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1 INTRODUCTION

1 Introduction

Physicists often face problems which exhibit some kind of symmetry, be it a spherically sym-
metric gravitational field, a translationally symmetric magnetic field, or something more ab-
stract altogether. In these situations, one can often reformulate the problem in a different set
of coordinates that makes it easier to work with. The reformulated problem has fewer degrees
of freedom.

Well-known examples of such techniques arise from celestial mechanics; in an N-body
problem, one can position the frame of reference in such a way that one particle is stationary.
Similarly, spherically symmetric potentials are often studied as 1-dimensional problems, which
is also a case of reducing the degrees of freedom by exploiting symmetries of the problem.

In this report we study the underlying mathematics of reducing the degrees of freedom
of a physical system. To that end, we require a rigorous formulation of classical mechanics
which adopts the language of differential geometry. This is done using symplectic manifolds,
which are objects that can be seen as a generalisation of the concept of phase space in physics.
Within this framework, we apply a technique known as symplectic reduction to reduce the
degrees of freedom of a system. To restrict the scope of this text, the reader is assumed to
already be familiar with differential geometry.

We will begin by laying the groundworks for the theory of symplectic geometry. In Section
we study some preliminary linear algebra, including a linear version of what is known as the
Darboux Theorem. This section additionally serves as a microcosm of the following Section
M which gives the definition of symplectic manifolds and mentions the geometric Darboux
Theorem, though it is not proven in this text. Here some interesting properties of cotangent
bundles are also brought to light.

Section [5] concludes this part of the thesis with a symplectic-geometric reformulation of
certain systems in classical mechanics. Here the relation between phase spaces and symplectic
manifolds is explained, and we treat a small example of the simple pendulum using this new
formulation.

The second part of this report is dedicated to Lie theory and symplectic reduction, the latter
of which will ultimately be our goal. Lie theory is necessary to describe smooth syminetries
of symplectic manifolds, and instrumental in defining symplectic reduction. Hence we spend
some time working out the involved mathematics. After formulating some notable theorems
regarding symplectic reduction, we begin applying the theory to physical problems. This is
the focus of the third and final part.



2 CONVENTIONS

Part 1

Symplectic Preliminaries

2 Conventions

The following sections are heavily inspired by [3], in particular some of the materials up to
chapter 6 and some of the material from chapter 18 onwards. We will cover part of the contents
of these lecture notes, and work with the same preliminary knowledge about smooth manifolds.
For a comprehensive overview of the general theory of smooth manifolds, we refer to [9]. To
avoid ambiguity, below is a list of conventions and terminology that will be used throughout

this report.

smooth
S?’L
'H‘n
RP™, CP"
T,N
TN
TN
T*N
QH(N)
X(N)
C*(N)
(dw)p
(dF),
F*w
X Jw
Stab,,
Span(S)

infinitely differentiable

n-sphere

n-torus

real resp. complex projective space (manifolds of dimensions n resp. 2n)
tangent space at p to a smooth manifold N

tangent bundle of a smooth manifold N

cotangent space at p to a smooth manifold N

cotangent bundle of a smooth manifold N

space of differential k-forms on a smooth manifold N

space of smooth vector fields on a smooth manifold NV

space of smooth mappings N — R on a smooth manifold N

exterior derivative of a differential form w at a point p on the manifold
differential of a smooth map F at a point p in its domain

pullback of a differential form w along a smooth map F

contraction of a differential form w along a vector field X

stabiliser of a point  under a group action

span of a subset S of a vector space V'

Furthermore, the term “smooth manifold” will often be shortened to just “manifold”. If the
smoothness property is at any point dropped, this will be explicitly stated.
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3 Symplectic linear algebra

In the following sections we lay the groundworks for the study of symplectic geometry. This
begins in a linear algebraic context, which will define part of the symplectic structures on
manifolds.

Definition 3.1 (Symplectic vector space). Let V' be a finite-dimensional real vector space.
A linear symplectic form is a bilinear form Q :V x V — R that is skew-symmetric and
nondegenerate. In this case, we call (V,Q) a symplectic vector space.

For the nondegeneracy property we may use one of the equivalent formulations
VoeV:Q, )=0=0v=0
or that
a:V-oViue- Q,-)

is an isomorphism.

The skew-symmetry of the symplectic form leads to a decomposition of the vector space
into two halves. This will be further explored after the example below, and will have far-ranging
effects down the line.

Example 3.2. Consider R* with basis (e1, ea, f1, f2). Denote the dual basis as (eX,e3, fi, f3)
and define a symplectic form Qg on R* by

Qo =€ A ff+e5nfs.
By explicit computation we find
Qoles, f3) = 6ij and Qo(ei, e5) = 0= Qo(fi, fj),

where 0;5 is 1 if i = j and 0 otherwise. We will show that all linear symplectic forms can be
written i a similar way.

Any bilinear form gives rise to a concept of complements; given a linear subspace Y € V,
we define the symplectic complement with respect to {2 as

Y= {wveV |VyeY:Q,y) =0}

Unfortunately, this is not always complementary to Y; in the example above, we would find
that

Span(e)$% = Span(ey, ez, f2),
which contains Span(e;). For Y and Y% to be complementary, we need Y to be a symplec-

tic subspace of V| meaning that |y «y must be nondegenerate. Let us first formulate the
theorem we want to prove.
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Theorem 3.3. Let (V,Q) be a symplectic vector space. Then it has even dimension dim'V = 2n
and a Darbouz basis (x1,...,Tn,Y1,.--,Yn) with respect to which Q can be written as

n
* *
Q=) 2} nyj,
j=1

where v* := Q(v,-) forveV.

This is a fairly important theorem, and also has a geometric analogue. This will be discussed
at the end of the section. First, we show some properties of symplectic vector spaces in order
to prove the above.

Proposition 3.4. Let (V,Q) be a symplectic vector space with a subspace Y S V.
(1) dmY +dimY® = dim V.
(2) If Y is symplectic, Y nY? =0 and so V =Y @Y.
Proof. For (1), consider the linear map
p:V-oY*
v Qv )y,

whose kernel is ker ¢ = Y. Since the dimensions of the kernel and image of ¢ sum to dim V,
we want it to be surjective so that (1) is satisfied. Recall that the nondegeneracy of ) gives
an isomorphism « : V — V*. Then we obtain ¢ as ¢ = (* o o, where (* is the dual mapping
of the inclusion ¢ : Y < V. * and « are both surjective, so ¢ must be too. We obtain

dimV =dimY* + dimY® = dimY + dim Y*%.

In (2), take any element y € Y n Y. Then since y € Y%, we have that Qly .y (y, ) =
Q(y, )|y = 0. Since Q|yxy is symplectic, it follows that y =0,s0 Y n Y? = 0. O

It turns out that (2) in the above is actually an equivalence. For our purposes, we just
need the consequence that V =Y @Y% is a decomposition into symplectic subspaces. As one
might imagine, this lends itself to an iterative proof of Theorem

Corollary 3.5. If Y is a symplectic subspace of (V,Q), then so is Y.
Proof. We begin with the claim that (Y% = Y. From Proposition 1) it follows that
dim(Y)®? + dimY® = dim V
= dimY + dim Y,

and hence
dim(Y*H® = dim Y.
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Furthermore, if y € Y, then for all v € Y we have Q(y,v) = 0. So by definition of the
symplectic complement, y € (V). Therefore

Y < (Y92

and since the dimensions are equal, (Y*)? = Y.

Now we need to show that Y is indeed a symplectic subspace, or equivalently, that
Qlyayye is nondegenerate. Let v € Y be given and suppose Q|yayya(v,-) = 0. Then
Qv,)ya = 0,50 v e (YH? =Y. But now v is in the intersection Y n Y, which is 0
by Proposition [3.4(2). Hence v = 0 and Q|y«,y« is indeed a linear symplectic form. O

Now we are ready to prove Theorem

Proof of Theorem[3.3. The case V' = 0 is trivial, so suppose dimV > 0. First note that
dimV # 1, since {2 vanishes on 1-dimensional subspaces due to its skew-symmetry and would
hence be degenerate. So dim V' = 2.

Now fix an x; € V\{0}, and let y; € V be such that Q(x1,y1) # 0. The existence of such y;
is required by the nondegeneracy of 2. Now normalise y; such that Q(z1,y;) = 1. This makes
W = Span(zx1,y1) a symplectic subspace of V' with

Qwxw = 2] A i
Due to Proposition [3.4[2) and Corollary we can now decompose
V=wow"

as a direct sum of symplectic subspaces. The process above can be applied iteratively to W
in order to extract 2-dimensional symplectic subspaces until dim W < 2. With W* being
symplectic, it cannot have dimension 1, so this in fact yields V as a direct sum of 2-dimensional
symplectic subspaces with the desired Darboux basis. O

Theorem shows that symplectic vector spaces of the same dimension are not only
isomorphic in the traditional sense, but also necessarily have the same symplectic structure.
In the following section we formulate a geometric version of the same theorem, although we
will not prove it. Essentially, it states that all symplectic manifolds locally have the same
structure.

4 Symplectic geometry

4.1 Definitions and the Darboux Theorem

With the symplectic linear algebra we have discussed, we can now give a definition of symplectic
manifolds and the associated isomorphisms.

!This result holds for any subspace of a symplectic vector space.
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Definition 4.1 (Symplectic manifold). Let M be a smooth manifold with a differential 2-form
w e O2(M) satisfying the conditions

(1) w is closed
(2) Vpe M :w, is nondegenemtﬂ as a bilinear form T,M x T,M — R
Then we call w a symplectic form and (M,w) a symplectic manifold.

Definition 4.2 (Symplectomorphism). Let (M, wi) and (Ma,ws) be symplectic manifolds. A
symplectomorphism from M to My is a diffeomorphism @ : My — My which preserves the
symplectic forms: p*wy = w1.

