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1 Introduction: A needle in a haystack

This is a thesis on normal numbers. These are numbers such that their digits faithfully represent
a specific distribution. The most famous example of such a number was given by Champernowne
in 1933 [Cha33|:

c:=0.1234567891011121314 . ..

Practically, Champernowne proved that if one selects a digit of ¢ at random, its value is uniformly
distributed over the integers from 0 to 9. So if we pick any integer, for example 1, a random digit
z of ¢ has a 10% chance of being equal to 1. Furthermore, any combination of two digits, say 11
or 86, yields exactly a 1% chance of success. Consequently, the probability of selecting any triple
is 0.1%, and so on. In other words, the digits of normal numbers represent “total randomness”
[Bok09]. This yields applications in areas such as cryptography [BC02].

The concept of normality was introduced earlier by Borel in 1909 [Bor09] in the setting of base
b expansions, where b > 2 is an integer. These are expressions for numbers z € [0, 1] of the form

a;

bt’

Tr =
i>1
with digits a; € {0,1,...,b— 1}. A number z is said to be normal in base b if for any k > 1 a

block of digits dyds . .. d}, occurs with frequency b=F in its base b expansion:

lim #O0<i<n:ay1=di,... a5k = di} _

n—00 n

bk,

According to this definition, Champernowne’s number c¢ is normal in base 10. Another
celebrated example of a number with this property is the Copeland-Erdds constant, obtained
by concatenating all prime numbers [CE46]:

p:=0.23571113171923. ..

It is important to keep in mind that the definition of normality always depends on the choice
for the underlying distribution or measure. This is usually the Lebesgue measure, but different
measures can also be used [DLR20).

Normality may be easy to understand, yet it is unclear whether the digits of well-known numbers
such as e or 7w yield a normal number in any base. Although especially the number p is an
impressive example, the perhaps unsatisfying truth is that already in 1909, Borel showed that
Lebesgue almost every real number is absolutely normal, i.e. normal in all integer bases b > 2.
The proof was however not constructive, thus not providing an answer for the normality of e — 2
or m — 3. So as much as the search for normal numbers seems to be like one of a needle in a
haystack, the actual haystack was always known to be more of a “needlestack”.

This intriguing fact may have been the fuel for the ongoing search for normal numbers. Over the
years, many generalizations and extensions to other areas have been made. Constructions were
for example made for S-expansions [IST5]. For 3 € (1,2) these arise by writing z € [0, ﬁ] as

bi
Tr = YR
o

where b; € {0,1} for all 4 > 1.



Another example is the area of continued fraction expansions, where x € (0, 1) is written as

1
x = ya; € N.
1

ag + ———
2 1
as + —

See [AKSS8I] [DLR20] for results on normal numbers in this context.

In 2009, a first attempt was made for Liiroth expansions in the bachelor thesis of Boks [Bok09].
These expansions were introduced in 1883 by Liiroth [Liir83], representing real numbers z € (0, 1]
by writing them as

1 1 1

rT=—4— 4+ .+ e,
a1 ai(a; — 1asg ai(ar — 1)...an—1(ap—1 — Day,

with ap € N>g for each £ > 1. The expansion is based on partitioning the unit interval with
11

subintervals (n—+17 =],n > 1. Liiroth expansions were later generalized to Generalized Liiroth
Series [BBDK96]. This generalization incorporates different partitions of the unit interval as
well as negative terms in the expression of z.

Boks made a promising construction for the classical setting, but the proof of normality was
unfortunately not completed. Successful constructions for Generalized Liiroth Series were made
later by Madritch and Mance [MM16], Vandehey [Vanl4] and Dajani, De Lepper and Robinson
IDLR20]. Another implicit construction was presented by Aehle and Paulsen [AP15]. All of this
research uses the same “natural” definition of normality with respect to the Lebesgue measure
on (0,1].

Most of these constructions have some limitations. The research of [API15] shows that it is
sufficient to construct a so called equidistributed sequence. The problem is that finding such
sequences seems to be as difficult as finding normal numbers. The method from [DLR20] yields
explicit numbers, but they are only proven normal for one specific partition of the unit interval.
The construction in [Vanl4] has a similar drawback as it works only for finite partitions.

The approach of [MM16] is very effective as it produces Liiroth normal numbers in full generality.
Moreover, it also works in other settings like continued fractions or [-expansions. The major
drawback is that the construction is very inefficient in the sense that it uses many repetitions.

This thesis presents a new family of Liiroth normal numbers with several advantages. The
construction is simple and intuitive, avoids the use of many repetitions and works for any
Generalized Liiroth Series.

The outline of this thesis is as follows. Liiroth expansions will be introduced in Chapter 2
among other fundamental definitions and classical results. In Chapter 3, we construct a family
of Liiroth expansions and discuss some of its properties. We will show that this construction
leads to a family of Liiroth normal numbers in Chapter 4. Chapter 5 will exhibit similar results
for Generalized Liiroth Series. Some reflections, including a more detailed comparison with other
constructions will be discussed in Chapter 6.



2 Liiroth expansions

We study Liiroth expansions by means of a dynamical system and discuss and prove the important
properties of this system such as ergodicity. We define Liiroth normality and show that as in the
case of b-adic numbers, Lebesgue almost all numbers are Liiroth normal.

2.1 The Liiroth map

Liiroth expansions are generated by the Liiroth map T, : (0,1] — (0,1]:
Trx:=n(n+ 1)z —n,

where n € N is the integer such that x € (%H, %]

=

1
3

NS

1
5
Figure 1: The Liiroth map.
The digits in this expansion come from the Liiroth alphabet A = N>5. The set ¥ = AY denotes
the set of all infinite sequences (a;)$2,, a; € A.

For z € (0,1], we define its Liiroth expansion to be the sequence A(z) = (a;)$2; such that

a; :=n+1if Tflx S (%ﬂ, %], 1 > 1. We will often use the term sequence instead of expansion.

The definition allows us to write

Trz =ai(a; — 1)x — (a1 — 1),

and we can continue as follows:

T?z = as(az — 1)Trx — (ag — 1),



so that

1 + TL:L‘
ay CL1(Cl1 — 1)

1 <1 N Tz )
ay al(a1 — 1) as CLQ((ZQ — 1)

1 1 T2z

+ + .
aq al(al — 1)@2 al(al — 1)&2(&2 — 1)

Proceeding inductively, we obtain after ¢ steps that

+ot ! + Tz
r = —
al al(al — 1)...0,1'_1(0,,'_1 — 1)0,7 al(al — 1)@1(a1 — 1)
. ' 1 Tix 21)
=) (a;—1) + L :
kz:l 11;[1 aj(aj — ].) al(al — ].)(LZ(G,Z — ].)

Observe that a; > 2 and Tix € (0,1] for all i > 1, so that the last term can be estimated as

0< Tiz <1
- al(al — 1)....ai(ai - 1) -2
and this yields
i k 1
_ 1 -
SRP P | b i
k=1 Jj=1

as 1 — oo. Hence,

(%s) k 1
ng(ak—l)nm.

k=1 j=1

This shows that all Liiroth expansions uniquely represent a real number = € (0, 1].

Observe that in our definition, Liiroth expansions are always infinite. We have deliberately
chosen to do so because a normal expansion can never be finite.

The Liiroth map is often defined slightly differently, allowing also finite expansions. For example
in [JAV68, [DKa21], the open and closed end of the intervals (n%rl, %] are reversed, which gives
that Trx =0ifx = % The rest of the definition is the same, so that a finite expansion (aq, ..., @y, )
coincides with the infinite expansion (a;,...,am + 1,2,2,...). In [KM22], the finite expansion is
written as (ai, ..., Gy, 00,00, ...), so that both expansions are ultimately periodic: there exist
n >0 and r > 0 such that a,4; = dyqrq, for all i > 1. Already in 1883 [Lur83|, Liiroth showed

that an expansion A(x) is ultimately periodic if and only if z € Q.



2.2 Fundamental intervals and cylinder sets

The previous section shows that the map

L:%—(0,1],
@2~ 2= [ -
i>1 j=1 I\

is one to one and well defined.

We introduce some more notation. We define A’ as the set of sequences of finite length I, and
A* = UlzlAl as the set of all finite sequences. These elements are referred to as words, often
written as @ = aq...a or u = uy...up. We write |a| = k for the length of these sequences. The
empty word ¢ of length 0 is excluded from A*. Finally, two words a = a1...a, 8 = (1...0; € A*
can be concatenated to a word af := ay...apS1...0; € A*.

As in [DKa21], we write

NG (1, ! ]:{xe[o,l):al(x):i}.

i’i—1
For n > 1, this leads to the notion of the fundamental intervals of rank n. For a word
a=a...a, € A*, let

Aa = A(ah a9, ..., Otn)
= Ala) N T Alag) NN T "D Aa,)
be the set containing all real numbers of which the first k digits of their Liiroth expansion are

equal to those of a.
The length of fundamental intervals can be calculated:

Ay =Aon)NT Ala) NN T, " VA (ay)

={z€[0,1):a1(x) = a1,a2(x) = ag,...,an(x) = n}

P, P, i 1
—{xG[O,l):<x§+H},

Qn Qn m—1 am(am - 1)
where
Po_ 1, 1 - 1
Q. a1 ai(ag—1)ay ar(ar —1) ..o 1(an_1 — Day,

This shows that

MA) = ] —

1
1.

[e=)

where X denotes the Lebesgue measure on |



1 1 1 1 1 1
0 76 5 1443 A(3) 2 A(2) 1
[ | | | | | | |
T T T 1 I
.. 5A3,2) 5 24A(2,3)3 A(2,2)
18 12 8 3 4

Figure 2: Illustration of a few fundamental intervals of rank 1 and 2.

The corresponding notion of fundamental intervals in ¥ are the cylinder sets:

<Oli ...ij> = {A €EX:a; = Ay oy A = ij}.

For a word a = ay...a, € A* we write () = (a1, ...ay), and observe that L{a) = A,.
We write C for the o-algebra on ¥ generated by the cylinder sets, which we equip with the
Bernoulli measure :

(. ay)) = Hﬁ (2.2)

The transformation 7' : ¥ — ¥ given by (a;)52; — (ai41)52, is the left shift. The left shift is
closely related to the Liiroth map T}, as for any sequence A € 3, it holds that

L(T(A)) = T (L(A)).
Note that p({a)) = A(L({«))). With abuse of notation, we will write u(«) instead of p({«)).

2.3 Measure preservingness and normality

Next, we show that the Liiroth map T is measure preserving with respect to A\. That is,
MT;'B) = A(B) for all B € B([0,1]). It suffices to show this for all open intervals in [0, 1] by
Theorem 1.2.1 of [DKa21].

Observe that for an interval (a,b) C (0,1), we have

11 1 1 1 1 1
+6a,+b)u<+ +b)u...

T (a,b) = ( = —a, -
o (@) (2 376 11217 12

so that

; 1 1
=2 (n(nl) ’n(nl)b)
> 1
N nz:; n(n —1) Aa,b)
= A(a,b)

10



The left shift T is also measure preserving with respect to u as

Tﬁl{A eEX:a; = iy eeey @ = Oéj}. = {A €X: Qi1 = Oy ooy Q41 = aj}.

This shows that (X,C, u, T') is measure preservingly isomorphic to ((0,1],B((0,1]), A, Tr) via L.
This allows the following definition.

2.1 Definition (Liiroth normality). A sequence A = (a;)2, € ¥ is p-normal if for every
a=qay...ar € A*, k> 1, it holds that

lim
n—00 n

,<nca; = e Q] =
#{i<n:a;=o01,.., 041 ak}:u(a).

Consequently, a number x € (0, 1] is Liroth normal if there exists a p-normal sequence A, € ¥
such that L(A;) = .

