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1 Introduction

Principal component analysis is a technique where the data is changed to a new set of variables, the
principal components. The directions of the principal components are the eigenvectors of the covariance
matrix. Principal component analysis could for example be used for dimension reduction of a data set
or to analyze a high-dimensional data set [1], [2].

Firstly principal component analysis will be explained and then principal component analysis based
on spatial signs will be explained. The reason to look at a different variant of principal component
analysis is that the spatial sign covariance matrix is used, which works well with outliers [3]. Hence we
would also expect principal component analysis based on spatial signs to work well with outliers.

Next, an elliptical distribution is explained. Then some asymptotic properties of the principal compo-
nents, for an elliptical distribution, are given. This is first done for the classical case and then for the
spatial sign case. For the classical case, all asymptotic results were already known and proven in [4].
For the spatial sign case, there is only an asymptotic result for the spatial sign covariance matrix, but
there aren’t any asymptotic properties known about the eigenvalues and eigenvectors of the spatial
sign covariance matrix. So the goal is to find some asymptotic results for this. The next goal is to find
an expression for the MSE of the principal components for both cases. The MSEs are then compared,
to get an idea of which estimator is more precise. For dimension 2 some explicit results are found. For
dimensions 3 and 4 the MSEs are compared numerically.

Lastly, confidence ellipsoids are used to simulate how well the convergence of the eigenvectors works
and an example of how confidence ellipsoids can be used to analyze a data set is given.



2 Principal component analysis

In this chapter principal component analysis will be explained. The definitions and all the things that
are explained about principal components in this chapter are based on chapters 3 and 9 of [1]. For
more information about principal component analysis see chapter 9 of [1].

From now on we will assume that for a random p-variate vector X, the first and second moments are
finite. So this means that E(X) < oo and var(X) < oo.

Let X = (Xi,...,X,)T be a random centered vector, so E(X) = 0. Then for the direction of the first
principal component we want to find a ;7 such that

1 = argmax var(yl X).
{nlimll=1}

For i = 2,..,p we want to find a ~y; such that

v = arg max var(y! X).
{risllvill=1a] vi=. =yl vi=0}

This is equivalent to taking 7; as the eigenvector that belongs to the eigenvalue \; of the covariance
matrix ¥ = E[(X — E(X))(X — E(X))T], such that Ay > --- > X\; > --- > \,. Now this gives us the
following definition of principal components.

From now on we will assume that all eigenvalues of the covariance matrix are distinct. Otherwise the
following definition will not be unique.

Definition 2.1. Let X = (X1,..., X,)T be a random vector with covariance matriz . Write 3 =
GAGT as an eigenvalue decomposition, with A\y > Ay > -+ > X\, > 0 on the diagonal of A and
G orthonormal with g; > 0, for i = 1,...,p. Then the k-th principal component is defined as
ye = gF (X — E(X)).

The principal components could also be computed for a n x p data matrix.

X{l) Xl(p)
X=(X1,..,X,)" = : o
Xv(zl) Xr(Lp)

Here n is the number of observations and p is the number of variables. First the expected value and
the covariance matrix need to be estimated, before the principal components can be computed

In [4] it is shown that the maximum likelihood estimator of the mean vector p of a multivariate normal
distribution N,(u,X) is the sample mean and that it is an unbiased estimator. The sample mean will
be used to estimate the expected value and is defined below.

Definition 2.2. Let X be a n X p data matriz. The sample mean of X is

n 1
1y x Y

X =(XW, .. XeHT = :
YR o

In [4] it is shown that the maximum likelihood estimator of the covariance matrix ¥ of the multivariate
normal distribution Np,(p, X) is 2 37 | (X;—X)(X;—X)”. This estimator is biased, but by multiplying
it by n/(n —1) it is unbiased. This is called the sample covariance matrix and will be used to estimate
the covariance matrix. The sample covariance matrix is defined below.

Definition 2.3. Let X be a n X p data matriz. The sample covariance matriz (SCM) of X is




n—1

Lo (xY - xm)2 e (x ) - Xy (x P - X))

m 1 - v '
i i (X = XO) (Y - X)L T (X - X0y
Using these two estimators, gives us the following definition of principal components for a n x p data

matrix. We will assume that the sample covariance matrix has distinct eigenvalues, otherwise the
following definition is not unique.

Definition 2.4. Let X be a nxp data matriz. Write E GAGT as an eigenvalue decomposition of the
sample covariance matriz of X, with A > Ay > > )\ > 0 on the diagonal of A and G orthonormal

with g; > 0, fori=1,...,p. Then the k-th pmnczpal component is defined as G = (X — 1, X7T) gy,
where 1, is a column vector of ones, with n entries.



3 Principal component analysis based on spatial signs

In this chapter principal component analysis based on spatial signs will be explained. The definitions
and results in this chapter are based on [5].

A spatial sign maps a vector to itself divided by its norm, except zero which is mapped to itself. This
is helpful when there are a lot of outliers, because then the effect of the outliers is bounded [3].

Definition 3.1. Let x € RP. The spatial sign of x is
S(z) = { el YT O
0, ife=0
Here ||.||2 denotes the euclidean norm.

For principal component analysis based on spatial signs another covariance matrix is needed to compute
the principal components. This new covariance matrix is constructed by first centering a vector in a
suitable way, taking the spatial sign and then computing the covariance. A suitable way to center it
is by using the population spatial median, which is defined below [3].

Definition 3.2. Let X = (X1,..., X,)T be a random vector. The population spatial median of X
18
ps = argmin E(|[X — pf|2 — [[X][2).
HERP

If the first moments exist then the population spatial median can be written as [3]

s = argmin E|| X — po.
HERP

Now by first centering the vector with the population spatial median, then taking the spatial sign of
that and then computing the covariance gives the population spatial sign covariance matrix, which is
defined below [3].

Definition 3.3. Let X = (X, ...,X,,)T be a random wvector. The population spatial sign covari-
ance matrix (population SSCM) of X is

s =E[S(X — ps)S(X — NS)T]v
where g is the population spatial median.

This could also be done for a n x p data matrix. Then the population spatial sign covariance matrix
and the population spatial median need to be estimated. The population spatial sign covariance matrix
will be estimated in almost the same way as the covariance matrix. The population spatial median
will be estimated with the spatial median, which is defined below [3].

Definition 3.4. Let X be a n X p data matriz. The spatial median of X is
n
Qs = argminz 12X = pl|2-
HERP iy

Now by estimating the population SSCM in a similar way as the covariance matrix is estimated, the
sample spatial sign covariance matrix follows, which is defined below.

Definition 3.5. Let X be a n X p data matriz. Then the sample spatial sign covariance matrix
(sample SSCM) of X is

where [is is the spatial median.

For the principal components based on spatial signs, the population SSCM and the population spatial
median will be used to compute the principal components. The spatial median and the sample SSCM
are used to compute the principal components based on spatial signs for a data matrix. For example
in [6], [7] principal components based on spatial signs is used and explained.



4 Asymptotic properties of the principal components

In this chapter some asymptotic properties of the principal components for an elliptical distribution
will be given. This will be done for the classical principal components and the principal components
based on spatial signs.

4.1 Elliptical distribution

For an elliptical distribution there are some nice asymptotic properties for the principal components
and some nice results for the eigenvalues and eigenvectors of the population spatial sign covariance
matrix. Before we look at that, an elliptical distribution will be explained and two examples will be
given. The definitions and examples are based on chapter 2 of [§].

Definition 4.1. Let € be a random p-variate vector. Then € is spherically symmetrical if for all
orthogonal matrices @ it holds that € ~ Qe.

An example of a distribution which is spherically symmetrical is N, (0, I,,).

Definition 4.2. Let X be a p-variate random vector. X has an elliptical distribution if we can
write it as X = pu+ Ae. Where up € RP, A a p x p matriz and € = (€1, ..., €p) is spherically symmetric.
If the probability density function exists, it is of the following form:

fx(@) = W] 2g(T 2 (2 — )

where ¥ = AAT is the scatter matriz which is positive definite and g is the density function of e.

Next, two examples of an elliptical distribution will be given. These Examples are based on respectively
example 2.1 and 2.2 of [8].

Example 4.1 (Multivariate normal distribution). Let X be a random vector with a multivariate
normal distribution N,(x, ). In example 2.1 of [8] it is shown that X is elliptical distributed and can
be written as X = u+ Ae, with ¥ = AAT and € ~ N,(0,I,). X has density function

exp(—5(z — )" S (& — )

o= G

Example 4.2 (Multivariate t-distribution). Let X be a random vector with a multivariate t-distribution
tp(p, ¥,v). In example 2.2 of [8] it is shown that X is elliptical distributed and can be written as
X = p+ Ae, with ¥ = AAT and € ~ t,(0, I, ). X has density function

oo Le+v)/2) L gt =2
fx (@) 0)2) (WV)P\\I/\[+V( p) O (= )]

In practice the multivariate t-distribution is for example used in censored data, see [9] and for irregularly
observed longitudinal data, see [10].

In figure 1 and 2 the contour lines are plotted for the multivariate normal distribution and respectively
the multivariate t-distribution. In figure 3 the contour lines of both are plotted in one plot. A few
differences between the contour plots of the multivariate normal distribution and the multivariate t-
distribution are that the multivariate normal distribution has lower values closer to the center (0,0).
So the contour lines with value 0.11 to 0.02 are further away from the center for the multivariate
normal distribution, then the multivariate t-distribution. But for the last contour at the value 0.01
we see that now the multivariate normal distribution is closer to the center then the multivariate
t-distribution.



Figure 1: Contour lines of the multivariate normal distribution N, (u, X) with covariance matrix ¥ =

<(1) g) and 11 = (0,0).

Figure 2: Contour lines of the multivariate t-distribution ¢,(u, ¥, ) with scatter matrix ¥ = (é g),
p=(0,0) and v = 5.



Figure 3: Contour lines of the multivariate normal distribution N,(u, X) in red and of the multivariate

t-distribution t,(u, ¥, v) in blue. ¥ =¥ = ((1) (2)>’ u=(0,0) and v = 5.

4.2 Classical principal components

In this subsection there will be some asymptotic results given about the classical principal compo-
nents. Firstly there will be a definition given of the kurtosis, which is based on [4] (sections 2.7.4 and
13.8.1).

Definition 4.3. Let X be a p-variate random wvector which is elliptical distributed. Suppose X has
positive definite scatter matriz ¥ and E[R?] < oo, where R? = (z — )T W= (z— ). Then the kurtosis
18

__ pERY

E[RZ2(p + )

The kurtosis is the fourth standarized moment of X. So from now on we will assume that not only the
first and second moments exist, but also the fourth moment. If the first and second moment exist for
the multivariate normal distribution, then also the fourth moment about the mean exists.[4]. If the
first and second moment exist for the multivariat normal distribution, then the fourth moment about
the mean exists if the degrees of freedom v > 4. This is shown in example 4.4.

In [4] it is given that an estimator of x is
n

" p(p}r2)n_z; ((zi —2)TS (a; —a?)>2 Y "

Below the kurtosis for the multivariate normal distribution and the multivariate t-distribution will be
computed.

Example 4.3 (Kurtosis of a multivariate normal distribution). Let a random vector X = p + Ae be
distributed as N,(u, ¥). In Example 2.1 of [8] it is given that R? = (X — u)TE~1(X — p) is distributed



as x5, because |[¢||5 = R? and € ~ N,(0,1,). From [11] we know the following for a Chi-squared
distribution
E[R?] =
and
var(R?) = 2p.
This gives us that
E[R*] = var(R?) + E[R*? = 2p + p* = p(p + 2).

Hence the kurtosis is

PE[RY) P+

B P ~
SEREe+Y L Pery

Example 4.4 (Kurtosis of a multivariate t-distribution). Let a random vector X = p + Ae be dis-
tributed as t,(u, ¥,v). In Example 2.2 in [8] it is given that R?/p = ((X — p)TU=1(X — u))/p is
distributed as F(p,v), because ||¢||3 = R? and € ~ ¢,(0, I,,,v). From [12] we know the following holds
for a F-distribution

E[R?/p] = ﬁ, for v > 2

and 2 )
we(p+v—2
2
= f 4.
var(R*/p) D=2 —4) or v >
So we have
E[R?] :pﬁ, for v > 2,
203(p+v —2)
H=pr——— 7 f 4.
var(R*) =p P =220 —4)’ or v >
From this it follows that
»? 202 (p+v —2) v

E[RY] = var(R?) 4+ E[R?)? = )2, for v > 4.

-2 T
Hence the kurtosis is
pE[RY] 2(p+v—2)+pv—14) v—2

L 1= 1t A
T ERR(p + 2) P+2)—4) s oorve

The following theorem gives some asymptotic results of the principal components. This theorem is
theorem 13.8.1 from [4]. For the proof of this theorem also see [4]. The idea of this proof will later be
used to proof a similar theorem for the principal components based on spatial signs.