Note that the nondegeneracy of the symplectic form makes the tangent spaces of a sym-
plectic manifold into symplectic vector spaces. Hence symplectic manifolds, just like symplectic
vector spaces, are always even-dimensional. The closedness is a less intuitive condition, but
important for technical reasons. For one, it is necessary for the Darboux Theorem to hold,
which is the smooth version of Theorem and will be essential in our treatment of classical
mechanics. The standard example for a symplectic manifold is the following.

Example 4.3. R?" with coordinates (21,...,Tn,Y1,--.,Yn) has a standard symplectic form

n
wo = Z dz; A dy;.
j=1

There is a lot of interesting mathematics we could get into regarding classification, but this
is not necessary for the problems we will be studying. It is therefore also beyond the scope of
this report to prove the Darboux Theorem, even though we will be using it extensively.

Theorem 4.4 (Darboux). Let (M,w) be a 2n-dimensional symplectic manifold. Given a point
p € M, there exists an open neighbourhood U of p with local coordinates (x1, ..., Tn,Y1,- -, Yn)
such that on U

w = dej A dy;.
J

For a proof of this theorem, we refer to the first three parts of [3].

4.2 Symplectic structure of the cotangent bundle

The cotangent bundle of an arbitrary manifold can always be given a smooth and symplectic
structure. These will be the most notable symplectic manifolds to us in the study of classical
mechanics. We will see later that cotangent bundles correspond to the concept of phase space
in physics. First, let us construct the smooth structure on the cotangent bundle.

Proposition 4.5. Let N be an n-manifold, then T*N is a 2n-manifold.

%So the mapping Tp M — T M given by v+ wp(v,-) is a linear isomorphism.
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Proof. We cover N with coordinate charts (U, x1,...,x,), so that at any p € U, we find a
basis ((dx1)p, ..., (dzn)p) for Ty N. In terms of this basis, elements of 77N can be written as
&= (&,...,&), which in turn induces a local coordinate chart

(T*U,$1,...,l'n,fl,... ,fn)

on T*N. The coordinates (z1,...,Tn,&1,...,&) are called the cotangent coordinates as-
sociated to (z1,...,2,). We need to show that these coordinates induce a smooth structure.
Given two charts (U, x1,...,2,) and (U',2},...,2,),pe UnU" and { € Ty N we find

0 % ! 0 7 /
§= Zfi(dwi)p = Zfz %(dx]’)p = Z (Z &8:}’) (dz})p.
i i j J j i J

It follows that the transition function (defined by the components of £ in the dx}—basis) is
smooth. O

From the above, we might want to define a symplectic form on T*N by

w= > dz; A dg;.
J

This is indeed a symplectic form, since it has the form given in the Darboux Theorem. But is
it coordinate-independent? Well, it turns out that it is not only that, but also canonical. To
see this, consider the 1-form
o = Z fjdxj.
J

We find that w = —da. It is not immediately clear that « is coordinate-indepent, but with
some computation we would find that it is given by the following coordinate-free definition.

Definition 4.6 (Tautological 1-form and canonical symplectic form). Given a manifold N with
cotangent bundle projection m: T*N — N, we define the tautological 1-form or Liouville
1-form a € QY(T*N) at (p,&) € T*N by

Apg) =AM = &0 (dm)gpe)-
The canonical symplectic form on T*N is then defined as
w = —da.
To make sense of the definition of «, note that 7 has a differential
(@) Tipe)(T*N) = TN,

whose pullback is

7
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From this we can see that (dr) E"p 5)5 indeed defines a 1-form. We can easily check that

0 0 0
dm (%) = 67;1}] and dr (agj) =0

so indeed a(%) =0, and

J

as expected.

5 Hamiltonian mechanics

Hamiltonian mechanics is a particular treatment of classical mechanics that lends itself to both
elegant and intuitive formulations of mechanical problems. It revolves around the study of a
class of functions called Hamiltonians. They can be viewed as the total energy of a mechanical
system, that being the sum of the kinetic and potential energy. In this section we define
Hamiltonians and lay the groundworks for Hamiltonian mechanics.

5.1 Vector fields and flows

Vector field flows are going to be a fairly important class of objects, so this section is dedicated
to a brief recap of the topic before we begin working with them. We will only work with complete
vector fields, primarily because this makes the flow a group action. There is also a physical
justification for this, discussed in Remark

Consider a vector field X on a manifold N. We denote its flow by exptX for ¢t € R, a
notation which will make more sense once we touch upon Lie Theory later on. Because of
the notation, we may also call the flow of X its exponential map. It is defined such that
{exptX : N —> N | t € R} is the unique smooth family of diffeomorphisms satisfying the
following system of differential equations:

exptX|,_, =id
%exth = XoexptX

This is fortunately quite intuitive; it assigns to the exponential map the role of defining an
action of R on N. This action essentially moves a point on N along the vector field X for a
certain amount of “time” ¢ € R. The first equation says that moving a point for a time ¢ = 0
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leaves it in place, and the second equation makes it so that the velocity with which exptX
moves points corresponds to the value of X at those points.

Flows also give rise to a notion of taking derivatives along a vector field. This is known as
the Lie derivative, defined as follows:

Lx : QF(N) - QF(N)

d
W o tzo [(exptX)*w]

In the case k = 0, this just turns out to be the same as taking a partial derivative along X.
Along with the Lie derivative of course comes Cartan’s magic formula, which will be a great
companion to us.

Lemma 5.1 (Cartan’s Magic Formula). For X € X(N) and w € Q*(N) we have
Lxw=X 1dw+d[X Jw].
This can be proven by induction on k using the identity
Lx(wAan)=LxwAn+wALxn.

For details, see [9), p. 373].

5.2 Phase space

In this section we work towards a Hamiltonian formulation of mechanical systems.
To begin, let (M,w) be a symplectic manifold and H € C*(M) a smooth function. Since
w is nondegenerate, we have an isomorphism
X(M) S QM)
X X Jw.

So there is a unique vector field Xz € X(M) such that
dH = Xy Jw.

Definition 5.2. In the above, we call H a Hamiltonian function and Xy the unique
associated Hamailtontan vector field.

Note that

Lx,H =Xy 1dH
= XH_I (XH_IW)
=w(Xg, Xng)
:0’
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due to the skew-symmetry of w. It follows that H does not change along integral curves of Xpy;
in other words, the flow of Xy preserves H. This is a valuable insight into the associated
physics; since H can be viewed as the total energy of a system, we can view the integral curves
as the possible trajectories an object can take with constant energy. Hence, energy is conserved
on integral curves of Xy . This becomes clearer when we look at Hamilton’s equations towards
the end of this section.

Example 5.3. Consider the symplectic manifold (S%,d0 A dh) with coordinates given by the
angle 0 € [0,27) and height h € [—1,1]. Define the Hamiltonian H(0,h) = h as the height
function. With

Xy 2(df A dh) = dh.

we find Xpg = a% This has flow py(0,h) = (6 + t,h). We see that the level curves H~'(h)
indeed turn out to be the integral curves at the respective heights h.

Note that S? is compact, and Xg complete. This is no coincidence; on compact manifolds,
all vector fields are complete. See Theorem 9.16 of [9, p. 216] for a proof of this fact.

Remark 5.4. Farlier we remarked that we will only need complete vector fields in our study
of symplectic reduction. We already saw that this makes the flow a group action, which is
certainly important, but this is also justified from a physics standpoint. Above we found that
wntegral curves of Hamiltonian vector fields represent trajectories allowed in the mechanical
system defined by the Hamiltonian. If this vector field were incomplete, then those trajectories
may be discontinuous. This amounts to non-physical solutions without proper care.

Example 5.5. As an example of the remark above, consider a particle of mass m moving in

R3\{0} under a Coulomb potential

V)=,

expressed in spherical coordinates. Since we have not yet discussed the mathematical language
required to describe this system, let us settle for the physicist’s formulation; the Hamiltonian
1s the sum of kinetic and potential energy, written as

2
P 1
H(rp) =50 =5

where p is the total momentum. The trajectory of the particle will have a constant energy F,

so setting H(r,p) = E we find
/ 2
p=4/2mE + —m.
r

Now we can see that we run into a great deal of trouble around the origin, as the momentum
diverges to infinity. The reason can be understood through both a mathematical and physical
lens; on the one hand, the Hamiltonian vector field corresponding to H is not complete. And
on the other hand, approaching the problem via classical mechanics is not physically sound;
our particle travels at relativistic velocities (i.e., close to the speed of light) near the origin,

10
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and hence requires a relativistic treatment. To speak in informal terms for a moment, relativis-
tic effects should stretch out the time required to reach the origin infinitely; hence, a proper
relativistic approach would lead to a well-defined complete Hamiltonian vector field.

Notice that Hamiltonian vector fields preserve the symplectic form. This motivates the
following definition of symplectic vector fields, which play a role later when we define smooth
actions on manifolds.

Definition 5.6. Let (M,w) be a symplectic manifold and X € X (M) a vector field which
preserves w (so Lxw = 0). Then we call X a symplectic vector field.

Since dw = 0, we have Lxw = d[X Jw] (with Cartan’s magic formula). Hence X is
symplectic if and only if X 1w is closed. An analogous statement holds for Hamiltonian vector
fields and exactness (by definition).

We now have the equivalences

X is Hamiltonian < X _Jw is exact
and

X is symplectic < X _Jw is closed
— Lxw=0

— pijw =w for all ¢.

