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1 Introduction

Mathematical objects often come with an associated base field k. Examples include vector
spaces over k, algebras over k, schemes over k, and elliptic curves over k. If K/k is a field
extension and X is an object over k, then we say that an object Y over k is a K/ k-twist of X if
X and Y “become isomorphic” over K. If Y is in addition not isomorphic to X over the base
field k, then we say that Y is a nontrivial twist of X. By studying such twists we can get a grip
on the arithmetic of the base field k.

Example 1.1. Consider the conic C ¢ PZ given by the equation x? + y? + z% = 0 over the field
of real numbers R. After extending our base field from the real numbers to the field of complex
numbers C, the conic C has a point over the base field, which implies that C is isomorphic to
the complex projective line [P’}:. The field R fails to provide us with a point on C, and so C is a
nontrivial twist of the real projective line [PHIQ.

The goal of this thesis is to understand the K/ k-twists of a given object X over k, when
K/k is a Galois extension, using the theory of Galois cohomology introduced in sections
and[3] For many classes of objects, we can parameterize the K/k-twists in terms of the
first cohomology set of Gal(K/k) with coefficients in Autx(X), denoted H LKk, Autg (X)).
Theoremmakes this precise. One should also think of H LKk, Autg (X)) as the object that
contains the obstruction preventing K-isomorphisms from descending to isomorphisms over
k, and so this gives information about the arithmetic of k.

The “general principle” of parameterizing K/ k-twists of a k-object X in terms of
H'(K/k,Autg (X)) is well known. See, for instance, [Ser97, Chapter 3] or [Bru09]. Our treatment
of the subject differs from these texts, as we build a general framework in which such a
parameterization is possible. This is done through the notion of a base extension introduced
in Section[dl

In Section[6|we apply the theory of twists to study Severi-Brauer varieties; these are twists
of projective spaces. We have already seen an example above. Section[7|treats central simple
algebras, which are twists of matrix algebras. These objects share a close connection, because
the automorphism groups of M, (K) and IPI'@_I, with n > 0 an integer, coincide. Specifically,
this group is PGL, (K). The parameterization of these objects in terms of H! (K /k, PGLj(K))
will give us a correspondence between Severi-Brauer varieties and central simple algebras.

This thesis is concluded with the introduction of the Brauer group in Section[8] This group
contains information regarding central simple algebras and Severi-Brauer varieties. Using
Galois cohomology, we will derive some basic results and perform some calculations about
Brauer groups.

From the reader we expect familiarity with basic algebra, in particular (infinite) Galois
theory (see, for instance, [Lan02}, Chapter VI]). Basic scheme theory is used in sections[4]and |6}
as can for instance be found in [Har10, Chapter 2]. Familiarity with only the basic theory of
varieties (over fields which are perhaps not algebraically closed), as in [Sil13, Chapter 1], will
be sufficient if the reader is fine with taking some results in Section[4]for granted. Knowledge
of category theory including limits and adjunctions, as can be found in [Riel7], is assumed. To
build up the theory of Galois cohomology in sections[2|and 3} we make extensive use of the



material in Appendix[AJon homological algebra. We take a rather abstract approach to Galois
cohomology, using the theory of derived functors. This is not only “the correct approach”, but
will also be crucial for calculations in Section[8] However, much of the material in sections
through [7] only depends on Section [3.4] on nonabelian cohomology, which can be read
independently from the other material on Galois cohomology, if the reader does not mind a
lack of motivation behind the definitions and results.

2 Cohomology of groups

Much of the material in this section is based on [Weil3, Chapter 6] and [Mil20, Chapter 2].
Throughout this section we fix a group G.

2.1 The category of G-modules

Definition 2.1 (G-modules). A G-module is an abelian group A equipped with a G-action
G — Aut(A). A G-map, or a map of G-modules, is a homomorphism ¢: A — B such that ¢ is
G-equivariant: we have

ploa)=o¢p(a)

forallo € G and a € A. The category of G-modules is denoted G-Mod.

Note that providing an abelian group with a G-action, is the same as providing it with the
structure of a ZG-module, where ZG is the group ring given by

2G= { Y ;0 : cg€Zzero for all but finitely many o € G},

oeG

with evident addition and multiplication. The categories G-Mod and ZG-mod are isomorphic,
and so the category of G-modules is abelian. In particular, the category of G-modules has
enough projective and injective objects (see Example[A.21]and Proposition[A.23).

Example 2.2. (i) Any abelian group is a G-module if G is the trivial group.
(ii) Z is a G-module by letting G act trivially on Z.

(iii)) Suppose G is the group Z* = {+1}. For any integer n = 1 we equip Z/nZ with a G-action
by settingo-a=oa foroe{tl}andaecZ/n”Z.

There is an evident forgetful functor
G-Mod — Ab.

This functor admits a right adjoint given by Homap (ZG, —) (see [Weil3, Proposition 2.6.3]); if
M is an abelian group, then G acts on Homuy, (ZG, M) by

(o) (x) = p(x0),

for 0 € G and ¢ € Homyy, (ZG, M). We abreviate the functor Homay, (ZG, —) with the following
definition.



Definition 2.3. We define the functorind®: Ab — G-Mod byind® = Homay,(ZG, ). If M is an
abelian group, then we callind® M a G-induced module, or simply an induced module.

In the above definition, we often omit the superscript G from ind® and simply write ind.

Remark 2.4. What we call induced modules are often referred to as coinduced modules in the
literature, where the word “induced module” is reserved for modules of the form M ®7 ZG.
When G is finite these notions actually coincide. See [Weil3, Lemma 6.3.4].

Proposition 2.5. The functorind is exact and preserves injective objects.

Proof. Exactness follows from the fact that ZG is free as an abelian group. The functor ind
preserves injectives, because it is a right adjoint to the exact forgetful functor G-Mod — Ab. B

2.2 Cohomology groups

Fix a G-module A. We denote the subset of A of elements invariant under the action of G by
A={ac A:ca=aforalloeG.

It is straightforward to check that A® is a subgroup of A. Any map of G-modules induces a
map on invariants by restriction. In this way we get a functor

(-)%: G-Mod — Ab.

Remark 2.6. Equip Z with the trivial G-action. We note that there is an isomorphism
(-)¢ ~Homg(Z, -), given on G-modules A by sending a € A® to the map Z — A,1— a.

By the above remark and Proposition[A.8 we immediately get the following result.
Proposition 2.7. The functor (—)© is left exact.
In general, (—)° need not be right exact.

Example 2.8. Let G be the group of order 2 and equip Z/nZ with the G-action of Example[2.2]
We consider the short exact sequence of G-modules

0—2/22 2 7/87 — 71427 —0.
Taking invariants yields the exact sequence
-4 0
0—27/272 — 47187 = 27/4Z,

which is clearly not short exact.

Since the category of G-modules has enough injectives, it is now sensible to consider
the right derived functors of (—)¢ (see Section , which is precisely how we define our
cohomology groups.



Definition 2.9 (cohomology groups). For all integers n = 0 we define the functor
H™(G;-): G-Mod — Ab by
H"(G;-)=R"(9)",

the n-th right derived functor of (=)¢. We call H"(G; A) the n-th cohomology group of G with
coefficients in A.

Example 2.10. Suppose G is the trivial group. Then taking invariants is simply the identity
functor. As a result we have
H"(1;-)=0

for n > 0.

Lemma 2.11. Let M be an abelian group. We have a natural isomorphism M = (ind M)€ of
abelian groups given by

M = (ind M)©

m— (o — m).

Proof. Clearly this is an injective map of abelian groups. Let ¢ € (ind M)©. Then forall o € G
we have
p)=(0p)1) =),

and hence the map described in the lemma is surjective. Naturality is straightforward. |

Proposition 2.12 (cohomology of induced modules). Suppose A is an induced G-module.
Then
H"(G;A)=0

forn>0.

Proof. Let M be an abelian group such that A = ind M. Let 0 — M — I* be an injective
resolution in Ab. Then 0 — A — ind I* is an injective resolution for A by Proposition[2.5 The
group of invariants of ind I’ under G is naturally isomorphic to I’ by Lemma and so for
n>0we find

H™(G; A) = H"((ind I*)%) = H"(I*) = 0.
]

Remark 2.13. Proposition is a special case of a more general statement, known as Shapiro’s
lemma. See [Weil3, Lemma 6.3.2].

Proposition 2.14. Suppose G is finite. Then H"(G; A) is torsion for alln > 0.

Proof. Let Ap be A considered as an abelian group. Consider the maps

A— iIldA(),

a— (Pg: x— xa)



and
ind AO - A
@3 ol
o
These maps are G-equivariant. The composition A — ind Ag — A is multiplication by #G. The
induced map on cohomology is then also multiplication by #G. This map factors through

H"(G;ind Ap), which is zero by Proposition We conclude that H"(G; A) is annihilated by
#G, and hence it is torsion. [ |

By Remark[2.6) we see that H"(G; -) = Ext};(Z, -). In combination with Example[A.33]this
gives us more flexibility in computing cohomology groups.

Example 2.15 (cohomology of infinite cyclic groups). Suppose G is infinite cyclic. Notice that
ZG = Z[o,0~']. We have a projective resolution of Z as a trivial G-module given by

0-726ZL 726-7—-0,

where the first map is multiplication by o — 1 and the second sends 1 to 1; indeed, localisation
is exact, and we obtain the above sequence by localising the clearly exact sequence

0—Z[o] L% Z[o] = Z—0

of Z[o]-modules at 0. Applying the contravariant functor Hom(—, A) to the sequence

0-262L 26
we find the complex
AZL Ao
Taking cohomology we find
AC n=0
H"(G; A) = EXtZG(Z,A) =4 Allc-1)A n=1
0 n=2.

Example 2.16 (cohomology of finite cyclic groups). Suppose G is cyclic of order m. Notice
that ZG = Z[o]/ (0™ —1). Let N=1+0 + 0% +...+0"!. We will show that the sequence

e 76 M 726 72670 @2.1)

is a projective resolution of Z as a trivial G-module. Exactness at ZG =L, 7G — Z follows from
the commutative diagram of abelian groups

Z[s] =L 7[s] — 7

726 =% 76 s Z
! !
0 0

D



in which the top row and the columns are exact; here Z[s] — ZG sends s to o.

We see that N(o —1) = (0 — 1) N =0, and so the sequence in is a complex. Suppose
a=Ycrok, with k ranging over Z/mZ, is such that (¢ — 1)a = 0. Then a is invariant under
the action of G and so for any g € G we get

Y cgot=ga=a=y co*.

Comparing coefficients, we see that the ¢ are all equal, and so we have a € NZG; hence, the

sequence in l) is exact at 2G 2> 26 . 7.
Now suppose b =Y dio* is such that Nb = 0. Then

0=Nb=Y dyNo* =Y ayN=NY dy,

and so Y_dj = 0. It follows from exactness of ZG 7L 76— Zthatbe (o0 —1)ZG; hence, the

sequence in lh is exact at ZG 2= 7G . ZG. We conclude that the sequence in 1| isa
projective resolution.
Applying Hom(—, A) to the sequence

X267 76 N 726 2L 76

we get the complex
AL AE A g A

Taking cohomology we find
AC n=0
H"(G;A) = ExtgG(Z,A) ={{a€A:Na=0}/(c-1)A n=1,3,5,...
AY/NA n=2,4,6,....

Computing the long exact sequence of cohomology groups corresponding to the short
exact sequence of Example[2.8]yields

0—27/22 % 4718722 27/47
71222 7122 2 7127
871272 471822 27147 — ...

2.3 Cocycles and coboundaries

Examples[2.15/and [2.16/compute cohomology groups by finding a projective resolution of Z as
a trivial G-module. We will do this more generally for any group G. For the rest of this section
we fix a G-module A.

