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Abstract

In this thesis we study restricted digit sets for random Liiroth expansions, a type
of number expansion for numbers in the unit interval generalising the Liiroth
expansions introduced in [Liir83]. By studying a random transformation that
generates these expansions and a corresponding iterated function system we find
a general formula describing the Hausdorff dimensions of all of these restricted
digit sets. We then study a family of two-dimensional fractal sets induced by
the skew product representation of this random transformation. In particular,
we find conditions under which the box-counting dimension of such a fractal
equals the corresponding affinity dimension and use this to find upper and lower
bounds.
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1 Introduction

1.1 Historical background

It is a direct consequence of Dirichlet’s approximation theorem (1842) that
for any real number = there exist infinitely many integer pairs p,q satisfying
ged(p,q) = 1 and |z — §| < L. Researchers in the field of Diophantine ap-
proximation concern themselves with the study of such approximations of real
numbers by rational ones. A particular point of interest in Diophantine approx-
imations is the set of badly approximable numbers, which are the numbers x for
which a positive constant ¢ exists such that |z — 2| > 5 for every rational £

q q*
with ¢ > 1.

For any irrational number = a regular continued fraction erpansion of z is an
expression of the form

r=agp+ P
a1 +

ay + ———
2 1
asz + —

for some sequence ag, ay, as,... of positive integers called the digits of the ex-
pansion. The convergents of such a regular continued fraction expansion are the
rational numbers

1

LU ag+ ——,

i a1 + 71

T

o

ag
for k > 0. It is known (see [Khi97, Theorem 15]) that all best approzimations of
an irrational number z, defined to be the rationals 2 satisfying |z — £| < [z — £
for every rational £ with 0 < s < g and £ # 2, are convergents of a regular
continued fraction expansion of x. Moreover, the badly approximable numbers
turn out to be exactly those numbers that have a regular continued fraction

expansion with digits ag, a1, as, ... that are bounded (see [Khi97, Theorem 23]).

More formally, if for any positive integer M we define the set of M-badly ap-
prozimable numbers FE)j; to be the set of numbers that have a regular continued
fraction expansion with digits ag, a1, as, ... satisfying ax, < M for all k£ > 0, then
the set E of all badly approximable numbers satisfies £ = |J,,~; Em.

Much research has been done towards quantifying the size of sets of (M-)badly
approximable numbers, usually in terms of their Hausdorff dimensions. For
instance, it was shown in [Jar29] that F itself has Hausdorff dimension 1 while
in [JP18] the first 100 decimal digits of the Hausdorff dimension of the set
E5 were found, improving on earlier estimates found in [Jar29, Goo4l, Hen89,
Bum06, FN18].



The sets Ej; are special cases of restricted digit sets for regular continued frac-
tion expansions. For any set A of positive integers, such a set E4 is defined
to be the set of numbers that have regular continued fraction expansions for
which the digits are all contained in A. As noted in the aforementioned articles
these sets typically turn out to be Cantor sets, which are nonempty sets that
are totally disconnected, compact and devoid of isolated points.

This has sparked a significant interest in researching the dimensions of similar
kinds of restricted digit sets for other types of number expansions. In [SF11,
MT12, BR22, Zho22| this is done for Liroth expansions, which are number
expansions for numbers z € [0, 1] of the form

oo

dip — 1
T = —
k=1 Hi:l di(di - 1)

for digits dr € N> U {oo}. Here the digit oo represents a cut-off for the
series, making it into a finite sum. These number expansions were introduced
by J. Liiroth in 1883 (see [Liir83]). In [KKK90, KKK91, Gan01], a similar but
alternating type of number expansion called alternating Liroth expansions is
studied. These are number expansions of the form

9

o0

r= (-1)F i

k b
1 [I;-, di(di — 1)
again for digits d € N>o U {o0}.

In this thesis we study the restricted digit sets for a class of number expansions
called random Liiroth expansions. These number expansions for numbers =z €
[0,1] generalise the Liiroth and alternating Liiroth expansions and are of the
form

— i1y dp— 1+ s
z = Z(_l)lel e
k=1 Hj:l dj(dj -1

for digits (sg,dy) € {0,1} x (N> U {o0}).

i

For any set I C IN>5 the corresponding restricted digit set for random Liiroth
expansions is the set A; of numbers in [0,1] that have a random Liiroth ex-
pansion for which each digit di belongs to I. In this thesis we employ tools
from the theories of dynamical systems and iterated function systems to find an
expression for the Hausdorff dimension of the restricted digit set A;. The first
main result of the thesis is that for any I C IN>4 this dimension is given by

dimy Aj :min{l, inf{r ‘ ; (ﬁ)r < %}}

Furthermore, in an attempt to represent two-dimensional restricted digit sets
corresponding to restricting both the digits s and dj of random Liiroth ex-
pansions we introduce a class of sets in the unit square. These sets F? for
J C {0,1} x N> depend on a probability p with which we iteratively choose
whether to take si to equal 0 or 1 and they turn out to be box-like sets, a certain



class of two-dimensional fractals (see [Fral2]). When restricting only the digits
dy, the vertical projections of these box-like sets equal the one-dimensional re-
stricted digit sets A; discussed above. The second main result of this thesis
provides conditions on J and p for which the box-counting dimension of the
box-like set F¥ equals its affinity dimension, a concept introduced by K. Fal-
coner in [Fal88]. We use this result to find certain upper and lower bounds on
the box-counting dimension of F”} that can be calculated directly from J and p.

1.2 Thesis overview

In Chapter 2 we list the preliminary definitions and results we will need through-
out the thesis. More specifically, we define the notions of (discrete-time) dy-
namical systems and of the box-counting and Hausdorff dimensions of sets.
Furthermore, we discuss important results regarding the dimensions of the limit
sets of various types of iterated function systems.

In Chapter 3 we discuss Liiroth expansions, alternating Liiroth expansions and
generalised Liiroth expansions of numbers in the unit interval, along with the
piecewise affine transformations that generate them. Most importantly, we in-
troduce random Liiroth expansions and the random Liiroth transformation,
a random system constructed by superimposing the Liiroth and alternating
Liiroth transformations.

In Chapter 4 we find a general calculable expression for the Hausdorff and box-
counting dimensions of any restricted digit set for random Liiroth expansions.
We do this by studying two closed subsystems of the random Liiroth transform-
ation and by analysing the limit sets of corresponding iterated function systems,
which turn out to coincide with these restricted digit sets. After discussing im-
plications and examples of these results, we generalise them to a certain class
of non-uniform restricted digit sets.

Finally, in Chapter 5 we consider the limit sets of iterated function systems
on the unit square induced by the skew product representation of the random
Liiroth transformation. These sets are box-like sets, a class of two-dimensional
fractals, and in certain cases their vertical projections coincide with the restric-
ted digit sets from Chapter 4. We find conditions under which the box-counting
dimensions of these box-like sets equal their affinity dimensions, which we use
to find concrete bounds for certain examples.



2 Preliminaries

In this thesis we will use the notations IN := Z>; and Ny := Z>(. Furthermore,
for any set A we shall denote the set of m-tuples of elements in A by A™ and
the set of one-sided sequences (r,)nen of elements in A by AN. Familiarity
with basic concepts from point set topology and measure theory is assumed
throughout. In this chapter we will provide the necessary context from the
fields of discrete-time dynamical systems and fractal geometry. More thorough
introductions into these respective fields can be found in [DK21] and [Fal04].

2.1 Discrete-time dynamical systems

A dynamical system in discrete time can be defined by considering a space of
states equipped with a certain mathematical structure and by letting the time
evolution of the system be described by iteration of a self-map on the space
that is compatible with its structure. In the field of ergodic theory, the state
space is usually a measure space and the evolution is described by a measurable
transformation.

Definition 2.1. If (X, F, 1) is a measure space and T : X — X is a measurable
transformation, then the quadruple (X, F,u,T) is called a dynamical system.
The (forward) orbit of a point € X is the set OF (x) := {T"z : n € No},
where T™ is used to denote repeated iteration of the map 7', i.e. T2 = = and

T'g =(ToTo---0oT)(x) fornelN.
| ——

n times

2.2 Hausdorff and box-counting dimensions

For any nonempty subset U of R* we define the diameter of U to be
diam(U) :=sup{|z —y| : x,y € U}.

For any § > 0 a §-cover of A C RF* is an at most countable collection U of
subsets of R* such that A C (J;;, U and diam(U) < 6 for any U € U. Now for
any subset A C R* and any s € R>o we set

Hi(A) = inf{ Z diam(U)® : U is a §-cover of A}
Ueu
for any § > 0 and we define the s-dimensional Hausdorff measure of A to be
H?(A) := lim Hj(A).
6—0
As explained in Chapter 2 of [Fal04], we have that if H*(A) < oo for some s > 0,

then H'(A) = 0 for any ¢ > s. Hence we can define the Hausdorff dimension of
A by

dimy A :=inf{s > 0: H*(A) =0} =sup{s > 0: H(A) = oo}.

Here we set sup®) = 0. The Hausdorff dimension satisfies the following well-
known properties:



1. if A C B then dimy A < dimy B,

2. if A is countable, then dimy A = 0. Moreover, if A and B are subsets of R*
such that B is countable, then dimy A = dimy(AUB) = dimy (A\ B), i.e.
adding or removing countable sets does not affect Hausdorff dimension.

3. if A is an open subset of R¥, then dimy A = k,
4. if A has dimy A < 1, then A is totally disconnected.

An alternative notion of the dimension of sets in Euclidean space is the box-
counting dimension. For any non-empty bounded set A C R* we define

N;s(A) := min{#U : U is a d-cover of A},
where #S5 denotes the cardinality of a set .S. We then define the lower box-

counting dimension of A by

dimgA := liminf 7105; Ns(4)
s—0  —logd

and the upper boz-counting dimension of A by

dimpgA := limsup M.
6—0 _IOg(S

If for a set A the upper and lower box-counting dimensions agree, then the
boz-counting dimension of A is defined by

dimp A = lim M.
=0 —logé

Both the Hausdorff and the box-counting dimension of a Euclidean set quantify
the complexity of its geometrical structure, although the box-counting dimen-
sion, when it exists, is slightly more rough than the Haudorff dimension.

Proposition 2.2. For every non-empty bounded set A C R¥ we have

dimy A < dimgA < dimpA.
Proof. See [Fal04, Proposition 3.4]. O

There exist more alternative definitions for the fractal dimension of a Euclidean
set, with their values usually in between the Hausdorff and upper box-counting
dimensions. Therefore, when Hausdorff and upper box-counting dimensions
coincide, all of these notions for the dimension are equal.



2.3 Limit sets of iterated function systems

Let D be a closed subset of R* for some & € IN. A function ¢ : D — R” is
called a contraction if there exists some constant ¢ < 1 such that

6(z) = 6y)| < clo —yl,  for every z,y € D. (1)

A collection {¢; : i € I} of injective contractions ¢; : D — R* for i € I, with
I some at most countable index set, is called an iterated function system (IFS)
on D. For any IFS {¢; : i € I} and n € IN we write

¢i = P30 Pi, 0...0 P,

for any i = (41, ...,49,) € I"™ and
¢i|n = ¢’i1 o ¢i2 ©...0 d)in;

for any i = (i1, 42,3, ...) € IN. The limit set of an IFS {¢; : i € I} on D is then
defined to be the set

F= U ﬂ B3, (D).

ieIL\' n=1

Note that F' = (J;c; ¢i(F). In fact, if {¢; : i € I} is a finite IFS on D, then
it was shown by J. Hutchinson in [Hut81] that its limit set F is compact and
that it is the unique compact set in D satisfying I = (J;; #:(F). For infinite
iterated function systems this need not be the case.

The limit set of a finite IF'S satisfies the following.

Lemma 2.3. If F is the limit set of a finite IFS {¢; : i € I} on D, then for
any non-empty compact subset E C D that satisfies ¢;(E) C E for all i € I we
have F C E.

Proof. This is a direct consequence of [Fal04, Theorem 9.1]. O

2.3.1 Hausdorff dimensions of self-similar sets

A contraction ¢ on a closed subset D C R” is called a similarity if there exists
some constant ¢ < 1, referred to as the (similarity) ratio of ¢, for which the
inequalities given in (1) are equalities, i.e.

|p(z) — d(y)| = clz —yl|, for every z,y € D.

If all contractions ¢; in an IFS {¢; : ¢ € I} are similarities, then the limit set
F of {¢; : i € I} is called a self-similar set, as such sets contain similar but
smaller copies of themselves. These sets are usually fractals, sets that have a
nonintegral Hausdorff dimension.

For iterated function systems consisting of similarities, there exist explicit ways
to calculate the Hausdorff and box-counting dimensions of the corresponding
self-similar set, provided the images of the similarities don’t overlap too much.
This is captured by the open set condition.

10



Definition 2.4. An IFS {¢; : i € I} satisfies the open set condition (OSC) if
there exists some bounded and open set ) # U C D such that the sets ¢;(U)
are pairwise disjoint and  J;.; ¢:(U) C U.

Proposition 2.5. Let I be a finite set and let {¢; : i € I} be an IFS on D C R*
that consists of similarities with ratios ¢; € (0,1) for i € I, and satisfies the
OSC. If F is the self-similar set of {¢; : i € I}, then dimy F = dimg F = r,
where 1 is the unique number that satisfies

Zcf =1

icl

Proof. See [Fal04, Theorem 9.3]. O

2.3.2 Conformal iterated function systems

Note that Proposition 2.5 holds only for finite iterated function systems. For
infinite iterated function systems on R we can say more provided they are con-
formal.

Definition 2.6. An iterated function system {¢; : ¢ € I} on a closed interval
[a,b] C R is said to be conformal if

(i) {¢; : i € I} satisfies the OSC on the interior U = (a, b) of its domain;

(ii) there exists an open connected set [a,b] C V' C R such that for all i € T
the map ¢; extends to a C'-diffeomorphism on V;

(iii) {¢; : @ € I} satisfies the bounded distortion property (BDP): there exists
some K > 1 such that |¢{(z)| < K|¢}(y)| for any z,y € V, n € N and i €
I™. Here for every i € I™, ¢! is the derivative of the map ¢; = ¢;, 0...0¢; .

The notion of conformality is actually more generally defined for iterated func-
tion systems on closed connected subsets D C RF, but with some added condi-
tions (see [MU96]).

One of these conditions is that the boundary of D needs to be sufficiently
smooth, which is trivially satisfied when D is a closed interval in R. The other
condition is that the C'-diffeomorphisms the contractions ¢; extend to in con-
dition (ii) need to be conformal, meaning they preserve the angle between any
two points. As explained in [Spa22], however, every C''-diffeomorphism on R is
conformal. Hence we can omit both of these conditions in our definition above.