The last equivalence follows from the fact that Lxw = % . piw and piw =id* w = w.
t_

Now that we have defined Hamiltonians, we want to consider them in a physical context. To
this end, consider an arbitrary n-dimensional manifold N with local coordinates (q1,...,qn).
Every point in N represents a particular configuration of our mechanical system. For instance,
if we look at a particle in three dimensions, then we would take N = R3. In any case, we call
N the configuration space of our system, and often encodes positions. A Hamiltonian takes
not only positions, but also momenta as arguments. Hence, we want to look at the phase
space T* N, with cotangent coordinates denoted as (q1, ..., qn,p1,---,ppn) locally, or (g, p) for
short. The phase space is the space of all configuration coordinates and the corresponding

momenta.
We now want to derive the equations governing a Hamiltonian system. Consider the canon-
ical symplectic form w = —da, which locally takes the form

w :quj A dp;
J

and a Hamiltonian H € C®(T*N) with associated Hamiltonian vector field Xg. Call the
components ); and P; such that

0 0
X :E Q; P: )
hs ( T3 Jﬁpj)

11
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We want to determine these components. We compute

oH oH
dH = ' | S2dg; + =—dp;

and find

X Jw ZZXH_I(dqj /\dpj)
J

= > (X 1dgj) A dp; — dg; A (Xg 1dp;))
J

= Z (Qjdp; — Pidg;) .

J

The requirement Xy 1w = dH gives the components @; and P; of Xy such that
0H ¢ 0H ¢
=2\ G o0 " ea i )
7 bj 04q; 45 OPj

Let (q(t),p(t)) be an integral curve of Xp. Then from the properties of vector field flows, we
find the system of differential equations

%( ) = oH
dt apj
%(t) __9H
dt 6(]]'
using Xp(q;(t)) = ng and Xg(p;(t)) = —%. This system of equations is known as Hamil-

ton’s equations.
Note that these equations are equivalent with Newton’s second law. If we consider a point
mass m moving through N = R3, then we can denote the Hamiltonian as

p2
H(q,p) = o T Viq),

where V' is a potential, which describes the forces acting on the mass. Then

. oH bj . .
QjZTZ* < p=myg,
Dj m
and oH oV
pj=—F—=—"— <= p=—-VW
J 8qj 6qj
Hence we obtain Newton’s second law
mg = —VYV,

with on the left the net force and on the right the forces arising from the potential.

12
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5.3 The simple pendulum

Figure 1: The configuration space of the simple pendulum.

5.3 The simple pendulum

This example is adapted from Homework 13 of [3].

Here we treat the mechanical system of the simple pendulum. This is described by a mass
m hung from a fixed point by a rigid rod of length I. Our configuration space is then S'. We
can choose our coordinate # € (—m, 7) such that 6 = 0 corresponds to the equilibrium position;
see Figure[I] In this problem we only consider a downward pointing gravitational force acting

on the mass.

We begin by constructing the Hamiltonian for our system. We begin by computing the

momentum of the mass, by embedding S* into R? through

L2 81— R?

0 — (Isin®,1(1 — cos@)),

so @ = 0 corresponds to (0,0). If we consider a trajectory (x(t),y(t)) on ¢[S!] for now, then

the corresponding squared momentum is

p? = m2(@® + ) = m>(1%6° cos® 0 + 1767 sin? 0) = m>1%6°.

Note that the angular momentum of the mass is given by

¢ = pl = mi?6.

Since our system exhibits rotational motion, we take ¢ as the cotangent coordinate on T*S?!.

This gives the kinetic energy as
2

ko

om  2mi2

The gravitational potential is of the form

V = mgy = mgl(1 — cosb),

13
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with g the gravitational acceleration. Now we find our Hamiltonian as

52
H(0,¢) = Gy

Note that Hamilton’s equations can now be computed as

= & and 5 = —mglsin 6.
mi?

+ mgl(1 — cos ).

Combining these equations gives

é—i—%sinH:O,

which is the well-known equation of motion of the simple pendulum.
We may also study the level curves of H, which contain the trajectories of constant energy;
set H = E, then we have
62

2ml?

+ mgl(1 —cosf) = E,

which can be rewritten to
E
€2 =2m?l3yg ( — 1 +cos ¢9> .
mgl

This has solutions for both £ > 0 and £ < 0. We set o? = 2m?3g and 3 = % —1s0

€2 = a?(B + cosb).

Note that we chose our potential such that its lowest value is 0; hence only values 5 > —1 give
physical solutions. Three level curves are plotted in Figure [2| for different values of o and 3.

In the plots, we see that some level curves are connected, while others consist of two
connected components. We noted that there is a ‘6 = 0’ and ‘¢ < 0’ component due to the
expression £2 = (3 + cos ). So the connectedness of the level curve depends on whether it
contains a point with & = 0. These points have 3 + cos@ = 0, so H~!(E) is connected if and
only if —1 < 8 < 1. This connectedness has a very clear physical meaning; if 5 < 1, then the
mass does not have enough energy to go over the uppermost point of the pendulum.ﬁ In most
cases, it is pulled back down before it reaches the top, flipping the sign of £&. If 8 > 1, the mass
moves so fast that its direction never changes.

Two special cases arise when $ = +1; we can compute that § = —1 is the case F = 0,
and B =1 is the case E = 2mgl (see the corresponding plot in Figure . In the former, our
mags never moves since it has no energy; it remains at rest in 6 = 0. In the latter case, we
note that 2mgl is the potential energy at the topmost position. If the mass has this as its
total energy, then its kinetic energy must vanish at the top; hence, with this exact energy, the
particle always ends up at rest in the point 6 = 7.

To summarise, the simple pendulum has the following types of trajectories:

3We technically did not define the coordinates # = 4, but our discussion remains valid if we identify
S ~ R/2n7Z. This does not change any of the expressions we have derived, due to the periodicity of cos and
sin.

14



5 HAMILTONIAN MECHANICS 5.3 The simple pendulum

i
i

(a) a=15,3=08
13 ¢

/
\

(b) a=158=1 (c)a=158=12

Figure 2: The level curves of H, for given values of o and 3. Note that the lower two graphs
should be considered as living on a cylinder where their left and right ends are joined, since
the coordinates § = +7 correspond to the same point on S*.



HAMILTONIAN MECHANICS 5.3 The simple pendulum

e /= 0. The mass is always at rest in 6 = 0.

0 < E < 2mgl. The mass oscillates indefinitely around 6 = 0, and never reaches 6 = 7.

E = 2mgl. The mass rotates in one direction, and stops when it reaches 6 = 7.

E > 2mgl. The mass rotates indefinitely in one direction.
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6 LIE THEORY

Part II
Momentum Maps and Symplectic Reduction

6 Lie theory

This section discusses the basics of the theory of Lie groups, which are groups with a compatible
smooth structure. We need the smoothness to define smooth actions, which are required for
symplectic reduction. The treatment of this topic is heavily inspired by Chapters 2 and 3 of
[7], and Chapter 8 of [9].

6.1 Basic definitions and properties

Definition 6.1 (Lie group). A Lie group is a group G with a compatible manifold structure,
1.€., ils group operation and inversion are smooth.

Naturally, a Lie group morphism is a smooth group homomorphism between Lie groups
and a Lie subgroup is simultaneously a subgroup and a submanifold of a Lie group. To every
Lie group we associate the tangent space at its identity element as an algebra.

Definition 6.2. The tangent space g = TG s called the Lie algebra of the Lie group G.

Right now, it might not be clear why the tangent space should have the structure of an
algebra, but this will be cleared up once we define a multiplication on it. We will define this
operation on g through a correspondence with vector fields on G, but it is also possible to do
this more directly. We will not explore this approach, but curious readers are referred to [7]
for a more in-depth study of Lie theory.

Example 6.3. The following objects have a Lie group structure:
(1) Euclidean space (R™, +) with pointwise addition.
(2) The unit group (R*,-) of R.

(8) The general linear group GL(n, K) (with K being R or C); all of the typical matriz groups
can be given a compatible smooth structure, and make for some of the most important
Lie groups we will discuss. The following section is dedicated to these so-called classical
groups.

(4) The unit circle S* as a subset of C with the usual multiplication.

The reason we are interested in Lie groups is that they allow us to define smooth actions
on manifolds. For instance, say we want to study a physical system in which a rigid body
undergoes a rotation. Then it would not do to just allow for rotations over a disparate collection
of angles; we need to include rotations over any angle, hence the necessity of smoothness. With
the presence of this property, we will of course exploit it to its full extent.

17



6 LIE THEORY 6.1 Basic definitions and properties

Definition 6.4 (Smooth action). Let G be a Lie group and N a manifold. A group action of
G on N is a smooth action if the evaluation map

GxN->N
(9p) > g-p
18 smooth.

For now, we just want to look at actions of G on itself, particularly the left action, defined
for g € G by the left multiplication

Ly:G— G,hw gh.

This allows us to express the Lie algebra of G as the collection of left-invariant vector
fields, that is, vector fields X € X'(G) for which

(dLg)hXh = Xgh
for all g, h € G. This can be abbreviated as
(Lg)+X = X.

Proposition 6.5. The Lie algebra g = T1G of a Lie group G can be identified with the vector
space X(G)C of left-invariant vector fields through

X(@) —g
X — Xl.
Proof. A left-invariant vector field is uniquely determined by its value at 1, since for any g € G,
Xg = ((Lg)+X)g = (dLg)1 X1.

This makes the given mapping a linear isomorphism, with the remark that it is indeed linear.

O
Remark 6.6. From now on, we may also identify g with X (G)C.
Lemma 6.7. All left-invariant vector fields on a Lie group are complete.
Proof. See Theorem 9.18 of [9]. O

We now want to define a Lie bracket on our left-invariant vector field. This is essentially
a map which behaves similarly to the way the commutator does on matrices. In fact, we can
define such an operation for any manifold N; any vector field X € X (N) defines a derivation
C*®(N) > C*®(N), f — X f by taking the derivative of a function along X. Note:

Xf=Lxf.
On the space of derivations (defined in the theorem below), we can define a Lie bracket
[Lx,Ly]l=LxoLy —LyoLx,
and we would like to pull this back to X'(V).