Theorem 4.1 (Anderson [4], Theorem 13.8.1). Let X1, ..., X,, be n observations of a p-variate random
vector X, where X 1is elliptical distributed. Write the covariance matriz and the sample covariance
matriz as eigenvalue decompositions ¥ = GAGT and 3= GAGT, with Ay > ... > A, >0, N> o>
Ap >0 and gi; > 0,41; > 0,i=1,...,p. Define B=/n(G—G) and D = \f(A A). Then the limiting
dz’stm’butz’on of D is normal with mean equal to zero and var(d;) = (24 3k)A? and cov(d;,d;j) = KN\ A;.
The limiting distribution of B is normal with mean equal to zero and the covariance of b; is

P
cov(bj) = (1 + k) Z )\ )\ gT (2)
z:l,z#y
The covariance of b; and b; is
A\
cov(bi, bj) = —(1+ k) ——L—5g;97 . (3)

PSP

We see that the covariance of the eigenvalues and eigenvectors both depend on the kurtosis and the
real eigenvalues and eigenvectors. The covariance is linear dependent on the kurtosis. A large kurtosis
means a large covariance. The covariance of the eigenvectors is also large, when the real eigenvalues
are close to each other. The covariance of the eigenvalues is large, when the real eigenvalues are
large.



4.3 Principal components based on spatial sign

In this subsection some results about the principal components based on spatial signs are given. We
would like to proof something similar as in Theorem 4.1, but now for the spatial sign covariance
matrix. To do this we need to know something about the eigenvalues of the population SSCM and the
asymptotic covariance matrix of the sample SSCM.

The following lemma gives a result about the eigenvalues and eigenvectors of the population SSCM.
The only thing needed to know for this is the eigenvalues and eigenvectors of the scatter matrix. The
following lemma is a result from [5]. For more details about the lemma and the proof see [5].

Lemma 4.1 (Diirre, Tyler and Vogel [5]). Let X be a p-variate random vector, which has an elliptical

distribution. Then we can write X = Ae + u. Define ¥y = %. Write Uy = OAOT as an
eigenvalue decomposition, with Ay > Ay > -+ > A, > 0 the eigenvalues of ¥y on the diagonal of A.

Then £ = OAOT | with 81 > 6o > ...0p > 0 on the diagonal of A, where

-1

p
(51‘ =E /\1'612 Z /\jE? (4)
j=1
A 1
=5 m dx, (5)
0 +/\xH1+/\km1/2
k=1

for1 <i<np.

From this lemma it follows that for the population spatial sign covariance matrix and the covariance
matrix the eigenvectors are the same and the eigenvalues have the same ordering. This will give the
same directions of the classical principal components and the principal components based on spatial
signs.

The following lemma gives a result about the asymptotic covariance matrix of the sample SSCM. This
lemma is a result from [5]. For more details about the lemma also see [5]

Lemma 4.2 (Dirre, Tyler and Vogel [5]). Let Xi,...,X,, be n observations of a p-variate random
vector X, where X is elliptical distributed. Then we can write X = Ae + p. Define ¥y = tré‘%.
Write ¥o = OAOT as an eigenvalue decomposition, with A\; > Ag > --- > X\, > 0 the eigenvalues of
W, on the diagonal of A. Write the population spatial sign covariance matriz and the sample spatial
sign covariance matriz as eigenvalue decompositions ¥y = OAO™T and 3, = OLOT, with 61 > ... > 0p,
i >...>1, and 01 > 0,051 > 0,4 = 1,...,p. The limiting distribution of \/ﬁ(fls — 3s) is normally
distributed with mean zero and covartance matriz

W, = (0 @ O){T — vecA(vecA)T}HO © 0)7,

where -
A1/266TA1/2 A1/266TA1/2
For 1 <i,j <p, define
-2
P
mij =E | Nel\;e? (Z Akei> . (7)
k=1

10



This can be written as the following integrals

my = 2 ; de, fori 4, (®)
o (14 N\x) 1+AJUH1+)\km1/2
k=1
3\2 x

p
0 1—|—)\$ H _,'_)\kml/Q

nij appears inT' at the positions {(i—1)p+j, (i—1)p+j}, {(i—1)p+i, (i—1)p+i}, {(i—1)p+j, (j—1)p+i}
and 1;; appears at the positions {(j—1)p+i, (j—1)p+i}, {(j—1)p+J, (i—1)p+i}, {(i—1)p+i, (i—1)p+j},
for 1 <i < j <p. ny appears in T at the position {(i — )p+1i,(i — L)p + i}, for 1 <i <p. All the
other entries of I' are zero.

The following two definitions is some explanation of the notation that is used in the previous theorem.
These definitions are based on definition A.4.1 and respectively definition A.4.2 of [4].

Definition 4.4. Let A be an n X m matriz, then
A) = T
VeC( ) = (a11, ey A1, A12y ooey A2y vvey A1y ...anm)

Definition 4.5. Let A be an n X p matriz and B and m x q matrix. The kronecker product of A and
B is

allB algB R alpB

ang ang e ang
A® B = .

anlB angB R aan

Below some properties of the vec operator and the kronecker product [4], which we will need later.

vec(ABC) = (CT @ A)vec(B) (10)
©Oo0)" =0T g0" (11)

For dimensions higher then 2 the integrals (5), (8) and (9) cannot be solved explicitly, but then these
integrals can be solved numerically, for example in R. For dimension 2 these integrals can be solved
explicitly. In the following 2 propositions and corollary the solutions of these integrals are given [3].
Proposition 4.1 and 4.2 are a part of respectively proposition 1 and 2 of [3].

Proposition 4.1 (Diirre, Vogel and Fried [3], Proposition 1 (3)). If the dimension is p = 2, then
RSV VI L
6; = T fori=1,2.
Proposition 4.2 (Diirre, Vogel and Fried [3], Proposition 2 (3)). If the dimension is p = 2 and
/\1 7é /\2, then
“Ade 4+ IVATRG (A £ Ag)

T ummp  0OMOR0N

with
-1

Wy =

OO =
O R~k O
O = = O
= o O

Corollary 4.1. If p =2 and A\, # A2, then

A1 A2+ 1 VAT A2 (A1 +A2)
® N2 =11 = a2

11



® i =2+ 07, i=1,2
Proof. From Lemma 4.2 it follows that
W, =(0 ® O){T — vecA(vecA)'}(O ® O)T
mi—06i 0 0 ma2—010,
0 M2 M2 0 T
=(0®O0 (0XX0)
(©®0) 0 21 721 0 ©®0)
N1 —06162 0 0 70— 63
From Proposition 4.2 it then follows that

e+ VAR (A + )
M2 =121 = O — 2o)?

and
Nii = M2 +512 fOI‘, ’L = 172

O

The following theorem gives some asymptotic results of the principal components based on spatial
signs. It is similar to theorem 4.1, but now ¥, and ¥, are used instead of ¥ and X.

Theorem 4.2. Let X1,..., X,, be n observations of a p-variate random vector X, where X is elliptical
distributed. Write the population spatial sign covariance matrix and the sample spatial sign covariance
matriz as eigenvalue decompositions Ly = OAOT and 5]5 = OLOT, with 01 > ... > 6p, I3 > ... > 1,
and 01; > 0,61, > 0,i = 1,...,p. Define G = /n(O —O) and D = \/n(L — A). Then the limiting
distribution of D is normal with mean equal to zero and var(d;) = n;; — 62 and cov(d;, d;) =nij — 6;0;.
The limiting distribution of G is normal with mean equal to zero and the covariance of g; is

P
Nij
cov(gj) = Z mOiOiT- (12)
i=1,i#£j * J g
The covariance of g; and g; is
cov(gi, 9j) = _QZ#OJO;I' (13)
i~ 0

Here 6; is defined as in Lemma 4.1 and n;; is defined as in Lemma 4.2.

The covariance of the eigenvalues and eigenvectors depends on the real eigenvalues and eigenvectors
of the covariance matrix. If we compare these covariances with the covariances of Theorem 4.1. Then
we see that now the covariances do not depend on the kurtosis, which it did in Theorem 4.1. So even
if we have a really large kurtosis, then the covariances don’t have to be large. The covariance of the
eigenvectors is large, when the real eigenvalues of the spatial sign covariance matrix are really close to
each other.

We will need to use the following Theorem to proof Theorem 4.2. This Theorem is Theorem 4.2.3 of
[4]. This theorem tells us, when the transformation of a random variable, which has an asymptotic
normal distribution, is also asymptotic multivariate normally distributed. And it also tells us which
asymptotic covariance it has.

Theorem 4.3 (Anderson [4], Theorem 4.2.3). Let {X,,} be a sequence of p-variate random vectors
and 0. Let 0 be a p-variate vector such that as n — oo, then the limiting distribution of \/n(X, — )
is N(0,%X). Let f: RP — R™ be a vector-valued function of x such that V f;(x) is non-zero at x =6,
for1<j<mandlet Vf(0) = (Vf1(0),V [ 2(0), ...V (0)). Then /n(f(x,) — f(0)) has the limiting
distirbution N (0, Vf(0)T2V f(9)).

We will use the idea of the proof of Theorem 13.5.1 in [4], to proof theorem 4.2.

12



Proof of Theorem 4.2. Define D = \/n(L — A),G = \/n(O — 0) and T = OTS,0. Let
T=YLYT, (14)

where Y is orthogonal. We need Y;; > 0, for i = 1,...p, so that (14) determines Y uniquely. Here
Y =0T0.

Let vn(T—A)=U and /n(Y —=I) =W. Write U = vn(T —A)as T =U/\/n+ A, W = /n(Y —I)
asY =W/y/n+TIand D=/n(L—A)as L=A+ D/\/n. Then (14) can be written as

o () (0 ) ()

<:>U+A—(A+ D WA WD) (I+W>T
Vn f Vn Vn
<:>£+A A+£+WA WD+AWT+DWT+WAWT+WDWT

wpD bDwT  wAwT  wbDwT

U=D+WA+AWT 15
— + + +\/ﬁ+ NG + Tn +— (15)
And we have that
1% 1% T
I:YYT<+I><+I)
Vn Vn
<— I = WWT W WT+I
(:,O,LVVT+K+W7T
o vn o o/n
T
—o=—wew?+ W (16)

vn

The limiting distribution of \/n(3, — ¥;) is multivariate normal. From Theorem 4.2.3 of [4] it follows
that the limiting distribution of /nOT (£, — £,)0 = /n(T — A) is multivariate normal. Define
the function g(Y, L) = YLYT. This function is clearly continuous and differentiable, because it is a
polynomial of the matrix elements. Now we can use Theorem 4.3, see the proof of Theorem 13.5.1 of
[4] why it satisfies all the conditions of Theorem 4.3. This gives us that the limiting distributions of
W =/n(Y —I) and D = /n(L — A) are multivariate normal.

Now by applying the continuous mapping theorem and using the fact that the limiting distribution of

W is multivariate normal we get that W\/V%T 40 and W%V T4 0asn — oo

With the same arguments as before, there also exist a continuous one-to-one map between T,Y to
L. So there exist a continuous function from Y to L, so also from W to D. By using the continuous
mapping theorem and the fact that the limiting distribution of W is multivariate normal we get that
wD d 40, pw? d, o WDWT
v Vn O

Now (15) and (16) become

d
— 0, as n — oo.

U=WA+D+AWT +0,(1). (17)

and
0=W+WT+0,(1) (18)

Here O,(1) is an error term, which goes to zero as n — 0. From (18) we get W = —W7T + O,(1).
Substituting this in (17) we get

U=WA+D—-AW 4+ 0,(1)
<= D=U-WA+A+0,(1)

13



From this we get
dii = Wi — Wi0; — O;Wy5 + Op(].) = Uq; + Op(l),i =1,..,p

And if i # j,4,5 = 1,...,p we get
U5 = ’LUij(Sj — 51101] + Op(].)

uij
1
5]_ _67, +Op( )

— Wi =

Hence as n — oo,
PR
05 — 05

From W = —WT + 0,(1) it follows that w;; = —w;; + Op(1) = wy = Op(1).

wij

From this it follows that d;; = u;; + Op(1), hence as n — oo,
d
dy; — U (19)

1. — T . .
Define Wij = (wlyi,..,wi_l,i,wi_s_l,i,..,wp,i,ij,..,wj_17j,wj+17j,..,wm-) s for 1 <t < J < p- Then
we have that

W i> ( Ui i1, Wit1,i Up,i ui,j Uj—1,5 Uj+1,5 Up,j )T (20)
1] R ) PR ) Yy ) AR
(51' — 51 (51 — (51‘_1 (51 — (51'_;,_1 52 — (5]3 5]' — 51 6j — 6j_1 5j — 5]'—0—1 5]' — 51)

In Lemma 4.2 it is given that \/ﬁvec(fls — X5) has asymptotic covariance matrix:
(O ® O){T — vecA(vecA)T}HO ® O)T (21)
where T is defined as (6).
By using (10) and (11) we get
(0@ 0)TVnvec(S, — 2,) = (0T @ O )y/nvee(S, — )

= /nvec(OT (2, — 2,)0)

= Vnvec(T — A)
Now by Theorem 4.2.3 of [4], we get that the asymptotic covariance matrix of \/nvec(T — A) is

(0 ®0)'(0 @ O){I" — vecA(vecA)T}HO ® 0)T (O ® O) = {T' — vecA(vecA)T}

Define A = {F*VGCA(VGCA)T}. Define Uij = (uu, ey Ui — 1,45 Wid 1,y ooy Upay UL,y ey Uj—1,55 Ujt1, 55 05 Up,j)T.
The asymptotic covariance matrix of lNJij is the submatrix of A consisting of the following columns and
rows: (1 — p+1,..0—p+i—1,0G—p+i+1,...,60—p+p,G—Dp+1,..,(—p+j—1,
(J—1p+j+1,...,(j —1)p+p. Call this submatrix A,;.

