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Chapter 1

Introduction

In medical studies one is often interested in the question how long it takes before a certain event
occurs. How long does it, for example, take before a leukemia patient experiences a relapse after
receiving therapy? To answer these kinds of questions statistical methods from survival analysis
are employed. Survival analysis focuses on the time-to-event of interest and is widely used in a

variety of fields.

1.1 DMotivation for the research

This thesis is motivated by data on acute Graft-versus-Host Disease (aGvHD) collected by The
European Society for Blood and Marrow Transplantation (EBMT). The EBMT is a leading non-
profit organization in the field of hematopoietic stem cell transplantation (HSCT) and cell/gene
therapy studies. These studies involve retrospective studies, non-interventional prospective studies
and prospective clinical trials. The goal of these studies is to improve HSCT care and treatment

and ultimately improve patients’ lives.

A common adverse reaction to HSCT is acute graft-versus-host disease. It is an immune reaction
of the donor cells in the graft against host tissue. Common symptoms of aGvHD are nausea, skin
rash and yellow discoloration of the eyes. It can be very serious; even leading to death of the
patients. The acute form of graft-versus-host disease is normally observed within 10 to 100 days
after stem cell transplantation. The occurrence of aGvHD is associated with increased mortality,
but at the same time also associated with decreased relapse rates. Its occurrence and its timing

are therefore of interest to clinicians.

When transplant centers fill out the follow-up form, they often cannot recall the exact date of
onset of aGvHD. These forms are filled out 100 days after HSCT and aGvHD frequently occurs
days before that. This results in an incomplete registration of the forms and, ultimately, in missing
times of aGvHD onset. These missing values complicate the statistical analysis of the data. The
EBMT currently resolves this problem by imputing the missing time points by randomly drawn

time points.



1.2 Thesis objective

This thesis aims to resolve the problem posed by the missing data in the EBMT data. A model
that does justice to the data will be proposed. This model will incorporate the effect of covariates
on the survival probabilities and consider multiple competing events. The problem of missing
data will be resolved by applying the EM algorithm to the developed model. It is furthermore of
interest how this method performs and of what size the statistical errors are. In order to analyse
the performance of the proposed method, variance estimates for the survival statistics will be
computed. These variance estimates can give us an insight in the accuracy of the methods. The
proposed method will furthermore be applied to the EBMT data. Analysis of the data will give

us an insight into the clinical questions raised by acute graft-versus-host disease.

1.3 Structure of the report

This thesis starts with the basics of survival analysis. A comprehensive overview of the survival the-
ory including the Cox model and competing risks is provided. This chapter contains the necessary
information for those unacquainted with survival analysis. In chapter 3 the theory of missing data
and the EM algorithm is presented. This includes the theoretical background of the algorithm. In
the next chapter the precise model is formulated. This model incorporates the necessary aspects of
the theory in order to model the missing event times for competing risk. The exact application of
the EM algorithm to the model is also presented in this chapter. In chapter 5 the variance of the
estimators computed by the EM algorithm is given. This chapter contains the computation using
the Delta method and contains the theory for the bootstrap estimators for the variance. Chapter 6
contains the analysis of the EBMT data. The prescribed model will be applied to the data and the
variance of the functions of interest will be computed. Furthermore, this chapter contains some

details of the implementation in R.



Chapter 2

Basics of Survival Analysis and

Competing Risks

Survival analysis is the statistical field concerned with the analysis of survival data, which is
characterized by the presence of censored observations. Standard statistical procedures do not
suffice for censored data. Therefore a summary of the methods from survival analysis is given.
This theory of survival analysis is built up from the beginning such that this thesis is accessible

also for those with no background in this area of statistics.

First a simple survival model is introduced. This model does not take covariates into account and
only considers one study endpoint. Then Cox’ proportional hazards model is introduced, which
enables the consideration of covariates and their impact on survival probabilities. At last multiple
competing risks are included in the survival model. Throughout this chapter the relevant functions,

non-parametric estimators and likelihood functions are presented.

2.1 Introduction to survival analysis

In this section the concept of censoring is explained in more depth. Furthermore, the fundamental
functions used in survival analysis are introduced. These functions form the basis for further
mathematical analysis and refinement of the statistical model. The section is concluded with the

likelihood construction for a basic survival model.

2.1.1 Censoring and data structure

Survival data distinguishes itself from regular data by the presence of censored observations. Cen-
soring occurs when we do not observe the time that an individual experiences the event. In this
thesis solely right censoring is considered. Right censoring occurs when it is only known up to
when an individual has not experienced the event. That is, we do not observe the event, only a
certain time up until when the individual has not experienced the event yet. This time is called
the censoring time. If the event of interest is aGvHD for example, the censoring time indicates up
until what time an individual has not yet experienced aGvHD. Acute graft-versus-host disease can

thus only occur after that time — if it occurs at all.



This can be stated in a more mathematical manner. Let C' denote the stochastic variable indicating
the censoring time and let X denote the lifetime distribution, or distribution of time-to-event of
interest. The survival time is then given by T' = min(X, C). Censoring occurs thus when C' < X,
i.e. the time until censoring was lower then the time-to-event. Observed is the survival time T
and the status § := 1(T" = X). The status indicates whether the event was observed (6 = 1) or
censored (6 = 0). The data structure of the i-th subject in the data is thus given by (73, d;). This is
the basic data structure. It will be expanded when we consider covariates, weights and competing

risks.

Non-informative censoring

In order to analyse censored data it must be assumed that the censoring is non-informative.
Standard survival analysis does not hold if this assumption is violated. Non-informative censoring
means that knowledge of the censoring time does not give any information about the survival at
a future time point. More mathematically put, the distribution of the censored times provides
no information about the distribution of the event times, and vice versa. In other words, the
censoring mechanism is independent of the parameters of interest. This assumption is violated if,
for example, patients drop out of the study due to sickness. In this case the loss to follow up is
caused by the disease itself. The censoring is thus not independent of the disease under study. The
censoring is therefore informative. On the contrary, if the loss to follow up was due to emigration,
end of the study or death by another cause the censoring would be independent of the disease

under study. Then the censoring would be non-informative.

2.1.2 Survival function

The survival function S(t) represents the probability of surviving up to a certain time ¢ > 0. It is
defined as:
S(t) :==P(T > t). (2.1)

Let F' denote the cumulative distribution function of T" and f the probability density function,
then the survival function can be written as S(t) = 1 — F(¢) and as the integral over the density

function:

S(t) = P(T > 1) = / " fu)du, (2.2)
This in turn implies that:
f(t) = —Ligt). (2.3)

If T is a continuous random variable, the survival function is a continuous and strictly decreasing
function with the property that S(0) = 1 and lim;_,, S(t) > 0. That is, the probability of being

alive at the beginning of the study is one and the probability of surviving forever is at least zero.

2.1.3 Hazard rate

The hazard rate \(t) is the next fundamental quantity in survival analysis. It is defined as:

PE<T<t+At|T>t
A = Jim t=T< AJ; )
—

. (2.4)



From this equation we see that \(¢)At is the “approximate” probability that an individual who
survived up to time ¢ will suffer the event the next instant. The hazard rate then expresses the
rate of the probability that an individual will experience the event the next instant, given that this

individual has survived up to time t.

Furthermore, if T' is a continuous random variable, the hazard rate can be written in terms of the

density and survival function in the following manner:

At) = ég (2.5)

Closely linked to the hazard rate is the cumulative hazard function. It is defined as:

t
A(t) := / A(u)du. (2.6)
0
Combining this with formula (2.3), it can be seen that:

S(t) = exp{—A(¢)}. (2.7)

Note that the cumulative hazard is not a probability. It is merely a measure of the risk of experi-

encing the event.

2.2 Likelihood construction for basic survival model

In this thesis only right censored observations are considered. Other types of censored observa-
tions (left, interval) or truncated observations are disregarded. The likelihood contribution of an

observed event and of a (right) censored event are, respectively, given by
P(Ti =t;,6;=1) = f(t) and P(T; =t;,6; =0) =5(t), (2.8)

which are the joint probabilities of T" and §. The computations of these probabilities are omitted

to Appendix A.3. These computations show that the equalities in (2.8) hold.

Let D and C denote the set of observed lifetimes and the set of censored observations respectively.
Then, as computed above, the observed lifetimes contribute f(t) to the likelihood. On the con-
trary, a right-censored observation contributes S(t) to the likelihood. The likelihood can thus be
constructed as follows:

coc [T reea) [T sta). (2.9)

i€D icC

Let 6 denote the vector of parameters of interest. Then the likelihood can be simplified as follows:
OB | FIOREIOEE | BIORED) (2.10)

where we used the identity given in (2.5). The log-likelihood can be written as a sum over the
observations and as a sum over the distinct event time points. Let t; < to < ... < t;, denote the

observed event time points and R; the set of subjects at risk at time ¢;. If we assume that there



are no tied event times present, the log-likelihood is given by:

M=

1(0) {0ilog A(t;) +log S(t:)}

1

{dilog A(t:) — A(t:)} (2.11)
i=1

o
Il

NE

©
I

M=

log A(t;) — > Alt)

IER;

<.
I
—

Identity (2.7) was used in the second step of the computation. If ties are present the last sum
needs to be altered, since multiple events are observed at a certain time point. For this, let D;
denote the set of observed events at time point ¢; and set d; := |D;|. The log-likelihood is then
given by:

10) =Y S dilogA(t;) = Y Ata) ¢ (2.12)

Jj=1 IER;

2.2.1 Weighted likelihood

The analysis can also be performed with weights assigned to each subject in the data. In a regular
analysis each subject contributes equally to the likelihood. With a weighting method different
weights can be assigned to different subjects in the data. Weighting methods are widely used in

statistics.

Let w; denote the weight assigned to the i-th subject in the data. The weighted likelihood is then
given by:

n

£(0) = [ At:) S (t) ™. (2.13)

i=1
Note that this likelihood matches the standard likelihood given in (2.10) if the weights w; = 1
are chosen for all subjects in the data. Analogously to (2.11) and (2.12) the log-likelihood can be
written as a sum over the subjects and as a sum over the distinct event time points:

L(0) =) w;{d;log A(t;) — A(t:)}

-

<
Il
-

(2.14)

[
M=

log A(t;) Z wy — Z wiA(tr)

1eD; leER;

<.
Il
-

2.3 Cox’ Proportional Hazards Model

In order to take the effect of covariates into consideration, some form of regression method is
required. Cox’ proportional hazards model is adopted for this. This method is widely used in sur-
vival analysis to model the effects of covariates on survival probabilities. It gives a straightforward

interpretation of the relative risk of certain covariates compared to others.