As mentioned in the introduction, normality is defined with respect to a certain measure. In
our case this is u, the isomorphic image of the Lebesgue measure. This is in a sense the most
“natural” choice, as most examples like Champernowne’s constant are also normal with respect
to this measure. It is however perfectly possible to define normality with respect to different
invariant measures as is done in [DLR20]. We will often drop the x in the notation, as this thesis
will only refer to Liiroth normality with respect to u.

2.4 Ergodicity

We now show how the famous Pointwise Ergodic Theorem implies that Lebesgue almost all
numbers are Liiroth normal. Apart from measure preservingness it also requires ergodicity.

The Liiroth map is indeed ergodic. That is, for every measurable set B satisfying T !B = B,
we have A(B) € {0,1}. We prove this using the following lemma: (Lemma 2.3.1 in [DKa21])

2.2 Lemma (Knopp’s Lemma). If E € B((0,1]) is a Lebesgue set and S is a class of subintervals
of (0,1], satisfying

a) every open subinterval of (0,1] is at most a countable union of disjoint elements from S,

b) VB € S,\(BNE) > vy\(B), where v > 0 is independent of B,

then A\(E) = 1.

The collection of all fundamental intervals of all ranks is our candidate for S.

For any choice of digits aj,as,..., it holds that lim, .o AM(A(ay,@e,...,a,)) = 0. Since
Uayens,Aar) = (0,1] and Uy, ens,Aar, ag, ... an) = A(ag, ag, ..., an 1), the endpoints of
A(ag,ag,...,ap) are dense in (0,1]. This shows that S generates the Lebesgue o-algebra of
(0,1], thus satisfying part a) of Knopp’s Lemma. Also observe that M(A(a,ae,...,ap)) =
I, m, and that T (A(a1, a2, ..., a,)) = (0,1], so T} maps a fundamental interval of

rank n linearly to (0, 1]. If F is a Tp-invariant set such that A(E) > 0 and B € S, this yields

ABNE)=ABNT;"E) = A(B) - N\TfBnE) = AB)AE).

This addresses part b) : we can take v = A(E). Hence T}, is ergodic. We are now in a position
to apply the following theorem.

11



2.3 Theorem (Pointwise Ergodic Theorem). Let (X, F,v) be a probability space and T : X — X
a measure preserving transformation. Then, for any f € LY(X, F,v),

n—1
Jim _Eio f(Tz) = f*(x)
exists v-a.e., is T-invariant and fX fdv = fxf*dv. If moreover T is ergodic, then f* is a

constant v-a.e. and f* = [ fdv.

Let z € (0,1], A(z) = (a;)$2,. By definition, T¢ (z) € A, if and only if a;11(z) = a1, ..., @ik (x) =
ay. So taking f = 1a_, we immediately obtain

. n—1
. #i<niai =0, 0001 =) 1 i
lim = lim ~ > (T} (x))

n— o0 n
i=0

= / Ia,dN, Mae.
(0,1]

= )‘(Aa)
= p(a).

Observe that this result holds for = € (0,1] A-a.e. In other words, € (0,1] is y-normal with
probability 1. In this thesis we set out to find such .

2.5 Generalized Liiroth Series

In [BBDK96|, the gencralization of Liiroth expansions is twofold.

Firstly, any countable partition of the unit interval is allowed. Instead of the digits n > 2 we have
an arbitrary digit set D C N. Let I,, = (l,,,7s],n € D, be a countable set of disjoint intervals
such that their lengths

L, :=r,—1,

satisfy
S -
neD
and
0<L;<Lj<1lforalli,jeD,i>j. (2.3)
We define

Ino =[0,1\ Unep In, Lo =0,

and use this to define the map

Ty At TE Ly
0, T € Ip.

12



For x € U,epl,, we define

s(z) = , h(z) = ———, x €I,

so that for all € [0,1], we define

Tn—l Tn—l IOO’
sn = sn(7) = AT ) s ¢
0, T™ "z € Iy,

and

h(T lz) T 1z ¢ I,
1, T g € I,

For z € (0,1) such that T"'x ¢ I, we have

Tz = s(z)x — h(z) = s12 — hq,

and just like before, we can continue as follows:

T?c = s(Tx) - Tx — h(Tz) = soTx — ho,

so that

h 1
24T
S1 S1
h 1 (h 1

==+ (2 +—T° )
S1 S1 So So
h h hn, 1

— 1 2 4.+ + T" ¢
S1 5182 S1...8n S51...8n

As s, > 1 and T"z € [0, 1] for all n > 1, the infinite series

o h,
S 2.4
Z S81..-.8n ( )

n=1

converges to x.

The second part of the generalization allows changes of the transformation 7. It is also possible
to use the following transformation S:

tpn—x
Szi=1-Tg={m ¢ In,
0, T € .

13



Let € = (2(n))nep be an arbitrary, fixed sequence of zeroes and ones. We can now define a map
T, : [0,1] — [0,1] that “mixes” T and S:

T.x :=e(x)Sz+ (1 —e(x))Tz,z € [0,1],

where

tn—x
n_= x € l,,
g(x) =4 ™mln "
0, T € Iy.

We obtain new definions of s, and h,, by replacing T' by T. and like in (2.4)), this yields the

convergence of the series
o0

Z(_1)€0+m+6n71 hn +en . (2.5)

n—1 1 n

The expansion (2.5)) is called the (I, ¢)-generalized Liiroth series (GLS) of z. As e, = e(a,), we

can again denote the series by A(z) = (a;)2;. All definitions from Section 2.2 now apply with

D instead of A. Thus for a cylinder set (aq,...,ax), we have
k
p(@) =[] Las (2.6)
i=1

yielding the same definition of normality.

As shown in [BBDK96], the same ergodic properties hold for generalized Liiroth series, so that
again Lebesgue almost all numbers are p-normal. It is important to note that the second part
of the generalization is not relevant for the normality of numbers, as Definition [2.] is only
concerned with the Lebesgue measure of the fundamental intervals. Alternating the Liiroth map
by changing signs of course changes the value of L(A), but it does not change the length of these
intervals. Therefore the p-normality of a Liiroth expansion holds under any such alteration.
Thus in our search for normal numbers for any GLS we only have to worry about changes to the
partition.

14



3 The Luroth Tree

We construct a specific graph, establish a couple of important properties and construct a Liiroth
sequence based on this graph.

3.1 Construction

For the construction of our Liiroth normal sequence A we use some elementary graph theory. A
graph G := (V, E) is a pair with a set of vertices V := V(G) and a set of edges E := E(G). An
edge e is said to join the vertices x and y and is denoted by (x,y). A finite path in G is a finite
sequence of edges (z1,x2), (£2,23), ..., (Tn, Tnt1) such that all 2;,1 < i < n, are distinct. A tree
is a graph in which any two vertices are connected by exactly one path.

We gratefully make use of the so called Liiroth Tree that was described in [Bok09]. The tree
starts with the word 2, and then uses the rule

UiUg... Uk
1 up—1
Uk Uk
ULUL... UL 2 uUg...ur + 1.

This leads to the following formal definition.

3.1 Definition (Liiroth Tree). Let u = wuj..u;, € A*. Write u2 = uy...ux2 and ut =:
u...u—1(ug + 1). Then we define the Liiroth Tree as the graph G, such that

V(GL) =A™,
E(GL) = {(u,u2),(u,u”) :ue A*}.

We further define a map f that assigns a label to each edge.:

f E(GL) — R+,
= uik, if e = (u,u2) for some u = uj...u; € A*, (3.1)
B .
“’;—;17 if e = (u,u™) for some u = uy...ux, € A*.

15



If we start the construction at u = 2, we obtain the following figure.

[V
NI

1

2,

(SIS
&=
™

1
2

223 232 24 322 33 42

AN A A AN

Figure 3: The Liiroth Tree.
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wWin

\_
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\
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Before we move on to the construction of our normal number, we define a graph homomorphism
from G, to itself.

3.2 Definition. For each u € A* we define

Pu : GL(Va E) - GL(Va E)a
V(GL)>v—uveV(GyL),
E(GL) > (V1,V2) — (uVl,UVQ) S E(GL)

Observe that this graph homomorphism is well defined as (uv)2 = wu(v2), and similarly
(uv)T = u(v"h).

3.3 Lemma (Recursion). Let u € A* U {e}. The label mapping f : E(GL) — Rx>o is ¢u
tmoariant:

fpule)) = f(e) for alle € E(Gp).

Proof. Let e € E(Gr) and let v € A* be its initial vertex, so e = (v,v2) or e = (v,v*'). The
label assigned to e and py(e) only depends on the last digit of v. We then immediately obtain
flou(e)) = f(e) for all e € E(GL), as the last digit of v equals the last digit of uv. O

16



3.2 Depth and weight
We introduce two key concepts: depth and weight.
3.4 Definition. Let u = u;...u, € A* U {e}. We define

k

D(u) = (u; —1)

i=1
as the depth of u, where the empty sum has value 0. We also write
G(n)={ueV(Gy): D(u) =n}
as the collection of all words of depth n.

Observe that the depth D(u) represents the number of vertices in the path connecting the word
2 and the word u in the Liiroth Tree.
Immediately from the definition we obtain the useful identity

D(uv) = D(u) + D(v). (3.2)

For each u = uj..ur, € A* we write P(u) for the (unique) path that connects the top of the
Liiroth tree with u. Formally this means that

P(u) := (ug,u2), ..., (Upu)—1, Up(u))
such that
u =2,
up(y) = u, and
(uj,u;41) € E(GL).
This leads to the following notion.

3.5 Definition. Let u = uy...u; € A* U{e}. We define

D(u)—1

W)= [[ flu,um)
j=1
as the weight of u. It is the product of all the labels along the path P(u) from 2 to u, where the
empty product has value 1.

For example, the word 32 has depth 3. It’s path is P(32) = (2,3),(3,32), yielding weight

W(32)=1.-1 =1 Observesince = + “=1 = 1 it holds that
2 3 6 Uk Uk

W (w) = W(u2) + W(u®),

so that for all n > 2,

Yo W= > W+ >, Wah)= > W().

ueG(n) ueG(n—1) ueG(n—1) ueG(n—1)

17



As W(2) = 1, we obtain for all n € N the useful identity

> W) =1 (3.3)

ueG(n)
3.6 Lemma. Let uv be the concatenation of u,v € A*. The following holds:
W(uv) = W(u2) - W(v). (3.4)
Proof. Write

P(u> = (ula UQ), ) (uD(u)fh uD(u))7 P(V) = (V17V2>7 cry (VD(V)fth(v))a
and observe that

P(uv) = ((uv)1, (uv)a), ..., (0V) puv)—1, (W0V) pruv))

= (u1,u2), .., (UD(u)—la uD(u))’ (uD(u)’ Up(u)Vi)s oy (UD(u)VD(v)q, uD(u)"D(v))v
where up(y)vi = u2. Using Lemma we obtain

D((av))-1
Wuv)= [ f((av);, (av);)

D(u)-1 D(uv)—1
= H f(uja uj+1) ' f(u7 U2) ' H f((uv)ja (UV)j+1)
j=1 j=D(u)+1
D(v)—1
= H ((u2);, (u2);41) H flpu(vj,Vit1))
j=1 j=1
=W(u2) - W(v)

3.7 Corollary. Let u = uy...ux € A*. Then
W(u2) = p(u).
Proof. We start with the assumption that £ = 1, so that u = u;. Then

_ﬁj—l_ 1
a ] _Ul—l7

so that also W(u2) = m We now let k£ > 1 and view u as the concatenation of single-digit

words u; = u;. Repeated application of Lemma [3.6] then yields

o Wil

k k
W(u2) = H W(w2) =] ﬁ = p(u). (3.5)
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3.3 Liiroth Tree sequences

In a sense, a sequence A € 3 can be viewed as an infinite set of data. A normal number then has
the property that if we take larger and larger samples, these samples will ultimately be “correctly
distributed”. (What one considers to be correct of course depends on the underlying measure.)
The Liiroth Tree itself can also be considered as a data structure. And as Corollary [3.7] suggests,
“sampling” from this tree (whatever that may mean) might yield good results. The goal is thus
to find a sequence that effectively reflects these characteristics of the Liiroth Tree.

