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Abstract

We generalize Alkurdi’s work [1] on persistence of stability in a Piecewise Deterministic Markov Process
with deterministic intervention times to allow for stochastic intervention times. The proof technique uses a
famous result by Szarek linking non-expansiveness of the Markov operator P to exponential ergodicity. We
establish the link between the UEB property and persistence of stability, making use of results by Szarek
[2]. We first re-describe the Markov operator associated to the PDMP in a mathematically tractable form
to make rigorous estimates leading up to the UEB property. As far as we are aware, this is the first work
where the UEB property has been established for a class of PDMPs with an exponentially stable limit cycle.
The proof of the main theorem establishing persistence of stability yields an explicit construction of an
invariant region that is crater-like and contains the support of u. We prove how the UEB property of this
new operator is equivalent to the UEB property of the original problem. In the last chapter, we apply the
results to a perturbed Rosenzweig-MacArthur predator-prey model to illustrate how to verify in practice the
different model assumptions. Of special importance how to establish the desired exponential convergence
to the stable limit cycle. For reference in future applications, we review several techniques, most notably
numerical methods from contraction analysis. We propose several modeling options for the perturbations.
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Preface

“All analysts spend half their time hunting through the literature for inequalities which they
want to use and cannot prove.”

- G.H. Hardy, A Mathematician’s Apology

When I was looking for a dissertation project at the end of last year, dr. Floske Spieksma suggested that
doing a project on Piecewise Deterministic Markov Processes with dr. Sander Hille would be just my cup of
tea. I had never heard of PDMPs, but the name sounded exotic, so I browsed the library to find out what
they were. I was intrigued by the strange interplay of dynamics and stochastics and decided to contact dr.
Hille.

From the outset, dr. Hille was incredibly enthusiastic. The original idea was to extend some results about
ergodic decompositions associated to a perturbed predator-prey model that had been analyzed in Taleb
Alkurdi’s PhD thesis [1] several years prior under dr. Hille’s supervision. At the same time, I took dr.
Hille’s mathematical biology class in the Dutch Mastermath programme, where we discussed, from a purely
analytical perspective, the same predator-prey model as Alkurdi did, save we looked at the conditions nec-
essary for the model to exhibit an asymptotically stable limit cycle, through Hopf bifurcation.

Alkurdi had considered random perturbations at deterministic times of the predator-prey model when it
exhibits stable equilibria. I became interested in learning to which extent Alkurdi’s results would carry over
to the situation with a limit cycle and started generalizing the proofs. G.H. Hardy’s quote summarizes my
research experience in those first few weeks. I tried to make rigorous estimates to control the deterministic
dynamics, but my analytical tools were too limited. After working for a month or two, I had all definitions
and machinery in place to formulate several results from what is now Chapter 1 of this thesis. The results
seemed to carry over, with painstaking effort. Dr. Hille suggested that perhaps there was an easier proof
route to show persistence of stability, avoiding the mathematical acrobatics needed to generalize Alkurdi’s
work. He suggested I investigated to which extent a property of a Markov operator on measures called
”Uniform Equicontinuity on Balls” could be used in this setting. The idea was that this UEB property
was weaker than the properties needed for the approach taken by Alkurdi and may be better suited for the
complicated dynamics induced by the limit cycle.

The UEB property, after a few modifications, worked like a charm. While rigorously making the esti-
mates was difficult and forced me to learn a great deal of deep measure theory I had not encountered so
far, the results followed naturally, with much less restrictive assumptions than I had needed previously. In
retrospect, I am glad that I needed to learn this theory. This was probably also the busiest time of the aca-
demic year, where I juggled my teaching obligations at Haarlemmermeer Lyceum and my graduate studies.
Many of the results in Chapter 2 were first formulated during lunch breaks on the whiteboard of room 218
at the Lyceum, to the dismay of my students who came in just after the break. It definitely gave them an
impression of the hard work that is doing mathematics at a graduate level.

The last part of the project contained most hurdles. I discovered a grave mistake in my estimates for
the deterministic dynamics that jeopardized the proofs of Chapter 1. T worked overtime to find more, better,
inequalities that could help fix this mistake. G.H. Hardy was right again. Dr. Hille generously devoted
much time to understand the problem and discovered that the deterministic dynamics were by themselves
incompatible with the arguments employed by Alkurdi. I had to settle for allowing that perturbation times
be stochastic, in which case the arguments could be extended.



Simultaneously, I had been working on applying the theory I had developed to a specific implementation of
the perturbed predator-prey model. The biggest difficulty was to show that the convergence rate I needed in
the proofs related to the UEB property actually held. G.H. Hardy’s quote shows its relevance a third time
here: T spent a long time in the library, reading little-known papers about contraction analysis that proved
to be very useful. I discovered how this field I had never heard about addressed exactly the inequalities I
wanted to use. While I had to learn a great deal about measure theory to implement the UEB property, I
now had to learn a lot about the deterministic dynamics. I am sure it made me a better mathematician.

Sometimes, the quests we - analysts - undertake to find theorems we want to use and cannot prove have
serendipitous by-effects. Dr. Hille was happy about finding new tools to address problems related to PDMPs
and I received the opportunity to learn about many new fields of mathematics that in some mysterious way
find their traces to PDMPs. I consider myself lucky to have experienced this one other time. While doing
readings for a paper in mathematical biology with Dr. Hille this semester, I came across the research of
Professor Ruth Baker’s group in Oxford, which captivated me. After reaching out and deciding I wanted to
work in her lab, I applied for a DPhil position in her group and was admitted. The beauty of mathematics
is that it implants ideas so strongly in one’s mind that it seems as though it leads its own life through its
practitioners.

Simén Martina-Pérez
June 2020



Introduction and Motivating Example

Dynamical systems have become a vital pillar in the mathematical modeling of phenomena in the natural sci-
ences. Examples of models range from biology, where important insights have come from dynamical systems
models of population genetics [3], epidemiology [4] and neuroscience [5], to chemistry, where fundamental
advances have been made in reaction-diffusion systems [6] and pattern formation [7] to name but a few
examples. The flexility of using dynamical systems, particularly ODE and PDE models, make the field of
dynamical systems an important part of modern applied mathematics.

However, purely deterministic models of real-life phenomena are reductive, as they fail to capture the ran-
domness that is inherent to many processes in real life. Such cases are abundant, one salient example is
the modeling of gene expression in cells [8]. More reasons exist to incorporate randomness in simulation.
Incorporating randomness into the dynamics can facilitate to take into account measurement errors or pa-
rameter mis-estimation (see for instance [9] for a treatment of uncertainty of parameter values when provided
with empirical data). It it thus widely accepted that realistic models of the world ought to include some
random aspect. This gives rise to a delicate interplay between the deterministic dynamics, a field of study of
their own, and the model for stochastic perturbations. Some of the rigorous first advances in incorporating
randomness in differential equations include work on Stochastic Differential Equations pioneered by 1t6. We
call these models noisy models and they form an important part of the models that we will compare our
results to. These models are still wide-spread in many areas of applied mathematics, for instance in financial
mathematics [10].

Piecewise Deterministic Markov Processes

A shortcoming of noisy differential equations is that they fail to capture instantaneous, random and state-
dependent interventions in the process, which we will refer to as jumps. For this reason, Davis [11] pioneered
the study of Piecewise Deterministic Markov Processes. In this approach, a process is defined that follows a
deterministic flow during a random amount of time, before jumping randomly to a new state according to
some pre-defined probability kernel. When we refer to a PDMP, this is the setting that we will have in mind.
It is worth noting that a more general definition of PDMPs exists, but we will not treat those models in this
work. PDMPs have received much attention in modeling across disciplines, important examples being neuron
models describing the propagation of an action potential along a nerve fiber [12] or portfolio management in
financial mathematics [13].

Since the work of Davis, much has been written about natural generalizations of the types of processes
that exhibit the random behavior that Davis described. In the literature such processes are called Stochastic
Hybrid Systems, or random dynamical systems. A notable extension to the work of Davis, who only con-
sidered deterministic evolution in between random jumps, is the work of Julien Bect, who in his doctoral
thesis [14] introduced an abstract construction of piecewise-diffusive processes. Many more extensions and
variations exist, but we shall not discuss them in this work. The interested reader is referred to Davis’ 1993
work [15].

Stability of Randomly Perturbed Dynamical Systems

Given a non-linear dynamical system, it is possible to characterize its qualitative behavior when time evolves.
There exists a wide repertoire of tools in dynamical systems theory to show what kind of properties the so-



lutions of a given initial value problem have. With these tools, one can establish for instance if all solutions
will converge to a single equilibrium, to a periodic solution, or to a chaotic attractor. From a modeling
perspective, it is important to understand these dynamics, as the goal of a model is to capture the behavior
of some phenomenon. An example of this is the Fitzhugh-Nagumo model, which models the time-periodic
electrical impulses between neurons [5].

When the complicated behavior of a non-linear system is randomly perturbed, a natural question that
arises is to which extent the randomness introduces changes the qualitative behavior of deterministic dy-
namics. Imagine that perturbations change the dynamics so radically that a periodic solution no longer
exists with high probability. A priori, such changes in behavior are possible given the delicate interplay
between the deterministic and stochastic dynamics. In such a case, introducing randomness in the model
may destroy the properties of the model one was interested in. This motivates investigating to which extent
stable equilibria of the dynamics remain in some sense stable when randomness is introduced. We will be
concerned with the following question: granted that the deterministic system converges to some attractor
in the state space, does it follow that the perturbed system is with high probability close to that attractor
too when time progresses? More strongly, if the process has a stationary distribution, which conditions are
necessary to ensure that the support of this distribution is somehow close to this attractor? This is what we
informally define as persistence of stability.

Such questions are addressed in the setting of PDMPs by Taleb Alkurdi in his doctoral thesis [1], where the
persistence amounts to finding an ergodic measure supported in a small region around the asymptotically
stable equilibrium of a differential equation in a Banach space. Others, most notably Bressloff et al. [16]
look at the probability that a differential equation driven by noise remains close to its limit cycle. They
call these processes noisy limit cycle oscillators. In a similar vein, Zou and Fan [17] look at the idea of a
stochastic Hopf bifurcation, which they informally define as

Definition 0.0.1. A Stochastic Hopf Bifurcation occurs when. the shape of stationary distribution for the
stochastic system changes from peak-like into crater-like.

Zou and Fan [17] show under which conditions a specific perturbed ODE model undergoes this type of
behavior. The following plot provides a visualization of the crater-like support of the stationary distribution
of the process.

300
200

100

0.3

X(t)

Figure 1: From [17], the stationary distribution of the process has a crater-like support.



From Noise to Jumps: a Motivating Example

The results of Zou et al. [17] and Bressloff et al. [16] concern noisy processes, which allows to express devia-
tions from the limit cycle in terms of stochastic differential equations. The analysis of these equations shows
under which conditions the desired behavior of the system takes place. Noticeably, the equations themselves
give conditions for the size of perturbations. In the setting of PDMPs, such techniques no longer suffice:
given that the process jumps instantaneously at random time intervals, the dynamics of the process cannot
be expressed in a stochastic differential equation anymore. Rather, the dynamics of PDMPs are much better
understood through their associated Markov operator. This is the approach taken by Alkurdi in [1].

However, the main topic that will be explored in this work is the behavior of the Markov operator given
that the deterministic dynamics do not converge to a single point. The techniques used in the literature to
analyze persistence of stability in PDMPs, most notably in [1], only apply in the case of convergence to a
single point and fail when the system has an asymptotically stable limit cycle. That means that a central
part of this work will be to thoroughly understand the asymptotic behavior of solutions of the deterministic
system and use these to find novel ways to describe the behavior of the PDMP. While the abstract conditions
are easily formulated, it will remain a challenge in applications to verify this, as will become apparent in
chapter 3 of this work.

Nevertheless, heuristic simulations suggest that persistence of stability still exists in a PDMP when the
underlying deterministic system has an asymptotically stable limit cycle. We heuristically simulate the fol-
lowing predator prey model, known as the Rosenzweig-MacArthur model, which will be thoroughly analysed
in Chapter 3 of this thesis, using the code in Appendix A.

v av
w(l-g) -5
av

5= —dp+ h -
b Pt b+wv

v

.p'

The simulation is run by fixing a = 1,d = %, h =1, = K = 5 and varying b such that the non-trivial
equilibrium becomes unstable, giving rise to a limit cycle in the deterministic dynamics. One can compute
that the deterministic model undergoes a Hopf bifurcation at b = g By heuristically choosing small bounds
for the size of the random perturbations, the following density plots in Figures 2, 3 and 4 arise. The plots
seem to suggest that, provided the perturbations are chosen small, the shape of the invariant distribution
follows the qualitative behavior of the deterministic system. More specifically, in the last plot, which passes
the bifurcation point for the parameter b, the crater collapses and we obtain a peaked distribution around the
now stable equilibrium of the system. This motivates the main question of this thesis: under which conditions
does persistence of stability arise in a PDMP where the deterministic dynamics have an asymptotically stable

periodic limit cycle?

Roadmap

Chapter 1 generalizes results from [1] by strengthening the arguments made in that work leading to the main
theorem. In particular, we describe how perturbations can be made at stochastic instead of deterministic
times and make rigorous estimates to characterize the action of the Markov operator on the support of the
invariant measure. Basic properties about the associated Markov operator for the process are shown. In
particular, the model for the jump and time kernels of the process is linked to the continuity of the operator.
An in-depth discussion of the different modeling possibilities will follow, and it is shown that conditions can
be substantially weaker than previously used in the literature. In Chapter 2 we turn our attention to the case
of the deterministic dynamics have an asymptotically stable limit cycle. We describe the precise properties of
such a limit cycle in Polish state space. Further, we investigate the link between the so-called UEB property
and persistence of stability, making use of results by Szarek from [2]. We first recast the original Markov
operator into a more mathematically tractable form and use this to make rigorous estimates leading up to
the UEB property. As far as we are aware, this is the first work where the UEB property has been established
for a class of PDMPs. It is also the first work to establish persistence of stability in a non-diffusive PDMP
where there is a limit cycle. In the proof of the main theorem establishing persistence of stability, we give an
explicit construction of an invariant region that is crater-like and where the stationary distribution is shown



to have support. In chapter 3, we analyze the Rosenzweig-MacArthur predator-prey model to illustrate how
to verify in practice the different model assumptions. Of special difficulty will be establishing the desired
exponential convergence to the stable limit cycle. For reference in future applications, we review several

techniques to show, notably from Floquet theory and contraction analysis. We propose several modeling
options for the perturbations.

Figure 2: From left to right: b=1,b=1.3,b=1.5, b= 1.6.
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Figure 3: From left to right: b =1.61, b =1.62, b = 1.63, b = 1.64.
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Figure 4: From left to right: b = 1.65, b = 1.655, b = 1.665, b = 1.67.
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Chapter 1

Persistence of Stability in a Perturbed
Dynamical System

The goal of this chapter is to generalize existing results for the existence of ergodic measures around equilibria
of dynamical systems in metric spaces. The existence of invariant measures for Markov operators associated
to perturbed dynamical systems is rich and many results exist. For an exposition, see for example [1]. We
follow the set-up common in the literature and let S be a Polish space, d a metric that metrizes the topology
on S such that (S,d) is complete and separable, and (®¢);>0 : S — S be a semigroup of continuous maps
parametrized by ¢ > 0 that models the deterministic flow of the dynamical system. We assume the motion
maps t — @ (z) to be continuous for every z € S. For each z € S we define p, as the probability distribution
of the time until the next jump when the process starts at . Given a random time ¢, the process will evolve
for ¢ units of time until it reaches ®;(z), from where it will instantaneously jump to a new state at time ¢
according to law gg,(): for every y € S, A C S, the jump probability from y into A is given by ¢,(A). This
gives rise to the following operator P for an initial measure 4 on S

(Pu)(e) = /X / /X o (0) o) () () (). (11)

The interpretation of equation (1.1) is that if u is the distribution for the state of the system initially, then
Py is the probability distribution for the state of the system immediately after the first jump. Alkurdi
[1] showed that for fixed jump times the Markov operator shows persistence of stability in a class of linear
differential equations: where there is a stable point for the differential equation, for the Markov operator
there exists an invariant subset B* around this stable point such that an invariant and ergodic measure
around this stable point is supported on B*. This measure is asymptotically stable.

At this point, we do not bother about conditions about the measure-valued maps = — p, and = — ¢,
such that the integrals in 1.1 are defined. Later on, these maps will be assumed to be Lipschitz continuous
for the total variation or the Dudley norm, which both suffice.

The question we will be interested in is the behavior of the Markov operator in (1.1) around attractors
of the dynamical system. Specifically, we wish to find a region around the stable equilibrium where an
invariant and ergodic measure is supported and investigate the properties of this region. Generalizing the
approach of Alkurdi, we will allow stochastic interventions at random times, only assuming that there exists
At > 0 such that p, ([0, At]) = 0 for all . That is, jumps cannot happen arbitrarily fast, uniformly in space.

1.1 Model Set-Up and Assumptions

A priori, specific properties of the operator in (1.1) will be difficult to prove beyond very general results. The
reason for this is that each of the different model components influence the behavior of the operator. One
can imagine that, for instance, the convergence behavior of the dynamical system to its asymptotic solution
and the probability distributions for the jump times and jump locations will have a dramatic influence on
the persistence of stability. In one way or another, it will be necessary to require some regularity on these

11



quantities to ensure that an invariant region for the operator exists and displays nice enough properties.
This will be made precise in this section.

1.1.1 Assumptions on the Dynamical System and Perturbations

In the remainder of this section we will describe in more detail the assumptions for the dynamical system
and for the perturbations that will be used in this thesis. Some core notation will be developed.

Assume that there exists a set B C S such that B is closed and invariant for the flow &, that is, for
all t > 0, ®;(B) C B. Moreover, assume that there exists a unique z* € B such that ®;(z*) = 2* for all
t > 0, with other words, «* is an equilibrium of the deterministic flow ® and it is unique. We would also
like to assume that there are no periodic solutions inside B, that is, there exist no y € B, 7 > 0 such that
®,.-(y) =y for all n € N. Assume lastly that for every y € B, it holds that d(®:(y), z*) — 0 as t = oo, with
other words, x* is an asymptotically stable equilibrium. Note that these properties are ubiquitous in metric
analysis. In metric analysis, we refer to the set

By ={y e S:d(P:(y),z") = 0, as t — oo}

as the basin of attraction of z*. In our setting, B = B,~. Furthermore, we would like to make the following
assumptions about the PDMP.

Assumption 1-§. We assume that there exists Lg > 0 such that for all ¢ > 0 and all z,y € S:

d(®¢(), P1(y)) < Lad(,y).

If Ly < 1, then Assumption 1-S describes how the deterministic flow ® is a contraction. In specific settings,
such as when the flow ® is generated by an ODE in R", it can be shown that the existence of an asymptotically
stable equilibrium causes the flow to be a contraction. This builds on non-trivial results that will be exposed
in Chapter 3. We recall that the Hausdorff-semidistance g between two sets £, F' C S is given by

ou(E,F) def sup in;f? d(z,y), (1.2)

r€EYE

and the Hausdorff distance is given then by
dy (B, F) ¥ max (65 (E, F), 64 (F, E)) . (1.3)
We would like to place the following assumptions on the perturbations.

Assumption 1-P. The map x — g, is Lipschitz continuous with respect to the total variation norm, with
Lipschitz constant Lj. Moreover, there exists L, > 0 such that dy (supp gz, supp gq,) < Lyd(z,y) for all
x,y €S.

Assumption 2-P. There exists a continuous, non-decreasing function f : R, — R, such that f(0) = 0,
f(t) < Cyt for all t > 0, for some C; > 0, with the property that

d(®i(z),z) < f(t)
forall z € S.

Assumption 3-P. The map x — p, is Lipschitz continuous with respect to the total variation norm, with
Lipschitz constant L;,. Moreover,there exists L, > 0 such that dy (supp pz,supp py) < Lyd(z,y).

Assumption 4-P. L;, L, Ly satisfy
/ /
L+ LiLg < 1.
Moreover, Ly, Lq, Cy and Lg satisfy
Lq (Lq> + Cpr) < 1.

Assumption 5-P. There exists R* > 0 such that the closed ball B* = B[z*, R*] of radius R* around z* is
contained in B and
diam suppg, < (1 — (LqLe + max{L,Cy,1}L,)) R*

for all x € B*.

12



Remark 1: In some cases, like [1], p, = da¢ for all © € S, meaning that there is a deterministic jump
time. This causes L, = 0. In our setting, p, is allowed to vary slightly depending on the position, controlled
by the constant L,. From a modeling perspective, this can describe uncertainty of measurement or other,
place-dependent, effects for the perturbations to take place.

Remark 2: Assumption 4-P can fail when looking at flows that have a periodic solution, or an asymptoti-
cally stable limit cycle. This is for the following reason. Let v : Ry — S be a continuous, periodic function
(with period 7) such that it is a solution to the dynamical system. ~ gives rise to a closed curve I' C S. Let
x,y € I'. If there exists Lg such that d (®:(z), P+(y)) < Lad(z,y) for all t > 0, necessarily Le > 1. Indeed,
d(z,y) = d(Ppr(z), Ppr(y)) for every integer n. If S is a vector space or Banach space and supp ¢, =+ C
with C some fixed set, then

dp (supp gu,supp qy) = dg(z + C,y + C) = d(z,y),

which means that apparently one cannot always allow L, < 1, and Assumption 4-P does not hold. In general,
thus, if L > 1, then one needs to choose g, such that L, < 1. As noted, getting L, to be arbitrarily small
may not be an available option, depending on the specific structure of the problem at hand. The implications
of this are severe: in the case of a limit cycle, Assumption 4-P cannot be true and as such the techniques
developed as an extension to those in [1] cannot be extended to the case of there being an asymptotically sta-
ble limit cycle. With other words, non-expansiveness is not the suitable property to investigate in such cases.