For n = 0 we define P, to be the free abelian group on the (n + 1)-tuples (go,...,gn) of
elements in G. We equip P,, with the G-action specified on basis elements by

O(gO) o rgn) = (Ug()) e ragn)



for o € G. We define homomorphisms f;,: P, — P,_1, given on basis elements by

n .
fn(gO;---;gn) = Z(_l)l(g()r---rgir---)gn);
i=0

where the hat means “omit”. It is easy to see that f;, is also G-equivariant.
Lemma 2.17. The following sequence

..—f3—>P2—f2—>P1I1—>P0I0—>Z—>O, (2.2)

where the map fy sends all g to 1, is a projective resolution of Z as a trivial G-module.

Proof. We see that P,, is free as a ZG-module on the basis consisting of elements of the form
(1,81,..-,8n), so P, is projective. We verify that f;,_; o f,, = 0.

We define a map hy,: P,-; — P, given on basis elements by (g1,...,8x) — (1,81,...,8n)-
For n =0 we define hy: Z — Py by 1 — 1. We now compute

funs1ohy+hy_10 fr=id.

For x € ker f,, we get f,+1(h,(x)) = x, and so x € im f;;+1. We conclude that the sequence in
(2.2) is exact, and hence it is a projective resolution of Z as a trivial G-module. [ |

By remark|A.33|we now get
H"(G;A) = ExtgG(Z, A) = H"(Hom(P,, A)).

There is a more convenient complex, which is isomorphic to Hom(P,, A), and is often used in
practice. Define
C"(G; A) = {¢: G" — Aafunction}.

This is a group under pointwise addition. We define a homomorphism
0": C"(G; A) — C"*(G; A)

by

n .
an(l)(gly---,gn+1) = gl(p(g2)~--)gn+l) + Z (—I)I(P(gl,---,ging, .. -)g}’l+l) (2 3)
i=1 .

+(-D"o(g,...,8n).
Proposition 2.18. The sequence C*(G; A) is a complex, and it is isomorphic to Hom(P,, A).

Proof. The group Hom(P;, A) can be identified with the abelian group of G-equivariant maps
G""1 — A. We define

Hom(P,,, A) — C"(G, A)
p—((g1,.-,8)—90,81,8182...,81---8n))-



An inverse to this map is given by
C"(G, A) — Hom(P,, A)
Y= (1,81, 8n) — V(81,81 ' 82,85 ' &3+ 8nt18n))-
It is straightforward to check that these maps commute with the coboundary maps. As a result,
C*(G; A) is a complex and isomorphic to Hom(P,, A). [ |
Definition 2.19. We define subgroups Z" (G; A) and B"(G; A) of C"*(G; A) by
Z"(G; A) =kerd",
" imé"™ ! n>1
B"(G; A) =
0 n=0,
called the group of n-cocycles with coefficients in A and the group of n-coboundaries of G with
coefficients in A, respectively.
Corollary 2.20. We have a natural isomorphism
Z"(G; A)

H"(GA) = ———.
B"(G; A)

2.3.1 The first cohomology group

Of special importance in this thesis is the first cohomology group. By Corollary[2.20}, we have a
natural isomorphism

Z1(G; A) {: G— A|Vo,TeG: 9(oT) =¢(0) +09(T)}
BUGA)  {¢p:G— A|dac AVoeG: plo)=oa—a}

As a demonstration, we prove a classical theorem known as Hilbert’s Theorem 90.

Proposition 2.21. Let K/k be a finite Galois extension. Then H Y(Gal(K/k);K*) = 0.

HY(G; A) =~ (2.4)

Proof. Write G = Gal(K/k). Let ¢: G — K* be a 1-cocycle. We will prove that there exists
a € K™ such that for all 7 € G we have ¢(7) = a/7(a), and hence that ¢ is the 1-coboundary
associated to a~!. Let b € K> be such that
a=) ¢)ob)
oeG

is nonzero. Such a b always exists by independence of characters (see [Lan02, Chapter VI,
Theorem 4.1]). For all 7 € G we find

T(a)= ) 1(p(0)T(0b)

oeG

=Y o) pro)ro)(b)

oeG
=p1) ',
and so ¢(1) = al/1(a). |

In section[3|we will develop a more specialized cohomology theory of Galois groups, for
which an analog of Proposition will be true for infinite Galois extensions.



3 Galois cohomology

We assume knowledge of Galois theory, which can be found, for instance, in [Lan02, Chapter
VI]. Much of the material in sections 3.1 through[3.3]is based on [Weil3, Chapter 6] and [NSW,
Chapter I]. The material on nonabelian cohomology in Section[3.4]is based on [Ser97, §1.5].
3.1 Profinite groups

In this section, I will always denote a partially ordered directed set; that is, I is a partially
ordered set such that any two elements have a common upper bound. We write TopGrp for
the category of topological groups. We view I as a category. An inverse system of topological
groups indexed by I is a functor I°PP — TopGrp. The inverse limit of such a system is defined
to be the limit of this functor and will be denoted l<i£lie ! G;, where we write G; for the image of
i € I. This is well defined, because limits exist in the category of topological groups by [Sta22,
Tag 0B20].

Definition 3.1. We call a topological group G profinite if it is isomorphic to an inverse limit
lim. . G;, with G; a finite discrete topological group for alli € I.

Remark 3.2. We can view the inverse limit [iﬂliE ,Gias the closed subgroup of [];c; G; given by
{(xi)ieIEHGilf;(xi) =xjforj=< i},
iel
where we write fji : G; — G; for the map induced by j <.
Example 3.3. 1. Any discrete finite group is profinite.
2. The group of p-adic integers Z,, = liLnn> 21 p"Z is a profinite group by definition.

The most important class of examples (and in fact every example by [Wat74]) are the Galois
groups.

Example 3.4 (Galois groups are profinite). Let K/k be a Galois extension. We have an isomor-
phism of topological groups
Gal(K/k) = lim Gal(F/k),

with the direct limit taken over the finite Galois extensions F/k with F contained in K, by
[Lan02, Chapter VI, Theorem 14.1]. In particular, Gal(K/k) is profinite, because Gal(F/k) is
discrete if F/k is finite Galois.

Proposition 3.5. Let G be a profinite group. Then G is
(i) Hausdorff,
(ii) compatct,

(iii) totally disconnected.

10
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Proof. Let G = [iLniE[ G; be a profinite group, and embed G into the product [];c; G; as in
remark 3.2} Products of discrete finite groups have the above properties, so G is Hausdorff and
totally disconnected, because it is a subspace of a space with these properties. Compactness of
G follows from the fact that G is a closed subspace of the compact Hausdorff space [[;c; G;. B

Corollary 3.6. Finite profinite groups are always discrete.
Proof. Finite Hausdorff spaces are discrete. |
Corollary 3.7. IfU c G is an open subgroup of G, then U has finite index in G.
Proof. The cosets of U cover G, and G is compact. |
Remark 3.8. As it turns out, the converse of Propositionis also true, as shown in [Ser97,
Chapter 1, Proposition 0], giving us a different characterization of profinite groups.
3.2 The category of discrete G-modules
Fix a profinite group G.
Definition 3.9. We call a G-module A discrete if the multiplication map

GxA—A

is continuous when A is equipped with the discrete topology. The category of discrete G-modules
is the full subcategory of the category of G-modules on the discrete G-modules. We denote this
category by dG-Mod.

The following proposition gives a slightly more concrete condition for a G-module to be
discrete.

Proposition 3.10. A G-module A is discrete if and only if we have an equality
A=JAY
taken over all open subgroups U c G.

Proof. Suppose A is a discrete G-module. Let a € A. We have a composition of continous
maps
G=Gx{a}—GxA— A

The inverse image of {a} under this map is the open subgroup Stabg(a) ={c € G:oa=a}. In
particular, a is fixed by Stabg(a).

Conversely, suppose A= AU Let a € A and consider the inverse image X of {a} under
the multiplication map. Consider a pair (o, b) € X. There exists an open subgroup U < A such
that b € AV, by assumption. We now have an open neighbourhood o U x {b} of (¢, b) in X. So
X is open, and hence G x A — A is continuous. [ |

Example 3.11. (i) If Gisfinite, then any G-module A is a discrete G-module.

11



(ii) For any Galois extension K/ k, the unit group K™ is a discrete Gal(K/ k)-module by Propo-
sition[3.10} for & € K* we have a € (K*)GaK/k@) and Gal(K/k(a)) < Gal(K/k) is open,
because its index is finite by Galois theory.

Proposition 3.12. The category dG-Mod is abelian.

Proof. The category dG-Mod contains 0. Finite direct sums, kernels and cokernels all inherit
continuous actions. |

Consider the evident inclusion functor i : dG-Mod — G-Mod.

Lemma 3.13. The functor i admits a right adjoint U(-)Y : G-Mod — dG-Mod sending a G-
module A to UAY, with the union taken over all open subgroups U < G.

Proof. Let Abe a discrete G-module, and B a G-module. Then UBY is a G-module: it is clearly
closed under addition, and for any x € BV and any o € G, the element o x is fixed by the open
subgroup cUo~!. The module UBY is discrete by Proposition The action of u(-)Y on
maps is clear. We have a natural isomorphism

Homg.od (A, B) — Homgg-mod (A, UBY)
sending f: A— Bto f :A—UBY x— f(x), and so we have an adjunction i - u(=)Y. [ |
Proposition 3.14. The category dG-Mod has enough injectives.

Proof. Let A be a discrete G-module. Then there exists a G-module I and an embedding
A — I, because G-Mod has enough injectives. This gives an embedding

A—ulY.

The functor u(—) is a right adjoint to an exact functor by Lemma [3.13} so by the same
argument as in the proof of Propositionwe see that UTY is injective. |

3.3 Cohomology of profinite groups

In this section fix a profinite group G and a discrete G-module A. As in the case of G-modules,
we consider the functor taking invariants under the action of G

(-)%: dG-Mod — Ab.

This is, again, a left exact functor. By Proposition the following definition now makes
sense.

Definition 3.15. For all integers n = 0 we define the functor H, (G;~-):dG-Mod — Ab by
Hlypn(G; =) = R"(-)°,

the n-th right derived functor of (—)C. We call H,pn(G; A) the n-th (continuous) cohomology
group of G with coefficients in A.

12



Usually the subscript “cont” will be dropped. Unless otherwise specified, this definition
then supersedes definition|2.9

Notation 3.16. If K/k is a Galois extension, then the functors H"(Gal(K/k);—) will often be
denoted H"(K/k;—) for the sake of brevity. If K = k* is a separable closure of k, then we will
simply write H" (k, -).

Remark 3.17. Suppose G is finite. Then G is discrete by Corollary[3.6} and so the continuous
cohomology groups are the same as the ordinary cohomology groups.

3.3.1 Continuous cocycles and coboundaries

We can give a description of H" (G; A) similar to the one in Section It is, however, reasonable
to expect that the topology of G should be taken into account for this. This motivates us to
consider the following. We define C!. ,(G; A) to be the abelian group of continous maps
G" — A. As before, the subscript “cont” will usually be dropped. This yields an additive functor

C"(G;-): dG-Mod — Ab.
With the same coboundary maps as in we can extend this to a functor
C*(G;-): dG-Mod — Chgy,
with values in the category of chain complexes of abelian groups. Define
T"(G;-)= H*(C*(G;-)): dG-Mod — Ab.
We will want to turn the collection T*(G;—) = (T"(G;-)) into a §-functor.
Lemma 3.18. The functor C*(G;—) is exact.