Definition 2.7. For any IFS {¢; : i € I} the (topological) pressure function is
defined as

. 1 /||
P(r) := nh_)rr;oﬁlog EZI loill”, reR,
icIn

where || - || denotes the supremum norm.

11



It is shown in [MU96, Theorem 6.2] that the topological pressure function P(r)
of any conformal IFS is nonincreasing in r.

For conformal iterated function systems we have the following result for the

dimension of its limit set.

Proposition 2.8. Let F' be the limit set of a conformal IFS {¢; :i € I}. Then
dimy F = sup{dimy Fy | J C I finite} = inf{r | P(r) <0},

where for any J C I, Fy denotes the limit set of the IFS {¢; : i € J}. Further-
more, if P(r) =0 for some r, then r is the only root of P and dimy (F) =r.

Proof. See [MU96, Theorem 3.15]. O

Hence expressions can be found for the Hausdorff dimension of the limit set of
infinite conformal iterated function systems once they are found for their finite
counterparts.

Note that for finite systems of similarities we have that the box-counting and
Hausdorff dimensions of the corresponding self-similar sets coincide. This is un-
fortunately not generally the case for the limit sets of infinite conformal iterated
function systems, as is proven in [MU96] by means of counterexamples.

2.3.3 Non-autonomous conformal iterated function systems

The iterated function systems that were defined above have been autonom-
ous; at each iteration the contractions are taken from the same index set I.
In [RGU16] the concept was generalised to non-autonomous iterated function
systems, defined as follows.

Definition 2.9. A non-autonomous conformal iterated function system (NCIFS)
on a closed subset D C R is a sequence (®"),ecn of conformal iterated function
systems ®" = {¢7" : i € I,} on D, where I := (I,,)nen is some sequence of at
most countable index sets I, such that the system is uniformly contracting, i.e.
there exists some constant 7 < 1 such that

(¢7")' ()] <,
foralln e N, i € I, and x € D.
If I := (I,)nen is a sequence of at most countable index sets let I¥ := HZ:1 I,
denote the collection of k-tuples (i1, ...,4) with i, € I, for each 1 < n < k.
Similarly, let IN := [[ 2, I,, denote the collection of infinite sequences with

in € I, for each n > 1. When working with an NCIFS with index sequence I
we use for any n € IN the notation

a1 2 n
¢i|n = ¢i1 C Py, ©... 0Dy
fe i=(iy,i IN and
or any sequence i = (%1,%2,...) € an

1 2
Gi i= by, 0 P, 0.0 Py,

12



for any i = (41, ...,%,) € I". Note that this same notation was used in the context
of an autonomous IFS. It will, however, always be clear from the context whether
we are working with an autonomous or a non-autonomous IFS; so confusions
should not arise. Just like for autonomous iterated function systems, we can
talk about the limit set of an NCIFS.

Definition 2.10. The limit set of an NCIFS (®"),ew = ({¢F : i € I,})nen on
D with index sequence I = (I,),cn is defined as the set

Froe=J ) ¢i.(D).

iclIN n=1
We define the lower pressure function of an NCIFS ({¢F : i € I,})nen by

. . ]- /
— il N >
B(r) :=liminf - log > il =0,

iclk

which takes values in [—o00,00]. It was shown in [RGU16, Lemma 2.6] that if
the lower pressure function is finite, it is strictly decreasing, i.e. if r; < ro then
either P(ry) = P(r3) € {£o0} or P(r1) > P(r2). Note that the lower pressure
function is similarly defined as the pressure function of autonomous conformal
iterated function systems, but with the limit replaced by a limes inferior. Of
course this limes inferior coincides with the limit whenever the latter exists.

An expression for the Hausdorff dimension of the limit set of an NCIFS indexed
by an index sequence I = (I,,),en exists provided the sets I,, do not grow too
fast with n in cardinality. This is captured in the following definition.

Definition 2.11. An index sequence I = (I,,),, is said to be of sub-exponential
growth if I, is finite for each n and

1
lim —log#I, = 0.
n—oo N

Proposition 2.12. Suppose that (2")pew = ({¢7 : @ € In})nen is a non-
autonomous conformal iterated function system such that I = (I,), is of sub-
exponential growth. Then the limit set F1 of (P")nen satisfies

dimy Fy = inf{r > 0: P(r) < 0} =sup{r > 0: P(r) > 0}.
Proof. See [RGU16, Theorem 1.1]. O
This expression generalises the one for autonomous conformal iterated func-

tion systems given in Proposition 2.8, which was instead given in terms of the
pressure function.

2.3.4 Self-affine sets and the affinity dimension

In this thesis we will mostly encounter self-affine sets, which are the limit sets
of autonomous iterated function systems consisting of affine contractions, i.e.
transformations ¢ : R¥ O D — RF of the form ¢(z) = L(x) + y for some linear
contraction L : D — R* and a translation vector y € R¥.

13



Definition 2.13. For a contracting and non-singular linear map L the singular
values are defined as the positive square roots of the eigenvalues of LT L. If
we denote the singular values of L by 1 > a3 > as > ... > ai > 0, then for
0 <r <k the singular value function of L is defined by

©"(L) =y -- -a?;]rrprl.

For a collection {L; : i € I} of linear transformations on R* and any sequence
i:= (1,02, ....0m) € I™, m € N, we write

Li:=L;0---0oL

tm)

for the repeated matrix multiplication along i, just like we did for compositions
of contractions in an iterated function system.

Definition 2.14. Let I be any index set and for any i € I let L; : R* O D — R*
be a contractive and non-singular linear transformation. The affinity dimension

of {L; : i € I} is defined by

d(L; |iel):= inf{r: S (L) <oo},

m=1iel™
where the second sum runs over all sequences (iq, ..., i) € I™.

Proposition 2.15. Let I be some finite index set and for every i € I let L; :
R* O D — RF be a non-singular linear contraction and y; € R* a vector. If F
is the self-affine set satisfying

F= U(Lz(F) + i),
i€l

then dimy F' < dimg F' < min{k,d(L;|i € I)}.

Proof. See [Fal04, Theorem 9.12]. O

2.3.5 Box-counting dimensions of box-like sets

A particular kind of self-affine sets are the so-called box-like sets. They are the
self-affine sets of iterated function systems consisting of affine contractions on
the unit square [0, 1] whose linear parts are given by (anti-)diagonal matrices.
A formal definition is provided below.

The simplest family of box-like sets are the Bedford-McMullen carpets, which
were introduced in [Bed84] and [McM84]. To construct these sets, we fix in-
tegers n > m > 1 and divide [0, 1] into an m x n grid of rectangles of the same
size. An example of such a grid with m = 3 and n = 4 is shown in Figure 1. We
consider the affine transformations that map [0, 1]* onto each rectangle in the
grid while preserving its orientation. For any subset of rectangles in our grid
the collection of transformations corresponding to these rectangles forms an IFS.

14



3
4
1
2
1
4
1 2
0 1 2 1

Figure 1: The rectangle partition corresponding to Bedford-McMullen carpets
with m =3 and n = 4.

The self-affine set of such an IFS is then a Bedford-McMullen carpet. Not-
ably, the linear part of each of the affine contractions in this construction is

given by the matrix
(5 %)
0 3

Throughout the years, many generalisations of Bedford-McMullen carpets have
been studied. In [LG92], Lalley-Gatzouras carpets are considered and in [Bar07],
Barariski carpets are introduced, both of which use more general grid-like struc-
tures to construct the iterated function systems but still require large restrictions
on the linear parts of the contractions. In [FWO05], Feng-Wang carpets gener-
alise this by allowing arbitrary non-negative diagonal matrices to describe the
linear parts of the affine contractions. Finally, and the most relevant for us,
in [Fral2] J. Fraser generalised Feng-Wang carpets to general box-like sets by
allowing arbitrary contracting (anti-)diagonal matrices.

Definition 2.16. We call a self-affine set boz-like if it is the limit set of an IFS
consisting of affine maps ¥ : R? — R? of the form

() = To S(x) +,
where T is a contracting linear map represented by a diagonal matrix
a 0
=5 5)
for some a,b € (0,1), S is a linear isometry of R? such that J([-1,1]?) =

[—1,1]%, and y € R? is some translation vector.

15



In order to study box-like sets we require a condition that is slightly stronger
than the previously mentioned open set condition.

Definition 2.17. An IFS {¥; : i € I} on R? satisfies the rectangular open set
condition (ROSC) if there exists a nonempty open rectangle R = (a,b) x (¢, d)
in R? such that the sets ¥;(R) are pairwise disjoint and J,.; ¥;(R) C R.

Additionally, some of the results below require the box-like set to satisfy the
following property.

Definition 2.18. We say a box-like set corresponding to an IFS {V¥; : i € I}
on R? of the form described in Definition 2.16 is of separated type if

{i € I : ¥; maps horizontal lines to vertical lines} = 0.

For j € {1,2} let m; : R2? — R denote the projection onto the j-th coordinate
and let x1, x2 : R — R? be defined by x1(z) = (x,0) and x2(x) = (0, ).

Proposition 2.19. Let {U; : i € I} be a finite IFS on R? of the form described
in Definition 2.16 such that its boz-like limit set F is of separated type. For
je{1,2} define

wg::ﬂ'jolllioxj, 1€l
Then for each j € {1,2}, the set m;(F) C [0,1] is the limit set of the IFS
{¢] i eI} onl0,1].

Proof. See [Fral2, Lemma 2.7]. O

Not much is currently known about the conditions under which the Hausdorff
and box-counting dimensions of self-affine sets, and hence also those of box-like
sets, coincide. In fact, there are quite simple examples of Bedford-McMullen
carpets that satisfy the ROSC for which the box-counting dimension is strictly
larger than the Hausdorff dimension (see [Fal04, Example 9.11]).

The following results yield conditions under which the box-counting dimension
of a box-like set equals the affinity dimension of the linear parts of the corres-
ponding TF'S.

Proposition 2.20. Consider a finite IFS {¥; : i € I} on R? of the form

described in Definition 2.16 and let F denote its box-like limit set. Suppose

{W; : i € I} satisfies the ROSC. If dimg 71 (F) = dimg m2(F) = 1, then
dimg F =d(L; | i € I),

where the L; is the linear part of the affine contraction V; for each i € I.

Proof. See [Fral2, Corollary 2.5] O
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Proposition 2.21. Consider a finite IFS {¥; : i € I} on R? of the form
described in Definition 2.16. Suppose this IF'S satisfies the ROSC and let F
denote its box-like limit set. Furthermore, assume that for each i € I the largest
singular value for the linear part L; of U; corresponds to the contraction in the
horizontal direction. If dimg 71 (F) = 1, then

dlmBFZd(Ll | 1€ I),

Proof. See [Fral2, Corollary 2.6]. O
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3 Number systems and Liiroth transformations

Number systems allow us to represent real numbers by sequences of digits,
chosen from an at most countable set A of symbols we refer to as an alphabet.
Preferably these sequences reflect some mathematical structure of the numbers
they represent. Typically, the digits in such a sequence correspond to terms in a
type of series expansion of the number they represent. Two canonical examples
of such number systems are the binary system and the decimal system, where
the digits are taken from the respective alphabets {0,1} and {0,1,...,9} and
sequences (dy)x € {0,1}N and (dy)x € {0,1, ..., 9} of digits represent a number
x € [0,1] in these systems if

oo

oo -
d d
T = kg_l 2—: and = ,;_1 ﬁ, respectively.

Such series expansions representing numbers in an interval X can often be gen-
erated by a certain discrete-time dynamical system (X, F,u,T) and a corres-
ponding partition P = {P,},c4 of X into subintervals. A sequence (dy); € AN
of digits then represents a number z € X if it holds for all £ € IN that d, = a
whenever T*~12 € P,. This allows many properties of such number expan-
sions to be investigated by analysing the orbits of numbers in the corresponding
dynamical system.

Figure 2: The doubling map Tp.

The binary system is a straightforward example of this. For each z € [0,1] we
can generate a digit sequence (di(z))r € {0,1}N for a binary expansion of z
using the doubling map. This map Tp : [0,1] — [0,1] is defined by Tz := 2z
mod 1 and is displayed in Figure 2. These binary digits for = are then generated
by setting dy,(z) = 0 if Th 'z € [0, 3) and di(z) = 1if TE 1z e [3,1] for k € N

In this thesis we will consider series expansions for numbers in [0, 1] that can be
generated by a random dynamical system of so-called Liiroth transformations.

18



3.1 Liiroth expansions and alternating Liiroth expansions

It was shown by J. Liiroth in [Liir83] that any real number x € [0,1] can be
written as a series expansion of the form

m:i—dk_l , (2)

k
k=1 Hi:l di(di - 1)
for some sequence (dg)gen of digits in NZQ :=IN>o U{oo}. These series expan-

sions are known as Liiroth expansions and the digits for such expansions can be
generated by the Liiroth transformation T, : [0,1] — [0,1], which is defined by

Too— d(d—1)z — (d—1), ?f v e (5,75, d e Nxs,
0, if x=0.

This transformation is shown in Figure 3.

1

Figure 3: The Liiroth transformation T7,.

For each x € [0,1], the map T generates the digit sequence (dp(z)); for a
Liiroth expansion for z given by

d if Tkt 1 17 delN
dk(llf) — { ’ 1 L € (da d—1]7 € >25 (3)

oo, if Tfflxzo,

for k € IN. Here the digit oo represents a cut-off for the expansion in (2), making
the series a finite sum.

With this definition of 77, the only number in [0, 1] that is ever sent into 0 is 0
itself, so the only finite Liiroth expansion generated by (3) is (di(0)); = (c0™).
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Usually (see for instance [JDV69]) one instead considers the map 7', given by

2z — 1, if zel3,1],
Tre=<dd—1)z—(d—1), if zell ;) deNss,
0, if x=0,

11
d’d—1
0 instead of 1. For any x € [0, 1] the map T, also generates a digit sequence
(di(x))y for a Liroth expansion of , which is given by

which for each d € IN>4 equals Ty, on the open interval ( ) but maps é to

2, if T, well 1]
di(w)=<{d, it T, ‘weld

= 3

1), d € N3, (4)
oo, if leilx =

In his article, J. Liiroth proved that all Liiroth expansions for numbers z € [0, 1]
are described by (3) and (4), and that for only countably many numbers the
sequences (di(z))x and (di(z))x differ, meaning that all but countably many
numbers in [0, 1] have a unique Liiroth expansion.