Remark 3: We remark that Assumption 2-P always is true for the solutions of & = f(x), when f is a
Lipschitz continuous function on a bounded, positively invariant domain S C R".

1.1.2 Properties of the operator P

Many results that one could wish to use for proving existence and uniqueness of ergodic measures for a given
operator on measures require certain conditions on the operator. The study of the operator P gives rise, in
abstract, to many interesting properties. Our goal is to first explore how several abstract properties of the
perturbations give rise to such properties. In doing this, we show how relaxing or tightening assumptions on
the model changes the properties of the operator.

Before introducing our results, let us introduce the following notation. Let M(S) be the space of Borel
measures on S, M™(S) the set of positive Borel measures on S and P(S) the set of Borel probability mea-
sures on S. We will denote M (S), equipped with the total variation norm, as M(S)ry and similarly for
the other spaces of measures. We let Cp(S) be the collection of bounded and continuous functions S — R,
BM(S) the collection of bounded and Borel measurable functions on S and BL(S) the set of bounded and
Lipschitz continuous functions on S. Let finally the deterministic flow be denoted by ® : Ry x S — R given
by (t,z) = D:(x).

Recall (for example from [1]) that a Markov operator P is said to be regular if there exists an operator
U which maps BM(S) into itself such that (Uf,u) = (f, Pu) for all f € BM(S) and u € M™(S). Here,
(f,v) = [ f(z)r(dz). In that case, U is unique and is called the dual of P. When P is regular and its dual
maps Cp(S) into itself, it is called Markov-Feller, when it maps BM(S) into Cy(S), it is called strong-Feller
and when the map z — PJ, from S to M(S)v is continuous it is called ultra-Feller.

Define the family of operators {Q;};cr, and the operator P as follows. For t € Ry, let Q; : § — P(S) such
that = — gg,(,) and P:S— P(R4) be given by x +— py.

Proposition 1.1.1. If the family {Q;}ier, is equicontinuous with respect to || - || 7y on P(S) and P is
continuous with respect to || - ||rv on P(R4), then P is strong-Feller.

Proof: Let f € BM(S). Assume that f # 0 for else there is nothing to prove. Recall that the dual operator
U of P is defined by the relation (f, Pu) = (U f, u) for all f € BM(S), u € P(S). Recall that

(f. Py = /S / + [S F ) @ou (0 (d)pa (dt) u(d),
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whence for x € S, Uf(z) = fR+ Js F(¥) 4@, (2)(dy)ps(dt). For the boundedness of U f, note that - trivially,

Uf(z)| = < 1 lloe-

/ / F ) w0 (dy)pa ()
R, Js

Hence, |U fllco < || flloo- Now, fix € S and let € > 0 be given. Let §; be such that ||p, — p.||Tv < 72”;%0,

whenever d(x,z) < d1. Let 03 be such that [gs, ) — o, (2)llTV < m, for z such that d(z,z) < d2. Let
t > 0. Let finally § = min{d;, d2}. Now,

Uf(x) — Uf(z)| = /R /S £ (0)t0sco) (dy)pa () — /R /S F )0, (dy)p-(dt)

/R + /S £ (0) o) () () — / + /S F(0)am. o) (dy)pa(dt)

/R + /S F ) amace) (dy)pa () — / + [3 F () ama(e) (dy)p=(dt)

<

+

Let us treat each of the terms separately. Commence with the first term and note that it satisfies

< / 1flloo - [400(0) — GoriollTv Paldt)
Ry

/ / F) G e) — Gou(2))(dy)ps (dE)
R, Js

< flloo sup 199, (@) — 4@, (»)lITv (since p, € P(Ry))

< (by equicontinuity of Q)

NN e

The second term satisfies

/ / F@) 4,0 (@) (pa — p)(dt)
Ry JX

< / 1 loelpe — p2(de) (since ga,(z) € P(S))
Ry

= ||fHoo : pr —pzllTv
€

<3 (by continuity of P)

So |[Uf(z) — Uf(2)| < e whenever d(z,z) < 6§, Uf € Cp(S) and P is strong-Feller.
O

In general, the above conditions may be difficult to check or restrictive. When one is not able to control the
behavior around the attractor well, the condition that

sup [|qa, (z) — 9o, (2)lTv < €
>0

whenever x, z are close enough may not be feasible in practice. As an example, consider a deterministic
dynamical system given by an ODE in R”. Even though it is known that the solution to the ODE is
continuous in the initial conditions, estimates such as Gronwall’s inequality do not give adequate bounds on
the distance between the flows when ¢ increases. This is a problem, since then it becomes virtually impossible
to make estimates about the distance between the jump distributions. For this sort of condition to hold,
we need to make more assumptions on the dynamical system to relax the conditions on the perturbations.
To address this, Szarek and others in the literature (for instance see [18]) have defined a property called
contractivity on average. Let x,z € S. The model is contractive on average in || - ||pv-norm if

/+ 90, () — Go, (=) [l TVvP(dt) < 0d(x, 2)
R

for some 0 < 6 < 1, uniform for all x € S. One might wonder under which conditions such contractivity on
average holds. It turns out that this property is natural and is used often in the literature, but in practice
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is difficult to demonstrate even for basic examples. This is a problem we will also encounter in Chapter 3 of
this thesis.

Nevertheless, good properties of the Markov operator P can be proven with Assumptions 1-P through
5-P. This is shown by the following result.

Proposition 1.1.2. Under Assumptions 1-P and 3-P, P is strong-Feller and its dual map U maps BM(S)
to BL(S).

Proof: From the estimate in Proposition 1.1.1, we bound

/R + /S F )00 (dy)pa (dt) — /R + /S £ (0) o) (dy)pa(dt)

/R + /S F(0)amce) (d)pa(dt) — /R + /S £ (0w, ()2 (d)

Uf(z) =Uf(2)] <

+

The first term can be bounded as

< £l / ey — G o) v ()

< 1 fllo / L d(®y(x), @4 (2))pa(dt)

< [ flloe - Ly Lad(z, 2).

/ / F) @0 e) — o, (0)) [dy)po (dE)
R, JS

We bound the second term as

/R + /S F ) weo (dy)paldt) — / + /S F (00,0 (dy)p2 (A1)

< [1fllso / 1pe — p:](dt)

< fllsollpz — p2llTv
<Ly, || fllood(z, 2).

We conclude for K. = ||f|leo - (Lp + LgLa), |[Uf(x) — Uf(2)| < K.d(x,z) and this proves the claim.
O

Remark 1: The procedure of Proposition 1.1.2 only considers ||¢, — ¢u||Tv, where the distances no longer
depend on the time. This fully decouples the jumps from the jump times and facilitates in checking model
assumptions.

Remark 2: Instead of using the Lipschitz property of the maps x — p, and =z +— ¢, the estimates in
the proof of Proposition 1.1.2 immediately suggest that P is Markov-Feller whenever the maps « — p, and
T — ¢, are continuous with respect to the total variation norm. That is, there is no need for the Lipschitz
property if the Markov-Feller property needs to be shown.

1.2 Persistence of Stability around the Equilibrium

Following the Markov operator approach proposed by Alkurdi, we will prove in this section the existence of
an invariant ergodic measure with support in B* that is asymptotically stable. This is what is called in the
literature ’persistence of stability’.

1.2.1 Existence of a P-invariant neighborhood

An essential ingredient for the proof of the existence of the ergodic measure is the existence of a P-invariant
neighborhood. If such a neighborhood would not exist, then iterating the operator P would not yield a
suitable limit for the measure and so this approach would fail. For our model description, this is a direct
consequence of ([1], Proposition 4.3.3) with the condition (1 4+ L) < 1 in the condition of the proposition
replaced by the conditions on Lj,, L, La, Ly, L, in Assumption 4-P. We can thus immediately conclude that
B* is P-invariant.
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1.2.2 Non-expansiveness of P

This section will be the first step in finding an invariant measure for P on the invariant region B* that
was defined above. An important ingredient in establishing the existence of an invariant measure is the
non-expansiveness of the Markov operator P. We state and prove an analogous result to ([1], Lemma 4.4.1).

Recall that P is strong-Feller, meaning that its dual operator U maps bounded and continuous functions f
into the space of bounded Lipschitz continuous functions. Let L’ be the Lipschitz constant of the map P
from assumption 4-P.

Lemma 1.2.1. If f € BL(B*), then Uf € BL(B*) with |U f|rip < [|flloc- Thus, [|U fllmaz < ||fllmaz-

Proof: In fact, any bounded and measurable function f is mapped onto the bounded Lipschitz continuous
functions by U. By the proof of Proposition 1.1.2, for x, z € B*, one obtains the estimate

|Uf(z) = Uf(2)] < I fllecKud(z, 2)
for some suitable constant K, such that
K,<L,+LsLs <1,

where the last, strict, inequality holds by Assumption 4-P. Consequently, ||U f|lmax < max(1, K.l floo)|l f]lmax-
This finishes the proof of the claim.

O

Proposition 1.2.1. For pu,v € M*T(B*), |Pu— Pv| gy < || — v|| pm. Hence, P is non-expansive and in
particular, satisfies the e-property.

Proof: We may estimate using Lemma 1.2.1

[(fs P—Pr)| = [(Uf, (= v))| S U Fflmasllpe = vllen < [1f lmaxll = vi[em,

since the Fortet-Mourier norm takes the supremum over the set {f € BL(B*) : || f|lmax < 1}, we find that
|1Pr— Pv|lgm < ||t — v|lpMm, hence P is non-expansive, so P" is non-expansive for n € N. We conclude that
{U™f : n € N} is equicontinuous for every f € BL(B*) and therefore P satisfies the e-property.

O

1.2.3 Dynamics of the supports

From the properties of the dynamical system, it is possible to characterize the dynamics of the support of
iterates of the Markov operator. This is interesting in its own right, since it characterizes the support of an
invariant measure, but it is also necessary to conclude the property that P is globally concentrating, as will
be shown in the following section. Following Alkurdi, we define and prove properties of the support map for
the stochastic process. Define the support map as

Vp(E) = m, ECS.
zeEE

From ([1], Proposition 2.3.7(ii)) we know that if P is Feller, then supp(Pu) = v, (supp(u)) for p € M*(9).
That immediately implies that supp(P"d,) = 1, ({z}) for all z € S and if 2 € supp(q,) for all x, then,
letting 71,...,7, be run times of the system in between interventions also ®sy-n . (z) € supp(P"d,) for
reS.

The idea of the key result of this section is to show that Assumption 4-P implies that the support map
1, has a unique fix point in the class of closed subsets of B*. From this, we will conclude that the support
of the invariant measure will be the unique fixed point of the mapping v,. We will introduce two lemmata
characterizing supports, before proceeding with the proof that v, has a unique fix point.
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Lemma 1.2.2.

supp (Pd) C U supp (4, (z))

tesupp pg

Proof: Let xg € supp(Pd;). Then for every § > 0, Pd,(B(xo,0)) > 0. Also,
PLE) = [ o co(Epaldo)
Supp pu

so for all § > 0, py({t € supp ps : qa,(x)(B(z0,6)) > 0}) > 0. Take § = L for n € N. There then exists
tn € supp py such that g, (x) (B (xo, n)) > 0. So, B (:vo, n) ASupp qe,, (z) 7& (), since s, (x) is concentrated
on its support. Pick x,, € B (930, n) Msupp qs,, (). Then, r, — xo, while z;, € UteSupp . SUPD 4, (z)- This
concludes the proof.

O
Before we can provide a converse so that equality holds, we need one technical result.

Lemma 1.2.3. Let S be a Polish space with admissible metric d. Let o > 0. If p € M™(S), and xg € S
such that w(B(zo,7)) > « for some r > 0, then there exists 0 < r' < r such that u(B(xo,r")) > a, and
w(0B(zg, ")) = 0.

Proof: For any increasing sequence (1, )nen C (0,7] such that v, T 7, u(B(xo, 7)) = w(B(zo,7)) > a. Hence,
there exists some ng € N such that u(B(zg,rn,)) > a. Put g def Tno- Then, ro > 0 and u(B(zg,r")) > « for
all ' € [ro, 7).

The map @ : [ro,7] X S — R given by (r',z) — @ is separately continuous in 7’ and z, so it is
jointly Borel measurable (see [19], Theorem 7.14.5, p. 129). It is also the case that

(B ")) = [ L @) = [ 1 sy @) = [ Lo (0wt

Since ¢ is jointly Borel measurable, (r',y) — 1[()’1)(1#(7‘ ,y)) is jointly Borel measurable. By the Fubini-
Tonelli Theorem (see [19], Lemma 7.6.4, p. 93), the map ¢ defined by 7" — u(B(xo,7’)) is Borel measurable

on [rg,r]. In a similar manner, one shows that ¢ : 7' — u (Bzo,r’]) is Borel measurable on [ro, 7], where
Blxg, '] is the closed ball centered at x¢ of radius '. Put ¢ = ¢ — ¢.

According to Lusin’s Theorem, there exists a compact subset K C [rg,r] of strictly positive Lebesgue
measure, such that ¢|x is continuous. Since the Lebesgue measure is non-atomic, K must have at least
denumerably many distinct points. Let (r,)nen be a sequence in K that consists of distinct points. Since
K is a compact metric space, there is a subsequence (1, )ren that converges to r* € K as k — oo.

From (r,, )ken We can construct a further subsequence, denoted the same for convenience, that is either
strictly increasing, or strictly decreasing towards r*. Put S(zo,r’) = Blzo,r’'] \ B(zo,r’) = {z € S :
d(x,z9) = r'}.

First case, ry, T r*. Define 4, def B(zg,rn,) and Ay def B(zg,7n,,) \ B[z, n,_,]. Then,
oo
B(zg,7") = |_| Ak US(xo,Tny)s
k=1

(where LI denotes disjoint union). So,
o0
p(B(xo, 7)) = > pu(Ax) + p(S(w0,7n,)) < 00
k=1

Hence, limy_, o0 p(S(x0,7n,)) = 0. Because r,, € L and ¢|k is continuous,

,u(S(xo, T*)) = klglgo ,u(S(aco, Tny) = 0.
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Second case, ry,, | r*. Now define A; = B(xzg,7y,) \ Blzo, n,] and Ay, = B(zo, 7y, ) \ Blro, n,,,). Then,

[ s

B(xg, ") = [Ar U S(z0,7m,4,)]-

k

1

Hence, as above, limy_, oo p(S(xo, 70, ) =0, 1e1ding the conclusion that p(S(zo,r*)) = 0. Now observe that
0B(zo,7*) C S(xq,r*), so u(0B(xg,r*)) =

O

Lemma 1.2.4.

U SUPP 4o, (x) C supp Pdy
teEsupp pz

Proof: Let tg € supp ps, To € SUpp ga, (x)- Let 6 > 0. Since to € supp pa, ps (B (tg,r)) > 0 for all » > 0.
If 43, (x) (0B(x0,9)) # 0, choose 0 < ¢’ < § such that 4o, (x) (0B(x0,d")) = 0. This is possible because of
Lemma 1.2.3. Then, for any sequence t,, — tg,

im g, (@) (B(20,0")) = qa,, () (B(wo,d")) > 0.

tn—to

There exists 7 > 0 such that gg, () (B(x0,06")) > m > 0 for every t € B(to,r). Then,

P, (Blro, ) = |

4, (z) (B(w9,6")) po(dt) > /( )q@(z) (B(z0,98")) pe(dt) > mp, (B(xg,d")) > 0.
Ry B(to,r

We conclude that Pd, (B(xo,d)) > 0 for all § > 0. With other words, z¢ € supp PJ,.

In fact, this result gives a converse, due to the following.

Corollary 1.2.1.

supp Po, = | ) supp qa, ()
tesuppps

Proof: we have proven thus far that supp (Pd,) C UtESupp - supp(ge, ()) and that Ut@upp o SUPP G, (z) C

supp PJ,. Since supp PJ, is closed, this implies that also Ut€supppm SUPP 4o, (x) C supp Pd., which is what
remained for the equality to hold.

O

With this characterization out of the way, we can continue to prove the main result of this section. Recall
first that by definition (see for instance [1], p. 63), the hyperspace H(B*) is the collection of all closed and
bounded subsets of B* endowed with the Hausdorff metric d. Because of the continuity of the distance
function d, we find that for any F, F C B*,

dy(E,F) = dy (E,F).

From this fact it follows that, writing ¢, (E) def Ugepsupp P,

A (Vp(E), ¢p(F)) = du (¥, (E), 1, (F)). (1.4)
We also have the following result.

Proposition 1.2.2. Let {Eu} 4, {FB}BGB be two indexed collections of sets. Then,

0 (UaeaFEa,UsepFp) < min{sup inf 0y (Fq, Fa), mf sup 6H(EQ7F5)}

aEABE peB a€eB
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Proof: By definition,

0 (UaeaEq, F) = sup sup d(z, F) = sup 6y (Eq, F).
acAzecE, acA

Also, for any E,

0y (E,UgepFg) = sup | inf inf d(z,
(B, UsepFjp) xeg<ﬁ63ygﬁ( y))

<supd(x,Fp) forall € B
ek

=0y(E, Fg) forall B e B.

And so we conclude that o (F,UgepFp) < infgep dp(E, Fp), which finishes the proof.

With this result in mind, we can prove the contractivity of the support map on H(B*).
Proposition 1.2.3. v, is a contraction on (H(B*),dy).
Proof: By Assumption 1-P, we have that

p (supp Pé,supp Pdy) = 61 (Utesupp p. SUPP o, ()> Ut esupp p, SUPP (o, (1))

< sup inf Oy (supp 4%, (z)> SUPD qq)t(x)) (due to Proposition 1.2.2)
tEsupp ps t ESUPP Dy

< Ly sup i?/f d ((z), @ (y))
t

Then, we have for ¢ >t/

d(®(x), P (y) < d(Pu(x), Pp(2)) + d (Pr (2), Prr (y))
<d(®i_yp (P (), Py (x)) + Lod(z,y) (due to Assumption 1-S)
< f(t—t") + Lod(z,y). (due to Assumption 2-P)

If t <, then we obtain d (Py(x), Pr(y)) < f(' —t) + Lad(x,y), so in general we have the estimate
d(Q(x), P (y)) < f (It =t']) + Lod(z,y). (1.5)
Hence we obtain that

6p (supp Péy,supp Po,) < L, sup  inf (f(|t' —t|) + Led(z,y))

tEsuppp, v ESUPPPy

=1L, (f (supi?,f [t — t'|> + L@d(x,y)>
t
< Ly (Cydpr (supp pe,supp py) + Lad(z,y))

where the second line follows from f being continuous and non-decreasing. Invoking now Assumption 3-P
yields that
du (supp Pdy,suppPéy) < Ly (Cy - Ly + Lo) d(z,y).

From Assumption 4-P, it follows that there exists # < 1 such that
0p (supp Pdy,suppPdy,) < 8d(zx,y). (1.6)

Hence, for E, F € H (B*), using Proposition 1.2.2 we obtain

11 (Up(E), vp(F)) = 0 (v, (E), ¢p(F)) (by 1.4)
= 0g (Ugegsupp Pdy, Uyecpsupp Pd,) (by definition)
< sup inf dy (supp Pd,supp Pd,) (by Proposition 1.2.2)
zeEBYEF
< 0d(z,y) (by (1.6))

With other words, we have found that dg (¢, (E), ¥p(F)) < 0du (E, F), and so 1, is a contraction on H(B*).
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O

Since B* is closed and v, is a contraction, the Banach Fixed Point Theorem implies that 1, has a unique
fixed point D* € B* with the property that ¢ (£) — D* as n — oo whenever £/ € H(B*). Hence, we arrive
at the following proposition.

Proposition 1.2.4. If P has an invariant measure p* € MT(B*), then, supp(u*) = D*.

Proof: Since supp(Pu*) = ¢, (supp(p*)) given that P is Markov-Feller, it follows that supp(x*) must be a
fixed point of the map 1/,. Since the Banach Fixed Point Theorem gives one unique fixed point of the map
1p, we conclude that supp(p*) = D*.

O

1.2.4 Existence, uniqueness and stability of an invariant measure

We are finally ready to establish the main result of this section. We will use the following concept, where
the definition has been taken from Alkurdi.

Definition 1.2.1. A Markov operator P on M(S) is called globally concentrating if for every ¢ > 0 and every
bounded Borel set A C S there exists a bounded Borel set B C S and an integer ng such that P"u(B) > 1—e
for n > ng and u € P(A). Tt is called locally concentrating if for every e > 0 there exists & > 0 such that
for every bounded Borel set A C S there exists a Borel set C' C S with diam(C) < € and an integer n* such
that P"u(C) > « for all n > n, and pu € P(A).

We will use a well-known result by Szarek ([2], Theorem 5.4) that allows us to conclude the existence of the
invariant measure.

Theorem 1.2.1. Let (S,d) be a Polish space. A non-expansive, locally and globally concentrating Markov
operator is asymptotically stable.

Proposition 1.2.1 gives that P is non-expansive, S is bounded so P is immediately globally concentrating.
Therefore, all that is left to prove is that P is locally concentrating. The proof of the following theorem from
Alkurdi immediately applies to our Markov operator P by Proposition 1.2.3, hence we simply state it below
without proof.