For I,k € {1,...,p}, vecA(vecA)T is §;6; at the position {(k — 1) + k, (I — 1) +{}. At all the other
positions of vecA(vecA)T the entries are zero.

By lemma 4.2 the following holds for T, for I,k € {1,...,p},l # k. T is m on the positions {(I —
Dp+k,(—=Dp+Ek}{(l-1)p+1,(k—Dp+Ek},{(l—1)p+k,(k—1)p+1} and nx, at the position
{(k—1)p+k,(k—1)p+k}. Hence the following holds

Ukk | d Mok — O Mt — 5k51>>
N{(O .
<Ull> - < ’ <771k — 86k u—Of
di\ d Nkk — Op Mkl — 5k51>)
N (o, i :
(dl> - ( (mk — 86k — O}

14

Now from (19) we get



Hence the limiting distribution of D is

normal with mean zero and

var(dy) = gk — O3

and
cov(dy, d;) = k1 — 601
We have A;; =
0 .
Ni(i—1)
Ni(i+1)
: 0 0 :
0o 0 :
nip
51
0 0 :
0 0
MiG-1)
M5(+1)
5 0
0 0 0 .. 0 njp
Define the function
U1, Ui—1,i Ui+1,i Up,i Uy, 5 Uj_1,5 Ujt1,j Up.j

Fi(Uy) = (

By theorem 4.2.3 of [4] we get

f(ij ) (
where

1

61‘_61’“’67;_61‘_1’51'_51'_)'_1’“’61;_6p76j_61""6j_6j_1’&j_5]’_!’_17“’6]’_61)

) 5 N0, (VT Ay v )y

1 1 1 1 1

1

y

V) = diag <

Now by (20) We get

% NV A,V D)
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We have that (V)T A,;V f(9) =

(517_1131)2 0o --- 0 0 0
0
0 0
0 0 Gl 0 0 G55 O 0
0 0
Nip
(6:—0p)?
N1
(8;—01)?

: 0 K 0 :
0 .0 (5:_#;;)2 0 0 (5_7'77—j:$7:)2 0o --- 0
0 0
: : : . 0

0 0 0 0 (6j’7_1§p)2

Define B;; as the matrix (V f(9))T 4,V f() where we add 2 rows and 2 columns of all zeros, such that
they are i-th, p 4 j-th column and row. The covariance of w;; and w;; with something else is always

zero because wy; = wj; = 0. Hence the covariance matrix of wl is B;j. (Here W = (w1, ...,wp).)

We also know that W is asymptotic normally distributed, hence we have that

(w> 9 N(0, By;)

W
We have that Y = 07O, so G = \/n(O — O) has the limiting distribution of
G = /n(0 —0) = /n(Oy — 0) = Oy/n(Y —I) = OW.

Define the function f ((Zj’)) = <82}01> = vec (O(w;, w;)). Then by theorem 4.2.3 of [4] we get
j j

vec (O(wi, w;)) % N0,V fTB;;V f),

where

We have that

k=1,k #J

Now from this it follows that the asymptotic covariance matrix of g; is

p

cov(g;) Z 575

i=1,i#
and the asymptotic covariance matrix of g; and g; is

N
COV(givgj) = (5 _”5_)207'0111
? J

16



5 Asymptotic MSE

The MSE is a measure for the accuracy of an estimator and we would like the MSE to be as small
as possible [11]. Tt could be helpful to look at the MSE of the classical principal components and
the principal components based on spatial signs, to see which has a smaller MSE. In other words to
see which estimator is more accurate. Theorem 4.1 is used to find the MSE of the classical principal
components.

Theorem 5.1. Let X1, ..., X,, be n observations of a p-variate random vector X, where X is elliptical
distributed. Write the covariance matriz and the sample covariance matriz as eigenvalue decomposi-
tions ¥ = TATT and ¥ = GLGT, with Ay > ... > \p, l1 > ... > 1, and v;1 > 0,911 > 0,i =1,...,p. As
n — 0o,

MSE, = E (|[vec(G) — vee(D)| ) % ~(1+1) Y (N — )2 —A

Jj=li= ,275]

3

Proof. If we write ¥ = TAT'T and Y = GLGT as eigenvalue decompositions. Define Y = vec(@) and
Y = vec(I'). Then we have that the MSE is

MSE, =E (][ - YI3)

=E[(g11 — 711)2] + .. + El(gp1 — 7p1)2] + .. + E[(g1p — ’Ylp)z] + oo + El(gpp — ”Yp;v)z]

Z > El(gi; — 7i5)*]

s
Il
—

.
Il
—

(var(gi; — vij) + Elgij; — 7i5]%)

e
M=

s
I
-
.
I
—

Now by Theorem 4.1 as n — oo,

p p
1
O (var(gi; — vij) + Elgis — 7)) —>E2tr(cov(b )
i=1 j=1 j=1
T (R S
_TL . K )\ _ )\ )27177,
j=1 z:l,l;ﬁj
1 p p
— (1
(0w > )
Jj=1 i= 175]

Hence as n — oo,
12 P
MSE, — — 1+
(000 > 525)
O
Note that it always holds that k > —1 , because E[R*] and [R?] in definition 4.3 are always positive.

This means that MSE, is never negative, hence it is well-defined.

The MSE is depended on the kurtosis and the real eigenvalues of the covariance matrix. The MSE is
linearly dependent on the kurtosis. The MSE is large, when the kurtosis is large. If the eigenvalues
are close to each other, then the MSE is also large. It converges towards 0 with rate %

Theorem 4.2 is used to find the MSE of the principal components based on spatial signs.

Theorem 5.2. Let X1, ..., X,, be n observations of a p-variate random vector X, where X is elliptical
distributed. Write the population spatial sign covariance matrix and the sample spatial sign covariance

17



matriz as eigenvalue decompositions ¥y = OAOT and ¥, = OLOT | with 6, > ... > Op, i > .. >
and 01 > 0,0;1 > 0,0 =1,...,p. Then as n — oo,

p P

Here 6; is defined as in Lemma 4.1 and n;; is defined as in Lemma 4.2.

Now the MSE is depended on the real eigenvalues of the covariance matrix and the spatial sign
covariance matrix. This also converges towards 0 with rate % One of the differences between this
MSE and the MSE for the classical case is that now the MSE is not depended on the kurtosis.

Proof. The same as the proof of Theorem 5.1, but now using Theorem 4.2 instead of Theorem 4.1 [

In table 1 the MSE is simulated and compared with the asymptotic MSE from Theorem 5.1 and The-
orem 5.2. For the classical principal components the simulation is done by computing the eigenvectors
of the sample covariance matrix and repeating this 10000 times. Then the MSE is computed. For the
spatial sign case the same is done but then the sample SSCM is used. It is done for a multivariate
normal distribution and a multivariate t-distribution. These seem to converge towards each other as n
increases, so the convergence seems to work well. In table 2 the same is done, but now for dimension
3 and dimension 12. This is only done for a multivariate normal distribution. For dimension 3 it
takes longer to converge then for dimension 2. For dimension 12 it takes even longer to converge. At
n = 1000 it still doesn’t seem to converge. Hence as the dimension increases the convergence rate
seems to decrease.

18



Multivariate normal distribution

Multivariate t-distribution with v =5

n
t\’? —
o
8 —— MSE simulation —— MSE simulation
o MSE approximation =] MSE approximation
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n
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Table 1: The scatter matrix is ¥ = (1) (2] . The red line is the simulated MSE and the green line is the

MSE approximated by using Theorem 5.1 for the classical case and Theorem 5.2 for the spatial sign case.
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1 0 0
1 0 0
Scatter matrix is W= |0 2 0 . 0
Scatter matrix is ¥ =
0 0 3 .
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0 0 12
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Table 2: This is for a multivariate normal distribution. The red line is the simulated MSE and the green
line is the MSE approximated by using Theorem 5.1 for the classical case and Theorem 5.2 for the spatial
sign case.

It would be nice two know which estimator is more precise. This is why in this chapter the asymptotic
MSEs that are found in Theorem 5.1 and Theorem 5.2 will be compared. This will be done for
dimension 2, 3 and 4. If the dimension gets higher, then the number of eigenvalues that need to be
chosen also grows. Hence it’s gets more and more difficult to compare it, when the dimension grows.
This is the reason why there will only be looked at dimension 2, 3 and 4.

One thing that is immediately clear if we compare MSE, and MSEy, is that MSE, and the kurtosis
are linearly dependent with each other and MSE;; is independent of the kurtosis. This means that
at some point if the kurtosis is large enough, then MSE;; < MSE.. So principal component analysis
based on spatial signs works equally well for a really large kurtosis as for a small kurtosis. For classical
principal component analysis this is not the case.
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5.1 Dimension 2

For dimension 2 it is possible to find an explicit expression for x such that MSE,. < MSE,,, because then
the integrals (5) and (8) can be solved explicitly. All the results in this subsection are for dimension
2.

Proposition 5.1. Let X = Ae + p be elliptical distributed. Define Uy = MATAZT), Let Ay, Ay be the
eigenvalues of Wo. If A1, Ao > 0 and A1 # Ao, then

1
MSE. < MSE,;;, < k< —————o
2/ (1= X\)
and
1

MSE, > MSE,, <— Kk >

2/ =)

Proof. Let A1, A2 > 0 such that A\; + Ay = 1 and A\; # Ay be arbitrary given. By Theorem 4.1 and
Theorem 4.2

MSE,. < MSE,, <—
2 M2 2 m2
n= Z
(K + )n (/\1 — )\2)2 < n (51 — 62)2
A1 A2 < 112
(A1 =A2)2 (61 —d2)?

—

(k+1)

Then by proposition 4.1 and corollary 4.1 we get

A1 Ao N12
k+1 < —
( )(Al —A2)2 T (01 — 62)?
Ao+ 2 VAT A2 (A1 +A2)
A1 s - (A1—X2)?

(A1 = A2)? ( Nexy Nevs )2

(k+1)

VAi+va: VAV

ALAg < VA2 (VAT +VA2)? —
(A — A2)? 2(A1 — A2)?

2/ Ak +1) < (V1 + v/ Aa)?

26V A A < A1+ =1
1 1

< =
2\/)\1)\2 2\/)\1(1—)\1)

(k+1)

11

R

The expression
1

MSE. > MSEs <— k> ———
¢ ’ 2/ A (1 — Ay
can be proved by replacing < with > everywhere.

O

Proposition 5.2. Let X = Ae + p be elliptical distributed. Define Uy = WAT%, Let Ay, Ay be the
eigenvalues of Wo. If A1, Ao > 0, Ay # Ao and k < 1, then MSE, < MSE,;.

Proof. 1t is easy to check that the minimum of k = is k = 1. From Proposition 5.1 it then

1
2\/)\1(17}\1)
follows that if k < 1, then MSE,. < MSE;,. O

The kurtosis of the multivariate normal distribution is always 0, hence for a multivariate normal
distribution of dimension 2 it always holds that MSE,. < MSE,,
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Proposition 5.3. Suppose X = Ae + pu has a multivariate t-distribution. Define ¥y = MAT’LfT). Let
A1, Ao be the eigenvalues of Wo. If Ay, Ao > 0 and A\ # As, then

MSE, < MSE,, <= 4/ A(1—\)+4d<v

and

MSE, > MSE,, <= 4y/AM(1— X)) +4>v

Proof. Let A1, A2 > 0 such that \;y + Ao = 1 and A\ # Ao be arbitrary given. For a multivariate
t-distribution and p = 2 we have that

v—2

v—4

= ~1

Now by Proposition 5.1 we get

MSE. < MSE;, <

v—2 1

-l —— <
v—4 2\/)\1(1*)\1)

2 1

< —
v—4 2\/)\1(1—)\1)

M=) +4<v

The expression
MSE. > MSE;, < 4y/M(1—X)+4>v

can be proved by replacing < with > everywhere. O

5.2 Dimension 3

For dimension 3 it is a bit harder to compare MSE, and MSE,, because there is one more eigenvalue
that can be chosen freely and there is not an explicit expression for §; and n;;, 4,5 = 1,2,3,7 # j.
However the integrals (5) and (8) could be solved numerically, hence it is possible to compare MSE,
and MSE,s numerically.

In all the figures below for everything above the function it holds that MSE,, < MSE. and below
the function it holds that MSEss > MSE,. In figure 9 a 3D plot is made of the s for which MSE, =
MSE;;. It seems like when Ay or A3 gets closer to zero or one k seems to increase. When Ay and A3
get further away from zero and one x seems to decrease.

