Universiteit

4 Leiden
The Netherlands

Compactifications of Metric Spaces
Schipper, R.S.D.

Citation
Schipper, R. S. D. Compactifications of Metric Spaces.

Version: Not Applicable (or Unknown)
License: License to inclusion and publication of a Bachelor or Master thesis in the

Leiden University Student Repository
Downloaded from: https://hdl.handle.net/1887/4171085

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:1
https://hdl.handle.net/1887/license:1
https://hdl.handle.net/1887/4171085

Compactifications of Metric Spaces

Raoul Schipper
$2056410
Supervisor: Mark Roelands
Bachelor Mathematics

Universiteit

| Leiden
The Netherlands

. )
S 4

des1Y



Contents
Introduction

1 Preliminaries
1.1 Topological spaces . . .
1.2 Nets and ordered sets .
1.3 Metric spaces and norms

2 Metric Compactification

2.1 Defining the metric compactification . . . . . ... ... .. ...
2.2 The metric compactification of R . . . . . . ... ... ... ...
2.3 Extending isometries to homeomorphisms . . . . . .. ... ...

3 The p-norm on R¢
3.1 W(R4,[]-]|,,) is metrizable

3.2 Computing the boundary W(R%, |[-[|,)\ U (RY, ) -

References



Introduction

Compactifications in mathematics date back to the late 19" and early 20" cen-
turies. Maurice Fréchet and Felix Hausdorff both laid the foundational work on
compact spaces, the concept that every open cover has a finite subcover. The
notion of compactification emerged as an extension of these compact spaces.
The motivation behind compactifications was to find ways to extend a given
space in a topological sense by adding limit points or ’points at infinity’.

The process of compactification in topology entails changing a given topological
space into a compact space, and there exist various methods to achieve this
goal. The idea underlying compactifications is the embedding of the original
topological space into a compact one. Within the scope of this thesis, our fo-
cus lies specifically on metric compactifications, which involve the embedding
of metric spaces into compact spaces. Notably, in the case of the real numbers,
this process entails the addition of the points oo and —oc.

In the first chapter, we introduce some fundamental concepts and results that
are necessary for this thesis. Then, we define the compactification of metric
spaces in the second chapter, where we will give an example of the real numbers.
We will also demonstrate how we can extend isometries to homeomorphisms on
metric compactifications. In the final chapter, we consider the metric compact-
ification of the Euclidean d-dimensional space equipped with the p-norm. This
compactification is particularly interesting due to the fact that we can explicitly
compute the 'points at infinity’. To determine these points, we utilize the fact
that the space is metrizable.



1 Preliminaries

In this chapter we will introduce basic definitions, propositions and theorems
that will appear throughout this thesis. All vector spaces will be taken over R.

1.1 Topological spaces

Definition 1.1 (Subspace Topology). Let (X,7) be a topological space and
let Y be a subset of X. Define

Ty ={YnNnU|UeT}
We call Ty the subspace topology on Y.

Definition 1.2 (Neighborhood). Let (X, 7) be a topological space and = € X.
A neighborhood of x is a set N such that there is an open set U C N with z € U.

Definition 1.3 (Open Cover). Let (X, 7) be a topological space and let Y C X.
An open cover of Y is a subset S C T such that Y C (g U.

Definition 1.4 (Compact). Let (X, T) be a topological space and let Y C X.
Then Y is compact if for all open covers S of Y there is a finite subset S’ C S
such that J e UNY =Y.

Proposition 1.5 (Closed Subset in a Compact Set is Compact). Let (X,T) be
a compact space and let Y C X be closed. Then Y is compact.

Proof. Let {F;}icr be an open cover of Y. Since Y is open, we know that
{F;}ier UY is an open cover of X. Due to compactness of X there is a finite
subset J C I such that {F;};c; UY*“ is an open cover of X. Thus {F;};cs is a
finite open subcover of Y, hence Y is compact. O

Definition 1.6 (Continuity). Let (X, 7x) and (Y, Ty') be topological spaces and
let f: (X,Tx) — (Y,Ty) be a function. Then f is continuous if f~1(A) € Tx
for all A € Ty.

Definition 1.7 (Homeomorphism). A homeomorphism between two topological
spaces (X, Tx) and (Y, 7y) is a continuous bijection f: (X, Tx) — (Y, Ty) with

a continuous inverse.

Proposition 1.8. Let (X, Tx) and (Y,Ty) be two topological spaces and let
[ (X, Tx) = (Y, Ty) be a continuous function. If C C X is compact then f(C)
s also compact.

Proof. For the proof see [1, Proposition 9.5]. O

Definition 1.9 (Basis). Let (X,7) be a topological space. A subset B C T is
called a basis for T if every set in T can be written as a union of elements of B.

Definition 1.10 (Subbasis). Let (X,7) be a topological space. We call the
subset S C T a subbasis if the set of finite intersections of elements in S is a
basis for T.



Definition 1.11 (Product Topology). Let I be an index set and for every i € T
let (X;,7;) be a topological space. The product topology on X := [[,.; X; is
the topology 7 such that the set

iel

B:= {H U, |U; € T;, U; # X, for finitely many z}
il

is a basis for T.

Remark 1.12. An equivalent definition uses projections. For every i € I we
define the projection p;: X — X;. The product topology of X is the set 7 such
that

S:={p;'(U)|ie,U €T}
is a subbasis for T.

Definition 1.13 (Hausdorff Space). The topological space (X, T) is a Hausdorff
space if for all distinct z,y € X there are disjoint U,V € T with z € U and
yev.

Definition 1.14 (Finite Intersection Property). Let X be a set and let Y be a
set of subsets of X. We say that Y has the finite intersection property if for all
finite sets Y C Y the set ()pcy/ F' is nonempty.

Proposition 1.15 (Compactness Equivalence). Let (X,7) be a topological
space then the following statements are equivalent:

(i) (X, T) is compact,

(ii) for any set {Y;}ier of closed subsets of X with the finite intersection prop-
erty, the intersection (\,.; Y is nonempty.

Proof. (i) = (ii):

Let {Y;}icr be a set of closed subsets of X with the finite intersection property.
Assume that (,c;Y; = @. This means that X = ((V,c;Yi)® = U, Y55, s0
{Y}icr is an open cover of X. There exists a finite set J C I such that
Ujes Y7 = X. Hence, @ = (U;c; Y)° = ;e ¥; but this implies that {Y;}ies
does not have the finite intersection property anymore. By contradiction we
find N;¢; Y # 2.

(i) < (ii):

Let {Y;}icr be an open cover of X. Assume it does not have a finite subcover.
In other words, for any ﬁnite J C I we have |J;,;Y; # X. This means that
g # (Ujes Y5) = ﬂ;e] ¢, hence, {Y°}ier has the ﬁnlte intersection property
and thus @ # (,c; Yi© = (U, ¥3) but UZE[ Y; = X. By contradiction we find
that {Y;}ier has a ﬁmte subcover and X is compact. O

i€l



1.2 Nets and ordered sets

Definition 1.16 (Preorder). A relation < is called a preorder of a set X if it
has the following properties for all z,y,z € X:

(i) z <z (reflexivity),
(ii) if 2 <y and y < z then z < z (transitivity).

