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Abstract

The E-value is a notion of evidence that — unlike the p-value — allows
for the seamless combination of results from multiple tests of a single hy-
pothesis. Statistical inferences drawn from the combination of E-values
are valid even when the decision to perform one of the tests was based
on the results of another test. However, the theory surrounding E-values
has not yet been fully developed. In particular, little is known about using
E-values for hypothesis tests that involve covariates. This thesis describes
two methods of constructing E-values and shows that they can be applied
to tests with covariates. The first method is based on the principles of in-
variant testing and is shown to lead to the GROW (Growth-Rate-Optimal-
in-Worst-Case) E-value for a hypothesis test in a linear regression model.
The second method uses an algorithm to approximate the GRO E-value.
It is shown that this approximation can be normalised to become an E-
value. Preliminary simulations are done for a hypothesis test in a logistic
regression model.
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Chapter 1
Introduction

Nearly a century since its introduction, the p-value has become the stan-
dard by which scientific conclusions are judged [1]. Yet, it has been recog-
nised for decades that the p-value has mathematical and even ethical short-
comings [2, 3]. The result is that the p-value is often misinterpreted and
misused, jeopardising the integrity of scientific research [4]. An example is
when researchers engage in optional continuation, i.e. when they base their
decision whether or not to collect more data on side information, such as
previous results or the amount of funding. While this practice is ubiqui-
tous in science, it invalidates conclusions drawn from the p-value.

For such reasons, an alternative to the p-value has recently been gain-
ing traction: the E-value [5, 6]. The E-value is a test statistic that improves
the interpretability and flexibility of classical hypothesis testing methods. It
can be construed as a simple bet against the null hypothesis [7] and any
derived conclusions are valid even under optional continuation [5]. More-
over, E-values from different studies can effortlessly be combined by mul-
tiplying them, as multiplication is an operation under which they remain
valid [5, 6]. This improves the simplicity and validity of meta-analyses, as
current techniques are prone to various biases [8].

However, the widespread adoption of the E-value is greatly hindered
by its current lack of adaptability. There are simply many hypothesis test-
ing problems for which the theory of testing based on E-values has not
yet been fully developed. In particular, little is currently known about
E-values for problems involving side information, or covariates. This is a
significant problem for fields like pharmaceutics, where studies on the ef-
fect of drugs on a patients health usually involve information, such as the
patient’s age, prior afflictions, etc. Failing to account for such information
might weaken the results of the study.

The primary aim of this thesis is to help further develop the theory of
E-values for such problems. Two methods are discussed: one for obtaining
precise E-values and one for approximating E-values. The first method is
based on results by Perez et al. [9], who adapt the established theory of
invariant testing [10, 11] to the theory of E-values. It will be shown that
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1.1 E-values 4

this method applies to a hypothesis testing problem in a linear regression
model that involves covariates. The resulting E-value is, in a sense, the
best E-value one can use for this particular problem.

The second method revolves around an approximation algorithm by
Li [12], which almost directly leads to an E-value. It will be shown that
this E-value can be used for a hypothesis test in a logistic regression model,
which also involves covariates. Preliminary simulations are done to inves-
tigate this E-value, but due to time considerations they are very limited.
Consequently, a lot of research into E-values for this hypothesis testing
problem remains to be done. Before further discussing these results, the
remainder of this Chapter is dedicated to formally introducing the E-value.

1.1 E-values

One of the ultimate goals of science is to gain true knowledge about the
universe. This process often involves formulating a so-called ‘null hy-
pothesis’ and collecting and analysing data to quiz this hypothesis. Con-
clusions derived from the data might represent universal truths, but they
could also be observed by chance. To help discriminate between the two,
researchers turn to the theory of hypothesis testing. In this branch of statis-
tics, the null hypothesis H0 is considered to be a set of possible probabil-
ity distributions of some random variable Y, and the collected data y is
deemed to be a realisation of this random variable. Given the observed
realisation, it is assessed how likely it is that the distribution of Y is an el-
ement of H0, often relative to an alternative hypothesis H1. In the frame-
work considered here, this assessment is based on the E-test statistic.

Definition 1.1. An E-test statistic for testing a set of probability distribu-
tionsH0 is a non-negative random variable S := s(Y) such that

for all Q ∈ H0 : EY∼Q[s(Y)] ≤ 1.

That is, the expected value of any E-test statistic under the null hypoth-
esis is smaller than 1. Therefore, a large E-test statistic (� 1) offers evi-
dence against the null hypothesis and the larger it is, the more evidence it
provides. E-test statistics will be referred to as E-variables and their reali-
sation on specific data as E-values.

Example. Consider a clinical trial designed to determine whether medicine
ABC is effective at treating high blood pressure. To that end, a patient’s
blood pressure is measured before and after being treated with ABC. The
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1.1 E-values 5

difference between the two measurements, denoted by X, is reported. Re-
gardless of the effect of ABC, one cannot expect the measurements to be
the same, because of regular fluctuations and the influence of things like
measurement errors. Therefore, the two measurements should be consid-
ered to be independent random variables. If ABC does not affect the blood
pressure, the distribution of the two measurements should have the same
mean, and so the distribution of X should be symmetric around 0, i.e.

H0 = {Q : Q symmetric around 0}.

If ABC does affect the blood pressure, the mean of the two measurements
should differ, so one might take

H1 = {Q : Q not symmetric around 0}.

One possible E-variable to use for this testing problem is the so-called
Efron-De la Pena E-variable [13] given by

sλ(X) = eλX− λ2X2
2 ,

where λ ∈ R is a free parameter. To see that this is indeed an E-variable,
X is written as X = Z · B, where Z = |X| and B = sign(X). Under any
Q0 ∈ H0, it must hold for all z ∈ R+ that Q0(B = 1|Z = z) = 1

2 . Therefore,

EX∼Q0 [sλ(X)] = EZ∼Q0EB∼Q0|Z [sλ(BZ)]

= EZ∼Q0EB∼Q0|Z

[
eλBZ− λ2(BZ)2

2

]
= EZ∼Q0

[
1
2

e−λZ− λ2(BZ)2
2 +

1
2

eλZ− λ2(BZ)2
2

]
≤ 1,

where the last step follows from the cosh-inequality. The statistic sλ(X)
can be extended to data involving multiple people by simply taking the
product.

The rest of this section will discuss the favourable properties of E-
variables, how they can be interpreted, and how they are related to the
established theory of hypothesis testing.

1.1.1 Betting strategy analogy

The most natural interpretation of E-variables is as the outcome of a betting
strategy against the null hypothesis [7]. Imagine that there is a banker that
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1.1 E-values 6

sells gambling tickets for e1. He allows people to buy as many tickets
as they like, even fractional amounts (e.g. 3.71 tickets). After seeing some
data y, such as the outcome of a sports match, each of these tickets is worth
a payoff of eS := s(y), for some function s. It is common sense to assume
that the banker picked S such that he does not expect to lose any money.
Accordingly, under the null hypothesis of any rational player, it should
hold that E[S] ≤ 1, i.e. S is an E-variable. If one buys tickets regardless
and wins a lot of money, this can be considered to be evidence against the
null hypothesis. After all, one bet against the null hypothesis and won.
The larger s is, the more money one wins and the more evidential value
it offers. From this betting interpretation, one can immediately see that
combining E-values by multiplication is a valid operation corresponding
to reinvesting one’s profit, see Section 1.3. However, even if a lot of money
was won, one should keep in the back of their mind that the possibility
exists that the outcome was a fluke. This uncertainty is fully embraced by
the betting interpretation of the E-variable, whereas classical hypothesis
testing methods often tend to shy away from ambiguity. Instead, definite
statements are typically made stating whether a finding is significant or
not, which leads to misleading conclusions [14].

1.1.2 Relation to p-values

More often than not, these conclusions are based on the p-value. It is,
therefore, useful to discuss the connection between E-values and p-values
before going into more depth about the former. Informally, a p-value is the
probability under a particular model that a statistic of the data would be
equal to or more extreme than the observed value [1]. The formal defini-
tion is slightly more general:

Definition 1.2. A p-value is a random variable P such that for all ε ∈ [0, 1]
and Q ∈ H0

Q(P ≤ ε) ≤ ε.

Note that both the random variable and its realisation will be referred
to as p-value, while the former will be denoted with upper-case letters and
the latter with lower-case letters. Roughly, one can state that E-values and
p-values are linked by taking reciprocals. In one direction, this is precise:
the reciprocal of any E-variable is a p-value [5]. The opposite is not pre-
cisely true, but Vovk and Wang [6] show that the reciprocal of a p-value
can, after a correction, be seen as an E-variable. The following two Propo-
sitions make these statements mathematically rigorous.

6



1.1 E-values 7

Proposition 1.1. For any E-variable S, the random variable 1/S is a p-value.

Proof. Let S be an E-variable for testingH0. By Markov’s inequality, for all
Q ∈ H0

Q
(

1
S
≤ ε

)
= Q

(
S ≥ 1

ε

)
≤ εEQ[S] ≤ ε.

Proposition 1.2 (Vovk and Wang). Let κ ∈ (0, 1) arbitrarily and consider the
function fκ : R → R defined by p 7→ κpκ−1. For any p-value P, the random
variable fκ(P) is an E-variable.

That the reciprocal of any E-variable is a p-value follows immediately.
By considering that for small values of κ, fκ(P) can roughly be seen as the
reciprocal of P, it also follows that the reciprocal of a p-value can be seen
as an E-variable after a correction. Moreover, Vovk and Wang [6] show
that taking reciprocals is essentially the only way to transform E-variables
into p-values. At the same time, the functions fκ are only a subset of the
rich family of functions that transform p-values into E-variables. From
this relation, it can directly be seen that E-values generally give a lot less
evidence than p-values. For example, transforming a significant p-value of
0.05 with κ = 1

2 gives an E-value of f 1
2
(0.05) ≈ 2.24. This value is not a lot

larger than 1 and transforming it back to a p-value gives a value of roughly
0.45, which is a lot larger than the initial value of 0.05. Hence, evidential
value was lost by transforming the p-value into an E-value.

1.1.3 Relation to Bayes factors

Another statistic that is frequently used in hypothesis testing is the Bayes
Factor [15]. To explore its relation to E-variables, it is helpful to specify the
hypothesis testing problem in more detail. To this end, consider a family
of probability distributions P , that is parametrised by the parameter set
Θ, i.e.

P = {Pθ : θ ∈ Θ}.
The Pθ’s are distributions defined on the same sample space, and their den-
sity functions are denoted by pθ. It is then assumed that the hypotheses
are of the form

H0 = {Pθ : θ ∈ Θ0} andH1 = {Pθ : θ ∈ Θ1},

where Θ0 ⊆ Θ and Θ1 ⊆ Θ \Θ0.

7



1.1 E-values 8

Bayesians equip both hypotheses Hi(i ∈ {0, 1}) with a prior Wi. This
prior is essentially a distribution on Θi, which represents some pre-existing
belief about how likely the distributions within the hypothesis are, assum-
ing this hypothesis is true. After all, even if the conclusion is that the dis-
tribution of Y is an element of Θi, only one of its elements can be the actual
distribution. The set of all possible priors will be denoted byW(Θi). The
Bayes marginal distribution PWi represents how likely the data is under
hypothesisHi given the prior

pWi(Y) =
∫

Θi

pθ(Y)dWi(θ).

The Bayes Factor BF(Y) is then defined as

BF(Y) =
pW1(Y)
pW0(Y)

. (1.1)

It represents how many times more likely the data is under the alternative
hypothesis than under the null hypothesis, given the prior belief about
the individual hypotheses. Therefore, similar to E-variables, the larger the
Bayes Factor, the more evidence it constitutes against the null hypothesis.
It should then be no surprise that there is a simple condition under which
Bayes Factors are E-variables.

Proposition 1.3. IfH0 is a singleton, the Bayes Factor is an E-variable.

Proof. SinceH0 only consists of one distribution, say P0, the prior W0 must
put all weight on this distribution, i.e. PW0 = P0. Therefore, for any prior
W1, it holds that

EY∼P0 [BF(Y)] =
∫

p0(y)
pW1(y)
p0(y)

dy =
∫

pW1(y)dy = 1.

Since P0 is the only distribution inH0, the Bayes Factor satisfies the condi-
tions of Definition 1.1 and is thus an E-variable.

In general, Bayes Factors for more complicated, composite, null hy-
potheses are not E-variables. Conversely, E-variables need not necessarily
be of the form (1.1) either. However, Grünwald et al. show that the class of
E-variables that, in some sense, provide the most substantial evidence are
Bayes Factors. A notion of strength of E-variables needs to be introduced
to make this precise.

