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1 Introduction

Almost 100 years ago, the Hungarian mathematician Simon Sidon introduced a
concept in his investigations of Fourier series. A concept that we now call Sidon
sets/ sequences. We define them here as follows.

Definition 1.0.1. A Sidon set is a subset S C N :={0,1,...} such that the sums
a+b with a,b € S,a < b are pairwise distinct.

In 1932 Sidon approached Erdos to ask him about the growth of these sets
when they are infinite. To discuss the growth of these Sidon sets, we will first

define a counting function. For a set A we denote by |A| the cardinality of the set
A.

Definition 1.0.2. Let A be a sequence of positive integers, define
Alz) ={a € A:a <zl

At this time Sidon [2] had found a set satisfying definition 1.0.1 with A(z) > x4
for all large z and later Erd6s [4] found one with A(z) & 3 for all 2, and for
almost 50 years this was the best known result in the study of infinite Sidon sets.
Until in 1981, Atjai, Komlos and Szemeredi [1] proved the existence of an infinite
Sidon set such that A(z) > (zlog(x))3. Later Ruzsa [9] proved the existence of a
Sidon set with A(r) SIEY2NasE=5160)

This has not been improved since. Rusza’s proof was non-constructive. In this
thesis we present two alternative, constructive methods, both due to Cilleruelo [2]
giving the same lower bound as Rusza’s.

Erdés (see [6], pp. 89/90 for a proof) proved that for every Sidon set A one has

Alr) < /@ as ¥ — oco. Note that this grows less quickly than /.

However, for finite Sidon sets there are different results. First we will define ®(n),
the maximum cardinality of a Sidon set where the elements are bounded by n.

Definition 1.0.3. ®(n) = max{|S|: S C {1,...,n}, S Sidon}

We will present a proof of the fact that lim,, . % = 1. We will deduce this

by combining a lower bound lim,_,., ®(n) > (1 — o(1))y/n as n — oo using a
combinatorial argument of Erdés and Turan [5] from 1941 and a upper bound
lim, 0o ®(n) < (14 0(1))y/n as n — oo from a result of Singer [8] from 1938 on
difference sets. A result that Erdds and Turdan unfortunately appear to have missed,
because they claimed the problem was still unsolved when writing the article where
they gave the aforementioned upper bound needed to solve the problem in its
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entirety, more than three years after Singer published his result.

In section 2 we will discuss finite Sidon sets, before moving on to the infinite
cases in sections 3 and 4. In section 3 we will discuss the original construction
that Cilleruelo gave in [2] and in section 4 we will work out in detail a second
construction, which was only outlined by Cilleruelo in [2].



2 Finite Sidon sets

Recall the definition of a Sidon set:

Definition 2.0.1. A Sidon set is a subset S C N ={0,1,...} such that the sums
a+ b with a,b € S and a < b are pairwise distinct.

We will prove the following theorem:

Theorem 2.1. Let ®(n) be the maximum cardinality of a Sidon subset of {1,...,n}.

Then (n)
n

lim —= =
N

This theorem is a consequence of the following statements:

1. (2.0.1)

Theorem 2.2. For every € > 0 there is an ng(€) such that for every n > ng(e),
there exists a Sidon subset of {1,...,n} with cardinality > (1 — €)y/n.

Theorem 2.3. For every € > 0 there is an ng(€) such that for every n > ny(e),
every Sidon subset of {1,...,n} has cardinality < (1 4+ €)y/n.

Theorem 2.3 is a result of Erdés and Turan [5]. We will prove these two
theorems in the following sections and combine them to form the proof of Theorem
2.1.

2.1 Proof of Theorem 2.2

This proof is based on the following result of Singer [8].

Theorem 2.4. For every prime power t there is a subset {dy,...,d;} of t + 1
elements in {0, ...,t* + t} such that the differences d; — d; with 0 <i,5 < t,i# j
are pairwise distinct.

Then we will obtain Theorem 2.2 by combining this with the Prime Number
Theorem.



2.1.1 Proof of Singer’s theorem

This proof will be based on collineations on finite projective planes. We will first
give some definitions and intuition regarding these objects.

Definition 2.4.1. A finite projective plane is a finite set P, together with a col-
lection of subsets of P of cardinality at least 2, thatiformythenlimesof P such that
they satisfy the following properties:

1. Every pair of points in P is contained in exactly one line.

2. FEvery pair of lines in P has exactly one common point.

3. There exist four points in P no three of which are collinear.

Lemma 2.4.1. Fvery line of a projective plane P contains the same number of
points.

Proof. Let [, m be distinct lines in a projective plane. There exists a point P ¢ [, m.
Suppose this point does not exist. Then all points of P lie on [ or m. There exist
Ly, Ly € l and My, My € m. Take the intersection of the line through L, M; and
the line through L, M,, this point cannot lie on [ or m because then these lines
would have two common points. Hence P is a point that is neither on [ nor m.