Definition 1.17 (Partially Ordered Set). Let X be a set. Then (X, <) is called
a partially ordered set if for all x,y, z € X the preorder also satisfies:

if v <y and y < x then = y (antisymmetry).

Definition 1.18 (Directed Set). A directed set is a nonempty set X with a
preorder < and every pair of elements in X has an upper bound in X. That is,
for all x,y € X there exists z € X with z <z and y < z.

Definition 1.19 (Totally Ordered Set). Let (X, <) be a partially ordered set.
We call X a totally ordered set if for all x,y € Y we have x <y or y < z.

Definition 1.20 (Maximal Element). Let (X, <) be a partially ordered set.
We say that m € X is a maximal element if for all x € X with m < z, it holds
that m = z.

Theorem 1.21 (Zorn’s Lemma). Let A be an partially ordered set which has
the property that all totally ordered subsets of A have an upper bound in A.
Then the set A contains at least one maximal element.

Definition 1.22 (Net). Let X be a set and I a directed set. Then we call
{z;}ier with z; € X a net in X.

Definition 1.23 (Net Convergence). A net {z;};cr in a topological space (X, T)
is said to converge to x € X if for every open neighbourhood U € T of = there
is an ig € I such that for all i > iy it holds that x; € U.

In general, continuity is not implied by converging sequences. However, the
more general concept of a net does imply continuity. To illustrate this with
an example, we will look at a function between topological spaces that is not
continuous, but which does preserve converging sequences. For this example we
will need the definition of the cocountable topology.

Definition 1.24 (Cocountable Topology). The cocountable topology of a set
X, denoted by 7., consists of the empty set and all the cocountable subsets of
X, which are those sets whose complement in X are countable.

Lemma 1.25. Let X be an uncountable set equipped with the cocountable topol-
ogy. Then every convergent sequence in X is eventually constant.

Proof. Let (x,), be a sequence converging to x € X. When we define the set
U:= X \{z, | z, # a} it follows that U® = {z,, | &, # x} is countable, so U
is open in X. Since x € U there exists an N such that for all m > N we have
2., € U. This means that x,, = x for all m > N. O



Let X be an uncountable set and the denote the discrete topology by Tg4;s. Con-
sider the identity function id: (X, 7o) — (X, Tais). Suppose (2, ), converges to
x for T, then by Lemma 1.25 we know that the sequence is eventually constant,
hence

lim id(z,) = lim z, = lim z = id(x).
n—00 n— 00 n—00

So we see that (id(x,)), converges to id(x) € X for Ty;s. However when we take
{z} € Tais we see that id~1({z}) = {z}, but {z} ¢ T so id is not continuous.
The following definition is from [5, p.281].

Definition 1.26 (Pointwise Convergence Topology). Let (X, 7x) and (Y, Ty)
be topological spaces. Define YX as the set of all functions from X to Y.
Consider z € X and U € Ty and define

Uz, U) = {f e Y™ | f(x) e U}.

The sets U(x,U) form a subbasis for the topology on YX, which is called the
topology of pointwise convergence.

Remark 1.27. Later in this thesis we will be working with metric spaces such
as Y =R. For f € RX,z € R and € > 0 we use the following sets:

U(f,z6) = {g € R | [g(z) — f(2)] < e}
We can rewrite this set as U(z, (f(z) — ¢, f(z) + €)), since
—e<g(z)— flz) <e
and
f@) — e <glx) < e+ f(a).

Hence, U(f, x,¢) is open in RX for all € X and for all € > 0.
We can also show for a given z € X and f € R¥ that each element U(x,U)
of the subbasis with f € U(x,U) contains a set U(f,z,€). Let U(x, (a,b)) with
feU(x,(a,b)). We know that there exists an € > 0 such that

e <min{f(z) —a,b— f(z)}.
For g € U(f,x,€) we have
—e < glz) —~ fla) <
and also
a<—c+ f(z) < gz) <e+ f(z) <b.

Hence, g € U(x,(a,b)). This shows that for a net {f;}icr to converge to f in
the pointwise convergence topology, f;(x) needs to converge to f(x) for every
x € R. This is formulated in the following lemma.



Lemma 1.28 (Pointwise Convergence). Let (X, Tx) and (Y, Ty) be topological
spaces and consider functions f;: (X, Tx) — (Y, Ty) indexed by a directed set
I. The net {fi}ier converges pointwise to f if and only if {fi(x)}ier converges
to f(x) inY forallx € X.

Proof. The proof is a reformulation of [5, Lemma 43.3]. O

Definition 1.29 (Continuity at a point). Let (X, Tx) and (Y, Ty') be topological
spaces and f: (X,7x) — (Y, Ty) a function. We call f continuous at a point
x € X if for every neighborhood Uy of f(x) there exists a neighborhood Ux of
z such that f(Ux) C Uy.

Proposition 1.30 (Continuity and Nets). Let (X, Tx) and (Y, Ty) be two topo-
logical spaces and f: (X, Tx) — (Y, Ty) be a function. Then the following state-
ments are equivalent:

(i) if the net {z;}; in X converges to x € X then the net {f(x;)}; in Y
converges to f(z) €Y,

(ii) for every O € Ty with f(z) € O we know that f~(O) is a neighborhood
of x.

Proof. (i) = (ii):

Let O € Ty with f(z) € O. Assume that f=1(O) is not a neighborhood of z.
Then for every open neighborhood U € Tx of x there in an element zy such that
ry € U\ f71(O). Define I as the set of all open neighborhood of = ordered by
reverse set inclusion. That is, for all Vq, V5 € I with V; C V5 we have Vi > V5.
We see that the net {zy }yer converges to x but {f(zv)}uer does not converge
to f(x).

(i) < (ii):

Let {x;}icr be a net in X that converges to € X and let U be a neighborhood
of f(x). Then f~1(U) is a neighborhood of z and we know that there is a jo € T
such that for all j > jo we have z; € f~'(U). Hence, for all j > jo we have
f(.’EJ) elU. O

Remark 1.31. A function f is continuous if the aforementioned properties hold
for every = € X.

Proposition 1.32. Let (X, Tx) and (Y, Ty) be topological spaces. The product
topology and the topology of pointwise convergence coincide on YX.

Proof. We will assume that {f;};cr converges to f in the product topology
and then prove that the net also converges to f for the topology of pointwise
convergence. This means that for any finite set {z1,...,2,,} C X and any open
neighborhood U; C X of f(z;) for 1 < i < m there exists a ig such that if j > iq
then fj(x;) € U; for all 1 < i < m. So, in particular for {z} C X and each
neighborhood U with f(x) € U there exists an ip such that for all j > ig we
have f;(x) € U. This means that {f;};es converges pointwise to f.

Conversely, we assume that the net {f;};c; converges pointwise to f and let



{z1,...,2,} C X. Forall 1 <k < mlet Uy CY be an open neighborhood
such that f(xy) € Uy. We know that for all 1 < k < m there exists an 45 such
that for all j > iy we have f;(xy) € Uy. Let iy be such that ig > 4 for all
1 <k <m. It follows that f;(z) € Uy for all j > 9. Hence, the net {f;}ics
converges in the product topology. O

1.3 Metric spaces and norms

Definition 1.33 (Metric space). Let X be a set and define d: X x X — R.
The function d is called a metric on the set X if for all z,y, z € X the following
properties hold:

x,2) < d(z,y) +d(y, 2).
The pair (X, d) is called a metric space.