8



1.2 The GRO(W) Criterion 9

1.2 The GRO(W) Criterion

So far, E-variables have been fully characterised by their expectation under
the null hypothesis. This characterisation ensures that if H0 is true, it is
unlikely to find evidence against it. However, this alone is not enough to
guarantee that an E-variable is useful. For example, the constant s(Y) := 1
satisfies the condition to be an E-variable but will never offer any evidence
against H0. Therefore, another critical aspect is to consider what happens
if H1 is true. In this case, it is desirable to gather as much evidence as
possible against H0. Since the size of the E-variable corresponds to the
amount of evidence, the most useful E-variables are those that grow large
as fast as possible ifH1 is true.

To formalise this property, Grünwald et al. [5] introduce the concept of
GROW (Growth-Rate-Optimal-in-Worst-case) E-variables. This concept is
based on requiring that an E-variable gives maximal evidence ifH1 is true,
even for the distribution inH1 that looks most likeH0.

Definition 1.3. The GROW E-variable S∗ is defined as the E-variable that
achieves (if it exists):

sup
S∈E(Θ0)

min
θ1∈Θ1

EPθ1
[log S]. (1.2)

Here, E(Θ0) denotes the set of all possible E-variables on Y for Θ0.

Grünwald et al. give the full reasoning behind using the logarithm as
opposed to any other increasing function [5, Section 3.1]. However, it is
straightforward to see why optimising over E[S] itself is not a good idea:
one might end up with an E-variable that is equal to zero with a positive
probability and large otherwise. If such an E-variable is used to combine
evidence from multiple experiments by multiplying (see Section 1.3), there
is a positive probability of losing all the gathered evidence. Taking the
logarithm prevents this by infinitely penalising such E-variables.

The worst-case aspect of Definition 1.2 is not always desirable. In the
presence of a prior on the alternative, it may not make sense to look at
all elements of the alternative hypothesis separately. Instead, the strength
of an E-variable should be defined relative to the prior. In such cases, the
definition of GROW is adapted to GRO, as worst-case behaviour should
no longer be considered.

Definition 1.4. Let W1 ∈ W(Θ1) be a prior on H1. The GRO E-variable
S∗W1

with respect to W1 is the E-variable that achieves (if it exists):

sup
S∈E(Θ0)

EPW1
[log S] . (1.3)

9



1.3 Merging E-values 10

Note that if S in (1.3) is of the form of a Bayes Factor, then the expecta-
tion of the logarithm reduces to the Kullback-Leibler divergence. That is,

if S =
pW1

(Y)
pW0 (Y)

, then

EPW1
[log S] =

∫
y

pW1(y) log
(

pW1(y)
pW0(y)

)
dy = D(PW1‖PW0).

From results by Li [12, Lemma 4.1], such a Bayes Factor is an E-variable
if and only if PW0 is given by the so-called Reverse Information Projection
(RIPr) of PW1 on {PW : W ∈ W(Θ0)}.

Definition 1.5. The Reverse Information Projection of PW1 on {PW : W ∈
W ′} is defined as the distribution that achieves

inf
W∈W ′

D(PW1‖PW). (1.4)

Li [12] shows that a measure achieving (1.4) exists under no further
conditions, although in general it may be a sub-distribution that integrates
to less than 1. Depending on how complex P is, it may or may not be fea-
sible to find an explicit expression for this RIPr. For cases in which it is
not, Li [12] demonstrates a way to approximate the RIPr. Such an approx-
imation might be useful because the main theorem proved by Grünwald
et al. [5] shows that the RIPr leads to the GRO E-variable relative to W1.

Theorem 1.4 (Grünwald et al.). Let W1 ∈ W(Θ1), such that the infimum
infW0∈W(Θ0) D(PW1‖PW0) is finite and achieved by some prior Wo

0 , and such that
for all θ ∈ Θ0, Pθ is absolutely continuous with respect to PW1 , then the GRO
E-variable takes the form

S∗W1
:=

pW1(Y)
pWo

0
(Y)

.

1.3 Merging E-values

A final step in the general discussion of E-values is to examine how re-
searchers can combine the evidential value of multiple E-values. Suppose
that they have collected independent data samples Y(1), . . . Y(k) and have
respectively calculated E-values S(1) := s(1)(Y(1)), . . . , S(k) := s(k)(Y(k))
for the same testing problem. Of course, the researchers would like to
combine their results, or merge the E-values. To this end, Grünwald et
al. [5] show that regardless of any intricate dependencies between the ex-
periments, the product ∏k

i=1 S(i) is again an E-value. Similarly, Vovk and

10



1.4 Main Contributions and Conclusions 11

Wang [6] show that the arithmetic mean ∑k
i=1 S(i)/k is also an E-value.

Moreover, they show that there are certain conditions for both of these
methods, under which they lead to better E-values than any other possible
merging methods.

These results hold even in the most extreme cases thinkable. Think of
a researcher that first collects a single batch of data and calculates the first
E-value. Depending on this E-value and perhaps other conditions (e.g. the
amount of funding), the researcher decides whether or not to collect an-
other batch of data. This process continues until the researcher decides to
stop, either because the final E-value is pleasing or for any other reason.
Such complex dependencies between the experiments would make it ex-
tremely hard to reach valid conclusions in the classical hypothesis testing
approach. On the other hand, it is perfectly safe to make statistical infer-
ences from the product of the E-variables.

To make this intuitive, consider the betting analogy from Section 1.1.1.
Imagine that one first invests e1 and gets a payoff of es(1), which is in-
vested in buying new tickets. After observing the new payoff per ticket,
es(2), the total capital is es(1) · s(2). This is repeated k times, after which
it is decided to stop for whatever reason. The accumulated capital will be
e∏k

i=1 s(k). Since the individual bets were not expected to be profitable,
it should also not be expected that reinvesting the money from the bets
is profitable, i.e. E

[
∏k

i=1 s(k)
]
≤ 1. This will be true regardless of the

decision rule used to continue or stop betting.

1.4 Main Contributions and Conclusions

In Chapter 2, the theory of invariant testing [10, 11] is discussed. Roughly,
this theory states that statistical inferences should exhibit certain invari-
ance properties. For example, suppose that the data is given as the re-
alisation of a Gaussian random variable Y ∼ N (µ, σ2) for some µ ∈ R,
σ2 ∈ R>0. A t-test is concerned with whether the effect size µ

σ is equal to
0 or equal to some predefined threshold δ ∈ R>0. That is, the hypotheses
are given by

H0 = {N (0, σ2) : σ2 ∈ R>0}
and

H1 =
{
N (µ, σ2) : µ ∈ R, σ2 ∈ R>0,

µ

σ
= δ

}
.

For such a test, the principle of invariance states that it should not matter
whether the data is given by Y or cY for any c ∈ R>0, since scaling the

11



1.4 Main Contributions and Conclusions 12

random variable does not change the effect size:

E[Y]√
Var[Y]

=
cE[Y]√
c2Var[Y]

=
E[cY]√
Var[cY]

.

The statistic that the test is based on is therefore not allowed to change
when the data is scaled. An obvious choice is then to use the statistic
t(Y) := Y

|Y| . Conveniently, it is not hard to verify that under all elements
of the null hypothesis, t(Y) has the same distribution (see e.g. [5, Ap-
pendix E] for a proof). Analogous to the proof of Proposition 1.3 it follows
that

p[T]W1
(t(Y))

p[T]0 (t(Y))

is an E-value for any prior W1 on the alternative. Here, p[T]x is used to
denote the density of t(Y) when Y has distribution Px. It has been shown
that the infimum of this E-value over all possible priors is even GROW [5,
Theorem 3].

The t-test is only a specific example of a hypothesis test to which the
principle of invariant testing can be applied. For general hypothesis tests,
it is often the case that there is a group of transformations that do not
change the relevant properties of the data. It will be shown that the ex-
istence of such a group leads to a straightforward method of obtaining
E-variables, analogous to the example above. The difficulty is then in de-
termining whether these E-variables are GROW in general. To this end, a
result by Perez et al. [9] will be presented, which gives a number of condi-
tions that taken together are sufficient for this to be the case. The most no-
table of these conditions is amenability of the aforementioned group [16,
17]. Amenability is a group theoretic property that has a large number
of equivalent formulations, which makes amenable groups particularly
pleasant to work with. As the main contribution of this chapter, it will be
shown in Theorem 2.10 that all the required conditions, including amenabil-
ity, are met to find the GROW E-variable for a hypothesis test in a linear
regression model. This result is essentially a generalisation of the example
above involving covariates.

Next, Chapter 3 outlines an approximation algorithm by Li [12], which
can be used to approximate the RIPr based on any prior on the alternative
for most hypothesis testing problems. An upper bound is found on the
expected value of the likelihood ratio of the prior and approximation of
its RIPr under the null. Dividing the likelihood ratio by this upper bound

12



1.4 Main Contributions and Conclusions 13

gives an E-variable, which can be seen as an approximation of the GRO E-
variable. This follows from the fact that it converges to the GRO E-variable
when the number of iterations of the approximation algorithm increases.
It is demonstrated that this E-variable can be applied to a hypothesis test
in a logistic regression model, which involves covariates. Preliminary sim-
ulations are performed to analyse whether the established upper bound is
sharp and how well this E-variable performs for this particular hypothesis
test.

For this second part, the approximation of the GRO E-variable is com-
pared to a randomisation-based E-variable. The latter owes its name to
the fact that it is only an E-variable if the assumption is made that the co-
variate whose effect is tested is a Bernoulli random variable. While this
might seem like a contrived assumption, it arises frequently in practice.
One example is in clinical trials, where the effect of a certain drug is tested
by dividing the participants in the trial in two groups. The first group is
given the treatment, while the second group acts as control group and is
given a placebo. The assignment of patients to the groups is often ran-
domised, so that the covariate corresponding to treatment or control is a
Bernoulli random variable. While the (approximation of) the earlier men-
tioned GRO E-variable (that does not rely on randomisation) is still an
E-variable in this setting, it might no longer be GRO due to the extra as-
sumption. The main benefit of the randomisation-based E-variable is that
it is very easy to compute, whereas the approximation algorithm turns out
to be computationally demanding.

Due to the time constraints of this project, it was not possible to fix all
the complications that arose during the simulations. One consequence is
that the number of data points used in the simulations was very limited
(n ≤ 10). Another is that all simulations were performed with a degen-
erate prior on the alternative, while it is generally desirable to be able to
work with more generic, non-informative priors. Nevertheless, the results
indicated that the established upper bound is not sharp. Since the likeli-
hood ratio is divided by this upper bound, this means that the approxima-
tion of the GRO E-variable is unnecessarily weakened. Furthermore, the
results suggested that the randomisation-based E-variable outperformed
the approximation of the GRO E-variable, even before normalising the lat-
ter. So while it is shown that it is possible to find the GROW E-variable
for the linear regression model, a lot of future research is needed on E-
variables for the logistic regression model.

13



Chapter 2
E-variables by Invariant Testing

It is a broadly accepted principle that statistical inferences should exhibit
certain invariance properties [10, 11]. For example, if the test data is listed
in kilometres, the conclusion should be the same as when the data would
have been given in miles. The chosen unit of measurement is only one of
many arbitrarily chosen notions, which should not impact the inference.
Mathematically, this is described by invariance under a suitable group of
transformations, which will be made precise in this chapter. Furthermore,
it will be shown that this theory leads to a generic method of generat-
ing E-variables. This method will be made concrete by constructing an
E-variable for linear regression.

The required background on group theory is outlined in Appendix A.
This includes a discussion of basic group-theoretic concepts, the Haar mea-
sure [18], and amenability [16, 17].

2.1 Background

Consider a statistical model with Lebesgue measurable sample space Y ⊆
Rn, parameter space Θ, and P = {Pθ : θ ∈ Θ} a class of distributions on
Y . It is assumed that each Pθ with θ ∈ Θ has density pθ with respect to the
Lebesgue measure. Furthermore, Y will denote a random variable with
probability distribution Pθ for some θ ∈ Θ. The hypotheses with regards
to its distribution are given by

H0 = {Pθ′ : θ′ ∈ Θ0} and H1 = {Pθ′ : θ′ ∈ Θ1},

for subsets Θ0 ⊂ Θ and Θ1 ⊂ Θ \ Θ0. Finally, let f be a transformation
of Y . For example, if each entry of Y corresponds to a certain distance
in kilometres, f (y) = 0.62y is the transformation that changes the unit to
miles. All such transformations considered in this section will be assumed
to be one-to-one, onto and differentiable. The following definitions intro-
duce a notion of what it means for the transformation f to leave the testing
problem invariant.