To see this, we define the set
Ty :={zxe0,1] | Tfx € {0,1} for some k € IN},

and note that since every branch of T7, is of the affine form az + b with a,b € Z,
we necessarily have I';, C Q, which implies that I';, is countable. Now for any
z € (0,1)\ Tz we have T; 'z = Ti_l € Uden\l>2(é>ﬁ) for every k € NN,
implying that di(x) = dp(x) for every k € IN. After all, if we had Tfflx = %
for some k € IN and d € N»o, then TFz = 1, meaning x € I';. Indeed for
any x € [0,1] \ Ty the Liiroth expansion described by (3) is its unique Liiroth
expansion.

For z € 'z, \ {0,1}, however, there must exist some m € IN and d € IN>5 such
that T/ x = é. For any 1 < k < m we must then have Tf_lx € Ude]N>2(é’ L)

d—1
and so dj,(z) = di,(x). However, Tj"z = 1 € (ﬁ, 1] then yields di(z) = d + 1
while T} z = Tj"z = L€ [1,75) yields dy(z) = d. Furthermore, for any

k> m+ 2 we have TF 'z = 1 and T’Z_lx = 0, and so di(z) = 2 while
di(z) = oo. Hence z then has the two distinct Liiroth expansions described
by the digit sequences (dy, ..., dp, dmy1,00°) and (dy, ..., dpm, dmy1 + 1,2°°) for
some unique m € IN and dy, ..., dp,41 € IN>o.

In [KKK90] another type of number expansions for numbers x € [0, 1] similar
to Liiroth expansions was introduced, namely those of the form

= d
$:Z(—1)k#- (5)

Due to these expansions being alternating series, they are called alternating
Liiroth expansions, and the digits dj of these expansions are elements of the
same alphabet N>y := IN>o U {c0} as those of Liiroth expansions. These digits
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are generated in a similar manner by the alternating Liiroth transformation
T4 :[0,1] — [0, 1], which is defined by

Taz=1-Trz, =z€l0,1].

This transformation is displayed in Figure 4.

~=
=
S

Figure 4: The alternating Liiroth transformation T4.

Again for any x € [0,1] the map T4 generates the digit sequence (di(z))x for
an alternating Liiroth expansion for z given by

if Tkt L1 N
dk(x):{d, 1 A xe(d’dfl]’ de >2, (6)

oo, if Tz =0,

while the map T4 := 1 — T, generates a second (in most cases identical) altern-
ating Liiroth expansion with digits given by

2, if T4y welb1],
dn(@)=1{d, if Ty well 1), deNss, (7)
k—1

Much like for Liiroth expansions, for all but countably many z € [0,1] the
number expansion of x generated by (6) is its unique alternating Liiroth expan-
sion, whereas countably many = € [0,1] have two distinct alternating Liiroth
expansions of the forms (dy, ..., dm—1,dm,2,00,2,00,...) and (dy,...,dm—1,dm +
1,00,2,00,2,...).
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3.2 GLS transformations and number expansions

In [BBDK96] the family {T(p, o) : € € {0,1}>2} of (Pp,e)-GLS transforma-
tions T(p, <) was introduced, where Py, := {(%, 15] : d € N5} is the standard
Liiroth partition. For any sequence ¢ € {0,1}N>2 Tip, e is defined to be the
transformation on [0,1] that for any d € IN>9 equals T;, on the partition ele-
ment (%, ﬁ] Here we will from now on often write Ty := Ty, and Ty := T4.
For the constant orientation sequence ¢ = (0)g>2 the transformation T(p, .y is
then exactly the Liiroth transformation Ty, = Ty, whereas € = (1)4>2 yields the
alternating Liiroth transformation T4 = T7. See Figure 5 below for an example

of a (Pr,e)-GLS transformation.

1

(SIS

N

0

G e e A e e - - - TTTTTEm—
!

PN

Figure 5: The (Pr,e)-GLS transformation corresponding to the alternating se-
quence € = (£9,€3,24,...) = (0,1,0,1,0,...).

For any x € [0,1] and € € {0,1}N=2 the transformation T(p, .) then generates
a number expansion for x of the form

> k=1, dp — 14 s
N R ®
=1 15 dj(d; — 1)

with digits (s, dy) € {0,1} xIN>o for all £ € IN. The digit sequence ((sk, d))x =
((sg(z),di(z)))x for this expansion of z is generated by setting

(Sk,dk) = (€d,d) if T(If,)_;s)x S (%, ﬁ], de INZQ,

for each k € IN. Note that the digits (di)x are generated in the same way the
digits for (alternating) Liiroth expansions were generated in (3) and (6), whereas
the digits (sy)x represent the orientation of the affine branch that governs the
k-th step in the orbit of x. In other words, sy is the element of {0,1} that

. k_
satisfies T(]%?L,s)x =T, (T(PLl,E)x)'
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As expected, taking € = (0)g>2 yields s = 0 for every k € IN, in which case
the number expansions in (8) are exactly the Liiroth expansions from (2). Sim-
ilarly, taking € = (1)4>2 yields exactly the alternating Liiroth expansions from
(5). Note, however, that not all number expansions of the form in (8) can be
generated by a GLS-transformation T(p, .). After all, any choice of orientation
sequence ¢ fixes the orientation of each branch of the map, which subsequently
puts restrictions on the generated expansions; the digits (si,dy) generated by
T(p, ) are limited to the set {(e4,d) : d € N>2} meaning that if for any &, &' € IN
we have dj, = di we must then also have that s = sp/.

One way we can generate all number expansions of the form in (8) is by super-
imposing the Liiroth transformation 77, and the alternating Liiroth transform-

ation T'4. This is captured by the random Liroth transformation introduced in
[KM22].

3.3 Random Liiroth expansions

Fix some p € (0, 1) and consider the dynamical system on [0, 1] governed by the
random Liiroth transformation

Te = {TLI’,TA(E y Dy 1 _p}

At each iteration this transformation flips a coin to decide whether to apply the
Liiroth transformation 77, or the alternating Liiroth transformation T'4; with
probability p the outcome of the coin is 0 and we have Tx = Tyx = Tz, while
with probability 1 — p the outcome is 1 and so Tx = Thyx = Tax. The graph
of this transformation is displayed in Figure 6 by superimposing those of the
Liiroth and alternating Liiroth transformations.
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Figure 6: The random Liroth transformation.
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We will represent this idea by taking coin flip sequences w = (w1, wa, ...) in the
sequence space {0, 1}N equipped with the p-Bernoulli measure tp and consid-
ering the orbit of a number  when at time step k we apply the map 7,,,. To
keep track of this in a neat way, we introduce for x € [0,1], w € {0,1}¥ and
k € IN the notation

Thy = (T, 0T, ,o0..0T, )r,

such that T¥z = T, (T*~1z) for any k. For each (w,z) € {0,1}N x [0,1] this
then produces a unique sequence ((sk,dx))r = ((sx(w, ), dx(w,x)))x of digits
in {0,1} x IN>o given by

(wk,d)7 ifo_l.%‘E (é,ﬁL dE]sz,
(wg,00), if Ttz =0,

(sk(w, ), dy(w, 2)) = { 9)

for any k£ € IN, which satisfies

> k=1 dip — 1+ s
xr = Z(-l)zl:l lk—'
k=1 Hj:l dj(dj -1)

Hence this method produces the number expansions of the form (8), which we
will from now on aptly refer to as random Liiroth expansions. For the sake
of notational convenience we shall denote the alphabet of these expansions by
Do :={0,1} x N>y and will often refer to the sequences ((sk, dx))r themselves
as random Liiroth expansions. For some random Liiroth expansion ((sk,d))x

we will refer to the digits s € {0,1} as the orientational digits and to dy, € N>
as the Liiroth digits.

In much the same way as we saw for (alternating) Liiroth expansions, for each
(w,z) € {0,1} x [0,1] an alternative (not necessarily distinct) random Liiroth

expansion ((3x(w, x),di(w,z)))r € DY is generated by the map

T.’E = {TLiE,TALU y D, 1 _p}v

by setting
Lo ek—1
_ (wkaz)? lfTL]: 1I€ [%71]3
(k(w, ), dp(w, ) = { (W, d), T, ze€[g,727), de Ny, (10)
(wg,0), if Ti_lx =0,

for any k € IN. By the same reasoning as before, the only numbers in [0, 1]
for which some w € {0,1}N exists for which the random Liiroth expansions
(si(w,z), di(w, ) and (51 (w, ), dr(w, z))x do not coincide necessarily satisfy
TF=1x € {0,1} for some k € IN. These are therefore all contained in the set
.= U {z€[0,1] | T 'z € {0,1} for some k € IN}. (11)
we{0,1}N

Since again at any iteration the random Liiroth transformation applies some
affine branch with integer coefficients, it can only ever send rational numbers
into {0,1}, and so we have I' C Q. In particular, ' is countable.
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An alternative way to represent the random Liiroth transformation is by means

of the skew product transformation R, : [0,1]*> — [0, 1]? defined by

Rp(w7x) = (gp(w)aTap(w)x)a
where we define &, : [0,1] — [0,1] and o, : [0,1] — {0,1} by
w’ if w E [07p)7
N
&) {‘f_—;j if w e [p, 1],
and

oy (1) 1= 0, ifwel0,p),
P, ifw e p 1),

(12)

(14)

for any w € [0, 1], where [0, 1] is equipped with the Lebesgue measure. The num-
bers w € [0, 1] then correspond injectively to coin flip sequences (a(£¥~1w))y, in
{0,1}N in a way that preserves probability. This means that for any w € [0, 1]
there exists an w € {0, 1}N such that Tz = my(RE ! (w, z)) for any k € IN.

Even though the two different representations describe the same random dy-
namical system, the more direct notation T, will prove to be more convenient
when studying the dynamics of the system directly, whereas the skew product
transformation R, will allow us to study a class of box-like sets in [0, 1]? induced

by the system.
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4 Hausdorff dimensions of restricted digit sets

4.1 Restricted digit sets

Our main goal in this chapter is to describe the Hausdorff dimensions of the
sets of numbers in [0, 1] that have random Liiroth expansions ((sk,dx))r € DY
with certain restrictions imposed on the Liiroth digits (dy)g.

In order to simplify our analysis of these sets, we will henceforth consider only
numbers in X := [0,1] \ T', with I" as defined in (11). For the numbers in X all
random Liiroth expansions are generated by (9), as those generated by (9) and
(10) will coincide. Since we will mostly be concerned with Hausdorff dimensions
of sets of numbers in [0, 1] and, since T is countable, any subset Y of [0, 1] has
the same Hausdorff dimension as the corresponding subset Y'\T" of [0, 1]\ T, we
may restrict to subsets of X without affecting our results.

A consequence of restricting to X = [0,1] \ T is that we need not concern
ourselves with numbers that have finite random Liiroth expansions (that is,
random Liiroth expansions ((sg,d))r for which dp = oo for some k € IN), as
these are the numbers that are sent into 0 after some finite iteration of the
random Liiroth transformation and hence they are contained in I'. We may
therefore consider from now on the reduced alphabet D := {0,1} x N>, rather
than the entire alphabet Dy = {0,1} x N>o.

For each x € X we define the set

oo

T = Z(_]_)Zfz_ll EN ’(jk — 1+ s } ,
k=1 Hj:l dj(dj -1

of random Liiroth expansions of z. We can now formalise the idea of imposing
restrictions on the Liiroth digits of random Liiroth expansions by means of the
following definition.

,Cm = {((sk,dk))k S D]N

Definition 4.1. For any nonempty subset I C IN> we define the set
Ap = {x e X ‘ (s, di)) € Lo st dy € 1V € JN},

of numbers that have at least one random Liiroth expansion for which all of the
Liiroth digits are exclusively in I. We will refer to A as the restricted digit set
corresponding to the restriction set I.

One thing we can immediately say about these sets is that if I C I’ C IN>o,
then we have A; C Ay, and hence dimy Ay < dimy Ap < 1.

Take any I C IN>5. From (9) and (10) we can see that the numbers in [0, 1]
that have at least one random Liiroth expansion ((sg,dx))r satisfying di € I
for every k € IN are exactly those for which there exists some w € {0,1}N
such that T 'z € Uy (4, 745] for all k € N or Th o € Uy 5, 725) for
all k € IN. Hence putting restrictions on the digits in the random Liiroth
expansions equates to choosing a number of intervals in the random Liiroth
system and finding out which numbers remain in these intervals forever after
repeated iteration of T;,. This is formalised in the following lemma.
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Lemma 4.2. Let I be some subset of N>o. Then we have

Ay = {xEX ’ Jwe{0,13N st Th e e |14 ) Vke]N}
del
_ {x € [0,1] ‘ Jwe {0, 1) st Th e e | J(4, 74) Vh € 1N},
del

Proof. Take any € Aj. Then there exists some random Liiroth expansion
((sx,dr))x € Ly such that dj, € I for all k € IN. Hence, defining w € {0, 1}
by wy = si for any k € IN, ((sg,d))r equals the unique random Liiroth ex-
pansion ((sx(w,z),dr(w,z))x generated by (9), and so Tk 1z € (i, dkal] C
UdeI[i? ﬁ] for any k € IN.

Now take any @ € X for which there exists some w € {0, 1} such that for all
k € N we have T 'z € [, (%, 725)- Since we have z € X = [0,1] \ T we
have Tz ¢ {0,1} and so in particular T 'z ¢ {1 : d € N} for any k € IN. It
immediately follows that T5 'z € (J,; (%, 725) for every k € IN.

Lastly, take any = € [0,1] such that there exists some w € {0,1}N satisfying
TE 1z € Uye (5, 725) for all k € IN. Since we have 0,1 ¢ (J,c; (3, 777) it fol-
lows that € X. Moreover, the random Liiroth expansion ((sx(w, ), dx(w, x)))
generated by (9) satisfies di(w,x) € I for each k. Hence we have z € A;. The
above now implies that

Ar C {xEX ’ FJwe{0,1}Nst. TF 1z e U[é,d—il] Vke]N}

der
C {x €0,1] ‘ Jwelo,1] st Th e e | 74) Vhe ]N}
der
g A17
and so the three sets coincide. O

This allows us to find expressions for the Hausdorff dimensions of our restricted
digit sets directly from studying the dynamics of the random Liiroth transform-
ation. We shall do this by considering two closed subsystems of the random
Liiroth transformation on the respective intervals [0, 3] and [3, 1], both of which
turn out to be deterministic.