To get a better idea of what happens, also some 2D plots are made. In figures 4, 5, 6, 7 and 8 2D
plots are made for a fixed \;, respectively A; is %, %, %,% and %. In figure 5 it is a parabola. In all
these figures as A; gets closer to zero or 1 — Ay (then A3 gets closer to zero), then k increases. Except
in figure 8, there it first increases as it gets closer to zero or 1 — A\; and at some point it decreases.
This could also be an error in the numerical computation. The minimal points in the figures seem
to be approximately in the middle of Ao and 1 — ;. So when Ay = A3. Note that it is not possible
to calculate the asymptotic MSEs for Ay = A3, because we then have to divide by zero. The largest
point in the figures is approximately x = 1.4 in figure 4 and 8. The smallest point in the figures is
approximately x = 0.65 in figure 5.
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5.3 Dimension 4

In all the figures below again for everything above the function it holds that MSE;; < MSE. and below
the function it holds that MSEg, > MSE,.. In figures 10, 11, 12, 13 and 14 a 3D plot is made of the &
for which MSE, = MSE,, and a fixed A1, respectively \; is %, %, %, % and %. Again it seems like when
Ao or Az gets closer to zero or one, k seems to increase. When Ay and A3 get further away from zero
and one, k seems to decrease. The global minimum seems to be at approximately x = 0.5 in all five

figures. So it seems that for most eigenvalues we have that if x < 0.5, then MSE. < MSE;.

In table 3 the k for which MSE,. = MSE, is computed for fixed A\; and Ay. The A3 is on the x-axis
and k on the y-axis. For \; = %,)\2 = % and A\ = %,)\2 = % it seems to behave the same as for

dimension 2. For A\ = %, Ay = % and Ay = %, Ay = % there are two minimums with a maximum in the
middle.
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Figure 10: The dimension is 4. The first eigen- Figure 11: The dimension is 4. The first eigen-
value \; = % is fixed. On the x-axis is the sec- value \; = % is fixed. On the x-axis is the sec-
ond eigenvalue Ao, on the y-axis is the third ond eigenvalue Ao, on the y-axis is the third
eigenvalue A3 and on the z-axis is the « for eigenvalue A3 and on the z-axis is the x for
which it holds that MSE, = MSE,;. which it holds that MSE, = MSE,;.
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6 Confidence ellipsoids

Theorem 4.1 and Theorem 4.2 could also be used for other things then finding the MSE. It could
for example be used to find confidence ellipsoids. In [13] it is given that the formula of a confidence
ellipsoid of a p-variate normal distribution is

(= w7 (@ — u) < xp(k) (22)

Here p is the mean vector, ¥ the covariance matrix and X;(k) is the quantile function of a chi-squared
distribution with degrees of freedom p and probability k. Here the degrees of freedom p is the dimension
of the multivariate normal distribution. When using a confidence ellipsoid in practice, 3 needs to be
estimated.

6.1 Example: Confidence ellipses of loading vectors

Everything explained about biplots and loading vectors is based on [2]. Figures 15 and 16 are biplots of
the first and the second principal component for the marks data set, which can be found in the bnlearn
package in R (https://search.r-project.org/CRAN/refmans/bnlearn/html/marks.html). This
data is of 88 students and their mark for the following topics: mechanics, vectors, algebra, analysis
and statistics. So the dimension is 5 and the sample size is 88. In figure 15 it is done for the classical
principal components and in figure 16 it is done for the principal components based on spatial signs.
These biplots are plots of the first and second principal components, where in the same plot the
loadings for the first and second principal components are plotted. We plot these loadings as a vector
for every variable. These vectors, which we will call the loading vectors, are computed in the following
way for the classical case. Write 3 as an eigenvalue decomposition = GAGT with /\1 > > )\ > 0.
Then the loading vector is w; = (g1, glg) , for variable i. For the spatial sign case ES is used instead
of 3 to compute the loading vectors in figure 16. In these biplots the 0.95-confidence ellipses of the
loading vectors are also included. These confidence ellipses are calculated by using formula (22). The
covariance matrix ¥ in (22) is estimated by using the covariances (2) and (3) for the classical case and
the covariances (12) and (13) for the spatial sign case. Also including the 0.95-confidence ellipses in
these biplots could for example be helpful in analyzing the data. In these plots this could be analyzed
in the following way. The first principal component tells us if a student is good in general or not,
because all the confidence ellipses are on the right side. The second principal component tells us that,
a student is good at the topics for which the confidence ellipses are at the upper side of the plane or is
good in the topics for which the confidence ellipses are at the lower side of the plane. So in figure 15, a
student is better at mechanics and vectors or they are better at analysis and statistics. One difference
we see between the two figures is that for the spatial sign case the confidence ellipses are larger then for
the classical case. Which then also gives us another analysis for figure 16, because now the confidence
ellipsoid of vectors and analysis is not completely at the upper or lower side of the plane. So now we
would conclude that the second principal components measures if a student is good in mechanics or
statistics.
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Figure 15: Biplot for the marks data set. The red arrows are the loading vectors of the variables. The
blue ellipses are the 0.95-confidence ellipses of the loading vectors.
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Figure 16: Biplot for the marks data set. Here the principal components are the principal components

based on spatial signs. The red arrows are the loading vectors of the variables. The blue ellipses are
the 0.95-confidence ellipses of the loading vectors.
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6.2 Simulation for dimension 2

The 0.95-confidence ellipsoid for the eigenvectors could also be calculated. This could then for example
be used to simulate how often the real eigenvector is in this 0.95-confidence ellipsoid. This could be
used to see how well the convergence of the results of Theorem 4.1 and Theorem 4.2 work.

If formula (22) is used to calculate the 0.95-confidence ellipsoid. Then the covariance matrix is not
invertible. The reason for this is that the norm of the eigenvectors is always one, hence the last
coordinate of the eigenvector is determined, up to the sign, by the other coordinates. This problem
can be solved by using polar coordinates. Now the delta-method is needed to then calculate the new
asymptotic covariance matrix.

In [14] it is given that the following relation holds between Cartesian coordinates (z,y) and polar
coordinates (r, @)

T = 1CoS ¢
y=rsing
P2 =2 42
J = tan ¢
x

If we let the second coordinate of the eigenvector be positive and let the norm of the eigenvector
be 1. Then the eigenvector is unique. Then the following function gives us the eigenvector in polar
coordinates (7, ¢).

f(v1,v2) = (r,¢) = (1, arccos(v1))

Now we only need to know the last coordinate, because the radius is always 1. Define the func-
tion
h(v1,v2) = arccos(v1)

Then Vh(vi,ve) = (—1/4/1 —v2,0)T

Write & = OAOT, £ = GLGT, £, = OAOT and 3, = ODOT as eigenvalue decompositions, with
A1 > Ay > 0, 01 > 09 > 0,11 >1y > 0, di > do > 0 and 0;; > 0,91 > 0,0;1 > 0,2 =1,2. Define
B, as the asymptotic covariance matrix of v/n(g; — 0;) and B; as the asymptotic covariance matrix of
V/n(6; — 0;),i = 1,2. By Theorem 4.1 respectively Theorem 4.2

Now by using Theorem 4.2.3 of [4] we get that asymptotic covariance of v/n(o; — g;),i = 1,2 in polar
coordinates is

This asymptotic covariance can be estimated by estimating o; with g; and \; with [;. If the distribution
is not known, then x can be estimated with &, see equation (1) The asymptotic covariance of v/n(o; —6;)
in polar coordinates is

(Vh(0:))T B;Vh(o;)

This asymptotic covariance can be estimated by estimating o; with 6; and §; and 712 = 721 with using
the formulas of Proposition 4.1 and Corollary 4.1 and estimate \; with [;. Note here that Lemma 4.1
and lemma 4.2 also holds without the normalisation of ¥q [5], hence ¥ could be used in the lemma’s
instead of Wy.

Simulating how often the real eigenvector is in the 0.95-confidence interval is done in the following
way. Take a sample from an elliptical distribution, then calculate the confidence interval and check if
the real eigenvector (in polar coordinates) is in it. This is then repeated 10000 times.
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In the tabel below this is done for a multivariate normal distribution, with covariance matrix

X = (163 2(/)3) :

It is done for the covariance matrix (classical case) and the spatial sign covariance matrix (spatial sign

case).

spatial signs classic and classic and

assuming that k =0 estimating x
Real eigenvector | (0,1)7 | (1,0)T | (0,1)T (1,0)T 0, )T T (1,0)T
n = 50 91.62% | 91.01% | 91.39% 91.29% 90.00% | 89.00%
n = 100 93.13% | 93.05% | 92.90% 92.86% 92.44% | 92.40%
n = 500 94.98% | 94.98% | 94.58% 94.58% 94.61% | 94.61%
n = 1000 94.71% | 94.71% | 95.05% 95.05% 95.05% | 95.05%

Table 4: Percentage that the real eigenvector is in the confidence interval of the eigenvector for

1/3 0>.

p = 2 and a multivariate normal distribution, with covariance matrix ¥ = ( 0 2/3

It seems like it convergences in all cases to 95%, hence the convergence of the eigenvector seems to
work well. It seems that for the classical case it converges faster towards 95% then for the spatial sign

case.

In the tabel below it is done for a multivariate t-distribution with scatter matrix

¥= (1(/)3 2(/)3) '

spatial signs classic and classic and

assuming that xk = 2 estimating x
Real eigenvector | (0,1)7 [ (1,0)T | (0,1)T (1,0)T o,DT ] (1,0)T
n = 50 87.33% | 86.76% | 94.18% 93.52% 84.26% | 83.74%
n =100 90.33% | 90.29% | 95.39% 95.28% 89.09% | 89.00%
n = 500 94.01% | 94.01% | 96.42% 96.24% 93.73% | 93.73%
n = 1000 94.51% | 94.51% | 95.94% 95.94% 94.11% | 94.11%

Table 5: Percentage that the real eigenvector is in the confidence interval of the eigenvector for
p = 2 and a multivariate t-distribution, where the degrees of freedom is 5 and the scatter matrix is

v= (163 293) '

Here it also seems to converge towards 95%, exept if it is assumed that x = 2, then it doesn’t seem to
converge. Here it seems like it converges faster towards 95% for the spatial sign case, then the classical

case where k is estimated.

6.3 Simulation for dimension 3

The same can be done for dimension 3, but now using spherical coordinates. In [14] it is given
that the following relation holds between Cartesian coordinates (x,y,z) and spherical coordinates

(R,0,9)
R=ua%+y* + 22
x = Rsinf cos ¢
y = Rsinfsin ¢
z = Rcost
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And note that Rsinf = /22 + y2. Again the eigenvectors have norm 1 and we take the second coor-
dinate positive. Then the eigenvectors are unique. The following function then gives the eigenvector
in spherical coordinates (R, 6, ¢).

flvi,ve,v3) = (R,0,0) = (l,arccos(vg),arccos (vl/ v? + v%))

Now only the last two coordinates are needed, because the radius is always 1. Define the following
function

h(vi,va,v3) = (arccos(vg), arccos (vl/ v? + v%))

Then
0 -2,
'u% +v§
- o1
Vh = 0 22402

Write ¥ = OAOT, £ = GLGT, £, = OAOT and 3, = ODOT as eigenvalue decompositions, with
/\1>/\2>/\3>0,51>52>63>0,l1>l2>l3>0,d1>d2>d3>0andoi1ZO,gﬂZO,éﬂz
0,i = 1,2,3. Define E; as the asymptotic covariance matrix of \/n(g; — 0;) and E; as the asymptotic
covariance matrix of /n(6; — 0;),7 = 1,2,3. By Theorem 4.1 respectively Theorem 4.2

3
A
s2ige i = A
- n
P i T
Ei = Z (0, — 6,)2 7%
j=tg#i 7

Now by using Theorem 4.2.3 of [4] we get that asymptotic covariance matrix of v/n(o; — ¢;),1 =1,2,3
in spherical coordinates is . .

(Vh(0)TE;Vh(o;)
This asymptotic covariance matrix can be estimated the same way as for dimension 2. The asymptotic
covariance matrix of y/n(o; — 6;) in spherical coordinates is

(Vh(o))T E;Vh(o;)
This asymptotic covariance can be estimated in the same way as for dimension 2, but now the integrals

(5) and (8) are used to estimate J; and 7;;, instead of using Proposition 4.1 and Corollary 4.1. These
integrals need to be solved numerically.

In the table below the simulation is done for a multivariate normal distribution, with covariance
matrix

1/6 0 0
s=|0 1/3 0
0 0 1/2

Note here that the spherical coordinates for the vector (0,0,1)7 is not defined, so we can not calculate
the confidence interval/ellipse for this by using spherical coordinates.

spatial signs classic and classic and
assuming that k =0 estimating x
Real eigenvector | (0,1,0)T | (1,0,0)7 | (0,1,0)T | (1,0,0)T | (0,1,0)T [ (1,0,0)T
n = 50 69.00% 76.38% 74.66% 80.97% 72.82% 79.14%
n =100 79.00% 85.74% 83.84% 88.34% 83.04% 87.31%
n = 500 92.94% 94.25% 93.29% 94.17% 93.10% 93.96%
n = 1000 94.15% 94.77% 94.70% 95.05% 94.69% 94.92%
Table 6: Percentage that the real eigenvector is in the confidence ellipse of the eigenvector for
1/6 0 0
= 3 and a multivariate normal distribution, where the covariance matrixis> = 0 1/3 0
0 0 1/2
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It seems like it convergences in all cases to 95%, hence the convergence of the eigenvector seems to
work well. It seems that for the classical case it converges faster towards 95% then for the spatial sign
case, which was also the case for dimension 2.