Theorem 1.2.2. Let z € D*. For all r > 0 there exists N, € N and a > 0 such that P"6,(B(z,r)) > « for
all x € B* and n > N,.

O

We conclude that P is locally concentrating. The following corollary also comes from Alkurdi.

Corollary 1.2.2. Let z € D*, for all T > 0,
inf liminf P"§,(B(z,r)) > 0,

rEB* n—o0
with which we arrive at the main result of this chapter.

Theorem 1.2.3. Under Assumption 1-S and 1-P to 5-P, there exists a unique ergodic measure p* of P
restricted to B*, which is asymptotically stable on B*.

Proof: P is locally concentrating, it is globally concentrating as B* is bounded. By Proposition 1.2.1, it is
non-expansive. Theorem 1.2.1 now gives the result.

O

1.3 Finding all ergodic measures on S: the KBBY-decomposition

In the proofs of this chapter, we related the uniqueness of an ergodic measure to the supports of P™J, for
x € B (or, more generally, for € S). It is no coincidence that this helped to give a good estimate for the
uniqueness of the measure. A technique that relies on characterizing all the invariant measures on a space S
under the action of a Markov operator P is the ergodic decomposition of Krylov-Bogoliubov-Beboutov-Yosida
(henceforth KBBY).
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1.3.1 Background: the decomposition

The KBBY decomposition is a powerful technique that a priori characterizes all ergodic invariant measures
for a given Markov operator. The underlying theory is beautiful and the interested reader is encouraged
to acquaint themselves with the theorems underlying this decomposition of the state space, most notably
Zaharopol [20] and in the general case of a Polish state space Worm ([21], Chapter 5).

In short, the KBBY decomposition provides a description of all invariant ergodic measures by consider-
ing the Cesaro averages of the Markov operator. Following [1], consider the Cesaro averages P(™) of P and
the associated measures €, for x € S, defined as

n—1 n—1
1
(n) _ - k _ k
P - ,;_OP , € nlglgo ,;_OP Oy

whenever the latter limit exists. Since P is Markov-Feller, if the limit exists, the measure €, necessarily
is invariant. The KBBY decomposition of the space provides for a set I'cpse such that e, is an ergodic
measure when z € I'cp;e. The power of the KBBY decomposition is that it as a consequence of the KBBY
theorem, any invariant ergodic measure is equal to some ¢, for x € Iy (for the details see the discussion
in [20], Chapter 2 or [21], Chapter 5. This shows that the KBBY decomposition in fact does give an a priori
description of all ergodic measures associated to the Markov operator.

1.3.2 The KBBY decomposition in the non-expansive case

Our previous results tie into the framework of the KBBY decomposition as follows. As proven for the non-
expansive case, supp(Pd,) C B* for all x € Br. At the same time, it was proven that all measures p that
had support on Br satisfied P"u — p* for p* the unique invariant ergodic measure with support contained
in B*. This means that ¢, = p* for all x € Bp, which means that the only ergodic measure with support in
the basin of attraction is equal to p*.

If Br is the entire state space, this gives a complete characterization of the ergodic measures. In many
applications, such as the setting of Chapter 2 of this thesis, Br may be the interior of the state space. In
such a case, one needs only consider the dynamics on the boundary. In fact, such a procedure is done in
the doctoral thesis of Taleb Alkurdi [1]. In such cases, as we shall also see in the next Chapter, there exist
ergodic invariant measures on the boundary as well. From the literature it is well-known (see, for instance,
the treatment given in the standard reference [22]) that any invariant measure is a convex combination
of these ergodic measures, extending the characterization of the invariant measures for the given Markov
operator to the full state space.

1.4 Alternatives for the continuity of the kernels

In the sections above, the Lipschitz continuity of the maps x — p, and = — ¢, was taken to be with
respect to the total variation distance on the space M¥(S). This is by no means the only distance that
can be used. In fact, as we will see in Chapter 3, the total variation distance is quite restrictive and does
not always give easy conditions to be satisfied for the continuity. Another distance on the space M™(S) is
given by the dual bounded Lipschitz norm. For its definition and basic properties, we refer the reader to [23].

Some of the results in this section carry over to the setting in which we take the dual bounded Lipschitz
norm instead of the total variation norm on the space M™¥(S). For instance, for the result of Proposition
1.1.2, note that the estimate

J

holds. In particular, since

/ F@W) (@, (2) — 90,(2))(dY)
X

pe(dt) < || £llme /R ldoye) — 4o (o) | r.pe ()
+

Hf||BL/ 99, (z) = 9@, (=) |BLP2(dt) < || f[IBLSUD |90, () — qo. (=) IBL
R, >0
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holds, we may consider the condition that for each x and each € > 0 there exists § > 0 such that for all z
with d(z,2) < 0, sup;>¢ |93, (@) — 9@.(») |l < € This is indeed a weakening of the earlier inequality that
replaced the dual bounded Lipschitz norm with the total variation norm, since by ([21], Lemma 7.2.1), if for
each f € BL(S), Uf € Cp(X), P is Markov-Feller.

This implies that under some conditions that depend only on the deterministic dynamical system, the
two norms may be interchanged for the Proposition to still be true. The major drawback of this approach
is that this requires a priori knowledge of the dynamical system, which is the reason the total variation
distance has been used in the previous text. In particular, the remark above shows how the logic leading up
to the existence and uniqueness of the invariant ergodic measure does not hold in general when we replace
the total variation distance with the dual bounded Lipschitz norm.
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Chapter 2

Uniform Equicontinuity on Balls and
an Invariant Ergodic Measure

A central component of the main theorem in the previous chapter was the non-expansiveness of the operator
P. Non-expansiveness is a well-known property that has received plenty of attention in the literature (see
for example [2] and the discussion around this property subsequently in [18]). However, the last section of
Chapter 1 showed that the restrictive conditions needed to make the operator non-expansive are incompat-
ible with the complicated dynamics associated to a PDMP where the underlying deterministic system has
an asymptotically stable limit cycle. This motivates learning if conditions weaker than non-expansiveness
still lead to the existence of an invariant and asymptotically stable ergodic measure p, so that these can be
verified for a model that has an asymptotically stable limit cycle.

Another mathematical motivation for developing a novel approach is that the previous section used crude
bounds on total variation of measures to estimate the repeated integrals that come with the iterates of the
process, whereas a more careful study of the measures against which the repeated integrals are taken may
simplify computations and yield new results. The main challenge here is that in the repeated integrals seen
in the expressions for (f, Pu) and U f, there is a delicate dependence on pairs (z,t) in the jump kernels.
This was precisely the reason that restrictive conditions, such as the used equicontinuity of the families of
measure-valued maps, were needed to make the necessary estimates. It is of interest to simplify the struc-
ture of the problem such that easier estimates can be made under weaker and cleverer conditions that better
exploit the structure of the problem.

The Uniform Equicontinuity on Balls (UEB) property is an attractive tool in this regard. As we will
see, the weaker UEB property will allow us to establish the existence of a unique invariant measure, without
the difficulties associated to establishing the conditions for non-expansiveness. We will show that in fact the
conditions for the UEB property to hold are very natural conditions on the random dynamical system. These
conditions will hopefully be more straightforward to verify in practice, which is to the benefit of applications
in modelling.

The set-up of this chapter is as follows. First we will describe the limit cycle and its basin of attrac-
tion, then we will construct a new type of process, related to the process in the previous chapter, such
that the UEB property can be established. Under milder conditions than those of the previous chapter, the
existence and uniqueness of an invariant ergodic measure for the corresponding new Markov operator will
be proven. We extend the results back to the original setting, by finding a suitable transformation between
the process of the previous chapter and that of the present chapter, to conclude that the operator from the
previous chapter also has the UEB property and hence much weaker conditions are sufficient to yield the
existence and uniqueness of an invariant ergodic measure for the original process.

A final, more high-level, note before we begin the chapter is in order. In the previous chapter, the Lip-

schitz continuity of the maps = — p, and =z — ¢, was taken with respect to the total variation norm on
MT(S). The end of the last chapter included then a discussion about the dual bounded Lipschitz norm as
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an alternative assumption. In what comes, the dual bounded Lipschitz norm will be part of the theory -
for instance, of the definition of the UEB property. This means that invariably, there will be an interplay
of the two norms in the text. Special care has been taken to separate where each of the norms is a model
assumption made or when it is part of the necessary theory.

2.1 The stable limit cycle and its basin of attraction

In this section we rigorously define what we mean by the fact that the underlying deterministic dynamics
arising from the flow ® have an asymptotically stable limit cycle.

Assumption 1-A. There exists a continuous, periodic function 7 : Ry — S that gives rise to a closed curve

I' C S such that for some basin of attraction Br D T', all € Bp satisty that d(®.(z),I') — 0 as t — oo,
def

where d(®.(z),T") = infyer d(Py(x),y).
Assumption 2-N. There exist constants c¢1,c2 > 0 such that for all z € Br, d(®(z),T) < cre™2%, so I is
exponentially attracting.

Assumptions 1-N and 2-N are commonplace in metric analysis, where one often investigates periodic so-
lutions to dynamical systems. The exponential attraction is a naturally occurring phenomenon in many
different settings, for example in the study of Floquet theory, which will receive more attention in Chapter
3 of this thesis. In the previous chapter, a natural condition for the map iterates that ensured convergence
of measures under the map was the existence of 6 € [0,1) such that d (®:(z), P:(y)) < 0d(z,y) for all t > 0.
One might be tempted to have this same condition, requiring it holds whenever ¢ > At.

In practice, this condition cannot hold with periodic solutions, however. For, let z,y € I';x # y. Let 7
be the period of the periodic solution. There exists n € N such that nT > At. Then,

which is a contradiction if 8 < 1. So, when considering (exponentially) attracting periodic orbits as we do
in this thesis, one cannot assume (eventual) contractivity of the deterministic flow on an invariant domain
that contains the periodic orbit.

In fact, such a condition is unnecessary for our results concerning the behavior of the operator. The approach
in the remainder of this chapter will be to control the average properties of the jumps and jump times instead
via the model description of the perturbations.

Further, let B(x,r), denote the open ball in S for the distance d, centered at z and with radius r. We
let B[z, r] denote the closed ball in S centered at x with radius r. Given a closed curve T' in its basin of
attraction Br, we can investigate sets of points that are at most a distance ¢ > 0 away from I'. Let us call
this set D¢ and define it as

De=|JBlz.{)={yeS:dxT) <

zel

and, as the plots in the introduction inspired, when the perturbations are small (which is still to be defined!),
D¢ has the appearance of a thin ring, or donut-shaped region around I'. Having in mind that the limit cycle
arises from Hopf bifurcation around an unstable equilibrium x*, we define

d1(¢) e sup{r > 0: B(z*,r) N D =0}
¢ inf{¢ > 0:dy(¢) > 0.

We are ready to formulate the next assumption

Assumption 3-N. The dynamical system satisfies ¢* > 0.

24



Informally, this assumption requires that the basin of attraction around the region of attraction is large
enough that a ring exists around the limit cycle that lies within the basin of attraction and that the ring is
thin enough that there exists a hole in the middle of the ring. Pick now 0 < p < (*.

In a sense, none of the conditions on the dynamical system signify important constraints on the model.
In working with PDMPs, one often has a given dynamical system, for instance defined by a system of ODEs,
that later can be checked to have the properties in assumptions 1-A-3-A/. More contentious is how one
wishes to model the impulsive perturbations. We will propose the following assumptions for the perturba-
tions, commenting on their modeling validity and effect on the study of the problem under consideration.

For the remainder of this chapter, we will assume, as in Chapter 1, that the maps z — p, and = — ¢,
are Lipschitz continuous with respect to the total variation measure, with Lipschitz constants L; and Lfl
respectively.

2.2  Uniform Equicontinuity on Balls

In the following, we will use two concepts from [24].

Definition 2.2.1. A Markov operator on measures @ is said to be Uniformly Equicontinuous on Balls
(abbreviation: @ has the UEB-property), if for every ¢ > 0, there exists § > 0 such that for every x € X,

sup Q" i — Q"v|lpy, <€

neN
whenever u,v € P(X)B@9  where P(X)P9 is the collection of measures with support contained in
B(z,9).

Remark: Recall that Q is equicontinuous when for every pg and for all € > 0 there exists § > 0 such that
Q"1 — Q™ ol gy, < € for all p such that ||u — pol|f;, < 6. With other words, the UEB-property implies the
equicontinuity of ). This builds on non-trivial results. Note that the converse statement is not necessarily
true. In fact, as we will show below, equicontinuity as defined here for @) is equivalent to equicontinuity of

the family {U"f}, o for each f € BL(X). With that it indeed follows that

U f(z) = U f(wo)| = Q™ (6x — 0ao), /)] < [IflIBL1Q"0z — Q" 0z, llpr, < €.

Proposition 2.2.1. Let P be a Markov-Feller operator on the Polish space S. Let U be its dual. Let d be
an admissible metric for S. The following are equivalent:

1. P has the UEB-property relative to d;
2. {U"f:neN, fe BL(S,d),|fllzr <1} is uniformly equicontinuous in Cy(S);
3. {U™f : n € N} is uniformly equicontinuous in Cp(S), for each f € BL(S,d).

Proof: For 1. = 2., let ¢ > 0. Since P has the UEB-property relative to d, there exists § > 0 such that for
any zo € S, and any p, v € P(S)B@0:9) one has

(x) =sup [ P"pu — PVl 4 <e.
neN

One has for y = d,, v = §,, with =,y € B(z,d); any z¢ € S,

(*)ZSUP{ sup U"f(w)—U"f(y)l} <e

neN [ fEBL(S,d), |l fllsL<1

so for any x,y such that d(x,y) < § we have that |[U" f(x) — U" f(y)| < €, which is precisely statement 2..

Note that 2. = 3. is immediate, since the operators U are linear.
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For 3. = 1. we must use several non-trivial results, notably the notion that ”weak-implies-strong-
convergence” ([21], Theorem 2.3.24, p. 32). Suppose that P does not have the UEB property relative
to d. Then there exists €y > 0 such that for all § > 0 there exists x5 € S, us, vs € P(S)E#5:9) such that

sup || P"us — PnVﬁ”EL,d 2 €o- (2.1)
Take § = +, xp € S and g, vy € P(S)B(x’“’%) such that (2.1) holds. Then there exists n = nj with the

property that
||[P™ g — P wg|| > %60, keN (2.2)

And then,

sk — el = H [ [ b = bty ta)

BL,d
< /S /S 162 — 6, 1 apin ()i (dy)
< /S /S d(, )i (e (dy)

< /S /S d(z, i) + d(@r, y)pn(de)ve(dy)

2
<5 (supp(v) C B (2, 1) » ik € P(S))
Let f € BL(S,d). The family F = {U™ f : k € N} is uniformly equicontinuous in Cp(S) and uniformly
bounded. Also, ur — v, — 0 in M(S)pL, hence, according to ([23], Theorem 8), pr — v — 0 Cp(.S)-weakly.
A uniformly equicontinuous family like F is equicontinuous. ([23], Theorem 7) yields that ux — v converges
uniformly to 0 on F, that is,

[(P™* e — P™ v, f) = [(pr — v, U™ £)]

sup [{pur — vk, g)| = 0, as k — oo.
gEF

IN

Clearly, supy, || P™ i, — P™ vy < 2. Therefore, by ”weak-implies-strong-convergence”, it is implied that
| P™ puy, — P vy ||y, 4 — 0 as k — oo, which is in contradiction with (2.2). This finishes the last implication.

O

The interested reader can find more information in [24], especially in relation to non-expansiveness.

2.3 Semi-Concentrating Operators

Another important concept is that of a semi-concentrating Markov operator. In [24], we find the following
result, ([24], Corollary 2.4.1 or Lemma 2.4.2 (p.12)).

Corollary 2.3.1. Let P be a Markov operator and U be its dual. Assume that there exists a Lyapunov
function V', bounded on bounded sets such that

UV(z) <aV(x)+b, foralxeX
with 0 < a <1 and b> 0. Then for every e > 0 there exists B, a bounded Borel set, such that
liminf P"u(B) >1—¢
n—o0

for every p € P(X).
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Remark: The term Lyapunov function in the statement of the corollary is meant only to refer to the concept
of a test function whose existence guarantees a lower bound condition on the family of measures. It should
not be confused with the notion of Lyapunov function as normally used in dynamical systems theory, where
the concept plays an important role in the convergence of solutions of ODEs to given trajectories. See for
instance [36] for this interpretation.

From the corollary, the following semi-concentrating condition was derived in [18]. Let now C. = {B C
X : B can be covered with finitely many balls of radius €}.

Definition 2.3.1. A Markov operator P is said to be semi-concentrating if for every e > 0 there exists a
set C' € C. and « > 0 such that
liminf P"u(C) > o

n—oo

for all p € P(X).

These two concepts imply the following central result to this section, which was first proven in [24] and later
appeared in [18].

Theorem 2.3.1. If a Markov operator P is semi—concentrating and uniformly equicontinuous on balls, then
P admits an invariant measure.

O

It is worth mentioning that a new approach for a proof for this theorem is proposed in the forthcoming
doctoral thesis of Maya Ziemlariska [25]. The main idea is that if P is semi-concentrating and has the
UEB-property, then P is tight, hence it admits an invariant measure because it is continuous (it is a Feller
operator).

2.4 A new model description

Many of the ideas in the following are inspired by previous work done by Hille, Horbacz and Szarek in
the article [18]. Specifically, the recursion of the probability density for the jump times they use to arrive
at bounds for the difference |[U™ f(x) — U™ f(y)| inspired to develop a similar approach in a more general
setting. In their work, the additive perturbation applied to the process is governed by one probability law,
denoted v€, with support in B(0,€). In our setting, we defined a jump distribution ¢, possibly different for
each point in the state space, according to which the process jumps at random times. Note that from the
definition of the dual U to P, it follows that

Ug@ = [ [ [ Fan, o @pe () an, wpe(dz) ),

and immediately the difficulty becomes apparent in estimating the difference between U™ f(z) and U" f(y).
Although the dependence on the initial condition appears to only concern the factor in the outer integral,
the law of the process definitely still depends on the initial condition. More precisely,

n—1
ve(dty, ..., dty,dz1,...2n) = ® 90, (o sn) ([ Zn—i)Pz, 0y (dtn—i), 20 =2
i=0

depends very delicately on x. If one were to naively estimate the differences, the notation would be mislead-
ing enough to lead one to believe only the outer integral needed estimation, which is of course not the case.
This because U™ f(z) — U™ (y) roughly represents estimating the expected difference in f(X ™)), where X (™
represents the n-th iterate of the process under the laws v and v7.

A second difficulty in applying the methods of Hille, Horbacz and Szarek to this process is the alternat-
ing occurrence of g and p, depending on the arguments of the previous pair. This makes it difficult to group
all terms with ¢ and p together, which is essentially the approach in the proof of ([18], Lemma 4.7). To add
insult to injury, the dependence on the pairs is in the parameter of the jump distribution ¢ itself, which is
bound to give big problems unless heavy conditions are placed on the jump distribution.
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We suggest three modifications to the model set-up of Alkurdi [1], or [18], to work around these diffi-
culties. The overall aim is to place as few further assumptions on the process as necessary while attempting
to convert the process into a form that is more mathematically tractable.

1. Recall that the definition of the jump kernel g, is the probability distribution on the set of all possible
points that the process can jump to from x. Previous work, for instance [1], have modeled the jumps
in a general Banach space as an additive perturbation, such that one can find explicit representations
of the process iteratively in the perturbations. While this approach was not used in the preceding
chapters, its tractability makes it more attractive to consider in the remainder. Let now ¢, be the
probability distribution over the additive jumps, that is to say

Gz (A) = P(the process is in © + A after the jump) = ¢, (z + A),

which means that supp(g,) = (supp(¢.)) — z. In the remainder, we will omit the tilde and write ¢, for
the law governing the additive perturbation from x, meaning ¢, := §, hence forth.

2. We will change the order of jumping and deciding a run-time for the system. Switching the application
of ¢ and p means that the process started at x is instantaneously perturbed at the start, the additive
perturbation £ governed by the law ¢, and evolves deterministically according to the deterministic
dynamical system for a period governed by the law p,¢.

Writing X (™) (z) for the n-th iterate of this process, this defines the recursion
X(n) (J,‘) = (I)tn (X(n_l)($> + Zn) 5

where 2z, ~ gxn-1(z) and tn, ~ Px -1 (z)42, -

3. In some analogy to the work of [18], we do the following. Note that the paper [18] defines the time kernel
to be absolutely continuous with respect to the Lebesgue measure with some place-dependent densities.
As the jump times are unbounded from above in our model, we will assume that all jump kernels are
absolutely continuous with respect to a common probability density on RT, which is a generalization of
the case considered. Secondly, rather than assuming that all perturbations are governed by a single law
with support on some bounded set, we will much more generously assume that there is a probability
distribution on X to which all the jump kernels are absolutely continuous. With other words, there
exists v € P(R") and A € P(X) such that pe < v and g¢ < A for all { € X.

As is to be expected, the suggestions complicate the approach. For instance, one needs to prove again that
the resulting operator is Markov-Feller (or stronger) and explore under which conditions such results hold.
We will not do such a thing extensively. Write ) for the resulting operator of this new process on the space
of measures M(X) and note that by definition now

g = [ [ [ £ @) pesda ()

for f a bounded and measurable function. For V' the dual operator of @, this gives that

Vi(x) = /X [ @+ 9) e ()l (2.3)

suggesting that simple continuity assumptions on ¢ and p can be made to make the same estimates used in the
preceding paragraph to conclude that for each e > 0 for each x there exists 6 > 0 such |V f(z) =V f(z)| <e
whenever d(z, z) < d. Hence, we will not go into detail as to under which conditions exactly @ is strong-Feller
(or variations thereof).

