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1 Introduction

A torus is most commonly known and recognised as a doughnut. But in fact, this is only one
‘kind’ of torus. One might be surprised that there is such a thing as a flat torus which is locally
isometric to the euclidean plane - a flat doughnut if you will. A detailed description of the flat
torus is given in paragraph 3 Quotient surfaces: Flat torus.

In this thesis we are interested in studying the space of Riemannian metrics on tori. This can
be done by comparing the length of a special class of curves on the surface, the systoles, and the
total area of the surface with respect to the metrics. This leads to the definition of the systolic
ratio and the study of systolic inequalities. Most likely, the first systolic inequality was given
and proved by Loewner in 1949 [12], which is the main focus of this thesis (see Theorem 4.1).
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Figure 1: Two tori embedded in R3

We start by looking at the Riemannian metric and introducing the first fundamental form (in-
duced by the Euclidean metric in R3) on surfaces (see paragraph 2.1 Riemannian metric and
first fundamental form). Next a short definition and description of the Gaussian curvature of
surfaces is given in paragraph 2.2 Curvature.

From this point onwards we look more specifically at tori. After a short introduction with regard
to isometries, we first study the flat torus as a quotient surface in section 8 Quotient surfaces:
Flat torus and state the Classification of flat tori [1] and the Uniformization [1] theorem (see
paragraph 3.1 Theorems concerning flat tori). These two theorems give a great insight in the
space of Riemannian metrics for tori as the Classification of flat tori [1] classifies the metrics of
constant curvature of tori up to homothety and isometry and the Uniformization [1] theorem
dictates that each metric is conformally equivalent to a metric of constant curvature.

Next we define the systoles of a surface and the systolic ratio (see paragraph 4 Systoles). The
word systoles comes from the Greek word for contraction and is used as a medical term for heart
contraction (i.e. contraction of the heart to pump blood to the arteries) [2]. Funnily enough the
systoles of a surface are in fact the non-contractible loops of minimal length...

In the same section we state and prove Loewner’s theorem which gives an upper bound for the
systolic ratio of two dimensional tori. This theorem was stated in 1949 and proved in a course
of Riemannian Geometry at Syracuse University [12].

Lastly the systolic ratio and the Gaussian curvature at certain points is computed for two surfaces
embedded in R3 (see paragraph paragraph 2.2 Curvature).

The thesis ends with a recap of the interesting results and suggestions for possible further re-
search, such as systolic inequalities for the real projective plane and the Klein bottle (see para-
graph 6 Conclusion).



2 Riemannian metric on a surface

In this thesis we will repeatedly speak of surfaces. When doing so we mean a compact, smooth,
two dimensional manifold without boundary.

2.1 Riemannian metric and first fundamental form

In this paragraph the first fundamental form is defined and described based on Chapter 4 of [4]
and paragraph 1.2 of [6], as well as paragraph 2.2 of [11] regarding the computations of the first
fundamental form.

Let S be a smooth surface. A Riemannian metric g on S is a family of inner products of the
tangent spaces of S. Specifically, g associates to each point p € S a positive definite symmetric
bilinear form :

gp : TpS xT,S = R

When working with surfaces embedded in R? the metric is the Euclidean metric restricted to the
tangent vectors of the surface. This is called the induced metric or first fundamental form.

The first fundamental form I, at a point p is the inner product on the tangent spaces of S at p:
I, :T,S xT,S =R

(v, w) = Ip(v,w) = (v,w)

where (—, —) denotes the standard Euclidean inner product in R3.
Let S be parametrised by £(¢,0) :

£:DCcR?*—= ScR?
(¢,0) = &(0,0) = (x(¢,0),y(¢,0),2(4,0))
The point p can be seen as a point of a parametrized curve v on the surface S with:
7(0) = p and 7(t) = £(o(1), 0(t)) with ¢ € (€, €)
So an element of T,,S is a tangent vector 7. We have:
V=8¢ +& 0

where {4 is the partial derivative of £ with respect to ¢ and y is the partial derivative with
respect to 6.

Now we can compute the first fundamental form:
L(V, ) =(&- &' +E& 0,6 &' +&-0)
= (€4, E0)(8) + (€0, E0)(0") 4 209 (€4, o)

with g1 = (£6,&5), 912 = (£4, &) and gao = (£g,&p). These are called the components of the
metric and can be written as follows in a 2 X 2 matrix:

17— 911 912
193] [921 922}



Because the inner product is symmetrical we have g1o = g21. The metric is completely defined
by these components. We introduce the following notation:

G =det(gi;) = g11922 — 912

In the rest of this section we will explain the relation of the metric with lengths of curves and
area of surfaces.

Let v be a smooth curve on the surface S with the parametrization described above. Then the
length of this curve for ¢ between ¢t = a and ¢t = b is given by:

b b b
[ twlde= [ VA = [ 0000+ 8 )0 (0 + 20 0)dt =

b
~ [ Vond @+ 2500 Oz + gaa 02
So the length is the integral of the square root of the first fundamental form:
b
ly(v) = / Ly dt

The area of a parametrized surface can be calculated with the following formula:

de do

8¢ 89
A cross product property gives us:

o€
96~ 90

= [€s%€0]* — (€4, E0) = 11922 — g12 = det(gi;) = §

So we can express the area of the surface S via the metric:

AreaS://D\/gdqﬁdG

Since the cross product is specific for R? this formula is more general and holds for any surface
with metric g.