Our data now consist of the triple (T3, d;,Z;) for i € {1,2,...,n}. Here T; and d; are, respectively,

the survival time and the status indicator of the i-the subject and Z; is the vector of covariates



of the i-th subject. In this thesis we only consider covariates which are independent of time, i.e.

they do not change with time. The effect of the covariates is modelled as follows:

At | Z) = Xo(t)exp{BTZ}. (2.15)

This model is due to Cox (1972) and is called the Cox model. Here Ao(t) denotes the baseline
hazard and S is a vector of parameters. These parameters 8 are called Cozx’ risk coefficients. The
baseline hazard corresponds to the hazard rate of subjects with all covariates equal to zero. This
can be considered the reference group. Note that for two subjects with covariates Z; and Zs the
ratio of hazard rates is given by:

At | Z1)  Xo(t)exp{BTZ:}

Nt [ Zo) ~ () exp{BTZa} exp{B' (21— Z»)}. (2.16)

This is a constant with respect to time. More specifically, it is the relative risk of an individual
with covariates Z; experiencing the event compared to an individual with covariates Zs. For this
reason the Cox model is often called the proportional hazards model or Cox’ proportional hazards

model.

An expression for the survival function in the Cox model can be derived using (2.7). This is given
by:
S(t | Z) = exp{—Ao(t) exp{ATZ}} = So(t)**17 2}, (2.17)

where Sp(t) = exp{—Ao(t)} denotes the baseline survival function. This function is of importance

in the construction of the likelihood for the Cox model.

2.3.1 Likelihood refinement for Cox model

The likelihood given in section 2.2 can be refined for the Cox model. The formulas for the hazard
rate (2.15) and the survival function (2.17) in the Cox model can be substituted into the likelihood
given in (2.10). This yields:

L(0) = H [exp{ﬁTZi})\O(ti)ri 'So(ti)eXp{BTZi} (2.18)

i=1

Now the log-likelihood can be computed. Note that since each subject possibly has different
covariates, the method of handling ties is not elementary. The Breslow method (Breslow, 1974) of
handling ties is adopted in this thesis. This method is conceptually simple and the default option
in most software packages. The log-likelihood is then given by:

1) = Z {6:(B7Zi +1og Ao(t:)) —exp{B " Z;} A(t:)}
L
= Z BT . Z Zl —+ log)\o(tl) — Ao(tz) Z exp{BTZl}

j=1 leD; IER;

(2.19)

This log-likelihood can also be altered to include weights. This yields the equivalent of (2.14) for

10



the Cox model:

n

100) =Y w; {6:(B" Zi +log Ao(t:)) — exp{B Z; }A(t:) }

i? (2.20)
= Z ﬁT . Z w2y + log)\o(tj) Z w; — Ao(t) Z wy eXp{ﬁTZl}
=1 leD; 1eD; IER,

Note that this is the standard likelihood for both Cox’ regression coefficients and the baseline
hazard increments. In the original paper by Cox (1972) it was argued that the MLE for the
regression coefficients can be found by maximizing the partial likelihood. If weights and possible

tied event-times are included, the partial likelihood is given by:

eXP{ﬂT Y ieD, wlzl}
£ =1] i . (2.21)
j=1 [EleRj eXp{wlﬁTZl}]’em
which gives rise to the following partial log-likelihood:
L
18)=> BT wZ;—log | > wexp{BTZ} | -> wiy. (2.22)
j=1 leD; lER; leD;

2.4 Competing risks

Competing risks data consists of subjects who are at risk for multiple type of events, denoted by
k=1,2,..., K. Furthermore, let 7 denote the random variable indicating which of the competing
events occurred first. In this thesis the focus will be on the case where K = 2. In the case of
aGvHD a competing event is non-relapse mortality (NRM). If a patient experiences NRM, the
event of experiencing aGvHD is unobservable. The patient has died thus cannot experience any
disease. A concise treatment of the theory and applications of competing risks is given by Putter
et al. (2007).

The data now consist of (T;,7;) with ¢ = 1,2,...,n. Here the status indicator d; is replaced with
7; which indicates which event was experienced or if the event was censored. So 7; = k if the i-th

patient experienced an event of type k and 7; = 0 is the i-th patient was censored.

An analogue to the standard hazard rate can be defined for competing risks. This is called the

cause-specific hazard. 1t is defined as:

< = >
Mlt) i= lim Pt <T <t+At,7=k|T>t)

At—0 At ’ (2:23)

It expresses the instantaneous risk of experiencing cause k. By the law of total probability we have
that:

At) =D Me(t). (2.24)

Denote the distinct event time points of cause k by t¥ < t§ < ... < t’zk. The cause-specific hazards

11



can be estimated at each of these time points. The non-parametric estimator is given by:

- dk
Api = —=. 2.25
k.j n; ( )
where d;? denotes the number of observed events of cause k at tf and n; denotes the number of

subjects at risk at té?.

2.4.1 Cumulative incidence function

The cumulative incidence function of cause k, Ij(t), is defined as follows:
t
L) =BT <t, D=k) = / e (w)S () du. (2.26)
0

It expresses the probability of having experienced an event from cause k before time ¢. We note that
limy_, o I (t) = P(D = k) < 1. This indicates that I(¢) is not a proper probability distribution.
In the literature the cumulative incidence function is therefore often called the sub-distribution

Sfunction.

The cumulative incidence function can be estimated non-parametrically. This estimate is based
on the Kaplan-Meier estimator (Kaplan and Meier, 1958) of the overall survival function which is
given by:
Sty= T[] a-x, (2.27)
Jit;<t
where Xj denotes the estimate of the (total) hazard at time point ¢;. Then the cumulative incidence

function can be estimated by:

i—1
= > NeiSti—) = g JJa =M. (2.28)
=1

Jitg <t Jitg <t

2.4.2 Likelihood refinement for competing risks

In this section a refinement of the likelihood for the basic survival model is given. Define ;5 :=
1(7; = k). This function indicates whether the i-th subject experienced an event of cause k. The

likelihood for competing risks without covariates is given by:

K
TT Aw(t) % Si(t). (2.29)

1k=1

n
i=

The log-likelihood can then, again in two forms, be written as:

{0k log Ar(ti) — Ax(ts)}
(2.30)

log \i (t Z ()
IER;

T MS WMN

-2y
i

This log-likelihood does not yet include tied event times, weights or a regression method for co-

12



variates. If these are included, the following log-likelihood can be constructed:

n K
1(0) ZZW {6ir (BN Zi + log Aio(t:)) — exp{ By Zi } Ao(t:)}

i=1 k=1
. (2.31)
=D 3 B> wiZy+log Mo(ts) > wi— Aro(ti) Y wiexp{B{ Zi} ¢,
k=1j=1 leD;.v zeD;? lER;

where ’D;? represents the set of subjects who experienced an event k at time point t? and Mg
and Ayg represent the cause-specific baseline hazard and sumulative hazard respectively. This
log-likelihood is the most refined thus far. It will therefore be used throughout this thesis to

incorporate competing risks and covariates in the analysis.

13



Chapter 3

Missing data and the EM

algorithm

In this chapter we first introduce the concept of missing data. The three types of missing data
mechanisms are explained and the concept of ignorability is described. Furthermore a general
overview of methods for handling missing data will be given. Then the EM algorithm will be
introduced. This algorithm is widely used to handle missing data. The theory of the algorithm

will be presented and elaborated upon in the last section of the chapter.

3.1 Missing data

Missing data is a frequently occurring problem in statistics. The reasons for data to become missing
are diverse, but the mechanisms governing the missingness can be classified into three categories.
These three categories were introduced by Rubin (1976). In a nutshell, the missing data indicators
are viewed as stochastic variables which have their own characteristic probability distribution. This

was the first rigorous treatment of missing data and missing data mechanisms.

In this thesis we focus on data where the outcome variable is missing. Since we are dealing with
time-to-event data, it is more specifically the time variable which might be missing. The specifics
of the model and the modelling of the missing data are deferred to Chapter 4. In this chapter the

general theory of missing data and the EM algorithm is presented.

3.1.1 Missing data mechanisms

The missing data mechanism describes the possible relation between the missingness of the data and
data itself. There are three types of missing data mechanisms: missing at random (MAR), missing
completely at random (MCAR) and missing not at random (MNAR). Each will be discussed in

more detail, but first some notation is introduced.

Denote the incomplete data X = (X),;; with ¢ € {1,2,...,n} and j € {1,2,..,7} and let X5 and
Xmis represent the observed and missing entries of X respectively. Suppose we consider the matrix
of stochastic variables M = (M);; where M;; = 1 indicates that the j-th entry of the i-th column

in the complete data is missing. The missing data mechanism is characterized by the probability

14



distribution of M. More specifically, this is the conditional probability distribution of M given
Xobs and Xyis- In certain cases of missing-data, the missingness depends on the observed data.

In that case the missing data mechanism is called missing at random.

Missing at random

If the data mechanism is missing at random, then the missingness of the data only depends on the
observed data. The missingness of the data is thus independent of the missing variables. Therefore

we can write the distribution density of the missingness as:
f(M | Xobstmisae) = f(M | Xobsa9)7 (31)

where 6 denotes the unknown parameters which are of interest.

If we are, for example, interested in the relation between self-efficacy Y and gender X, the miss-
ingness of Y may depend on X, but is not related to the value of Y when controlled for X. This
is an example of MAR data. A counterexample is that of salary where salary may be related to
gender. If we control for gender, the missingness of the variable salary can still depend on the
salary itself. This might be the case when individuals with a high salary are reluctant to report it.

In this case the missing data mechanism is called missing not at random.

Missing not at random

If the data mechanism is missing not at random, the missingness of the data depends on the missing
data itself. That is to say that the reason a variable went missing is related to the value of that
variable itself. If, for example, Gijs from the EenVandaag Opiniepanel is investigating the trust
in public polling. Those who are very suspicious of the public polling might not respond to the
survey. In this case their response is missing because of their lack of trust in the polls — which is
the variable under investigation. Therefore the data is MNAR.

Handling MNAR data takes extra attention due to the fact that the missing data mechanism is
dependent of the parameters in the analysis. The missingness mechanism of MNAR data needs to
be explicitly modelled. This is specific for each situation and requires a priori knowledge of the
process of missingness. It might not be deducible from the observed data, therefore missing data
handling methods of MNAR data ought to be tailored to each specific research design and cannot
be done on basis of the stricter assumptions of MAR of MCAR data (Allison, 2002).

Missing completely at random

If the data mechanism is missing completely at random, then the missingness is independent of

the data. Therefore we can write the distribution density of the missingness as:
f(M ‘ XobsaXmisze) = f(M | 9) (32)

In this case the observed subset of the data may be seen as a representative sample of the complete
data set. Since each observation of the data has the same probability of being missing. It can be
said that the missingness is unrelated to the data itself. Assuming that the data is MCAR would
be convenient, but without a priori knowledge of the missingness process, MCAR turns out to be

an unrealistic assumption (Van Buuren, 2018).