Proof. For this it suffices to prove that C"(G; —) is exact. Left exactness of this functor follows
as in the proof of Proposition|A.8] We will show that C"(G; —) preserves surjections to show
right exactness. Let g: B — C be a surjective map of discrete G-modules. Let ¢: G — C be
a continuous map. Let {U;} be an open cover of G" such that ¢ is constant on each U;, and
the Uj; are pairwise disjoint. Such a cover exists by discreteness of C. Define ¢: G — B by
sending x € U; to an element b; € B such that g(b;) = ¢(x). Then v is continuous, because it is
locally constant, and we have gy = ¢. |

If U c U’ are open normal subgroups of G, then there is a map
C*(GIU"; AY) — C*(GIU; AY)
given by sending a function ¢ : (G/U")" — AY'in c(GIU; AU’) to the composition
GI)" — (GIUH" L AV < AY,

where the map (G/U)" — (G/U")" is induced by the quotient map G/U — G/U’. These maps
concatenate into a direct system {C* (G/U; AY)} indexed by the open normal subgroups
UcQG.
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Lemma 3.19. We have a natural isomorphism
C*(G; A) = lim C*(G/U; AY),
UcG

taken over all open normal subgroups U c G.
Proof. We refer to [NSW, Proposition 1.2.6]. |

By Lemma(3.18} given a short exact sequence 0 - A — B — C — 0 in dG-Mod, we get a
short exact sequence
0—C*(G;A) — C*(G;B) - C*(G;C)—0

of complexes. By the “Zigzag Lemma” from homological algebra (see [Lee, Lemma 13.17]) we
find maps
§": TMG;C) = T"(G; A),

making T*(G;-) = (T"(G; -)) a 6-functor.
Theorem 3.20. The 6 -functors T*(G;—) and H* (G; —) are isomorphic.

Proof. Itis sufficient to show that T9(G; -) = H(G; -) and that T*(G; —) is universal. The first
statement can easily be checked. For the second statement we apply Proposition[A.30} Let I

in dG-Mod be an injective object, then I Uisan injective G/U-module, because (-)Yis right

adjoint to resg’ U, which is an exact functor. We have H"(G/U; 1Y) = 0 for all n > 1, because

G/U is finite (Corollary[3.7) and ordinary group cohomology vanishes on injective objects. By
Lemma|3.19]

T(G; ) = H"(C*(G; D)
= H"(lim C*(G/U; 1Y)
=lim H"(G/U; 1Y) =0.

Analogously to Definition we have the following definition.

Definition 3.21. We define abelian groups Z" (G; A) (or Zyoni(G; A)) and
B™(G; A) (or Beon(G; A)) by

Z™M(G; A) =ker(0": C"(G; A) — C"(G; A)),
{im(a"—l : C" (G A) - C(G;A) n>0

n=0,

B(G; A) =

called the group of (continuous) n-cocycles and n-coboundaries, respectively.
Corollary 3.22. We have isomorphisms

Z"(G; A)

H"(GA) = ———.
B"(G; A)

14



Corollary 3.23. For all n> 0 the group H"(G; A) is torsion.

Proof. By Proposition and Corollary[3.7jwe have that H"(G; A) is a direct limit of torsion
groups, and hence is itself torsion. |

We can now give a generalization of Proposition|2.21

Proposition 3.24. Let K/k be a Galois extension. Then
H'(K/k;K*)=0.
Proof. By Lemma[3.19]and Proposition[2.21]we find
H'(K/k; K*) =lim H' (F/ k; (K*) %) = lim H' (F/ k; F*) =0,

where the direct limit is taken over all finite Galois extensions F/k such that F c K. [ |

3.4 Nonabelian cohomology

We again fix a profinite group G. Thus far, discrete G-modules have been abelian groups
equipped with some continuous G-action. In this thesis, we will encounter many non-
commutative groups with continuous G-actions. A more primitive version of our cohomology
is applicable in this situation.

Let Abe a (perhaps noncommutative) group with a continuous G-action Gx A — A. We will
still refer to A as a discrete G-module, and we will sometimes add the prefix noncommutative
if A is not abelian. We denote the action of o € G on x € A by ?x. As in Proposition [3.10}
continuity of this action is equivalent to the equality

A=JAY,

where this union is taken over all open subgroups U < G. We define HO(G; A) to be the
subgroup of A consisting of elements invariant under the action of G.
We call a continuous function c¢: G — A a cocycle, or 1-cocycle, if for all 0,7 € G we have

— g
Cor = Co Ct.

We define Z1(G; A) to be the set of 1-cocycles G — A. We say that cocycles (cs) and (dy) are
cohomologous, and write (cs) ~ (dy), if there exists a € A such that for all o € G we have

dy=a'c,’a.

This defines an equivalence relation on Z!(G; A) and we define the first cohomology set of G
with coefficients in A by
HY(G;A) = Z (G A ~.

Compare this to . The set H!(G; A) no longer has the structure of a group, but still
has the structure of a pointed set with the basepoint being the class of the trivial cocycle
sending everything in G to 1 € A. Note that the constructions of H® and H! are functorial. If
G = Gal(K/k) is a Galois group, then we often simply write H°(K/k;-) and HY(K/k;-). When
K = k% is a separable closure of k, then we write H°(k;—) and H' (k; -).

Analogously to Proposition[3.19} we have the following statement.
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Proposition 3.25. We have
H'(G; A) =lim H'(G/U; AY),

with the direct limit taken over all open normal subgroups U of G.

The existence of long exact sequences of cohomology groups has the following analogy in
the noncommutative case.

Proposition 3.26. Suppose we have an exact sequence
1-A—-B—-C—1
of (perhaps noncommutative) discrete G-modules, then we get an exact sequence
1 — H'(G; A) — HY(G; B) — H*(G; ) > H'(G; A) — H'(G; B) — H'(G; C)

of pointed sets, in the sense that the image of a map is the inverse image of the basepoint. If, in
addition, A lies in the center of B, then this sequence can be extended by a map

HY(G;C) 2 H2(G; A) such that the resulting sequence is exact.

We only give the connecting map. See [Ser79, Appendix: Non-abelian Cohomology, propo-
sitions 1 and 2] for a complete proof.

Sketch of proof. For x € H%(G;C), let y € B be such that y — x. Define ¢, = y~'?y for o € G.
The elements ¢, get mapped to 1 under the map B — C, because x is invariant under the
action of G. As a result, the elements ¢, can be viewed as elements of A, since A is the kernel of
the map B — C. The collection ¢ = (¢,) defines a 1-cocycle G — A whose class is independent
of the choice of y. We set §(x) = [c]. This defines a pointed function §: H°(G;C) — H'(G; A).
Suppose that A lies in the center of B. For a 1-cocycle (dy) € H'(G;C), let b, € B be such
that by — dj for all 0 € G. For all 0,7 € G define ag ; = bs? br bg%. By a similar argument as
above we can view the elements a, ; in A. Then a = (a,,;) defines a 2-cocycle G x G — A
whose class is independent of the choice of lifts b,. We set A([d]) = [al]. This defines a pointed
function A: H'(G; C) — H?(G; A). [

4 Galois descent

Mathematical objects often have an associated base field. For example, if k is a field, then
we can consider vector spaces over k, algebras over k, schemes over k, elliptic curves over k,
etc. If K/k is a field extension, then there is often a natural way to extend objects over k to
objects over K. An example of this is given in the introduction. Given an object X over K, it is
not necessarily true that there exists an object x over k such that x extends to X. If this is the
case, then we say that X descends to x. In this section we will prove that if K/ k is finite Galois,
then certain objects X over K can be descended to objects over k by giving an action of the
Galois group Gal(K/ k) on the object X satisfying certain properties. Roughly speaking, we call
descent through this method Galois descent. The notion of a base extension, introduced in
Section[4.1} makes this precise.
For the rest of this section we fix a finite Galois extension K/k with group G.
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4.1 Base extensions

Let
(“)k: cgk - ch and res: CgK d cgk

be functors, with res faithful. We think of the categories 6} and € as categories of objects
over k and K, respectively. We will, for example, write Homj and = to indicate Hom-sets and
isomorphisms in the category 6%, and similarly for €. The functor (-)x extends objects X
over k to objects Xg over K, and the functor res restricts objects Y over K to objects res Y over
k.

Foro € Gand X,Y € €k we let

Homg (X, Y) c Homy (res X,res Y)

be a subset of Homp (res X, res Y) such that the collection of these subsets satisfies
e for X,Y € €k we have
Hom;q(X, Y) = Homg (X, Y), 4.1)
where we view Homg (X, Y) as a subset of Homy (res X,res Y) via res (which we had

assumed to be faithful);

e foro,7€ Gand X, Y, Z € €k composition induces a map

Hom, (X, Y) x Hom, (Y, Z) — Hom;4 (X, Z). 4.2)

We refer to the set Hom (X, Y) as the set of o -twisted, or o -linear, maps X — Y.

If X is an object over K and S: G — Auty(res X) is a homomorphism, then we say that S
is a semi-linear, or Galois, action if for all 0 € G we have S(0) € Hom (X, X). We will often
abreviate S(o) to o. We write (glf for the category whose objects are objects over K with Galois
action, and whose morphisms are G-equivariant morphisms: K-maps f: X — Y such that for
all o € G the diagram

res f
resX —— resY
o o
res f.
resX —— resY

commutes.
Notice that there is an evident forgetful functor %]f — €x. For the above data to define a
base extension, we require a factorization of (—)x via this forgetful functor.

% (k Cx

A /

K
Cgk

We sumarize in the definition below.
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Definition 4.1. A base extension consists of

* functors (—)g: €y — 6k andres: €x — G, withres faithful;

e setsHomy(X,Y) c Homg(res X,res Y) forallo € G and X,Y € 6k such that the condi-

tions in (4.1) and (4.2) are satisfied;

* a factorization of (—)x via the forgetful functor ‘615 — 6k, where the category %]f is

defined as above.

We say that such a base extension satisfies Galois descent if the induced functor €, — ‘6,5 isan
equivalence of categories.

A base extension will often be denoted just (=) x: 6 — 6k, leaving the other data implicit.

In the future, restricting objects or morphisms will often be done implicitly; the restriction of
an object X over K will simply be denoted X if no confusion can arise.

We have the following examples of base extensions, but this list can certainly be extended

(see [Bru09] and [Jah00]).

Example4.2. (i) If F is a field, then we write Vectr for the category of vector spaces over

(iD)

F. We define the functor (=) g: Vecty — Vectg by V — V ® K. The functor res: Vectxy —
Vecty. is defined to be the evident restriction functor.

For vector spaces W and W' over K, and o € G, we write Hom, (W, W) for the set of
k-linear maps f: W — W’ such that for all a € K and x € W we have

flax)=o(a)f(x).

The sets Hom, (W, W) then satisfy the conditions in (4.1) and (4.2).

Define the category Vectlk( as above. If V is a vector space over k, then we can equip
Vi = V ®; K with a semi-linear G-action by letting o € G act as id ®g. A map of k-vector
spaces f: V — V' then gives a G-equivariant map fx: Vk — V.. We see that the functor
(—)k factors via the forgetful functor Vectllf — Vectg, and hence that we have defined a
base extension.

If F is a field, then we write Alg; for the category of algebras over F. We define the functor
(-)k: Alg; — Algy by A— A®; K. The functor res: Alg, — Alg; is defined to be the
evident restriction functor.

For K-algebras B and B’, and o € G, we write Hom, (B, B') for the set of k-maps
f: B— B’ such that the diagram

B-—1yp
K "% K
commutes. The sets Hom, (B, B') then satisfy the conditions in (4.1) and (4.2).

Define the category Algllf as above. If A is an algebra over k, then we can equip
Ag = A® K with a semi-linear G-action by letting o € G act as id ®. A map of k-algebras

18



(iii)

f: A— A’ then gives a G-equivariant map fx: Ax — A’.. We see that the functor (-)x
factors via the forgetful functor Alglk( — Algg, and hence that we have defined a base
extension.