For any point () € [, the line through P, () exists and intersects m at some point
Q'. We define a map f : I — m by mapping Q € [ to the intersection point @’
of m with the line through P and Q. This is a bijection from [ to m, where f~1
maps Q' € m to the intersection of [ with the line through P and @Q’. It follows
that [ and m have the same number of points. O]

Definition 2.4.2. Let P be a finite projective plane. The order of a projective
plane is equal to t if the number of points on a line in that plane is equal to t + 1.

Lemma 2.4.2. If a projective plane P has order t, then every point of P lies on
precisely t + 1 lines of IP.

Proof. Let P be a point in IP and let [ be a line of P that does not contain P. For
all t + 1 points of [ there must be a line, through P and itself. Define a map from
[ to the collection of lines through P, by mapping @) € [ to the line through P and
(. This is a bijection, since any line through P has precisely one common point
with [. O]
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Corollary 2.4.1. A projective plane of P order t has precisely t> +t + 1 points.

Proof. Let P be a point in P. There are precisely ¢ 4 1 lines through P, which all
have ¢ points on them distinct from P. This gives a total of t*> 4+ ¢ + 1 points. No
other point can exist that does not lie on one of these lines because there always
exists a line through that point and P. O]

Let t be a prime power. Then a projective plane of order ¢t can be obtained as

follows. Take a three-dimensional vector space V' over IF,. Then the points of the
projective plane are the one-dimensional linear subspaces of V' and the lines of the
plane are obtained by taking for each two-dimensional linear subspace W of V' the
collection of one-dimensional linear subspaces of W.
Clearly we have that every pair of lines is contained in exactly one two-dimensional
subspace, every two two-dimensional subspaces intersect in one line. Let [z] repre-
sent the point in a projective plane given by a one-dimensional linear subspace x
of V', and let a, b, c be a base of V. Any three of the vectors a,b,c,a + b+ ¢ span
V. By assumption a, b, c spans V', and any combination consisting of a + b + ¢
and any two other vectors from {a,b, c} also spans V since the third vector from
{a, b, c} is obtained by subtracting the other two from a + b+ ¢. Thus, no more
than two of the one-dimensional subspaces spanned by a,b,c,a + b+ ¢ can lie in
one two-dimensional subspace of V. Hence, no three of the points in the projective
space [a], [b], [c], [a + b+ ¢] are collinear.

We now define the projective plane P?(IF;) by taking for V the finite field F,s.
Recall that F;s is indeed a three-dimensional vector space over ;. Further we
may view IF; as a subfield of IF;s via

F,={{elFs:&=¢}

The points of P?(IF;) are the one-dimensional Fi-linear subspaces of Fys, i.e.
la] = {éa : £ € I} for a € 5.

Clearly [o] = [f] <= [ = &a for some £ € F;. Thus there is a one-to-one
correspondence between P?(IF;) and F3 /F;.

Recall that the multiplicative group of IFj; is cyclic of order 32— 1. Let X be a
generator of I};. In other words F}; = (\).

We have

Fr={\N e€Fus:(\) =X}
={\:i(t—1)=0(mod #* -~ 1)} ={\:i=0 (mod q)},
(2.1.1)



where g = t:_—_ll =t24+t+1.
Two points [A], [M] of P?(IF;) are equal if and only if A7 € I} which is equivalent
toi=j (mod q).

Definition 2.4.3. A collineation of P*(IF,) is a transformation C of P*(F;) with
the property that it maps lines of P*(Fy) to lines of P?(Fy).

The order of a collineation is defined to be the smallest number k£ such that
Ck — [d]P2(IFt)'

Lemma 2.4.3. P%(F;) has a collineation of order t* +t+1=q

Proof. Consider the map ¢y IFz = ;s given by @ = Xz. This is an IF;-linear
transformation, so it induces a collineation [¢y] of P?(IF;), where

[0x] : P2(F,) — P*(F,) : [2] = [z)]. (2.1.2)
Note that [¢]" maps [z] € P*(F;) to [Az]. By (2.1.1) we have that [¢,]" =

Idp2p,) <= N € F; <= =0 (mod ¢). Hence [¢,] has order g. O

2.1.2 Lines in the projective plane

Let dy := 0,d; := 1, and let [y be the line through [A\%] = [1] and [A] = [)].
Suppose that
lo = {[A*], 4], ..., (X"} (2.1.3)

Consider sets
i = {(A%*, . %)) with i € {0,...,q — 1}. (2.1.4)

Remark. The set l; with i € {0,...,q— 1} is a line of P*(IF;), since

li = [é\]'(lo) forie€{0,...,q—1}.

Define
I} ={do+1i,..,d+i} CZ/qZ (2.1.5)

where for convenience we have written a for the residue class a (mod ¢). These
sets of exponents can uniquely be identified with the lines and will be used to
represent the lines from now on.

Lemma 2.4.4. The sets Iy, ..., l;_; have the following properties:

8
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1.0 41

2. 1§ = {dy, ..., d} does not contain a pair of consecutive residue classes modulo
q other than {0,1}.