The constructed sequence will be an infinite concatenation of words from the Liiroth Tree. In
order to properly analyze such a sequence, we not only view it as a sequence of digits, but also
as a sequence of concatenated words. The following makes this precise.

3.8 Definition (Concatenation). Let A = (a;)2; € ¥ be a sequence of digits and let
¢:N —= N,i ¢(i) be a map. Then ¢ is a concatenation map if it satisfies the following:

c(l)=1
c(i) —c(i —1) € {0,1} for all j € N,
#{i:c(i) =j} <ooforall j €N

)

The idea is that ¢ assigns to each digit a; a number j = ¢(¢) to indicate the word that it belongs
to. After a finite amount of digits, this ¢(¢) increases by 1 and thus marks the beginning of a
new word.

We further define

m(j) = min{i € N : ¢(i) = j},
M(j) =max{i € N:c(i) = j}.

This allows us to construct an auxiliary sequence
Ac = (uj);')il

of words u; € A* such that

W = Gm(j)--AM ()

In this way, one could say that the sequence A of digits splits into a sequence A. of words via
the map c.
For each o € A*, we write

Acla) :={jeN:u; =a},

as the indices j of words of A, that are equal to a.

As we will see, the most important aim of the construction is ensuring that the value #A.(«a) is
proportional to W («). This means that we have to add some words multiple times, since W (a)
is a fractional value in (0,1) for all o # 2.
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For a word o € A*,

3

D(a)—1
W(a): H s ’Ilj,djEN,
j=1

J
J

S

is a product of fractions such that d; < j 4 1, so that
D(a)—1

W(a)- ] djeN

Now for n € N, the superfactorial sf(n) is defined as

sf(n) := ﬁ Kl
k=1

Observe that for all a € A*, it holds that sf(D(«a)) is a multiple of H]D:(?)*l d; so that

W(a) - sf(D(«)) € N.
This leads to the following.

3.9 Definition (Liiroth Tree sequence). A sequence A = (a;)2; € ¥ is a Liiroth Tree sequence
if there exists a concatenation map ¢ : N — N such that for all o € A* it holds that

#A.(a) = W(a) -sf(D()). (3.6)
Observe that by (3.3)), the following holds:

> #A(u)= > W(u)-sf(D(n)) = sf(n). (3.7)

ucG(n) ueG(n)
This means that in a Liiroth Tree sequence exactly sf(n) words are element of G(n).

3.10 Example. In this example, we concatenate the words of the Liiroth Tree from left to right,
starting at the top. That is, we add the words of G(n) in the order n = 1,2,3..., and write them
as a sequence A. This is very similar to the approach found in [Bok09].

We start at n = 1, so tells us that we only have to add sf(1) = 1 word. Indeed, there is
only one word to add as G(1) = {2}. This is all in accordance with the fact that W(2) = 1 so
that W(2) - sf(D(2)) = 1. The concatenation map ¢ so far maps 1 — 1. Thus we start like this:

A=(2,..),
A= (2,...).

At n = 2, we have sf(2) = 2 words to add from the collection G(2) = {22,3}. It is all still very

managable, as W (22) = W (3) = 1 so that both words are also added once.

20



This yields

A=(2,2,23,.),
Ao =(2,22,3,..),

and the updated version of ¢ maps 1 +— 1,2+ 2,3 +— 2, and 4 — 3.

Moving on to n = 3, we are going to add sf(3) = 12 words selected from G(3) = {222, 23, 32,4}.

The respective weights are W (222) = 3, W(23) = 3, W(32) = 2 and W(4) = ;5. This yields

#A,(222) = 3, #A.(23) = 3, #£A4,(32) = 2, #A4.(4) = 4, so that
A=(2,2,2,3,2,2,2,2,2,2,2,2,2,2,3,2,3,2,3,3,2,3,2,4,4,4,4, ...),

A, = (2,22,3,222,222,222,23,23,23,32,32,4,4,4,4, ...),

and ¢(5) = ¢(6) = ¢(7) = 4,¢(8) = ¢(9) = ¢(10) = 5, etc.
We stop the example here as (3.7)) forces us to add sf(4) = 288 words at depth 4!

We take another look at the example. Observe that ;(2) = 3 of the words of G(2) and G(3)

start with a 2. If we look more closely at the words of G(3), p(3) = # of them start with a 3,

while p(22) = i of them starts with 22. This is no coincidence, as we will show next.
Let a € A*, and write

Ac(a,n):=={j €eN:u; € G(n),u; = ay,y € A},

as the set of indices of words of depth n starting with «. Note that this set is empty if D(«) > n,
as we exclude the case v = ¢ in the definition.

3.11 Lemma. Fiz o € A* and a Liroth Tree sequence A = (a;)72, with concatenation map c.
Then for n € N such that D(a) < n, it holds that

R

Proof. For any v € A* such that u; = ay € G(n), it holds that
D(y) =n—D(a) >0
by . This yields
#Acan) = > #A(ay)

YEG(n—D(a))

= Y W) s

YEG(n—D(a))

—sitn)- Y W(a2) - W(y)

YEG(n—D(a))

—sitn) W2 Y W(y)

yEG(n—D(w))

= st(n) - ().
using Definition Lemma Corollary and (3.3]). O
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3.4 Length of words

Another important element of a Liiroth Tree sequence is the average length of words. We write
dn):== Y |uj
jiu; €G(n)

for the number of digits of depth n. Since each word u € G(n) is added sf(n)W(u) times by
(3.6), we can denote the weighted average number of digits per word of depth n as

d(n) _
) = > W(u)-|ul.

ueG(n)

All words u € G(n + 1) can be written as v2 or vt,v € G(n), and [u2| = Ju|+1 = [u™|+ 1.
This yields the following calculation:

M — Z W(u) - |ul

Sf(n T 1) ueG(n+1)

= > W(u2)-|ju2+ > Wuh):|uf|
ueG(n) ueG(n)

= Y fuu2)-W(w-[u2+ Y fuu) W) |u
ueG(n) ueG(n)

= > fwu2) W (u+1)+ Y fluu?) - W) |ul
ueG(n) ueG(n)

= Z f(u,u2) - W(u) + Z f(u,u2) - W(u) - |ul + Z fu,u®) - W(u) - [u
ueG(n) ueG(n) ueG(n)

> it fau2) 30 (fu)+ faa)] Wi

ueG(n)

= inf f(u,u2)+ dfin)

ueG(n) sf(n)
Clearly df((ll)) = 1. By (3.1), for u; € G(n) it holds that f(u;, uj‘) > %—4—17 and therefore
din+1) _ d(n) 1
> 3.8
sf(n—i—l)*sf(n)—'_n—&—l7 (3:8)
hence
d(n) "1
>y L (3.9)
sf(n) =m
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We also define

n

sf*(n) := Z sf(m), d*(n) := Z d(m),
m=1

m=1
as the total number of words and the total number of digits added up to and including those of
G(n) respectively. Observe that

1—1

= i ﬁk!: > sf(m),
m=1 k=1

n
k=1 m=1

<

sf(n) = Hk!2n~
k=1

so that

n

sf*(n) = Z sf(m) < 2sf(n). (3.10)

m=1

The weighted average of digits per word over all words of depth at most n is given by

We then have the following result.

3.12 Proposition. The cumulative weighted average number of digits per word up until depth
n is unbounded in n, i.e.
. d*(n)
lim ———= = oc.
n—oo sf (n)

Proof. We calculate

a'(n) d(n)) . 21%2

| =

)5 22

n

DN | =
~

(3

This yields the result, as the harmonic series diverges.
O

3.13 Remark. This result will enable us to ignore certain digits in the count for normality.
As long as this is a fixed amount per word, Proposition shows that these digits become
negligible for n large enough. In for example [Bok09, Theorem1] and [DLR20, Lemma 4.3], this
argument is used to get rid of the so called divided occurrences. Informally, this is the case when
a word a overlaps with multiple words u;. In Example [3.10} we see a divided occurence of 32 at
i = 4 as it contains a digit from us and uy. An undivided occurence would be the “full” word
u7; = 32. We do not explicitly need this particular notion, although our use of Proposition [3.12
is very similar, as we will see in the next chapter.
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4 Normality

In this chapter we prove the Liiroth normality of a specific type of Liiroth Tree sequences. We
first examine general sequences by classifying the digits as either “good” or “bad”. We argue
that the latter are negligible in the limit, but also show that this does not imply normality. We
therefore define two extra conditions, and prove that such sequences are normal. We provide
many examples along the way.

4.1 Classification of digits

Let A = (a;) be a Liiroth Tree sequence with concatenation map ¢, and let i € N. We introduce
some more terminology.

Similar to the previous chapter, we denote m; and M; as the least and greatest integer for which
c(i) = e(m;) = ¢(M;) respectively. Observe that they now depend on the index ¢ of digits, not
the index j of words. We then define the prefiz p.(i) and postfiz s.(i) as the words

pe() = am,...a;i—1 € A",

Sc(i) == a;...ap, € A”.

We furthermore refer to D.(i) := D(u.)) as the depth of a digit a;, and observe that as
Uc(i) :pc(i)sc(i)v ‘) implies that

De(i) = D(pe(i)) + D(se(i))- (4.1)
Now let 5 € A* U {e} be a word. We write

A(B,n) = {i € N: p.(i) = B, Dc(i) = n}

for the set of indices i of depth n with prefix p.(i) = 8. In this way, we divide the digits into
separate sets depending on their prefix and depth. We will sometimes refer to these sets as
classes of digits. Note that this time, we include the possibility 5 = ¢, as the first digits of words
have empty prefix. Further observe that the indices in A(S,n) are equal to the indices of the
first digits of v in the definition of A.(8,n). Formally, we have

(S A(ﬂan) — C(Z) € Ac(ﬁan)ai =m; + |6| -1,
so there is a bijection
A(B,n) +— A(B,n) (4.2)

mapping ¢ — ¢(i). Note that if D(8) > n, both sets are empty.
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Figure 4: The classes A(3,n) for 1 < n < 4. Digits of classes with the same [ share colors.

3

4

1
/
1
2

1
2,

\S
e

4.1 Example. We will work out some classes in detail in low depths n for Example We
use the following overview to keep track of the relationship between the digits and indices for
n < 3:

a; 2 2 312 2 2 2 2 2 2 3 2 3 2 3 3 2 3 2 4 4 4 4
1 112 3 4|5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
c(i)|{12 2 3|4 4 455 5 6 6 6 7 7 8 8 9 9 10 10 11 11 12 13 14 15

At depth n = 1, there is only one class A(e,1) = {1}.
At depth n = 2, we have two classes: A(e,2) = {2,4} and A(2,2) = {3}.

At depth 3, we have more classes and they already become much larger as we need to add words
multiple times. The full overview:

o A(s,3) = {5,8,11,14, 16, 18, 20, 22, 24, 25, 26, 27}, (red)
o A(2,3) = {6,9,12,15,17,19}, (blue)
e A(22,3) ={7,10,13}, (orange)

o A(3,3) ={21,23}. (green)

Similar to Example [3.10} we can make the following observation.
Let a = oy ...a € A*. We define

A (@) ={ue A" :u=avy,v€ A* U{e}},
as the set of words that share their first digits with a.
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If we look at A(e,3) (the red digits of depth 3), we see that u(2) = % of the digits satisfy
sc(i) € A*(2). Another u(3) = & of these digits have the property that s.(i) € .A*(3), and for
1(22) = 1 digits it holds that s.(i) € A*(22). This is not surprising in light of Lemma the
postfix of a digit ¢ with prefix € is of course equal to the complete word u,; itself.

