
say ¢ is connected if for every y € Y the fibre f~1(y) is connected and nonempty.

Lemma-Definition 2.2.2 (proper, finite). Let ¢ : X — Y be a continuous map of
locally compact Hausdorff spaces. We call ¢ proper if it satisfies the following two
equivalent conditions:

(i) for any compact subset K of Y the set ¢~ (K) is compact;
(ii) ¢ is closed and all fibres of ¢ are compact.

We call ¢ finite if it satisfies the following two conditions:

(i) ¢ is proper and every point p € X is an isolated point in its fibre ¢~ (p(p));
(ii) ¢ is closed and has finite fibres.

Proof. See | ][Def. 1.10] for a proof of these equivalences. O

Theorem 2.2.3. Let ¢ : X — Y be a holomorphic map of complex spaces, let
p € |X| and set g = |p|(p). Then the following are equivalent:

(1) Ox, is a finitely generated Oy, 4-module;
(2) dimc¢ (Ox,p/mYJ]OX’p) < 00,
(3) p is an isolated point of its fibre X,.

If p is an isolated point of Xy then there are open neighborhoods U C X of p and
V CY of q such that ¢|, : U — V is finite.

We now define two technical properties of a morphism of complex spaces ¢ : X — Y,
which will be part of the definition of a generalized elliptic curve in Section 6.5.
The first, flatness, captures algebraically that the fibres X, = ¢~*(m) of the mor-
phism ¢ ‘vary smoothly” with m. The second, having reduced fibres, encapsulates
that no ‘multiple fibres’ occur. For a discussion of flatness and tensor products,

see | J87].

Definition 2.2.4 (flatness, reduced fibres). Let ¢ = (|¢[,¢#) : X — Y be a
morphism of C-analytic space. Let p € | X| and set ¢ = |¢|(p).

(1) We say ¢ is flat at p if the C-algebra homomorphism Oy, — Ox,p is flat. We
say ¢ is flat if it is flat at every point of X.

(2) We say the fibre of ¢ over ¢ is reduced at p if the C-algebra Ox , ®o,,, (Oy,q/my,q)
is reduced. We say ¢ has reduced fibres if for every point p of X the fibre of ¢
over |¢|(p) is reduced at p.

In the remainder of this section, we consider a holomorphic map ¢ : X — Y of
complex-analytic spaces.

Proposition 2.2.5. If ¢ is flat, then |¢| is open. If X and Y are complex manifolds,
the converse holds.



Proof. See | J[Prop. 3.19 and Cor. 3.20] O

Lemma 2.2.6. Let ¢ : X — Y be a flat morphism with reduced fibres, of not
necessarily reduced C-analytic spaces. If Y is reduced, then so is X. If Z is a reduced
C-analytic space and v : Z — Y is holomorphic, then the fibre product X Xy Z in
the category of not necessarily reduced C-analytic spaces is reduced.

Proof. The first statement follows from | J[Thm. 23.9] which states that if
(A,my) — (B,mp) is a flat local homomorphism of local rings, then A and B/msB
being reduced implies that B is reduced. O]

Proposition 2.2.7. If ¢ is finite, the following conditions are equivalent:

(i) ¢ is flat;
(il) ¢.Ox is locally free;
(iii) The function Y — Zsg,q +— Ezexq dime Ox, » is locally constant.

Proof. See | ][Prop. 3.13]. O

Definition 2.2.8 (submersive). Let ¢ : X — Y be a holomorphic map of complex
spaces. Let p € | X| and set ¢ = |¢|(p) € |Y]|. We say ¢ is submersive at p if there
exist open neighborhoods p € U C X and ¢ € V C Y, an open subset Z C C¥ and
a biholomorphism U — W x V such that the following diagram commutes

W xV

U o
V.

We say ¢ is submersive if it is submersive at every point of X. A submersion is a
submersive holomorphic map.

Theorem 2.2.9. The following conditions are equivalent:

(i) ¢ is a submersion at p;
(ii) ¢ is flat in p and Xy s a manifold at p;

If X and'Y are complex manifolds, then these conditions are also equivalent to:
(iii) the map of tangent spaces (dp), : T,X — Ty Y is surjective.
Proof. See | J[Thm. 3.21] O

Proposition 2.2.10. If ¢ is flat then the set {p € X : Xy is not a manifold in p}
is an analytic subset of X.

Proof. See | |[Prop. 3.22]. O

Next, we show that the fibre product of two holomorphic maps of complex mani-
folds, taken in the category CAnSp as in Proposition 2.1.8, is again a holomorphic
manifold provided at least one of the maps is a submersion.



Lemma 2.2.11. Let f: X — Y be a holomorphic submersion of complex mani-
folds. Then for any holomorphic map T — Y from a complex manifold T', the fibre
product X7 := X Xy T exists in the category of complexr manifolds, and the pullback
fr: Xe — T of f is again a submersion.

In particular, for every y € Y the fibre X, := f~(y) is a complex manifold. The
assignment y — dim (X,,) defines a locally constant function on Y. If dim (X)) = d
for every y € Y, then we say f has relative dimension d.

2.3 Quotients by proper actions

In this section we discuss quotients of holomorphic manifolds by group actions. If
the action is particularly well behave, in the sense that it is proper and free, then
the quotient always exists as a holomorphic manifold.

Recall that a map of topological spaces ¢ : X — Y is called proper if for every
compact subset K C Y the inverse image ¢~!(K) is a compact subset of Y.

Definition 2.3.1. A continuous left action 'xY — Y, (v, y) — -y of a topological
group ' on a topological space Y is called proper if the map

'xY —-Y xY,
(v, y) = (v y,v)

is proper. If Y is Hausdorff, then it suffices to show for any compact subset K C Y
that

Ik ={yel:(yv-K)NK #0} (2.1)

is a compact subset of I'.
The stabilizer of a point y € Y is defined to be the group

Iy={yel:y-y=y} (2.2)
We say that the action is free if I'y is trivial for every y € Y.

Proposition 2.3.2. Let I' be a discrete group and let'Y be a locally connected locally
compact Hausdorff topological space. Let ' xY — Y, (v,y) — vy be a free left action
of I' on'Y by homeomorphisms. Then the following statements are equivalent:

(1) the action of T' on'Y is proper;
(2) for any compact subset K CY the set {y €T : (v- K)NK # 0} is finite;
(3) the following two statements are true:

(i) the quotient map Y — T'\Y is a covering map;
(ii) the quotient space I'\Y is Hausdorff.

(4) the following two statements are true:

(i) every point y € Y has a neighborhood U such that \U NU = 0 for every
nonidentity element v € T'\{1};
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(i) ify € Y and ¢y € Y lie in distinct I'-orbits, there exist neighborhoods V
of vy and V' of v in' Y such that (v-V)NV' =0 for ally €T.

Proof. The equivalences are contained in | |[Thm. 12.14, Prop. 12.21, Prop.
12.23, Prop. 12.24, Prop. 12.25, Thm. 12.26]. 0

Lemma 2.3.3. Let I' be a topological group acting from the left on Hausdorff topo-
logical spaces X and Y . Suppose that f : X — Y is a I'-equivariant continuous map.
If the action of T on Y is proper (resp. free, resp. has finite stabilizers), the action
of I' and X is proper (resp. free, resp. has finite stabilizers).

Proof. Let x € X and « € I' such that v -z = z. Since [ is ['-equivariant, we find
that v - f(z) = f(v-x) = f(x). Thus the isotropy group I'; of x is contained in the
isotropy group I'fy of f(x). So I'y being trivial (resp. finite) for every y € Y implies
that ', is trivial (resp. finite) for each z € X. We conclude that the action of I" on
X is free (resp. has finite stabilizers), if this holds for the I'-action on Y.

Next, we claim that if K C X is compact, then the set I'x defined by (2.1) is
closed in I' in any case. In fact, since X is Hausdorff and K is compact, the set K
is closed in X. The inverse image of X \ K under the continuous I' x X — X is
an open subset U = {(v,2) e T x X : y-x ¢ K} of T' x X. If v € T'\I' then
{7} x K C U. Since K is compact, there exists a neighborhood V' of K such that
V x K C U. Then v € V C I'\I'k, which shows that I'\I'i is open in I', i.e. that
'k is closed in T

Now suppose the action of I' on Y is proper. Let K C X be a compact subset.
Since f is continuous, its image L := f(K) in Y is compact as well. Since the action
of T on Y is assumed to be proper, the set I';, := {y € I': (y-L)NL # (} is compact.
By T'-equivariance of f, the set T'x :={y €T : (y- K)NK # (0} is a subset of T'y,.
Therefore I' is a closed subset of the compact set I';, hence I'x is compact, as we
had to show. O]

Lemma 2.3.4. Let T’ (resp. I) be a group acting freely by homeomorphisms from
the left on a topological space X (resp. X') such that the quotient map X — I'\X
(resp. X' — I\ X") is a covering space. Then the group I' x I'" acts freely by homeo-
morphisms on X X X', and the map X x X' — (I'\X) x (I"\X") is a covering space
that is a quotient map for the action of T' x I".

Let p: X — Y be a covering map, and let f : E — Y be any continuous map.
Then the pullback E Xy X — E of p along f is again a covering map.

Proof. All statements follow directly from the definitions. O

Theorem 2.3.5. Let I' be a discrete group acting properly on a complex manifold
Y wia biholomorphisms. Assume either that Y is a Riemann surface, or that I' acts
freely. Then the topological space T\Y is Hausdorff, and admits a unique structure
of complex manifold such that w:Y — T\Y is holomorphic. The map w:Y — I'\Y
15 a categorical quotient in the category of complex manifolds for the action of T’
onY, i.e. for any U'-invariant holomorphic map p : Y — Z there exists a unique
holomorphic map f :T\Y — Z such that p = f om.

If Y is a Riemann surface, so is T'\Y, and the ramification index e.(y) of m at
y €Y is equal to #image (I'y — Aut (Oy,,)).
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If T acts freely, then w is a covering map and a local analytic isomorphism.
If the image of T in Aut(Y') is finite, then m is proper with finite fibres.

Proof. The case that I' acts freely and properly is standard. For the case that Y is
a Riemann surface one may consult | ][Prop. 3.1], whose proof determines the
ramification indices of 7 to be as indicated. []

Remark 2.3.6. In a similar way way one shows the category of C-analytic spaces
admits a categorical quotient for a proper and free action of a discrete group I' on
a C-analytic space Y.

Suppose f : Y — Z is a [-invariant holomorphic map to a C-analytic space. The
universal property of a categorical quotient yields a holomorphic map f: I'\Y — Z.
For every z € Z the fibre f~!(z2) is I-stable, and I' acts properly and freely on this
fibre. Further, we have an isomorphism

=) =T\ (2).

2.4 Projective morphisms of schemes

In this section we define projective morphisms of schemes.
We start with a general construction of the relative (homogeneous) spectrum.

Lemma 2.4.1. Let S be a scheme.
(a) Let A a quasi-coherent sheaf of Og-algebras. Then functorially in S-schemes
f:T — S we have bijections

Morg(T, Specg A) = Homo,—aig(A, f.Or).

(b) Let A be a quasi-coherent sheaf of graded Og-algebras that is locally finitely
generated in degree 1. Then functorially in S-schemes f :'T' — S we have bijections

Mors (T, Projg A) = {(L,v : f*A — P L)}/ =,
d>0

where we consider pairs (L,1)) consisting of an invertible Or-module £ and and a
homomorphism 1 of Or-algebras preserving the grading such that vy : f* A1 — L is
surjective.

Proof. [dJm][Lemmas 01LV and 0104] O

If Ec is a coherent module on a Noetherian scheme, then using this construct we
can attach a projective bundle to £, with the following universal property.

Theorem-Definition 2.4.2. LetY be a Noetherian scheme, and let £ be a coherent
Oy -module. Then there exists a proper Y -scheme

Py (&) = Projy (Sym*® &), (2.3)

called the projective bundle over Y attached to £, with the following universal prop-
erty. Given a 'Y -scheme f : X — Y, the Y-morphisms from X to P(E) correspond
to isomorphism classes of pairs (L,1) with L a line bundle on T and ¢ : f*€ — L
an epimorphism.
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Proof. See [d.Jm][Section 010A, Lemma 0104] O

Definition 2.4.3. Let Y be a Noetherian scheme and let f : X — Y be an Y-
scheme. We say f is projective if there exists a coherent Oy-module £ and a closed
embedding X — P(€) over Y.

In particular, for every coherent Oy-module € the structure morphism P(£) — Y
is projective. Clearly any projective morphism is proper.

We now give a more intrinsic criterion for a proper morphism to be projective,
in terms of so-called (very) ample line bundles.

Definition 2.4.4. Let f : X — Y be a proper morphism of Noetherian schemes.
We say a line bundle £ on X is f-base point free if the adjunction map f*f.L — L
is an epimorphism.

Let £ be an f-base point free line bundle on X. The universal property of P(f.L)
associates to the epimorphism f*f.£ — £ an Y-morphism denoted

ér: X — P(f.L).

Note that since f is proper, we have that f,L is a coherent Oy-module by Grothen-
dieck’s Coherence Theorem, see e.g. [Val][Theorem 18.9.1].

We say L is f-very ample if ¢, is a closed embedding.

We say L is f-ample if for every quasi-compact open subset U of Y there exists
ko > 1 such that £®*|y is ample with respect to f~1(U) — U for all k > k.

See [dJm][Section 01VG and Lemma 02NO] for other definitions of relative ampli-
tude which are more customary in the literature. The notion of amplitude is local
on the target scheme Y in the following sense.

Lemma 2.4.5. Let f : X — Y be a proper morphism of Noetherian schemes, and
let L be a line bundle on X. Then the following are equivalent.

(1) L is (very) ample relative to f: X — Y

(2) there exists an open cover {U;} of X such that L|j-1(y,) is (very) ample on
fHU) U

(3) for every affine open subset U of X we have that L|;-1,) is (very) ample on
f=HU) /U

Proof. This lemma follows from the definition of ¢, : X — Py (f.L) being local on
Y in a suitable sense. 0

Proposition 2.4.6. Let Y be a Noetherian scheme and f : X — Y a proper

morphism. Then f s projective if and only if there exists an f-very ample line
bundle on X.

Proof. Suppose that £ is an f-very ample line bundle on X. By definition of relative
very amplitude, £ defines a closed embedding ¢, : X — P(f.L) over Y. We conclude
that f is projective.

The converse holds by [dJm][Lemma 01VR, (1) <= (4)]. O

12



2.5 Blowups of schemes

In this section we define the blowup of a scheme along a closed subscheme, which
provides an example of closed embeddings. Our exposition closely follows [Vak].

Definition 2.5.1. Let X be a scheme. If Y is a closed subscheme of X, we de-
note Zy = ker(Ox — j.Oy) the sheaf of ideals attached to Y, where j : ¥ — X
is the closed embedding. If g : Z — X is any morphism, the pullback ¢*Y of
Y by g is the closed subscheme of Z defined by the inverse image ideal sheaf
9Ty - Oz :=Tmage(¢g* Ly — g*Ox = Oy).

Definition 2.5.2. 1. An open subset U of X is called schematically dense in X if
the sequence 0 — Ox — 1,0y is exact, where ¢ : U — X is the open embedding.

2. A closed subscheme Y of X is called locally principal if X admits a cover by open
affines U = Spec A such that I'(U,Zy) = fA for some f € A.

3. An effective Cartier divisor on X is a closed subscheme D of X satisfying one,
hence all, of the following three conditions:

(a) the ideal sheaf 7 is an invertible sheaf of Ox-modules;

(b) X admits a cover by open affines U = Spec A such that I'(U,Zp) = fA for
some nonzerodivisor f € A;

(¢) D islocally principal and the open subset X \ D of X is schematically dense.

Definition 2.5.3. Let Y be a closed subscheme of X of finite presentation, i.e. such
that Zy is a finite type sheaf of ideals. The blow-up of X along Y, or with center
Y is a final object in the category of X-schemes p : Z — X such that the pullback
p*Y of Y by p is an effective Cartier divisor on Z.

A blow-up of Y along X exists, is unique up to a unique morphism, and will be
denoted S : Bly X — X. The effective Cartier divisor 8*Y is called the exceptional
divisor of Bly X and we write Ey X for it.

The following lemma describes the behaviour of blow-ups under change of base.

Theorem 2.5.4. (1) Let g : Z — X be any morphism, and put W = ¢g*Y. Let
j: Z — Z be the schematic closure of (Z \ W) xx Bly X inside Z xx Bly X.
The morphism pryoj : Z — Z induced by the first projection is the blow-up of
Z along W.

(2) Letg: Z — X be a flat morphism (e.g. an open immersion), and put W = g*Y.
The first projection pry : Z X x Bly X — Z is the blow-up of Z along W.

Proof. (1) Denote B, = j*(Fy X) the pullback of Ey X to Z; it is a locally principal
closed subscheme being the pullback of one. Since j : Z\ Ez — (Z \ W) xx Bly X
is an isomorphism, Z \ F is schematically dense in Z. We conclude that E is an
effective Cartier divisor on Z.

To check the universal property, let ¢ : T" — Z be a morphism with D := A*W
an effective Cartier divisor on 7. Since h*W = (g o t)*Y, there exists a unique X-
morphism 7" — Bly X by the universal property of Bly X. By the universal property
of the fibre product, there exists a unique Z-morphism h : T — Z xx Bly X.
We are done if we can show h factors through Z. Indeed, since we have that
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h=((Z\W) xx Bly X) = T — D, the pullback h*Z contains the open subset T — D,
which is schematically dense in 7" since D is an effective Cartier divisor on T". Hence
h*Z =T, i.e. h factors through Z.

(2) Let us show that if f : U — V is a flat morphism, and D is an effective
Cartier divisor on V' then f*D is an effective Cartier divisor on U. Indeed, since
f is flat it transforms the exact sequence 0 — Zy — Oy into the exact sequence
0 — f*(Zy) — f*(Ox). This implies that the ideal sheaf of f*D, namely f~'Zy - Oy,
is isomorphic to f*(Zy ), which is an invertible sheaf since Zy is one.

The second projection pr, : Z X x Bly X — Bly X is flat, since it is pulled back
from the flat morphism f. By what we have shown above, pri(FEy X) = pri W is an
effective Cartier divisor on Z x x Bly X. The verification of the universal property
is executed as in part (1). O

Theorem 2.5.5. Let I be the ideal sheaf of a closed subscheme'Y of X. Then the
blowup of X along Y 1is the X -scheme
Bly X = Projy (5 17).
d>0

Proof. See | |[Def. 8.1.11 and Prop 8.1.15]. O

Example 2.5.6. We compute the blow-up of affine n-space X = A} along the origin
Y.Let A=Z[X;q,...,X,Jand I = (X4,...,X,,) CA,s0 X =SpecAand Y =V (I).
There is an isomorphism of graded rings

ATy, T (XGTy = X5T: 1 < j <) — @D I,

d>0
Ti— X
sending T; to X; € I in degree 1. We conclude that
Bly X =V,({X:T; — X;T, : 1 <i,5 <n}) CPY}, (2.4)

with affine patches given by

D+<TI) = SpeCZ[Xl, SQ, ey Sn]/(X] - S]X1 01 S j S n)

= SpecZ[Xl,Xg/Xl, N ,Xn/Xl] = A7ZL
Example 2.5.7. Let B be aring, and J = (f1,..., f,) be a finitely generated ideal.
Set Z = Spec B and W = V(J). We compute Bly Z using Theorem 2.5.4(1) and
the previous Example 2.5.6, whose notation we keep in use. Let g : Z — X be the
morphism corresponding to A — B, X; — f;, so that ¢*Y = V(IB) = V(J) = W.
By the blowup-closure lemma Theorem 2.5.4(1) Bly, Z is the schematic image of the
open embedding

(Z\W) xx Bly X = xxBly X = ProjB[Ty,...,T,|/(fT; — f;T; : 1< i,j <n).

Since this morphism is quasi-compact, its schematic image may be computed work-
ing affine open by affine open [Vak|[Theorem 8.3.4]. Let us compute the schematic
image of

(Z \ W) Xx D+(T1> — Xx BlyX = Spec B[Sg, .. ,Sn]/(fj — ijl) =: Spec Bl.
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The pullback of J to Spec B; is the principal ideal generated by fi, so this is the
inclusion of the distinguished open subset D(f;) inside Spec B;. Since (By)y, = Ay,
its schematic image is cut out by the kernel of the homomorphism B; — Ay, sending
S; to f;/fi. Thus Bly ZNpry ' (D, (T;)) is the spectrum of the sub-A-algebra of Ay,
generated by {f;/fi:2 <j <n}.

2.6 Géométrie Algébrique et Géometrie Analy-
tique

Definition 2.6.1. A C-variety is a reduced separated scheme locally of finite type
over C. The category of C-varieties is denoted C—Vrt.

The category C—Vrt admits all finite fibre products. The final object is Spec C. The
fibre product of X; and X, over X, taken in the category C-Vrt of C-varieties is
the greatest reduced closed subscheme | |[Example 3.2.6] of the fibre product
of X; and X3 over Y taken in the category of C-schemes | |[Thm. I1.3.3].

In a functorial way one may attach to a C-variety a complex-analytic spaces.

Lemma-Definition 2.6.2. Let X be a C-variety. Then there exists a complex-
analytic space X*" and a morphism of C-ringed spaces jx : X** — X such that for
every complez-analytic space Z and morphism of C-ringed spaces g : Z — X there
exists a unique holomorphic map h : Z — X* with g = jx o h. This defines an

analytification functor
(-)*: C-Vrt — CAnSp,

X — X (2.5)
f —s fan‘
Proof. For a detailed treatment of the analytification functor see | 1[§2]. O

Let us now give a more explicit description of the functor (-)*. First consider
an affine C-variety Y = SpecClzy,..., 2,/ (f1, f2,--, fm). Then we have that
Yo .= {x € C": fi(x) = fo(x) = ... = fm(x) = 0}, which is an analytic sub-
space of C™ because polynomial functions are holomorphic. A general C-variety X
is obtained by glueing affine C-varieties Y,, and this glueing data is used to glue
the Y2" into the C-analytic space X*". We conclude that jx : X* — X induces a
bijection |X*"| — X (C).

Secondly, consider a morphism of C-varieties f : X — Y, which by work-
ing locally we may assume to be affine: X = SpecC|zy,...,2x]/(g1,...,9) and
Y = SpecClz1,...,24] / (f1,---, fm). Then f is given by a homomorphism of C-
algebras f# : Clz1,..., 24/ (f1,--+, fm) — SpecClzy,...,2x] / (91, .., q). For ev-
ery 1 < i < n choose h; € Clzy,...,x;] such that f# (%) = h;. Then the holo-
morphic map (hy, ..., h,) : C¥ — C" restricts to the morphism of complex-analytic
spaces fa" : X" — Y@,

Lemma 2.6.3. The analytification functor (-)* is faithful and preserves all finite
fibre products. The restriction of (-)* to the full subcategory of complete C-varieties
is fully faithful.
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Proof. Faithfulness holds because a morphism f : X — Y of (reduced) C-varieties
is determined by the induced map on C-points X(C) — Y (C). The assertion about

full faithfulness can be found in | |[Exposée XII, Corollaire 4.5]. Preservation
of finite fibre products may be proved either using the universal property or the
explicit description of (-)*" given. O

Lemma 2.6.4. Let X be a C-variety, and let f : X — Y be a morphism of C-
varieties. Then the following equivalences hold:
(1) X is smooth over C if and only if X" is a complex manifold;

(2) X is connected in the Zariski topology if and only if X is connected in the
analytic topology;

(3) f is proper if and only if f* is proper;

(4) f is flat if and only if f* is flat;

(5) X — SpecC is proper if and only if X* is compact.

(6) Suppose that X and Y are smooth over C. Then f is smooth if and only if f*
18 a holomorphic submersion.

(7) f has reduced fibres if and only if f* has reduced fibres.
Proof. See | |[Exposée XII, Prop. 3.1]. O

Remark 2.6.5. It follows from Lemma 2.6.4(1) that the analytification functor re-
stricts to a functor
(1)*: C-Vrt™ — CMan (2.6)

from the category of smooth C-varieties to the category of complex manifolds.

Theorem 2.6.6. Let X be a complete C-variety. The functor that associates, to
each coherent Ox-module F, its pullback F*™ on X** by jx : X* — X is exact and
an equivalence of categories.

Proof. See | |[Exposée XII, Théoreme 4.4]. O

Theorem 2.6.7. Let f : X — Y be a proper morphism of C-varieties and F a
coherent Ox-module. Then for every integer p > 0 there is a canonical isomorphism

(BP S F)™ — REFINF™).
Proof. See | |[Exposée XII, Théoreme 4.2]. O

Theorem 2.6.8. Let X be a complete C-variety, and F a coherent Ox-module.
Then for any integer p > 0 the canonical morphism HP(X,F) — HP (X, F*) is
an isomorphism.

Proof. See | |[Exposée XII, Corollaire 4.3]. O
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2.7 Projective-algebraic complex spaces

In this section we give criteria for a complex space X to be algebraic, i.e. to be
isomorphic to V?" for a C-variety V. We will see this holds for compact Riemann
surfaces in Theorem 2.7.2, and for analytic subspaces of a projective space CP™ as
Chow’s Theorem 2.7.3. Moreover, we prove a relative version of Chow’s theorem
in Corollary 2.7.8 in terms of relatively very ample analytic line bundles. Finally
we show in Lemma 2.7.9 that the analytification functor preserves relative very
amplitude of a line bundle. These results will be used in Chapter 10 to prove that
the Kuga—Sato varieties we construct are actually algebraic.

Definition 2.7.1. We say a (reduced) complex space X is algebraic if it lies in
the essential image of the analytification functor. We say a complex space Y is
projective-algebraic if there exists a projective C-variety V' and a biholomorphism
X =V

Theorem 2.7.2. Let X be a compact Riemann surface. Then X 1is projective-
algebraic.

Proof. See | ][Corollary VII.14.3]. O

Theorem 2.7.3. Let X be an analytic subset of a complex projective space CP™,
with homogeneous coordinates (2o : z1 : ... : z,). Then X is the common zero set of
finitely many homogeneous polynomials Pj(zo, ..., z,) (1 < j < t). In particular we
have that X =V (P, Py, ..., P)™ is projective-algebraic.

Proof. This is Chow’s theorem, see | |[Theorem 11.8.10]. O

Lemma 2.7.4. Let f; : X; = Y (1 <i < k) be holomorphic maps of complex spaces
with common target Y. If each X; 1s projective-algebraic, then the fibre product

X1 Xy Xg Xy -+ Xka
15 projective-algebraic.

Proof. By induction it suffices to treat the case k = 2. By definition X; xy X, is
the subset of X; x X5 which is the preimage under f; X fo: X1 X Xo - Y XY of
the diagonal {(y,y) € Y} C Y x Y. The diagonal {(y,y) € Y} is locally given by
analytic equations and is closed in Y x Y by virtue of the Hausdorff assumption on
Y. Hence A is an analytic subset of Y x Y, whence its preimage X; xy X5 is an
analytic subset of X x X5. Each Xj is projective-algebraic by assumption, so we may
assume it is an analytic subset of CP™ for some integer n; > 0. The Segre embedding
provides a closed embedding CP™ x CP"2 — CP(+(2+1) _ 1 We conclude that
X1 Xy X3 is an analytic subset of CP™ with n = (n; + 1)(n2 + 1) — 1, and an appeal
to Chow’s theorem concludes the proof. m

The projective bundle construction given in Theorem—Definition 2.4.2 also applies
in the analytic category, as the following theorem asserts.
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Theorem-Definition 2.7.5. Let Y be a complex analytic space and let £ be a
coherent-analytic sheaf on'Y . Then there exists a complex space Py (E) overY such
that for each holomorphic map f: X — Y of complex spaces, the Y -morphism from
X into Py (&) correspond bijectively to isomorphism classes of pairs (L, 1) consisting
of a line bundles L on X and an epimorphism i : f*€ — L. We call Py (£) — Y
the projective bundle over Y attached to £.

Proof. See | ][Def 1.9]. O

Lemma 2.7.6. Let X be a projective manifold and £ a coherent-analytic sheaf on
X. Then Px (&) is projective.

Proof. Let X, be a projective C-variety such that X = Xj". By Theorem 2.6.6 there
exists a coherent sheaf & on Xy such that & = £§". Let P(EF") be the algebraic
projective bundle of & over X,. Then comparing the constructions of the projective
bundles in the algebraic and analytic category yields that P(EF") = P(&y)™". O

Definition 2.7.7. Let f : X — Y be a proper morphism of complex spaces. Let £
be a line bundle on X. Then £ = f,L is a coherent sheaf on Y by Remmert’s direct
image theorem, see | |[Theorem IX.5.1]. We call £ very ample on X/Y or f-very
ample if the adjunction morphism f*€ = f*f.L — L is an epimorphism and the
induced map X — P(€) is a closed embedding.

Our motivation for introducing relatively very ample line bundle is the following
corollary, which will be used in Section 10.4 to prove that Kuga—Sato varieties are
projective—algebraic.

Corollary 2.7.8. Let f : X — Y be a proper morphism of complex spaces and
suppose that L is an f-very ample line bundle. IfY is projective, then X is projective.

Proof. Let £ = f.L be the direct image of £ by f. Then £ is a coherent-analytic
sheaf on Y. By Lemma 2.7.6 the projective bundle P(£) over Y is a projective-
algebraic complex space. Since £ is f-very ample, there exists a closed embedding
of X into P(&). Since the composition of closed embeddings is a closed embedding,
we conclude that X is isomorphic to a closed analytic subspace of a projective space.
By Chow’s theorem Theorem 2.7.3 we conclude that X is projective-algebraic. [

The analytification functor preserves very ample line bundles.

Lemma 2.7.9. Let f : X — Y be a proper morphism of C-varieties. Let L be an
f-very ample line bundle on X. Then £ is an f*"-very ample line bundle on X",

Proof. The first condition that the line bundle £ be f-very ample states that
the adjunction map f*f.£L — L is an epimorphism in the category of coherent
sheafs on X. We have to show the analogous statement that the adjunction map
(fa)* fan(L£*) is an epimorphism in the category of coherent sheafs on X", Since
the functor (-)* : Coh(X) — Coh(X?®") is exact by Theorem 2.6.6, it follows that
(f*f L) — L is an epimorphism in the category of coherent sheafs on X?". The
definition of f*" implies that (f*F)* = (f*")*F*" for any coherent sheaf F on Y.
Further, by Theorem 2.6.7 we have that (f.£)* = f2*(£*). It follows that

(S RL™) = (F™)((FL)™) = (F L) — L™
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is an epimorphism in the category of coherent analytic sheafs on X, as desired.

It remains to be checked that the Y*'-morphism ¢pan : X** — P(f2"L?") at-
tached to the above epimorphism is a closed embedding. We saw in the proof of
Lemma 2.7.6 that P(f.£)* = P((f.£)*) and in the first paragraph that one has
(f L) = fangan Since L is f-very ample the Y-morphism ¢, : X — P(f.L) at-
tached to the epimorphism f*f.£L — L is a closed embedding. By we have that
()™ : X* — P(f.L)™ is a closed embedding. It is plain that via the isomorphism
P(feL)™ = P((fe£)™) = P(f2L*) we have (¢r)*™ = ¢ran. We conclude that ¢pan
is a closed embedding, as desired. O]
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Chapter 3

Modular curves

This chapter reviews the classical construction of the complex-analytic open modular
curve Y (I') attached to a congruence subgroup I' of SLy(Z) as the quotient of the
upper half-plane $) by the action of I' via fractional linear transformations, and of
its compactification X (I') by adding a finite set of cusps Cusps (I'). The end result
of this procedure is encoded in Theorem 3.5.4 which identifies the compactified
modular curve X (I') with the pushout of a certain diagram of open embeddings of
Riemann surfaces. This description of X (I") lies at the basis of our construction in
later chapters of various objects living over X (I).