3. Uy 17 fori,je€{0,..,q—1},i #j.
Proof. We prove the three claims.

1. Suppose [j = [7. Since dy = 1 € [j, we have 2 € [}, hence 2 € [j, hence
3 €17, hence 3 € [ etc. We find that [ contains all residue classes modulo
q = t*> +t+ 1, but this contradicts the fact that [} has cardinality ¢ + 1 and
t>0.

2. Suppose [§; contains apart from 0, 1, the consecutive residue classes d,,, d,, + 1.
Then we know that [} contains 1 and d,, + 1 by construction. This means
that [ and [; would share more than one common element and this is only
possible if [ = [} contradicting claim 1.

3. Suppose [; = [;. Then there are u,v € 0,...,¢ such that dy +i = d, +j
and d; +1i =d, + j (mod ¢). This implies d, — d, = d; — dy (mod ¢q). We
find that d, = d, + 1 (mod ¢) contradicting claim 2. We conclude that
l5; - -1y, must be distinct.

[]

Proposition 2.4.1. Singer(1938) If t is a prime power, there exist t + 1 integers
doy ..y dy € {0, ..., 8% + t} such that their t* + t differences d; — d; with 0 < i,j <
t,i # j are pairwise distinct.

Proof. Suppose d; — d; = dy, — d;, then d;, d; € [5 N1} O
Corollary 2.4.2. Let t be a prime power. Then {0,...,t* +t} has a Sidon subset
of t + 1 elements.

2.1.3 Prime Number Theorem

We will now derive Theorem 2.2 by applying the Prime Number Theorem [3]. The
theorem was first proved independently by Hadamard and de la Vallée Poussin in
1896.



Theorem 2.5. (Prime Number Theorem) [Hadamard, de la Vallée Poussin (1896)]
For x € Rsq denote by m(x) the number of primes < x. Then we have:

IO (CONNY (2.1.6)

T—00 x

We will not prove this theorem here. The known proofs of this theorem are
very extensive and require a lot of prior knowledge.

Lemma 2.5.1. For every € > 0 there ezists a xo(€) such that for every v > xq(€)
there is a prime number in [z, (1 + €)x].

Proof. Let § > 0. Then there exists a x1() such that 1 —§ < = log(m) <146
for all z > x1(d). Dividing gives us (1 — 5)@ < m(z) < (1+ 5)10‘35m for all
x > x1(9).

Let x > z41(0).

Then we have 7((1 + €)x) — 7(z) > (12;(5()&52;” — (12;5:2;” :

There exists zo(€) such that '7% > (1 + ¢)a for all z > x9(€). For > x5(€) we

have
(1-=0)1+ex (1+0)x
(o)) =) 2 " oie)  logla)

Choose ¢ > 0 such that % > (1+9). Now for all x > max{z(d),z2(€)} we
2
have

(2.1.7)

7((1+€)x) — m(x) > 0. (2.1.8)
[l

Let (p;)iew be the sequence of prime numbers. Suppose n € N,n > 6. Then
there is an index i(n) such that pf(n) + Pig) <N < QDZZ(TL)Jr1 + Di(n)+1-

Note that the subset {0, ..., p?(n) + Pitn)} € IN contains a Sidon subset of p;q,) + 1
elements. Hence,

2 \/ z(n +pl(")
(1) > P(pj(n) + Pitn) = Pie) + 1 = /D5 + Pitn) > \/ " \/ﬁ
b; n)+1 Di(n)+
(2.1.9)
P B (1—e¢) for > ng(e).

By Lemma 2.5.1 there exists a ng(€) such that —A————=
\/Pi(n)+1TPi(n)+1
S0

d(n) > (1 — €)v/n for n > ng(e). (2.1.10)

10
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This proves Theorem 2.2.

2.2 Proof of Theorem 2.3

We follow the proof of Erdés and Turédn [5].
Let ®(n) be the maximum cardinality of a Sidon subset of {1,...,n}.

We have to show that for all € > 0 there is an ng(e) such that

®(n) < (1+¢€)y/n for all n > ng(e). (2.2.1)

Note that this directly proves Proposition 2.3. This proof will be significantly
shorter than the proof of Proposition 2.2 and will only require a combinatorial
argument, hence no new definitions are needed.

Let S = {a; < ... <a,} C {0,...,n} be such that the sums a; + a;(1 <i < j < x)
are all different. Let m be a positive integer such that m < n, and consider the
intervals

[—m+1,1),[-m+2,2),...,[n,m+n). (2.2.2)
Let A, denote the number of elements a; € S in the interval [—m + u, u). Since
each a; occurs in exactly m intervals, i.e., [-m + u,u) for u=a; + 1,...,a;, + m
we have N

> Ay =ma. (2.2.3)
u=1

The number of pairs a;, a; in [—m + u,u) with i < j is %Au(Au —1). Using the
fact that f(x) = z(x — 1) is a concave function, we get that the total number of
triples (a;, aj, w) with a;,a; € [-m+u,u)NS, 1 <i<j<z,1<u<m+nis

m-+n

> S 1) 2
u=1

(m + n)(mmfn)(m"fn —1). (2.2.4)