In the table below it is done for a multivariate t-distribution with scatter matrix

1/6 0 0
=10 1/3 0
0 0 1/2
spatial signs classic and classic and
assuming that k = 2 estimating x
Real eigenvector | (0,1,0)T [ (1,0,0)7 | (0,1,0)T [ (1,0,0)T | (0,1,0)T | (1,0,0)7
n = 50 64.91% 72.39% 74.36% 82.28% 60.10% 66.54%
n = 100 76.36% 82.91% 82.52% 89.35% 72.18% 78.88%
n = 500 90.97% 92.88% 93.67% 95.45% 89.23% 91.75%
n = 1000 92.90% 93.81% 95.21% 95.86% 92.36% 93.23%

Table 7: Percentage that the real eigenvector is in the confidence ellipse of the eigenvector for
p = 3 and a multivariate t-distribution, where the degrees of freedom is 5 and the scatter matrix is

1/6 0 0
v=[0 1/3 0
0 0 1/2

Here it also seems to converge towards 95%, except if it is assumed that x = 2, then it doesn’t seem
to converge towards 95%. Which was also the case for dimension 2. Here it seems like it converges
faster towards 95% for the spatial sign case, then the classical case where & is estimated.

It seems that for dimension 3 it takes a bit longer to converge towards 95% then for dimension 2.
Which makes sense, because for dimension 3 there are more things that need to be estimated, hence
more errors that are made.
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7 Discussion

When a distribution has a large kurtosis it seems like it would be better to use principal components
analysis based on spatial signs instead of using classical principal component analysis. Because as the
kurtosis increases, then the MSE will also increase for the classical case, but the MSE for the spatial
sign case is independent of the kurtosis. However when one eigenvector is really close to zero, we saw
that the x, for which the two MSEs are the same, increases. Hence when the kurtosis is really large
and one of the eigenvalues is really close to zero, it is not always clear which MSE is smaller.

The MSE was simulated and then we saw that the asymptotic MSE we found indeed seems to converge
towards the simulated MSE. There we saw that for dimensions 2 and 3 this seems to work well and
seems to converge. However for dimension 12 the same was done, but then we saw that even at n = 1000
it doesn’t seem to converge yet. So for a large dimension it may take really long to converge.

The asymptotic result that were found for the eigenvectors could be used to find a confidence ellipsoid
for the eigenvectors. Using this showed us that the real eigenvector seems to converge to almost being
in the 0.95-confidence ellipsoids, 95% of the time. For the multivariate normal distribution this seemed
to converge faster by using the covariance matrix, then using the spatial sign covariance matrix. For
the multivariate t-distribution, with degrees of freedom 5, this seemed to converge faster by using the
spatial sign covariance matrix. This simulation was only done for dimensions 2 and 3. It seemed like
it converges faster to 95% for dimension 2, then dimension 3. So it might be a good idea to also check
this for higher dimension. This is however not so easy to do, because you first need to use another
coordinate system and then go to one dimension lower by using the fact that the norm is 1. For
dimensions 2 and 3 this could be done by using polar and spherical coordinates. For higher dimension
we first need to find a coordinate system that works for this. We also saw that the vector (0,0,1) isn’t
defined in spherical coordinates, hence we couldn’t do the simulation for this eigenvector.
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8 Conclusion

Firstly principal component analysis and principal component analysis based on spatial signs were
explained. Then we looked at some asymptotic results of the principal components that were already
known. Then similar asymptotic results of the eigenvectors and eigenvalues of the sample spatial sign
covariance matrix were proven. The asymptotic result of the eigenvectors could then be used to find
the asymptotic MSE. Then the MSEs for the two cases were compared for dimensions 2, 3 and 4. For
dimension two we even found an explicit formula for this. One of the differences between the MSEs we
have seen is that the MSE for the classical case is linearly dependent on the kurtosis and the MSE of
the spatial sign case is independent of the kurtosis. As the kurtosis increases the MSE for the classical
case also increases and the MSE for the spatial sign case doesn’t change. So for a large kurtosis
we would expect principal component analysis based on spatial signs to work better, then classical
principal component analysis. Even for a really large kurtosis principal component analysis based
on spatial signs works equally well as for a small kurtosis. Lastly we looked at confidence ellipsoids.
Where we gave an example how this could be used to find the confidence ellipses of loading vectors.
Which could then be used in analyzing a data set. We also used confidence ellipsoids to check how
well the asymptotic result of the eigenvectors work for dimensions 2 and 3. The percentage of the real
eigenvectors that is in the 95%-confidence interval or ellipse seems to converge towards 95%, hence it
seems to work well for dimensions 2 and 3.
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A R Code

R~code for the plost in figure 1 and 2.

#contour plots for the multivariate normal distribution
#and the multivariate t—distribution .

library (mvtnorm)

#mulivariate normal distribution
pdf(” contour.normal.pdf” ,width=6,height=6)
x <— seq(—3.5,3.5,length.out=200)
y<— X
z <— matrix (0,nrow=200,ncol=200)
mu <— ¢(0,0) #mean mu
sigma <— matrix(c(1,0,0,2) ,nrow=2) #covariance sigma
for (i in 1:200) {

for (j in 1:200) {

2[i,7] < dmvnorm(e(x[i],y[j]),
mean—=mu, sigma=sigma , log = FALSE) #density
}

}

contour (x,y,z, levels=seq(from=0.01,t0=0.11,by=0.01)) #contour plot
dev.off ()

#multivariate t—distribution
pdf(” contour.t.pdf” ,width=6,height=6)
x <— seq(—3.5,3.5,length.out=200)
y<— X
z <— matrix (0 ,nrow=200,ncol=200)
mu <— ¢(0,0) #mean mu
sigma <— matrix(c(1,0,0,2) ,nrow=2) #covariance sigma
for (i in 1:200) {

for (j in 1:200) {

2[i,7] < dmvt(e(x[i],v[i]),
delta=mu, sigma=sigma, df = 5, log = FALSE) #density
}

}

contour (x,y,z, levels=seq(from=0.01,t0=0.11,by=0.01)) #contour plot
dev.off ()

#both in one plot
pdf(” contour.t.and.normal.pdf” ,width=6,height=6)
xl <— seq(—3.5,3.5,length.out=200)
vyl <— x
z1 <— matrix (0 ,nrow=200,ncol=200)
mu <— ¢(0,0) #mean mu
sigma <— matrix(c(1,0,0,2) ,nrow=2) #covariance sigma
for (i in 1:200) {
for (j in 1:200) {
z1[1,j] <= dmvnorm(c(x1[i],y1[j]),
mean—=mu, sigma=sigma , log = FALSE) #density

}
¥
x2 <— seq(—3.5,3.5,length.out=200)
y2 <— X

z2 <— matrix (0,nrow=200,ncol=200)
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mu <— c(0,0) #mean mu
sigma <— matrix(c(1,0,0,2) ,nrow=2) #covariance sigma
for (i in 1:200) {
for (j in 1:200)
z2[1,j] < dmvt(c(x2[i],y2[j]),
delta=mu, sigma=sigma, df = 5, log = FALSE) #density
}

}

contour (x1,yl,z1, levels=seq(from=0.01,t0=0.11,by=0.01), col = ’red’) #contour plot
contour (x2,y2,z2, add=TRUE, levels=seq(from=0.01,t0=0.11,by=0.01), col = "blue”) #contou
dev.off ()

R-code for the plots in table 1 and 2
#Making plot with simulated and asymptotic MSE

library (mvtnorm)

library (sscor)

library (ICSNP)

d <— 2 #dimension

m <— 10000 #repeat m times

mu <— c(0,0) #mean

df <— 5 #degrees of freedom

#the n (number of samples) we want to plot
n_vector <— ¢(20:200)

#covariance matriz: (this could be changed to something else)
sigma <— matrix(c(1,0,0,2), ncol=d)

sum <— c(rep(0,m))
sum_ss <— c(rep(0,m))
MSE <— c¢(rep (0,200))
MSE_ss <— c(rep(0,200))

E_.Y <— eigen(sigma)$vectors #eigenvectors of sigma

for (n in n_vector) {

set.seed (1)

sum <— c(rep(0,m))

sum_ss <— c(rep(0,m))

for (k in 1:m) {
#taking samples from the multivariate mnormal distribution
X <— rmvnorm(n, mean—mu, sigma=sigma)
#taking samples from the multivariate t distribution
#(the line below could be uncommented, if we want to use the mult t—distribution)
#r <— rmut(n=n, sigma = sigma, df = 5, delta = mu)
mean <— colMeans(x) #colum means of x
x_standarized <— x-rep(mean, each = nrow(x)) #r standarized w.r.t location

emp_cov <—cov(x_standarized) #empirical/sample covariance matriz
V0 <— emp_cov/sum(diag(emp_cov)) #emp_cov matriz scaled such that the trace is 1
Y <— eigen(V0)8$vectors #eigenvectors of VO (estimated eigenvectors)

#norm "2 of difference between theoretical eigenvectors and estimated eigenvectors

for (i in 1:d) {
sum|[k| <— sum[k] 4+ min(norm ((Y[,i]-E_Y[,i])) ,norm ((Y[,i]+E_-Y[,1]))) "2
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}

#spatial sign of x standarized with spatial median
x_ss <— spatial.sign(x, center = TRUE, shape = FALSE)

#covariance matriz of xz_ss (Spatial sign covariance matrizc)

SSCM <— cov(x_ss)

SSCM <— SSCM/sum(diag (SSCM)) #scaling SSCM such that the trace is 1
#eigenvectors of SSCM (estimated eigenvectors based on spatial signs)
Y_ss <— eigen(SSCM)$vectors

#norm "2 of difference between theoretical eigenvectors
#and estimated eigenvectors of SSCM
for (i in 1:d) {
sum_ss [k] <— sum_ss [k] +
min (norm ((Y_ss [,i]-E_Y[,i])) ,norm ((Y_ss[,i]+E_Y[,i]))) "2

}

MSE[n] <— 1/m =* sum(sum) #VSE

MSE_ss [n] <— 1/m * sum(sum_ss) #MSE based on spatial signs
}

lambda <— eigen(sigma)$values #eigenvalues of sigma the covariance matrix
V<0
#computing the asymptotic MSE (from theorem 5.8) multiplied by n
for (j in 1:d) {
for (k in 1:d) {
if(k 1= j){
V<~V + (lambda[j]*lambda[k]) /(lambda[k]—lambda[j])" 2
}

}
}

#plot of MSE simulation and approzximation of the MSE by wusing theorem 5.1
x = MSE[n_vector |
pdf(file = "MSE. pdf”)
plot(n_vector, x, col =’red’, type =’1",
xlab="n”, ylab="MSE")

lines (n_vector, V/(n_vector—1), col = ’green’)
legend (” topright” , # Position
inset = 0.05, # Distance from the margin as a fraction of the plot region

legend = c(”MSE_simulation” , "MSE_approximation”),

Ity = c(1, 1),

col = ¢c(2, 3),

lwd = 2)
dev.off ()

#calculating eta
nij <— function(x,i,j) {z < 1; for (k in 1:d) {
7z <— z*(l+lambda[k]*x)"0.

} ;(lambda[i]*lambda[]j]*0.25%x)/((1+lambda[i]*x)*(1+lambda]j]*x)=*z)}
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integrate (nij ,0,Inf, i =1, j=2)

#calculating delta
deltai <— function(x,1)
z <— 1; for (k in 1:d

7z <— z*(14+lambda [k]

} 3 (lambda[i]*0.5)/(

}

integrate (deltai ,0,Inf, i =1)

{

) A

k]%x)0.5
/((1+lambda[i]*x)*z)

#computing the asymptotic MSE (from theorem 5.2) multiplied by n
V_ss <0
for (a in 1:d) {
for (b in 1:d) {
if(b = a){
V_ss <— V_ss +(integrate(nij,0,Inf, i =a, j=b)$value/
(integrate (deltai ,0,Inf, i =a)$value—
integrate (deltai ,0,Inf, i =b)$value)”2)
}
}
}

#plot of MSE simulation and approxzimating MSE with the asymptotic MSE (of the theorem)
#for the spatial sign case
y = MSE_ss [n_vector ]
pdf(file = "MSE_ss . pdf”)
plot (n_vector, y, col =’red’, type =’1",
xlab="n", ylab="MSE” , lwd=2.0, cex.axis = 1, cex.lab = 1)

lines (n_vector, V_ss/(n_vector—1), col = ’green’, lwd=3.0)

legend (” topright” , # Position
inset = 0.05, # Distance from the margin as a fraction of the plot region
legend = c(” classical”, "spatial_signs”),

Ity = ¢(1, 1),

col = ¢c(2, 3),

lwd = 2,

cex=1)
dev.off ()

R-code for the plots in figures 4, 5, 6, 7 and 8.