4.2 Subsystems of the random Liiroth transformation

For a subinterval J C [0, 1] we can consider a subsystem of the random Liiroth
transformation by considering a transformation on J that does the following:
for any x € J, if we have Tox, Thx € J then it applies Ty with probability p and
T, with probability 1 — p, while if we have T;z € J for only one i € {0,1} it
applies T; with probability 1. Hence when considering orbits of a number under
this new transformation it takes the same coin flip sequences as the random
Liiroth transformation, but then manipulates them to ensure that the orbit is
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contained entirely within J. Of course such a subsystem is well-defined only if
for each x € J there exists some i € {0,1} such that T,z € J.

Note that for any x € [0,1] and any 8 € {0,1} we have T;z < % if and only
if Ty _,x=1—Tx > %, while otherwise we have Tox = Tz = % It follows
inductively that for any = € [0,1] there exist coin flip sequences w,w’ € {0, 1}
such that Thz € [0,3] and T,z € [4,1] for each k € N. In particular, each
number in [0, %] has at least one orbit under the random Liiroth transformation
that is entirely contained in [0, 1], and analogously for [, 1]. Hence we can con-
sider two subsystems of the random Liiroth transformation on these respective

intervals.

4.2.1 A deterministic subsystem on [1,1]

We will first consider the subsystem of the random Liiroth transformation on
the subinterval [%7 1], which is shown in Figure 7. This subsystem is a special
case of the c-random Liroth transformations introduced in [KM22], which are
defined as subsystems of the random Liiroth transformation on the intervals
[e,1] for 0 < ¢ < % It was shown that for any 0 < ¢ < % this subsystem is
well-defined and closed on [c, 1].

1

(SIS
—_

Figure 7: The closed subsystem of the random Liiroth transformation on [%, 1].

Note that for any = € [0, 1] that is never sent to % by any composition of Liiroth
and alternating Liiroth transformations, which is particularly the case for any
number in X = [0, 1]\I, the coin flip sequence w € {0, 1}* satisfying T}z € [, 1]
for each k£ € IN is unique. Therefore, for almost every number in [%, 1] this
subsystem chooses which of the two transformations to apply deterministically.
In particular, for each € X N [3,1] there exists a unique sequence w € {0, 1}N
such that 7'z € (3,1) for each k € IN. This implies the following.

Proposition 4.3. For any I C N>y satisfying 2 € I we have dimy Ay = 1.

Proof. Let I C IN>, be any restriction set containing the digit 2. We then have
A2y € A;. By Lemma 4.2, Agyy consists of those numbers in [0, 1] for which

28



there exists some w € {0,1}N such that 7% 'a € (1,1) for each k € IN. This
was argued in the above to be the case for any number in X N [%, 1] and so we
have X N [%, 1] € Aoy € Ay, which implies

1 =dimy[3,1] = dimy (X N[5, 1]) <dimy A; <1,

and hence dimy A; = 1. O

Note that in terms of the random Liiroth expansions themselves we now have
that every number in XN[4, 1] = [$, 1]\T has a unique random Liiroth expansion
((sk,dr))r such that di = 2 for every k € IN. In fact, each number in I' N [1, 1]
also has such a random Liiroth expansion (generated by (10)), but which may
not be unique. Hence every x € [$,1] has some random Liiroth expansion
((sk, d))k such that di, = 2 for every k € IN. In other words, for every z € [3,1]
there exists a sequence (sg)x € {0, 1} such that

no 148,
v =3 (-1)TE si2 1S

2n
n>1

We now know that the restricted digit set corresponding to any restriction set
that allows the digit 2 has Hausdorff dimension 1. Therefore we will now turn
our attention to the restricted digit sets A; for restriction sets I C IN>3. We
will be able to study this case by examining instead the closed subsystem of the
random Liiroth transformation on [0, 1].

4.2.2 A subsystem and an iterated function system on [0, %]

We consider now the subsystem of the random Liiroth transformation on the
subinterval [0, 3], as shown in Figure 8 below. Just like for the subsystem on
[1,1] we have that for any x € X N[0, 3] the sequence w € {0,1}™ keeping the
orbit of z entirely contained within [0, %] is unique. Hence this subsystem is

deterministic as well.

In much the same way the existence of a closed subsystem of the random Liiroth
transformation on [%, 1] implied Proposition 4.3, the existence of this subsystem
on [0, %] implies the following.

Proposition 4.4. Every x € X N[0, %] has a unique random Liroth expansion
((sk,dk))k such that dy, > 3 for every k € IN. In particular, we have

dimq.[ A]N23 =1.

Proof. Take any € X N [0,3] and let w € {0,1}N be the unique sequence
satisfying T+~ 1z € [0, %] for each k. In particular, as we have © € X = [0, 1]\ T,
we have T¥ "1z # 0 and hence T "'z € (0,1] = Udewza[é’ 4] for each k € I,
so by Lemma 4.2 we have € An.,. Hence x has a random Liiroth expansion
satisfying di > 3 for every k € IN. This implies that X N[0, %] C An., and
hence

1 = dimy[0, 3] = dimy (X N[0, 3]) < dimy An,, <1,

yielding dimy; A, = 1. O
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Figure 8: The closed subsystem of the random Liiroth transformation on [0, %]

The uniqueness of the random Liiroth expansions with digits in IN>3 is in stark
contrast with the fact that each number in (0, 1] has uncountably many different
random Liiroth expansions. It leads to think that more interesting results will
follow once we add restrictions on top of the removal of the digit 2.

We will proceed to construct a family of iterated function systems induced by
this subsystem on [0, ]. We will see that the corresponding limit sets coincide
with the restricted digit sets Ay for I C IN>3. This will allow us to apply
the theory of iterated function systems to acquire expressions for the fractal

dimensions of these restricted digit sets.

In order to define these iterated function systems, we will need to introduce a
notation for each affine branch of the random Liiroth transformation. Hence for
any d € IN>o we define the affine mappings 75 4,714 : R = R by

Toaqr=d(d—1z—(d—1) and Tygr=1—-Tygr =d—d(d— 1)z,
such that

i 1 1
TLLE = Tox = TO’dCL'7 lf.’E € (Ea ﬂ], de ]N227
07 lf,’L‘ = O,
and
i 1 1
TA‘T:TLI: Tl,dl', lf(E € (E,ﬂ]; dG]NZ%
17 lfl‘ =0.

For any (s,d) € {0,1} x IN>3 the map T 4 is an affine bijection from R to R,
allowing us to define the maps ¢4 : [0, 3] — R by setting

(bs,d = Ts_,dl‘[o,%]a (Svd) € {Oa 1} X INZS-
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For each z € [0, 1] we then have
1 1 1 1
= — — d — —_
v0a(t) = ga—pyr g wd @) =509 - gy

).’IJ.

These affine maps ¢ q for (s,d) € D are shown in Figure 9.

Note now that

and

¢1,d([07 %]) = [ﬁ - 2d(d1_1)7+1} = [é + mv ﬁ] - [0? %]7

and so {¢s.q : (s,d) € {0,1} x N3} is a family of injective self-maps on [0, 1].

N|—=

Wl
N
<
=
I

N

o= Gt
N

0

[N

Figure 9: The affine maps ¢s,q for (s,d) € {0,1} x N>3.

More importantly, the maps satisfy the following.

Lemma 4.5. For any (s,d) € {0,1} x N>3 the map ¢s,q is a contractive sim-
tlarity with ratio csq = m,

Proof. Take any d € IN>3. Then for any z,y € [0, %] we have

|f0,a(x) — ¢0,a(y)| = ‘mx+ %l - my _ %l'
|1 1
- ‘m(“y)‘ = da—nY
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and

1 1 1 1
.42 = 9n000)| = |- G o+ e T
L (@—y)| = oy
=|l———(z — = —|z—yl.
dd—n" Y T aa@-n" Y
Since we have ﬁ < 1 for any d > 3, the claim follows. O

Therefore for each I C IN>3 the collection {¢sq4 : (s,d) € {0,1} x I} is an
iterated function system on [0, 1] of similarities, and so we can study its self-
similar set. In fact, these self-similar sets are exactly the restricted digit sets we
are interested in.

Proposition 4.6. For any restriction set I C IN>3 the self-similar set of the
IFS {¢s,q: (s,d) € {0,1} x I} on [0, 3] coincides with the restricted digit set Aj.

Proof. Take any I C IN>3 and let F; denote the self-similar set of the IFS
{ps,a : (s,d) € {0,1} x I'}. First off, let € A;. By Lemma 4.2 there exists
some w € {0, 1} such that Th 'z € J,e,[5, 755] for all k € IN. Since

Tkx _ {T&d(Tjjlx)’ lf Tf*lx € [é, % + m], d S ]N23,

TLd(Tf_lJ}), if Tvlj_ll‘ S [é + m, ﬁ], de ]Nzg,

for any k € IN, there must exist some sequence ((s,d))r in {0,1} x IN>3
such that T*x = Ty, 4, (T*'2) for any k. Here we note that if we have z €
{4+ Wlfl) :d € N3}, then Ty q(TF 1x) = Ty 4(T*'2) holds, so there
is some ambiguity in how we choose to construct this sequence ((sg,dg))r. A
natural choice, of course, is to take s = wy everywhere. Iteratively, we then
get for all k that TXz = (T, 4, © ... 0 T, .4,), and so

T = (Til ©..0 Til )(T:fl‘) = ((bsl,dl 0...0 ¢5k7dk)(Tu]f'r)‘

s1,d1 Sk,dk
Since we have T*x € [0, %] for any k, this implies that « € Fy, yielding Ay C FJ.

Conversely, take some x € Fy. Then there exist sequences ((sg, dy))x in {0, 1} xI
and (yg)g in [0, %} such that = (¢s, 4, © ... © Ps,,.d, ) (Yn), Or equivalently yi =
(Tsy.dp © .- © Ts, a, )z for every k € IN. Note that by the injectivity of the maps
¢s.4, we must have that yp_1 = ¢s, a4, (Yx), where we write yo = z, and so we

must have

1

Yk—1 € ¢Sk,dk([0? 5]) = 1

1 1 i . _
{[dk7dk+2dk(dk1)]7 if sp, =0,
1 1 . B

[ﬁer’m]a if s, =1,

for every k. Hence, if we define w € {0, 1} by setting wy, = s, for every k, then
Yk = Ty d (Yk—1) = T, (Y—1) = Tu, (yx—1), and so inductively we get that

Yk = T, (Yp—1) = T, (T, (Yr—2)) = . = (T, 0 .. 0 Ty Jyo = T£x7

and so in particular TF 1z = y,_1 € [i7ﬁ} C Ugerlk, 7451, for every

k. Note that, since 0,1 ¢ [;ﬁ] for any d € IN>3, this also implies that
TF1x ¢ {0,1} for every k € N, and so = € [0,1]\T' = X. It follows that € A;

and hence we conclude that F; = Aj. O
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Because of this, we will now be able to find expressions for the Hausdorff di-
mension of the restricted digit sets A; by applying the dimension theory for
self-similar sets to the corresponding IFS {¢, 4 : (s,d) € {0,1} x I}.

4.3 Main results

Dividing the random Liiroth transformations into two deterministic subsystems

on [0, 1] and [£, 1] has supplied us with the tools to find calculable expressions
for the Hausdorff dimension of every restricted digit set for random Liiroth
transformations.

In Proposition 4.3 we already found that any restricted digit set Aj corres-
ponding to a restriction set I C IN>o that includes the digit 2 has Hausdorff
dimension 1. For finite restriction sets I C IN>3 we find the following.

Theorem 4.7. For any finite set I C IN>3 we have dimy Ay = r, where r is
the unique real number that satisfies

> (o) =%

del

Proof. Take any finite set / C IN>3 and consider the finite iterated function
system {¢s.q : (s,d) € {0,1} x I}. The self-similar set of this IFS equals the
restricted digit set A; by Proposition 4.6.

We will show that {¢s 4 : (s,d) € {0,1} x I} satisfies the OSC as in Definition
2.4. To this end, consider the open subset (0, %) of [0, %] For any d € I we have
$0,a((0,3)) = (g 3 + zaa=ny) and ¢1,a((0, 3)) = (3 + zapa=1y> 7-1)> and so the
sets ¢,4((0, 3)) are pairwise disjoint. Furthermore, we have

U 0005 = U (G + samr) U G+ sy 7))

(s,d)e{0,1}x1I del

and hence {¢s,q: (s,d) € {0,1} x I} satisfies the OSC.

Since the similarity ratios c, 4 of each ¢, 4 satisfy csq = ﬁ € (0,1) by

Lemma 4.5, it follows from Proposition 2.5 that dimy A; = r, where r is the

unique number that satisfies 3 )1 117 Chq = 1. Since co,q = c1a = ﬁ

for each d € I, we have for each r that

> da=Yda+ad =22 g7—s) =X (7a=s) -
del del

(s,d)e{0,1}x 1 del

Therefore dimy A; = r, where r is the unique number that satisfies

22 (7=p) ="

or equivalently,



With this result proven, we can generalise to the case of infinite restriction sets
I C IN>3 by showing that the iterated function systems describing our restricted
digit sets are conformal.

Theorem 4.8. For any (possibly infinite) restriction set I C N>3 we have

dimy; Ay = sup{dimy Ay | J C T finite}
= inf {1 | ;(d(dl—l)y <3

Proof. Note that this result reduces to that of Theorem 4.7 when [ is finite.
Assume therefore that I is infinite. Recall from Proposition 4.6 that Aj is the
limit set of the IFS {¢s.q : (s,d) € {0,1} x I'}. We will begin by proving that
{¢s,a: (s,d) € {0,1} x I} is conformal.

First off, the method used in the proof for Theorem 4.7 to show that the IFS
{ps,a : (s,d) € {0,1} x I} satisfies the OSC on the interior U = (0 72) of its

domain [0, 3] easily extends to the case where I is infinite. Hence axiom (i) of
Definition 2.6 is satisfied.

For axiom (ii) note that each map ¢4 = Ts_dl|[07%} extends to the map 7} ; on

all of R, which is, as an affine map on R, trivially a C'-diffeomorphism.

Lastly, take any n € IN and any (s,d) = ((sk,dk))}_; € ({0,1} x I)™. Then
there exists some real constant C' such that for any = € [0, %],

. 1
¢(s,d)(l’) = (¢sl,d1 0..00s, .4 ,L (kI;[l m)x +C,
and so we have
- 1
s (@) H;[ dkdk—l‘_Hdkdk—l)
As this does not depend on x, we see that |¢/(s,d) (@) = [d(s.q)(y)| for any

x,y € |0, %] and so the bounded distortion property is satisfied with K = 1.

We may conclude that {¢s 4 : (s,d) € {0,1} x I} is conformal. It therefore
follows from Proposition 2.8 that

dimy Ay = sup{dimy Ay | J C I finite}.