18



6 LIE THEORY 6.1 Basic definitions and properties

Theorem 6.8. Let N be a manifold and D(N) the vector space of derivations on N, those
being the linear maps § : C*(N) — C®(N) which obey the Leibniz rule 6[fg] = fog + gdf.
Then the mapping

X(N) — D(N)
X Lx

s a linear isomorphism.

Proof. The mapping is quite clearly linear, since (AX +Y)f = AXf + Y f for A € R and
X,Y € X(N). We will show that the mapping is also invertible, by assigning to each derivation
a vector field.

Given 0 € D(N) and p € N, recall that T, N is the vector space of derivations at p. We
construct a vector field X € X(IN) such that for all pe N

Xp = 5|p7

where 6|, : C*(N) = R, f — (6f)(p) is the derivation at p defined by ¢§. Since § is defined on
smooth functions, d|, must be smooth. Hence X is well-defined as a smooth vector field on N.
Now we only need to show that § = Lx. For any f € C*(N), we have that

0f)(p) =dlpf = Xpf = (X[)(p) = (Lx [)(p),
so indeed § = Lx, which concludes the proof. O

Corollary 6.9. The Lie algebra g of a Lie group G has a Lie bracket [-,-], which sends
left-invariant vector fields X,Y € g to the unique vector field [X,Y] € g with the property that

E[X,Y] =LxLy — LyLx.

Lie algebras are in fact defined more generally as (real) vector spaces g endowed with a
Lie bracket [-, ] : g x g — g, which is defined as a bilinear, skew-symmetric operation which
satisfies the Jacobi identity

[X, [K Z]] + [Zv [X7Y]] + [Y7 [Z’ X]] =0

for all X,Y,Z € g.

Now that we more or less know what the Lie algebra of a Lie group is, we can move towards
a definition of the exponential map on general Lie groups. This not only reveals a justification
for the terminology, but also lays down some important groundwork for the definition of
symplectic reduction.

Definition 6.10. A one-parameter subgroup of a Lie group G is o Lie group morphism
o:R—G.
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6 LIE THEORY 6.1 Basic definitions and properties

It may seem a bit odd to give a mapping the name of subgroup, but the reasoning for this is
that we want to view ¢ as the integral curve of some vector field through the identity element
of G. So while the subgroup is really just the image of ¢, we need the extra information that
the derivative of ¢ gives to get the full picture. This gives rise to yet another identification
with the Lie algebra.

Theorem 6.11. There is a one-to-one correspondence between the collection of one-parameter
subgroups of G and its Lie algebra g.

Proof. To a one-parameter subgroup ¢ of G we can uniquely assign a left-invariant vector field
X? e g for which ¢ is an integral curve. We do need to show that this is well-defined, but once
that is done, we find that X¢ is uniquely determined by its left-invariance through

X¢ = (dLg)eX? = (dLy)ed(0),

where the identity element of G is written as e to avoid confusion with 1 € R (not an identity
element!).
Let us now take a point ¢(t) on ¢ for a fixed ¢t € R. Then

X5y = [@Lg)e © (dg)o(1) = d[Lygy © ¢lo(1),

where we used the definition ¢(z) = (d¢)(1). Now we need to use that ¢ is a homomorphism,
S0

Lywyo ¢ =¢o Ly,
where L; : R — R is given by z — z +t. So

So indeed, there is a unique left-invariant vector field associated to each one-parameter sub-
group. The other way around is almost trivial, since left-invariant vector fields are complete;
their flows correspond to one-parameter subgroups. O

Definition 6.12 (Exponential map). Let ¢x be the unique one-parameter subgroup generated
by X € g. Then the exponential map on G is defined as

exp:g — G
X — ¢x(1).
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6 LIE THEORY 6.1 Basic definitions and properties

Now for any t € R, the integral curve of tX through e € G should be the same as that of
X, except we move through it at a different rate: ¢rx(s) = ¢x(ts). So we have

exptX = ¢x(t).
Example 6.13. On the unit group R*, let E € X(R™) be the left-invariant vector field with
Ey =1 (where we identify TIR* =~ R). Then
Ey = (dLy)1Ey = (dLy)1(1) = Ly(1) = =,
$0 _
oE = ¢E-

With ¢£(0) = 1 we find ¢g(t) = et. Any left-invariant vector field can be written as X = vE
forxeR so

exptX = ¢x(t) = dp(tz) = .

This example illustrates one aspect of the relation between exponentials and exponential
maps; it has everything to do with the differential equations that define them. In the following
section, we show that a similar relation holds for matrix groups.

Example 6.14. In this example we derive the form of the exponential map on the additive
Lie group R. A one-parameter subgroup of R is a smooth group homomorphism

¢:R - R.
We note that for n,m € Z with n # 0 we have ¢(m/n) = me(1/n) and ¢(1) = ¢(n/n) =
ne(1/n) due to additivity. Hence
é(m/n) = = 6(1),
which defines ¢ on Q. Since Q is dense in R, this extends to

¢(z) = z(1)

for any x € R. Hence ¢ is the multiplication by ¢(1).
Now identify ToR = R so that the one-parameter subgroup associated to X € R is the
multiplication by X. Then
exptX =tX.

Example 6.15. We compute the exponential map of S'. Through the embedding into C, we
identify
g="15" = {1 +iz |z eR} =iR.

The left-invariant vector fields of S* can be viewed as the vector fields whose integral curve has
constant speed. So the integral curves are of the form

¢m(t) — eixt‘
Thus,

exp(iz) = .
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6 LIE THEORY 6.2 Classical groups and computations

6.2 Classical groups and computations

In physics, a handful of matrix groups crops up repeatedly. These are known as the classical
groups. This term mainly refers to the following groups:

e GL(n,K)={AeM(n,K)|det A # 0} for K =R,C

SL(n,K) = {A€ GL(n, K) | det A = 1}
O(n) = {A€ GL(n,R) | A1 = AT}

e SO(n) ={A€O(n)|det A =1}
e U(n) ={A€eGL(n,C) | A= = A*}, where A* = A" is the conjugate transpose of A
e SU(n) ={AeU(n)|det A =1}

Here “G” stands for general, “L” for linear, “S” for special, “O” for orthogonal and “U” for
unitary. In the case that K = R, we may drop the field from the notation, so that for example
GL(n) = GL(n,R). All of the above are Lie groups, via their identification with a subset of
M(n, K), which is diffeomorphic with K "® The smoothness of the general linear groups follows
quite easily from the smoothness of the determinant function; if we take a matrix in GL(n, K),
slightly nudging matrix entries changes its determinant by a proportionally small amount, so
the determinant should still be nonzero. Hence smoothness is implied. The smoothness of the
other classical groups can be inferred by showing that they are submanifolds of a general linear

group.
Example 6.16 (Lie algebra of GL(n, K)). Let the matriz entries X;; act as global coordinates

on GL(n, K). Then any element A of the Lie algebra gl(n, K) = T7,GL(n, K) can be written
as

0

] [’n
for Aj; € K. This gives an identification of A with the matriz in M(n, K) with entries A;;. It
turns out that gl(n, K) is in fact M(n, K) with the commutator [-,-]. For a computation, see
the proof of Proposition 8.41 from [9, p. 195-195].

As above, the Lie algebra of a classical group is traditionally denoted in lowercase Fraktur
letters.

Example 6.17. This example uses the method of Example 8.47 of [9, p. 197].

We are going to determine the Lie algebras of O(n) and U(n), although our approach is
applicable to a wider collection of Lie groups. Let ¢ : M(n, K) — M(n, K) be a self-inverse
smooth map which leaves GL(n, K) invariant so that we have a Lie group

Gi={AeGL(n,K)| A" = ¢(A)}.
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6 LIE THEORY 6.2 Classical groups and computations

and define a smooth map

¢ : GL(n, K) — GL(n, K)
A Ap(A).

We now find G as the level set ®~1(I,,) and consequentially its Lie algebra as
g= T]nG = ker(dq))jn.
We compute the differential of ® explicitly. For A € gl(n, K), consider a path

YA ¢ (_675) - GL(?’L, K)
t— I, +tA

for e sufficiently small. Then

(d®)r,(A) = (d®)r, (74(0))

d

T o [®oya(t)]

d
= i, [+ AU + )]
d
= qi|_ [+ tA) L+ to( )]

= A+ ¢(A).

So this gives

g={Aeglln,K) | A=—-¢(A)},
and it follows that o(n) and u(n) are the algebras of skew-symmetric and skew-Hermitian
matrices, respectively.

In the example above, we computed Lie algebras via the identification with the tangent
space at the identity. In the next example, we use the identification with the collection of
one-parameter subgroups. To this end, we first prove the following proposition regarding ex-
ponential maps on matrix groups.

Proposition 6.18. Consider a Lie subgroup G < GL(n, K) with Lie algebra g < gl(n, K), and
let X € g be a left-invariant vector field. Then its exponential map takes the form exptX = e!X.

Proof. Let L4 be the left multiplication on G by A € G, and consider a path vg(t) = I, +tB
for B € g as in the previous example. Then

_d
o dt

[Laovs(t)] = 4 [A(I, +tB)| = AB.

(AL, (B) 3|

t=0
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6 LIE THEORY 6.2 Classical groups and computations

Now let E € g be the left-invariant vector field with Ej, = I, so that
EA = (dLA)InEIn = A

It follows that the one-parameter subgroup generated by E will have to satisfy d) E=FEs, = ¢E,
S0

bp(t) = et
Now the vector field generated by X € T, G takes the form (with a slight abuse of notation)
Xa=(dLa), X = AX,
so X generates the vector field EX. Therefore, its exponential map becomes
exptEX = ¢px(t) = X,
O
Example 6.19. Let G € GL(n, K) be a Lie subgroup. We will compute the Lie algebra sg of
SG:={AeG|detA=1}.