#plot MSE_c = MSE_ss for dimension 3
#fized lambda_1

kappa <— c(rep(0,100))
MSE_approx_c <— c(rep(0,100))
MSE_approx _ss<—c (rep (0,100))
#the value 1/6 can be changed to something else to get
#a plot with another fixed lambda_1
lambdal <— 1/6 #fized lambda_1 (first eigenvalue)
n <— seq(0.001, 1-lambdal —0.001,length=100)
for (i in 1:100) {
lambda <— c(lambdal, n[i], 1-lambdal-mn[i]) #lambda_2 the second eigenvalue
lambda
#computing asymptotic MSE (from theorem 5.1) multiplied by n
for (j in 1:3) {
for (k in 1:3) {
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(k1= )
MSE_approx_c [i] <— MSE_approx_c [i] + (lambda[j]=*lambda[k])/
(lambda [k]—lambda[j]) "2
}

}
}
#computing eta
nij <— function(x,i,j) {z <— 1; for (k in 1:3) {
7z <— z*x(1+lambda[k]*x)"0
} ;(lambda[i]=lambda[j]=*0. 25*x)/((1+1ambda[i]*x)*(1+lambda[j]*x)*z)}

#computing delta
deltai <— function(x,i) {
7z <— 1; for (k in 1:3) {
z <— zx(l+lambda[k]*x)"0.5
} 3 (lambda[i]#0.5)/((1+lambda[i]=*x)*z)
}

#computing asymptotic MSE (from theorem 5.2) multiplied by n
#spatial sign case
for (a in 1:3) {
for (b in 1:3) {
if(b != a){
MSE_approx_ss [i] <— MSE_approx_ss[i] +
(integrate (nij ,0,Inf, i =a, j=b)$value/(integrate(deltai ,0,Inf, i =a)$value
—integrate (deltai ,0,Inf  i=b)$value)”2)
}
}
¥

#computing kappa such that MSE_c¢ = MSE_ss
kappa[i] <— MSE_approx_ss[i]/MSE_approx_c[i] —1
¥

MSE_approx _c
MSE_approx_ss
kappa

#plot MSE_c = MSE_ss

pdf("1.6.p=3.pdf” ,width=6,height=6)

plot(n[1:100], kappa[1:100], xlab = ”"lambda_2”, ylab = ”kappa”)
dev. off ()

R-code for the plot in figure 9.

#plot MSE_c = MSE_ss for dimension &
#3D plot

x<—0
y<—0
z<—0
kappa <— 0
MSE_approx_c <— 0
MSE_approx _ss<—0
n <— seq(0, 1, length=200)
for (i in 2:199) {

for (1 in 2:199) {

lambda_3 <— n[i] + n[l] #ambda_3 (third eigenvalue)
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#n[i] is the first eigenvalue and n[l] is the second eigenvalue
if(n[i]+n[l] <1 & i !=1&n[i] !=1- n[i] — n[l] & n[l] !'=1- n[i] —xn[1]){
kappa <— 0
MSE_approx_c <— 0
MSE_approx _ss<—0
lambda <— c(n[i], n[l], 1-n[l]-n[i]) #ambda = (lambda_1,lambda_2,lambda_3)
#computing asymptotic MSE (from theorem 5.1) multiplied by n
for (j in 1:3) {
for (k in 1:3) {
if (k1= )]
MSE_approx _c <— MSE_approx_c + (lambda]j]=*lambda[k])/
(lambda [k]—lambda[j]) "2
}

}
}
#computing eta
nij <— function(x,i,j) {z < 1; for (k in 1:3) {
7z <— zx(l+lambda[k]*x)"0.5
} ;(lambda|i]*lambda[j]*0.25%x)/((1+lambda[i]#*x)*(1+lambdalj]|*x)*z)}

#computing delta
deltai <— function(x,i) {
z <— 1; for (k in 1:3) {
]*x)"0.5
((1+lambda[i]*x)*z)

7z <— zx(1+lambda [k
} } ;5 (lambdali]*0.5)/

#computing asymptotic MSE (from theorem 5.2) multiplied by n
for (a in 1:3) {
for (b in 1:3) {
if(b != a){
MSE_approx_ss <— MSE_approx_ss +
(integrate (nij ,0,Inf, i =a, j=b)$value/(integrate(deltai ,0,Inf, i =a)$value
—integrate (deltai ,0,Inf,i=b)$value)”2)
}
}

if(is.infinite (MSE_approx_ss/MSE_approx_c —1) =
FALSE & is.nan(MSE_approx_ss/MSE_approx_c —1) = FALSE){
x <— c(x, n[i]) #lambda_1 on z—axis
y <— c(y, n[l]) #lambda_2 on y—axis
7z <— c(z, MSE_approx_ss/MSE_approx_c —1) #kappa on z—azxis

}

}
}

#plot MSE_c¢ = MSE_ss
pdf(file = "p=3.pdf”)
source ( "http://www.sthda.com/sthda/RDoc/functions/addgrids3d.r’)
scatterplot3d (x[2:1length(x)], y[2:length(y)], z[2:length(z)],
xlab = 7lambda_1”, ylab = ”lambda_2”, zlab = ”kappa”)

addgrids3d (x[2:length(x)], y[2:length(y)], z[2:length(z)],

grid = c("xy”, "xz”, "yz"))
dev.off ()

R~code for the plots in table 3.

42



#plot MSE_c¢ = MSE_ss for dimension }
#fized lambda_1 and lamda_2

kappa <— c(rep(0,100))
MSE_approx_c <— c(rep(0,100))
MSE_approx _ss<—c(rep (0,100))
#the wvalues 1/6 and 2/6 can be changed to something else to get a plot with
#another fized lambda_1 and lambda_2
lambdal <— 1/6 #fized lambda_1
lambda2 <— 2/6 #fized lambda_2
n <— seq(0.001, 1-lambdal — lambda2—0.001,length=100)
for (i in 1:100) {
#lambda = (lambda_1, lambda_2, lambda_38, lambda_4)
lambda <— c(lambdal, lambda2, n[i], l-lambdal—lambda2-n[i])
lambda
#computing asymptotic MSE (from theorem 5.1) multiplied by n
for (j in 1:4) {
for (k in 1:4) {
(k1= )1
MSE_approx_c [i] <— MSE_approx_c [i] +
(lambda[j]*lambda[k]) /(lambda[k]—lambda[j]) "2
}
}
}
#computing eta
nij <— function(x,i,j) {z< 1; for (k in 1:4) {
7z <— z*(14+lambda[k]*x)"0
} ;(lambda[i]*lambdalj]=0. 25*x)/((1—|—1ambda[i}*x)*(l—i—lambda[j]*x)*z)}

#computing delta
deltai <— function(x, i
z <— 1; for (k in 1:
z <— zx*(l4+lambda |

} ;5 (lambda[i]*0.5)

) A
4) A
k]*x)"0
/((1+1ambda[ | %x) %2 )

#computing asymptotic MSE (from theorem 5.2) multiplied by n
for (a in 1:4) {
for (b in 1:4) {
if(b !=a){
MSE_approx_ss [i] <— MSE_approx_ss[i] +
(integrate (nij ,0,Inf, i =a, j=b)$value/
(integrate (deltai ,0,Inf, i =a)$value—
integrate (deltai ,0,Inf,i=b)$value)”2)
}
}
}

#computing kappa such that MSE_c¢ = MSE_ss
kappa|i] <— MSE_approx_ss[i]/MSE_approx_c[i] —1
}

MSE_approx _c
MSE_approx_ss
kappa

#plot MSE_c¢ = MSE_ss
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pdf(72.3.p=4.pdf” ,width=6,height=6)
plot (n[1:100], kappa[1:100], xlab = ”lambda_3”, ylab = "kappa”)
dev. off ()

R-code for the plots in figures 10, 11, 12, 13 and 14.

#3D plot MSE_c = MSE_ss for dimension 4
#fizxed lambda_1

x<—0
y<—0
7z<—0
kappa <— 0
MSE_approx_c <— 0
MSE_approx _ss<—0
#the wvalues 1/6 can be changed to something else to get
#a plot with another fixed lambda_1
lambda_1 <— 1/6 #fized lambda_1
n <— seq(0, 1, length=200)
for (i in 2:199) {
for (1 in 2:199) {
lambda_3 <— n[i] + n[l]
if(n[i]+n[l] + lambda_1 <1 & i !=1
— lambda_1 & n[l] !'=1— n[i] —n]
kappa <— 0
MSE_approx_c <— 0
MSE_approx _ss<—0
#lambda = (lambda_1, lambda_2, lambda_3, lambda_/)
lambda <— c¢(lambda_1, n[i], n[l], 1-n[l]-n[i]—lambda_1)
#computing asymptotic MSE (from theorem 5.1) multiplied by n
for (j in 1:4) {
for (k in 1:4) {
if (k1= j){
MSE_approx_c <— MSE_approx_c +
(lambda|j]*lambda[k]) /(lambda [k]—lambda[j]) "2
}

}
}
#computing eta
nij <— function(x,i,j) {z <— 1; for (k in 1:4) {

7z <— z*x(l1+lambda[k]*x)"0.5
} ;(lambda|i]*lambda[j]*0.25%x)/((1+lambda[i]#*x)*(1+lambdal]]*x)*z)}

%nﬁ]“ﬂfnh}fﬂw

1] — lambda_1){

#computing delta
deltai <— function(x,i) {
z <— 1; for (k in 1:4) {
z <— zx(l+lambda|[k]=*x)"0.5
} ;5 (lambda[i]*0.5)/((14+lambda[i]*x)*z)
}

#computing asymptotic MSE (from theorem 5.2) multiplied by n
for (a in 1:4) {
for (b in 1:4) {
if(b !'=a){
MSE_approx _ss <— MSE_approx_ss +
(integrate (nij ,0,Inf, i =a, j=b)$value/
(integrate (deltai ,0,Inf, i =a)$value
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—integrate (deltai ,0,Inf,i=b)$value)"2)
}
}

if(is.infinite (MSE_approx_ss/MSE_approx_c —1) =
FALSE & is .nan(MSE_approx_ss/MSE_approx_c —1) = FALSE){
x <— c(x, n[i]) #lambda_-1 on z—azis
y <— c(y, n[l]) #lambda_2 on y—axis
7z <— c(z, MSE_approx_ss/MSE_approx_c —1) #kappa on z—axis

}

}
}

¥
#plot of MSE_c¢ = MSE_ss

pdf(”1.p=4.pdf” ,width=6,height=6)
source( "http://www.sthda.com/sthda/RDoc/functions/addgrids3d.r’)
scatterplot3d (x[2:length(x)], y[2:length(y)], z[2:length(z)],
xlab = ”lambda_2” , ylab = ”lambda_3”, zlab = ”kappa”)
addgrids3d (x[2:length(x)], y[2:length(y)], z[2:length(z)],
grid = c¢("xy”, "xz”, "yz"))
dev.off ()

R-code for figure 15.

#data example using confidence ellipsoids

library (bnlearn)
data(marks)
n <— length(marks[,1])

# calculation of eigenvalues
eigenm <— eigen (cov(marks))

mean <— colMeans (marks) #mean
kappa <— 0
marksmatrix <— as.matrix (marks)
#estimating kappa (you could also take an kappa and then
#uncomment the following 6 lines)
for (i in 1:88) {

kappa <—kappa +

(t (marksmatrix[i, ]— mean)%+%inv (cov(marks))%+%( marksmatrix[i, |—mean))"2

}

kappa
kappa <— 1/(5%(5+2)%88)xkappa —1
kappa <— kappa|l,1]

# looks nicer if we make loadings of first principal component positive
eigenm$vector|[,1] <— eigenm$vector|[,1]*(—1)

# plotting principal components
pdf(” biplotkappa.pdf” ,width=6,height=6)
par (mar=c (4,4 ,2.5,2.5))

plot (¢(—100,100),c(—100,100),type="n” ,xlab="1._principal _.component” ,

ylab="2._principal .component”)
Xval <— (as.matrix(marks)
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—matrix (apply (marks,2 ,mean) ,ncol=5 nrow=n, byrow=TRUE) ) %+%¢igenm$vector [ ,1]

Yval <— (as.matrix(marks)

—matrix (apply (marks,2 ;mean) ,ncol=5,nrow=n, byrow=IRUE) ) %+%cigenm$vector [ ,2]

points (Xval, Yval)

# now we

add the direction of the principal components

#(multiply everything with 100 to make it look nicer)

for (i in

1:5) {

arrows (x0=0,x1=eigenm$vector [i,1]*100,y0=0,

yl=eigenm$vector[i,2]*100,lwd=2,col="red”)

text (eigenm$vector[i,1]*100,eigenmS$vector[i,2]*100,
labels=colnames (marks)[i],pos=1,col="red” ,cex=1)

}

# calculation of the asymptotic covariances
Covl <— Cov2 <— Covl2 <— matrix(0,ncol=5nrow=>5)

# covariance of loadings of first principal component
for (i in 2:5) Covl <— Covl+(eigenm$values[i]*eigenm8$values[1]/

(eigenm$values [i]—eigenm$values[1]) "2
xeigenm$vector [, 1]%+%t (eigenm$vector[,i]))

Covl <— Covlx*(l+kappa)
# covariance of loadings of second principal component
for (i in ¢(1,3,4,5)) Cov2 <— Cov2+(eigenm$values[i]*eigenm$values[2]/

(eigenm$values[i]—eigenm$values[2]) "2
xeigenm$vector [, 1]%+%t (eigenm$Pvector[,i]))

Cov2 <— Cov2x(1+kappa)
# covariance between loadings of first and second rincipal component

Covl2 <

Covl2 <—

—(eigenm$values [1]xeigenm$values [2]/
(eigenm$values|[1] —eigenm$values [2]) "2
xeigenm$vector [ ,1]%+%t (eigenm$vector[,2]))
Covl12x*(1+kappa)