Definition 1.34 (Isometry). Let (X,dx) and (Y, dy) be metric spaces. Then
the function f: (X,dx) — (Y,dy) is an isometry if for all x,y € X we have

dx(l'7y) = dy(f(ﬂf),f(y))

Definition 1.35 (Dense). Let (X, d) be a metric space. A set Y C X is dense
in X if for all z € X and for all € > 0 there exists an y € Y such that d(z,y) < e.

Definition 1.36 (Separable space). Let (X,d) be a metric space. If there
exists a countable subset Y C X such that Y is dense in X then (X, d) is called
separable.

Definition 1.37 (Proper metric space). Let (X, d) be a metric space. If for all
r >0 and x € X the closed ball B,.(z) := {y € X | d(z,y) < r} is compact,
then (X, d) is called a proper metric space.

To clarify, given a metric space (X, d), we will be using the notation B,.(x) for
closed balls, the notation

OT(‘I) = {y €eX | d(.T,y) < ’I“}
for open balls and O for general open sets.

Theorem 1.38 (Bolzano-Weierstrass). Let (z,,), be a bounded sequence in R?
with the Euclidean topology. Then (xn), has a convergent subsequence.

Proof. For the proof see [6, Theorem 3.4.8]. O



Lemma 1.39. FEvery convergent sequence in R with the Fuclidean topology is
bounded.

Proof. Let (x,)n be a sequence in R that converges to . Then there is an N
such that for all n > N we get |z, — x| < 1. This means that |z, | < |z| + 1 for
all n > N. Define M := max{|z1]|,...,|xn|, || + 1}. This is possible since this
set is finite. We see that |z,| < M for all n, thus (z,), is bounded. O

Proposition 1.40 (Hélder’s Inequality). Let x,y € R% and let p > 1 and ¢ > 1
be such that % + % =1. Then

n n 1/p n 1/q
Z |ziyi] < (Z xip> <Z $i|q> :
i=1 i=1 i=1
Proof. For the proof see [9, Theorem 1.3.12]. O

Definition 1.41 (Norm). Let X be a vector space. A norm on X is a function
IIll - X — R such that for all z,y € X and s € R

(i) ||z|| > 0 and ||z|| = 0 if and only if z = 0,
(i) flsz]| = [s] l=]I,
(iii) flz +yll < llzll + llyll.

Definition 1.42 (Norm equivalence). Let X be a vector space. Two norms ||-||
and ||| are equivalent, denoted by |-|| ~ ||-||', if there exist A, B € R such
that for all x € X

Alzl” < =] < Bll=|l".
Proposition 1.43. Norm equivalence is an equivalence relation.
Proof. For the proof see [2, Theorem 2.16, Theorem 2.17]. O
For the proof following proposition we used [2, Theorem 2.16].

Proposition 1.44. Let X be a finite dimensional vector space. Then all norms
on X are equivalent.

Proof. Let {ey,...,e,} be a basis for X. We note that we can write every z € X
uniquely as x = Y7 Aje; for some \; € R. Let [|-|| be an arbitrary norm on

1
X and define Hz;:l Nes|[ = (S 1A [%)E. Then

n

n
Aesl| <) el
1

j=1
n

= Nl llesll -
j=1

j=



Due to Holder’s Inequality with p = ¢ = % we get

ol
Nl

1
n n n
2
Solllel < Y I > el
j=1 j=1 j=1
"

=A i/\jej
j=1

with A := (Z?:l ||ej||2)%. Hence ||z|| < A ||z||” for all z € X.
Define the function f: R — R by

f()\l, ey )\n) = Z )\jej
j=1

This function is continuous on R? with respect to the Euclidean topology. Define
Si={ (A, ) ERYD NP =1
j=1

It is clear that S is bounded. Since {1} C R is a closed subset and f is contin-
uous, we know that f~1({1}) = S is also closed. By the Heine-Borel Theorem,
see |7, Corollary 2.5.12], we know that S is compact and thus by the Extreme
Value Theorem [8, 4.5.2] we know that there must be a (u1,...,pu,) € S such
that

f(ul,...7/1,n) S f()\l,,)\n)

for all (A1,...,A,) € S. Define a := f(u1,...,un). If a =0 then

n
Z piej|| =0,
j=1

which would imply that 2?21 pje; = 0. Then py = --- = pu, = 0 contradicting
the fact that (u1,...,u,) € S. We conclude that a > 0.

If ||z||” = HZ?:l )\jejH =1 then the (A1,...,\,) € S and thus a < ||z||. Hence,

1
if x € X\{0} and HW = 1 we see that a < || =7 || and thus a ||| < ||lz||. If

& = 0 it also holds that a ||z||"” < ||z|. We conclude that a|jz|" < |lz|| < A |z|”
for all z € X and thus the two norms are equivalent.

Any other norm |-||" on X is then also equivalent to |-||”. Due to Proposi-
tion 1.43 we conclude that [-|| and ||-||" are also equivalent. Hence, all norms on
X are equivalent. O

10



Definition 1.45. Let p > 1 be a real number. We define the function
I, : R > R

n 1/p
Iz, = (Z |$i|p> :

i=1

by

Proposition 1.46. The function |||, : R? — R is a norm.

Proof. For any z € R? we see that ||x||g is a sum of nonnegative numbers. Thus
|z]l, > 0. We can clearly see that if z = 0 then [|z[[, = 0. If |lz[|, = 0 then

x = 0 since [|lz[|] is the sum of all nonnegative numbers. Thus property (i) of
Definition 1.41 holds.
Let 2 € R and s € R. Then we see that

n 1/p
[[sz|| = <Z|Smi|p>
=1
n 1/p
= <Z|5|p|$i|p>
=1
n 1/p
= (lSI”leilp)
i=1
n 1/p
= |s| (Z sz'p>

i=1
= [s[ fl=]l-

Thus property (ii) holds.
Let 2,y € R? be nonzero. Then

i+ yil” < (il + )P = (] + lyal) (2] + |yil)P~
= || (] + |y )P~ + [yl (2] + sl )P~

and if we take the sum of both sides, we get
Dol yal? <Ll (lal + 1y )P+ Dyl (il + [wa)P
i=1 i=1 i=1

The first inequality is because we know that |x; + v;|P < |2;|P + |yi|P due to the
fact that f(z) := P is a strictly increasing function on R>q. We will now use
Holder’s Inequality with ¢ such that 1% + % = 1. Then

n n 1/13 n 1/q
DLl + gt < (Z |$i|p> (Z |£Ei+yi|(p1)q>

i=1 =1 i=1

11



and

1/q

n n 1/p n
S yal(ail + )P < (Z yl> (Z o + wl“"”">
=1 =1 =1

Thus we get

n n l/p n 1/p n 1/q
Sineur < () o () ) (Staeuien)
i=1 =1 i=1 i=1

Since % + % = 1 we also know that (p — 1)qg = p. Hence, we get

n n 1/p n 1/p n 1/q
> lwi+uilP < (Z |~”Ci|p> + (Z |yi|p> (Z |zi + yi|p> :
i=1 i=1 i=1 i=1

By dividing both sides by the right factor we get

n 17% n 1/p n 1/p
<Z|Ii+yi|p> < (Z |$i|p> + (Z%|p> .
=1 =1 1=1

i _1_1
Since 1 g = p We get

n % n 1/p n 1/p

i=1 i=1 i=1

We conclude that property (iii) holds. O

From now on we will refer to |-, as the p-norm.