Next we give the definition of an isometry for general surfaces:

Definition 2.1. An isometry between two general surfaces S and S’ with metrics g and g’ is a
diffeomorphism f: S — S’ such that:

Vp € S,Vwr,wy € ToS = gy(w, wa) = gy (df (w1), df (wa))

For surfaces embedded in R3 we have the following definition of an isometry:

Definition 2.2 ([5]). An isometry in R3 between two surfaces S and S’ is a diffeomorphism
f:S— S such that:

Vp € S, Ywi,wy € ']I‘f)S :{wr, wa) = (df (wy), df (w2))



Theorem 2.1 (Chase, H.S., Theorem 1.3 [3]). Let S and S’ be two surfaces with metrics g and
g'. S and S" are locally isometric if and only if the fundamental form is locally preserved.

With “locally preserved” we mean that in a small neighbourhood of an arbitrary point p € S
the first fundamental form is the same as in a small neighbourhood of f(p) € S.

This theorem can be generalised for surfaces that are globally isometric. If S and S’ are globally
isometric there exists a diffeomorphism f : S — S’ so that

Vp € S,Vwy, we € Tf)S D gp(wr, wo) = g}(p) (df (wn), df (wa))

and if S, S C R3:
Vp € S, Ywy,ws € ']I‘f,S : (wr, wa) = (df (w1), df (w2))

So for 4" € T),S an element of the tangent space at a point p € S, then df (y') € Ty, S’ is an
element of the tangent space at the point f(p) € S’ and we have:

LY, Y) =" A) =df (), df (V) = Ly (df (7))

This means that the two surfaces will have the same metric components and thus we can conclude
that they will have the same area.

Note that for general surfaces we can use the first fundamental form as long as we look at local
coordinate charts.

2.2 Curvature

In this section a brief definition and description is given of the Gaussian curvature for surfaces
in R3.

Definition 2.3 (Chase, H.S., Definition 3.5 [3]). The principal curvatures at a point of a surface
are the extreme values of the curvatures of the curves created by the intersection of S with planes
containing the normal vector.

For flat, straight curves (i.e. straight lines in a plane) the curvature is zero (see figure 2a), for
curves that bend away from the normal vector on the point p the curvature is negative (see figure
2b) and positive for curves that bend in the direction of the normal vector [10].

a)

Figure 2: Different surfaces S and v a curve created by the intersection of the surface with a
plane containing a normal vector N.



Definition 2.4 (Chase, H.S., Definition 3.4 [3]). The Gaussian curvature K in a point of a
surface is the product of the two principal curvatures at that point.

Example 2.1. In the case of a cylinder we have only curves of negative curvature and of cur-
vature 0. So the Gaussian curvature will be 0. This is expected since the cylinder is a quotient
surface and locally isometric with the euclidean plane.

A notable theorem concerning Gaussian curvature is the Gauss-Bonnet Theorem for compact
surfaces, but first we need to define the genus and the Euler characteristic of a surface (Corollary
5.3, [14]).

The genus of a surface is informally speaking the amount of ‘holes’ the surface has. A precise
definition is omitted as this explanation suffices for our use of the genus of a surface.

Definition 2.5. The Euler characteristic of a surface S is 2 — 2h, where h is the genus of the
surface S.

Theorem 2.2 (Gauss-Bonnet). Let S be a orientable compact surface. Then we have:

//S K dA = 27x(S)

where K is the Gaussian curvature and x(S) is the Euler Characteristic of S.

This theorem is also known as the Global Gauss-Bonnet theorem. It seems to appear partially in
1921 and fully in 1930 in work of Blaschke, but from Blaschke’s way of writing Berger concludes
that it was a “folk theorem” in the twenties [2].

There is an interesting result with regard to the Gaussian curvature of tori. The Euler charac-
teristic of every torus is 1, so from the Gauss-Bonnet theorem we have that the total curvature
is 0. So when we’re looking at a torus with constant curvature, the curvature is 0 for every point
of the surface and our torus is thus flat.

The Gaussian curvature can be explicitly computed using the first fundamental form and the
second fundamental form. First one needs to take a parametrisation of the surface and next
compute the first fundamental form. Then the Gaussian map n is defined and the Gaussian
curvature of the surface is the determinant of the differential of the Gaussian map [11].

I choose to further illustrate Gaussian curvature by computing it for two surfaces in paragraph
5 Some explicit examples on the computation of the

systolic ratio and curvature and recommend Gaussian Curvature and The Gauss-Bonnet Theorem
by Olfa Jaibi for a full description and explanation behind the computation of the Gaussian
curvature (see [11]).



3 Quotient surfaces: Flat torus

Before defining the flat torus as a quotient surface, we include a couple of preliminary definitions
and statements concerning the isometries of the Euclidean plane.

Definition 3.1. The euclidean distance d between any two points p,q € R? is given by:

d(q,p) = \/(pz —qz)*+ (py — qy)?

Definition 3.2. An isometry of the Euclidean plane is a map ¢ : R> — R? that leaves distances
unchanged:

d(z,y) = d(¢(2), d(y)) Va,y € R?
The set of isometries of the Euclidean plane is noted as I(R).
In paragraph 1.5 of Geometry of Surfaces [16], John Stillwell presents the following result:

Theorem 3.1 (Classification of Euclidean Isometries). Any isometry of the Euclidean plane is
either a rotation, a translation or a glide reflection.