DN | —

A pair (a;, a;) with a;—a; = r occurs in precisely m —r intervals [-m+u, u). Hence
the total number of triples (a;, a;, u) with a;,a; € [-m +u,u) NS, 1 <i<j <z,
1 <u<m+mnisat most

m—1

Z(m —r)= %m(m —1). (2.2.5)

u=1
When we compare (2.2.4) with (2.2.5) we find that

S+ <

m(m — 1).
m-+n- m-+n

N | —

11
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This can be rewritten as

mx(mx —m —n) < m(m —1)(m +n),
or as z(mx — 2n) < m(m +n),

and this implies

n / n?
T —+\/nt+tm+—.

m m

We can rewrite the square root as

2
Jrma— =V 1+ = 1+ 0= + ). (2.2.7)
m n m n m

3
Sow < -+ Vn+ O(J% + 575). Choose m = [n?], with p € (0,1). Then,

(2.2.6)

m
Vvn
=n'"P +vn+ O(np_% + n%_Qp)
— Vn+O0(n"P 4 nP"3 4 na ),

¥ </t O +E)
m m

(2.2.8)

The error term is asymptotically minimal for p = %, and with this value of p we
get, s
r < v/n+0(n?) (2.2.9)

This inequality proves Theorem 2.3. Now by Theorem 2.2 and Theorem 2.3 we
have Theorem 2.1.

12



3 Infinite Sidon sets

In this section we will consider infinite Sidon sets. We will study two results
from Cilleruelo [2], the second of which resembles a result from Ruzsa [9]. Ruzsa
proved that an infinite Sidon set A exists such that A(z) = 2V21+°M) as 2 — 0.
His proof, however, was not constructive. Cilleruelo’s second result will give a
constructive version of Rusza’s result. Cilleruelo’s first result will be a weaker
version of the second result, but with a shorter proof.

We will construct a set A;. = (ap)pep, indexed by the set of prime numbers P,
depending on a real number ¢ and a base ¢ (to be defined later), which is such
that Ag.(z) = 27°1) as 2 — oo. By taking the infimum of all ¢ such that A is

_ +/5-3
- 2

a Sidon set, i.e., ¢ , we obtain Cilleruelo’s first result.

Theorem 3.1. There is a Sidon set A C N such that

A(z) = 25750 g5 4 00

This theorem is very easy to prove once we have the construction of the sequence
Ag.. As mentioned before, this theorem is weaker than Cilleruelo’s second theorem
that we state below. To derive this theorem, we take the sequence A, as above
but with ¢ = /2 — 1. For this value of ¢, the set Az itself is not a Sidon set, but
as it will turn out, we can construct a Sidon set by taking a suitable subset of A; .
with about the same density.

Theorem 3.2. There is a Sidon set A’ C N such that

Al(z) = 2V2 10 g5 2 5 0o

3.1 Construction

We first consider the following fact, which will be used throughout the construction.

Lemma 3.2.1. Given an infinite sequence b= (b;)32,, with b; € N~y (the base),
every positive integer n can be uniquely written in the form

n:l'l—{—Ilfgbl+$3blb2+"'+l'kbl...bk_1 (311)

with digits x; € {0,...b; —1},1 < j < k, where k is the smallest integer such that
n<b...b.

13



If n is given by (3.1.1), then we represent it as n = (xy ... 21);.

Proof. Suppose n < by ...bg, then we can write n = xb;...by_1 +y with z,y € Z
with 0 <y < by...bx_1 and 0 < x < b,. We proceed inductively on k, where £ is
the smallest integer such that n < b, ...b;. First let k = 1. Because n is smaller
than by, we can write n =0-b; +y, with 0 <y < ;.

Suppose k > 2. Let by...bp_1 <n<by...bg. Then n = z,_1b;...bx_1 +y with
0<zp1 <b,and 0 <y < by...b,_1. By the induction hypothesis, we can write
Yy == —I—Igbl +"'+l'k_1b1...bk_2. Hence n = I —I—ZEle-f- "'+l'k_1bl‘..bk_2+
xkbl . bk—l- L]

We consider the base ¢ = (4qj)3?°;1 where ¢1, qo, ... is a given infinite sequence
of prime numbers such that

271 < ¢ < 2%H (3.1.2)

for all 5 > 1. This is possible because of Bertrand’s postulate [7]. Now choose for
each j a primitive root g; of Iy~ (mod g;).

Let us fix ¢ such that 0 < ¢ < % and consider the partition of the set of prime
numbers,

P = Pr., where Py = {p prime : 290" < p < 25}
k>3

Given p € P, we define a, as follows. Choose k such that p € P, and then define

ap = (z(p) ... 21(p))q (3.1.3)
where z(p) is the unique integer solution of

g;7 =p (modg),q+1<z; <2¢—1 (3.1.4)

We define z;(p) = 0 when j > k. Define A; . := (a,)pep

3.2 Properties of A,

Here we will prove some properties of the sequence A;. that will eventually lead
to a value of ¢ for which Az, is a Sidon set.