14



2.2 Invariant E-variable 15

Definition 2.1. The parameter space Θ is invariant under f if, for every
θ ∈ Θ, there exists a unique θ∗ ∈ Θ such that

Y ∼ Pθ ⇒ f (Y) ∼ Pθ∗ .

In such situations, θ∗ will be denoted by f (θ).

Definition 2.2. The problem of testing H0 against H1 is invariant under f
if Θ is invariant under f and

f (Θ0) = Θ0 and f (Θ1) = Θ1.

For many testing problems there is not just a single transformation that
leaves the problem invariant, but a whole class of transformations. For
example, suppose that Y1, . . . , Yn are independent and have distributions
Pθ1 , . . . , Pθn . It can quite easily be verified that the problem of testing the
hypothesis θ1 = · · · = θn versus the hypothesis that the parameters are
not all equal is invariant under all permutations of the data points. The
numbering of these variables is, after all, an arbitrary notion.

Suppose C is such a class of transformations of Y , under which the
problem of testing H0 against H1 is invariant. It should be clear that the
problem is also invariant under the composition of elements of C. Sim-
ilarly, the problem is invariant under all inverses of the transformations
in C too. These inverses exist because the transformations are assumed
to be one-to-one and onto. Therefore, C can always safely be extended to
a group. To avoid introducing extra notation for this extension, (C, ◦) is
henceforth simply assumed to be a group. Furthermore, it is assumed that
C can be indexed by some set G, i.e. C = { fg : g ∈ G}. Consequently,
for all g1, g2 ∈ G there exists a g′ ∈ G such that fg1 ◦ fg2 = fg′ . Therefore,
an operation · can be defined on G as g1 · g2 = g′. Then (G, ·) is a group
since it inherits the group properties from C. Considering G instead of C
simplifies matters because G can be considered to act on both Y and Θ in
the following ways

gy = fg(y) and gθ = f g(θ).

Suitably, G will be referred to as the invariance group.

2.2 Invariant E-variable

In an invariant testing problem, the relevant structure of Y and gY is equiv-
alent for all g ∈ G. The invariance principle thus states that the outcome

15



2.2 Invariant E-variable 16

of any test should be the same for input Y and gY. It is therefore natural
to use a test based on an invariant statistic. A statistic is simply a random
variable that is defined as a function of the data. Invariance is a property
of this function.

Definition 2.3. A function t(y) is said to be invariant with respect to G if
for all y ∈ Y and g ∈ G,

t(gy) = t(y). (2.1)

This definition leads to a straightforward condition, under which the
null hypothesis is simple for data coarsened to an invariant statistic and
therefore leads to an E-variable.

Theorem 2.1. Let T := t(Y) be an invariant statistic. If G acts transitively on
Θ0, then T has the same distribution P[T]

0 under all θ ∈ Θ0. Moreover, under this
condition the following quantity is an E-variable:

sW[θ]
inv (T) :=

p[T]W[θ]
(T)

p[T]0 (T)
=

∫
θ∈Θ1

p[T]θ (T)dW[θ]

p[T]0 (T)
, (2.2)

where W[θ] ∈ W(Θ1).

Proof. Let θ, θ′ ∈ Θ0 arbitrarily. Since G acts transitively on Θ0, there exists
a g∗ ∈ G such that g∗θ = θ′. With a slight abuse of notation, it then holds
that

P[T]
θ (T ∈ A) = Pθ(t(Y) ∈ A)

= Pθ(t(g∗Y) ∈ A)

= Pg∗θ(t(Y) ∈ A)

= P[T]
θ′ (T ∈ A).

In the second step it is used that, if Y ∼ Pθ, then g∗Y = fg∗(Y) has distri-
bution Pf g∗ (θ)

= Pg∗θ. This concludes the first part of the statement. The

second part follows directly from the fact that the null hypothesis is simple
under T.

In theory, Theorem 2.1 provides an unambiguous method of obtaining
an E-value: evaluate an invariant function in the data and calculate the
likelihood ratio. In practice, it is still not clear which invariant function
should be used, or what the distribution of the resulting invariant statis-
tic is. Before being able to address these points, the concept of maximal
invariants needs to be discussed.

16



2.2 Invariant E-variable 17

Definition 2.4. A function m(y) is said to be maximally invariant with re-
spect to G if it is invariant and if for y1, y2 ∈ Y

m(y1) = m(y2)⇒ y1 = gy2, (2.3)

for some g ∈ G.

The difference between invariants and maximal invariants is best seen
by considering how they act on the orbits of G. The orbit of an element
y ∈ Y under G is the set of all elements that y can be transformed into by
G, i.e.

Gy = {gy|g ∈ G}.
Together, all the different orbits of points in Y under G form a partition of
Y . The distinction is then that a function is invariant if it is constant on or-
bits, while a function is maximally invariant if it is constant on orbits and
it assigns a different value to each orbit. To see that maximally invariant
functions exist, consider the following systematic way of obtaining one:
select a unique point in each orbit and map all points to the uniquely se-
lected point in their respective orbit.

One of the reasons why maximal invariants are useful is given by the
following well-known result, which states that any maximal invariant fully
characterises all invariant functions.

Proposition 2.2. If m(y) is a maximal invariant, then t(y) is invariant if and
only if it is a function of m(y).

Proof. Assume that t(y) is invariant and that m(y1) = m(y2) for some
y1, y2 ∈ Y . By definition, there exists a g ∈ G such that y1 = gy2. Then

t(y1) = t(gy2) = t(y2),

so that if m(y) is known, t(y) can be deduced as well. In other words, t(y)
is a function of m(y).

For the other way around, assume that t(y) = ρ(m(y)) for some func-
tion ρ. Then for all g ∈ G

t(gy) = ρ(m(gy)) = ρ(m(y)) = t(y).

So if t(y) is a function of m(y), it is indeed invariant.

Since any maximal invariant fully determines all invariant functions,
they can be considered to somehow contain more information than invari-
ant functions. Intuitively, sW[Θ]

inv should therefore be strongest when eval-
uated on maximally invariant statistics and it should not matter which

17



2.2 Invariant E-variable 18

maximal invariant is chosen. Under certain regularity conditions, this can
be made precise.

The first step in showing this is given by Andersson’s [19] version of
a Theorem by Wijsman [20]. It roughly states that all maximally invariant
statistics lead to the same E-variable and that it is not necessary to know
the distribution of M to calculate sW[θ]

inv (M).

Theorem 2.3 (Andersson). Let M := m(Y) be a maximally invariant statistic.
If G acts transitively on H0, G is a σ-locally compact Hausdorff group, and the
action of G on Y is proper, then for any θ0 ∈ Θ0 and prior W[θ] on Θ1, it holds
that

sW[θ]
inv (M) =

∫
G pW[θ](gY)|χg|dνl(g)∫

G pθ0(gY)|χg|dνl(g)
, (2.4)

where χg is the Jacobian determinant of fg and νl is a left Haar-measure on G.

The proof of this Theorem is omitted, as it requires technical back-
ground and buildup, which is irrelevant to the present discussion. The
details are given by e.g. Andersson [19] or Eaton [21]. The main takeaway
here is that the E-variable based on a maximal invariant can be computed
without knowledge of its distribution and it is independent of the choice
of maximal invariant. The latter is seen because the right hand side of
Equation (2.4) does not depend on m(y).

The second and final step is given by Perez et al. [9], who prove that
there are conditions under which the E-variable sW[θ]

inv (M) based on a max-
imally invariant statistic M is GROW.

Theorem 2.4 (Perez et al.). Let M := m(Y) be a maximal invariant under G
and suppose that the following conditions1 hold:

1. The problem of testingH0 againstH1 is invariant under G,

2. G acts transitively on H0 and H1, so that the distribution of M can be
written as P[M]

0 and P[M]
1 respectively,

3. There exists a function φ : Y → G, such that for all y ∈ Y and g ∈ G,
φ(gy) = gφ(y) and such that the map y 7→ (φ(y), m(y)) is a homeomor-
phism,

1The context considered here differs slightly from the one considered by Perez et al.
The assumptions of the Theorem have been adapted to reflect this.

18



2.2 Invariant E-variable 19

4. For all θ1 ∈ Θ1 and θ0 ∈ Θ0, there exists an ε > 0 such that2

E
h∼P[φ(Y)]

θ1


∣∣∣∣∣∣log

 p[φ(Y)]θ1
(h)

p[φ(Y)]θ0
(h)

∣∣∣∣∣∣
1+ε
 < ∞

and

E
m∼P[M]

1

∣∣∣∣∣log

(
p[M]

1 (m)

p[M]
0 (m)

)∣∣∣∣∣
1+ε
 < ∞.

5. D
(

P[M]
1 ‖P[M]

0

)
< ∞,

6. G is a σ-compact and locally compact Hausdorff topological group,

7. G is amenable,

then the E-variable sW[θ]
inv (M) is independent of the prior W[θ] and is GROW with

respect to Y.

It may seem unnatural that amenability plays a role in determining
whether the invariant E-variable is GROW. However, amenability has pre-
viously been shown to be a necessary condition for the Hunt-Stein the-
orem on the existence of minimax invariant tests [22]. Theorem 2.4 can
therefore be seen as an analogue to known results in the classical setting.
The established theory of invariance can thus be adapted to the frame-
work of E-variables. Of course, this is only useful if there are settings that
satisfy all the required conditions. To demonstrate that this is the case, the
next section will show how the theory discussed so far can be applied to
hypothesis testing in linear regression models.

2This need not hold for all φ as in condition 3, only for one particular choice.
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2.3 GROW E-variable for Linear Regression 20

2.3 GROW E-variable for Linear Regression

Suppose that the data consists of n observations: {yi, xi}n
i=1. Each yi is a

scalar response/dependent variable/regressand and each xi ∈ Rp−1 is a vector
of covariates/independent variables/regressors. The linear regression model
considered here assumes a linear relation between response and covari-
ates:

yi = β0 + β1xi,1 + β2xi,2 + . . . βpxi,p−1 + εi, (2.5)

where β ∈ Rp is a vector of (unknown) coefficients and εi is unobserved
noise. To simplify the notation, each xi is padded with a zeroth entry equal
to 1 and X is used to denote the matrix with row-vectors xi, so that Eq. (2.5)
reduces to

y = Xβ + ε. (2.6)

Adding a constant entry to the covariates allows for the assumption that
the expected value of the noise is zero. After all, if it is not zero, this can
simply be compensated for by β0. On top of that, it is often assumed that
the noise is i.i.d. Gaussian.

A testing problem that frequently arises is concerned with whether the
impact of some covariate (say covariate j) on the response crosses a cer-
tain threshold. To this end, it is tested whether the effect size β j/σ is equal
to 0 or larger than some δ ∈ R≥0. Since the interesting properties of hy-
pothesis tests are defined for the worst case, this is equivalent to testing
whether β j/σ is equal to 0 or equal to δ. To do so, it is useful to rewrite
Equation (2.6) to:

y = X−jβ−j + Xjβ j + ε, (2.7)

where Xj is the j-th column of X and X−j denotes X without the j-th col-
umn (and similar for β). It is assumed that X−j is full column rank. Con-
sidering β−j and β j as two separate parameters, this leads to the statistical
model Y = Rn, Θ = Rp−1 ×R×R+ and

P = {Pβ−j,β j,σ : (β−j, β j, σ) ∈ Θ}.

Here, Pβ−j,β j,σ represents the normal distribution with mean X−jβ−j + Xjβ j

and variance σ2 In. The null hypothesis H0 and alternative hypothesis H1
are given by

H0 =

{
Pβ−j,β j,σ

∣∣∣∣∣(β−j, β j, σ) ∈ Θ0 =

{
(β′−j, β′j, σ′) ∈ Θ

∣∣∣∣∣β
′
j

σ′
= 0

}}
(2.8)
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2.3 GROW E-variable for Linear Regression 21

and

H1 =

{
Pβ−j,β j,σ

∣∣∣∣∣(β−j, β j, σ) ∈ Θ1 =

{
(β′−j, β′j, σ′) ∈ Θ

∣∣∣∣∣β
′
j

σ′
= δ

}}
. (2.9)

Example (t-test). If there are no covariates (p = 1), (2.6) reduces to

y = β + ε.