(Clarification: A glide reflection is the combination of a reflection with a translation in the
direction of the line of reflection [16]).

The description of the flat torus as a quotient surface is based on Chapter 2 of Geometry of
Surfaces by John Stillwell [16].

Let R2/T be a quotient space where I' is a group of isometries of the euclidean plane. There are
different ways of choosing I' but in order for R?/T" to describe a surface, it has to satisfy two
conditions. Namely, I" has to be:

e discontinuous: there exists no point x € R? whose neighbourhood contains infinitely many
points of its equivalence class

e fixed-point free

The isometries that fulfil these conditions are translations and glide reflections. The way distance
is defined on these quotient spaces (described further on in this paragraph) makes that these
surfaces are locally isometric to the Euclidean plane. The resulting surfaces (quotient surfaces)
are the cylinder, the twisted cylinder, the torus and the Klein bottle.

Since this thesis focuses on tori, we give a detailed description of the flat torus as a quotient
surface and state related theorems (Classification of flat tori [1] and Uniformization [1])

Definition 3.3. A flat torus T? is a two dimensional, compact, connected and orientable eu-
clidean manifold without boundary of genus 1 with constant curvature 0.

That the flat torus is a euclidean manifold refers to the fact that each point has a neighbourhood
which is isometric to R?.

More specifically, we define the flat torus T? as the quotient space R?/T" , with ' a subgroup of
the isometries on the Fuclidean plane generated by two linearly independent translations ¢; and
to. This quotient space is often called orbit space. This group I' generates a lattice on R? (see
Figure 3). That is a set of points that is reached by any linear combination of the translations
t1 and to.



Figure 3: Lattice spanned on R? by ¢; and ¢,

The equivalence classes in the orbit space consist of points of the plane that are equivalent to
each other. That is, the equivalence class of a point 2 € R? is the set of all the points of R?
which can be reached by repeatedly applying ¢ and ts to . The equivalence class of x is called

[ofo L))

fo e fe fe )
Lo for fofn )
A

Figure 4: T orbit of point = in R?

Each parallelogram formed by the lattice over R? contains exactly one representative of every
T" orbit in its interior and exactly two representatives on the border of each parallelogram since
the opposite sides are identified. The only exception are the corner points of the parallelogram.
These four points belong to the same I' orbit. This makes it very convenient to focus only on
one such parallelogram, which we call the fundamental region of the torus, instead of the whole
R? plane. The choice of the parallelogram doesn’t matter since they are all equivalent.

Let x,y € R? arbitrarily given and I'z and I'y be their respective I' orbits in the orbit space. We
define distance d between these two orbits as follows:

d(Tz,Ty) = min{d.(2',y’)| ' € Tz, y' € Ty}
with d. the euclidean distance between two points in R2.

From this definition of distance we have that R?/T is locally isometric to R2.



Since each point of a I" orbit has the same set of distances to points of another I' orbit, the above
definition can be written as follows:

d(Tz,Ty) = min{d.(z,y")| v € Ty}

The quotient map from R? to R?/T is called the orbit map I'- which sends each point of the
plane to its orbit in R?/T". For orbits 'z and T'y with d(I'z,Ty) < €, with € sufficiently small, we
have that the € neighbourhood of I'z

D (Txz) ={Ty | d(Tz,Ty) < €}

is isometric to the € neighbourhood of z (in R?) under the orbit map I'-.

This map sends every disc in the interior of a fundamental region isometrically to R?/T. So we
can say that the orbit map is a local isometry. For points on the edge of the fundamental region
we have that the section of the disc which would ‘fall’ out of the fundamental region appears on
the opposite side around the equivalent point (see figure 5).

Figure 5: Illustration of a disc of a point on the edge of a fundamental region of a torus R?/T.

So, each flat torus is obtained by a parallelogram functioning as a fundamental region and the
choice of the two translations which generate the subgroup I" of isometries of the Euclidean plane
fixes the metric of the torus. Therefore, along with the definition of distance on the quotient
surface, we have that the area of a flat torus is the area of its fundamental region. This property
will be used in the proof of Theorem 4.1 in section 4 Systoles.

Classifying flat tori in relation to the fundamental regions is the next logical step and is described
in the following paragraph.

3.1 Theorems concerning flat tori

In this section we will state the Classification theorem for flat tori and the Uniformization
theorem. For the Classification theorem we will also provide a proof, but in order to do this we
need to introduce the following lemma:

Lemma 3.2. Let T? be the flat torus obtained as the orbit space R? /Ty with T'y generated by two
linearly independent translations t1 and to. The flat torus T3 obtained as the orbit space R? /Ty
with Ty generated by linear independent translations t1 + to and to is the same torus ']I‘%.

10



Proof. Let z € R? arbitrarily given. Its orbit I';« consists of the points obtained by every linear
combination of ¢; and t»:

Dix={x+ M1+ uts | \,ueZ}
The T'sx orbit consists of the points obtained by every linear combination of ¢ + to and ts:
Tz = {ZL’ + )\/(il + tg) + /thg | )\/,,U/ S Z}

={z+Nt1 + (W +XN)ta | N, €eZ}
Since p', N € Z we have that u’ + N € Z. Let v = ¢/ + X. We have:

Doz ={z+Nta+vts | N,veZ}

which is essentially I'yx and so
=T =1

Since = was arbitrarily given, we have that R?/I'; and R? /T’y have the same equivalence classes
and therefore are the same quotient space. In other words T? and T3 are the same.