Examples of congruence subgroups which play a prominent role in the theory are
['(N),T1(N) and T'o(N) for integers N > 1. Therefore we will explicitly determine
their sets of cusps Cusps(/N), Cusps, (N) resp. Cusps, (V). The points of the modular
curves Y (), Y1 (N) resp. Yo(NN) attached to these congruence subgroups are in
bijection with isomorphism classes of elliptic curves with a level-N structure resp.
point of exact order N resp. cyclic subgroup of order N. For a general congruence
subgroup I" we also provide a modular description of Y (T") as classifying so called T’
structures. In Section 5.3, we will define these structures in the relative setting, and
discuss moduli spaces for them.

3.1 The action of SLy(Z) on

The story starts with an action of the special linear group of degree 2 over Z

SLe(Z) = {(Z Z) :a,b,c,dGZ,ad—bc:l}

on the Poincaré upper half-plane

H={z€C:3z>0}.
Lemma 3.1.1. A proper action of SLa(Z) on $ via biholomorphisms is given by

SLa(Z) x H — §
( _(Z Z)’T)H[v](r)—giz (3.1)




For every point 7 € 9, the stabilizer SLo(Z), = {7y € SLa(Z) : [7](7) = 7} is finite.

Proof. 1t is straightforward to verify associativity that the unit matrix operates as
the identity. If a,b,c,d € R are such that ad — bc > 0, then 7 — (a7 + b)/(cT + d)
defines an automorphism of the Riemann sphere CP' = CU {00}, called a fractional
linear transformation or Mobius transformation, that leaves the open subset £ C C
invariant. This shows that [y] : $§ — ) is a biholomorphism for every v € SLy(Z).

[ J[Thm. 1.5.3] asserts that SLy(Z) acts properly on $). The stabilizers of
points in ) are determined in | ][Thm. 4.1.3] to be finite cyclic subgroups, of
order 2, 4 or 6 . O

3.2 Congruence subgroups

Let N > 1 be an integer. The canonical map my : SLy(Z) — SLy(Z/NZ) is surjective
[ J[Theorem 4.2.1(1)]. We define the principal congruence subgroup of level N
to be the kernel of 7y,

F(N):{(Z Z) ESLQ(Z)Z&EdElHlOdN,bECEOHlOdN}.

More generally, a subgroup I' C SLy(Z) is called a congruence subgroup if there
exists an integer N/ > 1 such that I' D I'(N’). The greatest common divisor
N =gcd{N'">1:T DT (N')} of all such integers N’ is called the level of I'. For
positive integers Ny and N, it holds that I'(N;) N T'(N2) = I' (lem (N, N2)) and
['(Ny) ' (Ng) =T' (ged (N, N3)), so the level N of I' is minimal with respect to the
property that I' O I'(V). Examples which will play a key role in the sequel include

FO(N):{(g Z) ESLQ(Z):CEOmodN}

the preimage under 7y of the upper triangular matrices, and

Fl(N):{<Z 3) GSLZ(Z):azdzlmodN,czOmodN}

the preimage under 7y of the unipotent upper triangular matrices. In sum, all
squares and rectangles in the following diagram are cartesian.

T(N) c Ty (N) c To(N) c SLy(2)

(G D) < {G D} < {C ) ¢ e

The indices of any two horizontally aligned inclusions in the top and bottom row
are equal, and determined as follows.
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Lemma 3.2.1. With p denoting a prime divisor of N, we have
1
(SL2(Z) : To(N)) = N | (1 + —) :

(o) s ) = N (1- 7).

(T4 (N):T(N)) = N.
Proof. This is the content of | J[Thm. 4.2.1, Thm. 4.2.4(2) and Thm. 4.2.5]. O
For N <2 we have —1 € I'(N). For N > 2 we have —1 € T'o(N)\I'1 (V).

Proposition 3.2.2. Let N > 1 be an integer.

(1) The congruence subgroup I'(N) is torsion-free if and only if N > 3.
(2) The congruence subgroup I'y(N) is torsion-free if and only if N > 4.
(3) The congruence subgroup I'o(N) is not torsion-free for every N > 1.

Proof. See | 1[83.9]. O

3.3 The open modular curve Y (') = I'\$

Proposition 3.3.1. Let I' C SLy(Z) be a congruence subgroup. There ezists a local
analytic isomorphism

Pr Zf) — Y(F)

to a connected Riemann surface that is a categorical quotient for the action of I' on
$ in the category of complex manifolds.

Proof. By Lemma 3.1.1 the action of SLy(Z) is proper with finite stabilizers, so that
of the subgroup I' C SLy(Z) is as well. By Theorem 2.3.5 a categorical quotient for
this I'-action on the Riemann surface §) exists, which is a local analytic isomorphism
pr : H — Y(I') to a Riemann surface. Connectedness of $) implies that of the quotient

Y(T). 0

Definition 3.3.2. The open modular curve attached to a congruence subgroup I'
of SLy(Z) is the Riemann surface

Y(T) :=T\$.

Suppose that I' € I' € SLy(Z) are two congruence subgroups of SLy(Z). Since the
map pr : ) — Y(I") is I'-invariant, it is also I'-invariant. Because p; is universal
among [-invariant holomorphic maps out of §), there exists a unique holomorphic
map

prriY (r) . Y(I) (3.2)

such that pp 7 o pp = pr.
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3.4 The set of cusps Cusps(I') = I'\P}(Q)

Using the same formula (3.1) as in Lemma 3.1.1, we define an action of SLy(Z) on
the projective line over Q

PY(Q) = QU {oo}.
Lemma 3.4.1. A transitive action of SLy(Z) on PY(Q) is given by the formula
SLy(Z) x PY(Q) — PX(Q)
_(a b ) o as+b
T=\ed ) cs+d

Proof. See | 1[§2.4]. O

The stabilizer of co € P1(Q) is the parabolic subgroup

P::SLQ(Z)w:{i((l) ?):neZ}. (3.3)

Hence there is an isomorphism of SLy(Z)-sets

SLL(Z)\P = PQ),
3P~ Bl(oe) = 5, 3

Definition 3.4.2. Let I" be a congruence subgroup of SLy(Z). The set of T-orbits
in P!(Q) under the action Lemma 3.4.1 will be denoted

Cusps(I') =T'\P'(Q) = {T's: s € P'(Q)}.
The elements of Cusps(I") will be called cusps of T'.

The isomorphism of SLy(Z)-sets 3.5 induces a bijection

I\SLy(Z)/P — Cusps(I")
[y P — Ty](c0).

Since the congruence subgroup I' has finite index in SLy(Z), it follows that Cusps(I)
is a finite set.

Let v € SLy(Z). The subgroup P Ny~ 'T'y of P depends only on on the double
coset 'y P, so it makes sense to set

(3.5)

P,=P,r:= PNy Ty, where t = I'[7](c0).  (3.6)
Since the index of the congruence subgroup v 'I'y in SLy(Z) is finite, PN~y 'Ty is

a finite-index subgroup of P. Because P = {£1} x Z, the finite-index subgroups of
P come in three families parametrized by an integer h € Z5; :
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~ -1)"  nh ‘
(1 Yonea)
In pertaining to indices we have h = (P : B,) and B, = {£1} x P;f = {1} x P,".

Definition 3.4.3. The width of a cusp t € Cusps(I') is the positive integer h = h;
such that P, € {Ph,P,;L, Ph_}.
We call t a reqular cusp if P, € {Ph, Pt } and an irreqular cusp if P, = P, .

For a cusp t of I' having width h, we have P, = P, if —1 € I' and P, € {P,f, P/;} if
—1¢ T (eg. if T is torsion-free). If t = I's with s € P}(Q) then we have

he = (P:£P,) = (SLy(Z), : £T).

Definition 3.4.4. For every N > 1, we denote the sets of cusps of the congruence
subgroups of the shape I'(N),T';(N) and ['y(N) by

e Cusps(N) = Cusps(I'(N));
e Cusps,(N) = Cusps (['1(N));
o Cuspsy(N) = Cusps (I'g(IV)) .

In the remainder of this section, we describe the cusps of the congruence subgroups
I'(N),I'1(N) and ['y(N) for every integer N > 1.

Definition 3.4.5. Let N € Z>;. We denote the image of the parabolic subgroup P
under the canonical map 7wy : SLa(Z) — SLo(Z/NZ) by

PN:{i<(1] ?):beZ/NZ}. (3.7)

Since I'(IV)\SLy(Z) = SLy(Z/NZ), setting I' = I'(N) in (3.6) gives an isomorphism
of SLy(Z/NZ)-sets

Cusps(N) 2 SLy(Z/NZ)/ Py. (3.8)

Definition 3.4.6. The images of the congruence subgroups I'y (V) and I'g(V) under
the canonical map 7y : SLy(Z) — SLy(Z/NZ) will be denoted respectively by

I_“l(N)—{((l) li):beZ/NZ},

To(N) = {( dol Z ) b€ Z/NZ,d e (Z/NZ)X}.

Now (3.7) induces bijections

Cusps; (N) 2 T'1(N)\SLy(Z/NZ)/ Py,
Cuspsy(N) = I'o(N)\SL2(Z/NZ)/Py.
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Proposition 3.4.7. Let N > 1 be an integer and let I' € {I'(N),I'1(N),[o(N)}.
Then the number of cusps of I is given for N < 4 by the table

N 1121314
Cusps(N) |1[3]|4]6
Cuspsy(N) |1{2]3|3
Cuspsy(NV) [1]2 |23

and for N > 5 by

SLy(Z/NZ
# Cusps(N) = %NQH (1 — 2%) = %,
pIN

# Cuspsy(N) = 3 S o(d)o(N/d),

0<d|N
# Cuspsy(N) = > o(ged(d, N/d)).
0<d|N
Proof. See | 1[83.9]. O

Proposition 3.4.8. Let N > 1 be an integer and let I' € {I'(N),T'o(N),[1(N)}.
Then all cusps I's of T' are regular with the sole exception of s = 1/2 when T’ =T'1(4).

Proof. See | 1[83.8]. O

3.5 The compactified modular curve X (I') = '\ $H*

Let I' be a congruence subgroup of SLy(Z). The aim in this section is to describe
the classical compactification of the open modular curve Y (I') = I'\$) from Defini-
tion 3.3.2 by adding the set Cusps(I') from Definition 3.4.2 to it, which results in a
compact connected Riemann surface denoted X (I).

The compactification procedure is classical and can be found in any textbook
on modular forms, see e.g. | ][§2.4] or | ][§1.5]. Therefore we have opted
for a summarily treatment omitting many proofs. Our modest aim is to describe
the end result X (I') in Theorem 3.5.4 as the pushout of a certain diagram of open
embeddings of Riemann surfaces involving Y (I') and open disks in C centered at 0.
This description of X(I') as a pushout provides a uniform framework for the con-
struction of a wide class of geometric objects living over X (I'), which is one of the
principal aims of this thesis. It inevitably involves quite a bit of notation, which we
will introduce in the present section and return to frequently in later chapters.

Theorem 3.5.1. For any congruence subgroup I' of SLio(Z) there exists a (Haus-
dorff) compact Riemann surface X (I') containing Y (I') as the open complement of
a finite set Cusps(I').

If Ty is a second congruence subgroup of Sls(Z) with T'y C T', then the map (3.2)
extends to a holomorphic map

prr, - X (I'h) — X(I) (3.9)
mapping Cusps (I'y) surjectively onto Cusps(I').
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We have constructed actions of SLy(Z) on the sets $ and P*(Q). In | J[81.7] it
is shown that the union of these two SLy(Z)-sets

H* = HUPYQ) (3.10)

admits a unique topology for which

e 7 is an open subset with its usual topology;
e P1(Q) is a discrete closed subset;

e a fundamental system of neighborhoods of 0o is given by the sets {z € C: 3z > [}
for [ € RZD

e the induced action of SLy(Z) on H* is via homeomorphisms.

Let ' be a congruence subgroup of SLy(Z) and form the quotient topological space
X([T):=T\%".

Lemma 3.5.2. The topological space X (') is compact and Hausdorff.

Proof. See | |[Lemma 1.7.7, Theorem 4.1.2(2), Corollary 1.9.2]. The compact-
ness of X (I') is stated in this reference by saying that I' is a Fuchsian group of the
first kind). O

Since the decomposition (3.10) is I'-stable, we have that
X(I') =Y(') LU Cusps(I)
is the union of an open subset Y (I') and a finite closed set Cusps(I").

Next we make the topological space X(I') into a Riemann surface by endowing
it with a complex structure. By Proposition 3.3.1 we already have a complex struc-
ture on the open subset Y (I') = I'\$). So it remains to give complex charts centered
at the cusps. First we define certain (punctured) neighbhorhoods of the cusps in
X(I).

Consider the following punctured neighborhood resp. neighborhood of the cusp
o0 in H*

Uw={r7€C:3(r)>1}CH, UL=UxU{0}CH"

For every v € SLy(Z) one has that [7] (Us) N Us # 0 only if [y](c0) = (00). Since
P acts on $ via translation by some integer, Uy, is stable under P.
Let s € Q = P}(Q)\{co} be another cusp. We set U, := [y] (Us), where v € SLy(Z)
is any element such that [y](co) = s. Then U, does not depend on the choice of
7, since any other 7' € SLy(Z) with [y/] (c0) = s is of the shape ' = ~4 for some
d € P, so that [7] (Ux) = [7] ([0] (Usx)) = [7] (Us). An open neighborhood of the
cusp t = I's € Cusps(I') in X (I") is given by I';\UF = {t} LU T',\Us.

Note also that U;NUy = @ for two distinct cusps s, s' € P1(Q) (cf. | 1[8§1.7]).
Therefore an open neighbhorood of the set Cusps(I') in X (I") is given by

| |T\Us = Cusps(T) u| T\,

where s € P1(Q) ranges over a system of orbit representatives for IT'\P'(Q).
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Notation 3.5.3. For a positive integer h set
Vi i={qn € C:0 < |qn| < exp(—27/h)},
Vi :=A{an € C:[qn| < exp(—27/h)} =V, U {0}.
Let P € {Ph, Pt P } There exists an analytic isomorphism
en : P\Us — Vi
P/ — exp(2miT/h)

which extends to a homeomorphism

(3.11)

€Ep - P}IL\U:O = Vh
Pjoo — 0.

Let 7 € SLy(Z), and set s = [y](00) and t = I's. Recall that in (3.6) we defined
P,=Pyr=~"Tyy=Pny 'Ty.

Let h be the width of ¢, so P, € {P,, P;7, P, }. We take as a complex chart of X (')
centered at t the composite

rAUs L AU Ay (3.12)

Since (3.11) is a biholomorphism, this chart is compatible with those in the com-
plex atlas on Y (I'). Thus we have constructed a complex atlas on X(T'), and the
construction of the Riemann surface X (I') is complete. We encode the end result of
this procedure in the following theorem.

Theorem 3.5.4. Let I' be a congruence subgroup of SLa(Z) and R be a set of double
coset representatives for I'\SLy(Z)/P. Then the Riemann surface X (I') = I'\H* in
Theorem 3.5.1(1) is the pushout of the following diagram of topological spaces, in
which we set h = h, and s = s,

I—l’YER P%F\UOO Ug} |—|’Y€R FS’Y\US
Lien l
Lher Va Y (I) (3.13)
X(T).
Proof. This follows from Theorem 3.5.1(1) and the preceding discussion. O

Notation 3.5.5. (1) Let h € Z>;. There is a unique action P — Aut(V}), 0 — [d]
of P on V}, via biholomorphism such that for each § € P the following diagram
commutes

€n
U —— V)

[ﬂl lw]h

€h
Uso —25 V.
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For z € V}, and n € Z we have

K_Ol —Ol)L(Z)—Z? K(l) T)](Z)—CTGZ- (3.14)

(2) Let d € Z> and set h = dh, so that h is a multiple of h. Denote pg : A — A the
map given by py(z) = 2z¢, which restricts to a map

Pd : Van — Vh,

Zl—>2d.

(3.15)

Note that [6], 0 pa = pa o [d];, for each § € P. If P} € {P;l, P;j, PE_} is a subgroup of

P} and § € P, then the following diagram commutes:
PA\UL — W,

ml lmhopd (3.16)

P\UL, —= Vi

Theorem 3.5.6. Let I' C T be two congruence subgroups of SLs(Z). Choose sets R
and R of double coset representatives for T\SLy(Z)/P resp. T\SLy(Z)/P. Then for
each B € R there exist a(B) € T,7(8) € R and §(3) € P with a(B)8 = v(8)3(5).
For every f € R we have that Py C Pypyr and d(B) == hyp/hys)r is an integer.
The quotient map pry X)) =T\ — X([T) =T\$ in Theorem 3.5.1(2) is the
pushout of the following morphism between the rows of the diagram below induced
by v : R — R, in which we set s = [7](c0), h = hps § = 55 and h = hy,:

., e L - -
Ll,BeR VB (—h UBERPB,f\UOO E— |_|§ERF§\U§ — Y(

I—’([‘S(B)]hopd(ﬁ))l l'—’w(ﬁ)] lu [a(B)] lp oz

)
r,r
" Lep, uh] (317)
|—|’Y€R Vi +—— |_|7€R P,r\Uss —— |_|VGR r\Us —— Y/(I).

Proof. Let 8 € R. We have a(3)3 = ~(B8)0(8) with a(B) € T and §(3) € P, so
'GP = TI'y(B)P, i.e. § and ~ define the same cusp I'§ = I's of X(I"). Recall from
(3.6) that for € € SLy(Z) the subgroup P.r depends only on the cusp of X(I)
defined by €; in particular we have P3r = P, r. Hence the inclusion [ ¢ T implies
that Py C Pgr = P, r. This in turn implies that

d(B) = hg /My = (P: Pyp) [ (P: Pygyr) = (Pyoyr : Par)
is an integer.

Next we show there is a morphism between the rows of the diagrams as asserted.
Let again 3 € R be given. Since s = [a(3)](5) we have I's C T's = a(3) "', 3).
Therefore Py C P, r and a(B)Ts C a(B)Ts, whence there are well-defined vertical
maps in the middle of diagram. We have seen that the left square commutes in
(3.16). The identity a(5)5 = v(8) implies that the middle square commutes. The
right square commutes since «(/3) € I". This concludes the proof. ]
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Remark 3.5.7. In particular, taking r = I, we see that the diagrams (3.13) for
various choices of a set R of double coset representatives for I'\SLy(Z)/P are each
isomorphic, hence the pushouts of these diagrams are also isomorphic. Therefore we
could have defined X (I') as the pushout of any of these squares.

3.6 Modular curves as moduli spaces of elliptic
curves

This section recollects some classical facts about the torsion of complex elliptic
curves. Without proof we give the modular description of the points of the Riemann
surfaces Y (N), Y1 (V) and Yy(N) for integers N > 1 as parametrizing isomorphism
classes of complex elliptic curve with some additional structure on their N-torsion
subgroup, see Theorem 3.6.2. These definitions and results will be generalized in
Chapter 4 to the relative setting of an elliptic curve living over a general base
complex manifold, as opposed to the final object {*} of CMan.

A complex elliptic curve may be defined as a compact connected complex Lie
group of dimension 1. By the uniformization theorem, there exists a co-compact
lattice A C C (that is, A = Zw; + Zw, for some R-basis (wy,ws) of C ) and an
isomorphism F = C/A. We fix such an isomorphism, and work in the sequel with
E = C/A. A point of E is a coset z + A with z € C, but when it is clear from the
context that a point of E is meant, we may simply write z instead of z + A.

The universal covering space of F is the projection map C — C/A = FE. Let
H,(E;Z) be the first singular homology group of E with Z-coefficients. The map
A — H,(F;Z) sending A € A to the homology class of the loop [0,1] — E, t +— tAis
an isomorphism, whence H;(E; Z) is a free rank-2 abelian group. An H;-trivialization
of E is a choice of isomorphism ¢ : Z> — H,(FE;Z).

For an integer N > 1, the N-torsion subgroup of E is described as

E[N] = %A/A ~ A/NA = Hy(E:Z) ®7 (Z/NZ).

A level-N structure ¢ on E is an isomorphism of groups ¢ : (Z/NZ)* — E[N]. It is
equivalent data to give the (Z/NZ)-basis (¢(1,0),#(0,1)) of E[N]. A point of exact
order N of E is an element of E generating a subgroup of order N, i.e. the image
of 1 € Z/NZ under an injective homomorphism Z/NZ — E. A cyclic subgroup of
order N of E is a subgroup of E isomorphic to Z/NZ, i.e. the image of an injective
homomorphism Z/NZ — E.

There exists an alternating non-degenerate bilinear map ey : F[N]x E[N]| — uy,
called the Weil exn-pairing on E, determined by the condition that for every Z-basis
(w1, ws) of A we have

1 1 sgn(S(wa /wi)),
ex (N“’“N“’?) _ /o)
where (y = exp(27i/N). If ¢ is a level-N structure, then ¢ = ex(¢(0,1),¢(1,0)) is
a primitive N-th root of unity, and we say that ¢ has Weil pairing ¢ € py.
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Example 3.6.1. Let 7 € $). Consider the co-compact lattice A, := Z7 + Z, and
set £, = C/A,. Then a level- N structure with Weil pairing (x; on E is given by
V. = (1/N,1/N): (Z/NZ)* — E[N], (m,n) — (m7 +n)/N. The point & € E[N]
has exact order N, and it generates a cyclic subgroup (Z/NZ) - % of order N of E.

Theorem 3.6.2. Let N > 1 be an integer.

(1) The following map is a well-defined bijection between the set of points of the
Riemann surface Y (N) = T'(N)\$ and the set of isomorphism classes of complex
elliptic curves with a level-N structure with Weil pairing (-

~ [ complex elliptic curves with a level-N
Y(N)| — | I /=,
structure with Weil pairing (n

D(N)T (ET,\IIT - (% %)) .

(2) The following map is a well-defined bijection between the set of points of the Rie-
mann surface Y1(N) = T1(N)\$ and the set of isomorphism classes of complex
elliptic curves with a point of exact order N:

(3.18)

[Y1(N)| = {complex elliptic curves with a point of exact order N}/ =,

(N7 = (ET, %) . -

(3) The following map is a well-defined bijection between the set of points of the Rie-
mann surface Yo(N) = To(N)\$H and the set of isomorphism classes of complex
elliptic curves with a cyclic subgroup of order N :

[Yo(N)| = {complex elliptic curves with a cyclic subgroup of order N}/ =,

To(N)7 (E,, (Z/NZ) - %) .
(3.20)

Proof. See | |[Thm. 1.5.1] O
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Chapter 4

Relative elliptic curves

In Section 3.6 we considered a complex elliptic curve, which we defined as a compact
connected complex Lie group of dimension 1. The Uniformization Theorem gives an
isomorphism E = C/A, where A is a co-compact lattice in C that is naturally iden-
tified with the first singular homology group H;(F;Z).

This chapter relativizes this theory by considering holomorphically varying fami-
lies of elliptic curves. Let M be a holomorphic manifold. An elliptic curve over M is,
roughly speaking, a holomorphic manifold £ with a map to M such that the fibre
E,, over every point m € M is elliptic curves. See Section 4.1 for precise definitions
of various kinds of geometric objects living over M. We state in Theorem 4.2.6 the
analogue of the uniformization theorem for elliptic curves over M.

There exists a natural pairing on the N-torsion E[N]| of E with values in the
group puy of complex N-th roots of unity, called the Weil pairing and defined in Sec-
tion 4.5. We define this pairing by uniformizing E as the quotient of a holomorphic
line bundle by a lattice. In Theorem 4.3.1 we construct this lattice by assembling
the fibral homology groups H;(E,,;Z) into a local system H,(E/M) of rank-2 free
Z-modules on M. This local system plays a pivotal role in Chapter 5, where it is
used to define various enrichments of elliptic curves.

4.1 Elliptic curves over a complex manifold

Let M be a complex manifold.

Definition 4.1.1. (1) A complex manifold over M or M -complex manifold is a
complex manifold X together with a holomorphic map f : X — M. We let
CMan,,, be the category of complex manifolds over M, in which the morphisms
are commutative triangles

X h s Y

N

M.

(2) The full subcategory of CMan consisting of those holomorphic maps f : X — M
which are submersive is denoted Cy;.
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The category C/ys admits all finite fibered products, by Lemma 2.2.11 and the fact
that identity maps and compositions of holomorphic submersions are submersive.

Definition 4.1.2. (1) An M-group is a complex manifold G with a submersion
f G — M, a multiplication map m : G Xy G — G and an identity section
e: M — G such that (f : G — M,m,e) is a group object of the category Cu;.

(2) Let g € Z5¢. An M -complex torus of relative dimension g is a proper, connected,
holomorphic submersion f : G — M of relative dimension g with a structure of
commutative M-group.

(3) An M-elliptic curve is an M-complex torus of relative dimension 1.

By abuse of notation, often we will refer to an M-group (f : G — M, m,e) simply

by the underlying holomorphic map f : G — M, or even the underlying complex
manifold G.

Definition 4.1.3. Let h : M’ — M be a holomorphic map of complex manifolds.
If f': X' — M’ and f: X — M are complex manifolds over M’ respectively M,
then we say a holomorphic map h : X’ — X covers hif foh=ho f'.
If X’ is an M’-group and X is an M-group, then a homomorphism of M -groups
from X’ to X covering h is a holomorphic map h:X — X covering h such that

for every m' € M’ the map X, — Xj(mv) is @ homomorphism of groups.

This defines a category of relative Lie groups over CMan. We denote CTor resp.
Ell its full subcategory spanned by relative complex tori resp. elliptic curves.

Example 4.1.4. If M = {x} is a point, then an M-complex torus resp. M-elliptic
curve is a classical complex torus resp. complex elliptic curve.

Example 4.1.5. Let k € Z>pand foreachi € {1,2,... &k} let f; : G; — M be an M-
group. Then we can form a product M-group f: G =G Xy GoXpr-+ - Xy G — M
as the product of the group objects f; : G; — M in C/y;.

If each f; is an M-complex torus of relative dimension, then f is an M-complex
torus of relative dimension g; + g2 + ... + gx.

Now let us provide context to Example 4.1.5(2) by giving an alternative description
of M-elliptic curves. We first discuss the classical equivalence between elliptic curves
and pointed genus-1 Riemann surfaces.

Theorem-Definition 4.1.6. Let C' be a connected compact Riemann surface. Then
there exists an integer g = g(C') € Z>q, called the genus of C' such that the following
are true:

(1) As a topological space C' is homeomorphic to a g-holed torus. Here a 0-holed
torus is understood to be the 2-sphere S?.

(2) The first singular homology group of C' with Z-coefficients is free of rank 2g, i.e.
H\(C;Z) = 7%.

(3) One has dimg H' (C, O¢) = g, where O¢ is the structure sheaf of Oc.

(4) One has dimc H° (C, Q) = g, where Qf is the sheaf of holomorphic 1-forms on
C.
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(5) One has deg Ko = 2g — 2, where K¢ is the canonical divisor class on C.
Proof. See any introductory textbook on Riemann surfaces, e.g. | ] O

To sum up, the genus g(C') of a compact connected Riemann surface C' satisfies
1
g(C) = dime H' (C,O¢) = dim¢ H? (C, Q) = 3 (deg (K¢)+1).

Let X be a compact connected Riemann surface. From the classical theory of elliptic
curves we know that X admits a structure of complex Lie group if and only if
g(X) =1, and when g(X) = 1 for each point e € X there exists a unique group
law on X for which e is the identity element. Furthermore, a holomorphic map
h: X — X' of elliptic curves is a homomomorphsim if and only if h(e) = €', where
e and €’ denote the identity elements of X resp. X'.

Theorem 4.1.7. The assignment (X, m,e) — (X, e) defines an equivalence of cat-
egories from the category of elliptic curves to the category of compact connected
Riemann surfaces of genus 1 endowed with a point.

Proof. See | |[Chapter II, §1]. O

Example 4.1.8. Let a,b € C such that 4a® + 270> # 0. Then the Weierstrass
equation

E:Y*Z =X’ +aXZ*+b2°
defines a complex submanifold of CP? with homogeneous coordinates (X : Y : Z),

which is a compact connected Riemann surface E of genus 1. The choice of the point
O =(0:1:0) yields a complex Lie group law on E with identity element O.

We have the following relative version of Theorem 4.1.7. We define an M -curve of
genus 1 to be a proper holomorphic submersion f : X — M of complex manifolds
such that each fibre X, is a compact connected Riemann surface of genus 1.

Theorem 4.1.9. The assignment (f : X — M,m,e) — (X, e) defines an equiva-
lence of categories from the category of M -elliptic curves to the category of M -curves
of genus 1 endowed with a section.

Proof. This is a relative version of Abel’s theorem, see | ][4.19]. O

Example 4.1.10. Let a,b : M — C be holomorphic functions such that in each
point m € M one has 4a(m)? + 27b(m)? # 0. Then the Weierstrass equation

E:Y?*Z =X +a(m)XZ*+b(m)2Z*

defines a complex submanifold of the M-complex manifold CP? x M — M, with
homogeneous coordinates (X : Y : Z) on the fibres, which is an M-curve E — M of
genus 1. The choice of the section O : m +— {((0:1:0),m)} € E,, makes E — M
into an M-elliptic curve with identity section O.
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4.2 Quotients modulo relative lattices

Recall from the classical theory of complex tori that each compact connected com-
plex Lie group X of dimension, say g, is isomorphic to C?/A, where A is a co-compact
lattice in CY, i.e. A is a free Z-submodule of CY such that the natural map A®zR — C9
is an isomorphism. On the level of morphisms, homomorphisms % : C9/A — C9 /A’
of complex tori correspond bijectively to C-linear maps 1) : C¢ — C9 with ¢)(A) C A’

Theorem 4.2.1. There exists an equivalence of categories between the category of
complex tori and the category of inclusions of a free Z-module as a co-compact lattice
in a finite-dimensional C-vector space.

The aim of this section is to state a relative version of this result, which is proved
in [ |. First, we need a relative notion of free Z-module and of finite-dimensional
C-vector space over a complex manifold.

Definition 4.2.2. Let M be a complex manifold, and let r,g € Z>.

(1) A local system of rank-r free Z-modules over M is an M-complex manifold L
with a structure of Z-module on each fibre L,, such that each point m € M has
an open neighborhood U with L x,, U = Z" x U.

(2) A holomorphic rank-g vector bundle over M is an M-complex manifold V' with
a structure of C-vector space on each fibre V,,, such that each point m € M has
an open neighborhood U with V' x,, U = C9 x U.

Note that L and V as in the above definition are M-groups. Next, we need a relative
notion of co-compact lattice.

Definition 4.2.3. Let M be a complex manifold.

(0) A co-compact lattice inclusion over M is a homomomorphism of M-groups
j L — V with L and V as in Definition 4.2.2 such that r = 2¢ and the
scalar-extension jg : L ®z R — V' is an isomorphism of real C*°-vector bundles.

(1) Let h : M" — M be a morphism in CMan, and j : L — V and k: A — W
be co-compact lattice inclusions over M resp. M'. A homomorphism of relative
co-compact lattice inclusions from (k : A — W) to (j : L — V) covering
h: M'"— M is a pair (x, ) of homomorphism of relative Lie groups covering h
fitting in a commutative diagram

A———> L

k

<

X
P
V — W.

(2) We denote Lat the category of relative co-compact lattice inclusions and mor-
phisms of such. We define the functor Lat — CMan by sending an object j as
in part (0) to M, and a morphism (x, ) as in part (1) to h: M — M. We de-
note the fiber category over the complex manifold M by Lat ;. For g € Z>q we
write Lat? for the full subcategory of Lat spanned by those objects j : L — V
for which V' has rank g¢.
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The proposition below defines a functor Lat — CTor by taking quotients modulo
relative lattices.