However, observe that half of the blue digits of A(2,3) also satisfy s.(i) € A*(2), just like the red
digits of A(e,2). A closer look at Figure [4] reveals a recursive pattern: the blue digits of depth
n + 1 have exactly the same postfixes as the red digits of level n. Similarly, the postfixes of the
orange and green digits with prefix 22 and 3 are also equal to those of the red digits, but with a
respective delay of two depths instead of one. Important to note is that Lemma ensures that
the respective weights also show this pattern. If we look at A(2,3) for example, observe that
1(2) = 1 of the digits starts with a 2.

In order to make this precise, fix «, 8 € A*. Then we define

A(B,a,n) ={i € N:p.(i) = B, .(i) € A" (), Dc(i) = n}

as the set of digits ¢+ with prefix § and depth n such that their postfix shares the first digits with
those of . Observe that for every such digit, we have exactly one word u; = fay,y € A*U{e}.
In the event that D(8) < n — D(a), we have v € A*, yielding a bijection

A(B,a,n) +— Ac(Ba,n) (4.3)

mapping ¢ — (7).

4.2 Proposition. Let A = (a;)$2, be a Liroth Tree sequence with concatenation map c. Fix
a € A*. Forn €N and g € A* such that D(8) < n — D(«), it holds that

#A(B, a, n)
#A(B,n)

Proof. By (4.2)) and (4.3]), we may write

#A(B,a,n) _ #A(Ba,n)
#A(B,n)  #A(8,n)
p(Ba)
1(8)
W(Ba2)

= p(o).

Ba2)
W(52)
W(B2) - W(a2)
W(p2)
W(a2)

pla),

using Lemma and Lemma @ along the way. Note that it is also possible to calculate the
ratio £ u(f O;) dlrectly from O
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4.3 Example. If we take a« = 8 = 2,n = 3, then D(a) = D(B8) = 1, so the condition of
Proposition[1.2]is satisfied as 1 < 3—1. In the case of Example we have A(2,2,3) = {6,9,12}
and A(2,3) = {6,9,12,15,17,19}, yielding the correct value: =3 = u(2).

4.4 Definition. Let A be a Liiroth Tree sequence, and let [ € N. Then for all n € N, we define
the union

UA(nal) = U A(/Ban)
BeA*:
D(B)<n—1

={ieN:D.(i) =n,D(p.(i)) <n-—1}

as the collection of indices ¢ of depth n such that their prefix has depth less than n —I. By (4.1J),
we have

Ua(n,l) = {i € N: D(i) = n, D(s.(i)) > I},

the indices i of depth n such that their postfix has depth greater than [.
For a € A*, we further define a subset of Ua(n, D(«)) as

Ui a(n):= U A(B,a,n) ={i € Ua(n, D(a)) : s.(i) € A*(a)},

BeEA™:
D(B)<n—D(a)

containing the indices of digits of depth n such that s.(i) € A*(«).
4.5 Corollary. Fix o € A*,n € N. Then

#Ua,a(n)
#Ua(n, D(a))

Proof. A digit can not have more than one prefix, so both unions consist of pairwise disjoint
sets. This yields, using the same arguments as in Proposition [4.2

.. AB, a,
#U,a(n) _ ZD(ﬁfff—b(a)# (B, 2,m)
#Ua(n, D(a)) Y. pear  #A(B,n)
D(B)<n—D(a)
gear.  W(B2) W(a2)
D(B)<n—D(a)
Y. pear:  W(B2)
D(B)<n—D(a)
Z BeA*: W(ﬁQ)

D(B)<n—D(c)

= p(a).

= Wio2). . pea.  W(B2)
D(B)<n—D(a)

=W(a2)

= p(a).
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For oo € A*,|a| = k, we take a closer look at the set Ux(n, D(«)). For i € Us(n, D(«)), assume

that a; = ou,...,0i4+k—1 = ag. Then as D(s.(i)) > D(«a), we must have s.(i) = oy for some
v € A*, so that s.(i) € A*().
Conversely, suppose that s.(i) € A*(«). Then clearly have a; = a1, ..., 0151 = Q.

So for i € Ua(n, D(«)) it holds that
s¢.(1) e A"(a) <= a; =aq1,...,0i15—1 = Q.
Now let 7' C N. Such a T will often be a set of consecutive integers, that we denote as
[k,m] :==[k+1,m] NN,
and in the case that k = 0 we abbreviate [m] := [1,m] N N.
If we define

#{Z el :a; =aq, vy Qi -1 = ak}

NA(C%7T) = #T 5

the above shows that we can write

_ #{i € Ua(n,D()) : a; = 1, ..y Qjrk—1 = Qi }
#Ua(n, D(a))

_ #{i€Ua(n, D()) : sc(i) € A*(a) }

B #UA(n7D(a))

Na(a,Ua(n, D(a)))

_ #UA,a(n)
#Ua(n, D())
= p(@).
Writing
Ui(n,D(a)) = | ) Ua(m, D()),
m=1
we obtain

_ #{iceUi(n,D(a)):a; =01, ..., 0i45—1 = Q. }
#U4(n, D(a))
_ Sor _1#{i € Ua(m,D(a)) : a; = o1,y ey Qig—1 = i}
- Yome1 #Ua(m, D(a))
_ Ymmr #{i € Ua(m, D(a)) : 5.(i) € Ala)}
> om—1 #Ua(m, D(a)) (4.4)
_ 2om=1 Na(a,Ua(m, D(a))) - #Ua(m, D())
; > ome1 #Ua(m, D(a))
~ Yomer Hla) - #Ua(m, D(a))
Y= #Ua(m, D(a))
= ua),

Na(a,Ui(n, D(a)))

as the sets Ua(m, D(«a)) are clearly pairwise disjoint.
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This result is very promising, as it shows that if we only look at the digits of U%(n, D(a)), we
have exactly the result we want. Informally, one can think of U (n, D(«)) as the “good” digits:
digits such that their postfix “allows enough room for a to occur”. So what about the “bad”
digits with indices not in U} (n, D(«))?

Observe that for a word u € A* it always holds that

lu| < D(u).
(Note we have |u| = D(u) if and only if u = 222...222.) For a postfix s.(¢), this yields
D(u) times
|sc(@)] < De(i) — D(pe(i)-

If we fix aw € A*, and the postfix s.(i) has length at least D(«) + 1, then

D(a) < Dc(i) — D(pe(i)),

so that ¢ € Ug(n, D(«)). This means that at most D(«) digits of each word do not belong to
U’ (n, D(«)). This yields the following estimate:

#U3(n, D(a)) = d*(n) — sf*(n) D(). (4.5)
The next proposition shows that in the limit, almost all digits belong to U} (n, D(«)).
4.6 Proposition. Fiz a € A*, and let A be a Liroth Tree sequence with concatenation map c.
Then Ut (n. D

L #UA(, D)
Proof. Let n € N. Then by (4.5) and Proposition
| #Ui(n, D)) _ d(n) —sF*(n) D(a)

- d*(n) - d*(n)

B _sf*(n) N
=1 D@ = .

=1

Later on, we will also use the following result for a single depth n only.
4.7 Corollary. Fix a € A*, and let A be a Liiroth Tree sequence with concatenation map c.

Then
i #Ualn, D())

=1.
n—00 d(n)

Proof. By (3.9), we also have that % — 00. The result follows in exactly the same way. [
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Recall that a sequence A = (a;)$2; is normal if for every a = ay...a, € A* it holds that

< k:a; = e Qg k—1 =
lim N, b)) = lm FUSk@=00 i =an} )

k— o0 n—oo k

The limit is naturally calculated “from left to right”, causing trouble for certain orderings of
words.

4.8 Example. Suppose that c is such that before each word u; that has at least one digit that
is not a 2, we would have u;_; = 222...222 such that |u;_1| is at least 2|u;|. The resulting digit
sequence cannot be normal, as this ordering yields Na(2, [k]) > 2 > 1 = ;i(2). For example, we
could take ¢ such that

A, =(2,22,3,222,4,222 4,222 4,2222,4,2222, 23,2222, 23,2222, 23,2222, 32,2222, 32, ... ).

Note that in this way, we're adding words of depth 4 such as 2222 “too early”, i.e. we assign
them a smaller index j than for example the words 32 or 4 of depth 3. Such ¢ does not violate
the conditions of Definition [3.9] as the set of words consisting of only 2’s and its complement in
A* are both countable sets.

4.2 A first condition

The example suggests that forcing ¢ to respect the order of depths is a step in the right direction.
We can choose ¢ to be such that for all n > 1, it holds that

{j € N: D(u;) <n} = [sf"(n)]. (4.6)
Note that the ¢ of Example satisfies this criterion. Also observe that (4.6) implies that

{i e N:D.(i) <n}=I[d"(n)].
for all n € N. This yields the following.

4.9 Lemma. Fiz a € A*, and let A be a Liiroth Tree sequence with concatenation map c

satisfying (4.6). Then
lim Na(a, [d(n)]) = u(a).

n—oo

Proof. Write |a| = k. We then calculate

Na(a, [d*(n)]) = #{i <d*(n): q Zd*o(z:l,). Qi k—1 = Qi }
_ #{ieN:D.(i) <n,a; =a1,...,0i1p—1 = Qr}
B a*(n)
 #{ieUi(n,D(Q) ra; = a1, ..., 45451 = i}
R a*(n)
n #{i ¢ Ui(n,D(a)):a; = 1,...,0i15-1 = 0}
d*(n)
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Na(a, Uj(n, D(a))) - #Uj (n, D(e))

&+ (n)
4 Nales [@" (Ui (n, D(@))) - (@ (n) = #U (n, D))
d*(n)
— Na(a,Uj(n, D())) - W

(d*(n) = #U4(n, D()))
d*(n)

+ Na(e, [d*(n)\Ui4(n, D(@))) -

= p(a)
as n — oo by Proposition and (4.4)). O

This is not yet enough for normality, as the values of N4(a,[k]) can significantly move away
from p(a) in between the “milestones” d*(n), as the following example shows.

4.10 Example. We return once more to Example where we started each new depth with
the word 222...222. We again make use of the table that was displayed in Example for the
first three depths.

22 2 2 2 2 3 2 3 2 3 3 2 3 2 4 4 4 4
9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

Suppose that we are interested in the value Na(3,[k]). We know by Lemma that for

k € {1,4,27...} these values should converge to x(3) = %, and indeed, we see that
Na(3,[1]) =0,
Na(3,[4]) = 1.

But what happens if we measure at different “milestones”? If we take the subsequence
(kn)n>1 = (d*(n) + ;i(fz “n)n>1, we have k1 = 1, ke = 3, ks = 13, and this yields

Na(3,[1]) =0,
NA(?” [3}) = 07
Na(3,[13) = 3.

These values of k,, do not mark the point where we have finished adding all words of depth n,
but include the first batch of 2’s that stem from all added words 5 = 222...222 of the next
depth n+ 1. This word S of depth n + 1 has weight %, so it is added 27™ - sf(n+ 1) times. If we
compare this to all sf*(n) previous words we obtain using the following estimate on the
ratio:

27" . sf(n+ 1) < 27" . sf(n+1)
sf*(n) - 2sf(n)
(n+1)!
2n+1

In other words, we add the word 222...222 at least (;’j fl)! times more than all previous words.
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Also note that this word has more digits than all previous words, so that we also add at least
this many digits. As we clearly have

n!

27 — 0

as n — 00, this implies that

lim Na(3, [kn]) = 0.

n—oo

So unfortunately, we have found an « and a subsequence (ky) for which N4(3,[k,]) does not
converge to the right value. In fact, note that for any o # 222...222 we have

lim Na(o,[kn]) =0,

n— 00

while for any § = 222...222 it holds that

n—o0

This shows that a continuation of the procedure that we used in Example will not yield a
normal Liiroth expansion. As nice as the limit behaves for the “milestones” d*(n), this example
also revealed the existence of subsequences with contrasting properties. “Stumbling blocks” like
d*(n) + ;fl(ﬂ -n in our example may prevent a good convergence result, as N4(«, [k]) infinitely
often fluctuates between values arbitrarily close to u(a) and arbitrarily close to either 0 or 1.