From Proposz'tz'on it follows that all one-parameter subgroups of SG take the form t — et
for X € sg. The determinant of any element in SG must be 1, so using the identity

dete? = T4
we find that the condition that det e =1 for all t € R is equivalent to
Tr X = 0.

Hence all matrices in g with vanishing trace are contained in sg. The other way around, if
X € g has Tr X =0, then exptX € SG. Theorem 2.29 of [7, p. 17] has the consequence that
the restriction of exp to some neighbourhood of 0 € gl(n, K) is a diffeomorphism. So for t
sufficiently small, we can invert exptX to obtain tX as an element of sg. Subsequently, all of
its scalar multiples remain in the Lie algebra, so we may conclude that X € sg. In summary,

sg={Xeg|TrX =0}.
With that, we can write down the Lie algebras of all the classical groups mentioned:
gl(n, K) = M(n, K)
sl(n, K)={Aeglin,K)|TrA =0}
o(n) = {Aegln)| AT = —A}
so(n) ={Aeo(n) | TrA =0}
u(n) = {AeglnC)| A* = —A}
su(n) = {Aeu(n) | Tr A = 0}

Along with R”™, these tend to be the only Lie algebras we come across in our studies, so it is
helpful to get familiar with them.

24



6 LIE THEORY 6.3 Adjoint and coadjoint representations

6.3 Adjoint and coadjoint representations

Let G be a Lie group with Lie algebra g. Note that G acts on itself smoothly by conjugation:

Vg G—>G
h—> ghg™'.
The evaluation (g, h) — ghg~! is indeed quite clearly smooth since the group operation and
inversion of G are smooth. This conjugation then gives rise to a representation

Ad: G — GL(g)
g Adg = (dyg)e

known as the adjoint representation of G on g, where we identify g with T.G. This repre-
sentation will be used to generate vector fields. There is also a similar notion of a coadjoint
representation of G on g* denoted by Ad* : G — GL(g*). This is defined using the natural
pairing

oy xg—-R
(€ X) — £(X).

Then Ady for g € G is defined uniquely by the relation
(AZE, X = (€, Adyma X,

The vector field on g generated by X € g for the adjoint representation is defined
at Y e gby
d

dt
On matrix groups G € GL(n, K) we would find

Adexp tXY
t=0

% . AdexpixY = % t:o exptX Y -exp—tX
= XexptX Y -exp—tX +exptX Y -exp—tX- -—-X|,_,
=XY-YX
=[X,Y].

It turns out that the same relation holds on any Lie group (although the justification is a
bit more complicated). Completely analogous to the vector field generated for the adjoint
representation, any X € g generates a vector field for the coadjoint representation

25



7 REDUCTION

denoted by X#. For ¢ € g* and Y € g we compute (using the bilinearity of (-, -))

d

<X#7Y>: a
_d Ad Y
= at=0<§7 exp —tX >
:<£7_[X7Y]>

= <€7 [Y7 X]>

The adjoint and coadjoint actions are a rather technical aspect of the theory, but still tie
back into physics. The orbits of the coadjoint action can be endowed with a natural symplectic
structure, and have a deep connection with quantum physics. This goes far beyond the scope
of this thesis, but the reader is referred to [2] for a discussion of the topic.

<Ad:xp thv Y>
t=0

7 Reduction

7.1 Actions and momentum maps

Let (M,w) be a symplectic manifold and ¢ : R — Diff (M) a smooth action. We can view 9

as the flow of a unique complete vector field X = %‘t ¢ on M. In fact, this describes a
one-to-one correspondence between complete vector fields on M and smooth R-actions on M.

Now what if we consider the flow of a symplectic vector field as an action of R on M?
Recall, a symplectic vector field X € X(M) preserves w, so its flow must do the same. It then
follows that R acts by symplectomorphism on M; for every t € R we have (exptX)*w = w.

The notion of symplectic actions in fact generalises to the actions of arbitrary Lie groups:

Definition 7.1 (Symplectic action). Let (M,w) be a symplectic manifold and G a Lie group.
A symplectic action of G on M is a smooth action ¢ : G — Diff (M) such that Yjw = w or
all ge G[f]

So now we have a one-to-one correspondence between symplectic actions of R on M and
symplectic vector fields on M. So naturally the question arises, is there a similar notion of
Hamiltonian actions? For R-actions, the answer is completely analogous to the preceding
situations, where an action v is Hamiltonian if it is the flow of a Hamiltonian vector field.
However, when we try to generalise this to an arbitrary Lie group, we run into trouble; this
definition of a Hamiltonian action is entirely dependent on the vector field it generates, a
luxury unavailable for more complicated Lie groups.

To define Hamiltonian actions, we associate a so-called momentum map to a symplectic
action, which will have associated to it Hamiltonians whose Hamiltonian vector fields are
constructed using the action.

‘Equivalently, we may define a symplectic action as a smooth action whose image is contained in
Sympl(M,w), the group of symplectomorphisms of (M, w).
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7 REDUCTION 7.1 Actions and momentum maps

Definition 7.2 (Hamiltonian action). Let (M,w) be a symplectic manifold, G a Lie group
with Lie algebra g and
b1 G — Sympl(M, )

a symplectic action. We call v o Hamiltonian action if there exists an associated momen-
tum map, that is, a mapping
p:M—g*

satisfying
(1) For X € g, define
o WX M —R,p—(up),X)
o X7 e X(M) given by X# = %‘t=0 Yexptx (D)
Then duX = X% Jw
(2) wis equivarianﬂ with respect to v and Ad*.ﬁ
poy =Adjopu
forall g € G.
If the above holds, then we call (M,w,G, 1) a Hamiltonian G-space.

In this definition, we call uX the X-component of j. Before we proceed with more
complicated examples of Hamiltonian actions, it is instructive to study the definition in the
case of R-actions.

Example 7.3. In this ezample we show that Hamiltonian actions of R behave appropriately
with respect to Hamiltonian vector fields. Let

¥ R — Sympl(M, w)
be a symplectic action which generates a Hamiltonian vector field

d

Xp = dt o Vi (p)-

Let yn : M — R be a Hamiltonian of this vector field, and identify R with its Lie coalgebra. We
show that this makes p a momentum map for 1.

5A function f : X — Y between G-spaces is said to be equivariant with respect to the G-actions if
flg-z)=g- f(z)forall ge G and z € X.
S1f G is abelian, then Ad and Ad* become trivial. Hence the equivariance condition simplifies to invariance:

o g = p.
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7 REDUCTION 7.1 Actions and momentum maps

For v e R, we find that 1u°(p) = (u(p), v) = vu(p), so
dp’ = vdp = vX Jw.

So we need v* = vX. This checks out:

4
dt
d

d¢

ot =

wexp tv (p)

t=0

wtv (p )

t=0
d

vds

= vX).

Vs(p)

s=0

Here we used the result that exptv = tv from Ezample and changed variables from t to
s = tv. So indeed
dp’ = 0" Jw.

As for the equivariance condition, since R is abelian, the coadjoint action becomes trivial
so we require p to be invariant:

poy = p

for all t € R. Recall that a Hamiltonian is constant along its Hamiltonian vector field:
Lxp=X3dp+d[X apu] =0.

But we can also write this Lie derivative as

d
Lxp=S
Xp= 7 tzo/“”ﬁm

since Yy 1s the flow along X. This derivative is zero, so p o Yy is equal for all t, in particular
fort=20:

po = poy = p.
Therefore, our definition of a Hamiltonian action is indeed o generalisation of a more natural
concept of Hamiltonian R-actions.

The following example gives a momentum map for a translation action on T*R3. This can
be thought of as a symmetry arising from, for instance, a constant electric field pointing along
the z-axis in R3.

Example 7.4. Consider the cotangent bundle T*R® with standard cotangent coordinates
(2,€) = (21,29, 03, &1, &2,&3) and define an action of R? by

a-(2,6) = (z +a,&) foraeR?* SR>
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7 REDUCTION 7.1 Actions and momentum maps

Here we identify R? with the (x1,x2)-plane in R3. Let us construct a momentum map for the
action.

Since the ezponential map on R? is the identity map (cf. Ezxample , so X =(X1,X2) €
ToR? ~ R? generates a vector field

d

0
# _ 2
X(l‘,ﬁ) Todt

+ Xo —

X6 = 5| @rxg=x .
(@.8) T2

Cdt,, 71

t=0 (z.,8)

This gives a contraction with the canonical symplectic form
X7 Jw = X1d& + Xod&o,
so we can validly define a momentum map by
X (2,8) = X1 + Xobo = X - €

(where X is embedded into R? as (X1, X2,0)). This is clearly invariant under the R?-action,
and so satisfies the equivariance condition.

In the example above, we found a momentum map on a cotangent bundle defined by X-
components of the form X7 _a, where « is the tautological 1-form. We can actually always lift
smooth actions on a manifold to Hamiltonian actions on the cotangent bundle, as shown by
the lemma below. This result is exceedingly useful in classical mechanics; once we formulate
the procedure of symplectic reduction, this can be used to reduce a phase space by symmetries
of the configuration space.

Lemma 7.5 (Cotangent lift of smooth action). Let N be a manifold with a smooth action of
G. Then the G-action can be lifted to a Hamiltonian G-action on T*N given by

g-(,8) = (g-2,((dg);1)*¢)
for (x,€) e T*N and g € G, with momentum map
p:T*N — g*
p e (X = X (p)),
where p~ = X# 1o for the tautological 1-form o on T*N.