Proposition 4.2.4. (0) Let j : L — V over M be as in Definition 4.2.2(0). Let
q:V — V/L be the set-theoretic quotient map for the equivalence relation ~,
on the set V' such that v ~p v if and only if v and v' lie over the same point
m € M and v — v € L, inside V,,. Then there exists a unique structure of
M -complex torus on V//L such that there is an exact sequence of M-groups

0—-L-VLV/L-o. (4.1)

(1) Let (x,v) covering h : M' — M be as in Definition 4.2.2(1). Then there exists a
unique homomorphism of relative complex torix : W/N — V /L giving a homo-
morphism of short exact sequences of relative Lie groups covering h : M’ — M.

0 s N W s W/N —— 0

ol ks

0 y L —L5V »V/L —— 0.

Proof. We mention the various steps in the construction of a structure of M-complex
torus on V/L, referring to | | for proofs of the claims made. Endow V/L with
the quotient topology for ~p. Then ¢ : V' — V/L is universal among ~-invariant
continuous maps out of V', whence there is a natural continuous map V/L — M. In
[ibid., Prop 2.2] it is shown that ¢ : V' — V//L is a covering map, and that V/L — M
is proper.

According to [ibid., Thm. 3.2] there is a unique complex manifold structure on
V/ L relative to which ¢ : V' — V/L is a local analytic isomorphism, and this makes
V/L — M into a submersion. Finally [ibid., Cor 3.3] shows there is a unique struc-
ture of M-group V/L that makes ¢: V — V/L into an M-group homomorphism.
Since each fibre of V//L — M is a connected complex manifold of dimension g, we
conclude that V/L — M is an M-complex torus.

The reader may find part (1) in [ibid., Thm. 3.2], or verify it by herself. O

Remark 4.2.5. Let j : L — V be a co-compact lattice inclusion over M. The con-
struction of V/L is compatible with base change by a morphism A : M’ — M in
CMan, in the following sense (for proofs, see again [ibidem, Thm 3.2 and Cor. 3.3]).

Denote j' : L' — V' the base change of j : L — V by h. Then j’ is a co-compact
lattice inclusion over M’ and the natural map V'/L" — (V/L) Xy M’ is an M'-group
isomorphism.

Theorem 4.2.6. The constructions in Proposition 4.2.4 define an equivalence of
categories over CMan,

Lat — CTor,
(j:L—-V)—=V/L,
(x9) = 9.
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Proof. Tt follows from Remark 4.2.5 that the functor Lat — CTor is a morphism of
fibered categories over CMan in the sense of | ][Def. 3.1.3(ii)]. By [ibidem, Prop.
3.1.10] a morphism of fibered categories is an equivalence if and only if it induces an
equivalence on each fibre category. Thus it suffices to show that Lat,,; — CTor
is an equivalence for every object M of CMan, which is | ][Theorem 4.3.2]. O

4.3 Relative homology and tangent bundles

Theorem 4.3.1 (Ehresmann). Let f : E— M be a proper holomorphic submersion
of complex manifolds. For every contractible open subset U C M, there exists a
C*>-manifold F' and a C*°-diffeomorphism E X, U = F x U over U.

Proof. See | ][Theorem 9.3]. O

Now let w : E — M be a proper holomorphic submersion of complex manifolds,
and let p € Z5(. For every m € M the singular homology group of the fibre E,,
with Z-coefficients H, (E,,; Z). Our aim is to glue the fibral homology together into
a global object.

Proposition 4.3.2. Letp € Z5(. Let f : X — M be a proper holomorphic submer-
sion. Then there exists a local system H ,(E/M) of Z-modules whose stalk at m € M
15 given by

H,(E/M),, = Hy (Ey;Z) (4.2

Proof. Every complex manifold is locally contractible, so the contractible open sub-
sets of M form a basis for the topology on M. We will construct a sheaf on this
basis for M, in the sense of [d.Jm][Def. 009.J]

Consider a contractible open subset U C M. By Ehresmann’s fibration Theo-
rem 4.3.1 there exists a C* manifold F' and a C* diffeomorphism f~1(U) = F x U
over U. Using this diffeomorphism and the contractibility of U, for every m € U we
see that (y,, : B, — E X U admits a retraction, hence is a homotopy equivalence.
Thus (tym), : Hy (Em; Z) — H, (f~1(U);Z) is an isomorphism. Similarly, if V- C U
is a second contractible open subset, then the inclusion tyy : £ Xy V. — E X U
is a homotopy equivalence, and (1)« : Hy(E X3 V3Z) — Hy(E X3 U;Z) is an
isomorphism

The sections of the sheaf H (£/M) over a contractible open subset U of M are
defined to be

D(U, H,(B/M)) = Image(H,(E x UsZ) — [ Hy(En:2))

s (twm) ' (s).

Now consider an inclusion V' C U is of contractible open subsets. We contend
that the projection map [, .., Hp(Em; Z) — [1,cv Hp(Em; Z) send T'(U, H,(E/M))
into T'(V, H,(E/M)). This follows from v,y : Hy(f'(V);2Z) — H,(f~'(U);2)
being an isomorphism and the fact that tyy o tv,, = tym for each m € M.

It is straightforward to verify this defines a sheaf on the basis of contractible
open subsets of M. Using [ibid.][Lemma 009N] it defines a locally constant sheaf
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H,(E/M) of free Z-modules on M, whose stalk at m € M is by construction
H,(E/M),, = H, (Emn; Z). [l

Lemma 4.3.3. Consider a commutative square in CMan, in which f and [’ are
proper submersions:

X x

7| K

M,T>M

Then for each p € Z>( there exists a natural homomorphism of relative Lie groups
H,(E'/M'") — H,(E/M) covering h : M" — M given in a point m’ € M by the map
H,(E),;Z) — Hy(Enmy; Z) on singular homology groups induced by the restriction
iL : E;n/ — Eh(m’)-

Proof. For every pair of contractible open subsets U" C M’ and U C M such that
h(U") C U, the map H,(h/h) is defined as

r (U,ﬂp (E’/M’)) = Hy, ((W/)_l U ;Z) LN H, (W’l(U);Z) =T (U,EP(E/M)) .

In a similar way to Proposition 4.3.2 we obtain from this the required homomorphism
of sheaves. O

Let us record a special case of this proposition, to be used frequently in Chapter 5.

Corollary 4.3.4. A homomorphism of elliptic curves

E ", E
M~ M

induces a homomorphism of local systems of rank-2 free Z-modules on M’

Hy(h/h): Hy (B'/M') — h*H,(E/M) (4.3)

whose stalk at m’ € M' is the induced map on singular homology

m's

Hy (/) « Hi (Ely; Z) — Hy (Bpnny; Z) - (4.4)

Remark 4.3.5. For any m’ € M', the map H (h/h) , is either zero or injective with
image of finite index. The degree of h at m/, denoted deg(h) (m’), is set to be 0 if
the map is zero, and the index of the image if the map is nonzero. The function
deg(h) M’ — Z thus defined is locally constant and called the degree of h. We say
h is cartesian if deg(h) = 1, i.e. if H,(h/h) is an isomorphism.

Now consider a holomorphic submersion f : X — M, not necessarily proper. We
can glue the tangent bundles T'(X,,) of the fibres X,, = f~!(m) into a holomorphic
vector bundle over X.
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Proposition-Definition 4.3.6. (1) Let f : X — M be a submersive holomorphic
map of compler manifolds, say of relative dimension g. Then there exists a
holomorphic vector bundle T/ of rank g over X whose stalk at x € X is the
kernel of (df )y : T, X — Ty@yM. We call Tx)y the relative tangent bundle of
X/M.

(2) Let f': X! — M’ be a second holomorphic submersion of complex manifolds,
and let h: X' — X be a holomorphic map covering h : M' — M. Then there is
a homomorphism of holomorphic vector bundles T'x:/nr — Tx/m covering h.

Proof. See | ][§2.7 and Theorem 2.19] O

4.4 Uniformization of M-complex tori

Theorem 4.4.1. Let X be a classical complex torus. Then there exists a short exact
sequence of complex Lie groups

exp

0— H(X;Z) 5T, X =X —0, (4.5)

where

(i) exp is the unique holomorphic homomorphism such that (dexp)y = id if we
identify To(Txc) = T

(ii) the map ™' : (kerexp) — H;(X;Z) sends v € T.X with exp(v) = e to the
homology class of the loop [0,1] — X, t — exp(tv).

Proof. See | |[Section 1, (2)]. O

Corollary 4.4.2. Let X = V/L be a complex torus, given as the quotient of a
co-compact lattice L inside a finite-dimensional C-vector space V. Then there is an
1somorphism of short exact sequences of complex Lie groups

0 » L yV —L 5 V/A > 0
l l(dQ)o l
0 —— Hi(X;2) s T.X —2 » 0,

where the middle map is the isomorphism (dq)y : V = ToV — To(V/L) = Ty X of
tangent spaces at 0 induced by the local analytic isomorphism q : V — X.

Proof. The homomorphism of complex Lie group g o (dq), " : 7.X — X induces on
tangent spaces at 0 the map (dg)oo(dq), " = id. Thus go it coincides with exponential
map exp : 1. X — X since it satisfies the characterising property.

It follows that (dq)o restricts to an isomorphism ker ¢ = ker exp, whence there is
a unique isomorphism L — H;(X;Z) making the diagram commute. O

We formulate a relative version of this result for complex tori over a complex man-
ifold, as Theorem 4.4.3.
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Theorem 4.4.3. Let (X,e) — M be a complex torus over M. Then there exists a
short exact sequence of M-groups

0— H,(E/M) — e Txp — X — 0 (4.6)

whose fibre above m € M s

exp

0— Hi(Xm;Z) = Te(Xn) — X — 0, (4.7)

Proof. We define (4.6) as the disjoint union of the short exact sequences (4.7) for
the various m. All properties are stalkwise, except for holomorphicity of the maps
in (4.6). In view of the essential surjectivity of the functor Theorem 4.2.6, it is
harmless to assume that X = V/L is the quotient modulo a relative co-compact
lattice inclusion 5 : L — V.

Since ¢ : V' — X is a local analytic isomorphism over M, there is an isomorphism
e*(dq) : V = e*Ty/m = e*Tx/n of holomorphic vector bundles over M, which is the
middle vertical map in a commutative diagram

0 > L >V > V/L > 0
0 —— H,(X/M;Z) —— e*T'x/u > X > 0.

It follows that e*(dq) restricts to an isomorphism ker g = ker exp, whence there is a
unique isomorphism L — H,(X/M;Z) of local systems of free Z-modules making
the above diagram commute. O]

4.5 Weil pairing on abelian varieties

Let X — M be an M-elliptic curve, or more generally a principally polarized M-
complex torus to be defined in Definition 4.5.7. For each N € Z>; Definition 4.5.9
constructs a nondegenerate alternating bilinear map ey : X[N] Xy X[N] — pxn on
the N-torsion X[N] of X with values in the group uy of complex N-th roots of
unity, called the Weil ey-pairing.

Proposition-Definition 4.5.1. Let N > 1 be an integer and X — M be a complex
torus of relative dimension g. Then there exists an isomorphism

H,(X/M) ® (Z/NZ) — X[N] (4.8)

and X[N] is a local system of rank-2q free (Z/NZ)-modules. If Ny is a positive divisor
of N, and can: Z/NZ — Z/N1Z is the canonical map, then there are commutative
diagrams

H,(X/M)®(Z/NZ) —— X|[N] H,(X/M)®(Z/hZ) — X[N1]
ll@can l[N/NﬂX l]l®[N/N1]X N
H,(X/M)®(Z/N1Z) — X[Ni], H,(X/M)®(Z/NZ) — X[N].
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Proof. Let V/L = X be a uniformization of X, so that L = H,(X/M). We find that

X[N) = (V/D)[N] = /8 2 LN L = B,(X)M) @ (2/NZ)

Now the verification of the commutativity of the above diagrams comes down to
that of the diagrams below, which is plain:

RN NI AELLES YN 1o - oNL
|w wwd wmd w
1o - pNL Lr/n 2 LN

]

Definition 4.5.2. Let V' — M be a holomorphic vector bundle over a complex
manifold M. A Hermitian metric on V is the assignment to each point m € M of a
complex inner product H,, : V,, x V,, — C such that for any two C*° local sections
s1 and sy of V' the function m +— H,,(s1(m), so(m)) is C*° smooth.

Lemma 4.5.3. Any holomorphic vector bundle admits a Hermitian metric.

Proof. This is proved using partitions of unity subordinate to a trivializing open
cover of the base manifold, see | |[Prop. 4.1.4] O

Definition 4.5.4. Let L be a Z-module. A symplectic form w on L is a unimod-
ular nondegenerate alternating bilinear map w : L X L. — Z, meaning that for all
v € L the map w(v,-) : L — Z defined by w(mwv,-)(w) = w(v,w) is Z-linear and
satisfies w(v,v) = 0, and that the resulting map L — Hom(L,Z),v — w(v,-) is an
isomorphism of Z-modules.

Example 4.5.5. Let ¢ > 0 be an integer. We define the standard symplectic form
wy on Z%9 to be the non-degenerate alternating bilinear form w, : Z% x Z% — Z
that is given on the standard basis of Z?9 by the matrix

%:<£‘#) (4.9)

where 1, is the g x g-identity matrix.

Lemma 4.5.6. Let w be a symplectic form on a Z-module L. Then there exists an

integer g > 0 and an isomorphism (Z*,w,) = (L,w) of Z-modules endowed with a
symplectic form.

Proof. See | |[Chap. 9, §5, Theoreme 1]. O

Definition 4.5.7. Let f : X — M be an M-complex torus, with canonical uni-
formization X = V/L, where L = H,(E/M) and V = e*Tx/n. A principal polar-
1zation on X is a Hermitian metric H : V X3, V — C on V whose imaginary part
Q=SH :V x V — R restricts to a symplectic form L x,; L — Z on L.

Proposition 4.5.8. Let f: E — M be an M -elliptic curve. Then there exists a
unique prinicpal polarization on E.
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Proof. Let E = V/L be the canonical uniformization of E as in Definition 4.5.7. By
virtue of the asserted uniqueness, we can work locally on M. Thus we may assume
there exists a global frame (71, 73) for the local system of rank-2 free Z-modules L.
Choose a Hermitian metric H on V using Lemma 4.5.3. Since V' has rank 1, the
Hermitian metric H is unique up to a positive real-valued C'*° function on M. Then
H is a principal polarization if and only if |H,, (71 (m), 72(m))| = 1 for every m € M.
Since H(m,72) : m — H,,(11(m), 72(m)) is a nowhere vanishing C*° function on M,
H/|H (7, 79)| is the desired principal polarization on FE. O

Definition 4.5.9. (Weil pairing) Let f : X — M be a principally polarized M-
complex torus. Write 2 for the symplectic form on H,(X/M) corresponding to the
principal polarization. Let N € Z>; and identify Z/NZ = uy via a + NZ — (%.
Then the Weil en-pairing is the unique nondegenerate alternating bilinear map

en : X[N] xp X[N] — X[N] (4.10)
such that the following diagram commutes:

(H, (X/M) xy H,(X/M)) ® (Z/NZ) —— X[N] xp X[N]

Q®ldz/Nzl lEN

a+NZ»—><1aV .
Z/NZ, .

4.6 Quotients of elliptic curves

We now discuss quotients for the action of a group on a relative elliptic curve, which
we will define in Definition 4.6.1 below. The results of this section will be used in
Chapter 5 to construct from a ‘universal’ elliptic curve over the upper half plane £
ones over open modular curves Y (I') = I'\ .

Definition 4.6.1. Let G be a discrete group, and let £ — M be an elliptic curve.
Then an action of G on E — M is a homomorphism G — Autgy(E/M), i.e. a pair
of homomorphisms G — Aut(E), g — [g]g and G — Aut(M), g — [g] making for
every g € G an isomorphism of elliptic curves

E
M
Lemma 4.6.2. Let G be a discrete group acting on an elliptic curve E — M.

Assume the action of G on M is proper and free. Then there exists a unique structure
G\E — G\M of elliptic curve on the map of topological spaces G\E — G\M such
that

9l B

9] M

E " G\E
M 5 G\M
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18 a cartesian homomorphism of elliptic curves and a categorical quotient in the
category of relative elliptic curves for the action of G on E/M.

Proof. Since G acts freely and properly on M, it also acts freely and properly on
by Lemma 2.3.3. It follows from Theorem 2.3.5 that orbit spaces G\ E resp. G\M
admits a unique structure of complex manifold such that 7g resp. my; is a covering
map and a local analytic isomorphism. Since the map £ — M is G-equivariant
and the map M — G\ M is G-invariant, their composite E — G\ M is G-invariant.
Since £ — G\ F is initial among G-invariant maps out of E, there exists a unique
holomorphic map G\ E — G\M which makes the diagram commute.

We transport the structure of elliptic curve on £ — M to the induced map
on G-orbit spaces G\E — G\M via (mg, 7). Since my is a covering map, we
can cover G\M by open subsets V' for which there exists an open subset U C M
such that 7,/ (V) = ll,eq G - U, and then for each such U and g € G we have
that ([9]g.[g]) : Eu/U — E,u/(g - U) is an isomorphism. Therefore there is a
unique elliptic curve structure on (G\E)y — V having the property that the pair
(me,mm) : Egu/(g-U) — (G\E)y/V is an isomorphism for every g € U, equiva-
lently, such that (7g,myy) : Eﬂj(v)/ﬁj\_j(\/) — (G\E)y/V is an isomorphism, and
on varying V over a covering of G\ M these glue together to a unique elliptic curve
structure on G\ E — G\ M making the map (7g,my) : E/M — (G\E)/(G\M) an
isomorphism.

It remains to be shown that (7g, myr) is a quotient map for the G-action in the
category of elliptic curves. Let (p,p) : E/M — X/Y be a G-invariant homomor-
phism of ellptic curves. Since 7g resp. my is a quotient map for the G-action on F
resp. M in the category of complex manifolds, there exists a unique holomorphic
map f: G\F — X resp. f: G\M — Y such that p = f o g resp. p = f o my.
To show that ( f, f) is a homomorphism of elliptic curves, we may and do work lo-
cally over an open subset V' C G\ M for which there exists an open subset U C M
such that (rg,my) : Ey/U — (G\E)y/V is an isomorphism. Then the fact that
(f, f)o(mg, ) = (p, p) is a homomorphism implies that (f, f) is a homomorphism
over V', as remained to be shown. O

Remark 4.6.3. Mutatis mutandis the proof of Lemma 4.6.2 goes through for any kind
of ‘object over a base manifold’ provided the definition is local on the base, such
as complex tori, holomorphic vector bundles, local systems of Z-modules, relative
Lie groups, and also for the following kinds of ‘enriched’ elliptic curves encountered
in Chapter 5: elliptic curves with an Hi-structure, with a I'-structure, with an N-
structure, with a point of exact order N and with a cyclic subgroup of order N.
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Chapter 5

Universal elliptic curves

5.1 Moduli spaces

We denote the opposite of a category C by CP .

Definition 5.1.1 (presheaf, sheaf). A presheaf on the category of complex mani-
folds CMan is a functor

F : CMan® — Set.

We say the presheaf F'is a sheaf if for every complex manifold M and open covering
{Ui},e; of M the restriction maps define a bijection

i€l

F(M) — {(Si)iel € H}—(Ui) L Silyoo, = SJ|UmUj for all (4, j) € I x ]} :

s (8ly,) ep -

Thus the functor £ : CMan®” — Set is a sheaf precisely when for every complex
manifold M the restriction F|,, of F' to the category of open subsets of M is a sheaf
on the topological space M in the usual sense.

Example 5.1.2. Let M be a complex manifold. The functor hy, : CMan® — Set
sending an object M to the set ha(M) = {¢: M — M | ¢ is holomorphic } and a
morphism h: M’ — M to the map hp(h): hy((M) — hpa (M), ¢ — ¢oh is a sheaf
on CMan. The sheaf axiom is verified because holomorphicity is a local condition.

Definition 5.1.3. (fine moduli space) Let F' be a presheaf on CMan. A fine
moduli space for F' is a complex manifold M together with a natural isomorphism
0 : ' — hy of functors CMan® — Set.

Remark 5.1.4. Suppose the functor I classifies some kind of ‘structures’ living over
a base manifold, with restriction maps being given by pullback. Then the data of
a fine moduli space 6 : ' — hy, is equivalent to a complex manifold M together
with a ‘structure’ o™V on M which is universal in the sense that for any other
‘structure’ o over some complex manifold M there is a unique holomorphic map
¢ : M — M pulling back o™ on M to o on M.
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Example 5.1.5 (Grassmannian). Let 0 < k& < n be integers. Define the sheaf
Gk, on CMan by letting G, (M) be the set of rank-k holomorphic subbundles
E C C" x M of the trivial rank-n vector bundle over M. If h : M’ — M is a holo-
morphic map and E € F(M), then F(h)(E) := h*E is defined to be the preimage
hWE CC'x M of E C C"x M under idcn xh : C* x M" — C"™ x M.

In classical algebraic geometry one constructs (see e.g. | J[Ch. 1, Section 5])
a projective manifold G(k,n), called a Grassmannian, and a natural isomorphism
6 : Gen — haen), i-e., a fine moduli space for Gy, ,,. In particular, 6(x) is a bijection
from the set Gy, (*) of k-dimensional linear subspaces of C" to the set h¢xn)(*) of
points of G(k,n). Furthermore 0(G(k,n))™* (idg(,n)) € Grn(G(k,n)) corresponds
to a rank-k holomorphic subbundle &€ C C" x G(k,n) that is universal. That is,
for every holomorphic manifold M and rank-k£ holomorphic subbundle £ C C"* x M
there exists a unique holomorphic map f = 6(F) : M — G(k,n) such that £ = f*E.

Definition 5.1.6 (coarse moduli space). Let F' : CMan — Set be a functor. A
coarse moduli space for F'is a complex manifold M with a natural transformation
0 : ' — hy, that is bijective on *-valued points, i.e. the map 0, : F(x) — hy(*) to
the underlying set of M is bijective.

Note that every fine moduli space for a sheaf F' on CMan is also a coarse moduli
space.

Remark 5.1.7. In the literature one often imposes the additional condition for the
functor 6 : F — h 4 to be a coarse moduli space, viz. that for any complex manifold
N and natural transformation 7 : F' — hys there exists a unique holomorphic map
¢ : M — N such that n = hy o 6. Since this condition will not play a role in the
sequel, we have chosen to omit it.

5.2 Hj-structures

In this section, we introduce H;-trivialized elliptic curves in Definition 5.2.1, and
show in Theorem 5.2.3 that the functor [Hi—str] classifying H;-trivialized elliptic
curves admits a fine moduli space & — §).

Let w; : Z? x Z2 — Z be the standard symplectic form on Z? represented on the

standard basis by the matrix ( ? 0

a constant symplectic form on the local system of rank-2 free Z-modules Z% x M
over M, which we also denote wj.

). For any complex manifold M this defines

Definition 5.2.1. (1) Let M be a complex manifold and E be an M-elliptic curve.
An H;-structure on E /M is an isomorphism

V(22 x M,w) — (H,(E/M),) (5.1)

of local systems of rank-2 free Z-modules which carries the constant standard
symplectic form w; on Z? x M to the intersection pairing e on H,(FE/M).

(2) An Hi-trivialized elliptic curve is a relative elliptic curve together with an H;-
structure.
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(3) A homomorphism (E" — M' ") — (E — M,) of Hy-trivialized elliptic curves
is a homomorphism (iL E' — E h: M' — M) of elliptic curves such that
Yo (lz x h) = H,(h/h) o1 (latter condition implies that (h, h) is cartesian).
If h is the identical map on M’ = M, we say it is an isomorphism over M and
write (B — M, ¢') =y (E — M, ).

Let (E — M,1) be an Hi-trivialized elliptic curve, and let h : M’ — M be a
holomorphic map. Then there exists up to isomorphism over M’ a unique H;-
trivialized elliptic curve (£ — M’,¢)") over M’ such that there exists a homo-

morphism (iL B —-E h:- M — M ) of Hi-trivialized elliptic curves. We refer to

h*(E — M,vy) := (E' — M',)) as the pullback of (E — M) by h. It is plain
that idy,(E — M,¢) = (F — M,v) and that for a further holomorphic map
g: M" — M we have g* (h*(E — M,v)) = (ho g)*(F — M,v). This allows us to
define the following functor CMan® — Set.

Definition 5.2.2. Let [H;-str] : CMan — Set be the functor, assigning to a
complex manifold M the set

[Hi—str] (M) = {H;-trivialized elliptic curves over M} / =) (5.2)
and to a holomorphic map M’ — M the map

[Hy-str] (h) : [Hy-str] (M) — [Hy-str] (M),
(B — M, ) — h(E — M, ).
We will now construct a fine moduli space for the functor [H;—str]. Let V= Cx $) be

the trivial holomorphic line bundle over the upper half-plane $ = {z € C: 3z > 0}.
It contains the trivial local system of rank-2 free Z-modules

L:={(mt+n,7):7€H,(mn)€Z’} CCxH (5.3)

as a co-compact relative lattice. We let £ := V/L — $) be the corresponding quotient
elliptic curve, and endow it with the H;-structure

U= (r,1):Z*x9H > L=H,(E/9H),

((m,n), ) — (m7 +n,7). (5.4)

Theorem 5.2.3. The elliptic curve with Hy-structure (€ — $, V) is a fine moduli
space for the functor [Hy—str]. In other words, given an H,-trivialized elliptic curve
(E — M,v) there exists a unique holomorphic map h : M — $) fitting into a
Cartesian square

(B, ) —— (£, 7)

I

Proof. This is | |[Theorem 6.7]. O

—h

45



5.3 The action of SLy(Z) on £ —

In this section we define a natural action of SLy(Z) on the functor [H;-str]. Since
€ — 9 is a fine moduli space for [H;—str], via Yoneda’s lemma we obtain an action

of SLy(Z) on € — H.

Fix an elliptic curve E — M. Let [Hi-str]y,, be the sheaf of sets on M that
assigns to an open subset U C M the set of Hi-structures on Ey := F X, U — U,
with the obvious restriction maps. The sheaf [Hy-str]y ,, locally admits a section.
This is merely a reformulation of the fact that H, (£ /M) is a local system of rank-2
free Z-modules.

Let U C M be an open subset and ¢ : Z*> x U — H; (Ey/U) be an Hi-
trivialization of Ey /U, ie. ¢ € [Hi-str]y,, (U). Let SLy(Z)x be the constant
M-group assigned to the abstract group SLy(Z), so a section v of SLy(Z) =~ over
U is a locally constant function 7y : U — SLy(Z). The composite

Yoy Z2x UL 225 U Y Hy (By/U).
defines one more Hj-structure on Ey/U. This defines an action of SLy(Z)y on
[H1—str]
vy =1or, e [Hy-str] g (U), 7 € SL2<Z)M<U)-

Since SLy(Z) is the full automorphism group of (Z2, e) we have an isomorphism of
sheaves on M

SLQ(Z)M X [Hlfstl"]E/M — [HI*StI']E/M X [Hrstr]E/M,
(v, ¥) = (v, ).
Lemma 5.3.1. The sheaf [Hy—str]p y, is an SLy(Z)-torsor over M.

Proof. This follows from (5.3) and [H:-str] ), locally admitting sections. O

In a similar way we define an action of SLy(Z) on the functor [Hi-str]y,,. By
Theorem 5.2.3 we have [H;—str] = hg. Thus by Yoneda’s lemma there is an induced
action of SLy(Z) on $, denoted v — [v], as well as a lift v — [y]¢ of this action to
&, that does not however respect the H;-trivialization V. Instead, the maps [y] and
[v]€ fit into the following cartesian square afforded by Theorem 5.2.3

(&, Wont) 2 (& W)
l l (5.5)
9.

s []

Lemma 5.3.2. Let v = ( Z Z ) € SLy(Z). The automorphism [y] of $ is given
by
at +b
Y] : 7 — i d (5.6)
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and the map [y]e is induced by the line bundle automorphism of V.= C x 9, which
leaves L invariant and covers [7], defined by

z ar+b
e : (1,2) = (cr+d’m+d)' (5.7)
Proof. We refer the reader to | |[Prop. 2.1] for this verification. O

In this way we recover the classical left action of SLy(Z) on $) via fractional linear
transformations or Mobius transformations defined in Lemma 3.1.1.

5.4 ['-structures

Throughout this section, we let I' C SLy(Z) denote a congruence subgroup. We
define I'-structures on relative elliptic curves in Definition 5.4.1, and show in Propo-
sition 5.4.3 that the open modular curve Y (I') is a coarse moduli space for the
functor ['—str] classifying elliptic curves with a I-structure.

Definition 5.4.1. Let £ — M be a relative elliptic curve.

(1) We denote by [I'-str|g/ the quotient sheaf I'\ [H;—str] 5, i.e. the sheafification
of the presheaf on M given by U — I'\([Hi-str] ,, (U)).

(2) A T'-structure on an elliptic curve £ — M is a global section o € [I'-str]| g/ (M).

Each H;-structure ¢ on E/M defines naturally a I'-structure on E/M denoted I'i.
However, the map [Hi-str] , (M) — [[“str]g/ (M) is not surjective in general.
In the same vein, I' C IV C SLy(Z) are congruence subgroups, then a I'-structure on
E /M naturally defines a I"-structure on E /M. Again, it is quite possible that the
map [[str]p/n (M) — [I"=str] gy, (M) is not surjective.

Now let i : E' — E be a cartesian morphism of elliptic curves covering b : M’ — M.
Pullback along h defines an SLy(Z)-equivariant morphism of sheafs on M

W [Hyistr] g — ha [Histr] g0 (5.8)

which induces a morphism of sheafs

71* . [F*Str]E/M — h* [F*Stl"]E//M/.

Definition 5.4.2. We say two elliptic curves with a I-structure (F' — M, «) and
(E' — M,d') are isomorphic over M if there exists an isomorphism h : B/ — E
of elliptic curves over M such that h*(a) = o/. We denote [[str](M) the set of
M-elliptic curves with a I'-structure (£ — M, «) up to isomorphism over M. Given
a holomorphic map h : M’ — M, pullback defines restriction maps

[T-str](h) : [[-str](M) — [[-str] (M),
(E— M,a)— (WE — M' h*a),

so that [['-str] : CMan® — Set becomes a functor. Furthermore, equivariance of
the map (5.2) allows us to define an action of the abstract group SLo(Z) on the sheaf
[Hy—str] : CMan — Set, by v (E — M,¢) = (E — M,v - ).
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Proposition 5.4.3. Let I' C SLy(Z) be a congruence subgroup. The presheaf [I"—str]
on CMan admits a coarse moduli space

QF . [F*St’f’] — hy(r), (59)

where Y(I') = I'\$ is a connected Riemann surface that is the categorical quotient
in CMan for the action of I on $), and the inverse of the bijection Or(x) is given by

Or(x)" 1 Y(T) — [[-str](%),
I'r— [(&,TY,)].

In other words, the points of Y(I') are in bijection with isomorphism classes of
complex elliptic curves with a ['-structure in such a way that for every elliptic curve
with a I-structure (F — M, «) the map M — Y (I'), assigning to a point m € M
the point of Y (I') corresponding to the isomorphism class of the fibre (E,,, a,,) is
holomorphic.

Proof of Proposition 5.4.3. By Lemma 3.1.1 the action of Sly(Z) is proper with
finite stabilizers, so a forteriori the same holds for the action of the subgroup
I' € SLy(Z). By Theorem 2.3.5 a categorical quotient for this [-action on the Rie-
mann surface §) exists, which is a local analytic isomorphism $ — I'\$) =: Y(I') to
a Riemann surface. Connectedness of §) implies that of its quotient Y (I").