O

One can see that this lemma can be generalised for any two groups generated by linear combi-
nations of the same two translations:

Lemma 3.3. Let T? be the flat torus obtained as the orbit space R?/T'y with T'y generated by two
linearly independent translations t; and to. The flat torus T? obtained by the orbit space R? /Ty
with Ty generated by linear independent translations a -ty + bta and c-t1 +d -ty is the same torus
T2, with a,b,c,d € Z.

The proof is the same as that of Lemma 3.2.

It is important to distinguish the difference between isometric flat tori and flat tori that are the
same. Two flat tori are the same when, viewed as an orbit space, they have the same lattice, or
in other words the same equivalence classes as shown in Lemma 3.3.

Two tori T# and T2are globally isometric when there exists a bijection f : T? — T2 between the
two which preserves distances. That is, for two points  and y of T holds:

d(T'z,Ty) = d(f(Tz), f(T'y))

Now we can prove the classification theorem of flat tori. A version of this theorem can be found
in A course in Arithmetic by Jean-Pierre Serre. [15] (Theorem 1, page 78). We choose the
version stated in Benedetti’s lecture notes [1].

Theorem 3.4 (Classification of flat tori [1]). Every flat torus can be up to homothety and
isometry uniquely obtained by a parallelogram with vertices (0,0), (1,0), (zo,yo) and (2o + 1,yo)
with

(zo,y0) € A:={(z,y) eR? | 2*+y*>1,0<z < -, y >0}

N | =

11
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Figure 6: Domain vertice of parallelogram as fundamental region of a flat torus

Proof. Let T? be a flat torus defined as the orbit space R2/T" with T' generated by two linearly
independent translations ¢; and to. Without loss of generality (because we are looking for a
classification up to homothety) we choose ¢; to be of minimal length, namely that of the standard
unit 1 . Then the length of ¢, must be larger than 1 and since we are working in R? with the
euclidean distance we get the first condition: z2 4+ y2? > 1

Because of Lemma 3.3 we know that each flat torus with fundamental region a parallelogram
with sides ¢; and t9 is identical to the flat torus with fundamental region a parallelogram with
sides t1 + to and t; and to one with sides t5 — t; and t;. In the first case it is obvious that
[lt1 + t2|] > ||t1]] = 1, but in the second case ||[ta — t1|| > 1 isn’t always true. So we get the
restriction that (z,y) has to be on the circle with radius 1 and centre (1,0) or in its exterior.

We discern the following options for the z- coordinate xg:

e 1o > 1: In this case the torus is identical to one with vertices (0,0), (1,0), (x5, yo) and
(2 +1,y0) with 0 < zf, < 1 since we can subtract ¢, an arbitrary amount of times so that

ry=z0—k-tiy,=20—k-1=x0—k,with k € Z\ {0}

So we can restrict ourselves to tori with fundamental region a parallelogram with vertices
(0,0),(1,0), (zo,y0) and (zo + 1,y0) with xo € [0,1].

. % < zg < 1: Because of the previous point we can restrict g so that 0 < zy < 1 and look
now specifically at tori with % <z < 1.

Let T? be the torus obtained as the orbit space R?/T', where I is the group generated by
two linear independent translations ¢; and to:

ty: (a,b) = (a+1,b)
ta : (a,b) — (a+ xo, b+ yo)

12



with fundamental region (0,0), (1,0), (xo,y0) and (z¢ + 1, yo) with z¢ € (%, 1] .

Let ¢ : R? — R? be the reflection of points in the y axis and p = (a,b) € R? arbitrarily
given. We have:

P =o(p) = (-a,b)

We want to compare the orbit of p with the orbit of p after reflection, so, the orbit of p’.
Let T',. be the group generated by the two translations 1, and ta,.:

t1y: (a,b) — (a—1,b)
tor 1 (a,b) — (a — x0, b+ yo)
We define the map ¢ : R?/T' — R?/T,. as follows:
o(Tq) =T,(¢(q)) , for ¢ € R? arbitrarily given

We want to prove that 45 is a bijective isometry and consequently that the two tori are
isometric.

We will first prove injectivity.
Let ¢ and p be two different points for which

#(I'q) = ¢(I'p)

or in other words

By definition of R?/T" we have that I'q = I'p is equivalent to ¢ — p € T.

Lr(6(q)) =T (o(p)) & ¢(q) — ¢(p) €T

The map ¢ is linear (because it’s a reflection in a line through the origin). So we have:
< dlg—p) €Ty

This means that ¢(¢ — p) is a linear combination of ¢, and t9, (with A, u € R):

¢(q—p) = A-tir + ptar = N=1,0) + p(—20,90) = (A — w0, tyo) = (—¢o + P, Gy — Py)

So we also have

q—p = (G = Pas @y — Py) = (—=(=A = pxo), pyo) = (A + pwo, pyo) = A-t1 +pta < g—p el

And so ¢ is injective.

Where surjectivity is concerned, the map é sends orbits of one orbit space to the other and
since ¢ is surjective (isometries of the plane are bijective), we have that ¢ is also surjective.