15



3.1.2 Ignorability

The missing data mechanism is said to be ignorable (Little and Rubin (1987); Rubin (1987)) if

two conditions are met:
1. The data is MAR;

2. The parameters that govern the missing data mechanism, (, are unrelated to the parameters

that are to be estimated, 6.

From a frequentist perspective the latter condition means that the joint parameter space of the
parameters of the density, #, and the parameters that govern the missing data mechanism, (, is

the Cartesian product of the individual parameter spaces of 6 and (.

Ignorability implies that the missing data mechanism can be ignored. Particularly, the missing
data mechanism does not need to be modelled explicitly in the estimation process Rubin (1987),
Rubin (1976). Note that this does not mean that we can ignore the missing data. It merely states
that the parameters that govern the missing data mechanism do not have to be modelled explicitly.
The missing data does need to be modelled explicitly. Ignorability will be assumed throughout
this thesis. Maximum likelihood estimation can, for this reason, be safely done without regard of
the missing data mechanism. Furthermore, the assumptions underlying the EM algorithm are met

is ignorability is assumed.

3.1.3 Methods for handling missing data

Over the years many methods for handling missing data have been developed. These range from
very simple, both conceptually and practically, to highly complex and computationally intensive.
In this section a short overview of some of the main methods is given. For a more detailed or in-
depth analysis of each method and comparison between the methods see Little and Rubin (1987),
Allison (2002) or Van Buuren (2018).

Complete Case Analysis

In many statistical software packages listwise deletion of missing data is the standard procedure.
Subjects in the data that have some missing variables are deleted from the data before a statistical
analysis is performed. This leaves only those cases which are complete in the data. The method

is therefore called complete case analysis.

The main advantage of this method is the easy implementation. Standard statistical procedures
can conveniently be performed by the familiar software. Furthermore, univariate statistics can
easily be compared since the population samples are all equal. This makes complete case analysis
an attractive statistical procedure to handle missing data. But there are some major drawbacks
to the procedure. In the case of MNAR or MAR data a complete case analysis will lead to bias.
A complete case analysis can only be performed properly if the proportion of missing data is very
limited or when the data is MCAR. Since in the case of MCAR data the complete cases give a
proper representation of the population — there is at most loss of power. This loss of power and
possible bias depend not only on the fraction of complete cases, but also on the parameters of
interest and on the extent to which the complete and incomplete cases differ. It is for these reasons

undesirable in many instances where missing data is present to perform a complete case analysis.
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Imputation methods

Imputation methods fill in the missing data and subsequently perform the statistical analysis.
They can, roughly, be divided into two categories: single imputation and multiple imputation.
Single imputation fills in a single value for each missing entry of the data. It is a flexible and
general method to handle missing data. There are several ways to determine the value that is to
be filled in. The main methods are mean imputation and regression imputation. In the first method
the mean of the missing variable is imputed. This method is easy to implement and comprehend,
but has some drawbacks. It, for example, does not preserve relationships between variables such
as correlations. Furthermore it reduces the standard errors, invalidating the hypothesis tests and
confidence intervals concerning the imputed variable. With regression imputation, the value that
is imputed is determined by a regression model based on the observed variables. This preserves
relationships among variables involved in the imputation model, but not the variability around

predicted values.

Multiple imputation performs an imputation method on multiple copies of the data. First several
copies of the data containing the missing data are made. Then each copy is imputed using the
desired method with slightly different variables. These imputed values are subject to a certain
random variation. Finally the analysis is performed for each copy and the results are pooled. This
method of mulitple imputatio does not lead to bias as with the complete case analysis and preserves
the variability which is often loss in a single imputation method. The literature on imputation
methods is extensive. The interested reader is referred to Van Buuren (2018) for a comprehensible

treatment of imputation methods.

3.2 The EM algorithm

The Expectation Maximization (EM) algorithm is applicable to maximum likelihood estimation
where missing data is present. It is an iterative procedure which consist of two steps: the E-step or
the expectation step and the M-step or the maximization step. The algorithm was first introduced
by Dempster et al. (1977). It has been widely used in a broad range of applications since then.
In a nutshell, the algorithm first approximates the missing values based on a set of parameters
and secondly optimizes the model. These steps are repeated until convergence. We introduce the
algorithm and then prove that it is works, i.e. it converges to the MLE. A method incorporating

the ideas from imputation and the natural structure of the data is the EM algorithm.

3.2.1 The algorithm

In order to fully grasp the algorithm some further notation is needed. The notation used by
McLachlan and Krishnan (1997) is adopted. Firstly, there are two sample spaces X and ) for
the complete and incomplete data respectively. Additionally there is map from X to ), i.e. the
complete data is mapped to the incomplete data. This can intuitively be thought of as a many-
to-one map. Let x € X denote the realisation of the stochastic variable X which corresponds to
complete data. This data object is not fully observed, since our data contains missing values. The
incomplete data y € ) is observed, which contains the missing values. Similarly y is the realisation

of Y which is a stochastic variable. The incomplete data can be regarded as y = y(z) € ).
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Let the density function of the complete data X be denoted by g.(z | 8), with
(0] z)=logL.(0| ) =logg.(z | 0) (3.3)

denoting the complete-data log-likelihood function. The likelihood function for € from the observed
incomplete data y is denoted by:

LO|y)=gy|0), (3.4)

where the density can be written as:

oy | 0) = /X Ll |0 (3.5)

with X(y) = {z € X | y(x) = y € V}.

The task at hand is to estimate 6 through maximization of g(y | ), i.e. find the MLE of §. This
is done through iterative maximization of the conditional expectation. The function Q(6 | 6®))
is used to denote the conditional expectation of L. given the observed data and uses the current

estimates 8(*) as parameters. The conditional expectation of the t-th iteration is given by:

QO | 0)) == g [log Le(6) | ). (3.6)
Now that a substantial part of notation has been introduced, the algorithm is relatively easy to
formulate. The E-step and M-step of the (¢ + 1)-th iteration are given by:

The E-step. Calculate the conditional expectation Q(6 | 61).

The M-step. Choose 8(*1) € arg max ».,Q(60 | ), that is
QU 169) > Q0] 0) (37)

for all 6 € ().

The steps are repeated until convergence. Convergence can be formulated in two ways:
L LOFY) — £(0W) < ¢
2. 00D — ) < ¢

for €,€’ > 0 chosen arbitrarily small. The first formulation has originally been proposed by Demp-
ster et al. (1977). The algorithm terminates if the change in likelihood is relatively small. The
second formulation is an alternative one. It states that the algorithm terminates if the change in
parameters is relatively small. In section 6.4.2 it will be argued that this convergence criterion is

sufficient for the purposes of our analysis.

3.2.2 Theory of the EM algorithm

In this section we prove that the EM algortihm works, i.e. the algorithm converges to the MLE.
The full proof consists of two steps: proving the monotonicity and proving convergence. In this
section the monotonicity is proven. Two well-known, mathematical statements are required in

order to do so. Lastly the theorems and conditions for convergence of the algorithm to a unique
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maximum are summarized. These theorems are largely based on existing optimization literature

and therefore not proven — merely summarized.

Lemma 1. The natural logarithm is a concave function. That is, for any xz,y € (0,00) and
t € [0,1] we have that:

f(A =tz +ty) = (1 —t)f(2) + tf(y). (3.8)
This implies that —log(z) is a convex function for x € (0, c0).

Theorem 2 (Jensen’s Inequality). Let X be an integrable stochastic variable and g : R — R a

convez function. Then it holds that:

g (E[X]) <E[g(X)].

The first statement implies that Jensen’s Inequality can be used on the natural logarithm. This will

be needed in proving the monotonicity of the EM algorithm which can be formulated as follows:

Theorem 3 (Monotonicity of the EM algorithm). If 8tV is chosen such that
QU 1 60W) > Qo | 6) (3.9)
holds for all 8. Then we have that

1OWD | X op6) > 109 | Xops). (3.10)

Note that condition (3.9) is fulfilled if 8¢+ € arg max »cQ(0 | ). This theorem thus also
applies to algorithms which merely increase the conditional likelihood with each iteration instead
of maximizing the conditional likelihood at each iteration. These algorithms are called generalized
EM or GEM algorithms. An EM algorithm is naturally also an GEM algorithm.

Proof. The first step is to define the conditional density of z|y. Let

k(zly; 0) = m (3.11)

be the conditional likelihood of X given Y = y. Taking the logarithm on both sides gives an

expression for the log-likelihood:
log k(xzly; 0) =100 | ) —1(0]Y), (3.12)

which can be rewritten as:
1(0]y)=1.(0]2z)— 10gk(:n|y; 0). (3.13)

Note that the likelihood of the observed data is not stochastic with respect to the conditional

expectation. This implies:

10 | y) =Eg [1(6 | v)]
= Eg [Le(0 | X) —logk(X|y; 6) | o] (3.14)

[le(
=Eyo [lc(0 | X) | y] —Egw [loghk(X|y; 6) | y]
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Now define:
H(O | 60D :=Eye [log k(X y; 6) ’ yl . (3.15)

Substituting this in (3.14) and using (3.6) yields:
16 y)=Q@]6")—H(®O| V). (3.16)
From this we can compute:

16D | 9) =161 | 5) = QY | 6) — Qo+ | 90

1
HOWD | 9Dy + HOED | g0). (317

In order to prove that (3.10) holds, it must be shown that the right-hand side of this equation is

smaller or equal to zero. By assumption (3.9) it is known that:
Q(OW [ 6Y) — QoY | 60) < (3.18)
So it remains to prove that:
HOEY | 9Oy — H(H® | 60)) < 0. (3.19)
This will be shown using Jensen’s inequality and the concavity of the natural logarithm. We have
that:
HEWD 169) = HEW | 07)) = Ego logk< v 00D) | y] — Egeo [log k(X]y; 69) | o]

ZEem g k(X]y; 9(t+1)) log k(X 1y; e(t)) ‘y}

k(X|y, t+1)
= Eyc |

le, t“)
\ y

< IOgEg(t) ( | e(t)

_ k(l"|y» Hl)) o)
=tos [ Sy gy el 0) do
- log/k(:v|y; 0+ da

=logl

=0.

Putting it all back together gives (3.10), which is the desired result. O

This theorem proves that with each iteration of the algorithm the observed data likelihood is non-
decreasing, i.e. it increases or remains the same. The latter will be the case when the maximum is
attained. But this theorem doesn’t tell us that the algorithm will converge to a (unique) maximum
value. Examples of the EM algorithm converging to a saddle point are provided by McLachlan and
Krishnan (1997). Wu (1983) proposes regularity conditions such that convergence to a maximum
of the algorithm is ensured. He approaches the EM algorithm as a special optimization algorithm

in order to utilize existing results in the optimization literature. A summary of the results will be
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presented here. See Wu (1983) or McLachlan and Krishnan (1997) for a more detailed treatment .
The regularity conditions proposed by Wu (1983):

1. © is a subset of R?;

2. Qg :={0€Q]|1(0) >1(0y)} is compact for any (f) > —oo;

3. [ is continuous in  and differentiable in the interior of €;

4. Q6] 0') is continuous in both # and ¢’.
These conditions are assumed in Theorems 4 and 5 and Corollary 6.

Theorem 4. All limit points of {H(t))}t>0 of an EM algorithm are stationary points of | and

{Z(H(t))}t>0 converges monotonically to I* :=1(6%) for some stationary point 6*.