For every v € I' the H;-structures Wo~' and ¥ on £ define the same I'-structure.
Hence the isomorphism ([7]¢, [y]) in (5.5) ) is an automorphism of the elliptic curve
with a [-structure (€,I'V) — §. In particular we have for every 7 € $ an isomor-
phism (&, TV,) = (E(r), ['V[y)(r)) showing that the map O (x)~! in the statement
of the proposition is well-defined. Conversely, any classical elliptic curve with a I'-
structure is isomorphic to (&€,,T'W,;) for a point 7 € $) unique up to the I'-action, so
we see that p(x)~! is bijective.

Let (E,a) — M be an elliptic curve with a I'-structure over a complex manifold
M. We have a I';,-equivariant homomorphism of sheafs on M

[Hystr] 0y — [Histe] s = (o) ar.

The quotient map $ — Y (I') is T-invariant, so one sees that it induces a morphism
Ly \hg|ar — hy(r)|a of sheaves on M. We defined [I'str|p/nr = Ly \ [Hi-str] gy,
so there is an induced homomorphism

[T=str] gy = L\ [Hi=str] g — Dap\hs [ — by @)l

We let Or([(E, o) — M]) € hyry(M) be the image of a € [I'-str]g (M) under this
map in hy)(M). It is straightforward to see this assignment yields a well-defined
natural transformation fr that gives on *-valued points the bijection detailed in the
statement of the proposition. O
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5.5 The universal elliptic curve & — Y(I') for a
torsion-free [’

In the previous section, we considered a congruence subgroup I' and showed that
the presheaf [I'-str] admits a coarse moduli space Y (I'). In this section, we prove
that if I" is torsion-free, then in fact [I'-str] admits a fine moduli space &r — Y (I').

Definition 5.5.1 (rigidity). We say an elliptic curve (£ — M, «) with a I-structure
is rigid if its only automorphism over M is the identity morphism.

Lemma 5.5.2. For a congruence subgroup I' C SLy(Z), the following are equivalent:

(1) every elliptic curve (E — M, «) with a I'-structure is rigid;
(2) T acts freely on H;
(3) T is torsion-free.

Proof. See | |[Prop. 4.2] O

Example 5.5.3. In Proposition 3.2.2 we saw that I'(N) is torsion-free if N > 3,
and that I'; (V) is torsion-free if N > 4.

Theorem 5.5.4. Let the notation and hypotheses be as in Proposition 5.4.5 and
assume in addition that I' C SLy(Z) is torsion-free. Then the natural transformation
Or - [['=str] — hym is a fine moduli space for [I'-str]. The corresponding universal
elliptic curve with a T-structure is (up to isomorphism) the categorical quotient
(&r = Y(I'),T'V) for the action of T on (€ — $H,T'V) in the category of elliptic
curves with a I'-structure.

Proof. The action of SLy(Z) on § is free and proper in view of Lemma 5.5.2 resp.
Lemma 3.1.1. In Proposition 5.4.3 we showed the SLy(Z)-action on & — $ from
Section 5.3 restricts to an action of I' on the elliptic curve with a I'-structure
(€ — $H,I'V) in the sense of Definition 4.6.1. By Lemma 4.6.2 and Remark 4.6.3
there exists a categorical quotient for the I'-action in the category of elliptic curve
with a I'-structure, which we denote (&r :=I'\E,I'V) — Y(I') := I'\$, which makes
the right square in the diagram below caresian:

(B, a) —— (E,TV) —— (&p, D)

l l l (5.10)

M > 9 > Y(T).

Now we turn to proving that fr is an isomorphism. Let (E, o) — M be an elliptic
curve with a I'-structure. It is to be demonstrated that there is a unique cartesian
diagram making up the outer rectangle of the above diagram. By Lemma 5.5.2 all
elliptic curves with a I'-structure are rigid, so if such a diagram exists, it is unique.
Therefore the proof of existence can be carried out locally, so we may and do assume
that « stems from an H;-structure ¥ on E, with a = I'). By Theorem 5.2.3 there
exists a unique cartesian diagram of Hi-trivialized elliptic curves, as in the left
square of the above diagram. We already saw the right square is cartesian, so by

concatenation of cartesian squares we find that the outer rectangle is cartesian, as
desired. O]
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5.6 Level-N structures

In this section, N denotes a positive integer. We define the notion of a level-N
structure on a relative elliptic curve and define a GLo(Z/NZ)-action on the presheaf
[N—str] on CMan classifying level-N structures. We show the Weil pairing gives a
decomposition [N-str] = | | i [N—str]¢, where each presheaf [N—str]¢ is isomorphic
to [I'(IN)-str], where T'(IV) is the principal congruence subgroup of level N defined

" ['(N) = ker (can : SLy(Z) — SLy(Z/NZ)).

Let £ — M be an elliptic curve.

Definition 5.6.1 (level-N structure). (1) A level-N structure on E/M is an iso-
morphism of M-groups
Y : (Z/NZ)* x M — E[N]. (5.11)

Alternatively, a level-N structure on F /M is given by a pair of N-torsion points
(P,Q) € E[N]xE[N] such that for every m € M the pair (P, Q) € E,[N]XE,[N]
is a basis for the (Z/NZ)-module E,,[N].

(2) We denote [N-str]g/n the sheaf on M that assigns to an open subset U C M
the set of level- N structures on Ey := E X, U — U, with the obvious restriction
maps.

Let us write GLy(Z/NZ)  for the constant M-group assigned to the abstract group
GLy(Z/NZ), so a section 7 of GLy(Z/NZ), over U is a locally constant function
v:U — GLy(Z/NZ).

Lemma 5.6.2. The sheaf [N =strp/y is a GLy(Z/NZ) -torsor on M.

Proof. To define the action, let ¢ € [N-str|g/n(U) be a section over some open
subset U C M, i.e. 1 : (Z/NZ)> x U — Ey|[N] is a level-N structure on Ey/U. The
composite

Yonrt (Z/NZ)? x U 222, (2/NZ)2 x U % By[N]
defines one more N-structure on Ey/U. It is straightforward to check this defines
an action of GLy(Z/NZ)y on [N-str|g/ :
Since GLy(Z/NZ) is the full automorphism group of the (Z/NZ)-module (Z/NZ)?,

we have an isomorphism
GLy(Z/NZ),, x [N=str]p p; — [N-=str] g, X [N-str]g

Since E[N] is a local system of rank-2 free Z/NZ-modules, the sheaf [N-str|g
admits a section locally on M. We conclude the sheaf [N-str]g/ys is a torsor under
GLy(Z/NZ), - O
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Definition 5.6.3 (Weil pairing of a level-N structure). The Weil pairing of a level-
N structure (P, Q) is defined to be the locally constant py-valued function

en(Q, P) - M %2 BIN] x BIN] 25 k. (5.13)

We opted for the ‘reversal’ of P and () in this definition, to be consistent with
requiring an Hi-structure (7,0) to satisfy o @ 7 = 1. Sending a level-N structure to
its Weil pairing defines a morphism of sheafs

[N*Stl"]E/M — ﬁM7 (514)

equivariant with respect to the determinant map det: GLy(Z/NZ) — (Z/NZ)*. For
every primitive N-th root of unity ¢ € py, we write [V fstr]gE s for the preimage of
{¢},, i-e. for the subsheaf of [N—str]p/n consisting of those level-N structures with
Weil pairing constantly equal to (.

It follows that
[N=str] s = || [N-str]g (5.15)
CEny
where the disjoint union of the sheafs [N —str]CE sar 18 by definition the sheafification
of the presheaf U — |_|<€M]xV [Nfstr]fg/M(U) on M.
Lemma 5.6.4. For each ¢ € uy there exists an isomorphism

[D(N)-strlgn 2 [N-strlS . (5.16)

Proof. We first prove this for the primitive N-th root of unity (y = exp(27i/N). Let
VY :Z*x M — H,(E/M) be an H-structure on E/M. Then 1 induces by tensoring
with Z/NZ a level-N structure on E/M

V@ 1znz : (Z/NZ)? = 22 ® (Z/NZ) 2% 1, (B/M) @ (Z/NZ) = E|N]

whose Weil pairing is (i := exp(27i/N), as is clear from Definition 4.5.9.
In fact, this defines a morphism of sheafs on M

[H-str] g, — [N-str] QEN/M,

equivariant with respect to SLy(Z) — SL2(Z/NZ). Since [Hy-str]p ), resp. [F—str]%\}M
is a torsor under SLy(Z) | resp. SLy(Z/NZ), and I'(N) = ker (SL2(Z) — SL2(Z/NZ))
we conclude that there is an isomorphism

[D(N)-str]gns := T(N)\ [Hystr] g = [N-str]5, (5.17)
D(N)Y — 1 @ (Z/NZ). '

For any commutative ring R, the determinant map det: GLy(R)* — R* is sur-
jective by virtue of the section
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() : R* — GLo(R), (r) = (g (1)) . (5.18)
Hence for m + NZ € Z/NZ and ( € uy we get an isomorphism

. —str < — —SUr o
(m) « [N=strlyyp, — [N-stalf (5.19)

= (P,Q) = 1o (m) = (Imp(P),Q)

Now let ¢ € iy be an arbitrary element of C* having order N. Then there exists
unique r € (Z/NZ)* such that ( = (§ = exp(2wir/N). Composing (5.32) with
(5.19) gives an isomorphism

[C(N)-str]g/ar = T(N)\ [Hy-str] g, = [N=str]5; 5,0

(5.20)
L(N)Y = (¢ ® 1z/nz) o (m),
where the map (1) ® 1z/nz) o (r) is the composite
(Z/NZ)? x M 5 (z/NzZ)? L5202 g (BM) @ (Z/NZ) = E[N]. O

Next, we define a presheaf [N—str] on CMan classifying relative elliptic curves with
a level-N structure. We show that the sheaf [N—str] on CMan admits a fine moduli
space.

Let h : E' — E be a cartesian morphism of elliptic curves covering h : M’ — M.
Then h gives rise to an isomorphism E'[N] = h*E[N]. Therefore a level-N struc-
ture ¢ = (Z/NZ)> x M = E[N] on E/M pulls back to a level-N structure
h* . (Z/NZ)> x M' = E'[N]. Note that if v» = (P,Q) then h*y = (h*P,h*Q),
where h* : E(M) — E' (M’) is given by pulling back sections.

We obtain a GlLg(Z/NZ)-equivariant morphism of sheaves on M’ compatible
with the Weil pairings, as shown in the commutative diagram

e ([N=str] g ) —— [N-str] 00

h*eNl leN

h* (@M) —_— ﬁ]\/p'

Definition 5.6.5. (1) Two elliptic curves with a level-N structure (£ — M, (P, Q))
and (E' — M, (P’,Q’) are said to be isomorphic over M if there exists an isomor-
phism A : E' — E of elliptic curves over M such that i (P') = P and h (Q') = Q.

(2) We denote [N-str](M) the set of elliptic curves over M with a level-N
structure (F — M, (P,Q)) up to isomorphism over M. Given a holomorphic map
h: M — M, pullback defines restriction maps

[N-str](h) : [N-str](M) — [N-str] (M"),
(E — M, ) — (W"E — M, h*) .

This defines a presheaf [N-str] : CMan® — Set on CMan. (3) Let ¢ € uy. We
denote [N-str]® the subpresheaf of [N-str] classifying relative elliptic curves with a
level-N structure with Weil pairing (.
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Proposition 5.6.6. Let ( € py. Then there exists an isomorphism of presheaves
on CMan
[N-str]¢ = [['(IN)-str]. (5.21)

Proof. This follows from Corollary 5.7.4. O]

Theorem 5.6.7. Let N > 3 and let ¢ € pyx. Then sheaf [N-str]> admits a fine
moduli space (Er(yy — Y (N), (P, Q¢)).

Proof. 1t follows from Proposition 5.6.6, Theorem 5.5.4 and Example 5.5.3 that there
is an isomorphism [N-str]¢ = [['(V)-str] 2 hy (). Let us explain what the universal
level-N structure (P, Q¢) on Eyny — Y(N) is.

The universal H;-trivialized elliptic curve (£ — $, V) has a level-N structure
(P, Qn) with Weil pairing (y = exp(27i/N) given by

(Pn(7),@Qn(T)) = (% %) : (5.22)

For v € SLy(Z), the two Hi-trivializations ¥ and W o +* induce the same level-N
structure if and only if v € I'(IV). Hence for v € I'(NV), the automorphism ([v]¢, [v])
of & — $ preserves the level-N structure (Py, Qx), which therefore descends to a
level-N structure denoted (FPry,Qcy) on Ey vy = F(N)\E — Y(N) =T'(N)\$H.

For an arbitrary ¢ € uy, let » € (Z/NZ)* be such that ¢ = (. Then the
universal level-N structure with Weil pairing ( on &y — Y (V) is given by

(P, Q¢) = ([r](Py )s Qe )- u

Corollary 5.6.8. Let N > 3. Then the disjoint union over all ( € py of the fine
moduli spaces (Erny — Y(N), (P, Q¢)) for [N—str]* constructed in Theorem 5.6.7
is a fine moduli space for [N-str| and we have

[N —str] = oy (N - (5.23)

Proof. This follows from Theorem 5.6.7 and the fact that the Weil pairing of a
level-N structure on a relative elliptic curve E/M is constant on each connected
component of M. O

5.7 Points of exact order N

Let E — M be a relative elliptic curve.

Definition 5.7.1. A point of exact order N is a section P € E(M) such that for
every m € M the element P, of the group F,, has order N.

Points of exact order NV are in bijection with injective homomorphism of M-groups
Z/N ZM — FE in such a way that a point P corresponds to the homomorphism
sending 1 € Z/NZ(M) to P € E(M).

We denote [N-pt|g/n the sheaf on M that assigns to an open subset U C M
the set of points of exact order N of Ey := E x, U — U, with the obvious

restriction maps. Note that if v = (P,Q) is a level-N structure on E(M), then
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Y (aey + beg) = aP + bQ with a,b € Z/NZ is a point of exact order N whenever a
and b generate the unit ideal of Z/NZ. In particular, there is a natural transformation
of sheaves on M

[N*Stl‘]E/M — [prt]E/M,
b= (P,Q) =1 (e) = Q.

Definition 5.7.2. We denote the image of the level-N congruence subgroup I'1 ()
under the canonical map 7wy : SLa(Z) — SLo(Z/NZ) by

TL(N) = {( o ) be Z/NZ}. (5.25)

The map (5.24) is invariant for 'y (N).

Lemma 5.7.3. Let ¢ € uy. The assignment (P, Q) — Q yields an isomorphism of
sheaves on M

(5.24)

TH (N[N -str]5y 0y — [N-ptle/ar. (5.26)
Proof. Let U C M be an open subset, and let ¢ = (P, Q) and ¢’ = (P’,Q’) be two
level-N structures on Eyy /U with Weil pairing ¢. Since [N—Str]CE/M is an SLy(Z/NZ)-
torsor, there exists a unique v € SLy(Z/NZ)y(U) such that ¢ = v -1 = ¢ oL
Since ¢ : (Z/NZ)? x M — E[N] is injective, we have that

Q=Q = (e2) =1 (e2) <= 7' (e2) = €3 <= 7y € T1(N)

This shows we have a well-defined injective morphism (5.26) of sheaves on M. We
conclude the proof by showing it induces a surjection on the stalks

Let m € M. It remains to be shown that the map [N—str]%m — [N—pt]g,,,
(P Qm) — Q. is surjective. Let @, € [N-pt]g,, be a point of E,, of exact order
N. Since the Weil pairing ey : E,,[N]| x E,,,[N] — py is nondegenerate, there exists
Py, € E,[N] such that ey (Qm, Pn) = ¢. Then (P, Q) € [N-str];, is a level-N
structure on FE,, with Weil pairing ¢, that maps to @Q),,, as desired. O

Corollary 5.7.4. There exists an isomorphism of sheaves on M, to be described in
the proof,

[T1(N)-str] g ps = [N-pt] g/ (5.27)

Proof. Choose a primitive N-th root of unity ( € u};, for example (y = exp(27i/N).
The required isomorphism is the composite of the isomorphisms

Py [Hy-str] gy 2 TN\ (TN [Hr-sti] ) (5.28)
22 Ty (N\[IN-strlSy 23 [N-Dt] s (5.29)

It ought to be remarked that this composite is independent of the choice of the
primitive N-th root of unity (. Indeed, the isomorphism 5.5 for (3} is obtained by
precomposing that for (,y with the diamond isomorphism

(m) : [N=str]33),, — [N-strl3,, (P, Q) v (mP,Q),

and the latter does not alter the second point in the level-N structure. O
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Definition 5.7.5. We define a sheaf [N-pt] on CMan classifying relative elliptic
curves with a point of exact order N, in the same way as we defined [N-str] in
Definition 5.6.5.

5.8 Cyclic subgroups of order N

Let E — M be a relative elliptic curve.

Definition 5.8.1. A cyclic subgroup of order N on E/M is a closed subset G C E
such that G,, = G N E,, is a cyclic subgroup of order N of E,, for every m € M.

Example 5.8.2. Let @ be a point of exact order N of E/M. Then

N-1

(Z/NZ)-Q = |J([(] o Q)(M) (5.30)

=0

is a cyclic subgroup G of order N of E/M. For every m € M, we have that the fibre
G = UYS'i] (Qum) C By, is equal to the subgroup of order N of E,, generated by
the element @),,.

We denote [N-grp]g/u the sheaf on M that assigns to an open subset U C M the set
of cyclic subgroups of order N of Ey := E x; U — U, with the obvious restriction
maps.

Proposition 5.8.3. There exists an isomorphism of sheaves on M

[Lo(N)-str] g/, = [N-grple/m. (5.31)

We will give the proof of Proposition 5.8.3 at the end of this section, after having
doing some preparations.

Example 5.8.2 defines a morphism of sheaves [N-pt]g/n — [N-grp|g/m given by
Q) — (Z/NZ) - Q. This morphism is invariant for the natural action of (Z/NZ)*on
[N-pt]g/m, where d € (Z/NZ)* operates by @ +— [d](Q). In fact, this morphism
descends to an isomorphism, as the following lemma asserts.

Lemma 5.8.4. There exists an isomorphism of sheaves on M

(Z/NZ)*\[N-pt]g/ms — [N-grple/m- (5.32)

Proof. Let m € M be an arbitrary point. It suffices to show bijectivity of the map
on the stalk at m, which is [N—pt|g,, — [N-grplg,,, @ — (Z/NZ) - Q. This is the
plain statement that any cyclic subgroup of order IV of an abelian group A has a
generator, which is unique up to taking (Z/NZ)*multiples. ]

Definition 5.8.5. We denote the image of the level-N congruence subgroup I'g(NV)
under the canonical map 7y : SLa(Z) — SLo(Z/NZ) by

To(N) = {( d(;l Z ) beZ/NZ,de (Z/NZ)*} . (5.33)
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Note that I';(/V) is a normal subgroup of I'g(XN). The quotient [o(N)/T1(N) acts
on the sheaf T';(N)\[N-str]$, Jar- 1t is straightforward to check that the isomorphism
(5.32) of sheaves on M is equivariant with respect to the isomorphism of groups

Lo(N)/T1(N) =5 To(N)/T1(N) — (Z/NZ)*,
(do Z)fl(N)Hd

Proof of Proposition 5.8.3. The required isomorphism is the composite of the iso-
morphisms

Co(N)\ [Hy-str] 5, = (To(N)/T1(N))\ [['1(N)-sta]

(5.31)

20 (z/NZ)\ [N-pt] E [N-grp]
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Chapter 6

Néron polygons and generalized
elliptic curves

In this chapter we consider degenerating families of elliptic curves, called generalized
elliptic curves. Roughly speaking, a generalized elliptic curve is a holomorphic map
of complex manifolds of relative dimension 1, whose fibres are either smooth elliptic
curves or ‘semistable’ degenerations thereof called Néron polygons. In the algebraic
case they were introduced by Deligne and Rapoport in their landmark paper | ]
in order to construct a modular compactification of certain moduli stacks of elliptic
curves. In the complex-analytic case we will define these in Section 6.5.

In Section 6.1 for N > 1 we define the Néron N-gon Cly as a cyclic chain (‘poly-
gon’) of N projective lines. We show that C® = C*x (Z/NZ) is a complex Lie group
that acts on C'y. In Definition 6.2.4, we define the analogue of the Weil ey-pairing on
the N-torsion E[N] of a complex elliptic curve, for the N-torsion C™&[N] of the reg-
ular locus of the Néron N-gon. Following | ][Chapitre IV], in Section 6.4 we will
show that the cusps of the modular curves X (V), X;(N) and Xy(NV) parametrize
isomorphism classes of Néron polygons with a certain level structure on their N-
torsion.

In Chapter 9 we will construct, for suitable congruence subgroups I' of SLy(Z), a
generalized elliptic curve Dr — X (I') which compactifies & — Y (I'). The fibre of
this so-called Shioda modular surface Dr over a cusp t of X(I') having width A is a
Néron h-gon: Dr|; = C,.

If T c I is a second congruence subgroup of SLy(Z), then we will construct a
holomorphic extension Dy — Dr of the natural map prz: & = MNE —-T\E =&
which covers the natural map pr r: X(I') =T\9* — I'\H* = X(I) in Section 9.4. If
§ € Cusps(T') has width / and its image s = pr(8) € Cusps(T') has width h, then
the map on the fibres D;y|; — Dr|s is a contraction map uy, i+ Cj, — Cj, that we will
define in Section 6.2 for positive integers h and h with A dividing h.

6.1 The Néron polygon Cly

In this section for each positive integer N we will construct the Néron N-gon Cy as
the union of a Z/NZ-index family of projective lines, each transversally intersecting
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both of its neighbors so as to form a cyclic chain or ‘polygon’. In Chapter 8 we
will encounter a version of this with an infinite Z-indexed family of projective lines,
deemed a Néron chain. In fact, we can construct the Néron chain in one fell sweep
with the Néron polygons.

Definition 6.1.1. Let H C Z be a subgroup, and let N € Z>q U {oo} be its index.
We will call the quotient complex analytic space

Oy = (CP' x Z/H)/((0,i) ~ (00,7 + 1)). (6.1)

the N-sided Néron polygon or Néron N-gon it N € Z>y and the Néron chain if
N = oo.

The irreducible components of Ciy are projective lines indexed by i € Z/H, with
the i-th line intersection the (i 4+ 1)-th transversely. The singular locus C3"® of Cy
consists of these N intersection points. The quotient map ¢ : P! x (Z/NZ) — Cy is

an isomorphism away from C}{"® | so that

O™ = C* x (Z/H). (6.2)

We see that there is a natural structure of complex Lie group on C\® which in fact
extends to a holomorphic action map

m:CyE x Cy — Cy (6.3)

determined by the commutativity of the following diagram

C* x (Z/H) x CP! x (Z/H) —2 CP' x (Z/H)

C;\?g X CN n > CN,

where 7 is given for all 2 € C*, y € CU {oo} = CP' and i,j € Z/H by

m((x,1), (y, 7)) = (zy,i+ j).
Let H; be a subgroup of H, and let Ny be its index. Then the Néron N-gon is a
quotient of the Néron Ni-gon. To see this, define an action
CLIZ/HXCN—>CN (64)
of Z/H on Cy by biholomorphisms, by requiring commutativity of the diagram

(Z/HZ) x (CP x (Z/HZ)) =@, opy o (z/HZ)
idZ/HZ Xcl lc
(Z/HZ) X CN g > CN-
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Lemma 6.1.2. For subgroups Hy C H C Z, with indices Ny = (Z: Hy) and
N = (Z: H), we have a natural isomorphism

Cy = (H/H1)\Ch,. (6.5)
Proof. One checks that both are the quotient of CP* x Z/H,Z by the same equiva-
lence relation. ]

6.2 Weil ey-pairing on Cly
Let N € Zs,. The N-torsion of C\*® is the free Z/NZ-module of rank 2
CYE[N] = pun X Z/NZ.
The aim of this section is to define a nondgenerate alternating bilinear map
en : CN8[N] x C¥%[N] — pn, (6.6)

called the Weil exn-pairing, since it is the analogue of the Weil ey-pairing on the
N-torsion of an elliptic curve. We will construct this pairing in a somewhat ad-
hoc fashion, using the fact proved in Lemma 6.2.3 that any automorphism of Cy
induces an automorphism of the rank-2 free Z/NZ-module C\®[N] with determinant
1. See | ][§1.4, Definition (b) preceding Theorem 4.3] for a more intrinsic
definition in terms of ample line bundles of degree N on Cy. So let us start with
determining the group Aut(Cy) of automorphisms of Cy which induce a group

automorphism of C®.

Lemma 6.2.1. Let N € Z>;. Then there is an isomorphism
puny x {1} =2 Aut (Cy) (6.7)
given for all ¢ € pun, w € {1}, x € C* andi € Z/NZ by
(¢ ) (i) = ((x¢")", ui) .

Proof. In | |[Prop. 1.10] the above formula is used to identify Aut(Cy) with a
semi-direct product py x {£1}. In fact, this semi-direct product is (also) a direct
product, since the involution (1, —1) of Cy extending inversion on CR" is clearly a
central element of Aut(Cl). O

Lemma 6.2.2. There is an isomorphism of rank-2 free (Z/NZ)-modules

®: (Z/NZ)? — C"E[N],
(1,0) = (0,1), (6.8)
(0,1) = (Cx, 0).
Proof. Let (x,9) € C* x (Z/NZ) = Cy®. Since [N]cres(x,1) = (2N, Ni) = (2V,0),
we have (z,i) € Cy®[N] if and only if ¥ = 1, that is, = € uy.

We conclude that C® = ux x (Z/NZ). Since uy is a cyclic group of order N
generated by (y, it is then clear that ® is an isomorphism. O]
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Lemma 6.2.3. The following map, defined fori € Z/NZ and u € {£1} by
01 Aut(Cy) = puy x {£1} — Py,
. 1 i (6.9)
(CN7U> = U (0 1) )

is an isomorphism such that for every a € Aut (Cn) we have

ao®=dod(a). (6.10)

0 -1

The matrix w; = ( 1 0

) defines a (Z/NZ)-valued pairing
(Z/NZ)* x (Z/NZ)? — Z/NZ,
((a,b), (¢,d)) — (a,b)wi(c,d)" = bd — ac.

Using the isomorphisms ® : (Z/NZ)?> — C8[N] and Z/NZ — uy, a — (% we carry
wy over to a uy-valued pairing on ey : Cy® [N] x C® [N] — puy.

Definition 6.2.4. The Weil ey-pairing on the Néron N-gon C}y is the map
en : ONE[N] x CB[N] — pn,
((€,1), (n,9)) = ¢ /'

By construction the following diagram commutes:

(6.11)

PxP

(Z/NZ)? x (Z/NZ)? 22y Cres o OR[N

: [

a—(R

(Z/NZ) > UN-

Lemma 6.2.5. The Weil en-pairing is a natural nondegenerate alternating bilinear
pairing on C\®[N], that is, for all x,y,z € C\B[N] and o € Aut (Cn) we have

e ex(z,z) =1 (alternating);

en(z,m(y, z)) = ex(z,y)en(z, 2) and ex(m(zx,y), z) = ex(z, 2)en(y, z) (bilinear);
if en(z,w) =1 for every w € Cy®[N] then x = (1,1) (nondegenerate);

en(a(z),a(y)) = ey(z,y) (natural).

Proof. Properties (1) and (2) are straightforward from the definition. For property
(3), simply note that if x = (¢,4), then ey (z, ((y,0)) = (5’ and ex(z,(0,1)) = (. To
show property (4), it suffices to show that Aut (Cy) = pn x {£1} acts on Cy® [N]
via automorphisms of determinant 1. This is clear from Lemma 6.2.3, since visibly
we have Py C SLy(Z/NZ).

O
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6.3 Contractions

Let h and N be positive integers, with A dividing N. In Lemma 6.3.2 will construct
a surjective holomorphic map wu, n: Cny — C},, which restricts to an isomorphism
u, v (Cy®) = C* x (Z/NZ)[h] — Cy# = C* x (Z/hZ) given by (x,(N/h)i) — (x,i)
for all z € C* and ¢ € Z/hZ, and contracts all irreducible components of Cy not
meeting C* x (Z/NZ)[h].

Definition 6.3.1 (component group). Given a C-analytic space X, we denote mo(X)
the set of connected components of X. There is a natural map v = vy : X — mo(X)
sending a point x € X to the connected component of x.

If G is a complex Lie group, then m(G) has a unique group structure with respect
to which vg : G — m(G) is a homomorphism. We call 7o(G) the component group
of G.

Now let N € Zs;. The regular locus of the Néron N-gon Cy is the complex Lie
group Oy® = C* x Z/NZ, which has component group m, (Cy*® ) =2Z/NZ.

In the remainder of this section we fix a positive divisor h of N. Then we have
an isomorphism [h/N] : (Z/NZ)[h] = (N/h)Z/NZ = Z/hZ given for all i € Z by
[h/N]((N/h)i+ NZ) =i+ hZ.

Lemma 6.3.2. Let h be a positive divisor of N. Then there exists a unique holo-
morphic map
u=upn:Cy— Cp (6.12)

that restricts to an isomorphism

u'(Cy®) = C*x(Z/NZ)[h]
ul lidc* «[h/N] (6.13)
e = Ctx (Z/h2).

The morphism u contracts onto one point each irreducible component of Cn which
is the closure of a connected component of Cx® whose order in o (Cy®) = Z/NZ
does not divide h. Moreover, the following diagram commutes:

u(CI®) x Cy —— Cly

C}rfg X Ch _— Ch.

Proof. See | |[Prop. IV.1.3]. O

Next, we compare the automorphism groups of C'y and Cy via the contraction map
up N Cp — Ch,.

Lemma 6.3.3. For every automorphism o € Aut (Cy) = pun x {£1} there ezists a
unique automorphism By n(a) € Aut (Ch) = pp x {£1} with the property that

Up,N OO0 = Bh,N(a) O Up,N- (614)
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If o = (C,u) € py x {£1} then Bn(e) = (V" u) € wy, x {£1}, and this defines
a surjective group homomorphism

Brn : Aut (Cy) — Aut (Cy) . (6.15)

Proof. We have to show that if & = (¢, u) € uy x {£1} with ¢ € uy and v € {£1},
then 8 = (CN/h, u) € pp x {£1} satisfies 5 o up v = up n 0 . It suffices to consider
the cases « = —1 and o = ¢ € py. For the first case, note that u;, y intertwines the
involutions on C'y and C} defined by —1.

For the second case, let ( € uy, which preserves the irreducible components
of Cy, and similarly (V" preserves the singular points of Cj. This shows that
B oupn = upn o« on each irreducible components of C'y that is contracted onto a
singular point of C},.

Now consider an irreducible component CP' x {(N/h)i + NZ} of Cy with is
mapped isomorphically by uy, x to the irreducible component CP! x {i + hZ} of C),
via the identity map on CP!. The action of ¢ on P' x {iN/h + NZ} C Cy is via
multiplication by ¢*¥/* while the action of (/" on P! x {i+hZ} is via multiplication
by (C'N/h)z = (*N/M This shows that Boup n = up,nyoa on each irreducible component
of C'y that is not contracted by wuy n, hence on all of Cy.

Finally, since [N/h] : pux — pn, ¢ — (" is a surjective homomorphism, so is
Bty X {£1} — i, x {1}, (¢ u) — (V). O

6.4 Modular interpretation of Cusps(V), Cusps,(N)
and Cuspsy(N)

This section gives a modular interpretation for the sets of cusps of the modular curves
X(N), X1(N) and Xo(N) introduced by Deligne and Rapoport in their seminal

paper [DI73].

Definition 6.4.1. Let A and N be positive integers.

(1) A level-N structure on Cy, is a group isomorphism ¢ : (Z/NZ)* — C;° [N]. The
set of level-N structures on C}, is denoted [N-str]c, .