In this case, it is thus assumed that n i.i.d. observations of the same normal
distribution are observed. There are only two parameters: the mean β
and variance σ2 of this normal distribution. Testing H0 versus H1 as in
(2.8) and (2.9) comes down to testing whether the effect size β/σ is equal
to zero or to some specified value, which is commonly referred to as a
t-test. This example is continued throughout this section, but solely for
clarity: all results in this simplified setting have previously been discussed
by Grünwald et al. [5, Section 4.3].

2.3.1 Invariance group

To obtain an expression for the invariant E-variable of this testing problem,
the invariance group will first be examined. No novelty is claimed in this
section, as this has previously been described by e.g. Eaton [21, Section 3.4]
and Kariya [23].

Since the testing problem is concerned with whether the j-th coeffi-
cient is equal to zero, it should not matter whether the data is scaled or if
the influence of other coefficients is altered. In mathematical terms, such
transformations are contained in the class

C = { fα0,α|α0 ∈ R>0, α ∈ Rq},

where q := p− 1 and fα0,α(y) = α0y + X−jα.

Proposition 2.5. The problem of testing H0 (2.8) versus H1 (2.9) is invariant
under C.

Proof. Let Y ∼ Pβ−j,β j,σ. For arbitrary α0 ∈ R>0 and α ∈ Rq, it holds that

fα0,α(Y) = α0Y + X−jα ∼ Pα0β−j+α,α0β j,α0σ,

i.e. f α0,α(β−j, β j, σ) = (α0β−j + α, α0β j, α0σ). Since α0 ∈ R>0, it is true that
α0β j
α0σ =

β j
σ . Therefore, for i ∈ {0, 1},

(β−j, β j, σ) ∈ Θi ⇔ f α0,α(β−j, β j, σ) ∈ Θi.
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2.3 GROW E-variable for Linear Regression 22

It follows that f α0,α(Θj) = Θj, so that the testing problem is indeed invari-
ant under C.

Note that the class C itself contains compositions and inverses, because
for α0, γ0 ∈ R>0 and α, γ ∈ Rq, it holds that

fγ0,γ( fα0,α(y)) = fγ0,γ(α0y + X−jα)

= γ0α0y + X−j(γ0α + γ)

= fγ0α0,γ0α+γ(y)

and

f 1
α0

,− 1
α0

α( fα0,α(y)) =
1
α0

(α0y + X−jα)−
1
α0

X−jα

= y.

Therefore, the invariance group is simply the index set

G = {(α0, α) : α0 ∈ R>0, α ∈ Rq} = R>0 ×Rq

together with the operation (γ0, γ) · (α0, α) = (γ0α0, γ0α + γ).

Example (t-test, continued). If Y ∼ N (β, σ2) and c ∈ R>0, then cY ∼
N (cβ, c2σ2). The effect size of both of these distributions is equal, i.e.
(cβ)/(

√
c2σ2) = β/σ. Since this is the quantity that is being tested, scal-

ing the data does not change the properties of the data which are relevant
to the test. The same does not hold for just any transformation. For ex-
ample, the addition of a scalar does change the relevant properties, since
(c + Y) ∼ N (β + c, σ2) and (β + c)/σ 6= β/σ. The natural class of trans-
formations that leave the testing problem invariant is therefore given by

C = { fα0 |α0 ∈ R>0},

where fα0(y) = α0y. Composing two elements of C again gives an element
of C:

fγ0( fα0(y)) = γ0α0y = fγ0α0(y).

Similarly, C contains inverses too and therefore (C, ◦) is a group. The in-
variance group is then simply the index set R>0 with group operation mul-
tiplication.

It is shown in Appendix B.1 that G is a σ-compact and locally compact
Hausdorff topological group and that it is amenable too, i.e. conditions
6 and 7 of Theorem 2.4 are satisfied. Additionally, the following lemma
shows that conditions 2 of Theorem 2.4 is satisfied too.
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2.3 GROW E-variable for Linear Regression 23

Lemma 2.6. The action of G onH0 andH1 is transitive.

Proof. Let (β−j, β j, σ), (β′−j, β′j, σ′) ∈ H1 arbitrarily. Then
(

σ′
σ , β′−j −

σ′
σ β−j

)
∈

G and it holds that(
σ′

σ
, β′−j −

σ′

σ
β−j

)
(β−j, β j, σ) = (β′−j,

σ′

σ
β j, σ′) = (β′−j, β′j, σ′),

where it is used that β j/σ = δ and δσ′ = β′j. Analogously, G works transi-
tively onH0 too.

2.3.2 Maximal invariant

Now that the invariance group is determined, the next step is to show that
a maximal invariant under this group exists. The maximal invariant de-
scribed for this purpose has previously been studied by e.g. Bhowmik [24]
and Kariya [23].

Consider the matrix N = In − X−j(XT
−jX−j)

−1XT
−j. This matrix is well-

defined, as the existence of the inverse (XT
−jX−j)

−1 follows from the as-
sumption that X−j has full column rank. Next, let A be a k× n matrix such
that AAT = Ik and AT A = N, where k := n− q. The existence of such a
matrix can be shown as follows: X−j(XT

−jX−j)
−1XT

−j represents the standard
projection onto the column space of X−j. Therefore, N represents the pro-
jection onto the orthogonal complement of the column space of X−j. Any
matrix, whose rows form an orthonormal basis for this orthogonal com-
plement then automatically satisfies the restrictions for A. Finally, denote
M∗ := m∗(Y), where m∗ : Y → Rk is the function that maps3 y 7→ Ay

‖Ay‖ .

Proposition 2.7. The function m∗(y) is maximally invariant with respect to G.

Proof. It will first be shown that m∗ is invariant. To that end, let y ∈ Y and
(α0, α) ∈ G arbitrarily. Then it holds that

A((α0, α)y) = A(α0y + X−jα)

= Aα0y + AX−jα

= Aα0y + ANX−jα

= α0Ay,

3The function m∗ would actually only be well defined if the sample space was Rn \
{0}. However, 0 has measure 0 under all distributions Pθ , θ ∈ Θ, so this technicality is
simply ignored.
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2.3 GROW E-variable for Linear Regression 24

where it is used that A = AN and NX−j = 0. Then also

m∗((α0, α)(y)) =
α0Ay
‖α0Ay‖

=
Ay
‖Ay‖ = m∗(y).

Secondly, to show that m∗ is maximally invariant, let y1, y2 ∈ Y arbi-
trarily such that m∗(y1) = m∗(y2). Then it is true that

A
(

y1

‖Ay1‖
− y2

‖Ay2‖

)
= 0

⇒ y1

‖Ay1‖
− y2

‖Ay2‖
∈ Nul(A) ⊆ Nul(N).

The nullspace of A is a subset (they are in fact equal) of the nullspace of N
because for x ∈ Y : if Ax = 0, then Nx = AT Ax = AT0 = 0. This means
that y1

‖Ay1‖
− y2
‖Ay2‖

is orthogonal to the orthogonal space of col(X−j), which
is exactly the case if it is an element of col(X−j). Therefore, there is an
α ∈ Rq such that

y1

‖Ay1‖
− y2

‖Ay2‖
= X−jα

y1

‖Ay1‖
=

y2

‖Ay2‖
+ X−jα

y1 = y2
‖Ay1‖
‖Ay2‖

+ X−jα

y1 =

(
‖Ay1‖
‖Ay2‖

, α

)
y2.

Since
(
‖Ay1‖
‖Ay2‖

, α
)
∈ G, m∗ is maximally invariant.

Example (t-test, continued). Without covariates, the matrix X−j is not well-
defined. This can be sidestepped by defining it as a vector of n zeroes. The
column space of X−j is then the set containing only the origin, i.e. {0}.
The matrix N represents the projection onto the orthogonal complement
of {0}. This orthogonal complement is given by all of Rn so that N is
equal to the identity matrix In. Any matrix whose rows form an orthonor-
mal basis of Rn is, therefore, a valid choice for A. For simplicity, let A
be the identity matrix. The maximally invariant function is then given
by m∗(y) = y/‖y‖. This is a variation of the maximal invariant used by
Grünwald et al. [5], who use the mapping m′(y) = y/|y1|. The intuition
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2.3 GROW E-variable for Linear Regression 25

behind both invariants is the same: by dividing, the influence of the scale
parameter is nullified. That is, for Y ∼ N (β, σ2), the distribution of both
m∗(Y) and m′(Y) no longer depends on σ, but only on the effect size β/σ.
The latter is, of course, precisely the quantity that is being tested!

To compute the likelihood ratio for M∗, Bhowmik [24] shows that its
density function is given by

p[M
∗]

β−j,β j,σ
(m) =

1
2

Γ
(

k
2

)
π−

k
2 ec(β j/σ)

[
1F1

(
k
2

,
1
2

,
a2(m, β j/σ)

2

)

+
√

2a(m, β j/σ)
Γ((1 + k)/2)

Γ(k/2) 1F1

(
1 + k

2
,

3
2

,
a2(m, β j/σ)

2

)]
,

where m is a unit vector,

a
(

m,
β j

σ

)
=

β j

σ
mT AXj, c

(
β j

σ

)
= −1

2

(
β j

σ

)2

XT
j NXj

and 1F1 is the confluent hypergeometric function. Under the null hypoth-
esis this reduces to the uniform distribution over the k-dimensional unit
sphere. With this knowledge, it can be checked that condition 5 of Theo-
rem 2.4 holds.

Lemma 2.8. D
(

P[M∗]
1 ‖P[M∗]

0

)
< ∞.

Proof. It can be seen that for every unit vector m

log

(
p[M

∗]
1 (m)

P[M∗]
0 (m)

)
= log(ec(δ)

[
1F1

(
k
2

,
1
2

,
a2(m, δ)

2

)
+
√

2a(m, δ)
Γ((1 + k)/2)

Γ(k/2) 1F1

(
1 + k

2
,

3
2

,
a2(m, δ)

2

)]
).

The confluent hypergeometric function is given by

1F1(a, b, z) = 1 +
a
b

z +
a(a + 1)
b(b + 1)

z2

2
+ · · · =

∞

∑
k=0

Γ(a + k)Γ(b)
Γ(a)Γ(b + k)

zk

k!
.

The ratio of the k + 1st and kth term of this summation is given by

Γ(a+k+1)Γ(b)
Γ(a)Γ(b+k+1)

zk+1

(k+1)!
Γ(a+k)Γ(b)
Γ(a)Γ(b+k)

zk

k!

=
a + k
b + k

z
k + 1

,
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so by the ratio test, 1F1(a, b, z) is finite for all finite a, b and z. Furthermore,
it can be seen that for positive inputs, 1F1(a, b, z) is increasing in z. Also,
by the Cauchy-Schwarz inequality, it holds that

|a(m, δ)| = δ|mT AXj| ≤ δ‖m‖‖AXj‖ = δ‖AXj‖.

Putting these things together, it follows that log
(

p[M
∗ ]

1 (m)

P[M∗ ]
0 (m)

)
is bounded

from above. Furthermore, the support of P[M]
1 is the k-dimensional unit

sphere, so that the integral over its support is finite. Therefore,

D
(

P[M]
1 ‖P[M]

0

)
=
∫

log

(
p[M]

1 (m)

P[M]
0 (m)

)
dP[M]

1 < ∞.

Now, let B := (XT
−jX−j)

−1XT
−j and suppose that for some unknown y ∈

Y , the triplet
(‖Ay‖, By, m∗(y))

is known. With this info at hand, multiplying m∗(y) by ‖Ay‖ gives the
vector Ay. In turn, multiplication by AT and addition of X−jBy grants the
previously unknown y:

AT Ay + X−jBy = (AT A + X−jB)y

= (In − X−j(XT
−jX−j)

−1XT
−j + X−j(XT

−jX−j)
−1XT

−j)y

= y.

Note that (‖Ay‖, By) ∈ R>0 ×Rq = G and that all involved operations
are continuous. Assuming that A and X−j are given, the map given by
y 7→ (‖Ay‖, By, m∗(y)) is a homeomorphism between Y and G ×Rk. To
see that condition 3 of Theorem 2.4 is then satisfied, let φ : Y 7→ G denote
the function that maps y 7→ (‖Ay‖, By). It then indeed holds for (α0, α) ∈
G and y ∈ Y ,

φ((α0, α)y) = φ(α0y + X−jα)

= (‖Aα0y + AX−jα‖, B(α0y + X−jα))

= (α0‖Ay‖, α0By + α)

= (α0, α)φ(y),
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2.3 GROW E-variable for Linear Regression 27

Notice that φ depends on the particular choice of A so that there exists
such a function for each possible choice.