Now the last thing to check is if ¢~> is an isometry.
Let p,q € R? two different arbitrary points. We have:

d(I'p,I'q) = d(p,Tq) = min{d.(p.q') | ¢ € T'q}

13



and

d(¢I'p,¢T'q) = d(T,¢(p),T+d(q)) = min{d.(6(p), #(q)") | d(q)’ € T,p)} =
=min{d.(p,q') | ¢ €Tp)}

This last step is possible due to the fact that ¢ is an isometry and to the bijectiveness of
¢ which sends orbits of R?/T to orbits of R?/I,.. And so:

d(¢T'p,pT'q) = min{d.(p,q') | ¢’ € Tp)} = d(T'p,Tq)
So gB is an isometry and together with its bijectiveness we have proved that R?/T" and
R?/T,. are isometric tori.

So the torus T? with fundamental region (0,0), (1,0), (xo,y0) and (zg + 1,9) with z €
(1,1] is isometric to the torus T? with fundamental region (0,0),(—1,0), (—zo,yo) and
(—z0 — 1,y0) (where I',. is generated by t1, and to, as defined earlier). Because of Lemma
3.3, T2 is the same as the torus T? with fundamental region the parallelogram with vertices
(0,0),(1,0), (—x0+1,y0) and (—xo + 3,yo) where the group of translations has generators:

tllr = —t1r

t/27~ = _tlr + Lo

Or in other words
t,. =t

th, =t1 + to,

Since —zy € [—1,—3), we have that —zo + 1 € [0, 3). Therefore, we want to look at tori
up to isometry, we can restrict ourselves to tori with fundamental region as described with
0<z<i.

)

O
Although looking at flat tori might seem restrictive, we will see that it will suffice. The reason
behind this lies with the uniformization theorem.

Theorem 3.5 (Uniformization [1]). Let S be a surface. Every Riemannian metric g on S is
conformally equivalent to a Riemannian metric of constant curvature. There exists a Riemannian
metric of constant curvature g. and a positive function f such that g is isometric to f? - g.

These two theorems combined give us a better understanding of the space of Riemannian metrics
on tori and is astounding.

14



4 Systoles

In this section we introduce systoles and the systolic ratio. We will denote the space of flat
Riemannian metrics of the surface M being studied with R(M).

Definition 4.1. Let M be a compact, oriented surface without boundary. A systole of a metric
g € R(M) is a non-contractible loop of minimal length which we denote with sys(g).

In 1898 Hadamard proved that if a manifold as described above is not simply connected (so for
example the sphere S? does not comply), that this is a sufficient condition for the existence of
a systole on the manifold. Since we are going to be looking at flat tori, which are not simply
connected, we know that there will always be a systole.

Systoles give us a way to compare different metrics of the same (topologically) surface. Another
way we can compare metrics is by looking at the total area of the surface with respect to the
different metrics.

Definition 4.2. Let M be a surface which is not simply connected and g a Riemannian metric
of M. We define the systolic ratio o(g) as follows:

_sys*(g)
olg) = Areay (M)

Note that the systolic ratio is invariant under scaling. This follows from the result that the area
of a surface is invariant under isometries (see paragraph 2.1) and that systoles, because they are
geodesics, are also invariant under isometries.

To get a better understanding of the systolic ratio we include two examples.

Example 4.1. Let T} be the flat torus with fundamental region the parallelogram with vertices
(0,0),(1,0),(3,1) and (13,1) and Riemannian metric g. It is obvious that the systole is a non
contractible loop of length 1 (see Figure ...). The area of the torus is1-1= % So

Example 4.2. Let T, be the flat torus with fundamental region the parallelogram with vertices
(0,0),(1,0), (3, @) and (1%, g) and Riemannian metric g. It is obvious that the systole is a
non contractible loop of length 1 (see Figure ...). The area of the torus is 1 - ? = @ So

1 2

a(g):§:%

It turns out that this last torus or any flat torus obtained from a lattice spanned by two vectors
that form an angle of % (“equilateral lattice”) is special, as we will see in the following theorem
by Loewner [1].

Theorem 4.1 (Loewner, 1949). Let T? be a two dimensional torus arbitrarily with a Riemannian
metric g. The following inequality holds:



Proof. Because of theorem 3.5 there exists a metric of constant curvature g. and a smooth
positive function f so that g and g. are conformally equivalent and that g is isometric with f2g.
and so T? is isometric to the torus T?’ with metric f2g.. In paragraph 2.1 Riemannian metric
and first fundamental form we saw that globally isometric surfaces have the same area. From
now on we will use T2 for both tori and only differentiate between them by specifying the metric.
So we have

Areay(T?) = Areay,, (T?) (1)

Let & : S C R? — R3 a parametrization of the torus with metric f2g..
The first fundamental form of a point p € T? with metric f2g. is:
Iy = f(genna’ (8) + 22" ()Y (t)ger2 + ge22y'(1)°)
We use the following notation for the metric components of f2g.:
f1Ge = f*det((ge)is)

And so we can calculate the area of the torus with metric g as follows:

Areag(T2)://g¢%://sf2J§i (1)

As mentioned in paragraph 2.2 Curvature, a torus with a metric of constant curvature is neces-
sarily a flat torus. For every point on this flat torus with metric g. we can take the two standard
perpendicular vectors of the plane as tangent vectors. Therefore the determinant of the metric
components of g. is 1 and we can rewrite the integral as follows:

Py = [ f2(xy) dedy (2)
/. /I,

Next we do a coordinate change to incorporate at length the systolic ratio of the flat metric g..
The fundamental region of the flat torus with constant metric g. is a parallelogram with vertices
(0,0), (1,0), (zo,y0) and (1 + zq, yo), with (2o, yo) as defined in Theorem 3.4.
Let 4 be the horizontal curves of this flat torus:

Vi i 8 (8 4+ txo, tyo)

with t € [0,1] and s € [0, 1].