(2) A point of (exact) order N on Cj is an element P of the group C;*® having
order N. The set of points of exact order N on C}, is denoted [N—pt]c, .

(3) A cyclic subgroup of order N on Cj, is a cyclic subgroup G of the group C}*® hav-
ing order N. The set of cyclic subgroups of order N on C}, is denoted [N—grp|c, .

Example 6.4.2. Let N and h be positive integers.

(1) The standard level-N structure on Cy is the isomorphism ® that we defined in
Lemma 6.2.2, given by ®(a,b) = ((%,a) for all a,b € Z/NZ.

(2) Suppose that ¢ : (Z/NZ)*> — C;®[N] is a level-N structure. Then image
#(0,1) € C,*®[N] of the vector (0,1) € (Z/NZ)? is a point of exact order
N of C},. This defines a forgetful map

[N-IVl]¢, — [N-pt]c,,
O — (;5(0, 1).
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(3) Suppose that P € C;® [N] is a point of exact order N. Then P generates a a
cyclic subgroup (Z/NZ) - P := {[i|(P) : i € Z/NZ} of order N on Cj,. This
defines a forgetful map

[N-pt]c, — [N-grple,,
P — (Z/NZ)-P.

Remark 6.4.3. Let h € Z>;. From the canonical isomorphism C,*[N] = unxx(Z/hZ),
we read off that the set [N-lvl]¢, is nonempty if and only if N | h. On the other
hand, for every value of h there exists on Cj, a point ((x,0 + hZ) of order N as
well as a cyclic subgroup py x {0+ hZ} of order N, both contained in the identity
component C* x {0+ hZ} = C* of C}® = C* x Z/hZ.

Definition 6.4.4. Let ¢ € uy. We say a level-N structure ¢ on Cy has Weil pairing
¢ if en(¢(0,1),¢(1,0)) = ¢. We let [N—str]gN C [N-str]¢, be the subset consisting
of level-N structures that have Weil pairing (.

The Weil en-pairing provides a decomposition [N-str]c, = | N-str]f, .

neny [

Example 6.4.5. The standard level-N structure ® on Cy from Example 6.4.2(1)
has Weil pa’iring eN((I)<07 ]-)7 (I)(L 0)) = €N ((<N7 0) ) (07 1)) = (N'

Definition 6.4.6. We define a left action of GLy(Z/NZ) on [lvl =N, by
V6= pon.

Note that if ¢ has Weil pairing ¢, then v¢ = ¢ o~ has Weil pairing ¢4t Thus the
map [N-str] — p} sending a level- N structure ¢ to ey (4(0, 1), ¢(1,0)) is equivariant
for det : GLy(Z/NZ) — (Z/NZ)*. In particular, the action of SLy(Z/NZ) preserves
the decomposition [Ivl = N]o, = [ .. % [Ivl — N]éN.

Lemma 6.4.7. There exists a commutative diagram in which the horizontal maps
are bijective

SLy(Z/NZ) ——— [N-str]*™

| Jomston

T1(N)\ SLy(Z/NZ) — [N—pt] (6.16)

l lPH(z /NZ)-P

To(N)\SLy(Z/NZ) —— [N-grp].

Proof. The top horizontal map is defined by sending v € SLy(Z/NZ) to v® = $or;
it is an isomorphism because [N fstr]gjv is a simply transitive SLy(Z/NZ)-set.
Since the automorphism group of (Z/NZ)? is GLy(Z/NZ), we see that the map
GLy(Z/NZ) — [Ivl =N]cy, 7 — ® o 4" is bijective. Since the level-N structure y®
has Weil pairing (o, it restricts to a bijection SLy(Z/NZ) — [Ivl — NJe .
The stabilizer of the vector (0,1) € (Z/NZ) x (Z/NZ) for the SLy(Z/NZ)-action
is given by
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Ty (N) = {( [1) " ) ne Z/NZ} — {7 € SLy(Z/NZ) : 7'(1,0) = (1,0)} .

Hence for 1,7, € SLa(Z) we have, using that ® is injective,

P <7§(O> 1)) =& (’Y;(Ov 1)) <~ ’ﬁ(oa 1) = 75(07 1) <~ f‘1(‘]\[)71 = Fl(N)72-

This equivalence says precisely that the top isomorphism SLy(Z/NZ) — [Ivl —N]chjV :
v = 7P = ® o+, induces a well-defined injection I’y (N)\SL2(Z/NZ) — [pt — N]cy,
[ (N)y = @ (74(0,1)). It is surjective as well, because the top right map is surjective
owing to the nondegeneracy of the Weil ey-pairing, i.e. any point of exact order N
on Cy can be extended to a level-N on Cy structure with prescribed Weil pairing

(€ py-

Similarly, the top horizontal isomorphism is seen to descend to a well-defined
injective map I'o(N)\SL2(Z/NZ) — [N-—pt]oy, Lo(N)y — @ (7 ({0} x (Z/N2Z)))
because the stabilizer of the subgroup {0} x Z/NZ C (Z/NZ) x (Z/NZ) is given by

To(N) = {v €SLa(Z/NZ) : 4'({0} x Z/NZ) = {0} x Z/NZ} .

To check it is surjective, we have to check the bottom right map is surjective, which
is clear since by definition a cyclic subgroup of order N on C® is generated by an
element that has order V. O

There is an evident action of Aut(C}) on each of the sets [Ivl — N]¢, , [pt — N]¢, and
[grp — N]¢, -

Lemma 6.4.8. There exists a commutative diagram in which the horizontal maps
are bijective

Cusps(N) = SLy(Z/NZ)/Py ———— Aut(Cy)\ [N*Str]ccjjv

l l[¢]H[¢(0,1)}

Cusps, (N) = T\ SLo(Z/NZ) /Py ——— Aut(Cy)\ [N — pt]e, (6.17)
l l[P}H[(Z/NZ)-P]
Cuspsy(N) = To(N)\ SL2(Z/NZ) /Py —— Aut(Cn)\ [N — grp,, -

Proof. The diagram results from diagram (6.16) whose horizontal bijections inter-
twine the right action of Py and left action of Aut (Cy) through equation (6.10). [

Theorem 6.4.9. For each N € Z>,, we have the following modular interpretation
of the set of cusps Cusps(N) of the modular curve X (N):

Cusps(N) = {Néron N-gons with a level-N structure with Weil pairing (n}/ = .
(6.18)
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Proof. The bijection is provided by the top horizontal map in diagram (6.17). O

Finally we give, following | |[Chapitre TV, §4], a modular description of the
cusps of the modular curves X;(N) and Xo(N) in terms of so-called ample points
of order N resp. ample cyclic subgroups of order N on Néron polygons.

Definition 6.4.10. Consider a Néron polygon Cj, for some h € Z5;.

(1) Let G be a cyclic subgroup of order N on Cj,. We say that G is ample if it
meets each connected component of C;® . Equivalently we may demand that
(Z/NZ) = G — 7y (C)®) =2 Z/hZ be a surjective homomorphism. We denote

ample

the set of ample points of order N on Cj, by [N-pt]¢,

(2) We say a point P of exact order N on a Néron polygon C}, is ample if the cyclic
subgroup (Z/NZ) - P of order N generated by P is ample in the sense of part
(1) of this definition. It is equivalent to ask that the image of P in mo(C}™®) have
exact order N. We denote the set of ample cyclic subgroups of order N on C},
by [N-grplgy™e.

Remark 6.4.11. Let h € Z>,. There exists an ample point of exact order N (resp. an
ample cyclic subgroup of order N) on the Néron polygon C}, if and only if A divides
N.

Theorem 6.4.12. We have the following modular description of the sets Cusps;(N)
resp. Cuspsy(N) of cusps of the modular curves X1(N) resp. Xo(N):

Cusps; (N) = { Néron polygons with an ample point of exact order N}/ =,
Cuspsy(N) = {Néron polygons with an ample cyclic subgroup of order N}/ = .

Proof. Let P € [N-pt]c,. Let h be the order of P in mo(Cy*) = Z/NZ. We have
that P is ample if and only if h = N. If h < N then taking the image of P under the
isomorphism of complex Lie groups (6.13) gives an ample point P := uj, n(P) € C}®
of order N on C},.

Conversely, let h be a positive divisor of N and consider an ample point P, € C}*®
of order N on Cj. Then P lifts along uy nx to a point P of order N on C, whose
order in 7o(Cy®) is h. The correspondence P < P; sets up a bijection between the
set of points of order N on Cy whose order in mo(C'\®) is h, and the set of ample
points of order N on Cj,.

Assembling these bijections for all positive divisors h of N gives the bijection

[N-ptley, = | |IN-pt]ee.
h

Lemma 6.3.3 asserts that each automorphism of C}, lifts along u; y to an automor-
phism of Cy. It follows that the above bijection descends to a bijection

Aut(Cy)\[N-ptle,, 2| | Aut(Cy)\[N-pt]ErPe.

The composition of the middle horizontal bijection in (6.17) with this bijection gives
the desired modular description of Cusps; ().
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Moving on to Cusps,(/V), the same reasoning for cyclic subgroups of order N as
was carried out for points of order N yields a bijection

Aut(Cn)\[N-grplc |_|Aut Ch)\[N—grp]ample.

The composition of the bottom horizontal bijection in (6.17) with this bijection gives
the desired modular description of Cusps,(N). O

6.5 Generalized elliptic curves

In this section we will define generalized elliptic curves where the generalization con-
sists in allowing the singular Néron polygons from Section 6.1 as fibres in addition to
smooth elliptic curves. In keeping with the functorial spirit of this thesis, we discuss
homomorphisms and pullbacks.

Recall from Theorem 2.2.9 that a flat holomorphic map f : X — Y of complex
spaces is submersive at a point x € X if and only if the fibre X,y = f~(f(x)) is a
complex manifold at x. We will write X = Uer f~(y)™¢ for the open subset of
X on which f is a submersion; its complement is an analytic (closed) subset denoted

X nsm Uer f—1<y)sing .

Definition 6.5.1. (1) Let M be a complex manifold. A generalized elliptic curve
over M consists of a proper, flat morphism with reduced fibres f : £ — M,
where F is a complex space, together with a structure of M-group on E* that
extends to an action of £ on F over M, such that the fibre of these data over
a point m € M are either an elliptic curve or a Néron polygon Cy for some
N € 221.

(2) Let h : M — M be a morphism in CMan, and let f’ : £/ — M’ be a second
generalized elliptic curve. A homomorphism of generalized elliptic curves cover-
ing h is a holomorphic map h : B/ — E covering h such that h (E®™) C E*™
and the following diagram commutes:

F/sm X g7 B — s F

hx izl lﬁ

Em xy B —— B

We call h cartesian if it induces a biholomorphism E' = E x5 M.

Example 6.5.2. (1) Any relative elliptic curve f : F — M is a generalized elliptic
curve.

(2) For every N € Z>; and complex manifold M we have that Cy x M — M is a
generalized elliptic curve, called the constant N-gon over M.

Lemma 6.5.3. Let h : M' — M be a morphism in CMan and let f : E — M be
a generalized elliptic curve. Then the fibre product ' : E' := E X,y M' — M’ is
naturally a generalized elliptic curve over M'.
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Proof. The three properties of a morphism of complex spaces of being proper, of
being flat and of having reduced fibres are all stable under pullback. For every point
m' € M’ we have that E] , = Ej,,. In particular this shows that £ = E¥ x /M’
The group law E®™ X, E™ — E™ and action map E™ X, E' — E' are defined
as the base change of E™ Xy B — E" resp. B X,y E — E along h: M’ — M.
Then clearly the fibres of f’ : B — M’ are elliptic curves or Néron polygons, since
the fibres of f: £ — M are such. O]

We have defined level-N structures, points of exact order N and cyclic subgroups
of order N in Definitions 5.6.1, 5.7.1 resp. 5.8.1 for relative elliptic curves and in
Definition 6.4.1 for Néron polygons. We conclude this section by giving the common
generalization of these definitions to generalized elliptic curves.

Definition 6.5.4. Let f: . — M be a generalized elliptic curve and let N € Z5;.

(1) A level-N structure on the generalized elliptic curve E/M is an isomorphism of
M-groups ¢ : (Z/NZ)? x M — E*™[N].

(2) A point of exact order N on E/M is a section @) : M — E of f such that for
each point m € M the element Q,, := Q(m) of the group (F,,)"® have order N.

(3) A cyclic subgroup of order N on E/M is an M-subgroup G C E® such that
for each point m € M the subgroup G,, := G N E,, of the group (F,,)"® have
order N.

We will say a point @) of exact order N resp. a cyclic subgroup G of order N on a
generalized elliptic curve E'/M is ample if for each point m € M such that the fibre
E,, is a singular Néron polygon, the point @),, resp. cyclic subgroup G, is ample in
the sense of Definition 6.4.10.

Definition 6.5.5. Let f : EE — M be a generalized elliptic curve and let N € Z5;.

(1) We will say a cyclic subgroup G C E* of order N on E/M is ample if for every
m € M it intersects each connected component of the fibre (E%™),,.

(2) We will say a point @ of exact order N on E/M is ample if the cyclic subgroup
G = (Z/NZ)- P = U, [i]z(P) it generates is ample in the sense of part (1)
of this definition.
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Chapter 7

Toric geometry

Toric geometry is a fruitful source of examples in algebraic geometry, a thesis this
thesis hopes to support. A toric variety is a C-variety which contains an algebraic
torus as an open dense subvariety. One builds a toric variety F'(N,Y) from two
ingredients: a finite free Z-module N, called the lattice, and a set of nicely arranged
cones in the finite-dimensional real vector space Nr = N ®z R, called the fan. The
torus can be thought of analytically as N ®z C*, but will be defined in schematic
parlance as Ty = Spec C[M], where M = Hom(N, Z) is the dual lattice of N. The
toric variety F'(N,3) is acted upon by Ty, such that the Ty-orbits correspond to
the cones in the fan X. This orbit-cone correspondence is the subject of Section 7.3.

We call a pair (NV,3) as above a rational partial polyhedral decomposition, or
RPP decomposition for short. The assignment of a toric variety F'(IV,Y) to an RPP
decomposition is functorial. In fact, Theorem 7.1.8 states that I’ is an equivalence of
categories between the category of RPP decompositions and the category of normal
toric varieties and toric morphisms.

Section 7.3 discusses fibre products of toric varieties. Its central result is that the
fibre product of two toric morphisms is again a toric variety, provided one of the
morphisms is flat with reduced fibres.

In Section 7.4 we discuss projective toric morphisms. Section 7.5 provides a major
source of examples of these, viz. star-subdivisions. Section 7.4 includes a description
of (very) ample torus-invariant divisors relative to a toric morphism for technical
reasons detailed in Section 10.4.

7.1 Toric varieties from fans

In this section we will give a synopsis of the construction of a toric variety from
combinatorial data. We refer to | ] for a comprehensive treatment including
proofs.

Definition 7.1.1. (1) A C-variety is, for us, an integral separated scheme locally
of finite type over C. A morphism of C-varieties is a morphism of schemes over
C. The category of C-varieties is denoted C-Vrt. We will write X x Y for the
product of two objects X and Y in C-Vrt, even though it is given by the fibre
products X Xgpecc Y in the category of schemes.
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(2) A C-algebraic group is a group object in the category of C-varieties. The category
of C-algebraic groups and homomorphisms thereof is denoted C-AlgGrp.

We now discuss how to construct an algebraic torus T from a lattice N.

Definition 7.1.2. A lattice is a free Z-module of finite rank N. A homomorphism
between two lattices is an additive map.

We write G,,, = G,,, ¢ for the multiplicative algebraic group over C, whose C-points are
given by G,,(C) = C*. For each integer k € Z the map z +— z* is an endomorphism
of G,,, which gives an identification

HomeAlgGrp (Gm7 Gm) =7
Let N be a lattice. Then its Z-dual M = NY = Homgz(N,Z) is also a lattice.
Write Ty = Spec C[M] for the C-algebraic torus attached to N; its C-points are
given by Tn(C) = Homz(M,C*) = N ®z C*. The group of 1-parameter subgroups
Of TN is
HomeAlgGrp (Gm7 TN) = HOmz(Z, N) = N (71)

and the character group of Ty is given by

HomC,AlgGrP (TN7 Gm) = H0m2<N, Z) =M. (72)

The assignment N +— Ty gives rise to an equivalence of categories from the category
of lattices to the category of algebraic tori over C. In particular, for two lattices N
and N’ we have

HomC,AlgGrp (TN, TN/) = Hom (N, N/) . (73)

Composition gives a pairing

HomeAlgGrp (TN; Gm) X HomcfAlgGrp (Gma TN) - HomcfAlgGrp (Gma Gm) )

(7.4)
(g, f) —gof
which under the above identifications corresponds to the duality pairing
()M xN— Z. (7.5)

We now discuss a vast extension of the above construction of algebraic tori, which
produces torus embeddings.

Definition 7.1.3. (0) A torus embedding T C X consists of an algebraic torus T,
contained as a Zariski-dense open subset in an algebraic variety X, together
with an action 7' x X — X that extends the group law on 7', i.e. such that the
diagram

I'x X — X
U U

I'xT ——T
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commutes.

(1) A morphism from one torus embedding 77 C X to a second 77 C X' is a
dominant morphism of algebraic varieties f : X — X’ that restricts to a sur-
jective group homomorphism f|, : T"— T" and is equivariant with respect to
the respective torus actions, in the sense that it renders the following diagram
commutative:

I'x X — X

f‘TXfl lf

T'x X' —— X',

(2) When we say a torus embedding 7" C X has a certain property of C-schemes (i.e.
separated, normal, proper, smooth), then it is meant that X has that property.

In toric geometry one constructs a torus embedding starting from certain combinato-
rial data called a rational partial polyhedral decomposition, or RPP decomposition
for short.

For a lattice IV, we will call the tensor product Ng = N ®z R the realification of
N, for it is a real vector space with integral structure N. Given subsets R C R and
o C Nr we write

R.g:{eri:nezzo,ﬁGR,Uz'GUfOTalllgiSn}'

=1

Let Mr = M ®z R = Homg (Ng, R) be the dual vector space, with integral struc-
ture M. We have a duality pairing Mr ®r Ng — R obtained from the duality
pairing M ® N — Z by the scalar extension Z — R. Given u € Mg we write
ut = {v € Ng : (u,v) = 0}; provided u # 0 this is a hyperplane in Ng.

Definition 7.1.4. Let N be a lattice and Ng = N ®z R its realification.

(1) A convez cone in Ng is a subset o C Ng such that 0 = Rx¢ - 0.

(2) A convex polyhedral cone is a cone R>q - S for a finite subset S C Ng.

(3) A rational convex polyhedral cone is a cone Rsg - S for a finite subset S C N.
(4)

4) The dimension of a cone 0 C Ng, denoted dim(o), is defined to be the dimension
of its R-span, i.e. dim(o) := dim(R - 7).

For any subset 0 C Ngr we define its dual

0" ={u€ Mg : (u,v) >0 forall v € o} (7.6)

which visibly is a convex cone. If ¢ is a (rational) convex polyhedral cone, then o is
again such a cone, and the duality theory of convex analysis states that (¢¥)" = o,
see | ][Section 1.2, (9), (1)]. A face of a convex polyhedral cone o is a subset
utNo for some u € . If we write ¢ = R+ S, then the face of o cut out by u equals
utNo =Rso-T with T = {v € S : (u,v) =0} C S. Therefore a face of a (rational)
polyhedral cone is again such a cone. Any intersection of faces of ¢ is again a face
of o, and a face of a face of o is a face of o | |[Section 1.2, statements (3), (4)].
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Proposition-Definition 7.1.5. For a convex polyhedral cone o, the following are
equivalent:

(1) on(=0) ={0};
(2) R- O'v = MR,'
(3) there exists u € oV with ut No = {0}.

A convex polyhedral cone is called strongly convex if it satisfies any, hence all, of
these equivalent conditions.

Proof. See | |[Section 1.2, (13)] for a proof of these equivalences. O

Let o be a convex rational polyhedral cone in Ng. Then the monoid N, := NNo is
a finitely generated monoid, see | 1[81.2, Proposition 1]. The unit group of N,
is trivial, i.e. one has N := N, N (—N,) = {0}, if and only if o is strongly convex,
i.e. one has o N (—o) = {0}.

Let o be a strongly convex rational polyhedral cone. A nonzero n € N, is called
indecomposable if n = ny + ny with ny, ny € N, implies that n; = 0 or no = 0. The
set of indecomposable elements of N, is the smallest set of generators of N,.

Definition 7.1.6 (fan). Let N be a lattice. A fan in Ng is a collection ¥ of strongly
convex rational polyhedral cones in Ng such that

e if 0 € ¥ and 7 is a face of o, then 7 € ¥;
e if 0,7 € ¥ then 0 N7 is a face both of ¢ and of 7 (hence belongs to ¥).

Definition 7.1.7. (0) A rational partial polyhedral decomposition or RPP decom-
position is a pair (N, X)) consisting of a lattice N and a fan ¥ in Ng.

(1) A morphism h: (N,X) — (N',¥') between RPP decompositions is an additive
map h : N — N’ with finite cokernel such that its scalar extension hg : Ng — Nj
maps each cone in ¥ into some cone of ¥’ i.e. for each o € X there exists o/ € Y/
with hr(o) C o'

By abuse of notation, if no ambiguity is likely to arise we will drop the subscript
from hg and simply write h: Ng — Ng.

Theorem 7.1.8. There exists an equivalence of categories from the category of ra-
tional partial polyhedral decompositions to the category of normal torus embeddings,

written (N, %) — (Ty C F(N,X)), and h — F(h).
Proof. See | ][Theorem 4.1]. O

If ¥ is the set of faces of a strongly convex rational polyhedral cone ¢ in Ng, then we
will also write F'(N, o) for F(N,X). Denoting the duality pairing (-,-) : M x N — Z
and M, ={£ € M : ({,0) > 0}, we have F(N,X) = Spec C[M,].

For a general RPP decomposition (N,3), the toric variety F'(IV,Y) is obtained
by gluing together the affine toric varieties F'(N, o) for the cones o € ¥, as we will
discuss in the next section.

Definition 7.1.9. A strongly convex rational polyhedral cone o is called nonsingular
if there exists a Z-basis B of N and a subset S C B such that 0 = R5( - S. We call
o singular if it is not nonsingular.
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Theorem 7.1.10. For an RPP decomposition (N, ) we have the following equiv-
alences:

(1) F(N,X) is of finite type over C if and only if ¥ is a finite set;

(2) F(N,X) is smooth over C if and only if each cone o € ¥ is nonsingular;

(3) F(N,X) is proper over C if and only if |J,cx. 0 = Nr;

(4) F(N,X) is affine over C if and only if ¥ consists of the faces of a single cone
m NR.

Proof. Parts (1), (2), (3) and (4) are proved as Thm. 4.1, Thm. 4.3, Thm. 4.5 resp.
Thm 4.2 in | ]. O

Definition 7.1.11. We say a morphism h : (N, X) — (N',¥’) of RPP decomposi-
tions is

(1) proper if for every o' € ¥’ the set {o € ¥ : h(o) C ¢’} is finite and its union is
h=t(0);
(2) weakly semistable if for every o € ¥ there exists ¢’ € ¥/ with h(NNo) = N'No’.

Theorem 7.1.12. For a morphism h : (N,%X) — (N',¥') of RPP decompositions,
we have the following equivalences.

(1) E(h) is proper if and only if h is proper;
(2) F(h) is flat with reduced fibres if and only if h is weakly semistable;
(3) F(h) is birational if and only if h : N — N’ is an isomorphism of Z-modules.

Proof. Part (1) is classical and can be found for example in | |[Theorem 4.4].

Part (2) is more recent and proved in | ][Theorem 2.1.4].

For part (3) note that F'(h) is birational if and only if it restricts an isomorphism
of algebraic tori Ty — Tys. This happens precisely when A : N — N’ is an iso-
morphism, because the functor Ny — T, from lattices to C-algebraic tori is fully
faithful by (7.3), hence reflects isomorphisms. ]

Notation 7.1.13. Let ¥ be a fan in Ng, and let k& be a positive integer. We will
denote ¥, = {0 € ¥ : dim(0) < k} the subset of ¥ consisting of those cones that
have dimension less than k. Then (N,¥_4) is again an RPP decomposition, and
the natural map F'(N,YX_;) — F(N,X) is an open embedding complementary to a
closed subset of codimension at least k. For | € Z5( we define Y«; = X1, and let
Y(l) = {0 € ¥ : dim(o) = I} be the set of I-dimensional cones of X.

7.2 The orbit-cone correspondence

In this section, we show that given an RPP decomposition (/V,Y) the cones in the
fan X are in bijection with the Ty-orbits of the toric variety F'(N,X).

Theorem 7.2.1 (orbit-cone correspondence). (1) Let (N,X) be an RPP decompo-
sition, and let Ty C F(N,X) be the associated torus embedding. Then there
exists a bijection
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by = TN\F(N> 2)7
o — O(0) :== Hom (M No+,C*).
Let n be the rank of N. We have dim F(N,0) = n — dim(o). Moreover, the

Zariski-closure of O(o) is

V(e):=0(0)= | O(r). (7.8)

(7.7)

(2) Let h: (N,X) — (N',Y') be a homomorphism of RPP decompositions. Then we
have that F(h)(O(0)) = O (¢’) where ¢’ is the smallest cone of ¥’ containing
h(o).

Proof. For part (1) see | ][Theorem 3.2.6].

Before starting the proof of part (2), we make a couple of observations. Because
F(h) : F(N,X) — F(N',Y') is equivariant with respect to the surjective homo-
morphism T — T the image under F'(h) of a Ty-orbit O(cy) with o9 € ¥ is a
Tnr-orbit O(7p) for a uniquely determined 7y € 3.

Now consider two cones 01,09 € Y. From part (1) it follows that oy C o9 if
and only if O(o2) C O(o1) = V(o1). Write O(;) = F(h)(O(0;)) with 7, € ¥/
for i = 1,2. If O(oy) C O(oy) then continuity of the map F(h) implies that
O(me) = F(h)(O(02)) C F(h)(O(01)) C F(h)(O(o1)) = O(11). We conclude that
01 C 09 implies 74 C Ty.

Using part (1) it then follows that for oy € ¥ and 75 € ¥’ we have the implication

F(h)(O(00)) = O(m0) = F(h)(F(N,00)) C F(N,0). (7.9)

We will now begin the actual proof of part (2). First of all since h(c) C o’ it
is clear that F'(h)(O(o)) C F(h)(F(N,o0)) C F(N',0'). Now F' (N',¢’) decomposes
into the orbits O(7’) with 7’ a face of o’. We conclude that F'(h)(O(c)) = O (1) for
a certain face 7 of ¢’. It remains to prove that 7 = ¢’.

The implication (7.9) shows there is a toric morphism F'(h) : F(N,o) — F(N’, 7).
By full faithfulness of the equivalence F', it must be induced by a morphism of RPP
decompositions h : (N,o) — (N', 7). In particular we have h(o) C 7. Since 7 C o’
and o’ is chosen to be the smallest cone in 3’ with h(c) C ¢’ we conclude that
7/ = o', as was left to be shown. O

Alternatively, o € ¥ as in part (2) of the Orbit-Cone correspondence may be pinned
down as the unique cone of 3 such that h(o) is contained in ¢’ and meets the relative
interior of o’.

Remark 7.2.2. Any reduced Ty-stable closed subvariety of the toric variety F(X)
has the shape peP O(p) for a unique subset P C ¥ having the property that each
cone in X that contains a cone in P, belongs itself to P.

7.3 Fibre products of toric varieties

The purpose of this section is to show that the fibre product of two toric varieties
F(Ny,%q) and F(Ny,Y5) over a third one F(Ny,Yo) taken in the category of C-
varieties may be described as a toric variety F'(N,Y) under mild conditions which
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are satisfied in the applications we have in mind. We start by showing that the
category of RPP decompositions has a final objects and (binary) fibre products.

Theorem 7.3.1. (1) The RPP decomposition (Z°,{{0}}) is the final object in the
category of RPP decompositions. We have that F(Z°,{0}) = SpecC is the final
object in the category of C-varieties.

(2) Let hy : (N1,%1) — (No, Xo) and h : (Ng, 39) — (No, 20) be morphisms of RPP
decompositions. Then (N,X) = (N7 X, No, 31 ®so Xo), where

> X, Yo = {0’1 Xgo O2 1 05 € > for alli € {0, 1, 2} and hy (0’1) U ho (02) C 00}

(7.10)
is an RPP decomposition. The projection maps m; : N — N; (i = 1,2) define
morphisms of RPP decompositions 7; : (N,X) — (N;,%;). The fibre product of
hy and hy in the category of RPP decompositions is given by (N,X) and the
morphisms ;.

Proof. Part (1) is left to the reader. For part (2) the reader may consult | ][Def.
2.2.1] and the discussion following it. O]

Theorem 7.3.2. Let the notation be as in Theorem 7.5.1. If hy is weakly semistable,
then m 1s weakly semistable and the diagram

F(N,%) =2 F(Ny, %)

ml lhl

F(h, %)) —2 F(Ny, %)
15 cartesian in the category of C-varieties.
Proof. See | ][Lemma 2.2.6]. O

Corollary 7.3.3. Let n € Zs¢ and let h; : (N;,%;) — (No,2o) (1 < i < n)
be morphisms of RPP decompositions with common target. Then the fibre product
(N,%) of {h; : 1 <i < n} exists in the category of RPP decompositions. If at most
one of the morphism h; is not weakly semistable, then F(N,X) is the fibre product
of the collection of F (N;,%;) over F (Ny, Xo) in the category of C-varieties.

Proof. For n = 0 this is the content of Theorem 7.3.1(1). For n = 1 the statement
is trivial. For n = 2 this follows from Theorem 7.3.1(2) and Theorem 7.3.2.

Now let n > 3 and suppose the statement has been proved for n — 1. By renum-
bering, we may assume that hq,...,h,_1 are weakly semistable, and then we find
that their fibre product (N',¥’) is weakly semistable over (N, ). Furthermore
F (N',%) is the fibre product of F'(N;,%;) for 1 < i < n — 1 over F (Np,%p).
Applying the case of binary fibre products to (N, ¥’) and (N, X,) completes the
induction step. The proof is concluded by induction on n. O

Any category that has binary fibre products and a final object also has binary
products. Indeed, the fibre product of two objects over the final object is a product
for these two objects.
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Corollary 7.3.4. Let (Ny,%) and (N3, X2) be RPP decompositions. Then we have
that (N7 X N, 31 ® 3o) with X = X1 Q%5 1= {01 X 09 : 01 € X1,09 € Yo} is an RPP
decomposition, the projection maps m; : Ny X No — N; (i = 1,2) define morphisms
of RPP decompositions m; : (N1 X No, 31 ® 3o) — (N;, %) (1 = 1,2), and together
these form the product of N1 and Ns in the category of RPP decompositions.

Moreover, the toric variety F (N1 X Na, 31 ® Xy) together with the morphisms
F(m): F(Ny x Ny, ¥y ® 3y) — F (N, %) (1 = 1,2) form the product of F' (N1, %)
and F (N3, %5) in the category of C-varieties.

Proof. The first statement follows on combining Theorem 7.3.1(1) and (2). For the
final statement we note that any morphism to the final object in the category of RPP
decompositions is weakly semistable, so that Theorem 7.3.2 may be invoked. [

Remark 7.3.5. We remark in passing that fibre products in toric (or logarithmic)
geometry form in general a quite subtle subject, see e.g. | | for an extensive
treatment.

7.4 'Toric projective morphisms

In this section we first recall the definitions of prime, Weil and Cartier divisors. Then
we describe the torus-invariant divisors on a toric variety in terms of 1-dimensional
cones in the corresponding fan.