This theorem states that Z(G(t)) converges to a point [*. It does not yet ensure that () converges
to a unique maximum 6*. The following theorem states the conditions for convergence of () to a

maximum 6*.

Theorem 5. Let {Q(t))}t>0 be an EM sequence and suppose that %Q(& | ") is continuous in both
0 and 0'. If either

e {0 Q|1(0) =1} ={6"} or,
e {0 €Q|10) =1} is discrete and [|0FD) —9®|| = 0 as t — oo,
then 1) converges to a stationary point 6% with (%) = I*.

A conclusive theorem can be formulated if the likelihood is unimodal, i.e. the likelihood has a

unique maximum.

Corollary 6. Suppose that 1(0) is unimodal in Q with 0* the stationary point and %Q(Q | 07) is
continuous in both 0 and 0'. Then for an EM sequence {H(t))}t>0 we have that ) — 0%, i.e. 6

converges to the unique maximum 6* of 1(0).

In this case 6* is the MLE. For the proofs of these theorems the reader is referred to Wu (1983).
Throughout this thesis we will assume these regularity conditions in order to use the conclusiveness

of Corollary 6.
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Chapter 4

The model and application of the
EM algorithm

In this chapter the model is introduced and the details of the application of the EM algorithm
to this model are provided. It is structured as follows. First the exact model and the modelling
of the missing data are specified. Then both steps of the algorithm are elaborated upon. The
E-step consists of computing the conditional likelihood and, for that, a probability distribution is
specified. Building on that, in the M-step, the maximum likelihood estimators are computed of

this conditional expectation.

4.1 The model

For each individual in the data we observe (T;,7;,Z;). Here T; is the survival time. It can be
expressed as T; = min(T}, T2, C;), where TF denote the event time for event k and C; denotes
the censoring time. We also observe 7; which indicates whether an event was observed and, if so,
of which type it was and Z; which is the vector of time-independent covariates. In the case of a
censored observation we have 7; = 0. The survival time can only be missing if 7, = 1, that is, only
observed survival times of event 1 can be missing. All other variables are observed for all subjects.
Furthermore, in some cases we may observe T2 even if 7; # 2. If the event time of cause 2 is

observed we denote it with ¢]"** in order to prevent notational confusion. This event time needs

to be taken in consideration when modelling the missing data.

The covariate effect on survival is modelled using Cox’ proportional hazards model and two com-
peting risks are taken into account: the event of interest (event 1) and all other competing events
combined (event 2). We are interested in estimating the cumulative incidence function of both
events. In doing so, we estimate § = (3, A\g). Here 8 = (f1,52) denotes Cox’ risk coefficients
for event 1 and 2 respectively. Furthermore, Ao = (A10, A20) denotes the vector of cause-specific

baseline hazards at each time point for event 1 and 2.
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4.1.1 Modelling the missing data

As mentioned, the only variable which might be missing is the survival time for individuals who
experienced event 1. The survival time can be seen as a stochastic variable, therefore we adopt

the notation t; for non-missing survival times and T; for missing survival times.

The missing data is modelled non-parametrically. The central assumption: any individual that
has experienced event 1, will have experienced it at a time point at which we observed an event
of type 1. So let t§ < t5 < ... < t’zk denote the Lj distinct time points at which an event of
type k is observed. The sample space for T' can then be defined as Q = {t1,t3,...,t} }. But note
that an individual cannot experience an event if it has already experienced the competing event.
Somebody, for example, cannot develop acute graft-versus-host disease if that person has already

, it needs to be taken into account accordingly.

died or experienced a relapse. So if we observe ¢;"**

For each T; the sample space is restricted to:

Q,={teQ|t<t*} (4.1)

The stochastic variable T; takes a value in §2; with a certain probability. This probability can be
stated as:
pij =P(T; = t; | 7 = 1,Z). (4.2)

This probability distribution is determined in the next section.

4.2 FE-step

The E-step of the algorithm consists of computing the conditional expectation of the missing data
given the observed data as defined in equation (3.6). In this section details of the application of
the algorithm to our specific model are provided. First the probability distribution of the missing
event time points is specified. Next the conditional expectation is computed and an equivalent

computation is shown. This alternative computation is based on an expansion of the data.

4.2.1 The Probability distribution

We can determine a probability distribution which gives the probability that a person whose
survival time is missing experiences the event at a certain time. That is the probability introduced
in the last section: p;;. As mentioned in 4.1.1, we assume that T; € €);. Since this probability is

actually a conditional probability, Bayes Rule can be used to find that:

P(r;=1|T; =t},Z) P(T; =t} | Z;)

P(r; =1|T, =t} Z;) - P(T; =t | Z;
l:tlze:ﬂi( | 1 Zi) - IP( 11 Zs) (4.3)

Note that each probability presented actually depends on the current estimates #(*) of the param-
eters, but to avoid notational clutter we omit #() from the probability distributions. Now first the

probability P(r; =1 | T; = t;, Z;) is computed. This is the probability of experiencing an event of
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type 1 given that at tjl an event was experienced. This can be computed as:

P(ri=1|T,=t}, Z;) = P(ri =1 t; <T; <t} + At, Z;))
P(r; =1, t; <T; <t; + At | Ty > t, Zy)
P(t; <T; <t + At | T; > t, Z;)

P(ri=1, t} < Ty <t} + At | T; > t}, Z;) (4.4)
= =2
Yoo P(ri =k, t; <T; <t; + At | Ty > t], Zy)
A1(t})

AM(t) + X2 (t])

Recall that an event of a certain type can only be experienced at a time point at which we observed
an event of that type. In other words, the probability of experiencing event 2 at a time point on
which we only observed events of type 1 is zero. Furthermore, if we assume that the underlying
distributions are continuous, the event time points of type 1 and type 2 do not agree almost surely.
This implies that Ao (tjl) = 0 almost surely, i.e. the instantaneous risk of experiencing event 2 at a

time point of event 1 is zero. This simplifies the above expression:

A1(t)

Pl =11 T =0, %) = 551745
J

(4.5)

Intuitively this is clear by the same reasoning as above. If we observe somebody experiencing an
event at a certain time point, the type of event will equal the type of event already observed at

that time point. This reduces expression (4.3) to:

P(T; =t | 7 =1, Zi) < P(T; =t} | Zy). (4.6)

It remains to find an expression for this latter probability. Note that this is the likelihood contri-

bution of a subject experiencing the event at time t}, that is:

2
BTy =t | Z3) = [ A ()™ S (#)), (4.7)
k=1

where Sy, is defined as Sy (t) := exp{—A(¢)}. Since we only consider time points of event 1, it can

be seen as a censored observation with regards to event 2. Accordingly, (4.7) can be expressed as:

P(T; =t | Zi) = M (t5)S1(¢5)S2(t])- (4.8)

Combining (4.3) and (4.8), yields our final probability distribution:

A1 (t5) 1 (15) 52 ()
X M(t)si(t)s:(4)

Lt €Q;

pij =P(Ti=t; | =1, Z;) = (4.9)

These probability estimates are implemented as weights in the computation of MLE’s of the con-
ditional likelihood.
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4.2.2 Conditional expectation

Define 0; := 1(1; = k) and recall that the dataset consists of n subjects. The survival times of the
first n; subjects are observed, while the survival times for the latter n — ny subjects are missing.
Then the complete data log-likelihood can be written as sum of the observed log-likelihood, I, (6),
and the log-likelihood of the missing observation, ,,(6).

l(a) = 10(9) + lm(g)

= 22: i {6ik (ﬂkTZi + log )\kO(ti)> - exp{ﬂljzi}AkO(Ti)} (4.10)

=~
I
—
-
I
-

2 n

0> {(5ik (52%‘ + log /\ko(Ti)) - eXp{ﬁ]—ngi}AkO(Ti)}y

k=1i=ni1+1

where we used the expression for the log-likelihood from (2.31). Recall that p;; is the probability
that the missing 7T; equals t? given that the i-th person has an event of type k and its covariates.
Now note that the log-likelihood of the observed individuals is not stochastic with respect to the

conditional expectation. More specifically, we have that:
Eg) [16(0) | Yobs] = 16(0). (4.11)

Then the conditional expectation can be computed in two ways: as a sum over the subjects and

as a sum over the event time points. These are given by:

Q8 16“) =Eg [1(8) | Yobs]

k=11=1
2 n
3030 BB 2 +logro(t)) — exp{B] Zi} ho(Ls) | 6]
=1li=n1+1
nlk 12 '
= Z {&'k (5;21‘ + log )\O(ti)) - eXP{ﬂkTZi}Ao(ti)}
1=1 k=1
W2 L (4.12)

+ Z ZZP;‘;‘{@% (Bljzi —I—log/\o(t?)) - eXP{ﬁl;rZi}AO(t?)}

i=ni+1k=1j=1

=3 >~ {0 (B2 + 105 do(t) — exp{ B Zi}Ao(t:) }

L,y

+ Z Zpij{ﬁljzi +log Ao(t;) — eXp{ﬂ;Zi}AO(tb}
i=ni1+1j=1
n Lo

i=ni4+1 j=1
The probability p;; can be estimated using our current estimates of the baseline hazards and Cox
risk coefficients, 8(Y). Nevertheless, we do not need to compute this log-likelihood over the original
data. The data can be expanded in such a manner that the conditional log-likelihood over the

original data equals the standard log-likelihood (2.19) over the expanded data. This is explained
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in the next section.

4.2.3 Expanding the dataset

First take a closer look on the conditional expectation given in equation (4.12). Note the similarity
with the formula given in (2.19). This is the log-likelihood without competing risks computed by
the standard software in R. It is the sum of the log-likelihood contributions of all individuals. More

specifically:
1. The observed subjects contribute log S(t);
2. The censored subjects contribute log A()S(t).

Contrast this with our current (conditional) log-likelihood (4.12). There are multiple different
contributions to this log-likelihood:

1. Each observed event of cause 1 contributes two terms: log A1 (¢)S1(t) and log Sa(t);

2. Each observed event of cause 2 contributes two terms: log Sy (t) and log A2(t)S2();

3. Each censored event contributes two terms: log S1(t) and log Sa(¢);

4. BEach missing observation i contributes p;; log A1(¢;)S1(¢;) and p;; log S2(¢;) for each t; € Q;.

This implies that we can expand the data set such that the conditional log-likelihood over the
original data equals the standard weighted log-likelihood over the expanded data. Moreover, the
data can be expanded into two separate data sets: one for each event. After all, the contribution

of an observed event 1 can be considered as censored with respect to event 2, and vice versa.