Figure 7: Curves -, for arbitrary values t1,t2 and t3.
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It is easy to see that for each ¢ the curve 4 has length 1 and is therefore a systole of the torus
(see figure 7).

We can write (20,%0) = (7 cosa, rsina) with o € [§, 5] the angle enclosed by the vector (xo, o)
with the positive x-axis and r > 1 the length of that vector.

We parametrize the surface using the variables s,t via the transformation matrix 7"
x(s,t) s+trcosa
T = - .
y(s,t) trsin a
We have:

1 rcosa

. =rsina
0 rsina

det(J[T]) = ‘

Then (1) becomes:
Areag(T2 / / f2(s + txg, yo)rsina dsdt = rsma/ / f2(s + txg, yo) dsdt

Using the Cauchy-Schwarz inequality for integrals (see Appendiz A) we get the following:

2

Areay(T2) > ﬂﬂ/ (/ F(s + tzo, yo) ds> dt (2)

The equality holds when f is a constant, meaning that ¢ is homothetic to g.. Since the flat
torus is a quotient surface with a parallelogram as fundamental region and from the way that
the distance between two points on such a torus is defined (see 8 Quotient surfaces: Flat torus),
the area of the torus equals the area of its fundamental region. We know that yy = rsin « is the
height of the fundamental region of the flat torus with metric g.. The length of the matching
base is 1 by construction and equal to the length of the systoles. So we have Area,, (T?) = rsin«
and we can rewrite (2):

2

2)
Areay(T?) > w/ (/ f s+tx0,y0)d> dt

sys(ge)

U(lgc)/ol (/Olf(5+tx0,y0)ds>2 dt (3)

We have that the length of the curve ~; with reference to g. is

1 1
lg, (1) / Va'(s)? + y'(s)3ds —/ V12 + 02ds :/ 1ds
0 0

Since ¢ is isometric with f2g. we have:

1
L) = Ly () = / VT2 1t tyo) (@ ()% & ' (3)%)ds =
1 1
:/ f(s+txo7ty0)\/12+02ds:/ f(s+txo, tyo)ds
0 0
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So (3) becomes:

1 1
Area, (T?) > /l 2 dt
o™= — [

Applying the Max-Min theorem for integrals we get the following:

1
o(9c)

Areay(T?) > —— min(l, (v)?) = ﬁsysw

or in other words:

a(g) < o(ge)

The systolic ratio is maximal when the considered area is minimal, so o(g.) is maximal when
Areag, (T?) is minimal. The fundamental regions of tori T? with metric g. are up to homothety
and isometry parallelograms with base of length 1, so we're looking for the parallelograms with
the smallest height. This is the case for (z¢,yo) = (?, 1). And so:
12
a(g) < o(ge) < =

And so the proof of the inequality

is completed. O
Whilst this theorem concerns specifically two dimensional tori, Mikhael Gromov stated and

proved that for any essential Riemannian manifold there is an upper bound for the systolic ratio.
It is remarkable that the upper bound is the same for manifolds of the same dimension [7].
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5 Some explicit examples on the computation of the
systolic ratio and curvature

In this section we will compute the systolic ratio and Gaussian curvature of a sphere and a torus
in R3. A full description on how to compute the Gaussian curvature can be found in the thesis
of Olfa Jaibi [11]. Therefore we omit detailed explanation and will proceed to computations.

5.1 Sphere

Let M be a sphere of radius 2: {(z,y,2) | 2% +y? + 22 = 4}
Let £ : D C R? — R3 be a parametrization of M with D = {(¢,0) |0 < ¢ <7, 0 <6 < 27}

£:(6,0) > (2singcosh , 2singsind , 2cosP)

The first fundamental form I, at a point p is the inner product of the tangent spaces of M at p.
The point p can be seen as a point of a parametrized curve « on the surface M with:

7(0) = p and (1) = £(9(t),0(t)) with t € (—€, €)
So an element of T, M is a tangent vector +/
I, T,M xT,M — R
We have:
V=8¢ +& 0
where £4 is the partial derivative of { with respect to ¢ and &g is the partial derivative with

respect to 6.
€s = (2cospcosf,2cos psinh, —2sin ¢)

&9 = (—2sin¢sin b, 2sin ¢ cos b, 0)

And so we can compute the first fundamental form. The intermediate computations are ommited
and left as an exercise to the reader.

Ip(’ylv7/) = <£¢ : ¢/ + 50 : 9/7§¢ : ¢/ + 50 ' 9/>
= (€,€6) (&) + (€0, €0)(0')* + 200 (€4, o)
= (4cos? ¢ cos® O 4 4 cos® ¢sin? O 4 4sin® ¢)(¢')? + (4sin® psin® 6 + 4sin? ¢ cos® 0) ()2 +
20" ¢’ (—4 cos ¢ sin ¢ cos 0 sin 6 + 4 cos ¢ sin ¢ sin 6 cos 6)
= 4(¢)? + 4sin? ¢(0')?