If F is a field, then we write Schr for the category of schemes over F. We define the
functor (-)k: Schy — Schg by X — X xgpeck SpecK. The functor res: Schx — Schy is
defined by sending a K-scheme X — SpecK to X — Spec K — Speck.

For K-schemes Y and Y, and o € G, we write Hom, (Y, Y’) for the set of k-maps
f:Y — Y’ such that the diagram

Y%y’

(o.—l)* \L

SpecK —— SpecK

commutes. Then the conditions in (4.1) and (4.2) are satisfied; indeed, (4.1) is clear, and
foro,7€G, f: Y — Y’ amap inHom,(Y,Y')and g: Y/ — Y” amap in Hom,(Y’,Y") we
have a commutative diagram

Y ! > Y’ > Y"

l : l (DN l

SpecK u} Spec K — SpecK,

(zo)™)*

which shows that the condition in holds.

Define the category SchI,f as above. If X is a k-scheme, then we let o € G act on Xk by the
map induced by (c~!)* via the universal property of the fiber product, id x Spec Ko™h*.
This equips Xx with a Galois G-action, and if f: X — X’ is a map of k-schemes, then
fr: Xk — X }( is G-equivariant. We see that the functor (-)g: Schy — Schy factors via

the forgetful functor Schf — Schg, and hence that we have defined a base extension.

g

Suppose we have a base extension (—)g: € — 6x. Let X and Y be objects over K with

Galois G-action and let g: X — Y be a K-map. By (4.1) and (4.2), the compostition cgo ™! is a
again a K-map for o € G. In this way we define an action of G on Homg (X, Y) given by

“f=ofol, (4.3)

forall o € G and f € Homg (X, Y). Note that the G-equivariant maps X — Y are precisely the
maps invariant under this action. This action is compatible with composition in the sense
that if X, Y and Z are K-objects with Galois G-action,and g: X — Y and h: Y — Z are maps
of K-objects, then we have

U(hog) =0hg0_1 =0h0_10g0_1 :Uhoag.
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In particular, this turns Autg(X) into a (perhaps noncommutative) G-module. This fact is
exploited in the next section.

In the rest of this section we will show that (i) and (ii) of Example[4.2]satisfy Galois descent.
We will also show that the example in part (iii) satisfies Galois descent if we restrict to the full
subcategory of quasi-projective schemes.

4.2 Descent of vector spaces

We consider the base extension (—) g : Vect; — Vectg described in (i) of Example Since the
isomorphism class of a vector space is entirely determined by its dimension, and the tensor
product preserves dimension, all vector spaces descend. It will, however, turn out to be very
useful to still describe a category VectIk( and an equivalence of categories Vect; = Vectllf .

Given an object W in Vectf , the set of fixed points under the action of G, denoted WG has
the structure of a k-vector space. Amap f: W — W'in Vect’,f restricts toamap f¢: W6 — w'¢
of k-vector spaces. This yields a functor

(—)G: Vectl,f — Vecty.
By the following theorem, the base extension (—)g : Vecty — Vectg satisfies Galois descent.

Theorem 4.3. There is an equivalence of categories

Vecty = Vectlk(
V—VerK
W —w.

Our proof of this theorem uses the following lemma.
Lemma 4.4. Given a vector space W over K with a semilinear G-action, the map
. WG
p: Wl K—W
xX®a— ax
is an isomorpism of K -vector spaces compatible with G-actions.

Proof. We follow the proof from [Bru09, Lemma 6.4]. Let (ay,...,a,) be a k-basis for K. Write
G=1{o01,...,0,}. For w e W we consider

n n
vj=Y oilajw) =Y oila;o(w)e WS,
i=1 i=1

for j =1,..., n. By independence of characters, the matrix (;(a;));,; is invertible. In particular,
we can express w = id(w) as a K-linear combination of the v;, hence w is in the image of ¢
and ¢ is surjective.

We will show that ¢ is injective. Let (e;); be a k-basis for WG, then (e; ® 1); is a K-basis for
WY K.
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Suppose that v =); a;(e; ® 1) € ker g, with a; € K, is a nonzero element with minimal num-
ber of nonzero coefficients. By rescaling and reordering we can assume that a; = 1. If all
coefficients a; are in k, then

v:(Zaiei)Qal:(p(v)@l:O,

which contradicts v # 0, so we can assume that a, ¢ k. By the fact that K/k is Galois, there
exists o € G such that o(ay) # ay. It follows that o(v) — v # 0. We compute

o) -v)=plc) -9 =0(p)) =0,

and so o (v) — v € ker¢. However, o(v) — v has fewer nonzero coefficients than v, because
a; = 1. This is a contradiction. We conlude that ker ¢ = 0, and hence that ¢ is injective. |

proof of Theorem[4.3 An isomorphism (-)g o (—)¢ =id is described by Lemma Clearly,
(=% (-)k =id. ]
4.3 Descent of algebras

We consider the base extension (—) : Alg; — Alg; described in (ii) of Example[4.2]

Example 4.5. Let n > 0 be an integer. Consider the k-algebra M, (k) of n x n-matrices over k.
Its base extension is given by
Ag = A®r K = M, (K).

The Galois group G simply acts on the coefficients of a matrix.

If B is a K-algebra equipped with a semi-linear G-action, then the elements of B invariant
under this action form a k-algebra, which we denote BS. If f: B — B’ is a map compatible
with G-actions, then it restricts to a map of k-algebras f°: B¢ — B'C. We see that we have a
functor

G. A15K
(=)": Algk — Alg;.

By the following theorem, the base extension (=) : Alg; — Algy satisfies Galois descent.

Theorem 4.6. There is an equivalence of categories

AlgszlgI,f
A— A®LK
BY —B.

Proof. Lemma [4.4] also works for algebras. The proof of this theorem is then completely
analogous to that of Theorem[4.3] [ |
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4.4 Descent of quasi-projective schemes

We consider the base extension (—)k : Schy — Schk described in (iii) of Example[4.2]
Example4.7. (i) Suppose k =Q and K = Q({) with { a seventeenth root of unity. Let X be
the affine Q-scheme X = SpecQ|x, y]/(x? + y* — 1). The extension of X to Q({) is given by
Xo@) = X *specq SpecQ() = Spec(Qlx, yl/ (x* + y* — 1) 8¢ Q)
=SpecQ)[x, yl/ (x* + y* - 1).
The action of the map o € Gal(Q({)/Q) given by { — ( 5 on Xg(p is induced by the Q-
algebra map
QO x, ¥/ (* +y* =1) = Q) [x, Y1/ (6 + y* = 1)
x—xy— (=
On coefficients this map is the inverse of .
(i) Let n =0 be an integer, and consider projective n-space P} = Projk[xo, ..., xn] over k. We
find the unsurprising expression
PHx =Py
An element o € G acts on P} as the map induced by the map of graded rings
K[xOr---»xn] - K[x())---vxn]

sending a € K to 0~!(a) and x; to x;. Recall that K-points Spec K — P% correspond to
tuples [ap: a; :...: a,], with a; € K not all zero, modulo multiplication by elements of K*
(see [Har10, SII.7]). Equation (4.3) gives us an action on K-points by

Ylag:ar:...;ax)l=loayg:0a;:...:0ay),
witho € Gand [ag:...: a,) € Px(K).

If F is a field, then we write QPSchy. for the category of quasi-projective schemes over F.
By Example[4.7(ii), and the fact that both open and closed immersions are stable under base
change, we can define a base extension (=) x: QPSch; — QPSchy. All other data in this base
extension is defined analogously to Example[4.2] We will show that this base extension satisfies
Galois descent.

Definition 4.8. Given an objectY € QPSchI,f and a map of k-schemes f: Y — X, wecall f a
G-invariant map if for all o € G we have

foo=f.

Proposition 4.9. Given an object Y € QPSchIk( , there exists a quasi-projective k-scheme Y |G
and a G-invariant map of k-schemes q: Y — Y /G such that for any G-invariant map of k-
schemes Y — X there exists a unique map of k-schemes Y | G — X making the following diagram
commute.

X




Sketch of proof. We only roughly sketch the construction of quotients. We refer to [Bru09,
Theorem 12.1] for a complete proof.

If Y = Spec B is taken to be affine with B a K-algebra, then B is equipped with a semi-linear
G-action from Y, and the quotient is given by the map Spec B — Spec B¢ induced by the
inclusion B¢ — B. In the general case we cover Y by open affines U; stable under the action
of G and construct the quotient of Y by glueing the quotients U;/G and U;/G together along
(UinUj)IG=U;/GnU;/G. The reason we can always cover Y by G-stable open affines is by
the assumption that Y is quasi-projective (see [Jah00, Lemma 2.10]). [ |

Notice that quotients are unique up to canonical isomorphism.

Definition 4.10. In the above proposition, we refer to q: Y — Y /G as the quotient of Y by the
action of G.

Given objects ¥, Y’ € QPSchy and amap f: Y — Y’ in QPSchy, let ¢': Y’ — Y'/G be the
quotient of Y’ by G. The composition ¢’ o f is a G-invariant map:

q'ofog:q’oo’of:q’of,

and hence we get a natural map f/G: Y/G — Y'/G of k-schemes. In this way we obtain a
functor
(-)/G: QPSch¥ — QPSchy.

The following theorem shows that the base extension (—)x: QPSch; — QPSchy satisfies
Galois descent.

Theorem 4.11. There is an equivalence of categories

QPSch;, = QPSchf
X — X Xgpeck SpecK
YIGY.

Proof. Let X be a quasi-projective scheme over k. If X is affine, the natural map Xx — X
is a quotient by Theorem The general case then follows by glueing; hence, we have
(=)/Go (=)g =id.

Given Y € QPSchIk( . If Y is affine, we get that (Y/G)x = Y by Theorem In the general
case we proceed as in the proof of Proposition[4.9)and cover Y by G-stable open affines {U;}.
Then (Y /G)g can be constructed by glueing (U;/G)x = U;, which gives (Y/G) g = Y; hence, we
have (=)go (-)/G =id. [ |

5 Twists

We use the same notation and terminology as in Section[4]

Suppose K/ k is a field extension and (—) g : €% — 6k is a functor. For an object X over k, it
is interesting to consider the so called K/k-twists of X: objects over k to which Xg descends.
Explicitly, we define

T/ (X) ={Y € € : Yk =x X}/ =. (5.1)
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We endow Tk, (X) with a basepoint given by the class of the trivial twist, X. When K = k* is a
separable closure of k, we simply refer to k*/k-twists as twists. In this case we also write T(X)
instead of Tps;r(X).

For the rest of this section we fix a finite Galois extension K/k with group G, a base
extension (=) g : € — 6k satisfying Galois descent, and an object X over k. The functor (—) g
can be viewed as a functor € — ‘6,5 by the definition of a base extension, where the category
Cglf is defined as in Section We let F: ‘6,5 — % be a functor such that F(—)g = id and
(=) F = id, which exists by Galois descent. Equation provides us with an action of G on
Autg (Xg), turning it into a (perhaps noncommutative) G-module. Theorem[5.5|describes a
bijection between Tk, (X) and the first cohomology set H 1(G; Autg (Xk)).

Let Y be a K/ k-twist of X, and let ¢: Xx — Yx be a K-isomorphism. For every o € G we
define ¢, € Autg (Xg) by

o=@ to%. (5.2)
This defines a function c: G — Autg(Xx), o — ¢4, which essentially measures to which extent
@ is not a G-equivariant map. In particular, if ¢ is G-equivariant, then ¢ sends all o € G to the
identity map 1: Xg — Xg.

The function c is a cocycle: for 0,7 € G we have

1 ot

Cor=¢ ©° ¢
:(p_loa(po(g(p)_lo‘n(p
=07 (9 ")

_ (o
=cy07¢;.