The construction that we describe in the next section is designed to tackle exactly this problem.

4.3 A second condition

The aim in our construction is to not just add all words of the same depth together, but also
order the words within one depth. This should prevent the massive addition of just one word as
exhibited in Example

In order to make this precise, we introduce some more terminology.

4.11 Definition. Let u € A*, D(u) > 3. Then we define the grandparent u=2 of u as the word
v such that u € {v22,v3,v*2, (v)*}.

v2/ \v+
v22 v3 vt2 (vt

So if for example v = 3, then it is the grandparent of the words 322, 33, 42 and 5.

4.12 Lemma. Fiz v € A*. The following holds:

uu2=v



Proof. Using (3.1)), we have

> W) = W(v22) + W(v3) + W(vFt2) + W((vh)T)

=W(v2) + W(vt) =W(v).
O

The idea is that we add the words of depth n in such a way that their grandparents are a faithful
representation of the words of depth n — 2. This is formalized in the following definition.

4.13 Definition (Strongly ordered Liiroth Tree sequence). A sequence A = (a;)°, € ¥ is a
strongly ordered Liiroth Tree sequence if there exists a concatenation map ¢ : N — N that satisfies
the following two conditions.

1. For all n > 1 and § € G(n), it must hold that
#{j <sf*(n) :u; = B} = W(B) - sf(n). (4.7)
2. Furthermore, for all n > 3,k € [n!l(n — 1)!], and 8 € G(n — 2), it must hold that

#{jest'(n—-1)+(k—1)-sf(n—2),sf"(n—1)+k-sf(n—2)] : u;z =0} =W(B) sf(n—2).
(4.8)

4.14 Remark. Observe that the first condition inductively implies and . This is
because holds for all n, so it holds for n = 1 in particular. Thus the first word must be
2. It also holds for n = 2, forcing the second and third word to be 22 and 3, and so on. This
shows that a strongly ordered Liiroth Tree sequence is also a Liiroth Tree sequence that satisfies
condition on the depth of words.

Past depth n = 3, the second condition divides the sf(n) words of depth n into n!(n — 1)! blocks
of sf(n — 2) words. Viewing this block as a collection of sf(n — 2) grandparents, the frequencies
must be in accordance with the sequence of words of depth n — 2 that satisfied .

4.15 Example. Clearly Example satisfies (4.7). As all words of depth 3 have the single
grandparent 2, the first three depths also did not violate . But what happens at depth
n =47

All words of depth 4 have grandparent either 22 or 3. According to , every sf(4 — 2) = 2
consecutive words need to be such that W (22) - sf(2) = 1 of them has grandparent 22, and the
other W (33) -sf(2) = 1 has grandparent 3. So if we start adding the words from the Liiroth Tree
at depth 4, we have to alternate between words u € {2222, 223,232,24} and v € {322,33,42,5},
so A, will look for example like this:

A, = (...,2222,322,223,33,232,42,24,5, .. .).

We can confidently continue this process for depth 4 as we can easily see that exactly half of the
words we have to add of depth 4 has grandparent 2 and the other half has grandparent 3.
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This principle is in fact guaranteed to work for all higher depths by Lemma for every
B € G(n —2) we have

Y. #A(u)= > W(u)-sf(n) = W(B)-sf(n)

uu—2=4 uu—2=4
words of depth n that have [ as their grandparent. This shows that we can choose exactly
W(B) - sf(n — 2) of these words to be part of one of the n!(n — 1)! batches of sf(n — 2) words.

Example explicitly shows that strongly ordered Liiroth Tree sequences exist, and we will
show that any such sequence is Liiroth normal.

4.16 Remark. The construction of [Bok09] is also an example of a strongly ordered Liiroth Tree
sequence. This construction is ordered even stronger because it not only respects the weights
of words one could call “parents”, but all "higher-order parents” simultaneously. In fact, the
condition does not have to be on the grandparents, it can be altered to any fixed “higher-
order parent”. Whether this yields a larger or smaller degree of freedom seems to be a matter
of taste. See the last chapter for more details.

4.4 Proof of normality

Let A be a strongly ordered Liiroth Tree sequence. We write

Is(n):={i eN:D.(i)=n}
for the digits of depth n, and observe that by (4.7)), it holds that

Ip(n)=[d"(n—=1)...d"(n)].

For this set we have the following result.

4.17 Lemma. Fix o € A*, and let A be a strongly ordered Liiroth Tree sequence. Then

lim Na(o,La(n)) = p(a).

n—oo

Proof. We follow the proof of Lemma using Corollary instead of Proposition O

Let A = (a;)2,,a, € A*, be any sequence, and =,y € N integers such that z < y. We take a
closer look at Na(a,[z,y]). Suppose that we change the value of a single digit a;«,i* € [, y].
We write this altered sequence as A’ = (a})2,X where a] = q; if and only if i # i*. Observe
that Na/(a, {i}) = Na(a,{i}) if i ¢ [i* — (|a| — 1),4*], so the value of Na(«, {i}) changes for at

most |«| digits. This leads to the following bound:

|(y —2) - Na(o, [2,y]) — (y — x) - Nas (o, [2,9])] < |al.

Now suppose that we add a digit at some index i* € [z,y]. We can again create a new sequence
A’ such that a; = aj for i < i* and aj,; = a; for i > i*. The digit aj. can be arbitrarily chosen
from A*. We now have Na/(a, {i}) = Na(a,{i}) for i <i* —|a| and N/ (a,i+1) = N/y(«, i) for
i > 4*. This shows that we have at most |a| + 1 changes:

[(y = 2) - Na(a, [2,9]) = (y + 1 — @) - Nar(e, [2,y + 1])| < |af + 1.
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Instead of considering any subsequent string of digits with index i € [z,y], we take a look at the
digits of I4(n) of a strongly ordered Liiroth Tree sequence A. We assume n > 3 and write

Ia(n)={i e N:sf"(n—1) < c(i) <sf'(n)}.
Now suppose that for j € [sf*(n — 1), sf"(n)], we replace a word u; € A, by (uj')*, thus creating
a new sequence A’ with concatenation map ¢’ and sequence of words A/,. Observe that this
comes down to the change of exactly one digit of index ¢ € I4(n). Writing
Ta(n)={ieN:sf"(n—1) < (i) <sf'(n)},

we obtain again

|#1a(n) - Na(a,1a(n)) — #1a(n) - Nar(o, Las(n))| < al.

If we replace u; by u;3 instead, this amounts to adding exactly one digit, thus yielding exactly
the same statement with |a| + 1.

If we instead replace u; by u;22 or uj‘27 we change or add two digits. Writing A’ for any
new sequence such that one word u; is replaced by either u;22,u;3, u;'2 or (uj)‘*‘ we have the
following bound:

[#1a(n) - Na(a, La(n)) — #La(n) - Nas (o, Lar(n))| < 2|al + 2.
Now fix n > 3,k € [n!(n — 1)!]. We define
Ih(n) :={i e N:c(i) € [sf*(n— 1) + (k — 1) - sf(n — 2),sf"(n — 1) + k - sf(n — 2)]}
as the set of indices of digits belonging to the k-th batch of sf(n — 2) words of depth n.

4.18 Example. If we look at the sequence A in Example we can make the following table
for the first words of depth 4:

;|2 2 2 2 3 2 2|2 2 3 3 3|2 3 2 4 2[2 4 5
i |28 29 30 31 32 33 34[35 36 37 38 39|40 41 42 43 44|45 46 47

We have I (4) = [27,34], 13 (4) = [34,39], I3 (4) = [39,44], I} (4) = [44,47], and so on.

As we saw in Definition the words {u; : j € [sf*(n — 1)+ (k—1) -sf(n — 2),sf"(n — 1) + k-
sf(n — 2)]} to which the digits of I%(n) belong can all be written as v22,v3,v*2 or (v©)* for
some v € G(n — 2).

M «
RM‘ d*(n)

I I I |
Ta(n—2) Ia(n—1) IY(n) Ii(n) I3(n)

1. d*(n—2) d*(n—1)
T ! !

Figure 5: Illustration (not on scale) of the digit sets for a strongly ordered Liiroth sequence A.
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The second condition now assures that the distribution of words u; is exactly such that the
words uj_2 € G(n —2) are distributed in accordance with . In other words, guarantees
a one-to-one correspondence (including multiple instances) between the words of depth n—2 and
the grandparents of words that supply the digits of I f‘(n)

This shows that for every k € [n!(n — 1)!], there exists a strongly ordered Liiroth Tree sequence
A’ with concatenation map ¢’ such that for every [ € [sf(n — 2)],

2
At 2 Ve (n-3)1 = Ui () (1) sin—2) 41 € Ao (4.9)

The words on the left side of this equation represent the digits of A" indexed by I4:(n—2), while
the words on the rights side exactly represent the digits of A indexed by I f‘(n) Thus in order to
transform I4/(n — 2) into I%(n), we change or add at most 2 digits per word. This shows that
for any n and k, there exists an A’ such that

|[#Lar(n = 2) - Nar(a, Lar(n = 2)) = #15(n) - Na(e, I5(n))] < (2la] +2) -sf(n —2).  (4.10)

If we look at Example we can compare all examples 1% (4) to 14(2) = [1,4] of A itself, here
printed again:

a; 2 2 3

i12 3 4
According to , at most 2 - sf(4 — 2) = 4 digits are added or changed in the transformation
of 14(2) into 1% (4).
Indeed, if we look at I(4), we see that we have to add a 2 a total of 4 times. For I4(4), we add
a 3 twice. The set I3(4) is a little more complicated: we change a 2 into a 3, add a 2, change
a 3 into a 4, and add a 2, altogether a total of 4 modifications. The last set 14 (4) has only 2
changes: we turn a 2 into a 4 and a 3 into a 5.

We are now in a position to prove the following proposition.
4.19 Proposition. Fix o € A*, and let A be a strongly ordered Liiroth Tree sequence. Then for

all k € [n!(n — )],

lim Na(a,I%(n)) = p(a).

n—oo
Proof. Take n > 3,k € [n!(n — 1)!], and let A’ be a sequence satisfying (4.9). Observe that
#1K(n) > d(n — 2) = #14/(n — 2). This gives the following bound from above:

Na(a, I (n) < Nar(a, Ly (n—2)) -d(n —2) + (2|a] +2) - sf(n — 2)

#15(n)
< Na(a,Ia(n—2))-dn—2)+ (2la| +2) - sf(n —2)
- d(n —2)
= Nar(o, Tar(n—2)) + (2|a] +2) - zf((::;)).
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Also observe that #1%(n) < d(n—2)+ (2|a| +2) -sf(n —2) by (4.10). This yields a similar bound
from below:

Na(a,Iar(n—2))-d(n—2)— (2la]+2)-sf(n —2)
d(n —2) + (2|la| + 2) - sf(n — 2)
B d(n — 2)
= Narlo Lu(n = 2)) - G = o 5 2y sfn = 9)
(2|la] +2) - sf(n — 2)
din —2)+ 2|la| +2) - sf(n — 2)

Na(a, I (n))

v

f(n—2)
1 (2le] +2) - T
= N0 L (n = 2))- T Fleg
1+ 2ol +2)- 35— 1+ Qlal+2) 5=

Applying (3.9), we see that for every e € Ry, there exists an Ny € N such that for n > Ny, we
have

|NA(a,Iﬁ(n)) — Nar(a,La(n— 2))| < %6

for any k € [n!(n — 1)!]. By Lemma there also exists an Ny € N such that all n > Ny, the
identity

() = N0 Lo (n — )| < 3¢

holds. Thus for all n > max{Ny, Ny},

(@) = Na(a, I§(n))| <e.
O

4.20 Remark. Instead of using auxiliary strongly ordered Liiroth Tree sequences A’, we could
also obtain this result by examining permutations of words. Observe that in our construction,
we demand no particular ordering of words as long as they satisfy the conditions and .
Consequently, results such as Lemma [4.17] hold for any permutation of words within the batches
I% (n) marked by (L.8).