For each subject i in the data we observed (T}, 7;, tP**, Z;) with T; € Q; U{NA}. Now an algorithm
for expanding the original data to the two expanded data sets D; and D, is prescribed. As
mentioned, a weighted Cox’ model will be fitted to this data. Therefore the data in D; and Do
is of the form (7}, 7;,Z;,w;), where w; is the weight assigned to the j-th point in the data. The
algorithm for expanding the data is as follows:

Algorithm for expanding the data

for alli € {1,2,...,n} do
if T; # NA then
Dy« DU (T3,00,Zi,1)
Dy + Dy U (T, 0i0,2Z;,1)
end if
if T; = NA then
for all ¢; € 2; do
Dy <~ D1 U (t),1,Z;,pij5)
Dy < Dy U (t4,0,Z;,pi5)
end for
end if

end for

This algorithm produces the two data sets over which we can estimate both cumulative incidence
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functions. Both D; and D5 consist of m subjects where m can be computed as follows:
m=mni + Z |Q7,‘ (413)

An example for the expansion of the data is shown. Let the original data D be as follows:

D
ID time status maxtime
1 2.5 1 NA

2 3 1 NA

3 5 1 NA

4 2 2 NA

5 3.5 0 NA

6 NA 1 4.5

For this data set the full sample space is given by: Q = {t},t1,t1} = {2.5,3,5}. But since t} > tfax,
the sample space for the missing observation is given by: Qg = {ti,t3} = {2.5,3}. Then the two

expanded data sets are given by:

D, D,
ID time status maxtime weight ID time status maxtime weight
1 2.5 1 NA 1 1 2.5 0 NA 1
2 3 1 NA 1 2 3 0 NA 1
3 5 1 NA 1 3 5 0 NA 1
4 2 0 NA 1 4 2 1 NA 1
5 3.5 0 NA 1 5 3.5 0 NA 1
6 2.5 1 4.5 Pe,1 6 2.5 0 4.5 P61
6 3 1 4.5 Pe,2 6 3 0 4.5 P62

The exact computation of the weights is omitted, since these depend on the estimates of the
parameters in the EM algorithm, #®). In each iteration, these weights will be updated until

convergence.

4.3 M-step

In the M-step the conditional likelihood is maximized. This produces the ML estimates for the
parameters. It could be done by finding the roots of the derivatives of the conditional expectation,
but it is actually equivalent to finding the roots of the derivatives of the standard weighted log-
likelihood over the expanded data set. Subsequently standard software can be used to compute
the actual estimates. The roots are computed using the Newton-Raphson root finding algorithm

which underlies the coxph function in R.

First, the maximization of the baseline hazards is elaborated upon, whereafter the maximization
of Cox’ risk coefficients is explained. The latter can, namely, be efficiently maximized using Cox’

partial likelihood.

4.3.1 Maximization of the baseline hazards

The maximum likelihood estimators of the baseline hazards can be estimated by finding the roots

of the derivative of the weighted log-likelihood as presented in (2.19). So we need to find solutions
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to the system of equations given by:

alB)  2iep, wi
a; ) _ lefj = > wiexp{8"Z} =0. (4.14)
" " IER.

Here )\, is the r-th entry of A, i.e. the baseline hazard at event time point ¢,.. As mentioned, for

a fixed k, the likelihood is computed as a sum over the subjects in the expanded data set Dy.

4.3.2 Maximization of Cox’ risk coefficients

The maximum likelihood estimators of Cox’ risk coefficients can be estimated using the partial
log-likelihood as presented in (2.22) over the expanded data set. Fix k then we can estimate [y
on the data Dy using the likelihood without competing risks. The weighted partial log-likelihood

is given by:
l(,@k) = Z ,Bl;r Z wlZl — log Z wy exp{,@,;rzl} . Z wp o - (4.15)
Jj=1 leD; lER; leD;

Differentiating with respect to the r-th entry of 8y gives:

ol(By.)

Y iep, Wi
; B wiZyy — . . (4.16)
B = zezpj Sier, Wil exp{ B Zi}

M=

The solution to 2485 — 0 can be approximated with the Newton-Raphson root finding algorithm
0B

which is employed by the standard software in R.
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Chapter 5

Variance Estimation

This chapter is concerned with the estimation of the variance of the parameters and the cumulative
incidence function. The classical estimates of the variance do not suffice since the parameters have
been estimated using the EM algorithm. The EM algorithm enables us perform statistical estima-
tion in the presence of missing data. This missing data naturally induces higher uncertainty of the
estimators. Another estimation method for the information matrix is therefore presented in the
first section. This estimate will be used to compute the variance and covariances of the estimated
parameters which is presented in the second section. Furthermore a method for estimating the
variance of the cumulative incidence function is explained. This variance is calculated with the

variances of the parameters. At last a general introduction to the bootstrap method is given.

5.1 Variance when using the EM algorithm

An early criticism of the EM algorithm was that, unlike related methods, the algorithm does not
produce an estimate of the covariance matrix of the MLE (McLachlan and Krishnan, 1997). Later
Oakes (1999) derived a simple expression for the second-derivative matrix of the observed log-
likelihood in terms the conditional expectation function Q(€ | 6y) invoked by the algorithm. This
information matrix can be used to estimate the covariances of the parameters in the usual way. It

is given by:
L,(00) = — {VeaQ(9 \ ‘90)|9:90 + Vg, Q(0 | 90)|9:90}~ (5.1)

The first term corresponds to the complete data information I, (f) and the second term corresponds
to the missing information I, (¢). In situations without missing data the second term of the right
hand side of (5.1) would vanish. This terms adds the extra uncertainty caused by the missing data.

Standard estimates therefore underestimate the variance of the parameters.

The EM algorithm provided us with a transformed data set without missing data as explained in
Section 4.2.3. Each of the m observations in this data set has been weighted using the probability
distribution from Section 4.2.1. The conditional expectation over the original data corresponds to

the log-likelihood over the expanded data set. Computing (5.1) thus boils down to consecutively
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computing

Vool (0) and Vggol(e) (5.2)

’9:00 | 0=00’

where [ is given by (2.20).

Furthermore it suffices to do this for each expanded data set separately. Recall that the data
expansion yielded two data sets — one for each competing event. The parameters from the other
event can be considered as constants in computing the variance of the baseline hazards. This is
due to the nonidentifiability of competing events (Tsiatis, 1975). The variances of the parameters
of each cause can thus be estimated using only the expanded data set of that cause. So in the

proceedings of this chapter we will disregard the competing risks.

5.2 Variance of the parameters

The variance of the baseline hazard and Cox’ regression coefficients can be estimated using the
inverse of the observed information matrix which is given in (5.1). This actually boils down to

computing the log-likelihood over the expanded data, as argued in Section 4.2.3.

In order to compute the gradients, the log-likelihood is differentiated with respect to the entries of
B and A. Let 85, and A, denote the s;-th and r;-th entry of 8 and A respectively. The first order

derivatives are given by:

k

ol
9B Z Z wilys, —Aj - Z wiZys, exp{S Z1} 7,
b j=1 \leD; IER; (5.3)
ol Zzev
a — Z wlexp{ﬂ Zl}
1 Ary IER,
The second order derivatives with respect to 8 are given by:
c’?ﬂazc’)lﬂ = —Z N Y wiZis Ly, exp{B L} ¢,
s2s lER;
0%l B _Engrl wi
oA O, A2 (5.4)
0%l
ONryON,, 0
tal) 0?1
= =\ - Z1,s 7).
9308 DB N, O 2 i {072}

lER;

From these derivatives we can compute Vggl(6) over the expanded data which corresponds to

oo
VeQ(0 10) | g—p OVEr the initial data. This in turns corresponded to the complete data information.

In order to compute the missing information, the formulas in (5.3) need to be differentiated with
respect to A9 and AY. Recall that these are the parameters maximized in the previous step of the

algorithm. They are therefore only used to compute the weights w; for each i = 1,2,...,m. By
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continuity, the order of differentiation can be switched. This yields:

k

0% o ol 3wz .
95070~ 970 9p.. =y Z 50 -\ Z s exp{BTZ)
2 2 j=1 | leD; 2
92l o ol b O, D,
0 0 Z 0 l,s1 j Z 0 1,51 p{ I ,
aﬁsl a)\r’Q a)\TZ 8/381 : ZGD' 8)\T2 lER a)\rz (5.5)
921 o ol awl ﬁwz -
Z
An B0~ 0B OAs A Z 50 Z eXP{ﬂ 1}
ZG'Drl 2 leer
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9B, 087 0N O\, Ary O AN exp{ﬂ l}
2 2 €Dy, 2 IER, 2

It remains to compute the partial derivatives of the weights with respect to the current estimates:

gﬁ'ﬁ’f and 2 5 /\0 . Note that these partial derivatives only need to be computed for observations which
were mlssmg The subjects for whom the event time point was observed have been assigned weight
one. The assigned weights are independent of the parameters. Therefore these observations have

a derivative which equals zero.

Recall that the weight assigned to the ¢-th subject is given by:

At (ti) S (t:) Sa (t:)
> Ax(t)S1(t)S2(t)

Lt €9,
A1 () exp{—eﬁl Zi Ay (tl)} exp{—eB’A‘TZiAo (ti)}

S M) exp{—ef ZiAg(t;) } exp{—e? ZiAo(t))}
1:t,€Q;

where the estimator notation for the parameters — e.g. X(t) and B\ — was omitted to avoid notational
clutter. This will be done for the remaining part of the chapter. Moreover, the sum over the time
points in the individual sample space Zl:tlem will be abbreviated a ;. Then, using the quotient

rule for differentiation, the first derivative can be computed as:

dwi 0 [ M(t)Si(t)S:(h)
0 POPACAIEA T
 (8) g [91(0)Sa(0:) - X i (1)1 (1)Sa()

(370 M (t2) S (1) S2 (1))
A1) S () Sa(t:) - 32 Al(tl)@ [S1(t)] S2(tr)
370 A (t2) S (8) S (t1)) (5.7)
A1 (E3)Zi, o A (83)S1(8:)S2(t:) - Doy A (81)S1(8)S2 ()

- [0 A (1) S (8)Sa (1))
() Sa(ta)Sa(ti) - 30 M) Zu,s, AN (81) S1(t) S2 (1)

(320 M (t) S (1) Sa (1))
A (t3)S1(t:)Sa(t:) - >y A (t) S1(t)S2(tr) [Zi,sy A (i) — Zus, A (1)

(370 A (t) S (1) S2 (1)) .
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The partial derivative of Si(¢;) is here computed as follows:

8281 [S1(t:)] = aggl [GXP{—eﬁlziAo(ti)}]
= —Z; 5, No(t:) exp{—e” % No(t;) + B1Z; } (5.8)
= —Z;5, No(t;) exp{B1Z;} exp{—ePZi Ao (t;)}
= —Z;i s, A'(t;)S1(t:).