Definition 1.47 (Dual Norm). Let ||.|| be a norm on R%. For all z € R™ define
]| == sup{]a"yl : Iy < 1,y € RY}.

We call this the dual norm of ||-|.

In general, this is a well-defined norm as we can see in [3, Theorem 4.1]. In
particular, we will show below that this defines a dual norm for the p-norm.

Definition 1.48 (Sign Function). Define the function sgn: R — {—1,0,1} by

1 ifz <0,
sgn(z) :=<¢ 0 ifx =0,
1 ifx > 0.

12



Proposition 1.49 (p-norm and g-norm Duality). Let p > 1. The dual norm of
the p-norm is the qg-norm with % + % =1.

Proof. Let p > 1 and 2,y € R? be given such that ||y||p < 1. With Hélder’s
Inequality we get

|lzTy| =

n
§ TilYi
i=1

Now that we know ||z[|" is at most |||, it is sufficient to show that there exists

n
< lawid < llall, llyll, < llall,-
=1

a y € R? such that [yll, <1 and the sum is equal to the g-norm of z. Assume
x # 0, since for = 0 it is trivial that [|0]" = 0[], holds. Define

z = (sgn(an)|z| ™", sgn(an)|za|T7)

and y := . Note that [|y[|, = 1. Then

=1,

Sl (el
(X, \xi\(Q—l)p)l/p (=l )e/»

2Tyl =

=]l
which follows from the fact that (¢ — 1)p = ¢ and ¢ — % = 1. We conclude that

|z||" = x|, for all 2 € R<. N

Remark 1.50. In general, for a linear function ¢ : R®™ — R we know that there
exist y1, ..., Yy, such that the following holds

. n A i/ »
Doy <D lyran] < <Z|yk|q> <Z$k|p> :
k=1 k=1 k=1 k=1

Equality (a) holds due to the fact that ¢ is a linear function and every lin-
ear function whose codomain is one dimensional can be written in this way.
Inequality (b) is due to Holder’s Inequality.

6(x) < |¢(z)] L

13



2 Metric Compactification

In this chapter we will be introducing the notion of a metric compactification.
The idea is that any given metric space can be embedded into a compact topo-
logical space. The closure of this embedded space is compact and will be called
the metric compactification. The extra elements that are added can be thought
of as ’points at infinity’.

2.1 Defining the metric compactification

Consider an arbitrarily given metric space (X, d). Equip R¥ with the topology
of pointwise convergence denoted by 7p.,. Fix some zo € X and define the
function ¥: (X,d) — (RX,T,.) by

U(x)(y) := d(y, x) — d(zo, z). (1)

Proposition 2.1. The function ¥: (X,d) — (RX, T,) is injective and contin-
uous.

Proof. For injectivity, let z1, 22 € X and assume that ¥(z1)(y) = ¥(z2)(y) for
all y € X. We get the following equations

0= \I/(:cl)(xl) — \I!(:vg)(xl) = d(l’l, {E1) — d((E(),.’El) — d(xl,xg) + d(x(hl'g)
= —d(z9, 1) — d(21,22) + d(x0, T2),
and
0= q’(l‘g)(.’lﬁg) — \I/(l‘l)(l‘g) = d(l‘g, 332) — d(l‘o,ﬂ?g) — d($1,$2) + d($0,x1)
= —d(zg,w2) — d(x1,T2) + d(z0,71)-
When we add them together we get
0= —d(l?o,.rl) — d($1,$2) + d(CC(),l‘Q) — d(1‘0,$2) — d($1, 132) + d($0,$1)
= —2d(x1,x2).

This leads to d(x1,22) = 0 and 21 = 9. Thus, ¥ is injective.
To prove continuity, we first remark that for all z € X we have

(W (y)(2) = ¥(x)(2)| = |d(z,y) — d(zo,y) — (d(z,2) — d(z0, 7))
< |d(2,y) - d(’zax” + |d(1’0, CE) - d(l’o,y)|
< 2d(x, y).

When we have a net {z;};c; in X which converges to z, we see that for all
y € X we have

lim [¥(2)(y) — L(z:)(y)| = 0.

So, U(x;) converges pointwise to ¥(z) and thus ¥ is continuous. O
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The closure of the image will become the compactification of the metric space.
To prove that the closure of the image is compact, we need Tychonoft’s Theorem.
For the proof of Tychonoff’s Theorem we will follow the proof in [4, Theorem
5D].

Theorem 2.2 (Tychonoff). The product of compact spaces is compact for the
product topology.

Proof. Let X; be a compact space for all i € I and equip X := [],; X; with
the product topology. Let Y be a set of closed sets of X which has the finite
intersection property. If [,y A is a nonempty set, then X is compact due to
Proposition 1.15.

Define the set

Y':={ACP(X)|Y C A, A has the finite intersection property}.

Then Y’ is a partially ordered set by set inclusion. We will show that Y’ has a
maximal element with the use of Zorn’s Lemma. We will first prove that every
totally ordered subset in (Y’,C) has an upper bound. Let W C Y’ be some
totally ordered subset. Consider |J, .y, A. To prove that this element has the
finite intersection property, we will take elements by, ...,b, € ey A- Then
there exists an B € W with by,...,b, € A and since S has the finite intersection
property we also know that the intersection of all the b; is nonempty. This
means that (J 4.y, A has the finite intersection property and that J 4y A € Y.
Hence, |J oy A is an upper bound for W. Now that we have proved that every
totally ordered subset of Y’ has an upper bound, by Zorn’s Lemma it follows
that Y’ has a maximal element, which we shall denote by Y.

For each projection p;: Y3 — X; we denote the image as Y},;. To show that
the Y}, also have the finite intersection property, let yi, ...,y € Y;,. We know
that for all 1 < j < n we have yj- = pi(y;) for some y; € Yys. Since Yy, has the
finite intersection property, we know that there exists some x € ﬂ;-lzl y; and
thus p;(x) € j=, ¥} Define the set O}, := {A | A € Y}, }. Since Y}, has the
finite intersection property, we know that C%, also has the finite intersection
property. Since X; is compact there exists z; € ﬂAeC;‘w A by Proposition 1.15.
Define = := (z;)ie; and Cpy := {A | A € Yy, }. We will prove that x € Nacc,, 4
and therefore, also x € [,y A.

Consider the projection p;: X — X;. Let O C X be an open set such that
xz € 0. We know that there exists an element B of the basis of the product
topology with x € B such that B C (. This element B can be written as a
finite intersection of elements of the subbasis of the product topology. So we
know that there are a finite number of O;,,...,0;, with O;; C X;, such that
B= ﬂ?zl pi_jl(Ol-j) and = € ﬂ?:l pi_jl(Oij) cO.