Proposition 3.2.1. The terms a, of Az . are pairwise distinct.

14



Proof. Suppose a, = a, for some p,p’ € P with p # p’. Then all digits of a, and
ay must be equal. That is, z;(p) = x;(p’) for all j > 1 and by construction we
have that p,p’ € Py such that k is the largest j such that the digit z; # 0. We
also know that

p= g;‘nj(p) = g;fnj(p) =p  (mod g;) for j < k.

From this we can conclude that p = p’ (mod ¢j...qx). Suppose that p # p’. Using
the fact that p,p’ € Py and ¢; > 2%~ we find that

2

2" > |p—p| > qu... g, > 21D = ok (3.2.1)

which is not possible because we assumed 0 < ¢ < % Hence, the elements a, of
Ag, are pairwise distinct. O

The next proposition concerns the growth of the sequence Az,.
Proposition 3.2.2. We have A;.(z) = 2°*°W) as z — .

Proof. Let x € R and consider the integer k such that

4ql4Qk <£U§4ql4qk+1

Using (3.1.2) we find that 2842 < gz < 2k:+1*+2(k+1)  Hence ¢ = 28*(1+0G) and
thus 28 = glte®).
If p < 2¢%°=3 then p € P, for some [ < k so

ap =11(p) + > _2;(p)(4q) .- (4g;1) < (4q1) . (4q) < @,

J<l
Thus, applying the Prime Number Theorem, we find the lower bound
Aq,c(a:) > 7T<2ck273> — 2ck2(1+o(1)) _ $c+0(1),

For the upper bound, we notice that if p € Py then a, > (4q1) ... (4qr+1) > .
Thus,
Ago(x) < 7T(Qc(lcﬂp_g) _ gck*(1+0(1)) _ eto(l).

[]

The following proposition is about some of the properties of repeated sums of
terms of the sequence A;..

15



Proposition 3.2.3. Suppose that there exist ap,,ap,,ay ,ay € Age such that
Ap, > Ay = Q> ap, and

Apy + Apy = Ay + Gy
Then we have:

1. There exist ki, ks with ke < ki such that py,py € Py, and pa, py € Ph,,

2. pip2 = piph (mod qu ... qx,),
3. pr =py (mod qrys .- qry) if ko < k1,
4. (1—o)ki < k3 < =k

Proof. We prove the four claims

1. Since 0 < z;(p1) + z;(p2) < 4g; and 0 < x;(p}) + z;(ph) < 4¢; for all j, and
Ap, + Qpy, = Gy + ay,, we infer that the digits of the sums are equal, that is:

j(p1) + 7;(p2) = ;(p1) + x;(py) for all j. (3.2.2)

By construction, p; € Py,, where k; is the largest j such that

zi(p1) +25(p2) > g5 + 1.

This is because taking j > k; gives z;(p1) + x;(p2) = 0 and j < k; gives

zj(p1) + x;(p2) > wj(p1) > 1 + 1.
We also have that ps € Py, where ks is the largest j such that

zi(p1) + 25(p2) > 2g; + 2.

This is possible because taking ke < j < ky gives x;(p1) + z;(p2) = x;(p) <
2¢; — 1 and j < ky gives that both x;(p1),z;(p2) > ¢; + 1 hence z;(p1) +
:cj(pg) > 2q]~ + 2.

This proves claim 1.

2. To prove claim 2 we observe that (3.2.2) implies that for all j the following
congruence holds:

zj(p)+aj(p2) — 2 (Ph)+25(p2)

: : (mod g;).

If p € Py, then g;:j(p) = p (mod ¢;) for j < k and g;cj(p) =1 (mod ¢;) when
g > k. Thus, for all j < ks we find p1ps = pip (mod g;), leading to

pip2 = Pllp/z (mod q1 - - ~Qk2)

16



3. For claim 3 we note that if ky < kq, for ko +1 < 7 < ky we have that p; = p)
(mod g;). Hence,

p=py (mod g1 - qry)-

4. Claims 2 and 3 give us the last statement

gelhi+hi) > Ipipe — Di0h| > qu - .. qu, > 21T TR = 2%

implying k3 < ék%
(3.2.3)

In particular this implies that ks < k1, so we can apply claim 3 and obtain,

k2 2ko+1)+--+2k; —1 k2 —k2
2¢ 1)Z|P1—p/1\ZQk2+1---Qk1>2( 22kl ok =y

which implies k3 > (1 — c)k?.
(3.2.4)

O
Now we can quite easily prove Theorem 3.1.

Proof of Theorem 3.1. Suppose that Az. is not a Sidon set, then there exist
p1, D2, P, Py € P with (py,p2) # (p),ph) such that a, > ay > a, > a, and
ap, +ap, = ay +a,, . Now Proposition 4.1.2 implies that 1 —c¢ < =, which implies

that ¢ < %5 Thus, Aj. is a Sidon set for ¢ = %5 O

In the proof of Theorem 3.2 we will choose ¢ = v/2 — 1. This will require us to
remove some of the items of A;., because Ag . itself is not a Sidon for this value
of c. We will remove some of the terms a, that appear in repeated sums, and find

that after having done so, the resulting set will have the desired growth and be a
Sidon set.