It remains to compute the derivative of the weights with respect to the hazard increments. Suppose
that ¢; equals the j-th event time point of event 1, that is ¢; = t}. Now define the following
indicators:
6= :=1(ry =j), 0=:=1(r; >j) and 6 :=1(r; > j). (5.9)
Then the derivative with respect to the hazard increments can be computed as:
Ow; 0 { A1(t3)S1(ti)Sa2(ts) }
O\ 0N Do M(t)S1(t)Sa(t)
5o M (t)S1(8)] Sa(ti) - >0y A (t) S (1) Sa ()
2o Au(t) Sl(tl)Sz(tl)]2
(i) S (t:)Sa(t:) - 3o 532 [ (t)Sa ()] Sate)
[320 M () S (1) Sa ()]
{07+ Pt} S1(t)Sa(t) - £ M (0) S (1) Sa(8) (5.10)
320 M () S (1) S (8))
A1 (ti)S1(t:)S2(t:) - 52 {eﬁrzl)\l(tz)sl(tl)sz(tl) + 5251(%)52(%)}
[320 M () S (1) Sa(8)]
A ()51 () Sa(t) {zl (7 2 — e8I Z1) X, (1)1 (1) Sa(tr) — 67 S (¢ )52(@)}
[320 M () S (1) Sa ()] '

At * we used that:

I (E)S(t)] = 67518 + Ma(t)e 78 1)
" (5.11)

= {5+ M) =} st

From these calculations, the information matrix can be estimated as explained. The sub-calculations
will not be combined in a final expressions. These would not fit within the margins and are easily

computed using statistical software.

5.3 Variance of the cumulative incidence function

The variance estimation of the previous sections give us estimates of the variance of the increments
of the baseline hazard and cox’ regression coefficients., i.e. for each cause k var |:/\k7 J} and var[fy] is
computed. The goal of this section is to express the variance of the cumulative incidence function

in terms of variance estimates of the estimates parameters.
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In order to estimate this variance, the Delta method is used. This method is introduced first.
Then the variance of the cumulative incidence function without covariates is computed and finally
covariates are included. The exact calculation of the latter is omitted due to the high density of

formulas, only a sketch is given.

5.3.1 Delta method

The Delta method is used to estimate the variance of a function of a asymptotic normal stochastic

variable. The exact method is formulated as a theorem.

Theorem 7. Let g : R™ — R™ be differentiable at § € R™ and denote the gradient with Vg(0). let

T, be a real-valued sequence of vectors satisfying
D
rn(Tn - 9) — N(/J/7E)>

where 25 denotes convergence in distribution and (rp)n>0 a sequence of real numbers. Then it
holds that

ra(9(Tn) — 9(0)) -2 N(Vg(@)u, Va(0)=Vg(8)T).
Proof. See Van der Vaart (1998). O

For our purposes this method can be refined. Suppose that we have a n-dimensional vector of
statistics T = (11, T%, ..., T,) which converges to the parameter § = (61,02, ...,60,). Furthermore,
let f,g : R" — R be differentiable, scalar functions. Then the covariance of f(T') and g(T') can
then be approximated by:

n n 8
cov|[f( Zza—g%cov (T;,T}]. (5.12)

For a single function f this can be simplified. The variance is then given by:

var[f(T)] = Z <§é’: ) var[T})]. (5.13)

For a univariate statistic this simplifies even further. In this case, the variance can be estimated

as follows:
var [f(T)] = (f'(6))” vax[T]. (5.14)

The variance of the exponential function of a stochastic variable can, for example, be estimated

using the Delta method. Let X be a stochastic random variable. The variance is then given by:

var[eX] = (%e;;>2var[X] = 2% . var[X].

Another frequent occurring example is the variance of a product of independent and identically dis-
tributed random variables. This can also be estimated using the Delta method. Let X1, X5, ..., X,

be independent and identically distributed random variables. Then the variance of the product is
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given by:

ool ] oo enll
- ﬁ X;| -var llog ﬁ Xz‘}

i=1

12, (5.15)

= ﬁ X;| - Z var [log X;]
el -
-Zn var [
= X;
fix] 57

Note that the Delta method is actually applied twice in this example. This trick for the computation

of the variance of a product will be used later in this section more often.

5.3.2 Cumulative incidence without covariates

In this section the variance of the cumulative incidence function is computed. A model without
covariates is considered. The reason for this is the fact that the hazard increments are pairwise
uncorrelated. This simplifies the computation significantly. Due to the high-density of calculations,

large parts of the steps have been omitted to the Appendix B.1.

Recall the non-parametric estimator for the cumulative incidence function from (2.28). First, the

variance of the sum is written as a sum over the variances and covariances. This yields:

var [Ec(t)} = var Z A ;S (ti-1)

jity <t

= ) var[Ae St +2 ) icov[Ak,jS(tj_l), AjrS(tj_1)).

Gity <t joty <t j'=1

(5.16)

It now boils to down computing these variances and covariances terms. Since the survival function
is estimated by a product over the hazard rates, the Delta method is applied. It is actually applied
twice. The same trick as in (5.15) is used to find that

1

ar [A var [A;,
var (M 35 (8-1)] = e, S (1)) lv A2 b Z 111— ) l]]
k,j =1 l

Y 2 | var | Z var [A; 1]
= [Li(tj) — Ii(t;-1)] [ ()\kd ; 11_ ™E ‘|

(5.17)

The same methodology is applied to compute the covariance term. Furthermore, the fact that the
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hazard increments are pairwise uncorrelated is used. The covariance term is given by:

B var(Ay ;] = Zfil var [A;]
00V [ S0 X () St -0)] = RS-0y Sl ) | SRS + l; 1)
_[7 = A var[A,; S var v
= [Ik-(fj) - Ik(tj—l)} {Ik(tj) = I (tj 1) SN ; “GoneE
(5.18)

As noted before, the details of this computation have been omitted to Appendix B.1. Putting this
all back together, the variance estimate of the cumulative incidence function without covariates is

given by:

it <t =1

_]—1

23 5 e ) [fkw—mﬁw-u] (A:ff 'Lj, Sap L LE

jit;<tj'=1

5.3.3 Variance estimates with covariates

When we consider the cumulative incidence function in Cox model, the calculations need to be
altered. There are two differences that need to be taken in consideration. First, the hazard is
changed to the form presented in (2.15) and, secondly the hazard increments are not pairwise
uncorrelated in the Cox model. That is, cov[Ag ;, Ax;] 7 0. Due to these changes the calculations
become long and tedious. We therefore merely explain the method how the calculation is done,

omitting the calculation itself.

As mentioned the method as presented in the previous subsection can be used as a guide. Since
the hazard rate is written as the product of the baseline hazard (which corresponds to the hazard
presented in the previous section) and the hazard rate e TZ, the estimation of the variance requires
an extra application of the Delta method. In equation (B.5) the fact that the hazards are pairwise
uncorrelated was used. This strongly simplified the calculation. When considering the Cox model
these extra terms need to be estimated as well. In order to do so the Delta method ought to be
applies two times more. Then the formulas can be put back together and a final estimate of the

variance of the cumulative incidence function with covariates can be given.

5.4 Bootstrap procedure

In this section the bootstrap procedure is introduced. Due to computational complexity this
method is used to estimate the variance of Cox’ regression coefficients and the cumulative incidence

function in our final analysis.

5.4.1 General introduction to the bootstrap procedure

A bootstrap procedure can be used to estimate measures of performance in situations where ana-

lytic or computationally feasible methods are absent. The presented theory is based on the concise
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overview given by Efron and Tibshirani (1993).

Let = (x1,x2,...,2,) be the subjects in the data. A bootstrap sample is a random sample
x* = (27,25, ...,2%) of size n drawn with replacement of the original data. From the original data
B bootstrap samples are drawn. From each bootstrap sample x} with ¢ = 1,2, ..., B the bootstrap

replicator of the parameter 9 is computed. This is given by:
07 = s(x). (5.19)

Here s(-) denotes the function of the data to estimate #. This gives a sample 5}*, 5}‘, ey 5*3. These
replications give us an idea about the distribution of 6 and from this distribution standard errors
or even confidence intervals can be constructed. Several of these statistics are given in the next

section.

5.4.2 Bootstrap statistics

The simplest bootstrap statistics is the bootstrap average. It it computed as a regular average:

1B
=5 > o;.
i=1
Likewise, the bootstrap variance can be computed as ordinarily:

B 2

) =m0

i=1

as well as the bootstrap covariance:

PO 1 S/ N e T
CH(0.0) = 5 (@ -0) (07 -07) .
i=1

From the variance, the standard error can be computed by taking the square root. This gives a
measure of the quality of the estimator. But it can also be used to construct a 100(1 — «) percent
confidence interval for the estimator #. There are two ways to do so. The first method is non-
parametric and uses the empirical quantiles of @\f Let 52*1)7 @E‘Q), e §Z‘R) be the ordered bootstrap
replicates. Denote L = [(R+1)a/2] and U = (R+1)(1 — o/2), where the square brackets indicate

the rounding to the nearest integer. The a-confidence interval is then given by: {é\a), é\Z‘U)]

This method, unfortunately, often requires a high amount of bootstrap replications B (DiCiccio
and Efron, 1996). Due to time constraints another method of estimating confidence intervals is

presented. This method is based on normal theory. It assumes that 6 is asymptotically normal.

0+ \/V(6*) - 2(a),

where z(4) is the 100ath percentile of a normal deviate.

The interval is then given by
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Chapter 6

Analysis of EBMT data

The EM algorithm and the model for the missing data have been formulated and explained in
previous chapters. In this chapter we apply it to the EBMT data which contains missing data.
First the data and variables in the data are elaborated upon. Then the research questions are
outlined. This section states the goal of the analysis and — effectively — why the model was set
up in the first place. Furthermore, the statistical methods and implementation are explained.
Finally, the results of the analysis are presented, where an attempt is made to answer the research

questions.

6.1 The EBMT Data

The data that is considered for the analysis is a subset of the total EBMT data set. These are all
the patients who received HSCT in The Netherlands from 1990 to 2015.

This set contains missing data in the event time points of interest as well as some of the covariates.
Since our model only allows for missing event time points and not for missing covariates, the entries
who contain missing covariates are deleted from the data set. These make up less then ten percent

of the total data. The resulting data comprises 5807 patients.