We finish this section with two assumptions on the system, which will be assumed to hold from now on.

First, define
def .
A = inf {d(x,0Br)}.
inf {d(z,080))
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Assumption 0-U/. diam ¢, < A for all x € S.

Assumption 0-f is crucial, since it guarantees the invariance of D, under the action of the PDMP. Namely,
let x € D,. Then any process started at x cannot leave Br at the instantaneous jump. After At units of
time, the process is back within distance p from I'. Hence, D,, is invariant under the PDMP.

Furthermore, we would like to assume the following.

Assumption 1-U/. There exists 0 < v < 1 and Lg < oo such that for all z,y € S
/ 4 (XD (@), XD (9)) patar (dt1)as(d21) < d(2,y),
[ d(@ia 42,y +2) (9 ) (@t d2) < Lod(a.y)

Recall, that previously the condition of contractivity on average was defined in terms of the jump kernels,

/R+ 90, (2) — 9a,(2)lTv Po(dt) < Ld(z, 2).

This formulation is more straightforward and natural to check, since we relate not the distances of the jump
kernels to the contractivity of the system, but we directly relate it to the distances between iterates of the
process. This should be easier to use in practice.

Remark: The second condition in Assumption 1-U may seem artificial at first, but in fact it follows by the
following observation. Let x,y € S. In general, the quantity d (®,(z), ®,(y)) is difficult to control. However,
when the dynamical system is generated by an ODE & = f(z) for f a Lipschitz continuous function with
Lipschitz constant K on a bounded domain of R™, the Gronwall inequality holds:

d (@4(2), 4(y)) < e"'d(,y).
For that reason, we would like to assume the following property of the dynamical system.

Assumption 4-N. There is a constant K > 0 such that the Gronwall-like bound
d(Pi(x), By(y)) < e™'d(x,y)
holds for all z,y € S.

From the previous assumption, we make the following observation

/ A (@4 (2 + 2), By (y + 2)) (v © N)(dt, d2) < / Ktd(e, y)(d)A(dz) = d(z, y) / Ktu(dr),

Ry

meaning that if fR+ efty(dt) < oo, the condition is met. This relates the problem of contractivity directly
with the reference measures v, A\. This is preferable from a modeling point of view. Finally, recall that a
similar condition was discussed in Section 1.2, to establish the non-expansiveness of the operator. In that
setting, the size of the quantity fR+ ety (dt) was important, since a large size of this constant impeded
proving the non-expansiveness of the operator.

2.5 A measure-theoretic construction

To commence on the iterated process and exploit the probability measures to which the kernels are absolutely
continuous, a question we must deal with first is the delicate dependence of the jump kernel on the jump
sites in the repeated integrals. The problem here is that in the repeated integrals, the inner integral is
parametrized by the variable against which there is integration in the outer integral, meaning that reversing
the order of integration or expressing either of the integrals in terms of their reference measures is a subtle
procedure. Therefore, it is important to establish what the (measurable) dependence is between the Radon-
Nikodym derivative in the inner integral with respect to the integration variable of the outer integral. The
first result we can use is exercise 6.10.72 from ([19], Part II).
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Proposition 2.5.1. Let (X, A, u) be a probability space, A a countably generated o-algebra, (T,B) a mea-
surable space, and let u;, where t € T, be a family of bounded measures on A absolutely continuous with
respect to a positive measure i such that for every A € A, the function t — pi(A) is measurable with respect
to B. There is an A® B-measurable function f on X x T such that for every t € T, the function x — f(x,t)
is the Radon-Nikodym derivative of p; with respect to p.

Proof sketch (hint from [19]): If X = [0,1] and A = B(]0, 1]), then for every ¢, the Radon-Nikodym density
of p; with respect to p is given by the equality

Flat) = M e — en, 2+ eal) /il — e+ ),
with €, = n=% and f(x,t) = 0 if u([r — €n,7 + €,]) = 0 for some n. One can assume that the measure
1 has no atoms, since for its purely atomic part the claim is obvious. It is readily seen that the functions
we([z — €n, x4+ €,]) /([ — €n, z + €,]) are measurable with respect to B([0,1]) ® B, since the numerator and
denominator are continuous in x due to the absence of atoms and are B-measurable in ¢ by assumption. The
above limit exists for almost every x it ¢ is fixed, for all other x we set f(z,t) = 0. In the general case, by ([19],
Theorem 6.5.5) there exists an .A-measurable function £ : X — [0, 1] such that A = {¢71(B), B € B([0,1])}.
Set v = po&~1. Then 14 < v and by the above there exists a B([0, 1]) ® B-measurable version (x,t) — p(z,t)
of the Radon-Nikodym densities of the measures v, with respect to v. Set f(z,t) = p({(x),t). The function
f is measurable with respect to A ® B. Let t be fixed. Given a set A € A, we can find a set B € B([0,1])
with A = ¢71(B). Since Ig(£(x)) = I4(z), we obtain

() = u(B) = [ platywtay) = [

X

I5(€(@)) F(, t)(da) = /A Fl,)(de).

O

Let us verify, before applying the theorem to our measures, that we are in the right setting. Remember that
v, A are Borel measures, and that X is assumed to be Polish. Since X is second-countable, it follows that
B(X) is countably generated. For every z € X, the maps x — p, and x — ¢, are continuous and hence the
map & — p;(A) is measurable for any A € B(R;) and the map x — ¢, (A) is measurable for any A € B(X).
We will now be able to use this result as follows. By assumption, there exists v such that p; < v for each
¢ € X. By a first application of Proposition 2.5.1, there exists a function ; : RT x X — R such that

_ dpe

71)1(',5) - dv’

and 1, is B(R) ® B(X)-measurable. Hence, there exists a function 9 : RT x X x X — R such that

7 d 1+&2
wl('a§17§2) = %7

and ¢, is B(R1) @ B(X) ® B(X)-measurable. By a second application of Proposition 2.5.1, we conclude that
there exists a ¢ : X x X — R such that

_ de
¢( 75) - d)\ ’
and ¢ is B(X) ® B(X)-measurable. Define
le(Ta 517 52) = 1231 (T7 517 52)(25(527 El)a
and note that ¥ is B(RT) ® B(X) ® B(X)-measurable. Finally, we have that

/ F(@4(z 4 ) Pasy(dt)g.(dy) = / [ (@i(x +y) V(L y, x)v(dt)\(dy),
X JRT X JR+

where the integral is well-defined due to the measurability arguments above. In particular the map

T / £ (@(z + 1)) Wt y, 2)(dt) A(dy)
X JR+
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is measurable.

In the following, the aim is to translate the assumed Lipschitz properties of the maps = — pg,z — ¢,
with respect to the total variation norm to statements about continuity of the function ¥ in x. This will
prove to be extremely delicate. In particular, the assumption that the Lipschitz condition holds for p and
q with respect to the BL-norm a priori seems not to imply the desired property about the Radon-Nikodym
derivative W. Variants to this question have been formulated as open problems in the community before,
for example at the workshop ”Modeling with Measures” at the Lorentz Center in Leiden in December 2018,
without a solution. In general, in the BL-norm setting, making elementary statements about the Radon-
Nikodym density is involved. For instance, there are barely any results available to show that the density is
in LP instead of L' under the most basic assumptions. Hence, our efforts will focus on avoiding this difficulty.
Nonetheless, the following statement holds.

Proposition 2.5.2. If the maps © — p, and x — q, are Lipschitz with respect to the BL-norm, then the
map
F:58 5> MXxXxRy)pr, z—= Yzt x)v(d)\dz)

is Lipschitz in x.
Proof: Let z,y € S be given. One has that for general g € BL(X x Ry ) such that g(¢, z) = ¢1(¢)g2(#) - more

about this choice of functions will be relevant later - the quantity

‘ [t 20 20w 00,2 - [ o200,z 0d0 © )2

can be bounded by using the same decomposition of the differences as used previously for estimating the
difference of the measures p and ¢ (see for instance the proof of Proposition 1.1.1). This gives the following
upper bound on the difference of the integrals

- / () (dD)

/S IPz+a = Pety ™ - 192llBLR A |91 (2)I92(d2) + (|22 — gyl - l92]lBL(S) -
BL

as for the first term, note that

/S P24z = Poty ™ - l92llBL(RA) 91 (D)0 (dt) < LpllgallBLie,) |91 locd(2, )

by the Lipschitz property of the map  — p,. Since we may take ||g;||sr, < 1, ¢ = 1,2, that bounds the first
term as

/S 1Pz+a = Payll” - l92]lBLrs) |91 (F) 102 (d2) < Lpd(z,y)

For the second term, it is still required to estimate the Lipschitz coefficient of the functional term. To that
end, estimate

< HPZ1+y _p22+y||* : HQIHBL

/ 01 (B)per 1 (1) — / 01 (D)= (A1)
Ry

Ry

< Lyd(z1 +y,22 +y) - [lg1]lBL
= Lyd(z1,22) - ||g1]|BL

which means that ‘z — fR+ gl(t)pz+y(dt)’L < Lyllg1lBL, and

2 fa, 91 Opary(@)]| < llgrloes both
independent of y, so we conclude that

< max(1, Lp) - [|g1][sL
BL

- / 9pera (a0

SO

< max(l, Lp) : d(l‘, y)
BL

gz — ayll* - lg2llBL(S) -

R /R G (O)posy(dt)
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were again we have bounded ||g;||p. < 1 for ¢ = 1,2. Putting this together,

‘/g(s, DUt 2, 2)d(v @ 1) (s, 1) — /g(s, DU (L, 2 y)d(v © p)| < max(1, Ly)(1 + Ly)d(z,y)

which shows the required Lipschitz property.

Remark: The proof of the proposition above immediately reveals that the map
F:S5 > M(SXxRy)ry, == Ut z,x)v(dt)A(dz)

is Lipschitz when z +— p, and x +— ¢, are Lipschitz with respect to the TV norm. Under that assumption,
the connection between the Lipschitzianity of the map F' and that of ¥ can be related via the following
lemma.

Lemma 2.5.1. Assuming that x — p, and x — q, are Lipschitz with respect to the total variation norm,
the map x — V(t, z,x) is Lipschitz for almost all (t,z) € Ry x S.

Proof: By the Remark, we obtain, writing Ly = max(1, L,)(1 + L),

Ly -d(z,y) > sup
FEBM(R, xS):[| ]I <1

/f(t7z)\I/(t,z,x)(V®)\)(dt,dz)—/f(t,z)\I/(t,z,y)(l/®)\)(dt,dz)

= sup f(t,Z) {\Ij(thax) _\Ij(thay)} (V®)\)(dtad2)
FEBM(Ry xS):(| f][<1

= sup /f(t, 2) [U(t,z,x) — ¥(t, z,y)| (v @ N)(dt,dz) (See proof below)
FEBM(R: x S): [ flI<1

> / Ut 2,2) — Ut 2, y)| (v @ N)(dt, d=) (By inclusion)

and by the non-negativity of the integrand, we conclude that for (¥ ® A)-almost all (¢,2) € Ry x S,
|\I’(t,z,x) - \I’(tazay” < Ly - d(ﬂ]‘,y)

Proof of second equality: for the second equality in the chain above, let x,y € S and let B, C Ry x S
measurable and such that U(¢, z,2) — ¥(¢, z,y) > 0 on E; and let E_ be such that U(¢, z,2) — (¢, z,y) < 0.
This follows since ¥ (e, e, 2:) and U(e, e, y) are B(R,)® B(S)-measurable as (the product of) Radon-Nikodym
derivatives. Note also that £, N E_ = (. Then,

g = (1E+ - 1E—)(tv Z)f(t,Z) € BM(R-F X S)a

and that the norm of g is equal to that of f if f € BM(Ry x S) with norm smaller or equal to 1. Replacing
f by g gives the equality.

In particular, we have that for almost all (¢,2) € Ry x S,
|‘T = \Il(ta Z, ‘T)|L S max(l, LP)(]- + Lq) = L‘Ila
and we are done.

O

Remark: Proposition 2.5.2 requires only that the maps x — p, and =z — ¢, be Lipschitz continuous with
respect to the dual bounded Lipschitz norm, while the previous Lemma necessitates the Lipschitz continuity
of the maps. An adaptation of the argument above so that the desired property also is implied when there is
Lipschitz continuity with respect to the dual bounded Lipschitz norm would allow for the following results
to hold when only this continuity is assumed, but conform the observation prior to Proposition 2.5.2 this
does not seem like a feasible approach with the existing techniques.
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An alternative approach, the attractiveness of which from a modeling standpoint depending on the par-
ticular application, can be to define a model such that granted p,, ¢, for each x € S, the Radon-Nikodym
derivatives can be (explicitly) computed and shown to possess the desired Lipschitz properties. In some ap-
plications, this may well be possible and may in fact be easier than verifying the desired Lipschitz properties
via the total variation or bounded dual Lipschitz norms.

In any case, some form of Lipschitzianity is needed, which yields the following assumption on the model

Assumption 2-U/. One of the following holds

e The maps x +— p,, * +— ¢, are Lipschitz with respect to the total variation norm, with Lipschitz
constants L,, Ly < oo respectively.

e The map = — U(t, z, ) is Lipschitz with Lipschitz constant Ly < oo for (v ® A)-almost all (¢, z) €
R+ X S.

A crucial question in this section is to which extent the assumptions placed on the model earlier can be
relaxed. Here we show weaker conditions than in the previous section, which we will show imply that
the operator has the UEB-property and is semi-concentrating. These conditions are in full analogy to the
conditions placed on a much simpler dynamical system in [18], since the system is no longer contracting to a
single point, but rather has solutions converge to a periodic solution of the deterministic dynamical system.
Where not mentioned, we assume the same conditions to hold as in the original model. Specifically, we still
assume that the RHS of the deterministic dynamical system is Lipschitz with Lipschitz constant K and still
assume that the support of the jump times is uniformly bounded from below by a constant At.

2.6 The product measure and its Radon-Nikodym derivative

Now we are in a position to prove the UEB-property of the operator (). Recall that for @ to have the
UEB-property, one must show that for every e > 0, there exists § such that for all z € X

sup Q" — Q|5 < €
neN

whenever p, v € P(X)B®9)  Now note, for any two finite measures j, v, the following relation holds

Vh=v) = [Viautdo) ~ [Vigwa) = [ [vieumsa - [ [Viga@ma

- / / V(@) - VF@)u(de)(dy),
sup [|Q"p — Q" v|p, =  sup
neN

FlflsL<t //an(x)_anf(y),u(dm)l/(dy) ’

implying that we only need to estimate iterates of V™. By the definition of the dual operator V and the
construction of the process,

/ / / / Dy, X(" 1)( )+Zn))pX("*l)(m)—&-zn(dtn)QX("*l)(z)"'pw+z1(dt1>qai(dzl)'
R+ R+

n times

so that

By the above this gives (by abuse of notation omitting the repeated integrals; the meaning of these should
be obvious given the measure against which we are integrating),

n—1

v f /f b (X0 () +zn>) H\p(n iy Zny XD (g ))®1/(dtn_i)®>\(dzn_i),

i=0
where the @) symbol denotes the product of measures v and A with their respective coordinates. Write now

n—1

Pul(t)ir, ()i, @) = [T ¥ (bamis 20mss X0 @),

=0

33



and notice that B, is a measurable function with respect to the n-fold direct product and that it serves as
a Radon-Nikodym derivative as the n-fold product of the measures p and ¢. Finally, note that 3,, satisfies
the recursions

P (1)1 (20)imr @) = B ((E)iss (0)e, XD (@) Wt 21, ), (2.4)
P (), ()1, @) = Bt ()15 ()15 2) W (b, 20, X (@) (2.5)

for all x and (fixed) (¢;)7—q, (2;)?_; by definition. Summarizing, for = € X, it holds that

Vs /f q)t (X<n V() + 2, ))qsn(( D (), @ @udtn D) @ A dzn_(i41))-

1=

Remark: Earlier it was noted that "V™ f(z) — V" (y) roughly represents estimating the expected difference
in f(X™), where X(™) represents the n-th iterate of the process under the laws v* and v¥.” The notation
above makes this explicit.

2.7 Bounding differences of Radon-Nikodym derivatives

This section is meant to establish some properties of P, ((¢;)7 1, (z:)f-1, ). These properties will help in
estimating the differences for the iterates of f under V', which is a key step on the road to establishing the
UEB-property. In the remainder, we will use the notation t., = (¢;)f_, and zp, = (z;)f_, for 1<k <{<n
for the sake of convenience.

Proposition 2.7.1. For z,y € S and for almost all (t,z) € (R, S)®",

/{&Bn t,z,2) — Bu(t,z, y)}dy A" /{‘ﬁn 1 (tin—1,21m—1, %) = PBro1 (trn—1, 21m—1,9) } d(v @ p)"
+ /fpn,1<t1m,1,zm,l,y) {9 (tn 20 X (@) = @ (b0, 20, X (1)) } dlv @ V)"

Proof: Notice that for given (¢;)_;, (2;)7_,, one can re-write, using the recursion (2.5), so that

mn(tv Z, .I‘) - ;Bn(ty 2, y) - {mn—l (tl:n—lv Z1in—1, x) - mn—l (tlzn—la Z1l:n—1, y)} v (t’ru Zny X(n) (l‘))
+q3n71 (tl:nfh Z1:n71,y) {‘If <tn,2n,X(n)(l‘)) - v (tru ZnaX(n)(y))}

holds for fixed z and t. Integrating both sides with respect to (v ® A\)™ gives the equality
[ 6altz00) = ot )}l 0 0" = (),
and
x) = /‘Bn—l(thn—h Z1m—1,Y) {‘I’ (tn, zn,X(")(a:)) . (tn, zn,X(")(y)) } dlv @ \)"
+ / {Pr1 (trn—1,21:0-1,7) = PBn1 (trn—1, 21m—-1,Y) } ¥ (tn, ZmX(n)(@) dv @ p)".

Noticing that the inner integral in the second term can be integrated out, the claim is proven.
O

The equality above gives a first step in bounding the differences of J3,,. The following lemma will be the key
ingredient in establishing the UEB-property.
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Lemma 2.7.1. Assuming condition 1-U, there exists a constant C' > 0 such that for all n € N:

/ Pt 2,2) — Pt 2,9)| dlw © N < Cd(z,y).

Proof: From Proposition 2.7.1, we deduce using the triangle inequality

/I% (t,z,2) — Pult,z,y)| dv @ N)" /mn 1 (ttin—1, 21m-1 %) — Bo-1 (11, 21n—1,y) | d(v @ )"}
+ /mn_l(tm_l, Sme1sY) ‘\p (tn, s X(”)(a:)) v (tn, 2y X (y)) ‘ d(v @ \)".

Observe that
[ Bacstins et ) [0 (t0,20 X)) = (20, X000 dl 0" = o)

satisfies the following inequality due to the Lipschitz property

(0) < Lu- / Poo1(trin-1, 2101, 9)d (X (@), X7(y) ) (v © 0" = (o),

and that

*x) = Ly /‘Bn_l(tlm_l, 21n—1,Y) {/d (X(l) (X(nfl)(x)) ,X(l) (X(nfl)(y)) dlv ® )x)) } dlv @\t
< Ly-La /mn,l(tm,l, Snet1,y)d (X<"—1>(x),X<"—1>(y)) d(v @ A"

<.

From this, it follows that

/I% tz,x) = Pult, z,y) dlv © A)" /|‘]31 (t1, 21, 2) = Pa(tr, 21, 9) [ d(v ®A)+L¢L¢Zv (z,9)

i=1

= / [ (t1, 21,2) — W(t1, 21,9)|d(v ® A) + Lo Lo Z’Vid(x,y)

=1

< Lyd(z,y) + Ly Lo Z’Yid(xa Y)

=1

LyLg
L

which concludes the proof.

2.8 Establishing the UEB-property

The estimates proved in the previous section result in the main result of this section.
Theorem 2.8.1. Assuming conditions (1-N')-(4-N'), (1-44) and (2-U), Q has the UEB property.

Proof: For the sake of notation, use the obvious shorthand (v ® A)™ for the measure in the integral, and we
omit the indices for the ¢; and z; such that
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From this, it follows that

Vs - vl | [ 7 (x0) —f(X<")<y>)}%L(t?z,x)d(u@w

] £ (X00)) BBt 2.2) = Balt, )] dlv 0 A)"

We can now treat each term separately. For the first, if f is a Lipschitz function with Lipschitz constant at
most 1,

‘/ [ (X @) = 1 (X00)] Bt 2. )dlv 2 A"

< []r (x®@) - £ (XP0)) | Balts 200l "
< [ (X(”) (2) = X () ) Pty 2, 0)d(v  A)"
< [ (XD (@), X)) Baoat )l 4
< - <yd(w,y) < d(w,y).
The second term is equally simple using the estimates above. Since f is bounded and the second term only

contains one term in f, we may estimate f with its supremum norm and hence only look at the functions 3
that are inside the integral. This yields the estimate

17 (X @) B0t 200) = Balts 2l )" < Ul [ 1Bt 210) = Pt ) 9 0",

but by Lemma (2.7.1), || flloo J 1Bn(t, 2,2) = Bult, 2, y)|d(v ® w)* < Cd(z,y), so that if f is such that
[I7IsL <1, then immediately

7 (X0@) B 20) = 7 (X0 0) B ()0 % | < (€ 4 Vi),

and we conclude that @) has the UEB-property.
O

Remark: In fact, what has been proven in the theorem above is even slightly stronger than the UEB-
property of the operator Q. The proof essentially yields that the family of functions {V" f},en is uniformly
Lipschitz. This is clearly sufficient to imply the UEB-property, but is not necessary. One may think that the
conditions under which this theorem has been proven could even be weakened to show uniform equicontinuity
of the family of {V"f},en. More explicitly, the modeling assumptions for contractivity on average give a
uniform bound for v that is independent of the base point . One can imagine that this need not always be
true, and that in some cases, integrating over x may still yield the result, even if sup, v, = 1.