Furthermore, if Y ∼ Pβ−j,β j,σ, then

AY ∼ N (AXjβ j, σ2 Ik) and BY ∼ N (β−j + BXjβ j, σ2(XT
−jX−j)

−1).

The covariance of these jointly normally distributed random variables is
given by

cov (AY, BY) = E
[
(AY−E[AY])(BY−E[BY])T

]
= AE

[
(Y−E[Y])(Y−E[Y])T

]
BT

= σ2ABT

= σ2A
(

In − X−j(XT
−jX−j)

−1XT
−j

)
X−j(XT

−jX−j)
−1

= 0,

where it is used that A = A(In − X−j(XT
−jX−j)

−1XT
−j). It follows that AY

and BY are independent. Additionally, ‖AY‖2 is the sum of squares of
independent Gaussians and thus follows a scaled non-central chi-square
distribution with k degrees of freedom and non-centrality parameter

λ(β j) =
1
σ2

k

∑
i=1

(AXjβ j)
2
i .

Under the null hypothesis, this reduces to a scaled chi-square distribution
with k degrees of freedom. The density of ‖AY‖ can then be found using
a simple change of variables. Now, it can be shown that condition 4 of
Theorem 2.4 holds.

Lemma 2.9. For all θ1 ∈ Θ1 and θ0 ∈ Θ0, there exists an ε > 0 such that

E
h∼P[φ(Y)]

θ1


∣∣∣∣∣∣log

 p[φ(Y)]θ1
(h)

p[φ(Y)]θ0
(h)

∣∣∣∣∣∣
1+ε
 < ∞

and

E
m∼P[M∗ ]

1

∣∣∣∣∣log

(
p[M

∗]
1 (m)

p[M
∗]

0 (m)

)∣∣∣∣∣
1+ε
 < ∞,

Proof. The proof is given in Appendix B.1.
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2.3.3 GROW E-variable

Finally, all components can be put together to find the best E-variable for
this testing problem.

Theorem 2.10. The GROW E-variable S∗ for testing H0 against H1 exists and
satisfies

S∗ =
p[M

∗]
1 (M∗)

p[M
∗]

0 (M∗)
(2.10)

Proof. The regularity conditions shown in Appendix B.1 together with
Lemma 2.6, 2.8, and 2.9 show that the conditions of Theorem 2.4 are satis-
fied. The statement then follows directly.

One problem with the representation of the E-variable in the form of
(2.10) is that the density of the maximal invariant does not have an ap-
pealing expression. In the case without covariates, Grünwald et al. [5,
Section 4.3] avoid this problem by showing that the density of the statistic
can be rewritten to a straightforward integral. The following Proposition
demonstrates how Theorem 2.3 can be applied to generalise this result.
This idea is not novel, as a more general result has previously been proved
by Berger et al. [25, Theorem 2.1].

Proposition 2.11. The GROW E-variable S∗ satisfies

S∗ =

∫
θ1∈Θ1

pθ1(y)
1

σ(θ1)
dθ1∫

θ0∈Θ0
pθ0(y)

1
σ(θ0)

dθ0
. (2.11)

Proof. It is shown in Appendix B.1 that action of G on Y is proper, so by
Theorem 2.3 it holds for arbitrary θ0 ∈ Θ0 and θ1 ∈ Θ1 that

p[M
∗]

1 (M∗)

p[M
∗]

0 (M∗)
=

∫
G pθ1(gY)|χg|dνl(g)∫
G pθ0(gY)|χg|dνl(g)

=

∫
(α0,α)∈G pθ1((α0, α)Y)|χα0,α|dνl(α0, α)∫
(α0,α)∈G pθ0((α0, α)Y)|χα0,α|dνl(α0, α)

.

Recall that χα0,α is the Jacobian determinant of the transformation fα0,α,
which maps y 7→ α0y + α. The Jacobian matrix of this transformation
equals α0 In, so that χα0,α = αn

0 . Furthermore, it is shown in Appendix B.1
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that dνl(α0, α) = 1
αn+1

0
dα0dα is a left Haar measure on G. Substituting this

in the previous equation results in

p[M
∗]

1 (M∗)

p[M
∗]

0 (M∗)
=

∫
(α0,α)∈G pθ1((α0, α)Y) 1

α0
dα0dα∫

(α0,α)∈G pθ0((α0, α)Y) 1
α0

dα0dα

=

∫
(α0,α)∈G p(α0,α)θ1

(Y) 1
α0

dα0dα∫
(α0,α)∈G p(α0,α)θ0

(Y) 1
α0

dα0dα
.

Next, denote θ1 = (β−j, β j, σ), so that the numerator can be rewritten as∫
(α0,α)∈G

p(α0,α)θ1
(Y)

1
α0

dα0dα =
∫
(α0,α)∈G

pα0β−j+α,α0β j,α0σ(Y)
1
α0

dα0dα

=
∫
(σ′,β′−j

)∈G
pβ′−j

,σ′δ,σ′(y)
1
σ′

dβ′−jdσ′

=
∫

θ′1∈Θ1

pθ′1
(y)

1
σ(θ′1)

dθ′1.

The second equality follows from the change of variables given by

(α0, α)→ (α0σ, α0β−j + α).

The Jacobian determinant of this transformation is σ, so that dα0dα =
1
σ dβ−jdσ′. The denominator can be rewritten in the same fashion, from
which the result follows.

It has thus been shown that the common hypothesis testing problem
discussed in this section satisfies the required conditions for obtaining E-
variables via the principles of invariant testing. This illustrates that the
theory of E-variables is rich enough to deal with problems involving co-
variates. However, not all such problems will satisfy the invariance prop-
erties assumed in this chapter. In such cases, approximation methods
might offer a solution. This will be further discussed in the next chapter.
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Chapter 3
E-variables by Approximation

Unlike the kinds of testing problems discussed in Chapter 2, some other
testing problems do not naturally show any invariance properties. Sup-
pose that for such a problem without invariance properties, there is a prior
on the alternative. Then there might not be an easier way to find the GRO
E-variable than to explicitly find an expression for the RIPr, as used in The-
orem 1.4. Unfortunately, this may not always be possible using analytical
methods and numerical methods might not always be computationally
feasible. However, one of the main Theorems by Li describes a way to
construct an iterative approximation of the RIPr [12]. The likelihood ratio
based on this approximation can be thought of as an approximation of the
GRO E-variable, although it is not an E-variable itself. In this chapter, a
bound will be given on its expected value under the null, which gives an
E-variable after normalisation. Furthermore, the strength of this method
will be assessed by applying it to a hypothesis test for logistic regression.

3.1 Approximating the RIPr

As before, let Y be a sample space, Θ a parameter space and P a class of
distributions indexed by the parameter space. Recall that for an arbitrary
probability distribution Q on Y , the RIPr on {PW : W ∈ W(Θ)} is defined
as the mixture of distributions that achieves

inf
W∈W(Θ)

D(Q‖PW).

Whether or not it is possible to evaluate this infimum explicitly depends
on the exact properties of P and Q. However, it is always possible to ap-
proximate it using finite mixtures of the elements in P . A finite mixture
is simply a distribution PW , where W ∈ W(Θ) only gives positive weight
to a finite number of parameters. The following theorem by Li [12] estab-
lishes an error bound for using finite mixtures to approximate the RIPr.
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3.1 Approximating the RIPr 31

Theorem 3.1 (Li). Choose θ1 ∈ Θ such that such that D(Q‖Pθ1) is minimised.
Denote Q1 = Pθ1 and define Qk for k = 2, 3, . . . iteratively as

Qk = (1− αk)Qk−1 + αkPθk ,

where αk ∈ [0, 1] and θk ∈ Θ are chosen to minimise D(Q‖Qk). Then

D(Q‖Qk) ≤ inf
W∈W(Θ)

D(Q‖PW) +
c2

Q,∗γ

k
, (3.1)

where c2
Q,∗ is a constant determined by Q and γ is a constant determined by P .

That is, a greedy approach is taken to construct a finite mixture of
elements in P , which achieves a particular error bound for approximat-
ing the RIPr. Note that this approximation error might be infinite under
some circumstances, but it will be shown in Proposition 3.2 that it is fi-
nite if the likelihood ratio between any two distributions in P is bounded
away from zero and infinity. The advantage of such a greedy procedure
is that the computational task of estimating one component at a time is
much less complicated than estimating a full mixture. Nevertheless, the
involved minimisation might be very difficult. This complexity can be
somewhat mitigated because, as was realised years later, the details of Li’s
proof show that instead of optimising over both αk and θk, the fixed se-
quence αj = 2/(j + 1) can be used too [12, 26]. For simplicity, this choice
of weights will be used from here on out.

Besides the complexity of this procedure, another critical aspect is its
performance. To this end, the constants in the error bound will be intro-
duced and discussed. The first constant, γ, is determined by the properties
of P . In particular, its value depends on an upper bound of the log-ratio
between two densities in P .

Definition 3.1. Define

γ = 4
[
log(3

√
e) + aΘ,Y

]
,

where

aΘ,Y = sup
a,b∈Θ,y∈Y

log
(

pa(y)
pb(y)

)
.

The second constant, c2
Q,∗, is less straightforward and explaining it re-

quires some intermediary constants. First, for a given point y ∈ Y and
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3.1 Approximating the RIPr 32

prior W ∈ W(Θ), the constant c2
y,W is defined such that c2

y,W − 1 equals the
coefficient of variation of pθ(y) with respect to a prior W, i.e.

c2
y,W =

Eθ∼W
[
p2

θ(y)
]

(Eθ∼W [pθ(y)])
2 .

Note that by Jensen’s inequality, this quantity is always larger than or
equal to 1. Then, c2

Q,W is defined as the expected value of c2
y,W with re-

spect to Q:
c2

Q,W = EY∼Q

[
c2

Y,W

]
.

Now, all things are in place to properly define c2
Q,∗.

Definition 3.2. For Q as above, denote by W∗ the set of all sequences (Wi)i
such that D(Q‖PWi)→ infW∈W(Θ) D(Q‖PW). Then cQ,∗ is defined as

c2
Q,∗ = inf

(Wi)i∈W∗
lim inf

i→∞
cQ,PWi

While this definition might seem very contrived, it is motivated by the
fact that the bound given in (3.1) holds for all W ∈ W(Θ), i.e.

D(Q‖Qk) ≤ D(Q‖PW) +
c2

Q,Wγ

k
.

The result in (3.1) follows directly by choosing the best sequence (Wi)i,
such that

D(Q‖PWi)→ inf
W∈W(Θ)

D(Q‖PW).

While this concludes all the needed definitions, nothing has been said
about the size of the constants so far. None of the constants introduced so
far is even necessarily finite. If they are not, the approximation error might
be infinitely large. However, imposing bounds on the parameter space is
generally sufficient to ensure that aΘ,Y is finite. An example of this can
be found in Section 3.3. If aΘ,Y is bounded, it trivially follows that γ is
finite too, and the following Proposition shows that it implies that c2

Q,∗ is
bounded too.

Proposition 3.2. If aΘ,Y < ∞ , then c2
Q,∗ < ∞.

Proof. Fix an arbitrary θ∗ ∈ Θ. By definition, for every θ ∈ Θ and y ∈ Y it
holds that

log
(

pθ(y)
pθ∗(y)

)
≤ aΘ,Y ,
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3.2 Approximating the GRO E-variable 33

from which it follows that

pθ(y) ≤ eaΘ,Y pθ∗(y) and pθ(y) ≥ e−aΘ,Y pθ∗(y).

It is therefore true for any W ∈ W(Θ) that

c2
Q,W = EY∼Q

[
Eθ∼W

[
p2

θ(Y)
]

Eθ∼W [pθ(Y)]
2

]

≤ Ey∼Q

[
Eθ∼W

[
p2

θ∗(Y)e
2aΘ,Y

]
Eθ∼W [pθ∗(Y)e−aΘ,Y ]

2

]
= e4aΘ,Y ,

from which it directly follows that c2
Q,∗ is finite if aΘ,Y is.

It is thus straightforward to tell whether the constants in Theorem 3.1
are finite or not. If they are, the error bound achieved by the greedy ap-
proach converges to zero with a rate of 1/k. This suggests that, in such
cases, the RIPr can be adequately approximated.