Covariate Categories or units Descriptives
Gend Female n = 2351, (40.49%)
ender Male n = 3456, (59.51%)

Age at transplant In years Md =50.43, [18.04 - 75.27]
Transplantation year  In years (between 1990 and 2015) Md = 2008, [1990 - 2015]

R . Myeloablative n = 2697, (46.44%)
Conditioning intensity Reduced n = 3110, (53.56%)
D T HLA identical donors n = 3422, (58.93%)
onor Lype Unrelated n = 2385, (41.07%)
Graft s Peripheral blood n = 4462, (76.84%)
rath souree Bone marrow n = 1345, (23.16%)

Table 6.1: Covariates registered for each patient in the EBMT data.
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6.1.1 Variables in the data

The data set contains a great deal of information. Our analysis will be limited to a part of this
data. For one thing, the data contains the event times for mortality and aGvHD (in days) and
the status indicator, which indicates whether a certain event was observed. These event times
are modelled as our outcome variables. Furthermore, the covariates from the data that under
consideration are presented in Table 6.1. The latter three of these variables require some further

elaboration.

The conditioning intensity refers to the chemotherapy and radiation which is administered before
undergoing HSCT. It should facilitate engraftment of the fresh stem cells, reduce or eliminate
leukemia cells and suppress the patient’s immune system to prevent rejection of the donor graft. A
reduced conditioning intensity ought to make the procedure less toxic and thus broader applicable

to patients with a weakened immune system.

The graft can either come from a human leukocyte antigen (HLA) identical or — some form of —
unrelated donor. This is referred to as the donor type. The human leukocyte antigen is a complex
of genes which is responsible for the regulation of the immune system. Since both the donor and the
graft can trigger an immune attack on the foreign cells, a close match between human leukocyte
antigens of donor and recipient is preferable. An HLA identical donor is often a sibling of the

patient.

The graft source refers to the place where the stem cells are taken from. This can — in our case —
either by from bone marrow or from peripheral blood: the blood circulating throughout the body.
It is also possible to extract stem cells from umbilical cords of newborn babies, but this graft source

is not present in our data.

6.2 Research questions

There are three main research questions that are of interest in our analysis:
1. Has HSCT and clinical care improved over the years?
2. What are the risk factors for suffering aGvHD and mortality?
3. How does our method (EM) compare to the method of drawing at random?

The first question concerns the improvement of HSCT and clinical care. Has it become better with
respect to aGvHD and mortality? The second question concerns identifying the risk factors for
aGvHD. What type of persons are more likely to die and who is more likely to suffer aGvHD? We
will try to identify what covariates predict a good or bad outcome after HSCT. These question will
be answered using our proposed method of the EM algorithm. But how do the conclusions compare
to when we use the method of drawing at random? Does it impact our conclusions significantly or
are essentially the same results obtained? It is of interest how both methods compare and impact

the conclusions.
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6.3 Methods

We consider aGvHD and mortality as the endpoints of the study. The analysis is performed using
the EM algorithm and the model as described in previous chapters. This consists of first expanding
the data, followed by iteratively optimizing a Cox model over the two expanded data sets. In each
iteration of the algorithm a Cox model is fitted using the coxph function from the survival package
in R (Therneau et al., 2021). As covariates in the Cox model are taken: age, gender, conditioning
intensity, donor type and graft source. For each regression coefficient a p-value is computed using

the Wald statistic which is based on the bootstrap variance estimator.

Furthermore, baseline cumulative incidence curves are fitted on subgroups based on transplanta-
tion year. Each subgroup consists of those patients who received HSCT within one the periods:
1990-1995, 1996-2000, 2001-2005, 2006-2010, 2010-2015. The variance of the risk coefficients and
incidences are estimated using the bootstrap procedure as explained in 5.4. Furthermore, we esti-
mate the variance of the cumulative incidence functions of aGvHD at the time points: ¢ = 1.5, 3, 10
and for mortality at the time points: ¢ = 15, 50, 100. All of this is done for both the proposed
method of the EM algorithm and the method of drawing at random in order to enable adequate

comparison of the methods.

6.4 Implementation of the analysis

When implementing the algorithm, there are some features that need some specific care and at-
tention. These are outlined and elaborated upon in this section. The full code can be found on
GitHub.

6.4.1 Coding the covariates

The coding and dichotomous variables needs some extra attention. The dichotomous variables
will be coded as 0/1 with the upper category as presented in Table 6.1 to be 0. The continuous
covariable — only age — will be translated. We subtract 18.04 from the age of each patient since this
is the minimum age in the data. Furthermore, the age was divided by 10. These transformations

will make the interpretation of the effect of age clearer.

6.4.2 Convergence criterion

The convergence of the algorithm was originally formulated as in section 3.2.1, i.e. the convergence
in likelihood. Due to complications in the implementation the alternative convergence criterion
was used. The algorithm terminates if the absolute distance between the consecutive parameter

estimates is smaller that 109, that is:
d(0®,0"=) = |g® — (=] <107,

where 6 is the vector containing all parameters. It is not directly clear that this alternative
convergence criterion is equivalent to the original one. Therefore we ran 100 extra iteration in
order to check whether an significant change in the estimated parameters occurred. There was

no such change. The difference between estimated parameters and the parameters after the 100th
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extra iteration barely changed, that is d(0(t+100), G(t)) < 1079, Therefore we can safely assume

that this convergence criterion is sufficient for our purposes of the analysis.

6.4.3 Initial guess

It cannot a priori be assumed that the maximized likelihood is unimodal. Therefore it could be
the case that the algorithm converged to a local maximum instead of the global maximum. Several
starting points have been tested in order to check whether multiple local maxima exist. All of
these resulted in the same maximum likelihood estimate. Therefore it can be safely assumed that

the algorithm converges to a unique, global maximum.

6.4.4 Implementation of the bootstrap procedure and significance test-
ing

A bootstrap sample size of B = 1200 is chosen. The bootstrap algorithm was run three times

with each a sample size of 400. In order to ensure reproducibility the set.seed() function was

used with 1, 2 and 3 as seeds. These three sets of bootstrap replicators were combined before final

analysis was performed. For each bootstrap replication, the estimators as explained in section 6.3

are computed. We use the ordinary bootstrap statistics as explained in section 5.4.2. From these

estimates the variance-covariance matrix can be constructed.

6.5 Results

In this section we will present the results which ought to answer the questions raised earlier. First
a general overview of the patients will be given. Then the results answering the questions from

section 6.2 are answered in order.

6.5.1 Patients 2000

During the period of 1990 and 2015 there were 5807
patients with a malignant disease who received HSCT
in The Netherlands. The patients age ranged from 1500
18.04 to 75.27 with a median of 50.43 of those there
were 59.5% male and 40.5% female. The conditioning

regime was of reduced intensity in 53.6% of the cases
1000

and myeloablative in 46.4% of the cases. The greater

Transplantations

part of the patients, that is, 58.93% received stem cells
obtained from a HLA identical donor. This leaves
41.07% of the patients receiving the graft from an 500
unrelated donor. The stem cells were for 76.84% of
the patients obtained from peripheral blood and for

23.16% from bone marrow. Finally, the amount of

transplantation per five years increased over the 25 D L D " A
'90-'95 96-'00 '01-'05 06-'10 11-'15

years under study. A histogram of the amount of Transplantation year

transplantation per five years is given in Figure 6.1.
Figure 6.1: Transplantations in The

Netherlands per five years.
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6.5.2 Results: Improvement of clinical

care

The cumulative incidences for both aGvHD and mortality have been estimated for each group
of transplantation year. The cumulative incidences for, respectively, aGvHD and mortality are

depicted in Figure 6.2.

Strata = 1990-1995 — 1996-2000 2001-2005 2006-2010 2011-2015
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Figure 6.2: Cumulative incidence functions for event 1: aGvHD and event 2: mortality grouped
by transplantation year.

These graphs do not give a conclusive answer to our questions. It seems that there is no significant
decrease in cumulative incidence for either mortality or aGvHD. The cumulative incidences for
mortality barely differ. The cumulative incidences for mortality do differ. There seems to be a
slight decrease in incidences in the later transplantation years. Note that these results are also
dependent of the chosen time periods and thus not give a conclusive answer. The incidences at
selected time points and standard error estimates are given in Table 6.2 and 6.3. Note that no
statistical procedure was performed to test for a significance difference. This is due to the fact that
the standard test — survdiff — was not implementable in our model and method of EM. More

research is necessary to investigate the differences in cumulative incidences between these groups.
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Transplantation year t/\: 15 i: 3 tA: 10

I(t) se I(t) se I (t) se
1990-1995 0.2904 0.0004 | 0.3109 0.0004 | 0.3132 0.0004
1996-2000 0.2789 0.0003 | 0.3142 0.0003 | 0.3208 0.0003
2001-2005 0.2139 0.0002 | 0.2605 0.0002 | 0.2730 0.0002
2006-2010 0.1630 0.0001 | 0.2290 0.0001 | 0.2461 0.0001
2011-2015 0.1878 0.0001 | 0.2571 0.0001 | 0.2776 0.0001

Table 6.2: Cumulative incidences and standard errors at selected time points for event 1: aGvHD.

Transplantation year tA: 15 é\: o0 tA: 100

Ir(t) se Ir(t) se Ix(t) se
1990-1995 0.3548 0.0007 | 0.4918 0.0007 | 0.5406 0.0007
1996-2000 0.3396 0.0004 | 0.4732 0.0005 | 0.5305 0.0005
2001-2005 0.3216 0.0003 | 0.4874 0.0003 | 0.5756 0.0003
2006-2010 0.3376 0.0002 | 0.4995 0.0002 | 0.5934 0.0002
2011-2015 0.3402 0.0002 | 0.4912 0.0002 | 0.5616 0.0006

Table 6.3: Cumulative incidences and standard errors at selected time points for event 2: mortality.

6.5.3 Results: Risk factors

The risk factors for both events are fitted using a Cox model. First the results for the covariate

effect on survival of aGvHD are presented in Table 6.4.

Covariate Category B HR se p-value
Age 0.0383  1.0380 0.0239 0.0507
Gender Female

Male 0.0507 1.0520 0.0524 0.1662
Conditioning intensity Myeloablative

Reduced -0.4908 0.6121 0.0666 <0.001
Donor type HLA identical donors

Unrelated 0.1246  1.1327 0.0568 0.0307
Graft sotrce Peripheral blood

Bone marrow -0.0390 0.9617 0.0709 0.2460

Table 6.4: Hazard ratios for the covariate effect on survival of aGvHD.

It was found that the conditioning intensity has a significant effect (HR 0.61; p < 0.001) on the
cumulative incidences of aGvHD. A reduced conditioning intensity decreases the probability of
developing acute graft-versus-host disease. Furthermore, the effect of the type of donor on aGvHD
was found to be significant (HR 1.13; p < 0.05). Receiving the graft of an unrelated donor increases
the chances of developing aGvHD compared to a graft from HLA identical donor. No significant

effect of the variables age, gender and graft source was found.