2.9 Finishing the proof

Recall that by Theorem 2.3.1, the existence of the invariant ergodic measure follows by the UEB-property
in conjunction with the semi-concentrating property. By Corollary (2.3.1), it suffices to find a Lyapunov
function F, bounded on bounded sets such that

VF(z) <aF(z)+b

for a € [0,1),b > 0. This in our case is trivial. Take V(z) = d(z,T"). Then,

VF(z) = /d (P4, (z+ 21),T) dpyy», (dt1)dg.(dz1) < diam(Br)
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so the claim follows for a = 0 and b = diam(Br), since F is clearly (totally) bounded. We remark the ease
with which the semi-concentrating property follows. Note that in principle a similar estimate can be made
whenever the basin of attraction is not a bounded set, in this case it can be interesting to investigate to
which degree the stability assumptions made at the beginning of this section imply the existence of a < 1
such that the equation above still holds.

Now that the semi-concentrating property of the operator has been shown, we finish this section with
the final result

Theorem 2.9.1. Under the same conditions as Theorem 2.8.1, the Markov Operator Q admits a unique
mvariant measure

Proof: By Theorem 2.3.1 the statement holds whenever () has the UEB-property and it semi-concentrating.
That @ is semi-concentrating has been seen from the equation above. That the conditions imply that @) has
the UEB-property follows from Theorem 2.8.1. This concludes the proof.

O

Notice immediately how the assumptions needed for this final theorem are weaker than the conditions needed
for the theorem derived from non-expansiveness to hold. Not only that, but the aforementioned replacement
of contractivity on average by a condition on the distances between iterates of the system makes estimation
on this new model much simpler than using non-expansiveness.

2.10 The KBBY decomposition revisited

The argument employed above fails in the model description used to show the UEB property. The difference
lies in the support of the iterates of measures under the newly defined Markov operator ). Recall that in
showing the UEB property, invariance of the region D, played a much more marginal role. Given that in this
model description the jumps are done before the deterministic evolution of the system, there is no guarantee
anymore, in contrast to the non-expansive case, that iterates from outside of D, will always come into D,,.
In fact, a straightforward computation shows the following. Let A be given by

A= mleanp{d(x’ O0Br)}.

Then clearly, since perturbations are at most of size A, iterates in D, do not leave D,, but it may be true
that for any y such that d(y,0Br) < A, P(y + z1 ¢ Br) > 0. Hence, ¢, is, for ¢ D, expected to be the
convex combination of the invariant measure that lives on D,, and another (unknown, perhaps intractable
or ill-behaved) measure, which completely depends on whatever happens when the process leaves Br. This
will be a central theme in Chapter 2. Note that this gives also richer dynamics: if again there is a good
description of what happens at the boundary of Br, explicit expressions can be made for €,: it can even be
shown to converge for all x € S, and properties of invariance and it being a convex combination of ergodic
measures can be shown. Numerically, the coefficients in the convex combination can even be estimated. This
will all be done in the following Chapter.

2.11 The UEB property for the original operator

An important model ingredient for the development of the UEB property was the reversal of jump and time
kernels from the original definition of the Markov operator as defined in (1.1). Informally, one might expect
the behavior for both operators to be very similar on average, since for many iterations the order of jumping
and then running or the other way around should not make a very large difference. The goal of this section is
to make this precise, by defining a suitable transformation between the processes and showing under which
additional mild conditions, the operator in (1.1) also has the UEB property. The ideas in this section were
developed by dr. Sander Hille in personal correspondence with the author.
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2.11.1 An explicit relation between U and V
Recall that P, the Markov operator defined in (1.1), was given by

(Pu, f) = /X { / + /X f(y)qu)(dy)pz(dt)}u(dw)

for f € Cp(X), from which we immediately deduced that the dual operator U could be expressed as

Uf(x) = (P, f) = / /X F )00 () ().

In defining the perturbations as additive perturbations on the dynamical system, we make the assumption
that X is a closed subset of an envelloping Banach space, which meant that for all x € X we introduced a
distribution on the jump-sizes

Gz(A) := qz(x + A)

so as in the discussion at the beginning of this chapter, we obtain a new, but equivalent, definition of U

def ~
US@ ™ [ [ £ (@) + 1) Guo (s, (26)
Ry JX
For notational convenience, define
ef
P2 E @y (2)#ps. (2.7)
That is, pf € P(X) and pF(E) = py (Pe(z) ' (E)) for E € B(X), where ®,(z) : Ry — X is given by

t +— ®;(z). Then, (2.6) can be further rewritten as

Ut = [ [ s+ micansa (28)
As earlier in this chapter, writing ¢, instead of ¢, we define the two operators
Auf @ [ o+ nastn) (29)
X
Buf(@) ™ [ et = [ st (2.10)
X R,

So that immediately V as defined in (2.3) and U satisfy the pair of relations

Vi@ = [ | H©nEndn) = 45,1 ()
Uf(xz) = BpyAyf(z).
which directly implies the following key observation

Lemma 2.11.1. Forn > 2,

U"f=B,V" A, f,
V=AU 'B,f.

O

Lemma 2.11.1 gives the explicit relation between the two operators defined in (1.1) and (2.6). The approach
from now on will establish several continuity and regularity properties of A, and B, to conclude the UEB
property of U.
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2.11.2 Some properties of A,

An important assumption from now onward is that the metric d on X is translation invariant. That is,
we assume that X is a Fréchet space. For all z,y € X and z in the envelloping Banach space such that
r+z,y+z€eX,

d@+z,y+z) =d(z,y)

Denote X the Banach space that envellops X. Recall that any f € BL(X,d) can be extended to fe BL(X')
such that || flleo = [[flloo, [flz = [flz and flx = f.

Now, let f € BL(X,d) and z,y € X. Then,
4050) = Ayt )| = | [ 16+ mastan) = [ s+ Qay(a0)

< ’/Xf(wrn)(qz —qy)(dn)’ + ‘/Xf(wﬂw?) — fly +n)ay(dn)| = (),

where the last equality follows given that y + 7 € X gy-almost surely and x +n € X, g,-almost surely.

Note that for any 2 € X, n— f(z +n) € BL(X), as for any 7,7/

[f@+m) = f@+m) < [fleln—n'llx = |flz - d,n'),

due to the translation invariance of the distance. Furthermore, sup, ¢ |flaz+n)| < SUp, ¢ ¢ @) =11fllse =
1l 50 that

1 (@ + @)llBLix) < Iflloo + 1f12 = I IBLex):
This allows for the estimate
() < Wfllonce) e = gl + [ 1@+ = Fu+ mlayan)
< |IflleL - g — ayllBr + [ f1L - d(z, y),
and this implies the following result on A,.
Lemma 2.11.2. Assuming that x «— qy is || - || -Lipschitz, meaning
g2 = ayllpr < Ly - d(z,y)
then, for any f € BL(X,d), A,f € BL(X,d) and

[Agflloo < IIflloo
|AgflL < L;IIfIIBL +1flz

so that in particular, A, € L(BL(X,d)) and

[AgllzBrxy < (1+ L)

Proof: The first assertion is clear from the fact that ¢ is a probability distribution. The second assertion
follows from the estimate on (x). The last property follows by definition of the norm of a linear operator.

O

2.11.3 Some properties of B,

We proceed with establishing the necessary regularity properties of B, for the proof. For this, if the under-
lying deterministic dynamical system of the PDMP is defined by an ODE,

M) =F((t), >0
{ 2(0) =z € R" (2.11)

39



for g € X C R™ a closed invariant region for the flow I’ and X equipped with the restriction of the Euclidean
metric on R™, then the solution ¢ — x(¢;x¢) to (2.11), which is unique when F' is globally Lipschitz and
defined for all ¢ > 0, satisfies (dropping z¢ from notation)

x(t) = xo +/O F(xz(s))ds. (2.12)

Consequently, for t > s,

|z(t) — z(s)] = ))do| < [|Floo|t — s

provided that

def
[Flloe = sup |F ()] < oo,

where |F(z)| here denotes the £ norm on R™. Note that the Lipschitz constant for ¢t — z(¢;xo) is not
dependent on the initial condition zg. Hence, it is quite natural in view of the application in the next
chapter to assume for the flow:

d(®s(z), ®Ps(z)) < La|t —s| for any t,s >0,z € X (2.13)

Another assumption we would like to impose is:

/X d(®(z), ®(y)) pa(dt) < LY - d(z,y), for any z,y € X (2.14)

Under these two last assumptions, we can formulate the following result.

Lemma 2.11.3. Under Assumptions (2.18) and (2.14), if x — py is Lipschitz continuous for the || - |5,
norm on M(X), with Lipschitz constant L;,, then B, maps BL(X,d) into itself and for any f € BL(X,d),

1By flloo < I1f 1o
[Bpfll < [fle- L + Ly, - (flloc + Ll flL)

In particular, B, € L(BL(X)) and
1Bplle(prix)) < max (14 Ly, Lg + LyLe) .
Proof: Clearly, for any f € BL(X,d) and € X, |B,f(z)| < || f|loo- If z,y € X, then

1B, f(x) — By (y) ]/f«bt palit) ~ [ 7 (@00 py(a)
<| [ v @) - r@aina)+|[ 1o ~py)(ds)]

Now, sup,> [f (®¢(2)) | < [[flloc and

[ (®e(x)) = [ (Ps(2))] < [flL - d(Pe(x), Ps())
<|flL-Lo-|t—s| (by (2.13))

So, 5= [ (®s(y)) € BL(Ry) and [|s = f(®s(y)) lsLes) < [ flleo +f]L - Lea-

Consequently,

1Bpf (@) = Bpfy)l < [fle - /Xd(fbt(x),‘l%(y))pw(dt) + (I llee + 11z - La) llpe = pyllie,
<|fle- Ly - d(@,y) + Ly, ([ flloo + /]2 - La) - A, y). (by (2.14))
From this last estimate, the operator norm of B,, follows.
O

Remark: If z — p, is Lipschitz continuous with respect to the || - ||rv-norm with Lipschitz constant Lgv,
then assumption (2.13) is not needed. In that case, |Bpf|r < |f|L - L + || fllo - Ly -
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2.11.4 The UEB-property of U
We are now in a position to conclude the UEB property of U. We begin with this first result

Corollary 2.11.1. Under the assumptions of Lemma 2.11.2, and Lemma 2.11.3, the family {U™f : n € N}
is bounded in BL(X,d) for every f € BL(X,d) if and only if the family {V"™f : n € N} is bounded in BL(X, d)
for every f € BL(X,d).

Proof: This follows immediately from Lemma 2.11.1 together with Lemmata 2.11.2 and 2.11.3.
O

In the concluding remark of Section 2.8, we observed that we have shown that {V"f : n € N} is uniformly
Lipschitz for every f € BL(X,d). Thus, the family {U"f : n € N} is uniformly Lipschitz, which amounts to
{U™f : n € N} being bounded in BL(X,d). This allows us to conclude

Proposition 2.11.1. Under the assumptions of Lemmata 2.11.2 and 2.11.3, P has the UEB property if and
only if Q has the UEB property.

Proof: By Proposition 2.2.1 the UEB property of the operator P (or @) is equivalent to the family {U"f :
n € N} (or {V"f :n € N}) being uniformly equicontinuous in Cy(X) for every f € BL(X,d). Since A, and
B, map BL(X,d) continuously into itself and are bounded operators on Cy(X), Lemma 2.11.1 shows that
{U"f : n € N} is uniformly equicontinuous if and only if {V™ f : n € N} is. This finishes the proof.

O
Corollary 2.11.2. Under Assumptions (1-N)-(4-N), (1-:U) and (2U), P has the UEB property.

Proof: It was remarked at the end of Section 2.8 that we have shown that {V"f : n € N} is uniformly
Lipschitz for every f € BL(X,d). In particular, it is uniformly equicontinuous in Cy(X). This finishes the
claim in light of Proposition 2.11.1.

O

And, as desired, we arrive to the conclusion that the UEB property of the operator P should not be too far
removed to the UEB property of the operator . In particular, just addition assumptions 2.13 and 2.14 to
the assumptions necessary for the statement of Theorem 2.8.1 imply that the original operator also has a
unique, invariant, ergodic measure. This is a significant simplification with respect to the earlier necessary
assumptions for the process when dealing with the operator in the non-expansive case.
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Chapter 3

An Application to a Perturbed
Predator-Prey Model with Hopf
Bifurcation

The purpose of this chapter is to showcase a non-trivial application of the theory developed in the previous
chapters. Recall that, under some suitable conditions on the model, Chapter 1 shows how there is persistence
of stability around a stable equilibrium and Chapter 2 extends this result so that persistence of stability
holds around a limit cycle. However, the situation in practice necessitates that one verifies these model as-
sumptions from scratch. Even for a well-known planar system such as the predator-prey model at the heart
of this chapter, it will not be easy to ascertain that the needed conditions hold. In particular, exponential
convergence to a limit cycle is well-known in the literature as a notoriously difficult problem in the study of
ODE models (see, for instance, [26] and references therein). In the literature on dynamical systems, a range
of techniques have been developed to address this issue. This theory is interesting in its own right and will
be showcased in order to give the reader an impression of the available techniques to establish exponential
convergence in problems of this kind.

In exposing these results, we will simultaneously discover the intimate connection between exponential
convergence and the contractive properties of the deterministic model in the basin of attraction. These
dynamics shape the properties of the associated Markov operator of the PDMP, as was also seen in the
analysis in Chapter 2. The link between contraction theory and stochastically perturbed dynamical systems
has already been established in the literature in the case of white noise (for instance in [27] and references
therein). This approach is referred to as stochastic contraction analysis. In this work we wish to extend the
work by considering the natural application of this theory to PDMPs.

We start this chapter by understanding the conditions under which the famous Rosenzweig-MacArthur
model displays its qualitative properties. We are specifically interested under which conditions there is a
stable and non-trivial equilibrium and when there is an asymptotic limit cycle, and how these conditions
influence a suitable model for perturbations such that the PDMP has a stable, unique and invariant ergodic
measure on a domain near these attractors. While the dynamics of the Rosenzweig-MacArthur model are
well-studied, this is (as far as we are aware) the first work where explicit estimates on the contractivity of
the system are established and used to prove persistence of stability.

3.1 The Rosenzweig-MacArthur Model and its Dynamics

The Rosenzweig-MacArthur model for the population of a predator species p and a prey (or victim) species
v, combines logistic growth of the prey population with satiation of predation by the predator population,
modeled with a so-called Holling type II functional response (see, for example, [38]). The model is described
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in the equations below

v av
r=ro(1-2) - 2 1
v T’U( % e D, (3.1)
av
) = —d h- . 3.2
p pthe b (3.2)

The parameters satisfy a, d, d, h,r, K > 0 as that is the biologically relevant setting. The biologically relevant
solution space for (3.1)-(3.2) is R2. We therefore limit our analysis to this state space. The goal of this
section is to understand the intricate dynamics of the Rosenzweig-MacArthur model. This is needed, since
we must understand when we are in the setting that the underlying deterministic system of the PDMP we

want to construct by perturbing the model has an asymptotically stable limit cycle. For the remainder of

the chapter, assume that ha # d and let n def had_ - We assume that n > 0.

The first question of interest when looking at the dynamics, is understanding the null-clines of the sys-
tem.

Proposition 3.1.1. The v-null-cline is given by {v = 0} U {p = "E(v+b)(K —v)}. The p-null-cline is
given by {p =0} U {v = hjﬁd}.

Proof: First, v = 0 if and only if v =0 or 7 (1 — %) = ;%&. This is equivalent to 7(b+v) (1 — %) = ap, so

b+v*
that the v-null-cline is found at p = %(v + b)(K —v). For the p-null-cline, p = 0 if and only if p = 0 or
d= l’}iZa which is equivalent to v = hji—d'

O

Remark: The v-null-cline has a maximum at v = Kbe, yielding that the corresponding ppyax = %(K +0).
When 7 < %7 then the set {(v,p) € R% : v < K} is positively invariant. Thus, for p > puax and
0<n< %, one can construct an invariant region within {(v,p) € Ri cv < K,p < p} with the right top
corner removed that is invariant. We continue, now characterizing the steady states in R .

Proposition 3.1.2. (0,0) and (K,0) are trivial steady states for the flow. (0,0) is stable in {v = 0} and
unstable in {p = 0}. (K,0) is a stable steady state in {p = 0}. There exists a non-trivial steady state x* in
the interior of Ri if and only if 0 < nb < K. x* is stable if n < % < 14 2n and unstable when n < %,

Proof: For the assertions regarding (0, 0) and (K, 0) note that they happen at the intersection of the nullclines.
For the claim regarding their stability on the axes, it suffices to check the sign of the trace and determinant

of the Jacobian matrix of the system. The ODE can be written as & = f(z), with z = <Z>, then

r— 4+ (b+ab)2 ~tv
Df(X) = hab vrp ;L)av .
roZP —d+ 5y

At (0,0), we have that
r 0

with eigenvalues r > 0 and —d < 0, so (0,0) is always an unstable saddle, as claimed. For (X, 0),

-r *bfg(
Df(KvO):<O d+hb(jr[§()a

with eigenvalues —r < 0 and —d + hb‘f;. So (K,0) is stable when hb‘jg( < d, which is equivalent to % <n

or 1 < 0 and unstable when hb‘fg( > d.

43



In [1] it is shown, provided 0 < i < £ that there exists a non-trivial steady state z* € R? S0 With * = (v*, p*)

with v* = by and p* = K (v* + b)( v*). We obtain that D f(x*) equals
27, % b * * _ 20"\ _bd _v) 1 _d
A T r(1-%) a’”({ @) (Since 22 = 4)
higizp’ —d + hyts blar(1-%) —d+ hd *
2rv bd,. (1 1 d (K — _ _dr e
o G i) B L O O S |
arGr— %) 0 arc (K= bn) 0
where the last equality follows from
1 1 1 1 K —bn 2rv* r
e — = — (K — 2bn).
v K w K- EKm' " K K ")

Now, note that
d d
(1) = (5 - ) { 1~ b o= { oo (1 ) ]

(59 ()}l )

and

d d d? b
det(Df (@) = § (K — o) = T (1 - IZ) |

So,if 0 <n < %, then det(Df(z*)) > 0, so either both eigenvalues are real and have the same sign, or they
are both complex and have the same real part. For the trace, we remark that it is negative is and only if

-1
(% - 1) (1 — aTn) < 1. Since (% - 1) > 0, we get that this amounts to (1 — ahn) < (% - 1) = Kb_"bn.

ow,

d d d
- =1 ==
ahn ahﬁid ha
so we conclude that the trace is negative if and only if (— — 1) d , SO
B _hay _ha—d oy 1y
bn d - d o

we conclude that z* is stable when % < 1+ 27 and unstable when 1 < %
O

In principle, the result from Proposition 3.1.2 stated is enough to conclude the existence of a unique, stable
limit cycle on {(v,p) < K}: since there exists a positively invariant set in this region, with no stable
equilibria, the theorem of Poincaré-Bendixson yields the existence of an asymptotically stable limit cycle
arising here. More about the dynamics of this system can be said, however, as shown in the following result,
the last of this section.

Proposition 3.1.3. At n = £=% there is a Hopf bifurcation.

Proof: To show that there is a Hopf bifurcation, we must show that both eigenvalues of D f(z*) are non-real

when n — K b . We have
e (BE((E -0 &1} -

ri (£-1) 0

=l

from which the characteristic equation follows
bn K d d db (K
=det(Df(z*) —A) = -X|r— ——=1)—-1 A —r— | — -1
0= det(Df (") ) <TK{(677 )ha } )+h aK<b77 )

b (K d Prb (K
=Nt =—1) — 1A+ —(——1]).
TK{<bn )ha } Tk (bn )



The discriminant of the characteristic equation is given by

o Pa{(E-) 2]

Let y = b% — 1 and recall that 0 < n < %, meaning that y € (0,00). At the same time, n = ﬁ, SO
L — % — 1 and so lea = # Finally, %(y +1) = nnﬁ% = %ﬁ Consequently, we conclude that D < 0

iqf and only if

2 ha\? 2
oyt 2<4( +1)
5o (Y p y(y
2
T”(<K1>12> - K<K1 )
dhn+1 b n bn \ b n
r ((K 1 > K K1
7 (5-1)5-2) <5 (55-1)
r (K 2 K
dh(b_l_Qn) <4?77( +1)(b—77>7

so the condition for Hopf bifurcation is given by
r (K —b ° K K
A = H(=-n). .
dh( 5% 77) < 5+ )(b ) (3-3)

K K KK-bK+bK+b
SN+ {5 =n) =4 >0,

K—2
When n — “5=, then

b 2b 2b 2b
K—b

so Equation (3.3) is satisfied for n close to “5>. We conclude that sufficiently close to n = %, where
the stability of «* changes, both eigenvalues of D f(z*) are non-real, provided n — % while dh remains
bounded. At n = % the stability of z* changes and so we have a Hopf bifurcation here.