# draw ellipses

library (car)

for (i in 1:5) {
# one has to give the center and the covariance matriz
#and the radius which is the squareroot of the quantile

ellipse

}

axis(side=3,col="red” ,at=seq(from=-100,t0=100,by=50),labels=seq(from=—1,to=1,b=0.5))
axis(side=4,col="red” ,at=seq(from=—100,t0=100,by=50),labels=seq(from=—1,to=1,b=0.5

dev.off ()

(center=c(eigenm$vector[i,1:2])=*100,
shape=matrix(c(Covl[i,i],Cov12[i,i],Covl2[i,i],Cov2[i,i]),ncol=2)/
n*100°2,radius=sqrt (qchisq(0.95,2)))

R-code for figure 16.

library (bnlearn)
library (ICSNP)
data(marks)

n <— length (marks|[,1])

# calculation of eigenvalues (now of spatial sign covariance matriz)
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eigenm <— eigen(cov(spatial.sign(marks, center = TRUE, shape = FALSE) ))

#also meed eigenvalues of covariance matriz
lambda <— eigen (cov(marks))$values

# looks mnicer if we make loadings of first principal component positive
eigenm$vector[,1] <— eigenm$vector|,1]*(—1)

# plotting principal components
pdf(” biplot _ss_2.pdf” ,width=6,height=6)
par (mar=c (4,4 ,2.5,2.5))

#Here we now have use the data standarized with spatial median

sm <— spatial .median(marks)

plot (¢(—100,100),c(—100,100),type="n” ,xlab="1._principal _.component” ,
ylab="2._principal _.component”)

Xval <— (as.matrix(marks)—rep(sm, each = nrow(marks)))%%%ecigenm$vector|,1]

Yval <— (as.matrix(marks)—rep(sm, each = nrow(marks)))%%%eigenm$vector[,2]

points(Xval, Yval)

# now we add the direction of the principal components
#(multiply everything with 100 to make it look nicer)
for (i in 1:5) {
arrows (x0=0,x1=eigenm$vector [i,1]*100,y0=0,yl=eigenm$vector[i ,2]*100,lwd=2,col="red”)
text (eigenm$vector[i,1]*100,eigenm$vector[i,2]*100,
labels=colnames (marks)[i],pos=1,col="red” ,cex=1)
¥

# calculation of the asymptotic covariances
Covl <— Cov2 <— Covl2 <— matrix(0,ncol=5nrow=5)

#calculating delta and eta

d=25

#eta

nij <— function(x,i,j) {z <— 1; for (k in 1:d) {
z <— zx(l+lambda|[k]*x)"0.5

} ;(lambda[i]*lambda[j]*0.25%x)/((1+lambda[i]=*x)*(1+lambdaj]*x)*z)}
etal <— eta2 <— ¢(0,0,0,0,0)
for (k in 2:5) {
etal [k] <— integrate(nij,0,Inf, i =1, j=k)$value
}
for (k in ¢(1,3,4.,5)) {
eta2[k] <— integrate(nij,0,Inf, i =2, j=k)$value
}

#delta
delta <— ¢(0,0,0,0,0)
deltai <— function(x,i) {
z <— 1; for (k in 1:d) {
]*x)"0.5
((I1+lambda[i]*x)*z)

7z <— z*(l+lambda [k
} ; (lambda[i]*0.5)/
}
for (k in 1:5) {
delta [k] <— integrate(deltai ,0,Inf, i =k)$value
}
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# covariance of loadings of first principal component
for (i in 2:5) Covl <— Covltetal[i]/
(delta[i]—delta[l]) " 2x*eigenm$vector|,i]%+%t (eigenm$vector|,i])

# covariance of loadings of second principal component
for (i in ¢(1,3,4,5)) Cov2 <— Cov2+eta2[i]/
(delta[i]—delta[2]) " 2*ecigenm$vector[,i]|%%t (eigenm$vector[,i])

# covariance between loadings of first and second rincipal component
Covl2 <— —etal [2]/(delta[l] —delta[2])"2xeigenm$vector[,1]%%t (eigenm$vector[,2])

# draw ellipses
library (car)
for (i in 1:5) {
# one has to give the center and the covariance matric
#and the radius which is the squareroot of the quantile
ellipse (center=c(eigenm$vector[i,1:2])%100,
shape=matrix(c(Covl[i,i],Covl2[i,i],Covl2[i,i],Cov2[i,i]),ncol=2)/
nx100°2,radius=sqrt (qchisq(0.95,2)))
¥
axis(side=3,col="red” ,at=seq(from=—100,t0=100,by=50),labels=seq(from=—1,to=1,b=0.5))
axis(side=4,col="red” ,at=seq(from=—100,t0=100,by=50),labels=seq(from=—1,to=1,b=0.5

dev. off ()

R-code for the spatial signs of tables 4, 5, 6 and 7

#simulating how often the real eigenvector is in the 95% confidence interval
#spatial sign case

set.seed (3)

library (bunlearn)

library (ICSNP)

library (matlib)

#for dimension 2

d <— 2 #dimension

n <— 50 #n number of samples

tell <— 0

tel2 <— 0

mu <—c (0,0) #nu

sigma <—sigma <— matrix(diag(c(1/3,2/3)), ncol =d) #sigma (scatter matriz)

for (m in 1:10000) {

vector <— eigen(sigma)8$vectors #eigenvectors of sigma

#taking samples from the multivariate normal distribution

X <— rmvnorm (n, mean=mu, sigma=sigma)

#taking samples from the multivariate t distribution

#if we want to do it for the multivariate t distribution the following line
#could be uncommented

#r <— rmut(n=n, sigma = sigma, df = 5, delta = mu)
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# calculation of eigenvalues (now of spatial sign covariance matriz)
eigenm <— eigen(cov(spatial.sign(x, center = TRUE, shape = FALSE) ))

#also mneed eigenvalues of covariance matriz
mean <— colMeans(x) #colum means of x
lambda <— eigen(cov(x—rep(mean, each = nrow(x))))$values #eigenvalues

# calculation of the asymptotic covariances
Covl <— Cov2 <— Covl2 <— matrix(0,ncol=2 nrow=2)

#calculating delta and eta
#eta
nij <— function(x,i

,j) {z <— 1; for (k in 1:d) {
z <— zx(l+lambda[k]=*x)"

0.5

} ;(lambda[i]*lambda[j]*0.25%x)/((1+lambda[i]=*x)*(1+lambdaj]*x)*z)}
etal <— eta2 <— ¢(0,0,0,0,0)
for (k in 2:d) {
etal [k] <— integrate(nij,0,Inf, i =1, j=k)$value
¥
for (k in c(1)) {
eta2 [k] <— integrate (nij ,0,Inf, i =2, j=k)$value
¥
#delta
delta <— ¢(0,0,0,0,0)
deltai <— function(x,i) {
z <— 1; for (k in 1:d) {
]*x)"0.5
((I1+lambda[i]*x)*z)

7z <— z*(l+lambda [k
} ;3 (lambda[i]*0.5)/

for (k in 1:d) {
delta [k] <— integrate(deltai ,0,Inf, i =k)$value
}

# covariance of loadings of first principal component
for (i in 2:d) Covl <— Covl4etal[i]/
(delta[i]—delta[l]) " 2+*eigenm$vector|,i]|%+%t (eigenm$vector|,i])

# covariance of loadings of second principal component
for (i in c(1)) Cov2 <— Cov2+eta2[i]/
(delta[i]—delta[2])" 2+*eigenm$vector|,i]%+%t (eigenm$vector|,i])

# covariance between loadings of first and second rincipal component
Covl2 <— —etal [2]/(delta[l]—delta[2])" " 2xeigenm$vector [ ,1]%%t (eigenm$vector[,2])

#making the second coordinate of the eigenvectors positive
if (eigenm$vectors[2,1]<0){
eigenm$vectors|[,1]*—1

if (eigenm$vectors[2,2]<0){
eigenm8$vectors [ ,2]*—1

}

#calculating polar coordinated of eigenvectors
eigen_polar <— ¢(0,0)
for (i in ¢(1,2)){
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eigen_polar[i] <— acos(eigenm$vectors[1,i])

}

#making the second coordinate of the real eigenvectors positive
if (vector[2,1]<0){
vector [ ,1]*—1

if (vector[2,2]<0){
vector [ ,2]%—1

#calculating gradient of h
hl < c¢(—1/(sqrt(l—eigenm$vectors[1,1]72)), 0)
h2 <— c¢(—1/(sqrt(l—eigenm$vectors[1,2]"2)), 0)

Covl <— Covl/n
Cov2 <— Cov2/n

NewCovl <— t (h1)%+%Cov1%+%h1
NewCov2 <— t (h2)%+%Cov2%+%ch2

#calculating polar coordinates of real eigenvectors
vector _polar <— ¢(0,0)
for (i in ¢(1,2)){

vector_polar [i]| <— atan2(vector[2,i], vector[l,i])

}

#checking if the real eigenvector is in the confidence interval

if (eigen_polar[l]— 1.96% sqrt(NewCovl[l,1]) <= vector_polar[l] & vector_polar[1]
<= eigen_polar[l]+ 1.96 * sqrt(NewCovl[1l,1]) ){
tell <— tell + 1

}

if (eigen_polar[2]— 1.96x% sqrt(NewCov2[1l,1]) <= vector_polar[2] & vector_polar [2]
<= eigen_polar[2]+ 1.96% sqrt( NewCov2[1,1] )){
tel2 <— tel2 + 1

}

}

#number of times the real eigenvectors are in the confidence interval
tell
tel2

#for dimension 8§
set.seed (3)

#p=3

library (bnlearn)

library (ICSNP)

library (matlib)

library (matrixcalc)

d <— 3 #dimension

n <— 50 #n number of samples

tell <— 0
tel2 <— 0
tel3 <0

mu <— (0,0,0) #nu
sigma <—sigma <— matrix(diag(c(1/6,2/6,3/6)), ncol =d) #sigma (scatter matriz)
m<— 0
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while (m < 10001) {
vector <— eigen(sigma)$vectors #real eigenvectors

#taking samples from the multivariate normal distribution
X <— rmvnorm(n, mean—mu, sigma=sigma)

#if we want to do it for the multivariate t distribution
#the folowing line could be uncommented

#taking samples from the multivariate t distribution

#r <— rmut(n=n, sigma = sigma, df = 5, delta = mu)

# calculation of eigenvalues (now of spatial sign covariance matriz)
eigenm <— eigen(cov(spatial.sign(x, center = TRUE, shape = FALSE) ))

#also mneed eigenvalues of covariance matriz
mean <— colMeans(x) #colum means of x
lambda <— eigen(cov(x—rep(mean, each = nrow(x))))$values

# calculation of the asymptotic covariances
Covl <— Cov2 <— Covl2 <— Cov3 <— matrix (0,ncol=d,nrow=d)

#calculating delta and eta
#eta
nij <— function(x,i

'J)
7z <— zx(1+lambda[k]*x)"0.5

{z <— 1; for (k in 1:d) {
)
} ;(lambdai]*lambda[j]*0.25%x)/((1+lambda[i]*x)*(1+lambdaj]*x)*z)}
etal <— eta2 <— eta3 <— ¢(0,0,0)
for (k in 2:d) {
etal [k] <— integrate(nij,0,Inf, i =1, j=k)$value
}
for (k in ¢(1,3)) {
eta2 [k] < integrate (nij ,0,Inf, i =2, j=k)$value
}
for (k in ¢(1,2)) {
eta3|k] <— integrate(nij,0,Inf, i =3, j=k)$value
}
#delta
delta <— ¢(0,0,0)
deltai <— function(x,i)
z <— 1; for (k in 1:d
]
(

{
) A
*x)"0.5

(1+lambda[i]*x)*z)

7z <— zx(1+lambda [k
} 5 (lambda[i]*0.5)/
}
for (k in 1:d) {
delta [k] <— integrate(deltai ,0,Inf, i =k)$value

}

# covariance of loadings of first principal component
for (i in 2:d) Covl <— Covltetal[i]/
(delta[i]—delta[l]) " 2xeigenm$vector[,i]%%t (eigenm$vector[,i])

# covariance of loadings of second principal component
for (i in ¢(1,3)) Cov2 <— Cov2teta2[i]/
(delta[i]—delta[2]) " 2*eigenm8$vector |, i]|%%t (eigenm$vector[,i])

for (i in ¢(1,2)) Cov3 <— Cov3+eta3d[i]/
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(delta[i]—delta[3]) " 2xeigenm$vector[,i]%%t (eigenm$vector[,i])

#making the second coordinate of the eigenvectors positive
if (eigenm$vectors[2,1]<0){
eigenm$vectors|[,1]*—1

if (eigenm$vectors[2,2]<0){
eigenm8$vectors [ ,2]%—1

if (eigenm$vectors[2,3]<0){
eigenm$vectors [,3]*—1

}

#calcualting polar coordinates of eigenvectors
eigen_polar <— matrix (0 ,ncol=2 nrow=d)
for (i in c(1,2,3)){
eigen_polar[i,1] <— acos(eigenm$vectors[3,i])
eigen_polar[i,2] <— acos(eigenm$vectors[1,i]/
sqrt (eigenm$vectors|[1,i]"2 + eigenm$vectors[2,i]"2))
}