Proof of Theorem 3.2. Proposition 3.2.3 implies that all repeated sums that appear
are of the form:

Ap, + Apy = Ay + Ay, where <p17p2) # (p,bplz)a (325)
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where plapll € Pk1ap27p,2 € sz and k% < Lk% Let Ql ‘=41 -Qkyt1 and

l1—c

Q2 := Qry+1 - - - Q,- By substituting this we get

Pip2 — i (p1 — p1)
Pr(pa = ph) = papa — Piph + (0} — p)ph = =52 Q1 + === Qaph,

(1 Q2
Proposition 3.2.3 also implies that if there is a repeated sum, then s; = me;lpllpé,
59 = (pllQ;zpl) are non-zero integers such that

k2+k2)—6 gck?—3

_ [p1p2 — PP < 2 P — 1 <
1 N 1 Q2 T Qo

Hence if p; € Py, appears in a repeated sum then it divides an integer s # 0 of
the following set:

and |so| =

c(k3+k3)—6 ck?-3

Ql 71§ |S2| S—apgeplm}

Skg,kj - {S — SlQl + 52Q2p,2 . ]_ S |81| S Q
2

We now define the set of primes. Let
) c
By, = {p1 € Pr, : p1]5,5 € Spyry, s # 0 with k3 < 1—_616%}

Then for
P = U(Pkl \Blﬂ)?

k1

the set A%, = (a,)pep- is clearly a Sidon set. To prove that A7 (z) = z°*°() as
x — 00, it suffices to show that |By, | < (5 + o(1))|Ps,| as k1 — co. We will prove
this holds for ¢ = v/2 — 1. Note that an integer s # 0 of Sy, s, cannot be divisible
by two primes p,p’ € Py, otherwise we get that

92c(k1-1)?—6 _ p < Is| < 2(2c(k§+k§)—6) < 9Tk =5

Y

which does not hold for large enough k; since 2¢ > = for ¢ < % Using Q1Q2 =

c 2
... qr > 2" and [Py, < m(294%) < 2# [7] we have
og

2c(kf+k§)—6 2ck%—3

Bul< Y Sewl< > (@2 0 )(2 0 )| Prs|
k2<w/1iick1 k2<w/1iick1 ! 2
2c __ 2
< 27 e 3 22 270 (L4o(1)(1 -2l
~ clog(2) k3 — clog(2) c k3
ke<y/75K1

(3.2.6)
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To estimate the sum over ky, note that since ([z] —1)* —2? < ([z] — 1)? — [z]* =
1 —2[z] <3 — 2z, we find

22ck% 220[a:]2 22c[:v]2 225[95]2

Zk_§<W+ @ @ >, 2y

ko<x kzﬁ[m]fl kQS[I]*l

220&82 2 300 9 o 22(:3:2 .’,172
- c([z]-1)?—z?) L 362¢(3—2z)
(m2+x2 < o (m2+x2 )

2
as r — o0

xr2

2cx

< (1+0(1)) .

(3.2.7)

Now, using the fact that for 12700 —1=rcand % = /2 for ¢ = v/2 — 1 and the
estimate

5 9 28]{)%*3
_ 2ck1—3 _ 2c(k1—1) =3\ _ 1 1
|Pk1| 7T< ) 7T( ) Ck’% 10g(2)< +O( ))7

we have ] kz\/_

27°(1 4 o(1))2%1y/2 1

< (= .
T < G o))

’Bk1| <

19



4 Alternative proof

In this last section we will prove some of the theorems from the previous section
using a different approach. We will use irreducible polynomials from F5[X] instead
of prime numbers. This idea also comes from Cilleruelo. We will again construct a
sequence Ag..

4.1 Polynomial construction

We again consider a base, this time ¢ = (2%%1)72,, and we use an infinite sequence
of irreducible polynomials (¢;)52, from F»[X] with deg(q;) = 2j — 1 in F5[X]. For
each j we will choose a generator g; of (o[ X]/q;(X))*.

Recall that each element of the finite field 5[ X]/q;(X) is uniquely represented by
a polynomial in Fo[X] of degree < 25 — 1. Since (F2[X]/(g;))* is of cyclic order
2271 — 1, there is a g; € 5[ X] of degree < 2j — 1 such that (F2[X]/(g;))*

= (g; (mod g;))

We fix ¢ such that 0 < ¢ < % and for each £ > 3 we now consider,

P = U Pi, where P = {p € F,[X] : p irreducible, c(k—1)?—3 < deg(p) < ck*—3}

k>3

For each p € P we define a,, as follows. Choose k such that p € P;, and then define

a, = (zx(p) ... 21(p))g (4.1.1)

where x;(p) is the unique solution of the polynomial congruence

g =p (mod g;), 29 +1 < xy(p) <29 — 1. (4.1.2)

Again we define z;(p) = 01if j > k. Let Aj. := (ap)pep

4.2 Properties of A;. with the polynomial construction

We will prove the same properties as before, only now for our new sequence A; ..
Most properties will be proven similarly to their earlier counterparts.