Definition 7.4.1. Let X be a normal (irreducible) C-variety X, which is locally
of finite type but not necessarily quasi-compact.

(1) A prime divisor Z on X is an irreducible closed subvariety of X of codimension
1. Let X be a normal irreducible C-variety. The local ring Ox  of X along Z is
an integrally closed Noetherian local ring of Krull dimension 1, hence a discrete
valuation ring, whose field of fractions is the function field C(X') of X. We denote
the normalized valuation corresponding to Ox z by ordy : C(X)* — Z.

(2) A Weil divisor on X is a function Z — az that assigns to every prime divisor Z
on X an integer ay € Z such that each point in X has an open neighborhood U
which meets only finitely many prime divisors Z of X with az # 0; we denote
this function by the formal sum D = )", azZ. The set of Weil divisor on X is
a group for componentwise addition (Y, az2) + (>_,b22) = > ,(az +bz)Z,
called the divisor group of X and denoted Div(X).

(3) Let f € C(X)*. Then div(f) = >_,ordz(f)Z defines a divisor on X. A divisor
having this shape is called a principal divisor. A Cartier divisor on X is a Weil
divisor D = ), azZ such that X is covered by open subsets U for which D/
is a principal divisor on U.

Now let X = F(N,X) be the (normal irreducible) toric variety attached to an RPP
decomposition (NN, ¥). The open dense torus Ty in X acts on the variety X via
automorphisms, and consequently on the set of prime divisors of X and on the
divisor group Div(X) of X. If p € ¥(1), i.e. p is a 1-dimensional cone of ¥, then
via the Orbit-Cone correspondence we see that D, := V(p) is a prime divisor on Z.
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Each torus-invariant prime divisor on X has this shape, see | ][8§4.1]. The torus-
invariant Weil divisors on X are therefore given by >° .+ ) a,D, where ¥(1) — Z,
p — a, is an arbitrary map of sets. We denote by u, the unique primitive vector of
aray p € X(1).

We now give a criterion for a torus-invariant Weil divisor D = ) ,azZ to be
Cartier in terms of so-called support functions. We call the set |X| = |, 5,0 C Nr
formed as the union of all cones in X, the support of 3.

Definition 7.4.2. A support function is a function ¢ : [3| — R that agrees on each
cone o € ¥ with some R-linear function Ng — R and satisfies ¢p(M N |X]) C Z.

Lemma 7.4.3. Let D = Zp a,p be a torus-invariant Weil divisor on X. Then
D is Cartier if and only if there exists a support function ¢ : |¥| — R such that

o(u,) = —a, for every p € X(1).
Proof. See | ][Theorem 4.2.12] O

Since each cone o € ¥ is the convex hull of the rays p € ¥(1) contained in o, a
Cartier divisor D has a unique support function, which we denote ¢p.

Definition 7.4.4. Let f : X — Y be a proper morphism of C-varieties, and let £ be
a line bundle on X. We say £ is f-base point free if the adjunction map f*f.L — L
is surjective. If £ is f-base point free, then we we write ¢, : X — Py (f.L) for the
Y-morphism attached to the epimorphism f*f,.L — L. We say L is f-very ample
if ¢, is a closed embedding. We say L is f-ample if for every quasi-compact open
subset U of Y there exists a positive integer k& > 0 such that £®¥| F-1(v) is very ample
relative to f : f~1(U) — U.

In case Y = SpecC, we will say that L is base-point-free (resp. very ample, resp.
ample) if it is f-base-point-free (resp. f-very ample, resp. f-ample).

Let (N,Y) be an RPP decomposition. Let n = rkz N = dimg Ng. A subset S of Ng
is called convez if tu+ (1 —t)v € S for all u,v € S and ¢ € [0, 1]. We say ¥ has full-
dimensional convex support if |X| is a convex subset of Ng and each maximal cone
o € 3 has dimension dim(o) = n.

Henceforth assume that |¥| has full-dimensional convex support. A wall of ¥ is
a cone 7 € 3(n — 1) such that 7 = 0 N ¢’ for any two distinct 0,0’ € X(n).

Definition 7.4.5. Let S be a nonempty convex subset of Ng. A function ¢ : S — R
is called convez if for all u,v € S and t € [0, 1] we have the inequality

to(u) + (1 — 1)) < d(tu + (1 — t)v). (7.11)

If in addition, the above inequality is an equation only if © and v belong to one and
the same cone of Y, then we say ¢ is strictly convex.

Theorem 7.4.6. Let D be a torus-invariant Cartier divisor on a proper toric variety
X. Then the following statements are equivalent:

(1) the support function ¢p : |X| — R is convez;
(2) the line bundle Ox (D) is base-point free.
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Proof. See | ][Theorem 6.1.7]. O

Theorem 7.4.7. Let D be a torus-invariant Cartier divisor on a proper toric variety
X. Then the following statements are equivalent:

(1) the support function ¢p : |X| — R is strictly convez;
(2) the line bundle Ox (D) is ample;
(3) the line bundle Ox (kD) is very ample for all k > max{1,n — 1}.

Proof. See | J[Lemma 6.1.13 and Theorem 6.1.14]. O

Theorem 7.4.8. Let f : X — X' be a proper toric morphism induced by a morphism
of RPP decompositions ¢ : (N,X) — (N',%'). Let D be a torus-invariant Cartier
divisor on X . Then we have |X| = ¢z (|X']), and the following equivalences hold.

(1) The line bundle Ox (D) is f-base point free if and only if for each o' € ' the
restriction of the support function ¢p to ¢,§1(0’) 1S COnveLw.

(2) The line bundle Ox (D) is f-ample if and only if for each o' € ¥ the restriction
of the support function ¢p to ¢g' (') is strictly convex.

Proof. We have already shown in Theorem 7.1.10(3) that f is proper if and only if
3] = dr ().

(1) This follows from Theorem 7.4.6, relative base-point-freeness being Zariski-local
on the base and the fact that for every affine Noetherian scheme U = Spec A and
coherent Op-module F the map I'(U, F) ® 4 Oy — F is an epimorphism.

(2) See | J[Theorem 7.2.11]. O

Theorem 7.4.9. Let f : X — Y be a toric morphism. Then f is projective if and
only if f is proper and there exists an f-ample torus-invariant Cartier divisor D on
X.

Proof. See | J[Theorem 7.2.12]. O

7.5 Star-subdivisions

There is an elegant geometric way of producing projective toric morphisms by per-
forming a star-subdivision on a fan.

A vector v in a lattice N, embedded as always in its realification Nr = N ®z R, is
called primitive if {a € R:av € N} = Z.

Definition 7.5.1. Let (N, X) be an RPP decomposition, and v € N be a primitive
vector. We define the star-subdivision of > at v to be the set consisting of the
following cones in Ng:

e those cones in Y that do not contain v;

e for a cone o € ¥ containing v and a face 7 of ¢ that does not contain v, the cone
spanned by 7 and v.

77



We will denote this set by ¥*(v). Thus, the star-subdivision of ¥ at v is given by
Yw)y={reX|vértu{r+Rsg-v|vgreXandTU{v} CoecX}. (7.12)

Geometrically one obtains 3*(v) from ¥ by decomposing each cone in ¥ that contains
v into smaller cones with R>¢ - v as extremal ray. It is immediate from the definition
that {re X :v ¢ 7} = {7 € £*(v) : v ¢ 7}, so formation of the star-subdivision of
Y at v alters only the set of cones containing v.

Definition 7.5.2. A fan Y in Ny is called a refinement of ¥ if each cone in ¥/ is
contained in a cone of Y, and each cone in X is the union of cones in >'.

It follows from Theorem 7.1.12(1,3) that a refinement induces a proper birational
morphism F(idy) : F(N,¥) — F(N, ).
Lemma 7.5.3. Let (N,X) and v be as in Definition 7.5.1. Then:

(1) the star-subdivision ¥*(v) of ¥ at v is a refinement of ¥;
(2) the induced toric morphism F (N, X*(v)) — F(N,X) is birational and projective.

Proof. (1) See | |[Lemma 11.1.3].
(2) The morphism F (N,¥*(v)) — F(N,X) is birational by Theorem 7.1.12(3).
It is projective by | |[Lemma 11.1.6] O

Let V' be a set of primitive vectors in N N |3] such that each cone o € ¥ contains at
most one v € V. Since forming the star-subdivision of X at a vector vy only alters the
cones in Y that contain vy, we can perform the star-subdivision of ¥ simultaneously
at all vectors v € V to obtain a refinement X*(V') of V. This fan 3*(V') consists of
the following cones in Ng:

e those cones in Y that do not contain any v € V;

e for a cone o € X containing some v € V and a face 7 of o that does not contain

v, the cone spanned by 7 and v.

In a formula, the refinement ¥*(V') of ¥ is the disjoint union
YVy={reX|tnV=0}u |_|{T—|—R20-v|v¢T€EandTU{U}C0€Z}.
veV

Remark 7.5.4. The assertions in Lemma 7.5.3 remain true if we replace v by V, i.e.
¥*(V) is a refinement of ¥ and F(idy) : F(N,X*(V)) — F(N,X) is a birational
projective toric morphism.
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Chapter 8

The Tate curve

Let h > 1 be an integer. In this chapter we will describe a construction due to Tate
of a generalized elliptic curve Tate, — A over the unit disk with a single singular
fibre at 0 that is a Néron h-gon. This is the local model at a cusp of width h for the
compactification of the universal elliptic curve & — Y (T') to a generalized elliptic
curve Dr — X ('), to be constructed in Chapter 9.

We start by constructing a toric variety G over the affine line G° = SpecC|q]
with an action of Z and a multiplication map G Xgo G — G. Then we use the
analytification functor from Section 2.6 to obtain a complex manifold over A. It
inherits an action of Z over A, which will be shown to be proper and free. This
allows us to take the quotient for the action of the subgroup hZ C Z for every
h € Zs,. This quotient is the desired generalized elliptic curve Tatey, called the
h-sided Tate curve.

8.1 The toric variety ¢

Let N' = Z{®} and let M' = Hom (N, Z) be its Z-dual. Consider the collection of
cones in Ng

1
le{O}U{li:iEZ}U{aj:j€§+Z}

given by

, 1 1
li:RZO'(LZ)a Uj:RZU'(17]_§)+RZO‘(173+§)

(here and in the rest of this section, i denotes an integer and j a non-integral half-
integer). Then [; is the face that 01 and o; +1 have in common, while o; is the
closed region bounded by I;_1 and ;1. Further, o; N oy = {0} if |j — j'| > 2 and
l; N1y = {0} whenever |i —i’| > 1. Thus the conditions in Definition 7.1.6(1) for 3!
to be a fan in N} are fullfilled.

Definition 8.1.1. We let G be toric variety attached to the RPP decomposition
(N, Y.
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We will now describe G in quite a bit of detail. It is not difficult to see that
M, = Z5 - {(—4,1), (i, —1), (1,0)},

1 1
M =Zoo-{(=—4.1).(7+=.—1)}.
o) >0 {(2 I )a(]+27 )}

We write x™ € C[M'] for the element m € M' viewed as a character of the torus
Tn1 = Spec C[M'], and put

zi =X = x0T, g =X e CIMY). (8.1)

X
The affine open subsets F(N', o) = Spec C[M}] C F(N',X!) for the nonzero cones
o € X! are given by
F<N1> Uj) = SpecC[xjfé, ijr%] = A(237
F(N'o %) NXy , =X, = Spec Clq, zi, ]/ (zay; — 1) = AL xc Ge.
T2

»Yg—

The gluing of F(N',0;_1) = SpecC[z;_1,4;] and F(N',0,,1) = SpecClz;, yi+]
along F(N*',1;) = SpecClq, z;,vi]/(zsy; — 1) is described as follows: we have that
F(N'l;) C F(N', ai_%) is the open subset where y; is invertible, whereas F/(N!, ;)
is the open subset of F(N', 0, 1 ) where x; is invertible, and the coordinates are
related by:

Ti—1 = T4,
Yi+1 = Yiq.

Consider the fan (N° 2°) where N° = Z{% and ¥° = {{0},7°} consists of the
two faces of the strongly convex rational polyhedral cone

(8.2)

7" =Rsp-1 CR=(NR.
Let M° = Hom(N°, Z) = Z{% be the Z-dual of N°. The monoid (M®),0 = Z5o- 1 is

free with generator 1, so that F(N° %) = SpecC[q| is an affine line over C, whose

affine coordinate we again denote ¢ = x'.

Lemma 8.1.2. The homomorphism of lattices

m: Nt =Z0U o NO =710

’ (8.3)
(a0, a1) — ao,

defines a weakly semistable morphism of RPP decompositions (N1, X1) — (N°, %9).

Proof. We need only show that for every cone o € X! there is a cone 7 € X0 with

(o N N') = 7N N° This is the case since h(l; N N') = 7N N° = h(o; N N*') for

alli € Zand j € 5 +Z, and trivially 2({0} N N') = {0} N N°. O

Now by functoriality 7 induces a toric morphism

f=F(r):G=FN,%) — g°=F(N° X%, (8.4)
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which extends the map SpecC[n*] : Ty1 = SpecC[M!'] — Tyo = Spec C[M°] of
algebraic tori obtained from 7V : M° — M. The fact that ¢ := x! € C[M]
gets pulled back to ¢ := Y% € C[M!] justifies calling both characters ¢. Since
Tj 1Yl = 33Dy G- = (10 — ¢ we have the coordinate description

F(r): F(N',0;) = SpecClz;_1,y;,1] — F(N° 1°) = Spec Clg], 5
? 2 8.5
Tj1Yj+l G-
Lemma 8.1.3. The open subset where the morphism f = F(rw): G — G is smooth
18 given by

g™ =F(N'3L) = JFW' 0 (8.6)
€2

Proof. Since smoothness of a morphism is local on the source, we may restrict our
attention to the affine open subset F'(N',0;) corresponding to a maximal cone o
of the fan ¥'. There the morphism F'(N',0;) = SpecClz;_1,y;,1] — G = SpecClq]
is given by ¢ — z;_1y;,1 according to equation (8.6). It follows from the Jacobi
criterion that the morphism is smooth but at the point O(o;) = V(xj_%,yﬁ%).
Hence G5 N F(N',0;) = F(N', L) U F(N', lj41), as desired. O
Given a scheme X and a global regular function ¢ € Ox(X), we denote V(g)
the closed subscheme of X where g vanishes, and D(g) its open complement. In
this notation, the origin of the affine line G = Spec C|q] is given by V(q), and its

complement is denoted D(q).
We will now examine the fibre G xgo V(q) of f = F(7) over the origin V(¢q) C G°.

Lemma 8.1.4. The fibre G xgo V(q) is the union of a Z-indexed family of projective
lines {V(l;) : i € Z}, with V(lj_%) and V(ZH%) intersecting transversally in V(o;).

Proof. We will make frequent use of the Orbit-Cone correspondence Theorem 7.2.1.
Since ™ maps each nonzero cone of ! surjectively onto 7° € X° we have that
f~Y(D(q)) = O({0}). Since V(I;) = V(o;_1) UO(L:) U V(o) it follows that
G xgo V(q) = Uz V().

Let j € 5 + Z. Locally on the affine open subset F(N',0;) we have that

F(N'Yo;))NV(q) =V(x

j_%)UV(yH%) C Spec Clz; LYl 1] =F(N'0;) (8.7)
is given by the union of the two coordinate axes V(z; 1) = F(NYo;)N V(ZJJr 1)
and V(z;, 11) = F(N'0;) N V(l]_i). For each i € Zzl we see that the orbit
O(l;) = F(N'1l;) N V(q) = SpecClz;,y;]/(x;y; — 1) is a projective line with two

points removed, the origins V(ai_%) and V(O'H_%) of F(N', O'i_%> resp. F(N! 1Ol 1).

8.2 Fibre power of Tate curve

For every integer k& > 1 we let G* be the k-th fibre power of the morphism of
C-varieties G — G, i.e. the fibre product of k copies of G over G°
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Qk IIngogXQO"* X go Q (88)

The aim of this section is to show that G* is the toric variety attached to a suit-
able fan. Our motivation is twofold. First, we would like to define a multiplication
map m : G5 xg G! — G, whose domain is an open subset of G2. Secondly, a toric
desingularization of G* will be involved in the construction of Kuga-Sato varieties
in Chapter 10.

Recall the toric morphism f = F(r) : G' :== F(N',2!) — GY := F(N° X% at-
tached to the morphism of RPP decompositions 7 : (N, 31) — (N° 3) we de-
fined in Lemma 8.1.2. From Theorem 7.3.2 and Lemma 8.1.2 we see that G* is
the toric variety attached to the k-th fibre power (N* XF) of the weakly semi-
stable morphism of RPP decompositions 7 : (N',3!) — (N9 X9). Tt is natural
to view the k-th fibre power N¥ = N' xyo N' xpyo --- xyo N as the free Z-
module N¥ = Z{01#} of rank k + 1, such that the projection onto the m-th factor
(m e {1,2,...,k}) is 7, : N¥ — N1 (ag,ay,...,ax) — (ao,a,) and the projection
onto N is 7 : N¥ — N° (ag,ay,...,a;) — ag. We will describe the cones in the fan
¥* in Nf = R{%1+*} based on an alternative description of those in X', using that
these cones are determined by their intersection with 7=!(1), where 1 € R = N9 is
the generator for the monoid N° N 70 = Z,,.

For k € Zsq, let H* = {1} x R¥ C Nk be the preimage of 1 € R = N under 7.
Let us also write Hs = H*NN* = {1} x Z¥ ¢ N}. Note that the fibre H* above 1 in
the k-th fibre power N} is given by the usual k-th power H' of the fibre above 1 in
N&. Via the isomorphism R 22 {1} x R* we consider R* to be embedded in N} as the
affine subspace H*. It will be practical not to reflect this embedding in our notation,
so whenever we write (x1,2s,...,75) € R¥ the point (1,21,...,2;) € H" is to be
understood. Let B¥ = [0,1]* be the unit k-dimensional hypercube, or unit k-cube
for short, situated in R¥ = H*. Let 7% = R>( - B* be the cone over B¥ ¢ H*. In this
notation, each maximal cone in X! is a Z-translate of the cone 7' = Rsq - B! over
the unit interval B! C H'. Consequently, the maximal cones in ¥ are Z*-translates
of the cone 7% = R - B¥ over the unit k-cube B¥ C H*. Let us set

78 = F(N* %) ¢ F(N*,5F).

Thus the affine toric varieties attached to the maximal cones in ¥* form an affine
open cover {a(n)(Z*):n € ZF} of F(N* %), on which Z* acts simply transitively.
Since the study of singularities is a local affair, we will focus on the study and
resolution of the singularities of Z* first. The desingularization of Z* furnishes one
for each of its Z*-translates as well, and these automatically patch together to give
the desired desingularization of the whole F(N* %) =, .o« (a(n)(Z")).

Lemma 8.2.1. The toric variety G* is nonsingular if and only if k = 1.

Proof. Since G* is covered by the Z*-translates of F(Nk, Tk), smoothness of GF is
equivalent to that of Z% = F(N* 7%), for which Theorem 7.1.10(2) gives a necessary
and sufficient criterion.

The set of fundamental generators of 7% consists of the 2 vectors (1, by, by, . .., by)

with b, € {0,1}:
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™ = > Reg-(Lby,... by (8.9)
(b ) g €{0,13*
If £ = 1 then each maximal cone Rsq - [i,7 + 1] = Rso - {(1,4), (1,4 + 1)} is
nonsingular since {(1,1), (1,7 4+ 1)} is a Z-basis of N! = Z{%1},
If £ > 2 then 2¥ > k 4 1, whence the number of extremal rays of 7% exceeds the
dimension of 7% and the cone 7* is singular. O

8.3 The multiplication m : G*" xz0 G — G

In this section we construct using toric machinery a toric morphism G Xgo G — G
which restricts to a structure of G%-group scheme on the smooth locus G and de-
fines an action of G™ on G over G°.

Let D(q) = SpecClq,q¢7'] = F(NY,{0}) c F(N° X% = G° be the complement
of the origin. Since the only o € X! such that m(0) = {0} € N° is o = {0}, we
have F(m) 1 (F(N° {0})) = F(N',{0}). It follows that there is an isomorphism of
D(q)-schemes

G xgo D(q) = SpecClq,q ", 20,25 "] = Gu.n(g), (8.10)

where Gy, p(g) is the multiplicative group scheme over D(g). Via this isomorphism
we transport the group law on Gy, pig) to G xgo D(¢), and the resulting morphism
of D(q)-schemes is denoted

m (G xgo D(q)) Xp(g) (G Xgo D(q)) = G Xgo D(q). (8.11)

Lemma 8.3.1. We have that m = F(p), where p : (N?,{0}) — (N',{0}) is the
morphism of RPP decompositions given by the homomorphism

i N?* — N,

8.12
(ag,ar,az) — (ag,a; + az). ( )

Proof. First note that m oy = m, so F(u) is a morphism over D(q). Let us write
e Mt =z — A2 = 7012} for the homomorphism dual to x. We have that
pF(xOD) = y O = 3 (0,100 (0.0.) g5 ) pulls back the ‘fibre coordinate’ y(*! on G!
to the product of the ‘fibre coordinates’ y(®10) and y(©%1) on G2, as desired. O

Corollary 8.3.2. The multiplication map m in (8.11) extends to a multiplication
map

m: G Xgo G — G. (8.13)

Proof. In Lemma 8.1.3 we have shown that G1*™ = F(N' XL,), which implies that
G X oG = F(N?,¥L, @0 B1). In the above lemma we showed that m is the toric
morphism attached to the homomorphism p : N? — N, (ag, a1, az) — (ag, a1 + as).
Thus our task is to show that u sends each cone in the fan Y1, ®yo X! into a cone
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of the fan X!, It suffices to check this for maximal cones, which have the shape
l; X0 0; for certain ¢ € Z and j € § + Z. Recalling that [; = Rxq - (1,7) and
0;=Rso-{(1,j —3),(1,j + 3)}, we indeed have that

o1 |
M(lz X 70 Oj) = N(RZO ) {(1717] B 5)7 (17Z’] + 5)})
o1 R |
:REO'{(172+]_5)7(1,24‘]4‘5)} = Ojtj.

8.4 The action of Z on ¢

In this section, we define an action of Z on G via toric automorphisms. In the next
section we will construct Tate curves as quotients for this action. We note in pass-
ing that this action extends to one of I'' := Z x py on G, and in general, that
% = ZF % 1§ x Sy, is the group of toric automorphism of G*, as we will see in (10.6).

Let m € Z. The Z-automorphism of N! given by the shear map

a(m): N' — N,

(ap, a1) — (ag, mag + ay),

(8.14)

induces an R-automorphism of Ng = R{%1 that maps the cone o; onto the cone
0jtm. Therefore a(m) is an automorphism of the RPP decomposition (N!,¥!).
Visibly a(m) o a(m’) = a(m+m’) for all m,m’ € Z, so that « : Z — Aut((N?, 21))
is a homomorphism. Thus we have defined an action of Z on the RPP decomposition
(N1, 1), which via the equivalence of categories F' corresponds to an action of Z
on the toric variety G = F(N', X1),

N

a

— Aut(g

~—

Y

3

— F(a(m)).
We will encode the homomorphism a in a morphism of C-schemes
a:ZxG—g. (8.15)
The toric automorphism a(m) of F(N?', X!) restricts to isomorphisms
a(m) : F(N',0;) = F(N', 01m),
which are in coordinates given by
(i+m,~1)

=X =,
(_ivl)

Litm = X
Yi+m = X =X = Yi-
Further, a(m) stabilizes the open subset G = F(N',XL,) on which f: G — G° is
smooth.

(=i—m,1)
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Lemma 8.4.1. The action of Z on G = F(N', 1) is compatible with the multipli-
cation map m : G™ Xgo G — G and the projection f : G — G°, i.e. the following
diagrams in the category of C-schemes commute:

ZxG 2 > G ZXxZxGxgG % Gxg G
f& / mxml ml
g’ ZxG ———4G.

Proof. The action of Zon N' = Z{%} is compatible with 7 : N' — Ny, (ag, a;) — ay,
so the action of Z on G is compatible with f = F(r): G — G°.

For my,my € Z it holds that a(my +mg) o = po (a(my) X a(ms)); in fact for
any (ag,a;,az) € N? one calculates that

a(my +mg)(p(ag, ar, az)) = a(my +ms)(ao, a1 + az) = (ao, (M1 + ma)ag + a1 + az)

= u((ag, myag + ay), (ag, maag + az)) = u(a(my)(ag, a1), a(ms)(ag, az)).

This shows that a(m; +ms) o = po (a(my) X a(ms)), as desired. O

8.5 The generalized elliptic curve Tate, = (hZ)\G|a

We now pass from the algebraic to the analytic category. The main result of this
section is the construction, for every positive integer h, of a generalized elliptic
curve Tate;, over the open unit disk A whose single singular fibre is a Néron h-gon
at the origin. The h-sided Tate curve Tate;, will serve in Chapter 9 to compactify
the universal elliptic curve at a cusp of width A.

Theorem 8.5.1. Let h € Z-y. Then there exists a generalized elliptic curve over
the open unit disk fy : Tate, — A with a level-h structure, such that

(1) the fibre of Tatey, over q € A* is the elliptic curve f, *(q) = C*/¢"% with level-h
structure (q,(n);

(2) the fibre of Tate;, over 0 € A is the Néron h-gon f; '(0) = C), with the standard
level-h structure ((0,1), ((n,0)) defined in Lemma 6.2.2.

Recall that in Section 2.6 we defined an analytification functor (-)*" from the cat-
egory of reduced separated schemes locally of finite type over C to the category of
(reduced Hausdorff) complex-analytic spaces.

The morphism f : G — G° of nonsingular toric varieties induces a holomorphic
map of complex manifolds

fan . gan N gO,an.

Since G° = Spec C[q], we have that G%* = C, with coordinate called ¢. Define the
open punctured unit disk resp. open unit disk by

A*"={qeC:0<|q <1}, A={¢geC:|q¢ <1} (8.16)
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Let us further write

Gla- =G xc A", Gla=G" xc A. (8.17)

as well as Glq) = G* x¢ {q} for every ¢ € A. Since by Lemma 2.6.4(6) a morphism
of smooth C-varieties g : X — Y is smooth if and only if ¢*" : X* — Y?" is a
holomorphic submersion we have (G)* = (G*")*™, where G™ is the open subset
where f : G — G is smooth, and (G*)*™ is the open subset where f® : G — Go0an
is submersive. By functoriality the algebraic multiplication map m : G Xgo G — G
and action map a : Z X G — G induce analytic maps

ma“:g|SAm XAQ|A—>Q|A, aan:ng|A—>Q|A. (818)

Proposition 8.5.2. There exists an isomorphism of A*-groups

g

Via this isomorphism we have for all m € Z and (xg,q) € C* x A*,

A 2 CFx A (8.19)

a(m)(xo, q) = (¢"x0, q)- (8.20)

Proof. The construction of m in Section 8.3 established that G xgo D(q) = G,, p(g)
as group schemes over D(q). The action of Z on G xgo D(q) = Spec Clzo, 75", q,q7!]
is given in these coordinates by a(m) : (zg,q) — (z—m,q) = (¢™x0,q). We conclude
the proof by applying (-)* and restricting to A* C D(q)*" = C*. O

In Section 6.1 we defined the complex-analytic space

Coo = (P x 2)/((0,) ~ (00,i+ 1)) (8.21)
together with a multiplication map (6.3) and a Z-action (6.4):

m:CE X Cyp = Cs, a:ZxCyx — Ck. (8.22)

Proposition 8.5.3. There is an isomorphism

Gloy = Cx (8.23)

via which m® and a®" in (8.3) correspond to m resp. a in (8.4).

Proof. In Lemma 8.1.4 we saw that G xgo s V(q) = U,z V(l;) where V(I;) = P¢
is the closure of the orbit O(l;) = Clx;,x;']. Thus we have a biholomorphism
z; + O(l;)™ = C* extending to an isomorphism CP! x {i} — V/(I;)® by sending
04— V(o ) and oo — V(o 2) They combine to give a surjection CP' xZ — G|o
whose ﬁbre above O(o;) is {(0,5 — 1), (00,7 + 3)}. It descends to an isomorphism
Coo — Gl{oy, since V(I;_1) and V (I, 1) mtersect transversally in the point O(o;).
The verifications tha‘u2 the algebralcally and analytically defined multiplication
and action maps agree is clear from the descriptions we have provided of them. [J

Lemma 8.5.4. Let h € Z>;.
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(1) The action of hZ on G|a is free and proper.

(2) The quotient map cy, := G|ao — Tatey, := (hZ)\G|a is an hZ-covering space and
a local analytic 1somorphism to a complex manifold.

(3) The morphism f*: G|an — A is (hZ)-invariant and descends to an analytic map
fhl Tateh — AL

(4) The morphism of C-analytic spaces fy, is flat.

(5) The continuous map fy, is proper.

(6) The multiplication m™ : G™|an XA G|ao — G|a descends to an analytic map
my,: Tate)™ x A Tate, — Tatey,.

(7) The map m restricts to a commutative A-group structure on Tate;™ and defines
an action of Tate,™ on Tate;, over A.

(8) The fibre of fy above a point ¢ € A* is f; ' (q) = C*/q"%, while the fibre above
0€ A s f,1(0) 2 Cy.

(9) The pair (fn: Tate, — A, my) is a generalized elliptic curve over A.

Proof. (1) It suffices to show that Z acts freely and properly on G|a. We define
a continuous Z-equivariant map t : G| — R, with Z acting on R by translation.
For each ¢ € Z, consider the closed subset of G| given by the following half-open
polydisk in F'(N?, 0;41)™" NG|a coordinatised by (zy, yis1) :

Fy = {(z,4i41) € C*: || < 1 Jyia| < 1 |zagiral < 1} C Gla. (8.24)
On the interior of F; let ¢ be given by

t:=1i+ —arctan(————

T 1= [yit1]

while setting t = ¢ on F;N{z; = 1} and t =i+ 1 on F4q N {y;41 = 1}. Since

lim, | 2 arctan(u) = 0 and lim,_. 2 arctan(u) = 1, one sees that the restriction of ¢

to each F; with ¢ € Z is continuous. Since {F; : i € Z} is a locally finite cover of G|a

by closed subsets, with F;_1 N F; = F;_1 N{y; = 1} = F; N {z; = 1} for i € Z being

the only nonempty intersections, it follows that ¢ : G| — R is continuous. Note

that by construction F; = t~([¢,i + 1]). Using (8.2) we see that ¢ is Z-equivariant.

Since the Z-action on R is free and proper, by Lemma 2.3.3 the Z-action on G|A is
free and proper.

(2) In part (1) we demonstrated that the group hZ acts freely and properly on
the complex manifold G|o via biholomorphisms. By Theorem 2.3.5 there exists a
categorical quotient Tatey, := (hZ)\G|a in the category of complex manifolds, and
the the quotient map ¢, : G|o — Tatey, is an (hZ)-covering space and a local analytic
isomorphism.

(3) Since the map f : G — GY is (hZ)-invariant by Lemma 8.4.1 the same is true
for f** : G|o — A. The universal property of the quotient map ¢ : G|a — Tatey,
yields a holomorphic map f, : Tate, — A.

(4) Since f : G — G is a flat morphism of C-varieties, and the analytification
functor (-)*" preserves flatness by Lemma 2.6.4(4), we find that f : G|a — A is flat.
Since ¢, : G|a — Tatey, is a local analytic isomorphism and f = f, o ¢, it follows
that f;, : Tate, — A is flat as well.