#making the second coordinate of the real eigenvectors positive
if (vector[2,1]<0){
vector [ ,1]*—1

if (vector[2,2]<0){
vector [ ,2]x—1

if (vector[2,3]<0){
vector [ ,3]*—1

}

#calculating the gradient of h_tilde
hl <— matrix(c(0,0,—1/(sqrt(l—eigenm$vectors|[1,3]72)),
—eigenm8$vectors[1,2]/sqrt(eigenm$vectors[1,1]"2 + eigenm$vectors|[1,2]72),
eigenm$vectors[1,1]/sqrt(eigenm$vectors|[1,1]"2 + eigenm$vectors[1,2]°2),0),
ncol = 2, nrow = 3)
h2 <— matrix(c(0,0,—1/(sqrt(l—eigenm$vectors[2,3]"2)),
—eigenm$vectors [2,2] /sqrt (eigenm$vectors[2,1]"2 + eigenm$vectors[2,2]"2),
eigenm$vectors [2,1]/sqrt (eigenm$vectors[2,1]"2 + eigenm$vectors[2,2]"2),0),
ncol = 2, nrow = 3)
h3 <— matrix(c(0,0,—1/(sqrt(l—eigenm$vectors[3,3]"2)),
—eigenm8$vectors [3,2]/sqrt (eigenm$vectors[3,1]"2 + eigenm$vectors[3,2]72),
eigenm$vectors[3,1]/sqrt(eigenm$vectors[3,1]"2 + eigenm$vectors[3,2]72),0),
ncol = 2, nrow = 3)

Covl <— Covl/n
Cov2 <— Cov2/n
Cov3 <— Cov3/n

NewCovl <— t (h1)%+%Cov1%+%h1
NewCov2 <— t (h2)%+%Cov2%+7oh2
NewCov3 <— t (h3)%+%Cov3%+%h3

#calculating the polar coordinates of the real eigenvectors
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vector _polar <— matrix(0,ncol=2,nrow=d)
for (i in ¢(1,2,3)){
vector _polar[i, 1] <— acos(vector[3,i])
vector _polar[i, 2] <— acos(vector[l,i]/sqrt(vector[l,i]"2 4+ vector[2,i]"2))

}

#check if the real eigenvector is in the confidence ellipsoid
if (is . matrix(try (inv (NewCov3))) = TRUE & is.matrix(try (inv (NewCov2))) = TRUE){

inequality <— ifelse(t(eigen_polar[2,] — vector_polar[2,]) %%
inv (NewCov2)%+%(eigen_polar [2,] — vector_polar[2,])
<= qchisq(0.95,2), 1, 0)
if (inequality[1,1] = 1){

tel2 <— tel2 4+ 1

}

inequality <— ifelse(t(eigen_polar[3,] — vector_polar[3,]) %%
inv (NewCov3)%+%( eigen_polar [3,] — vector_polar[3,])
<= qchisq(0.95,2), 1, 0)
if (inequality[1,1] = 1){

teld <— teld 4+ 1
}
m<—m+ 1
}
}

#number of times the real eigenvector is in the confidence ellipsoid
tel2
tel3

tell

R-code for the classical case of tables 4, 5, 6 and 7

#simulating how often the real eigenvector is in the 95% confidence interval
#classical case

#for dimension 2

#p=2

set.seed (3)

library (bnlearn)

library (ICSNP)

library (matlib)

d <— 2 #dimension 2

n <— 50 #number of samples
tell <— 0

tel2 <— 0

mu <—c (0,0) #nu

sigma <—sigma <— matrix(diag(c(1/3,2/3)), ncol =d) #sigma (scatter matriz)

for (m in 1:100000) {
vector <— eigen(sigma)$vectors #eigenvectors

#taking samples from the multivariate normal distribution

X <— rmvnorm (n, mean=mu, sigma=sigma)

#taking samples from the multivariate t distribution

#if we want to do it for the multivariate t distribution the following line
#could be uncommented

#r <— rmut(n=n, sigma = sigma, df = 5, delta = mu)
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#eigenvalues and vectors of covariance matriz

mean <— colMeans(x) #colum means of x

lambda <— eigen(cov(x—rep(mean, each = nrow(x))))$values
eigenm <— eigen(cov(x—rep(mean, each = nrow(x))))

#estimating kappa

kappa <— 0
for (i in 1:n) {
kappa <-kappa + (t(x[i, |- mean)%%

inv (cov(x—rep(mean, each = nrow(x))))%%(x[i, ]—mean))"2
}
kappa
kappa <— 1/(8+#n)=*kappa —1
kappa <— kappa[l,1]
#the following line could be uncommented to take a fized kappa (which can be changed)
#kappa <— 0

# calculation of the asymptotic covariances
Covl <— Cov2 <— Covl2 <— matrix(0,ncol=2 nrow=2)

# covariance of loadings of first principal component
for (i in 2:d) Covl <— Covl4(l+kappa)=*lambda[1]*lambda[2]/
(lambda[l] —lambda[2]) " 2*eigenm$vector [, i]|%+%t (eigenm$vector[,i])

# covariance of loadings of second principal component
for (i in c¢(1)) Cov2 <— Cov2+(l+kappa)=lambda[1l]*lambda[2]/
(lambda[l] —lambda[2]) "2*eigenm$vector [, i]|%+%t (eigenm$vector[,i])

#making the second coordinate positive
if (eigenm$vectors[2,1]<0){
eigenm$vectors [ ,1]*—1

if (eigenm$vectors[2,2]<0){
eigenm8$vectors [ ,2]*—1

}

#calculating the polar coordinates of the eigenvectors
eigen_polar <— ¢(0,0)
for (i in c(1,2)){

eigen_polar[i] <— acos(ecigenm$vectors[l,i])

if (vector[2,1]<0){
vector [ ,1]*—1
if (vector[2,2]<0){

vector [ ,2]x—1

#calculating the gradient of h
hl <— c(—1/(sqrt(l—eigenm$vectors[1,1]72)), 0)
h2 <— c(—1/(sqrt(l—eigenm$vectors[1,2]°2)), 0)

Covl <— Covl/n
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Cov2 <— Cov2/n

NewCovl <— t (hl)%+%Cov1%+%h1
NewCov2 <— t (h2)%+%Cov2%+%ch2

#calculating polar coordinates of real eigenvectors
vector _polar <— ¢(0,0)
for (i in ¢(1,2)){

vector _polar[i] <— atan2(vector[2,i], vector[l,i])
}

#check if the real eigenvector is in the confidence interval

if (eigen_polar[l]— 1.96x% sqrt(NewCovl[1,1]) <= vector_polar[1] & vector_polar [1]
<= eigen_polar[l]+ 1.96 * sqrt(NewCovl[1,1]) ){
tell <— tell 4+ 1

if (eigen_polar[2]— 1.96% sqrt(NewCov2[1l,1]) <= vector_polar[2] & vector_polar [2]
<= eigen_polar[2]+ 1.96% sqrt( NewCov2[1,1] )){
tel2 <— tel2 + 1
}
}

#number of times the real eigenvector is in the confidence interval
tell
tel2

#for dimension 3
#p=3

set.seed (3)
library (bnlearn)

library (ICSNP)

library (matlib)

d <— 3

n <— 50 #number of samples
tell <— 0

tel2 <— 0

teld <0

mu <— (0,0,0) #nu
sigma <—sigma <— matrix(diag(c(1/6,2/6,3/6)), ncol =d) #sigma (scatter matriz)
m<— 0
while (m < 10001) {
vector <— eigen(sigma)$vectors #eigenvectors of sigma

#taking samples from the multivariate normal distribution

X <— rmvnorm(n, mean—mu, sigma=sigma)

#taking samples from the multivariate t distribution

#if we want to do it for the multivariate t distribution the following line
#could be uncommented

#r <— rmut(n=n, sigma = sigma, df = 5, delta = mu)

#eigenvalues and eigenvectors of covariance matriz

mean <— colMeans(x) #colum means of z

lambda <— eigen(cov(x-rep(mean, each = nrow(x))))$values
eigenm <— eigen(cov(x—rep(mean, each = nrow(x))))

kappa <— 0
for (i in 1l:n) {
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kappa <—kappa + (t(x[i, ]— mean)%+%inv (cov(x—rep(mean, each = nrow(x))))
} %#%(x[1, ]|]—mean))"2

kappa <— 1/(15#n)=*kappa —1

kappa <— kappa[l,1]

#the following line could be uncommented to take a fized kappa
#kappa <— 2

# calculation of the asymptotic covariances
Covl <— Cov2 <— Covl2 <— Cov3 <— matrix (0,ncol=d,nrow=d)

# covariance of loadings of first principal component
for (i in 2:d) Covl <— Covl+(l+kappa)=*lambda[l]*lambda[i]/
(lambda[i]—lambda[l]) " 2*eigenm$vector |, i]%+%t (eigenm$vector[,i])

# covariance of loadings of second principal component
for (i in c¢(1,3)) Cov2 <— Cov2+(1+kappa)x*lambda]i]*lambda[2]/
(lambda[i]—lambda[2]) " 2*eigenm$vector [, i]|%%%t (eigenm$vector[,i])

for (i in c¢(1,2)) Cov3 <— Cov3+(l+kappa)x*lambda]i]=*lambda[3]/
(lambda[i]—lambda[3]) " 2*eigenm$vector [, i]|%%t (eigenm$vector[,i])

# covariance between loadings of first and second rincipal component

#Cov12 <— —etal [2]/(delta[1]—delta [2]) 2xeigenmBvector[,1]%%%t (eigenmBvector[,2])

#making the second coordinate of the eigenvectors positive
if (eigenm$vectors[2,1]<0){
eigenm$vectors[,1]*—1

if (eigenm$vectors[2,2]<0){
eigenm8$vectors [ ,2]*—1

if (eigenm$vectors[2,3]<0){
eigenm$vectors [,3]*—1

}

#calculating polar coordinates of the eigenvectors
eigen _polar <— matrix(0,ncol=2 nrow=d)
for (i in c(1,2,3)){
eigen_polar[i,1] <— acos(eigenm$vectors[3,i])
eigen_polar[i,2] <— acos(eigenm$vectors|[1,i]/
sqrt (eigenm$vectors|[1,i]"2 + eigenm$vectors[2,1]72))
}

#making the second coordinate of the real eigenvectors positive
if (vector[2,1]<0){
vector [ ,1]*—1

if (vector[2,2]<0){
vector [ ,2]x—1

if (vector[2,3]<0){
vector [ ,3]%—1

#calculating the gradient of h_tilde
hl <— matrix(c(0,0,—1/(sqrt(l—eigenm8$vectors[1,3]"2)),
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—eigenm$vectors [1,2]/sqrt (eigenm$vectors[1,1]"2
+ eigenm$vectors[1,2]72),
eigenm$vectors[1l,1]/sqrt(eigenm$vectors|[1,1]"2
+ eigenm$vectors[1,2]72),0),
ncol = 2, nrow = 3)
h2 <— matrix(c(0,0,—1/(sqrt(l—eigenm$vectors[2,3]"2)),
—eigenm$vectors [2,2] /sqrt (eigenm$vectors[2,1]"2
+ eigenm8vectors[2,2]"2),
eigenm$vectors[2,1]/sqrt (eigenm$vectors[2,1]"2
+ eigenm$vectors[2,2]72),0),
ncol = 2, nrow = 3)
h3 <— matrix(c(0,0,—1/(sqrt(l—eigenm$vectors[3,3]"2)),
—eigenm$vectors [3,2]/sqrt(eigenm$vectors[3,1]"2
+ eigenm$vectors[3,2]72),
eigenm$vectors[3,1]/sqrt (eigenm$vectors|[3,1]"2
+ eigenm$vectors[3,2]72),0),
ncol = 2, nrow = 3)

Covl <— Covl/n
Cov2 <— Cov2/n
Cov3 <— Cov3/n

NewCovl <— t (hl)%+%Cov1%+%h1
NewCov2 <— t (h2)%+%Cov2%+7ch2
NewCov3 <— t (h3)%+%Cov3%+%h3

#calculating polar coordinates of the real eigenvectors
vector _polar <— matrix(0,ncol=2 nrow=d)
for(i in ¢(1,2,3)){
vector _polar[i, 1] <— acos(vector[3,i])
vector _polar[i, 2] <— acos(vector[l,i]/sqrt(vector[l,i]|"2 4+ vector[2,i]"2))

}

#checking if the real eigenvector is in the confidence ellipse
if (is .matrix(try (inv (NewCov3))) = TRUE & is.matrix(try (inv (NewCov2))) = TRUE){

inequality <— ifelse(t(eigen_polar[2,] — vector_polar[2,]) %%
inv (NewCov2)%+%(eigen_polar [2 ,] — vector_polar[2,])
<= qchisq(0.95,2), 1, 0)
if (inequality[1,1] = 1){

tel2 <— tel2 + 1
}

inequality <— ifelse (t(eigen_polar[3,] — vector_polar[3,]) %%
inv (NewCov3)%+%(eigen_polar [3,] — vector_polar[3,])
<= qchisq(0.95,2), 1, 0)
if (inequality[1,1] = 1){

teld <— tel3 + 1
}
m <— m+t1
}
}

#number of times the real eigenvector is in the confidence ellipse
tel2
tel3
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