Example 5.1. Suppose the Galois extension K/k is Q(v/3)/Q, and let X be the conic over Q
given by the equation x? + y? = 3z%. The conic X is a Q(v/3)/Q-twist of the projective line over
@Q: the base extension of X to Q(\/ﬁ) is the conic over @(\/5) given by the same equation, and
we have an isomorphism

.pl =
?:Pows ~ Xewd
s2— 12 2+ 12
.St

2 2V/3

We compute the cocycle associated to ¢. Let o € Gal(Q(v/3)/Q) be such that o # 1. We find

[s:t]'—>[

-1 —s2— ¢

:St:
2 23

[s:t]-a—(p»

0 -
We conclude that ¢, = ¢~ 0% is the projective transformation given by the matrix (1 0 )

The choice of K-isomorphism ¢: Xg — Yg is not canonical, but the resulting cocycle class
is, as shown by the following proposition.
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Proposition 5.2. Let Y be an object over k such that [Y] € Tk (X), and let Z € 6} be such that
Y=, Z Let@: Xx — Yx andy: Xx — Zk be K-isomorphisms. Consider the cocycles associated
to @ andy given by cy = @~ 0% and d, = v~ oy, respectively. Then the cocycles c and d are
cohomologous.

Proof. Let f: Z — Y be a k-isomorphism. The map fx is a morphism in ¢X, and so it is
invariant under the action of G. Define the K-automorphism a = ¢! o fx 0. We compute

dy =y "oy
= a_lo(p_lofKoa(fIglo(poa)
— a_IO(p_IOU(pOUa

1

=a ocy0%aq,

and so ¢ and d are cohomologous. |

The above proposition allows us to speak of the cocycle class associated to the k-isomorphism
class of a K/ k-twist. We now get a well-defined function

0: Tx/x(X) — H'(G;Autg (Xk)) (5.3)

sending the class of a K/ k-twist to its associated coycle class. The class of the trivial twist gets
sent to the class of the trivial cocycle, so this is a map of pointed sets. We intend to construct
an inverse to this map, so that ! will give us a parameterization of the K/ k-twists of X.

Let ¢: Xx — Yg be as before. The map ¢ is not G-equivariant if ¢ is not the trivial cocy-
cle, but it will be if we let 0 € G act on Xg by the k-automorphism c,0 instead: we have a
commutative diagram

Xk 2 Yx
\cha \La
Xx —23 Yx.

Using the fact that c is a cocycle, we show that this actually defines an action on Xk. Indeed,
for 0,7 € G we have

Ccyr0(0T)=cy0%¢Cc000T
=cgoaocroo_loaor

= (cg0) o (¢rT).
This action is also Galois by and (4.2), because ¢, € Homg (X, Xx) = Homiq (Xg, Xg).

Definition 5.3. Let c = (cs) be a cocycle G — Autyg (X). We define the action of G twisted by ¢
on X by letting o € G act on Xk as the k-automorphism cs o 0. We write ; X for Xk equipped
with this action.

Proposition 5.4. Letc = (c5) and d = (dy) be cocycles G — Autg (Xk). If c and d are cohomolo-
gous, then . Xg and 4 Xg are isomorphic in %,f .
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Proof. Let a € Autg(Xk) be such that ¢, = a~'d,%a for all 0 € G. We have a commutative
diagram
Xk —— Xk

\LCJ g \Ldg o

X -2 Xk.
It follows that a defines an isomorphism . Xx = 4 Xx in %,f ) [ ]

Given a cocycle ¢: G — Autg (Xk), the object F(. Xk) over k is a K/ k-twist of X, because of
the equivalence F: ‘615 = 6 : (—)x and the fact that . Xg and X are the same when viewed
as K-objects. By the above proposition we now have a well-defined function

n: H(G;Autg (Xk)) — Ti/x(X)

(5.4)
[c] = [F(cXK)].

The trivial cocycle class gets mapped to the class of the trivial twist, so this is a map of pointed
sets. The following result states that the maps 6 and 7, defined in (5.3) and (5.4), are inverse to
each other.

Theorem 5.5 (Main result on twists). There is an isomorphism of pointed sets

Tx/x(X) = H'(G;Autg (Xk))

0: [Y]— [0 ' o%¢p)yeq]
[F(:Xx)] < [cl:m,

where ¢: Xg — Yi is some K-isomorphism.

Proof. Let [Y] be the class of a K/ k-twist Y of X, let ¢: Xx — Yx be a K-isomorphism, and let
¢ = (cy) = (¢~ 0%¢) be its associated cocycle. The map ¢ defines an isomorphism . Xg — Yx
in Cglf (see the paragraph above Deﬁnition. Applying F we get a k-isomorphism
F(.Xx) — F(Yg) =Y. We find o0 =id.

Let [c] = [(¢cy)] € H'(G;Autg (Xk)) be the cohomology class of a cocycle c¢. There exists an
isomorphism ¢: . Xx — F(.Xg)x of objects in <€,§ . We now have a commutative diagram

Xg —— % (F(.Xx)k

| ls

Xk —2 5 (F(.Xx))k.

It follows that ¢! 0%¢ = ¢,.. Thus, the cocycle class associated to F(.Xk) is equal to [c], and
hence we find § o = id. |

Example 5.6. Suppose K/k is the Galois extension C/R. Let A be the R-algebra Rx R =
R[x]/(x* —1). The extension of A to C is given by

Ac=A®rC=Clx]/(x*-1)=C xC.
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The group Autc (Ac) is of order 2. As a result, Gal(C/R) must act trivially on Autc (Ac), and so
we find
H' (R; Autc (Ac)) = Hom(Gal(C/R), Aute Ac).

This set consists of only two elements, and so by Theorem [5.5| the algebra A has only one
non-trivial twist up to R-isomorphism. It is given by A’ = C; indeed, we have

A&:ZC®RC=CXC=A@

and A’ is not isomorphic to A, because A is not a field.
In terms of affine schemes: the scheme X = SpecRu SpecR only has one non-trivial twist
given by the R-scheme SpecC = Spec[R?[x]/(x2 +1).

Corollary 5.7. Let L/¢ be a Galois extension, and n = 0 an integer. We have an action of
Gal(L/¥¢) on GL, (L) by acting on the coefficients of a matrix. This turns GL, (L) into a discrete
Gal(L/?¢)-module, and we have

HY(L/¢;GL,, (L)) = 0.

Proof. Notice that GL,(L) is the automorphism group of the L-vector space L". If L/¢ is finite,
the result follows from Theorem[5.5} and the fact that twists of a vector space are always trivial.
Continuity of the action in the general case is clear, and we find

HY(L/¢;GL, (L) = li_r)nHl(F/é;GLn(L)Gal(L/F))
=lim H' (F/¢;GL,(F)) =0,

by Proposition|3.25} with the direct limit taken over the finite Galois extensions F/¢ such that
FclL. ]

Notice that we retrieve Proposition from Corollary[5.7]by taking n equal to 1. For this
reason, the above corollary is often referred to as the generalized Hilbert’s Theorem 90.

6 Severi-Brauer varieties

This section will look at a geometric application of the theory of twists, so called Severi-
Brauer varieties. The theory of twists will yield a parametrization of all Severi-Brauer varieties.
Throughout this section we fix a field k with a separable closure k°. Many of the results in this
section can also be found in [Jah00, §4], but in our case they follow more readily from Section

If L/ ¢ is a field extension, and X is scheme over ¢, then we write X;, for the fiber product
X xgpece SpecL.

Definition 6.1. Let X be a k-scheme. We call X a Severi-Brauer variety (over k) of dimensionr,
if there is an isomorphism Xys =P/ ,.
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In other words, the Severi-Brauer varieties over k of dimension r are precisely the twists
of ;.. In agreement with our notation for twists, the set of k-isomorphism classes of Severi-
Brauer varieties of dimension r is denoted T(P}), and a Severi-Brauer variety is called rivial if
itis isomorphic to ;..

To be able to parameterize Severi-Brauer varieties as twists using the results from Section
we need to be able to apply Galois descent as in Section[4.4} and so we need to know that
Severi-Brauer varieties are at least quasi-projective. This turns out to be true, as shown by the
following proposition.

Proposition 6.2. Let X be a Severi-Brauer variety, then X is projective.

Proof. We refer to [Jah00, Lemma 2.12]. [ |

Remark 6.3. Severi-Brauer varieties have many more nice properties. For example, they are
integral and of finite type. See [Jah00, Lemma 2.12]. This justifies the use of the word “variety”
in Definition[6.1} but we will not need any of these properties.

It turns out to be sufficient to consider finite Galois extensions when working with Severi-
Brauer varieties, as shown by the following proposition.

Proposition 6.4. Let X be a Severi-Brauer variety of dimension r. Then there exists some finite
Galois extension ¢/ k such that we have an isomorphism Xy =, [FDZ.

Proof. Let ¢: Pys — Xjs be a k®-isomorphism. Then ¢ is of finite type. As a result, only a finite
number of coefficients in k* are needed to describe ¢. Considering the field extension over
k generated by these coefficients, and embedding it in a finite Galois extension, we obtain a
finite Galois extension ¢ of k over which X, and P}, are isomorphic. |

In the above proposition, we refer to ¢ as a splitting field of X and say that X is split by ¢.
To adhere to our notation for twists, we write Ty /k(ﬂ%) for the set of Severi-Brauer varieties of
dimension r split by ¢. As a result of the above proposition, we obtain the expression

T(P}) = lim Ty (P), 6.1)

with the direct limit running over the finite Galois extensions ¢/k with ¢ c k°. The transition
maps are given by the natural inclusion maps; if X is split by ¢ and ¢ < ¢', then X is also split
by ¢’

Xo =X =Py =Py,
where the last equality is by Example [4.7](i).

Example 6.5. The conic X over Q given by the equation x? + y*> = 3z? is an example of a
Severi-Brauer variety over () of dimension 1, as shown in Example To see that this is a
non-trivial Severi-Brauer variety, note that the curve x? + y? = 3z2 admits no Q-rational points.
To prove this, we can show that the equation admits no solutions in integers by considering it
modulo 4.

At the end of this section we will see that the existence of a rational point is actually enough
to prove triviality of a Severi-Brauer variety. For smooth conics this is a well known basic fact
from geometry.
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We recall (see, for instance, [Har10, Chapter 2, Example 7.1.1]) that the /-automorphism
group of P7, with ¢ a field, is the group PGL,; (¢) defined by the exact sequence of groups

1— 0" —GL11(6) = PGL41(0) — 1, (6.2)

where the map ¢* — GL, 1 (¢) is given by sending a scalar to that scalar times the
(r +1) x (r + 1)-identity matrix. Explicitly, a matrix A = (a;;) € PGL,+1(¢) acts on an ¢-point
[ag:...: an] € P, (£) by viewing it as a column vector and multiplying it on the left by A.

If £/ k is finite Galois, then the action of Gal(¢/ k) on PGL,; (¢) given by acting on coordi-
nates corresponds to the action defined in (4.3). In particular, this turns the sequence in (6.2)
into an exact sequence of Gal(¢/k)-modules.

Corollary 6.6. Let ¢/k be a finite Galois extension, and Let r = 0 be an integer. We have an
isomorphism of pointed sets

Tok(P)) = H' (€/k,PGLy41(£))
X— [((p_l OU(P)a]y

where @: P, — Xy is an isomorphism. This isomorphism is natural in ¢.