O

3.2 First Attempt at Exponential Convergence to a Limit Cycle:
Floquet Theory

As shown in the previous section, there is a Hopf bifurcation at n = %. At the Hopf bifurcation, a limit
cycle appears, but it is not clear what the stability of this limit cycle is. In particular, the most important
assumption that needs to be verified in applying the results for the existence of a unique invariant measure
around this cycle is the exponential convergence to the limit cycle, as for the rest we may prescribe any
time and jump kernel of our choosing that satisfies the conditions for the existence of the unique ergodic
invariant measure around the limit cycle. Hence, we will need tools from ODE theory to establish that
indeed exponential convergence takes place. In doing so, we will encounter other details along the way that
will be interesting in their own right and will receive much attention in this Chapter. We start this section
with some material taken from [28]. The presentation from now on follows the lecture notes and results,
unless otherwise stated, are derived from the lecture notes.
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3.2.1 The Monodromy Matrix

In a general setting, we are interested in periodic orbits in a non-linear ODE. The goal of the material
presented in the lecture notes is to arrive at a simple test in terms of the linearized system to arrive at
conclusions about the stability of the limit cycle. The most important idea is be to exploit the movement of
the whole system along with the limit cycle and make estimates about where iterates of a suitable map are
located.

For n > 1, x € R™, we consider the equation
&= f(z)

where we assume that f : R® — R™ is C'. From the theory of ODEs it is well-known that then the associated
flow ¢! (z0) is also at least C! smooth. A central object in Floquet theory is the so called monodromy matrix.
The following theorem, which we adopt from the lecture notes and a proof of which can be found there,
defines the monodromy matrix and establishes a key property.

Theorem 3.2.1. The matrix

_ 99" (x0)

Y(t) I

T=T0

satisfies the linear differential equation
O

The importance of Y comes from the fact that solutions to the ODE depend on Y according to the proposition
below. The statement and prove both come from [28].

Proposition 3.2.1. Suppose that ¢'(xg) is defined for t € [0,T], where T > 0. Let yo = f(xo) and
y1 = f(¢' (x0)), where t; € [0,T]. Then y1 =Y (t1)yo-

Proof: Since x(t) = ¢;(xo) is a solution to the differential equation, it follows that

26! (w0) = 1 (¢*(x0)).

So, we may differentiate this equation with respect to ¢ to obtain that

& (59 a0) = £: (6'a0) o' (ao

so that y(t) = f (¢*(x9)) is a solution to the linearized problem

J=fu(¢'(20)) y

with the initial condition y(0) = f(z¢) = yo. Since any such solution has the form y(t) = Y (¢)yo, we get
indeed that y1 = y(t1) = Y (¢1)yo-

O

If we let I be a periodic orbit of the dynamical system, then there exists T' > 0 such that for every zq € T,
we have ¢ (zg) = z¢ and ¢'(xq) # mg for t € (0,7). In this case, I = {z € R" : & = ¢%(20),0 <t < T}
is a smooth and closed curve. Now, observe that f (¢ (z¢)) = Y(T)f(zo). The periodicity now yields
f(xo) =Y (T)f(x0), meaning that for any zg € T', f(x) is an eigenvector of Y (T') corresponding to eigen-
value 1.

Floquet theory essentially draws a correspondence between the eigenvalues of the monodromy matrix and

the asymptotic stability of the limit cycle. The theorems establishing this equivalence will come later, but
for now it is worthwhile to explore efficient methods to actually compute the eigenvalues of the monodromy
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matrix given the system. One such way is provided by the Liouville equation (cf. [28], p. 86). For a general
n-dimensional system this gives

n T
det(Y(T)) = H)\i = exp </0 divf (¢'(z0)) dt)

which can be made more specific when looking at a two-dimensional problem. Note, that since f(z¢) is an
eigenvalue of Y (T') with eigenvalue 1, the formula above reduces immediately to

A2 = exp (/0 divf (¢'(z0)) dt)

for Ay the other eigenvalue of the monodromy matrix. In practice, this formula can be used to establish the
desired conditions for the theorems to come later.

3.2.2 The Poincaré Map

The preliminaries from the previous section can be applied to formulate results about the asymptotic stability
of the limit cycle I'- and stronger, exponential convergence to it. Again, we follow [28] and define for zy € T,

Yo ={{ € R" : (f(20).&) =0},
where (-, ) denotes the standard inner product in R"™, and introduce a cross-section
Hwo :{-xERan:xo—i-E,gEZO}-

It should be obvious that the orbit starting at xo hits 11, again after 7" units of time. We must prove that
orbits starting at II,, near z( hit II,, after approximately time 7. Actually, this holds for all orbits starting
near xo. This is established in the following lemma, whose statement and proof come from [28].

Lemma 3.2.1. Fiz xg € I'. There exists a C* map 7: R™ — R", £ — 7(&), defined in a neighborhood U,
of € =0 such that

e 7(0)=T
o 27 (2 +¢) € 1Ly,
Moreover, for & € Uy,, if t € R is such that ®*(zo + &) € I, and |t — T| is small enough, then t = 7(§).

Proof: Consider F : R x R” — R defined by F(t,£) = (f(z0), #*(xo + &) — x0) and consider the equation
F(t,£) = 0. Clearly, F € C! and also

F(T,0) = (f(20), x0o — x0) = 0

and at the same time
Fy(T,0) = (f(z0), f(z0)) = || f(z0)|I* # 0

and the statement now follows from the Implicit Function Theorem.
O

Definition 3.2.1. The map P : ¥y — X, defined for £ in the open neighborhood U,, of g (as in Lemma
3.2.1) by the formula

P(&) = ¢7 (o + &) — z0

is called a Poincaré map of the periodic orbit T'.

Many things can be stated about the Poincaré map, as it plays a large role in the analysis of dynamical
systems. For interested readers, we refer to [29] for more information. The most important result that will
be of use to us in the present chapter will connect the Poincaré map to the asymptotic stability of I' together
with an estimate on the speed of convergence of solutions to this limit cycle. To make this precise, we use
the following definition, again from [28].

Definition 3.2.2. A cycle I' through z is called called exponentially orbitally stable with asymptotic phase
if there exist ¢ > 0, K > 1 such that for all x with d(z,T") sufficiently small there exists to = to(z) € [0,T)
such that [|¢!(x) — @'t (z0)|| < Ke™“, t > 0.
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3.2.3 Asymptotic Phase: a Numerical Computation

In practice, Definition 3.2.2 provides even a way to compute the asymptotic phase: if one knows the period
T* of the asymptotic orbit, or can approximate this numerically, for each initial condition xq it is possible
to compute the nearest point on the orbit after nT™* for n sufficiently large. Then one assigns the phase of
that point on the period orbit to 7(xp). An implementation of this numerical procedure can be found in the
appendix. These computations are done for the Rosenzweig-MacArthur model with parameter values chosen
such that there is a limit cycle as well as for the simple dynamical system given by

—(1 =2 —y?)y, (3.4)
§=01-2" -y

T

Figures 3.1 and 3.2 show the results of these simulations, graphically. Here, the color in the plot reflects the
asymptotic phase. All points in phase space that have the same asymptotic phase form what is known in the
literature as an isochron. One can see that in the simple dynamical system, the isochrons divide the phase
space regularly, while in the Rosenzweig-MacArthur model, the structure of the isochrons is much more
difficult. We bring to the reader’s attention that in general it is not possible to get a closed form expression
for the asymptotic phase nor the isochrons (see also [16]), which makes simulations like those of Figure 3.1
an indispensable tool for the analysis of phase problems. It is seen that for a more complicated dynamical

Asymptotic Phase in Rosenzweig-MacArthur Model

14 4

121

10 4

Predator Species

0 1 2 3 4 5
Victim Species

Figure 3.1: Numerical estimation of the asymptotic phase in state space for the Rosenzweig-MacArthur
model for a = 1,b =1,d = 0.5,h = 1,r = 1.1, K = 5. Color indicates asymptotic phase. Points with the
same color have the same asymptotic phase and form an isochron.

Asymptotic Phase in Simple ODE

Figure 3.2: Numerical estimation of the asymptotic phase in state space. Color indicates asymptotic phase.
Points with the same color have the same asymptotic phase and form an isochron.
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system, the map assigning the asymptotic phase has a complicated structure. In particular, in the panel for
the Rosenzweig-MacArthur model it can be seen that, in contrast to the simple dynamical system, solutions
on the limit cycle do not move with constant velocity through the orbit: in the predator-prey model the
system spends a very long time near the p-axis, while it spends a much shorter amount of time shooting
away along the v-axis. We are aware that this kind of argument can be made even more precise with the
theory of time-scale separation, for which there is extensive literature in applied analysis.

3.2.4 Asymptotic Stability of the Limit Cycle

Returning to the original problem, we want to establish that the limit cycle is exponentially orbitally stable
by using the following important theorem, whose proof we reproduce from [28].

Theorem 3.2.2. If all (n—1) eigenvalues of the linearization DP(0) of the Poincaré map P at & = 0 satisfy
[A\| <1, then T is exponentially orbitally stable with asymptotic phase.

Proof: Consider first x = xo + &, with & € Uy, C 2o, and define for a given &:
§e = P(Ek-1),
Tk = T(§k—1) + Th—1,70 = 0,

for kK =1,2,.... By Theorem 2.13 of the lecture notes, we know that since the linearization is hyperbolic,
there exists § > 0 such that for all & with ||| < J the estimate ||| < Me=%*||&]| holds for some
M > 1, > 0. Hence, 7(§;) — T and % — 1 when k — co. But since 7 € C', we can derive a better

estimate, that is
7(&k—1) = T| < Cllgp—1 < MCe V& ]|.

And this implies that
|(rk = KT) = (i1 = (k = D)T)| = [7(§—1) = T| < MCe™** V& |

Thus, 0, = 7, — kT is a Cauchy sequence, so it has a limit that we denote by ty. We have

m—1 —ak
okt e
i — ()T e~ KTYMC] £ 61 5 o) < MOl
Jj=0
so taking m — oo, we find
—ak

e
Tk — KT — to| < MC||§0||?

For 0 <t < T, since ¢'(x) is a C!-function of (¢,z) we find
167 (0 + €0) — ¢ (x0) || = 16" (x0 + &) — ¢ (w0)l| < Cullékll < MCre™¥ |||

and likewise
65+ (20 + &) — SHETHO (20 + £0) < MChe™F||&||

which together implies that
l9* (20 + &0) — ¢ (zo)l| < M(CL+ C2)e™*| &

for kT <t < (k+ 1)T . Now take any « € R™ near I". If this point does not belong to I, consider the
first intersection of the forward half-orbit starting at = with II,, and represent it as xo + &y. Apply then the
proof given above.

O

Note that Theorem 3.2.2 only gives a statement for z with sufficiently small dist(z,I"), so some work is still
required to show that the orbital stability in fact holds for a larger subset of the state space. For this, we
can take a closer look at the argument in the proof of the theorem above.

In the proof, we only use that dist(z,T’) is small when we introduce the constants M, « for [|&] < 0.
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In general, deciding the permitted value of § depends delicately on the problem at hand. As far as we
are aware, no results in the literature establish the global exponential convergence to the limit cycle for
this system. The difficulty seems to be that results so far are concerned with asymptotic stability, that is,
establishing that for € int (R2) it holds that d(¢¢(z),T") — 0, for instance in [30]. However, to get bounds

on the rate of convergence is difficult, as even on the interior of the restricted domain {v,p < K} not much

d(¢e(z),I)
a(z 1)

were strictly less than 1 and continuous on the interior, then contraction as used in the proof of the above

theorem would come for free.

can a priori be said about uniformity of the function x — . If one could estimate that this function

Remark: The above in fact holds in more generality. Floquet theory seems to be a good tool for es-
tablishing an region around the limit cycle where exponential convergence with asymptotic phase holds, but
for general results the estimates made in the proofs are too crude. Mainly this is because the arguments
essentially use linearization of the system and then some appeal to the Hartman-Grobman theorems. How-
ever, this is insufficient to conclude the behavior of the system when we are relatively far away from the
limit cycle. Whenever the ¢ from the theorem above is large enough (depending on estimates we could make
on a given deterministic dynamical system), Floquet theory may be the solution, but in full generality this
approach seems not to work for all systems.

As a final note on the results in Floquet theory, we devise a computational way to establish the result
for exponential attractiveness of the limit cycle. Recall, though, that the information that was available
to us in terms of eigenvalues, was not explicitly about the Poincaré map itself, but about the monodromy
matrix. A next aim should therefore be to relate the eigenvalues of the linearization of the Poincaré map
with those of the monodromy matrix. We will simply state the theorem from [28] that expresses this relation,
without proof or further theory.

Theorem 3.2.3. \ # 1 is an eigenvalue of DP(0) if and only if A is an eigenvalue of Y(T'). A =1 is an
eigenvalue of DP(0) if and only if the eigenvalue 1 of Y (T) has multiplicity bigger than one.

This means that we may use the Liouville formula

n T
det(Y(T)) = H Ai = exp (/0 divf (¢'(z0)) dt>
i=1

to compute the eigenvalues of the Poincaré map, and arrive at conclusions about the asymptotic orbital
stability of the limit cycle I" of the system under investigation. This will in particular be useful to derive an
explicit expression to show contractivity on average for this system.

3.3 Contraction Analysis for Dynamical Systems

Floquet theory yields an adequate result for the asymptotic properties of the system, but its downside is
that the available results are not informative as to the precise extent in phase space where exponential con-
vergence takes place. Recall that the results of the previous section merely stated that for initial conditions
sufficiently close to the limit cycle, the associated Poincaré map is a contraction. In applications, however,
one is usually interested in knowing explicitly where exponential convergence takes place, so that a suitable
model for the perturbations can be formulated and persistence of stability can be established in a precisely
defined region of the phase space.

Another problem with Floquet theory is that it establishes a rate of convergence when the deterministic
flow has a periodic solution. Recall, however, that in the Rosenzweig-MacArthur model there are also
parameter combinations guaranteeing that there is a stable equilibrium to which all trajectories converge.
Our results on persistence of stability necessitate that a rate of convergence between solutions can be es-
tablished, so additional estimates about the distance between solutions of the dynamical system must be
made in the case of an equilibrium. We will learn that contraction theory provides the answers about con-
vergence between solutions both in the case of a stable equilibrium as in the case of an asymptotic limit cycle.
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The literature on dynamical systems is rich in results relating the existence of so-called Lyapunov func-
tions to the convergence properties of the system. The interested reader can find an exposition of such
results in ([31], p. 2164). The reason that Lyapunov functions will not be further considered in this work is
that the precise parametrization of Lyapunov functions is not straightforward, as it often delicately depends
on the location of the equilibria or periodic orbits of the system. This issue has received plenty of attention
in the literature, for instance in [26] and [31].

The difficulties in establishing exponential convergence for a dynamical system inspired the rise of con-
traction analysis. As noted by Aylward et al. in [31], ”contraction analysis is an approach where stability is
defined incrementally between two arbitrary trajectories, and it attempts to answer the question of whether
the limiting behavior of a given dynamical system is independent of its initial conditions”. The field of
contraction analysis has a modest amount of results, but seems to be little-known to authors outside the
field. Key papers are [32] by Slotine and Lohmiller, and [33] by Demidovich, who independently related the
distance between any pair of solutions to convergence to an equilibrium state. As Pavlov et al. note in [34],
the results of Demidovich were ”included in one of the classical textbooks on stability theory [35], they were
not translated into English and are not widely known outside Russia”. A useful property of using so-called
contraction metrics as in the field of contraction analysis instead of Lyapunov functions is that ”a contraction
metric is robust to small perturbations of the system or the metric. This means that a sufficiently good
approximation to a certain contraction metric, e.g. using numerical methods, is itself a contraction metric.”

(Giesl in [36]).

In the classical statement, formulated by Demidovich and Slotine and Lohmiller, the following definition
is needed.

Definition 3.3.1. For n € N an n X n matrix X is called uniformly negative definite if there exists § > 0
such that % (X + XT) < —p1I,, where I, is the n x n identity matrix.

Remark: The order < above is with respect to the usual order on symmetric matrices. For symmetric
matrices A, B we say that A < B if and only if for all : (Ax,x) < (Bx,x), this notion can even be applied
in a Hilbert space. With other words, A < B if and only if the matrix B — A is positive definite.
Definition 3.3.2. Given

i = f(at) (3.6)
for a non-linear function f with Jacobian D f(x,t), a region U of the state space is called a contraction region

if there exists a positive definite matrix P > 0 such that the matrix P- D f(z,t) is uniformly negative definite
forallt >0and x € U.

The theorem of Demidovitch reads as follows ([34], Theorem 1).
Theorem 3.3.1. (Krakovskii’s Stability Theorem) Given the equations
&= f(z,1)

any trajectory, which starts in a ball of constant radius centered about a given trajectory and contained
at all times in a contraction region, remains in that ball and converges exponentially to this trajectory.
Furthermore, global exponential convergence to the given trajectory is guaranteed if the whole state space is
a contraction region.

O

Remark 1: The theorem independently proven by Slotine and Lohmiller [32] gives the statement for P = I,,.

Remark 2: Most of the literature on contraction analysis (see, for example, [31]) refers to the theorem
above as Krakovskii’s Stability Theorem.

The idea behind this result is as follows, which we take from Section 2 of [31]. Let dz(¢) be an infinitesimal
displacement at a fixed time. For notational convenience we will omit the time dependence, but of course x
depends on t. One obtains the following differential relation

= 9 ))oav). (3.7)

bi(t) = 5
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The infinitesimal squared distance between any two trajectories is given by 6z dx by the definition of the
metric. Hence, the rate of change of the infinitesimal squared distance between two trajectories follows from
3.7 as d 5

o (62" 6z) = 202" 0% = 261‘Ta—£6x. (3.8)
If \i(z) is the largest eigenvalue of the symmetric part of the Jacobian of f at x, then % (G:ET(%C) <
2\1 (z)dzT §x. Integrating gives then that

[82(2)|| < [|62(0)[|efo X1 (2(sDds, (3.9)

The condition of uniform strict negativity now ensures that the integral in the exponent is negative and
hence any infinitesimal length converges exponentially to zero when t — oo.

For the study of periodic orbits, the result above is clearly not directly applicable. For T' the periodic
orbit and z,y € T',x # y and 7 the period of the periodic solution, d(®,,(z), P, (y)) = d(z,y) for any
n € N, showing that the distance between trajectories cannot exponentially decrease in time. Recall that
this argument was also used in Chapter 1 to justify why the techniques of [1] to show the non-expansiveness
of the Markov operator could not be used in the setting of periodic orbits.

Intuitively, instead of requiring the Jacobian be a contraction in all directions, one expects that the sys-
tem is contracting in directions transversal to the flow, while it need not contract in the direction of the
flow. On the periodic orbit itself, the Jacobian cannot be contracting everywhere: if it were, then the dis-
tance between trajectories started on different points of the limit cycle would exponentially decrease, which
contradicts the fact that their distance must be periodic in time. These properties were well-known in the
literature, with results as early as 1960 by Borg in [37]. A rigorous description of contraction analysis in the
context of periodic orbits first appears later in the literature, for a good overview of the results we refer the
reader for example to [26]. Henceforth, until the end of this section, we expose results from [36].

Consider again a general autonomous ODE of the form (3.6), where f € C'(R",R"). We denote the
solution of the initial value problem (3.6) with 2(0) = ¢ by S;£ = x(t) and assume that it exists for all ¢ > 0.
A contraction metric for a periodic orbit can be expressed as a matrix-values function M € C'(R", Sym(n)),
where Sym(n) denotes the symmetric n x n matrices, such that M (z) is positive definite and thus (v, w), =
v M (z)w defines a point-dependent scalar product for two vectors v, w € R™. Consider a region of the state
space where f # 0, with other words, there is no steady state in this region.

Let then,
X X T xr xr T
Vo) - Do) - LIV (DI D1 510)
and
Ly(z) = veR",vTM(IS%zMTf(I):o Ly (s v), (3.11)
Los(wsv) = %UT (M(2) + V(@) M(z) + M(2)V () v (3.12)

where (M'(z)), ;— = (VM;j(x NT f(x) is the matrix of the orbital derivatives of MZJ along solutions of
(3.6) and || - || denotes the Euclidian norm. The key idea of the contraction analysis is that the function
Ly (z;v) for v satisfying that vT f(z) is negative, if the distance between solutions through x and x + rv for
r > 0 small, with respect to the metric M (z) decreases. A heuristic explanation goes as follows. To measure
the distance, synchronize the times such that the difference vector between the solutions is perpendicular to
the flow. In particular, define 6(¢) such that 6(0) = 0 and

(Sﬁ(t) (x + 0v) — StiU)Tf(Stﬂf) =0, forallt>0.
The implicit function theorem shows that

If@)* = rv"Df@)f(x) o (Df(@@)" + Df(x))
flx+ro)T f(z) 1f(@)I]> = 6vT D f(x)"

(z)
()

0(0) =

JJ: (3.13)
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for small r > 0. Consider now the squared distance between the trajectories with respect to the Riemannian
metric

d(t) = (Sg(t) (x+71v) — Stx)T M(Syx) (Sg(t)(a: +rv) — Sta:)

and take the derivative. With first order Taylor expansion of f(z + rv) one arrives at,

< i)

. T 2
7 = (9(0)f(x +rv) — f(x)) M (z)rv + r?vT M (x)v + ovT M (z) (O(O)f(x + dv) — f(x))

t=0

~r (9(0) — 1) [f(a?)TM(x)v + UTM(x)f(x)]
+ 626(0) [(Df(z)v)" M (z)v 4+ v" M(2)Df(z)v] + 6*v" M'(z)v
g [T (0@ + D) (@)
I1f ()2

+(D f(z)v)" M(z)v + v M(2)D f(z)v + v" M'(2)v]
=" [V(2)"M(z) + M(z)V(z) + M'(z)] v
= 262Ly (3 0)

[f(2)" M (2)v + 0" M (2) f(x)] (by (3.13))

so if Lys(x;v) is bounded by a negative constant —v, then d(t) is exponentially decreasing. That has the
following implication for the existence, uniqueness and stability of a periodic orbit and its basin of attraction,
see ([26], Theorem 2.1).