Now label the elements of I in some arbitrary order, i.e. write I = {dy,ds2,ds,...}.
Also define the sequence (ry), in R by r, := dimy Agg, . 4,;- Then since
J C J’ implies dimy Ay < dimy Ay, it follows that (r,), is an increasing
sequence. For every finite subset J C I there exists some n € IN such that
J € {dy,...,d,} and hence dimy A; < dimy Agq, .. 4,3 = 7. This implies that

.....

dimy Ay = sup{dimy Ayq, . 4,3 | 7 € N} = lim 7, =:7.
n—oo
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By Theorem 4.7 we have for every n € IN that 22:1(m)r” = 1. Since

we have m € (0,1) for any k, it follows that for any n € IN, the map
5 22:1(m)s is strictly decreasing. For any n we have r,, < r and so

this implies that Zzzl(m)r < Zzzl(m)” = 3. Therefore we have

1 - 1 T e 1 o1
dezj<d(d—1)) ;<dk(dk—1)) nlbnéo;<dk(dk_1)) S35
Lastly, for any s < r there exists some n € IN such that s < r,, and so
1 - 1 5 1
dzel(d(d—l)> ;(dk(dk—l)) Z;(dk(dk—1)>

n oo

- <m)”+ > (Ga)

1 k=n+1

+ Z (dkdk—l)rn>§'

We conclude that dimy A; = r = inf{s | Zdel(m)s < i} m

l\’)\»—t W
—

Remark 4.9. For I C IN>3 we now found the expression for the Hausdorft di-
mension of a restricted digit set A; in Theorem 4.8 by considering the Hausdorff
dimensions of restricted digit sets Ay for finite subsets J C I. Alternatively,
Proposition 2.8 shows we could have worked with the pressure function form-
alism dimy Ay = inf{r > 0 | P(r) < 0} instead, where P is the topological
pressure function of the conformal IFS {¢s4 : (s,d) € {0,1} x I'}. We will show
that this leads to the same expression dimy Ay = inf{r [ >, (5 T 1)) <1y

Take any n € IN and any sequence (s,d) = ((s1,d1), ..., (Sn,dyn)) € ({0,1} x I)™.
In the proof of Theorem 4.8 it was shown that then | 4y (z)| = ITh, m

for each z € [0, 1] and so we have H¢(S Ll = ITr, m. The pressure
function of the IFS {¢s.q: (s,d) € {0,1} x I} is therefore given by
.1 r
P(r)=lm —log > |é{al

(s,d)e({0,1}xI)"

:nlirrgo%log Z H (dk di — 1) )r

(s,d)e({0,1}xI)" k=1

- 1520”10%(2"ZH o _1)>
" deln k=1 k(dr

n 1 "
e (15 )

= i 2w (23 (77 5) )’

=105 (23 (z5—5) )

del
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It follows that P(r) < 0 holds if and only if 2} ,; (my < 1, or equivalently

D oder (ﬁ)r < % Hence we indeed find the same expression

> (7=7) <35)

del

dimy Ay = inf{r | P(r) <0} = inf {r

4.4 Consequences and examples

The main results we have proven above turn the problem of calculating the
dimensions of the restricted digit sets A; from one requiring topological argu-
ments into one we can approach with tools from calculus. We will now proceed
to discuss a few special cases and concrete examples, along with some bounds
the expressions we found yield for more general cases.

First off, the expression found in Theorem 4.7 for finite sets I C IN>3 implies
the following.

Corollary 4.10. For any finite set I C IN>3 we have 0 < dimy Ay < 1.

Proof. By Theorem 4.7 we have that dimy A; = r where r is the unique real
number satisfying Zdel(ﬁ)r = 1. Recall that the map 7 > Zdel(ﬁ)r

is strictly decreasing. Note therefore that
) S-S (s
S () =121 5=5 ()
del <d(d -1 der 2 = d(d—1)
and so we have dimy A; = r > 0. On the other hand, we have
I 1 1 I
- < e — JE—
Z(d(d—l)) 2 d(d—1) 2 Z<d(d—1)) ’
del deNs 3 del

and hence dimy A =r < 1. O

Hence the restricted digit sets corresponding to finite restriction sets in IN>3
have nonintegral Hausdorff dimensions, making them fractal sets.

Take any (possibly infinite) restriction set I C IN>o. If we have 2 € I, then
dimy Ay = 1 > 0 by Proposition 4.3. If instead we have 2 ¢ I, then combining
Theorem 4.8 with Corollary 4.10 yields

dimy, Ay = sup{dimy Ay | J C I finite} > 0.

It follows that every restricted digit set A; for random Liiroth transformations
has a strictly positive Hausdorff dimension. This particularly implies that no
matter what restriction we put on the Liiroth digits (d)x (as long as this restric-
tion is the same for every digit dy), there are always uncountably many numbers
in [0,1] that have a random Liiroth expansion satisfying this restriction.

In order to find a more specific positive lower bound for the restricted digit sets,
we consider the case where I contains one single digit d, which is a case in which
the dimension of the corresponding restricted digit set can easily be calculated
directly.
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Corollary 4.11. For any d € N>5 we have

log 2

img Ay = — 20—
dima Ay = 10 ad =)

Proof. Firstly, for d = 2 it follows from Corollary 4.3 that

log2 log 2
log2  log (2(2-1))

Now take any d € IN>3. By Theorem 4.7 we have dimy; Ag 1}x{ay = 7, where 7
is the unique number that satisfies (ﬁ)r = 1, or equivalently (d(d—1))" = 2.
It follows that

. log 2
dlIn’H A{d} =r= m O
Example 4.12. We have
dimH A{Q} = 1,
log 2
dimy Ags) = 12§ ~ ~ 0.38685,
. log 2
dimy Agyy = log 12 ~ 0.27894,
log 2
di Ay = ~ 0.231
1mqy {5} log 20 0.23 38,
and so forth. o

Note that if d,d € IN>, are such that d > d, then

log 2 log 2
log (d(d— 1)) ~ log (d(d 1))

is decreasing in d. Moreover, we have

so the sequence (dimf;.[ A{d})de]N>2
log 2

fim dimgy Ay = lim, log (d(d— 1)) —

For any d € I C IN»» we have Ayy; € A7 and hence the monotonicity of
Hausdorff dimensions now immediately implies the following.

Corollary 4.13. Take any I € N>5 and let d,,, := minI. Then we have

log 2

< di <1
10g (d,in(dy — 1)) ~ dimy Ar <1

For every restriction set I C IN>5 this yields a strictly positive lower bound for
the Hausdorff dimension of Aj.

Intuitively it seems that infinite restriction sets I should lead to restricted digit
sets Ay with large Hausdorff dimensions. After all, in the cases I = IN>» and
I = IN>3 the dimension even equals 1. The following corroborates this for
restricted digit sets corresponding to removing only finitely many digits.
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Corollary 4.14. If I = N2\ S for some finite set S C N>3, then we have

Proof. If 2 € I then dimy A; =1 > % Suppose 2 ¢ I. For any d € N> we

have d > d — 1 and so we have (ﬁ)r > (45)" for any r < 1. In particular,

we have for any r < é that

(ﬁ)TE (%)T = (%)1/2:3

It follows that
1 r 1 1 1
ng(d(dl)) = E:ZE_ q- %

for any r < % Theorem 4.8 now yields
1 ro1 1
i =1 _ < -3 > —.
dimy Ar mf{r} dgel(d(d_l)) 72},2 O

The same argument cannot be used for more general infinite restriction sets
I. After all, if we have I = IN>3 \ S for some infinite set S C IN>3, then
both Y77, % and Y, ¢ & diverge and so the difference > 07, % — > o % is
ill-defined.

One may wonder whether every infinite restriction set I leads to a restricted
digit set A; of Hausdorff dimension 1. We conclude this paragraph by showing
that this is not the case by means of a counterexample.

Example 4.15. Take any function f : N — Nxy satisfying f(n) > n? + 1 for
all n € IN and consider the restriction set I = {f(n) : n € N>3}. Then

;(d(dl—l)>w <dz((d—11)2>l/2;f(n)l—l S;nl?

1/2
and so ) ., (ﬁ) < % Applying Theorem 4.8 yields dimy Ay < % By
Corollary 4.13 we also have that dimy A; > %, where we define
fum 1= min,>3 f(n). Hence we find the bounds

log 2 1
<dimy A; < =.
log(fmin(fmin - 1)) 2

Note that A; has a nonintegral Hausdorff dimension and is therefore a fractal.

0<

If, for example, we have f(3) = 32+ 1 = 10, then f,,, = f(3) = 10 and so

log 2 1
0.15404 ~ ~28= < dimay Ay < =
log 90 — CHALS G %
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4.5 Non-uniform restricted digit sets

We finish this chapter by discussing a generalisation of the restricted digit sets
for random Liiroth expansions we have seen thus far. In these restricted di-
git sets the restrictions we have put on the Liiroth digits (dy)r of a random
Liiroth expansion ((sg,dy))r were uniformly described by the same restriction
set I C IN>9 for each & € IN. We can expand this idea by considering different
restrictions on dj for different values of £ by means of non-uniform restricted
digit sets.

Definition 4.16. A restriction sequence is a sequence I = (Ij)ren of subsets
I, € N>,. For any restriction sequence I = (Ij); we define the corresponding
non-uniform restricted digit set

Ay = {x ex ] I((sn,di)) € Lo s.t. dy € Iy Yk € JN}.

Of course when taking I, = I for every k € IN and some I C IN>o we just get
Ay = A; and so non-uniform restricted digit sets generalise restricted digit sets.

We have seen that for each set I C IN>3 the collection {¢s 4 : (s,d) € {0,1} x I}
is a conformal iterated function system of affine similarities. The following is
therefore easy to prove.

Lemma 4.17. Take any sequence J = (Ji)kew with Ji, := {0,1} x I, for some
I, € N>3 for every k € IN. Then the sequence

(") ke = ({¢s,a: (5,d) € Ji})ren,

is a non-autonomous conformal iterated function system on [0, %]

Proof. Tt follows from the proof of Theorem 4.8 that {¢sq : (s,d) € Ji} is a
conformal iterated function system on [0, 1] for each k € IN. It therefore only
remains to show that (®*)pc is uniformly contracting. To prove this, we set
n = % < 1 and recall that ¢; 4 is an affine map with slope (fl)sﬁ. For

any € [0, 3] we therefore have
1 1 1

, B L1 | 1
T e

for every (s,d) € {0,1} x N>3. Hence (®*),en is uniformly contracting regard-
less of our choice of J. We conclude that (®*)zcy is an NCIFS on [0, 3]. O

)2
The following is now immediate.

Proposition 4.18. Take any restriction sequence I = (I)ren with I, C N>3.
Then we have

M={reX|3we {01} st Thwe |JIL 7] vhe N}
dely

Moreover, if we define J := (Ji)ren by setting Jy := {0,1} x Ij, for each k € N,
then Ay equals the limit set of the NCIFS (®F)rew = ({¢s.a : (5,d) € Ji})ken-
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The proof of Proposition 4.18 is omitted as it follows the proofs of Lemma 4.2
and Proposition 4.6 verbatim but with sequences ((sy,dx))r in JN instead of
({0,1} x I)N. This proposition leads to the following result.

Theorem 4.19. For any k € IN let I, C IN>3 be some finite set such that the
restriction sequence I = (I)ren is of sub-exponential growth. Then we have

dimy Ay = inf {r >0 lirlrgioréf%ilog (2 Z (ﬁ)r) < O}
= del

k

_sup{r>0 lgglcgffZIOg( Z (ﬁy) >()}.

—1 dely

Proof. By Proposition 4.18 the non-uniform restricted digit set Ay coincides
with the limit set of the NCIFS (®*)ren = ({¢s.a ¢ (s,d) € Jx})ken, where
Ji :={0,1} x Ij for each k € IN. Note that #J;, = 2#1; and so we have

k—o0

1 1
—log 2#1I;, = — log #1I;, —— 0,

1
Elog#Jk— A A

log 2
og-i-k

where by Definition 2.11 we have limy_, % log #1, = 0 by the assumption that
I has sub-exponential growth. Hence J := (Ji)x is itself of sub-exponential
growth as well. By Proposition 2.12 we have

dimy Ay = inf{r | P(r) < 0} = sup{r | P(r) > 0},

where P is the lower pressure function of the NCIFS (®*),cn. For any k € IN,
any sequence (s,d) = ((sl,dl) . (8n,dy)) € J™ and any z € [0, 3] we have
|¢’(S7d (z)] = [Ty dk(dk ) and hence we find that ||<;S(S d)|| =1L, dk(dk -
The lower pressure function is therefore given by

P(r) = hmlnf—log Z H(b/(s,d)HT

n—oo

(s, d)edn
= lim inf 1 log E H ( )T
n—oo N dk: k — 1
(s,d)eIm k=1
= lim inf 1 log E ﬁ ( )T
n—oo N dk dk — ].
del” k=1

(@)

and so the desired expression follows. O]

o]
=t o

= lim nf . log (U )3 (d(dl—l))r>
=

Note that this expression generalises what we found for uniform restricted digit
sets in Theorems 4.7 and 4.8. We can use this expression to find the following
bounds for the Hausdorff dimension of certain non-uniform restricted digit sets.
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Proposition 4.20. If I = (I;)ken is a sequence of finite sets I, C >3 that is
of sub-exponential growth, then we have

inf (dimy Ap,) < dimy Ay < sup(dimy Aj,).
kelN kelN

Proof. Recall from Theorem 4.7 that for each k, dimy A7, equals the unique

number 7 satisfying 2, ;. (ﬁ)’” = 1. Recall that for any finite collection

I C IN>3 the function r — 22(161(%)“ is decreasing in 7. It follows that
for any r > sup,cn(dimy Ar,) we have QZdejk(m)r < 1 for every k € IN

and so log(2) ;. (m)r) < 0, which in turn implies

héﬂizfi;bg (%;k (ﬁ)r) <0.

Hence by Theorem 4.19 we have dimy Ay < sup,en(dimy Ap, ). Similarly we

have for 7 < infren(dimy Ar,) that 23,0, (m)r > 1 for every k, implying

that log(2 Zdelk(ﬁ)’”) > 0 for every k and hence
I 'f1§n:1 (X ( ! )) =0
minr — —_— .
Wil 208 dd—1)) )~
k=1 e,

In fact, since the lower pressure function is strictly decreasing when it is finite,
we must have

1%52%2fi§1°g (Qd;k (Ga=)) >©

for any r < infen(dimy Ay, ). Hence we also have dimy Ay > infren(dimy Ap,).
O

Combining this result with Corollary 4.11 yields the following.