3.2 Approximating the GRO E-variable

Now that a method for approximating the RIPr of an arbitrary distribution
has been outlined, it will be shown how this can be applied to hypothesis
testing. Therefore, consider again the problem of testing the null hypoth-
esis H0 = {Pθ′ : θ′ ∈ Θ0} against the alternative hypothesis H1 = {Pθ′ :
θ′ ∈ Θ1}. Suppose that some knowledge about the alternative hypothe-
sis is encapsulated in the prior W1 ∈ W(Θ1). By Theorem 1.4, the GRO
E-variable S∗W1

for this problem is given by

S∗W1
=

pW1(Y)
po

W0
(Y)

,

where PWo
0

is the RIPr of PW1 on {PW : W ∈ W(Θ0)}. While this RIPr may
not be easily determinable, Theorem 3.1 shows that it is possible to ap-
proximate it. The likelihood ratio based on this approximation will itself
not be an E-variable because the likelihood ratio of PW1 and another distri-
bution is an E-variable if and only if that other distribution is the RIPr [12,
Lemma 4.1]. However, the following Theorem shows that it is possible to
normalise the likelihood ratio to become an E-variable.
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Theorem 3.3. Let Wε such that D(PW1‖PWε
) ≤ D(PW1‖PWo

0
) + ε. It holds that

sup
θ∈Θ0

EY∼Pθ

[
pW1(Y)
pWε

(Y)

]
≤ 1 +

V log V√
log V + 1/V − 1

√
ε,

where V = eaΘ,Y .

Proof. See Appendix B.2.

Corollary 3.3.1. Let PWk
0

be the iterative approximation of the RIPr of PW1 on

{PW : W ∈ W(Θ0)} after k iterations. Then for εk =
c2

PW0
,∗γ

k , the following is
an E-variable for testingH0 againstH1:

Sk
W1

=
pW1(Y)
pWk

0
(Y)

1

1 + V log V√
log V+1/V−1

√
εk

.

As the number of iterations of the approximation algorithm increases,
εk becomes smaller and Sk

W1
converges to S∗W1

. However, in reality, re-
sources are always finite, and Sk

W1
will not equal the GROW E-variable.

Therefore, the amount of evidence it offers against the null will not be as
large as possible when the alternative is valid. To assess how much this
harms the usefulness of the E-variable, it should be compared to other
known E-variables. This will be done in the next sections by performing a
series of experiments for a hypothesis test in the logistic regression model.

3.3 Logistic Regression Model

Suppose that some dependent variable can only take on two values: yes or
no, pass or fail, healthy or sick, etc. An interesting question is how likely it
is to observe these values based on some known covariates. For example, a
researcher in a clinical trial might ask: what is the probability that a patient
becomes ill, given their age, sex, and that they have received a particular
type of medicine? Mathematically, the quantity of interest is P(Y|x) for a
random variable Y on {−1, 1} and a list of covariates x ∈ Rp−1. In logistic
regression, it is assumed that there is a linear relationship between the
log-odds and covariates, i.e.

log
(

P(Y = 1|x)
P(Y = −1|x)

)
= β0 + β1x1 + · · ·+ βp−1xp−1.
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3.3 Logistic Regression Model 35

Here, β ∈ Rp is a vector of coefficients. Since the two probabilities sum
to one, there is only one unknown in this equation, and basic arithmetic
gives

P(Y = y|x) = e(β0+β1x1+···+βpxp)y

eβ0+β1x1+···+βpxp + e−(β0+β1x1+···+βpxp)
. (3.2)

A zeroth entry equal to 1 is usually included in x, so that Equation (3.2)
can be written as

P(Y = y|x) = exT βy

exT β + e−xT β
. (3.3)

In this setting, it is natural to test whether a particular covariate (say co-
variate j) impacts the dependent variable. To this end, n ∈ N data points
are collected. Here, each data point consists of a realisation of the depen-
dent variable and a vector of covariates. The totality of the data is thus
given by {yi, xi}n

i=1, where yi ∈ {−1, 1} and xi ∈ Rp. Formally, this leads
to the statistical model (Y , Θ,P) for

Y = {−1, 1}n, Θ = Rp and P = {Pβ : β ∈ Θ}.

Denoting X for the matrix with rows equal to xi, the distribution Pβ has
conditional probability mass function given by

pβ(y|X) =
n

∏
i=1

exT
i βyi

exT
i β + e−xT

i β
.

The hypotheses are then given by

H0 =
{

Pβ

∣∣β ∈ Θ0 =
{

β ∈ Θ : β j = 0
}}

and
H1 =

{
Pβ

∣∣β ∈ Θ1 =
{

β ∈ Θ : β j > 0
}}

.

Assuming that a prior W1 ∈ W(Θ1) is given, the GRO E-variable is
given by the likelihood ratio of PW1 and its RIPr on {PW : W ∈ W(Θ0)}.
The latter is found by solving the following minimisation problem:

inf
W0∈W(Θ0)

∫
β∈Θ1

∏n
i=1

exT
i βyi

exT
i β

+e−xT
i β

w1(β)dβ∫
β′∈Θ0

∏n
i=1

exT
i β′yi

exT
i β′

+e−xT
i β′

w0(β′)dβ′
.

One can imagine that it is a daunting task to explicitly find a solution (even
though a solution must exist, by the arguments based on Carathéodory’s
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theorem in Grünwald et al. [5]). Subsequently, it is probably a lot easier
to calculate the E-variable Sk

W1
, as in Corollary 3.3.1. To this end, it should

be checked that this E-variable is well-defined. By Proposition 3.2, this is
true as long aΘ,Y is finite. To make sure that this is the case, all parameters
are restricted to the interval [−B, B] for some B ∈ R>0. Furthermore, it is
assumed that the covariates are normalised to this same interval. Then it
holds that

exp(aΘ,Y ) = sup
β,γ∈Θ,y∈Y

pβ(y|X)

pγ(y|X)
= sup

β,γ∈Θ,y∈Y

n

∏
i=1

pβ(yi|xi)

pγ(yi|xi)

≤
n

∏
i=1

supβ∈Θ
exT

i β

exT
i β

+e−xT
i β

infγ∈Θ
exT

i γ

exT
i γ

+e−xT
i γ

=
n

∏
i=1

e2
√

pB2‖xi‖2

≤ e2Bnp
√

max{B2,1},

where the Cauchy-Schwarz inequality is used together with the fact that
f (c) = ec

ec+e−c is increasing in c. So,

aΘ,Y ≤ 2Bnp
√

max{B2, 1}.

Since this upper bound is finite, the E-variable Sk
W1

is well-defined.
However, it should be noted that restricting the parameters to [−B, B]

does not only impose a limit on the log-ratio of the likelihood but also
on the maximum and minimum value of pβ(y). For example, in the case
n = 1, the model would be restricted to Bernoulli(1

2) for B→ 0. Therefore,
B should be chosen large enough to ensure that the model does not become
too restrictive. One sensible bound is to choose B ≥ 1.5/p because then
the probability of a single outcome can still be close to 1, i.e.

sup
x∈[0,1]p,β∈Θ,y∈{−1,1}

pβ(y|x) =
eBp

eBp + e−Bp ≥
e1.5

e1.5 + e−1.5 ≈ 0.95.

By symmetry, the probability of a single outcome can be close to 0 too.

3.3.1 Randomisation-based E-variable

While it is shown that the GRO E-variable can properly be estimated, it
turns out that another, easier, E-variable can be calculated by making an
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extra assumption. Namely that the tested covariate is a Bernoulli(1
2 ) ran-

dom variable. Here, the terminology is slightly abused, as a random vari-
able that takes on value−1 with probability 1− p and 1 with probability p
is referred to as a Bernoulli(p) random variable. To see why this might be
a natural assumption, return once more to the example of the clinical trial.
A large group of people is gathered with the purpose of testing whether
certain medication positively affects the health. To do so, the patients are
either treated with the medicine or given a placebo as control. The assign-
ment to treatment or control is often randomised, so that the correspond-
ing covariate is a Bernoulli random variable, whereas the other covariates
(age/sex/etc.) can still be anything. With this extra assumption, it is not
hard to see that the following is an E-variable:

S =
pW1(y|x)

1
2 pW1(y|x−j,−1) + 1

2 pW1(y|x−j, 1)
. (3.4)

Here, (x−j, xj) denotes the vector of covariates x with the j-th coordinate
set to xj ∈ {−1, 1}. Since the j-th covariate is assumed to be a Bernoulli(1

2 )
random variable, for arbitrary P0 ∈ H0,

E [S] = EXj∼Ber(1/2)EY∼P0

[
pW1(Y|x−j, Xj)

1
2 pW1(Y|x−j,−1) + 1

2 pW1(Y|x−j, 1)

]

=
1
2

∫
y

p0(y|x−j,−1)
pW1(y|x−j,−1)

1
2 pW1(y|x−j,−1) + 1

2 pW1(y|x−j, 1)
dy

+
1
2

∫
y

p0(y|x−j, 1)
pW1(y|x−j, 1)

1
2 pW1(y|x−j,−1) + 1

2 pW1(y|x−j, 1)
dy

=
∫

y
p0(y|x−j)

1
2 pW1(y|x−j,−1) + 1

2 pW1(y|x−j, 1)
1
2 pW1(y|x−j,−1) + 1

2 pW1(y|x−j, 1)
dy

= 1.

The second to last equality holds because, under the null hypothesis, y
does not depend on xj, so p0(y|x−j,−1) = p0(y|x−j, 1) =: p0(y|x−j). Note
that this holds for arbitrary Bernoulli distributions, but the fair coin flip is
chosen here because it is simple and easy to interpret. Furthermore, this
E-variable can be extended to multiple outcomes by considering each data
point separately and multiplying the resulting E-variables. Essentially the
same idea as (3.4) was used to obtain the E-variables for 2× 2 contingency
tables recently presented by Turner et al. [27].
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One favourable property of the randomisation-based E-variable is that
it is very easy to compute. On top of that, since each data point is consid-
ered separately, it is possible to stop collecting data once a satisfactory
E-value is found. This practice, known as optional stopping, does not
invalidate the conclusions drawn from the resulting E-value even if the
study was initially designed to include more data points. De Jong [28]
makes this precise for a variation of the linear regression model discussed
in Section 2.3. In this setting, he also shows that the randomisation-based
E-variable can be adjusted to the case where randomisation is done in bulk
at the start of the study, instead of for each patient separately. It can then
be enforced that e.g. half of the patients are actually given the treatment.
While this certainly improves the flexibility of the randomisation-based
E-variable, it is still not as widely applicable as the approximation of the
GRO E-variable, which is an E-variable regardless of any extra assump-
tions on the covariates. However, it should be noted that in this altered
setting, the latter might no longer approximate the actual GRO E-variable,
since the problem definition slightly changed. This change allows for the
definition of E-variables, which were not E-variables in the more abstract
setting, such as the randomisation-based E-variable.

3.4 Experiments

This section exemplifies the approximation of the GRO E-variable on simu-
lated instances of the logistic regression model. To this end, Li’s algorithm
is implemented in a very straightforward manner: assuming that k − 1
steps of the algorithm have already been run with resulting output PWk−1

0
,

the next iteration uses convex optimisation methods to find

min
β∈[−B,B]p

D(PW1‖(1− αk)Pk−1
0 + αkPβ).

However, we have not been able to prove that this problem is actually
convex for the logistic regression model, nor have we found any examples
to indicate the contrary. One way to potentially prove this is to show that
the Hessian matrix is positive semi-definite. The difficulty in doing so is
that the expression of this Hessian is complicated by the mixture of Pβ

with PWk−1 .
Furthermore, the implementation is computationally intensive and its

time complexity grows exponentially in the number of data points. This
follows because the Kullback-Leibler divergence is calculated as a sum
over all possible data points. Consequently, the performed experiments
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are very basic: the number of data points is small (n ≤ 10) and the prior on
the alternative is restricted to degenerate distributions. In all experiments,
the tested covariate is assumed to be a Bernoulli(1

2 ) random variable and
the covariates other than the intercept and treatment/control are drawn
uniformly random from [−B, B].

3.4.1 Approximation error and maximum expectation

Theorem 3.1 gives an idea of how the Kullback-Leibler divergence be-
tween the distribution on the alternative and the approximation of its RIPr
should decrease with the number of iterations. Similarly, Theorem 3.3
gives a theoretical upper bound on the expected value of the likelihood
ratio based on this approximation after k iterations. To compare these the-
oretical results to behaviour in reality, simulations are done for n = 5. For
different values of B and priors W1, the iterative approximation PWk

0
of the

RIPr of PW1 is computed (k ∈ {1, . . . , 100}). The Kullback-Leibler diver-
gence D(PW1‖PWk

0
) is calculated and a grid search is performed over Θ0 to

estimate

sup
θ∈Θ0

EPθ

[
Sk

W1

]
= sup

θ∈Θ0

EY∼Pθ

[
pW1(Y)
pWk

0
(Y)

]
.