Theorem 3.3.2. Let K C R™ be a compact, connected and positively invariant set under the flow defined by
(3.6) that does not contain an equilibrium. Let M € C*(R™, Sym(n)) be such that M(z) is positive definite
for all x € R™. Moreover, assume that Ly (z) < —v < 0 holds for all x € K. Then there exists a unique
periodic orbit I' C K, T is exponentially stable and the largest real part of all nontrivial Floquet exponents is
at most —v. Moreover, K is a subset of the basin of attraction of I'.

O

This result is used in [26] to formulate matrix-valued PDEs for the contraction metric. In the subsequent
paper [36] an approximate numerical solution is constructed. After analyzing the Rosenzweig-MacArthur
model in the following section, it will be our aim to construct a simple contraction metric associated to the
model to show the exponential convergence to the limit cycle.

3.4 Persistence of Stability in the Rosenzweig-MacArthur model
with a Stable Equilibrium

The conditions of Theorem 1.2.3 prescribe when there exists an invariant, asymptotically stable measure
u, supported on a ball B* around the stable, nontrivial equilibrium z*. We construct a model for the
perturbations and argue, through a combination of rigorous estimates and numerical approximation that the
model assumptions hold.

3.4.1 Model Assumptions and Estimation Procedure

As in [1], we are interested in a population model, meaning that a biologically meaningful perturbation
is one that removes individuals from the population with a certain probability distribution. Perhaps the
simplest model one can define is the following. Let the jump kernels ¢, have support restricted to a certain
set Cy = T+ [—Cmax; 0] X [—Cmax, 0] for ¢max > 0 some pre-set constant. Define ¢, as the uniform distribution
on Cy, for either the non-expansive case. Let p, have a shifted exponential density with parameter A, such
that the density is given by

fz(t) = ]-[At,oo) (t))\zei/\z(tiAt),

and choose A, = A for all . Thus, trivially, ||p; —py|lTv = 0 and dg (supp ps,supp p,) = 0 for all z,y € R3.
That is, L, = L; = 0. We will start checking the model assumptions for Theorem 1.2.3 to hold. Given

parameters a, b, d, h,r, K such that n < % < 1+ 2n, one can estimate an invariant ball B* C Rﬁ_ of radius

53



R* numerically such that the flow is a contraction and obtain a numerical estimate © of the contraction rate.
In that case, since jumps can only happen after time At, a numerical estimate of Lg is given by e 72t This
satisfies Assumption 1-S.

For Assumption 1-P, let £ be the Lebesgue measure on R?. A simple proof-by sketch shows that

du(Cy, Cy) < d(z,y) and £(Cy\Cy) < 2cmaxd(z,y).

/ F(2)a(d2) — / £(2)ay(d2)
sup

= / f(2)£(dz) / f(z
FEBM(X),If[I<1 Chnax

£(Cx\ Cy) + £(Cy \ Cy) (Choose f(z) = 1¢,(2) — 1¢,(2))

2
Cmax

d(z,y).

Hence, Ly =1 and

¢z — qyllTv = su
FEBM(X), |l flI<1

<

Cmax

So we conclude that x — ¢, is Lipschitz with respect to the total variation norm and that L; < ﬁ. As
for the time kernels, note that they are identical and as such their total variation distance is 0, so we satisfy
condition 3-P. Condition 2-P is automatically satisfied since we observe the solution of an ODE given by
a continuous function. For assumption 4-P to hold, we must then have that Le < 1, which is satisfied
because Ly = e 72t and © > 0. To satisfy Assumption 5-P we finally deduce that we must require that

V2emax < (1 — e772t) R*, considering that
diam supp p, = diam C, = diam [—cpax, 0]2 = V2Cmax.

These conditions can now be investigated numerically for set parameter combinations.

3.4.2 Numerical Estimation

In this section we numerically estimate the region in state space for which the Rosenzweig-MacArthur model
has a contractive flow. To this end, we would like to invoke Theorem 3.3.1 to conclude the necessary
contractivity. For that to hold, we must have that % (Df(x) + Df(a:)T) is positive definite for all x € B*.
Since it is symmetric, this is equivalent to requiring that for each x € B*,

Jinf det (Df(z)+Df(z)") >0

sup TrDf(z) <0
r€B*

Since z* is stable, TrDf(z*) < 0. Clearly the map x — TrD f(z) is continuous, meaning that there is an
open neigborhood B* around z* such that TrDf(x) < 0 for € B*. If in addition one can numerically
find a region within B* such that det (D f(z)+ D f(x)”) > 0, then one has found a contraction region by
Theorem 3.3.1.

We will demonstrate this estimation with parameter values a = %, b=4,d= %, h=1,r =3, K =4. Figure
3.3 shows a contour plot of TrD f(z) and det (Df( + Df(x T) There is a region around the stable equi-
librium for which indeed TrDf(z) < 0 and det (D f(z) + D f(z)") > 0, meaning that this is a contraction
region.

Remark: One would wish to analytically compute the contraction region, with the intention that estimates

such as 7 and R* can be more rigorously made. Unfortunately, though, the expression in det (D f(x)+ Df (m)T)
is not directly amenable to this sort of analysis, meaning one must resort to numerical estimation.
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Figure 3.3: Contour plots for trace of D f(z) (black) and determinant of the symmetrization of D f(x) (blue).
Equilibrium is plotted in red. There is a region around the equilibrium where the determinant is positive and
trace negative, meaning it is a contraction region. Parameters in the simulations the Rosenzweig-MacArthur
model have been fixed at a = %, b:4,d:%, h=1,r=3, K =4.

3.4.3 Persistence of Stability

We have found that there is a contraction region around the stable equilibrium z*. Within this region, one
can numerically obtain an estimate © for the rate of contraction. In general, the size of this contraction
rate will depend on the specific subset of the contraction region one chooses. Let now perturbations be
bounded by the condition cpax < @ (1 — e*f’m) R*. We recall that R* is the radius of the ball B* within
the contraction region. By the arguments above, we can invoke Theorem 1.2.3 and there exists a unique,
invariant ergodic measure on B*. That is, we have shown persistence of stability around the stable non-trivial
equilibrium of the Rosenzweig-MacArthur model for sufficiently small stochastic perturbations, quantified
by the constraint on cpax.

3.5 Persistence of Stability in the Rosenzweig-MacArthur Model
with a Limit Cycle

With the theory developed at the start of this chapter, we are now in a position to establish persistence
of stability in a specific example of the Rosenzweig-MacArthur model. We will explicitly get a parameter
estimate for the exponential convergence to the limit cycle first, and then we will show how numerical analysis
can in fact help to establish a domain of convergence for the deterministic system. After showing several of
these estimates, we turn to how to use the model parameters to make a suitable model for the perturbations,
by focusing on both the time and jump kernel constructions.

3.5.1 Exponential Stability - The Liouville Formula

We remark briefly that the exponential stability of the limit cycle in the Rosenzweig-MacArthur model can
be proven by using the Liouville formula, as formulated in the Lemma below.

Lemma 3.5.1. If %“pmax < r, where pmax s the mazimal p on the periodic orbit, then the limit cycle is
exponentially stable.
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Proof: Recall that by Theorem 3.2.3, the limit cycle is exponentially attracting if the non-trivial eigenvalue
A2 of the monodromy matrix satisfies [A2| < 1. By equation (3.2.3), we obtain that

Ay = exp </0 divf ((;St(xo)) dt) .

Note that divf (¢!(zo)) = Trace (Df(¢'(x0))). Let (v(t),p(t)) be a trajectory on the periodic orbit with
period T and consider the integral fOT Trace (D f(v(t),p(t))) dt. First of all, one has

hav(t)  p(t)

—d =
T pl
SO - .
hav(t) / p(t) T
—d+ dt = —=dt = In(p(t))|,_, =0
A b+U(t) 0 p(t) (p( ))'t_O
Moreover,
20\ S0 2ap
T<1K)—27’<1K>7‘ 21} b T,
SO

/OTT(IUI(?) dt:/ 8+ 2ap((§> —rdt
_0—7~T+/OT ij_pv(Z)dt

2
S _TT + T?apma)v

We conclude that if 2‘”’% < r, then fOT Trace(D f(v(t),p(t)))dt < 0 and so Ay < 1. This implies that the
limit cycle is exponentially stable under this parameter combination.

O

3.5.2 Contraction Analysis of the Rosenzweig-MacArthur Model

The goal of this section is to apply Theorem 3.3.2 to the Rosenzweig-MacArthur model to obtain an explicit
expression for a domain where the needed exponential convergence to the limit cycle takes place. To that
end, recall from the computation leading to the characteristic equation (3.3) that

2rv + ( ) _av_
Df(’U,p) = h b b+v b+g(w )
(el —d+ 5y,
such that V (v, p), as given by (3.10), is defined by

2rv av
r— + > ~bto
V(v,p) = Kh b (b+v) +;{
7 (=4 —d+ 35

T 2 hab
() (R (r= %+ witm) a5
havp : havp :
~dp+ 5 ~dp+ 3 o 2w éﬁz)
2 N 2
(ro (=) = g52) + (—dp+ he2)
It should be obvious that this expression will become mathematically intractable when computed. In fact,
when evaluating the above expression symbolically in Mathematica, we encountered a recursion limit error.

That means that an expression of the bound —v in the parameter values of the model will in practice not be
feasible. As shown in [36], a good approach is to approximate the solution numerically, which would give rise
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to a numerical approximation for a matrix-valued PDE. In [26] this PDE and its properties are described;
it also gives references for numerical implementations of the algorithm used to approximate solutions. In
contrast to the approach taken in [36], we will not approximate such a PDE arising from the evaluation
of (3.10). Rather we will attempt to numerically verify if for given parameter values, a simple (constant)
positive definite matrix M satisfies the desired condition.

Indeed, let M = <g 5) for a, 3,7 > 0 with ay — 82 > 0. For the numerical simulation, we initialize
the parameter values at a = 1,b=1,d =0.5,h =1, = 1.1, K = 5. Note that

db K—b
1= 2 =
ha—d = 2

so this parameter combination will give rise to a limit cycle by the dynamics developed in this chapter. We
use the Python script in the appendix to generate the following estimates for the size of Lys(v,p) in the
phase space. Searching for «, 3, such that Ly, is uniformly negative can be implemented easily in any
scripting language. The plots below give a good visualization of the results for different values.

210y UONDEAUCD

oW s
o =

Figure 3.4: Numerical estimates of Lps(v,p). Left: « =y = 1,8 = 0. Middle: « = 0.1,8 = 0.4,y = 5.
Right: « = 0.1, = 0.049,~ = 0.5. Periodic orbit plotted in blue at level z = 0 for reference. Parameters in
all three simulations of the Rosenzweig-MacArthur model have been fixed at a = 1,b=1,d =0.5,h = 1,7 =
1.1, K = 5.

The periodic limit cycle plotted at height 0 shows that in the left and middle plots, Ljs is not bounded
away from 0 in a neighborhood around the limit cycle. For the parameter combination on the right we find
that around the limit cycle, the estimated rate of contraction is bounded by —0.048, meaning that in this
region there is exponential convergence to the limit cycle. At the same time, it is noteworthy that Ly (v, p)
is negative for a large neighborhood of the limit cycle even though the condition 2‘”’% < r is not fulfilled.
Indeed, given that ppa.. = %(K +b) = 82.5 and so the condition does not hold, we find that a numerical
estimate of the contraction metric yields a better result than our analysis through Floquet theory.

3.5.3 Lipschitz condition and estimates in parameter values

A necessary condition for the UEB property of the Markov operator associated to the PDMP to hold is
the Lipschitz continuity of the right-hand side of the deterministic ODE model. In this section, we aim to
show that the ODE is indeed Lipschitz continuous on a bounded domain. For this, let for some M > K,
Q= {(v,p) € R? : |v|, |p] < M}. Recall that the region 2 is invariant for the deterministic flow. The
following lemma holds.

Lemma 3.5.2. On Qyy, the right-hand side of the ODE given by equations (3.1) and (3.2) is Lipschitz
continuous with Lipschitz constant L satisfying

2rM  a a
I74 + Z(l + h)M, 7

L<\/§max{r—|— 72

(1+R)M+d+ —(1 +h)M2}

Proof: Let (v,p), (0,p) € Qar be given. Let || - ||; denote the ¢* norm on R™ for i = 1,2. Recall that for any
r € R, ||lz]l2 < v2||x||;. We will estimate the difference in £! norm for simplicity of computation. We have
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the estimates

v avp . 0 avp avp . avp
1_7)_ Y —dp+ P a5
”( K m( ) b+@+’ PHig T, TP @‘
. r a Up ha vp op .
_ . bt e _ —d(p —
ro=9)+ 2 (- b<1+ Ly 1+‘g@>'+ b (1+},v 1+})@> v p)‘
p op
1+1 Fv 1+b~

<r|u—v|+—|v — 02|+ = (+h)’ ’—I—dp |

2rM
v

|
2rM  a
< JE— — -
_<r+ +b(1+h)M>u v|+(b(1+h)M+d+

<rlv—9o|+

9, a . - -
—v2|5(1 + h)|vp — p| + b7(1 + h)M?|p — p| +dlp — B|

L+ h)M2) lp— Pl

which yields the claim.

3.5.4 The PDMP: A Simple Model with a Serious Complication

The exponential attraction of the limit cycle is one of the necessary conditions for the existence of an in-
variant ergodic measure. We must ensure that the perturbations are somehow small enough so that we fit
into the framework of the assertions proven in Chapter 2. In a similar vein as in the case of the stable
equilibrium, the perturbations should have support restricted to a certain set Cp = [—Cmax, 0] X [—Cmax, 0]
for a constant cpax > 0.

Again, we define ¢, as the uniform distribution on C, and p, as a shifted exponential density with pa-
rameter A, such that the density is given by

fw (t) = 1[At,oo) (t))\we_AJ(t_At)v

and choose A\, = A for all x. We will start checking the model assumptions for Theorem 2.8.1 to hold. Given
parameters a, b, d, h,r, K such that nb < (K —b)/2, one can estimate the rate of convergence numerically as
done in the previous section. Call this estimate . Then, given a domain Q; = {(v,p) : |v|, |p| < M} that
is invariant for the flow, we assume the following conditions.

® Cnax < infyep, d(z,{v=0}U{p=0})=A
o \>V2max {r+2M 4 a1 4 B)M, 4(1+ h)M +d+ (1 + h)M?}
e At such that max{K, pmax} - e 72 < A.

Start by noticing how the condition nb < (K — b)/2 guarantees the existence of a limit cycle, which is
exponentially attracting by the upper bound found for the contraction rate. Granted the condition

A= ieng dz,{v=0}U{p=0}) >0, cmax <A

and At as in the conditions guarantees the invariance of D,. This makes the process satisfy Assumption
2-P. Furthermore, let L be the Lipschitz coefficient of the ODE as in Lemma 3.5.2 and observe that

sup/ eltp, (dt) :/ /\1[&’00)(t)e_)‘(t_m)e“dt:)\eAAt/ e~ O-Ditgy
x Ry R4 At

At e—(A-L)At
- A—L
A eLAt

:)\—L < 0

By the remark after assumption 1-U the second condition in 1-U/ is met.
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As for assumption 2-U, note that the Lipschitz continuity of the maps x — ¢, and =z +— p, follows by
the same argument as in the case of the stable equilibrium. We recall that L, < 4_ and L, =0.

Cmax

To invoke Theorem 2.8.1 it is left to prove that the operator is contractive on average, in the sense of
Assumption 1-4/. Unfortunately, this is where the available estimates start to break down. Consider the
following estimate based on Gronwall’s inequality

/ d(@ (2 + 22), Bo(y + 21)) pasard(tr g (dz) < / P (@ + 21,y + 21) Pogar d(t1)go(d21)

Lt A(t—At) el
=d(z,y / e e VY =d(x,y .
(z,9) At ( ))\ - L

L
¢”A ~ 1 and as such it does

The problem with this approximation is that it is wholly uninformative since $—
not lead to contractivity. The question is then to which extent better bounds can be found. In general,
estimating the differences of solutions of non-linear ODEs is an intractable problem: the literature does not

provide many results that go beyond the Gronwall estimate.

The difficulty in finding a better approximation analytically motivates to look at this problem numeri-
cally. One can numerically integrate solutions to find better bounds on the problem at hand. In this specific
case, we revisit the parameter values used in Figure 3.5, namely a =1,b=1,d=0.5,h=1,r = 1.1, K = 5.
For these parameter values we compute the ratio w over time. In the following two displays we
take initial conditions x = (2,2) and (2.5,2.5) and = = (2,2) and y = (4, 4) respectively.
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Figure 3.5: Numerical estimates of W plotted against time. Left: z = (2,2),y = (4,4). Right:
z=(2,2),y = (2.5,2.5).

As expected, the ratio of the distances is periodic in time, as solutions converge to the limit cycle. The plots
also demonstrate how the distances between solutions can oscillate quite severely. The effect on showing
contractivity on average is the following: note that for the initial conditions in the left display, the quan-
tity %’3@)) > 1 eventually, meaning that the average distance between solutions does not become
smaller. In the right hand side display there are times for which the ratio is smaller than 1, but the quantity
W averaged over a period, is larger than 1. We conclude that for this predator-prey system, we
cannot guarantee that the system is contractive on average, since the deterministic part fails to bring solu-
tions together close enough. It does not matter which kernel is implemented for the jumps in this case.

The preceding arguments show that the condition of contractivity on average is an amenable and inno-
cent modeling assumption from a theoretical point of view, but in practice may not reflect the extremely
delicate dynamics of the PDMP. In the particular setting of this perturbed predator-prey model, for instance,
the complicated non-linear dynamics fail to give contractivity on average.
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Figure 3.6: Numerical estimates of solution paths ®;(x), ®;(y). Left: = = (2,2),y = (4,4). Right: =z =
(2,2),y = (2.5,2.5).

3.5.5 An explicit KBBY ergodic decomposition for the perturbed predator-
prey model

We revisit the decomposition of Krylov-Bogolioubov-Beboutoff-Yosida to classify the possible ergodic in-
variant measures for the Markov operator P corresponding to the perturbed predator-prey model. What
the previous section failed to establish was the existence of a unique invariant ergodic measure restricted
to D,. That does not mean that we cannot draw conclusions about possible invariant measures in the interior.

Nevertheless, we recall from Chapter 2 that the dynamics of the Cesaro averages e, for z € int[0, K]?
can possibly be quite complicated. Indeed, when we define

[1]

={recint [0,K]*:P(z+ 2 € {v <0}U{p <0}) >0}

for z; as usual the instantaneous perturbation be the collection of z in the interior of the state space that
can jump onto the axes. Then for each x € = we have that

Qs =P(x+ 21 € {v="0})  Or,(242) T P&+ 21 €{p=0})  Or, (242y)
+t1-Ple+znec{v=0})-P@+zc{p=0}]
where 7, and m, are the projections on the p and v axes, respectively and i, is some probability measure

supported on {x + supp(g;)} N int[0, K]?. Since we know that for every = ¢ D, this argument holds, while
we know that D, is invariant for @, it follows that we can iterate the argument above and arrive at

o x € {v=0}
) ze{p=0}
* w* z €D,

t=p1,200 + p2ziy + (1 —p1y — pos)p* € int[0, K12\ D,

where p* is an unknown (possible not unique) measure on D, if the Cesaro average €, converges, and €, may
not converge otherwise. With other words, if the Cesaro averages converge, for = € int[0, K]?\ D,, there will
be for pi 4, P2, € (0,1) depending on z, describing that €, is the convex combination of ergodic measures,
S0 €, is itself not ergodic as it is the non-trivial convex combination of ergodic measures. In an analogous
setting, Alkurdi shows in ([1], Corollary 3.5.3) that the coefficients are continuous in x.

This gives us a modest characterization of the ergodic measures for this Markov operator. These con-

siderations suggest that for each x € int[0, K2, there exists 7, = p1,, + P2, that is the exztinction probability,
the probability that, on average, the iterates will be on one of the axes. If then the Cesaro averages
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converge, they are the coefficients in the non-trivial convex combination of ergodic measures. We can es-
timate these probabilities numerically to obtain a plot like Figure 3.7. We initialize the parameters as
a=1,b=1,d=05h=1,r=5 K =5 and cypax = 0.05. We numerically simulate 100 trials per gridpoint
and estimate the frequency that the iterates hit the axes. This results in the following plot.

Figure 3.7: Numerical estimate for the extinction probabilities for a = 1,0 =1,d =0.5,h=1,r =5, K =5
and cpax = 0.05 and 100 iterations per gridpoint.