The covariate effects on mortality are presented in Table 6.5. The age of the patient has a significant
effect on the probability of dying (HR 1.02; p < 0.001). The older the patient, the greater the
probability of experiencing mortality. The conditioning regime also has a significant effect on
the probabilities of dying (HR 0.88; p < 0.05). A reduced conditioning regime was found to
significantly decrease the chances of dying. This contrast with the effect of the conditioning regime
on the development of aGvHD where it was vice versa. Furthermore, receiving the graft from an
unrelated donor compared to a HLA identical donor increases the chances of dying significantly
(HR 1.25; p < 0.001). Additionally, if the graft is taken from the bone marrow instead of the
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peripheral blood the probability of dying increases significantly (HR 1.15; p < 0.05). Gender does

not seem to affect the survival probability. Its effect on mortality was not significant.

Covariate Category B HR se p-value
Age 0.0198  1.0200 0.0021 <0.001
Gender Female

Male 0.0645 1.0666 0.0418 0.0617

e . Myeloablative

Conditioning intensity g0y, coq -0.1183  0.8884 0.0611 0.0265
Donor type HLA identical donors

Unrelated 0.2210 1.2473 0.0495 <0.001
Graft source Peripheral blood

Bone marrow 0.1430 1.1537 0.0611 0.0020

Table 6.5: Hazard ratios and significance for the covariate effect on survival probabilities of mor-
tality.

6.5.4 Results: Comparison of two methods

Boxplots of the bootstrap samples of the cumulative incidences are provided for each event per
subgroup at the selected time points. These time points differ per cause since the incidences of
aGvHD and mortality have a very different shape. These time points have been selected to represent
different levels of the curve. It would make no sense to compare incidences of t The boxplots are
given in Figure 6.3 and 6.4. It can be seen from the boxplot that there is no structural difference
between both methods. The bootstrap replicators of the cumulative incidences are approximately
the same distributed. That is, the means are approximately equal and the variance does not seem
to differ.

In addition to the comparison of the method with respect to the incidences, a comparison of the
methods with respect to Cox’ regression coefficients has been performed. The coefficients for both
events and corresponding standard errors are given in Table 6.6 and 6.7. In order to test whether
there is a structural difference between the methods, the population of bootstrap replicators have
been compared using two-sample t-tests. Note that these tests only test for a structural difference.
Since all results have been pooled, it is not clear whether one of the methods outperforms the other
per bootstrap sample. A wider simulation study ought to be set up in order to investigate this
further.
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Figure 6.3: Boxplot of bootstrap replicators of incidences of event 1 at selected time points for
both methods.
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Figure 6.4: Boxplot of bootstrap replicators of incidences of event 2 at selected time points for
both methods.
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EM Random draw

Covariate Category B 8* B B* p-value
Age 0.0038  0.0037 | 0.0042 0.0039 | 0.1630
Gender Female

Male 0.0507  0.0591 | 0.0549 0.0556 | 0.1016

e y Myeobilitave

Conditioning intensity g oy, ced 04908  -0.5184 | -0.5087 -0.5230 | 0.0870
Donor type HLA identical donors

Unrelated 0.1246 0.2701 0.1328 0.2738 0.1101
Graft source Peripheral blood

Bone marrow -0.0390 -0.0004 | -0.0386 0.0000 | 0.8999

Table 6.6: event 1
EM Random draw

Covariate Category 8 8* B8 8* p-value
Age 0.0198 0.0191 | 0.0197 0.0191 | 0.8841
Gender Female

Male 0.0644  0.0629 | 0.0626  0.0629 | 0.9831

e e . Myeobilitave

Conditioning intensity — p oy, coq 0.1173  -0.1082 | -0.1205 -0.1079 | 0.9216
Donor type HLA identical donors

Unrelated 0.2211 0.2261 0.2170  0.2247 | 0.4843
Graft source Peripheral blood

Bone marrow 0.1391  0.1596 | 0.1434 0.1600 | 0.8678

Table 6.7: event 2
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Chapter 7

Conclusion

The focus of this thesis was on developing a method for handling missing data in the EBMT data. A
model for the missing event times was proposed and the EM algorithm was applied to this model.
This resulted in a method for estimating the cumulative incidence functions of two competing
events and included the effect of covariates on the survival probabilities. Variance estimates for
these cumulative incidence estimates were computed. Although these were not implemented, a
variance estimate was given using the bootstrap procedure. Furthermore, the model and algorithm
were applied to the EBMT data. The risk factors for aGvHD and mortality were identified using
this method. The data analysis was seized as an opportunity to compare our proposed method and
the current practice of the EBMT: drawing at random. Although there are theoretical indications
that the proposed method will outperform the method of random drawing, no structural difference

between the two methods was observed.

7.1 Further considerations

Although the thesis resolves some of the problems posed by missing data, it does not resolve
all problems and it raises some further questions. A model and method which also takes into
account missing covariates could be formulated and evaluated in addition to our current model.
Furthermore, missing event time points for multiple competing risks could be considered. In our
model only the time points of the event of interest can be missing. In further practical applications
it could, for instance, be the case that the censoring times are missing. Taking this into account

could therefore be of practical usefulness.

The theoretical substantiation of the proposed method can in further research be tested in a
controlled environment. A wide simulation study can be set up to test how the method performs
under various circumstances. Especially the method could be tested in cases where the assumptions
are violated. This can give a clear image of the robustness of the proposed method. Another
simulation study can also be set up to investigate the accuracy of the variance estimates. The
proposed variance estimates can be compared to multiple bootstrap estimates of the cumulative
incidence function. Though this investigation would require intensive computation, it can give a

insight in the accuracy of out proposed method.
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Appendix A

A.1 Proof of identity (2.5)
The identity given in (2.5) is proven by the following derivation:

Pt<T<t+At|T>1)
T AYS0 At
P(t<T <t+ALT >t)
At—0 P(T >t)- At
— lim Pt <T <t+ At)
At—0 S(t)At
1 P(T<t+A)-PT<t)
lim
S(t) At—o At
R0
=50 @
B

S

A.2 Proof of identity (2.7)

The identity given in (2.7) is proven by the following derivation:
t
A) = / Au)du

B 0

_ [,
- |, st
:/t_dS(u) 1 J (A2)
0

du  S(u) “
= [~ log S(t)];
= —log S(t).

This implies:
S(t) = exp{—A(t)}. (A.3)
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A.3 Computation of probabilities (2.8)

The computation of the joint probabilities (2.8) is given by:

P(T; =t,6,=1)=P(T; =t | §; = 1)P(6; = 1)
=P(X; =t | X; <C)PT; < C;

)

P(X; < C;)
P(X; = min(X;, C;))
P(X; =t)
f

and
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Appendix B

B.1 Details of the computation of the variance of IAk(t)

In this section of the appendix we provide the details to the computation of (5.17) and (5.18). First,
the variance from (5.17) is computed. Note that var [Ag jS(t;_1)] = var [exp{ln { A\ ;S(t;—1)}}].
This is the same trick as in (5.15). Applying this yields:

var [A jS(tj-1)] = [ S (tj—1)]* var [In { X ;S (tj—1)}] - (B.1)

Now the logarithm of the product can be written as a sum over the logarithms. Applying this

yields:

var [ln ()\k,jg(tj,l)ﬂ = var [ln <)\k,j ﬁ (1— Aﬂ)}

=1

j—1
= var [m (Akj)+ > In(1- )\l)] (B.2)
=1
j—1
= var[In (Ax;)] + > var [In (1 — \)].
=1

We use the fact that A¥ is independent of Ak, for n # m. This assumption is violated when we

consider Cox’ proportional hazards model. In that case we need to alter the calculations.

The Delta method can be applied once more to find that:

var [,
var [In (A, ;)] = AEQU’”]
var[l — \]
var [In (1 — ;)] = (1_7/\1)21 (B.3)
Yty var Ay
(1—X)2
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Combining these results gives:
var (M8 (85-1)] = e,y S (5 -1)] var [In {35 (8-1)}]

= [)\k.ij(tj_l)]z [var [In (A ;)] + z_:var In(1— )\l)]]

var Var (B4)
= Mk S(t-)) [ )\g\jk] Z ZZ 11_ )2 ]

1

T ~ var [Ag ;] Pl 1vaur
= [Ik(tj) ffk(tj_l)] [ )\z] Zl TESNE ‘| .

It remains to compute the covariance term from (5.16). The same steps as above are followed.

cov[ Ak, S(tj—1), \e(t)S(tj—1)] = covlexp{ln(Ag ;S(t;-1))}, exp{In(Ax(t;)S(tj—1))}]
= M S(t—1) Ak S(t—1) - cov[In(Ag ;S (t5-1)), In(A(t;)S(tr-1))] -

We will use the logarithm to write the product as a sum.

cov [ In(Ar,;S(tj—1)), In(Ai (1) S (tj-1))]

j—1 -1
= cov ln{)\k,j-H(l—)\l)}, InQ Ao - H (I=X)
1=1 =1
[ j—1 i'-1 )
= cov ln{)\kJ-H(l—)\l)}, In ¢ Mg jr - H (1—>\l)
1=1 =1
[ -1 i'=
=cov|In(Ap;)+ Y In(1=X), In(Aey)+ Y In(1=X) (B.5)
=1 1=1
J'-
= cov[ln ()\k,j), In ()\k’j,)} + Z cov[ln (Ak,j), In (1 — )\l)]
1=1
j—1 j—14"—1
+ Zcov[ln (/\kJ')? In (1 — )\l)] + Z Z cov[ln (1 - )\Z), In (1 — /\l/)]
1=1 =1 U'=1
i1
= Cov[ln ()\;w-/), In (1 — )\j/)] + Z Var[ln (1 — )\l)].
=1

At * we use independence of AF and A ; for i # j and the fact that j° < j — 1. Note that the
second term has already been computed in (B.3). So it remains to compute this last covariance

term. The Delta method is applied once more to yield:

COV[)ka‘/, 1-—- /\j/]
(Mg ) (1= Ajr)
var[Ag ]
(A ) (1= Xjr)

cov [ln ()\k;,j/)v In (1 - /\j’)} =
(B.6)
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Combining these results we find that:

cov[Ag, ;S (tj—1), Ak (t;)S(tj-1)]
= covlexp{In(Ax,;S(t;j-1))}, exp{In(Ax(t;)S(tj-1))}]

- i
= )\kij(tjfl))\kyj/S(tj/,l) COVDH ()\k‘,j’)v In (1 - )\j/)] + Z var [ln (1 — )\l)]]
=1

| var[A ;] = Zfi var [\ ]
= Ak (1) A, S(tjr-1) m > (11_7&)2
3] J 1=1

J'—1 <K ,
= [Tutts) = Tty )] [Tute)) = Tatty)] {WWJ]) s E—NM[M] .
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