In order to compare the words of I%(n) to those of I4(n — 2), we had to deal with the fact that
the ordering of I%(n) might not equal to the ordering of grandparents in I4(n — 2). Instead of
what we just did, it is also possible to compute directly that permuting words has no significant
effects in the limit.

In order to do so, note that Proposition allows us to leave the last || digits of every word
out of consideration, thus effectively discarding all divided occurrences mentioned earlier in
Remark This means that permuting words has no effect on Na(a, I4(n)) in the limit, so
that we can indeed compare the words of I%(n) to those of I4(n — 2) without having to worry
about the specific order.

Note that this fact was always silently implied by the nature of our construction.

Either way, Proposition has proven that the sets I%(n) are similar enough to I4(n — 2) in
the limit giving us a lot more “milestones”. As the next theorem shows, these milestones will
eliminate the possibility of subsequences {k,} as in Example
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4.21 Theorem (Liiroth normality). Let A be a strongly ordered Liiroth Tree sequence. Then
for any a € A*,

lim
m—00 m

) < a; = e Q1 =
#i<m:a;, =01,...,04k1 ak}:,u(a).

Proof. Let M € N. Then there are unique integers n = ny € N,k = kp € [nps!(nar — 1)!] such
that M € I%(n). Write

k—1
Ry =M —d*(n—1) =Y #I4(n) €N,
=1

and observe that Rys € [d(n — 2) + 2sf(n — 2)]. See also Figure
By (3.8), we have that

so that

d(n—2) < sf(n — 2)
din—1) ~ sf(n—1)
We use this to show that the last R,; digits are negligible compared to M:

as n — oo by (3.9).

Clearly limp;_, o, n = 0o. Hence for any sequence A, we have

Na(a,[M — Ryl) - (M — Ry) + Nalo, [M, Ry]) - Ry

N (e [M]) = -
= Naton (M~ Bagl) - LD o, - B
= Na(os [M ~ Ragl) - (1= "20) 4 Ny o, [M, Bag]) - 2
so that
Na(ew, [M]) = Na(o, M — Rus)
as M — oo.
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Combining this with the other convergence results of Lemma [£.9] and Proposition we fix
€ € Ryg. Then there exist N1, No, N3 such that for all M > max{N;, N2, N3}, we have

[Nafaw d"(n)) = p(a)]| < 3.
|Na(a, I (n)) — p(e)| < %a (for all I € [n!(n —1)])
[Nalea, (M) = N, [M = Rar))] < 3,
so that
INao [M]) = ) 1

< [Na(e, [M = Ru]) — p(@)]| + 3¢

_|Mwmmw—mwmw—n+zﬁWWm&m»#&m>
M — Ry

1
— ()| + €

|Nﬂmww—mwwm—u+szWm&m»#&m>
M — Ry

(d*(n — 1) + S0 # 14 (n) - (o) || 1
- A Ry t3f
o V(o [d*(n = 1)) = pl)] - d*(n = 1) + 5515 N (o Iy (0) = pl)] - #Th(n) 1
- M — Ry

Lo d*(n — k11 n
< 2t d*( 1?\;_211%;41 3¢ #14( )+le
_ M-Ry 1 1
T M Ry 277 2°

= ¢&.

[\

O

4.22 Example. Theorem shows that a number x € (0, 1] is Liiroth normal if its Liiroth
expansion A, is strongly ordered. If we take the sequence of Example we get the following
sequence of words:

A, = (2,22,3,222,222,222, 23,23, 23,32, 32, 4,4, 4,4, 2222, 322,223, 33,232, 42,245, ... ).

Using (2.1, we have

1 1 1 1 1 1
S LA) =4 4o f — 4 — 4 — ... =0.936197 ...
r=LA) =g+ tgt gttt

as an example of a Liiroth normal number.

Of course the value of L(A,) is completely determined by the transformation 7. In the next
chapter, we will generalize the material of Chapters 3 and 4 so that we also obtain Liiroth normal
numbers for the family of transformations that we described in Section 2.5.
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5 Generalization

We generalize Chapters 3 and 4 to an arbitrary infinite partition of the unit interval. It turns out
that we can significantly reduce the amount of words added per depth. Thus the generalization
can be also seen as an improvement if applied to the “classical” setting. As most of this chapter
is very similar to earlier material, we omit many proofs and examples.

5.1 Construction

Recall the definition of Generalized Liiroth Series as discussed in Chapter 2. Without loss of
generality, we take A = D := Z>1,% = AY. This leads to the following generalization of the
Liiroth Tree.

5.1 Definition (Generalized Liiroth Tree). Let u = uy ... u; € A*..Write ul := uy ... ux1 and
ut =wuj...up_1(ur + 1), . Then we define the Liiroth Tree as the graph G, such that
V(GL) = A”,
E(Gr) = {(u,ul), (u,u”) :ue A*}.
For the generalized labels, we write
Ly 1 Ly
P = — g k=l — o —
1- Zf:ll Li 1 - Zf:ll Li
Then the following map f assigns these labels to each edge:

f E(GL) —>R+,
)P if e = (u,ul) for some u =y ...u; € A*, (5.1)
e
Qu,, if e=(u,u™) for some u =uy...u, € A*.

So for uy = k, the generalized tree uses the rule

ULuUg ... Uk
D
ULUg . .. Ukl uiUg ... Uk + 1.

If we start the construction at u = 1, we can draw the following figure:

40



11 2
111 12 21 3
p/ yl p/ VQ p/ yl p% yg
1111 112 121 13 211 22 31 4

A AT A AN A AT AN

Figure 6: The Generalized Liiroth Tree.

Using the same definition of ¢, as in Definition [3.2] we obtain an exact analogy of Lemma [3.3]
5.2 Lemma. Let u € A* U {e}. The label mapping f : E(GL) — R>¢ is pu invariant:

fpoule)) = f(e) for alle € E(Gp).

O
Zooming in on the labels, we have the following useful result.
5.3 Lemma. Letn € N. Then
H ¢ =1- Z L;.
i=1 i=1
Proof. Clearly ¢ =1 — L;. Suppose the statement holds for n — 1. Then
n n—1
H a4 = H 4i " qn
i=1 i=1
n—1
L
< i=1 =20 Li
n—1
=1-) Li—L,
i=1
=1-Y L,
i=1
O

5.4 Corollary. Let n € N. Then

n—1
H Gi - Pn = Ly.
=1
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We continue with a generalization of depth and weight.

5.5 Definition. For each i € D we define the depth of a digit as D(i) = 4. For a word
u=uj...u, € A*U{e} we define

k
D(u) := Z U;

as the depth of u, where the empty sum has value 0. We also write
G(n)={ueV(Gy): D(u) =n}
as the collection of all words of depth n.

We again have the identity
D(uv) = D(u) + D(v), (5.2)

and continue with the same definition of weight.
5.6 Definition. Let u =uy ... u; € A* U {c}. We define

D(u)—1

W) =[] flu,u1)

Jj=1

as the weight of u. It is again the product of all the labels along the path P(u) from 1 to u,
where the empty product has value 1.

As py, + qu, =1, it holds that

W(u) = W(ul) + W(u"),

so that for all n > 2,

Yo W= Y W+ > Wah)= > W().

ucG(n) ueG(n—1) ueG(n—1) ueG(n—1)

As W(1) = 1, we again obtain the useful identity

> W) =1 (5.3)

ueG(n)
for all n € N.
5.7 Lemma. Let uv be the concatenation of u,v € A*. The following holds:
W(uv) = W(ul) - W(v). (5.4)

Proof. The proof is completely analogous to the proof of Lemma using Lemma instead
of Lemma 0O

5.8 Corollary. Let u = u;...u; € A*. Then

W(ul) = p(u).
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Proof. We start with the assumption that & = 1, so that u = u;. Then

u1—1

W(U.l) = H 4 - Puy = Lu, (5.5)
j=1

by Corollary Just like in the proof of Corollary we let &k > 1 and view u as the
concatenation of single-digit words u; = u;. Repeated application of Lemma then yields

k k
W (ut) = [T W) = [T L, = (), (56)

i=1 =1

where the last equation follows from ({2.6]). O

5.2 Generalized Liiroth Tree sequences

Let A = (a;){2, € ¥ again be a sequence of digits. Concatenation maps are defined exactly as
in Definition As in Section 3.3, we define

m(j) = min{i € N : ¢(i) = j},
M(j) =max{i € N: (i) = j},

yielding the auxiliary sequence
A= (u; )Joil

of words u; € A* such that
Wi = Gm(j)--AM(5)-
For each o € A*, we write again
Acla) ={j e N:u; =a},
as the indices j of words of A, that are equal to a.

As the lengths L; can be irrational for any 8 € A*, an integer m such that

W(B) -meN
may however not exist. As before, for each o € A*, we write
Ac(a) :={j eN:u; =a},

as the indices j of words of A. that are equal to «. This leads to an altered definition of a
Generalized Liiroth Tree sequence, where we aim for a value close to W(f) instead of exactly
achieving it.

43



5.9 Definition (Generalized Liiroth Tree sequence). A sequence A = (a;)2;, € X is a
Generalized Liroth Tree sequence if there exists a concatenation map ¢ : N — N with the
following properties.

1. For all 8§ € A*, there exists an error eg € (—1,1) for which it holds that
#Ac(B) = W(B) - D(B)! + ep. (5.7)
2. Also for every n € N, the following holds:

Z #A.(u) =nl.

ueG(n)

Thus in a Generalized Liiroth Tree sequence, exactly n! words are element of G(n).

Although perhaps less clear from the definition, Generalized Liiroth Tree sequences certainly
exist and are not difficult to construct. For all § € G(n), one can calculate W () - n! and add it
|[W () -n!| times. Let g, € [2"] be the number of words such that W(;3) - n! € N. Observe that

ty 1= n! — Z I_W(,B) : n'J < 2" — 9n;,

BEG(n)

so that we always have less then 2™ — g,, “open spots” left. If we now add any collection of t,,
distinct words of

E,:={8€G(n): W(B) n!¢N}

once, then these t,, words will have error eg € (0, 1). The other words of E,, that were not chosen
will consequently have error eg € (—1,0). Of course the words outside E,, have error exactly 0.

5.10 Example. The consequences of this new definition are perhaps best exhibited by taking the
“classical” partition L; = m, 1 > 1, yielding the same labels on the edges of the corresponding
Liiroth Tree. The only difference is the digit set, as we essentially map any integer d of the
classical setting to d — 1.

Once more following the approach of Example we start with n = 1. We only have a 1, it
thus has weight W (1) = 1 and we add it once as 1! = 1.

At n = 2, we have two words: 11 and 2. Both have weight
add 2! = 2 words.

At n = 3, things start to look more different as we add 3! = 6 words instead of 12. The weights
are as follows:

1

5, so we add both once as we can

Word ‘111‘12‘21‘3

W=

weight | 4 [ 3] 4|

This yields

W(111)-6 =1.5,W(12)-6 = 1.5, W(21) -6 = 1, and W(3) - 6 = 2.
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The last two words are clear, we add 21 once and 3 twice. For 111 and 12 we have two choices:
we can 111 once and 12 twice or vice versa. Picking the first choice, we have ej1; = —% and
e1o = % So far our word looks like this:

A=(1,1,1,2,1,1,1,1,2,1,2,2,1,3,3,...),
A, =(1,11,2,111,12,12,21,3,3,...).