This means that z;; € O;;. Thus the intersection of O;, with every set of YX}
is nonempty, since A € YJC} is dense in A € C’;@I This also means that the
intersection of pi:l((’)ij) with every set of Yj; is nonempty, since for A € Yy,

and A% € th} we have A% NO;, = p;, (pi_jl(Oij) nA). If p;jl(Oij) is empty,
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then A% N O;; will also be empty. Since the intersection of finite elements
of Yy is also an element in Yy, we know that p;j 1((92-].) also intersects these
elements. Hence, Yy; U {p; 1(Oij)} has the finite intersection property. Thus,
p;jl((’)ij) € Y because if p;jl(Oij) ¢ Yy then Yy C Yy U {p;jl(Oij)} and

then Yj; would not be a maximal element. For the same reason we know that
M- i, 1(0;,) € Yas and also O € Y),. This means that the intersection of O
with every set of Yj; is nonempty. Since x € O and O was arbitrarily chosen
open set it follows that x € Cp;. We know that Y C Yy, and Y C C); hold
since all sets in Y are closed. It follows that x is also in the intersection of every
set in Y. Thus Y has the finite intersection property and thus X is compact by

Proposition 1.15. U
Proposition 2.3. The closure of the image of ¥ is compact in (RX, Tpy,)
Proof. For all z,y € X we have

[ (2)(y)]| = |d(y, x) — d(zo, 7)|
< d(%0,y).

When we consider every ¥(x) € R¥ as an element of [I,cx R in the sense that
a function couples an element of X to an element of R. We see that

¥(X) C H [—d(z0,y), d(z0,y)].
yeX

Every closed and bounded subset of R is compact, thus every [—d(zo, y), d(zo, )]
is also compact. By Tychonoff’s Theorem we know that the product of compact
sets is also compact, thus [] ¢ ¢[—d(z0,¥),d(z0,y)] is a compact and closed
set with regard to the product topology. With Proposition 1.32 we see that
[T, ex[—d(zo,y),d(xo,y)] is also a compact and closed set with regard to the

pointwise convergence topology. Since W(X) is now a closed subset of a compact
set it follows by Proposition 1.5 that U(X) is also compact. O

Now that we know that the closure of the image of W is compact, the following
definition will be well-defined.

Definition 2.4 (Metric Compactification). Let (X,d) be a metric space, let
zo € X and 7Tp, the topology of pointwise convergence on R¥X. Define the
function ¥: (X,d) — (RX,T,) as in (1). Then W(X) is called the metric
compactification of X.

One can wonder what happens to the metric compactification of a compact
metric space. The following proposition will show that no new elements are
added to the metric compactification of an already compact metric space.

Proposition 2.5. Let (X, d) be a compact metric space. Then W(X) is compact.

Proof. Since ¥ is continuous due to Proposition 2.1 and X is compact we know
that ¥(X) must also be compact due to Proposition 1.8. O
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The choice of xy € X in Definition 2.4 is irrelevant. We will denote the com-
pactification with basis point z € X as ¥,(X) and prove that the metric com-
pactification is unique up to a homeomorphism.

Proposition 2.6. Let xg,x1 € X. Then there is a homeomorphism between
(Va0 (X), Tpw) and (Yo, (X), T)pw-

Proof. Let {¥,,(yi)}ier be a net of functions in ¥, (X) that converges to the
element hg, € U, (X). For all € X we have

Vo, () (@) = d(@, ;) — d(z1,y:) = d(@, y;) — d(xo,ys) + d(zo,y:) — d(z1,y:)
d(x,yi) — d(zo,yi) — (d(x1,y:) — d(wo, i)

Wy (4i) (%) = Wao (4i) (21)-

Hence

m o, (9:) () = hao (2) = hay (21). (2)

Define H: ¥, (X) = ¥, (X) by h— h—h(z1). Due to (2) we know that H is
well-defined.

To prove that H is continuous, let (h;);er be anet in ¥, (X) converges pointwise
to h € W, (X). For all z € X we have

lim [H (i) (x) — H(h)(x)| = Tim |hi(2) = hi(2o) — (h(z) = h(zo))|

i€l n—00
= |h(@) = h(zo) — (h(z) — h(zo))|
=0.

Hence, H(h;) converges pointwise to H(h) and thus H is continuous.
To prove that H is a bijection we define G: ¥, (X) — ¥, (X) with

h— h+ h(z1).
We note that for all h € ¥, (X) we get
GoH(h)=G(H(h)) =G(h—h(z1)) =h—h(z1) + h(z1) =h
and

HoG(h) = H(G(h)) = H(h+ h(z1)) = h + h(z1) — h(z1) = h

so G is the inverse of H.
Since H is a continuous bijection from a compact space to a Hausdorff space,
we know by [1, Corollary 9.7] that H is a homeomorphism. O
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2.2 The metric compactification of R

Let us consider the case X = R with the Euclidean metric. The metric com-
pactification of R will have two additional points, denoted by 400 and —oc. In
R it is sufficient to work with sequences instead of with nets (we will prove this
in Proposition 3.6).
Let xy := 0 and consider a monotone sequence (z), such that x,, — oco. Then
lim ¥(z,)(z) = lim (d(x,z,) — d(0,z,))
n—roo n—roo

= lim (|Jz —z,| — [0 — z,])

n—oo
= lim (—z +z, — z,) = —x, (3)
n—roo
because for large enough n, we have z,, > = and z,, > 0. Hence, ¥(c0) = —id.

Likewise for the sequence (—z), in R with —z,, — —oc0. For all z € R we have

lim ¥(—xz,)(x) = lim (d(z, —z,) — d(0,—x,))

n— oo n—o0

= lim (j& + ] — [0+ 2,

= nh_}n;o(a: +x, —xy) =1, (4)
because for large enough n, we have z+z,, > 0 and x,, > 0. Hence, ¥(—o00) = id.
To see that there are only two elements in the boundary ¥(R) \ ¥(R), let
h € U(R)\ ¥(R). Then we know there exists a sequence (yp), in R such that
limy, 00 ¥(yn)(x) = h(zx) for all z € R. Then there are two possibilities: (yy, ) is
bounded in R or (y,)n is not bounded in R. In the first case, due to the Bolzano-
Weierstrass Theorem 1.38, there is a subsequence (y,, ) which converges to some
z € R. We will show that ¥(y,,) and ¥(y,), converge to the same limit. Let
€ > 0 be given. Then

Ih(z) =W (2)(2)| < [h(x) = ¥(yn,)(@)] + [¥(Yn, ) (x) — ¥(2)(2)]-

Due to the fact that (y,, )r is a subsequence of (y,), and because (yn, )r con-
verges to z, we know that we can choose nj big enough such that

1)~ Wl ) (@) < ge

and

1

¥ (yn, ) (2) = ¥(2)(2)] < Se.