Before we prove this lemma, let us dissect the expression of g-&£. For a start, g € G can be

seen as a diffeomorphism
g:N—>N

with differential
(d9)s : TuN — Ty N

at € N. Since £ € TN is a function on T, N, we obtain
£0((dg)s) " € TN

as desired.
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7 REDUCTION 7.1 Actions and momentum maps

Proof of Lemma[7.5 First note that, using Cartan’s magic formula, for any X € g we find
dp™ = Lysa — X¥ Jda = Lysa+ X7 Jw,

where w = —da is the canonical symplectic form on T*N. So we need Lyxa to be 0. It will
suffice to show that a is G-invariant, since X7 is generated by the action of G. In order to do
s0, note that the projection w : T*N — N is G-equivariant:
(g tomog)p)=(9 om)(g-p) =g " (9x) =z = 7(p),
where p = (z,€) € T*N. Note that in this computation, g is in turn viewed as a diffeomorphism
of N and one of T*N. Now we use the fact that a;,, = { o (dm), to compute
(9% a)p = agp o (dg)p

= (g-&) o (dm)gpo (dg)p

= ((dg)z_l)*g o (dm)g.p o (dg)p

=¢o (dg)Ql o (dm)g.p o (dg)p

=¢odlgtomogl,

= o (dm)y
= ap’
S0
g a = a.
Hence, Ly4#a =0 and
dp® = X7 Jw.

Now we need to show that u satisfies the equivariance property of momentum maps. This
is a bit more involved, but it more or less comes down to combining three pieces of information.
The first one is a direct consequence of the G-equivariance of 7:

(dm)gp o (dg)p = (dg)e © (dm)p. (%)
The second result we need is an alternative way to write the X-component of yu:
ulp), X) = ap(X]) = {ap, X1). ()
The final piece is a bit more complicated:
x d
(AdgX)F = —| exp(tAdyX)-p
dt],_
_ 4 ( tX-g
T o g €exp g p
= Sl g tewtx (g )
T aQt t=0g P g p
= (dg)g1p(XF ). (10 %)
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7 REDUCTION 7.2 The momentum map for an N-particle system

This all culminates in the following computation:

g -p), Xy ={(g-€&) o (Am)gp, X by (4%)
=(g-¢, (dﬂ)g'p(Xjép»
= (o (dg):;la (dﬂ)g~p(Xj-£p)>
= (¢, (dg);l © (dﬂ)g-p(Xfp»
= (& (dm)p o (dg), ' (XF,)) Dby (%)
= (& (dm)p((Adg-1 X)})) by (x = =)
= (¢ o (dn)yp. (Adg1 X)F)
= (ap, (Adg1 X)})
= (u(p); Adg-1X) Dby (#x)
= (Adgu(p), X).
So it follows that
pog=Adgopu,
which concludes the proof. O

7.2 The momentum map for an N-particle system

This section treats Example 1.15 of [J].

In this section we construct a Hamiltonian structure on the phase space (T*R3)V of an
N-particle system in three dimensions. This will reveal a relation between the momentum map
and the physical notion of momentum. The action we will be looking at is one from the group
G = R3 x O(3) with Lie algebra g = R? x 0(3). On R3, this group acts as the translations and
rotations. Multiplication in G is defined by

(v,A) - (w,B) = (v+ Aw, AB)

and it acts on R3 by
(v,A) -z = Az +v.

We lift this action to T*R? (with the canonical symplectic form wp) through Lemma 7.5 Call
the momentum map defined in the lemma v : T*R3 — g*.

Now let ¢ = (q1,q2,q3) be the standard coordinates on R?, and denote the corresponding
cotangent coordinates as (g,p). Note that 0(3) can be identified with R? equipped with the
cross product through the mapping

0 —2 x
z 0 —x|—|uy
-y x 0 z
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and hence we can identify
g~ R x R® ~ g%

So taking X = (X1, X2) € g we find
Xq =X+ X3 xq
and so

v¥(g,p) = (X* Ja)(q,p)
:p.Xq
=p- (X1 + X2 xq)
=p- X1+ (gxp) X
= (p,gxp)-X.

Now it follows that the momentum map can be expressed as

v(g,p) = (p,q x p)-

This already reveals some of the implied physics of the momentum map, but we first want to
extend this to an N-particle system. This is just a matter of taking the Cartesian product of N
copies of T*R3. Write the coordinates of the jth copy as (¢7,p’) and let mj (T*R3)N — T*R3
be the projection onto this component. Writing the canonical symplectic form on T*R3 as wy,
we can define the symplectic form on (T*R3)" as

w = Z 7 wo.
J
If we have G act diagonally on (T*R3)", the coresponding momentum map becomes
p=>vom,
J

which, explicitly, becomes

wap) = Y (0, ¢ xp)).

J

Now we see that the “linear” component of y is the total linear momentum while its “angular”
component is the total angular momentum of the system. Hence the momentum map becomes
a sort of generalisation of linear and angular momentum related to the action of G.

7.3 The Marsden-Weinstein and Noether Theorems

So far, we have discussed the actions with which we can apply symplectic reduction, but we
have not yet touched upon the actual reduction. That loose end is tied up in this section,
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7 REDUCTION 7.3 The Marsden-Weinstein and Noether Theorems

where we formulate two major theorems of symplectic reduction. The first one, the Marsden-
Weinstein Theorem, guarantees that we have a well-defined quotient manifold. The second
theorem is Noether’s Theorem, a famous result widely quoted in physics. Here we give a
symplectic-geometric formulation of the theorem.

Before we state the first theorem, we need the following definition.

Definition 7.6. Let m: E — B be a smooth fibre bundle and G o Lie group. We call E with
the bundle projection a principal G-bundle if the following conditions are met.m

(1) G preserves the fibres of w
(2) G acts freely, transitively and faithfully on the fibres

Note that with this definition, we can identify B with the orbit space E/G. One might
think that any manifold equipped with a smooth action can be turned into a principal bundle,
but this is not necessarily true. Just take a look at the following example, where the quotient
of a manifold over a smooth action is not even Hausdorff.

Example 7.7. This example is due to [9, p. 542]. We consider a smooth R-action on the torus
T?, defined by

627rix 2miza

x-(z1,22) = ( z1,€ 29),

where we take o € R to be irrational. Now consider the point (1,1) € T2, and let n,m € Z.
Then
(n + m/a) . (1’ 1) — (627ri(n+m/o¢)7 e?wi(noﬂrm)) _ (6271'1'%’ e?m’noa).

Since the orbits of irrational rotations form dense subsets of S, the orbit of (1,1) must be
dense in T2. So any open neighbourhood U of (1,1) corresponds to a subsel Uc T?/R which
is the quotient of a dense subset in T2. Since closed subsets of T?/R are quotients of closed
subsets of T2, it follows that U inherits the denseness of U. In other words, it must overlap
with any open subset of T2/R, so this quotient cannot be Hausdorff.

So we need some additional restrictions on our G-space before we can say that its quotient is
a manifold. A sufficient condition on the action is called properness, which roughly means that
it behaves like an action of a compact Lie group. In our statement of the Marsden-Weinstein
Theorem, we will set the stronger condition that G is compact, but the reader is encouraged
to consult Chapter 21 of [9] for a discussion of proper actions.

Let us now state the first theorem. The formulation is taken from [3].

Theorem 7.8 (Marsden-Weinstein). Let (M,w, G, u) be a Hamiltonian G-space, where G is
compacﬁ and acts freely on p=1(0). Then

(1) The orbit space Myeq = p 1(0)/G is a smooth manifold

"Equivalently, we may require that the fibres of the bundle are G, with the G-action on E lifted from the
left multiplication on the fibres.
8 As mentioned before, the theorem also holds if G acts properly and is not necessarily compact.
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7 REDUCTION 7.3 The Marsden-Weinstein and Noether Theorems

(2) 7 : =1 (0) = Myeq is a principal G-bundle

(3) There is a symplectic form wreq on Myeq such that 1*w = T*weq, where ¢ p=1(0) — M
is the inclusion

Here, we may also write M//G instead of M;eq. This quotient is known as the reduced
space or Marsden-Weinstein quotient. A proof of the theorem is beyond the scope of our
discussion but can be found in Chapter 23 of [3] and Section 4.3 of [1].

One might think that the compactness condition is quite a heavy restriction here; after all,
in the previous section we looked at an action of R3 x O(3), which is decidedly not compact.
However, cases like this can often be engineered to fit the framework of symplectic reduction
anyways. In this particular example, the quotient R3Y /R? is just R*¥=3 (think of the reduction
as centering the coordinate system on the first particle), which is still a manifold and behaves
as we want with respect to the Marsden-Weinstein Theorem. It will be a recurring theme that
we can slightly relax the condition of the theorem to fit our needs.

In addition to the Marsden-Weinstein Theorem, we need an additional result which brings
a Hamiltonian system on M down to M//G. This result is Noether’s Theorem:

Theorem 7.9 (Noether). Let (M,w,G,u) be a Hamiltonian G-space and H € C*(M) a
smooth map with Hamiltonian vector field Xg. Then

H is G-invariont <= pu is constant on integral curves of Xp.
Proof. Let X € g be a vector field, then we can compute

Lx,u~ =Xy odp™
= Xy 2(X7 Jw)
= X7 J(Xy Jw)
= - X7 JdH
— —LysH.

Now note that

H is G-invariant <= VX eg:LxsH =0
— VXEg:EXHMXZO

<= u is constant on integral curves of Xys.

This proves the theorem. O

This theorem provides an easy way to verify the G-invariance of a Hamiltonian. If a Hamil-
tonian is G-invariant, then it descends down to the symplectic quotient M//G as a reduced
Hamiltonian, as shown by the following proposition.
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7 REDUCTION 7.4 An example of reduction

Proposition 7.10. Let (M,w, G, u) be a Hamiltonian G-space satisfying the conditions of the
Marsden-Weinstein Theorem. Suppose H € C*(M) is G-invariant. Then there is a unique
reduced Hamiltonian Hyeq € C(Myeq) such that

T Hpeq = ¢ H.