Proof. This isomorphism is the one obtained from Theorem[5.5] Naturality is straightforward.
|

We similarly equip PGL, . (k®) with a Gal(k*®/k)-action by acting on the coordinates of a
matrix. This action is then continuous. Taking Gal(k*/¢)-invariants of the sequence

1— (k%) — GLp41 (k%) = PGL 41 (k%) — 1,
we get the exact sequence of Gal(¢/ k)-modules
1— " — GLy41(€) = PGLy 4 (k)50 — 1)

by Proposition 3.26[, because of the equality H' (k, (k%)) = 0 from Corollary It follows that
PGL, . (k%)Gall 10 = PGL, 1 (¢) as Gal(¢/k)-modules. By Proposition we now find

H' (k,PGLy+1 (k%) = lim H' (¢/k, PGLr+1 (), 6.3)
with the direct limit runing over the finite Galois extensions ¢/k with ¢ c k°.
Theorem 6.7. Letr = 0 be an integer. We have an isomorphism of pointed sets

T(P}) = H'(k;PGL, 41 (k%))
X—1p~ o],

where @: P}, — Xy is an isomorphism.
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Proof. By Corollary[6.6|we have natural isomorphisms
Ok Tor(Ph) — H' (€15 PGLy 11 (0)),

for all finite Galois extensions k < ¢ < k°. These isomorphisms concatenate into an isomor-
phism
(Torx(PR)) = (H' (€/k;PGLr 41 (£)))

of direct systems, and hence
T(P}) =lim Ty (P}) = lim H' (¢/k;PGLy41(9) = H' (k;PGL+1(K*),

where the first equality is by and the last equality is by (6.3). That this isomorphism is
given by the map in the theorem is now not hard to see.
|

The following theorem shows that determining whether a Severi-Brauer variety is trivial, is
equivalent to determining whether it has a rational point over k. This is important information
about the arithmetic of k.

Theorem 6.8. Let X be a Severi-Brauer variety, then X is trivial if and only if X has a k-rational
point.

Proof. This proof is inspired by [Jah00, Proposition 4.8]. If X is trivial, then clearly X has a
rational point. Now suppose X has a k-rational point Q € X (k). Let ¢: P/, — Xjs be an iso-
morphism. The k-point Q induces a k*-point Qys, and by composing with an automorphism
of P}, we can assume that ¢ (P) = Qys, where P is the point [1:0:...:0] € P} (k*). We consider
the cocycle ¢ = (c, = ¢! 0 ?¢) associated to ¢. To show triviality of X, it suffices to prove that
[c] =0in H'(k;PGL;+1(k*)) by Theorem|6.7}

The points Qs and P are invariant under the action of Gal(k*/ k), as both are induced by
k-points, and so we find

co(P) = 7 ¢(P)
=9 P
=9 ' (p(P))
= "7 (Qks)
=9 ' (Qr:) =P

As a result ¢, lies in the stabilizer of P under PGL, .1 (k). This stabilizer is equal to

Sp=31. . . .|ePGLuix"
0 = *
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The subgroup Sp is, in fact, a Gal(k*/k)-submodule of PGL,;; (k*), and so we can view the
cocycle class of ¢ in H'(k, Sp). Considering its image under the map induced by the inclusion
Sp — PGL,,1(k%), we obtain the cocycle class of ¢ in H'(k,PGL;,1(k®)). We now have a
commutative diagram of Gal(k*/k)-modules

GLr+1(kS)

1

Sp —— PGL,,1(k%),

where the dashed arrow is given by scaling the top left coefficient to 1. Considering the induced
maps on H', we obtain the diagram

H'(k; GLy41 (k%))

/’ \

H!(k;Sp) > H!(k;PGLy 41 (K%)).

By Corollary we find that H! (k; GL,, (k*)) = 0, and so the map
H'(k; Sp) — H'(k;PGL, 1 (k®)) is zero. We conclude that [c] = 0 in H' (k;PGL,1(k®)), and
hence that there exists an isomorphism X =~ P} by the pointed isomorphism in Theorem

6.7 [

7 Central simple algebras

This section considers an algebraic application of the theory of twists. Using Theorem|5.5|
we will give a parametrization of so called central simple algebras. We will also show the
existence of a one-to-one correspondence between central simple algebras and the Severi-
Brauer varieties from Section[6] This correspondence will be made explicit for one-dimensional
Severi-Brauer varieties. Many of the results in the first part of this section can also be found in
Jah00, §3] and [GS17, Chapter 2]. Throughout this section we fix a field k with a separable
closure k°.

If Ais an ¢-algebra, and L/ is a field extension, then we write Ay for the L-algebra A®, L.

Definition 7.1. Let A be a finite-dimensional algebra over k. We call A central if the center of A
equals k. We call A simple if A has no non-trivial two-sided ideals.

Example 7.2. Let r = 1 be an integer. The algebra of r x r-matrices over k, denoted M, (k), is a
central simple algebra of dimension r2 over k. See [GS17, Example 2.1.2].

The example above turns out to be crucial, as shown by the following theorem: the central
simple algebras are precisely the twists of M, (k) with r ranging over the positive integers.

Proposition 7.3. Let A be a k-algebra. Then A is a central simple algebra if and only if there
exists an isomorphism Ays = M, (k®) for somer = 1.
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Proof. We refer to [GS17, Proposition 2.2.5]. [ |

In particular, every central simple algebra has dimension equal to a square by the above
proposition.

Proposition[7.3|can be rephrased in the language of twists by saying that the central simple
algebras are precisely the twists of M, (k) with r ranging over the positive integers. In line with
this interpretation, we denote the set of k-isomorphism classes of r?-dimensional central
simple algebras by T (M, (k)), and call a central simple algebra trivial if it is isomorphic to
M, (k).

Analogously to Proposition[6.4)we have the following statement.

Proposition 7.4. Let A be a central simple algebra over k of dimension r?, then there exists a
finite Galois extension ¢/ k such that Ay = M, (¢).

In the above proposition we refer to ¢ as a splitting field of A and say that A is split by ¢.
As with twists, we write Ty, (M, (k)) for the set of k-isomorphism classes of central simple
algebras of dimension r? split by . Analogously to we obtain the following expression

T (M, (k) =lim Ty, (M, (k)),

with the direct limit running over the finite Galois extensions ¢/k with ¢ c k*. To parame-
terize central simple algebras of dimension r2 over k as twists, we need to understand the
automorphism group of M, (k). To this end we state the following proposition.

Proposition 7.5 (Skélem-Noether). Let r = 1 be an integer, and let F be a field. We have an
isomorphism

PGL, (F) = Autp(M, (F))
B— (A— BAB™Y).
Proof. We refer to [GS17, Corollary 2.4.2]. [ |

If ¢/ k is a finite Galois extension, then the induced action of Gal(¢/ k) on PGL, (¢) from
is given by acting on the coefficients of a matrix. Analogously to Corollary[6.6/and Theorem|6.7]
we obtain the following results.

Corollary 7.6. Letr =1 be an interger, and let £ | k be a finite Galois extension. Then we have
an isomorphism

Ty (M, (k)) = H' (€/k,PGL,(£))
[Al= (9™ 7)),
with ¢: M, (¢) — Ay an isomorphism. This isomorphism is natural in ¢.
Theorem 7.7. Letr =1 be an integer. Then we have an isomorphism
T(M,(k)) = H'(k*/k;PGL, (k%))
[Al= (9~ o)),

with ¢: M, (k%) — Ays an isomorphism.
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Let r = 1 be an integer. By composing the isomorphisms in theorems|[6.7/and [7.7]we obtain
an isomorphism of pointed sets
T(M; (k) = TP} 1), (7.1)

Corollary 7.8. Let A be a central simple algebra. Then A is trivial if and only if the Severi-Brauer
variety associated to A (up to k-isomorphism) has a rational point.

Proof. This follows from Theorem|6.8] [ ]

7.1 Quaternion algebras and associated conics

This section is inspired by [Ser97, §3.1.4, Exercise 3]. We assume Char(k) # 2 unless otherwise
specified. We consider central simple algebras of dimension 22 = 4 over k. Given units
a,be k*,let H(a, b) be the k-algebra generated by i and j satisfying the relations

i’=a,j>=bij=-ji.

We call H(a, b) the quaternion algebra corresponding to the pair (a, b). The algebra H(a, b) is a
central simple algebra of dimension 4 split by k(y/a). An isomorphism is given by

H(a, b) ® k(va) — My (k(v/a))

8 (e 3

By the following proposition, the quaternion algebras exhaust all central simple algebras of
dimension 4.

Proposition 7.9. Let A be a central simple algebra of dimension 4, then there exist a,b € k™
such that A=, H(a,b).

Proof. We refer to [GS17, Proposition 1.1.7 and Proposition 1.2.1]. [ |

By (7.1), we obtain a correspondence between the quaternion algebras and Severi-Brauer
varieties of dimension 1. In particular, by the following theorem and the above proposition,
this correspondence shows that the Severi-Brauer varieties of dimension 1 are precisely the
smooth conics over k.

Theorem 7.10. The isomorphism of pointed sets

TP} = T(Ma(k)

of sends the k-isomorphism class of a conic in P{ given by the equation ax* + by* = z*

with a,b € k™, to the k-isomorphism class ofH(a, b).

We refer to the conic given by the equation ax? + by? = z? as the conic associated to the
pair (a, b).
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Proof. Leta,be k*. Let X be the conic in [FD?C given by the equation ax? + by? = z2. A splitting
field for this conic is given by k(v/a). Indeed, over k(y/a) we have that X va is isomorphic
to the conic x? + by? = z?, which has a rational point, [1:0: 1], and hence it is isomorphic to

An isomorphism ¢: P! — Xj(/a) 18 given by

|]:|>1
k(Va) k(va)

bs® -2 ; t2+bsz]

1St
2va 2

Let 0 € Gal(k(v/a)/ k) with o # 1. We compute the cocycle ¢ associated to ¢:

[s:t] —

0 1
Co=p o= ( ) 0) € PGLa (k(v/a).

We consider the action twisted by ¢ of Gal(k(y/a)/ k) on M, (k(y/a)) by letting ¢ act as c,0.
Explicitly, o acts on matrices as

a B 0 I\(ola) a(P))(0 1

Y o b 0f\a(y) a@®))\b 0
The k-isomorphism class in T'(M;(k)) associated to the cocycle class of c is the class of the
algebra CMg(k(\/ﬁ))Gal(k(‘/a)/ k) This algebra consists of matrices of the form

a1+a2\/ﬁ a3+(x4\/ﬁ
asb—asbva a;-axyal’

with a; € k. As a result, it is generated as a k-vector space by

I TGS TR A

-1

0 1 0 -va b 0 -bva 0
The relations I2 = a, J2 = b, I] = — JI are now easily computed and it is clear that no further
relations can exist. We obtain an isomorphism M, (k(y/a)) kWD)~ H(q, b). []

Corollary 7.11. The quaternion algebraH(a, b) with a,b € k™ is isomorphic to M, (k) if and
only if the associated conic ax® + by? = z* has a rational point.

Proof. By Theorem this is a special case of Corollary[7.8] |

Remark 7.12. Suppose that the characteristic of k is 2. Let a, b € k™ and let H(a, b) be the
algebra generated over k by i and j, with the relations i® +i = a, j> = b, ji = i j + j. We refer
to H(a, b) as the quaternion algebra corresponding to the pair (a,b). The correspondence
T([P’}C) ~ T'(M>(k)) is given by sending the class of the conic X given by the equation x* + xy +
ay2 + bz? = 0 to the the class of the algebra H(a, b). See [Ser97, §3.1.4, Exercise 3]. We refer to
X as the conic associated to the pair (a, b).

As in Corollary the algebra H(a, b) is isomorphic to M, (k) if and only if the conic
associated to the pair (a, b) has a rational point.

Remark 7.13. The statement that two quaternion algebras are isomorphic if and only if their
associated conics are isomorphic is a theorem of Witt. A direct proof, without the theory of
twists, can be found in (GS17, Theorem 1.4.2].
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8 The Brauer group

In this section we parameterize all central simple algebras over a field (or Severi-Brauer
varieties over a field), regardless of dimension, under an appropriate notion of equivalence,
using Galois cohomology. Much of the material in this section is based on [GS17, §4.4].
Throughout this section we fix a field k with a separable closure k*, and a finite Galois extension
¢/k. The letters m and n will always denote positive integers.
By the isomorphism M,, (k) ®x My, (k) = My, (k), we get a map
To1x(Mn(K) = Ty (Mpm (k) (8.1)
[A] = [A®k My (k)] = [Mm(A)].