Thus,
|h(z) = ¥ (2)(@)] < [h(y) = C(yn)(@)] + [¥(yn, ) (x) = V() ()] <€ (5)

and limy_, 0 U(yn, ) (z) = h(z).
For the second case, since the sequence (yy, ), is not bounded it cannot converge
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in R. We know that the sequence cannot converge to both co and —oo, since if we
could find a subsequence (y,, )r that converges to co and another subsequence
(yn, )1 that converges to —oo. For (yy, )r we can use the same method in (5) and
with the result of (3) we find that (y,), converges to —id. In the same way we
can use (Y, ); and the result of (4) and the method of (5) to show that (yn)n
converges to id. Since —id # id we know that (y,), cannot converge to both
oo and —oo. Hence, (yy), converges to —id or id.

To show that id and —id are in the boundary of U(R) we need to show that we
cannot write them as functions of the form

U(y)(x) = |z =yl — [yl

Since id and —id are linear functions and there is no y for which ¥(y)(x) is
linear, we know that id and —id must be in the boundary of ¥(R). Hence, we
have proved that the boundary contains only two elements co and —oo.

2.3 Extending isometries to homeomorphisms

This paragraph is dedicated to the following theorem in which we extend sur-
jective isometries on the metric space to homeomorphisms on the metric com-
pactification.

Theorem 2.7. Let (j) (X,d) = (X,d) be a surjective isometry and define the
function ®: (V(X), Tpw) — (¥

( )7’; ) for h € ¥(X) and x € X by

\/

®(h)(x) == h(¢™ ! (x)) — h(¢™" (w0))-
Then ® is a homeomorphism.

Proof. We first have to prove that ® is well-defined, then we will prove that it
is continuous.

Let h € U(X), then
that lim;e; ¥(y;)(x)

we know that there is a converging net {y;}i;cs in X such
= h(z). Then

¢(h)(z) = lim U(y) (o~ (x) — W (y:) (¢~ (20)))
= %16151 d(¢~ (), yi) — d(yi, x0) — (d(¢~" (20), yi) — d(yi, 20)))
= lim(d ¢ (@), yi) — d(¢~ " (20), i)

(
(
d($(6 (@), (i) — d($(6 ™ (w0)), $(yi)))
d(z, ¢(y:)) — d(wo, d(y:)))
(

Since W(¢(y:))
limier (W (¢(yi))
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Let {h;}ier be a net in U(X) that converges pointwise to h. For all z € X we
have

lin(@(h:) () = lim (ka6 (@) = hs(6 ™ (w0))
— h(¢™ (@) - g(¢* (o))
= &(h)(x).

Since ®(h;)(z) converges pointwise to ®(h)(x), we know that ® is continuous.
To prove that ® is a bijection, we define ©: (¥(X), Tpw) = (¥(X), Tpw) by
O(h)(z) := h(¢p(x))—h(P(x0)). We will prove that it is well-defined, continuous,
and also that it is the inverse of ®. We know that there is a converging net
{yi}iel in X such that

liigll‘l’(yi)(x) = liief?d(yi,x) — d(yi, z0) = h(z).

Then the following holds

= 111131 d(é(x),yi) — d(yi, vo) — (d(¢(w0), yi) — d(yi, 20)))

icl
= lim(¥(¢~" (1)) («))
i€l
Since ¥(¢p~1(y;)) € V(X) holds and the net converges, it is also clear that
lim;er (U (¢~1(y;)) € U(X) is true. Thus O is well-defined.

~ =

= h(z) — h(zo).

We know that there is a net {¥(y;)}ier such that U(y;)(x) converges to h(x)
for every x € X. Hence, it also holds for o € X. Then

U(y;) (o) = d(wo,y:) — d(xo,y:) = 0,

Thus, we know h(zg) = 0 and we conclude © o ®(h)(x) = h(z). In the same
way, we can prove W o © = id. This means that © is the inverse of ®.

Since ® is a continuous bijection from a compact space to a Hausdorff space,
we know by [1, Corollary 9.7] that ® is a homeomorphism. O
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3 The p-norm on R

In this chapter we will be looking at the metric compactification of R¢ with
p-norm. We can explicitly express this compactification. To determine this, we
will first prove that W(R,[|-|| ) is metrizable. It is then sufficient to work with
sequences instead of nets.

3.1 V(R4 |||, is metrizable
We will be using the fact that (R?, [[II,,) is a proper metric space.
Proposition 3.1. Every compact metric space is separable.

Proof. Let (X, d) be a compact metric space. Let O, (z) be the open ball around
x with radius r. For all n € N we define C), := {O1(z) | z € X}. Since for
every n, this is an open cover of X, and X is compgct, there is a finite open
subcover F,, C C,,. Define Y := UnEN F,,. We only want the center of each set
so we define

Z:={z|0s(x) €Y}

Since Y is a countable union of countable sets, Y itself is countable and thus
Z is also countable. Let € X and € > 0. Then there exists an m such that
% < €. Since Fy, is a finite open cover of X we know that there exists a y € Z
such that 2 € O 1 (y). Thus d(z,y) < L < ¢ and we conclude that Z is dense

in X. Thus (X, d) is separable. O
Proposition 3.2. Let p > 1 in R. Then the unit ball in (R9, ) is compact.

Proof. We can see that the unit ball
B :={z eR?| ||, <1}

is bounded with respect to the Euclidean norm. Consider the identity function
f: (R"™ [|]l) = R by & — ||z[,. Since f is continuous and the set [0, 1] is closed
we know that f~1([0,1]) = B? is also closed. With the Heine-Borel Theorem
we conclude that B% is compact with respect to the Euclidean norm.

Let p > 1 be a real number. Consider the function id: (R, [|-]|,) = (R, [|-]l,)-
We will prove that this is a homeomorphism. Let (z,), be a sequence that
converges to z with respect to [|-[|, and let (yn)n be a sequence that converges
to y with respect to [|-|l,. Due to Proposition 1.44 we know that there exist
A and B such that Allz||, < [[z], < Blz|, for all z € R<. Tt follows that
(zn)n converges to x with respect to [|-[|, if and only if (yn)n converges to y
with respect to [|-||,. From this we conclude that id is a homeomorphism.

For all z € R? with [2]l, <1 we have

2], < Blzll, < B.
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We know that B} C B% and BY is closed for ||, so B} is compact for |||,
by Heine-Borel. Since id is a homeomorphism, By is compact for ||-[|,. Since
we have chosen p randomly, we conclude that the unit ball BY is compact in
(R4, |[I,) for every real p > 1. O

Proposition 3.3. Fvery proper metric space is separable.

Proof. Let (X,d) be a proper metric space and let 2 € X. Since for every n the
ball B,,(z) is compact and by Proposition 3.1 the set is also separable, we can
define D,,(x) as the countable dense subset of B,,(z). Then the set

U Dy ()
n=1

is a countable set, because it is a countable union of countable sets and it lays
dense in X. Hence, X is separable. O

With these results we can introduce the notion of metrizability.

Definition 3.4 (Metrizable). Let (X, T) be a topological space. If there exists
a metric d on X such that the topology induced by d is the same as T then
(X, T) is called metrizable.

The following lemma is used in the proof that ¥(X) is metrizable.

Lemma 3.5. Let h € U(X). Then for all y,z € X we have
[h(y) — h(2)] < d(y, z).