Corollary 4.21. Consider any function f : IN — IN>3 and define the restric-
tion sequence I = (Ix)r = ({f(k)})k, such that the corresponding non-uniform
restricted digit set equals

Ap = {x e X ‘ (s di))i € Lo s.t. d = f(K) VE € ]N}.

Setting d,,, = mingen f(k) and d,,, = sup,cn f(k), we then have

log 2 . log 2
———— <dimy Ay < ,
1Og(d5"11(d5"11 - 1)) log(dmm(dmm - 1))
where we set the lower bound to be 0 when d,, = oo (i.e. when f(k) — o0).

Proof. We have #1;, = 1 for each k € IN and so I trivially grows sub-exponentially.
By Proposition 4.20 we have

inf (dlmH A[k) S dimq.[ A]I S sup (dlmH Ajk)
kelN keN

By Corollary 4.11 we have dimy Aj, = log 2 ) for each k € IN and so

log(f(k)(f(k)—1
the statement follows. O

41



5 Box-like sets induced by the skew product

In the previous chapter we found that the subsystem of the random Liiroth
transformation on [0, 1] induces a collection of affine iterated function systems
on [0, 3]. We found that the restricted digit sets A; for I € IN>3 coincided with
the limit sets of these iterated function systems, which we were able to use to

study their Hausdorff dimensions.

In a similar fashion, we will now study the limit sets of an iterated function
system on the unit square [0, 1]2 that is induced by the skew product transform-
ation R, which we recall to be defined on [0, 1]? as

Rp(wax) = (gp(w)vTap(w) (1'))’ (wax) € [Ov 1]27

for any p € (0,1), with the functions ¢, and «, as defined in (13) and (14)
respectively.

We will see that these limit sets are special cases of box-like sets and that the
vertical projection of these box-like sets is related to the restricted digit sets we
studied in the previous chapter. This will allow us to use what we found out
about them to study the box-counting dimensions of these box-like sets.

5.1 An iterated function system on [0, 1]?

Consider the two monotone branches &g, : [0,p] — [0,1] and &, 1 : [p, 1] — [0, 1]

of the map &, defined in (13), given by &, o(w) = % and & 1(w) = ’f__g. Since

these branches are bijective, we can define the maps 1/111,70 : [0,1] — [0,p] and
b1 [0,1] = [p, 1] by ¥ =&, L for s € {0,1}. For any w € [0,1] we have

Lo(w)=pw and ¥} (w)=(1-p)w+p.

These maps are shown in Figure 10 below.

1 >
4
e
1 4
p,0 ’
4
e
e
4
e
e
2 g
4
4
e
e
4
e
4
4
e
4
e
4
d
, 1
e
. p,1
d
e
4
s
4

Figure 10: The affine maps ¢, , for s € {0,1}.
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Similarly, consider once again the affine branches Ty 4 : [5, 72] — [0,1] for
(s,d) € D=1{0,1} x N>g of the random Liiroth transformation given by Ty 4 =
dd—1)z—(d—1) and Ty gz = 1 — Ty yx = —d(d — 1)z + d. Since these maps
are also bijective, we can define the maps 2 ; : [0,1] — [, 745] by ¢2 ;.= T,
for (s,d) € D. Note that for every (s,d) € D we have wg,dhoé] = ¢ q with the

contraction ¢ 4 on [0, 3] as defined in Chapter 4. For every z € [0, 1] we have

9 B T 1 9 o 1 B x
oulr) =gy Tq V) =T T gy

for every d € IN>5. The maps wf) 4 are shown in Figure 11 below.

Figure 11: The affine maps wid on [0,1] for (s,d) € D.

Note that for any (s, d) € D the maps ¢, ; and 92 ; are affine similarity contrac-
tions, where the maps ’(/J;‘)’O and 1/)11,’1 have respective ratios p and 1 — p, while for
each (s,d) € D the map @bf’d has similarity ratio ﬁ, all of which are in (0, 1).

Now we define the family of maps ¥? , : [0,1]* — [0,1]* for (s,d) € D by
putting

\Iﬂs’,d(wax) = ( ;,s(w)v z,d(x))a (w,x) € [O’ 1]2'

For each (s,d) € D define the linear map L’; 4 ¢ R? = R? and the vector
ygd € R2 by

D 0 0 1-p 0
Lg,d = (0 1) ’yg,d = <1) ) Lzl),d = < 0 __1 and yf,d = i .
d(d—1) d d(d—1) 1
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Then for each (w,z) € [0,1]* we see that ! ,(w,z) = L} j(w,z) + ¢} ;. For
(w1, 1), (w2, 72) € [0,1]2 we therefore have that

|\Ij§,d(w17$1) - ‘I’g,d(w%x?)‘ = |L§,d(w17x1) +yb g — LY j(wa, w2) — yf,d|
= ’Lg}d(’wl,$1) — Lg’d(wg,xg)‘

<NLE gl - [(wry 1) = (wa, 22)],

where || - || denotes the operator norm induced by the Euclidean norm on R2.
Recall that the operator norm of a real 2 x 2-matrix A equals the square root
of the largest eigenvalue of AT A, and so we have || L{ ,|| = max {p, ﬁ} <1

and || | = max {1 — p, g3y} < 1 for any d € N>5. It follows that ¢,
is a contraction for each (s,d) € D, and hence that for any J C D, the family
{¥? 4 (s,d) € J} is an iterated function system on [0, 1]

Also note that the determinant of the diagonal matrix L? ; is nonzero for any
(s,d) € D, meaning L% ; is non-singular. Proposition 2.15 therefore implies the
following.

Lemma 5.1. For any finite subset J C D the limit set F} C [0,1]? of the IFS
{0 ;¢ (s,d) € J} is self-affine, and satisfies

dimy, F? < dimg F? < d(L? ;| (s,d) € J).

S,

As noted in Chapter 2, we do not currently have the tools to find out whether
the Hausdorff and box-counting dimensions of these self-affine sets coincide. Nor
are there many general methods available for calculating or approximating the
Hausdorff dimensions for self-affine sets.

Instead we will focus on applying the results from [Fral2] to find conditions
under which the equality dimp F; = d(L} ; | (s,d) € J) holds. We will then use
the definition of the affinity dimension to find bounds (and sometimes explicit
values) for dimg F%, which by the lemma above will give upper bounds for the
Hausdorff dimension.

5.2 Box-like sets and projections

Above we constructed the affine contractions ¥ ; on [0, 1)? for every (s,d) €
D. We saw that for any finite subset J C D the Hausdorff and box-counting
dimensions of the self-affine set of the IFS {W% ; : (s,d) € J} are bounded from
above by the affinity dimension d(L7 ; | (s,d) € J), where L? ; is the linear part
of WP .

We will now argue that these self-affine sets are in fact box-like. Furthermore,
we shall see that in certain cases the vertical projection of these sets coincides
with the restricted digit sets we considered in the previous chapter. This will
help us find certain conditions under which the box-counting dimension of these
box-like sets actually equals the affinity dimension.
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Recall that box-like sets in [0, 1]? are generally constructed by dividing the unit
square into a collection of rectangles and by then considering iterated function
systems consisting of affine maps that map [0, 1] onto these rectangles.

In our setting we have a partition of [0,1]? into the rectangles [0,p] x [4, 725]
and [p,1] x [%, 725] for d € N>5. Indeed for any d € N>, we have

Ug 4([0,11%) = 9,6([0,1]) x 95 4([0,1]) = [0, 9] x [§, 23],
while
W7 4([0,11%) = 4, 1 ([0,1]) x 97 4([0,1]) = [p, 1] x [§, g25)-

This partition of [0, 1] into rectangles, each one labeled by the digits (s, d) € D
corresponding to the map ¥ , sending [0, 1)? into it, is shown in Figure 12.

1

0,2) (1,2)
1
2

0,3) (1,3)
1
’ (0,4) (1,4)
1
1
5
0 . P . 1

Figure 12: The rectangles [0, p] x [5, 25] and [p,1] x [4, 755 for d € N>,.

For any (s,d) € D, if we define the linear maps 77 ;, St ; : R* — R? by setting

0 1 0 1-p 0 1 0
=0 ) 5= (o 1) 7= (07 i) =0 ).
0,d 0 ﬁ 0,d 0 1 1,d 0 ﬁ 1,d 0 -1

then we have LY ; = T ;0 S? ; and hence % ;(w,x) = T7 ;0 S j(w,z) + y{ ,
for any (w,x) € [0,1]2.

For each (s,d) the map Tf, 4 1s a diagonal matrix with diagonal components in
(0,1) and S% ; is easily seen to be a linear isometry on R? that keeps [—1,1]?
invariant. By Definition 2.16 therefore, for any J C D the self-affine set F%
of the TFS {¥} ; : (s,d) € J} is in fact box-like. Furthermore, we have the
following.
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Lemma 5.2. For any J C D the IFS{%" ,: (s,d) € J} satisfies the rectangular
open set condition and its box-like limit set F? is of separated type.

Proof. For any d € D we have
U6 4((0,1)%) = (0,p) x (5, gty) and Y 4((0,1)*) = (p, 1) x (3, 77)-

Hence, for any subset J C D, the sets U4 ,((0,1)?) for (s,d) € J are mutually
disjoint and we have U(S7d)€J\IJ§7d((0,1)2) C (0,1)%2. Taking R = (0,1)? in
Definition 2.17, it follows that the TFS {¥? ;: (s,d) € J} satisfies the ROSC.

For any (s,d) € D the linear part L’;d of W¥ , is a diagonal matrix, and so
\I!f; 4 sends horizontal lines to horizontal lines,,implying that for each J C D
the box-like set F"} corresponding to {\Iﬂ;d : (s,d) € J} is of separated type by
Definition 2.18. [

Recall that for j € {1,2}, 7; denotes the projection onto the j-th coordinate.
The previous lemma implies the following.

Lemma 5.3. For any finite subset J C D the sets mi(FY) and 7o (F%) are the
self-affine sets corresponding to the respective iterated function systems {1/);,75 :
sem(J)} and {2 4 : (s,d) € J} on [0,1].

Proof. Since for any finite J C D the box-like set F7 is of separated type by
Lemma 5.2, this is a direct consequence of Proposition 2.19. After all, if for
j € {1,2} the maps x; and x2 are defined as above Proposition 2.19, then for
any (s,d) € J and any z,w € [0, 1] we have

(m10 ‘I’Is),d ox1)(w) = (m o ‘I’g,d)(wao) =m(( zlz,s(w)’ id(o))) - ’:L”S(w)’

and
(mg 0 WY 40 x2) (@) = (w2 0 WY ) (0,2) = m2((1h,, ,(0), 93 4(2))) = ¥ 4().

Note that the iterated function systems {¢, . : (s,d) € J} and {1, , : s € m1(J)}
share the same limit set, as duplicate contractions do not add anything to the
limit set. O

We can use this to find the dimensions of the projections of our box-like sets. In
particular, we can find conditions under which these dimensions equal 1, which
will allow us to apply Propositions 2.20 and 2.21. First off, we find the following
straightforward result for the projection onto the first coordinate.

Lemma 5.4. For any finite J C D we have

0, ifm(J)={0} ormi(J)={1},

dimg m (Fy) = dimy m (F]) = {1 if m(J) ={0,1}.
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Proof. By Lemma 5.3 the set 7 (F}) is the self-affine set corresponding to the
IFS {y} , : s € m(J)} for any finite J C D. Recall that ¢} , and 1, | are similar-
ity contractions with respective ratios ¢g = p and ¢; = 1 —p. Furthermore, since

2.0((0,1)) = (0,p) and ), ,((0,1)) = (p,1), the IFS {4}, , : s € m1(J)} satisfies
the OSC. It follows from Proposition 2.5 that dimp 71 (F7) = dimy 71 (F}) =7,
where r is the unique number satisfying

Z cy =1

semy(J)

Therefore, if m1(J) = {s} for some s € {0, 1}, it follows that ¢} = 1 and so since
¢s € (0,1), we then have dimy m (F%) = r = 0. If instead 7 (J) = {0, 1}, then
p"+(1—p)" =cj+ci =1, implying that dimy 71 (F) =r = 1. O

Moreover, we find that the projection of our box-like sets onto the second co-
ordinate satisfies the following properties.

Proposition 5.5. For any finite J C D we have
dimp 7o (FY) = dimy mo(FY).
Furthermore, if 2 ¢ mwa(J), then
dimp 7o (F?) < 1,
while if instead {0,1} x {2} C J, then
dimpg mo(FY) = 1.

Before we prove this proposition, we will first prove the following lemma, relating
the vertical projection of our box-like sets to the restricted digit sets we studied
in the previous chapter.

Lemma 5.6. If 2 ¢ my(J), then mo(FY) is contained in [0, 1], and coincides
with the limit set of the IFS {¢sq : (s,d) € J} on [0,%]. In particular, if J is
of the form J = {0,1} x I for some finite set I C IN>3, then

dimpg o (FY) = dimy mo(FY) = dimy Ag.

Proof. Consider some finite set J C {0,1} x N>3. By Lemma 5.3 the set mo(F7)

coincides with the limit set F of the IFS {wi;: (s,d) € J} on [0,1]. Note that
this limit set satisfies U(s,d)erg,d(F) = F. For any (s,d) € {0,1} x IN>3 we
have 92 ;([0,1]) = [, -] C[0,1], and so F = Us.aes P2 4(F) < [0, 1. In

particular, we have F = U(s Des 7,/}2)d}[0 l](F). Note now that, by definition,

2 _ m—1 _
ws,d“o,%] - Ts,d ’[0%] = ¢s,d;
for every (s,d) € {0,1} x N>3. Hence we have that F = U(S,d)eJ bs.a(F),
meaning Wz(Ff,’) = F equals the limit set of the IFS {¢; 4 : (s,d) € J} on [0, %]

If J is now of the form {0,1} x I for some finite set I C IN>g3, then mo(E%)
equals the limit set of the IFS {¢s 4 : (s,d) € {0,1} x I}, which by Proposition
4.6 coincides with the restricted digit set A;j. O
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Proof of Proposition 5.5. Take any finite subset J C D. Then by Lemma 5.3
the set mo(F?%) is the limit set of the IFS {¢2 ; : (s,d) € J}.