The good news is that we can easily look at n = 4, as we only have to add 4! = 24 words instead
of 288. We first calculate some weights:

Word ‘1111‘112‘121‘13‘211‘22‘31‘4

- 1 1 1 1| 1

=

1 1
8 6

Multiplying all these weights with 24, we obtain the integer values 3,3,2,4,2,2,2 and 6. This
yields the following:

A=(1,1,1,2,1,1,1,1,2,1,2,2,1,3,3,
1,1,1,1,1,1,1,1,1,1,1,1,1,1,2,1,1,2,1,1,2,1,2,1,1,2,1,1,3,1,3,1,3,1, 3,
2,1,1,2,1,1,2,2,2,2,3,1,3,1,4,4,4,4,4,4,...),

A= (1,11,2,111,12,12,21,3,3, 1111, 1111, 1111, 112, 112, 112, 121, 121, 13, 13, 13, 13,
211,211,22,22,31,31,4,4,4,4,4,4,...).

We stop here, because at depth 5 we have to add 5! = 120 words. That is quite a lot, but
sf(5) = 34560 is a lot more!

Now let a € A*. We again write
Aclayn) :={j eN:u; € G(n),u; = ay,y € A"},
as the set of words of depth n starting with a.

5.11 Lemma. Fiz o € A* and a Generalized Liroth Tree sequence A = (a;)2, with
concatenation map c. Then it holds that

n—o00 n:
Proof. Fix n € N such that n > D(«a). Then for v € A* such that u; = ay € G(n), it holds that
D(y)=n—D(a) >0

by .
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This yields
#Ac(a,n) = Z #A:(ay)
YEG(n—D(a))

= Z (W(ay) - n! + eqy)

Y€G(n—D(a))

=nl. Z W(Oél) . W(v) + Z €ay

Y€G(n—D(a)) 1€G(n—D(a))
=n!-W(al)- Z W(y) + Z Cay
YEG(n—D(e)) Y€G(n—D(a))

=n! pla)+ Z an-

YEG(n—D(a))

using Definition Lemma Corollary and (5.3]). Observe that

Cay € (_2n’2n)’ (58)
Y€G(n—D(a))

and that

n

lim — — 0.
n—oo n!

This yields the result. O

5.3 Length of words

For Generalized Liiroth Tree sequences, we need to come up with a more general argument to
prove that the weighted average length of words is unbounded. We write

=nl- > W+ Y euul

ueG(n) ueG(n)

for the number of digits of depth n. Using (5.7)), we can denote the “abstract” weighted average
number of digits per word of depth n as

d n
AL S W) Jul (5.9)
’ ueG(n)
where e, € (—n2",n2") as |u| <n and #G(n) = 2.
For convenience, we write

A, = Z W(u) - |ul.

ueG(n)
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In order to prove that A, is unbounded, we use the following inductive argument.

Let n € N, and suppose that all values of A; are known for 7 € [n — 1].
For d € [n — 1], observe that the following holds:

{veA":dveGn)} =Gn—d).

This means that if we take the set of words of depth n that start with digit d and remove this
first digit, we obtain exactly the set of words of depth n — d. For example, taking d = 1,n = 4,
the words of depth 4 that start with a 1 are 1111,112,121 and 13, and removing every first digit
yields 111,12,21 and 3: exactly the words of depth 4 — 1 = 3.

By Lemma, and (5.5)), for u = dv € A* we obtain
W) =W(dl) - W(v)=Lg-W(v).

If we now split G(n) up as a union of the word n itself with the words that have starting digit
d € [n], we obtain the following, where we use that W(n) =1 — 3;11 Lq by Lemma

= > W)

ucG(n)

+Z > W |u|
d= (n):u=dv

1ueG(

n) + Z LaW(v) - (vl +1)
d=1veG(n—d)

WA Lo [ W) (v 4 )
d=1

veG(n—d)
n—1
n)+ > La-(Ap_g+1)
d=1
n—1 n—1 n—1
zl_ZLd+ZLd'An—d+ZLd
d=1 d=1 d=1
n—1
=14+ La-An_
d=1
As Ay = 1, we have Ay > A;. Now let N € N>y, and suppose that A, > A,_; for all
n € [1, N]. Then by -, we see that Axy11 > Apn. This shows that A, is strictly increasing in
n. In particular, this shows that A; > 1 + 67 for ¢ € N5 and some §; € (0,1).

Observe that as 230:1 Ly =1, there exists an Ny € N such that

Ny

> Lats Lt

d=1
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This leads to the following estimate:

Ni+1
An 42 =1+ Z Lqg-An,42-d
d=1
Ny
> 14 ZLd AN, +2-d
d=1
Ny
>14+(146)> Anta-d
d=1

1
21+(1+461)-(1-560)
1
=2+ 5 (0 = 57).
2
This shows that A, > 2+ 1(&; — 67) for n > Ny + 1. We continue by taking

1
O = E(ém_l — 572,171), m € NZQ.

Let M € N. Arguing inductively, we assume that for all m < M, there exists N,, such that
A, >m+ 0y, for n > N,y + 1.0 As 6, € (0,1) for m > 1, there exists an Ny, such that

N 1
L on > 1.
dz_ld-f—MJrlM_

This yields

Ny+Nar—1+1

ANAI+NM—1+2 =1+ Z Lqg - AN}VI+NA4—1+2*d
d=1
Ny

> 1+ ZLd " ANy Ny 42-d
d=1

Npr
> 14 Lg- (M —1+6y-1)
d=1

1
>14+(M—-14+0p-1)-(1— M5M—1)

1
=M+ M((SM_l — 5%/1_1).
=M+ 6y

This shows that for all m € N, there exists an Ny, such that Ay, n,,_,4+2 > m. Thus A,, — oo
as n — o0o.
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As

en 0.
n!
we conclude from ([5.9) that
d
(’f) 0. (5.10)
n!

Observe that

n—1
nl=n-(n-1"> Zm!,

m=1
thus for the total number w*(n) of words up to depth n it holds that

n

w*(n) == Z m! < 2nl. (5.11)

m=1
We write N
d*(n) =Y _ d(m), (5.12)
m=1
so that
d*(n)
w*(n)

represents the weighted average of digits per word over all words of depth at most n. We then
have the following result.

5.12 Proposition. The cumulative weighted average number of digits per word up until depth
n is unbounded in n, i.e.

lim d*(n) = 00.
n— 00 w*(n)
Proof. We calculate
d*(n) < d(n) S d(n) S ld(n)’
w*(n) — w*(n) — 2n! T 2 nl
which diverges as n — oo by (5.10)). O

5.4 Classification of digits

We can classify the digits of a Generalized Liiroth Tree sequence A with concatenation map c as
we did in Chapter 4. Using the same definitions, we again denote m; and M; as the least and
greatest integer for which c(i) = c¢(m;) = ¢(M;) respectively. We then have

pc(i) = Q.- Qi—1 € A,

$c(i) == a;...ap, € A”.
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We again write D.(i) = D(u.(;), yielding the definitions

A(B,n) ={i € N:p.(i) = B, D.(i) = n},
A(B,a,n) ={i € N:p.(i) = B, .(i) € A" (), D.() = n},

where again
A(@) ={ue A" :u=avy,v€ A*U{e}}.
By exactly the same arguments, we have the bijections
A(B,n) «— Ac(B,n), A(B,a,n) «— A(fa,n), (5.13)

mapping ¢ — ¢(4). This leads to a generalization of Proposition

5.13 Proposition. Let A = (a;)$2, be a Generalized Liroth Tree sequence with concatenation
map c. Fix o, € A*. Then it holds that

- #AB,oun)
A )
Proof. By and Lemma we may write
p #AGn) L #A(Ban)
n—oo #A(B,n)  n—ooo #A(B,n)
_ #(Be)
1(B)
= p(a),
exactly as in Proposition O

5.14 Definition. Let A be a Liiroth Tree sequence, and let [ € N. Then for all n € N, we define
the unions

UA(n7l) = U A(ﬂ7n)
BeEA™:
D(B)<n—1

={i e N:D.(i) =n,D(p.(i)) <n—1},

Uaa(n) = U A(B,a,n) = {i € Ua(n, D(a)) : 5.(i) € A*(a)},

BeEA™:
D(8)<n—D(a)

as in Definition .41
This leads to a generalized version of Corollary
5.15 Proposition. Fiz o € A*. Then

. #UA,a(n) _ a
% FUa(n, D)~ M
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Proof. We argue a bit more carefully, as the sums become infinite sums in the limit. We fix
n € N. Then as in the proof of Lemma [5.11

Z BeA*: #A(ﬁ70l,n)
#Uaa(n) D@ en—D()

#Ua(n, D(a)) >0 peas:  #A(Bn)

D(B)<n—D(a)
_ 2BeG(n—D(ay (M - p(Ba) + ega)
> peG(n—D(ay) (Ml 1(B) + €p)

where

R
Y€G(n—D(Ba))

eg = Z egy € (—27,2"),

1€G(n—D(B))

as in (5.8).

Consequently,
Y s Y., egE(—4"4").
BEG(n—D(a)) BEG(n—D(a))

Clearly it also holds that % — 0 as n — o0, so that both errors converge to zero. This shows
that

> BeG(n—D(a)) (H(B) + ﬁ) N
e
> seG(n—D(ay) (H(B) + aimr)

as n — 00,.
Writing
#Uaa(n) () - > seG(n—D(a)) (H(B) + 25
#Ua(n, D(a)) > sec(n—D(ay) (H(B) + H(Z?.n!),
we obtain the result. O]

5.16 Remark. Observe that in our construction we now use n! instead of sf(n), thus decreasing
the amount of words added. There are slower growing sequences available such as k, = 5™, since
we only need i—n to go to zero in the limit, as the above shows. We chose n! because it is so
similar to sf(n), so that some new definitions resemble the old approach as much as possible.
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We again write

] T: ; = .. ; 1 =
Nata, 1) = HIET 0 S 0t o)

so that

Na(o,Ua(n, D())) = M'

Applying Proposition [5.15] we find

lim Na(a, Ua(n, D(a))) = la). (5.14)

n— oo

Fixing n € N and writing

n

Ui(n, D(a)) = | Ua(m, D(a)),

m=1

we calculate

_ #{ieUi(n,D(e)) 1 a; = a1,...,0i45-1 = Qk}
#U4(n, D())
_ S _ #{i € Ua(m,D(a)) 1 a; = ai,...,ai405-1 = i}
Ym=1 #Ua(m, D(a))
> ome1 Na(e, Ua(m, D(e)) - #Ua(m, D(a)))
Yom=1#Ua(m, D(a))

Fix € € (0,u(a)),0 € A*. We know by (5.14]) that there exists an N7 € N such that for all
m > N1, we have

NA(a> Uffx(”a D(a)))

[1(0) ~ Na(or, Un(m, D(0)))] < 3

As #U4(m, D(a)) > 1 for m > D(a), there also exists an No > Np such that for all n > Ny
Ny—1
U D 1
) o TS #UA G, D) _ 1
Yomen, #UA(m, D()) 2

As Nyg(o,Ug(m, D(a))) € [0,1] for all m € N, we have the following estimate for n > Na:

Y1 Na(a, Ua(m, D(@))) - #Ua(m, D(a))
et #Ua(m. D(a))
_ oy #Ua(m, D) + 357y, (1(0) + 5€) - #Ua(m, D(a)
- Y1 #Ua(m, D(@))
St #Ua(m, D(@)) | Yoo, (@) + 3€) - #Ua(m, D(2))

m=1

= S #Ua(m, D(a) Sy #Ua(m, D(a))

<

Na(a,Uj(n, D(a))) =

—_

1
e+ p(a) + 3¢

2
= u(a) +e.
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Similarly, we obtain

* S, () ~ 56) - #Ua(m, D(@)
Nl Bt Dl = = S0 (. D)
St (i) — 56) - #Ua(m, D(@) Sy, #Ua(m, D(a)
S, FUAn D) Sy UG, D(a)
e - Ly (4 X #Ua(m, D(a)
= @)= 59 (1 S #UA<m,D<a>>>

This shows that

lim Na(a,Uj(n, D(a))) = p(a). (5.15)

n— o0

This result is as promising as before: in the limit, the “good” digits U%(n, D(«)) still behave
exactly like we want them to. As in (4.5)), it also still holds that

#UA(n, D()) > d*(n) — w* (n)D(a), (5.16)
leading to the following generalization of Proposition [.6]

5.17 Proposition. Fiz o € A*, and let A be a Liiroth Tree sequence with concatenation map c.

Then #U%(n, D(a)
. % (n, D(a
AT

Proof. Let n € N. Then by (5.16)) and Proposition

#U4(n, D(@)) _ d*(n) —w*(n)D(e)

=1.