This is averaged over 500 repetitions to smooth out the influence of the
covariates. The results are shown in Figure 3.1.

3.4.2 Comparison to randomisation-based E-variable

Calculating Sk
W1

is much more complicated than calculating the randomi-
sation-based E-variable given by (3.4). The evidence these E-variables give
against the null will be compared to check whether this extra effort is
worth it. This comparison is made using the likelihood ratio before nor-
malisation (thus giving an unfair advantage to Sk

W1
). For n ∈ {1, . . . , 10},

k ∈ {1, 10, 20, 30}, varying values of B, and different priors W1 on the al-
ternative, the iterative approximation PWk

0
of the RIPr of PW1 is calculated.

The expected value

EY∼PW1

[
log

(
pW1(Y)
pWk

0
(Y)

)]
is calculated together with the expected value of the logarithm of (3.4).
These values are averaged over 100 repetitions to estimate the expected
value under the covariates. The results are shown in Figure 3.2.
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(a) Results for B = 0.5 and degenerate prior W1 with all weight on the point
(0.25, 0.25, 0.25).
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(b) Results for B = 0.5 and degenerate prior W1 with all weight on the point
(0, 0.25, 0.25).
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(c) Results for B = 5 and degenerate prior W1 with all weight on the point
(0.25, 0.25, 0.25).

Figure 3.1: The iterative approximation of the RIPr was calculated for different
choices of the prior W1 on the alternative (n = 5). The Kullback-Leibler diver-
gence of this approximation and PW1 was calculated, and the maximum expected
value of the resulting likelihood ratio under the null was estimated. These were
averaged over 1000 repetitions and are plotted against the number of iterations
that were run.
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Figure 3.2: For different choices of the prior W1 on the alternative, the expected
value under the alternative of log Sk

W1
was calculated for k ∈ {1, 10, 20, 30}.

Additionally, the expected value under the alternative of the logarithm of the
randomisation-based E-variable given by (3.4) was calculated. These values were
averaged over 100 repetitions to estimate the expected value under the covariates.
They are plotted against the number of data points.
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3.5 Discussion

The implementation of Li’s algorithm used for the experiments outlined
above was very straightforward and hence computationally intensive. As
a result, the experiments were very basic and only included a very small
number of data points. Future research needs to be done to determine
whether it is possible to implement Li’s algorithm more efficiently. One
potential approach is to find a method of calculating the Kullback-Leibler
divergence between two distributions in the logistic regression model,
such that the time complexity does not increase exponentially in the num-
ber of data points. Another consequence of the straightforward implemen-
tation is that all experiments had to be done with an arbitrarily chosen de-
generate prior on the alternative. In the majority of cases, it is not realistic
to assume that such specific knowledge is available. Rather, it would be
appropriate to work with a generic, non-informative prior. Extending the
approximation of the GRO E-variable to this setting is straightforward, but
the computational problems would get even worse. Nevertheless, the ba-
sic implementation allowed for the approximation of the GRO E-variable,
albeit in a very limited setting.

The results in Section 3.4.1 suggested that the upper bound in The-
orem 3.3 should not be used to normalise the likelihood ratio to an E-
variable. This follows because the bound equals

1 +
V log V√

log V + 1/V − 1

√
ε,

where V = e2Bnp
√

max{B2,1}. This is roughly equal to 1 + 8.5 · 10146√ε for
n = 5 and B = 5, while the estimated maximum expected value did not
exceed 2 in any of the experiments. Dividing the likelihood ratio by this
upper bound would therefore make it unnecessarily small. A better ap-
proach seems to be to compute the upper bound directly by calculating
the expected value under each element of the null by summing over the
entire sample space. For all but the smallest number of samples, this seems
computationally infeasible but this could presumably be fixed by estimat-
ing the expected value using vectors drawn uniformly at random. This
would also allow for the use of Li’s algorithm without imposing a bound
of B on the log-likelihood. While this invalidates the guarantees on the ap-
proximation error, future research might conclude through numeric meth-
ods that Li’s algorithm still leads to a valid approximation of the GRO
E-variable. The biggest theoretical question that remains open is whether
it is possible to find a tighter theoretic upper bound on the expected value
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of the approximation of the GRO E-variable. The interest is then not so
much in getting a bound that is practically useful, but rather in getting a
better idea of how the approximation really scales with n: maybe it scales
linearly rather than exponentially, for example.

Furthermore, it is interesting to note that neither the Kullback-Leibler
divergence nor the maximum expectation were found to be strictly de-
creasing in the number of iterations. This is surprising since it seems rea-
sonable to expect that the approximation error should be decreasing and
that a smaller approximation error should give a smaller maximum ex-
pectation. One possible explanation is that convex optimisation methods
were used to find the approximations of the RIPr, while the involved min-
imisation was not proven to be convex. Therefore, it might have been the
case that the algorithm sometimes wound up in local minima, but more
research needs to be done to give a definitive answer as to whether this is
indeed the problem.

Finally, it can be seen that the considered E-variables did not constitute
substantial evidence against the null hypothesis in any of the experiments
in Section 3.4.2. This might be due to the fact that the number of data
points was not much larger than the number of covariates. Still, the find-
ings suggested that in the case that the tested covariate is a Bernoulli ran-
dom variable, the randomisation-based E-variable is to be favoured over
the approximation of the GRO E-variable. In all of the experiments, the
randomisation-based E-variable offered more evidence against the null,
while the approximation of the GRO E-variable was not even normalised
yet. This also suggests that the GRO E-variable in the general setting is
no longer the GRO E-variable when the tested covariate is assumed to
be a Bernoulli random variable. However, the generalisability of these
suspicions is limited by the small number of data points. A lot more re-
search remains to be done to determine whether they are actually valid
and whether they can be extended to a larger number of data points.
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Chapter 4
Conclusion

By discussing and expanding two methods of obtaining E-variables, this
thesis added to the general theory of testing with E-variables. Giving ex-
plicit applications of these methods offered examples of how to use E-
variables for hypothesis testing problems involving covariates. The first
method was based on the principles of invariant testing [10, 11] and re-
sults by Perez et al. [9]. This approach was shown to give the GROW
E-variable for testing whether the effect size of a particular covariate is
equal to zero or equal to some predefined threshold in a linear regression
model. A potential extension of this result is to determine what happens
when a predefined threshold is not known. In such cases, the method can
still be used by putting a prior on the threshold and averaging over the
corresponding E-variables. The resulting E-variable is still GROW if there
are no covariates, as shown by Grünwald et al. [5, Theorem 3]. Further
research should conclude whether this generalises to the situation with
covariates.

The second method for obtaining E-variables was based on an approxi-
mation algorithm by Li [12]. When testing a null hypothesis against an al-
ternative, this algorithm can approximate the RIPr based on a prior on the
alternative. It was shown that it is possible to normalise the likelihood ra-
tio of the prior and approximation of its RIPr to become an E-variable. This
normalisation used an established upper bound on the expected value of
the likelihood ratio under the null hypothesis. Preliminary simulations
for a hypothesis test in a logistic regression model indicated that this up-
per bound is not sharp. Furthermore, the results suggested that for a
small number of data points, this E-variable does not provide more evi-
dence than the much easier to calculate randomisation-based E-variable.
So while it is shown how to find the GROW E-variable for the linear re-
gression model, a lot of future research is needed on applying E-variables
to the logistic regression model.
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Appendix A
Background on Group Theory

In this chapter, relevant concepts and definitions from group theory are
described. Most of the material can be found in standard textbooks; cita-
tions are given for the more advanced concepts.

Suppose that there is some group G. The nature of the group structure
allows for algebraic operations to be performed on G and for G to interact
with other spaces. A group G is said to act on some space X if there is a
map φ : G× X → X, such that for all x ∈ X:

1. φ(e, x) = x, where e is the identity element,

2. φ(g, φ(h, x)) = φ(g · h, x) for all g, h ∈ G.

The action of G on X is usually abbreviated as φ(g, x) = gx.
In addition to algebraic operations, it is often desirable to be able to do

some kind of analysis on G. To this end, an extra structure is needed: a
topology.

Definition A.1. A topological group is a group G together with a topology,
such that the group operation

· : G× G → G, (g, h) 7→ gh

and inversion map
−1 : G → G, g 7→ g−1

are both continuous with respect to this topology.

The following definition classifies a particularly useful type of action
for topological groups.

Definition A.2. The action of G on X is called proper if G is a topological
group and the map from G × X → X × X given by (g, x) → (gx, x) is
proper.
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It has been shown that topological groups that are locally compact and
Hausdorff allow for the natural definition of a measure (see e.g. [18, Chap-
ter 2]). This measure can be seen as a generalisation of the Lebesgue mea-
sure on Euclidean spaces, because they share a characterising property:
invariance under translation. For the Lebesgue measure, this means that
the measure of the set {a + x : a ∈ A} is the same as the measure of A,
for any Lebesgue-measurable set A and x ∈ Rn. The so-called Haar mea-
sure demonstrates a generalisation of this property. However, since the
group operation is not necessarily commutative, there exists both a left-
and right-invariant version of this measure.

Definition A.3. A left (resp. right) Haar measure is a countably additive
measure µ on the Borel sets of G such that

1. For every Borel set S and g ∈ G,

µ(gS) = µ(S) (resp. µ(Sg) = µ(S)),

2. For every compact K ⊆ G: µ(K) < ∞,

3. For every Borel set S,

µ(S) = inf{µ(U)|U is open, S ⊆ U},

4. For every open set U ⊆ G,

µ(U) = sup{µ(K)|K is compact, K ⊆ U},

The Lebesgue measure is not the only thing that generalises to topo-
logical groups. Another is the well-known, counter-intuitive, result by
Banach-Tarski [29]. This essentially states that a ball in 3-dimensional
space can be deconstructed into a finite number of pieces, which can be
reconstructed into two balls identical in size to the first. A direct con-
sequence is that these “paradoxical” sets cannot be measurable by any
measure that assigns non-zero measure to the unit ball and is countably
additive. As a result, there must be subsets of R3 which are not Lebesgue
measurable. However, this phenomenon does not occur for R and R2.

Very similarly, there are paradoxical decompositions that arise in some
topological groups, but not in others. The exact nature of these paradoxes
will not be discussed here, as it is of little relevance to the rest of the discus-
sion; details can be found in e.g. [16, Chapter 4]. The topological groups on
which these paradoxes do not occur, are precisely those groups on which
the Haar measure can be extended to be defined on every subset of the
group [17]. Such groups are called amenable.
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Definition A.4. A locally compact topological group G is amenable if there
exists a finitely additive probability measure µ such that for all A ∈ P(G)
and g ∈ G

µ(gA) = µ(A).

It has been shown that many properties are equivalent to the one used
in this definition, see e.g. [22] for a comprehensive list. This makes amenable
groups particularly pleasant to work with. Examples of amenable groups
include abelian groups, compact groups, and solvable groups.
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Appendix B
Proofs

This chapter contains miscellaneous results which were used, but not proved
in the main text.

B.1 Proofs for Chapter 2

The notation used here corresponds with that of Section 2.3.