First consider the case 2 ¢ m(J). By Lemma 5.6 the projection m(F7) equals
the limit set of the finite IFS {¢sq : (s,d) € J} on [0, 3], which we recall
to be an IFS satisfying the OSC, consisting of similarities with corresponding
similarity ratios csq = ﬁ. By Proposition 2.5 we have dimp Wg(Ff,’) =
dimy 7o (FY) = r, where r is the unique number in [0, 1] satisfying

> (qa=p) - v

(s,d)eJ
For any d € ma(J) there exist at most 2 numbers s € {0,1} such that (s,d) € J
and S0 > pes ﬁ < 2 dem() ﬁ. Furthermore, mo(J) is a finite
subset of IN>3 and so Zdem(J) ﬁ < ZdelNzg ﬁ = . It follows that
Do (s.dyes ﬁ < 1 and so necessarily dimg 72 (F%) = dimy mo(F%) < 1.

Now we consider the case {0,1} x {2} € J. Note that U c(o 13 ¥25([0,1]) =
[1,1], meaning we cannot assume that mo(F%) C [0, 3] as we did in the previ-
ous case, and hence we cannot reduce to an IFS satisfying the OSC as above.

Note however that since we have that mo(F}) = U, gyes ¥3 4(m2(F7)) and that
2 4([0,1]) € [0, 5] for every (s,d) € {0,1} x N>, it follows that

mENNE =] U vamEN)] 0= U amEm).

(s,d)eJ s€{0,1}

Furthermore, it follows that mo(F%) N [3, 1} is a compact set in [0, 1] satisfying
Useqo,13 P2 2<7T2(Fp)) [1,1]) € 7T2(Fp) [1,1], and so by Lemma 2.3 the limit
set of the IFS {48 5,7 5} is contained in m2(F7}) N [3,1] and hence in w2 (F7).
Note now that

Uo2(l3,1]) = 13,1 and ¥7,([3,1]) =[5, 3],
and so [3,1] is a compact set satisfying Useqo,13 1/)8,2([%,1]) = [,1]. By the

uniqueness of the limit set of a finite IFS, [1, 1] is the limit set of {18 5,17 ,}. We
conclude that [£,1] C mo(FY) and hence dimg 7o (F}) = dimy m2(FF) =1. O

Note that Proposition 5.5 does not cover the case where (s,2) € J only for
one s € {0,1}. This is because in this case the IFS {1/)2 : (s,d) € J} cannot
be reduced to an IFS that satisfies the OSC and addltlonally7 unlike in the
case {0,1} x {2} C J, here mo(F}) N [5,1] = 92 5(m2(FY)) does not necessarily
contain [%7 1]. Hence we cannot use the same methods we used above to argue
that 7o (F) must contain an interval. Therefore our methods of calculating the
dimension of m(FY) fall short in this case.

5.3 The box-counting dimension of the box-like set F”

Now that we have found certain conditions under which the horizontal and ver-
tical projections of the box-like set F? in [0, 1]? generated by the finite iterated

48



function system {\I/Zd : (s,d) € J}, J C D, have box-counting dimension 1, we
can apply Propositions 2.20 and 2.21 to equate the box-counting dimension of
FY to the affinity dimension of the linear parts of W% ; for (s,d) € J.

Theorem 5.7. For any finite subset J C D satisfying {0,1} x {2} C J we have
dimp Fy = d(L; ; | (s,d) € J),

where for each (s,d) € J, Lg,d is the linear part of \Iﬂ;d.

Proof. Take any finite J C D such that {0,1} x {2} C J. Recall that F7 is
the box-like limit set of the finite IFS {W? ; : (s,d) € J} on [0,1]%, which by
Lemma 5.2 satisfies the ROSC. Since we have {0,1} x {2} C J, it follows from
Proposition 5.5 that dimg 72 (F%) = 1. Furthermore, we have 71(J) = {0, 1}, so
Lemma 5.4 tells us that dimg 71 (F%) = 1. Hence by Proposition 2.20 the box-
counting dimension of F7 equals the affinity dimension d(L? ;| (s,d) € J). O

For results where we do not necessarily demand that {0,1} x {2} C J, we will
still need to have 71 (J) = {0, 1} in order to satisfy the conditions of Proposition
2.21. Moreover, we will then require the linear parts of our contractions to
have their largest singular value be the one corresponding to the contraction in
the horizontal direction. This means we will then need to put a bound on the
probability p with which we choose the orientation of the branches of the random
Liiroth transformation to ensure that p,1 —p > ﬁ for any d € ma(J). For

any J C D we will from now on write d,,;, := minma(J).

Theorem 5.8. Take any finite J C D such that m(J) = {0,1}. Take any
p < [dmm(d}nln_l) ’ 1 - dmm(dinin_l)]' Then we have

dimp F} = d(L” ; | (s,d) € J),

where for each (s,d) € J, L ; is the linear part of W% ;.

Proof. By Lemma 5.2, the IFS {¥} , : (s,d) € J} satisfies the ROSC and its

box-like limit set F¥ is of separated type. For any d € IN>, the singular values

of the linear part L ; of W{ ; are p and ﬁ, whereas those of LY ; are 1 —p

and ﬁ. Furthermore, the respective singular values p and 1 — p correspond

to the contractions in the horizontal direction.

By assumption we have p, 1 —p € [— (dlA - 1= (d1, 71)]. For any d € ma(J)
we have
1 1 1 1
@D S Tl =PI -PS - gy < 1 - q@ny

Moreover, it follows that p,1—p > ﬁ for any d € mo(J). Therefore for each

(s,d) € J the largest singular value of the linear part L7 ; of ¥ ; is the one
corresponding to the contraction in the horizontal direction.

Finally, since we have m(J) = {0,1} by assumption, Lemma 5.4 tells us that
dimp 71 (F¥) = 1. All conditions of Proposition 2.21 are met, and so we conclude
that dimp F¥ = d(L’;d | (s,d) € J). O
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5.4 Bounds for the affinity dimension

The results of Theorems 5.7 and 5.8 yield a set of conditions on J C D and
p € (0,1) under which the box-counting dimension of the box-like set F?} equals
the affinity dimension of the linear parts of the corresponding iterated function
system {W? ; : (s,d) € J}. To demonstrate the power of these theorems, we
will now proceed to further describe this affinity dimension and consider simple
cases where we can either calculate it directly or use it to find bounds on the
dimension of F¥. We begin with a general approach.

Recall that in Definition 2.14 we defined the affinity dimension of a collection
{L; : i € I} of contractive, non-singular linear transformations R¥ — R¥ to be

d(L; i€ ) :inf{r: i 3 (L) < oo},

m=1iel™

where for 0 < r < k, ¢" is the singular value function described in Definition
2.13. Therefore we will need to consider the singular values of the compositions
L’(’S’d) =LY 4 0..0Lf , forsequences ((s;,d;))7e, € D™, m € N.

Recall that for any p € (0,1) and d € N> we have

p 0 1—p 0
Lp = ( ) s a.nd Lp = ( ) .
047 \0 g bd 0 -gam

If for any (s,d) := ((s),d;))j2; € D™, m € N, we write

K(s,d) ‘= #{1§j§m:5j:1}:25j7

j=1
then we have

P = ((1 — p)eaph TR Om 1 >
(s,) 0 (=D 1T @

The singular values of a diagonal matrix are the absolute values of the diagonal

components and so it follows that those of the composition LI(’S a) are given by

(1 —p)reopm e and [}, m for any sequence (s,d) € D™.

In the case p € | -4 (dl, _1)] we always have (1—p)~sdpm~Fsa) >

1
din (dmin—1) 7
H;n:l @, difl), meaning the singular value function can then be determined
consistently. Otherwise which singular value is the largest may differ between

different sequences (s,d) in J”, making a direct analysis difficult.

For any finite J C D and p € (0,1), we will from now on use the notations
Puin := min{p, 1 —p}, p,.. := max{p, 1—p} and d,,, := maxmy(J), along with the
notation d,;, := min my(J) we introduced earlier. It will always be clear from the
context to which set J and probability p these correspond. For the purposes of
this chapter, we will restrict ourselves to the case p € [7— dllnm—l) =g d}“m_l)].
In this case we find the following bounds for the affinity dimension.
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Proposition 5.9. Take any p € (0,1) and any finite set J C D with #J > 2
such that p € | 1- |. If #J < pi then we have

1 1
dmin(dmin—1) dpmin (dmin—1)

log #J log #.J — log —*
< d(LP deJ)<1 e
( s,d | (87 ) € ) - + log(dnw(dmm - 1))7

lo
g p"]”l

while if instead #J > i then

+ log#J_l gpmw < d(Lp | ( d) c J) <1 n
108 (d e (e — 1)) sd | (5 <

log #J — log -+ P
log(dmm(dmm - 1)) .

Proof. Take any m € IN and (s,d) = ((s1,d1), ..., (Sm,dm)) € J™. Then the
singular value function of L’(’S Q) is given by

((1 _ p)ﬁ(s,d)pm—fi(s,d))r) ifo<r<l1,
o (Ll()s d)) = m 1 r=1 .
) (1 _ p)ﬁ(s,d)pm—fi(s,d) (Hk:l m) s ifl<r < 2.
Let us consider the upper bound first. Note that (1 — p)f=dp™ Fea < pm
whereas [];~, dk(dlk_l) <( min(d,lmn— 5)™. For any 1 <r <2 we therefore find

r m 1 e
" (Lisa)) Sp(m) '

Noting that #(J™) = (#J)™, it follows that

m(r—1)
Z Z (Sd) SZ Z pm(d (d _ ))
m=1(s,d)eJ™m degm
= e 1 m(r—1)
e #J Do >m
2 (=)

r—1
The right hand side converges if #J - Dy (m) < 1, or equivalently

1 1 i lo #J —lo
> 1 + Og #J + ngmax =1 + g g an .
log(d(du — 1)) log(d,(du, — 1))
1 log #J—log L

By assumption we have #J > 2 > and hence 1 4+ m > 1.

max

Therefore we see that the series Y ~_, Z (s,d)egm P (L(S d)) converges if r >

log #J—log ——
® Pinax
eI (@) It follows that

d(L? ;| (s,d) € J) = mf{r Z Yo (L <oo}

m=1 (s, d)EJm
log #.J — log -1
+ S
log(dmin(dmin - 1))

o1



For the lower bounds, we note that (1 — p)fsdpMm~Fed > pm
r < 1 we have

For any 0 <

min *

¢ (Lieay) = (1= p)redpm=res)’ > por,

and so

> AN DY P Z #Jpl )™

m=1(s,d)eJm m=1 (s,d)eJm m=1

The right hand side diverges if #.J-p. > 1, or equivalently r < loi #J 1t follows
Pmin

that the series Y °_; Z(S’d)eﬂl ) (L( ) diverges if 0 < r < min {1 log #I1,

;;;;;;

If we assume that #J < p— then we have < 1 and so the series diverges

lg#J

log#J
lo gP:

for every r < , implying that

d(Lg,d | (s,d) € J) =inf {r i Z Lp (s d) < oo} > log#lJ.

m=1 (s, d)eJm™ log Pmin

Finally, =1 Z(s,d)e.]m ©" (Lz()s,d))

soany 1 <r <2

diverges if r < 1. We have szl dk(dk—l) > (dm = _1))m,

we find that
1 m(r—1)
2. ) >pm (7) .
( (S d)) — pmm dmax(dmax 7 1)
Hence
= 1 m(r—1)
Z L)O (S d) Z Z Z mm (ﬁ)
m=1 (s, d)eJm™ m=1(s,d)eJm Imx max
— i ( #J .pm'm )m
o _ r—1 :
2 i)

Similarly as before the right hand side diverges if

log #‘] + log Prin -1 log #J log Pmin

<1 = .
h= * log (dlllflx (dmax - 1) ) log (dlmlx (dmnx -1 ) )

1

log #J—log —

————Puin_ > 1 and so the series
(dmax (dmax—1))

D Y sayesm P (L’(’s’d)) also diverges if
log #.J — log -

1<r<1 P
=T * 10g(d s (Ao — 1))

We conclude that then

log #.J — log - Do
N i O
log(dmax (dmax - 1))

d(Lg 4| (s,d) €J) =
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5.5 Consequences and examples

Note that any finite set J C D and probability p that satisfy the conditions
of Theorem 5.8 also satisfy those of Proposition 5.9. Hence combining the
two results immediately leads to the following bounds for the box-counting
dimension of the box-like set F7.

Corollary 5.10. Take any finite J C D such that m(J) = {0,1} and any
P € [ L~ G- U #7 < 5,7 then we have

log #J — log o
log(dmm(dmm - 1)) },

log #J
log -1

< dimg F¥ < {2, 1+

Pmin

while if instead #J > ]ﬁ then

log #.J — log
1 pmm < d Fp <
oy G F < min

log #J — log -2
{2 + Pmax }
log(d,(d, — 1))

Corollary 5.11. For any finite J C D satisfying m(J) = {0,1} and any
1-— we have dimp F > 0.

1 1
p < [ dmm(dmln_ 1) ’ dmm(dmin_l) ]

As there is no upper bound on the possible values of #J, one may wonder
whether the lower bound found in Corollary 5.10 for the case #.J > o breaks

when J is taken to be too large. After all, as a subset of [0,1]? the dlmensmn
of F cannot possibly be larger than 2, so something is definitely wrong if there
log #J— log

29y > L

exists some J for which W

This is, however, never the case as the value of #J puts a lower bound on the
possible values of d,,... To see why this is true, we take any k > 2 and proceed
to construct a set J C D satisfying #J = k with the smallest possible value
of d,... We can do this by using a sort of greedy algorithm, where we start by
setting J = () and at each iteration we keep adding an element (s,d) € D\ J
to J with the lowest possible value for d, until J has k elements. When £k is an
even number this uniquely leads us to the set

J=1{(0,2),(1,2),(0,3),(1,3), ..., (0, § + 1), (1, § + D} = {0, 1} x {2,..., § + 1},
while if k is odd, we may get either

J =1{(0,2),(1,2),(0,3),(1,3),..., (0, [5]), (1, [E]), (0, TET + 1)},

or

J = {(07 2)’ (1’ 2)7 (O’ 3)) (173)’ s (07 (%J% (17 |—§~|) ( fﬁ + 1)}

In either case we have d,,, > % + 1. Therefore, for any finite J C D we have

log(dn\ax(dnnx - 1)) Z log((dmax - 1) ) = 210g(dmd( 1)
> 2log % = 2(log #J — log2).
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At the same time we have p,,, <
we therefore have

% and so log % > log 2. In the case #J =2

log #J — log —% log 2 — log —- _
+ g g Pmin — + g g Pmin S 1 + log 2 log 2 _ 17
log(dﬂl&x(dmax - 1)) log(dﬂmx(dmax - 1)) log(dnum(dmax - 1))
while in the case #.J > 2 we find that
14 log#J—logﬁ < log #J — log 2 <1 log #J — log 2 _ 3
log(dmax(dma\' - 1)) o log(dmax(dmax - 1)) o 2(10g #J - log 2) - 2

Hence this lower bound never exceeds 2.