This gives a direct system (T, (M, (k))) =1 and we define the set Br(¢/k) by
Br(¢/k) =lim Ty (M (k).

n=1

We intend to provide Br(¢/ k) with a group structure. Let A and B be central simple algebras
of dimension n? and m?, respectively. If A and B are split by ¢, then the tensor product A®; B
is again a central simple algebra split by ¢:

(A®kB) @l =(A®;0)®) (B® L) = My(l) ®p Mp(£) = My (£).
As aresult, we can define a map
Ty i(Mu(€0)) x Toy (M, (€)) — Tpii(Mpm(€)) (8.2)
([A]l, [B]) — [A® B].

It is straightforward to show that this is compatible with the maps in (8.I). This yields an
operation on Br(¢/k).

Theorem 8.1. The set Br(¢/k) is an abelian group under the operation described in with
unit [k].

Proof. Associativity, commutativity and the fact that [k] is unital for this operation is clear
from basic properties of the tensor product. We need only show that Br(¢/k) has inverses.
Let A be a central simple algebra of dimension n? split by ¢/k. Let ¢: M, (¢) — A®; ¢ be an
Z-isomorphism. Consider the opposite algebra A°PP. This algebra is A as a vector space over
k, but with multiplication defined by x - gopp ¥ = yx. We have an isomorphism

@°PP: M, (0)°PP — (A® )PP = APP g, ¢.

The map M,,(¢) — M, (£)°PP, M — M", with M! the transpose of M, is an isomorphism, and
hence A°PP is a central simple algebra split by ¢/ k. Consider the map of k-algebras

A®j A°PP — Endy(A)
a®b— (x— axb),

with Endy (A) = M,,2(k) the algebra of k-linear endomorphisms of A. This map is nonzero, and
hence injective by simplicity of A®j A°PP. Comparing dimensions, we see that it must also be
surjective. We conclude that [A°PP] is the inverse of [A]. [ |
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Definition 8.2. We define the Brauer group of ¢/ k to be the group Br(¢/k).

If F/ k and F'/ k are finite Galois extensions, both contained in k°, then there is an evident
group homomorphism Br(F/k) — Br(F'/ k). In this way we obtain a direct system (Br(F/k))r
of abelian groups with F ranging over the finite galois extensions F/k such that F c k°.

Definition 8.3. The absolute Brauer group of k, or simply the Brauer group of k, is defined to be
Br(k) = li_n)lBr(F/ k),

with the direct limit taken over the finite Galois extensions F/ k such that F c k°.

8.1 The Brauer group in terms of a cohomology group

In this subsection we will give a more tangible characterization of the Brauer group in terms of
the second cohomology group the discrete Gal(¢/k)-module ¢*. This will also allow for much
easier computations.

Given an ¢-automorphism ¢: ¢ — ¢, tensoring with id: ¢ — ¢™ yields an automor-
phism ¢ ®id: £ — ¢™". This gives a map GL;(¢) — GL,,(¢) of G-modules, which passes to
PGL,,(¢) — PGL,,,(¢). The induced map on H' is given by

H'(¢/k;PGL,,(£)) — H' (¢/k;PGL 1 (0)) (8.3)
[(cs)] = [(cg ®@id)].
We obtain a direct system (H L1k, PGL,,(£)) y>1. The isomorphisms
Toir(My(k))=~H 1(¢/k;PGL,,(¢)) obtained from Corollary are compatable with the maps in

(8.1) and (8.3), and hence concatenate into an isomorphism of direct systems. This yields an
isomorphism of pointed sets

Br(¢/k) =lim H' (¢/k; PGL,(0)). (8.4)

nz1
By the exact sequence in (6.2), Proposition and Corollary[5.7} we obtain an exact

sequence of pointed sets

0= H'(¢/k;GL,(¢)) — H'(¢1k;PGL,(0)) 2 H2(¢1k; 0%). (8.5)

Explicitly, 6, sends the class of the 1-cocycle [c = (¢5)] to the class of the 2-cocycle
a: Gx G— ¢ given by
ao'y'[ = ba’gbrb;.tl-, o,TE G,

where b, is a lift of ¢, to GL,,(¢).
The maps §, are compatible with the maps in (8.3); hence, by (8.4), we get a map

5: Br(¢/k) — H2(1k; 07). (8.6)

Lemma8.4. Themapd: Br(l/k) — H?(01k; ) defined in is a group isomorphism, which
is naturalin?.
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We only outline the proof. A complete proof is given in [GS17, Theorem 4.4.5].

Sketch of proof. Showing that § is a homomorphism is a direct computation with cocycles.

Injectivity follows from the fact that all the maps ¢, have trivial kernel by the exact se-
quence in (8.5), and the fact that § is a group homomorphism.

It can be shown directly that § ,,, with m equal to [¢: k], is surjective, and hence that § is
surjective.

Naturality is verified from the definitions. |

Theorem 8.5. There are isomorphisms
Br(¢/k) = H*(¢1k;¢*), and Br(k) = H*(k; (k*)").

Proof. The first isomorphism is given by Lemma|8.4} the second isomorphism is obtained by
taking a direct limit, applying Lemma(3.19 |

Corollary 8.6. The groups Br(¢/k) and Br(k) are torsion.

Proof. This follows from Theorem[8.5|and the fact that Galois cohomology groups in degree
greater than 0 are torsion by Corollary[3.23| [ ]

Using Theorem [8.5/we can now explicitly compute some Brauer groups.

Example 8.7 (Br(R)). Let N: C* — R* be the norm map. Using Example|2.16, we compute the
Brauer group of R to be

Br(R) = H*(R;C*) = (C*) /R N(C*) = R* /R> = Z/2Z.

The nontrivial element of Br(R) is given by the class of Hamilton’s quaternion algebra
H=(i,j|i’?=-1,j%=-1,ij = —ji). Indeed, the conic given by the equation x> + y* + zZ =0
has no R-points, so we conclude that the associated algebra is non-trivial by Corollary

Example 8.8 (Br(F,)). Let n be a positive integer and g a prime power. Let N: [F;n — [, be the
norm map. By (2.1) we have an exact sequence
X N X X
ﬂ:qn - [Fqn - ﬂ:qn
x—xlo),

where o is the Frobenius automorphism x — x7. Since x € [F;n isin [F; ifand only if o (x) = x,
we find N ([F;n) =F. Using Example ‘ we compute

Br(Fgn IF g) = H*(Fgn I F i F 1) = (F ) 0" /FO IN(F ) = Fy I N(F)0) = 0.

By taking a direct limit we find that Br(F) is trivial.

As a corollary, we obtain Wedderburns little theorem, which states that every finite division
algebra (equivalently, every finite domain) is a field, as shown below. Let D be a finite division
algebra, and let p be its characteristic. Writing Z (D) for the center of D, we have Z(D) = [ n
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for some integer n > 0, and so D is a central algebra over [,». Simplicity follows from the fact
that D is a division algebra. By the fact that Br(F,) = 0, we find that there exists an integer m
such that D = M, (F,~). Since this is only a domain for m = 1, we conclude that D = F» is a
field.

We also state the following results. Their proofs fall outside the scope of this thesis. See
[Ser79, §X.7, Examples of Fields with Non-zero Brauer Group].

* Let p be a prime and let Q, denote the p-adic numbers. There is an isomorphism
Br(Q,) = Q/Z.

* There exists a short exact sequence

0— Br(Q) — PBr(Qp) — Q/Z—0,
p

where the direct sum ranges over the primes and 0, and we set Qy =R.

A Notions from homological algebra

This appendix assumes knowledge of basic concepts from category theory (see, for instance,
[Riel7]). This appendix is largely based on [Weil3| chapter 1 and 2]. Given a ring R, we write
R-Mod for the category of left R-modules.

A.1 Abelian categories and additive functors

Definition A.1 (Ab-category). An Ab-category is a (locally small) category € such that for all
C,C' € € the set Hom(C, C') has the structure of an abelian group, and composition is linear
with respect to this structure:

ao(b+c)od=aobod+aocod.

Definition A.2 (abelian category). Let</ be an Ab-category. We call of abelian if «/ has a zero
object (an object that is both initial and terminal), «f has all finite products and coproducts, o/
has all kernels and cokernelﬂ every monic map is the kernel of its cokernel, and every epic map
is the cokernel of its kernel.

ExampleA.3. (i) The category of modules over a fixed ring R is abelian. In particular, the
category Ab of abelian groups is abelian.

(i) For any category <, its opposite </ °PP is again abelian.

Remark A.4. When working with abelian categories, it is often useful to imagine a category of
modules over a ring. The Freyd-Mitchell embedding justifies this by stating that every small
abelian category can be embedded in a category of modules over a ring. See [Weil3, Theorem
1.6.1].

IThe kernel of f: A— A’ is defined to be the equalizer of f and the zero map 0: A — A’. Cokernels are defined
dually.
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Definition A.5 (additive functor). Let F: of — 98 be a functor between Ab-categories. We call F
additive if for all A, A' € of the map

Hom(A, A") - Hom(FA, FA')
is a homomorphism of abelian groups.

Example A.6. (i) Foreveryobject Ainan abelian category <f, the functors Hom(A,-): «f —
Ab and Hom(—, A) : «/°PP — Ab are additive.

(ii) Fix a commutative ring R and a module M over R. The functor M ®g (-): R-Mod —
R-Mod is additive.

As in Ab, in general abelian categories the notion of an exact sequence makes sense. More
specifically, let &« be an abelian category and suppose we have a sequence

AL as a A.1)

of objects and maps in &« such that the composition g f is the zero map. We write im f for
the object ker(A — coker f). The composition im f — A 8, A" is zero, because g factors via
the cokernel of f; hence, im f — A must factor via the kernel of g. This is illustrated in the
diagram below.

coker f
.
imf ---» kerg

We say that the sequence in is exact if the induced map im f — ker g is an isomorphism.
The notion of exactness naturally extends to longer sequences of objects and maps in «/. An
exact sequence of the form

0—ALal a—o
is called short exact. Since f and g are monic and epic, respectively, this means that f defines
a kernel of g and g defines a cokernel of f (by the definition of an abelian category). In the

category of abelian groups (or any category of modules over a ring), we retrieve the usual
notion of an exact sequence.

Definition A.7 (exact functor). Given an additive functor F: «f — 98 between abelian cate-
gories, we call F left exact if for any short exact sequence

0—-A—-A-A">0

in < we get an exact sequence
0— FA'—FA—FA"

in 9. Analogously, we define right exact functors. An additive functor that is both left exact and
right exact is called exact.
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Proposition A.8 (left-exactness of hom). For A an object in an abelian category </, the functor
Hom(A, -) is left exact.

Proof. Let

na P

0—-B"SB5 B —0,

be an exact sequence in «/. Consider the sequence

0 — Hom(A, B") 2% Hom(A, B) LN Hom(A, B')

in Ab. Exactness at Hom(A, B”) follows immediately from the fact that a is monic. Clearly
a«Ps«=(af). =0.Let f: A— Bbeamap such that §f =0. The map «a is the kernel of 8, and
hence there must exist g: A — B” such that ag = f. We conclude that the sequence is also
exact at Hom(A, B). ]

Remark A.9. Dually, Hom, (-, A) as a functor <7 °PP — Ab is left exact.

A.2 Chain complexes

What follows can be done more generally in abelian categories, but we restrict ourselves to the
category of abelian groups (which serves as a sort of “base category”).