Proof of Lemma 2.9

Proof. (of Lemma 2.9) Since φ(Y) = (‖Ay‖, By), denote φ1(Y) = ‖AY‖
and φ2(Y) = BY. For θ0 = (β−j, 0, σ) ∈ Θ0 and θ1 = (β′−j, β′j, σ′) ∈ Θ1

arbitrarily,

p[φ1(Y)]
θ0

(h1) =
2hk−1

1 e−
h2

1
2σ2

(2σ2)
k
2 Γ( k

2)

and

p[φ1(Y)]
θ1

(h1) = e−
λ(β′j)

2 0F1

(
;

k
2

;
λ(β′j)h

2
1

4σ′2

)
2hk−1

1 e−
h2

1
2σ′2

(2σ′2)
k
2 Γ( k

2)
,
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where 0F1(; a; z) = ∑∞
i=0

Γ(a)
Γ(a+i)

zi

i! is the confluent hypergeometric limit func-

tion. Assuming that k > 1 (i.e. n > p), it holds that 0F1(; k
2 ; z) ≤ ez, so

E
h1∼P

[φ1(Y)]
θ1


∣∣∣∣∣∣log

 p[φ1(Y)]
θ1

(h1)

p[φ1(Y)]
θ0

(h1)

∣∣∣∣∣∣
1+ε


= E
h1∼P

[φ1(Y)]
θ1

[∣∣∣∣∣−λ(β′j)

2
+ h2

1

(
1

2σ2 −
1

2σ′2

)
+ k log

( σ

σ′

)

+ log

(
0F1

(
;

k
2

;
λ(β′j)h

2
1

4σ′2

))∣∣∣∣∣
1+ε


≤ E
h1∼P

[φ1(Y)]
θ1

∣∣∣∣∣−λ(β′j)

2
+ h2

1

(
1

2σ2 −
1

2σ′2

)
+ k log

( σ

σ′

)
+

λ(β′j)h
2
1

4σ′2

∣∣∣∣∣
1+ε


For ε = 1, this is equal to

E
h1∼P

[φ1(Y)]
θ1

∣∣∣∣∣−λ(β′j)

2
+ k log

( σ

σ′

)
+ h2

1

(
1

2σ2 +

1
2 λ(β′j)− 1

2σ′2

)∣∣∣∣∣
2

= E
h1∼P

[φ1(Y)]
θ1

(−λ(β′j)

2
+ k log

( σ

σ′

))2

+ h4
1

(
1

2σ2 +

1
2 λ(β′j)− 1

2σ′2

)2

+ 2h2
1

(
−

λ(β′j)

2
+ k log

( σ

σ′

))( 1
2σ2 +

1
2 λ(β′j)− 1

2σ′2

)]
< ∞,

where the finity follows from the fact that all involved constants are finite
and the first and second moment of a non-central chi-square are too.

Next, denote C0 = β−j, Σ0 = σ2(X−1
−j X−j)

−1, C1 = β′−j + BXjβ
′
j and

Σ1 = σ′2(X−1
−j X−j)

−1. Then for i ∈ {0, 1},

p[φ2(Y)]
θi

(h2) =
1√

(2π)q|Σi|
e−

1
2 (h2−Ci)

TΣ−1
i (h2−Ci).
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So,

E
h2∼P[φ2(Y)]

θ1


∣∣∣∣∣∣log

 p[φ2(Y)]
θ1

(h2)

p[φ2(Y)]
θ0

(h2)

∣∣∣∣∣∣
1+ε


= E
h2∼P[φ2(Y)]

θ1

[∣∣∣∣12(h2 − C0)
TΣ−1

0 (h2 − C0)−
1
2
(h2 − C1)

TΣ−1
1 (h2 − C1)

+q log
( σ

σ′

)∣∣∣1+ε
]

.

Note that for i ∈ {0, 1}, Σ−1
i is a multiple of (XT

−jX−j), so it is positive
semi-definite and thus

1
2
(h2 − Ci)

TΣ−1
i (h2 − Ci) ≥ 0.

Therefore, the product of the first two terms is negative. For the other
terms, it can be shown that (h2 − Ci)

TΣ−1
i (h2 − Ci) can be written as a

weighted sum of finitely many independent chi-square random variables [30,
31]. These all have finite mean and variance, so for ε = 1, the quantity of
interest is indeed finite.

Putting this together with the independence of AY and BY,

E
(h1,h2)∼P[φ(Y)]

θ1


∣∣∣∣∣∣log

 p[φ(Y)]θ1
(h1, h2)

p[φ(Y)]θ0
(h1, h2)

∣∣∣∣∣∣
2


= E
(h1,h2)∼P[φ(Y)]

θ1


∣∣∣∣∣∣log

 p[φ1(Y)]
θ1

(h1)

p[φ1(Y)]
θ0

(h1)

+ log

 p[φ2(Y)]
θ1

(h2)

p[φ2(Y)]
θ0

(h2)

∣∣∣∣∣∣
2


≤ E
(h1,h2)∼P[φ(Y)]

θ1

3

∣∣∣∣∣∣log

 p[φ1(Y)]
θ1

(h1)

p[φ1(Y)]
θ0

(h1)

∣∣∣∣∣∣
2

+ 3

∣∣∣∣∣∣log

 p[φ2(Y)]
θ1

(h2)

p[φ2(Y)]
θ0

(h2)

∣∣∣∣∣∣
2


< ∞,

where it is used that xy ≤ max{x2, y2} ≤ x2 + y2. This concludes the first
part of the Lemma. The second part follows from a similar argument to
the proof of Lemma 2.8.
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Miscellaneous proofs

None of the results in this subsection are claimed as novel. The proofs
rely solely on basic well-known results, and have most likely already been
described in some form or fashion.

Lemma B.1. G = R>0 × Rq is a σ-compact and locally compact Hausdorff
topological group.

Proof. The sets R>0 and Rq are both locally compact, as each point in either
of these is contained in a closed and bounded interval, which are compact
subsets by the Heine-Borel theorem. As the product of two locally compact
Hausdorff spaces, G is itself too locally compact Hausdorff. Similarly, it is
well-known that both R>0 and Rq are σ-compact when equipped with the
standard topology,. As their product, G is σ-compact too.

Next, recall that the group operation for (α0, α), (γ0, γ) ∈ G is given by

(γ0, γ) · (α0, α) = (γ0α0, γ0α + γ)

and that the inverse mapping is given by

(α0, α)−1 =

(
1
α0

,− α

α0

)
.

Since these maps are both continuous, the group G is a topological group.

Lemma B.2. The action of G on Y is proper.

Proof. It will be shown that the action of G on G×Rk is proper. The result
follows from the fact that Y is shown to be homeomorph to G × Rk in
Section 2.3.2.

Recall that G acts on G ×Rk by multiplication on the first coordinate
and trivially on the second. The mapping G × G → G × G defined by
(g, g′) 7→ (gg′, g′) is a homeomorphism and therefore proper, so the action
of G on G is proper [32, Example 3.1]. Since the trivial action is also proper,
it follows that the action of G on G×Rk is proper [32, Example 3.2].

Lemma B.3. G is amenable.

Proof. Consider the subset

U = {(1, α) : α ∈ Rq} ⊆ G.

It will first be shown that U is a subgroup. It is evident that U contains
the identity element (1, 0) of G. Furthermore, for (1, α) ∈ U arbitrarily,
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the inverse (1,−α) is also an element of U. Finally, let (1, γ) ∈ U be given
arbitrarily too. It holds that

(1, γ) · (1, α) = (1, α + γ) ∈ U.

So U is indeed a subgroup of G.
Next, it will be shown that U contains the commutator [G, G]. To this

end, let (α0, α), (γ0, γ) ∈ G arbitrarily. To compute the commutator of
these two elements, note that

(γ0, γ) · (α0, α) = (α0γ0, γ0α + γ)

and

(γ0, γ)−1 · (α0, α)−1 =

(
1

γ0
,− γ

γ0

)
·
(

1
α0

,− α

α0

)
=

(
1

α0γ0
,− α

α0γ0
− γ

γ0

)
.

Therefore, it is true that

[(γ0, γ), (α0, α)] = (γ0, γ)−1 · (α0, α)−1 · (γ0, γ) · (α0, α)

=

(
1

α0γ0
,− α

α0γ0
− γ

γ0

)
· (α0γ0, γ0α + γ)

=

(
1,

α

α0
+

γ

α0γ0
− α

α0γ0
− γ

γ0

)
∈ U.

Since the commutator of any two elements of G is in U, the commu-
tator of G itself is a subset of U, i.e. [G, G] ⊆ U. Therefore, U is a nor-
mal subgroup and the quotient group G/U is abelian. Notice that U itself
is abelian too and since abelianity is a sufficient condition for amenabil-
ity [16, Theorem 4.6.1], U and G/U are abelian. This is a sufficient condi-
tion for G to be amenable [16, Proposition 4.5.5]

Lemma B.4. The measure dνl(α0, α) = 1
αn+1

0
dα0dα is a left Haar measure on G.

Proof. (sketch) The statement will be made plausible by showing that νl is
left-translation invariant.

Let (α0, α), (α′0, α′) ∈ G arbitrarily. Then

dνl((α
′
0, α′)(α0, α)) =

d(α0α′0)d(α
′
0α + α′)

α′n+1
0 αn+1

0

=
α′n0 dαα′0dα0

α′n+1
0 αn+1

0

=
dα0dα

αn+1
0

= dνl((α0, α)).
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Here, it is used that d(α0α′0) = α′0dα0 and d(α′0α + α′) = α′n0 dα, both of
which follow from a simple change of variables.

B.2 Proofs for Chapter 3

In this Chapter, the notation of Section 3.1 will be used.

Proof. (of Theorem 3.3) For θ ∈ Θ0 arbitrarily, it holds that

EY∼Pθ

[
pW1(Y)
pWε

(Y)

]
= EY∼PW1

[
pθ(Y)

pWε
(Y)

]
= EY∼PW1

[
pθ(Y)

pWo
0
(Y)

pWo
0
(Y)

pWε
(Y)

]
.

Define the function

g(η) := EY∼PW1

[
pθ(Y)

pWo
0
(Y)

(
pWo

0
(Y)

pWε
(Y)

)η]
.

By the mean value theorem, there exists an η′ ∈ [0, 1] such that:

EY∼Pθ

[
pW1(Y)
pWε

(Y)

]
= g(1) = g(0) +

d
dη

g(η)|η=η′

= EY∼PW1

[
pθ(Y)

pWo
0
(Y)

]
+ EY∼PW1

 pθ(Y)
pWo

0
(Y)

log

(
pWo

0
(Y)

pWε
(Y)

)(
pWo

0
(Y)

pWε
(Y)

)η′


≤ 1 + EY∼PW1

 pθ(Y)
pWo

0
(Y)

(
pWo

0
(Y)

pWε
(Y)

)η′

log

(
pWo

0
(Y)

pWε
(Y)

)
≤ 1 + EY∼PW1

 sup
η′′∈(0,1)

pθ(Y)
pWo

0
(Y)

(
pWo

0
(Y)

pWε
(Y)

)η′′

log+

(
pWo

0
(Y)

pWε
(Y)

)
≤ 1 + VEY∼PW1

[
log+

(
pWo

0
(Y)

pWε
(Y)

)]

= 1 + V
∫

y:
pWo

0
(y)

pWε
(y)≥1

pW1(y) log

(
pWo

0
(y)

pWε
(y)

)
dy

≤ 1 +
V log V√

log V + 1/V − 1

√
ε,
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The final inequality is found using techniques from Lemma 3 and 4 from
Yang and Barron [33]. To this end, lower bound

√
ε as follows:

√
ε ≥

√
D(PW1‖PWε

)− D(PW1‖PWo
0
)

=

√√√√EY∼PW1

[
log

pWo
0
(Y)

pWε
(Y)

]

=

√√√√EY∼PW1

[
log

pWo
0
(Y)

pWε
(Y)

+
pWε

(Y)
pWo

0
(Y)
−EY∼PWε

[
pW1(Y)
pWo

0
(Y)

]]

≥

√√√√EY∼pW1

[
log

pWo
0
(Y)

pWε
(Y)

+
pWε

(Y)
pWo

0
(Y)
− 1

]

≥ EY∼PW1

[√
log

pWo
0
(Y)

pWε
(Y)

+
pWε

(Y)
pWo

0
(Y)
− 1

]
,

where the last step follows from Jensen’s inequality. Also note that for
all z ∈ R>0, it holds that − log(z) + z − 1 ≥ 0 so that the square root is
well-defined. It then can be seen that

EY∼PW1

[√
log

PWo
0
(Y)

PWε
(Y)

+
PWε

(Y)
PWo

0
(Y)
− 1

]

=
∫

y
pW1(y)

√
log

pWo
0
(y)

pWε
(y)

+
pWε

(y)
pWo

0
(y)
− 1dy

≥
∫

y:
pWo

0
(y)

pWε
(y)≥1

pW1(y)

√
log

pWo
0
(y)

pWε
(y)

+
pWε

(y)
pWo

0
(y)
− 1dy

≥
√

log V + 1/V − 1
log V

∫
y:

pWo
0
(y)

pWε
(y)≥1

pW1(y) log
pWo

0
(y)

pWε
(y)

dy.

The last inequality comes from the fact that the function
√

log x+1/x−1
log x is

non-negative and decreasing on (1, ∞). Putting everything together gives
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the desired inequality:

∫
y:

pWo
0
(y)

pWε
(y)≥1

pW1(y) log
pWo

0
(y)

pWε
(y)
≤ log V√

log V + 1/V − 1

√
ε.
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