Proof. Let {x;}icr be anet in X such that lim;e; ¥(z;)(y) = h(y) forall y € X.
Then

[h(y) = h(2)] = lim [A(z:)(y) — h(z:)(2)]
= 12161? |d(zi,y) — d(zo, ;) — (d(zi,2) — d(x0, ;)]

= lim [d(z;,y) — d(zi, 2)| < d(y, 2)-
1€

O

Proposition 3.6. Let (X,d) be a proper metric space. Then ¥(X) is metriz-
able.

Proof. By Proposition 3.3 we know that (X,d) is separable so we know that
there is a countable set Y := {x1,22,...} C X that is dense in X. For all
elements g, h € U(X) we define the metric

27" min{1, |g(zx) — h(zx)|}

WK

p(g,h) :==

o~
Il

1
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with z; € Y. We first note that this function is well-defined because
22 Fmin{1,|g(zx) — Z
k=1 k=1
To prove that p is a metric we note that
27 * min{1, |g(zx) — h(zk)|} >0

and

p(g,h) = 0.

Thus property (i) from Definition 1.33 holds.
To prove property (ii) we note

oo

Z Fmin{1, |g(z) — h(zx)|}
Z Fmin{1, |h(zx) — g(zx)|}
k=1

= p(h; g)-

For property (iii), assume that p(g,h) = 0. Then min{1, |g(zr) — h(z)|} =0
holds and thus |g(xg) — h(x)| = 0 which means that g(xy) = h(zy) for every
z €Y. Let © € X and € > 0. There exists an 2, such that |g(z) — g(zy)| < %€
and |h(x) — h(zk)| < 1€ by Lemma 3.5. Then we know that

l9(z) = h(z)] < lg(z) — (mk)\ + lg(ax) — h(zx)| + [h(zk) — h(2)|

1
§§6+0+26_6

We conclude that g(z) = h(z) for all z € X.
Assume g = h. Then min{1, |g(zx) — h(zx)|} = 0 holds and thus

=> 27 min{1, [g(zx) — hlax)[}

k=1
= Z2-k~0 =0
k=1

We conclude that p(g,h) = 0 if and only if g = h.
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For property (iv), let g, h,j € ¥(X). Then
22 min{1, lg(z) — h(z)[}

2k min{1, |g(xr) — j(xr) + j(xr) — h(zw)|}

FH18 i

>
Il
MA

27 F min{1, |g(zx) — 7 (xx)| + 7 (k) — h(zk)|}

E%g

=
Il
—

“F(min{1, [g(zx) — j(xx)|} + min{L, [j(z) — h(zk)]})

INA
M8
[\'.)

b
Il
—

2 F min{1, |g(ax) — j(an)l} + 3 27 F minfL, [j(ax) — A}
k=1

1]

,_.

(9 J) +p(g, h).

I
vaw

We conclude that p is a metric.

Let f € U(z,U). Due to Remark 1.27 we know that there exists and € > 0 such
that U(f,z,€) C U(z,U). Then there exists an ,,, € Y such that d(z,z,) < 3e.
Define

- —m

O () = {9 € W(X) | plfo0) < o)

and let g € Oy-m (f). Without loss of generality we can assume that 0 < e < 3.
3

Then

=2 min{L,|f(zx) — glar)} > 27" min{L, | (zx) — g(an)]}.

k=1
Hence, we get

s 2=
27" min{1, |f(zm) — g(xm)|} < 3 €

. 1
min{L (@) — gla)]} < 2e.
Since e < 1 we know that |f(z,) — g(m)| < €. Then

[f(@) = g(@)] < [f(2) = flem)| + |f(@m) = g(zm)| + |9(zm) — g(2)]

1
< 2d(:c,:cm) + ge <e€

due to Lemma 3.5 and because d(z, z,,) < % It follows that g € U(f,x,¢) and
thus Oy-m (f) CU(f,z,€). We conclude Ty C Ty
3

Conversely, let O.(f) for f € ¥(X) and € > 0. There exists an m € N such that
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Y27 " < fe. For all n < m we define U := (" U(f,x,, 2€). We note
that this is a finite intersection and that I/ is open with respect to the pointwise
topology. Let g € U, then the following holds

> 27 min{1, [ f(zx) — g(zx))|

k=1

27  min{1, | f(zx) — g(z1)[}

||
FMsﬂ

-1

3

27" min{1, | f(zx) — g(zx)|}

+
(]

el
Il

1

Z Fmin{1,|f(zx) — g(z1)|}

H

3 w

1
< —€e+ 27k.§€<€

N — [\DM—!

=
Il
—_

We conclude that h € O(g) and U C Oc(g). Thus T, C Tpw. Hence, Tp =T,
and ¥(X) is metrizable. O

The only thing that remains for us to do, in order to show that the metric
compactification of (RY, [|[,) is metrizable, is to demonstrate that (R, [[1],) is
a proper metric space.

Proposition 3.7. Let d and p be positive integers. Then (R, ||Hp) 1S a proper
metric space.

Proof. Let r > 0 be a real number and 2 € R?. Define the translation
To: RE[1,) — R )HL)

with T (y) = y + x for all y € R% and the translation
To: R L) — (RE [,

with T;.(y) = ry for all y € R9. Tt is clear that both T}, and T} are homeomor-
phisms. We know that the unit ball B} is compact with regard to the p-norm
for every real p > 1 by Proposition 3.2. Since T} and 7, are homeomorphisms
and 7T, 0T, is also a homeomorphism, we know that 7,.(T,(B)) is compact with
respect to the p-norm. We conclude that (R, [[[,) is a proper metric space. [

Proposition 3.8. Let p > 1 be a real number then ¥(R4, ||-||,) is metrizable.

Proof. Due to Proposition 3.7, (RY, ||Hp) is a proper metric space and due to
Proposition 3.6 we conclude that W(R4, ||| )) is metrizable. O
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3.2 Computing the boundary W(R?, ||| )\ ¥(R? ||-]|,)

We have proved that the metric compactification of (R?,||-[|) is metrizable,
so from now on we can use sequences instead of nets. Before we move on to
compute the boundary we need the following notion and result.

Definition 3.9 (Norming Functional). Let ||-|| be a norm on R¢ and let
6: R R

be a function. If ¢(z) = |z| for some x € R? then we call ¢ a norming
functional of x.

We need the following notation. For p € R define the set
Sp={z € R |I[I,) |, = 1}-

Proposition 3.10. Let p,q > 1 be real numbers such that % + % = 1. Define
the function

TS5 =8,

by

n n
Z Trep — Z sng(zy)|zeP e,
k=1 k=1

Then J is an isometric isomorphism with the property that every element gets
mapped to a norming functional of itself.

Proof. The first thing we need to prove is that the function is well-defined. Let
x € S, then the following holds
2 a

- (Z |sgn<xk>lxkl“lq> ) (Z lxkr”) ~1
k=1 k=1

n
ngn(xk)|xk|pflek
k=1

q
Hence, J is well-defined.
For z) # 0 we have sgn(zy) = ‘i—:l Hence, it is not difficult to verify that
J(x) = 3 p_, xx|zk|P~2ex also holds for z, = 0. For a sequence (), in R
which converges to o we have lim,, o0 @y |7, [P~2 = z|z|P~2. Thus, xx|zk|P~2ex
is continuous and J(x) = >_,_; zx|zx[P "€y is also continuous.