1>
- d*(n) - d*(n)
w*(n)
— 1.
#n)
O
5.18 Corollary. Fix a € A*, and let A be a Liiroth Tree sequence with concatenation map c.
Then U D
lim #Ua(n, D(a)) a(n, D(a)) =1.
n—oo d(n)
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So far we have established a generalized convergence result on the milestones w*(n).
Unfortunately, we are not able to present an example similar to Example An extra
condition analogous to Definition is sufficient as we will show next, but we’re uncertain
about the necessity. It might be able to prove that the stronger ordering is not needed, perhaps
by choosing a different value for w(n) in light of Remark

5.19 Definition. Let u € A*, D(u) > 3. Then we define the grandparent u=2 of u as the word

v such that u € {v11,v2,vT1, (vT)T}
v
vl vt
vll v2 vTl (vt

5.20 Lemma. Fix v € A*. The following holds:

Z W(u) = W(v).

wu2=v

Proof. Using (j5.1)), we have

> W) = W(vil) + W(v2) + W(vT1) + W((vH)T)

=W(vl) + W) =W(v).
O

5.21 Definition (Strongly ordered Generalized Liiroth Tree sequence). A sequence
A = (a;)2, € ¥ is a strongly ordered Generalized Liroth Tree sequence if there exists a
concatenation map ¢ : N — N that satisfies the following three conditions.

1. For all n > 1, it holds that

Z #A.(u) =nl.

ueG(n)

2. For alln > 1 and 8 € G(n), we have there is an eg € (—1, 1) such that
#{j < w'(n) :u; =B} =W(B) -nl+es. (5.17)

3. Furthermore, for all n > 3,k € [n(n — 1)] and 8 € G(n — 2), there is an eg € (—4,4) such
that

#{jewn-1+(k-1)-n-2) w (n-1)+k-(n—2) : u;z = B} =W(B)-(n—2)!+e}.
(5.18)

Note that the error e’E, can be four times larger since any grandparent has four children. It does

not affect any argument, as lim,, ,o, 4 - 47% =0.
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Using (5.17)), we obtain the analog of Lemma

5.22 Lemma. Fiz o € A*, and let A be a Generalized Liiroth Tree sequence.

lim Na(a, [d"(n)]) = p(a),

n—oo

Proof. Fix € € Ryg. Using Proposition .17} we can perform the calculation of Lemma to
assure the existence of an N7 € N such that for all n > Ny,

[Na(os [d" (m)]) — Na(o, U (n, D(@))] < 3

By (5.15)), we also have an Ny € N such that for all N > Ny,

[N, U (0, D) = ()| < 3

yielding the result. O

Let A be a strongly ordered Generalized Liiroth Tree sequence. We write

Is(n):={ieN:D.(i) =n},
for the digits of depth n, and observe that by (5.17)), it holds that

La(n) = [d@*(n — 1),d"(n)].

For this set we have the following analog of Lemma We omit the proof, as it is analogous
to the proof of Lemma

5.23 Lemma. Fiz o € A*, and let A be a strongly ordered Generalized Liiroth Tree sequence.
Then

lim Na(o,La(n)) = p(a).

n—oo

We write again
Is(n)={ieN:w'(n—1) <c() <w*(n)}.

Now fix n > 3,k € [n(n — 1)]. We define

It(n):={ieN:ci)€[wn—1)+(k—-1)-(n=2),w(n—-1)+k-(n—2)}

as the set of indices of digits belonging to the k-th batch of (n — 2)! words of depth n. As before,
Deﬁnitionimplies that the words {u; : j € [w*(n)+(k—1)-(n—2)!,w*(n)+k-(n—2)!]} that
belong to the digits of I%(n) can all be written as v11,v2,v*1 or (v*)T for some v € G(n — 2).
Observe that no longer guarantees a one-to-one correspondence between the words of
depth n — 2 and the grandparents of words that supply the digits of I%(n). This is because we
do not put particular restrictions on the distribution of errors e’é.
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However, for every k € [n(n — 1)] there still exists a strongly ordered Generalized Liiroth Tree
sequence A" with concatenation map ¢’ such that for every I € [(n — 2)!],

-2
Al 3 Vur (n=3) = W () (k1) (-2t € Ao

as the grandparents of the words in 7% (n) satisfy (5.7)) for n —2. For this A’, it again holds that
‘#IA/(n —2) - Nar(a, Ta(n—2)) — #I%(n) - NA(a,If‘(n))‘ <2|af - (n—2)L (5.19)
This leads to the analog of Proposition

5.24 Proposition. Fiz a € A*, and let A be a strongly ordered Generalized Liiroth Tree
sequence. Then for all k € [n(n — 1)],

lim Na(a,I%(n)) = p(a).

n—oo

Proof. Fix € € Rs. By exactly the same arguments as in Proposition we find an NV; € N
such that for n > Ny, it holds that

|NA(OL, IIIZ(TL)) — Ny (O(,IA/(R — 2))| < %E

for any k € [n(n — 1)]. By Lemma there also exists an Na € N such that for n > N, we
have

Ju(a) = N, L0 = 2)] < 32,

so for all n > max{Ny, N2},

(@) = Na(a, T (m)] <e.

O
5.25 Theorem. Let A be a strongly ordered Generalized Liiroth Tree sequence. Then for any
ae A",
LS Mg =00, Qi1 =
lim #{Z =m:a aq Ajtk—1 ak} _ ,LL(OL)
m—oo m

Proof. Let M € N, M > d*(6) . Then there are unique integers n = ny € Nk = ky €
[nar(nar — 1)] such that M € I%(n). Write

k—1

Ry =M —d*(ny — 1) = Y _ #I'(na) €N,
=1

with Ry € [d(nM — 2) + 2(71M — 2)']
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We estimate

IN

<
Thus by (5.10)), the last Ry, digits are negligible compared to M:

RiM < d(nM - 2) -+ Q(RM - 2)‘
M — d*(nM—l)
< d(nM—Q) (TLM—Q)‘
“d(ny —1) d(npy — 2)

— 0,

as ny — 0Q.
Clearly limp; o0 nps = 00, so that for any sequence A we have

Ny(a, [M]) = Na(a, [M — Ry))

as M — oo.

The convergence results Lemma [5.22| and Proposition [5.24] now yield the desired result.
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6 Reflection

This chapter aims to sketch a little bit of context. We will talk about the relationship to
Champernowne’s approach, discuss some other constructions of Liiroth numbers and reflect on
some ideas and intuition behind our construction and proofs.

6.1 Champernowne

Most constructions of normal numbers found in literature are said to be an extension or “in
the spirit” of the Champernowne construction. Our construction very much qualifies as such.
Champernowne’s famous constant ¢ we mentioned in the introduction is normal in base 10. The
same idea works in any base. If we do this for base b = 2, we obtain the dyadic Champernowne
number

C=10.01000110 11000001 010 011 100 101 110 111 ...

that appears in for example [DLR20]. If we now draw a “Champernowne Tree”, using a similar

u
1 1
ul ul
note that we obtain this constant by starting with the empty word € and concatenating the
numbers on the vertices from left to right.

0 / \
N RN
/

but simpler rule

10

/N /N /N

000 001 010 011 100 101 110 111

Figure 7: The dyadic Champernowne Tree.

The construction is in this case simple: just add 2™ words of every depth n, adding all words
exactly once. This shows how nicely the construction of Boks dealt with the fact that Liiroth
numbers have an infinite digit set: adding a new digit at every depth, and simultaneously design
the labels so that all older digits but this last digit have exactly the right frequency.
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6.2 Other constructions

In 2012, Madritsch and Mance published the first preprint of [MM16], describing a very general
method for finding normal numbers. The method can be applied to any Generalized Liiroth
Series. The approach is also similar to Champernowne, but much more abstract. They construct
a sequence of measures v; converging to p, but such that only finitely many words have nonzero
measure v;. In this way, one can make a collection of words that exactly represents v;. This v;
measure is very similar to our weight function W viewed as a measure on the space G(n). They
then concatenate these finite collections of words yielding a p-normal number, as the repeated
additions of the improved collection “swamps the behavior of what came before them” [Vani4].

This last quote is from an article of Vandehey that appeared around the same time. As mentioned
in the introduction, it only deals with Generalized Liiroth Series such that the alphabet D is
finite.

As the construction of Aehle and Paulsen [API5] is not explicit, it makes the most sense to
compare our construction to the one found in [MM16]. Their procedure adds words of the same
length rather then of the same depth. Working out their method for the classical partition, the
construction starts with 16 concatenations of words of length 2 containing the digits 2 and 3:

M :=22222222222222222223232332323233...,

after which words of length 3 are added that contain only the digits 2, 3 and 4, and then all
combinations of length 4 consisting of the digits up until 5, etc. Not surprisingly, the resulting
number is different from ours. This can be seen immediately as we encounter higher digits much
earlier.

The most recent example of a Liiroth normal number is provided by Dajani, De Lepper and
Robinson [DLR20]. This article introduces Minkowski normality and provides a construction.
They also show how their method can be extended to produce an expansion that is normal with
respect to the Lebesgue measure. It however only applies to a specific generalized Liiroth series
with intervals I, = (3, =]

6.3 Some additional remarks

The arguments and proofs of this thesis are all about convergence. In fact: we often had multiple
quantities simultaneously converging. A very concise outline of our proof could be sketched as
follows:

Na(a,[n]) = Na(a, [d*(n)]) = Na(a,Ua(n, D(a)) = pa).

(Note that the last arrow was actually an equality in Chapter 4.) One might perhaps intuitively
expect some kind of uniform convergence to be necessary to deal with subsequent convergence
statements, but this never turned out to be necessary. Moreover, the saving grace in our proofs
is always the fact that we are allowed to first fix a word o € A* before having to do anything
else. This was very useful, as it also meant that quantities like D(«) were fixed. In a broader
sense, one realizes that a number can actually never be something like “uniformly normal”: for
any n, there will always be words o that can not even be seen once as their length exceeds the
position of the digit we’re looking at.
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Another remark is the conditions we had to put on the concatenation map c¢. As mentioned in
Remark the definition of “strongly ordered” is mostly a matter of taste. Instead of splitting
the sf(n) words up in to n!(n — 1)! batches, it is also possible to split it up in nl(n — 1)!(n — 2)!
batches. The sf(n — 3) words of each batch will then have to be a faithful representation of
their “greatgrandparents” of depth n — 3. This gives more milestones, and thus in a sense more
restrictions, but allows more freedom within the batch itself: there are twice as many children
to choose from. One can pick any number m and make n!(n —1)...(n —m)! batches for n > m.
As said, it’s a matter of taste if a higher m is more free, but at least for the examples the lowest
option m = 1 was convenient. The construction in [Bok09] is very particular, but went (viewed
in this regard) even further. Their method ensures that the words alternate between descendants
of 22 and 3, which boils down to changing m every construction step by taking m =n — 1.

A small side note is that these extra conditions are not necessary when discussing the weighted
average length of words. We only had to use this mechanism in the context of ignoring finite
amounts of digits per word, always viewed within the complete batch of words within or up to
a certain depth.

We'd like to conclude with the realization = L(A) of the example A that was constructed in
Example This number starts as follows:

x = 0.915712845832395618998628257887517146776406035665294924554183813443072702331 . . .
. would z be normal in base 10 ... ?

(Any bookmaker ought to say yes.)
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