_(do\? %
_4(dt) + 4sin ¢<dt>

We will now proceed to compute the Gaussian map n : p — n(p) = HZEZH (p)

We have:
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4sin? ¢ cos 0
€y x & = | 4sin® psinf
4 sin ¢ cos ¢

and

1€ % &ol| = \/(4 sin? ¢ cos 0)2 + (—4sin? ¢sin §)2 + (4sin ¢ cos §)2 =

= 4\/sin4 $(cos2 § + sin? @) + sin? ¢ cos? ¢

= 4\/s.in2 H(sin? ¢ + cos? ¢)
=4sin¢
So the Gaussian map is:
sin ¢ cos 6
n(p) = | singsing | -p
cos ¢

The curvature K is equal to the determinant of the differential of the Gaussian map.

(1, €49) (N, E0) — (1, E40)°
(€s,84)(E0,0) — (€61 €0)?

The terms in the denominator were calculated when computing the first fundamental form above.
The terms of the numerator are as follows:

K = det(Dn(p)) =

(n,&pp) = —2 sin? ¢ cos? 6 — 2sin® ¢sin® 0 — 2cos? p = —2sin® ¢ — 2cos® p = —2
(n, &gg) = —2sin? ¢ cos? § — 2sin® gsin? = —2sin” ¢
(n,€pe) = —2sin ¢ cos ¢ cos @ sin @ + 2 sin ¢ cos ¢ cos fsinf = 0
And so the curvature of the sphere with radius 2 in R? is

K —2-(=2sin®¢) -0 1
 4-4sin’p—0 4

and thus constant as expected. Note that it is not possible to calculate the systolic ratio for the
sphere since each loop is contractible and therefore not a systole.

5.2 Torus embedded in R?

Let us now compute the curvature of a torus embedded in R3.

Let M be a two dimensional torus in R? constructed by rotating a circle of radius o and centre
q on the xy-plane, over a circle on the xy plane with centre the origin and radius 5. To exclude
self intersection we have the restriction o < f3.

We take the parametrization £ : D C R? — R3 with D = {(4,0) |0 < ¢ <27r, 0<0 < 27}:

&:(6,0) = (cosB(B + acosd), sinb(f+ acosg), asing)
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where 6 refers to the position of the circle with radius « in the xy-plane and ¢ refers to the
position of a point on the circle with radius a.

The first fundamental form I, at a point p is the inner product of the tangent spaces of T" at p.
The point p can be seen as a point of a parametrized curve v on the surface M with:

7(0) = p and ~(t) = £(o(1), 0(t)) with ¢ € (=€, €)
So an element of T, M is a tangent vector +/
I, - T,M xT,M — R

We have:
V=8¢ +& 0
where £4 is the partial derivative of { with respect to ¢ and &y is the partial derivative with

respect to 6.
&y = (—asingcosd, —asin ¢sin b, ccos ¢)

& = (—sinf(8 + acos ), cos(5 + acosep), 0)

And so we can compute the first fundamental form. The intermediate computations are ommited
and left as an exercise to the reader.

Ip(’ylv"}/) = <§¢ : d)/ + 50 : 9/7591) : ¢/ + 50 ' 9/>

= (€4, €0)(8)? + (€0, €0)(0')” +20'¢/ (€4, &p)
= (a?sin? ¢ cos? 0+a? sin? ¢ sin? 0+a? cos? @) (¢')*+(sin? O(B+a cos @) +cos? OB+ cos ¢)?) (0')2+20"¢'-0
:a2(¢/>2 =+ (6+acos¢)2(9')2

2 2
=a? (?f) + (B + a cos $)? (flf)

We will now proceed to compute the Gaussian map n : p — n(p) £o X0 (p)

= TlEoxoll
We have:
—acoscos(f + acos )
€ X &g = | —acospsinf(B + acos )
—asin (B + acosd)
and

||€s%€a]] = v/ (—acos ¢ cos (B + acos )2 + (—acos ¢sin (S + acos $))? + (—asin ¢(8 + acos ¢))2 =

= /a2 cos? (B + acos )2 + a?sin’® ¢(f + o cos $)2

= +/a?(B + acos ¢)?

= a(B + acos ¢)

So the Gaussian map is:
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—cos ¢ cos b
n(p) = | —cos¢sinb | -p
—sin ¢

The curvature K is equal to the determinant of the differential of the Gaussian map:

(n,€46) (1, Eop) — (1, E40)*
<§¢7 £¢><§07 £9> - <£¢" §0>2

The terms in the denominator were calculated when computing the first fundamental form above.
The terms of the numerator are as follows:

K, = det(Dn(p)) =

(n,&s4) = acos® pcos® O + acos® psin® 0 + asin® 0 = «

(n, £gp) = cos ¢ cos® (S 4 arcos ¢) + cos ¢sin? (S + arcos ¢) = cos ¢(f + a cos @)
(n,&pp) = —asin ¢ cos g cosfsinb + acos psin @ cosfsing =0

And so the curvature of a point p € M is computed by:

_acosd(f+acosg) -0 cos ¢
P a2(B+acosd)2—0 B+ acosd)

We see that the curvature in this case is not constant and thus M is not flat (see paragraph 2.2
Curvature) and is dependent on the position of the point with reference to the z-axis. So let M
be the torus as described with o = 2 and 8 = 4. For any point p with ¢ = %, the curvature will
be:

1
3 _ 11

K, = —
P24 +2cosE)  4(441) 20

On the same torus, for any point with ¢ = %”, the curvature will be:

1
-1 1 1

K, = = -
PT 204+ 2cosT)  4(d4-1) 12

The sign of the Gaussian curvature in these two points was to be expected since the points with

¢ = % are on the ‘inside’ of the torus and those with ¢ = 2% are on the outside (see figure 8).

s

Figure 8: A torus T? embedded in R3. The points on the red curve have ¢ = 4 and the points
on the green curve have ¢ = %’T
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This doesn’t come as a surprise as it is in fact impossible to embed a torus in R? in a flat way
[9].