To prove that J is an isometric isomorphism we will give an inverse function.

Define J': §; — S, by

n n
Z Tpep Z sgn(xy) |z e
k=1 k=1

26



We will first prove that this function is well-defined. Let 2 € S, then the
following holds

1

- <Z|Sgﬂ($k)fﬂk|qlp> = (lek|q> =1.
P k=1

k=1

n
> sen(ze)lzel e
k=1

Let x € S, then the following holds
(J" 0 T)(x) =T (I (x))
=7 sen(ax) |zl ter)

k=1
= sgn(sgn(ae)|zk]?™")|sen(zx) |z TP e
k=1
n
= ngn(a:k)lxk|("‘l)(p‘1)ek
k=1

n

= ngn(mkﬂxﬂek

b
Il
—

T =T

I
M=

B
I
—_

since 1 = (¢ — 1)(p — 1). In the same manner, we can show that (J' o J) = id.
Hence, [J’ is the inverse of J.

We will now prove that J sends every element to its own norming functional.
Due to Remark 1.50, it suffices to show the following

T(@)(@) = 3 wpsgn(en) P!

k—
n

= |alax7!
k=1

NE

|zkl” =1 =[], .

ES
Il
-

O

We need the following proposition before we can compute the boundary of
TR, []1,)-
P
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Proposition 3.11. Let (X, ||-||) be a normed space. Let x € X and A > 0. Then
¢ € X* is a norming functional of the vector x if and only if ¢ is a norming
functional of the vector \x.

Proof. Assume that ¢(x) = ||x||. Then the following holds
¢(Az) = Ap(z) = Afz|| = [[ Azl

Hence, ¢ also norms Az.
Assume that ¢(Ax) = ||Az||. Then the following holds

Ap(x) = d(Az) = [|Azl| = M|

Thus we know that

Hence, ¢ also norms =z. O

We will now state the main result of this section, wherein we explicitly determine
both the elements on the boundary of W(R<, ||-|,) and the internal functions.

Theorem 3.12. Every element in ¥(R?, ||'Hp)\\Il(Rd, I[l,,) is of the form J (z)
for an x € R,

Proof. Let p > 1 be a real number and define o := 0. Let h € U(R%, || ).
Then there exists a sequence (), such that ¥(z,) — h as n — oo point-
wise. There are two possibilities: the sequence is bounded or the sequence is
unbounded. In the first case we know by the Bolzano—Weierstrass theorem that
there exists a convergent subsequence (x,, )r such that x,, — z as k — oo for
some = € R?. Let € > 0. Then the following holds for y € R?

h(y) = U(zn)(y)] < [h(y) = V() () + ¥ (zn,)(y) = U(za)(y)|
< [h(y) = Y(@n ) ()] + Y (@n,)(y) — Clzn)(y)]-

Since ¥(z,,) converges pointwise to h we also know that for all € > 0 there exists
an NV such that for all k > N we have

|h(y) — ‘I’(fﬂnk)(y)| < e.

Thus, ¥(z,,) converges to h and we know that W(z) = h with h € U(R?, [11,,)-
In the second case, if (), is unbounded then there is a subsequence (z, )

such that [|z;,[|, — oo for k — co. Define yj, := x,, . Since S, is compact, we
Yk,

know that #:— has a convergent subsequence that converges to some

llyxll,

P
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y € S,. Let z € R? then the followings holds

Yk, — = Yk,

Hyki p (yl% - Z) - Hykz - Z”p Yk

Note that

and thus

lyw: =20, Ny,

) e — 21, Ty T,

Hykin Yki — ||ykb p? T ||yk1 - Z”p Yk
1Ys = 2l [lym: I,

kel = Nlyw: = 211, ye: = llywll, 2
1yw; = 2l llym:[l,

lywll, = llyw; = 2[1,) 1y

(7| 7

vk = yr: — 2, 1Y ll, +

vk, — 2, Nyw: |,

20z,

ks — 21, v
2|21l

e =zl

p
Yk,

p Izl

p

Y. = 20, = Nyl = 1121,

2|l=, 2||=ll,,

lyk: = 20, ~ vk, = M2,

Since ||y, [, — 2]/, — oo for i — oo, it follows that

Hence,

and thus

i 2|z, : 2|=l, 0
im0 |lyk, — 2l T = llywl, — II21,
2|z
lim 7” ”p =0
i=oo [lyr, — [,
lim || 2 Yk T
i=oo | flyk, — 2, llyw.ll, )
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Let € > 0. Then we know that

Yk, — 2 Yk, — 2 Yk, Yk;

loe, — 2, ) || Tow — =1, Y

yk?i P ykz P
lyk, — =M, | |
There exists an NV such that for all j > N we have
-z . .
Yks Yk Ye: ull <e

lyk, — 21, Mkl (7 )

”yy i— as 1 — 00.
ki

Hence, ﬁ converges to y just like
e —

yk

ykv—ZII o,

I € S, we know that J norms
vllip

Due to Proposition 3.10 and since I

these elements.
With Proposition 3.11 we get the following result

Yk, — 2
J - (yk’i - Z) = Hyk1 - ZH .
(Mm—4b> / el

Due to Remark 1.50, we know that for w;,ws € S, we have
T (w1)(wz) < |T (w1)(w2)| < 1T (w1)ll, lwll,,

Since || 7 (w1)||, = 1 we conclude

T (w1)(ws) < [|wall, - (6)

Thus we have the following inequality

Yk, — = Yk; —
ok, —2ll, = lwkll, < T (77— | Wk —2) =T | 77— | k)
r r lyk; — Il (7 —ZH

Due to linearity of J ( ) we know that

o T,
Yk, — 2 Yk, — < Yk, — 2
i i )T V=T = (—
(mrajwkz> G%—%>W) (mrﬂ)(”
Yk, — <
S ) L - )
(mh—4u>“)

Again, due to Proposition 3.11 the function J (||y1> norms yg,. Thus the
ki

Yk,
J : =yl .
<|lyki p) (k) = llywll,
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Once more, with (6) we deduce

Yk, Yk,
J (Y, —2) =T (ki) < Nyr: — 2, — Nyl -
||ykz P Hyk1 P

Due to linearity of J <||yyk> we know that
kg

P

Yk Yk _ Yk .
=— Yhi 2).
- j(nyki p>”

. A . .
Since both 2k and 2 converge to y for i — 0o, we conclude
[Jox; =l [l ’
2 » 2

P

~TW)(=) < Jim g, = 2l ~ g, < T (w)(2)

With the Squeeze Theorem [8, Theorem 2.2.26.8] we see that h(z) = =T (y)(z).
We know that —7(y) is a linear function and every function h € W(R?, ||-|| )
is of the form h(z) = ¥(y)(z) = ||z —yl|, — llyll, for some y. Since there is no
y € R for which ||z — yll, — llyll, is a linear fuction, we conclude that every

element in the boundary of W(R?,|[-[|,) is of the form —J(y). O
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