) if il Y] < 1 (8.25)
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(5) Let K C A be a compact subset. It is to be shown that fi H(K) C Tatey, is
also compact. Consider the closure F; of F; in G*", which is

Fi={(zi,yi41) € C* 1 |2y <1, |y <1} C F(NI,UH%)&H- (8.26)

Since F; is a bounded closed subset of C2, it is compact. Thus the restriction
f™g  F; — A={qeC:|g| <1} is proper. Further, we have (f**)"'(A)NF; = F;
inside Ga*.
We deduce that (f2)~1(K) N F; = (f*)~Y(K) N F; is compact for every i € Z.
For every m € Z, the map a(m)™ is an isomorphism of F; = ¢t~!([i,7 + 1]) onto
Fim = t7Y([i + m,i+ m + 1]). Therefore we have that ch(Uh ' F;) = Tatey. Since
frnoc, = f*, we find that

h—1

Fo {(E) = fi7 () new( UF = an((f ﬂUF =cn U (/™) 1 (K)NF))

(8.27)
is the image of a finite union of compact sets under the continuous map c,. We
conclude that f; '(K) is compact, as desired.

(6) The product of the hZ-covering space G|n — Tatey, with itself is an (hZ x hZ)-
covering space G|a X G|a — Tatey, X Tatey, as asserted in Lemma 2.3.4(i). Restrict-
ing it to the subspace Tate;™ xa Tatey, of Tate, x Tate, shows the natural map
G| x A G|a — Tatep™ x a Tatey, is an (hZ x hZ)-covering map (cf. Lemma 2.3.4(ii)).
Since the map m* : G|{* Xa G|a — G|a is equivariant with respect to the homo-
morphism + : (hZ) x (hZ) — (hZ), it follows that there is an induced analytic map
my, : Tate;™ x o Tate, — Tatey,.

(7) Note first that G™|» — A Denote e : G° — G the identity section and
i G"™ — G"™ the inversion map of the G%-group scheme G*™. Applying (-)** and
restricting to A gives holomorphic map e* : A — G| and *" : G|X* — G|X". Then
ep = cpoe® . A — Tatey, is a holomorphic section of f;, while i*" descends as before
to a biholomorphism i, : Tate, — Tate, over A. The identity, inverse, commuta-
tivity and associativity axioms that (Tate;", my, ey, i) be a commutative A-group
follow by functoriality from the corresponding axioms that (G, m,e,i) be a group
scheme over GY. In a similar way the axioms that my, : Tate}™ x o Tate, — Tate;, be
an action over A follow from the axioms that m : G Xgo G — G be an action over
g°.

(8) By Remark 2.3.6 we see for every ¢ € A that (hZ)\(f**)"'(¢q) = £, '(q). If
q € A* then by Proposition 8.5.2 we have (f*)~1(¢q) = C* with m € hZ acting
through multiplication by ¢™. It follows that f, '(¢) = C*/¢"%. If ¢ = 0 then by
Proposition 8.5.3 we have that (f*)7!(0) = C, with hZ acting via the action (6.4).
By Lemma 6.1.2 we find that f, '(0) = (hZ)\Cw = Cj,.

(9) By parts (2) we have that Tatey, is a complex manifold. By parts (4) and (5)
the map f, : G|a — A is proper and flat. Part (7) gives the required group law on
G| and the action of G|X* on G|a. Finally, by part (8) for every ¢ € A the fibre
£ '(q) is either an elliptic curve or a Néron polygon C,, for some n € Zs. ]

Proof of Theorem 8.5.1. To finish the proof of Theorem 8.5.1, we are left to con-
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struct a level-h structure
dy, - (Z/hZ)2 x A5 Tate)™ [h] (8.28)

on the generalized elliptic curve f;: Tate, — A. Consider the injective homomor-
phism of group complex manifolds over A

D, : Z X Z/hZ x A — Ga, (8.29)
sending (m,n, q) to the point of F(N',0,,,1)*) = {(2m, Ym+1) € C*} with coordi-
nates (xm) ym-‘rl) - (g}?7 chn)

For the action of Z on Z x (Z/hZ) x A via the first coordinate, the injective
homomorphism ®;, is equivariant, and therefore it descends to an injective homo-
morphism

ni (Z/hZ)* x A — Tate,;™. (8.30)

A cardinality argument on the fibres shows that ®;, is an isomorphism onto Tate}" [h],
which is a local system of rank-2 free Z/hZ-modules over A.

Finally we delineate what the map ®; looks like on the fibre above a point ¢ € A,
that is, describe the level-h structure (®,), : (Z/hZ)? — Tate]™ xa {q}

First let ¢ € A*. Then we have f, '(q)[h] = C*/¢"?[h] = png?/q"*. Since we have
Ty, = q ™o by (8.2), the map (®3,), : (Z/hZ)* — C/¢"* is given by (m,n) — ¢™(}.

Now suppose that ¢ = 0 € A. We have that C;*®[h] = up x (Z/hZ) and
(®n)o : (Z/hZ)* — up x (Z/hZ) is given by (m,n) — (¢, m). This is the standard
level-h structure on C}, defined in Lemma 6.2.2. We conclude that ®; is a level-h
structure on f, : Tate, — A, which is given on the fibres as in Theorem 8.5.1. This
concludes the proof. O

Remark 8.5.5. The 1-sided Tate curve Tate; — A can also be defined as a complex
submanifold of the projective plane CP? x A. In terms of homogeneous coordinates
(X :Y : Z) on the fibres, Tate; is given by the Weierstrass equation

Tate, : Y?Z + XY Z = X? 4+ ay(q) X Z* + a¢(q) Z* (8.31)

where a4, a6 : A — C are given by the following power series around 0 with integer
coefficients

oo qn oo
ailq) == 50— == 503(k)q",
n=1 q k=1
i5n +7n’ q” B _i5ag(k)+7a5(k) N
n=1 - k=1 12 o

and for positive integers m and n we set
> "
d|n,d>0

to be the sum of the m-th powers of the positive divisors of n. (We note that
(5n+7n%)/12 is an integer for every n € Z, because 223 | (n—1)n?(n+1) = n* —n?,
implies 5n® 4+ 7n® = —5n(n* —n?) = 0 mod 12.) A derivation of these formulae may
be found in | ][Section 8] or | |[Section A1.2].
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8.6 Morphisms between Tate curves

In order to show in Chapter 9 that the construction of the Shioda modular surface
Dr is functorial in the congruence subgroup I' of SLy(Z), we will define a holomor-

phic map wy, ; : Tate; — Tate, covering DPin A— A z— 2Rk for every pair of
positive integers h and h with h dividing h. It restricts on the fibres over 0 to the

contraction map uy, j,: Tate; — Tate, from Lemma 6.3.2, as we show in Proposi-
tion 8.6.2.

Suppose that I and T’ are congruence subgroups of SLo(Z) with I c I'. We saw
in Theorem 3.5.1(2) there is a natural holomorphic map py - : X([) — X(I). If
§ € Cusps(T) has width, say, h, and its image s € Cusps(I") has width h, then h
divides h and in suitable charts (3.12) the map prr is given by p.(z) = 2°, where

e = h/h, as we showed in Theorem 3.5.6. .
So let i and e be positive integers, and set h = he. Let ¢; € A" and set g, = Pe(qj,)-
Then q}fz = ¢, so there is a natural isomorphism of elliptic curves

Tate;, |{qh} = C*/qu = C*/q,}fz = Tatey, |{qh}. (8.32)

Furthermore, we have defined a contraction map in Lemma 6.3.2

Tate;, |{0} =Cj %—ﬂ> C}, = Tatey, ’{0}. (8.33)
We are going to show that these maps are the fibres of a holomorphic map
wy, ;, - Tate; — Tatey, covering p. : A — A. (8.34)

Proposition 8.6.1. There exists a holomorphic map wy,;, : Tate; — Tatey, fitting
into a commutative diagram

w
Tate; —2 Tatey, w;%(Tatezm) X a Tatej —=— Tate;,
l l wh’hxwh’ﬁl lwh,ﬁ
.
A—"" LA, Tate;™ x o Tate, ——— Tatey,.

Proof. Let e be a positive integer. The endomorphism of the RPP decomposi-
tion (N? X0) given by [e] : N — N° ag — eay induces on the open unit disk
A C C= F(N° X% the e-th powering map p. : A — A,z + z¢. This is a surjec-
tive holomorphic map whose ramification index at 0 is e, and which is unramified
outside of 0.

The endomorphism of the RPP decomposition (N, 3!) given by

po s Nt = z101} 5 N1 = Z{01}

(ag, a1) — (eao, a1), (8.35)

has the following properties:

e p. is alift of [e] along the projection 7 : N* — N° (ag,ay) — aqg, i.e. mop, = [e]oT;
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e p. is equivariant with respect to the group homomorphism [1/e] : eZ — Z, that
is we have p.(a(ke)(n))a(k)(pe(n)) for all n € N' and k € Z;

e . is compatible with p : N' xn, N' — N1 ie. for every (n;,ns) € N' X o N?
we have pe(p(n1, n2)) = p(pe(na), pe(nz)).

Therefore the toric endomorphism r. = F/(p.) of G associated with p. has the fol-
lowing properties:

(1) r. is a lift of p. along the projection f = F(7w) : G — G ie. for,=p.o f;
(2) 7. is equivariant with respect to the homomorphism [1/e] : eZ — Z;
(3) there exists a commutative diagram

re (@) X G —= G

Te Xrel lT’e

G Xg0 G —— G,

Recall that the h-sided Tate curve Tate, = hZ\(G|a) is the quotient of G|a by the
free and proper action of hZ. By property (2) the toric morphism r, descends to a
holomorphic map wy, ;,: Tate; — Tatey. Property (1) resp. (3) yield commutativity
of the left resp. right diagram in Proposition 8.6.1. [

Proposition 8.6.2. The morphism of analytic spaces over A corresponding to the
left diagram in Proposition 8.6.1

(wy, 1, [) + Tatey, — Tatey, X, A (8.36)

is a desingularization. The induced map on fibres over 0 € A is the contraction map
uy,j, + G — Cy from Section 6.3, provided we identify Tatep Xa {0} = C) as in
Theorem 8.5.1.

Proof. Since the morphism 7: (N', 31) — (N? X°) of RPP decompositions is weakly
semistable, the fibre product G xgo,. G° is the toric variety attached to the fibre
product of the corresponding RPP decomposition. We identify its lattice as

~

Nl — Nl X7, NO [e] N07

(8.37)
(a9, a1) — ((eao, ar), ao),
and note that the corresponding fan in N} is
1
Yhe ={0}U{ly:i€Z}U{oj.:j € = +Z}, (8.38)

2

where l.; = R>o - (1,€i) and o is the closed region bounded by I.; and lc(;11) for

i+%,e
every i € Z. The homomorphism (pe, 7) : N' — N X yo ) NY then becomes the
identity on N'. Thus the toric morphism

b1 F(N',SY) =G — G xgo,, G° = F(S') (8.39)

is given by the morphism of RPP decompositions id: (N!, X)) — (N1, 31¢). Tt is the
refinement obtained by forming for m = 1,2, ..., e— 1 subsequent star-subdividision
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at the sets V,,, = {(1,m +ei) : 1 € Z}.

If e = 1, then X' = ¥! is a nonsingular fan and 1 is an isomorphism, as a
desingularization of a nonsingular complex space should be. If e > 1, then all 2-
dimensional cones o;, in ¢ are singular, so the singular locus of F(N', %) is
the set F(N! Lhe)sing — U]E%JFZ O(0j.). Because a refinement never alters cones of
dimension < 1, it follows that F'(N?!,3') — F(N?, 31¢) restricts to an isomorphism
over F(N', ¥L%) = F(N', 21¢)*8 hence v is a desingularization.

For every integer k we have that ¢ intertwines the action of ke € eZ on G with
the pullback of the action of e € Z on G Xgo p(e)) G°, 80 ¥]a : Gla — Gla Xap A
descends to the desingularization

(whim f) . Tate;L = (EZ)\Q — (hZ)\(Q XQO,F([e]) g0)|A = Tateh XA,pe A. (840)

Here we used that taking quotients by proper and free actions commutes with pull-

back. O

Remark 8.6.3. One calculates that

ML = Zsg - {x Dy GrD D 00y, (8.41)
so that
F(Nla 0je) = Spec C[%(j_%), Ye(j+1) Q]/<Ie(j—%)ye(j+%) —q°). (8.42)

Therefore the pullback Tate, xa ,, A of the h-sided Tate curve along z +— 2¢ has
h surface singularities of type A._1, located at the h singular points of its fibre C},
above 0.
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Chapter 9

Shioda modular surfaces

For torsion-free I' satisfying a regularity condition at the cusps, we show that the
universal elliptic curve with a I'-structure (&p, o) — Y (I') from Section 5.3 admits a
compactification in Theorem 9.1.1. The resulting object Dr — X (I") is what Deligne
and Rapoport coined a generalized elliptic curve, see Section 6.5.

For N > 3 and ¢ € puy we show that the level-N structure (P, Q¢) with Weil
pairing ¢ on Epny/Y (N) from Theorem 5.6.7 has a unique extension to a level-IV
structure on Dr(yy/X(N). We show that each isomorphism class of level-N struc-
tures on Cy with Weil pairing ¢ occurs in this extension at precisely one cusp of
X (N). For N > 5 the analogous statement concerning I';(/V) and points of exact
order N holds as well.

In Section 9.4 we show that an inclusion I' C T' of congruence subgroups satis-
fying the hypothesis of Theorem 9.1.1 induces a holomorphic map pr : D — Dr
covering prp : X (') — X(I). Finally in Theorem 9.5.2 we show that the com-
pact 2-dimensional complex manifolds Dr are projective-algebraic in the sense of
Definition 2.7.1.

9.1 The compactification Dr — X(I') of & — Y(I)

In this section we carry out the construction of the Shioda modular surfaces Dr.

Theorem 9.1.1. Let I' C SLy(Z) be a torsion-free congruence subgroup such that
all cusps of ' are reqular. Then there exists a generalized elliptic curve Dr — X (I)
extending Er — Y (I') whose fibre over a cusp t € Cusps(I") is a Néron hy-gon, where
hy is the width of t.

Recall from Equation (3.11) that there is a biholomorphism

en : PP\H — A*
T — exp(2rmit/h).

If we let 7 € $ and set ¢, = e,(7), there is an isomorphism of elliptic curves

e: & =C/(ZT +2Z) — C*/q* = (Tatey),,

z — exp(2miz). (9-1)
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Via this isomorphism, the level-h structures (Vy), = (7/h,1/h) on &, and (®4),,
on (Tates),, = (qn,Cn) correspond to one other, since e(7/h) = en(7) = ¢ and

6(1/h) = eh(l) = Ch-
In fact, these isomorphism glue to an isomorphism e;, of relative elliptic curves
that lifts ey,.

Lemma 9.1.2. There exists an isomorphism of elliptic curves with a level-h struc-
ture

PA\(E, 1)) — (Tate,, )

| l

PAH ——— A%

A*

Proof. The characters x = xq and ¢ of the algebraic torus T give rise to an isomor-
phism G|a- = {(z,q) : © € C*, g € A*} = C* x A*. As in Proposition 4.2.4(2), we
constructed £ = (Cx $)/L as the categorical quotient for the fibral equivalence rela-
tion defined by the lattice L in (5.1). The homomorphism (e, e;) : C x  — C* x A*
therefore descends to a cartesian homomorphism of elliptic curves

€= (Cx9)/L— (hZ)\G

A*x = Tateh A*
covering e, : § — A*. On fibres it induces the isomorphism (9.1), whence it respects
the level-h structures ¥, and ®;. Using Lemma 5.3.2 this homomorphism is seen to
be P;f-invariant, so it descends to the desired isomorphism € : P,"\E — Tatey,

A*.
[l

Proof of Theorem 9.1.1. Let R be a set of representatives for ['\SLy(Z)/P. We define
Dr — X(I') to be the pushout of the following diagram, to be explained below, in
the category of generalized elliptic curves in which we set s = [y](o0) and let h = hr
be the width of the cusp I's € Cusps(T")

en L
LI Tatenlv: <22 || cp BN\Elv —25 || p T\Ely, —— &r

| l | |

* Uep, I—l[ ]
|—|’y€R Vh —— UweR Pij_ \ Us - |—|'y€R FS\US - Y(F)-

The left square is obtained from the isomorphism defined in Lemma 9.1.2 and
the inclusion V}, C V;*. The middle square is the disjoint union over v € R of the
isomorphism [y]g : Elv, — El|v, covering [y] : Us, — Us which is equivariant for
the isomorphism P;" — Ty, § — 377!, The right square arises from our viewing
of I';\\Us as an open subset of Y(I'). We see that all squares are cartesian homo-

morphisms of generalized elliptic curves, which renders possible the formation of the
pushout Dr — X (I) . O

Remark 9.1.3. In the proof of Theorem 9.1.1 we made a choice of a set R of double
coset representatives for I'\ SLy(Z)/P. However, the resulting generalized elliptic
curve Dp — X(I') does not depend on this choice of R. Let us briefly explain why
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this is the case.

Let R be different choice of double coset representatives for I'\ SLy(Z)/P. The-
orem 3.5.6 provides an isomorphism between the bottom rows of the diagram (9.1)
for R and for R. It suffices to show that it lifts to an isomorphism of the top rows as
well. This has been done in Lemma 5.3.2 for all but the left most column. Thus it
remains to show that for each 0 € P and h € Z>, there is a lift of the automorphism
[0]n of A defined in Equation (3.14), to an automorphism [0]rate, of Tate,. Since

P = {£1} x P/, it suffices to consider the case a) that § = <_01 _01> and b) that
11
J= 0 1)

In case a) we have that [0], = ida~, though [§]¢ : € — & is given by inversion.
Therefore we let [0]Tate, be given by the inversion i : Tate, — Tate;, induced by the
involution ¢ : N* — N (ag,a;) — (ag, —ay).

In case b) we have that [0],(z) = (2, which stems from the toric operation of
(p € C* = (Tyo)™ on A C C = G, There is a homomorphic section s : Tyo — Tyt
of the homomorphism f : Ty: — 7o, induced by the section ¢ : N — N1,
ap — (ag,0) of m: N' — NP This implies that the operation of s(¢;) € (Ty1)™ on
Tatey, lifts the action of (' € (Tyo)* on A, as desired.

9.2 The level-N structure ¥y on Dry)

Let N > 3 be an integer and set (y = exp(27i/N) € C\ R. By Theorem 5.6.7
there exists a universal elliptic curve (Epny, (Pey, Qcy)) — Y (IV) with a level-N
structure having Weil pairing (. It provides a bijection between |Y (V)| and the
set of isomorphism classes of complex elliptic curves with a level-N structure with
WEeil pairing (.

We now show that this level-N structure Wy : (Z/NZ)? x Y (N) — Ep(n) extends
to an ample level-N structure Uy : (Z/NZ)? x X(N) — Drny, such that the
generalized elliptic curve (D), ¥n) — X (IN) with an ample level-N structure
provides a bijection between | X (N)| and the set of isomorphism classes of complex
generalized elliptic curves with an ample level-/V structure.

Proposition 9.2.1. Let N > 3. Then there exists an ample level-N structure ¥
on the generalized elliptic curve Drvy — X(N) with Weil pairing (n such that the
following map is bijective:

xl = {

m +— (Drny, UN)m-

complex generalized elliptic curves with an ample level-N e
structure having Weil pairing (n o

(9.2)

Proof. The congruence subgroup I'(/V) satisfies the hypotheses of Theorem 9.1.1
by Proposition 3.2.2 and Proposition 3.4.8. The theorem constructs the generalized
elliptic curve Dp(yy — X (N) as the pushout of the diagram (9.1). Since all cusps of
I'(N) have width NN, the singular fibres of Dr(y) are Néron N-gons. To construct a
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level-N structure ¥y on Dr(y), we enhance this diagram to the following diagram
of generalized elliptic curves with a level-N structure:

LI, (Taten, ®x 07" |vi < LI, Py \(E, On o) v > L, T(N)\(E, ¥n)|Us = (Er, Un)

! | | !

LI, Vi < L), P\ Use ———— ), T(N)\Us —— Y'(N).

By Lemma 9.1.2 and (5.5) the left resp. middle squares respect the level-N struc-
tures. This constructs a level-V structure Wy on Dr(y)/X (IN), which is an extension
of the level-N structure Wy on Epyy/Y (N). Therefore the map (9.2) is given on
Y (N) by Theorem 3.6.2(1).

Since the level-N structure on the fibre over the cusp I'(N)s with s = [y](c0) is
Oy o7t with @y the standard level— N structure on Cy from Example 6.4.2(1), the
map (9.2) is given on Cusps(/N) by equation (6.18).

Now since we have X(N) =Y (N) U Cusps(N), and a complex generalized ellip-
tic curve with an ample level-N structure is either a smooth elliptic curve or else a
Néron N-gon, it follows that (9.2) is a bijection. O

9.3 The point Qy of exact order N on Dr )

For an integer N > 5, Proposition 3.2.2 (2) asserts that the universal elliptic curve
(&ry vy, @n) — Yi(N) with a point of exact order N provides a bijection between
|Y1(N)| and isomorphism classes of complex elliptic curves with a point of exact
order N. We show that the point Qx : Y (N) — &p (ny of exact order N extends to
an ample point X (N) — Dy of exact order N, such that the generalized elliptic
curve (Drny, @n) — X(N) with a point of exact order N provides a bijection
between |X;(N)| and isomorphism classes of complex generalized elliptic curves
with an ample point of exact order V.

Lemma 9.3.1. Let N > 5. Let v = (Ccl Z) € SLy(2), let s = [y](c0) € PY(Q), and
let t =T's € Cusps(I). Let Q = ®(v%(0,1)) = (¢4, ¢) be the point of exact order N
corresponding to t via Lemma 6.4.8. Then the following integers are equal:

(1) N/ged(e, N);
(2) the order of @ in wo(C'\®);
(3) the width hy = hyr of the cusp t.

Proof. The first two integers are equal since the order of ¢ + NZ in Z/NZ is
N/ ged(ce, N). Denote their common value by h.

Write ¥ = mn(v) € SLy(Z/NZ) for the reduction of v modulo N. Consider
o € Aut(Cy), corresponding under eq. (6.9) to 6 = mn(d) for some § € P. Then
Lemma 6.2.3 gives that

@) =Q =T\ (N)y=T1(N¥ <= s €7 'Ti(N)y < d €~ 'Ti(N)y.
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Thus we find that

#{a € Aut(Cy) : (Q) = Q} = (PN 'T1(N)y : T(N)) = hrvys/hry(vys = N/ by

On the other hand, for ¢ € uy, viewed as automorphism a € Aut(Cy) we have
that

a(Q) =Q = (gcCJthC) = (CJ({T:C) < C € [Hged(c,N)-
We conclude that
ged(e, N) = #{a € Aut(Cn) : a(Q) = Q} = N/hy.
This shows that hy = N/ ged(c, N) as desired. O

Proposition 9.3.2. Let N > 5. Then there exists an ample point Qn of exact order
N on the generalized elliptic curve Dr, vy — X1(N) such that the following map is
bijective:

)= {

m — (Dry, @N)m-

complex generalized elliptic curves with} )

an ample point of order N (9.3)

Proof. The proof of this proposition is analogous to Proposition 9.2.1, taking account
of Lemma 9.4.1. ]

9.4 Morphisms between Shioda modular surfaces

We show in Proposition 9.4.2 that there is a natural map Dy — Dr between the Sh-
ioda modular surface constructed in Theorem 9.1.1 attached to an inclusion I' C T'.

Consider congruence subroups I' and I of SLy(Z) such that I' € T. In Theorem 3.5.6
we have shown there is a natural holomorphic map

prp: X(I) i=T\H" — I'\H" = X(I).

If ' is torsion-free, then I is torsion-free as well. There is a natural cartesian homo-
morphism of elliptic curves

pri: &= M\E = T\E =& covering Ppr V(') — Y(I). (9.4)
Furthermore, if all cusps of I are regular, the same holds true for T, as the following

lemma shows.

Lemma 9.4.1. Let I' C T be congruence subgroups of SLy(Z). Let T € Cusps(T),
and set t = pr’f(f) € Cusps(I). If t is reqular and —1 € T, then t is regular.

Proof. Choose v € SLy(Z) such that # = I'[y](c0); then we find that ¢ = I'[y](c0).
We have seen in Theorem 3.5.6 that F; := P C P,r =1 P If ¢ is regular

and —1 € T, then P, = P := {( (1) nlh ) : n € Z}, where h is the width of ¢. If
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e = (P, : P;) € Z>, is the index of P; in P, then since P}j is infinite cyclic we have

P=P} = {( L nih ) :n € Z}. We conclude that £ is a regular cusp of T' of width
eh. We note also that —1 & T implies —1 & T". O

Proposition 9.4.2. LetT c T C SLo(Z) be congruence subgroups. Assume that T" is
torsion-free and has only reqular cusps. Then the map (9.4) extends to a holomorphic
map

Prr : Dp — Dr covering py X(f) — X(I")

Proof. We adopt the notation of Theorem 3.5.6, choosing sets R resp. R of double
coset representatives for I'\ SLy(Z) /P resp. T'\ SLy(Z)/P in such a way that R C 'R,
i.e. so that §(8) =1 for all g € R. We contend that the following diagram covering
(3.17) commutes, in which s = [y](c0), h = hrs, § = [8](c0) and h = hg,.

|_|[/3]
I_lﬁeRTateﬂV;,, A— Uﬁef% Pfj_\5|Uoo - I_lﬁeR

U wh,;}l l[l}s lLl[Oé(ﬁ)]g lpr,f

L]
|—|’7€R Ta‘teh‘vh A— |—|’y€R Ph+\8|Uoo —€> I_I'yGR Fs\g Us —7 (91".

s

The middle square commutes since a(3)5 = () implies that [« (5)]eo[S]e = [v(5)]e-
The right square commutes because a(5) € I' and the quotient map pr : &€ — &p is
[-invariant. It remains to show the left square is commutative. We first recall how
the horizontal isomorphisms are defined.

Let k € Z>1 We have a biholomorphism ey : P\ — A* 7 — exp(27it/k)
which maps Uy, = {7 € C: 37 >0} onto Vy, ={ge C:0< ]q| < exp(—2n/k)}.
Recall that & = V/ L has been constructed as the quotient of the holomorphic line
bundle V' = C x §) by the lattice L = {(m7 +n,7) : 7 € 9, (m,n) € Z*}, while
Tate|a~ has been constructed as the quotient of G|a« = A* x C* by the action
of kZ. Now we have a diagram with horizontal isomorphisms and vertical analytic
covering maps

PAV/(Z x ) & A x ¢

l ) lk

P]:_\f) L) Tatek\A.
It thus suffices to show the following diagram commutes,

eh e1)

PAV/(Z x ) “25 Ar x

l lp'_l Jnx (1]

PAV/(Z x §) L9 A% c,

which is clear because (pj,, © €;,) = e, by (3.16) with § = 1. O
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9.5 The Shioda modular surface Dr is projective-
algebraic

We prove that the Shioda modular surfaces Dr constructed in Theorem 9.1.1 are
projective-algebraic. The essential point is that the fibration f : Dr — X(I') onto
the projective-algebraic curve X (I') admits a section.

Theorem 9.5.1. Let X be a connected compact complex manifold of dimension 2.
Suppose there exists a surjective holomorphic map f : X — 'Y to a Riemann surface
Y which admits a holomorphic section s : Y — X. Then X s a projective-algebraic
complex surface.

Proof. By | |[Theorem 6.2] it suffices to exhibit a divisor D on X with
positive self intersection number D? > 0. Let C' = s(Y) be the image of the section s,
and let G be a general fibre of Y. Since G = 0 and C-G > 0, for alln > —C?/(C-G)

we have

(C+nG)?=C?+n(C-G)+n*G*=C*+n(C-G) > 0.
Thus for n sufficiently large, D = C' + nG is the desired divisor with D? > 0. n

Theorem 9.5.2. Let " be a torsion-free congruence subgroup of I' such that all cusps
of I' are reqular. Then the Shioda modular surface Dr attached to I' is projective-
algebraic.

Proof. We need only show the hypotheses in Theorem 9.5.1 are met. We denote the
identity section of the generalized elliptic curve f : Dp — X(I') by e : X(I') — Dr.
Since f is proper and X (I') is compact, we have that Dr is compact. Each fibre
f~Y(m) C Dr is connected, being a smooth elliptic curve or a Néron polygon, and
meets the image e(X(I')) C Dr of the identity section, which is connected since
X(I') is connected. This implies that Dr is connected. Finally it is clear that Dr is
a 2-dimensional complex manifold. Thus we conclude by Theorem 9.5.1. O]
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Chapter 10

Kuga-Sato varieties

Let I' C SLy(Z) be a torsion-free congruence subgroup such that all cusps of T'
are regular. In Chapter 9 we constructed a generalized elliptic curve Dr — X(I)
which is a smooth compactification of the universal elliptic curve with a I-structure
(&r — Y(I'),T'V) such that the fibre over t € Cusps(I') is a Néron h;-gon, where hy
is the width of the cusps t.

Since & — Y(I') is a holomorphic submersion, by Lemma 2.2.11 the k-th fibre
power EF = &Ep Xy @) Er Xy ) -+ Xy Er of € over Y (I') exists as a holomorphic
manifold, and the structure of elliptic curve over Y (I') on &r defines on EF a structure
of complex torus of relative dimension k over Y (I') by Example 4.1.5.

One might hope to construct a smooth compactification of EF — Y'(T') by taking
the k-th fibre power of Dr — X(I'). However, for £ > 2 this will not be a complex
manifold, but a complex-analytic space that is not a manifold precisely at the points
(z1,...,25) € Df where x; € D™ for at least two indices j, see Lemma 8.2.1. To
remedy the situation, we will go through the same steps as in the construction of
DF.

(1) Construct a projective desingularisation of G¥ = (G/spec cjq))" as a sequence of

blowups
GHk—1) - G¥k—2) — ... - G*(1) — G¥0) =g~
centered at nonsingular closed subvarieties of G (/)™ .

(2) Construct an action of Z* on G*(I) over Spec C[q|, such that for all 0 < < k—1
the blowdown morphism G*(l + 1) — G*(l) is Z*-equivariant.

(3) Show that the resulting action of Z¥ on the (k + 1)-dimensional holomorphic
manifold G¥(k — 1)|a = (G*(k — 1))® x¢c A is free and proper, and construct
the quotient

KSy = (hZ)*\G"(k — 1)|a.

(4) At each cusp of X(I'), say of width h, we glue in a copy of KSF to £E. The result
of this procedure is a flat, proper, connected holomorphic map KSE — X (I')
whose restriction to the open modular curve is EF — Y/(T).

Furthermore, we will show in Lemma 10.2.4 that the group law EF xy ) EF — EF
extends to a map KSE™ x x(KSE — K8 with the same properties as the extension
D" X x(yDr — Dr of the group law Er Xy ) Er — Er. Moreover, if I is a congruence
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subgroup of SLy(Z) with [ c I, we will show in Section Section 10.3 that there is
a map ICS%“ — KSE extending the k-th power plf‘,f: Slff — &K of the natural map
pri: & — &r. We conclude this thesis by showing that the (k + 1)-dimensional
complex manifold KSF is projective-algebraic in Section 10.4.

10.1 A projective desingularisation of G*

The aim of this section is to construct a projective desingularization
.Gk k
g:G*k—1) — GF, (10.1)

of G¥, which we defined in Section 8.2 as the product of k copies of G over G°. There
are several equivalent ways of defining g.

Originally Deligne constructed g as a single blowup centered at a cleverly chosen
nonreduced closed subscheme of G* in his famous paper | J[Lemme 5.5]. In this
paper he shows that Ramanujan-Petersson’s conjecture on the size of the Fourier
coefficients of certain modular forms is implied by the Weil conjectures, which he
would later also prove.