Proposition 4.0.1. The terms a, of Az. are pairwise distinct.

Proof. Suppose a, = a,y for some p,p’ € P with p # p’. Then all digits of a, and
ay must be equal, i.e., z;(p) = z;(p’) for all j > 1. By construction we have that
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p,p" € Py such that k is the largest j such that the digit z; # 0. We also know
that

z;(p) ®)

p=g;"" =g;’

Hence p = p' (mod ¢...qx). Suppose that p # p’. Using the fact that p,p’ € Py
and deg(q;) > 2%~! we find that

=p  (mod g;) for j <k.

ck? > deg(p—p') > deg(qr ... qx) = 14+ (2k — 1) = k? (4.2.1)

which is impossible because 0 < ¢ < % Hence, the elements a, of A;. are pairwise
distinct. O

For the following proposition we will use an analogue of the prime number
theorem for irreducible polynomials.

Theorem 4.1. (Prime Number Theorem Analogue)
Let N; denote the number of monic irreducible polynomials of degree j € F,[X].
Then we have: ,
J
Nj ~ T as j — 00. (4.2.2)
J

Proof. The subfields of Fy» are Fgm where m|n. Let a € Fgn \ U,/ mep Fgm. Now
a has degree n over IF,. The minimum polynomial I, of a over Iy is the monic
polynomial over Iy of minimal degree such that p(a) = 0. The polynomial I, is
irreducible of degree n.

Now let p € F,[X] be a monic irreducible polynomial, such that deg(p) = n. Then
p has a zero a € Fn \ |J IFym. p has in fact precisely n zeroes in I, i.e.,
a,al,...a? . Indeed, p cannot have more than n zeroes in 7, and from the fact

m|n,m<n

that u — uqi, where i € {0,...,n — 1} are F-invariant automorphisms of Iy, it
follows that p(a) = p(a?) = --- = p(a?""") = 0. Thus, there is a bijection between
monic irreducible polynomials in F,[X] of degree n and subsets {a,a?,...,a?" "}

of Fqn \ Um\n,m<n qu'
Let N,(q) be the number of monic irreducible polynomials in F,[X] of degree n.

Then we have
= > =

m|n,m<n

Ny(q) > (¢" —ng?).

S|
S|

Clearly we have also N,(¢) < %. The squeeze theorem gives us that N, ~

qn
T-asn — oo.
[l

Proposition 4.1.1. We have A .(7) = 2°7°M as 2 — occ.
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Proof. Let x € R and consider the integer k£ such that
2HD® < g < 2D

Hence z = 28 0+0G) and thus 28 = 22t°W)_ If deg(p) < ck? — 3 then p € P, for
some [ < k so

ap =z1(p) + > _ ()27 = (p) + Y a(p)2 T <2V <o
J<l J<i
Now using Theorem 4.1 we find
2[ck2—3}

iy (1 o(1)) = 2o = gt
C

Aq,c(ﬂf) > N[ck273] =

Note that if ¢(k + 1)? — 3 < deg(p) < c(k + 2)* — 3, then p € Pgy2 and we obtain
a, > 23Tk > 2(k+2)*~1 > 2. This gives an upper bound

Agelr) < ) N;< Y 2

j<e(hrn?—3  j<e(brn?-3
< 20(k+1)2 _ 20k2(1+0(1)) _ xc—i—o(l).

(4.2.3)

]

Proposition 4.1.2. Suppose that there exist ap,,ap,,ay ,ay € Age such that
Ap, > Ay = Q> Ay, and

Apy, + Gpy = Ay + Ay,
Then we have:
1. There exist ky, ko with ke < ky such that py,p) € Pk, and pa, py € Ph,,
2. pip2 = piph (mod qu...qx,),
8. p1=p) (mod Gry, - - - qr,) if k2 < ki,
4. (L—co)k? < k3 < 7=k

Proof. We prove the four claims
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1. Since 0 < z(p1) + z;(p2) < 2% 0 < z;(p}) + z;(ph) < 2%F! for all j, and
ap, + Ay, = ap; + ayy, we infer that the digits of the sums are equal. We find

z;(p1) + xj(p2) = z;(p}) + x;(ph) for all j. (4.2.4)
By construction, p; € Py,, where k; is the largest j such that
zj(p1) +aj(p2) > 2771+ L.

This is because taking j > ki gives z;(p1) + zj(p2) = 0 and j < k; gives
j(p1) + 2 (p2) = j(p1) = 2271 + 1.
Further, we have py € Py, and ks is the largest j such that

z(p1) + 2j(p2) > 2% +2.