3.6 Discussion and Outlook

In this Chapter, persistence of stability is shown to hold in the case of a stable equilibrium, while in the case
of a limit cycle, the conditions of Theorem 2.8.1 could not be shown. Specifically, the numerical analysis
provided evidence against the requirement that the PDMP be contractive on average with respect to the
Euclidian distance on R2. As we have encountered several times in this work, the problem seems to lie at the
estimation of the distance with respect to this 2 norm when we let solutions run in time. Estimates do exist,
but the most generally applicable ones, such as Gronwall’s estimate, have been shown in this work to be too
coarse to be useful in estimating. This is especially true since in the applications considered, the domains of
the PDMPs have been bounded, meaning that an exponential bound is very quickly uninformative.

The answer to this problem may entail recasting the condition that the PDMP be contractive on aver-
age with respect to the given distance d on the Polish state space into a condition that makes the PDMP
contractive on average with respect to a different (sufficiently well-behaved) metric. In general, though, it
is not easy to construct a metric with the desired property that it be contractive on average. This problem
actually was at the heart of Chapter 1, which at the outset of the project considered persistence of stability
along periodic solutions. The failure there to construct a metric that was contractive on the hyperspace
‘H(B*) implied that Theorem 1.2.3 could only be shown for stable equilibria, since in general the condition
that Lg < 1 as in Assumption 1-S could not be shown.

The field of contraction analysis may provide answers to this problem by providing a family of different
metrics on the state space. It may be true that by considering a metric that is in a sense already contractive,
it could be possible to (numerically) establish contractivity on average. This would surely amplify the range
of models that can be shown to exhibit persistence of stability along a periodic solution of the determinis-
tic system. The key characteristic of the norms considered in contraction analysis, we recall, are given in
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some way by inner products on state space. One may even consider more general Riemannian distances. It
would be interesting to see if more sophisticated approaches could simplify our understanding of the delicate
interplay between dynamics and stochastics.
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Appendix

Appendix A: Numerical Simulation for a Perturbed Predator-Prey
Model

Numerical simulation

The numerical simulation procedure below uses a fourth-order Runge-Kutta method for the numerical inte-
gration of the ODE. Jump times are exponentially chosen and the jump distribution is a Beta-distribution.

import numpy as np

import math

from scipy import stats

import matplotlib.pyplot as plt
from tqdm import tnrange
import time

cmax = 0.05
step_size= 0.01

def dv(v,p,a,b,d,h,r K):
return rxvx(1—v/K) — (a*xv)/(b+v)*p

def dp(v,p,a,b,d,h,r K):
return —dxp +hx(axv)/(b+v)x*p

def integrate(t, de, v_init, p_init,a,b,d,h,r ,K):
n= math. floor (float (t)/float (de))
values = np.zeros ((2,n+2))
values [0,0] = v_init
values [1,0] = p_init
for i in range(l,n+1):
vi= values[0,i—1]
(1,

pi= values ifl]

vl= dexdv(vi ,a,b,d,h,r K)

pl= dexdp(vi ,a,b,d,h,r K)

v2= dexdv (v +V1/2, pi +p1/2,a,b,d,h7r,K)

p2= dexdp(vi + v1/2, pi + pl/2,a,b,d,h,r K)

v3= dexdv(vi +v2/2, pi + p2/2,a,b,d,h,r K)

p3= dexdp(vi + v2/2, pi + p2/2,a,b,d,h,r K)

vd= dexdv(vi + v3, pi + p3,a,b,d,h,r K)

pd= dexdp (v +V37 pi + p3,a,b,d,h,r K)

values [0,1] = max(vi + (vl 4+ 2xv2 4+ 2xv3 4+v4)/6,0)
values|[1,1] = max(pi + (pl + 2xp2 + 2xp3 +p4)/6,0)

D=1t — (nx*de)
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vn= values[0,n]
pn= values[1l,n]
vl= Dxdv(vn,pn,a,b,d,h,r K)

pl= Dxdp(vn,pn,a,b,d,h,r K)

v2= Dxdv(vn + v1/2, pn + pl/2,a,b,d,h,r K)
p2= Dxdp(vn + v1/2, pn + pl/2,a,b,d,h,r K)
v3= Dxdv(vn + v2/2, pn + p2/2,a,b,d,h,r K)
p3= Dxdp(vn + v2/2, pn + p2/2,a,b,d,h,r K)
vd= Dxdv(vn + v3, pn + p3,a,b,d,h,r K)
pd4= Dxdp(vn + v3, pn + p3,a,b,d,h,r K)

values [0,n+1] = max(vn + (vl + 2xv2 + 2xv3 +v4)/6,0)
values [1,n4+1] = max(pn + (pl + 2xp2 + 2xp3 +p4)/6,0)
return values

def generate_perturbation(v,p):
try:
return stats.beta.rvs(1l, v/(v+p), loc = —l*xcmax, scale = cmax)
except:
return 0

def apply_kernel(v_init ,p_init ,a,b,d,h,r ,K):

random_time = np.random.exponential (10)

v_init_.c = v_init

p-init_c = p_init

v_init = max(v_init_c + generate_perturbation(v_init_c, p_init_c),0)
p_init = max(p_.init_c + generate_perturbation(v_init_c, p_init_c),0)
solution = integrate (random_time, step_size, v_init, p_init,a,b,d,h,r K)
n = solution.shape[l]—1

sol = np.transpose(solution[:,n])

return sol

def num_exp(v_init, p_init, N,a,b,d,h,r K):
values= np.zeros ((2,1))
values[0,0]= v = v_init
values[1,0]= p = p_init

for n in range(N):
sol = apply_kernel(v,p,a,b,d,h,r K)
append= np.zeros ((2,1))

append [: ,0] = sol

values = np.append(values ,append, axis=1)
v = sol[0]

p = sol[1]

return values

Creating the samples

import numpy as np

import math

from scipy import stats

import matplotlib.pyplot as plt

from astropy.visualization import simple_norm
import feeder as f
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parameters = [1,1.3,1.5,1.6,1.61,1.62,1.63,1.64,1.65,1.655,1.66,1.665,1.67,1.7]
a= 1

d= 1/2
h=1
r= 95
K= 5
for i in range(0,len(parameters)):
print (i)
b = parameters[i]
eta = d/(h*a — d)
stead_v = bxeta

stead_p = (rxb)x(1+eta)*(l—bxeta/K)/a
feed = f.num_exp(stead_v ,stead_p,15000,a,b,d,h,r K)
xlocs = feed[0,5000:14999]

ylocs = feed[1,5000:14999]
xz = [0,5]
yz = [0,14]
xlocs = np.append(xlocs ,xz)

ylocs = np.append(ylocs ,yz)
heatmap, xedges, yedges = np.histogram2d (xlocs ,ylocs, bins = 100)

extent= [xlocs.min(), xlocs.max(),ylocs.min(),ylocs.max()]
np.savetxt (”sample%i”%i, feed)

plt.clf ()

norm = simple_norm (heatmap, 'log')

plt .imshow (heatmap.T, origin='lower', norm=norm, extent=extent)

plt.savefig (”sample%i”%i, bbox_inches="tight” ,transparent=True)

Computing the extinction probabilities

With the same numerical integration scheme, it is computed for a fixed number of iterates per gridpoint if
the endpoint is contained in Dy.

import feeder as f

import numpy as np

import matplotlib.pyplot as plt
import pandas as pd

import phase3

a= 1
b= 1
d= 1/2
h=1
r= 5
K= 5

gridsize = 10

eta = d/(h*a — d)

stead_.v = bxeta

stead_p = (rxb)x(l+eta)x(l—bxeta/K)/a
tot_time = 4000

step_size = f.step_size

iterations = 50

def is_in_D (orbit ,width, gridpoint ):
dist = min([np.linalg .norm(gridpoint—orbit[:,i]) for i in range(0,orbit.shape[l]—1)])
return dist < width

def iterate(gridpoint):
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v = gridpoint [0]

p = gridpoint [1]

for i in range(l,iterations):
v = max(v + f.generate_perturbation(v, p),0)
p = max(p + f.generate_perturbation(v, p),0)
random_time = np.random.exponential (10)
it = f.integrate (random_time ,step_size ,v,p,a,b,d,h,r K)
v=it [0, it .shape[1l] —1]
p=it [1,it .shape[l] —1]

return [v,p]

def compute_persistence_prob(gridpoint , orbit, width, reps):
persistence_count = 0.0
for i in range(l,reps):
persistence_count += int(is_in_D (orbit ,width,iterate (gridpoint)))
return float (persistence_count/reps)

def generate_probs(grid, orbit, width,reps):
p=["" for g in grid]
for g in grid:
p[grid.index(g)] = compute_persistence_prob (g, orbit ,width 6 reps)
return p

#Creating the grid

values = f.integrate (tot_time, step_size, 4,4,a,b,d,h,r K)

phases = phase3. assignperiod (values[:,(values.shape[l] —3000):(values.shape[l]—1)])
xmin = min(values [0 ,:])

xmax = max(values [0 ,:])

ymin = min(values[1,:])

ymax = max(values[1,:])
XW = Xmax—xmin

yW = ymax —ymin

xs = np.linspace (max(xmin—0.25%xw,0) , xmax+0.25%xw, gridsize)
ys = np.linspace (max(ymin—0.25%xyw,0), ymax+0.25xyw, gridsize)
grid = [(x,y) for x in xs for y in ys]

reps = 100

pre_set_width = 0.5
width = min(min(phases [0][0,:]) ,min(phases[0][1,:]) , pre_set_width)
probs = generate_probs(grid ,phases|[0],width,reps)

P = np.empty ([ gridsize , gridsize])
for x in xs:
for y in ys:

gr = X,y
P[np.where(xs==x)[0][0] ,np.where(ys=y)[0][0]]= probs[grid.index(gr)]
plt.pcolormesh(xs,ys,P.transpose () ,cmap="hot”)
plt.scatter (phases [0][0,:],phases[0][1,:],color="k” ,s=0.15)
plt.scatter (stead_v ,stead_p ,color="k” ;marker="%" ,5=40)
plt .show ()
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Appendix B: Code for asymptotic phase computations

The heuristic employed in this numerical approximation is to first estimate the period of the limit cycle by
letting the data run for a long time, find the first index for which the data repeats itself, and integrate the
deterministic ODE model for each initial condition on a grid. The gridpoint is then assigned as aymptotic
phase the phase of the closest point on the periodic orbit.

import feeder as f

import numpy as np

import matplotlib.pyplot as plt
import pandas as pd

import matplotlib

a= 1
b= 1
d= 1/2
h=1
r= 5
K=5

gridsize = 150

eta = d/(hxa — d)

stead_v = bxeta

stead_.p = (rxb)x(l+eta)x(1—bxeta/K)/a

tot_time = 8000
step_size = f.step_size
n = int(tot_time/step_size)

def findperiod (data):
T= 100000
for i in range(1l,data.shape[l] —2):

for j in range(max(data.shape[l]—1—int(T/step_size),i+1),min(data.shape[l]—1,

i+int (T/step-size))):
if(np.linalg .norm(data[:,i]—data[:,j]) < 0.005):
if((j—i)xstep_size <T):
T = (j—i)xstep_size
return int (T/step_size)

def assignperiod(data):
period = findperiod (data)
l.ind = data.shape[l]—1
orbit = data[:,(1l.ind — period):1_ind]
phases = [txstep_size for t in range(0,period)]
return [orbit ,phases]

def assignphase(grid,orbit):
limitphases = [?” for g in grid]
for g in grid:
T=orbit [0].shape[l] -1
li = f.integrate (4%T,step_size ,g[0],¢g[1],a,b,d,h,r K)
errs = [np.linalg.norm(1li[:,1i.shape[l]—1]—orbit [0]]:,i])
for i in range(0,orbit[0].shape[l]—1)]

limitphases[grid.index(g)] = int(np.where(errs=mnp.min(errs))[0])*step_size

return [grid,limitphases]
values = f.integrate (tot_time, step_size, 4,4,a,b,d,h,r K)

phases = assignperiod (values[:,(values.shape[l1] —3000):(values.shape[l] —1)])
xmin = min(values[0,:])
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xmax = max(values [0 ,:])

ymin = min(values[1,:])

ymax = max(values[1,:])

XW = Xmax—xmin

yW = ymax —ymin

xs = np.linspace (max(xmin—0.25%xw, (xmax—xmin)/ gridsize ), xmax+0.25%xw,

ys = np.linspace (max(ymin—0.25%xyw, (ymax—ymin)/gridsize ), ymax+0.25xyw,

grid = [(x,y) for x in xs for y in ys]

limitphases = assignphase(grid ,phases)

limits=np.empty ([ gridsize , gridsize])

for x in xs:

for y in ys:

gr = x,y
limits [np.where(xs=x)[0][0] ,np.where(ys=—y)[0][0]]=
limitphases [1][grid.index(gr)]

np.savetxt (”limitphases”, limitphases[1])
plt . pcolormesh(xs,ys,limits.transpose (),cmap="hot”)
plt.scatter (phases [0][0,:],phases[0][1,:],color="b" ,s=0.15)

plt.scatter (stead_v ,stead_p , color="b” ,marker="%" ,s=40)
plt.savefig (”phase”, bbox_inches="tight” ,transparent=True)
plt .show ()

Appendix C: Numerical search for a contraction metric

gridsize)
gridsize)

We include the code used for the computation of Ly, for the constant contraction metrics. This code was

used to generate the plots.

import numpy as np

import matplotlib.pyplot as plt

import matplotlib

import importlib

from mpl_toolkits.mplot3d import Axes3D
import feeder as f

step_size = 0.01

tot_time = 8000

a= 1
b= 1
d= 1/2
h=1
r= 1.1
K= 5
s=20

gridsize = 150

def IM(v,p):

£ = np.array ([[reve(1=v/K) — (asvsp)/(b+v)],
[~dxp + (hxaxvxp)/(b+v)]])

x = np.array ([[-dxp + (hxaxvsp)/(b+v)],
[=(rxvx(1-v/K) — (axvip)/(bt+v))]])

Df = np.array ([[r — (2xrxv)/K + (axbxp)/((btv)*x2), —(axv)/(b+v)],
[(h*axbxp)/((b+v)xx2), —d 4+ (hxa%v)/(b+v)]])

V =Df — (1/np.linalg .norm(f)*%2)

M = np.array ([[alpha, beta]
[beta ,gammal]])

)
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return (0.5xnp.inner(x.transpose (), (np.dot ((M«V)+(M«V).transpose ()
,x) ). transpose ()))[0][0]

def ploth(x,y):
return 0

vLM= np.vectorize (LM)
vploth = np.vectorize (ploth)

orbit = f.integrate (tot_time, step-size, 4,4, a,b,d,h,r ,K)[:,5000:8000]
xs2 = orbit [0 ,:]

ys2 = orbit [1,:]

xw = max(xs2)— min(xs2)

yw = max(ys2)— min(ys2)

x_extent = np.linspace (0, Ktxw/4, 100)

y-extent= np.linspace (0, max(ys2)+ yw/4,100)

x_extent , y_extent = np.meshgrid(x_extent ,y_extent)

Z2 = vploth(xs2, ys2)

alpha=1

gamma = 1

beta = 0

Z= vLM(x_extent , y_extent)

fig = plt.figure ()

ax = plt.axes(projection="3d")

ax.plot_surface (x_extent ,y_extent ,Z,rstride =1, cstride =1, cmap="Spectral”)
ax.scatter (xs2,ys2,7Z2, s=0.1)

ax.set_xlabel (” Victim.Species”)

ax.set_ylabel (” Predator.Species”)

ax.set_zlabel (” Contraction_Rate”)

plt .show ()

69



Bibliography

[1]

T. Alkurdi. Piecewise deterministic Markov processes : an analytic approach. Doctoral Thesis, Univer-
siteit Leiden, 2013.

A. Lasota and J. Myjak. Fractals, Semifractals and Markov operators. International Journal of Bifur-
cation and Chaos, 9(2):307-325, 1999.

A. Etheridge. Some mathematical models from population genetics. Ecole d’Eté de Probabilités de Saint-
Flour XXXIX-2009, volume 2012. 01 2011.

F. Brauer. Mathematical epidemiology: Past, present, and future. Infectious Disease Modelling, 2, 02
2017.

J. Cronin. Mathematical Aspects of Hodgkin-Huxley Neural Theory. Cambridge Studies in Mathematical
Biology. Cambridge University Press, 1987.

C.H. Lee and H.G. Othmer. A multi-time-scale analysis of chemical reaction networks: I. Deterministic
systems. J. Math. Biology, 60:387-450, 2010.

M. Mimura and Y. Nishiura. Spatial patterns for an interaction-diffusion equation in morphogenesis.
J. Math. Biology, 7:243-263, 1979.

V. Shahrezaei and P. Swain. Analytical distributions for stochastic gene expression. Proceedings of the
National Academy of Sciences, 105(45):17256-17261, 2008.

Matthew J Simpson, Ruth E Baker, Sean T Vittadello, and Oliver J Maclaren. Parameter identifiability
analysis for spatiotemporal models of cell invasion. bioRziv, 2019.

Y. Zeng. Stochastic calculus for finance i : The binomial asset pricing model solution of exercise
problems. 2014.

M. H. A. Davis. Piecewise-deterministic markov processes: A general class of non-diffusion stochastic
models. Journal of the Royal Statistical Society. Series B (Methodological), 46(3):353-388, 1984.

A. Genadot and M. Thieullen. Multiscale Piecewise Deterministic Markov Process in infinite dimension:
central limit theorem and Langevin approximation. ESAIM: Probability and Statistics, 18:541-569, 2014.

N. Béauerle and U. Rieder. Optimal control of piecewise deterministic markov processes with finite time
horizon. 01 2010.

J. Bect. Processus de Markov diffusifs par morceaux: outils analytiques et numériques. Doctoral thesis,
Université Paris-Sud - Paris XI, 2007.

M.H.A. Davis. Markov Models & Optimization. Taylor & Francis, 2017.

Paul C. Bressloff and James MacLaurin. A variational method for analyzing limit cycle oscillations
in stochastic hybrid systems. Chaos: An Interdisciplinary Journal of Nonlinear Science, 28(6):063105,
2018.

Dejun Fan Xiaoling Zou and Ke Wang. Stationary distribution and stochastic Hopf bifurcation for a
predator-prey system with noises, 2013.

70



[18]

T. Szarek S. Hille, K. Horbacz. Existence of a unique invariant measure for a class of equicontin-
uous Markov operators with application to a stochastic model for an autoregulated gene. Annales
mathématiques Blaise Pascal., (2):171-217, 2016.

V.I. Bogachev. Measure Theory. Measure Theory. Springer Berlin Heidelberg, 2007.

R. Zaharopol. Invariant Probabilities of Markov-Feller Operators and Their Supports. Frontiers in
Mathematics. Birkhauser Basel, 2005.

D.T.H. Worm. Semigroups on spaces of measures. Doctoral Thesis, Universiteit Leiden, 2010.

J. Diestel and J.J. Uhl. Vector Measures. Mathematical surveys and monographs. American Mathe-
matical Society, 1977.

R. Dudley. Convergence of baire measures. Studia Mathematica, 27(3):251-268, 1966.

T. Szarek. Invariant measures for nonexpansive Markov operators on Polish spaces. Dissertationes

Mathematicae - DISS MATH, 415:1-62, 01 2003.

M.A. Ziemlanska. Approach to Markov Operators on Spaces of Measures by means of Equicontinuity.
PhD thesis at Leiden University, in preparation, 2020.

P. Giesl. On a matrix-valued PDE characterizing a contraction metric for a periodic orbit, 2018.

P. Giesl E. Scalas H. Bjornsson, S. Hafstein and S. Gudmundsson. Computation of the stochastic
basin of attraction by rigorous construction of a lyapunov function. Discrete & Continuous Dynamical
Systems - B, 24:4247, 2019.

O. Diekmann Yu.A. Kuznetsov and W.-J. Beyn. Dynamical Systems Lecture Notes. Universiteit Utrecht,
2011.

Thomas S. Parker and Leon O. Chua. Poincaré Maps, pages 31-56. Springer New York, New York,
NY, 1989.

K.-S. Cheng. Uniqueness of a limit cycle for a predator-prey system. SIAM J. Math. Anal., 12(4):541-548,
1981.

P. A. Parrilo E.M. Aylward and J. E. Slotine. Stability and robustness analysis of nonlinear systems
via contraction metrics and SOS programming. Automatica, 44(8):2163 — 2170, 2008.

W. Lohmiller and J.E. Slotine. On Contraction Analysis for Non-linear Systems. Automatica, 34(6):683—
696, 1998.

B.P. Demidovich. Dissipativity of a system of nonlinear differential equations in the large. Uspekhi Mat.
Nauk, 16:216, 1961.

N. van de Wouw A. Pavlov, A. Pogromsky and H. Nijmeijer. Convergent dynamics, a tribute to Boris
Pavlovich Demidovich. Systems €& Control Letters, 52(3):257 — 261, 2004.

B.P. Demidovich. Lectures on Stability Theory. Nauka, 1967.

P. Giesl. Computation of a contraction metric for a periodic orbit using meshfree collocation. SIAM
Journal on Applied Dynamical Systems, 18(3):1536-1564, 2019.

G. Borg. A condition for the existence of orbitally stable solutions of dynamical systems. Kungl. Tekniska
Hogskolans Handlingar. Elander, 1960.

G. Séderbacka N.L.P. Lundstrom. Estimates of Size of Cycle in a Predator-Prey System. Differ Equ
Dyn Syst, 2018.

71