Proof. The mapping «*H is simply the restriction H|,-1(g : p1(0) — R. Since H is G-
invariant, the existence and unicity of H,.q are ensured by a universal property of quotients:

u=(0) - R

7.4 An example of reduction

Consider the punctured complex space M = C™\{0}, a 2n-dimensional manifold. It has a
symplectic form

w = 2 ridr; A db;,
j=1

expressed in polar coordinates. Consider the S'-action on M by
t'(Zh...,Zn) = (t'Zl,...,t'Zn),

where we take S!' as the unit circle in C. We claim that this action is Hamiltonian with
momentum map

To verify this claim, note that the vector field induced by X € R is given by
x#=xy K
7 20;’

and

1 X
X#_lcuz—Xerdrjzd —§XZTJ2» =dp”.
j J

Furthermore, we find that u is quite clearly S'-invariant. Hence it follows that j is indeed a
momentum map for the action.
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7 REDUCTION 7.5 Singular reduction

Now we have p~1(0) = 52771, Since S! acts freely, we can perform Marsden-Weinstein
reduction. Note that our action resembles scalar multiplication by C* in the following manner:

S2n=1/8t ~ (C™\{0})/C*.
It follows that the symplectic quotient is a projective space:
M//St = cprt

Incidentally, this also shows that complex projective space has a symplectic structure.

7.5 Singular reduction

In physical applications, Marsden-Weinstein reduction often does not suffice due to the require-
ment that the action be free. We need to also allow almost-free group actions with isolated
fixed points. This extension of Marsden-Weinstein reduction is known as singular reduction.
Let us consider an example of how this works in practice. We treat the problem of the two-
dimensional harmonic oscillator. This is the physical system consisting of a single particle in
R? in the potential

1
V(@) = Shlal?,

with a non-negative constant k. We begin by reducing the phase space by a rotational sym-
metry.

We consider the standard action of SO(2) on R?, and lift it to T*R? via Lemma We
denote the usual cotangent coordinates as (1, o, &1, &2). If we identify T*R? ~ R? x R?, our
action is the same on both factors R? of this product. Though SO(2) =~ S! is compact, the
requirement of the Marsden-Weinstein Theorem that the action be free, is violated; the point
xo = (0,0) € R? x R? is fixed under the action. However, SO(2) does act freely on T*R?\{z},
so we can reduce this submanifold and deal with the singularity in xq later.

Let us first find the level set p~1(0) of the momentum map. Note that the components
pX = X# Ja for X € 50(2) take the form

u* (@, €) = (& Xa),

where

_ d
r = — exptX - x.
dtf,_
Then }
pH0) = {(2,€) € T*R? | VX € 50(2) : (£, X, = 0}.

Note that X, depends linearly on X, and so describes a linear subspace of T, R2. Hence € must
be on the (notably one-dimensional) orthogonal complementﬂ of this subspace. This is quite
a familiar structure; it is (almost) the structure of a vector bundle. Only at x = (0,0) € R? do

®Here we identify TR? =~ T*R2
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7 REDUCTION 7.5 Singular reduction

we find that £ can take any value. Still, if we remove 0 € T’ ("6 0)R2 from the cotangent fibre, it
reduces down to R\{0} under the SO(2)-action. In short, we find

(11 (0)\{20})/SO(2) = T*R\{zo},

if we identify zo with the origin of T*R.

Now let us see what happens if we introduce xy back into the cotangent bundle. The
problem of reducing R? by rotations has been studied before in [10], where the authors show
that the quotient is not a manifold, but something more general: an orbifold. Orbifolds are
defined very similarly to manifolds, but instead of being modeled after R", they are modeled
after group quotients of R". We repeat the essence of the approach given in this paper.

We choose a particularly convenient subset of 1z~1(0), given by

A ={(z,0,£,0) e T*R?} ~ T*R.

We remark two things; firstly, the SO(2)-orbit of A is all of x~1(0). Secondly, by having Zs
act on A by (z,&) — (—z,—£), we can effectively view Zy as a subgroup of SO(2). As a
consequence of these two facts, we can say

T*R?*//SO(2) = A/Zy =~ T*R/Zs.

So our symplectic quotient can be viewed as the cotangent bundle 7%(0,00) with half of
the cotangent space TR glued on. We have neglected some minor details here, such as the
smoothness of this identification (and what that means exactly). For a rigorous discussion of
these peculiarities, see the paper [10].

Now let us define a Hamiltonian on T*R?. It will take the form

H(or,0,60,60) = 5 (6 + ) + 543 +23).

This Hamiltonian is clearly invariant under the SO(2)-action, and descends to the symplectic
quotient. To find an expression of the reduced Hamiltonian, define a projection

7 H0) > T*R/Zy

(1, 22,&1,&) — [(\/QT% + a3, sgn(61)4 /€7 + 522)] :

where we set sgn(0) := 1 and the square brackets represent the equivalence class of the object
inside. Write the induced coordinates on T*R/Zy as (x,&) (cf. the definition of A), then it
follows that

€2

1
Hred(l‘,f) = % + §k$2,

which is the Hamiltonian of the one-dimensional harmonic oscillator.
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Part I11
Applications

8 Symmetry breaking

Symmetry breaking is a phenomenon in modern physics where a system exhibiting a particular
symmetry, collapses to a system with a lesser degree of symmetry. This takes many different
forms, both simple and more advanced. A basic example is the introduction of a uniform force
field to the system of a free particle in a spherically symmetric potential. Before the uniform
field is introduced, the Hamiltonian takes the form

p2

H(q,p) = om T V()

with p being the momentum of the particle, r its distance from the origin, and V' the spher-
ical potential. This Hamiltonian has an SO(3)-symmetry, but note what happens when we
introduce the additional potential; we can write the modified Hamiltonian as

p2
H'(q,p) = 5~ +V(a) +{a: d),

where d € R? is a constant vector pointing along the uniform force field. H' is now no longer
SO(3)-symmetric, but instead is only invariant under a subgroup of symmetries. Specifically,
H' has an SO(2)-symmetry given by the rotations around d. This is known as explicit symmetry
breaking.

There are a few other forms of symmetry breaking, but it always comes down to some
Lie group “breaking down” to a subgroup because the system transitions to a less symmetric
state. This is a subject rooted deeply in quantum field theory, so we will not delve further into
the physicsET] Instead, we spend the remainder of this section applying symplectic reduction
to two Lie groups of particular relevance to field theory. This reduction is carried out in an
attempt to reduce Lie groups to particular subgroups.

8.1 Reduction of SU(2)

Here we base our problem on the symmetry breaking from SU(2) to U(1). Ideally, we want to
symplectically reduce T*SU(2) to T*U(1). Unfortunately, we have not found a way to perform
this reduction exactly. However, we present a calculation that almost gives the desired result.

To begin, we note that SU(2) is diffeomorphic to S3. It can be checked (by computing
inverses and determinants) that

w

SU(2) = (Z _zw) z,weC, |2 +wf® =1

10T he reader is referred to Chapter 44 of [§] for an introductory overview of symmetry breaking.
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8 SYMMETRY BREAKING 8.1 Reduction of SU(2)

This is clearly diffeomorphic to the unit sphere in C2, which is S3.
Now consider S3 as the unit sphere in R*. Through the embedding

SO(3) — SO(4)

A0

we can define an action of SO(3) on S® descended from the natural SO(4)-action. This action
consists of the rotations of S that keep the last coordinate invariant.

We now lift this action to 7%S3. Since S? is diffeomorphic to a Lie group, it is parallelisable:
T*S% = 83 x R3. Given cotangent coordinates (z,&), the action lifts to the diagonal action

Here SO(3) acts on R? by the usual matrix multiplication. The lift comes with a momentum
map p with components

:U'X (JI, f) = <£7 Xw>

for X € s0(3), where we define

d
= — exptX - x.
ST

We found earlier that so(3) = o(3) is isomorphic to R? with the cross product. For z € §2 < R*
we introduce the notation z = (', 2") with 2’ € R? and 2" € R representing the components
of . Now we can write

:U’X(x7£) = <§7X X $I> = <X,1'/ X €>

since SO(3) only acts on the first three components of x, and s0(3) acts on R? by the cross
product. Now it follows that

w1 0) = {(2.€) € 8% | o x € = O},

At the poles, N = (0,0,0,1) and S = (0,0,0,—1), we find (N,0) and (5,0) as fixed points of
the action, while it is free everywhere else. Hence we may reduce

Z = p~H(0)\{(IV, 0), (S, 0)}
to the Marsden-Weinstein quotient
Z/S0(3) = T*[-1,1]\{(£1,0)}.
Now set

A ={((0,0,a,b),(0,0,¢)) € p=(0) | a,b,& € R} = T*S*
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and have Zs act on it by

(a,0,§) = (—a,b,=¢).
A contains at least one element of each orbit of the SO(3)-action on p~1(0), and Zs acts on it
as a subgroup of SO(3) (generated by a 180°-rotation). Hence, we find

T*53//SO(3) = AJZo =~ T*S*/Zs.

This can be viewed as the manifold T*[—1, 1] with the outer two cotangent fibres replaced by
half-spaces.

Evidently, we did not manage to reduce T*SU(2) to T*U(1); the resulting orbifold differs
from it in the boundaries. Furthermore, it is not the cotangent space of a Lie group and
therefore cannot be viewed as a collection of symmetries.