This is because taking ks < j < ky gives ;(p1) + z;(p2) = z;(p) < 2% — 1
and j < ko gives that both x;(p1), z;(p2) > 2% 71 +1 hence z;(p1) + z;(p2) >
2% +2.

This proves claim 1.

2. For the second claim we observe that (4.2.4) implies the following congruence

for all j:
zj(p1)+a;(p2) — gﬂfj(pi)Jrffj(pé)

: ; (mod g;).

If p € Py, then g;j(p) = p (mod ¢;) for j < k and g;&"(p) =1 (mod ¢;) when
j > k. Thus, for all j < ke we find p;ps = piph (mod g;), this leads to

Pip2 = P,ﬂ?,z (mod q1 - . -Qk2)

3. For claim 3 we note that if ky < kq, for ko +1 < 7 < ky we have that p; = p)
(mod g;). Hence,
pr=p; (mod guy1---qr,)-

4. Combining claims 2 and 3 we get that

c(ki + k3) > deg(pips — pipy) > deg(qr - .. qry) > 27720271 = 3,
C
implying k2 < —— k2.
HOpLyINg by < 7 ol
(4.2.5)
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This implies that ky < ki, so we can apply claim 3 and get,

cki > deg(p1—p)) > deg(qrot1 - Gry) > (2ko+1)+- -+ (2k1 —1) = &k — k3,
which implies k3 > (1 — c)k?.
(4.2.6)

]

Alternative proof of Theorem 3.2. Proposition 4.1.2 implies that all repeated sums
that appear are of the form:

(p, + ap, = ay, + 4y, Where (p1,p2) # (ph, Ph), (4.2.7)

where plap/l € pk17p27p,2 S Pk’z and k’% < Lk% Let Ql =41 Qkyt1 and

l1—c

Q2 = Qkyt1 - - - Qk,- By substituting this we get

P12 — Pyt P — D
p1(p2 — ph) = p1p2 — PPy + (P — p1)Phy = 20+ Q2py.

1 (2
By Proposition 4.1.2 we also have that if there is a repeated sum, then s; = plmQ;lpllp/?
and s, = % are non-zero polynomials such that

deg(sy) < c(k? + k3) — deg(Q1) — 6, deg(ss) < cki — deg(Qs) — 3.

Hence we know that if p; € Py, appears in a repeated sum it must divide a
polynomial s # 0 of the set

0 < deg(s) < c(k? + k2) — deg(Qy) — 6
Skaky = 4 8 = 51Q1 + 52Qap} : 0 < deg(sy) < ck? — deg(Q2) — 3
P € Ph,

Let By, the set of p; € Py, with the property that there are ky with 0 < k3 < t&A7
and s € Sk, k, With s # 0 such that p; divides s. Then for

P* = J(Pi, \ Bi),

k1

the set A7 . = (a,)pep+ is a Sidon set. To prove that A7 (v) = retol) as ¢ — oo,
it suffices to show that |By,| < (QL% + 0(1))|Pr,|. We will prove this holds for
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= /2 — 1. Note that a polynomial s # 0 of Sks.ky cannot be divisible by two
polynomials p, p’ € Py, otherwise we have

2c(ky — 1)* — 6 < deg(pp') < deg(s) < (ki +k3) < %_Ckf —6

which does not hold for large enough k; since 2¢ > = for ¢ < % Using
deg(Q1Q2) = deg(qu ... g,) = k{ and
27
Pl = >, N< > =
c(ka—1)2—-3<j<ck2-3 c(ko—1)2—-3<j<ck3—3
1 , 1 2
L — > P —— |
< — 2 = —1)2 —
C(k2 1) 3 c(ka—1)2-3<j<ck3-3 C(k2 1) 3
1 k2 20k
< - : .
4 c(ky—1)2-3 ck3
(4.2.8)

c 2
For ky > 5 this is a decreasing function and < 1. So |[Py,| < % for ko > 5. For
2
0 < ky <4 we have

Pul= Y N Y2

c(ka—1)2—-3<j<ck2—3 1<j<[ck3—3] J

204
c4? -

this gives [P =0< 2, [Po] <1< 26222 Pl <2< 2 32 , |734\ < 2L

Hence |Py,| < 267 also for ko < 4. This gives
2

|Bk1‘ < Z ‘Sk‘g,kl‘ < Z (20(k2+k2) deg(Q1)— 6)<2ck2 deg(Q2)— )’Pk2|
k2<,/1736k1 k2<,/1736k1

-9 92ck3

< _2(2c—1)k§ )
k2<, / ﬁ]ﬁ

(4.2.9)
Again using
22ck§ 22ca:2
5~ < (1+o0(1))—5 asx — o0
ks x
ko<z
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we find o ,
279(1 + o(1))(1 — ¢) 26—~k
c? k3

Now, using 12700 —1=cand 1—;0 = /2 for /2 — 1 and the estimate

|Bk1| <

9lcki]—3 gck?—4 9ck?
Pual 2 Ngoa = parmg (1 +0(1)) = (14 0(1)) = 271+ 0(1) -
We find, .
B < AT (Lot
i 2
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