Note that tlhe upper bound given in Corollary 5.10 is only interesting when
% < 1. After all, the box-like sets F"} are all contained in the unit
square [0,1]2 and so we already know their box-counting dimensions will not
exceed 2. As J can be taken as large as we want without necessarily bounding
d,., there are indeed many sets for which this upper bound won’t tell us anything
new. However, the following shows that this bound can get arbitrarily close to

1 in infinitely many cases.

Corollary 5.12. Fiz any k > 2 and any p € (0,1). Then for any € > 0 there
exists some J C D such that #J =k and dimg F) <1 +e.

Proof. Take any k > 2, p € (0,1) and € > 0. Note that — 0 and

1
L sy !
pE [d(dl—l) ,1— d(dl—l)] for each d > d. Similarly, we have that

1
ICESY
— 1 as d = oo. As such, there must exist some d € IN>5 such that

logk:flogﬁ_>O FER
log(d(d — 1)) * -

og k—log -
and so there also exists some d’ € IN>9 such that % <egforanyd>d.
Hence any set J C D satisfying m(J) = {0,1}, #J = k and d,;, > max{d’,d}
will suffice. O

To get more intuition behind the bounds we found in Corollary 5.10, we will
now consider the case where p = % This is the simplest case as we have
Prin = Punax = % and the condition p € | T dimn—l) ,1— T dinn—l)] is satisfied for
every J C D. This is also the case where the bounds given in Corollary 5.10 are
the tightest, as p,; is maximal while p,,, is minimal. These bounds are given

by the following.

Corollary 5.13. Take any finite subset J C D such that w1 (J) = {0,1}. Then
(i) if #J = 2, we have dimp F}* = 1;
(i) if #J > 2, we have

log #J — log 2 . s .
1 < dimg F"? < {2 1
T log(do(d,, — 1)) = ety smmE b

log #.J — log 2 }
log(d,..(d,i — 1))
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Note that in particular we have dimg F}* > 1 whenever J C D is such that
m(J) = {0,1} and #J > 2. Together with Corollary 5.12 this implies that
there are infinitely many sets J for which the box-like set F’ }/ ’ has a nonintegral
box-counting dimension in (1, 2).

We will now conclude this chapter by discussing some concrete examples of
the box-like sets we have introduced, giving bounds on their box-counting di-
mensions where possible and showing approximate images of the sets that were
generated using a chaos game algorithm.

Example 5.14. We begin by considering the case where the restriction set is
given by J = {0,1} x {2}. In this case we have d,,, = 2, and so the condition
pE | T d,lmn—l) s dllmn—l)] is satisfied if and only if p = %, in which case

2
Corollary 5.13 tells us that dimpg F* = 1.
1
-
b
[
|‘
b
P .
F -
b
K-
1 b
2 l
0 p 1
1
g b
fn
r b
b ~
! -
r“”“— T —
b T
1 ':r"’
2 {
0 p 1
Figure 13: The box-like set F for J = {0,1} x {2} and p = %,i respectively.
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Figure 14: The box-like set FY for J = {0,1} x {2} and p = 2,1,
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Figure 15: The box-like set F for J = {0,1} x {2} and p = %,% respectively.

For any general probability p, Lemma 5.4 and Proposition 5.5 tell us that
dimg m1 (FY) = dimpg 72 (F7) = 1. Furthermore, Theorem 5.7 implies that the
box-counting dimension of F7 itself equals the affinity dimension d(Lg ,, LY ,).

Unfortunately the methods employed above to find concrete bounds do not apply

when p equals anything other than % This is because if p # %, the singular

value (1 — p)fedp™fiesd of L’()S d) will be greater or smaller than its other
singular value 2%,1 depending on the sequence (s,d) € ({0,1} x {2})™, making
analysis of the affinity dimension difficult. Since ks q) is defined to count the
amount of times the digit sx in a sequence (s,d) equals 1, it might be possible
to find out more about the affinity dimension using combinatorial arguments.

Looking at Figures 13, 14 and 15, however, it does seem that there is some sort
of continuity in how the sets F; change when varying only the value of p. It was
shown in [Fal88, LG92] that the dimension of a smoothly parametrized family
of self-affine sets does not necessarily change continuously with the parameters.
It would be interesting to see whether this is the case here. &
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Since the sharpest bounds are found when p = %, we will now restrict ourselves
to this case and study a handful of examples of box-like sets F}* for certain

restriction sets J C {0,1} x IN>s.

Example 5.15. Consider the two restriction sets Jy := {(0,2),(1,2),(0,3)}
and J; := {(0,2),(1,2),(1,3)}. We have #Jy = #.J; = 3 and both sets have
dy, = 2 and d,,,, = 3. Hence Corollary 5.13 gives the same bounds

log3 — log2
log 6

log3 —log2

1.22629 < 1+ log 2

< dimp Ff,f <1+ < 1.58497,
for a € {0,1}. As seen in Figures 16 and 17 below both sets bear a slight visual
resemblance to a somewhat distorted version of the famous Sierpinski triangle,

which is displayed in Figure 18.
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Figure 17: The box-like set F/}* for .J; = {(0,2),(1,2),(1,3)}.



Figure 18: A rendering of the Sierpinski triangle for reference.

We will see in the next example that this resemblance is lost completely when
combining the two sets into the restriction set J = {0,1} x {2, 3}. &

Example 5.16. We will now consider the box-like sets F}f for the restriction
sets Jg :={0,1} x {d,d+1} for d € N>q. For any d we have #.J; = 4 and hence
log #J; = log4 = 2log 2, meaning Corollary 5.13 yields the bounds

log 2
log((d + 1)d)

log 2
<dimy F<1+ ——7o.
= AR = ogd— 1))

We will work out these bounds up to five decimals for the following examples,
with accompanying images in Figures 19, 20 and 21 for the respective cases
d=2,d=3and d=4.

o Jy ={0,1} x {2,3} yields

log 2 . log 2
138685 < 1+ —o < dimp Fi* < 14+ —or —

2
log 6

)

log2

Figure 19: The box-like set F'/* for .J, = {0,1} x {2, 3}.
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o J3=1{0,1} x {3,4} yields
log 2

log 2 . y
<d F'? <1 < 1.38686
log12 — mpFy, = L log6 — ’

1.27894 <1+

0 1

Figure 20: The box-like set F}* for J3 = {0,1} x {3,4}.

o Jy={0,1} x {4,5} yields

log 2
<1+ % < 1.27895,

log 2
123187 < 14— < dimp Fy! < 1+ -
0g

log 20

0 1

Figure 21: The box-like set F'/* for .J, = {0,1} x {4,5}.

Js = {0,1} x {5,6} yields

log 2 . . log 2
1.20379 <14 —— <d FlP<1+4+ —"<1.23138
=4t log30 — B £y = log20 — ’
o Js ={0,1} x {6, 7} yields
log 2 . . log 2
1.18544 < 1 <d F/r<l4+-—2-<12
8544 <1+ logd2 = img F;° <1+ log 30 = 0380,
o J; ={0,1} x {7,8} yields
log 2 . . log 2
117219 <1+ —— < dimg F’ <1+ —— < 1.18545
=4 log56 — ms Ly s log42 — ’
o Js ={0,1} x {8,9} yields
log 2 . log 2
1.16207 < 1+ ——— < dimg F* <1+ —— < 1.17220
=4 log72 — me Fyy = L log56 — ’

Jg ={0,1} x {9,10} yields

log 2 . log 2
<dimp F}’ <1+ —— < 1.16208
0g90 = B = * log72 — ’

1.15403 <1+ 1

As expected the bounds on dimp F}/: keep getting tighter the larger the value
of d, while its value also approaches 1. In particular we have

1 < dimpg F}/d:l < dimgpg F}/;,

for every d € IN>». &

60



References

[Bar07]

[BBDK96]

[Bed84]

[BR22]

[Bum06]

[DK21]

[Falg8)

[Fal04]

[FN18]

[Fra12]

[FWO5]

[Gan01]

[Goo41]

[Heng9)

K. Baranski. Hausdorff dimension of the limit sets of some planar
geometric constructions. Advances in Mathematics, 210(1):215-245,
2007.

J. Barrionuevo, R.M. Burton, K. Dajani, and C. Kraaikamp. Ergodic
properties of generalized liiroth series. Acta Arithmetica, 74(4):311—
327, 1996.

T. Bedford. Crinkly curves, Markov partitions and box dimension
of selfsimilar sets, Ph.D. Thesis, University of Warwick. 1984.

R.A. Barrera and G.G. Robert. Chaotic sets and Hausdorff dimen-
sion for Liiroth expansions. Journal of Mathematical Analysis and
Applications, 514(2):126324, 2022.

R.T. Bumby. Hausdorff dimension of sets arising in number theory.
In Number Theory: A Seminar held at the Graduate School and
University Center of the City University of New York 1983-84, pages
1-8. Springer, 2006.

K. Dajani and C. Kalle. A first course in ergodic theory. Chapman
and Hall/CRC, 2021.

K.J. Falconer. The Hausdorff dimension of self-affine fractals. In
Mathematical Proceedings of the Cambridge Philosophical Society,
volume 103, pages 339-350. Cambridge University Press, 1988.

K.J. Falconer. Fractal geometry: mathematical foundations and ap-
plications. John Wiley & Sons, 2004.

R.S. Falk and R.D. Nussbaum. A new approach to numerical com-
putation of Hausdorff dimension of iterated function systems: ap-
plications to complex continued fractions. Integral Fquations and
Operator Theory, 90(5):61, 2018.

J.M. Fraser. On the packing dimension of box-like self-affine sets in
the plane. Nonlinearity, 25(7):2075, 2012.

D.-J. Feng and Y. Wang. A class of self-affine sets and self-affine
measures. Journal of Fourier Analysis and Applications, 11(1):107—
124, 2005.

C. Ganatsiou. On some properties of the Liiroth-type alternating
series representations for real numbers. International Journal of

Mathematics and Mathematical Sciences, 28(6):367-373, 2001.

1.J. Good. The fractional dimensional theory of continued fractions.
In Mathematical Proceedings of the Cambridge Philosophical Society,
volume 37, pages 199-228. Cambridge University Press, 1941.

D. Hensley. The Hausdorff dimensions of some continued fraction
Cantor sets. Journal of Number theory, 33(2):182-198, 1989.

61



[Hut81]

[Jar29]

[IDV69)

[JP18]

[Khi97]

[KKK90]

[KKK91]

[KM22]

[LGY2]

[Liir83]

[McM84]

IMT12]

[MUY6]

[RGU16]

[SF11]

J.E. Hutchinson. Fractals and self similarity. Indiana University
Mathematics Journal, 30(5):713-747, 1981.

V. Jarnik. Zur metrischen Theorie der diophantischen Approxima-
tionen. Prace matematyczno-fizyczne, 36(1):91-106, 1929.

H. Jager and C. De Vroedt. Liiroth series and their ergodic proper-
ties. In Indagationes Mathematicae (Proceedings), volume 72, pages
31-42. North-Holland, 1969.

O. Jenkinson and M. Pollicott. Rigorous effective bounds on the
Hausdorff dimension of continued fraction Cantor sets: a hundred
decimal digits for the dimension of Fy. Advances in Mathematics,
325:87-115, 2018.

AY. Khinchin. Continued fractions (1964). Phoeniz science series,
Chicago, 1997.

S. Kalpazidou, A. Knopfmacher, and J. Knopfmacher. Liiroth-type
alternating series representations for real numbers. Acta Arithmet-
ica, 55(4):311-322, 1990.

S. Kalpazidou, A. Knopfmacher, and J. Knopfmacher. Metric
properties of alternating Liiroth series. Portugaliae mathematica,
48(3):319-325, 1991.

C. Kalle and M. Maggioni. On approximation by random Liiroth
expansions. International Journal of Number Theory, 18(05):1013~
1046, 2022.

S.P. Lalley and D. Gatzouras. Hausdorff and box dimensions of
certain self-affine fractals. Indiana University mathematics journal,
pages 533-568, 1992.

J. Liiroth. Ueber eine eindeutige Entwickelung von Zahlen in eine
unendliche Reihe. Mathematische Annalen, 21(3):411-423, 1883.

C. McMullen. The Hausdorff dimension of general Sierpinski carpets.
Nagoya Mathematical Journal, 96:1-9, 1984.

B. Mance and J. Tseng. Bounded Liiroth expansions: applying
Schmidt games where infinite distortion exists. arXiv preprint
arXiw:1202.4109, 2012.

R.D. Mauldin and M. Urbanski. Dimensions and measures in infinite
iterated function systems. Proceedings of the London Mathematical
Society, 3(1):105-154, 1996.

L. Rempe-Gillen and M. Urbanski. Non-autonomous conformal it-
erated function systems and Moran-set constructions. Transactions
of the American Mathematical Society, 368(3):1979-2017, 2016.

L. Shen and K. Fang. The fractional dimensional theory in Liiroth
expansion.  Czechoslovak Mathematical Journal, 61(3):795-807,
2011.

62



[Spa22] S.S. Spaulding. Dimension theory of conformal iterated function
systems. 2022.

[Zho22] Q.-L. Zhou. Dimension of exceptional sets arising by the longest
block function in Liiroth expansions. Journal of Mathematical Ana-
lysis and Applications, 510(2):126011, 2022.

63



	Introduction
	Historical background
	Thesis overview

	Preliminaries
	Discrete-time dynamical systems
	Hausdorff and box-counting dimensions
	Limit sets of iterated function systems
	Hausdorff dimensions of self-similar sets
	Conformal iterated function systems
	Non-autonomous conformal iterated function systems
	Self-affine sets and the affinity dimension
	Box-counting dimensions of box-like sets


	Number systems and Lüroth transformations
	Lüroth expansions and alternating Lüroth expansions
	GLS transformations and number expansions
	Random Lüroth expansions

	Hausdorff dimensions of restricted digit sets
	Restricted digit sets 
	Subsystems of the random Lüroth transformation
	A deterministic subsystem on [ epstopdf12,1]
	A subsystem and an iterated function system on [0, epstopdf12]

	Main results
	Consequences and examples
	Non-uniform restricted digit sets

	Box-like sets induced by the skew product 
	An iterated function system on [0,1]2
	Box-like sets and projections
	The box-counting dimension of the box-like set FpJ
	Bounds for the affinity dimension
	Consequences and examples

	References