8.2 Reduction of SO(3)

Though our method fails for SU(2), it can be applied to SO(3) for a more satisfactory result. In
this case, the question is based on the symmetry breaking from SO(3) to SO(2). In Exercises
2.11 through 2.14 of [7] it is shown that there is a Lie group morphism SU(2) — SO(3) which
is also a 2-sheeted covering. Notably, SO(3) is diffeomorphic to RP? and that this covering
corresponds to the usual quotient map S® — RP3.

We remark that the action defined in the previous section descends to RP?. Denote the
antipodal equivalence on S® by ~. Then for z,y € S we have

r~y = |lz—yl =2

Since SO(3) acts on S® by isometry, it must respect ~. Hence the action descends to S3/~=
RP3. It can be shown that the momentum map u : T*S® — s0(3)* also descends to a unique
momentum map ji : T*RP? — 50(3)* of the induced action (this is true more generally in the
presence of a quotient mapping which is equivariant with respect to the group action).
Denote the induced projection of cotangent bundles as 7 : T*S% — T*RP? so that

p=jpomr.
Then the zero level of ji is

i1 (0) = wlu ' (0)]
and it is spanned by the orbits of the elements of

A= {(Jo:0:a:b],(0,0,8)) € [fl(())} ~ T*RPL.
Zs acts on A by ([a:0],&) — ([—a : D], =£), and by the same arguments as before we find
T*RP3//SO(3) = A/Zs.

At a glance this seems to be the same quotient we reduced T*SU(2) to, but there is a subtle
difference; it is a quotient over antipodal equivalence, so it can be viewed as T*RP! with the
fibre at one point replaced by a half-space. In any case, the base space s in fact RP! ~ §1 ~

SO(2).
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9 Closing Remarks

In this report, we have gone to considerable depths in the mathematical discussion of Hamil-
tonian mechanics. We began by constructing a mathematical formulation of the Hamilton
formalism, including a few illustrative examples along the way. We then discussed Lie theory
in order to set up the technique of symplectic reduction. We only applied the totality of the
contents to two problems, but the potential of this theory ranges far wider than we have been
able to discuss within the constraints of this work.

We stumbled upon one avenue for further development of the theory in Example|5.5] where
we found that our formulation of Hamiltonian mechanics fails in cases where special relativity
is needed. One could take a look at relativistic extensions of Hamiltonian mechanics like the
one described in Chapter 7 of [4], and work out a symplectic-geometric formulation of the
theory accordingly. To go even further, one could also write down a symplectic theory of gen-
eral relativity by working on Riemannian manifolds. Similarly, one could pursue a symplectic
description of (relativistic) quantum mechanics.

Another type of problem which we cannot tackle yet but that came up during the research,
were “continuous” physical systems. That is to say, systems which contain a continuum of
moving parts, like a string or a surface. It turns out that these systems can perhaps still be
treated with symplectic geometry, but require infinite-dimensional symplectic manifolds. One
such problem caught our interest during this research, which is discussed in Appendix [A] This
is not a rigorous discussion, but lays out a possible strategy for tackling the problem using
this extended theory.

Finally, perhaps the most obvious point of improvement is that of singular reduction. In
the last few sections, we noted that this is often necessary in practical applications, though
we have not worked out the details.

To conclude, what we have discussed here is only a glimpse of what symplectic geometry
is capable of with regards to physics. There is still much more to be seen, like mathematical
formulations of modern physics and extensions to a wider range of problems. In any case, it
forms a fruitful and challenging pursuit to rigorously describe the mathematical fundaments
on which modern physics is built.
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Part IV
Appendix

A Elastic surface deformations

One problem we came across during this research involves an elastic surface. The problem is
as follows: consider a fixed circular rim laid down horizontally. From the rim an elastic surface
is hung. Under a uniform downward pointing gravitational field, what shape will the surface
take on?

This problem has been solved for flexible but inelastic surfaces (see [0, p. 177]), but there
does not seem to be a general solution for elastic surfaces. Since the problem has a rotational
symmetry, it might be possible to tackle the problem using symplectic geometry. Since we have
not covered the mathematics required to solve this problem rigorously, this section serves as
nothing more than a roadmap for a possible solution. To that end, the problem is defined and
a possible strategy for solving it is proposed. To begin, we need a definition of deformations
of an object in R?, given as follows.

Definition A.1. Let U be a smooth 2-manifold embedded into R3. A deformation of U is a
smooth mapping F : [0,1] x U — R3 together with a subset of its topological closure K < U
such that

(1) Fy:=F(t,-) : U — R3 is a diffeomorphism onto its image for all t € [0,1]

(2) Fy =idy

(3) If Fy; is smoothly extended to U, we have Fy|x = idg for all t € [0,1]

(4) There is a t € [0,1] such that F} is not an isometry, unless all Fy are idy
We call a deformation trivial if F; = idy for all t € [0,1].

This gives a deformation as essentially a smooth homotopy with some additional con-
straints. Particularly, the last condition ensures that it truly does deform the surface if it is
not trivial.

To be able to employ a Hamiltonian approach, we need to define a configuration space for
our problem. Then the question becomes what path through the configuration space is the
correct one. Given a surface U, we define the deformation space of U as the collection of
all deformations of U with fixed points K:

D (U) == {F :[0,1] x U — R? | (F, K) is a deformation of U}

For brevity, we denote Fi|U]| by F(U) and Fi(z) by F(z) for x € U.
Now we run into the issue of rigour. Dg(U) is our configuration space, but it is not
immediately clear that it is even a manifold. That is because it is unlike any manifold we have
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encountered so far; if it is one, it is infinite-dimensional! Unfortunately, we do not have the
machinery to deal with these objects, so we proceed with an approach from physics. We leave
the nature of the deformation space as a conjecture.

Conjecture A.2. Dk (U) is a smooth submanifold of C®([0,1] x U, R3).

In physics, there is theory which can be applied to problems like this with an infinite
number of degrees of freedom. This is known as (classical) field theory, and more information
on the subject can be found in Chapter 12 of [4]. This discipline deals with the problem by
using densities instead of the usual quantities like the Hamiltonian, force and so forth. Such a
density is chosen such that taking the integral results in the original quantity.

To get a sense of the physics involved in this problem, let us determine the force density.
With the notation as above, U will be the open unit disk in the z = 0 plane of R3, and we
let K be the bounding circle of the disk. The force density of a given deformation F' of U is a
smooth mapping f¥ : U — TR3. Here U acts as a sort of index set for the deformed surfaces.
The force density has two components, namely the gravitational force density and the elastic
force density:

=1+ 1
The gravitational force density is given by
f=0r"g,

where g € X(R?) is a constant downward pointing vector field representing the gravitational
acceleration and pf : U — R is the mass density of F'(U), indexed by U. This can be computed
from the initial density by noting that the density is inversely proportional to the surface area.
Taking a limit, we find

P area(Bg(z))
Pz = ;_,0 Pz area(F(Ba(x))),

where p, is the initial density and B:(x) the disk in U of radius € around z.

Now we want to define the elastic force density. We need to approximate this force as being
conservative, since otherwise the Hamiltonian formalism does not work. We employ an idea of
tension.

Given a point x € U, a unit vector v € T, F'(U) and a sufficiently small a > 0 such that
x + av lies within U, let L$" be the line segment in U between z and = + av. Then we define
the tension at x in the direction v as

Ulength(F(Lw ) — length(Lg") _ lim Vo (1ength(F(Lx ) 1) ’

a

ty(z) == limY

a—0 a a—0

where Y € R is a fixed elasticity constant, and the length is defined by the Euclidean metric
on R3. So the tension measures the elongation at a point on the deformed surface in a certain
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direction. Note the resemblance to Hooke’s law. The total elastic force density is obtained by
integrating the tension over all directions v:

o= ¢ tiz)de

’UGTF(m)F(U)
f[oll=1

If we denote the unit circle in Tp(,y F(U) by CF then the total force density can be written
as

fo =Py g0+ 45 ty do.
cr
To summarise, we defined the following quantities:
e mass density p!" of deformation F
e gravitational acceleration g
e tension t, in direction v

Before we move on, we need to prove that this force density is indeed conservative. We
know that the gravitational part is, but this is not so clear for the elastic part. So if we fix
x,y € U, then for any path ~ in U from z to y, the integral

L= ¢ aeenaieas
v F
)
should evaluate to the same value.
Conjecture A.3. In the above, the integral I, depends only on the endpoints of .

Using the force density, we can now compute the potential density of the system. We
integrate the force over an arbitrary path from a fixed point x¢ on the boundary K of U to
any point x € U. Let v, denote one of those paths, so the potential density becomes

Ve = pFllgll he +j jﬁ o (1 (5)) do - 3 (s) ds,
Yz
CF

v (s)

in which h, is the z-coordinate of . To write down the Hamiltonian density we also need a
kinetic energy. To that end, we need an additional momentum coordinate 7 € R?, so that the
Hamiltonian density becomes a mapping U x R?® — R given by

2
T .
W) =t ol + [ § o) av-duo)as
x Y
F

vy (s)
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We can now integrate this to find a Hamiltonian of the system. Let II : U — R? be a vector
field, then we can define this integrated Hamiltonian as

H(F,II) = L HE (2, 11,) da.

In a way, H can be seen as a smooth mapping on the “cotangent bundle” of D (U), if this is
indeed a manifold.

This concludes the definition of the problem in mathematical terms. Now the question is
to find stable critical points of H. This may be accomplished through symplectically reducing
the phase space under the obvious S'-symmetry. We do need to make the relatively weak
assumption that the initial density p, is invariant under this symmetry. In addition, one might
want to show that the symmetry of the initial configuration is preserved when it is acted upon
by the uniform gravitation, although it is quite intuitive that this must be true. Once this is
done, one could symplectically reduce the phase space. This should give something resembling
the deformation space of a one-dimensional string.
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