Scholl in his notes [ J[Ch. 7] provides an alternative description of g as a se-
quence of blowups whose centers are nonsingular subvarieties. He first desingularizes
members of an affine open cover of G*, each isomorphic to say Z*, and then patches
these desingularizations together. Then he goes on to explain that the blowup of Z*
can be rooted in toric geometry, where it corresponds to a decomposition of a (cone
over a) cube. Based on this latter toric perspective we will give a full combinato-
rial proof of the existence of a projective desingularization of G¥, without having to
resort to explicit calculation with affine charts. Rather it is intrinsically global and
does not require patching. However, we refer to | |[Section 7.1] for the proof
that this desingularization is a sequence of blowups centered at nonsingular subva-
rieties.

Let us recall the description of G* furnished in Section 8.2 as the toric variety
F(N*,¥F) attached to a certain RPP decomposition (N* 3%). We define the lat-
tice N# = z{0Lk}b in NF = RIOL-K}Y Let 7 @ N§ — NY, (ag,ai,...,ax) — ag
be the projection onto the zeroth coordinate, and consider the affine hyperplane
H* = 771(1) C NE. Via the isomorphism R¥ 2 {1} x R* = H* we view R* as
embedded in N§. The maximal cones in the fan ¥* are cones 0; = Rsq - B; over
k-dimensional unit-volume hypercubes in R*¥ with integral endpoints

B = [iy, i1 +1] X [ig,d0+1] X - - X [ig, i +1] CRF, i = (iy,40,...,ix) € ZF. (10.2)

Just as in Section 8.4, there is an action o : Z¥ — Aut(N*, %) of Z*F on the RPP
decomposition (N*, ¥*) given for m = (my, mo,...,my) € Z* by

a(m) : N¥ — N,

(ag,ai,...,ax) — (ap, miag + a1, maag + as, ..., mgag + ax).

(10.3)
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Via the equivalence of categories F this corresponds to an action a : Z¥ — Aut(G*)
of Z¥ on G* via toric automorphism over G°. Since a(m)(0;) = 0y for m,i € Z*,
we see that Z¥ acts simply transitively on the set of maximal cones in ¥

YFk+1)={0;:i€2Z"},

Consequently, Z* acts simply transitively on the members of the affine open cover
{F(N* 0;) : i € ZF} of G*. To introduce the idea behind the projective desingu-
larization of G*, let us first construct a projective desingularization for the member
F(N*,0y) of the affine open cover.

To ease notation, write B¥ = BY = [0, 1]* for the unit k-cube. Let us denote
vk = 0y = Rsq - B¥ the cone in N§ spanned by {1} x [0, 1]*. Write T* for the subfan
of ¥* consisting of those cones contained in v¥, i.e. for the set of faces of v*. Finally,
we put

Z" = F (N*,T%) = ay.

The set of vertices of B* is {0,1}* C [0,1]*. Let 0 <1 < k. A codimension-l face
of B¥ is the preimage of one of the 2! vertices of B! under one of the (';) coordinate

projections R¥ — R!; thus B* has 2/ (]lc) faces of codimension [. A facet is a face of
codimension 1.
More generally, each face 6 of B* spans a cone
Op = RZO -0

and this sets up a bijection between the faces of B* and the nonzero faces of v*:

T* = {0} U {og: 6 is a face of B*}.

Since v* is the unique (k + 1)-dimensional cone in T*, we have that O (v*) is the
unique 0-dimensional Tyx-orbit in Z*. Thus the point OF such that O(v*) = {O*}
is the unique point of Z* that is fixed under the torus action of Thys.
We denote the barycenter of a positive-dimensional face 6 of B* by z(6). Because
0 is not a vertex, 2z(f) is a primitive vector in N*. For 0 <[ < k — 2 we define the
following set of primitive vectors contained in N N |T*|:
VF ={22(0) : 0 is a codimension-{ face of B*} .

Now form a sequence of star-subdivisions

TH(0) = T* and Y*(I+ 1) = YH()* (VF) for 0 <j <k —1

and the corresponding sequence of toric morphisms

78k —1) — ZFEk —2) — ... — Z¥(1) — Z%(0) = ZF. (10.4)

Description of the fan Y*(I). An [-flag of faces of B* is defined to be a descending
sequence of faces of B*

Ggl:(BkzﬁoDelD...Dé’l)
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where 6,, has codimension m in B*. The maximal, i.e. (k 4+ 1)-dimensional, cones of
the fan T*(I) correspond bijectively to the I-flags of faces of B, by attaching to the
l-flag 6<; the cone

09, = R0 {2(60),2(61),...,2(01)} +Rso - 0r.

Geometrically, T*(1) is the refinement of T* obtained by decomposing B* into
cones with apex z(B*) and base one of the 2k facets 6; of B*. To obtain T%(2)
from T*(1), we further subdivide each facet 6, of B, which is a (k — 1)-cube, into
2(k — 1) pieces corresponding to a facet of 6. Then iteratively we subdivide the
codimension-j faces of B¥, to obtain the refinement Y*{j + 1) — T*(j).

Since the number of facets of an m-dimensional cube is 2m, the number of [-flags

of faces of B* is an:kle(Qm) = 2'k!/(k —1)!. We conclude that Z*(l) is the union
of the 2'k!/(k — 1)! affine toric varicties F (N*, o¢_,) for each I-flag of faces 6.
Scholl in [ | gives a proof of the following theorem using explicit calculations

with affine patches of blowups .

Theorem 10.1.1. For every 0 < | < k — 1, the morphism Z(l + 1) — Z*(l) in
(10.4) is the blowup of Z*(l) at a nonsingular Tyx-stable closed subvariety F*(I) of
ZF(1)me . There exists a Tyx-equivariant isomorphism of pairs

(F (N* og_,),F (N 00_,) NF*(1)) = (AG x ZF1 AG x {OM'})

where O™ 1is the unique fized point of Z™ under the torus action.
In particular, the composite Z*{(k — 1) — Z* in (10.1) is a Twr-equivariant pro-
jective desingularization of Z*.

Proof. See | J[Thm. 7.1.2.2] O

Remark 10.1.2. In accordance with Remark 7.2.2 we have the following descriptions.
For each [ € {0,1,2, ...,k — 2} we have

FH() = U {V (0g,) : 0, is a codimension-1 face of B*},
A U {V (O'@k72> : 0o is a 2-dimensional face of Bk} ,

while Z*(k — 1)s"¢ = (). Note that indeed F*(I) C Z*(I)*"¢ since | < k — 2.

Remark 10.1.3. For each 0 < [ < k — 1, denote g; : Z*(k — 1) — Z*{l) the toric
morphism induced by the refinement (N*, Y*(k—1) — (N*,T*(I)). Then the inverse
image of the singular locus of Z*(I) under g, is the divisor

k=2
g (ZF(yme ) = U U {V(Rso-2(0)) : b is a codimension-m face of B*}.

m=l

We now give an alternative proof that Z*(k — 1) — Z* is a projective desingular-
ization based on the combinatorial geometry of the fans involved.

Lemma 10.1.4. The toric variety Z*(k — 1) is smooth.
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Proof. Our proof is based on a volume calculation with the Haar measure on the
euclidean space N = R{!--k} normalized so that vol ([0, 1]{%#) = 1.

A (k+ 1)-tuple (vm)fn:l of vectors in N* is a Z-basis for N* if and only if it has
determinant |det (vg, vy, ...,v;)| = 1. Consider the (k+ 1)-simplex spanned by these

vectors i i
<U0,U1,...,’Uk> = {Ztmvz : 0 Stmaztm S 1}7
m=0 m=0

which has volume

1
(k+1)!

vol (vg, vy, ..., V) = - |det (vg, v1, ..., V)| -

Let R = {tv :te|0,1],v e Bk} be the closed convex body in NE that is the cone
with apex 0 and base B*. The refinement T*(k — 1) — T* divides R into 2¥~'k!

equal-volume (k + 1)-simplices

RN 0-951@71 = <Z (90) , 2 (91) gy R (Qk_g) ,vk_l,vk) s

one for each (k — 1)-flag 6<;_; of faces of B*, where v;,_; and v are the end points
of the line segment 6)_;. Since one has vol(R) = fol thdt = (k +1)71, we find that

vol (RN oy, ) = (2’5—1(/<; + 1)!) )

Now consider an arbitrary (k — 1)-flag 6<;,_; of faces of B*. Write v; = 22(6;)
for 0 < i < k—1 and {vg_1,vx} = 00_1, so that {vg,v1,..., v} is the set of
fundamental generators for the cone Og;,_,- We now find that

|det (vo, V1, ..., Vp—2, Vk_1,Vk)| =

|det (22(6p), 22(61), . ,22(9k 2), Vk_1, V)| =

287 [det (2(6), 2(61), -+ 2(0k—2), vk—1,v8)| =
281k + 1)1 vol (2(6), 2(01), . . ., 2(Ok—2), vk—1, Vi) = 1.

This shows that each maximal cone in T*(k — 1) is nonsingular. We conclude using
Theorem 7.1.10(3) that Z*¥(k—1) = F (N*,T*(k — 1)) is a smooth toric variety. O

Proposition 10.1.5. The morphism Z*{k — 1) — Z* is a projective desingulariza-
tion of ZF.

Proof. In view of Lemma 7.5.3(2) that toric morphisms induced by star-subdivisions
are projective, and the fact that compositions of projective morphisms are projec-
tive, the morphism Z*(k — 1) — Z* is projective. By Lemma 10.1.4 we have that
Z*(k—1) is a nonsingular C-variety. It remains to be shown that g : Z¥(k—1) — Zk
restricts to an isomorphism g=!(Z%s™) — Zksm,

Similar to Lemma 8.2.1 we see that Z*™ = F(N* T%,). Our star-subdivisions
are centered at primitive vectors that lie in the relative interior of a cone of dimension
greater than 2, so do not alter cones of dimension at most 2. Hence we see by induc-
tion on 0 <1 < k — 1 that {o € X%(I) : o C |Xk,|} = 3E,. Since by the Orbit-Cone
correspondence we have g~'(F(N*,3%,)) = F(N*¥ {0 € "k — 1) : o C |Z£ 2[})
we conclude that there is an isomorphism g~(Z%*™) — Zksm,
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Having resolved the singularities of G* locally on the affine open F(N*, ay), we
are now in a position to construct a global desingularization of G¥. The action of
Z* on G gives for each i € Z¥ an isomorphism a(i): Z* := F(N* o¢) — F(N*,0;),
hence a desingularization ZF — F(N*, a;). Scholl shows in | ][§7.2.5] that the
desingularizations ZF of the o; patch together to give one for G¥ = U, ezx 0i- However,
there is a more intrinsic way of seeing this. We simply repeat the procedure via which
we constructed the nonsingular refinement Y*(k — 1) — T* but now consider faces
of all k-dimensional cubes B;, rather than just of By. Thus, we set

wh = {22(9) : 0 is a codimension-/ face of some Bf} ,

form the sequence of star-subdivisions
S5(0) = % and SF(j 4+ 1) = ZF(j)* (Vi) for 0<j <k —1

and the corresponding sequence of toric morphisms

GHk —1) — G*(k —2) — ... — G*(1) — G*(0) = G". (10.5)
Since the action of Z* on N* preserves the fan $%(I) for every 0 <1 < k — 1, we
see there is an action of Z¥ on G*(I) such that the morphism G*{l) — G*(I') is
ZF-invariant for all 0 < ' <[ < k — 1.

Scholium 10.1.6. Let 0 <[ < k — 1. One can describe the full group of toric auto-
morphisms of G*(I) over G° as follows. We define the group

FkZZkX],u,gNSk,

where pb acts on Z¥ via multiplication, and S, acts on Z¥ and pf via permutation.
There is a natural action of I'* on H% := H* N N* 2 Z* via integral affine transfor-
mations, which restricts to the action of Z¥ by translation, of u4 by multiplication
and of S by permutation. This action corresponds to an injective homomorphism
a: % — Aff (HE) = Aut (N*/NP). Since p§ x S* is the group of isometries of the
k-cube [—1,1]*, any integral affine transformation ¢ € Aff (H%) which induces a per-
mutation of the set of cubes {B; : i € Z*} belongs to the image of a. By considering
primitive vectors in rays of the fan X*(I), one can show there is an isomorphism

a:TF 5 Aut (N5, 55(1))) . (10.6)

Corollary 10.1.7. We have that g : G*{(k—1) — G* is a projective desingularization
of G*.
Proof. In Proposition 10.1.5 we have proved that Z*(k — 1) is a nonsingular C-
variety and that g : g~ }(Z%*™) — Z*Fsm ig an isomorphism. Because G* is covered
by Z*-translates of Z¥ = F(N*, 0y) and g : G¥(k — 1) — GF is ZF-equivariant, it
follows that G¥(k — 1) is smooth and that g : g~1(G**™) — G**™ is an isomorphism.
The same argument involving star-subdivisions as in Proposition 10.1.5 shows
that g : G¥(I) — G*(I') is a projective morphism for all integers 0 < ' <[ <k — 1.
Thus the composition g : G¥(k — 1) — G* of the sequence of projective morphisms
starring in (10.5) is projective as well. O

In Section 10.4 we will give an independent proof of the projectivity of the morphism
g : GF{k —1) — G* by constructing an explicit g-very ample line bundle on G*. This
line bundle will be used to show that the Kuga-Sato manifolds constructed in the
next section are projective-algebraic.
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10.2 The compactification KS% of &F

Consider a universal elliptic curve & — Y(I') constructed in Theorem 5.5.4. For
each integer k > 2, the k-th fibre power &f = & Xy ) Er Xy(r) -+ Xy Er is a
complex torus of relative dimension k over Y (I'). The following theorem shows it
has a smooth compactification KSF — X (T'), which we will call the k-th Kuga-Sato
variety attached to T.

Theorem 10.2.1. Let I' C SLy(Z) be a torsion-free congruence subgroup such that
all cusps of I are reqular. Let k > 1 be an integer. Then there exists a quadruple
(f : KSE — X(T'),m,e,i) consisting of

e a compact complex manifold KSE,

e a proper holomorphic map f : KSF — X (I),

o a multiplication m : KSE™ X x ) KSE — KSE,

e an identity section e : X (I') — KSE,

e an inversion map i : KSE — KSE,

having the following four properties:

(1) the restriction of this quintuple to the open modular curve Y (I') C X(I') is the
Y (T')-complex torus (f : EE — Y(I'),m, 4, e) of relative dimension k;

(2) the triple (m,i,e) defines a structure of commutative X (T)-group on KSF™ ;

(3) the map m defines an action of KSE™ on KSE over X (T');

(4) the maps m and i are compatible in the sense that the following diagram com-
mutes:

KSE™ x x(ry KSE —"— KS¥

" |

KSE™ x x(ry KSE —"— KSE.

We form the A-complex manifold G¥(k — 1)|a := GF(k — 1) Xgoan A by applying
the analytification functor (-)* and restricting to A C C = G%*. From the action
a:ZF — Aut(G*) of ZF on G* over G° defined in (10.3), we obtain an action of Z*
on GF(k — 1)|a. One deduces from Lemma 8.5.4(i) that the action of Z* on G¥|A is
free and proper, hence that on G¥(k — 1)| is as well by Lemma 2.3.3.

Definition 10.2.2. Let k, h € Z>,. We define KS} = (hZ)"\G*(k — 1)|a to be the
quotient of G¥(k — 1)|a by the free and proper action of (hZ)*.

Lemma 10.2.3. For all integers k,h > 1, there exists a biholomorphism € covering
en as in the diagram below:

P\EF —y K|

l l (10.7)

PAH —— A"
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Proof. Since the desingularization G*(k — 1) — G* restricts to an isomorphism over
D(q) C G°, we have that

KS];L A* = (Tateh A*)k.
Now in the case that £ = 1 the isomorphism has been constructed in Lemma 9.1.2.
The cases that k£ > 2 follow by taking fibre powers of this isomorphism. m

Lemma 10.2.4. Let k,h € Z>y. There exists a triple (mp, en, i) consisting of

e a multiplication map my, : KSZ’Sm xa KSF — KSF over A;

e an identity section ey : A — KSZ’Sm to f: KSF — A;

e an inversion map i, : KS§ — KS§ over A,

such that

(1) the restriction of this triple to the puncture unit disk A* makes (10.7) an iso-
morphism of complex tori of relative dimension k;

(2) the triple (m,i,e) defines a structure of commutative A-group on KS;;

(3) the map m defines an action of KSﬁ’Sm on KSF over A;

(4) the maps m and i are compatible in the sense that the following diagram com-
mutes:

KSP™™ x o KSF —2 KSF

KSP™™ x5 KSF —2— KSF.
Proof. We only sketch this proof, since we have treated the case £ = 1 in full
detail in Section 8.3 and Section 8.5 and the general case £ > 1 is very similar.
Again we denote g : GF(k — 1) — G* the projective desingularization constructed in
Corollary 10.1.7.
First we observe that GF(k — 1) = g~}(ghs™) = Gksm = F(N* %), The
maximal cones in the fan
5 ={0} U{Rxo- (1,i) : i € Z}
are the rays spanned by the elements in the set HY = HF N N* = {1} x Z*.
Generalizing Lemma 8.3.1 we define the Z-linear map
p: N* xyo N¥ — NF
(ag, ay, ag, ..., ag, ay, ay, ... ay) — (ag,a; + aj,as +ay, ... a, + ay),
which is equivariant for + : Z¥ x Z¥ — Z*. It defines a morphism of RPP decom-
positions p : (N* xyo N¥, X5, @50 XF(k — 1)) — (N*,2¥(k — 1)) hence a toric
morphism
m: GEk — 1) xgo GF(k — 1) — G"(k — 1). (10.8)
Similarly there is a morphism of RPP decompositions € : (N°, X%) — (N* X£,)
given by the following section of :
e: N° — N,

Qg — (ao,O,...,O),
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which defines a section to f : G* — G°:
e: G’ — GF(k —1)"™. (10.9)

In the same vein there exists an automorphism ¢ of order 2 of the RPP decomposition
(N* $F(k — 1)) given by

t: N¥ — N,

(a0>a17a27 cee 7a’k’) — ((10, —a1, —Q2,..., _ak)7

which defines a Z*-equivariant involutive automorphism i of G* over G°.

It follows now that m®®, i® and e® on G*(k — 1)|a descends to maps my, i5 and
en, on KSJ as desired. We omit the verification that they verify properties (1)-(4),
to avoid repeating the arguments given in Lemma 8.5.4. [

Proof of Theorem 10.2.1. Let R be a set of representatives for I'\SLy(Z)/P. We con-
struct the triple ( f:KSE— X(T),m,e, z) as the pushout of the following diagram
to be explained below, in which we set s = [y](c0) and h = hr,

J | | !

L, Vi — L, P\ Uy — LI, Ts\Us —— Y/(I).

The left square is obtained from the isomorphism Proposition 10.3.2 and the inclu-
sion V}, C V;*. The middle square is the disjoint union over v € R of the isomorphism
([y]&)F - (EIUOO)]C — (5|Us)k covering [v] : Us, — U, which is equivariant for the
isomorphism P," — T'5,§ — ~d7~!. The right square arises from our viewing of
['\\Us as an open subset of Y(I'). We see that all squares are cartesian, which ren-
ders possible the formation of the pushout (f : KSE — X (T'), m, e, ).

The verification that the triple (f,m,e,i) has the stated properties is local on
the base X (I'), and follows from Lemma 10.2.4. By construction, the restriction of
(f,m,e) to Y(T) is the k-th fibre power EF — Y(T') of the universal elliptic curve
Er — Y(D). O

Remark 10.2.5. The morphism KSF — DE of C-analytic spaces over X (I') induces
an isomorphism between the open subsets where their structure morphism to X (I")
is submersive:

KSp™ = (Dpm)*.

In particular, for every positive integer N we have that

K8t [N] = (D [N])"
is a local system of rank- 2k free (Z/NZ)-modules.
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Examples 10.2.6. (1) Let N > 3. Then the congruence subgroup I'(/V) satisfies
the hypotheses of Theorem 10.2.1, which constructs the Kuga-Sato variety ICS{E( Ny
It inherits a level- N structure from the the level- N structure ¥ on Dr(y) con-
structed in Section 9.2 In fact, the isomorphism W : (Z/NZ)* x X(N) = Dpfy, [N,
(a1,as, m) — W, (a1, as), induces an isomorphism

W (Z/NZ) % X(N) — (D [N])" 2 KSEW N,

(ab ag, ..., A2K—1, A2k, m) = (‘I’m (al, Cl2) Vo (Cl:a, (14) v Yoy (a%fl, Cl2k)) .

Thus ICSIF‘;E ;,r; [N] is a globally trivial local system of rank- 2k free (Z/NZ)-modules.
(2) Let N > 5. Then the congruence subgroup I'1(/V) satisfies the hypotheses of
Theorem 10.2.1, which constructs the Kuga-Sato variety ICS}“1 (N)- Recall from Sec-
tion 9.3 that there is an ample point @ : X1(N) — Dp[ ) of exact order N. That is,
@ is a section of f : DTy, [N] — X{(N) that induces an injective homomorphism
of group holomorphic manifolds over X; (V)

(Z/NZ) x Xi(N) = Dpiin V],
(i, m) = [i] (Bn) ,

whose image meets every connected component of every fibre of f : Dlsff( Ny X1(N).

Consequently, f : ICSIIf’IS(H];) [N] — X{(N) has a section

that induces an injective homomorphism of group holomorphic manifolds over X; (V)

(Z/NZ)* x X1(N) — (D2 [N))* 2 KSET [N,
(it iy« igym) = ([ia] (P, [i) (o) s+ [ik] (Pn))

whose image meets each connected component of each fibre of f : ICS@;S(IX,) — X1(N).

10.3 Morphisms between Kuga—Sato varieties

We constructed in Section 9.4 a holomorphic map Dy — Dr of the Shioda modular
surfaces attached to an inclusion I' C T’ of congruence subgroups of SLe(Z). In
this section we prove as Theorem 10.3.4 that for every k € Z-, there exists a
holomorphic map ICS’ff — K8k of the Kuga—Sato varieties as well. This will be clear
from an alternative description of the maximal cones in the fan ¥¥(k — 1), which
will also be used in Section 10.4, which we now provide.

Notation 10.3.1. Let zy € R>¢, and let € R. Define dist(z, 290Z) = min;ez |z — x¢i|.
This is a piecewise affine function on R. The maximal intervals on which dist(-, z¢Z)

is linear have the shape zq[j — }1, J+ }l] for some j € }1 + %Z, and on such an interval
we have . |
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Here for j € Z\3Z we denote [ j] the unique integer i € Z such that |j—i| = dist(j, Z).
If j e R\ {0} we let sgn(j) =1if j > 0 and sgn(j) = —1if j <O0.

We let Sk be the group of permutations of {1,2,...,k}. We consider pairs (1,

where 7: {1,2,...,1} — {1,2,...,k} is an injection and j € (§ + 32Z)" x (5 + Z)k-!
is a k-tuple with j; € }ﬁ—%Z foralll <i<landj; € 3+Zforalll <i<k. Tothe
pair (7,j) we associate the subset of (k4 1)-tuples (g, x1,...,z) € N such that
the distances dist(z;, zo) : 1 <@ <k fori € {1,2,...,k} are ordered according to

dist(2-(1), 0Z) < dist(@r(2), 20Z) < dist(2r(2), 20Z) < - -+ < dist(2,-1, T0Z)
< dist(z-), 0Z) < min{dist(x;, x0Z) : ¢ & image(7)}
(10.10)

(in case [ = 0 this condition is to be interpreted as being void) and the individual
coordinates are subject to the following system of inequalities

x9 > 0,
Tr) € Tolji — 1, Ji + 3] for all 1 < <1, (10.11)
Tr(i) € Tolji — 5, i + 3] for all | < i < k.

Proposition 10.3.2. The full-dimensional cones in ¥*(I) are given by or; for a
uniquely determined pair (T, l)

Proof. One may show this by induction on [ using the definition of star-subdivisions.
O

Corollary 10.3.3. Let k € Z>,. Then the union of the k-dimensional cones in
Yk — 1) is the union of the affine hyperplanes {x; = mxo}, {x; + x; = mxo} and
{z; —xj =mao} forallmeZ and1 <i<j <k, ie

U YF(k) = U U {z; =maxo} U{z; +2; = mao} U{z; — x; = mao}. (10.12)

meZ 1<i<j<k

Having established a new description of the fan ¥*(k — 1) through the boundaries
of the maximal cones, we will now explain how to construct a holomorphic map
KSIIZ — KS{E. The procedure of doing so is entirely similar to what we did in Sec-
tion 8.6 and Section 9.4, so in order to avoid repeating ourselves we only point out
the differences.

Theorem 10.3.4. Let k € Zsy and let T € T' C SLy(Z) be congruence subgroups.
Assume that T is torsion-free and has only reqular cusps. Then there exists a holo-
morphic map

Ppr: KSlli — KSE covering Prr: X(I) — X(I).

Proof. Let h and e be positive integers and set h = h. The proof of Proposition 9.4.2
may be repeated line by line except for the construction of a holomorphic map
KSE — KSF covering p. : A — A. As in Proposition 8.6.2 it suffices to construct a
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morphism G*(k — 1) — G*(k — 1) xgo,. G°, where r, = F([e]) with [e] : N® — N°,
ag — edy.

Since m : N¥ — N° is a weakly semistable morphism of RPP decompositions,
the latter fibre products is also toric variety, whose lattice admits an isomorphism
(pe,m) : N¥ — Nk X no] N9, where p, : Nt = zOLk o Nk = Z{01k}
(ag,as,...,ay) — (eag,ai,...,ax). Its fan is given by X*¢(k — 1), where for every
0<I<k—1welet Z*(l) = {p-(0) : 0 € £¥(I)}. In terms of their intersections
with H* = {1} x R¥ = R* one obtains X¥¢ from ¥* by performing scalar multipli-
cation with a factor e. We have that the maximal cones in the fan ¢ = 3%¢(0)
are cones over (eZ)*-translate of the cube [0, e]* C H*:

0ie = Rso - ([eir, e(iy +1)] x [edg, e(iz + 1)] X -+ X [eig, e(ip, +1)]) i€ ZF, (10.13)

and Y¥%¢(l) is obtained from X*¢ by performing star-subdivisions similar to how
¥*(l) was obtained from ¥* (but working with cubes that are e times larger). The
existence of a toric morphism is now reduced to the following lemma. O]

Lemma 10.3.5. Foralle € Zsy and k € Z>5 we have that X*¢(k—1) is a refinement
of XF(k —1).

Proof. Let 0 € ¥*(k—1)(k+1) be a maximal cone in ¥*(k —1). We need only show
that o is contained in a maximal cone of ¥%¢(k — 1). If this were not the case, then
o would ‘stick out’ of a cone in ¥%¢(k —1)(k + 1), more precisely, the boundary of o
would not be contained in $%¢(k — 1)(k), the union of the boundaries of the cones
in ¥%¢(k — 1)(k + 1). However it follows from Corollary 10.3.3 that

=5k = 1)(k) c | =5k - 1)(k),

since |J X*¢(k — 1)(k) is (10.12) but the first union taking place only over m € eZ.
The boundary of the cone ¢ is the union of the k-dimensional faces of o, hence
contained in ¥*(k — 1)(k). Thus we obtain a contradiction. O

10.4 Projectivity

Let 0 < I < k —1 be integers. Let 0 < m < [ and let #,, be a codimension-m
face of some ZF-translate of B*. Then we write Dy, for the prime divisor on G*(I)
corresponding to the ray Rsq - 2(6,,). Although it is important to keep track of the
fact that Dy, is a prime divisor on G*(l), we have chosen not include the [ in the
notation. This is justified by the observation that if [ <[ < k — 1, then the prime
divisor Dy, on GF(I') is the strict transform of the prime divisor Dy, on G*(I), and

conversely the prime divisor Dy, on G¥(l) is the image of the prime divisor Dy on
Ggr(1y.
Lemma 10.4.1. Let k > 2 and let 0 < [ < k — 1. Denote g*(I) : G¥(l) — G* the
proper toric morphism induced by the refinement (N*, X¥(1)) — (N*,3¥). Consider
the function ¢p : |X*(l)] — R given by
l
¢p(z) == 2min Y (I —i+ 1) dist(z4), 20Z),

i=1

111



where T ranges over all injective maps {1,2,...,1} — {1,2,...,k}. Then ¢p is the
support function of a torus-invariant Z*-invariant g*(l)-ample Cartier divisor D.

We have D = qu;o > 0. (l_”;rl) Dy, on G¥(l), where 0,, ranges over codimension-

m faces of some Z*-translate of B¥.

Proof. Recall Notation 10.3.1, in particular the description of the maximal cones
or,; given in Proposition 10.3.2. Consider the linear function

Org(z) =2 (I —i+1)sen([ji] = i) () — 20li)), 2 € ony.

i=1

We claim that ¢p(z) = ¢, j(z) if z € 0,;. Indeed, in view of (10.3.1) the second
inequality of (10.11) gives that dist(z,¢),z0Z) = sgu([ji] — ji)(zr@) — zo[Ji]) for
1 <i <. In view of the rearrangement inequality, (10.10) shows that 7 attains the
minimum in (10.4.1).

We will now prove that ¢p is convex on each maximal cone o of ¥*. We have
that ¢ = Rsg - ([h1, by + 1], ... [hg, by + 1]) for some ()%, € Z*. On each interval
[hi, hiv1] the function t — dist(¢,29Z) is convex. As a consequence, we have that
dist(z;, oZ) = min(z; — h;xo, (h; + 1)xg — x;). It follows that

¢D(£) = min ¢T71(£)7

O'-,-JCO'

where (7,j) ranges over all pairs as above such that o,; C o. Since any linear
function is convex, and the minimum of a finite set of convex functions is convex,
we conclude that ¢p is convex on o.

To prove that ¢p is strictly convex on o, it is necessary and sufficient that ¢p
is given on distinct cones o ; refining o by distinct linear functions ¢, ;. Let (7, j)
and (7', ) be two pairs as above. If ¢, ; = ¢, 7, then comparing the coefficients at
; in (10.4) shows that 7 = 7" and j — j/ € Z*. If in addition o, ; U0 C o, then
J.j € T {hi + T, hi + 2} We conclude that (7,j) = (7, ') as desired. O

Theorem 10.4.2. The Kuga-Sato variety EF is a projective algebraic (k + 1)-
dimensional complexr manifold.

Proof. Tt follows from Lemma 10.4.1 that £ := O(kD) is a Z*-invariant torus-
invariant divisor which is very ample relative to g: G¥(k—1) — G*. Since the support
of kD does not meet Ty, the restriction of £ to Ty« is trivial. By Lemma 2.7.9 we
see that £ is a very ample divisor relative to ¢g*® : GF(k — 1)a — Gran trivialized
over A*. Since it is invariant with respect to the Z*-action on G*(k — 1), for every
h € Zs, it descends to a very ample divisor £, on KSF — Tatef, again with a
trivialization over A*.
By construction XS — DE is the pushout of the diagram

L, KSklv, «—— U, P\, —— L, TA\EFU, —— &

! l | !

L, Tatey|v, «— LI, B\ EFloe —— L, T\EF [y, —— &F.
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Trivially, the trivial line bundle O on &£F is very ample relative to the identity
morphism. For every cusps s of ', say of width h, we use the trivialization of L,
over A* to glue it to the trivial bundle on &F, yielding a line bundle £y on KSE.
Since very amplitude of a line bundle relative to a morphism is local on the target
of the morphism, it follows that Ly is very ample relative to g : KSE — DE.

We proved in Theorem 9.5.2 that the Shioda modular surface Dr is projective-

algebraic. Using Lemma 2.7.4 we deduce that D{i = Dr Xxr) - Xxq) Dr is a
projective-algebraic manifold. Since £, is very ample relative to g : KSE — DE by
Corollary 2.7.8, we conclude that KSE is also projective-algebraic. O]
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