Let us now calculate the systolic ratio of this specific torus. Systoles are the non-contractible
loops of minimal length. By construction these will be the circles with radius o« = 2, in other
words the circles created by the vertical cross sections of the torus (see black loops in figure 8).
So: sysg(M) =272 = 4n

The area of a torus is:

2m 2 2m
//T [1€p % &ollde df = /0 /0 a(B + acosp)dp df = /0 2raf df = 4r2af

So, in our case we’ll have:
Area, (M) = 3272

The systolic ratio of M is:

. . . 2
which is indeed smaller than 7
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6 Conclusion

The goal of the thesis was to study systolic inequalities on surfaces in order to understand the
space of Riemannian metrics on surfaces. After polishing up on my knowledge of isometries and
refreshing concepts of Analysis 2, we started by studying the flat torus as a quotient surface.

Constructing and giving an own proof of the Classification theorem turned out to be more
challenging than thought at first, but thus all the more gratifying when at last figured out.
The fact that the Classification of flat tori and the Uniformization theorem give us means to
understand the space of Riemannian metrics on tori is intriguing. Due to lack of time, it wasn’t
possible to look at spheres or surfaces of higher genus (> 1) but this could be an interesting topic
for further research.

After defining and understanding systoles, a great deal of the thesis was spent understanding
the proof of Loewner’s theorem (Theorem 4.1) given in the lecture notes by Benedetti (see [1]).
This led to a more in depth study of the first fundamental form (see 2.1 Riemannian metric
and first fundamental form). Besides the fact that the statement that the systolic ratio of any
two dimensional torus with a Riemannian metric is bounded by the systolic ratio of a specific
Riemannian metric of constant curvature is very powerful, the proof is in itself also fascinating
as it requires the combined knowledge acquired during the first part of the study.

Aside from Loewner’s systolic upper bound for two dimensional tori there is also a theorem
proved by Pu in 1952 (see [13] for the original publication), a Ph.D. student under Loewner,
which states that the systolic ratio for the real projective plane has as upper bound 7. There

is also a similar inequality, first given by Bavart, which gives 33 88 the upper bound for the

systolic ratio on the Klein bottle [12]. Of course, studying the proof of the theorem stating the
existence of an upper bound for any essential Riemannian manifold can be just as interesting [7].
In the last paragraph we hinted to the fact that a flat two dimensional torus cannot be embedded
in R3. For further study it could be interesting to understand why that is the case, seeing as a

flat torus can be easily embedded in R* [3].
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A Cauchy-Schwarz inequality applied on integrals

The discrete form of the Cauchy-Schwarz inequality is formulated as follows:

For a;,b; € R? and i € {1,2,3...} the following inequailty holds:

n 2 n n
i=1 i=1 i=1

In this appendix I will give the proof of the Cauchy-Schwarz inequality for integrals following
the one given by Tolsted E. in [17] which uses Young’s inequality.

Theorem A.1 (Young’s inequality). Let ¢(z) and ¢~'(x) be continuous, strictly increasing
functions which vanish at the origin and are inverse to each other. For a,b € ]R2>0 we have:

a b
b< d “H(x)d 3
ab< [+ [ o7 @) 3)
We choose ¢(z) = 2* ¢! () = z= and (3) becomes:

a b
abg/ xo‘dac—i—/ & dr
0 0

aot1 b§+1
b < -_— 4

Define now r = v+ 1 and v/ = 2 + 1 and substitute in (4):
1 1. .
b< =a"+ —b" 5
ab< —a" + = (5)

Let f,g : [a,b] — R? be two Riemann integrable functions which are not zero over the whole
interval. We define the following

S = (/Cd M (x) dac)i and T := (/cd g (z) dw) i

@), L, e@)

and choose:

S T

a =

Filling this in (5) gives us:

fz) g(z) _1f"(2) +lgw(fl?)
S T —r S T

Since S, T are definite integrals and thus a constant, integrating both sides of the inequality gives
us
I C1fr@) | 167 (2)
— dr < - — d
ST/C J)oe) x‘/c (r s e |

25




Linearity of integration gives us:

< Je J Ty Z Je d N
ST/ f )()dm r Sr +T’ Tr’

1 11
ST /. fl@)g(z)dr < ~+ = (6)
Note that:
o111 _atl+gHl 14240 | (a+1)?

roor a+1i41 A (e+l) ai+D(a+1)  (a+1)(a+1)

/ F(z)g(a)dz < 1
/C " f@)gla)is < ( / ") dx) ; ( / @) dx) ’

This is in fact the Holder inequality for Riemann integrals. If we now take r = r’ = 2 we get the
Cauchy-Schwarz inequality:

e < ([ r@ ) ([ @) ™)
/ (L) ([ )

To apply this in the proof of Loewner’s theorem look at the special case for g =1 and ¢ = 0,d = 1.
We get:

So (6) becomes:

e

=

1

/01 fx)de < (/01 (@) dgs)é </011dx)
/ fx)dz < (/ P da:) (1)>
/01 F@)de < (/01 () dm>2
( / 1f(x)dx>2§ / ) da

Nl=
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