Definition A.10 (chain complexes). A (chain) complex is a collection of maps of abelian groups
(0" : A" — A1),z such that 0" 08" ' = 0 for all n € Z. Such a complex will frequently be
denoted A*. A map of chain complexes f: A* — B* is a collection of maps f,: A" — B" such
that we have a commutative diagram

foralln e Z. This constitutes an abelian category, which will be denoted Chpy, or simply Ch.

Notation A.11. Often, parts of a complex will be omited. These objects and maps should then
be read as zero.

Remark A.12. A sequence of maps in Ch is exact, if and only if at every index the induced
sequence of objects in Ab is exact.

Example A.13. Set A" = Z/4Z7 in Ab for all n € Z, and define 3"*: A" — A"! to be multiplica-
tion by 2 for n even, and the zero map for n odd. The resulting sequence

Xz Eziazlozia7 %

is a chain complex.
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Definition A.14 (cohomology). Given a chain complex A*, we define the n-th cohomology
group of A* to be
H"(A*) =kerd"/imo" .

Maps of chain complexes naturually induce maps of cohomology groups, which gives an
additive functor
H": Ch— Ab.

Example A.15. Letting A* be the complex of Example[A.13, we find
H"(A*)=7/2Z,
forallneZ.

In algebraic topology, if there exists a homotopy between two continuous maps, these
maps will give rise to the same maps on (co)homology. A similar notion exists in homological
algebra.

Definition A.16 (homotopy). Given two complexes A* and B* inCh andamap f: A* — B,
we say that f is null homotopic if there exist maps h,,: A" — B" such that

fn = hnan +an_1hn—l-

Ifg: A* — B* is another map, we say that f and g are homotopic if f — g is null homotopic and
writef = g.

An easy computation shows that nullhomotopic maps induce zero maps on cohomology
groups. By additivity of the H", this gives us a result analogous to what we see in algebraic

topology:

Proposition A.17. Let A* and B* in Ch be chain complexes, and let f,g: A* = B* be homotopic
maps, then H*(f) = H"(g).

A.3 Projective and injective objects

Fix an abelian category /. Hom functors form the central class of examples of left exact
functors (see Proposition[A.8). In general, the functor Hom(4, -) with A € of is not exact,
because Hom(A, —) need not preserve epimorphisms. As a simple example, consider the
quotient map Z — Z/27 in Ab, and apply Hom(Z/2Z,-). This then raises the question for
which objects in a given abelian category these Hom functors are exact.

Definition A.18 (injective/projective objects). We call an object A in </ injective if Hom(—, A)
is an exact functor. Dually, we call A projective if Hom(A, —) is exact.

Example A.19 (injectives/projectives in Ab). In the category of abelian groups, all projective
objects are free. The injective objects are precisely the divisible abelian groups. Examples of
divisible abelian groups are Q and Q/Z. See [Sta22} Tag 01D7].
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Definition A.20 (enough injectives/projectives). We say that ¢ has enough injectives, if for any
A€ o, there exists a monomorphism A — I for some injective I in «/. Dually, of has enough
projectives, if for any A € o there exists an epimorphism P — A.

Example A.21. Any category of modules over a ring R has enough projectives, because for
any module M over R we can create a surjection R®M — M sending the basis vector e,
corresponding to m € M to m. The module R®M is projective, because it is free.

Proposition A.22. Ab has enough injectives.

Proof. Let Abe an abelian group. Define the abelian group

1= [] oz

Hom(A,Q/2)

Being a product of injective objects (see Example[A.19), I is injective by the universal property
of the product: the functor
Hom(-, ) = [ [Hom(-,Q/2)

is exact, because products preserve exact functors. There is an evident homomorphism
i: A— Isending x € A to (f(x)) s with f ranging over the maps A — Q/Z. We will show that i
is injective. Let a € A such that a is nonzero. Consider the subgroup aZ of A generated by a. If
a is not a torsion element, then aZ is free and we can define a map ¢: aZ — /Z sending a to
1/2. If a has finite order n, then we define ¢: aZ — Q/Z by sending a to 1/n. In both cases,
¢(a) is nonzero. From the exact sequence

0—az— A
we obtain the exact sequence
Hom(aZ,Q/Z) — Hom(A,Q/Z) — 0,

because Q/Z is injective. Hence, ¢ can be extended to a map A — Q/Z. It follows that i(a) is
nonzero, because ¢(a) is nonzero, and so i is injective. ]

As a corollary to the above proposition, we find that every category of modules over a ring
has enough injectives. To this end, we consider the forgetful functor

U: R-Mod — Ab.

By the tensor-hom adjunction (see [Weil3, Proposition 2.6.3]) U admits a right adjoint
V: Ab — R-Mod given by VA = Homyz (R, A) with R-module structure given by
(re)(x) = p(xr).

Proposition A.23. The category of R-modules has enough injectives.
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Proof. Let M be a module over R and let My denote the underlying abelian group. By Proposi-
tion there exists an injective abelian group I and an embedding My — I. We find that VI
is again injective:

Hom(—,VI)=Hom((U-,1I)

is the composition of two exact functors, and hence is exact. By left exactness of V, we find an
embedding V My — V. It now suffices to show that there exists an embedding M — V M.
Such an embedding is given by m — (r — rm). |

Definition A.24 (injective/projective resolutions). Let A € of an object. We call an exact
sequence
0—-A—-1"—>1"—..,

with I" € of injective, an injective resolution of /. Dually, we call an exact sequence
..—> P> Py— A—0,
with P, projective in o , a projective resolution of A.

Injective, respectively projective, resolutions need not exist in an arbitrary abelian category,
but they do exist if there are enough injective, respectively projective, objects.

Proposition A.25 (existence of injective/projective resolutions). Suppose «/ has enough in-
jective objects. Then every object A € of has an injective resolution. Dually, if </ has enough
projectives, then every object A € of has a projective resolution.

The above propositon can be proved by constructing an injective/projective resolution
inductively for any object in .

Although injective/projective resolutions are certainly not unique, they are up to homo-
topy, as shown by the following result.

Proposition A.26. Let f: A— A’ be a map in <, and suppose we have injective resolutions
0— A—I*and0— A" — I'*, then there exist amap ¢: I* — I'* of complexes, called a lift of f,
such that
0 —A——1TI"
ool
0 _) A/ H II*

commutes. The map ¢ is unique up to homotopy. A dual statement holds for projective
resolutions.

Proof. We refer to [Weil3, Theorem 2.3.7]. [ |

A particular case of interest is the case A’ = A and f = id. We find that any two injective
resolutions 0 — A — I* and 0 — A — J* are homotopy equivalent, in the sense that there exist
chain maps ¢: I* — J* and y: J* — I* such that ¢y = id and y¢ =id.
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A.4 O-functors

Fix abelian categories </ and 2.

Definition A.27 (§-functor). A cohomological §-functor, or simply a 6 -functor, is a collection
(T": of — B) =0 of additive functors with maps 6" : T"C — T"' A in 9B, called connecting
maps, for every short exact sequence

0—-A—-B—-C—-0
in<f, such that the sequence
0—T°A—T°B—T°C
L A~ T'B=T'C
LA

is exact. Furthermore, we assume the connecting maps to be natural, in the sense that for every
map of short exact sequences

0 > ? ?

~
o

A B C
L
A B’ C’

0

~
~
~

~-
o

we get a map of long exact sequences

o —s Tl 2y Ty s T"NR — 3 T —2 % n+lg —y

! | ! | !

i — 0 Sy i s TR s T Sy Tl

Let (S™) be another 6 -functor. A map of §-functors (T™) — (S") is a collection of natural
transformations (T" — S™) that commute with the connecting maps. This constitutes a category
of 6 -functors from of to B. We call (T") a universal § -functor if it is initial among § -functors
(8™ with a map 70 — 89,

Remark A.28. In particular, if (T") is a §-functor, then 79 is a left exact functor.
Remark A.29. Universal §-functors are unique up to canonical isomorphism.

Proposition A.30. Suppose «/ has enough injectives, and that we have a 6 -functor
(T": of — B) such that T"I1 =0 foralln =1 and I in < injective. Then (T") is universal.

Proof. We refer to [Weil3} Exercise 2.4.5]. [ |
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A.5 Derived functors
Fix an abelian category </ with enough injective objects. Let F: o/ — Ab be a left exact functor.

Example A.31. Let of = Ab, and suppose F is the additive functor (—) sending an abelian
group A to A, its subgroup of torsion elements. Then F is a left exact functor, but not an
exact functor, as shown by the short exact sequence

0-7227-7/27—0.

By the above example, F need not be an exact functor. The so called right derived functors
of F exist to rectify this problem. Let A € o/ be an object. Let

0—-A—T"
be an injective resolution of A. For n = 0 we define
R"F(A)= H"(F(I")).

By Proposition[A.26/and Proposition|[A.17|we see that choosing a different injective resolution
0 — A — I"" yields a canonical isomorphism H"(F(I*)) = H"(F(I"*)), showing that R"F(A) is
well-defined up to canonical isomorphism. Let A’ € o/, f: A— A’ amap,and0— A" — I'*
an injective resolution of A’. By Propositionwe get an up to homotopy unique map
@: I — I'* of complexes such that

0 —A——1TI"

bl

0_>A/HI/*

commutes. The map F(p): F(I*) — F(I'*) of complexes induces maps R"F(f): R"F(A) —
R"F(A") on cohomology. Propositionshows that R"F(f) is independent of our choice of
¢. The uniqueness statement in Proposition[A.26|implies that this assignment is functorial,
so we get functors R"F: o/ — Ab. The R"F are also additive: given amap g: A— A’ and a lift
w: I* — I to injective resolutions, we see that ¢ + v is a lift for f + g. In combination with
the fact that taking cohomology is additive, this yields R"F(f + g) = R"F(f) + R"F(g).

Definition A.32 (right derived functors). We call R"F the n-th right derived functor of F.

Example A.33 (Ext). Assume & also has enough projectives. Let A and B in «. By Proposition
the functors Hom(A,-): o — Ab and Hom(—, B): «/°PP — Ab are left exact. We can
form the right derived functors of both. By [Weil3| Theorem 2.7.6], R" Hom(A, —)(B) and
R"Hom(—, B)(A) are canonically isomorphic, and both are denoted Ext" (A, B).

ExampleA.34. (i) Let p =1 be an integer. We define an additive functor (-),: Ab — Ab
sending an abelian group A to its subgroup of p-torsion elements A, ={a€ A: pa = 0}.
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Note that (), = Hom(Z/pZ,-) is a left exact functor by Proposition Let A be an
abelian group. We have the following projective resolution of Z/pZ:

0—zLz—-z/pz—0.

Note that this is an injective resolution in Ab°PP. Applying Hom(—, A) to this resolution,
we get the following complex

ALl a-o
Taking cohomology we find
Ap n=0
R"(9)p(A) =Ext"(Z/pZ,A) = AIpA n=1
0 nx=2.

(ii) We now consider the torsion functor (—)¢or from Example[A.31] Let A in Ab and note that
Ator = @p>l Ap.Let 0 — A— I* be an injective resolution. We find

R"(“)tor(A) = H" (Itgy)

= H”(@ I;;)
p=1

Ator n=0

—1i ner*y — i —
=lim H" (1)) = @pzoA/pA n=1
p=l 0 n=2.

We can compute R'(—)or(A) more explicitly as

R'(“)tor(A) = limA/pA= li_n}%A/A =(Ae2Q)/A.

p=1 p=1
The main result about derived functors is the following theorem.
Theorem A.35. The collection of functors (R F) = forms a universal cohomological  -functor.
Proof. We refer to [Weil3, Theorem 2.4.7]. |
Example A.36. Consider the short exact sequence
0—1z217 . 17/7 -0
We compute the long exact sequence induced by the §-functor (R"(—)¢or)
0-0-0—-12/72—~qQiz2Qz-0-0—-..,

using the results from Example[A.34]
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